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1. Introduction

In this paper, we pay our main attention to Hom-é-Jordan Lie supertriple systems
over an arbitrary field. As is well-known, Lie triple systems have important applications in
elementary particle theory and the theory of quantum mechanics [1]. Some results on Lie
triple systems, including simple Lie triple systems over an algebraically closed field [2], the
Yamaguti cohomology theory [3,4], infinitesimal deformations, abelian extensions [5], etc.
were studied. Okubo reformulated the para-statistics as Lie supertriple systems and ex-
plained the relationship between Lie supertriple systems and ortho-symplectic supertriple
systems [6]. In [7], the authors introduced J-Jordan Lie supertriple systems, which are a
generalization of Lie supertriple systems. Some examples of quasi-classical J-Lie super-
triple systems were given over a field of characteristic not two [8]. The Jordan superalgebra
of F-type from Jordan Lie supertriple systems were discussed [9]. Later, Ma and Chen
obtained the cohomology and deformations of 4-Jordan Lie triple systems in 2017 [10].
In [11], the authors determined derivations and deformations of /-Jordan Lie supertriple
systems. In 2022, we obtained 1-parameter formal deformations and abelian extensions of
Lie color triple systems [12].

In recent years, structures and representations of many Hom-type algebras have been
obtained [13-24]. In particular, the notion of Hom-Lie triple systems was introduced
in [14]. Hom-Lie triple systems are ternary Hom—Nambu algebras whose triple product
is left anti-symmetric. When the twisting maps of Hom-Lie triple systems are all equal
to the identity map, one recovers Lie triple systems. In 2019, Chen and his students
gave that cohomologies and 1-parameter formal deformations of Hom-4-Jordan Lie triple
systems [25]. In 2022, we obtained central extensions and Nijenhuis operators of Hom-¢-
Jordan Lie triple systems [26].

The purpose of this paper is to consider the cohomology theory and deformations
of Hom-/-Jordan Lie supertriple systems based on some work in [3,4,10,12,13,25-27]. The
paper is organized as follows. Section 2 is devoted to some basic definitions and the
cohomology theory of multiplicative Hom-é-Jordan Lie supertriple systems. In Section 3,
we discuss Nijenhuis operators of Hom-d-Jordan Lie supertriple systems and obtain the
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infinitesimal deformation generated using a Nijenhuis operator. Section 4 is dedicated to

the abelian extension theory of multiplicative Hom-J-Jordan Lie supertriple systems. We

show the sufficient and necessary condition for the equivalence of abelian extensions.
Throughout this paper, F denotes an arbitrary field, and its characteristic is zero.

2. Preliminaries

We first recall some basic facts and definitions of Hom-Lie triple systems.

Definition 1 ([14]). A Hom-Lie triple system (T, [-,-,-],& = (a1,a2)) consists of an F-vector
space T, a trilinear map [-,-,-] : T X T x T — T, and linear maps a; : T — T fori = 1,2, called
twisted maps, such that for all x,y,z,u,v € T,

[x,x,z] =0,
[x,y, 2]+ [y,z,x] + [z,x,y] = 0,
[a1 (), a2(v), [x,y,z]] =[[u, v, x], 1 (y), @2(2)] + [a1(x), [, 0, y], a2 (2)]
+ [o1(x), 22(y), [u, 0, 2]].

If |x| occurs in some expression in this paper, we always regard x as a Zy-homogeneous
element and |x| as the Z;-degree of x.

Definition 2 ([28]). A Hom-Lie supertriple system (T,[-,-,-],a = (a1,a2)) consists of a Z,-
graded vector space T = Ty @ Ty over F together with a trilinear map [-,-,-] : Tx T x T — T,
and even linear maps w; : T — T for i = 1,2, called twisted maps, such that for all x,y,z,u,v € T,

% y,2) = = (=) W[y, x, 2], 1)
(_1)\tz\ [x,y,2] + (_1)|ny\ [y, z,x] + (_1)\Z||y\ [z,x,y] =0, ()

[ (1), 02 (0), [x,, 2]] =[[u,0,x], a1 (y), 22(2)] + (1) D [y (2), [1,0,y], a2(2)]
+ (=) UlHDWHYD [0 (x), a2 (), [, 0, 2]]. 3)

Definition 3. A Hom-J-Jordan Lie supertriple system (T, [-,-, -], &« = (a1, a2)) consists of a Zy-
graded vector space T = Ty & Ty over F together with a trilinear map [-,-,-] : Tx T x T — T,
and even linear maps a; : T — T for i = 1,2, called twisted maps, such that for all x,y,z,u,v € T,
6 =41,

[y, 2] = =6(=1)" My, x,2), @)
(DM, y, 2] + (1) [y, 2, 2] + (- 1) [z, x, ] = 0, ®)

[ (u), @2(0), [x,y,2]] =[[u,0,x], a1 (), 2(2)] + (=)D (x), [1, 0, y], wa (2))
+ (=) D [y (x), a2 (y), [, 0, 2]]. (6)

Clearly , Tj is a Hom-é-Jordan Lie triple system, and the case of @ = id, § = 1 defines
a Lie triple system, so any Hom-é-Jordan Lie supertriple system is the generalization of a
Lie triple system.

A Hom-J-Jordan Lie supertriple system is said to be multiplicative if 1 = ap = « and
a([x,y,z]) = [a(x),a(y), «(z)], and denoted by (T, [-, -, -], a).
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[(x,), (y,b), (2,

A morphism f : (T,[-,-,-],a = (a1,a2)) — (T, [-,-,-],a’ = (af,a})) of Hom-4-
Jordan Lie supertriple system is a linear map satisfying f([x,y,z]) = [f(x), f(y), f(z)]' and
fowa;=dalo ffori=1,2 Anisomorphism is a bijective morphism.

Following the representation theory of Lie triple systems was studied by Yamaguti,
we generalize the notion of the representation to Hom-4-Jordan Lie supertriple systems.

Definition 4. Let (T, [-, -, -], &) be a multiplicative Hom-6-Jordan Lie supertriple system, V a Zy-
graded vector space over F, and A € End(V'). Vis called a (T, [-, -, -], «)-module with respect to A
if there exists a bilinear map 6 : T x T — End(V), (a,b) — 6(a,b) such that forall a,b,c,d € T,

O(a(a),a(b)) o A= Aocb(a,b), (7)
(—1)al+1eD el +ldD g (c), a(d))0(a, b) — 5(—1)lll+1dUal+eDg (w (b)), a(d))6(a, ¢)
—0(a(a), [b,c,d]) o A+ (—1)1PHDD(a(b),a(c))8(a,d) = 0, ®)
§(=1) OV (a(c), a(d))D(a, b) — 6D(a(a), a(b))6(c,d)
+0([a, b, c], a(d)) oA+ 6(—1)I1Ue+1PDg(a(c), [a, b, d]) oA =0, ©)
§(=1) e+ D (a(e), (d)) D(a, b) — D(a(a), (b)) D(c, d)
+6D([a,b,¢], a(d)) 0 A+ 5(—1) DD (a(c), [a,b,d]) 0 A=0, (10)

where D(a,b) = (—1)191l9(b,a) — 66(a, b).
Then, 0 is called the representation of (T, [-,-,-], &) on V with respect to A. In the case 6 = 0,
V is called the trivial (T, [-,, -], a)-module with respect to A.

In particular, let V.= T, A = a, and 0(x,y)(z) = (=1)F(¥+D [z, x,y]. Then,
D(x,y)(z) = d[x,y,z] and (7)~(10) hold. In this case, T is said to be the adjoint (T, [-, -, -], )-
module and 6 is called the adjoint representation of (T, [-,-,-],a) on itself with respect
to a.

As is the case of general algebras, we introduce the semidirect product of a multiplica-
tive Hom-é-Jordan Lie supertriple systems and its module.

Proposition 1. Let 6 be a representation of a multiplicative Hom-5-Jordan Lie supertriple system
(T, [-,-,-], &) on V with respect to A. Define the operation [-,-,-ly : (T V) x (T@V) x (T®
V)=>Ta&Vby
v = ([xy,2), ()M WHEDe(y, 2) (a) — 6(—1)¥H6(x, 2) (b) + 6D (x, ) (c));
and define the twisted mapa + A : T®V — TV by

(a +A)(x,a) = (a(x), A(a)).

Then T @ V is a multiplicative Hom-6-Jordan Lie supertriple system.

Proof. Using D(x,y) = (—1)¥6(y, x) — 66(x,y), we obtain

[(x,a), (y,b), (z,0)]v
(1,2}, (=) WDy, 2)(a) — 5(~1)Fl6(x, 2) (6) + 6D (x, ) (c))
= — (1) 14y, 3, 2], (=) 01D o, 2) (8) — 5(=1) =0y, 2) () — (—1) MWD, ) ()
= — (=1 [y, x,2], (~1) 0D o, 2) (1) — 3(~1) 10y, 2)(a) + Dy, %) (c))
= — (=1, b), (v,a), (z. Ly,
and
(=D)ME(x,0), (v,b), (z, )y + (=D)(y,b), (z,¢), (x, @)y + (=D)F¥[(z,¢), (x,0), (v, b)]v
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=((=)MH [x,y,2], (=)0 (y, 2) (a) — 5(~1)FI D6 (x, 2) (0) + 6(—1)F D (x, ) (c))

~1)R [y, 2, 2], (~1) WG (2, ) (b) — 6(—1) KW+ EDg(y, ) (¢) + 5(~1) VM D(y, 2) (a))
)z, x, ), (—1) Mg, ) () — 6(— D) ED (2, ) (a) + 6(—1) 1Y D (2, x) (b))
(=D)M¥e(y, z)(a) — 6(=1)MIIX+EDO(z, ) (a) + 6(=1)¥FD(y, 2) (a)
(—1)¥Elo(z, x) (b) — 5(—1)FIx1 40 (x, 2) (b) + 6(—1) 2 D(z, x) (b)
(=)0 (x, ) () — 6(=1) X1+ Dg(y, x)(c) + 6(~1) =D (x, y)(c))
0

)+
)+

By (8)—(10), it follows that

[[(x,), (1), (1,0)]y, (a + A)(0,d), (a + A)(w,e)]y
[([x, y,u], (=) HDO(y, ) (a) — 5(=1)M6(x, 1) (b) + 6D(x, y) (<)),

(a(v), A(d)), (a(w), A(e))]v

=([[x,y,u], a(v), a(w)], (1 )(\XIHyHIuI)(IvHIw\)9(“(0),a(w))((_1)\X\(Iy\+lu|)9(y,u)(a)
—5(=1)M6 (x, 1) (b) + 6D (x,y) (¢)) — 6(=1) Il [x, y, u], a(w) ) (A(d))
+6D([x,y,ul,a(v))(A(e))),

(=)W (0 A) (u,0), [(x,4), (3,b), (0,d)]v, (& + A)(w, )]y
= (=) WD [(a(w), A(c)), ([x,y, 0], (=) FUHDE(y, 0)(a) — 5(—1) ¥ l6(x, 0) (b)
+6D(x,y)(d)), (a(w), Ae))]v
= (=) WD ([a(w), [x,y, 0], a(w)], (=) WD (2, y, 0], a(w)) (A(e))
_5(_1)(\XI+Iy\+|v\)\WI9(a(u) w(w))((— 1)|x\ lyl+Io]) (y,v)(a)—5(—1)|y“”|9(x,v)(b)
+0D(x,y)(d)) + 6D(a(u), [x,y,0])(A(e))),

§(=1) WD (0 4+ A) (1, ), (a + A) (v,d), [(x, ), (4,b), (w,e)v]v

a(u), A(c)), (a(0), A(d)), ([x,y,w], (=1) ¥ H14Do(y, w) (a)
(b) +6D(x,y)(e)]v

([w(u), a(0), [x,y,wl], (—1) RN g (2 (), [x, y, w]) (A(c))
= §(—= 1)l D g (), [x, y, w]) (A(d)) + 0D (a(u), a(0)) (—1) Doy, w) (a)
= 5(=1)¥l(x, w) (b) + 5D (x,y)(e))),

[(a + A)(x,a), (& + A)(y,b), [(u,¢), (v,d), (w,e)]v]v
=[(x(x), A(a)), (a(y), A(b)), ([u, 0, w], (~1)EHDo(0,w) () — 6(—1)I®lg(u, w) (d)

[
=5(—1)(I+lyDul+ll(
— (=)l (x, w)
=5(—1)(xI+yD(ul+D)

=([w(x), a(y), [u, v, w]], (1) WD (0 (y), [1,0,]) (A(a))
(1)l D g (o (x), [, 0,w]) (A(b)) + 0D (a(x), a(y)) (1)1 PFDo(0, w) (c)
(=) 1?1l (1, w) (d) + 6D (u,v)(e))).

The calculation above shows that (1)—(3) hold.
Note that « + A is a linear map and, using (7), we have

(& +A)[(x,a), (y,b), (z,0)]v

=(a+ A)([x,y,2], (=) HEDG(y, 2) (a) — 5(=1)M#0(x,2) (b) + 6D (x,
=(a([x,y,2]), Ao (~1)MWTEDo(y, 2)(a) — 5(~1)"Fl0(x, 2) (b) + 6D (x,y
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Thus, (T&V, [, -, ]v,a + A) isamultiplicative Hom-J-Jordan Lie supertriple system. [

Let 0 be a representation of (T, [-,-,-],«) on V with respect to A. If an n-linear map
f:Tx---xT — V satisfies
—_——

n times

A(f(x,--xn)) = fla(x), - axn)),

f(xlr et rxryrxnfz) - 7(71)‘x|‘y|f(xlr o /y/x/xn—z)f

(=) ey, - x 3,3, y,2) + (DY (g, - x5, 1,2, %)
+ (_1>‘Z||y‘f(x1/ e /xn73/2/x/]/) - 0/

then f is called an n-Hom-cochain on T. Denote by C;; ,(T, V) the set of all n-Hom-cochains,
Vn > 1.

Definition 5. For n = 1,2,3,4, the coboundary operator dj, CZ,A(T, V) — CZ,J;E(T,V) is
defined as follows.
e Iff € CYT, V), then
d}mmf(xllxb X3)
:(_1)(|f\+|xl\)(\XzIHXal)g(le x3)f(xy) — (5(_1)IX2HX3|+\f|(\X1|+\X3|)
0(x1,x3) f (x2) + 8(—1)FIMIH2DD (xy, x5) f (x3) = f([x1, 22, x3]).

o Iff € C3(T,V), then
Do f (¥, %1, %2, %3)
:(fl)(‘f‘+‘y|+‘xl|)(|x2‘+‘x3|)9(a(x2)lD((x3))f(ylxl) — 6(—1)lx2llxal+(Uf1+lya D (2l +xs])
0(a(x1), &(x3)) f(y, x2) + 6(=1) NI RD D (a(x1), (x2)) £ (9, %3)
— fla(y), [x1, %2, x3]).
e Iff € C3T,V),then
d?wmf(xlrxb X3, X4, x5)
=(=1) I+t ul+s0g (4 (xy,), a(xs)) £ (x1, X2, x3)
_5(_1)(‘f|+‘x1|Hx2|)(‘x3‘+‘x5|)+|x4"x5|9(a(x3),a(xS))f(xl,lex4)
_5(_1)|f‘(|x1‘+|x2‘)D(“(xl),a(xz))f(x3,x4,x5)
+ (—1)W'*"‘l|+|x2‘>(‘x3‘*‘x‘l')D(zx(xg),oc(x4))f(x1,xz, Xs5)
+ f([x1, %2, %3], a(x4), a(x5)) + (=)D £ (0 (x3), [y, 30, 3x4], (x5))
+0(—1)thal bl £ (4 (x3), a(xy), [x1, %2, x5]) — fla(x1), a(x2), [x3, x4 x5)).

o IffeCiT,V),then
d%omf(y/ X1,X2,X3,X4, x5)
= (1) (bl bl s (el 5D o (), 2 (x5)) £ (y, 51, 22, 33)
_ 5(*1)(\f\+|y\+\X1|+\xZ|)(|x3\+\X5|)+|X4\\X5|9(“2(x3)laz(xs))f(ylxlrxz’ %)

— 5(_1)(‘f‘+|y‘)(‘xl|+|x2‘)D(“z(xl),“2(xZ))f(y, X3, X4, X5)
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+ (—1)(‘f‘+|y‘+‘x1|+‘x2|)(lx3‘+‘x4|)D(0(2(x3),az(x4))f(y, X1, X2, X5)
+ fla(y), [x1,x2, %3], a(xq), (x5))

+ (1)l D £(a(y), a(xs), [x1, %2, 3], 0(x5))

+ 8(=1) DD £ (a (y), a(xs), a(xa), [x1, %2, %5])

— fla(y), a(x1), a(x2), [x3, x4, X5]).

Theorem 1. The coboundary operator d} =~ defined above satisfies dz;fdzom =

Proof. From the definition of the coboundary operator it follows 1mmed1ately that
d> dl = 0implies df d?> = 0. Then we only need to prove d> di = 0.1In

hom™ hom hom

fact, by (7)-(10), we get

hom™ hom hom

dgom(d}lomf) (1, X2, X3, X4, X5)
—1) ikl (a(xy ), o (xs)) (dhy,f) (x1, X2, %3)
5( 1) b el (sl shxallvslg (a (xs ), a (x5)) (dhp f) (x1, X2, X4)
— o(=))nlH2D D (a(xy), a(x2)) (dhy,, f) (x3, X4, x5)
+ (=)Wl D D (a (x3), @ (x4)) (d), ) (21, %2, %5)
+ (dhonf) ([x1, %2, 3], & (x4), a(x5)) + (— )Pl lF02D (@l ) (a(x3), [x1, %2, x4, a(x5))
+5(—1)lrhellsltab (@h L f) (a(xs), a(xa), [x1, %2, %3])
— (dhomf) (@(x1), a(x2), [x3, %4, X5])
=(-1 )(\flﬂx]|+|xz\+IXs\)(\x4|+|x5\ 0(a(xs),a(xs))((—1 )|f|+|x1\)(\Xz|+\x3|)9(x2,x3)f(x1)

Dl +rsDg x3)f(x2) +6(—1 DI+ p D(x1,x2) f(x3) — f([x1, %2, x3]))
1) U+ Feal+ bl s+ s )+ allxslg (4 (x5), (x5))((—1)(‘f|+‘x1|)(|x2‘+‘x4‘)9(x2,x4)f(x1)

)
)
Dl l(kal+xahg 0(x1, x4) f(x2) +5(71)‘f‘(|x1‘+‘x2‘)D(x1’xz)f(x4) — F([x1, x2,x4)))
)
)
(

3

—4(=
— (=
— (=
— §(—)A0xl+2D D (a(xq), a(x)) (—1) I RsDral+xsDg x5)f(x3)
— §(—1)Pallss [+ ANl 1xs) g (s, x5) £ (o0g) + 8(—1) Il 4D D (w3, x4) £ (x5) — F([x3, x4, x5)))
+ (=)Wl (x4 D (g (x3), a(x4) ) (1) WIHRD (2l + 35D g (1), x5) £(27)
— §(—1)lllxsl+fl(xl+xs)g 0(x1, x5)f(x2) +6(—1 DIfial+x)p D(x1,x2)f(x5) — f([x1, %2, x5]))
+ (- 1)(| |+|xl\+IXz\+\x3\)(|x4\+|xS\)(g(a(x4)/a(xS))f([xl,x2,x3])
_5(_1)\x4IIXS\+|f\(|x1\+IXz\+\X3I+\xs|)9([x1,xz’x3],a(x5))f(a(x4))
o o(=) bbbl D [x, 2, x3], () £ ((x5)) = £ ([, 2, 33), (), (x)])
+(—1)"‘3|("‘1|+‘x2|)+(|f|+|x3‘)(‘xl‘*"‘2'*"‘4'”"5‘)(9([x1,x2,x4],zx(x5))f(zx(x3))
75(71)(|f|+|x1‘+|x2‘)(‘x3|+‘x5|)+‘x4||x5‘9(0¢(x3),“(x5))f([x1,x2lx4])
_|_5(_1)‘x3|(‘x1|+‘xz|)+‘f‘(|xlH“xZ‘+‘x3|+‘x4|)D(lx(x3)’[xlle,x4])f(w(x5))
i L (CTE M A TER)))

+ 6(—1)(al+baD sl ((—p) (D (Pl bl +ial+xsD g (0 (xy), [x1, x0, x5]) £ (@ (x3))
— §(—1)lal(l+bal+asD+IfI(al+Hral+xsl+rs) g (o ),[xl,x2,x5]) (a(x4))
+ (=)l DD ((x3), a(x4)) f([x1, %2, x5)) — f([a(x3), @ (xs), [x1, X2, x5]]))
—((— 1)(|f\+|x1\ (Jx2|+|x3|+[xa] +]x5]) g 0(a(xy), [x3,x4,x5])f(,x(x1))
—5(— 1)\ FIxr ]+ x|+ [xg [+ xs )+ x| ([xs ]+ |xsl+|xs]) g 0(a(x1), [x3, x4, x5)) f(2(x2))
+o(—) Il DD (xy), a(x2)) f([x3, x4, x5)) — f([a(x1), (x2), [x3, x4, x5]]))
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= — f([lx1,x2, %3], &(xa), a(x5)]) — (=1)PllHeD £([a(x3), [x1, %2, 3], @ (x5)])
= o(=1) bRl b £ ([a(xs), a(xa), (21,32, 35]]) + F(la(x1), a(x2), [x3, 34, 35]))
(= 1)U Pl Db+ s DA D (v + D g (0 (xy ), a (5))6 (2, x3) £ (1)
(1) (Ul + D) (s sl s U+ D v+ D g (x), (x5 ) )0 (2, a) £ (1)

4 (— 1)Ul (s D+ D (el + 3D D (4 (x5), 1 (2g) )80, x5) f (x1)
— (—1) Wikl el tsho (@ (x;), (x5, x4, x5)) f (a(x1))

— §(—1) Ul + s (sl s Dol s 1350 9 (o (xy ), o (x5) )8 (1, 23) f (x2)
4 (= 1)Ul (s s Dl (ol s D+ (4D (4 (x5), @ (es) )8 (1, %) £ (32)
—6(-1) (f 1+ lx2]) (x| +[xa )+ |x2| x5 [+ £I(1x1 [+ xs]) o D(a(x3), a(x4))0(x1,x5) f (x2)

+ 6(—1) M1l s+ xal+xs )+ Feal (sl +lxal+HxsD g (x7 ), [x3, x4, x5)) f(a(x2))
+ 5(—1) (s ) (s D+ 2D g (), @ (x5)) D (21, x2) £ (x3)
— §(—1)Mll+laD+(f+sD(kal+ D D (g (xq), 2 (x2))0 (x4, %5) f(x3)

+ (=1l D+ (fI+ s xl+ xal+alt D (v, xo, x4, a(x ())f(lx(x?,))

+ 6(—1) -+ b2l (sl xaD)+(f |+ s ) (e l+ el + xal+s ) g 0(a(xy), [x1, X2, x5)) f (a(x3))

(= 1) Uf 1+l s+ s+ rallxs v D g (0 (), @ (x5)) D (21, %2) f ()
+( 1)kl +lxallxs [+ (s [ +Has ) p D(a(x1), a(x2))0(x3, x5) f (x4)

1)\964I|X5\+|f\ 21|+ [x2]+[x3]+]x5]) g 6([x1, x2, x3], & (x5)) f(a(x4))

( 1) (bbbl (s [+ s+ Feal(al+Hral s+ (xal+xal+ s+ 5D g (o (xg), [xq, %0, 5]) f (@ (x4))

— (~n)flllnbbabslnl el D (axa), (x2)) D (v, x4) £ (x5)

+ 5(— 1) D (s DHAx 2D D (4 (x), & (x0)) D (1, 22) f (x5)

+o(=) I Prbel s D ([, xp, 2], () ) f (ae(x5))

+ 6(—1) sl D +Ax el + el +H ) D (g (x3), [x1, %2, x4)) f(a(x5))

— (~1)(fbbabhal st eDg o xy), a(xs)) £ ([, 22, 33))
+ 6(—1) U+l +lal) (sl +HasD+Haallslg (o (x3), a(x5)) £ ([21, %2, X4])
+ (=)D D a(xr), a(x2)) £ ([, 4, 35))
_(_1)\f\(lxs\+\x4l)+(\x1|+|xz\)(\x3\+\x4| D(a( ) w(xg))f([x1, x2, x5))
+ (-1 )(|f|+|x1\+IXz\+\Xs\)(|x4\+|x5\) (a(x4), a(x5)) f([x1, X2, x3])
— §(—1) fl+Paltral) (sl +xs D+ xallxslg ) a(xs)) f([x1, X2, x4])
+ (=1)MI(sl+xab+ (m|+IXz\)(\Xs\+\X4|)D(,X(x3),,X(x4))f([x1,x2,XSD

_ 5(i1)‘f‘(|x1‘+‘x2|)D(1)¢(xl),OC(XZ))f([x3, X4, X5))
=0.

Therefore, the proof is complete. [

Forn = 1,2,3,4, the map f € C; 4,(T,V) is called an n-Hom-cocycle if 4}, f = 0.
We denote by Z}} ,(T, V) the subspace spanned by n-Hom-cocycles and By ,(T,V) =
2n—2
dZom CZA (T V)
Since dZ;r”%dZ om = 0, B} 4(T, V) is a subspace of Z}! ,(T, V). Hence, we can define a
cohomology space H ,(T, V) of (T, [-,-,],a) as the factor space Z}} ,(T,V)/By ,(T, V).
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3. Nijenhuis Operators of Hom-/-Jordan Lie Supertriple Systems

In this section, we study infinitesimal deformations of Hom-J-Jordan Lie supertriple
systems. We introduce the notion of Nijenhuis operators for Hom-J-Jordan Lie supertriple
systems, and obtain trivial deformations using this kind of Nijenhuis operators.

Let (T, -, -, -], «) be a Hom-é-Jordan Lie supertriple systemand ¢ : T x T x T — T be
an even trilinear map. Consider a A-parametrized family of linear operations:

{xll'le x3]/\ - [X1,x2, x3} + )\lp(xllx2/ x3)/

where A is a formal variable, and A # 0.

If [,-,-]n» endow T with Hom-é-Jordan Lie supertriple system structure, which is
denoted by T), then we call that ¢ generates a A-parameter infinitesimal deformation of
Hom-d-Jordan Lie supertriple system.

Theorem 2. 1 generates a A-parameter infinitesimal deformation of Hom-J-Jordan Lie supertriple
system T is equivalent to (i) { itself defines a Hom-6-Jordan Lie supertriple system structure on T
and (ii) ¢ is a 3-Hom-cocycle of T.

Proof.
[x1, %2, x3] 0 = [x1, %2, x3] + Ap(x1, X2, X3),
and
_5(_1)|X1HX2| [le xl, x3]/\ — _5(_1)|X1HXZ| [x2, xl, x3] —_ 5}\(_1)‘3(1 sz‘lp(xZ, x1’x3),
we have
lp(xl/xb x3> = _5(_1)|X1HXZI1/J(-X2/ X1, x3)' (11)
From the equality

0 :(_1)|X1HX3| [xll X, x3])\ + (_1)‘3{2”}(1‘ [x2, X3, xl]/\ —+ (_1)|X3HX2| [x3/ xl,xz]/\
:(_1)|X]HX3| [xll X, x3] + (_1)‘x2||x1‘[x2, x3, xl] + (_1)|X3HX2| [x3/ xl’xz]

+ A=)l (xy, xp, 23) + (—1) 220l (xg, x5, 27) + (1) #1720y (x5, 27, x2)),
it follows that
(=Pl lp(xg, 30, 35) + (=1)P2IRp (g, 23, 0) + (—1) P2l (s, 20, :0) = 0. (12)
For the equality
[a(x1), a(x2), [y1, y2,y3]alr

= [[x1, %2, y1]a, 2(y2), (y3)]r + (—) IR0 (), [, 30, y2]0, a(y3)]a
—+ 5(_1)(‘3(1‘+‘X2|)(|y1|+‘y2‘) [lx(yl), lx(yz)’ [xll leys]A]A,

the left hand side is equal to

(x1), 2(x2), [y1,y2, y3] + AP (y1,y2,y3) 1A
=la(x1), a(x2), [y1,y2,y3]] + Ap(a(x1), a(x2), [y1,y2,y3])
[ac(x1), a(x2), AP(y1,y2,y3)] + Ap(a(xr), a(x2), Ap(y1, y2,y3))
=[a(x1), a(x2), [y1, y2,y3]] + A (a(x1), a(x2), [y1,y2,y3]) + [a(x1), a(x2), $(y1, y2,¥3)])
+ A2((x1), a(x2), (1, y2,¥3)),

_|_

and the right hand side is equal to
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[[x1, %2, 1)+ A (1, %2, 1), &(y2), alys)]a + (—1)PrlxlH2D g (yy), [xq, x5, 7]

+ AP, X2, y2), a(y)]a + 6(—1) Dl vala(yy ), a(ya), [x1, 22, y3] + A (21, 22, ¥3)]
=[x, x2, y1, a(y2), a(ys)] + (—1) Pl oy ), [, 20, 2], a(y3)]

+0(—1) (Rl =D o (yy), a(y2), [0, x2, y3]) + A (21, %2, 1], & (v2), 2(y3))

+ [p(x1, %2, 1), a(y2), a(ys)] + (—) R a(y), [0, 30, y0], a(y3))

+ (—1)llalrleD @ (yy), g2, x2,2), a(y3)]

+o(—1)talt b=y (a(yy), a(ya), [x1, %2, y3))

+ o(—1) bl DD (yy), a (), 9 (x1, %2, y3)]) + A2 (@ ((x1, %2, 1), &(y2), 2(y3))

+ (—n)lmRDya(yy), g2, x2,v2), 2(y3))

+o(—1) b+l n Dy (a(yr), w(ya), 9 (x1, 22, 93))).

Thus, we have

P(a(x1),a(x2), [y1,y2,y3]) + 0D (a(x1), a(x2)) P (y1, y2,y3)
=¢([x1, %2, 1), 2(y2), a(y3)) + (= 1) IR0l bsDg (4 (y,), a(ys))p (x1, x2,11)

+ (=)l Dy a(yy), [x1, 22, 2], a(y3))

— §(=1)ln Do a(yy ), a(ys))w(x1, x2,v2)

+8(—1) Il a2l w(a(y), a(y), [x1, %2, v3])

+ (=)l 2D D (a(y), a(ya))p (21, %2, y3). (13)

and

Pla(xr), a(x), ¢ ]/1r]/2r]/3))
=p(p(x1, x2,1), 2(y2), a(y3)) + (=)D (), (21, 20, 12), 2 (y3))
+d(-1 )(‘xl‘*"‘Z'W'*‘”‘)llf(w(yl),a(yz),lP(xLXz,ys))- (14)

Therefore, 1 defines a Hom-é-Jordan Lie supertriple system structure on T by (11)-(14).
Furthermore, by (13) ¢ is a 3-Hom-cocycle. [

A deformation is said to be trivial if there exists an even linear map N : T — T such
that for ¢, =id + AN : Ty — T we have

@alx1, %2, X34 = [@ax1, Pax2, PAX3]. (15)
It is clear that
Pr [xll X2, x3})\ = [x]./ X2, x?)] + )\lp(xl/ X2, x3) + )\N([.Xl, X2, x3] + Alp(xll X2, x3))
- [.X'1, X2, x?)] + )\(lp(xl/ X2, x3) + N[X1, X2, x3]) + /\lep(xll X2, X3),
and
[@rx1, Prx2, PAx3] =[x1 + ANx1, X2 + ANX2, X3 + ANX3]
=[x1, x2, x3] + A([Nx1, x2, x3] + [x1, Nx, x3] + [x1, X2, Nx3])

+ /\2([le, NXZ,X3] + [le,xz,Nx3] + [xl,Nxz, ng])
+ A3[Nxq, Nxo, Nxs).
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Thus, we have
P(x1,x2,x3) =[Nx1,x2,x3] + [x1, Nx, x3] + [x1, X2, Nx3] — N[xq, x2, x3]
:(—1)‘xll(‘x2|+|x3‘)9(x2, xB)N(xl) — 5(_1)‘x2||x3‘6(x1’xs)N(xz)
+6D(x1,x2)N(x3) — N[x1, x2, x3] (16)
N(x1,x2,x3) = [Nxq1, Nxp, x3] + [Nx1, x2, Nx3] + [x1, Nx2, Nx3] (17)
0 = [Nxy, Nxp, Nx3] (18)

From the cohomology theory discussed in Section 2, (16) can be represented in terms
of 1-coboundary as ¢ = d; om - Moreover, it follows from (16) and (17) that N must satisfy
the following condition

N2 [xll X2, xa] :N[lel X2, xa] + N[xl/ NxZI x3] + N[xll X2, NX3]
— ([Nx1, Nxp, x3] + [Nx1, x2, Nx3| + [x1, Nxo, Nx3]). (19)

In the following, we denote by

IP(X1,X2, X3) = [X1,.X'2, X3]N, (20)

then (17) is equivalent to
Nlx1,x2, 23]y = [Nx1, Nxp, x3] + [Nx1, X2, Nx3] + [x1, Nx2, Nx3]. (21)

Definition 6. An even linear operator N : T — T is called a Nijenhuis operator if and only if
Noa =aoNand (18) and (19) hold.

Theorem 3. Let N be a Nijenhuis operator for T. Then, a deformation of T can be obtained
by putting

(a1, 200, x3) =(—1) 121309 (x5, 23 )N (1) — 6(—1) 1215310 (x1, 23) N (x2)
+6D(x1,x2)N(x3) — N[x1, x2, x3].

Furthermore, this deformation is a trivial one.

Proof. It is obvious that ¢ = dN and dyp = d?N = 0. Thus, ¢ is a 3-Hom-cocycle of T.
Now, we check that (3) holds for 1. Considering (16), (20) and (21), it follows that

P(a(x), a(x2), ¥ (y1,y2,¥3))
=[a(x1), a(x2), [Ny1,y2,y3] + [y1, Ny2, y3] + [y1, y2, Nys| — N[y1,y2,ys]|n
=[a(x1), a(x2), [Ny1,y2,y3]In + [2(x1), 2(x2), [y1, Ny2, ys]In
+ [a(x1), a(x2), [y1,y2, Nya]]n — [a(x1), a(x2), N[y1, y2, y3l]n
=[Na(x1),a(x2), [Ny1,y2, y3]] + [a(x1), Na(x2), [Ny, y2, y3]]
+ [a(x1), a(x2), N[Ny1,y2,y3]] — Nla(x1), a(x2), [Ny1,y2, y3]]
Na(x1),a(x2), [y1, Ny2, ys]] + [2(x1), Na(x2), [y1, Ny2, y3]]
a(x1),a(x2), Nly1, Ny2,ys]] — N{a(x1), a(x2), [y1, Ny2, y3]]
Na(x1), a(x2), [y1,y2, Nys]] + [a(x1), Na(x2), [y1,y2, Nys]]
a(x1),a(x2), N{y1,y2, Nys]] — Nla(x1), a(x2), [y1, y2, Nys]]
Na(x1),a(x2), Nly1, 2, y3]] — [#(x1), Na(x2), N[y1, y2,y3]]
a(x1),a(x2), N*[y1,y2,y3]] + Nla(x1), a(x2), N[y1, y2, y3]]
=[Na(x1), a(x2), [Ny1,y2,y3]] + [a(x1), Na(x2), [Ny1,y2, y3]]

+
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— Nla(x1), a(x2), [Ny1,y2,y3]] + [Na(x1), a(x2), [y1, Ny2, y3]]
+ [a(x1), Na(x2), [y1, Ny2,ya]] — Nla(x1), a(x2), [y1, Ny2, y3]]
+ [Na(x1), a(x2), [y1, y2, Nys]] + [ (x1), Na(x2), [y1,y2, Nys]]
— Nla(x1), a(x2), [y1,y2, Nys]] — [Na(x1), a(x2), N{y1, y2,y3]]
— [a(x1), Na(x2), N[y1,y2,y3]] + Nla(x1), a(x2), N{y1, y2, y3]]
+ [a(x1), a(x2), [Ny1, Ny2,y3] + [a(x1), a(x2), [Ny1,y2, Nys]
+ [a(x1), a(x2), [y1, Ny2, Nys]].

Similarly, a direct computation shows that

W(Y(x1, x2,y1), 2(y2), 2(y3))
), a(ys)] +

=[[Nx1, Nx2, y1], a(y2), «(y3)] + [[Nx1, x2, Ny1], a(y2), a(ys3)]

+ [[x1, Nx2, Ny1], a(y2), a(ys3)]

+ [[Nx1, x2, 1], Na(y2), a(y3)] + [[Nx1, x2, 1], a(y2), Na(y3)]

— N[[Nx1, x2,y1], a(y2), a(y3)] + [[x1, Nx2, 1], Na(y2), a(y3)]
+ [[x1, Nx2,y1], a(y2), Na(y3)] — N[[x1, Nx2, y1], a(y2), «(y3)]

+ [[x1, %2, Ny1], Na(y2), a(ys)] + [[x1, x2, Ny, a(y2), Na(y3)]

— N[[x1, 22, Ny1],a(y2), a(y3)] — [N[x1,x2, 1], Na(y2), a(y3)]

— [N[x1, 22, y1], a(y2), Na(y3)] + N[N[x1, x2, y1], a(y2), a(y3)],

(—) WDy (a(yr), g, x2,v2),0(vs)

:(_1)\%\(IXMszI)([N“(yl) [Nx1, %2, y2], &y
— Nla(y1), [Nx1,x2,y2], a(y3)] + [Ne(y1), [x1, Nx2, 2], a(y3
+ [a(y1), [x1, Nx2, 2], Na(y3)] — Nla(y1), [x1, Nx2, y2], a(y3
+ [N"‘(%) [x1, %2, Ny2|, a(y3)] + [a(y1), [x1, X2, Ny2], Na(y3
Nla(y1), [x1,x2, Ny2|, a(y3)] — [Na(y1), N[x1, x2,y2], a(y3
[04(]/1 N(x1,x2,y2], Na(y3)] + Nla(y1), N[x1, x2, y2], & (y3
+ [&(y1), [Nx1, Nx2, y2], a(ys)] + [a(y1), [Nx1, x2, Nyal, a(ys
+ [a(y1), [x1, Nx2, Ny2, a(y3)]),
and
&(—1) (Rl Dl vDy (a(y1), a(y2), 9 (21, %2, y3))
=5(—1) () (|yl|+‘y2‘)([Na(y1) a(y2), ),
— Nla(y ) a(y2), [Nx1,x2, y3]] + [Na(y1), a(y2), [x1, Nx2, y3]]
+ [&(y1), Na(y2), [x1, Nx2,y3]] — Nla(y1), a(y2), [x1, Nx2,y3]]
+ [Na(y1), a(y2), [x1, %2, Nys]] + [a(y1), Na(y2), [x1, x2, Ny3]]
— Nla(y1),a(y2), [x1,x2, Nys]] — [Na(y1), a(y2), N[x1, x2, y3]]
— [a(y1), Na(y2), N[x1, x2,y3]] + Nla(y 1) 04( 2), N[x1, x2, 3]
+ [w(y1), a(y2), [Nx1, Nx2,ys]] + [a(y1), «(y2), [Nx1, X2, Ny3]]
+ [a(y1), a(y2), [x1, Nx2, Nys]]).
By the definition of N, we know that N oa = a o N. Using (3) and (21), and Theorem 2,
it follows that
P(a(xr), a(x2), Y(y1,y2,y3)) — P(P(x1, x2,91), a(y2),

— (=))Wl + 2Dy (a (yy), 9 (x1, %0, v2), a(y3))

3)| + [a(y1), [Nx1, x2, 2], Na(y3)]

[Nx1,x2,y3]] + [2(y1), Na(y2), [Nx1, x2, 5]

a(y3))
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_ 5(—1)("‘1”"‘2')('%|+|y2|)¢(zx(y1),a(y2), ¥(x1,%2,3))
=0.

The proof of the theorem is complete. [

4. Abelian Extensions of Hom-J-Jordan Lie Supertriple Systems

In this section, we show that associated with any abelian extension, there is a represen-
tation and a 3-Hom-cocycle.

An ideal of a Hom-é-Jordan Lie supertriple system T is a subspace I such that
[I,T,T] C I. An ideal I of a Hom-é-Jordan Lie supertriple system is called an abelian
ideal if, moreover, [T,I,I] = 0. Notice that [T,I,I] = 0 implies that [[,T,I] = 0 and
[I,I,T] =0.

Definition 7. Let (T, [-,-,"|1,6), (V,[-,-,"]v,8), and (T,[-,-,"]4,6) be Hom-6-Jordan Lie su-
pertriple systems and i : V — T, p : T — T be homomorphisms. The following sequence of
Hom-é-Jordan Lie supertriple systems is a short exact sequence if Im (i) = Ker(p), Ker(i) = 0 and
Im(p) =T,

0—v-t T o (22)

In this case, we call T an extension of T by V, and denote it by E;. It is called an
abelian extension if V is an abelian ideal of T, i.e., [u, v, 14 = [u,-,v]4 = [-,u,0]4 = 0, for
allu,ve V.

Asectionc : T — Tof p: T — T consists of linear maps ¢ : T — T such that
poo =idr,doc0c=coa.

Definition 8. Two extensions of Hom-6-Jordan Lie supertriple systems E : 0 — V BN N

T — 0andEf:0 —V L LT o0ar equivalent. If there exists a Hom-6-Jordan Lie
supertriple system homomorphism F : T — T such that the following diagram commutes

0 v P T 0
At
0 A S 0

Let T be an abelian extension of T by V, and a linear mapping ¢ : T — T be a section.
Define maps T ® T — End(V') by

D(x1,x2)(u) = 6[o(x1),0(x2), ulz, (23)

0(x1,%2) (1) = (—1)M(MFFeD o (x1), 0(x2) )5 (24)
Clearly, the following fact holds, i.e.,
D(x1, %) (1) = (—=1)¥117210(xp, x1) (1) — 60(x1, 22) (),

forall (x1,x) e T®T,ucV.
Let ¢ : T — T be a section of the abelian extension. Define the following map
w:TxTxT—T:

w(xq,%2,x3) = [o(x1),0(x2),0(x3)]5 — o ([x1, %2, x3]T), (25)

for all xq,xp,x3 € T.
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Theorem 4. Let0 — V — T — T — 0 be an abelian extension of T by V. Then, w defined
by (25) is a 3-Hom-cocycle of T with coefficients in V, where the representation 0 is given by (24).

Proof. By the equality

[&(o(x1)), &(0(x2)), [o(y1), o (y2), 0 (y3)] £]7
=[lo(x1),0(x2), 0 (y1)l3, &(0(y2)), &(e(ys))]
[ (x1

+ ()R a (), [o(x), 0 (x2), 0(y2)l1, k(0 (y3))]7
+o(=1) it el [a(0 (1)), (0 (y2)), [0 (x1), 0 (x2), 0 (y3) )1

The left hand side shows that

[@(o(x1)),&(0(x2)), [0(y1),0(y2),0(y3)] ]
=[a(0(x1)),a(0(x2)), w(y1,y2,y3) + o ([y1,y2, y3l7)] 5
=0D(&(x1), &(x2))w(y1,y2,y3) + [&(0(x1)), &(0(x2)), o ([y1, y2, y3l1)] 1
=0D(&(x1), &(x2))w(y1,y2,y3) + [o(a(x1)), o (a(x2)), o ([y1, Y2, ¥3])]
=6D(a(x1), a(x2))w(y1, Y2, ¥3) + w(a(x1), a(x2), [y1,y2, y3l1) + o ([a(x1), a(x2), [y1, y2,y3] 7l T)-

Similarly, the right side is equal to

[lo(x1), o(x2), 0 (y1)] 1, &(0(y2)), &(o(y3))l3
+ (it liao(y), [o(n), 0(x),
+ 6(=1) Pt vitv2D 1 (0 (1)), & (o (1)
2)

&(o(y
X1,X2,Y2
(o(y

a(y2 )] &(o(ys))]y

), lo(x1),0(x2),0(y3)] 1)1
), &(c ( ))]

+o([x1,x2,y2]1), 8(0(y3))] 4

(x1,x2,3) + o ([x1, %2, y3]T)] 3
[x1, 22, y1]T), &(0(y2)), &(0(y3))] ¢

n
= [w(x1,x2,y1) + 0o ([x1, %2, y1]7
+ (1wl (2 (o)), w
+5(_1)(\x1+x2|)(|y1+y2\ ((y1)), &l

y3))

)&
),
(
& ),

= [w(x1,x2,11),8(0(y2)), &(0(y3))]7

)
2)),
+ [o(

+ (—n)lmFRDa(o(y)), w(x, %2, 12), (0 ( 3))z

+ (—)PlmFRDa(o (), o ([x, %2, y2)7), &(0(y3))]7

+0(—1) (2l (v 3 (o (y1)), (0 (y2)), (31, %2, 93) ] 7

+0(—1) (2l (vl 3 (0(y1)), (0 (y2)), o ([x1, %2, y3] 7)1

= lw(x1,x2,y1), 0(a(y2)), o (a(ys))lz + [o([x1, x2,11]7), o (a(y2)), o (a(y3))]7
+ (—1) il o(a(yy)), w(x1, x2,92), 0 (@(y3)] 7

+ (—)llalteDo(a(yy)), o ([, x2,ya] 7)o (2(y3)] 2

+0(—1) (vl o (a(yy)), o(a(y2)), w(x1, x2,3)] 7

+0(—1) (vl o (a(y,), o(a(y2)), o ([x1, x2,y3] 1)

= (-1l nD et sDo (u(y), w(ys))ew(x, x2,y1) + ([, 32, yalr a(y2), a(ya)]r)
+w([[vy, 22, 17, ay2), alys)]r) — (-~ ishel sltnbbel Do (yy), a(ys))w (e, x2,y2)

+ (=l (@ (y), [, 2, yalr alys) + (1) EER2De (fa (), [, 22,2l a(ys)r)

+ (=1) Pl DD (a(yn), a(y2) Jw(x, 22, y3) + (= 1) D20 (w(y), aya), o1, x2,y3)7)
+o(=1) el tvzlo (fa(yr), a(y), [v1, %2, yslrlr)-

Thus, it follows that

w([x1, x2, 1)1 a(y2), a(ys)) + (—1) xR (a(yy), [x1, %2, v2] 7, 2 (y73))
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+5(_1)(|x1‘HXZD(‘%H‘yz‘)w(a(yl),a(yz), [x1, %2, y3]T)
+ (—=1)Pal+Ral+yD(y2l+ysDg (o (y2), 2(y3))w(x1, X2, 1)
— 6(—1)(l+lx2)(ya+ys))+ly2llyslg (o (y1), a(y3))w(x1, x2,2)
( 1) l+aDlyl+eh p (g (1), a(y2))w(x1, X2, y3)

(x

w(a(x1),a(x2), [y1,y2,y3lT) — 6D(a(x1), a(x2))w(y1, Y2, y3)
=0.

Therefore, w is a 3-Hom-cocycle. [

Theorem 5. Let T be a Hom-6-Jordan Lie surpetriple system, (V,6) be a T-module and w be a 3-
Hom-cocycle, then T @ V is a Hom-6-Jordan Lie surpetriple system under the following multiplication:

[x1 + Uy, x0 + up, x3 + Us)w
= [x1, %2, %3] + w(x1, x2,x3) + D (x1, x2) (u3)
— 5(—1)P2llslg(xy, x3) (up) + (—1) P02+ 3D g (xy, x3) (7).

and
(a+A)(x+u)=a(x)+ A(u).

Proof. Similar to the proof of Proposition 1, we obtain (4)—(6) hold. O

Theorem 6. Two abelian extensions of Hom-é-Jordan Lie supertriple systems E4 : 0 — V SN

T2 T — 0and Ef:0—V Lt LT — 0 are equivalent <= w and w' are in the
same cohomology class.

Proof. =)LetF: T®, V — T @, V be the corresponding homomorphism. Thus,
Flx1,x2,x3)w = [F(x1), F(x2), F(x3)] - (26)
Note that F is an equivalence of extensions, so there is p : T — V such that
F(xj+u;) =x;+p(x;) +u;, i=1,2,3. (27)
The left hand side of (26) is equal to
F([x1,x2, x3] + w(x1,x2,x3)) = [x1, %2, x3] + w(x1, x2,x3) + p([x1, X2, x3]),
and the right hand side of (26) is equal to
[x1 + p(x1), %2 + p(x2), X3 + p(x3) |

=[x1, %2, 3] + @' (x1, X2, x3) + 6D (x1, %2)p(x3) — 6(—1) 217310 (x1, x3) p (x)
+ (=1)l(2l+lsDg(y,, x3)p(x1).

Then we obtain that
(w— ) (x1,x2,%3)
=0D(x1,22)p(x3) — 6(—1)12I310(x1, x3) p(x)
+ (1) ll2ltabg(xy, x3)p(x1) — p([x1, %2, x3]).

Therefore, w — w' = d'p, we get w and w’ are in the same cohomology class.
<) If w and «’ are in the same cohomology class, we assume that w — «’ = d'p, then
F defined by (27) is an equivalence. []
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