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ABSTRACT: We study two-dimensional eternal black holes with non-zero mass, where each
asymptotic boundary is in contact with a CF'T on a circle, following the doubly holographic
braneworld models constructed in [1-3]. We compute the Page curve of the black hole (or
the bath CFTs), which amounts to finding different geodesics in the bulk BTZ geometry
with a Randall-Sundrum brane falling into the black hole. We also explore the possibility
of including an intrinsic JT gravity action on the brane. As expected, the generalized
entropy rises linearly at early times. However, there is a transition to a late-time phase in
which the entropy remains constant. The value of the late-time entropy depends on the
size of the thermal baths. For a small size, it corresponds to the thermal entropy of the
baths, while for large size, it corresponds to twice the horizon entropy of the black hole.
The critical size and the Page time are proportional to ratio of the central charges of the
conformal defect and the bath CFT.
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1 Introduction

Reconciling Hawking’s calculation of black hole evaporation [4-6] with the idea that quan-
tum gravity is unitary has been a longstanding puzzle, e.g., see [7-9]. However, remarkable
recent progress has made it possible to compute the Page curve in a controlled man-
ner [10, 11]. This progress has led to an explosion of explorations of the information
paradox and the Page curve [12-52].!

The new insights are summarized by a general rule, known as the ‘island rule’ [76].
This rule states that the entanglement entropy of Hawking radiation should be evaluated as

S(R) = min{ ext (S(R U islands) + A(@(lslands)))} , (1.1)
islands 4G
where the radiation is captured in a (non-gravitating) subsystem or subregion R. However,
this expression also allows for contributions from (disconnected) regions in the gravitating
spacetime, called islands. The islands contribute in the first term through the entanglement
of quantum excitations in these regions with the Hawking radiation, and also with a gravi-
tational entropy term, i.e., the Bekenstein-Hawking entropy evaluated on the boundary of
the islands. The idea is that at late stages of the evaporation (or evolution in the following),
the quantum entanglement becomes large enough to compete with the classical geometric
contribution and the extremization procedure in eq. (1.1) may produce new saddle points,
with nontrivial island regions. The striking result is that an island configuration minimizes

IThis progress has also stimulated new insights from a variety of different perspectives [53-75].



the entropy after the Page time, but the island shrinks (to zero) as the black hole continues
to evaporate, thus recovering the expected Page curve [77, 78] — see the review in [79)].

The island rule was originally devised by studying a doubly holographic model of two-
dimensional black holes in Jackiw-Teitelboim (JT) gravity [76]. Similar doubly holographic
models were extensively developed in [1, 2, 25, 40, 54, 80]. These models involve intro-
ducing a tensionful brane in the AdS bulk, which backreacts the spacetime geometry and
produces new graviton modes localized in the vicinity of the brane [81-84]. The interesting
feature of these models is that the physics can be described with three different points
of view: (i) the boundary and (ii) bulk perspective, as expected by the usual AdS/CFT
correspondence, and also (iii) the brane perspective, with an effective gravitational theory
on the brane coupled to the boundary CFT [1, 2]. In investigating the island formula (1.1),
the real advantage of the doubly holographic models is that the computations of the en-
tanglement entropy are purely geometric using the standard RT /HRT prescription [85-88]
for holographic entanglement entropy.

The present work is a natural continuation of [2], which studied the island rule (1.1) in
the context of a doubly holographic construction built on massless hyperbolic black holes
in an AdS;44+1 bulk. Investigating the scenario first studied in [16], the Page curve was
recovered for an eternal black hole in equilibrium with a finite-temperature bath region
coupled to each asymptotic boundary. In this context, the temperature of the bath was
fine-tuned to match the curvature scale of the boundary, and the horizons were infinite
in extent. In the present work, we evade both of these restrictions. However, to do
so, our doubly holographic model is restricted to a d = 2 boundary theory or a three-
dimensional bulk.? Our results can be described from three different perspectives of our
doubly holographic construction:

e From the boundary perspective, we have two bath CFTs each coupled to a conformal
defect. These two-dimensional CFTs are each placed on a cylinder with circumfer-
ence 27 R, and they are entangled in a thermofield double state characterized by a
temperature 1. As the system evolves in time, the entanglement entropy between the
defect and the bath grows until it saturates to either the thermal entropy of the bath
or the defect entropy. The latter is determined by the relative information capacity
of the two subsystems, i.e., which of the two entropies is smaller.

o From the bulk perspective, we have a three-dimensional eternal BTZ black hole (2.3)
extended by the inclusion of a backreacting two-dimensonal brane which extends
between the two asymptotic boundaries. We consider separately the cases of ordinary
tensionful branes and branes supporting JT gravity. This perspective illustrates the
advantage of the doubly holographic models because the entanglement entropy is
evaluated geometrically using the usual RT/HRT prescription, and we must choose
the minimal surface among three different classes of extremal surfaces.

2A somewhat related construction appeared in [89], where authors studied d = 2 black holes in JT
gravity by performing a partial dimensional reduction of a BTZ geometry.



e From the brane perspective, the bath CFTs are coupled to either side of a two-
dimensional eternal black hole, as illustrated in figure 2. It is this perspective which
poses a potential information paradox [16]. While the system is prepared in a Hartle-
Hawking state and the bath CFTs are in thermal equilibrium with the gravitating
region on the brane, the entanglement between the two subsystems grows as they ex-
change quanta at the microscopic level. However, the entanglement entropy saturates
with the formation of a quantum extremal island in the brane in the regime where
the black hole (or the defect) has the smaller information capacity. In the regime
where the thermal entropy of the bath CFTs is smaller, the entanglement entropy is
saturated at this level instead.

The remainder of our paper is organized as follows: in section 2, we extend the con-
struction presented in [1, 2] to formulate a doubly holographic model for an eternal black
hole with an arbitrary temperature on a two-dimensional brane, using the BTZ geometry
in the three-dimensional bulk. As noted above, we consider two approaches, the first with
an ordinary tensionful brane and the second with a brane which supports JT gravity. In
section 3, we show that, as expected, the potential information paradox is evaded by the
formation of quantum extremal islands for each of these models. We conclude with a dis-
cussion of our main results and future directions in section 4. We leave some details in
appendices. Appendix A reviews the effective gravitational theory on the brane, both with
and without a JT gravity term. In appendix B, we provide some expressions for the length
of geodesics in AdS3, which are useful for evaluating the holographic entanglement entropy
in section 3. We examine the black hole thermodynamics and the Hawking-Page transition
for our doubly holographic black holes in appendix C.

2 Braneworld black holes

Refs. [1, 2] extensively studied quantum extremal islands and the Page curve in the context
of doubly holographic models — see also [12-14, 20, 25, 27, 29, 31, 34, 35, 39, 40, 42—
44, 46, 50, 54, 80, 90]. While their analysis considered these phenomena in any number
of dimensions, it focused on a construction involving zero-energy black holes in the bulk
spacetime and on the brane. That is, in all cases, the underlying geometry was simply
the AdS spacetime. This amounted to fine-tuning the temperature of the bath CFT to
T = ﬁ, where R corresponds to the curvature scale in the boundary geometry. In
the following, we study a similar construction where we evade this restriction. However,
this generalization requires us to restrict our analysis to d = 2, i.e., a two-dimensional
boundary CFT.

Following [1, 2], our bulk gravitational theory is Einstein gravity in three dimensions
coupled to a two-dimensonal brane:

1

Ibulk + Ibrane = m

/di”x\/fg {R + ng] - To/d%\/fh. (2.1)

The parameters defining this theory include: Gy, the bulk Newton’s constant; L, the
three-dimensional AdS scale; and Ty, the tension of the brane. Further, g, is the metric in



the three-dimensional bulk while h;; is the induced metric on the brane. The variation of
this action (2.1) yields the usual Einstein equation away from the brane, while the effect
of the brane is accounted for by the Israel junctions conditions [91]

AKij — hij AK*, = —87Gn Tp hyj, (22)

where AK;; is the discontinuity in the extrinsic curvature across the surface occupied by
the brane.
We begin our construction by considering the bulk geometry given by the BTZ black
hole [92-94]
2 r? 2\ L* o dr? 2742
ds <L2 p)Rth +%22_M2+rd¢), (2.3)
where the dimensionless parameter p is related to the mass and the horizon is positioned
at r = rp = pL. As usual, the maximally extended geometry is holographically dual to the
two copies of the boundary CFT entangled in a thermofield double state [95]. With the

asymptotic limit » — oo, we identify the background metric for the CFTs
ds?,, = —dt* + R? d¢?. (2.4)

The angle ¢ has period? 27 and so the circumference of this cylindrical boundary geometry
is C'= 2w R. Given the metric (2.3), it is straightforward to evaluate the temperature as

I

= 2.5
2R (25)
The black hole mass and entropy are also easily found to be
L 2 2 9 Lrp 272
= =—cRT d S=_——=—¢cRT. 2.6
8GyR 3 ° o 2Gy 3 © (2:6)

The final expressions are written in terms of the boundary parameters R, T" and the central

charge ¢, given by [96]
3L

Of course, these formulae (2.6) match the energy and entropy expected for a two-dimensional

c (2.7)

CFT in a thermal state (at temperature T' and on an interval of length C' = 27 R).

Brane profile. Following [1, 2], we place a defect on each boundary at ¢ = 0 (with ¢ €
[—7,m]). In the bulk, this corresponds to having the two-dimensional brane extend across
the Einstein-Rosen bridge and reach out to intersect the two asymptotic boundaries at ¢ =
0. As noted above, the brane profile is determined by the Israel junction condition (2.2).
A special feature of three dimensions is that imposing the Einstein equations is restric-
tive enough to require that the bulk geometry satisfies Raped = —1/L? (gacGbd — Gadgve ), i-€.,
locally, the geometry matches that of AdSs space. As a result, inserting the two-dimensional
brane does not deform the bulk geometry away from the brane surface. Further, similarly

3In the usual BTZ solution, this fixed period for ¢ extends throughout the bulk, but it will be allowed
to vary in our brane construction below.



to the analysis in [1, 2], we find that the junction conditions (2.2) can be satisfied with the

simple ansatz
Ki]‘ = 47TGNT[) hi]’ . (28)

The problem then reduces to solving for an unknown static hypersurface

B: ¢—f(r)=0. (2.9)

That is, the bulk geometry on either side of the brane is described by the metric (2.3),
however, the angular range is now —7 < ¢ < f(r) on the left side, and —f(r) < ¢ < 7 on
the right side — see the sketch in figure 1.

The normal to the brane B is given by n, = N (0,—f'(r), 1) where the normalization
~1/2
N = (T% + (2—22 — [LQ) 1 (7“)2> ensures that n,n® = 1. The induced metric and extrinsic

curvature for the surface can then be evaluated as
1
hab = Gab — NaMp and Ky = 3 Lr9ab (2.10)

where £,, is the Lie derivative along the normal vector. Then solving eq. (2.8), we find the
brane profile is given by

sinh p¢p = — (2.11)
where the constant k is determined by the brane tension Tj
B A4rGN LTy
1162 T

k (2.12)

Note that an integration constant was chosen in eq. (2.11) so that, as described above,
the brane intersects the boundary at ¢ = 0. Notice that approaching the singularity, the
periodicity of ¢ contains a logarithmic divergence,
2 2ku L
A~ 2f(r — 0) ~ — log =2~ . (2.13)
I

r

However, the proper distance around the ¢ direction still contracts to zero in this limit,
i.e., lim,_o7rA¢ — 0. Figure 1 illustrates the time slice t = 0 for our brane construction.
Inserting the brane profile (2.11) into eq. (2.3), we find the induced metric on the brane

to be ) ) )
L 1 k

dst = — [ — 2] = a2 ar? . 2.14

SB <L2 M)RQ + %2_#2—1—%224_]{2”2 T ( )

Now with a simple coordinate transformation 72 = p? — k2u?L?, we obtain the following

two-dimensional black hole metric on the brane

2 2 2
2 _ 4 2 EB 2 dp
z M
B
where
&y +1= ! (2.16)
L2 1 16m2G4 L2 TR '



Figure 1. On the left, a ¢ = 0 time slice of the BTZ spacetime with the brane shown in green,
intersecting the two asymptotic boundaries at ¢ = 0. The red lines correspond to ¢ = —7 and
¢ = m and are to be identified. We show the boundaries at » — oo in blue at the top and bottom,
and the horizon r = r;, with a dotted line. Recall the backreaction of the brane generates a great
deal of ‘extra’ geometry near the brane. This effect is illustrated in the sketch of the ¢ = 0 slice on
the right, where the two regions are glued together along the green curve. The shaded green region
corresponds to the extra geometry that the brane adds.

The above geometry (2.15) has a constant curvature with ¢z being the radius of curvature,
i.e., the Ricci scalar is given by R = —2 /t%. Hence, the BTZ geometry in the bulk induces
a locally AdSs black hole on the brane, with a horizon at p = pufp. It is straightforward to
confirm that the latter coincides with the BTZ horizon at » = uL and that the temperature
matches that found above, i.e., T = p/(27R) as in eq. (2.5).

The energy and entropy can be evaluated (see appendix C)*

2 27T2

E:%CRT2 and S = TcRT+§arcsinhk: (2.17)
2 2
= %CRT—F% log 2k +--- .

In the second line, we have assumed the large k regime and the ellipsis indicates higher order
terms, beginning at order 1/(klogk). Comparing these results with eq. (2.6), the energy
and entropy of a regular BTZ black hole, we see that while the energy is not modified in the
defect theory, the defect makes a constant contribution to the entropy which is independent
of the temperature. From the brane perspective, the defect entropy corresponds to the Wald
entropy evaluated for the black hole on the brane using the effective gravitational action
— see appendix A. From the boundary perspective, this contribution corresponds to the
Affleck-Ludwig entropy [97] associated with the defect, i.e., Sqef = 210g g.° It is convenient

4Note the calculation in appendix C involves two defects on each boundary and hence the defect contri-
bution to the entropy is twice as large there as above, e.g., compare egs. (2.17) and (C.19).

SIncluding a factor of 2 here is natural because we are considering a defect rather than a boundary CFT.
With this normalization, our result matches the holographic calculation of log g in [98].



to define this constant as the defect central charge, i.e.,
c i c
Cdet = 2log g = 3 arcsinh k ~ 3 log 2k , (2.18)

as it characterizes the number of degrees of freedom associated with the defect.
To close here, let us note that generally we are interested in the situation where the
tension approaches the critical limit 47G L Tt = 1. That is, we consider

e=1—-4nGNLTy < 1. (2.19)

Hence with )

= =—— and k= ————, 2.20

1= 2-9) 29 (220
we are working in the regime where ¢ > L and k£ > 1. From the bulk perspective, the
brane moves far for the center of the AdS geometry in this limit, e.g., f(r) > 1. From the
boundary perspective, this limit corresponds to a large number of degrees of freedom on
the defect, i.e., cqer > 1. Further, the ratio of the central charges associated with the defect
and the CFT is large, i.e., cqef/c ~ log2k > 1. It was argued in [54] that the information

leaks slowly from the defect to the bath in this regime.

JT branes. In recent studies of the Page curve e.g., [10, 16, 76], there has been great
interest in studying black holes in two-dimensional Jackiw-Teitelboim (JT) gravity [99, 100].
Hence it is natural to extend our work here to consider branes which support JT gravity.
In this case, the brane action I,,.,. in eq. (2.1) is replaced with

IJT /dev

1671—CYYbrane

sooR+s0<R+€2 >] : (2.21)
JT

The interested reader will find a more detailed discussion in appendix A, however, the key
difference is that the brane geometry is now governed by the dilaton equation: R = —2 / E?T
Hence as before, the brane geometry corresponds to that of AdSs with £g = £31. Therefore,
the brane profile and induced metric are again described by egs. (2.11) and (2.15) where

0, _ Gr
H=k+1="7 (2.22)

Of course, the dilaton plays a central role in determining the dynamics of JT grav-
ity [101], and in the present case, this scalar field makes an essential contribution to the
horizon entropy on the brane. Hence, as well as the brane geometry, we must also consider
the dilaton profile on the brane. While ¢y is simply a (large) constant, ¢ grows outside of
the horizon. The total dilaton profile is then given by

900+902@0+@=@0+;iﬂ~ (2.23)
B M
As described in appendix A, the bare dilaton g + ¢ differs from the shifted scalar @g + ¢

by a constant of order 1/k2.
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Figure 2. Penrose diagram of the system from the brane perspective. The brane inherits an eternal
black hole geometry (2.15). The two bath CFTs are defined on a cylinder and are coupled to the
gravity theory on the brane through the green junctions at ¢ = 0.

The energy and entropy are given by (see eqs. (C.48) and (C.49))°

2 2
2

E:%CRTQ, SZ%CRT—FCéef, (2.24)

where ¢ is the modified central charge of the defect dual to the brane supporting JT
gravity,” i.e., -
wo + Pr
4(;'brane

The increase coming from the second term is simply contribution to the horizon entropy

Chet = 2log g’ = g arcsinh k + (2.25)

coming from JT gravity on the brane.

To conclude here, we summarize our construction from the point of view of the three
different holographic perspectives: in the bulk perspective, the system is completely ge-
ometric and is described by a (locally) BTZ geometry with an AdSe brane spanning the
Einstein-Rosen bridge. The boundary perspective describes the system as two CFTs each
coupled to a conformal defect and defined on a cylinder of size 2rR. These two theories
are then entangled in a thermofield double state with temperature T = p/27R. From the
brane perspective, we have a two-dimensional black hole on the brane that is coupled to
the two boundary CFTs. The Penrose diagram for this setup in the brane perspective is
shown in figure 2.

3 Page curve

In this section, we use our construction to examine the Page curve for an eternal black hole
and two nongravitating baths, following the discussion in [16]. More precisely, as noted
above, the brane perspective of our system describes an eternal AdS, black hole (2.15)
coupled (on each side) to a bath CFT on a cylinder R x S! of radius R — see figure 2.

5In comparing the entropy here with eq. (C.49), remember there is a single defect in each boundary
CFT here while there are two defects in each boundary for the system studied in appendix C.

"As indicated here, the dilaton contribution also appears in the holographic calculation of the Affleck-
Ludwig entropy associated with the defect [98].



The quantum fields on the ¢ = 0 slice are prepared in the Hartle-Hawking state with a
Euclidean path integral. An information paradox then arises as follows: the black hole and
the two baths continuously exchange thermal quanta, increasing the entanglement entropy
between the gravitating region and the bath. In particular, quanta from the bath regions
may fall into the gravitational region on the brane and disappear behind the black hole
horizon. Similarly, Hawking quanta emitted by the black hole may escape the gravitating
brane and be absorbed by the bath. The paradox stands in the fact that if the black hole is
a quantum system with a finite number of degrees of freedom then the final entanglement
entropy must be limited by this number. Of course, the excess entanglement entropy can
be avoided by the formation of island in eq. (1.1) and in which case the paradox is evaded.

This discussion was originally formulated in context of two baths of infinite size, in
which case the bath had the capacity to hold an infinite amount of information. In the
present case, both of the boundary baths have a finite size and so have a finite number of
degrees of freedom. We will see that the finite information capacity of the bath will be the
limiting factor in the growth of the entanglement entropy for small baths. In this case, no
quantum extremal island forms and the details of the gravitational system on the brane
are not important. Instead, the entanglement entropy is saturated at the thermal entropy
of the two bath regions, as observed in the early work of [102]. A similar saturation of
entropy without islands was observed for finite intervals of semi infinite baths in [50]. As
we increase the size of the bath regions, their information capacity eventually surpasses
that of the black hole and the initial growth of the entanglement is saturated by the black
hole entropy, as observed in [16].

To formulate a precise calculation, we exclude two small regions around the defects
in each bath, i.e., Rpr = {¢ : —dx < ¢ < ¢x} where ¢y < 1. We then consider the
entanglement entropy of the combination of the bath regions R = RpUR [, where Ry r =
{¢:|¢| > ¢x} in the two boundary CFTs. This is the region where the Hawking radiation
from the gravitating brane accumulates. From the brane perspective, the Page curve
saturates when a nontrivial quantum extremal surface forms on the brane to extremize the
island rule (1.1). An advantage of our doubly holographic model is that the calculations
of the entanglement entropy reduce to the usual RT/HRT prescription [85-88] from the
bulk perspective. In three dimensions, the RT surfaces are simply geodesics and further,
since the bulk geometry is locally identical to AdSs, their ‘area’ (i.e., their length) is easily
computed — see appendix B.

Of course, as is common, there may be more than one extremal surface and then one
must determine which provides the minimal length and hence corresponds to the dominant
saddle in the RT calculation [88]. A valid candidate RT surface needs to be anchored to the
boundaries of R = RpUR R and must be homologous to this boundary region. It is not hard
to see that there are three classes of valid candidate surfaces for the present problem. Each
of these is comprised of two disconnected geodesics. As sketched in figure 3, we have: (i) in
red, two geodesics connecting points on the opposite boundaries and hence, which traverse
the Einstein-Rosen bridge; (ii) in blue, two geodesics connecting points on a single boundary
and which circumnavigate around the horizon, rather than crossing the brane; and (iii) in
yellow, two geodesics connecting points on a single boundary and which cross the brane.



—2 03

Figure 3. Sketches of the three classes of extremal surfaces appearing in calculations of the
holographic entanglement entropy for the two regions R = RR URL = {¢ : |¢| > ¢x in both
asymptotic boundaries} (shown in magenta). On the left, a time slice of the right side of the
eternal black hole. On the right, the same time slice but now the embedding diagram shows both
sides of the Einstein-Rosen bridge. The brane corresponds to the green curve but recall that the
backreaction of the brane generates extra geometry near the brane — see figure 1. In red, we have
the extremal surfaces (i) contributing to the early-time phase. In blue and yellow, we have the (ii)
and (iii) surfaces contributing to the thermal and island phase respectively. The latter exchange
dominance depending on the size of the bath.

Let us make a few remarks. The surfaces (i) traverse the full geometry and will be
time dependent, as will be made more clear later. This class of surface should therefore be
the dominant one during the initial growth phase of the Page curve. In contrast, because
surfaces (ii) and (iii) fully lie on a single side of the eternal black hole geometry, they
will be geodesics lying on a time-slice of the BTZ geometry (2.15) and their lengths will
be time-independent. Thus, we surmise that they will become dominant in the late time
phase of the Page curve. Further, the surfaces (iiii) cross the brane and so they will be
relevant in a regime where a quantum extremal island forms from the brane perspective.
To distinguish among the three surfaces, we will denote the phases when each is dominant
as (i) the early-time or growth phase; (ii) the thermal phase; and (iii) the island phase. We
now proceed with the computation of the entanglement entropies for the various phases
and the evaluation of the Page curve.

Early-time phase. We begin with the class (i) of extremal surfaces which will describe
the early-time phase. Here, the RT surfaces cross the Einstein-Rosen bridge connecting the
two asymptotic boundaries. To find these geodesics, we make use of the Kruskal extension
of the BTZ spacetime, described in appendix B. In particular, a curve that crosses from
boundary to boundary will necessarily have to cross the line u = 0 for some v. To find the
geodesic distance, we minimize among all choices of v. That is, we first find the distance
dp from the right boundary to u = 0, then the distance d, from the left boundary to v = 0,
and minimize their sum d = dr, + dg for all choices of v [103]. If the geodesics extend to

~10 -



some large radial cutoff r = rpa.x, we obtain the following length

27 max t
Length(Xearly) = 2L log ( ! La ) + 2L1log (cosh '2) . (3.1)
I

To get the total entropy we multiply by two to account for both surfaces, hence obtaining

_ Length(Xeany)  2c

Searly(R) = T = 3 log <

1

2c
—1 h(27T 2
7T6T> + 3 og (cosh(27Tt)) , (3.2)

where the final answer is written in terms of boundary variables: ¢ = 3L/2Gn, T = u/27R,
and the short-distance cutoff in the boundary CFT

5= LB (3.3)

T'max

For times greater than the thermal scale, i.e., ¢ 2 1/(27T"), the above result (3.2) reduces to

2c
Searly(R) = = |:10g (

2wéT

- ) 4 27th} . (3.4)

Hence we find the linear growth expected from Hawking’s calculation. This result agrees
with earlier results in the literature [2, 16, 102]. Let us note here that the rate of increase
of the entanglement entropy is given by

4dme
atSearly(R) >~ ? T=2s s (35)

where s corresponds to the entropy density of the thermal CFT — compare to eq. (2.6).

Late-time phase. Let us now consider the late-time phase, where the entropy should
remain constant. As described above, there are two classes of geodesics available to describe
this phase, i.e., the (ii) and (iii) surfaces. As is well known, because the BTZ geometry is
static, the corresponding geodesics lie on a constant time slice bulk geometry and hence
have a constant length. Let us begin with class (ii) which circumnavigates the horizon,
avoiding the brane and hence avoiding the formation of islands. The length can be evaluated
using eq. (B.7) taking A¢ = 21 — 2¢x, t1 = to and r1 = 19 = Tmax > L large r. The
corresponding entanglement entropy is

. Length(zthermal) . %

= 1
Sthermal(R) 2GN 3 |:Og (

- 5T) +log (simh(xT(C — AD)| ,  (3.6)

where we have introduced the circumference C' = 27 R of each bath, and the width A¢ =
2¢x R of the gap around the defect. As expected, the above entropy is clearly independent
of time, however, the result is dependent on the size of the CF'T bath. In fact, the expression
in eq. (3.6) precisely matches twice the entanglement entropy of a thermal mixed state for
a two-dimensional CFT at temperature 7' and on an interval of length C' — A¢ [104, 105].
Of course, the factor of two comes because there are two bath regions, one on each of the
asymptotic boundaries. The latter was derived for a finite interval in an infinitely long

- 11 -



system, but it still applies for finite systems with holographic CFTs. Of course, for a large
bath or high temperatures, the entropy simplifies to

2 1
St (B) = 5 [log (- ) +#7(C - 80| (3.7)

Here, the first term is the same UV-divergent boundary term as appears in the early-time
result (3.4). The second term is easily recognized as twice the thermal entropy of the CFT
at temperature 7" and on an interval of proper length C'—A¢ — compare to eq. (2.6). Hence,
the capacity of the boundary baths to store information grows linearly with their size.

We expect the above growth to stop at some large C' (or large R), when the dominant
RT surface changes to another configuration. This other configuration corresponds to the
class (iii) which crosses the brane, as described earlier. We determine the length of these
geodesics as follows. First, consider a geodesic from the boundary point (t1,71 = rmax, ¢1 =
—¢x) to a point on the brane (ty = t1,72 = rqgs, $2 = ¢qrs). The subscript QES signifies
that the second point is a candidate for a quantum extremal surface on the brane. As
this point is on the brane, the radius and angle are related by the profile (2.11), i.e.,
rqes = kpL/sinh poqrs. The length may again be evaluated with eq. (B.7) and doubling
this length, to account for the second half of the surface extending out to the asymptotic
boundary on the other side of the brane, yields

2T max rqEes cosh p(gs + dqes) — \/Térs — H2L?
Length(zisland) =2L log < ; = ) + 2L log ( QES
i

ulL
(3.8)
To find the actual RT surface, we need to minimize the above expression with respect to
the position ¢QEs.8 Hence, setting the derivative with respect to ¢qrs to vanish, we find

k sinh L/ k2 + cosh?
sinh pngqrs = sinh 19y and hence rqgps = a \/ - (ko) . (39
\/ k2 + cosh? uoyx, sinh pues;
Note that in the large k limit, this reduces to ¢qrs = ¢x + O(1/k?) and
rqrs = pLk/sinh pugy; + O(1). Further, in this limit, the corresponding entropy is
2c 1 .
Sisland(R) = — {log () + log (2k sinh (WTAE))] (3.10)
3 w0l
2 1
= gc [log (WST) + log 2k + log (sinh (WTM))} . (3.11)

The three contributions above correspond to the boundary term, the defect contribution,
and the thermal entropy for the gap regions of width Af¢ around the defects.

Page curve. Combining the above results, the entanglement entropy of the bath region
R becomes
AS(R) = min (Searlyy Sthermal, Sisland) - Searly(R;t = O) . (3.12)

8 As explained in [3], this step corresponds to the minimization over possible islands in eq. (1.1).
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The subtraction of Seary(R;t = 0) removes the UV-divergent boundary term from each of
the individual entropies. As expected, we conclude that AS(R) will exhibit two phases.
At early times, we have the growth phase where the class (i) surfaces dominate yielding
AS(R) = Searly — Searly(R;t = 0). This phase, however, is capped off by a second phase
where the entropy is constant. For small baths, we find this entropy to be just thermal,
ie., AS(R) = Sthermal — Searly(R;t = 0). For large baths, the entanglement entropy is
saturated by the defect entropy, i.e., AS(R) = Sigland — Searly(R;t = 0).

We can find the critical size Ryt which determines the transition between the latter
two possibilities by solving

Sthermal(R) = Sisland(R) ’ (313)
which yields
log 2k
crit = 5 .14
Reri 27T (m — 2¢y,) (3.14)

where we have assumed RT'¢y > 1 which yields log (sinh (27T Rex)) ~ 27T R¢s. Of
course, this assumption is consistent with the result in eq. (3.14) unless ¢x ~ 1/log 2k.
The behaviour of the entropy for R < Ry, i-e., small bath regions, is given by

% log (cosh 27 Tt) t <tuwm,

% log (sinh(7T(C — Af))) t >ty . (3.15)

AS(R) = min (Asearlyy ASthermal) — {

where the transition time is given by tgy ~ (C — Af)/2.9 Here the subscript indicates
Hartman-Maldacena, since this behaviour precisely matches the results in [102]. We also
note that the final entropy matches the thermal entropy expected for the bath region, as
discussed below eq. (3.6).

For a large bath region with R > R, the entropy follows the curve

% log (cosh 27T't) t < tpage ,

3 . (3.16)
% log (2k sinh (7T'AL)) ¢ > tpage .

AS(R) = min (Asearlw ASislaund) = {

The final entropy here matches twice the Wald entropy of the two-dimensional black hole
on the brane, as shown in eq. (A.5). We note that the above result captures contributions
from an infinite series of higher curvature contributions to the gravitational action (A.2).
The transition occurs at the Page time

tPage = 1 arccosh (2k sinh (7T Al)) ~ L [log 2k + log sinh (WTAZ))} : (3.17)

27T 27T

Of course, for large k, this time is dominated by the contribution proportional to log 2k.
If we recall that cgef/c ~ log2k in this regime (see the discussion after eq. (2.20)), the
above result is in agreement with the discussion in [54] which argued that the Page time
is controlled by the ratio of the central charges.

9This result applies for high temperatures, i.e., T > 1/(C' — A¢). That is, this simple expression holds
when thermal wavelengths are smaller than the size of the bath regions.
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JT branes. As discussed at the end of section 2, it is interesting to consider the case
where the brane supports JT gravity — see also appendix A.1. We consider the modifica-
tions to the Page curve for this scenario in the following.

With the addition of JT gravity (2.21) on the brane, the generalized entropy appearing
in the island rule (1.1) includes explicit gravitational entropy contributions at the edge of
the island. Hence, the position of the quantum extremal surface is found by extremizing

wo + ¥
Seen = S . 3.18
gen 4Gbrane + ScFT ( )
In our doubly holographic model, the CFT contribution is given by the standard RT
prescription
Length(X
Sopr = o LR (Er) (3.19)
4Gk

where ¥R is the RT surface anchored at OR. The gravitational contributions in eq. (3.18)
appear as boundary terms in the holographic entanglement entropy because of the gravi-
tational action on the brane [1]. Of course, the addition of the dilaton term in eq. (3.18)
is only relevant for the class (iii) surfaces, which cross the brane. Hence JT gravity only
modifies the late-time entropy for the island phase.

The length of the candidate surfaces are given by eq. (3.8) above. Using the dilaton
profile (2.23), the corresponding contribution to the entropy for these surfaces is given by

Yo + ¢ 1 (— ©Or 2 )
= 4/ k2p2L2? ) . 2
4Gbrane 4Gbrane ot EB 7’ 7,QES + R (3 O)

As in eq. (2.23), we have dropped a constant correction of order 1/k%. Combining these

two expressions in the generalized entropy (3.18), we now extremize with respect to the
angle ¢qrs where the surface intersects the brane

= Geﬁ @r
Gbrane V k2 +1
2sinh (udqes) (COSh (sz)\/ k2csch® (upqes) — 1 — k coth (M¢QES)>

k cosh(u(oqrs + ¢2))\/k2050h2 (neqes) — 1+ sinh?(ugqus) — k2csch? (upqes) 7
(3.21)

where Gog = Gy /L is the effective Newton’s constant for the gravitational theory on the

—+

brane — see appendix A.1. We note that as explained in [1], the dilaton term produces
a kink in the RT surface at the brane. That is, the RT surface is no longer smooth as it
crosses the brane. The dependence of the position of the quantum extremal surface, as

well as the change in the late-time entropy in the island phase, as a function of Gfe:fe D

are shown in figures 5 and 6, respectively.

From figure 5, we note that rqgs is a monotonically decreasing function of Gfeﬂ Do
This can be made more precise as follows: for Gfe:f or Sk, eq. (3.21) can be expanded for

large k keeping ¢y and péqrs finite to get

Geff
Gbrane

cosh (u¢y) — cosh (upqrs)
cosh (u(pqrs + ¢x)) — 1

&7 + 2sinh (uqps) fee=0, (3.22)
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Figure 4. Plot of AS versus time for various bath sizes R, with fixed temperature T' (and choosing
the opening angle A¢ = 2¢x, = 7/10 and k = 1000). For the parameters chosen, the curves range
R =0.1/T at the bottom to R = Ryt =~ 0.39/T at the top. As R increases, the value at which AS
saturates increases until it reaches the yellow curve at R = R.;. Beyond this size, the curves do

not change.
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Figure 5. Change in the radial position of the quantum extremal surface for R = 0.4 and the

same base parameters as in figure 4. As shown in the text, TSES

to %-7&3 for %7%: < k and asymptotes very close to the horizon for larger values of

brane bra;

is roughly inveresly proportional

PrGeg
G

brane

From eq. (2.11), decreasing rqgg corresponds to increasing p¢qgs, and so we examine
eq. (3.22) in the limit of large (but still smaller than log k) p¢qrs. This yields

2k
2 Slnh(ﬂ¢2) + e,uqﬁz Geﬁ‘ @r/Gbrane )

rqes ~ uL (3.23)

Therefore the radial coordinate is inversely proportional to the dimensionless parameter
fo:fm @, for 1 —e7 2192 < Gfieffgﬁr < k. However, eq. (3.23) shows that once Gf::ic or ~ k,

we should keep rqgg finite when taking the large k limit which led to eq. (3.22). Thus,
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Figure 6. Change in the final entropy of the island phase for R = 0.4 and the same base parameters
as in figure 4. The increase quickly becomes linear. We have also assumed Geg = Gprane in these
plots and have ignored the py contribution to the entropy.

taking the large k limit of eq. (3.21) while keeping pu¢s and rqgs finite, we find

—1
Ger _ Lo ngES 1 T%QES
- OB (1 =0, 3.24
Grrane " (6 w22 R\ Te) ) T (3.24)

The radial coordinate asymptotes to rqrs — pL + k% puLe 2195 ag ﬁ@r — 00. We note

that since uL denotes the position of the horizon, the above shows that the QES approaches

the horizon but remains a distance of O (%) away. For very large Gfe:fe @r 2 k the position

of the extremal surface is

2 1
rqes ~ L+ | = + ————— | pLe 2= (3.25)
k 9 ( Gof @T)

Gprane

We also note from figure 6, the late-time entropy quickly goes over to a regime where

it grows linearly with GGQH

@r. This behaviour arises because rqrs quickly becomes much

brane

smaller than kuL and so by the coordinate transformation under eq. (2.14), we have p =

kuL =~ plp. Hence using egs. (2.22) and (2.23), the dilaton at the QES saturates to the
Gefi 7
Pr-

horizon value ¢y + ¢,. Hence the final entropy simply grows linearly with e

The (regulated) entropy in the island phase is given by

D orvV' 1 22
ASigland = o +2g ta + gc log (k (sinh(7TAf) + V1 + a?cosh(nTAL) — ), (3.26)
brane

2
2 Sinh(ﬂ'TAz) +6TrTAZ Geffﬂa’r/Gbrane

have a ~ 1/sinh (7T'Af), and the entropy is given by

where @ = . For small values of

St & 1 — e 2 AL e

o + @r coth (TTAL)  2c

ASigland = + —log (2k sinh (7 T'AY)) , (3.27)
2C;brane 3

which is similar to the non JT gravity case in eq. (3.10) with the additional dilaton con-
tribution. This dilaton contribution is grater than the value of the dilaton at the horizon
because rqgs is located outside of the horizon in this regime.
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Geﬂ
Gbrane

For large enough values of @r > e AL or of sinh (7T AL) > 1, we have o < 1

and the entropy becomes

e s
PO Pr | 2 log k4 7 TAL) | (3.28)

AS; =
island 2 Gbrane 3

and the dilaton contribution has reached its horizon value.

In this case, the transition to the island phase can be found by equating the late time
limit of the early-time entropy in eq. (3.2) to the entropy in the island phase

@0"’@7’ 1

+ logk + nTAL) = 27Tt —log2) , 3.29
2Czb]rame Geﬂ ( s ) Geff ( & ) ( )
and so the Page time becomes
tpage = 2o PO P L g0 rTA). (3.30)
5 Gowane 4AnT 27T

Similarly, the critical size of the bath at which the island can be formed can be found
by equating entropy in the island phase with the large size limit of the entropy of the
thermal phase'?

©o + Pr 1 2L(m — ¢xn)n (m— ¢x)TRT

1 TAY) = =
2C;brane * Gef‘f ( o8 kit g) 4GN Geff

(3.32)
The critical size at which the island becomes the final phase is therefore

Rcrit =

1 Gt Pot@r | 1 >
log 2k + 7TAL) ) . ,
™= QSE <Gbrane AT + 27TT( 08 t ) (3 33)

The Page time (3.30) and the critical radius (3.33) both depend linearly on the combination

zc%‘ff (po + pr) + log 2k ~ % where /s = §log2k + cyr is the central charge of the
conformal defect, cyp = i% is the central charge of the degrees of freedom dual to JT

gravity, and c is the central charge of the bath CF'T. For a large bath region with R > Reit,
the entropy follows the curve

% log (cosh27T't) t < tpage,
AS<R) = min (ASearlya ASisland) - (334)
ASisland t> tPage )

where Siglanq 18 given in eq. (3.26).

100f course, this can also be found by matching the Page time in eq. (3.30) and the large bath limit of
the Hartman-Maldacena time

P %%arccosh(sinh(QwRT(w —65))) ~ R(r — b5). (3.31)
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4 Discussion

In our study here, we examined a doubly holographic model, which from the brane perspec-
tive, described two two-dimensional bath CFTs coupled to either side of a two-dimensional
eternal black hole, as illustrated in figure 2. While the bath CFTs are in thermal equi-
librium with the black hole, the entanglement between the two subsystems grows as they
exchange quanta at the microscopic level creating the potential for an information loss para-
dox [16]. Similar doubly holographic models of two-dimensional gravity were introduced
in [54, 76] and extensively studied in, e.g., [12-14, 20, 25, 27, 29, 31, 34, 35, 39, 40, 42—
44, 46, 50, 80, 90]. A minor difference between the present work and those earlier studies
is that, for the most part, they involved Zs-orbifold or end-of-the-world branes analogous
to those appearing in the study of holographic boundary CFTs [98, 106, 107]. In contrast,
following the constructions of [1, 2], our model involved conformal defects which are dual
to two-dimensional branes immersed in the three-dimensional bulk geometry.

The main distinguishing feature of our model was that the bath CFTs had a finite
extent. That is, each of the two-dimensional CFTs was placed on a cylinder R x S! with
circumference 2w R, as illustrated in figure 2. As a result, the entanglement entropy between
the defect and the bath was saturated at late times, as expected for the Page curve. From
the bulk perspective, the saturation is related to a transition in the RT surface giving the
corresponding holographic entanglement entropy. In the early-time phase, the RT surface
has two components each of which connect the two asymptotic boundaries stretching across
the Einstein-Rosen bridge. In the late-time phase, the components comprising the RT
surface are restricted to either of the exterior regions outside of the event horizon. However,
because the baths are finite in size, there are two possibilities for the latter, as shown in
figure 3.

For large baths, as defined by egs. (3.14) and (3.33), the minimal late-time RT surfaces
connect the boundary points by crossing the brane. From the brane perspective, this
corresponds to the formation of a quantum extremal island in the gravitating region, as
described in [2]. In the high tension regime (i.e., large k or small £), the late-time entropy is
approximately twice the horizon entropy of the two-dimensional black hole — see egs. (3.16)
and (3.34). Thus this scenario evades the information loss paradox and instead recoveres
the expected Page curve.

As shown in eq. (3.15), a similar result holds for small baths but in this case, the late-
time RT surfaces connect the boundary points by circumnavigating the black hole (and
staying away from the brane). Hence, from the brane perspective, no quantum extremal
island appears in this case. Instead, because the RT surfaces hugs the black hole horizon,
the late-time entropy is essentially given by the thermal entropy of the two bath CFTs
(plus boundary contributions), as shown in eq. (3.6). This is precisely the behaviour found
in [102], which examined the evolution of the entanglement entropy for a similar system
in the absence of any defects (or branes).!! We note that, for small baths, this late-time
entropy is smaller than the defect/black hole entropy found in the previous case.

A similar “thermalization transition” was found in [50] when studying the entanglement of finite inter-
vals of semi infinite baths.
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In fact, the feature which distinguishes the large and small bath regimes is the relative
information capacity of the two subsystems. We begin by noting that the transition from
the early- to late-time behaviour is enforced by subadditivity, namely, S(Rr U Rp) <
S(Rr) + S(Rpr). That is, the linear growth of the entanglement found in the early-time
phase must stop because the entanglement entropy of the combined bath regions cannot
exceed the individual entropies of the two regions, Rr and Ry, on either asymptotic
boundary. In fact, this bound precisely matches the final entropy in the small bath regime,
and the subadditivity inequality is saturated at late times.

Of course, for the large bath regime, this bound exceeds the final state entropy. How-
ever, we note that the full system is in a pure state, i.e., a thermofield double state, and
hence S(R) = S(R). That is, while we specifically evaluated the bath entropy, this is
precisely the same as the entropy of the two defects (and the two small belt regions sur-
rounding the defects). If we denote the two defect regions as Dp 1, we can also consider

subadditivity for the two defects to find
S(R)=SR)=SDruDy) <SDgr)+SDy). (4.1)

Of course, this bound is saturated at late times in the large bath regime, with the final
entropy given by sum of the entropies of the two defects.

Hence the late-time entropy is determined by which subsystem can hold the least
information, i.e., if the bath entropy S(Rgr) = S(Rp) is smaller, the baths set the bound,
or if S(Dg) = S(Dy) is smaller, the defects set the bound. Of course, if the bath is infinite
in size (e.g., as in [2, 16]), it has infinite capacity and the final entropy is always set by the
defect. The same reasoning applies in the absence of defects. That is, one could consider a
thermofield double state of two CF'Ts on geometries of finite size. Then dividing each of the
boundaries into two regions and examining the entanglement entropy of a pair of regions,
one would expect to find an early-time growth phase and a late-time phase where the
entropy is saturated. However, the final entropy would be given by the thermal entropies
of the smaller of the two boundary pairs.!?

An equivalent analysis can be done in terms of the mutual information of the bath
intervals and defects

I(Rgr,Rr) =S(Rg)+SRL) —SRrUSRL)),

I(Dg, D) =S(Dg)+ S(Dr) — SMDrUSDyL)). (4.2)

In the large bath regime, the mutual information of the two defects I(Dg, Dy ) vanishes
at the Page time and the late time phase corresponds to an island configuration, while in
the small bath regime, it is the mutual information of the baths I(Rpg, Ry ) that vanishes
at the Hartman-Maldacena time. This provides a sharp realization of the idea in [108]
that mutual information provides a measure of connectivity of the entanglement wedge in
holographic models. In fact, the island is precisely what separates the entanglement wedge
of Dr UDy in the brane perspective after the Page time in the large bath regime. On the

121 [102], the boundary geometry was infinite in size and so these considerations were not needed.
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other hand, the absence of an island in the small bath regime provides an indication that
the entanglement wedge of Rr U R is disconnected.

As noted above and in section 3, there are always three classes of extremal surfaces
at any boundary time. As usual, the RT surface determining the holographic entangle-
ment entropy is the surface with the minimal area. As discussed above, the class (ii)
surfaces which hug the black hole horizon determine the late-time entropy for small baths.
However, these surfaces also play a role in the other regimes as well. In fact, the causal
domains associated with the various extremal surfaces provide an example of the ‘Python’s
lunch’ [109-111].1% The key point is that the class (ii) surfaces are the outermost extremal
surfaces, with respect to the bath regions, in any of the regimes considered here. As such,
these surfaces define the ‘outer wedge’, the domain of dependence of a partial Cauchy slice
connecting the outermost extremal surface with the boundary region [112, 113]. It was
argued in [110, 111] that bulk operators with the outer wedge admit a simple boundary
reconstruction and while those outside do not, (i.e., which have a complex encoding in the
boundary state). In particular then, from the brane perspective, operators in the quantum
extremal islands must be complex. Thus the class (ii) surfaces play an important role in
characterizing how information is stored in the bath system.

For the small bath regions (and high temperatures, see footnote 9), we noted below
eq. (3.15) that the entropy saturates at tyy ~ (C'— Af)/2. That is, the entropy saturates
at approximately one-half the transit time of the bath region. This behaviour makes no
reference to the branes/defects and so precisely matches the analogous result in [102]. One
might have expected that the saturation time should correspond to the full transit time
but we now argue the above result has a simple physical interpretation.!*

Recall the description of our system from the brane perspective, as illustrated in fig-
ure 2. At the top of figure 7, we show a time slice of this geometry and in the lower
panel, we have unwrapped the two boundary CF'Ts into line segments where the endpoints
connect at the defects (or junctions with the gravitating region). We also show the bath
regions, Rr and Ry, on these intervals in the figure. Further, we have split each of these
regions into two halves (i.e., , Rr1, Rr2 and Rp1,Rr2) as indicated.

Now the state on this ¢ = 0 slice corresponds to the Hartle-Hawking state [16], and so
the preparation of this state involves a Euclidean path integral on a strip of width 1/2T
connecting CFTg and CFTy, as well as a hyperbolic half-disk in the gravitational region.
This path integral preparation entangles the right-moving quanta in Rr with left-moving
quanta in Ry, at the same point on the corresponding cylinder,' e.g., right-movers in Ry
are correlated with left-movers in Rp;. Similarly left-movers in Rp and right-movers in
R} are correlated, but we focus on the first case here.

Now as we evolve forward from ¢ = 0, the entanglement entropy of the bath increases
because right-movers in R o leave the bath, while the entangled left-movers in Ryo remain

13 This situation was also discussed in the context of quantum extremal islands and the Page curve in [40]
for doubly holographic models where the baths had infinite extent.

14This description is motivated in part by the simple quasiparticle description of quantum quenches found
in [114, 115].

15This is a somewhat simplistic story, which should hold at high temperatures, that is, 2rRT > 1.

—90 —



gravity region

Raf 1 E IS AEE LSS

: Rp1

defect deffct
|
|

R N S

Figure 7. Picture showing the explanation given in the text. On top, we have a top view of
the brane perspective, where the two boundary CFTs on the two cylinders are connected through
the brane, shown in green. On the bottom, we unwrap the two CFTs keeping in mind that each
respective ends are identified.

in the bath. Similarly left-movers in Ry, are leaving the bath, while their right-moving
partners in Rp; remain in the bath. Of course, at the same time, right-moving Hawking
quanta are entering Rp1 and left-moving Hawking quanta are entering Ryo, to further in-
crease the entropy. Further, we note that the quanta leaving the bath are quickly absorbed
into the gravitational region. In particular, they do not simply traverse the junction or
alternatively, the defect because of the large defect central charge.

Of course, this process continues until we reach t = tyv = (C'— Al) /2. After this time,
the right-movers leaving R go and the bath are actually decreasing the entropy because their
partners have already left the bath in the previous time interval. This decrease is precisely
balanced by the increasing coming from the right-moving flux of Hawking quanta entering
Rpg1 at the other end. A similar story applies for the left-movers leaving Ry; and the
left-moving Hawking quanta entering Rps. Therefore the entropy remains constant after
t = tym. We might add that after ¢ = 2ty\, all of the quanta that originated in the
bath region at t = 0 have left the bath. However, the entropy remains saturated because
increase created by the flux of new quanta entering the bath is still balanced by the flux of
quanta exiting since both sets of quanta are entangled with partners inside the black hole
on the brane (or alternatively, in the defect).

The simple picture described above also explains the linear growth shown in figure 4, for
which the slope was evaluated in eq. (3.5) to be twice the entropy density. Both boundaries
have a uniform density of (left- and right-moving) excitations, and hence there is a uniform
flux of quanta leaving (and entering) either end of the bath regions. As described above,
the increasing entropy arises from quanta leaving the bath regions during the growth phase,
and this flux contributes a constant factor of s to the increase (since the quanta move at the
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speed of light). The factor of two then simply comes because there are two bath regions,
one in each of the boundary CFTs.

From the boundary perspective, a key feature characterizing the conformal defects is
the defect central charge (2.18). As explained above eq. (2.18), this central charge can
be interpreted the Affleck-Ludwig entropy [97] appearing in calculations for entanglement
entropy in boundary CFTs. It appears as the defect entropy in our thermodynamic calcula-
tions in appendix C. Of course, our result is in agreement (up to a factor of two, explained
in footnote 5) with previous results in the AdS/CFT literature for both finite and zero tem-
perature boundary CFTs [98, 106, 107]. From the brane perspective, the defect entropy
becomes the coarse grained entropy of the two-dimensional black hole on the brane, which
can be computed from the brane effective gravity theory as in (A.5). The second inter-
pretation is confirmed by noticing that the contribution % log 2k appearing in the island
entropy matches 2S5y, i.e., twice the horizon entropy of the black hole on the brane. From
the brane perspective, we are naturally lead to consider the large k£ regime so that higher
curvature contributions are suppressed in the effective action on the brane, as explained in
appendix A. This regime also corresponds to the situation where the ratio of the central
charges associated with the defect and the CFT is large, i.e., cget/c ~ log 2k > 1. This in
turn is the regime where information leaks slowly from the defect to the bath or from the
black hole on the gravitating brane to the boundary bath [54].

We also considered branes which support JT gravity. Here, the calculations can be
organized in terms of k in which case the brane profile (2.11) remains identical to that found
for the ordinary tensionful brane. Of course, the relation between k and the parameters
defining the brane action are very different in the two situations, i.e., compare egs. (2.12)
and (A.14). It is interesting that there is a simple shift of defect central charge for the JT
branes, as shown in eq. (C.47). That is, we found that ¢,; — cger = ¢y Where ¢ and

caet are the central charges of the boundary defects dual to the JT and tensionful branes,

— WO"’@T
4Gbrane

JT contribution to the horizon entropy of the brane black hole, as shown in eq. (A.23).

respectively, with the same bulk profile. The shift cjp is precisely the additional
Hence introducing a dynamical theory of gravity directly to the brane action is increasing
the number of degrees of freedom associated with the dual boundary defect.

There are many open questions for possible future investigations. A key question is
to investigate the analogous physical questions in doubly holographic models for massive
AdS black holes with d > 2. We initially looked at this possibility but realized that there
were no simple solutions for the profile of a d-dimensional brane in the background of a
massive AdSg41 black hole. With hindsight, we can see that this arises because the brane
becomes a nontrivial source for the gravitational field in higher dimensions, and deforms
the background by backreacting to the geometry in a non-trivial way. An interesting step
towards such higher dimensional investigation comes with the d = 3 construction recently
examined in [116, 117].

Furthermore, as presented in appendix C, since our background geometry is an asymp-
totically AdS massive black hole, there is a Hawking-Page transition at low temperatures.
Actually, in appendix C, we compute the Hawking-Page transition for a BTZ geometry
with fwo branes intersecting the two boundaries at ¢ = 0 and ¢ = w. The additional
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second brane is required to understand the geometry for the thermal AdS phase.' The
presence of the branes in the bulk geometry drastically reduces the critical temperature
in the limit where the ratio of the defect and boundary central charges is large — see
egs. (C.32) and (C.59). There are several directions which remain to be explored here. For
example, examining how the phase transition is modified in the case of higher dimensions.
Again, the recent d = 3 construction [116, 117] is a natural framework to investigate this
question. Another question would be to investigate the effect moving the position of the
second defect away from ¢ = 7.

Other interesting directions would be to study holographic complexity in our frame-
work, following the approach discussed in [3] — see also [46, 117-119]. Finally, let us
comment that since the horizon has a finite size in our construction, it is amenable to a
fuzzball description, e.g., [120, 121]. It would be interesting to understand the appearance
of quantum extremal islands on the brane from this perspective.
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A Gravity on the brane

As discussed in the main text, the brane enlarges the geometry and as a result, new graviton
modes appear localized near the brane. This allows for a description of the brane as an
effective theory of two-dimensional gravity coupled to two copies of the bath CFTs — albeit
with a cutoff. The technical details on the construction of the effective theory can be found
in [1, 2]. We only report the salient points for brevity. By examining the divergences the
idea is to consider the bulk gravitational theory, with appropriate Gibbons-Hawking-York
boundary terms, and integrate over the radial direction the on-shell action up to the brane.
Schematically, the induced action on the brane takes the form

Iinduced = 2Idiver + Ibrane (Al)

where [pyane is the usual tension term for the brane introduced in eq. (2.1), and Igiyer is the
divergent boundary integral obtained from the above integration procedure. After a careful

161t is still a mystery, and an interesting future direction, to understand the phase transition for the BTZ
geometry with only one brane.
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analysis, one arrives at the following action for the gravitational theory on the brane [1]'7

[induced:1/d2x\/jh i—f?log —ER +R+£2R2+ (A2)
167Gegr 2 8 8

where Gog = G /L and
L2
— =2(1 —4nrGNLTp) = 2¢. (A.3)
geff
Further, R is the Ricci scalar for the induced metric hij on the brane. Recall that ¢ was
defined in eq. (2.19), and we focus on the regime ¢ < 1. Therefore feg > L and we note
that this limit ensures that contributions coming from the higher curvature terms in the
action (A.2) are suppressed.
Although this action with the logarithmic term is unconventional, one can use it to
derive the following metric equation of motion
2 L?

R-LReg (A1)

0= >
2. T

where we have reduced this to a scalar equation using the geometric identity for two
dimensions: 2 R;; = R h;;. Comparing egs. (2.16) and (A.3) for the curvature scales on the
brane and in the action (A.2), one can easily show that this equation of motion correctly
produces the leading terms for fog in an expansion in terms of L2/ €%3.18

The horizon entropy can be evaluated with the Wald formula [122], which yields

1 L? - L? .
SWald = 4G T <— IOg <—8R> + ZR + .- ) (A5)

- —lo L—2 —lli—i— —L(lo 2k+1i+ )
T 4G\ 4z ) T 24 T2y VBT TR '

Using ¢ = 3L/2Gy as given in eq. (2.7), we see the leading term above matches the leading

defect entropy in eq. (2.17). However, let us add that the second term above also matches
the first subleading contribution in the expansion of the full defect entropy.

As noted above, the logarithmic term is somewhat unusual, arising in two dimensions
because of the nonlocal nature of the underlying Polyakov action [123, 124]. This contri-
bution to the action can also be recast in a local form, as a Liouville theory. For the latter,
we introduce an auxiliary field ® with action

v e Yveien. B —<I>>
IL_16WGeﬁ/d v/ h( (VO 4R~ ) (A.6)

1"Note that we have changed the normalization for the argument of log term in eq. (A.2) to match the
black hole entropy on the brane with the defect entropy in eq. (2.17). The freedom to make this change arises
because the ambiguity in choosing the infrared scale in the log term in Igiver, i.€., see eq. (2.23) in [1]where
L was chosen as a convenient scale to make the argument of the log dimensionless. Alternatively, the
issue is that the coefficient of the topological R term in the action (A.2) is ambiguous because for d = 2,
infrared quantum contributions already compete with the subleading terms in the FG expansion — see the
discussion in appendix A.2 of [3].

18That is, one finds 4~ :2(1—1/ —%) 25724—%(?72)2-1-'“ for L? /0% < 1.
B B B

2
Zel’f
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A simple solution for the resulting equations of motion is ® = &y = — log (—L?*R/8). Then
substituting this solution into the action (A.6), one obtains

1 ~ L? - .
I, = 22v/=h | —=Rlog [ - = A.
L 1677Geff/dx h( Rog( 8R>+R>, (A7)

which matches the leading curvature terms in eq. (A.2).

We can also compute the entropy of the black hole on the brane using this Liouville
action (A.6). Following [125], we again use the Wald entropy formula [122] to see that the
horizon entropy is given by a logarithmic contribution

d 1 L?R L
= = log [ - == | ~ log 2k A.
SBH e G 08;( 3 ) 5Gn og 2k , (A.8)

where we have given the final result in the limit of large k. Of course, this reproduces the
leading term in Wald entropy evaluated in eq. (A.5).

A.1 JT gravity on the brane

It is interesting to consider branes supporting JT gravity [99-101, 126]. In this case, the
standard brane action in eq. (2.1) is replaced with

Iﬁ)rane = Iy + I{zt s (Ag)

where the JT gravity action is given by (as in eq. (2.21))

I d*z\/—h
T 167 Gbrane/ v

sooR+go<R+ 5 >] , (A.10)
EJT

and the counterterm

! 2
T, — 47TGNL /d V=h (A11)

The latter cancels the effective cosmological constant from the induced gravitational action
— see above, as well as refs. [1, 2].'9 With the addition of the JT gravity term, the induced
action (A.2) becomes

Iin uce d2 1 N 2
duced — 167TGeff/ vV — [ R 0g< R) + R 1

(A.12)
T 167 Comame 1677Gbrane /dQﬂJ\/i PR+ <R + @T)] ’
where we have grouped the topological Einstein-Hilbert terms by shifting
®0 = 0 + Ghrane/Geft - (A.13)

Recall from above that Geg = Gn/L.

9Without this counter term, a cosmological constant term with be induced with L?/f2; = 2. The only

effect of this term would be the addition of an additional source term proportional to h;; on the right hand
side of eq. (A.15). Of course, this new term can be eliminated by a shift of the dilaton similar to that in
eq. (A.17).
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The dilaton equation of motion imposes R = —2/€§T. Hence the brane geometry is
locally equivalent to AdSy with the curvature scale g = £5p. Thus the brane profile (2.11)
and the induced metric (2.15) are unchanged but k is simply given by

lir

We will again focus on the regime where £ = £y > L or k> 1.
The metric equation of motion on the brane becomes

_ G'bmne 1

— VZVJLp + hij <V2QD - ;) = 87errane Tl(;FT = hij ) (A15)
JT

where
L? L?
ngf eJT
Note that to leading order in the regime where £3p > L, we have log =~ 0 j7. The above

equation (A.15) can be related to the source-free dilaton equation (which usually appears
in the literature, e.g., [101, 126-128]) using the shift

Gbrane EET
— - A.17

Y=

Combining egs. (A.13) and (A.17), we note that to leading order

G'brane L2
— 4+ A.18
1Geg 2y (A.18)

woty=wo+p—

Hence the difference between the bare dilaton ¢¢ + ¢ and the shifted dilaton ¢g + ¢ is
simply a constant of order 1/k2.
Now a standard metric on AdSs is given by

N dp
ds? = 6% | — (72 — 1)di% + 21| (A.19)
where a coordinate horizon appears at p = 1. These coordinates are adapted to the dilaton
profile given by

P=¢rp. (A.20)

That is, surfaces of constant dilaton correspond to surfaces of constant p.2° We note that
the value of the dilaton on the horizon is given by the integration constant ,, which will
play a role in evaluating the horizon entropy — see below. Typically, the discussion of JT
gravity focuses on the boundary value of the dilaton ¢, = ¢, /€ at the asymptotic boundary
p = 1/e. Of course, the latter plays an essential role in understanding the dynamics of JT
gravity [101].

200f course, there are families of dilaton profiles related by special conformal transformations [101] but
they will all take the form (A.20) with the appropriate choice of coordinates.
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The induced metric (2.15) on the brane is related to the above metric (A.19) by the
simple rescaling of the coordinates:
p=L and i="t (A.21)
B 1 R
Hence when working with the metric (2.15) in the main text, the dilaton profile (A.20)
becomes

_ ©r
— , A.22
P tan’ (A.22)

as appears in eq. (2.23).

We are now prepared to evaluate the horizon entropy of the black hole on the JT
brane with the usual Wald formula [122]. Focusing on the leading terms in the effective
action (A.12) yields

1 L? - o+
Stwald = — log [ -=R|+ ~——
Wald 0g ( > T G

4.
p=plyT

|
B
Q| —
@
==
5}
O]
N
W
SIS
[ ) ]
5 %)
~

1 - Gbrane L2 —
+ 0+ B |
4 Gbrane (LP 4Geﬁ E%T or

I _
= log2k + ———+---, (A.23)

where we have used egs. (A.13) and (A.17) to produce this final result. Comparing to
eq. (A.5), we see that the black hole entropy is increased over that of the tensionful brane
by a simple shift, which can be seen as the gravitational contribution coming from the
(bare) JT action (A.10).

B Geodesics in AdS;

In section 3, we are interested in computing the entanglement entropy of the combination
of regions R = {¢ : |¢| > ¢x} in the two boundary CFTs. These are the bath regions where
the Hawking radiation accumulates and to evaluate the corresponding Page curve, we must
determine the quantum extremal surfaces (QESs) which extremize the island rule (1.1). Of
course, one of the advantages of the doubly holographic model which we are studying is that
these calculations are purely geometric [1, 2, 16, 76]. That is, determining the QESs in the
brane perspective reduces to the usual RT prescription [85, 86] for evaluating holographic
entanglement entropy (with the addition of boundary terms for a gravitating brane [1]) in
the bulk perspective. In the three-dimensional bulk geometry, these RT surfaces are simply
geodesics. To compute their area (i.e., length), we can use the formula for the length of
geodesics in pure AdSs, since the BTZ geometry (2.3) is equivalent to that of AdSs, up to
global identifications.

In the BTZ metric (2.3), the coordinates (t, 7, ¢) only cover one of the two asymptotic
regions on either side of the eternal black hole. For the geodesic computations, it will be
more convenient to use the Kruskal coordinates for the BTZ metric which smoothly cover
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the full two-sided geometry, e.g., see [94, 103]. As usual, one defines the new coordinates
(u,v,¢) with u =T — X and v =T + X where

~(552) " () ~(F552) e ()
T(T’t)_(r—kyL) sinh Rt and X(r,t) = s cosh Rt . (B.1)

The prescription above is valid for the exterior regions r > pL. For the interior regions
r < uL, one chooses

() o) i - (252 (3
T(T’t)_(uL—i-T) cosh Rt and X(r,t) = P sinh Rt . (B.2)

With these coordinates, the metric (2.3) becomes

—4I7 (1 —uv)?
ds? = ———dud 22— _d¢?. B.3
T aptudo LT e e (B-3)
The singularity (r = 0) now appears at uv — 1 and the two asymptotic boundaries

(r — o0), at uv — —1. Of course, the horizons are given by uv = 0. For the maximally
extended spacetime the range of u and v is —o0 < u < co and —oo < v < oo. The spacetime
is thus split into four quadrants depending on the signs of u and v. The choices for T" and
X given in egs. (B.1) and (B.2) correspond to u < 0,v > 0 and u,v > 0, respectively, which
coorespond to the left exterior and the future interior regions of the BTZ black hole. One
can easily take care of the remaining quadrants of the eternal black hole (i.e., u > 0,0 <0
and u,v < 0) by sending T"— —T and X — —X.

Following [103] to evaluate the lengths of geodesics in this geometry, we recall that
AdS3 can be defined as the hypersurface in R?? satisfying

~T2 T3+ X{+ X5 =-I1% (B.4)

Now conveniently, geodesics in AdS3 are straight lines if viewed using the embedding co-
ordinates (711,72, X1, X2), with the proper distance d between two points (primed and
unprimed) given by
d
cosh Z = TlT{ + TQTé — XlXi — XQXé . (B5)

Now the embedding coordinates relate to the above Kruskal coordinates and the original
BTZ coordinates as follows

U+ v (r?2 — M2L2)1/2 Lt 1—ww r
T = = h—, Tp, = h = — h
T T+ w uL SR 2T e ¢ 1o uL cosh e, (B.6)
X v (r = p?L%)'2 cosh i X 1-w sinh pg " sinh o |
_ — = = in = —sin .
Tl w uL R 7T 1+w K L K

These expressions are valid for the exterior region on the right side. To move to the left
exterior region, one simply replaces t — ¢ + ﬁ where T' = 5E5 [103]. A general formula
for the geodesic length between a pair points in the BTZ coordinates, say (t1,71,¢1) to

(t2,r2, ¢2), reads

cosh d _ mr \/(T% — u2L?)(r3 — p2L?) cosh p(ty —t2)
L p2L? '

B.

cosh p(¢1 — ¢2) —
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C BH thermodynamics and HP transition

Here we examine our construction from the perspective of black hole thermodynamics.
That is, we consider the solutions of the Euclidean Einstein equations as saddle points
of the quantum gravity path integral. Further, the Euclidean time coordinate must be
periodic for the corresponding black hole geometry to be smooth and following the standard
QFT approach, the Euclidean path integral then yields the thermal partition function of
the system, e.g., see [8, 129-131]. Of course, an interesting phenomenon in the context of
holography is the phase transition discovered by Hawking and Page [132] for asymptotically
AdS black holes. That is, the dominant saddle point below a certain critical temperature
becomes thermal AdS, i.e., Euclidean AdS space with a periodic time direction. According
to the holographic dictionary, the AdS black hole describes a deconfined phase of the dual
boundary theory (with entropy proportional to the central charge) while thermal AdS
describes a confined phase (with order-one entropy). Hence the HP transition describes a
deconfining phase transition in the boundary theory [129].

We would like to examine the HP transition in the context of our defect construction
as well. However, we must make a small modification here. Note that we expect that in
the confining phase with a single defect, the background geometry would resemble thermal
AdS3 with a single two-dimensional brane wrapping the thermal circle and extending in the
radial direction. The problem is that there would not be a smooth way to end the brane in
the interior of the geometry and hence it must extend to reach the asymptotic boundary
at two places. Hence this would describe a confining phase for the boundary CFT coupled
to two defects. We therefore place two defects in the boundary CFT at ¢ = 0 and ¢ = .
The confining vacuum is then described by pure AdS3 with a brane traversing the center
of the space, i.e., the solution studied in [1]. In the deconfined phase, the dual geometry is
the BTZ black hole with two branes crossing the Einstein-Rosen bridge at antipodal points
on the ¢ circle.?! This geometry is sketched in figure 8.

In the following, we examine the black hole thermodynamics and the HP transition for
this construction with two branes. We perform these calculations first for regular branes
with usual worldvolume action in eq. (2.1). In this case, the calculation of the HP transition
was first sketched out in [98]. In this case, the dual boundary system was a two-dimensional
CFT on a finite interval coupled to conformal boundaries at either end. However, the final
expression for the critical temperature is identical to our result in eq. (C.31). We then
also repeat the calculations for branes supporting JT gravity, where the brane action is
replaced by eq. (A.9).

C.1 Regular branes

The total action of our system can be written schematically as follows

I =Ign + I8 + Iy + Ip + 218y . (C.1)

21We note that similar constructions were considered in [98, 133] but using two Za-orbifold branes. Further
in [133], the two branes collided at some fixed radius surface inside the horizon.
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Figure 8. Sketch of a ¢t = 0 slice of the geometry in the deconfined phase. The two branes, denoted
with B; and Bs in green, cross the wormhole at antipodal points on the boundary circle. The orange
arrows indicate two geometries are glued together along the brane surfaces.

Here, Igg is the usual Einstein-Hilbert action for the bulk, accompanied by the usual
Gibbons-Hawking boundary term Igﬁ/l and the appropriate counterterm action Iy [134]
on the regulator surfaces OM at r = rpax, near the asymptotic boundaries on either side
of the black hole. As usual, the counterterm action removes singularities coming from this
surface and we send rya.x — 00 at the end of the calculation. Next, Ig is the standard
worldvolume action for the branes B = By U Bs, as shown in figure 8.

We have also added Gibbons-Hawking terms on either side of the brane surfaces,
i.e., the final contribution QIgH. This addition can be understood in two ways (e.g., see
discussion in [3]): first, these boundary terms are required to define a proper variational
problem if we treat the brane surface B as a boundary with Dirichlet boundary conditions
dgi; = 0. From this perspective, the position of the brane is then fixed by the Israel junction
conditions (2.2), rather than through the Einstein equations. Alternatively, if the branes
were regulated with a finite thickness, the branes would produce large curvatures through
the bulk Einstein equations, which in turn would contribute to the Einstein-Hilbert action.
The latter would become a d-function contribution in the limit of zero thickness, but Israel’s
analysis [91] shows that this contribution may be represented by excising the brane surface
and evaluating the jump in the extrinsic curvature across this surface.

More explicitly, in Euclidean signature, the action (C.1) reads

1 9 1 1
I=— a3 R+ —)— d? K+—+ [ d
6 Wg( +L2> 8rCn Jons VIR T GGV T Joad TV (C2)
. .
+T0/ A20/h — / d20vVh AK
B1UBs 8GN JB1UB,

where v, is the induced metric on asymptotic regulator surfaces and K is the trace of
the corresponding extrinsic curvature. Further, hgy, is the induced metric on the brane
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surfaces and AK is the jump in the trace of the extrinsic curvature across B = By U Bs.
Notice that the latter provides a short-hand for the contributions of the Gibbons-Hawking
terms on either side of the branes. Evaluating the action (C.2) onshell, we can simplify the

expression to

J— 2 [ —
I'= 47TGNL2/ ™9 87TGN dgE\F[K ]

| - i (C3)
+ / d“ovVh { — - AK } ,
87GN JB,uB, L 1+ k?
where we have simplified the Einstein-Hilbert contribution using R = —6/L? from the

Einstein equations, and we replaced the brane tension Ty by an expression involving k
using eq. (2.12).

BTZ computation. Our starting point is the Euclidean BTZ metric,

2 L? dr2
ds, = ( — ) Zart+ +r?dg¢?, (C.4)
L? R? L2 — 2
where smoothness at r = pL requires that 7 is periodic with A7 = 1/T where T' = 555.

On the boundary, ¢ has period 27 but as shown in figure 8, this periodicity is extended in
the bulk by the presence of the two branes. In particular, following surfaces of constant r,
we have —f(r) < ¢ < w+ f(r) on the right side and —7 — f(r) < ¢ < f(r) on the left side.

The trace of the Einstein equations yields R = —6/L? and hence the on-shell Einstein-
Hilbert term reduces to a simple integral over the spacetime volume

1
Ign=—— [ &
EH 471'GNL2 / 9

1/T Tmax 0 1 1/T Tmax f(”’
d d _ d d
27rGNLR / / rdr | dot TG IR /0 / rdr f ) do.

where the first term corresponds to the volume of the ‘pure’ BTZ spacetime, while the

(C.5)

second term is the added extra geometry by the presence of the two branes, where each
enlarges the geometry by f(r) = 1/parcsinh (kuL/r). In the above rpax is some large
radial cut-off. The integral then evaluates to

2
"max k T'max

AGNTLR 7GNTR

_ k21 + k2?) + — hk @
27TGNTR ( ( * ) * 2 +aresin * T'max ’

Ign = (C.6)

which diverges for ryax — oo, which is to be expected. Notice that in the above integral
we have accounted for both sides of the spacetime by using a symmetry argument and
multiplying by an overall factor of 2. Let us now compute the following boundary term

Iop = — d?y\ /A Kom (C.7)
oM

8mG N
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where 7 is the induced metric on OM : 7 = rpax,

L2
dS’Qy = (r?[lax/L2 - /’LQ)ﬁdT2 + r?naxd¢2 ’ (CS)

for some fixed r = rpax. The trace of the extrinsic curvature and the volume element on

OM are

Lrmax \/2— 2r2 o/ L? — 1
= T2/ L% — 2, K = = ; C.9
v R thax/ Tmax /T2y J L2 — 12 (C.9)

-2 L2 I/T 1/T rmax
Tom = ‘W [/ dT/ d¢+2/ dT/ 1
N
__#L K - +(9( )
AGNTR  nGNTR ™ 2GNLR Pinax Tmax/

The above linear divergence gets cancelled by the previous divergence in the Einstein-

so that

(C.10)

Hilbert action. Finally, for the branes

2k
Ig + 215, = d?ovh { —_— AK] : (C.11)

1
8GN /15’1Ul32 L V14 k2

where h;; is the induced metric

72 L? 1 k>
ds = ( ) —dr? + ( + ) dr?. (C.12)
L2 R2 722 — p2 %22 + k2p2

From the Israel’s junction condition we easily get that AK = 2Kp = % k’il. Further-

2 o .
more, we have vVh = %, / %, thus obtaining

B 1 1/T dex
Ip+2Igg = ——F5— d
B+ 21Gu mGN R /0 T 72+ k2122 k:2L2 (C.13)

K2(1+ k2L
(1+k%)p _— (9( ) ’
2rGNRT 27TGNRT Tmax
Finally, we add the following counterterm
1 1 5 k u2L ( )
_ Y e 00— . (C.14
S7GnE Jom ¥ T 1GNIERT ™ T 3 GNRT sovrr 1O\ ) (@1

Combining all of the contributions, we arrive at

Ict =

. _ 1 L o 4p .
rmiiniooIE = 8Gy BT 7 —i—Trarcsmhk:}
2
= —? CRT—2Cdef, (015)

where we have used p = 2rRT, ¢ = 3L/2G N and cqer = ¢/3 arcsinh k to express the final
result in terms of parameters of the boundary CF'T. For branes of zero tension, i.e., k =0
and hence cger = 0, the action reduces to that known for the BTZ black hole, e.g., [135-137]

7T2
IBTZ = —? cRT . (Clﬁ)
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In the saddle-point approximation for the gravity path integral, this action (C.15) yields

the free energy as
2

F:TIE:—%CRT2—2cdefT. (C.17)
We can then apply standard thermodynamic identities to evaluate the energy and entropy
of the system. The energy is given by

OF 72
E=F—-T—-— =" ¢RT? 1
5T = 3 cRT*, (C.18)

which we note is identical to the energy of the BTZ black hole without any branes. Similarly,
the entropy is given by

OF  2m?
=——=—cRT
S 5T — 3 c RT + 2 cqet
mL L
= 3Gx Ry + Gn arcsinh k (C.19)

1 0 frn) Ahorizon
= — d 2 do| = .
2Gy l/_ﬂrh o+ /0 " 4 4Gy

For the result in the first line, the first term is the expected thermal entropy matching
that of the BTZ black hole, and the constant term is a temperature independent correction
coming from the two defects. In the final line with horizon radius r, = wplL and from
eq. (2.11), f(rp) = i arcsinh k, we confirm that the entropy can also be evaluated with the

usual Bekenstein-Hawking formula.
Thermal AdS computation. The euclidean AdS3; metric in global coordinate reads,

2 L? dr?
ds2 = [ = = _dr? 2442 C.20
SE <L2+>R2 +L2+1+T¢> ( )

with a brane profile

¢ = f(r) = arcsin <\/EL> (C.21)

r
This can be derived from the brane in BTZ by setting ;> = —1 and using the identity
—iarcsinh(iz) = — arcsin(—x). The Einstein-Hilbert term evaluates to

Iep=—— a6 [ rars L [qg [™

B = QWGNLRT/ (+e) ¢/ rar 27TGNLRT/ ¢/ (C.22)

SIS SR N S +(’)( ! )
N 4GNLRT max WGNRT max Tmax '

where we have split the integration into two parts: one for the empty half-AdS space, and

another for the extra geometry on the brane side. In the above, € is a 5mall angle that
will be sent to zero. Because of this, we have used the relation rp,x ~ %= L {4 obtain the
asymptotic behaviour. The boundary term at infinity reads

+ L? k rmax L
g = —Zrmax H L2 T 00 o inas _ €23
oM 47TGNLRT U o+ / 4 “oGNLRT 7GwRT _iGwRT (©%)
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where again we split into an empty AdS term, and a contribution coming from the surfaces
OM entering the brane region and intersecting the brane for ¢ = e¢. The brane term is

1 2k
Ig + 218 zi/dZ h{—AK] 24
56 = gray I UILW ’ (C-24)

where now the integration goes over the single brane from ¢ = 0 to ¢ = w. More explicitly,
the above integral reduces to

s +2[B __# Tmaxdrr k2 _ k rmax —|—O< 1 ) (025)
B GH — QWGNRT kL r2 — k212 - 27TGNRT T'max . ‘

Finally, we add the appropriate counterterm, obtaining

Ict:rmax Ve T L2 [/ dgb+2/ dgb]

4nGNLRT (C.26)

L T . ( ! ) |

— T < T .
SGNRT 27TGNRT e 4GNLRT max Tmax
Putting everything together, we obtain
L c

li Ip = — =— C.27
rmmesoo U 8GNRT | 12RT (C27)

which is the same result as in the empty AdS case. Hence we can write the free energy as

c

F:TIE:_ﬁa

(C.28)

which using the standard thermodynamic identities applied in egs. (C.18) and (C.19), yields

_c
12R’

As expected then, we have a Casimir energy associated with compactifying the boundary

S=0. (C.29)

CFT on a circle but the entropy vanishes. We thus learn that the defect has no effect in
the thermal AdS geometry.

Critical temperature. Now that we have computed the on-shell actions for both ge-
ometries, the difference in free energies on shell is

L

8GNR
7T2
= —? CRT2 —2cqet T +

L
8GNR

4
AF = Fpryz — Fags; = — (,uz + i arcsinh k:) +
T

C
SF (C.30)

which vanishes when

3 a2 2 1 9
Torit = R ( ar T ngf cdcef) =R (\/7T + arcsinh? k — arcsinh k) ,  (C.31)

where the second expression comes using cqef/c = 1/3 arcsinh k. Hence the phase transi-

tion happens at this critical temperature. A plot of T¢,i; as a function of the variable k is
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Figure 9. Plot of 2rRT.,i; versus k. The curve intersects the vertical axis at unity, as expected
for the tensionless limit. For large tensions, the critical temperature tends to zero, as shown in
eq. (C.32).

given in figure 9. For tensionless branes, i.e., k = 0, and the critical temperature repro-
duces the well-known result Tt = FIR for the BTZ black hole, e.g., [135]. As the tension
increases towards the critical limit (and k increases without bound as shown in eq. (2.12)),
the critical temperature decreases towards zero. Indeed, an expansion of the critical tem-
perature (C.31) for large cger/c or large k shows that this temperature vanishes as

1 1

Tt = ———— b= —— ..
"7 24R (cqef /) + 8R log 2k +

-—0. (C.32)

As noted above, these results are in agreement with previous work in [98], which studied
the HP transition for a two-dimensional CFT on a finite interval coupled to conformal
boundaries at either end.

C.2 JT branes

We now study the HP transition for branes supporting dynamical JT gravity, as in ap-
pendix A.1. The computations follow those above, except that the brane action is replaced
by that in eqs. (A.9)—(A.11). We rewrite that brane action here for Euclidean signature

I{)rane = Iyr+ Iét (033)

1 - . 2 1
L eavi e (R 2 )] [ @,
1677Gbrane B1UB2 0 4 < K%fp 47TGNL B1UB>

As before, here h is the determinant of the induced metric on the brane. Hence the total
Euclidean action in eq. (C.1) is replaced by

I =Tgn + 1% + I + I + 218, + 125 + 195 . (C.34)
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Note that since the brane action Ij given in eq. (C.33) involves a dynamical gravity theory,
we have added a Gibbons-Hawking boundary term I, gﬁ on the branes’ boundary 9B, i.e., the
intersection of the two branes By and By with the asymptotic boundary dM. Further, we
must also add an additional counterterm I9% on the boundary of the branes, e.g., [138-140].
We note that we only need to compute Iy +I on 1 9B in the following, since the rest of the
terms have been computed in the previous section and their results remain unchanged here.

BTZ computation. We begin by evaluating the action for the black hole background.
In Euclidean signature, the induced metric (2.14) on the brane becomes

r? L? 1 k?
ds% = ( - ) —dr’ + ( + ) dr?. (C.35)
L? R2? e —u? T k2

and so we have vVh = %, / % As noted above with dynamical gravity on the branes,
we need to equip the brane action with an appropriate Gibbons-Hawking boundary term

1
I =———+— | drvo(vo+ ¢s) Kos, (C.36)
87 Ghrane JoB

where (y, is the value of the dilaton at the boundary, and ¢ and Kgp are the determinant of
the one-dimensional induced metric and the extrinsic curvature of the two branes’ boundary
0B, to wit,

r’ L 1 + k2p2L?
d 2 _ max 7(1 max 27 Kam = — max .
SdB ( L2 R2 T \/> — K R7 oB L (1 + k2)( maX — /,L2L2)

(C.37)

Further, we include a counter-term I8 which ensures the on-shell action is finite

1

195 = 7/ drv/o oy . C.38
ot 87 GranelyT JoB \/>S0b ( )

On shell, we have

(/_37' P Gbrane @7'1‘
s Get 0%

=2/ and ¢ = (C.39)
where p = \/r? + k2u?L2. Hence, the term I becomes a simple integral over the branes’

volume

Ip=—2" [ @xvh+ 2z Vh. C.40
5™ 47 Grranel3p JB1UB, 27TGNL B1UBs ( )

which evaluates to

L 1
1. = 14+ k2 k:2L2 2y _ (1 k2 L) 0
B (\/( + )( Tmax H ) ( + ),U, (477Gbrane€§TRT + 2nGNyRT

_ %0 S Lyt A Ko i n O( 1 >
A7 GrranclyTRT ™ 20GNLRT ™  47GrraneRT  27GNLRT Tmax /)
(C.41)

In simplifying the above we have used the relation 1 + k2 = @T /L2
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We are then left to compute contributions of the corresponding Gibbons-Hawking
term (C.37) and counterterm action (C.38). This yields

1 + k2u2L2 Loy r2
[(9 IBB — max max 2
GH T et =~y G LRT T2 ot tpa—y T RT —H
_ 0 r B L r B ©r pmax
47 GrranelyT RT ™ 4nGnlyrRT ™ 4nGiranel T RT 1lp
L Br 1
I av— X o :
t 4nGulrRT ™ T 47erraneu£JTRT Tmax (rmax)
(C.42)

In the above, we have used the relations Geg = Gn/L and L?/¢%; ~ L?/(3; (valid in a
large k expansion).
Now combining eqs. (C.41) and (C.42) together, we obtain

I+ 198 + 198 = L R Keo  wly e kKPul?
BTIGH T et = 9xGNLRT ™ 47GuraneRT  27GNLRT — 47Ghrancl3p RT
(C.43)
which, in the large k limit, simplifies to
I/B + [(8; IatB _ (900 + @)M . N@T n k (C 44)
C .

T 1nGrneRT  27GNLRT 227G RT ™

We are now ready to add the remaining contributions for the total action: Igg—+21, SH +
I + I, which can be found in egs. (C.6), (C.10), (C.13) and (C.14). The final result
becomes

2 —
woL uL . (900 + 907")“
Ip=— — hk—- —-—"T-—. C.45
BT T8GNRT  27GNRT " T 4nGrrane RT (C45)
The free energy is given by
2 —
pL pL . (¢o + @r)pt
F=TIp=- — hk - ~"—7"——
EZ78GNR  20GNR T T 4nGirane R (C.46)
7T2 2 ’
=3 cRT? —2c4 T,
where the defect central charge is increased by the presence of JT gravity with
/ c . o + 957"
Cqer = = arcsinh k + . C.47
def 3 4Gbrane ( )

We might identify ¢yt = i’gli as the central charge of the degrees of freedom dual to JT
gravity. The energy is now given by

oF 2
E=F-T5: = 7; cRT?, (C.48)
while the entropy becomes
F 2
S:—gz_, %CRT"‘ZCdef

C.49

_ Ahorizon 49 wo + ¢ ( )
4G N 4Gbrane horizon

where the factor of 2 in front of the dilaton contribution arises because there are two branes
in the present calculation.
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Thermal AdS computation. We now evaluate the on-shell action in the thermal AdS

case, with metric as in eq. (C.20). Once again, we only need to compute I + Ig IcatB,
since the rest of the terms are similar to the non JT gravity case.
For global AdSs, the dilaton profile is given by the constant term only??
2
_ Gbrane BJJ (050)

Gerr 02y

and R = —2/0%;
We begin by evaluating

I, — %0 /d2
5 <4waranee +27TGNL> Vi

_ %0 / ir /““"’" E + k2 (C.51)
47errane€ 27TGNL kL r2 — k22

¥0 1
(477Gbrano€JTRT 27TG’NL]%T’> Tmax + O (Tmax> ’

and
1 r2 —k2[2 Loy, r2
I@ I@B _ max max 1
G e N 777 1k B S R R el e sy oy +
¥0
= — )
47 GhranelyTRT Fmas + <7"max)
(C.52)
Combining these results together, we find
IB + IGH =+ 188 EJT T'max (C53)
2rGnyLRT ’
which, in the large k limit, simplifies to
I+ 125 + 19 = —~  ra C.54
B+ 1cu + 9w GNRT Tma. ( )

Lastly, adding the remaining contributions: Igyg + ZIgH + Igﬁ/‘ + I, which can be found
in egs. (C.22), (C.23), (C.25) and (C.26), we find the same answer as the case without JT
gravity

L &

lim Ip=— - .
rmanoo ¥ T T RGN RT 12RT’ (C.55)

and so the free energy, energy and entropy are the same as well

C C

22The linear term proportional to @, is ruled out here because of the boundary condition for global AdSs,.

That is, the asymptotic dilaton must be constant (i.e., independent of 7) along the surface r = rmax in the
coordinates given in eq. (C.20).



Critical temperature. The difference of the free energies is the same as without JT
gravity, except the central charge of the conformal defect receives the dilaton contribution
Cdef =+ Cliep = Cdef + CyT = § arcsinh k + f&)ﬂ. Hence eq. (C.30) is replaced with

2

m c
AF:—?CRTQ—QCLMT—I—@. (C.57)
Then the new critical temperature is
3 m? chet " _ Chet
T — 2 o ef | _ “def
it TR 36 + ( c ) c |’
(C.58)
1 m? 3 o+ ¢r) 3 w0+ or
= — — inhk + ————— | — inhk — ————
R \/ 1 + (arcsm + ¢ G ) arcsin ¢ G ,
and in the limit where the ratio ¢ .¢/c is large, we find
Toi = ——— 0o 50 (C.59)
T 24R (g /) ' '
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