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In this paper, we present a Monte Carlo event generator for radiative Bhabha scattering, based on the
method of equivalent photons, and optimized for multiturn tracking simulations in the XSUITE framework.
We demonstrate the accuracy of the event generator with successful benchmarks of the luminosity and
event cross section against currently existing alternative tools. Consequently, we use it to investigate
existing estimates of the radiative Bhabha scattering beam lifetime at the FCC-ee, as well as the impact of
radiative Bhabha scattering on the beam dynamics, using full nonlinear tracking models.
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I. INTRODUCTION

The Future Circular Collider (FCC) [1] is a proposed
high energy particle collider of about 90 km circumference
[2]. Its first stage, the FCC-ee, is aimed to collide electrons
and positrons at unprecedented luminosities in order to
refine the statistical precision of properties of Standard
Model particles.
The power loss due to synchrotron radiation is one of the

main challenges in the FCC-ee machine design. Apart from
radiation in the bending arcs, the particles can also emit
photons during beam-beam collisions, as a result of
bending in the collective electromagnetic (EM) field of
the opposite bunches, called beamstrahlung [3]. In addition,
they can scatter in the field of an individual particle from
the opposite beam, an effect called Bhabha scattering in the
ultrarelativistic regime [4].
The deflection of the primaries can lead to radiation with

photon energies up to the beam energy, an effect called
radiative Bhabha scattering, illustrated in Fig. 1. The
dynamics of radiative Bhabha scattering is very similar
to that of bremsstrahlung in ordinary matter [5,6]. Counting
the primaries scattered with a very small angle, which is
dominated by the t-channel scattering process both for the
elastic (eþe− → eþe−) and radiative (eþe− → eþe−γ)
Bhabha scattering processes, provides a way to measure
luminosity in the collider with high precision, which has

already been exploited in previous colliders, such as LEP
[7]. This small angle Bhabha scattering is one of the
processes considered for luminosity measurement at the
FCC-ee as well [1].
Although the number of emitted Bhabha photons is

much smaller compared to those emitted due to beam-
strahlung or synchrotron radiation, due to their relatively
high energy, the effect still impacts the beam lifetime. Until
now, the estimates for the FCC-ee lifetime contribution
from this process are obtained with rough analytical
calculations [1,8,9], but no simulations have been per-
formed so far to verify or fine-tune these. Furthermore,
although suspected, it is not yet demonstrated with sim-
ulations that the energy loss does not result in the change of
beam dynamics, e.g., in the form of emittance growth.
These points provide a strong motivation to study radiative
Bhabha scattering in the frame of the FCC-ee design.
In this paper, we discuss the implementation of a

Monte Carlo event generator to simulate photon emission
from the radiative Bhabha scattering, optimized for multi-
turn tracking simulations in the XSUITE framework [10]. We
use this event generator to study the FCC-ee beam lifetime
and the impact of radiation on beam dynamics. This paper
is organized as follows: Sec. II introduces the theory of
modeling radiative Bhabha scattering with the method of
equivalent photons. Section III details the implementation
of the event generator in XSUITE. Section IV presents a
benchmark of the radiative Bhabha scattering lifetime
obtained by simulating a single beam-beam collision with
XSUITE, against BBBREM, with further comparisons of the
luminosity per bunch crossing between XSUITE and
GUINEA-PIG and that of the cross section between the three
codes. Section V presents lifetime estimates obtained from
multiturn tracking with XSUITE, using a linear transfer map,
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including effective synchrotron radiation, beamstrahlung,
and the crab-waist scheme [11]. Section VI discusses
lifetimes and beam dynamics when using a full nonlinear
lattice model of the FCC-ee.

II. MODELING OF RADIATIVE BHABHA
SCATTERING IN THE EQUIVALENT PHOTON

APPROXIMATION

The goal of the work presented in this paper is to model
radiative Bhabha scattering in multiturn tracking simula-
tions. In this case, the exact quantum electrodynamical
(QED) computation of the scattering process is numerically
expensive and impractical. Early works of Fermi have
shown that the EM field surrounding a fast moving charged
particle is similar to EM radiation [12]. This radiation field
can be represented by a flux of photons with a frequency
distribution. In case of the collision of two charged
particles, the interaction is mathematically equivalent to
the interaction of one of the particles with a spectrum of
photons equivalent to the other. In the relativistic case, the
EM field of a charged particle is almost transversal to the
direction of its motion and can, therefore, accurately be
substituted by an appropriately chosen equivalent radiation
field of photons. With this, the cross section for radiative
Bhabha scattering in the forward region, with small
scattering angles, can be approximated by that of the e−

or eþ and a photon in a regular Compton scattering event.
In this case, the equivalent photon corresponds to the
exchanged virtual photon between the scattering primaries.
The subsequent emission of bremsstrahlung photons can be
treated in a numerical simulation as an inverse Compton
scattering process [13]. This is called the method of
equivalent photons and was extended for ultrarelativistic

collisions by Weizsäcker and Williams [14,15]. This
approach can be used to model the cross section σBhabha
of radiative Bhabha scattering in a numerical simulation,
assuming small scattering angles, by factorizing it into the
distribution of the equivalent (virtual) photons and the
classical Compton cross section:

dσBhabha ≈ dn × dσC; ð1Þ

where dn is the number density of the virtual photons
representing the equivalent EM field of one primary, and
dσC is the classical Compton scattering cross section. The
equivalent photon approximation essentially alleviates
the need for computing the QED matrix element with
radiative corrections by instead modeling radiative
Bhabha scattering as Compton scattering of a set of
virtual photons, equivalent to one primary, on the oppos-
ing primary. This approach is analogous to the parton
distribution functions employed for quarks and gluons in
proton-proton collisions [16].

A. Spectrum of virtual photons

In collisions of ultrarelativistic charges (v ∼ c), with
small scattering angles the momentum transfer between the
scattering primaries is small, thus it can be assumed that the
virtual photons, which are related to this momentum
transfer, have a low energy Eγ ≪ Ee (soft photons), with
Ee denoting the total energy of the primary particle and Eγ

that of an equivalent virtual photon. Furthermore, it can be
shown that the integration over the final momentum space
of a scattered primary can be written as an integration over
dxdQ2 [17], where x is the virtual photon energy normal-
ized to that of the equivalent primary particle, defined as

x ¼ ℏω
Ee

¼ Eγ

Ee
; ð2Þ

with ω being the virtual photon angular frequency, and Q2

is the squared virtuality of one virtual photon, which is
related to its transverse momentum and the momentum
transfer between the scattering primaries. With this, the
number density spectrum of the virtual photons dn,
introduced in Eq. (1), can be expressed as

dnðx;Q2Þ
dxdQ2

¼ α

2π

1þ ð1 − xÞ2
x

1

Q2
; ð3Þ

with α ¼ 1=137. The virtual photon energy spectrum is
given by integrating Eq. (3) over the interval ½Q2

min; Q
2
max�:

dn
dx

¼
Z

Q2
max

Q2
min

dn
dxdQ2

dQ2 ¼ α

2π

1þ ð1 − xÞ2
x

ln

�
Q2

max

Q2
min

�

≈
α

π

1

x
ln

�
Q2

max

Q2
min

�
¼ 2α

π

1

x
ln

�
1

x

�
; ð4Þ

FIG. 1. Top: Main Feynman diagram of radiative Bhabha
scattering at small scattering angles, with the exchange of a
virtual photon and the emission of a real photon. The symbol γ
indicates a photon, and e� indicate a positron or an electron,
respectively. Bottom: the upper part of the Feynman diagram can
be understood as the Compton scattering of the virtual photon on
the opposing primary. The blob indicates that this process is
described by two Feynman diagrams, each of which is a first
order radiative correction to Bhabha scattering.
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where we used the approximations

1þ ð1 − xÞ2
x

≈
2

x
; ð5Þ

Q2
min ¼

x2m2
ec2

1 − x
≈ x2m2

ec2; ð6Þ

and

Q2
max ≈m2

ec2; ð7Þ

by assuming that the virtual photon energy is small (x ≪ 1)
compared to the energy of the scattering primaries. The
expression for Q2

min comes from the kinematically allowed
minimum momentum transfer between the scattering pri-
maries. The expression for Q2

max is typically selected
differently, depending on the actual physical process
[18]. In case of radiative Bhabha scattering, it is possible
to choose it as the dynamic cutoff of the Compton cross
section [17,19].
We can make these assumptions in case of small angle

Bhabha scattering; however, later when we sample the
virtual photons, we need to correct for these approxima-
tions. In order to sample photons from Eq. (4), the
distribution has to be normalized over the relevant range
of x, such that:

dnðxÞ
dx

¼ ntotfðxÞ; ð8Þ

where fðxÞ is a probability density function (PDF) and ntot
is a normalization factor, which represents the total number
of virtual photons equivalent to a single primary with total
energy Ee. The maximum possible value of x is 1. Since the
indefinite integral

R
1
x lnð1xÞdx ¼ − 1

2
ln2ð1xÞ þ C diverges

into −∞ at 0, an appropriate lower limit xmin on the virtual
photon energy has to be set. In practice, the value of this
cutoff depends on the physical process, which is being
approximated. As we will describe it in Sec. IV, we choose
it as the highest value for which the radiative Bhabha cross
section is converged, such that virtual photons with a very
low energy, which do not contribute to the cross section, are
not generated. The normalization factor ntot with a given
xmin can be expressed as

ntot ¼
Z

1

xmin

dnðxÞ
dx

dx ¼ α

π
ln2ðxminÞ: ð9Þ

Thus the normalized virtual photon density from Eq. (8)
can be written as

fðxÞ ¼ 2

ln2ðxminÞ
1

x
ln

�
1

x

�
¼ Cf ×

1

x
ln

�
1

x

�
; ð10Þ

with the constant Cf ¼ 2
ln2ðxminÞ. The corresponding cumu-

lative distribution function (CDF) of Eq. (10) is

FðxÞ ¼
Z

x

xmin

fðxÞdx ¼ 1 −
Cf

2
ln2

�
1

x

�
¼ 1 − C0

fln
2ðxÞ;

ð11Þ

with the constant C0
f ¼ Cf

2
¼ 1

ln2ðxminÞ. Eq. (11) can be

inverted and used for sampling the original virtual photon
distribution in Eq. (4). Figure 2 shows the CDF [Eq. (11)]
and PDF [Eq. (10)] of virtual photons for an example
energy Ee ¼ 182.5 GeV and a low energy cutoff of
xmin ¼ 10−12. It can be seen that the approximations made
in Eqs. (5) and (6) have only a minor effect on the shape of
the sampled distribution, in particular at large x values.
Since the equivalent photon density depends on the
logarithm of the virtuality, Q2 has to be sampled uniformly
in the ½lnðQ2

minÞ; lnðQ2
maxÞ� interval.

1. Beam size effect

The beam size effect reduces the number of emitted soft
(low energy) photons. The energy spectrum of radiative
Bhabha photons, which takes into account the beam size
effect corresponds better to experimental measurements, in
that roughly a factor of 2 less photons are produced
compared to the case without it [5,20]. This in turn reduces
the cross section and increases the lifetime by about a factor
of 2. The beam size effect in this context is analogous to
an effect called screening in classical bremsstrahlung in
matter [17]. In the context of beams in particle accelerators,
the scattering virtual photon is assumed not to interact with
the opposing beam if the impact parameter is more than
roughly the transverse rms beam size from the opposite
primary.
The beam size effect can be treated in a numerical model

by smearing the transverse coordinates of the sampled

FIG. 2. Normalized virtual photon fluence from Eq. (11) (blue)
and flux from Eq. (10) (black) for Ee ¼ 182.5 GeV and
xmin ¼ 10−12. A set of 105 events sampled from Eq. (10) are
shown. The corrections for the two approximations in Eqs. (5)
and (6) are shown with the number of samples surviving the
approximation in brackets.
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virtual photons on a disc of radius ρ, corresponding to the
impact parameter (with a random uniform azimuthal angle),
thereby giving each photon a different impact parameter,
expressed as [21]

ρ ¼ γc
ω

¼ ℏcEe

mec2Eγ
¼ ℏ

mecx
¼ ℏffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2ð1 − xÞ
p ; ð12Þ

where γ ¼ Ee=ðmec2Þ is the relativistic Lorentz factor of
the primary beam, and x is the normalized virtual photon
energy, from Eq. (2). Here, Eq. (6) was used to express the
denominator in terms of the virtuality, assuming small
scattering angles.

B. Compton scattering of virtual photons

Radiative Bhabha scattering at very small scattering
angles can be treated as an inverse Compton scattering
process of the virtual photons on the opposite primary. The
setup is sketched in Fig. 3.
The total energy E0

γ of the scattered photon from the
inverse Compton scattering can be derived from the energy
and momentum conservation laws. Using the notations of
Fig. 3, these read:

γmec2 þ ℏω ¼ γ0mec2 þ ℏω0;

γmev

�
1

0

�
þ ℏω

c

�−1
0

�
¼ γ0mev0

�
cos θe
sin θe

�

þ ℏω0

c

�
cos θγ
sin θγ

�
: ð13Þ

The left hand side of Eq. (13) contains the energies and
momenta before scattering, while the right hand side shows
those after. From this system of three equations, one can
derive an exact expression for the scatteredphoton energyE0

γ:

E0
γ ¼

Eγð1þ βÞ
1 − β cos θγ þ Eγ

Ee
ð1þ cos θγÞ

: ð14Þ

The maximum of E0
γ is obtained when the photon fully

backscatters, i.e., cos θγ ≈ 1. In the ultrarelativistic limit

(γ ≫ 1) using the expansion β ≈ 1 − 1=ð2γ2Þ in the denom-
inator, it can be expressed as

E0
γ;max ¼

2Eγ

1
2
ðmec2

Ee
Þ2 þ 2

Eγ

Ee

: ð15Þ

1. Sampling of the scattered photon
energy and scattering angles

Equations (14) and (15) with different conventions of the
scattering angles and coordinate system can also be found
in [22]. Using the assumption that the energy of the virtual
photons is negligible compared to the beam energy, i.e.,
Eγ ≪ Ee, the scattered photon energy from Eq. (14) can be
expressed as a fraction of the maximum energy E0

γ;max [23]:

E0
γ ¼

E0
γ;max

1þ ðEeθγ
Ecm

Þ2
; ð16Þ

where

Ecm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Ee

c
þ Eγ

c

�
2

c2 − ðpe þ pγÞ2c2
s

¼ mec2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4EeEγ

ðmec2Þ2
þ 1

s
≈

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4EeEγ

p ð17Þ

is the center of mass energy of the electron-virtual photon
system in a head-on collision and in the ultrarelativistic
limit [24]. Equation (16) tells the energy of the Compton
scattered photon in terms of the scattering angle θγ and
some kinematic variables. However, in the Monte Carlo
event generation, we sample the scattered photon energy E0

γ

and what we do not know initially is the scattering angle of
the photon (θγ) and the electron (θe). The Compton
scattering of an unpolarized virtual photon with total
energy Eγ on a primary electron or positron with total
energy Ee is described by the differential cross section of
the backscattered photon energy [13]:

σC;diffðyÞ ¼
2πr2e
s

�
1

1 − y
þ 1 − y −

4y
sð1 − yÞ þ

4y2

s2ð1 − yÞ2
�
:

ð18Þ

Here

y ¼ ℏω0

Ee
¼ E0

γ

Ee
ð19Þ

is the energy of the backscattered (real) photon in units of
the total energy of the opposing primary before scattering.
The parameter re ¼ 2.818 × 10−15 m is the classical elec-
tron radius. Furthermore,

FIG. 3. Inverse Compton scattering of a photon and an electron.
The scattering angle of the photon is given by θγ, and that of the
electron by θe.
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s ≈
4EγEe

m2
ec4

¼ 4γ2x ð20Þ

is the Mandelstam variable (center of mass energy squared)
of the e�-virtual photon system in the ultrarelativistic limit,
normalized in units of the electron rest mass [25]. Note that
here we assume a negligible collision angle (head-on
collision) between the two particles. The total Compton
cross section, for a given s, can be obtained by integrating
Eq. (18) from 0 to ymax:

σC;tot ¼
Z

ymax

0

σC;diffðyÞdy ¼ 2πr2e
s

�
lnðsþ 1Þ

�
1 −

4

s
−

8

s2

�

þ 1

2
þ 8

s
−

1

2ðsþ 1Þ2
�
; ð21Þ

where

ymax ¼
E0
γ;max

Ee
¼ s

sþ 1
; ð22Þ

from Eq. (15), is the kinematically allowed maximum
energy of the Compton scattered photon in units of the
primary electron energy before collision. The integrated
Compton cross section, given by [17]

σCðyÞ ¼
Z

σC;diffðyÞdy ¼ 2πr2e
s

�
− lnð1 − yÞ

�
1 −

4

s
−

8

s2

�

þ y −
y2

2
þ 4y

s
þ 4y

s2
þ 4

s2ð1 − yÞ
�
; ð23Þ

is hard to invert analytically, but it can be sampled by using
the Newton-Raphson method. In this, first the interval
boundaries σCð0Þ and σCðymaxÞ are computed for a given s.
Then a random uniform sample r is drawn within this
interval. Then the root of the equation

y ¼ σ−1C ðrÞ ð24Þ

is found iteratively, starting with an initial guess for y. From
Eq. (16), one can express the scattering angle of the photon,
measured from the direction of motion of the incoming
electron:

θγ ¼
Ecm

Ee

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0
γ;max

E0
γ

− 1

s
: ð25Þ

2. Computation of scattered momenta

After sampling the scattered photon energy E0
γ from

Eq. (18), one can use the energy conservation law to
calculate the scattered electron energy:

E0
e ¼ Ee þ Eγ − E0

γ ≈ Ee − E0
γ: ð26Þ

Here, we can neglect Eγ as it is typically much smaller than
the other two terms. The scattered electron will be assigned a
random uniform azimuthal direction, characterized by the
azimuthal angleΦe. The kinematic momentum components
will gain an extra term p0�

e;i due to this azimuthal deviation
from the initial axis of motion. A sketch of the electron’s
motion after Compton scattering is shown in Fig. 4.
In addition to a change in the direction, the magnitude of

the momentum components will also change because of the
change in the total energy. In the ultrarelativistic limit
(jvj ¼ jv0j ≈ c), we have

p�
e;t ¼ jp0

ej sin θe ≈ jp0
ejθe ¼

E0
e

mec2
mejv0jθe ≈

E0
e

c
θe;

p0
e;x ¼ pe;x

E0
e

Ee
þ p�

e;x ¼
E0
e

c2
vx þ p�

e;t sinΦe;

p0
e;y ¼ pe;y

E0
e

Ee
þ p�

e;y ¼
E0
e

c2
vy þ p�

e;t cosΦe;

p0
e;z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0
e
2 − p02

e;xc2 − p02
e;yc2 − ðmec2Þ2

q
c2

: ð27Þ

Finally, the scattered photon momenta can simply be
obtained from momentum conservation:

p0
γ;i ¼ pe;i þ pγ;i − p0

e;i; i∈ fx; y; zg: ð28Þ

The relationship between the scattering angles of the
colliding particles can be derived from Eq. (13):

θe ¼ −
E0
γ

E0
e
θγ ¼ −

E0
γ

Ee − E0
γ þ Eγ

θγ ≈ −
E0
γ

Ee − E0
γ
θγ: ð29Þ

Here the minus sign reflects the momentum conservation,
namely that the two particles scatter in the opposite
transverse direction, as shown in Fig. 3. This derivation
holds only in the ultrarelativistic limit, in case the virtual
photon energy Eγ is negligible compared to the primary
energy Ee (i.e., soft photon scattering) and the virtual

FIG. 4. Scattering of the electron in the inverse Compton
scattering. The initial electron momentum pe becomes p0

e with
a transverse deviation p�

e;t with respect to its initial direction of
motion.
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photons and the opposite primary collide head-on (paraxial
approximation) [26].

III. EVENT GENERATION OF RADIATIVE
BHABHA PHOTONS IN XSUITE

The event generation described in the previous sections
is used in GUINEA-PIG [27], which is a particle in cell (PIC)
solver designed to simulate a single beam-beam collision
and various physical processes contributing to detector
background events. For our implementation, we adopted
parts of this algorithm, however, the implementation
required some optimization due to the soft-Gaussian
approximation used in XSUITE, which enables to be fast
enough for multiturn tracking with a large number of
macroparticles. The modeling of beam-beam interactions in
XSUITE, taking into account collisions with a crossing
angle, is detailed in [28,29]. Our model for radiative
Bhabha scattering event generation is effective in the sense
that the XSUITE beam-beam model does not use a PIC
solver, i.e., the bunches are sliced longitudinally but not
transversally. Instead, the transverse distribution is modeled
in the soft-Gaussian approximation [30], by assuming a 2D
Gaussian charge distribution, which is in most cases a good
approximation for lepton beams.
In the following, wewill consider the collision of a single

pair of bunches and refer to them as weak and strong bunch,
respectively. Let us consider a slice of the strong bunch,
with an average energy Ec, centered at the transverse
coordinates ðxc; ycÞ. The normalized charge density of
the slice in the soft-Gaussian approach can be written as

ρeðx; yÞ ¼
1

2πσxσy
exp

�
−
ðx − xcÞ2

2σ2x
−
ðy − ycÞ2

2σ2y

�
: ð30Þ

A single macroparticle from the weak bunch having the
transverse coordinates ðx; yÞ at the collision point with the
slice will interact with an Neðx; yÞ amount of real charges,
contained in an infinitesimal area δxδy around ðx; yÞ:

Neðx; yÞ ¼ Nb;sρeðx; yÞδxδy; ð31Þ

where Nb;s indicates the total number of charges in the
opposing slice. A sketch of the simulation model is shown
in Fig. 5.
In our model, the macroparticles of the opposing slice are

replaced by a set of equivalent photons by assuming that the
virtual photon distribution ργðx; yÞ is proportional to that of
the primary charges, i.e., ργðx; yÞ ¼ ntotρeðx; yÞ. This in
turn implies the following relation for the number of
equivalent photons Nγ in the area δxδy:

Nγðx; yÞ ¼ ntotNeðx; yÞ; ð32Þ

with ntot from Eq. (9) representing the number of virtual
photons equivalent to one elementary charge.
The event generation process of XSUITE consists of a

loop over the macroparticles in one slice of one bunch,
which interacts with one slice of the opposing bunch. For
each macroparticle, the algorithm first computes ρeðx; yÞ
according to Eq. (30) by using the rms sizes of the opposing
bunch slice. Next, the full slice of the opposing bunch is
treated as a single macroparticle with energy Ec and ntot
equivalent photons are drawn for this energy, using Eq. (9).
The virtual photon energies Eγ and virtualities Q2 are
sampled from the virtual photon distribution in Eq. (3). The
beam size effect can be taken into account by smearing the
transverse coordinates of each virtual photon with respect
to the slice centroid (xc, yc), using the impact parameter
according to Eq. (12). The charge density ρe is then
resampled at the new transverse coordinates.
In a nested loop over the virtual photons interacting with

the single macroparticle, the number of inverse Compton
scattering events R for each macroparticle-virtual photon
pair is computed

R ¼ σC;totLm;s; ð33Þ

using the total Compton cross section σC;tot [Eq. (21)] and
the luminosity Lm;s. This luminosity corresponds to an
integrated value over the passage of the single macro-
particle through the single slice, with the collision of
Neðx; yÞ charges from the opposing slice and Nb;m charges
represented by the macroparticle. It can be given as

Lm;s ¼
Nb;m × Neðx; yÞ

δxδy
¼ Nb;mNb;sρeðx; yÞ; ð34Þ

where we used Eq. (31) to express the charge represented
by the slice in terms of the charge density at the coordinates
ðx; yÞ. The total Compton cross section expresses the
probability of a Compton scattering event in the elec-
tron-virtual photon system: σC;tot ¼ σC;totðsÞ, dependent on
s, given by Eq. (20). Substituting these into Eq. (33), one

FIG. 5. Interaction of a single macroparticle of the weak bunch
(blue) with a single slice of the opposing strong bunch with
centroid coordinates ðxc; ycÞ, and total elementary charge Nb;s
(red), at the transverse coordinates ðx; yÞ. The charge density of
the bunch slice is approximated with a 2D Gaussian ρeðx; yÞ,
given in Eq. (30).
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obtains the number of inverse Compton scattered photons
(i.e., the emitted radiative Bhabha photons) coming from
the collision of the single macroparticle with one virtual
photon of the opposing slice

R ¼ σC;totðsÞNb;mNb;sρeðx; yÞ: ð35Þ

Note that R can be larger than 1 due to the luminosity
scaling, since the virtual photons are related to the total
number of primary charges in the opposing slice. In
simulations, R is rounded up to the nearest integer. Its
typical value depends on Lm;s, therefore, on the number of
macroparticles and the number of slices in the opposing
bunch, for a given simulation setup. For the FCC-ee, a
typical simulation features 100 slices and 106 macro-
particles, for which R is close to 0, therefore, only 1
Compton event per electron-virtual photon pair is simu-
lated, for all operation modes. If instead we only take 1
macroparticle, which represents the full intensity of the
weak bunch, and 100 slices, R has values up to the order of
104 for the tt̄ and order of 105 for the Z operation mode,
which is explained mainly due to the smaller transverse
spot size for the Z mode which results in roughly one order
of magnitude larger values for ρeðx; yÞ for Z than tt̄. In
comparison, the dependence of R on σC;tot, thus the beam
and the sampled virtual photon energy, is negligible. For
σC;tot, the typical values with the FCC-ee parameters are in
the order of millibarns. The value of R is larger when
interacting with slices in the longitudinal center of the
opposing bunch, for which Nb;s is larger, than when
interacting with slices in the longitudinal bunch tails.
For each of the R Compton events, s is computed according
to Eq. (20) and then the scattered photon energy y is drawn
according to Eq. (18). Following this, the scattered
momentum components, angles, and primary energy are
computed according to the equations in Sec. II. Because of
the scaling with the number of charges used in Eq. (34), R
represents a number of real photons, unlike the virtual
“macrophotons,” which represent the equivalent field of a
set of real primary charges, analogous to the macropar-
ticles. Therefore, the dynamical variables of the macro-
particles are updated according to the energy and
momentum conservation accounting for the emission of
only a fraction of the photons. The latter are picked
randomly based on a probability corresponding to the
inverse of the number of charges per macroparticle.

IV. BENCHMARK AGAINST
GUINEA-PIG AND BBBREM

GUINEA-PIG is a beam-beam simulation software devel-
oped initially for linear colliders, but it is widely used
across the accelerator physics community for different
machines, including the FCC-ee [3]. It can simulate various
background generating mechanisms, including radiative

Bhabha scattering [31]. Each process requires a proper
choice of the cutoff xmin in the virtual photon spectrum in
Eq. (10). We performed a parameter scan with the two
codes, which showed that the simulated radiative Bhabha
cross section converges below a value of ∼10−3=γ2. This
cross section is computed as

σBhabha ¼
Rk

Lint
; ð36Þ

with Rk being the number of emitted Bhabha photons from
a beam with E0

γ > kEb, where Eb is the nominal beam
energy, and k is the nominal momentum acceptance of the
given operation mode.
This way the optimal cutoff value was determined to be

xmin ¼ 10−4=γ2. With this, the value of ntot is between 2 and
3 for all FCC-ee energies.
While the main concern for Bhabha lifetime are beam

particles that lose an energy higher than the momentum
acceptance and are rapidly lost, there exist particles that
lose a fraction of their total energy due to emitting one or
more radiative Bhabha photons yet remain within or close
to the momentum acceptance. The survival rate of those
particles may differ depending on the detail of the model
used for the losses. While a hard-edge criterion on the
momentum is often used, we aim at determining whether
interplays with lattice nonlinearities or other radiative
processes, such as beamstrahlung or synchrotron radiation
in the rest of the lattice could affect the beam lifetime.
For this reason, we compare lifetimes for the FCC-ee,

using the design parameters [32] featuring four interaction
points (IPs), with three different simulation setups, namely
a single collision without tracking in order to verify the
correctness of the event generator, linear tracking, and
nonlinear tracking. The simulation parameters are collected
in Table I.
Table I contains estimates for the radiative Bhabha

lifetime τBhabha. These have been obtained by numerically
integrating the analytical cross section, given by

dσBhabha
dk

¼ 4r2eα
k

�
4

3
−
4

3
kþ k2

�

×

�
log ð4γþγ−Þ þ log

1 − k
k

−
1

2

�
; ð37Þ

where k is the momentum acceptance from Table I and γ�
are the relativistic Lorentz factor of the eþ and e− beams
[9]. However, these estimates do not take into account the
beam size effect. As pointed out in Sec. II, with the beam
size effect included, the cross section is reduced by
approximately a factor of 2, and the lifetime is approx-
imately doubled. In this paper, we refine these estimates by
obtaining τBhabha from multiturn tracking simulations
(including the beam size effect) for the first time.
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As a first check, the lifetimes from a single collision in
the XSUITE weak-strong (only one beam is tracked) and
strong-strong (both beams are tracked) models were inves-
tigated. In these single collision simulations, beamstrah-
lung is not included, but the beams are initialized with the
equilibrium bunch length σz;BS and energy spread σδ;BS,
which are determined by beamstrahlung. The Bhabha
lifetime can be estimated in the following way [33]:

1

τBhabha
¼ 1

Nb

dNb

dt
¼ 1

Nb
σBhabhaLinst × NIP

¼ 1

Nb
Rk × frev × NIP; ð38Þ

where τBhabha is the lifetime, dNb
dt is the charge loss rate, Nb

is the bunch intensity, σBhabha is the radiative Bhabha cross
section (corresponding to a given energy cut k), Linst ¼
Lintfrev the instantaneous luminosity per collision, Lint is
the integrated luminosity per bunch crossing, given by

Lint ¼
N2

b

4πσ�yσ�x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ σ2z;BS

σ�2x
tan2ðϕ

2
Þ

r ¼ N2
b

4πσ�yσ�x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þΦ2

p ; ð39Þ

with Φ being the Piwinski angle. Furthermore, NIP is the
number of IPs in the collider, frev is the FCC-ee revolution

frequency, and Rk, from Eq. (36), is the count of emitted
real Bhabha photons with a total energy above the threshold
kEb. Note that this formula does not take into account the
hourglass effect, which impacts the luminosity in the
simulations. We compared the luminosities obtained from
simulating a single collision with XSUITE against those from
GUINEA-PIG, shown in the top subfigure of Fig. 6.

TABLE I. Selected parameters of the FCC-ee 4 IP design used for the simulations in this paper. The values for Lint
are calculated using Eq. (39). All other values are taken from [32]. The quantity εy;lattice denotes the equilibrium
vertical emittance defined by synchrotron radiation, used for the simulations in Secs. IV and V. The quantity εy;BB
denotes that resulting from the interplay of lattice nonlinearities and beam-beam in a full lattice model, used for the
simulations in Sec. VI. The subscript SR stands for synchrotron radiation and BS for beamstrahlung.

Z W� ZH tt̄

Circumference (km) 90.658816
ϕ (mrad) 30
E (GeV) 45.6 80 120 182.5
Nb (1011) 1.51 1.45 1.15 1.55
β�x (m) 0.11 0.22 0.24 1
β�y (mm) 0.7 1 1 1.6
εx (nm) 0.71 2.17 0.71 1.59
εy;lattice (pm) 0.75 1.25 0.85 0.9
εy;BB (pm) 1.4 2.2 1.4 1.6
σz;SR (mm) 5.6 3.47 3.4 1.81
σz;BS (mm) 12.7 5.41 4.7 2.17
σδ;SR (10−4) 3.9 7 10.4 16
σδ;BS (10−4) 8.9 10.9 14.3 19.2
Φ (1) 21.7 3.7 5.4 0.82
Qx (1) 218.158 218.186 398.192 398.148
Qy (1) 222.2 222.22 398.358 398.182
Qs (1) 0.029 0.081 0.032 0.091
k (momentum acceptance) (%) �1 �1 �1.6 −2.8=þ2.5
τz;SR (turns) 1158 219 64 18
Lint (1028 cm−2) 3.04 4.24 3.92 7.34
τBhabha (min) 22.3 16.17 14 12.17

FIG. 6. Top: relative error of simulated (blue and red), as well as
analytically estimated [yellow, using Eq. (39)] luminosity per
bunch crossing compared to the reference values, simulated with
GUINEA-PIG. Bottom: relative error of simulated Bhabha cross
section compared to the reference values obtained from BBBREM.
Error bars denote the statistics of repeating the simulations
20 times.
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Here we show the relative error on the luminosity, which
we estimated as

ΔLint ¼
LXSUITE
int − LGUINEA

int

LGUINEA
int

: ð40Þ

In the weak-strong model, a large fraction of the relative
error can be explained by the underestimation of luminosity
by XSUITE due to the fact that the beam distribution change
of the strong bunch is not modeled during the collision. In
the strong-strong model, the relative errors are less than 5%
for all energies, and result from the use of the soft-Gaussian
approximation as opposed to the numerical solver
employed in GUINEA-PIG. The relative error on the analyti-
cal expression with Eq. (39), with respect to GUINEA-PIG is
explained by the absence of the hourglass effect in the
formula.
The FCC-ee CDR [1] contains predictions for τBhabha,

which were estimated using cross sections obtained from
BBBREM [34] (rounded to 0.15 barn for each energy) and
nominal luminosity values obtained by numerical integra-
tion of the luminosity formula including hourglass effect
and crossing angle. Instead of a fixed value for σBhabha, here
we have obtained the actual cross sections from BBBREM,
shown in Table II.
Regarding the cross section, we benchmark values

obtained both from XSUITE and GUINEA-PIG against those
from BBBREM in Table II. On the bottom subfigure of
Fig. 6, we show the relative error to the reference value,
estimated as

ΔσBhabha ¼
σXSUITE=GUINEABhabha − σBBBREMBhabha

σBBBREMBhabha
; ð41Þ

with the superscript denoting the code used to obtain the
cross section. The plotted data are the number of emitted
Bhabha photons above the corresponding momentum
acceptance k, divided by the integrated luminosity of the
collision. In all configurations and models, there is a
systematic underestimation of the cross section, by about
5%. This systematic error could potentially be attributed to
the use of the equivalent photon approximation. In com-
parison, BBBREM computes the matrix element for the
process of Bhabha scattering with the full kinematics of a

single photon emission down to zero scattering angle,
including the dominant electron mass terms. We consider
the agreement to the 5% level with BBBREM as a con-
firmation for XSUITE and this level of uncertainty as
adequate for realistic beam lifetime estimates that also
depend on beam and machine parameters that are generally
not known to a better accuracy.
In the following, we estimate the lifetime by performing

20 standalone single beam-beam collisions with XSUITE,
using nominal equilibrium beam parameters from Table I,
and making a statistical average. Beamstrahlung and the
crab-waist scheme are not included in these simulations.
We report the standard deviation of the averaging as the
statistical uncertainty on the lifetime. Our results are shown
in Fig. 7.
In Fig. 7, we report the relative error of the lifetimes,

compared to the reference values, defined as

ΔτBhabha ¼
τBhabha − τrefBhabha

τrefBhabha

; ð42Þ

where τBhabha is the simulated lifetime calculated according
to the right hand side of Eq. (38), and τrefBhabha is the
reference lifetime each case calculated according to the
second to last expression in Eq. (38) with the luminosity
coming from the three different simulations. The simulation
results agree with the reference values within 10% relative
error. It can be seen that the statistical uncertainty (coming
from the standard deviation of simulating the collision 20
times) does not fully explain the deviation from our
reference values, which implies that there are systematic
uncertainties, which can be traced back to that of the
luminosity and the cross section, described earlier.

TABLE II. Radiative Bhabha scattering cross sections for the
FCC-ee 4 IP design operation modes, obtained from the statistics
of running BBBREM 100 times, including the beam size effect with
a cutoff corresponding to the nominal rms vertical equilibrium
beam size at the IP, and the nominal momentum acceptance. The
statistical uncertainty is around 1% for all energies.

FCC-ee pole Z W� ZH tt̄

σBBBREMBhabha (barn) 0.1487 0.1541 0.1341 0.1201

FIG. 7. Top: simulated radiative Bhabha lifetimes from the
mean of 20 standalone beam-beam collisions in the XSUITE weak-
strong and strong-strong models. Error bars come from the
standard deviation of the 20 estimates. Different reference values
are shown with crosses, all using the cross sections from Table II
and integrated luminosities per bunch crossing [Eq. (39)] from
different simulation sources, indicated in the legend. Bottom:
relative error of the XSUITE simulated lifetimes (dots on the top
subfigure) compared to the three reference values (crosses on the
top subfigure).
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One advantage of simulating radiative Bhabha scattering
with XSUITE over GUINEA-PIG is the simulation speed. In
order to obtain converged values on the luminosity using
GUINEA-PIG, we found that a typical simulation in the FCC-
ee setting requires more than 100 grid cells in the transverse
directions for higher energy, and more than 200 for low
energy setups, usually chosen to be some power of 2.
However, we found that with a transverse grid size of
64 × 64 we could already obtain converged estimates for
the number of emitted Bhabha photons in case of high
energy setups, such as the tt̄. To give a specific example, we
have compared the wall clock times of simulating a single
collision with Bhabha scattering (and turning off the
simulation of other effects) with the two codes. We used
the Z (45.6 GeV) and tt̄ (182.5 GeV) parameters from the
FCC-ee CDR [1], with 104 macroparticles, 100 longi-
tudinal slices, and 64 transverse grid cells in GUINEA-PIG,
which can be considered as the minimum required number
that produces converged photon counts. The simulation
with GUINEA-PIG takes about 10 s. In comparison, the same
simulation takes less than 2 seconds with XSUITE. However,
increasing the number of macroparticles by a factor 10
increases the GUINEA-PIG simulation time to an order of a
minute, and 106 macroparticles to the order of an hour. At
the same time the simulation time with XSUITE stays below
one minute. This difference can be attributed to the use of
the soft-Gaussian approximation, which is applicable in
most cases. On top of that, XSUITE is parallelized for
heavier simulations, while such a parallelization is not
implemented in GUINEA-PIG.

V. LIFETIME ESTIMATES FROM
LINEAR TRACKING

We have performed tracking in the weak-strong model
using 106 macroparticles in the weak beam. Our linear
lattice model in XSUITE is a sequence of elements, sketched
in Fig. 8.
It consists of a beam-beam element (the IP) and a linear

arc element, which is a transfer matrix representing the
machine arc. The arc is split into three elements and
between these we insert two sextupole elements which
implement the crab-waist scheme. After the beam-beam,
we insert a momentum collimator element, which kills the
particles if their relative energy (δ) is beyond a defined
threshold. This sequence represents a superperiod of the
FCC-ee ring. We track by iterating over the sequence
2 × 105 times which equals 5 × 104 turns in case of the

FCC-ee 4 IP baseline operation modes. The arc segments
contain an effective model for synchrotron radiation, with
exponential damping and Gaussian noise excitation. The
beam-beam element contains the beam-beam kick, and the
generation of photons for beamstrahlung and radiative
Bhabha scattering. During tracking, we record the number
of alive particles as a function of the number of turns. One
can estimate the lifetime due to radiative Bhabha scattering
using Eq. (38) by simply counting the number of lost
particles. In case there are two or more processes that result
in particle loss, the loss rates can be assumed to be additive
[33]. Radiative Bhabha losses typically occur at the IP, after
emitting a single hard photon, which puts the primary
outside of the momentum acceptance. On the other hand,
losses due to beamstrahlung (and synchrotron radiation)
can occur both on the momentum acceptance and on the
transverse dynamic (or physical in case of the linear model)
aperture. However, as it will be shown in Sec. VI, the losses
due to beamstrahlung and radiative Bhabha scattering do
not interplay with each other.
With these considerations, we estimate the radiative

Bhabha scattering lifetime for the FCC-ee in the following
way: we perform two sets of simulations using the param-
eters from Table I. In one set, we turn on beamstrahlung and
Bhabha scattering. In the second one, we turn on only
beamstrahlung. This way we can obtain the total loss rate by
fitting a line on the turn by turn evolution of the bunch
intensity from the first set and we similarly get the loss rate
exclusively from beamstrahlung from the second. We expect
that the difference of these is the loss rate coming uniquely
from radiative Bhabha scattering. The lifetime can then be
obtained from the inverse of the loss rate.
Figure 9 shows our results for the Bhabha scattering

lifetimes with blue crosses. Using linear tracking, it could

FIG. 8. Sequence of elements in the XSUITE linear tracking
model, starting from the left end, representing one superperiod of
the FCC-ee ring. Radiation is modeled in the elements repre-
sented with a yellow block.

FIG. 9. Top: simulated Bhabha lifetimes from linear tracking,
using a hard edge cutoff on δ (blue crosses) and the nonlinear
contour extracted from the dynamic aperture (red crosses,
discussed in Sec. VI). In all cases, 106 macroparticles were used
in the weak beam, with the XSUITE weak-strong model. The
reference values for both studies are the XSUITE weak-strong
lifetimes from a single collision, shown in Fig. 7, shown here with
blue dots. Bottom: relative error of lifetimes from linear tracking
compared to the reference values. Error bars come from the
statistical uncertainty of the reference value.
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happen that the lifetimes are lower than the values obtained
from simulating a single collision due to the interplay of the
different radiation mechanisms.
We observed that the lifetimes arewithin 10% accuracy to

those from a single collision (shown with blue dots), but not
necessarily lower. The differences could be attributed to the
inclusion of the crab-waist transformation at the IP in the
linear tracking,whichwas not included in the single collision
case, and which is necessary to suppress vertical blowup of
the tracked bunch due to beam-beam in a multiturn tracking
simulation of the FCC-ee [11]. This good accuracy is a
promising sign as, like it was expected, it suggests that
particle losses from radiative Bhabha scattering are not
affected by other effects, such as beamstrahlung or synchro-
tron radiation. Here, we used the weak-strong beam-beam
model, as it is approximately 2 times faster than the strong-
strong one. Nevertheless, using the strong-strong model, we
can expect slightly lower lifetimes (similar to the results in
Fig. 7) due to the more accurate modeling of the luminosity,
and a similar accuracy when compared to the single collision
case using the same model.

VI. LIFETIME ESTIMATION WITH
NONLINEAR TRACKING

A. Tapering

One important step that does not occur when tracking
with the linear model is tapering [35]. Tapering means that
the magnet strengths of all multipole elements in the lattice
model have to be fine-tuned to match the energy loss
caused by synchrotron radiation in the arcs. The voltage of
the radiofrequency (rf) cavities in the model is conse-
quently adjusted to compensate for this energy loss.
As a result of tapering, the closed orbit will have a

varying δ along the ring. The element at which δ ¼ 0 after
the tapering is referred to as the location of the tapering.
From previous studies, it was found that an optimal location
for tapering is at the rf insertion [36]. We found that the
energy offset introduced by tapering affects the simulated
lifetime as the cross section of the radiative Bhabha
scattering process depends on the center of mass energy.
In our simulations, the tapering location is chosen at the
middle of the rf insertion for all four lattices, because this
minimizes the total δ offset coming from the 4 IPs. In our
nonlinear tracking study, we change the parameters of the tt̄
mode to those from the FCC-ee midterm report, with the
parameters shown in [37], since an up to date lattice model
was available for this parameter set. In case of the other
three operation modes, we kept the parameters shown in
Table I. The δ of the closed orbit in all lattice models used
in our studies, after tapering, are shown in Fig. 10.
It can be seen that the deviation from 0 increases with the

beam energy. The nominal momentum acceptance has to
be taken with respect to the tapered δ including this offset.
The IPs, where the beam-beam elements are inserted, are

marked by dots along the curves. Note that by tapering the
lattice, each IP will have a different δ offset, which can
affect the simulated Bhabha lifetime. Considering the
magnitude of the offset, this is expected to have a negligible
effect in case of all energies except for the tt̄, where as a
result of tapering the variation in the δ offset is comparable
to the nominal momentum acceptance.

B. Dynamic aperture

In Sec. V, we found that using a linear lattice with a hard
edge momentum cutoff can yield a good proxy for the
radiative Bhabha scattering lifetime. However, in a real
lattice, particle losses are not only dependent on the
momentum but also on the transverse amplitude, in a
nontrivial way. Figure 11 shows the dynamic aperture of

FIG. 10. Relative energy of the closed orbit after tapering at the
middle of the rf insertion in case of the FCC-ee 4 IP lattices. The
IPs are marked with dots. At the time of conducting these studies,
the most up to date lattice for the tt̄ mode contains two
rf families [38].

FIG. 11. Dynamic aperture of the FCC-ee Z 4 IP operation
mode (using the parameters from Table I), obtained after tracking
for 2500 turns with a full lattice model using mean synchrotron
radiation, including beam-beam with no beamstrahlung and no
Bhabha scattering. The inset plot shows the test particle grid in
the transverse phase spaces.

MULTITURN SIMULATION OF RADIATIVE BHABHA … PHYS. REV. ACCEL. BEAMS 27, 091001 (2024)

091001-11



the lattice corresponding to the FCC-ee Z 4 IP setup,
obtained with XSUITE, after converting the corresponding
lattice from a MAD-X format [39]. To obtain this plot, we
have initialized a grid of 4 × 104 test particles at the IP,
distributed in four transverse phases, with the transverse
amplitudes Au, with u∈ fx; yg, defined as

Au ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
u
σ�u

�
2

þ
�
pu

σ�pu

�
2

s
ð43Þ

ranging from −30 to 30 σ� (¼nominal equilibrium rms at
the IP) in the transverse phase planes, as well as σδ;SR
(¼nominal lattice equilibrium rms at the IP) in relative
energy. For all test particles in the grid Ax ¼ Ay holds.
Furthermore, all z coordinates were initialized to 0. We
tracked this grid for 2500 turns (roughly the transverse
synchrotron radiation damping time) and counted the
number of survived turns for each particle. Each pixel
on the colormap shows the number of survived turns
averaged for four particles, each with a different transverse
phase, but with identical relative energy δ and transverse
amplitude Au. For obtaining the dynamic aperture, the
lattice was tapered at the IP, as we found that the location of
tapering has a negligible effect on the dynamic aperture.

C. Location of particle losses

Although loss rates from different radiation mechanisms
are additive [33], the location at which particles are lost is
mostly specific to the process. To study where particles
from beamstrahlung and radiative Bhabha scattering are
lost, we have extracted the contour of the dynamic aperture
(i.e., the borders of the white region from Fig. 11). This
contour, averaged for the four phases, can be regarded as
the approximate nonlinear dynamic aperture limit. We used
the top right quadrant of the contour in a linear tracking
model, as a refined condition for the cutoff of lost particles
during linear tracking. Since tracking with a linear lattice is
orders of magnitude faster than using a full nonlinear
model, it is expected that this method allows to reproduce
approximately the same Bhabha lifetimes while drastically
reducing simulation speed. The results are shown in red in
Fig. 9. In conclusion, we obtained roughly the same
lifetimes as with the hard edge momentum cutoff.
More importantly, when plotting the location of macro-

particle losses in the two simulation runs (beamstrahlung,
Bhabhaþ beamstrahlung) in the Ay − δ plane as in Fig. 12,
it becomes clear that particle losses due to radiative Bhabha
scattering can be well separated from other particles which
are lost due to simply falling out of the dynamic aperture. In
the simulation where Bhabha scattering is not included,
most macroparticles are lost on the vertical aperture
contour. Those few particles that are located inside the
vertical aperture contour are lost on the horizontal ampli-
tude cutoff. When Bhabha scattering is turned on, some

macroparticles, a comparable amount to the case with only
beamstrahlung in case of the FCC-ee Z mode, are lost on
the negative δ limit of the aperture. This explains why the
simulated Bhabha lifetimes with this refined cutoff are
similar to the case where we use the hard edge momentum
acceptance. However, the extracted dynamic aperture con-
tour is a rather strict approximation of the dynamic aperture
in a real machine. Particles which lose a fraction of their
energy might get beyond the momentum cutoff, but later
return due to nonlinear behavior. Therefore, a verification
of the lifetimes using the full nonlinear model is necessary.

D. Beam size evolution when tracking
with the nonlinear lattice

With this setup, we tracked 105 macroparticles in the
weak-strong model for 2 × 104 turns. The evolution of the
rms beam sizes as well as the luminosity per bunch crossing
are shown in Fig. 13. We illustrate the dynamics by
showing the results for the Z and tt̄ 4 IP operation modes.
Two curves are shown for each operation mode: one with
and onewithout Bhabha scattering (BH on the plot legends)
enabled. Both include quantum beamstrahlung and syn-
chrotron radiation.

(a) With beamstrahlung only.

(b) With beamstrahlung and radiative Bhabha scattering.

FIG. 12. Dynamic aperture contour (top-left quadrant from
Fig. 11, mirrored for the negative side) for the FCC-ee Z 4 IP
lattice (using the parameters from Table I), as adopted in the
linear tracking model. Lost macroparticles, after 2.5 × 104 turns,
are marked with black dots at the position of loss. Simulation
without (a) and with radiative Bhabha scattering (b) included.
The legends show the loss count out of 106 initial macroparticles.
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It can be seen that Bhabha scattering has negligible effect
on the beam sizes. The luminosity decreases over time due
to the loss in bunch intensity. The increased number of lost
particles due to radiative Bhabhas can be noticed in case of
the tt̄ resonance.

E. Lifetimes

For estimating the Bhabha lifetime, we employ the same
strategy, which has been outlined in Sec. V. Figure 14
shows our results for all 4 IP operation modes. Here, the
simulations have been repeated 3 times in order to obtain a
statistical average on the converged lifetimes. Our reference
values, obtained with Eq. (38), from the statistics of
simulating 20 standalone collisions in XSUITE, are shown
with dots. The interplay of beam-beam with the lattice

nonlinearities results in a blowup of the vertical rms,
compared to the nominal value, by about 30%.
Therefore, the reference values for nonlinear tracking are
different from those shown in Fig. 7. This time, they were
obtained using σy;BB ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εy;BBβ
�
y

p
, using the vertical emit-

tance from Table I (from [37] for the tt̄ case), which is the
equilibrium obtained from nonlinear tracking featuring
beam-beam and beamstrahlung. For comparison with our
linear tracking results, the lifetimes from Fig. 9 are also
plotted in Fig. 14.
In general, the simulated lifetimes are within 20%

accuracy to the reference values, which can be considered
a good agreement. The error could be attributed to the
residual offset in δ after tapering but contributions from
quantum excitation from the arc could also have an impact.
The dependence of the collision energy on the location of

tapering opens the door for further studies. In a real machine,
it is crucial for the experiments to collide the beams at the
nominal energy. Therefore, a more sophisticated tapering
strategy will be required than the one presented here. In
simulations, it is likely that the two rings will have to have
their own separate lattice model, which will be tapered
differently. A more sophisticated tapering strategy could
either include reducing the energydeviation at each IP to 0, or
tuning the energy deviation such that the center of mass
energy at the IPs corresponds to the nominal value.

VII. SUMMARY

In this paper, we have introduced a Monte Carlo event
generator to simulate small angle radiative Bhabha

FIG. 13. Turn by turn evolution of rms beam sizes and
integrated luminosity per bunch crossing of the weak bunch
during nonlinear tracking. The transverse rms beam sizes are
normalized to their respective value at the rf insertion, obtained
from the lattice before inserting the beam-beam elements. The
vertical rms normalization factor has been corrected byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εy;BB=εy;lattice
p

to account for the beam-beam blowup, with
the corresponding emittances. The longitudinal rms normaliza-
tion factor is the nominal bunch length including beamstrahlung.
The luminosity is normalized to an estimate obtained by
simulating a single collision in XSUITE in the weak-strong model.

FIG. 14. Top: simulated Bhabha lifetimes from nonlinear
tracking (dark red) and linear tracking from Fig. 9 (dark blue).
In case of nonlinear tracking, 105 macroparticles were used in the
weak beam, with the XSUITE weak-strong model. The triangles
show our reference values, simulated with XSUITE in a setup
featuring a single beam-beam pass. The blue triangles correspond
the blue dots in Figs. 7 and 9. Bottom: relative error of lifetimes
from linear/nonlinear tracking, compared to those from a single
collision, i.e., we compare the dark red to red and dark blue to
blue data points. Error bars come from the statistical uncertainty
of the reference values and, in case of nonlinear tracking, from
that of the three repetitions.
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scattering, which is crucial for the beam lifetime and
luminosity measurement at the FCC-ee. The algorithm is
implemented in XSUITE and is optimized for multiturn
tracking simulations in the soft-Gaussian approximation.
We have detailed the theory and implementation of the
sampling of the virtual photon and Compton scattering
distributions as well as the implementation in XSUITE. We
have shown that enabling Bhabha scattering in a numerical
simulation featuring the full nonlinear lattice does not result
in any detrimental changes in the beam profile or the
luminosity. Furthermore, we have demonstrated the accu-
racy of the event generator on various benchmarks of the
radiative Bhabha cross section and the lifetime with
comparisons to the well established codes GUINEA-PIG

and BBBREM, and XSUITE simulations of single collisions
as well as tracking with linear and nonlinear lattice models.
Moreover, we have highlighted the importance of tapering
for the collision energy and in turn the lifetimes.
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