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We develop the formalism to do worldline calculations relevant for the Standard Model. For that, we first figure out the worldline
representations for the free propagators of massless chiral fermions of a single generation and gauge bosons of the Standard Model.
Then we extend the formalism to the massive and dressed cases for the fermions and compute the QED vertex. We then go over
fermionic one-loop effective actions and anomalies. To our knowledge, in the places where there has been an attempt at deriving the
gauge boson propagator, the derivation is somewhat contrived, and we believe our derivation is more straightforward. Moreover,
our incorporation of internal degrees of freedom is novel and sports some new features. The derivation of the QED vertex is also
new. The treatment of the fermionic one-loop effective actions leads to a particularly economical derivation of chiral anomalies and
the gauge anomaly freedom in the Standard Model, improving upon the state of the art in the literature. The appropriate worldline
formalism developed thus sets the stage for Standard Model calculations beyond the tree and one-loop cases that incorporate Bern-

Kosower type formulae for multiloop amplitudes, relevant for processes at the LHC.

1. Introduction

That second quantization is equivalent to first quantization
when formulated on singular 1D manifolds/graphs instead
of R' has been known for quite some time, beginning with
Feynman [1]. In fact this has been the main raison detre for
the formulation of string theory in its present form, where
one uses all possible super-Riemann surfaces in place of 1D
manifolds. However, for field theories, it had been mainly
existing as a curiosity and a testing ground for ideas to be
applied to string theory, until Bern and Kosower ventured
to show [2-4] that certain field theory computations were
amenable to simplifications when looked upon as infinite
tension/field theory limits of certain 4D heterotic string
amplitudes. Strassler then proved [5] that the rules that
Bern and Kosower had unearthed had a much simpler
genesis in worldline formulations of the one-loop effective
actions of field theory. That unleashed a whole industry
of worldline computations, with generalizations to higher
loops [6] and constant external backgrounds [7] among other
things, culminating in a review article by Schubert [8], which

contains an almost exhaustive list of references up to that
point and which much of the subsequent literature also cites.
A more recent and pedagogical review is [9].

However most of the literature focussed on worldline
path-integral representations of one-loop effective actions
for spinning particles, which are formulated on S', and
their close cousins, the worldline representations for dressed
propagators, that are formulated on segments of R', did
not receive as much attention, mainly because of their lack
of utility in relevant computations but also because it was
harder to formulate. In fact some of the latter’s avatars
[10-16] existed even before the Bern-Kosower revolution,
and some were formulated later on [17-23]. Particularly,
[13, 19, 21-23] also handled the dressed propagators for the
Abelian backgrounds. In any case it remains a relatively
less researched subject to this day, compared to the effort
devoted to the worldline path-integral representations of
effective actions and its derivatives, like loop-level scattering
amplitudes, and computations of higher loop beta-functions,
whose original references are mostly found in [8].
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Moreover, most of the derivations for propagators were
concerned only with pure spin-half particles, without any
internal symmetries of any kind (with the exception of [12]
which presciently anticipates some of what is done here).
Also, the propagators were often derived not only from
the worldline path-integrals per se, but from complicated
derivatives thereof. Spin higher than 1/2 was treated in papers
like [7, 24], but the results were not fully satisfactory in
the sense that the connection to the path-integral was not
immediate, and arrived at only after certain manipulations.
We will see that the connection is more direct than what these
papers would have us believe. And again, we will also see how
internal symmetries can be incorporated more directly.

The method for incorporating internal symmetries at the
first quantized level had been well known for quite some
time, starting with [25] and further elaborated upon in [26,
27]. However, their incorporation in worldline path-integrals
for propagators [28, 29] and effective actions [30] did not
somehow seem appealing until only recently. Moreover,
these papers considered only scalar particles with internal
symmetries and only included spin-half for the one-loop
effective action [30].

Here first of all we demonstrate how to incorporate spin
as well as internal symmetries for both fermions and gauge
bosons for general SO(n) gauge groups (see [31, 32] for related
work) and we specialize to the case of SO(10) for the chiral
fermions of the SM, for the 16 fermions of the SM in a
single generation transform as a spinorial representation of
SO(10), upon including a right-handed antineutrino (see [33,
34] for related work). We derive the worldline path-integral
representation of the propagators for the chiral fermions of
the SM and the appropriate worldline Lagrangian includes
worldline fermions pertaining to spin-half, as well as others
pertaining to the SO(10) group.

We also work out the path-integral representation for
the SO(n) gauge boson propagator. The SU(3) gauge boson
propagator can be derived from the SO(6) one, of which it is
a subgroup (with certain caveats, cf. end of Section 5), and
the SU(2) one can be obtained from the SO(3) one, of which
it is a double cover. Or if one wishes to derive everything
starting from SO(10), one can simply choose rn = 10. All these
propagators are derived in the so-called coherent state bases,
to be explained below, and it is straightforward to transform
them to the index bases as we will see.

The worldline actions involved for both spin-half and
spin-one have local reparametrization symmetries and super-
symmetries, which have to be fixed by choosing gauges,
and that necessarily entails Faddeev-Popov ghosts. Here, in
the initial derivations we simply gauge-fix and throw away
the gauge volumes without any justifications, reserving the
proper derivation for later, wherein we do a full Hamiltonian
BRST analysis. In any case, as is well known and we find
ourselves, the ghosts decouple trivially for the case of the open
worldline.

It is easy to see how to extend the analysis for the case
of the graviton, but we do not do that here. Throughout, we
make use of a technique outlined in [29], adapting the anal-
ysis there in terms of internal symmetry worldline fermions,
to the spinning case here. We show that the propagators are
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related directly to the worldline path-integrals and not to any
derivatives of it, albeit in the coherent state bases.

After working out the free massless propagators, we
concentrate on the dressed massive propagators and as an
application derive the QED vertex by dressing the elec-
tron propagator by one photon. This simple result proves
formidable to derive and it is gratifying that the various terms
cancel subtly among each other to give the right result.

Our next quest becomes derivation of fermionic one-loop
effective actions and anomalies, both chiral and gauge, and
we demonstrate gauge anomaly freedom in the SM in an
especially economic fashion. Since the Atiyah-Singer index
theorem is related to the chiral anomaly, the methods used
here can be looked upon as yet another derivation of the
theorem, when the background is nongravitational. These
anomalies were first formulated in terms of worldline path-
integrals in [35] and were put on more rigorous footing
in [36] and the analysis finally culminated in a book [37].
One can compare the methods in these references with the
methods here to appreciate the economy of arguments and
calculational steps.

One of the main aims of this paper is getting the quantum
mechanical models whose wave-functions are the fields of
the SM. Since the internal symmetry worldline fermions
get transformed into fermionic creation and annihilation
operators upon quantization (cf. Sections 5 and 6) the
different states in a spin-half or spin-one sector can simply
be seen as excitations over ground states. Taking the cue
from here, one might suppose that the other generations
of the SM also have a similar genesis; namely, they too
might be built upon the states of the first generation via
the action of even more creation operators. We have been
exploring this issue and have found that 6 more creation and
annihilation operators are needed, which can be made to lead
to 3 chiral and one vector-like generations upon imposition
of GSO-like projection conditions. This necessarily enlarges
the symmetry group from SO(10) to SO(16) and this then
has ramifications for the scalar sector. The scalar sector in
an SO(10) GUT is extremely rich, and there are certain
advantages in making it even richer, like reducing the number
of Yukawa couplings to just one with the SO(10) Yukawa
couplings arising from spontaneous symmetry breaking from
SO(16) to SO(10). A major problem for SO(16) is that its
representations are known to be vector-like; however, that
can be taken care of by the GSO-like projection operators
on the spectrum of states, which enforces the condition that
differently handed states that are exactly similar otherwise
cannot both survive the projection.

What we do here is mainly developing a formalism, to be
applied to more involved processes than the ones considered
here. So though there is no new physical result, we would
like to stress that the formalism uncovered is novel, as is
evident from the economy of arguments and calculational
steps mentioned before, among other things. In particular,
the thing that is primarily uncovered is the immediacy and
simplicity of the coherent state formalism when interpreted
in the way we have followed here.

The rest of the paper is organized as follows. In Sections 2
and 3, we derive the worldline representations of the massless
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propagators for bare spin-half and spin-one particles, respec-
tively, which we believe are novel in themselves as they differ
and improve upon the derivations present in the literature.
We then do a full Hamiltonian BRST treatment for the spin-
one case in Section 4. In Sections 5 and 6, we show how to
incorporate internal symmetries into the mix, deriving the
propagators for the SM gauge bosons and chiral fermions,
respectively. In Section 7 we extend the formalism to massive
dressed propagators for the spin-half cases and in Section 8,
we use the formalism developed to compute the QED vertex.
Then we launch into the topic of fermionic one-loop effective
actions in Section 9, specializing to the case of QCD in
Section 10, and derive the chiral anomaly and prove gauge
anomaly freedom of the SM in Section 11. Finally we conclude
in Section 12. There are three appendices that elaborate upon
certain calculational steps.

2. Propagator for the Spin-Half Particle

A spin-half particle is in reality a 1 | 1-dimensional object
parametrized by a bosonic parameter 7 and a fermionic
parameter 0, and the embedding of these coordinates in
spacetime is given, instead of x¥(r), by X*(r,0), which
embeds as

X* (7,0) = x (7) + Oy* () M

which in other words means that the electron sees a 4 | 4-
dimensional super-spacetime. The fermionic coordinates y*
are nilpotent, so the fermionic submanifold is infinitesimal
and compact; however, it is fibered over spacetime and,
together, they form what is known as the Clifford-bundle,
once the theory is quantized and y* become the Dirac
matrices, y¥.

The Lagrangian for a single massless electron is given by
[38-41]

. iy 1 )
L= p‘uxy + EV’”‘/’y - Eep”pﬂ - ’ﬁV’”P,r (2)

We are working in the metric conventions (+ — ——). This
Lagrangian has local reparametrization symmetry, generated
by (1/2)p?, and local worldline supersymmetry, generated by
y¥p,. It is convenient to transform the “Majorana” fermions

y* in the kinetic term to “Dirac” fermions as follows:

.1 . —
L= p"%, = Sep"py — iBy" p + i (3)
where, by the doubling trick,
1
v= =@+,

(v, -v1),
(4)

The Majorana indices on the LHS are the ones in (2) and those
on the right are the Dirac ones in (3). Upon Dirac quantiza-
tion the barred objects in (3) become creation operators while
the unbarred ones become annihilation operators, satisfying
the commutation relations

v} =5, ®)

The creation operators act on a common vacuum to produce
the fermionic subspace of the physical states that are precisely
the spin-1/2 states. They are of the form

0,
?1 |0> >

_ (6)
v, 10),
Vv, 10),
where |0) collectively denotes the vacua of species 1 and 2.
Now, if one assigns the following indices to the above states,

R1 — |0),

L1 —,10),

_ @
L2 — 7,0y,

R2— ¥,y 10),

where R and L denote right- and left-handed, the matrix
elements of V2¢* with respect to the above states yield just
the matrix elements of the Dirac matrices y* in the chiral
representation; namely,

v 0 a”) ®
4 _<af‘ 0)

The above stems from converting V29" to the Dirac basis
and treating them as creation annihilation operators. The full
wave-function is a direct product of elements of the bosonic
Hilbert space and the fermionic Hilbert space above and
together they form the components of a Dirac spinor.

Now the theory has constraints, obtained from (3) by
varying with respect to the auxiliary fields e and f and they
are p* = 0and y* Py = 0. Therepresentation of a Dirac spinor
is

|“L,1>

|0‘L,2 >

|“R,1>
lag2) 9

o) =

|otg,1) 10) + |“L,1> $1 0) + |‘XL,2> @2 0)

+ |“R,z> ?1?2 0) .



As a consequence of the above facts the constraint V2¢* Py
acting on the above state yields the Dirac equation

(x1y*py la) = —iy*0,a (x) = 0. (10)

There is an alternate basis of states, formed by the fermionic
coherent states, which satisfy

v; |‘/’1> =Yy l‘/’1> > (11)

where y/,; is a Grassmann number. This means the above state
is of the form

[y =¥ 1) )

because of the anticommutation relations between y; and ii.
Bra states (y, | are of the form

<¢2| = (0 eWﬁ‘lA’i) (13)
where they satisfy
<¢2|¢21’ = <‘/_/2| @i' (14)
This in particular means
ALAE W) (15)

They also satisfy the properties

I
@l ¥ = 55— @l

(16)
d

—%Wﬁ)-

@i I‘/’1> =

Let us now see whether the path-integral of the action
(3) reproduces the Dirac propagator. One starts with the
following path-integral form:

x,(1)=x,, ¥i(D=yy _
J Dx j Dy Dy
x,(0)=x, ¥i(0)=yy;

DB De
' ,[ Vol (Sym) 2P

(17)
ei _[01 at(ptx,~(1/2)ep" p,~ipy* p,+iy, )+, y;(1) ,

where the gauge volumes of the reparametrization symmetry
and supersymmetry of the action have been divided and we
have set certain boundary conditions for x’s and y’s and
the choice of the boundary conditions will become clearer
later. e and f3 are like gauge fields that transform under
these symmetries and one has to gauge-fix them to avoid
overcounting by restricting them to single gauge slices. The
integral over the gauge-orbits would then cancel the volume
factor. This would necessarily entail Faddeev-Popov ghosts,
and we address the issue in Section 4, albeit in the context
of the spin-1 particle. As we will see there, the dependence
on the ghosts becomes trivial and this is related to the fact
that, for an open line, the FP determinant becomes trivial on
gauge fixing e to a constant and so does it for 5. A similar
analysis is applicable to the spin-half case as well. For the
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present we simply assume that, upon gauge fixation, one can
simply throw away the gauge volumes. The boundary term
is necessary in order for the field equation for y; to be given
by (d/dt)y; = 0 without incurring extra boundary terms'.
First we simultaneously fix e to 2T and S to 6. Then upon
integrating out p, one gets

!

x,‘(l):xM
J AT d6 J Dx

x,(0)=x,

(18)
v.()=y,. .
) J‘”’( =¥ Dy Dy [ At ATYE +i,51-i(0/2T)F ) (1)
v (0)=y;
where we have used
ViR, = Yk + X, (19)

where x;(x;) have the same relations to x, as y;(y;) have to
¥, (cf. (4)).
Upon Wick rotating ¢, one gets

xk(l):x"‘
J AT do I Dx

x,(0)=x,

o (20)

) J ViD= Dy De jo‘ dt(—(l/4T)x2—W,1[/i+(9/2T)(Wixi+u/,§,-))+%wi(1)'
i (0)=yy;
Now, let us perform the integral over 8. We get
xy(1)=x:4 Yi(D=y o
[ar [ o [ 2y

x,(0)=x, v (0)=yy; 1)

L (7%, + g%, el #-0ADL T 70)
: J-dtﬁ (l//ixi + tl/ixi) efo R ADNTATO)

Let us then concentrate on the fermionic integral. The free
fermionic path-integral becomes [29]

V(D= AN V.
J 2 Dy 9@2[01 A=y DTyyi) _ Vv (22)
¥ (0)=yy;

When one evaluates the correlators in (21), this part would
be omnipresent, as is usual, as the normalization factor (cf.
Appendix A). Now in evaluating the fermionic correlators in
(21), we first split the fields into background and fluctuations

Vi (t’) =y tK (f,)’ x; (0) =0,
v () =9y + (), (1) =0.

(23)

1 — .
The kinetic action for the fluctuations _[0 dTx;k; can be
inverted to give the propagator

(k)% (t)) =06,0(t—t"). (24)

The fermionic part can thus be written as

% Tt <I dt (7, +7 (D) %,

(e ()],

(25)
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where the one-point functions are with respect to the action
for the fluctuations. Now the one-point functions for ¥’s and
«’s vanish and using

%;(1)=0 P
J D Dielo #FR) _ q (26)
x;(0)=0

one is left with

© 1 G L=
L dTﬁe%’W’ <J dt [(1/’21') Xi+X; (‘/’11‘)]> > 27)
where now the one-point functions are of X’s and are with
respect to the action for x (cf. (18)). Again, x’s can be
separated into background and fluctuations

x; (1) = x;(0) + (x; (1) = 2; (0)) £+ y; (8) (28)

with a similar expansion for X’s, where y(0) = y(1) = 0, and
one has

x; (1) = (x; (1) = x;(0)) + y; () (29)

and the x action becomes

- [t [ =202 260 - xO), 5,
1 (30)
+5°] =~ I dt = [Ge (1) = x(0)) + 5]

Again, the y one-point function vanishes and upon substitut-
ing the values for x(1) and x(0), and taking into account the
contribution from the free integral over y’s, we get that the x
one-point function is

(% (1)) = (x) - x;) &M (g

_1
 (4nT)?

Thus (27) becomes, upon incorporating similar effects for the
X part and performing the T integral,

— — ’ —
o @ai¥s) (& - %)y + ; x;) 1//21‘)) (32)
27?2 (x' - x)
where one has used
(L)z JOO dr <L>2 o 02T
21 o 2T \2T
(33)
1 (*® —o(x'—
= —J doge "> "
27‘!.'2 0
upon transforming 4T — o', which finally becomes
1
BSPTENYE (34)

272 (x' - x)*

Throughout, up to Section 6, we are working with (x’ —
x)? > 0, since, otherwise, integrals such as in (33) blow up as
o — 00. In Sections 7 and 8 we will be working with (x’ —
x)* < 0, as will be clarified there. Beyond Section 8, where we

are working with one-loop amplitudes, such considerations
do not apply. But now notice that (32) is precisely

(Ell - Ei) v + (le - xi)@i

272 (x - x)"*

(v, 1) (35)

where |y;) and (y,| are the coherent states defined above.
Now expression (35) is equal to

(ot =) )

7 (36)
A 27 (x %) lv1)
because of (19). This can be written as
_ 1
_ o — ,
(ol 99, — o lv1) (37)

where the prime on the derivative denotes differentiation
with respect to x'. But as we saw above, the operator §*
is precisely y#/+/2 when acting on the basis (7), which is a
complementary basis to the overcomplete coherent state one,
and, transforming to this basis, one has

1 . u ! 1 .
L — Ly,
7 iy b ) 17) (38)

where i and j stand for the four components of (7). But this
is precisely equal to

i 1Y P . i pg 1 .
— (XL = |x,]) = —=(x,i|—[x,]). 39
Summarizing,

; L 1 xy(1)=x;‘ v, (D=y,, _
ﬁ <x ’V/2| yp |x, Vi) = J (0)= 7% Jw(o)-w' vy
u u i 1i (40)
. J DB De gpei [N dt(pﬂxﬂ-(l/2)epl‘p,,—iﬁw”pﬁi%v'/,-)ﬁ,-%(1>,
Vol (Sym)

where y means the usual gamma matrix when acting on the
Dirac basis and an oscillation operator when acting on the
coherent state basis.

Thus we see that the massless Dirac propagator can
be given a path-integral representation given by the above
expression. Now we claim that this entire derivation essen-
tially boils down to the above expression being equivalent to

ro dar [ o (x'|e ), (41)

0

where H = p* and Q = / - p and where each of these is now
an operator. | X) and (X'| stand for

|x) ® l‘/’1> >
(42)

<x'|®<¢2|,



respectively. Upon integrating over the T and 0, one gets

p’f 1X)

o Q o
1<X|E|X)=1<X|
(43)

=L<xr¢'L|xw>
V2 Ny p

where y has the same meaning as that above, thus vindicating
our claim. We will make use of similar equivalences later. In
fact (41) has been the starting point for many of the earlier
treatments [11-16, 19-23] and they have proceeded in the
opposite route from this to the path-integral form. Here we
have shown how to arrive at the above starting from the path-
integral.

We would like to remark that our treatment is closest
in spirit to [12, 14], and we will see how to extend the
formalism to the massive and dressed case in Section 7, with
its vindication in Section 8, where we derive the QED vertex.

3. Propagator for the Spin-One Particle

Let us now come to the spin-1 particle. It is a 1 | 2-
dimensional object with embedding in spacetime given by

X¥(1,6,0). Each x* has two fermionic superpartners, y* and
y*. The expansion is

X*(1,6,0) = x* (1) + 69" (1) + Oy* (1) + 06V (7). (44)

x,(1)=x" v,(0=7,, . (Da9BDBD
J’u y@xJ‘u Mgwgwxnge

%,(0)=x, 0=y, Vol (Sym)

First we simultaneously fix e to 2T, 8 to 6, and f8 to 6 and
a to a constant which ranges from 0 to 27, since it is a U(1)
gauge field and hence compact (large gauge transformations

lead us to identify ¢ with ¢ + 2nm, where ¢ = fol dta(t) [43]).
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b can be eliminated by its equation of motion as it appears in
the action without a kinetic term. The locally supersymmetric
A = 2 worldline Lagrangian is given by [42, 43]

AP | jp— >
L= pﬂxy + IWMI//M - Eep”py - lﬁwﬂpy - ’ﬁW”Pu (45)

- al/_/HI//H + sa,

where there are additional terms in comparison to the /" = 1
Lagrangian in (2), whose significance is that they project the
physical state space onto a subspace of specific Ni [42, 43],

whose meaning will become clearer below.

a is a worldline U(1) gauge field and W“t//” generates
a U(1) R-symmetry. In particular, choosing s = 0 projects
to the N5 = 2 sector, the one relevant for two-forms,

the antisymmetric tensor corresponding to FWWHW' in this
case. This is because once the fields are quantized, y’s

TN .
become operators, and a term like y ¢/, becomes ambiguous
with respect to its ordering. To resolve this, one has to

antisymmetrize it and define it as (1/ 2)(@“1/7# - @MW”), so that
it picks up a normal ordering constant, upon being normal
ordered, of value 2. So the operator that acts on physical states
®(x, ) is of the form ' §, — 2 = ¥*(0/0y") - 2, and it
projects onto 2-forms, when s = 0. The sa term is evidently a
Chern-Simmons term, appropriate for a 1D action.

Now it is well known that quantization of the above
Lagrangian gives rise to the free Maxwell equations for F,,
[42, 43]. Thus the path-integral ought to give rise to the
correlator for it. Upon Euclideanisation of the action, one gets
the following path-integral form:

[y A" 3,0, 9, ~ (1 Dep” p i p—iBy" p =i )+, ¥, (1) (46)

This constant we continue to call a and its associated Faddeev-
Popov determinant is a constant independent of a which can
be taken as (277) " Then as before, we first integrate out pu-lt
begets

1)=x| 7,()=y _ _
[ardodo 22 r"( o IW”( O Gy G MU, 0D s, @D, VT ) (47)

(27) Jx,(0)=x, Y, (0)=y,,

We will now evaluate this using the methods of [29]. First of
all let us perform the integrals over 6 and 6. We get

x,(1)=x"
JdTﬂ j T gx
(2m) Jx,0)=x,

ViD=V — [ v . ’
. ,[w ©)=y, 2V Iy <J dtdt ﬁw"x# Ov'x, (t )
u W1

1 _
— | dt—y* )
J ¥ Ve
« <ejol dt(—(1/4T),~C2_%%_iuww)@”wﬂ(l)) _

(48)

Let us concentrate on the fermionic integral. First of all it is
convenient to twist the fermions in the following manner:
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v () — y(t)e”,
(49)

vt —y)e™,
so that the free part of the fermionic path-integral becomes

[29] (see Appendix B)

Dy De Iy A ,9,)+,9,(1)

J‘Vﬂ(l)—eiu%a
v, 0=y, (50)

_ ee”'“ﬁyzwl +2ia

Asbefore, when one evaluates the correlators in (48), this part
would be omnipresent, as the normalization factor. The extra
factor of 2ia is generated because, in particular, the values of
m and »n/2 in (B.2) are both 2 in this case. Now in evaluating
the fermionic part in (48), again we first split the fields into
background and fluctuations

v (t) =y +x.(0), x©)=0,
, (51)
T, =G, 47, (1), K, (1)=0.

1
The kinetic action for the fluctuations jo dﬁ“k# can be
inverted to give the propagator

(x, (%, (') =n,0(t-t"). (52)

The fermionic part can thus be written as

 da 2ia+e Y,y ! —ia— —
L P e Vv <Jdtdt [(e 1//5+;c”(t))

<#x‘u (t) x, (t’))(w;’+xv (t'))] (53)
_ de% (e’iﬂwg + M (t)) rl‘m/( V/r i (t)]> )

where the correlators are with respect to the action for the
fluctuations. The a integral can be done as follows:

2 iaz 2 S
J’ T d_aeika+67’all/2'1V1 — j g d_aeikuZl (e_iaWZ "W )n

|
0o 2m o 2m  =nl

L (54)
_ g @) k=0
0, k<O.

Thus (53) becomes, upon substituting k = 2 and using 8(0) =
1/2,

J dt dt'ﬁ% Y%, (0%, () v + %
: j dedt’ (g, -y,) (ﬁx# (t) %, (t)0(t- t’)) 7 (55)

1 _
—;Jdt(%-%)z

since the one-point functions of x’s vanish. Now, we must
evaluate the rest of the integrals. Let us first do the x path-
integral. Again, x’s can be separated into background and
fluctuations

X, (0) = x, (0) + (x,(1) - x, (0)) £+ y,(8), (56)
where y(0) = y(1) = 0 so that
%, %,(¢) = (x,(1) = x,0) (x,(1) - x,(0))
+(x, (1) = x,(0)) 3, (¢)

(57)
+ (%, (1) = x,(0)) 3, ()
+ 3, 5, ()
and the x action becomes
[Jdt 2 (e =20 #2660 = x (0 3+ 57)
(58)

= Jdtﬁ ((x(1) = x(0)* +57%).

Thus the X correlator yields, upon substituting the values for
x(1) and x(0) and again taking into account the contribution
from the free integral over y’s,

(0% () = 2 [ ) (- )

+ 1, (2T (1-8(t-1')))] o (/=X AT

where we have taken the y correlator from [36] and used the
fact that one-point functions vanish. Thus doing the t integral

in (55), one gets, upon using Jol dtdt'(1 - 6@ -t')) = o,
[ dtdi'0t—t") = 1/2,and [ dt dt’' (1-6(t—1'))8(t~1') = 0,

(59)

1 1 .
(4nT)? [ﬁ ((xL - xﬂ) (x; - xv) ViV, ¥

1, 2 2 1, 2 60
F @) (-2 ) - s @ewy] @O
e &P AT
which, upon doing the T integral, reduces to
= (T )0 — (61)
27172 1 ”V4n2(x’—x)2
since
ro gr— L Lgerur 1
0 (4nT)" T m? (x' - x)
- (62)
J T 1 1 xppar _ 2
0 (4nT)* 4T2 2 (x' - x)



We will now prove that (61) can be reexpressed as

7 da =H ~y —ia(iﬂA—Z)
L 2 (Walvy (e v )|w1>8ia,i (63)

1
4m? (x' - x)*

First of all the latter is equal, due to the property of coherent
states, (y,|y" = (9/0y,,)(V,], to

da_, 0 ( i@y 4)) 141 1
— VY, = e g aya —_——5 64
_[0 27_[1//2 all/2y <l//2| |1//1> [447_[2 (xr _ X)Z ( )
which, from Appendix B, is
2 da 0 iy ;
— M e Y,y +2ian! ~/
= — Y, —e 0,0 (65)
L 2172 0y, T am (xf - x)?
B 2 da_, 0 1 —ia— n il 1
B Jo E% 5%;@ (e Vo %) ¢ aya”élﬂz (x' = x)2 (66)

from which only # = 2 will survive the a integration, leading
to

4, 0 1 _ NN 1
Y d—— . Jo ——
VJZ aWZV 2] (WZ l//1) v H47‘[2 (X, _ x)2
X (67)
—(TH T 30
(Whwiy, - v) e ( —x)2

which is the same as (61).
But (63) can also be written as?

da =0y 1 w@te-2)

L o [ pm/fpvp(e T ) (69)
_ = PO |

= (< 9|V p¥ pFdnalew). (69)

Now again, this form could have been arrived at more directly
by starting out with

| "ar [do [ db [ da (x| TEREHED 1) (70
0

And again, as in the previous section, the usual path that one
traverses is from the above expression to the path-integral
form in (46). The above equation yields

| "ar [ o [ a8 (x':p.0f

0 (71)
e ™ [1-i6Q - i6Q - (6Q0Q)] | X; p v)
_— JOOO dT <X’;p,cf' e ™M(QQ) |X: )
_ (72)
1 (QQ)
=- <X ;p,0| T |2, )

where

|X; 7)) = |x) @ Yy |0) (73)
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and we have made a change of basis from that of the coherent
states to the Maxwell one, which because of the delta function
85, arising from (70) upon integrating over a is of the form

VY 10) = w9 (74)

that is, the number of i operators is restricted to 2. This
gels well with the 2-form (gauge boson field strength) wave-
function which is

F[w (.X) #@V |0> . (75)

In this basis, one has, from (72),

—[<x’|®<0|¢"¢“’]l ey y l0)]. (76)

= s

YV PV Ps
— I
Notice that this is the same as (69) where the delta function
‘Sﬁ,z acts on the ket there to reduce it to the above form,

and then since the operator in the middle contains Wp and
¢ the only bras which can have meaningful inner products
are of the above form. We emphasize this because later we
will see that, for the case of the left-handed spin-half particle
in Section 5, the kets and bras will have different operator
contents, since the operator in the middle will be of the form
v p,. Now,

[0 0,972 | [0 09/ % 10)]

~p=v ~pp @7)
= popo 1) ® [V Y~V Y | 10).
Thus taking the overlap
~ (s (V2,97 20 ) s ) (78)
one gets
(<o 01 [0 0 7T 7T
-[10) ® [x)]
=—{x' HO [ PP KV _ @V Kp
(X | ppo [ 100 =0} 09

=" " = Y] Ix)
== (| [P’ = PP = "™
kY

and hence the propagator that is obtained from (76) in this
basis is

- (¥

[P - p ™ — pPp' ™ + p*p'n™] )
5 .
p

But this is precisely the propagator

(0P A" 0" A” - 0" APOH A" — 0P A¥O A + 0" APO"AF)  (81)

+p*p'n®]

(80)
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or
(F (&) F* (x)) (82)
if the propagator (A*(x")A”(x)) is

W _ w vy 2

| a i)z(p 'lp’)
which is the gauge boson correlator in an arbitrary gauge;
the freedom to choose & follows from the symmetry of
(81) under interchange of the Lorentz indices®. Thus the
appropriate path-integral representation of the gauge boson
(field strength) propagator in the coherent state basis is (46),
which in the light of all this is the same as (69), which in turn
gives rise to the above propagator, when one transforms to the
Maxwell basis, via (76). The derivation here can be compared
with that in [24] to see the advantages of this method.

|x) (83)

4. The Hamiltonian BRST Treatment

In the above two derivations, we skirted the issue of ghosts
that naturally arise when gauge-fixing a set of fields, and we
will remedy the situation here by doing a full Hamiltonian
BRST analysis. In particular, we will deal only with the spin-
1 case and that too with a different choice of the Chern-
Simmons parameter s from the above section, which will lead
us directly to the propagator in the Feynman-’t Hooft gauge.
This is somewhat puzzling and we are yet to figure out a
method that would yield (83) directly.

The action that we will take is the same as before and is
given by

1
TR . 3
j ar [ pa, + 9", - e Py =iBY" pu = iy p,
' (84)
- ay''y, + sa] ,

where s is an integer that takes value 1, instead of zero as in
the above section.
. . —!4
There are two bosonic gauge symmetries, pp, and y"y,,,

and two fermionic ones, y* p,andy*p,, and for each of them

we need to define ghost fields € = (€, €', @, %"") and ghost
momenta P, = (P, P, @I, 2" such that [Py, &8 = —i5§.
(%’,?l) are bosonic ghosts and correspond to y* p, and
y¥p,, respectively, while the rest are fermionic ghosts and
correspond to p*p, and v ¥, respectively.

We will now adapt the treatment of [44] to the case at

hand. The treatment there deals with particles of any spin,
corresponding to which there are many more ghosts €;

corresponding to the more generalized R-symmetry y/' Vyj

instead of just W.” Yy and hence a more complicated analysis.
The starting action is

N 1 .
J AT [ P, + v~ Se"p — iBYLP,
, (85)
1
- Eaij‘//fll/jy] .

Firstly, the quantum BRST operator can be written as a graded
sum

Q=)0 (86)
p>0
Then starting from
Q° = 6"G, = GH + 6,Q, + 6], (87)
where H = p°, Q = v - poand J; = iy -y,

and imposing the nilpotency of the BRST charge, one can
recursively obtain the higher operators. Then the quantum
gauge-fixed Hamiltonian operator can be written as

Hqu = HBRST —i {K’ Q} > (88)

where the first term is the BRST-invariant Hamiltonian and
K a gauge fixing fermion, the latter being BRST-invariant for
any choice of K thanks to the nilpotency of Q. Now since H
itself enters as a constraint in (87) one can set Hzggr = 0 and
thus have

H,, = -i{K,Q}. (89)
Then one can use the gauge fixing fermion
K =-E‘2,, (90)

where E* = (2T,0, 0;;) are the gauge fixations of (e, f;, a;;)
in the action in (85), where 9,-j isa N x N skew diagonal
matrix, dependent on N/2 = n angular variables 6, with
k =1,...,n. N/2 is the spin of the particle. Note that there
is no term akin to sa in (84) and it is only for N = 2 that it
manifests itself [42, 43]. In any case with these choices for EA,
the Hamiltonian operator becomes

1
H,, =Tp" + 50l = 0,6:%; = 20, Pjm OD)

and, subsequently, the modified version of the above path-
integral can be rewritten in terms of these variables.

In the case at hand, since v, and y, are related to y,; in
the following manner

_ 1 .
Vu= NG (1//114 + W’ZM)’
92
. (92)

Vu= NG (1/’114 - iV’ZM)
one has

1 i
Eeij]ij =5 (Br2y1 - w3 + 05195 - v)
(93)

i9 _
= (v -y v) =% -y,

2
where we have used the fact that, due to the skew diagonal
nature of 9s, 8, = -0,; = -9. Also (%’,%’) are related to G
via

r_ 1 .
€ = ﬁ (%1 - 1%2) N
(94)

!

= 1
€ =—(¥¢,+i%
\/5(1 2)

so that
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0,67, = -9(6, P, - 6,P,) = —és (¢ +%)(# -7 )-(¢'-F)(#+7 )]

=-i9(C 7 -6 )=9 <%'% - %’a%,) :
0%

Thus this is the difference of the bosonic ghost num-
ber operators, multiplied by 9 (we have used O instead
of 0, in order to not confuse it with the gauge-fixed
form of S of previous sections, and in fact it is rather
a of the previous section). The last term 20;;%,%;,
in (91) is equal to zero for N = 2, because of tfle

(o) 27 x(1)=x
J de dejgzs‘gjgzgjgzpj
0 0 x(0)=x

(95)

antisymmetry of the indices for each factor in the term. H,,
thus becomes
Hy, = Tp"p, +9(¥"y, + N = Ng ) — 9, (96)

where we have incorporated the gauge-fixed form of sa that
is present in our case. The path-integral then becomes

(97)

y()=v, 1 L u o - — )
) J 2 Py 9@61 Jo dT[p"xMﬂw”%+%A(@A—Tp"pﬂ—8(w"y/ﬂ+N?,—Ng,)+59]+w”y/y(1)+z%A9A(1).

y(0)=y,

Now, upon Wick rotation, where one also rotates #, — i%,
and 9 — i one gets

0 0

e 21 x(1)=x'
j dTI dsjg%Jgfﬁj@pj Px

x(0)=x

(98)

y()=y. Vo . o/ N
) J 2 Py 9?6'[0 dT[zp“xy—y/“u/ﬂ—%A@A—Tp"pH+z\9(y/“w”+N§?,—N%”;)—1s9]+y/"wﬂ(l)+‘€A=@A(1).

v(0)=y,

In general, one should also impose boundary conditions on
the ghosts as well and a set of BRST-invariant boundary
conditions is to set all the ghosts to zero at the boundaries
[24]. Since the path-integrals for the ghosts all contribute
unity (the contributions from the determinantal pieces are all
powers of (T} — T,)) [24], which is 1 here, and the boundary-
value dependent pieces vanish in the exponent again leading
to 1), doing the above integral, one again gets (Appendix B)

0 2 _i9— i 2
J. dTJ. @ee "Vrvi-is-2)9 <x'|e7TP |x), (99)

0 0o 2m

where the extra (-2) is again a normal ordering constant.
The normal ordering constants from the other two number
operators in (98) cancel each other out. Upon doing the 9
integral one gets as before

1
CAA 175&1 EXT (100)

upon setting s = 1, which upon reverting to the index basis
yields

(x'| ® (0l @ﬁv 10} & |x)
o (101)
= <x" le—z |x) .

Thus as noted above, one gets the propagator in the
Feynman-’t Hooft gauge, and it would be nice to figure out
a method that gives (83) directly.

5. Propagator for the SO(n) Gauge Boson

Let us now come to the case of the non-Abelian gauge boson
for gauge group SO(n). For it, on top of the ingredients
necessary for spin, one has to incorporate those necessary for
“color.” Thus the action (45) has to be supplemented in the
following fashion:
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L= pﬂxy + iwllli/,u + ixili - %epﬂpy - i/3‘/_/MP,4

(102)
= —_ - n
~iBy"p, - apy, - bAA, + <m - 5) b,

where i runs over n values and m = 2. We have again set s = 0
in a possible sa term since we want to project to the two-form
sector. Of course we could also set s to one, as in the previous
section, in order to get the gauge boson propagator directly.
Again, upon quantization, when A’s become operators, the
number operator A;A; becomes ambiguous and has to be
antisymmetrized, so that upon normal ordering it picks up a
factor of n/2. Thus choosing m—n/2 essentially projects to the
m-form sector in the internal space. In the path-integral, the
only extra ingredient would come from the A and b integrals
and the entire previous integral (47) would get supplemented
by (Appendix B)

2 db
l, =
L (103)
) J A=A FA DN jol AN A =AbA+b(m—(n/2)))+A;A,(1)
M0)=A,
_ J~2n @eimbee’ibxiz/\“
0 21
s (104)
T db ,— —ib(W A —
= L Py </\iz'€ l " |/\11> <A12|5N2 |A11>

for m = 2. The usual route in the literature is to proceed
from the second term in the above equation to the path-
integral in (103) but as we have proven in Appendix B, with
help from Appendix A, the first term in (104) follows directly
from the path-integral. So for us Eq. (103) is the starting point,
hence the inversion of the usual route. Again, since the delta

function projects to states of the form A,1,|0), so that the full
wave-function is now

[wab (x) IIJ[JII/VA' Ab |0>

the entire expression for the gauge boson propagator gets
supplemented by terms of the form, when one transforms
from the coherent state basis to the gauge-index basis,

5ad (Scb ) .

Hence the previous expression for the propagator simply gets
augmented as follows:

- ((Sabacd - 5ad8ch) (ayav”po - ayaaﬂpv U P)

(105)

<0| Xaxcibid |0> == (5ab65d - (106)

(107)
= (Fupae (¥') Froba ()
47r
so that the gauge boson propagator is simply
(Apae (x) Aspa (0)) = = (x|
(108)

7 - (=8 (p*p’/p*)
. >

|x> (8ub5cd - (Sadé\cb)

1

which is the correct expression for the SO(n) gauge boson
propagator.

In order to get the SU(n) propagator, one can consider
SO(2n) first and then restrict it to its SU(n) subgroup. Thus
SU(3) can be obtained by starting with SO(6) and restricting
it to its SU(3) subgroup. SU(2) on the other hand does not
need this, as it is the double cover of SO(3), and there is
no need to restrict it to any subgroup. One would however
need to take appropriate linear combinations of SO(3) A’s, in
order to get the SU(2) worldline fermions, with a concomitant
change in the expression for the propagator. On the other
hand if one wants to arrive at these gauge groups starting from
some GUT gauge group, say SO(10), it can be implemented
by choosing n = 10. However, this is not entirely satisfactory,
since when considering SU(3) one wants to have solely SU(3)
gauge bosons propagating, and considering SO(6) would be
superfluous. For this, one has to then take recourse to the
analysis in [31], wherein how to get the first quantized theory
for any arbitrary mixed symmetry tensor multiplet, and in
particular the adjoint representations, has been shown.

6. Propagators for the Chiral Fermions of the
Standard Model

The strange hypercharge quantum numbers of the fermions
of the Standard Model have natural geneses if one assumes
that they stem from an SU(5) or SO(10) GUT. Thus the
sixteen chiral fermions of a single generation can be broken
up into sets that transform as totally antisymmetric tensors
of rank 7 of the SU(5) subgroup of the SO(10) gauge group.
For the 16 of SO(10), n would take values 0, 2, and 4,
corresponding to the 1, 10, and 5 of SU(5). We believe nature
is telling us something important here and it might prove to
be productive if one tries to explore the possible microscopic
genesis of such a pattern. Let us first consider the fermions to
be Dirac spinors. Choosing the above values of n essentially
restricts the states to

iiiei, ()4 A <-4, [0), (109)
V¥ _(x) being the position space wave-function, which for n =
0 forms the 1, for n = 2, forms the 10, and for n = 4 forms
the 5 of SU(5) [33, 34, 45]. The beauty of it is that all the
delicate hypercharge assignments come about precisely (see
end of section), upon assuming

1 /= ~ = 1 /= = = .

V=2 (A 2s) - 5 (WA + 10, +401,), - o)
where 1, for i =1to 3, encode color while the rest encode
flavor. In fact, this would precisely be the oscillator basis
representation of a diagonal generator of the SU(5) group,
another tantalizing hint that this group might have to do
something with nature.

The first index i in (109) is the Dirac index and is
associated with the states in (7), which we have suppressed
for simplicity. The relevant action would have to be supple-
mented as follows:



12

L= p'%, + iy +ikA; - %ep“pﬂ +ipy’p, -
111

—al A, + <n— §>a,
2

xlu(l)=xL v(D=y _ X1<(1):Xk2
J Dx J Dy Dy J
A(0)=Ar,

x,(0)=x, (0)=yy;
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where A’s are worldline fermions for internal symmetries and
i runs over 1 to 5. a is an auxiliary field that imposes the
restriction that the rank of the tensor be n. The relevant path-
integral would be

DA 91]%

(112)

J’ DB De P pe J at(ip* s, — ;- Aihi—(1/2)ep* p,—iBy p,—iakA+i(n-5/2)a)+ AN, 1)+, vi().

Vol (Sym)

As before, the result of the A and a path-integrals is
J ﬁeinaee*iaxkz)‘kl = <XZ| S |A1> (113)
(27_[) i N,n i

which, upon reverting from the coherent state basis to that in
(109) (since the delta function restricts it to states of that form
only), yields

[iyiyiy,]
W5 |0> - 61112 “Jin (114)

>I)

OIA; A, Ay,
which in turn yields the following form of the propagator:

[1112 n]
\/_ <x l' |x, 0 jo- (115)
where [i,7, - - - i,,] denotes complete antisymmetrization with
respect to the indices, which is the correct expression for

(B () Wy, () (116)

Now if one considers that the SM fermions consist only of left-
handed ones, then one has to factor in a term that effectively
projects to the left-handed states. From (7), it is evident that
if one imposes that the number of y; operators be one, one is
done. Thus the action has to be modified as follows:

iBy"p, — akid;

. R Y 1
P, + iy + A, - Eep”p# -

+ (n - g) a- b%l//j, "

where b is the auxiliary field as before that imposes the said
condition. In this case the normal ordering constant is 1 since
j runs over 2 values, and hence, in the absence of any Chern-
Simmons-like pure b term, the projection is to the Z/\\TW =1
sector. Using the same strategy as in Sections 2 and 3, it can
easily be seen that, upon integrating over y’s and x’s, the path-
integral corresponding to the above Lagrangian would finally
boil down to (sans the A part)

. — |~ 1
i (x| V' purzlsa bova) (118)

and as before, transforming to the Dirac basis, one essentially
gets either

1 _ 1 [vpu -
i[{(x'| & 019,79, = [l @y;10)]  (9)

or

(120)

H
i[(x]e o) |2

as the surviving inner products, since the delta function
essentially projects the ket to the N = 1 sector, which is
the sector of the left-handed states, and the operator in the
middle has only a single §* which mandates that the bras are
either twofold in ¥, operator content or zero, implying that
they are right-handed states (cf. (7)). These can be combined
and generated in terms of left-handed states by inserting §/°,
taking the form

[Ix) ©;10)]

. A
i[(x’| ® (0] ;] [1/7" ‘f”] [Ix) ®y, 0y] (21

which can easily be verified by using (7). Since this is the same
as

(122)

. z
% <x’,i| VO);)sz |x,

where both the states are left-handed, one can write this as

— <x z| # |x, 7 (123)

which is the propagator for Weyl fermions. Upon augmenting
with the internal symmetry part as in (115), it has the form

(124)

i
] SR ol

This thus has the following path-integral representation in the
coherent state basis:
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x,(D=x, Vi()=y)y (MDA —
j ng gwgwj QAQAJQaJQb

x,(0)=x, ¥ (0)=y; Ae(0)=Agy

DPDe
8 ,[ Vol (Sym)

which differs from (112) in the —iby,y; term.

For completeness we give the representations of the SM
fermions in Table 1, where y; and y, stand for A, and A
above.

We have written them in terms of bras to avoid putting
bars over all the creation operators. We have also made
explicit only the first component of the Weyl fermions, hence
the index 1 on all of them, and the second components
can be obtained simply by replacing ¥, with y,. Factors
of 1/2 associated with each € tensor are assumed to be
implicit. The states are written in terms of direct products
of the bosonic and fermionic parts, with the bosonic parts
forming the position space wave-functions upon conjugating
them with (x|’s. Thus, it is evident that all these states are
the result of a set of fermionic creation operators acting
on the vacuum and are superpartners of each other in the
sense of ordinary spacetime supersymmetry. Akin to the
fields in the latter, which can be expanded in terms of the
Grassmann parameters 0; belonging to a superfield ¥(x,, ;)
the fermionic multiplets here too form a supermultiplet that

results from expanding q)(x”,wj,i,.) and retaining terms

even in A and odd in . In a different way of looking at it,
®(x,, ¥ ;> A;) can be understood to arise as follows:

D (xy,wj,i,.)
o S (126)
= <x, W, A| Z\Iji,fliz"'in (X) AiIAiZ e Ai,ll//i |0> >

where the different ¥’s, which are the wave-functions of
fermions of the SM, are seen to belong in a single supermul-
tiplet @.

Let us now come to the issue of the various charges of the
SM. The hypercharge operator is

Y= —%X,.X,. + X (127)
and the isospin operator is
1= _ = _
T = 5 (X1X1 - XzXz)- (128)
Hence the charge operator is
Q=Y+T; = —%iiii T (129)
Also,
2=
B-L=1-2Ak, (130)

(125)

D pe jol de(ip" 2, = Aidi=(1/2)ep! p,+iPy* p,—iad; Ai=iby,y;+i(n=5/2)a) + LA (D+,y;(1)

It is straightforward to check that all the charge and hyper-
charge assignments for the chiral generations are correct
and, as we said, can be regarded as an explanation of the
strange hypercharge assignments and the fractional charge
assignments in the Standard Model. The way these compu-
tations are done is by noting that each of the bilinears above
is actually a number operator for the different species of
worldline fermions. So, for instance,

Y = —iZNL + %ZN—{, (131)
i i

and hence the action on say imilil |0) ® |u,, 1) would give
—(1/3)(1)+(1/2)(1) = 1/6.In a similar spirit, the rest of them
can be easily computed to be

(B - L)’VZL =1
(B-1),, =-1,
(B - L)ez = 1,
(B-1D), = -1,
1
(B - L)“iac = _g)
1
(B - L)ui = 53
1
(B- L)dia =7y
1
(B - L)d% = 5:

(T3L)1/;L =0,
(T3L)veL = %’
(TsL)ez =0,
(T3L)ez =5
(T3L)ui“ =0,
(T3L)ug =

(T3L)dia =0,
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TABLE 1: Fermionic states of the Ist chiral generation of the SM. In our indication of the SU(5) multiplet to which each state belongs we use
the notation ny where 7 is the dimension of the SU(5) representation in which the state transforms and Y is the (SU(5)) U(1)y hypercharge.

Oly, ® (vl c 1,
Oy o ® (7,1 €10,
(Ol €Ak ® (up, 11 C 10,

i’ m,

<0|¢1X15€2€mij1i1j ®(dy,1l C §1/3

<0|1/71)?1§17}2§3 ® (vl C §_1/2

(UIZy 2y VY - XCR K 571/2
(0|¢1X1/\m ® <um,L,1| C 101/6
<0|¢1X2Am ® (dm,L)1| C 101/6

1
(TSL)d«E = ‘E’
(Y)VEL = 0)
1
(Y)VeL = _E’
(Y)er = 1,
1
(Y)e]: = _E)
2
(Y)uia - _5)
1
(Y)ug = P
1
(Y)dia = 5,
1
(Vg = e
(Q)VzL = 0’
Q),, =0,
(Q)ez = 1)
(Q)ez = _1)
2
(Q)uz = —g,
2
(Q)uﬁ - 5)
1
(Q)dia = 5,
1
Qe = -3

x,(1)=x,, ¥,(D=y, (D= _
j QxI 91//91//] QZA@AJ%

x,(0)=x, vi(0)=y; A(0)=Ay

J‘ DB De
Vol (Sym

A+ 7,0,

1
. — . 7T 1
)SZpexp [L dt(zp”x,4 Y- A - Ee(

(132)

2
', —m

“

7. The Massive Fermion Propagator in a Gauge
Field Background

Let us now extend our methods to the case of the dressed
and massive fermion propagator. This is given by simply
incorporating masses and backgrounds in (43):

% <x',@2,12’
1 (133)

| (y~ (p_gAijii/A\j) —m) o b)),

where y has the same meaning as before, when acting on

coherent states and AZ = (A‘LT“)U . Again, this can be written
as

i -
NG <xl’V/2’A2|
Ve (P - gA"\ j) tm
' =~\% 1 o=
((p - gA‘J/\i/\j) - EQUWFZM,' jom?

Ay

(134)

|x> 1//1)

where Oy = (i/2) [yw y,] and F,,is the full non-Abelian gauge
boson. First of all there is no need to introduce any v in the
worldline representation as is usual for the case of the massive
fermion, since the identity that multiplies the mass in the
above expression is identity in the Dirac index basis as well
and would automatically place the mass in the right place in
the numerator when the transformation to that basis is done.
One can then call the numerator Q and the denominator H
and as before exponentiate both (cf. (41))

J 4T J do (X' Ll 3)

This can be cast in the (Wick-rotated) path-integral form (for
a fermion that is an SU(n) tensor of rank p, cf. (125))

)—iB(Vay'm, +m)+ %egw"F:{jiljy/ —ialA; +i (p - g) a) (136)
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where m, = p, - gAZ)_tiAj. See [13, 19, 21-23] for the
pioneering treatment of the dressed propagator for the
Abelian case and [12] for the non-Abelian one, the details
here being somewhat akin to the latter reference, modulo
the projection to the SU(n) tensor and the explicit use of the
formalism made in the next section.

The point might be raised that the 3 term breaks super-

symmetry since there is no 5, but as long as no use is made

x,(1)=x,, F,(1)=y,
_[ Dx .[ D

o N(D=A, _
o] J PADA J Pa
x,(0)=x, ¥ (0)=y;

Ae(0)=Axy
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of supersymmetry, it is ok to work without a ;. Also the
entire approach’s vindication lies in the analysis in the next
section, which gives the right form for the QED vertex, when
restricted to the Abelian case and considering dressing by
a single photon. Upon absorbing the factor of V2 into f3
and calling m/v/2 m' (only in the term multiplying f3) and
integrating out the p, one ends up with

1 —_ . ppy— i Ppp—" —
. .[ _PBZe_ exp [J dt (—i (x# - ﬁwﬂ)z —ipm' + %em2 “Yy - A+ ig)'c"AZAi/\j + %egu/“FZV/\,-Ajl//V —ialA; +i (p - g) a) (137)

Vol (Sym) 0

+XiAi(1)+¢j1//j(1)]

as the worldline representation of the massive dressed
fermionic propagator.

8. Applications to QED

Here we derive the QED vertex using the worldline formalism
developed in the previous section, adapted to the case of
an Abelian gauge boson. It has to be formulated, like the
propagator, on the open line, since one has an incoming
and an outgoing propagator, with one photon insertion. One
has to take the Fourier transform of the resultant expression
with respect to the propagator endpoints to arrive at the
momentum space expression. Since the path-integral that we
start with, (156), corresponds to the propagator in position
space with photon insertions (once A, are converted to plane
waves), the momentum space expression in general would
involve external leg factors which have to be amputated in
order to arrive at the expression for the vertex.

Let us first work with the worldline expression for the
scalar case since it would be present as a part of the spinor

This can be evaluated by exponentiating the € part and the
resultant expression for an n-photon amplitude can be written

as (eI A Ox1Y with

n

T, @)= (iky, +&,0, )8 (t—t,). (140)
i=1
It is given by (upon fixing e to 27"
J:’ AT J x“:)_’j“ Dcpls AN T 4] %) (141)
X, =X

We first separate x into background and quantum parts as
follows:

case. It has its genesis in the Fourier transform of the x, (1) = X+ ( X, - x' ) t+y, () (142)
expression below g g
x,(1)=x, .
I T gk so that the above expression takes the form
x,(0)=x},
(138)
De ! | S « dTemZT
. J 7Vol(5ym) exp L dt <_Z (xM) + Sem +igx AM) . 0
(143)
The external A legs are to be represented by the plane-wave 7,(1)=0 . P ,
expansion of the A, leading to vertex operators. Explicitly, one : J D yej° AEAADGHE )T O by O],
has Yu(0)=0
igi' A, = ig[e- x ()] €0, (139) .
# Integrating out y, one gets
©o mZT ! ! ! AN U
J 7€y AT ) 4T (0 (e (x=x )T [ et (e BEE )T @ O} (144)

0 (4nT)*
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2
In the above equation we see that since we have ¢™ ', the  and can be remedied by taking instead
integrand is divergent as T — oo. This has its genesis in

implementing (cf. (134)) 1 _ joo dTeT® =)
0

P (146)

which is equivalent to replacing T — —T everywhere. Then,

1 _ J © dTe T ) (145)  one is then necessarily working in the p* < 0 regime, in order
pr-m* Jo to make the above integral convergent. So now, one has
o eisz 1 2 ’ 1 Iou N
_ J' dT e Jo QAT (x=x"V+](#)-Cet(x—x" V)T [, dtdt' (J# (£, At )] (¢ ) (147)
0 (4nT)*
Asaresult, itis implicit in our assumptions that (x—x")* < A (t, t') —t 4 1 't _t | _ (t +1 ) (148)
0; that is, the spacetime interval can only be spacelike or null,

which is compatible with p* < 0. Thus one is dealing with the
oftshell propagator, where [29, 46] The n-photon amplitude then becomes

Jldti(x—x’)z]x ] Jdte Jldt
o 4T LLJehexpy |

i=1

szf(x',x; el,kl,...,sn,kn) =- ro dTLZT2 exp [
0 (4nT)

Mx

(1k +£,0, )8(t—t,-)(x”+(x—x’)”t)

1
dtdtT(
0 i

J.oo —m2T+(1/4T)(x—x')2

I
—

'—.
M:

ik + €,9,,) 0 (t = t) A (1,1") i (i, + €50, ) 8 (¢ - fj))] (149)

1 j=1
m.l ]

where A = A(t;,t;) and where the dot on the LHS implies - J dPx j dPx PP xAD(p-p )y oy (x
+ - +

derivative with respect to the first argument and that on the

right implies with respect to the second one

dré 3
0 (4nT)

HJ [exp [i (iki . (x' + (x —x')ti) tg- (x —x'))] exp [—T i (ki ckaA g —i2e ky A — g g .A;i,)jl

=

i= i=1 ii'=1

x_ xX_
'A(t,t’) _f —B(t' —t), - 7,x+ + 7;81,](1,...,8”,’(”),
(150) (151)
A (L) =1-8(t-t").
Now, as argued in [46], upon taking Fourier transforms with x. = x - x' and x, = (x + x')/2, the integral
over the “center of mass” x, yields the energy-momentum
o (p' psen.k k,)=|d" ~ : DD (14 o
PHPi€nKRype €y conservation delta function (277) 8" (p+p + ) k;), whereas

. the integral over the “distance” x_ is Gaussian. Hence, after
: J. dPx' PP ) g (x',x8kyp, .80k, some simple manipulations, the amplitude reduces to

o (p’,p; e ks ,en,kn) =- (,'g)z 2m)P 8" (p o+ Zki) JOOO ATeT =)

(152)

ﬁ Joldtixexp{ (2p) - Z( kt; +ig;) — TZ(k -k <|tt| (ti;tj)>—isi~kj(sign(ti—tj)—1)+si.sjé‘(ti—tj)>}

i=1 i,j=1

m.l.
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since we are working in the spacelike/null region, p* < 0, and
hence e”®* =" is not divergent as T — oo.

Let us now come to the case of the derivation of the vertex
in spinor QED. Let us first state what we expect. Since the
vertex is just y*, when a plane-wave photon and two external
electron propagators couple to it, we in general expect the

momentum space expression

ig(2m)? 8" (p+p' +k) (153)

1 1
G- (7 —m)
= —ig )P 6P (p + p' + k)

(prm)f(pek-m)

(p2-m2) ((p+k)’ - m2)

(154)

x,(=x, vi(D=yy _
J Dx J Dy Dy
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=ig(-p-eQp+K) +£(p*+p-k-m?)

+ 1YY € '€ kP + 2me - p - imawsﬂkv) (155)

! 1
XJ dt 2>
o (p*-m?+2p-kt)

where in the last line we have used Feynman reparametriza-
tion to represent the denominator, with K=o, assuming that
the photon is on-shell. Also we have used € - k = 0 in the
numerator, implying that we are working in the Lorentz gauge
and suppressed the momentum conserving delta function. As
we can see, this expression is formidable, and we claim that
the following is its worldline path-integral representation in
the coherent state basis:

x,(0)=x, v (0)=y; (156)
DB De ! 1. : 1, i y —

. J W exp [L dt( - % (xﬂ - ﬁll’y) —ifm + Jem =y - igxt A, + Eegw”Fw,l// +Yy; (1)] .
where, as in the previous section, m' = m/~/2. The overall _ im'] [ig [e-%(t,) = 2iTe -y (ty) k- y (t,)]
subscript lin implies that only the linear order term in the
expansion of the exponent of the interaction term —igx# A ut ex(t,)

. " v, . L e ]> .
(i/2)egy"F,,y" is to be retained, as the dressing is only by a
single photon. It has all the right ingredients for reproducing (158)
the above expression, as we will see, and it is essentially (137),
adapted to the case of the Abelian background. The new  Let us first work out the x parts.
vertex operators are (upon fixing e to —27") This would be given by
_ ~(ig) J dTe™T J d6
. U 1 u v 0
igx" A, + —eqy"F, 1;/)
( ) w (157) (159)
. 1
=ig[e-x(t) - 2iTe -y (t) k- ()] &*0. ) J dt, < o] #0®-xO-©/21) dt1w<t1>4x(t1))>
0 lin.
. . L . with

The relevant amplitude involving just one photon is (upon
fixing f3 to 0 and integrating over it) J, () = (ikﬂ n S#at2) S(t-t,). (160)

_ ro dre™™T Jl dt dt, <[—%v/(t1) X (t))

0 0

The general amplitude involving multiple photons and the
susy charge operator y(t;) - X(¢,), upon Fourier transforming
to momentum space, is

o (p pienkn-.nenk,) = —(ig) @mP 8P (p+p' + Y k) LDO dTe™ )

n

I1 Ll dt; x exp {—T(Zp) >

i=1 i

B

1 ij=1

X < [i JOI dtyy(t,)-p+ iz Jot dtyy, (t) ki + Z% (ti)sf] > »

(=kit; +ig;) — Ti (k,» “k; < lti ; tji (ti ; tj) > —ig; - k; (sign (t,- - t]-) - 1) +g €0 (t,. - tj)>]>

@161)

m.lL
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where we have done the 0 integral and where the ellipses
denote other y insertions that might be present. Here we have
simply adapted the analysis above for scalars to include the
effects of the additional source in (159). The expectation value
in the last line is with respect to the y path-integral. So at this
point we need to evaluate the y correlators. As is evident from
(158), we would need 1, 2, and 3 point y correlators. The point
made is that we now need the correlators for the Majorana
fermions y,,, which we have to derive from the Dirac form of
the action, as it is the only form amenable for the coherent
state formalism. The relevant path-integral is given by

¥ (D=y, — .
J 2 Dy %ejg AFYAXY AT T (162)

v (0)=yy;

Again, y’s can be split into background and quantum parts as
follows:

Forvexp | [t Groy-w) - [ a0 [ [0 - 0) -0 )] + k"] 1, ()]

Here y,, are precisely the sources for the Majorana fermions
¥, where x* is related to ; and y; as

0 1
X =E(X1—X1)>

1
x3=ﬁ(x1+x1),

, (167)
2 1 —
=5 (- x)>
1 1
X =75 (X + x2)
and ' is given by
g = \/— (Vo1 +¥11)
= \/— (Vo —v11)>
(168)
i
; = 7 (V1 +¥5,),
; = 7 (W = ¥12) -
Also,
1
-1
K= , . (169)
i
-1
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Vi =V + ¥
(163)
Vi=VYut V¥
and the resultant path-integral looks like
=0
eV J Dy EZy/eIO dt(= w.,,wq,+x,(w1,+wq,)+(wz,+wq,)x. (164)

v4i(0)=0

where the prefactor is the usual normalization factor. Upon
integration, the above becomes (cf. Appendix A (see (A.18)))

_ eWZiV/Iie_[J.Ol dtdt'(%i(t)O(t—t')X,(t'))—f(: at(x, (O, x: (1)) (165)
and this can be written in the Majorana basis as
(166)
Let us first tackle 3-point correlator. It is given by
0 0 0
v ()P () v (1)) =
WV v () = 370 Oxp (t2) oy, (£2)
_ 1
eWzini exp [J dt (X (t) . Wb) + =
0
1
[ et (oo [ [sign (¢~ #)] - K] x, (t'))] (170)
0

x=0

o [1 1 .
= P [ KPS (Y [sgn (- 1)) - K1)y

1 oq . Q| o
= 23 (7 [sign (6, — 1)) - K*) - ylwlvi .

It can be easily checked that, upon transforming to the Dirac
basis, it assumes the form

ﬁ [ [sign (£, - £,)])¥*

=y (1™ [sign (t; - 1,)]) = y"v»"]

(171)

withy, B, aall different in the last term, in which case it can
be written as

o5 [0 [sgn (- £)])y”

— " (1 [sign (t, - 1,)]) +ie”y,7°] .

(172)
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In order to derive this, one has to use (168), (11) and (14), and (,] 1/71»@]. lv1) = (v,] (Sij - @J.l/?,-) lv1)
the following: T i
= ey (51']‘ - ‘//zj‘//u) (174)
~ 1 = V2 (817 + 1//11‘?2]')
V=50,
and hence when three different *’s are involved,
3 1 - 1 1
V= V2 (‘//1 ) W, | 9P |y ) = Vo <_ 5 KP4 3 K“yllff
. (173) . (175)
_ i a "
V=5 (0w), - WK +ylvlvi)
41 = with the expression vanishing if any of ¥’s are the same,
- V2 (‘/’2 B 1/’2) : thus automatically antisymmetrizing the expressions, leading
to (1/2v2)y"yPy* in the Dirac basis, since §* in the Dirac
basis becomes (1 /\/E)y”. Next, let us come to the 2-point
We also have to use the facts that, for instance, correlator. It is given by
<Wﬁ (t2) w" (t2)>
02w e[+ L[ a0 [ s - )= @)
= —ez"“epr- t(x () -y +—j tdt (x, (@) |7 [sign({t—t )| - M ]
CASEND o Ty R M
vous [ 1
= Y2V [EKﬁY l//b v, ] 0}’5 (177)
and the one-point function is simply L dTJ dt,dt, <[ wi(t) %t )]
1 (179)
“t) = —y*. (178) ,
<1// > \/zy . [lgS % (tz) ezk‘x(tz)]>
So we are now ready to tackle (161) for one photon, which
corresponds to the following part of (158): and it would be
~ (ig) @) 8 (p+ p' +k) J dTe™ =)
0
(180)
1 1 t;
. J dt, x exp {(2Tp - kt, — i2Tp - €)} <[zj dtiy () p+ ij dt,y, () K + v, (tz)s“]> ,
0 0 0 lin.
where lin means linear in ¢”. Using the one-point function —ig\2 J'l d 1
. . . =1g t 2
above, (178), we would get (upon extracting the part linear in 0 (p* —m? +2p - kt,) (182)
€)

: —p-e(p+]ét2)+l)z‘(pz—m2+2p-kt2) ,
| 2

yi(p',p;s,k) = —% (ig) 2mP &P (p+p' +k)

where we have suppressed the delta function. Let us then

. J oo I ) (181) come to the first mass term in (158), namely,
0

0 1
1 ] . ik-x(t,)
| dtaxexp (21p- k) [27p-e (oK) + 4 o j ”’TL dtdty (- (1) "W). (183)
0
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Using the master formula (161), we have

(o) [ are
0

1 (184)
J dt, exp {(2Tp - kt, + i2Tp - e)}|ljn Vv
0 .
V2 1 1 Vo
=igm ZJ dt . geVaVi, 185
’ o P —mr v ap- k)t (185)

where e¥2"1 is the ubiquitous part coming from the fermion
path-integral, which means that when one transforms to the
Dirac basis, it would yield identity for this term. Next let us
consider the following term in (158):

—ig J:O dr Ll dt,dt, <[%‘/’ (t)-x (tl)] 156)
[oite p (e kv () ).

Again, using the master formula (161) for the x-part, we get

00 > 2 1
-2g J dTe™ " T J dt, exp (2Tp - kt,)
0 0

1
1
ig— | dt
g\/f-[o 2(p2—m2+2p-kt2)2

Now we come to the remaining term in (158):

gm' J dr
0
(191)

1 .
’ J dtydt, ([20Te -y (t) k- y ()] ')
0

which upon using the master formula for the x-part and using
(177) yields

e8] 2 2 1
- (gm’) JO dTe" P T JO dtyexp (2Tp - kt,)

(192)

VB
-0 sﬁky

1 .
=ig\2m L dt ! i(f"ﬁsﬁky. (193)

2(p2—m2+2p-kt2)22

[—p-s(zp +K) +;f(p2 —m? +p-k) - ie”"ﬁ”‘ygyspaeﬁky] .
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: <[z J dtyy(t) -p+i Ltz dt\y, (tl)k”]

[y ) kv (0)]).

(187)
Now, upon using (172) and
1
Jo dtydtysign (t, - t,) f (t,)
. (188)
= JO dt, (2t,-1) f (1)
we get
1
1
2 J dt
I v 2p k)
1 189
e kCa ) - ek -y 1Y
+ ieg}'ﬁ“yaysp“sﬁky] ,

where we have used k - & = k> = e"”ﬁ"‘yayskasﬁky = 0. This
when combined with (182) yields

(190)

Thus collecting terms from (185), (190), and (193), we finally
end up with

ot [
g\/f 0 z(pz—m2+2p-kt2)2

ep+K)+£(pP-m’ +p-k)

- ieayﬁ“ygyspaeﬁky +2mp - s]

[imayﬁsﬁky -p

(194)

which is precisely the same as (155) up to a factor of 1/v/2.
Now that we essentially have (153), we can amputate the
external legs and get ey, from which the vertex can be
obtained by taking derivative with respect to &”. We have thus
obtained the QED Feynman rule for the vertex starting from
the worldline formalism.

The obvious next step would be computing the Compton
scattering amplitude, which is a repeat of the above calcula-
tion with two photon vertex operators instead of one in (158).
But since the single photon case is formidable enough, we are
currently investigating methods that can vastly simplify the
calculations, allowing us to tackle even more involved cases
like the Lamb-shift calculation. One can then also venture
into the applications to the non-Abelian case.
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9. One-Loop Effective Actions

Let us now consider the analogous representations for one-
loop effective actions and anomalies. The usual one-loop
effective action for a fermionic field in a gauge field back-
ground is given by

1 2
ElnDet[—(y-D) ]
= llnDet[—Dz—l o' F? T“]
2 297 fw

1(d

2

where the trace is over a super-Wilson loop that is the world-
line supersymmetric generalization of the normal Wilson
loop. P denotes periodic, while AP denotes antiperiodic.

J' D J' Dy Dy J DAY J Da J' De Dpe 2 dt(ip" s~ A= (1 2)en m, +([2)egy Bl LAy —iak ) +i(n-5/2)a)
P AP AP Vol i

(Sym)

where 7, = p, - gAZXi/\ j with AZ = (A‘;T“)U and FZV
is the full self-interacting field strength with T* belonging
to the Standard Model gauge group. A’s are 5 in number, as
in the above section, in order to accommodate the full SM

T

where we have fixed e to 2T and for a circle the measure for
the modular integral is 1/T, which then tallies with (197).

Let us first show that, for a fermion transforming in and
only in the fundamental representation of the gauge group
(n = 1), the integral over A and A gives rise precisely to the
trace of the super-Wilson loop in (197). We will compute the
A and A integrals for open intervals first and then identify the
endpoints with a change in sign. There is a subtlety involved
here in that, for instance, the integral over T for a closed loop
for the bosonic part involves a measure factor of 1/T that
would be missing if one arrived at the closed loop by simply
sewing open lines which do not have such a term, and so one
must watch out for such factors here as well. However, in the
fermionic case at hand the measures involved are trivial for
both closed and open loops and there are no problems®.

Let us call —(gx“ALj + Tgl//”FZVy/”), M;;(t). Let us again
twist A’s as in (49). Then the open ended path-integral
becomes

_Z j o J g,zxj Dy Dye jO‘ dt(f(1/4T)J'cZ*$jli/,')Tr Pe' ] dt(ga'c"A”;T“Jrqu/“F:vT“w”),
P AP

J' dT J' Dx J Dy DY J' IAD J' Dax (e [N dt(f(1/4T))'c2+ig3‘c“A:{Xi/\j+iTg1[/"FHVX,-AJ-wvfwjy}jfxiiifiuii/\i+i(n—5/2)a))
P AP AP
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1 1
= S Trln [-DZ ) gGWFZvT“] ,
(195)

where D, =9, +igA}, T and can be expressed as
1 o dr 1
= ——TrJ- = exp {-T [—D2 -3 gowF:VT“H (196)

which has the following path-integral representation [5]:

(197)

Now it can be shown that the effective action of a Dirac
fermion that transforms as an SU(5) tensor of rank n would be
given by the following path-integral (see [29-34] for related
approaches):

(198)

gauge group. We have dropped the prefactor of —1/2, which
is understood to be implicit in what follows. 3, the auxiliary
field multiplying the susy generator, has been fixed to zero,
since it is antiperiodic and an antiperiodic field has no zero
modes. Integrating out p* at first yields

(199)

Ai(1)=Ae _ - )
J T Dhe [ At (£)(@d/dt+iM;(£)A(2)) (200)

A;(0)=A;

where the understanding is that, at the end, we will identify
A;(0) = —A;(1) and integrate over it. Since this is quadratic
in A, it can be evaluated. We first make a transformation
M) — Uijcl(t)Mkl(t)Ulj(t) = M,.’j(t) and A;(t) —

— — —
Uj",i,(t))xm(t) = /\;(t), and A;(t) — AU, = A1)
Since M’s are traceless and Hermitian, U’s are to be chosen
to be special unitary, to maintain these properties. Then the
Lagrangian transforms as

%0 ( 4+ iM,0) 1,0 =T,0

d -~ d 3 —
: <z +U, () EU"’” (t) + iU} (t) MU, (t)) (201)

AL(@).
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We choose U(t) such that

.. d _
UL (t) =-U,, (t) + iU (t) MyU,,, (t)
di Wk kY1 (202)

= iM () 8>

where ¥, M = 0, owing to the tracelessness property of M
and the specialness of U’s. Thus we have

d B
EUU Y4 iM =iUM'U™! (203)
or
d B
iM = UaU YyiuMm'u™. (204)
Then we have
F,-(l):zze_i“ o
J N DN Det” [UB U™ (1)]
A(0)=2!, (205)

o) AtV (£)(d/dt+iM] (£)AL(2)

The Jacobian determinant is 1. The path-integral becomes
(Appendix A) (cf. (A.26))

. ’ 3 iam i [ M)y 3T !
T (e(z/z) [aty; m; (t)) He/\ize T(e AL AQZA,.Z, (206)
i

where T implies time-ordering. Now this is equivalent to
(Appendix C)

o a1 10,0 T (207)
Finally, let us identify the endpoint A’s after incorporating a

minus sign, so that the above expression gets converted to,
upon reinstating the integrals over the boundary values,

J Jtdl da WGl L W W )

) (208)

where one has fixed a to a constant modulus that one
continues to call a and used n = 1. Then doing the a integral
begets (since only the eii"xm(Te*"I dtM)mPAP term would
survive the integration with all higher and lower powers
dropping out)

_ J dLdMT,, (e T4

A et (209)
p

which is nothing but

Tr (P4, (210)

where time-ordering has been replaced by path-ordering.

Hence, we have proved that, for fundamental fermions, the
integral over A’s gives rise to the super-Wilson loop:

- ( P! dt(gx"AE+Tgw*‘FEM)) (211)

Advances in High Energy Physics

thus establishing the connection between (198) and (197) for
n = 1 that we set out to prove, and this has been considered as
a starting point for introducing the A fermions in some places.

However, as is evident, this will no longer work for
fermions of higher rank representations requiring modifica-
tions such as those reported in [31]. But there is an economical
way of considering the one-loop effective actions for SM
fermions. And that is to treat them holistically, namely,
considering the loop-running of all the fermions together.
The way to consider this is by imposing the condition

()M =1 (212)

on the spectrum of states. Notice that this condition automat-
ically selects out the representations with even N,, namely,
the 16 in Section 6. Thus imposing this condition essentially
allows all the fermions to run in the loops, except that the
right-handed antineutrino just goes along for a free ride as it
is a singlet of the SM and hence does not couple to the gauge

bosons. Now, inserting (1/2)(1 + (—1)”‘") in a trace over the

full state spectrum projects out the states satisfying (—1)} =
-1, leaving the states satisfying the above condition only. In
the path-integral representation of the trace, this insertion is
equivalent to the taking of a sum of the unrestricted effective
actions with antiperiodic and periodic boundary conditions
for A’s [8]. The expression to be considered is thus

o P A D

1 2 WY RIS
dt(—(1/AT)x* +igxt AN A +iTgy FI LA w'—y i —AA,
- DLDA (ejv 9 BV R A Y ¥ ,

where we have in addition incorporated the fact that the
fermions are left-handed leading one to insert (1/2)(1 — y5)
in the trace over states, which projects out the right-handed
states. This is equivalent to the taking of a difference of terms
with antiperiodic and periodic boundary conditions for s in
the path-integral, since y5 = (~1)¥¥/, as can be easily seen by
the action of this operator on the states in (7). y5 in this basis

turns out to be
-10
Ys = 0 1)

Notice that there are no additional terms that impose restric-
tions to specific sectors, as in Section 6. We will again resort
to evaluating the integral for an open line and identifying the
endpoints at the end, with and without minus signs built in.
Thus, for an open line, with A,,(1) = A,, and A,,(0) = A
one has

(214)

ml>

P, T d (215)

where M has the same meaning as before, and hence adding
the boundary contribution and identifying the endpoints as
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A, (1) = =A,,(0) for antiperiodic boundary conditions and
A,.(1) = A,,(0) for periodic, one has

J dr d)te*(xm(PefijdtM)mp/\erXm/\m)

+ J- R dAe_(_Xm(PeiiJdtM)mp/\p+Xm/\m)
(216)

= det (e | MO AT TR 1)
+ det (1 - el O AT TV ELTV))

This expression is valid for the full SU(3), x SU(2),, x U(1)y
background of the Standard Model. In particular, for SU(3),
the electrons and neutrinos go for free rides in the loops, as
they are color singlets.

10. QCD

Let us concentrate on QCD. For it, one can consider that
A/’s range over 3 values instead of five, and one has the
representations

(217)

where p ranges from 0 to 3, with 0 and 3 corresponding to
color singlets and the other 2 values corresponding to the fun-
damental and bifundamental/antifundamental quarks. Now,
in general there are other A’s also present that correspond to
flavor and we are suppressing those as they do not couple
to the color gauge bosons (cf. Table 1). The bifundamentals

have the fermionic operator content X,-leo) and hence

correspond to (3 ® 3),, = 3. Since one is considering
all the representations, there is no need for a projection
operator, and hence the fermionic boundary conditions for
A’s are only antiperiodic. However the fermions are still left-
handed, so the other projection operator applies. QCD does
not distinguish between left-handed and right-handed, but
on the other hand considering a left-handed antiquark is
equivalent to considering a right-handed quark, which is why
one can work with only left-handed fermions, even in the case
of QCD. Thus the effective path-integral over A’s is just

. 0 i [ dtM 1
J dA dre An P Dmpdpt ) (218)

23

This can be easily evaluated by expanding the first term and
realizing that the expansion terminates after the third order
term. Thus one has [33]

[axan(1-,,(p1o) 3,42
mp

e (Pe—ijdtM>mp )prm, (Pe—ijdtM)m P é

. Xm ( pei] dtM) /\me, ( pei] dtM)

mp
Y i [ dtM A
. A,P/A,mll (P@ )m”p” /\Pu> e .

Let us call (Pef"I ay B, Let us first consider the third
term. For it, the contribution from the exponential is just 1
(since the terms apart from the exponent completely saturate
the measure as for SU(3) there are a total of 31’s and 31’s, and
hence only the first term in the expansion of the exponent,

that is, 1, would contribute in this case) and hence, it is given
by

1

—gemm/mu EPP/PH (BmPBm/PI Bm”p") = - det B. (220)
Then the above expression becomes, upon using,
JdXdA(---/\in---)e_xmAm = ("‘51']'"') (221)
and the expression (220) can be written®
1 2 1 2
1+TrB+ E(TrB) - ETr (B )—detB. (222)

Note that the naive assumption of quarks transforming in the
fundamental representation only would have led to just the
second term, and the actual expression is richer. Now since M
are traceless and Hermitian, B belongs to the special unitary
group and hence det B = 1, and hence the full expression just
reduces to
TeB+ & (Tr B - 21 (BY). (223)
2 2
To check whether we have the right expression it might
be instructive to work out the trace terms for fundamen-
tals and bifundamentals separately. For fundamentals, one
already knows the answers; it is given by TrB (cf. (210)). For
bifundamentals, the path-integral would be

1 (dT _ —
~ | =19 - Dy D DGADA
2 J T Jp x <JAP JP ) ka4 JAP

_ J' Da x <e [y dt(~(1/4T)5% +igi# AUN A +iTgy*Fi, A1 jw—@y;j—i,.k,.—iai,.x,.+i(z—3/2)a))

(224)
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Again, doing the A path-integral, one has

—€

J Jrd) da 2ia (&R, (T 19,0 47,0, _ 1
) 2

: j dxd,, (Te'! “”M)mp Ak (Te!] ‘“M)m,p, (225)

A, L 2 1 2
‘Aye = - (TrB) —ETr(B)

and hence we have essentially reproduced (223).

lj dar J QX(J _J' )9‘/’9@3]‘: dt(~(1/4T)%*~ 7)) det [PeiJdt(g;‘d‘A';T“+Tgw!‘F:VT“Wv) . 1] ,
2 P Ap  Jp

T
where T? corresponds to the SU(3) group.

11. Anomalies and Anomaly Cancellations in
the Standard Model

The chiral anomaly is well known to be given by Tr ys, the
trace being inclusive of the position and other internal coor-
dinates as well. Since the trace over the position coordinates
formally gives rise to infinity while that over y; gives rise to
zero, this object needs to be regularized. It is well known [47]
that when the regularized trace is performed, one gets

1 2 4 VPO
Trys = ~3339 Jd X€,4yp6 Tt [FF] . (228)

Another avatar of the same thing is the anomaly in 0, (J “y,
with J#° being given by ¥,)#y°¥,, where i is the internal index
of the gauge group in question, and it is well known that the
anomaly is given by

Oy <]M5> -

o2 (229)

g jd‘lxewpaTr [F"F],

where F*” is F¥”T, and T’s are the gauge group generators.
Here the fermions transform in the fundamental of the gauge
group. Tr ys is also well known as the Atiyah-Singer index (for
the nongravitational case considered here).

On the other hand when considering the chiral non-
Abelian or gauge anomaly in the SM, instead of computing
piece by piece, one might try to look for a way of summing
over the entire SM spectrum of left-handed states (i.e., the
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The contributions from the singlets are trivial and cancel
each other out, since det B = 1. The full effective action is thus

L[dr
2) T

1 a
. Dx <J _ J ) o) 9_6'[0 dt(—(1/4T)x _V’j‘/’j)
JP AP P l// 1//

] (Tr pel [ gt AT+ Tgy F TY) (226)
1 [ dt(gs* A% T+ TgyFS, ") ) *

o (T%Ik’J (g AT +Tgy* F, w))
2

B lTr ( peil dt(g)'c"A’;T“+Tg1//"FZVT“w”))2>
2

which can also be written, because of (218), as
(227)

16), and indeed one can do that, as we saw in the preceding
sections, by simply considering [35]

i”ajllTr)’s (1 - Vs)iiTaij/A\j (1 + (—1)1'7‘:')
(230)
. 1 = e :.A.
= a7y Tresys (1= y5) AiTaijh (1 + (_1)%%),

where the usual projection operators (1-7y5) and (1+ (—I)Mf)
have been introduced that project to a single generation SM
spectrum. CS denotes coherent states. Now to start with,
on the LHS the “internal” trace is over states of the form
(0IA;A; -+ - 9; in the spin and internal space (cf. Section 6) and
the various charges for the various generators T* arise out of

the action on these states by X,-T;Xj for SU(3) xSU(2) xU(1).
So when, on the RHS, we pass over to the trace over the

coherent states (A, y/], it is )_LiTi‘J‘-X ; that we should continue
considering as the generators. Since we are summing over the
entire SM spectrum, this must turn out to be identically zero
if the SM is to be nonanomalous. In [35], the expression for
the gauge anomaly was taken to be computed piece by piece

by considering for a fermion transforming as an n

ing Trys A Taii A, (231)

T’s being the n-dimensional representations of the generators
of the SM, with the understanding that one must take the

trace over states of the form A;|0) only (with i running over 1
to n), namely, the n-dimensional fundamental representation.
Then the total anomaly was supposed to be obtained essen-
tially by summing over the contributions for the different n’s
that form the states of the SM (cf. Section 6). But here we
demonstrate that there is no need to adopt such a piecemeal
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approach and incorporate the different representations of the
SM gauge group at once and sum over the entire spectrum,
by making use of the GSO-like projectors above, and the
result turns out to be zero. In doing this, we are of course
committing to the fact that the representations of the SM are

Try; — 1}210Tr yse

)

~

= _~ ixi . =
Trys (1-ys) AiTaiM (1 +(-1) ) - lTIElOTrCS/\iTuij

where in the first expression the gauge group is SU(N) for
some N, while, in the second, it is the full SM gauge group.
The trace in x’s means one has to again take path-integrals

T—0

lim L%(LP —jp)@wgzw(JAP +L)9A91x (%

respectively.

The difference between the above two expressions is to
be noted. In the first expression, one is considering Dirac
fermions ¥, in the fundamental representation of the gauge
group and hence the extra a-dependent terms in it (as per
the above sections). In the second expression, one is sum-
ming over even-dimensional SU(5) representations, which
together form the 16 of SO(10), and that is taken care of by
the sum over periodic and antiperiodic boundary conditions,
and there is no necessity of introducing a dependent terms.

Now the above expressions can be evaluated by taking
advantage of the fact that T — 0 and scaling some of the
variables with respect to T' in a manner that makes most of
the 0 + 1-dimensional field theory amplitudes redundant. The
details are as in [36, 37]. In particular, one scales y’s by setting
v = ¢'/V2T and then dropping the prime but leaves A’s and
X’s invariant.

lim J dix J’ da J IADY J Dy Dye Iy dtL(Q/2T) i+ XA ) ~igAy [(1/2)y By, () WIA,, —iak A, +i(1-n/2)a]
T—0 (2m) Jap P

and the corresponding expression for (234). Now the v
correlators also become proportional to T upon scaling
and the vertices become T independent, thereby making
its field theory redundant as well, and in what follows
we will make heavy use of that. First of all the two dif-
ferent boundary conditions in (234) present two separate
ways of going about the problem. In the case of periodic
boundary conditions for y;’s one can separate them into

lim J' Dx J Pa J Dy D J IADT (e I dt(—(1/4T)x2+igxf‘A;jX,.Aj+iTgwFj{,,i,./\jyﬂ—wj—i,.)\,.—iaX,.Aﬁiu—n/z)a))
P P AP

T
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given by (109), and this gives further vindication that that is
correct.

As is well known [47] the above expressions can be reg-
ularized by introducing regulators in the following manner
(ignoring the prefactor of 1/4 in the second expression for
the time being):

~T[~(3+igA)*~(1/2)g0,,F,,]

(232)

1, ((_l)m _ 1) (1 N (_l)iii> o~ TI-(@+igAV /290, E,]

with periodic boundary conditions in them. Analogous to the
previous expression (213), the path-integral representations
of the above expressions would be

(233)

1 22 iy - 3 —_ . T 3
—(1/4T FATAN ATgy*F XA "=y =AM
aijAjeIU dt(-(1/4T)x" +igs A XA j+iTgyHE L LA iy =y /\,}L,)) i (234)

In this case, the xy(t) field theory can be made redundant
by expanding it as x,, + q,,(t), where x,, is the “background”
and q,,(f) is the quantum fluctuation. g, () Green’ functions
are proportional to T' whereas the vertices are T independent
after the scalings and hence all the g-dependent contribu-
tions coming from g(t) - AZ(x + q(t))/\i/\]- and w"FZv(x +
gL ;¥ to the path-integral would simply drop out when
the limit T — 0 is taken. All that the xﬂ(t) part then
contributes to is the measure _[ d*x coming from the integral

over the background x,, the (1/2)y - F;;(x) - ») ; factor,
and the free path-integral over q,(t) which contributes a

factor (47T) 7%, the (2T)? part of which is absorbed by the
y scalings.

Thus the relevant expressions boil down to, ignoring the
factor of 1/(27)*, and gauge-fixing a,

(235)

background and quantum parts, as periodic boundary con-
ditions allow for zero modes, so that even if the quantum
part is rendered redundant by the scalings, there is a finite
nontrivial contribution coming from the zero modes or the
background part. This is essentially because in the measure
there are integrals over the zero modes and these need to
be saturated, and that comes from the zero modes in the
integrand.



26

However for the antiperiodic boundary conditions there
are no zero modes and the whole y;(¢) field is quantum
and hence rendered redundant by the scalings. And since in
expression (234) there are no terms independent of the v;(t)
in the interaction term after the x dependent terms have been
eliminated, the entire path-integral vanishes. Hence we need
to bother only with the periodic case.

1L1. The Chiral Anomaly. Here we will assume that the
quantum part of ¥;(t) has been rendered redundant and all
that remains in the expression is the zero mode which we will
again call y;. The A and a path-integrals can be written as

Jem

(236)
. j DA Dhe jo‘ dt[x,)\,—igxl[(l/2)w~Flm(x)w]/\m—iaxi)t,ﬂ(l—n/z)a].
AP
Going by (208) and (210), this would simply beget
T (Pe /1 9M), (237)

i (-] Jovs( ] Jorais(s

where T, belongs to the SM gauge group and i ranges over 5
values. The in,A,T,;;A ; term can be exponentiated as follows:

T—0

where the understanding is that the anomaly would be
given by the term linear in #,. The antiperiodic boundary
conditions for y would not contribute and we need to deal
only with the periodic case. And as before, it would boil down
to first evaluating

(.[AP + Jp ) LD (ejol At/ gy BL I 0 +in LT ;- Ti )) . (242)

We would have as in previous sections
GGV Ty 2naTa)
Jd/\d/\ (PWE DipAp+ A y)

- (= (li/DNgyF)y+21qTg] 5y (243)
+ | dhdre M JmpAptAmdn)

1
= J AN AL (X, By A A Bt Ay

A Ilelel/ApHA. NIB " HIA IH) m
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where in this case fol dtM = (g/2)y - F - y. This then

reproduces precisely, upon restoring the factor of 1/(27)
above (235) and the integrals over the x and y zero modes,
the standard expression [35, 36] for the chiral anomaly for
fermions, namely,

(21 7 J d*x J d*y Tr (ei(g/z)w~F-w) (238)
v
which simply yields

—32—1712 g J d"xe, Trg [FF] (239)

thus tallying with (228). This can be compared with the
derivations in [36, 37], to appreciate the economy of argu-
ments and mathematical steps. Note that we hence have also
derived the formula for the Atiyah-Singer index for the case
at hand.

11.2. The Gauge Anomaly. Let us now deal with the chiral
non-Abelian anomaly or gauge anomaly. The expression
corresponding to (234) is given by

1A Uil
LT, e jo dt(~(1/4T)%* +ig* ATLA +Tgy FL XA 0"~ ;- A/\)>’ (240)

lim J Dx (J — J ) 91!/ 9? <J + J ) o)) 9; X <e.[01 dt(*(l/‘lT)szJring‘A"JA +ngw"F’J /\ A; N +lr]a/\ aij J I//JW] )\ /\ )) , (241)
P AP P AP P

=zjdXdA[1

1 /= i F(x)- 2
+ E (Am (6(1/2)[g1// F(x) 1//+211aTﬂ]) A )

mpp (244)

L (5 ( 2)1gyEC)y+2n,T,) 1 At
+4—!<Am (e )mp/\p) ]e .

Solet us again call the matrix e/219V ¥ v+21Tl B Agbefore,

one has ((Tr B)>=Tr(B*)) from the second term, and from the
fourth

A

m

(245)

1
5 ((TrB)4 -6Tr (Bz) (TrB)* +3 (Tr (Bz))2 +8Tr (33) TrB-6Tr (B4)).
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And, since the trace of [gy - F(x) - v + 24, T,] would vanish,
the second term, for instance, in the above expression would
look like

1 ,
ST (1- 53001 (gv - F) )

(1= 32 nT) (v B0 v)) @40

i 3
Tr<1 - %g (znaTa) (gll’ F (x) 1!’)2>’

where one has kept terms that are linear in 7, and quartic in
y’sin each trace, and the overall coefficient for this term looks
like

2T (0 T (1,T,) (99 F () y))
(247)

2
=22 (0T (g F ) - 9))

since Tr(1) = 5, as the indices range over 5 values for SU(5)
(which is inherent in the assumptions, since A’s and A’s run
over five values in order to generate the full SM fermion
spectrum).

Now the sum over the coeflicients of all such terms
in (244) simply vanishes. The 1 would not survive the v
integration. Doing the remaining integration over ¥’s and
factoring out #7,,, one simply gets that the anomaly is, ignoring
prefactors involving 7r and other numerical coefficients,

0) & J dx J dyTe (T, (- F () - y)°)
(248)
=(0) g’ J d4erpUTr [T,F*"F7|

which is the correct expression for the gauge anomaly, with
a vanishing coefficient which thus demonstrates the gauge
anomaly freedom of the SM, since T, can be any of its
generators and one has summed over the full fermionic
spectrum. Note that T, and F’s in the above expression are
in the fundamental representation. Note also that this gives
just the leading order term of the anomaly—in that F*" =
0"A” — 0"A*¥ only—and not the consistent one [35], which
can however be computed via the Wess-Zumino consistency
conditions.

Notice that the above expressions could also have been
obtained by considering each n separately by simply incorpo-
rating terms of the form —iaA;A; + i(m — 5/2)a in the action,
where n = 5¢ , and it is evident that the above automatically
represents the results of taking m = 0,2 and 4 together, for
n = 1, 10, and 5, respectively.

Thus we see that taking a holistic approach and treating
all the 16 states of the SM together by simply taking a sum
over the periodic and antiperiodic boundary conditions for
A’s are a rather economical way of deriving the gauge anomaly
freedom of the SM.
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12. Conclusions

We have thus given representations of propagators for the
gauge bosons and chiral fermions of a single generation of
the SM (both free and dressed, massless and massive for
the fermions) and its fermionic one-loop effective actions
and anomalies, based upon the worldline formalism of
quantum field theory. Our approach relied upon the use of
fermionic worldline fields to represent the additional spin and
color information of the particle multiplets, and associated
worldline gauge fields to project onto appropriate sectors
of the Hilbert space. Such an approach had been initiated
in [13, 19, 21-23] in the context of dressed propagators
in the Abelian case and we have extended the formalism
to the non-Abelian case (Section 7) (see [12] for related
approaches) and made concrete use of the Abelian version
in deriving the QED vertex (Section 8). We also applied
BRST quantization to verify that the correct gauge fixing
procedures had been adopted (Section 4). Since the various
SM fields arise as excitations of the quantized worldline
theories (Sections 5 and 6), this then gives one the quantum
mechanical models, whose wave-functions are the various
fields of the SM. String models that try to achieve the same
thing have the problem that the wave-functions that arise
out of its quantization encompass too many other fields apart
from the SM. However, unlike string theory, it is not out of a
unique single model that the various fields of the SM arise (we
have considered only gauge bosons and fermions), but two
different sets of models for the fermions and gauge bosons,
and that is a disadvantage.

Our approach also proved, as we said, amenable to the
determination of chiral anomalies and demonstrations of
part of the cancellations of the gauge ones (Section 11).

With the details discussed in this paper, it would seem
appropriate to consider application to specific physical prob-
lems; an example, building upon [48], would be to calculate
propagators in a constant (non-)Abelian background. One
might also contemplate extending the derivation of the QED
vertex to the non-Abelian case, as well as to higher point
functions, leading to, for instance, the derivation of the
Compton scattering amplitude in QED. And then, extending
from that point onward, one might think of applying the
formalism to compute amplitudes for processes at the LHC.

Mostly, the main purport of the paper is setting up a
formalism for doing more advanced calculations relevant for
high energy processes. To date, people have mostly dealt with
one and higher loop amplitudes in the worldline formalism,
skirting the issue of tree amplitudes as it proved to be more
formidable. We have taken the first steps here towards the
latter program, uncovering the utility of coherent states in
possible future applications. However, as we said before,
we are currently engaged in building even more powerful
methods stemming from all this that give rise to these things
much more economically.

The fact that the 3 generations of SM fermions organize
themselves as 3 distinct spinors of SO(10) as well as the fact
that the explanation of the hypercharge quantum numbers
is a natural explanation if the corresponding generator is a
diagonal one of SU(5) seem in our opinion, to be tantalizing
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hints that the structure of nature does indeed make use of
these groups, especially of SO(10) (SU(5) being a subgroup).
From the structure of the excitations, arrived at through
the action of worldline fermionic creation operators, it is
tempting to propose that even the higher generations arise via
the action of more creation operators on the fields of the first
generation. We are also working on such a model, through
which we find that there are ramifications on the scalar sector
as well, in the sense that the scalar sector is populated with a
panoply of scalar fields that couple to the fermions in such a
way that it leads to a particularly economical set of couplings
(4 or 5) from which everything in the SM could potentially
arise. That is, one can essentially trade the arbitrariness in
the number of parameters in the SM with a proliferation of
the number of scalar fields in an extension of it. However we
have to admit that such a model is already hugely constrained
by nonoccurrences of such scalars at the LHC, and our
hope is that there might be some natural mechanism that
automatically renders these scalars much more massive than
the Higgs. We believe that the reduction in the arbitrariness
of the parameters in the SM is a feature interesting enough to
merit attention.

Appendix

A. Manipulations with
Fermionic Path-Integrals

Here we evaluate the expression

A1)=A e Ll o= = _ _
J A DN Jo AtEAA-XEMEBABD+TOME)-T(OA(R)) (A1)
M0)=1,

by generalizing the methods of [49] from constant M to a
time-dependent M(t). Thus we first define the intermediate
time points to be t,, = ne forn = 1,2,...,N — 1, where the
infinitesimal time interval is defined to be € = 1/N. We can
then write the path-integral to be

A}ig;oﬁ J dA,---dAy_dA,
(A2)

ALy T T QA1 MA (Aot h )/ DT A ),

where A, = A, and Ay = A,e. Here one has used
the mid-point prescription of Weyl ordering as discussed
in [49], along with the fact that the variable A represents
the momentum conjugate to A. The exponent in the above
equation can be written out in detail as

5 (e (22

n=1
+ (1 + (ld;IN»AN/\N
N-1 ) ) (A.3)
_ Z <1—I€Mn>xnln_1—(1—leMl)XIAO
= 2 2

- <1 - leMN>XNAN—1 +7nAn - ]nxn:| .
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Thus, defining (N — 1) component matrices

M
A
A= ,
AN
A
- A,
A= ,
An-
A (A4)
M
. 0
],:_<1_ zeM1>
2 b
0
0
7! B ( ieMN> 0
- 2
Ay
we can write the path-integral above as
lim N
N—oo
T -t =T, . =T — (A5)
) J AT dre % BT =ie] DAL (e +] )+(L+ieMy/2)AxA)
where B is defined as
x, 00 0
J1 X
Y2 X3 (A.6)
V3 Xy oo
with
( ieM,, )
x,=(1+ ,
2
(A7)
ieM,,
In= (1 T2 )

The path-integral in (A.5) can now be easily evaluated and the
result is
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A
lim N det B! 7/
N—-oo

lim N det Be(ﬂvﬁ&ll,lI{—iEﬂHB&ll,,,lp—iepr;}J{—eZYPB;}qu—(1+ieMN/z>XNAN>

N—o00

Now
N-1 N-1 N-1
ieM,, i
detB = H H ( ) elH12eM,
n=1 n=1 n=1 (A.10)
— TP [ demt)
and it can be easily checked that
-1 - -1, -1 -1
Bp,q = (_I)P 1 Xq VaXqr1Var1 " Vp-1%p

. -1 . . -1
:<1+16Mq> (1_1<—:Mq>(l+zqu+1>
2 2 2
.(1_"61‘4_q+1>...<1_"€1‘4_1>—1>
2 2

(A.11)

for

ZBWB;; +B,_ B!

mm="m,p

B—l

m m—1"m-1,p

m-1-p -1

-1 -1
Xp VpXpr1Vpr1 ™" Ym-2Xm-1

= ym—l (_1) (A12)

m— -1 -1 -1
T Xm (-1) Pxp ypxp+1yp+1  Ym-1 X

Thus,

-1
" YN-2XN-1
ieM, \! ieM, ieM,\!
-(+5) (-0 )
2 2 2
.<1_i6M2>m<1_ieMN_2>
2 2
. <1 N ieMy_, )‘1
2

In the continuum limit of ¢ — 0 and N — 00, one has

-1 N-2 -1 -1
By_1g = (=17 "X xy e

(A.13)

_i [t
B;}q =0 (tp - tq) Te lI‘ﬂ dtM(t), (A.14)

the theta function occurring because one has all the matrix
elements of B~ lying in the triangular region below or on the

B (—ieJ+])~(1+ieMy/2)AyAy)

29

(A.8)

(A9)

diagonal, and hence one has, upon substituting, ]{ =—(1-
—r —
ieM[2)A, T, = —(1 —ieMy/2)Ay

N7t/ [ dme ) exp [ Ay Te™ i f, dtM(t) A
+i J didyTe o ™My )

Jdt] (&) Te  lodr My (A15)

- J dt J "7 ()0 (t—t")Te” fo ' M) f (t")
- XNAN]

which upon substituting the values for A is

Nrel/2 M exp [Xze_i“Te_i b M)

+i J AN, e Te I M) ) 4y
i J dt] (£) Te i oMy (A.16)
- J dt J at"7(1)0(t—t")Te” fin at' M (t")
- XZAZ] .

Thus, to summarize, the above is equal to

AD)=A,e” e = - _
J DA D o HA-TOMOAOTOMO-TOID) (A 17)

AM0)=2,

In particular, when doing perturbation theory for the v
variables as in Section 8, if one wants to set M and a to zero,
then one has

z(1.7)

w(1)=v. _
J"'( =¥ Dy D [ AT OvO-TEOTE) My
y(0)=y,

(A.18)

‘—'Zz

exp [%% +i J ary,J (t) +i j atj )y,

jdt"}(t)@(t—t G )]
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Thus if one is interested in the correlators for y’s and y’s, one
can take derivatives with respect to J’s and J’s and one gets

6/ Z(]’T)

8T (t')
— 6 i, " " ’_
= [ - Jdt@( )1(e")] 2(01.7) ",

= [—6 (¢ -t)- <i1//1 - Jdte(t’ - t)](t))
: <_i¢2 + J dar'7 (¢ e (¢ - t))] Z(1.7)
which yields, upon setting J (J)’s to zero,

FOV)) =~ (O(F 1) + T )
When one has multiple fields labelled by i and j, one has

N 5
Vov) =56

(A.20)

@,- (t) v (t’)> =- (8,-]-0 (t, - t) + wzl»l//lj) V¥, (A.21)
But in this case, one also has, fori # j,
1) _
) - z(J,
(509 () =57 57207
— (Wlinj) e?zi%i’
(A.22)
1) 6

0¥, () =

— (Wzi?zj) eWm“/’li.

These correlators are the Dirac versions of the correlators
derived for the Majorana fermions in Section 8. Similarly,
when one has twisted fields like A’s in Section 6, one gets

8J; (t) 87 @) 0:7)

A=Ay = i [ dt@ATOMO-TON®) _ =
J' DA DA o AHAMTOIO-TOR0) _ 77
M0)=1,

exp [Xze*"“al i J dth,e T (1)

(A.23)
i J T (B,
- J dt J a7 ()0 (t-t")J (t")]
and, evidently, one would have
(L ®2;(t))
= (8,0(¢ —t) + dye Ay ) e M, (A24)
QO (1)) = (Aidy) ™
as well as
LA (1) = (Aue™™y;) e (A.25)
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and when J = J = 0, in (A.9), one essentially has

A1)=Ae @ .

J ()=hze DAe [} AT OMOAE)

AO=h (A.26)
N/ J M) e eTe fo M@y T 2,

When one has multiple fields, the determinant in (A.10)
transforms to

N-1 N-1 N-1m
[ T T men [ ] Ix
n=1 n=1 n=1i=1

(A.27)

_ H‘ ( ie Z; 1 ) — T/ L [ deMio)

B. Computation of Normalization Factors

Here we specialize to the case of M;(t) = b and consider the
path-integral

A(1)=2,
J DA Dhe i f) dthA;~AbA;+b(m-n/2))+1;A,(1) (B.1)
M0)=1,

which going by (A.26) and (A.27) is

Neib(m—n/z)e(i/z)nbeiz,.e”"’)tl,. _ Neibmeiz,.e*"b)tl,. (B.2)
which is the same as, modulo the normalization factor and
the integral over b, the expression in (104), thus vindicating
its derivation from (103).

Also (B.1) is equivalent to the expression [29]

() e AR |3y (B.3)
This can be seen as follows. The above is equivalent to
eibme—ibXZi(a/aXZi) <}_\2 | A1> _ eibmefibxﬁ(B/BXZi)eXZ,»AU‘ (B.4)

But the operator e ~ibX;(0/013)

of the coordinate A,; Ay; in any function f(A,,).
Hence the above expression is equivalent to (B.2), modulo
the normalization factor. Hence it is also equal to (B.I).
The equivalence can also be easily established by inserting

complete sets of coherent states I dA,.dA;A,) (ane_x""’\"i all
over the time interval from 0 to 1in (B.3). All this then justifies
(65) and the first equation in (104).

just generates a finite rescalmg
S e —iby

C. Some Calculational Details
Pertaining to Section 9

Here we prove

T (e(i/z) [aty; M,.’(t)) l_‘[ej,{ze’iarr(e*ijdtM;(t))Agl
i (C1)
— ee_iuxmz(Te_iIdtM)mp)‘pl .

First of all (cf. (202))
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D M, (t)
C2
(o d » (C2)
=Y (U ® dtUin(t)+zUnk t) MU, (1) ).

= iar —i[deM! ,
IR W
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Since the matrices U(t) are special unitary the trace of the
derivative term in the above equation vanishes, and so does
the other term, due to the cyclicity property of the trace and
the tracelessness of M, and one is left with

— . . !
2 Asz(Dmn(eimTeﬂJdtM”(t))nnU%(O)np"pl

. — . . ! . !
— L X, (U (e OU (1-e)U(1—e)e MU (1-2¢)U(1-2e)e <Mn129)... U™ (0))pA g1

_ o T U U ()€U (1)U (=) 00 U (1) U (1-26)JU™ Oy

=" % A2 UM OU™ (1) (1=eU)(d/dU™ (1)U (1=e)e M0 (U (1-¢) = JU(1-26)+ JU ™ (0)),pph

=e

which, using (204), is

eefiaxmz((efieM(1))(efieM(lfe))_" )mpApl _ eeiiaXMZ(TeiiJ‘dtM)mp/\pl .

(C4)
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Endnotes

1. Note that y;(t = 0) = y; and ,(t = 1) = y,;, and hence
Oy(t) vanishes att = 0 but notat t = 1.

2. Consider the eigenstates of the number operator N|n) =
n|ny, where N = #1/7” Then the operator

21 . 21 N 7
J dae N = J Ze’“( = |ny (n|
0 0 p=1

1]
Mz

2
J ¢ ) (n) (+)
0

S
I
—_

4

Z% n) (nl = 85

n=1

(C.3)

mp’tpl

. — . ' ~1y_ ~1 . —oM (1= (1—e)— _ 1
B ia Zn /\mz((e ieU(1)M, (1)U~ (1)-eU(1)(d/dt)U (1))(6 ieU(1-e)M,,(1-e)U ~ (1-€)—eU(1-€)(d/dt)U - (1 e))"')mp/\pl

where we have assumed that s is an integer and, of
course, that the number operator has integer eigenval-
ues; furthermore, the exchange of sum and integration
is guaranteed by the finite sum and compact interval.
The last line follows because the previous line is the
operator §g  written in the occupation number basis.
Thanks to James Edwards for pointing this out.

3. 'Thanks to James Edwards for pointing this out.

4. The author would like to thank James Edwards for
pointing this out.

5. Note that this highlights one of the benefits of the
worldline formalism: in maintaining gauge invariance,
the result of the path integral has automatically been
organised into products of gauge invariant traces.
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