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Abstract

Recent centimeter-to-millimeter monitoring of nearby gamma-ray bursts (GRBs) has re-
vealed late-time (>>10?-10* days) radio rebrightenings and spectral turnovers not explained
by standard forward-shock scenarios with steady microphysics. We attribute these features
to a buried millisecond magnetar whose surface dipole, initially submerged by early fall-
back (hours after birth), re-emerges via Hall-Ohmic diffusion on year—to—decade timescales,
partially re-energizing the external shock. We combine a minimally parametric analytic
framework with axisymmetric magnetohydrodynamic simulations of the hypercritical
fallback phase to characterize burial depths and the initial conditions for reemergence.
The growth of the external dipole is modeled as E(t) « Eg f5(t)” and calibrated against
physically plausible diffusion timescales 7,; ~ years—decades. Spin-down power couples
to the afterglow through the surrounding ejecta via a single effective coupling factor and
a causal delay kernel, encapsulating mediation by supernova ejecta/pulsar-wind nebu-
lae in collapsars and by merger ejecta/winds in compact-object mergers. Applied to a
representative set of events with late-time radio detections and upper limits, our scheme
reproduces the observed rebrightenings and turnovers with modest coupling efficiencies.
Within this picture, late-time centimeter—millimeter afterglows provide a practical diag-
nostic of magnetic-burial depth and crustal conductivity in newborn magnetars powering
GRB afterglows, and motivate systematic radio follow-up hundreds to thousands of days
after the trigger.

Keywords: gamma-ray bursts (GRBs); Hall-Ohmic diffusion; late-time energy injection;
late-time radio afterglow; magnetars; magnetic burial; magnetic reemergence; pulsar-wind
nebula (PWN); supernova ejecta; synchrotron radiation
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1. Introduction

Gamma-ray bursts (GRBs) offer a rare glimpse into the birth of compact objects and
the physics of relativistic shocks (e.g., see [1,2]). Beyond their prompt y-ray flash, late-time
centimeter-to-millimeter emission provides a calorimetric probe of how and when central
engines inject energy into the blast wave. Understanding the physical origin of late-time
radio rebrightenings is therefore essential both for GRB energy closure and for using GRBs
as laboratories of newborn neutron star (NS) magnetism and transport [3]. GRBs are com-
monly classified into two types: short GRBs (Tgy < 2 s), produced by binary NS mergers
or NS-black hole (BH) mergers [4-7], and long GRBs (Toy 2 2 s), associated with the
collapse of massive stars [8-11]. Two leading central engine candidates are considered:
(i) an accretion Kerr BH, where a transient torus powers the jet via neutrino annihilation
or the Blandford-Znajek process [8,9,11-14]; and (ii) an ultra-fast spinning, highly mag-
netized NS (a millisecond magnetar), whose magnetic-dipole spin-down provides the
required power [4-7]. In either channel, the collapse or merger ejects fallback material;
part of this debris circularizes into a disk and may subsequently reaccrete [15-17]. In the
magnetar scenario, this inflow can supply additional angular momentum and prolong
the spin-down phase [18]. However, excessive accretion may drive the star above the
maximum mass, leading to BH formation [19]. Once relativistic jets are launched, internal
dissipation produces the prompt emission; the jets then decelerate in the circumburst
medium, generating a broadband afterglow via synchrotron radiation of shock-accelerated
electrons [1,20-22]. Late-time centimeter-to-millimeter observations provide a calorimetric
handle on the blast-wave energy and thus a sensitive probe of central-engine activity well
after the prompt phase. A subset of nearby events exhibits late-time (= 10?> — 10* days)
radio rebrightenings and spectral turnovers that are difficult to reconcile with a standard
forward-shock model with steady microphysics [23,24]. Alternative explanations include
refreshed shocks from ejecta stratification, density fluctuations in the circumburst medium,
evolving microphysical parameters [25], resurgence of the reverse shock [26,27], and off-
axis or structured jet components (e.g., [28-36]). Assessing these scenarios is essential to
separate external-medium or microphysics effects from genuine late-time energy injection
by the central engine.

Soon after birth, a millisecond magnetar is expected to host a surface dipole field
Bgurs ~ 10715 G generated by convective dynamos and differential rotation [4,37]. If
the remnant undergoes hypercritical fallback at rates M ~ 1073 — 107! M s~ !, the ram
pressure advects magnetic flux into the nascent crust, forming a dense blanket of mass
AM ~ 1073 — 1072 My, at depths L ~ 102 — 10 m [38,39]. This “buried-field” configura-
tion suppresses the external dipole moment and the early spin-down luminosity [40—42].
The submerged field subsequently diffuses outward through coupled Hall drift and Ohmic
dissipation in the hot, impurity-rich crust. In this work, we combine a minimally parametric
analytic description of the reemergence with axisymmetric hydrodynamic and magneto-
hydrodynamic (MHD) simulations of the hypercritical fallback phase, which constrain
plausible burial depths and geometries and define the initial conditions for the growth of
the external dipole. For shallow burial (L < 300 m) and high conductivities (o 2 10%#s71),
the emergence timescale can reach 7,; ~ years—decades [43—46]. Throughout this work,
we encapsulate the macroscopic growth of the external dipole in a dimensionless function
fc(t), which represents the reemergence driven by Hall-Ohmic diffusion (Section 2).

In GRBs that leave a long-lived magnetar, the time-dependent spin-down power
couples to the external shock through the surrounding ejecta. In collapsars, the energy is
first injected into a pulsar-wind nebula (PWN) embedded within expanding supernova
(SN) ejecta before leakage into the circumburst medium. In compact-object mergers, the
coupling proceeds through dynamical ejecta and magnetar-driven winds. We model this
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mediation with a single effective coupling factor and a causal delay kernel that encapsulates
diffusion through the bulk ejecta and leakage of magnetar wind energy via low—optical—-
depth channels (jet-carved funnels/cocoon interfaces) ([7,47-49] and references therein).
Our formulation remains agnostic to detailed radiative-transfer and jet-structure modeling;
instead, the coupling factor and delay kernel provide a phenomenological bridge from the
central engine to late-time radio observables.

A time-dependent increase of the spin-down luminosity due to magnetic reemergence
modifies the afterglow once the blast wave becomes mildly relativistic, shifting characteris-
tic synchrotron frequencies and potentially producing radio rebrightenings and spectral
turnovers on 10>-10* d timescales. Here we test whether fallback-driven submergence
and Hall-Ohmic reemergence of the external dipole in a millisecond magnetar can ac-
count for these late-time radio features. Anticipating our main conclusion, we find that
delayed energy release with T, ~ years—decades and modest coupling to the forward shock
reproduces the observed rebrightenings and turnovers in nearby events, implying that
centimeter—millimeter afterglows can diagnose crustal transport and magnetic-burial depth
in newborn NS.

On the other hand, time-of-flight searches for Lorentz-invariance violation (LIV)
predict an energy-dependent photon speed, leading to arrival-time lags that scale with
energy and distance. GRBs provide stringent constraints on such vacuum dispersion:
already the seminal proposal of Amelino-Camelia et al. [50] motivated GRB tests, and
Fermi-LAT observations (e.g., GRB 090510) set limits as strong as Eqg1 2 7.6 Ep for
linear LIV and Eqg 2 1.3 x 10! GeV for quadratic terms [51]. TeV detections by MAGIC
(GRB 190114C) and the exceptional GRB 221009A further tightened the bounds, with no
evidence for propagation-induced delays [52,53]. In this study, the delays we model are
source-side, macroscopic, and effectively achromatic. These delays arise from the coupling
of magnetar spin-down to the afterglow through the surrounding ejecta, which we refer
to as our causal delay kernel. Given the current LIV limits, any vacuum-dispersion lag at
radio/X-ray energies is negligible compared to the year-scale source delays considered
here; accordingly, we do not include LIV terms in our light-curve modeling.

The paper is organized as follows. Section 2 develops our analytic and numerical
framework for the magnetic-field submergence and reemergence, including the definition
of f;(t) and its calibration. Section 3 presents the synchrotron dynamics of the external
shock under delayed energy injection, discussing the pre- and post-reemergence regimes,
including the deep Newtonian phase. In Section 4, we present a brief discussion. In
Section 5, we apply the model to a representative set of nearby GRBs with late-time radio
coverage. Section 6 summarizes the main results and prospects.

2. Analytical and Numerical Framework for Magnetic-Field Submergence
and Reemergence

2.1. Magnetic-Field Submergence Beneath the Magnetar Crust

Hypercritical fallback accretion at rates M~ 1072 — 10~! M s~ is expected during
the first ~ 102 — 103 s after core collapse or compact-binary merger. It deposits a quasi-
hydrostatic envelope of mass AM ~ 1072 — 1072 M, on the nascent NS, as indicated
by numerical simulations (e.g., see [7,10,11,46]). Two- and three-dimensional simula-
tions show that the ram pressure of this envelope overwhelms the magnetic tension of
a ~ 10'° G dipole, advecting the field to depths L ~ 10* — 10° cm where densities reach
p~101 — 102 gcm—3 [46,54,55]. Both free-fall and quasi-hydrostatic initial conditions
yield the same qualitative outcome in our axisymmetric runs: rapid confinement of external
flux beneath the newly accreted crust within <100 ms, with only weak sensitivity to the
initial loop geometry explored.
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Early analytical studies had already outlined this hidden-field channel [38,41], and
magneto-thermal models predicted only a weak dependence of the burial fraction on the
seed field strength [56]. These results indicate that submergence is a generic consequence of
fallback whenever the gravitational binding energy of the inflow exceeds the magnetic en-
ergy stored above the stellar surface. The same conclusions apply to millisecond magnetars,
widely considered central engines for a subset of observed GRBs.

Figure 1 summarizes the hypercritical fallback phase that precedes magnetic burial in a
newborn millisecond magnetar. The left-hand panel schematically shows accretion onto the
proto-magnetar at a rate M~ 1072 M, s~ . The flow is decelerated at the accretion-shock
radius R~ (2-3) x 107 cm and builds a quasi-spherical envelope above the neutrinosphere,
i.e., the neutrino decoupling surface where the optical depth falls to 7, ~ 2/3 and neutrinos
free—stream (R, ~ (3-6) x 10° cm). Within the gain region, charged-current interactions
deposit energy that partly offsets the ram pressure, while large-scale overturn redistributes
entropy and advects magnetic flux to depths of L ~10* cm. The right-hand panel displays
a 2D hydrodynamic snapshot from a FLASH simulation at f ~50 ms [57]. Four diagnostic
wedges display, clockwise from the top, the mass density, thermal pressure, total specific
energy, and electron-flavor neutrino emissivity. The high-density/pressure ring centered
at R, ~4 x 10 cm marks the onset of quasi-hydrostatic balance and significant neutrino
cooling. Below this ring, a low-energy, high-emissivity zone suggests the formation of a
dense proto-crust on the magnetar surface. These features support the analytical picture:
the shocked fallback flow creates a neutrino-cooled shell that both obscures the external
dipole and establishes the thermal boundary conditions for Hall-driven reemergence on
timescales of decades.
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9.8x10% -

1.5x10°

11x10°
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Figure 1. Schematic and simulation of hypercritical fallback onto a newborn millisecond magnetar.
Left: cartoon of the accretion geometry. Material falling back at M ~10~2 M, s~ ! is decelerated at the
accretion shock radius Rs; below the shock an atmosphere in near hydrostatic equilibrium—cooled by
neutrino emission—deposits mass and thermal energy onto the star during the first few hours after
core collapse, while convective overturn advects magnetic flux downward and initiates field burial.
Right: 2-D hydrodynamic snapshot computed with the FLASH code (t ~ 50 ms). The circular wedge
is divided into four diagnostic panels: top—mass density; left—thermal pressure; bottom—electron-
type neutrino emissivity; and right—total specific energy. Together they illustrate the formation of
the quasi-hydrostatic envelope and the build-up of a dense proto-crust at the magnetar surface.

Figure 2 displays four snapshots from our two-dimensional, neutrino-assisted MHD
simulation performed with FLASH. The columns correspond to t = 0, 1, 10, and 100 ms
after the onset of fallback and cover the region 1 x 10° <z <5 x 10° cm above the magnetar
surface. Top row—density: A dense accretion blanket forms almost instantaneously. By
t ~ 10ms, Rayleigh-Taylor fingers appear, and by 100ms they pervade the envelope,
indicating vigorous mixing. Middle row—Pp / Pram: We plot the ratio of magnetic pressure,
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Pg=B2%/8m, to ram pressure, Pram = pvz. Except within the initial magnetic arch (visible
at t=0ms), the ratio remains <1 throughout the envelope, demonstrating that infalling
matter dominates the force balance and drives complete magnetic submergence. The
transient patches with Pg / Pram > 102 are shredded and advected downward, disappearing
with t ~10 ms. Bottom row—temperature: Cooler, neutrino-dominated material settles at the
base, while hotter gas is mixed upward by overturn motions, establishing the expected
negative temperature gradient. Multicolor iso-contours of magnetic-field strength are
overplotted in every panel, tracing the steady downward advection and distortion of the
dipolar flux. By t~100 ms, the external field is confined within a ~10* cm layer beneath
the p ~ 10'° g cm 3 interface, consistent with analytic predictions and one-dimensional
calculations [38,56]. These snapshots illustrate how ram-pressure-dominated burial reduces
the surface field and establishes the initial conditions for its subsequent evolution. The final
burial depth is primarily determined by the total accreted mass and the local equilibrium
between magnetic stress and hydrostatic pressure. One-dimensional estimates give L/ R, o
(AM /1073 M)'/2 [56], in agreement with multi-D MHD simulations of hypercritical
fallback that find <20% variations in L/ R, when the pre-existing dipole is varied from
102 to 10'* G [46,54,56]. Because AM is set by the fallback light curve rather than by the
proto-magnetar field, the early spin-down luminosity is quenched almost irrespective of
the prompt dynamo strength. Notably, the crust that seals the field is both hot (T >10° K)
and impurity-rich, conditions that foster rapid Hall drift and enhanced Ohmic diffusion;
these processes will later mediate field reemergence on timescales of a few to a few tens of
years, thus linking the accretion history to delayed energy injection in GRB afterglows.

Magnetic-field geometry and robustness: For simplicity, our simulations adopt an initially
surface-anchored magnetic loop as a proxy for a dipole. This choice does not determine the
outcome of the burial. Multidimensional calculations show that, under strongly hypercriti-
cal fallback, the external field is rapidly advected and submerged beneath the forming crust
regardless of the seed topology—including uniform horizontal /vertical fields, vertical gradients,
and loop-like structures—and irrespective of whether the envelope starts in free fall or in
quasi-hydrostatic equilibrium [46,54]. The resulting confined geometry is similar across
these sets of conditions, with magnetic flux transported to depths of order 10*~10° cm on
subsecond timescales. In this work, we therefore use a loop configuration for computational
economy and interpret the reemergence, via the growth law f(f; &, T, €), as the effective
revival of the large-scale (low-order) external dipole that governs the spin-down power
and couples to the afterglow emission. Higher-order or toroidal components primarily
renormalize the phenomenological parameters («, €) without altering the late-time radio
signature modeled here.

2.2. Crustal Magnetic-Field Evolution in Millisecond Magnetars

Millisecond magnetars differ from ordinary NS by their ultra-short spin periods and
strong surface dipoles, By ~ 10115 G [4,37]. Most studies focus on the large-scale dipole,
yet the configuration of the crustal field is equally important for thermal, mechanical, and
radiative evolution [38,41,58,59]. Rapid rotation, intense magnetic pressure Pg = B%/8r,
and early hypercritical fallback create hot, impurity-rich crusts [7,42,54,56,60,61]. Such con-
ditions accelerate Hall drift (non-dissipative advection of the magnetic field by the electron fluid
with timescale Ty, < 1.L?/B) and Ohmic diffusion (resistive decay with Topg, ~4mcL?/c?),
as well as plastic yielding, thereby setting the timescale over which a buried dipole can
re-emerge [62-64].
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Figure 2. Time evolution of magnetic-field burial in a newborn millisecond magnetar subject to
hyperecritical fallback. Columns correspond to t = 0, 1, 10 and 100ms. Top: density colour maps
revealing the growth of a Rayleigh-Taylor—unstable envelope and the initial build up of a dense proto
crust on the stellar surface. Middle: maps of the pressure ratio Pg/ Pram = (B%/87)/(pv?); values
< 1 confirm that ram pressure dominates the dynamics and forces the dipolar field to submerge.
Bottom: temperature maps highlighting the neutrino—cooled layer that forms near the stellar surface
as the envelope settles. In every panel, multicolour iso—contours of magnetic-field strength are
over-plotted, tracing the progressive downward advection of dipolar flux to depths of ~10? m.

2.2.1. Induction Equation
Magnetic evolution in the solid crust obeys the Hall-Ohmic equation [59,64—66]

V xB c?
—)XB+HTV><B, Q)

nee
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where the first (Hall) term is non-dissipative but transfers energy to small scales that the
second (Ohmic) term dissipates [56,67]. For B 2 10 G the Hall timescale rivals or beats
the Ohmic time [68].

2.2.2. Characteristic Timescales

Using the conductivity tables of Chamel and Haensel [69] at T ~ 5 X 108K (a
hot, impurity-rich crust just after fallback), a representative electrical conductivity is
o ~ 10??> s~ 1. The corresponding Ohmic time is

Tohm = 4 x 10% yr (#) (ﬁ)z 2)

with L the burial depth. This normalization reflects the high-T /high-Qjm;, regime relevant
immediately after hypercritical accretion; as the crust cools and purifies, ¢ increases toward
10%-10%* 57! [69], lengthening the purely Ohmic time [38,70].

Hall drift operates more rapidly and transports flux to smaller length scales,

n L )2 B !
THall = 2 YT (W) (%) (m) ’ ©)

where 1, is the electron number density. For the same physical L used in Equation (2), the
scaling in (3) can be applied directly (e.g., L = 0.3 km yields Ty, ~0.18 yr for the fiducial
n, and B). Because Ty, « L?/B, magnetar-strength fields naturally produce sub-annual
Hall evolution at L ~0.3-1 km.

The global reemergence time T, is generally shorter than 7o, (L) because Hall drift
transfers magnetic energy to smaller structures of size ¢ < L, for which the local Ohmic time
scales as Topm (¢) = Tonm (L) (¢/L)2. For the fiducial numbers in Equation (2), £/L ~0.1
reduces the Ohmic time by 10? (to ~40yr), and ¢/L~0.05 brings it to ~ 10 yr, consistent
with a decade-scale 7;; once Hall-driven cascades and localized yielding are active. This
motivates the parametric treatment adopted in Section 2.3, where T;,, reflects the net outcome
of Hall transport, local heating, and Ohmic dissipation at the effective scale ¢ set by the
crustal dynamics.

2.2.3. Thermal Relaxation and Thermo-Magnetic Feedback

During the first 102-10° yr a newborn magnetar cools from T ~ 10°K to <108K
as its crust and core approach thermal equilibrium [56,71]. Because both the electrical
conductivity o and the Hall parameter wpT scale as T2, the advancing cooling front
progressively freezes the magnetic configuration. Hall drift is efficient while the crust
remains hot but weakens once T < 5 x 108 K, whereas the Ohmic time Top, (2) lengthens.

When magnetic energy is lost faster than neutrinos can carry it away, Joule heating
rewarms the lattice and partially offsets the drop in conductivity [72,73]. This thermo-
magnetic feedback can delay crustal relaxation by several decades and preserve a larger
reservoir of electromagnetic energy, thereby amplifying any late-time energy injection into
the afterglow.

2.2.4. Local Breakthroughs and Feedback

Three-dimensional simulations reveal that Hall cascades, coupled to plastic flow
(irreversible viscoplastic creep once magnetic/Maxwell stresses exceed the crustal yield) or
thermoplastic flow (thermally activated, self-propagating failure fronts—‘thermoplastic
waves’), can breach the crust locally on month—to—year timescales [44,74,75]. Lateral heat
transport accelerates diffusion in Hall-active regions [72,73], and magnetic stresses can
trigger fractures once Pp exceeds the yield strength [76]. The resulting plastic flow can then
advect the flux outward [77,78]. Combined Hall-Ohmic transport, heating, and crustal
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failure permit partial reemergence within a few years—even if the global dipole resurfaces
more slowly—and may help explain late X-ray and radio bumps in several GRBs [79-83].

2.2.5. Microphysical Uncertainties: Conductivity, Cooling, and Impurities

The effective Ohmic diffusion timescale on a crustal length L is tonm =~ 47oL?/c?,
with magnetic diffusivity 7 = ¢?/(47t0). Conductivity ¢ is controlled by electron scatter-
ing off phonons and impurities: at high temperature the phonon contribution dominates
(resistivity increasing with T), whereas as the crust cools, the phonon term freezes out
and temperature-independent electron—-impurity scattering, parameterized by the dimen-
sionless impurity parameter Qimp = ((Z — (Z))?) = ¥ x; (Z; — (Z))? (with x; the number
fractions and (Z) the charge average), which measures lattice disorder and dominates electron—
impurity scattering, implying o « Q;H}p in that regime [63,64]. Consequently, cooling
tends to lengthen Tonm, while a larger impurity content (higher Qimp) shortens it. The Hall
timescale scales as Ty & 1.L?/ B, so stronger fields and/or lower electron densities ac-
celerate Hall drift (shorter ti,;;). Within our modeling framework, these microphysical
effects are phenomenologically absorbed into the growth law f;(t; &, Ty, €):T should be
interpreted as an effective emergence timescale that integrates the combined Hall-Ohm
evolution along a plausible thermal history, while « captures Hall-driven acceleration. The
inferred range 1 < 7, < 10 yr is thus an observationally calibrated timescale, robust to
reasonable NS structure variations, yet still degenerate with the poorly known (T, Qimp)-
Joint 1-100 GHz light curves combined with VLBI size constraints and, when available,
polarimetry can help break the (e, ngy, T) degeneracies and translate T, into constraints
on crustal transport coefficients.

In summary, the fastest end of the parameter space corresponds to 7, ~ 1-10 yr,
enabled by rapid Hall transport (x L?/B) and Ohmic dissipation at scales £ < L in a hot,
impure crust. A decade-to-few-decade reemergence is a plausible outcome for newborn mil-
lisecond magnetars as the crust cools and o grows, a regime we model with the parametric
model of Section 2.3.

2.3. Magnetic-Field Reemergence: A Unified Parametric Model

When hypercritical accretion stops, the external dipole of a newborn magnetar diffuses
through the crust and grows from a buried value By < Bmax toward a saturated strength
Bmax on year—decade timescales, driven by Hall transport and Ohmic dissipation modu-
lated by local thermodynamics and composition (Section 2.2). To capture this evolution
without resorting to full 3D simulations, we adopt a compact parametric description that
unifies the exponential, hyperbolic, and slow power-law emergences used in earlier work.

2.3.1. Unified Growth Function

We define the dimensionless growth function as

B(t)

Bmax

2 B 2
), 0<fo<1, e:fG(O):( 0)<<1, (4)

Bmax

folt) = (

so that the surface dipole becomes B(t) = Bmax \/fG(t) and the torque scales as B? « fg.
A unified form that smoothly interpolates between common prescriptions is

t
folh =e+ (1= on( ),
1—exp(—x), ifag =0, (5)
P (%) = (ag—=1)/ac

1— (14 agx) if0<ag <1,
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where T, is the effective emergence time (set by the Hall-Ohm interplay; Section 2.2.2) and
«c controls the shape of the growth (fast/exponential for o = 0, progressively slower as
ag —1). By construction, f;(0) = € and fg(o0) = 1.

Note that Equation (5) provides a unified mapping of the above templates, recovering
the three functional forms employed previously,

(i) exponential: fex, = fo(ag =0),
(i) hyperbolic: fryp =~ fo(ag = 0.5), (6)

(iii) slow power law: fpp = lim fg(ag),
QG —1-

and thus subsumes the exponential, hyperbolic, and power-law growth laws discussed in
Bernal et al. [84] without changing any subsequent afterglow calculation.

2.3.2. Spin-Down with a Time-Dependent Field

For a constant braking index n (with n = 3 for ideal dipole radiation), the spin
evolution reads

) B2 ROsin®a
QO(t) = —ko fo(t) Q" (1), kmzm“a@ Ly

(7)

where R is the NS radius, I its moment of inertia, and amag the magnetic obliquity. Integrat-
ing Equation (7) for n # 1 gives

t
QFWQ:J%”H{n—UM/ﬁjﬂdﬂ ®)
0
It is convenient to define the instantaneous characteristic timescale

0 1 :m+ﬁmwm{ o)

= GiEl T G Uk o0 o(0)

where 1) = Q) "/[(n — 1)ko] is the initial characteristic time. For f¢(t) =1 Equation (9)
reduces to the standard constant-field case.
The rotational energy loss is

E(t) = 100 = —Tko fo (1) (1) = Eo fo(0) [(O” fc<t>} o 10)

where Ey = T kg Qg“. During growth (fg > 0), the effective braking index satisfies

Qk '
Heff = N + =3 = _Jo__

Xk , 1
ok~ " ko (1)

S0 Mg can drop below n while k(t) « f5(t) increases.

2.3.3. Physical Interpretation and Parameter Space

The triplet (xg, Tm, €) captures the crustal transport and burial depth in a hot, impurity-
rich magnetar crust:

* T, represents the Hall-Ohm emergence time (Section 2.2.2). Our calibration adopts
the regime T ~5 x 10® K introduced by Chamel and Haensel [69] with conductivities
o ~ 10?2-102s~! (cgs) appropriate for early, impurity-rich conditions and burial
depths informed by the MHD simulations (L ~0.3-1 km). In this regime, decade-scale
emergences are natural once Hall transport cascades to small scales (¢ < L).
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* g quantifies the relative importance of rapid Hall-driven acceleration versus slower
Ohmic relaxation: small a yields faster, near-exponential growth; ac — 1 yields
slower, power-law-like emergence expected for deeper burial or cooler, purer
crusts [56].

e e=(By/Bmax)? encodes the burial depth set primarily by the fallback mass AM and
the local balance of magnetic and hydrostatic stresses (Section 2.1).

Within this framework, the late-time energetics are largely insensitive to the exact
functional form once f; —1, but the timing and amplitude of the rebrightening depend on
the early growth rate (hence on a; and 1), which we will constrain with the radio data.

2.3.4. Advantages of the Unified Model

Relative to using separate exponential/hyperbolic/power-law prescriptions,
Equations (5)—(10) (i) provide a single smooth family with well-defined limits; (ii) en-
sure correct normalization f;(0) = € and fg(o0) = 1; (iii) keep the torque proportional to
B? by construction (k « fg); and (iv) link directly to the timing observables through 7(t)
and 1e¢. Throughout the remainder of this work we treat (ag, Tn, €) as free, data-driven
parameters, while Ey and 19 follow from the initial spin and Bmax.

Figure 3 quantifies how the magnetic-field growth law controls both field revival and
spin-down power. The left-hand panel follows the surface field as it rises from its buried
value, By ~ 10'1 G (i.e., € = (By/Bmax)? = 107% for Bmax = 10'° G), toward the magnetar
strength Bmax over the mergence timescales 7, = 1-10 yr. The right-hand panel shows the
corresponding spin-down luminosity E¢4(t) obtained from Equation (10); the rapid rise
in E;4 marks the transition from a fall-back-dominated to a magnetar-dominated energy
budget and sets the epoch when a late-time centimeter-millimeter rebrightening is expected
(Section 3). We show three analytical prescriptions: pure exponential growth (ag = 0), an
intermediate case (xg = 0.5), and a slow power-law-like rise (¢ = 0.9)—which map to
the exponential, hyperbolic and power-law templates used in earlier work. All three track
nearly the same evolution once f; — 1 (field saturation), indicating that late-time energetics
are largely insensitive to the exact functional form; however, the early growth rate, fast
for ag = 0 and progressively slower as g — 1—imprints distinct signatures on both the
timing and the amplitude of the subsequent radio afterglow.

Magnetic Field Evolution Spin-Down Luminosity Evolution

105 { — 8.1 — &0
— B2(1)
= nsm — &O

— B®

E (erg/s)

8 (Gauss)

0 107 10° 0 107 10°
Time (years) Time (years)

Figure 3. Early magnetic-field revival and its radiative imprint. Left: Evolution of the sur-
face dipole B(t) = Bmaxy/fg(t) for the unified growth law of Equation (5), with burial fraction
€= (By/ Bmax)2 =104, emergence timescales 7, = 1-10 yr, and saturation at Bmax = 101° G.
Right: Corresponding spin-down luminosity Leg(t) = E(t) from Equation (10); the rapid rise of Leg
marks the transition from fallback-dominated to magnetar-dominated energy injection and sets the
epoch at which a late-time centimeter-millimeter rebrightening is expected (see Section 3). Both pan-
els display three analytic prescriptions parameterized by a c—exponential (¢g = 0), hyperbolic-like
(ag =~ 0.5), and slow power-law-like (g = 0.9; shown in blue, red, and green, respectively). While
the curves converge to the same plateau once f; — 1 (field saturation), the early growth rate leaves
distinct imprints on the timing and amplitude of the subsequent radio afterglow.
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Our results depend primarily on the existence of a single effective emergence timescale
Ty rather than on the detailed kernel shape: replacing k with other normalized, sin-
gle—timescale causal forms (exponential or lognormal/gamma) at fixed parameter count
yields consistent fits and 7, within the statistical uncertainties. Beyond the no-burial
baseline, we also considered density—jump and refreshed-shock scenarios; these do not
reproduce both the amplitude and the optically thin spectral slope of the late-time cm—mm
bumps without introducing extra parameters, hence we adopt the minimal, kernel-driven
reemergence model.

2.3.5. Ejecta—to-Shock Coupling: Minimal Interface

The magnetar spin-down power does not immediately couple with the external for-
ward shock. Energy must first traverse the surrounding ejecta—SN ejecta/pulsar-wind
nebula (PWN) in collapsars and dynamical ejecta plus magnetar-driven winds compact
object mergers—before any leakage into the circumburst medium [47-49]. We encapsu-
late this mediation with a single effective coupling factor 77, € (0,1] and a causal delay
kernel K(t),

Lag(8) = i (K E1(8) = nep [ K(t =) EC(F) !

N (12)
with /OK(t)dtzl, K(t < 0) = 0.

where E(t) is given by Equation (10). By construction K(t) >0 and has units of time ™!, so

that Liy; carries units of power. This provides a phenomenological bridge from internal-field
growth to late-time radio observables without detailed radiative transfer.
For concreteness, we adopt two minimal choices that bracket plausible channels:

(i) Pure delay (ballistic leakage): Ks(t tiag) = 6(t — tag), (13)

(i) Exponential leakage (diffusive venting): Kexp (£ tyent) =

exp(—t/tvent) H(t), (14)
vent

with H the Heaviside function. In collapsars, 1, implicitly accounts for PWN—ejecta

P dV work and collimation losses; in mergers, it captures absorption in dynamical ejecta

and magnetar-driven winds. Parameters tag and tyent represent, respectively, an effective

advection/escape time and a diffusive leakage timescale through the ejecta/coin.

Unless stated otherwise, we adopt a constant 7| and a small effective delay (g < T
or tyent < Tin), 50 that Linj(t) =~ 71¢p1 E(t) up to a slight change or smoothing of time. This
keeps the late-time energetics controlled by the growth law f5(t) while acknowledging
ejecta mediation in a minimal and reproducible way.

2.3.6. Separable Coupling Ansatz and Its Regime of Validity

We model the power injected into the blast wave as the spin-down luminosity re-
processed through a causal, source-side delay kernel and scaled by a single effective
coupling efficiency,

t
Eini(t) = x / K(t —t; T, ) Esq(') dF, (15)
0

where K(At; T, &) > 0 is causal (K = 0 for At < 0) and normalized (fooo KdAt = 1),
and « € (0,1] captures the fraction of the magnetar output that ultimately couples to the
forward shock (rather than being stored or thermalized in the ejecta or PWN). In the deep-
Newtonian phase and for a quasi-homogeneous external medium, shock microphysics
varies slowly, so time-independent x is a good first-order approximation; it primarily sets
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the overall amplitude, whereas the shape and timescale of the rebrightening are governed
by the kernel. If the efficiency evolves slowly, x(t) = xo [1 + & g(t/Tm)] with |ex| < 1, the
resulting injection rate reads as

Einj(t) S (K*Esd) (i’) + O(SK), (16)

i.e.,, a mild, smooth amplitude drift superimposed on the kernel-driven profile. In the
order constrained by our data, such drifts are observationally degenerate with global
normalization (absorbed into € and «), while the emergent timescale 7;, remains robust.
Consequently, we adopt the separable ansatz (15) throughout and interpret 7, as the
effective reemergence timescale of the external dipole of low order (Section 2.1).

3. Theoretical Approach: Dynamics of the GRB Afterglow and
Synchrotron Light Curves

The behavior of the decelerated material interacting with the external environment for
several years is predicted to remain inside the nonrelativistic domain, thereby aligning with
the Sedov-Taylor solution. Recently, Fraija et al. [85] showed the synchrotron light curves
produced by the deceleration of sub-relativistic material before and after the reemergence of
the magnetic field. The authors considered a quasi-spherical material (E(> B) = E B~* with
E the fiducial energy [86] and a the PL index of the velocity distribution) interacting with a
constant density medium. Here, we extend the dynamics of the afterglow nonrelativistic
model with constant density (ns) considering the Deep Newtonian regime.

3.1. Synchrotron Light Curves Before B-Reemergence

During the first stage of expansion, the ejecta mass is unaltered by the circumburst
environment [87], leading to a uniform velocity (8 « t°) and an increasing radius (r o t).
During this stage, the timescales of the magnetic field and the spectral breaks of the electron
Lorentz factors are B’ « 12, 4y o t0 and ym o t~1, respectively. Prime and unprimed quan-
tities will be used to represent the comoving and observer frames, respectively. Similarly,
the timescales of the spectral breaks and the maximum flux of synchrotron mechanism are
Vm o 10, v o« 72, and Fy max & 3, respectively. For . < 7m, the synchrotron light curve is
characterized by fast cooling, but in the opposite case, it exhibits gradual or slow cooling.
Therefore, the timescales of the long-lasting light curves of the synchrotron mechanism are
F, t3 forv < Ve, & 2 for ve < v < v and « #2 for vm < v during fast-cooling regime.
During the slow-cooling regime, and F, « 3 for v < v, & 13 for vm < v < vc and « 2 for
Ve < v during the slow-cooling regime.

During the deceleration phase, the velocity and radius of the blast wave evolve as
B t3 and r t%, respectively. Likewise, the magnetic field in the post-shock zone is
proportional to B’ t5. It should be noted that throughout the shock event, a certain
amount of the total energy is persistently transmitted to amplify the magnetic field strength
through the microphysical parameter eg. During the deceleration phase, the breaks of the

electron Lorentz factors evolve as 7y t_% and 7y, t%, the characteristic, the cooling
and the self-absorbed spectral frequencies vary as vm o t ) JVeox b i) , Va1 t;&fgg ,
Vao ti%&g; and v,3 tﬁz;g) , respectively. Finally, the spectral peak flux density
evolves as Fy max & tf’ﬁ% .

During the Deep Newtonian phase (ym = 2), the timescale of the magnetic field at the
post-shock region becomes B’ o< ¢~ #+5. The Lorentz factor of the electrons with the highest
energy, which are effectively cooled by synchrotron emission, are
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Ve

Vm

Ve

Va1

Va,2

Va,3

_l-a 1 213 ~ __2_ 1-a

1+2z\ «5/14+Y eg \ L ng —ars E a+5 £\ a5
1.2 x 10° . — 17
x 10 < 11 ) ( 2 ) <10*2> (1cm*3> 10505 erg iyr) (17)

with z the redshift, e, and ep the equipartition parameters, and Y the Compton parameter
(e.g., see [34]). The associated synchrotron breaks are provided as

at2

~ _2 3
142\ a5/ ep 1 Ns 2&%) E 2(a+5) t T ats
1.3 x 10*H —
3> 10 Z< 11 ) (10 :) (1 ) 1050-5erg Tyr
3
2

i
1 +z T a5 —
14
6.9 x 10 HZ( 11 > 10 2

cm
. 3
1 + Y Mg )*% E s
1 cm—3 10505 erg

14+2a

t T a+5
(F) | (1)

The synchrotron breaks in the self-absorption domain are

46 x 10°H 142\ 569 , ep \ 2 s\ soiss E W p O\ e
D W (10*2) (1cm*3) 10505 erg Tyr

p(a+2)+6(a+3) 2(1143a)+p(a+3)

- 1
1+z (p+4)(a+5) g o [ €B Z(Li) E @+5)
8.4 x 10°H ( ) v ( ) ARl e
x Z( 11 ) lcm 3 102 10505 erg

2(1—a)+3p

t ~ (p+9)(a+5)
lyr !

~ 3

1+z 5<a+5 14+Y B ¢ 1 3;21;?) P =
9x10°H _ v
9.9 x 10 Z( 1.1 > < 2 )(10—2) (1cm—3> 10505 erg

b\ s
at
(m) ' 49

The maximum flux of synchrotron radiation becomes

4(1-a) ) 3a+7 7 A
14+z\2w5 / eg \3 d, fs  \Zars E e
Fymax = 9.1 x10m]y ( ) (1072 > (1027.2 cm (1 cm—3 ) 1050-5 erg

3(1+a)

t a+5
(Tyr) ' 20

with d, the luminosity distance. Requiring the break frequencies (Equations (18) and (19))
and the maximum flux (Equation (20)), the synchrotron light curves and the closure rela-
tions (F, o t~%v~FP) with the reemergence of magnetic field evolving in the deep Newtonian
phase are listed in Table 1. The PL index p corresponds to the spectral index of the electron
distribution. We consider the cooling conditions v,3 < V¢ < Vm, Va1 < Vm < Ve and
Vm < Va2 < Ve and the deceleration of the material in constant density. It is worth noting
that the cooling conditions correspond to the order of each spectral break in the synchrotron
light curves. From left to right, this table shows the cooling condition, the PL indices of
spectral (B), the temporal («.), and closure relation (x.(f)). When the PL index of the
velocity distribution gets close to « = 0, the evolution of the synchrotron light curves
reproduces the light curves of the uniform afterglow of a non-spherical material.

3.2. Light Curves After B-Reemergence

Analytical synchrotron light curves with ¢ < 1 and t < T, can be obtained for

the exponential function type one (f;(f), Equation (6)). In this scenario, the luminosity
_n+l

1l _2
of spin-down is E(t) = E (Tlo) " <TLB) "', During the deceleration phase (ym = 2),
2n
the post-shock magnetic field evolves as B’ « t #+5, and the minimum and cooling
4 Sta—n(a+l)
Lorentz factors of the electron population are 7y o<t (=1(#+5) o oc t (==De+5) | respectively.
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R (I 2[5-2n—a(n—1)]
The timescales of the synchrotron spectral breaks are vy, o<t "=D@+9)  y ot (1-1(a+5)
_ 5(3—5n)—3a(n—1) _ 2[5+a—n(5+a—5p)] _ 2[5(4—n)+4a(1-n)]
Vag o<t S0=DE5) y s ot D@5 and v,z ot S0-D+5) | Finally, the spectral

~ 15-7n+3a(1-n)
peak flux density evolves as F, max &<t ("~ 1D(@+5)

Table 1. Temporal PL indexes of synchrotron light curves and spectra together with the closure
relations (F, o t~%v~Fe) of the afterglow density-constant model during the Deep Newtonian phase.
The synchrotron light curves do not consider the reemergence of magnetic field.

Frequency Range Bc a, ac(Be)
V<13 -2 -1 %
Va3 <V < Ve _% —é?,jié’;‘ %
Ve <V < Um % _2?;%05‘) _%

Vm <V £ % %Jr(gﬂ)

V<1 -2 _2(5:52) (Dc;rfgﬁc
Va1 <V < Um -1 f% %:5300
Vm <V < Ve prl % 3(53—7;5—04)

vV < Vm ) _2(;:52) (a;—f%ﬁc
Um <V < Va2 _g _ 21(1;33;4) %
Vap <V < Ve r % 3(/32(—7:5—@

In the Deep Newtonian phase (ym = 2), the timescale of the post-shock magnetic
2n

field varies as B’ oc t (#(*-1). The Lorentz factors of the electrons with the lowest energy
and the electrons with the highest energy, which are effectively cooled by synchrotron
emission, are

o LNC P 2
T+z\ @5 (14Y\ 1/ e ! n —i8 E e
Te = 18x10 ( 1.1 > ( 2 ) <10*2> <1cm*3> 1052 erg

5—n—a(n—1)

¢\ TR o
5yr '

The synchrotron spectral breaks are

~ 1 2n

at2 —
142\ o5 / eg \13 ng Ty E w5 /o \ T D)
1.6 x 10*H —_— —
x z ( 1.1 ) (10—2) (1cm—3) 102 erg Syr
13 1 +z 7% €B _% 1 + Y -2 Nng - 25“4(;% E _‘)%5
1.7 x 10" H :
x Z( 11 > (10—2> ( 2 ) <1cm_3) <1052erg>
2[2n—5+a(n—1)]

t T T (@ F5)
(s*yr) ' )

The synchrotron breaks in the self-absorption domain are

Vm

Ve
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Requiring the break frequencies (Equations (22) and (23)) and the maximum flux
(Equation (24)), the synchrotron light curves and the closure relations (F, o ey —Fe)
with the reemergence of magnetic field evolving in the Deep Newtonian phase are listed
in Table 2. We consider the cooling conditions v,3 < V¢ < Vm, Va1 < Vm < Ve and
Vm < V52 < 1 and the deceleration of the material in constant density. From left to right,
this table shows the cooling condition, the PL indices of spectral (8), the temporal («.),
and closure relation («.(B)). When the PL index of the velocity distribution gets close to
« = 0, the changes in synchrotron flux match the behavior of the uniform afterglow of a
non-spherical material.

3.3. Analysis of the Light Curves

In Figure 4, we illustrate the parameter-dependent variations in afterglow emission
across six panels, where each panel corresponds to the change in a given parameter while
keeping the others fixed. The energy bands are color-coded: X-ray (gray), optical (brown),
and radio (yellow). In the upper left panel, we present a variation in the kinetic energy
(E =5 x 10 erg versus 5 x 10*° erg), which shows that a larger E boosts the flux across all
bands, with optical /radio exhibiting the largest early-time differences (of around two orders
of magnitude). The peak at 10° days is less prominent at larger E, and fluxes converge at
late times as shock deceleration redistributes energy. In the middle-left panel, we contrast
3 versus 5 x 1071 em™3). A
higher density enhances the flux (most notably in X-rays, producing brighter, earlier peaks).

two values of the circumburst density (1; = 5 x 1072 cm™

It has a modest effect on optical emission, while radio emission shows minimal sensitivity
to changes in density. In the lower-left-hand panel, we vary the electron energy fraction
(¢e = 5 x 1072 versus 5 x 1071). At early times, the X-ray flux corresponding to the smaller
€e dominates, but its early peak at t ~ 1 day is eventually surpassed as the light curve from
the larger e, continues rising and plateauing at greater values.

The optical and radio bands are similarly affected, maintaining a constant difference
in the flux between the different ¢, cases throughout their evolution. The higher electron
energy fraction (¢e = 5 x 10~!) consistently dominates in these lower-energy bands. Similar
trends are observed in the upper right panel for magnetic field variations: the higher energy
fraction, eg = 5 x 103, enhances synchrotron radiation, resulting in a brighter afterglow.
In the middle right panel, we examine the variations in the electron spectral index (p).
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The early light curves show minimal differences because the cooling regimes are initially
independent of p. At later times of the evolution, a smaller spectral index generally leads
to a more considerable flux. In this case, the lower energies are more sensitive to this
difference, and variations can be observed early on at t ~ 10! days, while in the X-ray
band only until t ~ 10 days. Finally, the lower right panel shows that smaller values of
« sharpen both the rise and the decline of the light curves, increasing the early-time flux
while suppressing late-time emission across all bands.

Table 2. Temporal PL indexes of synchrotron light curves and spectra together with the closure
relations (F, o t~%v~Fe) of the afterglow density-constant model during the Deep Newtonian phase.
The synchrotron light curves consider the reemergence of magnetic field.

Frequency Range Bc ®c ac(Be)
vV <Va3 -2 -1 %
5(11—5n)+11a(1—n) [5(11—5n)+11a(1—n)]Bc
Va3 <V <V -3 B 3(nyi1)(otj-5) s - 1) (a15) :
5(2—n)+2a(1— 2[5(2—n)+2a(1—n)]Be
Ve <V <7Vm % (nri)l)(fJ(rS)n) (n—1)(a+5) :
2(a+5)—n(6—p+2a) 2[a+5-n(3+a—pBc)
Vm <V 5 D (nff;(wg) s [L(nf?)(a&i)ﬁ ]
2[5-3n-+a(1—n)] [5-3n-+a(1-n)|B.
V< Va —2 T D)
9(a+5)—n(23+9% +5)—n(23+9
Val <V <7Vm -3 (3(n)71)((uc+5) : B - 1n)(a<+5)a)]
p—1 3(a+5)—n(8—p+3a) 3(a+5)—n(7—2B.+3a)
Ym S VS Ve T (n—T)(wT5) i
p 2(a+5)—n(6—p+2a) 2[a+5—n(34+a—pB)]
Ve <V 2 (n—1)(a+5) - (n-1)(at5)
V< -2 e ~ e
m n—1)(a n—1)(a+
5 2(a+5)—n(7+2a) 2[2(a+5)—n(7+24)] e
Um <V <7Vap —2 a(n—l)Zx—&-S) - T 5(n—-1)(a+5)
-1 3(a+5)—n(8—p+3u) 3(a+5)—n(7—2B.+3u)
Va2 <V <1 b= (n—1)(a+g) (n—l)(a+§)
2(a+5)—n(6—p+2a) 2[a+5—n(3+a—pB)]
Ve <V 5 e s

Figure 5 differs from Figure 4 in the choice of the velocity structure index «, using
a = 0.0 (corresponding to jet-like dynamics) instead of # = 2.2 (which models a quasi-
spherical outflow). This parameter variation fundamentally alters the shape of the light
curves across all bands. The & = 0.0 case produces substantially brighter early-time
emission, which exceeds the a# = 2.2 case by over two orders of magnitude, with earlier flux
peaks in all bands. This behavior reflects rapid energy injection, particularly noticeable in
the X-ray band. On the other hand, the « = 2.2 model in Figure 4 shows that a slower rise
in flux leads to a more sustained injection of energy over time, resulting in a flatter decay at
late times. Consequently, the light curves in Figure 4 maintain a higher late-time flux than
those in Figure 5, where steep declines occur after the initial rapid energy injection.
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Figure 4. Synchrotron light curves at X-ray (gray), optical (brown) and radio (yellow) bands generated
by the deceleration of the non-relativistic material in the external environment. The light curves
of X-ray, optical and radio bands are estimated at 1 keV, 1 eV and 10 GHz, respectively. The
parameters used for the emergence of B-field model are: 7, = (1 —10) yr, € = 1074, 15 = 2.6 yr,
Eo = 4.7 x 10®® erg s—!. Each panel shows the variation of one parameter sequentially in our afterglow
scenario, but keeping others fixed. In general these values are: E = 104 erg, ns = 1cm ™3, e, = 1071,
eg=1072, p =2.6,0 = 2.3.
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Figure 5. The same as Figure 4, but for « = 0.0.
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In Figures 6 and 7, we observe how variations in magnetic-field evolution parameters
impact the afterglow emission. The parameters we vary include the diffusion timescale 7,
the initial spin-down time T, the growth efficiency ¢, the initial spin-down luminosity E
and the times marking the start and end of the emergence process Tinit and Tenqg, respectively.
The top-left panel shows variations in 1, (1.5-3.0 yr), where shorter 7, leads to a faster and
more pronounced rise in the late-time light curves (most visibly in X-rays), indicating a
rapid field reemergence. The middle-left panel reveals that longer 1y delays the peak flux
(particularly in the optical/radio bands) by extending the magnetar energy injection. In
the bottom-left and upper-right panels, we observe that € or E significantly increases the
flux, particularly in the X-ray/optical bands. Meanwhile, changes in Tjn; and Tepg (middle-
right and bottom-right panels) primarily shift the timing of the peak, with earlier starts
producing the most noticeable changes across all bands. When we compare Figures 6 and 7,
we see that the conclusions for Figures 4 and 5 remain unchanged.
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Figure 6. Synchrotron light curves at X-ray (gray), optical (brown) and radio (yellow) bands generated

by the deceleration of the non-relativistic material in the external environment. The light curves
of X-ray, optical and radio bands are estimated at 1 keV, 1 eV and 10 GHz, respectively. The
parameters used for the afterglow scenario are: E =105 erg, ng =1 eam 3,6, =1071, 65 = 1072,

p = 2.6, « = 2.2. Each panel progressively displays the changes of just one parameter in the

emergence of B-field model. In general, these values are: 7, = (1 —10)yr, € = 1074, 19 = 2.5 yr,

Eg =45 x 108 ergs™.

Figures 4-7 illustrate that various combinations of parameters could yield similar light

curves. It should be noted that the equations derived for the afterglow scenario exhibit

degeneracy in certain parameters, allowing similar results to be achieved with a different set

of values. It can be observed that a more energetic explosion occurring in a rarer medium

can generate a radio flux comparable to that of a less energetic explosion in an environment

with a higher density. Consequently, alternative physical models, including a refreshed

shock model, cannot be conclusively excluded from consideration. As a result, it remains

challenging to assert with certainty that the newly introduced physical component is the

only viable explanation.
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Figure 7. Same as Figure 6, but for = 0.0.

4. Discussion

While substantial, the hypercritical accretion onto the proto-magnetar does not reach
the accretion rates necessary to induce gravitational collapse into a BH. Specifically, al-
though accretion provides an additional energy source, the material deposition and re-
sulting increase in rotational energy do not sufficiently destabilize the magnetar. Studies
show that for a magnetar to collapse, the critical mass threshold would need to be exceeded
under conditions that significantly increase the proto-magnetar’s rotational frequency or
density to a level unsustainable by its internal structure [7,88,89]. In hypercritical accre-
tion regimes, where rates of M ~ (1073 — 10~!) M, yr~! are common, the accreted mass
typically does not exceed ~ 0.1 M over the relevant timescales, maintaining the stabil-
ity of the system [16,17]. Thus, the rotationally supported magnetar remains below the
critical point for collapse, even when accounting for the energy contributions of fallback
accretion [18,46]. Furthermore, simulations of magnetar evolution under hypercritical
accretion [38,56] indicate that the transient crustal submergence of the magnetic field does
not alter the overall mass distribution significantly enough to disrupt the NS’s equilibrium,
which is crucial in delaying any potential collapse. Therefore, this model suggests that
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hypercritical accretion onto a proto-magnetar can fuel late-time activity without inevitably
leading to a BH transition.

Since hypercritical fallback accretion onto a proto-magnetar does not inherently lead
to gravitational collapse, scaling fallback parameters from newborn NSs to millisecond
magnetars offers a framework for understanding delayed magnetic reactivation in these
objects. The scaling process involves adjusting critical parameters, such as the accretion
rate, crustal composition, and thermal diffusion timescales, to reflect the unique energy
and density profiles of proto-magnetars. For instance, in magnetars, the fallback accretion
rate, typically on the order of M ~ (1073 — 10~1) Mg yr~! over the initial seconds to
minutes post-burst, can be translated to yield comparable energy output but with extended
diffusion timescales due to the greater rotational energy and magnetic field strength [38,56].
This modified approach implies that the crustal dynamics and field diffusion will scale
with both the magnetar’s initial spin rate and its intense magnetic field, allowing the
reemergence timescale to be delayed by several years, consistent with the observed X-
ray rebrightening in sources like GRB 170817A [82,83]. Importantly, our model assumes
that thermomagnetic processes and crustal fractures facilitate this magnetic diffusion.
These processes have been observed in simulations of NSs and can be extrapolated to
the proto-magnetar case by assuming parameter values that reflect enhanced magnetic
and rotational energy. Despite the robust fallback accretion phase, the extraordinary
magnetic field strength of the magnetar introduces substantial magnetic pressures and
stresses within the newly formed stellar crust. This crust, which initially formed under
intense hypercritical accretion, is subject to ongoing internal stresses that can accelerate the
outward diffusion of the magnetic field. The powerful magnetic stresses within this crust
increase the likelihood of crustal fractures and reconnections that enable efficient magnetic
field growth and eventual reemergence over timescales of several years [46,79,90]. Thus,
the interplay between the intense magnetic field and the structural pressures within the
proto-magnetar supports a reemergence scenario that is physically consistent and aligned
with observed reactivation phenomena in GRB afterglows.

A genuinely time-dependent coupling efficiency «x(¢) will generally imprint correlated
spectral-temporal behavior beyond a pure amplitude rescaling; e.g., a systematic drift
in the optically thin spectral index, or a mis-tracking of the synchrotron self-absorption
(SSA) and characteristic frequencies relative to standard afterglow scalings at fixed 7.
Joint 1-100 GHz SED snapshots and VLBI size measurements near t ~ T, provide a direct
test: achromatic rebrightenings with standard spectral slopes support the separable ansatz,
whereas coherent spectral evolution at fixed T,, would point to «(t) # const.

We derive the dynamics of the GRB afterglow considering an electron population
with a spectral index p > 2. However, some bursts have exhibited an electron distribution
with a hard spectral index in the range 1 < p < 2 (e.g., see [25,91]). In the previous case,
our theoretical model is modified in the Lorentz factor of the lowest-energy electrons (ym)

and the respective spectral break (vn). Therefore, as the magnetic field is submerged, the
p(a+3)—2(a+5)
minimum Lorentz factor and the respective spectral break evolve as ym o t 2(P-D@+3)
_ a7
and vy ot (P-De+3) respectively, and as the magnetic field reemerges, these evolve as
2(a—1)+n(p—2)(a+3)—p(a+3) _ 5-atn(at3)
Ym & b 2Dp-D+3) and vy, o< £ (=D-D@43) | respectively.

We consider the dynamics of the afterglow model with constant density; how-
ever, in some cases, the best-fit afterglow model at the timescale of months has fa-
vored a stellar wind instead of a homogeneous medium (e.g., see [92,93]). In the
afterglow wind scenario, the density profile can be modeled by n(r) = Ar—2? with
A= A*% = A,3.0 x 10 ecm~1, where MW, ow and my are the mass-loss rate, the
wind velocity and the proton mass, respectively [94,95]. As the magnetic field is submerged
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by hypercritical accretion, the minimum and cooling Lorentz factors evolve as 7y o<t~ w3
and 7. « t, respectively. The respective synchrotron spectral breaks vary as vy o tf%g,
Ve « t, and the maximum synchrotron flux as F, max o t‘ﬁ. During the influence of
the magnetic field’s growth, the minimum and cooling electron Lorentz factor evolve as

4
Im ot (D@43 and 9, « t, respectively. The respective synchrotron spectral breaks vary
_ 5+43n—a(l-n) _ 2
asvm o<t (D43 y. o t, and the maximum synchrotron flux as Fy max o<t (=143,

As an extension of the sub-relativistic scenario introduced in [85], here we derive and
show Tables 1 and 2, the closure relations that describe the evolution of synchrotron flux
(F, o« t~%y~Fc) with and without the influence of the magnetic field’s growth during the
deep Newtonian phase. The closure relations are the equations that determine the connec-
tions between the spectral PL index (f.) and the temporal PL index («.) of a specific segment
of the lightcurves. According to flux evolution, F, « t—%ep—he closure relations could help
us to infer the afterglow physics as the circumburst density (wind versus homogeneous
environment), hydrodynamics (adiabatic versus radiative), energy injection (continuous
versus instantaneous), variation of microphysical parameters among others. Numerous
studies have been performed across various wavelengths in high-energy gamma rays,
X-rays, and optical spectra. For instance, in the gamma-ray energies, refs. [25,27,34,96-98]
investigated the closure relations considering as a GRB sample those reported in the Second
Fermi-LAT GRB Catalog (2FLGC; [99]). In the X-ray bands, Racusin et al. [100], Srinivasara-
gavan et al. [101], and Dainotti et al. [102] investigated the closure relations considering
most of the bursts reported in the Swift-XRT database. In optical bands, Oates et al. [103]
considered 48 bursts observed by the Swift-UVOT instrument. Most of these studies re-
vealed that a scenario with energy injection was more favorable than one without energy
injection, all of which fell within the slow-cooling regime. Although different parameter
values in our scenario may lead to significantly smaller timescales of submergence and the
emergence of magnetic fields, this analysis is beyond the scope of the current paper.

Due to insufficient understanding of the energy transfer mechanisms between protons,
electrons, and magnetic fields in relativistic shocks, evolution of the magnetic field during
the GRB afterglows has been considered through variations in the values of the microphys-
ical parameter (e t=0) (e.g., see [36,104-111]). Ref. [110] considered that the magnetic
field could be amplified due to the quick and long evolution of microturbulences. The
authors modeled the multiwavelength observation in some bursts detected by Fermi-LAT.
Ref. [36] proposed that the plateau phase may be elucidated by the variation of the mag-
netic microphysical parameter instead of the energy injection. To interpret the prominent
peaks exhibited in several GRB afterglows, ref. [112] considered the evolution of these
microphysical parameters in the scenario of a wind bubble. Ref. [111] proposed that the
breaks observed in different bands (e.g., GeV gamma rays and X-rays) could be correlated
through the rapid evolution of this microphysical parameter. Using the microphysical
parameter variations of the synchrotron afterglow model, recently ref. [25] calculated the
closure relations and light curves in a stratified medium. We propose that the evolution
of the magnetic field could be explained via the hypercritical accretion, and the effect of
growth due to the reemergence in a shorter timescale.

Ref. [113] conducted a systematic search for nearby short gamma-ray bursts (sGRBs)
that exhibited characteristics equivalent to GRB 170817A within the Swift database, cover-
ing a 14-year operational period from 2005 to 2019, as documented in the online BAT GRB
catalog [114]. A subset of four potential bursts (GRB 050906, 070810B, 080121, and 100216A)
was reported in the range of 100 < d, < 200 Mpc. The range of parameters for the X-ray
counterparts of two NSs merging was constrained using these bursts, and optical upper
limits in a timescale of days were derived. These bursts with similar features to those of
GRB 170817 A represent potential candidates so that the hypercritical accretion could have
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submerged the magnetic field. A similar conclusion may be stated around the GW event
GW230529_181500, which was reported on 2023 May 29, during the fourth observation run
(O4) [115]. Nonelectromagnetic signatures were associated with this GW event, although a
compact binary coalescence with masses estimated in ranges of 2.5-4.5 M and 1.2 and
2.0 Mg was predicted.

Several GRBs exhibited characteristics that could be explained by the scenario of a
millisecond magnetar undergoing hypercritical accretion, followed by the submergence
and reemergence of its magnetic field. For instance, GRB 200415A, located at the nearby
galaxy NGC 253, showcased a rapid onset and fast variability, which could indicate a mag-
netar flare. The properties of this GRB, including its energetic and spectral characteristics,
align with predictions for giant flares from magnetars experiencing dynamic magnetic-
field interactions [116]. Another plausible candidate is GRB 080503, which presented an
interesting case where the scenario of a millisecond magnetar with hypercritical accretion
could be applicable, particularly in explaining its late afterglow and rebrightening features.
Recent research indicates that GRB 080503’s properties, including a late optical and X-ray
rebrightening, align well with predictions from millisecond magnetar models, especially
when considering magnetar-powered “merger-nova” emissions. These phenomena suggest
that the remnant of a double NS merger could be a rapidly rotating, highly magnetized NS
(millisecond magnetar), which significantly influences the observed afterglow characteris-
tics through its energy output and magnetic dynamics [117]. Ref. [89] compiled a collection
of eight gamma-ray bursts (GRBs) with established redshifts identified by Swift/BAT from
2005 to 2009. This collection not only exhibited indications of late activity characterized by
a plateau but also demonstrated evidence of precursor activity. This condition is explicable
solely through accretion processes if the central engine is identified as a newly formed
magnetar. Ref. [118] presented a sample of 214 candidates for magnetar central engines
with established redshifts, categorizing them into four groups (Gold, Silver, Aluminum, and
others) according to the likelihood of a magnetar generating one of these bursts. Ref. [119]
applied analogous reasoning to subclassify candidates derived from the Swift/XRT light
curves. The sample comprises 101 progenitors classified as Gold, Silver, and Bronze based
on an external plateau.

The current model could be extended to soft gamma-ray repeaters, which share
similarities with classical GRBs. For instance, SGR 1806-20, a giant flare from this soft
gamma-ray repeater, exhibited an intense initial pulse followed by a fading tail. This can
be understood through the framework of a temporarily submerged magnetic field that
emerges to release a significant amount of energy [120].

5. Gamma-Ray Bursts with Radio Late Observations

5.1. A Sample of Gamma-Ray Bursts
5.1.1. GRB 050709

GRB 050709 was detected on 9 July 2005, at 22:36:37 UT by the Soft X-Ray Camera
(SXC), the Wide-Field X-Ray Monitor (WXM), and the French Gamma Telescope (FREGATE)
instruments on board the High Energy Transient Explorer 2 satellite (HETE) [121]. The
burst consisted of an initial hard pulse lasting 100 ms, followed 30 s later by a softer, fainter
pulse of duration ~ 1505, with a total fluence of 1.0 x 10~% ergcm 2 (30-400 keV) and
4.0 x 1077 erg cm 2 (2-30keV) for the initial spike and tail emission, respectively [122,123].
Radio observations detected a source at R.A. = 23"01™32.1%, Dec. = —38°59'27" two days
after the burst. Ref. [124] observed the field of GRB 050709 with the ESO Very Large
Telescope (VLT) and, via spectral analysis, derived the redshift z = 0.1606 £ 0.0002.
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5.1.2. GRB 050724

GRB 050724 was detected on 24 July 2005 at 12:34:09 UT by Swift-BAT. The burst
had a short hard pulse followed by a prolonged soft emission, with a reported duration
of approximately Tog ~ (3 £1)s [125]. Swift-XRT began observations shortly thereafter,
identifying a fading, uncatalogued X-ray afterglow that exhibited strong early flaring
and a later rebrightening phase [126]. Follow-up optical and near-infrared observations
confirmed a counterpart offset by a few arcseconds from the nucleus of a bright early-type
host galaxy at 0.258 & 0.002, as determined by absorption lines in Keck spectra [127].

5.1.3. GRB 050906

GRB 050906 was detected on 6 September 2005 at 10:32:05 UT by the Swift-BAT, locating
the burst at R.A. = 03"31™138, Dec. = —14°37/30” (J2000), with a containment radius of
90% of 3.3/ [128]. It had a Ty duration of 0.258 s. The Swift-XRT began observing 79 s
post-trigger but did not detect a significant new source; the UVOT was in safe mode and
did not acquire any data. Radio observations with the VLA at 8.46 GHz also found no
variable sources within the refined BAT error circle [129] Within the BAT error circle lies
the bright nearby star-forming spiral galaxy IC 328 at d ~ 132 Mpc (redshift z ~ 0.03) [130].

5.1.4. GRB 051221A

GRB 051221A was detected by Swift-BAT on 21 December 2005 at 01:51:16 UT as a
short-hard burst with a duration of Tgg = 1.4s and a peak count rate of ~ 175,000 cts/s
in the 15-150keV band, placing it among the brightest 3% of short GRBs observed by
BAT [131]. Swift/XRT began observations ~ 88 s post-trigger, localizing the X-ray afterglow
to RA =21"54™48.626°, Dec = 4+16°53'27.16 (J2000) with a 0.5” uncertainty, coincident with
optical and IR counterparts [132]. Optical follow-up with Gemini-North/MOS identified a
slowly fading afterglow and a host galaxy at redshift z = 0.5464 [133].

5.1.5. GRB 051227

GRB 051227 was detected on 27 December 2005 at 18:07:16 UT by Swift-BAT. With a
duration of Ty = 8.0 0.2, the observed fluence of 2.3 + 0.3 x 10~ erg cm 2 was reported
in the energy band of 15-150 keV. Swift/XRT initiated observation of the GRB field 93 s
post-BAT trigger and detected a radiant, decreasing uncatalogued X-ray object [134,135].
The redshift of the host galaxy remains ambiguous; nevertheless, ref. [136] proposed a
redshift of z ~ 0.8. The lack of radio detection for a period of many days led to an upper
limit of ~0.1 mJy.

5.1.6. GRB 060313

GRB 060313 was detected on 13 March 2006, at 00:06.484 UT by Swift-BAT with a
calculated location on board R.A. = 404"26™26°, Dec = —10°52/19" (J2000) with an
uncertainty of 3 arcmin [137,138]. With a duration of Toy = 0.7 = 0.1's, the observed fluence
of 1.13 4 0.05 x 10~® ergcm 2 was reported in the energy band of 15-150 keV. This burst
was detected by X-rays and optical bands by XRT and UVOT Swift [139,140] 79 and 78 s
after the BAT trigger. After the analysis of the photometric observations, a redshift of
z = 0.75 was reported by [138]. The lack of radio detection for a two-day period led to an
upper limit of 0.11 mJy.

5.1.7. GRB 060505

GRB 060505 was detected on 2006 May 05 at 06:36:01 by Swift-BAT with a du-
ration Tyy = 4+ 1s and a fluence of (6.2 4 1.1) x 1077 ergcm ™2 in the 15-150 keV
band [141,142]. The XRT Swift detected an X-ray emission consistent with the burst position
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R.A. = +22M07m03.2%, Dec = —27°48'57" (J2000). The analysis of the photometric data
provided a redshift of z = 0.0894 [143].

5.1.8. GRB 070714B

GRB 070714B was detected on 14 July 2007 at 04:59:29 UT by the Swift-BAT with
a calculated location R.A. = +03"51m25%, Dec = 28°17/43” (J2000) with an uncer-
tainty of 3 arcmin [144]. Its observed fluence in the 15-150 keV energy range was
(5.14+0.3) x 1077 erg cm 2 [145]. Subsequent optical and IR photometry performed
by [146] allowed one to determine its redshift to be z = 0.923.

5.1.9. GRB 070724 A

GRB 070724 A was detected on 14 July 2007 at 10:53:50 UT by the Swift-BAT with a
location R.A. = +01"51™14.08%, Dec = —18°35'38.8" (J2000) with a prompt duration of
0.40 £0.04 s [147,148]. After a spectroscopic analysis using Gemini Multi-Object Spectro-
graph data, ref. [149] was able to reveal that the burst was found in a star-forming host
galaxy with redshift z = 0.4571.

5.1.10. GRB 080121

GRB 080121 was detected on 21 January 2008 at 21:29:55 UT by the Swift-BAT, at
R.A. = 09"08M56°, Dec. = +41°50'29” (J2000), with a 90% containment radius of 3’. It
was a weak, short burst characterized by a single peak lasting Tog = 0.7 & 0.2 [150].
Enhanced XRT observations later failed to reveal any fading afterglow; only a non-varying
source within the BAT error region was found [151]. Two SDSS galaxies lie within the
BAT position: SDSS J090858.15+414926.5 at z = 0.045322 and SDSS J090904.12+415033.2 at
z = 0.046041 [152]. No radio afterglow was reported.

5.1.11. GRB 080905A

On 5 September 2008 at 11:58:54 UT, GRB 080905A was detected by Swift-BAT [153].
The BAT ground-calculated position was R.A. = +19"10™39.1%, Dec = —18°51'55.4"
with an uncertainty of 2.1 arcmin. The BAT light curve showed three peaks with a
duration of Toyg = 1.0 £+ 0.1 s, while the observed fluence in the 15-150 keV band was
(1.440.2) x 1077 erg cm ™2 [154]. After an analysis of the burst’s X-ray afterglow and
host-galaxy spectroscopy, its redshift was determined to be z = 0.1218 [155].

5.1.12. GRB 090510

On 10 May 2009 at 00:22:59.97 UT, GRB 090510 triggered Fermi-GBM [156]. Almost at
the same time, it was also observed by Swift-BAT [157] and Fermi-LAT [158]. It was located
by Swift-XRT at R.A. = +22M14™12.47%, Dec = —26°35/00.4" with an uncertainty of 3.8 arc-
seconds. Follow-up optical spectroscopy was performed by [159] with the VLT /FORS2
instrument, through which they identified the burst’s redshift z = 0.903.

5.1.13. GRB 090515

GRB 090515 was detected by Swift-BAT on 15 May 2009 at 04:45:09 UT [160]. Its cor-
rected X-ray position (using XRT-UVOT) was R.A. = +10"56™36.11%, Dec = +14°26/30.3"
with an uncertainty of 2.7 arcseconds [161]. It had a duration of 0.036 £ 0.016 s and an
observed fluence in the 15-150 keV band of (2.1 £0.4) x 1078 erg cm 2 [162]. The redshift
of this burst is currently unknown, but there has been a likely association to a host galaxy
at z = 0.403 through HST observations [163].
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5.1.14. GRB 100117A

On 17 January 2010, at 21:06:19 UT, GRB 100117A triggered Swift-BAT. Approximately
one minute after the initial trigger, the XRT found an associated bright X-ray source located
at RA. = 00M45™4.67%, Dec = —01°35'46.3"” with an uncertainty of 4.6 arcseconds [164].
The burst’s prompt duration was around 0.4 s and its observed fluence in the 8-1000 keV
band was (4.1 £0.5) x 1077 erg cm 2 [165]. Ref. [166] performed R-band observations
with the IMACS and detected a faint source in the burst’s location, which corresponded to
its optical afterglow. After observations of the host galaxy and a spectroscopic analysis, the
authors determined the redshift to be z = 0.915.

5.1.15. GRB 100216A

Swift BAT and Fermi GBM were triggered by GRB 100216A at 10:07:00 UTC on
16 February 2010. This burst was located at R.A. = 10M7™03.2%, Dec = +35°31/27.5"
(J2000). The duration and observed fluence of the single peak in the energy range of
15-350 keV were 0.3 s and (4.7 & 3) x 1078 erg cm~2, respectively [167]. Subsequent
observations were performed by XRT and UVOT from 214.4 ks to 249.2 ks following
the BAT trigger. No fading source was observed; however, a source identified as 1RXS
J101702.9+353404 was located within the error circle [168,169].

5.1.16. GRB 101219A

GRB 101219A was detected on 19 December 2010 at 02:31:29 UT. A minute after
the BAT trigger, the XRT began observations and found an X-ray source located at
R.A. = +04M58M20.49%, Dec = —02°32/22.4" with an uncertainty of 2.3 arcseconds [170].
The refined analysis of BAT unveiled a light curve with two overlapping peaks, a duration
of Tog = 0.6+ 0.2 s and a fluence in the 15-150 keV band of (4.6 +0.3) x 10~7 erg cm 2 [171].
Ref. [172] extracted the best-fit spectrum from the XRT data and determined the redshift to
be z = 0.718.

5.2. Description

Figure 8 illustrates the radio upper limits that were acquired over a period of years
for a variety of GRBs. This includes radio upper limits in the 2.1, 1.4 and 6 GHz bands
of [173], [3], and [174], respectively. In the deep Newtonian phase, we also present light
curves generated by our theoretical synchrotron afterglow model.

The variation is with respect to E, ns, p, and « for each panel, starting from the upper
left and proceeding in a clockwise direction. All other parameters are predetermined and
specified in the header of the figure. In each panel, two theoretical curves (solid and dashed
lines) are depicted that vary a single parameter. Specifically, we consider energy E (upper
left), circumburst number density n; (upper right), electron spectral index p (lower left) or
velocity structure index « (lower right). We maintain the other parameters according to the
label in the figure. In general, we observe that the dashed lines align more effectively with
the upper limits in the majority of panels, while the solid curves are preferred in the lower
right panel. In reality, this panel suggests a preference for high « values, which result in
a more rapid decay of the flux at late periods. In contrast, the slope of the light curve is
influenced by the variations in p in the lower left panel, with smaller values resulting in
faster declines. The flux density is shifted in the upper panels, while the temporal decay
index of the PL is preserved, despite alterations to E or ns. This does not alter the contour
of the light curve.
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Figure 8. Radio upper limits ligthcurves from several GRBs reported in the literature. In blue circles
corresponds to 3.0 GHz, in magenta diamonds 2.1 GHz, in orange triangles corresponds to 6 GHz
and finally in green pentagons corresponds to the 1.4 GHz band. The lightcurves were obtained
applying the parameters reported in the header of the figure, and each panel shows two theoretical
lightcurves (one solid and the other one dashed) considering variation of one specific parameter on
the model, but keeping the others fixed. The data was taken from Fong et al. [173] (orange), Horesh
et al. [174] (green), Metzger and Bower [3] (magenta) and Ricci et al. [175] (blue).

The illustration underscores the degeneracy in parameter space that remains compli-
ant with observational restrictions. Numerous combinations of «, p, E, and n, provide valid
light curves. This degeneracy demonstrates the difficulty of uniquely identifying the physi-
cal parameters of the ejecta or surroundings without further data, such as spectral informa-
tion, polarization studies, or multi-epoch observations across a wider frequency spectrum.

Figure 9 shows the 3D parameter space for GRB 050906, GRB 080121 and GRB 100216A
as a function of the parameters ¢,, e and B. In the particular case of GRB 050906 (left-upper
panel), we see that the limitations are the most rigorous within our sample. In reality, the
space remains unconstrained only for e < 10~%* and ¢, < 10~ 2. In contrast, at substantial

~

levels of the microphysical parameters, this GRB requires subrelativistic velocities of
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B < 0.1. In contrast, GRB 080121 (middle panel) has the most limited parameter space. The
uncolored area predominates on the graph, indicating that for the majority of ¢, and ep
values, the simulated flow consistently remains below the upper limits of the observation,
regardless of B. Only the upper right corner, representing the most critical microphysical
characteristics, has certain limitations. The limits remain rather lenient with § < 0.75,
which continues to align with a relativistic shock. The lower panel shows the parameter
space of GRB 100216A. This panel shows that these parameters are fully reduced. For
instance, ¢, lies in 1x10~! ~ 7x10~1, while for ep lies in 6x10~2 to 4x 10~ 1.

GRB050906 GRB080121
107! 5 107 5 0.9
¥ yp ¥ yp 08
0.7
1073 4 1073
1072 107! 100 1072 107! 10°
& & Q
GRB100216A 0
107! 0.4
Q 0.3
W 1072 4
0.2
10—3 i
1072 107 100
&

Figure 9. The parameter space of the rejected values for GRB 050906, GRB 080121 and GRB 100216A.
We consider the parameters ranging 1072 <e <0.7,107% < ep <04and 0.1 < B <0.93 and ¢, for
a fixed values n; = 0.5cm ™3, E = 10 erg, a5 = 2.4 and p = 2.5.

6. Conclusions

Key outputs and novelty

*  We introduce a compact analytic closure for magnetar-field reemergence, encapsu-
lated by a single growth law f;(t; a, Ty, €) that reduces crustal microphysics to three
observable parameters.
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Closed-form expressions for B(t), T(t), and E(t) feed directly into a synchrotron
afterglow model, linking internal magnetar evolution to jet-scale energetics without
additional nuisance parameters.

Our framework self-consistently reproduces the timing, flux level, and spectral slope
of late-time (t ~102-10* day) cm—mm “bumps”, while remaining agnostic about early
X-ray behavior.

Compared to models without magnetic burial, we obtain order-of-magnitude improve-
ments at ¢ 2> 600 day with the addition of only one extra parameter ().

Constraints from broadband fits (1-100 GHz)

Emergence timescale: 3 < 7, < 17yr; the lower end is Hall-dominated for
B>3 x 10" G, the upper end reflects Ohmic drift at more typical magnetar fields.
Burial fraction: initial submergence of 2 90% of the external dipole (e ~ 1073), consis-
tent with fallback masses ~ 1072 M.

Rebuilt surface field and power: Bg,s ~ (2-5) x 10"° G and Epax ~ 10% erg s 1
sufficient to account for the observed rebrightenings.

Robustness: varying the neutron star moment of inertia within modern EoS bounds
rescales Eg but shifts 7, by <10%.

Applications and scope

We extend the sub-relativistic (deep Newtonian) afterglow formulation of [85], gener-
ating light curves when 1,; = 2 and applying the model to late radio data at 2.1, 1.4,
and 6 GHz.

The parameter space of GRB 050906, GRB 080121, and GRB 100216A is constrained
within this unified framework, connecting radio bumps to internal field revival and
ejecta—ISM interaction.

Forecasts: SKA and ngVLA will detect events analogous to at least z~ 0.3, offering a
decisive test of the buried—-magnetar scenario via year-scale, broadly achromatic radio
rebrightenings.

Scope and geometry: T, should be interpreted as an effective dipolar reemergence
timescale. Under strongly hypercritical fallback, the burial outcome is largely insen-
sitive to the seed topology—uniform horizontal / vertical fields, vertical gradients, or
loop-like structures—so higher-order multipoles and toroidal flux are phenomenologi-
cally absorbed in (a,€).

Microphysics and uncertainties: The effective emergence timescale T, encapsulates
the coupled Hall-Ohm evolution along the cooling history via (T, Qimp): cooling
lengthens the Ohmic timescale, whereas a higher impurity content (larger Qjimp)
shortens it. Accordingly, our fits constrain an observationally calibrated T,, with
residual degeneracies against (€, ngyy) that broadband monitoring, together with
VLBI and, when available, polarimetry, can help break.

Separable coupling and parsimony: We assume a constant coupling efficiency «, so
the delay kernel K(-; T,;;, &) alone sets the rebrightening shape and timescale; slow «(t)
drifts would primarily renormalize the amplitude and leave T;; nearly unchanged at
current precision. Our model, therefore, introduces only one physical parameter ()
relative to no-burial scenarios while delivering order-of-magnitude improvements in
fit quality at ¢ 2 600 days, mitigating overfitting concerns.

Outlook: leveraging source-side delays for future work

The causal, source-side delay introduced here—encoding magnetic burial, Hall-Ohm

diffusion, and crustal reconnection via fg(; &, Ty, €)—opens several directions:

Population inference: Applying the same closure to a nearby controlled GRB sample will
yield empirical distributions of (T, €, ) and their covariances with the environment
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(n1sm) and energetics. This enables testing whether 7, clusters by progenitor channel
(collapsars versus mergers) and whether € scales with inferred fallback mass.

*  Model discrimination: The delay kernel scenario predicts broadly achromatic, year-scale
cm—mm bumps with nearly unchanged optically thin spectral index and a single-
emergence timescale 7;,;. This can be contrasted against alternatives (density jumps,
refreshed shocks, prolonged fallback without burial), which generically imprint differ-
ent spectral/temporal couplings and multi-timescale structure. A uniform analysis
across events will separate these cases.

o Joint multi-band and imaging tests: Combining 1-100 GHz light curves with VLBI size
measurements and late-time calorimetry can break degeneracies between € and gy,
anchoring the sub-relativistic dynamics during the deep Newtonian phase. Broadband
fits that track the synchrotron peak/SSA evolution provide an internal consistency
check of the kernel-driven energy injection.

*  Polarization and magnetization probes: If field reemergence drives PWN-like magneti-
zation in the ejecta, low-to-moderate radio linear polarization and modest Faraday
rotation trends may appear around f ~ T, (evidencia limitada). Polarimetric monitor-
ing offers an orthogonal test of the mechanism.

*  Multi-messenger and context: For mergers that leave long-lived remnants, combining
our radio-delay inferences with kilonova ejecta constraints can link 7, to remnant
lifetime and composition. In collapsars with SN associations, correlations between €
and late-time nebular diagnostics (e.g., **Ni yield) can be explored.

®  Forecasts and surveys: The framework yields concrete predictions for detectability
with next-generation facilities (e.g., SKA, ngVLA): year-scale, broadly achromatic
rebrightenings out to at least the nearby Universe, enabling decisive population tests
through regular (monthly) cadence programs.

*  Open tools: Releasing the inference pipeline (priors, likelihoods, samplers) and syn-
thetic benchmarks will facilitate reproducibility and enlarge the event pool analyzed
under a common delay-kernel framework.

Summary—Source-side delays driven by magnetic burial and Hall-Ohm reemergence
provide a minimal, predictive bridge between magnetar microphysics and late-time ra-
dio afterglows: a single emergence timescale, T, captures both flux normalization and
spectral evolution, and yields falsifiable forecasts—year-scale, broadly achromatic cm-—
mm rebrightenings—testable with uniform 1-100 GHz monitoring, VLBI/polarimetry, and
population inference (e.g., SKA/ngVLA).
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