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Abstract

The aim of this thesis is to introduce the reader on gravitational wave physics, devel-
oping modern methods for the study of the two-body problem in General Relativity.
Given that no exact solution for binary dynamics is viable using analytical tools, in
the present thesis we will adopt a perturbative scheme called PN (post-Newtonian)
expansion. Useful for bound systems with weak gravitational fields and slow veloc-
ities compared to the speed of light, in the thesis we will use this scheme to show
how the conservative dynamics of a slow inspiral binary takes deviations from the
Newton’s two body potential in terms of n PN contributions, i.e. with factors pro-
portional to Gn−l

N v2l where 0 ≤ l ≤ n − 1, being v a typical three velocity of the
system and n, l natural numbers. As a convenient tool for perturbative calcula-
tions, we will introduce the so called EFT (Effective Field Theory) approach, so as
to model the inspiral phase of a binary similarly as done with the heavy quark field
theory in particle physics. Exploiting this approach, we will cast the perturbative
nature of PN corrections into Feynman diagrams, making possible to define a clear
power counting in v2/c2 and organizing specific PN calculations in terms of a well
defined subset of diagrams. In order to build them we will derive a finite set of Feyn-
man rules, adopting a non manifest covariant parametrization for the metric tensor.
Suitable for the EFT of PN systems, this choice leads to diagrams with a definite
scaling in powers of GN and v2/c2. Remarkably, we will see how these classical con-
tributions give rise to integrals similar to multi-loop massless two-point functions, a
relation that has been recently recognized by Mastrolia, Foffa, Sturani and Sturm.
Taking advantage of this relation, we will introduce the most modern multi-loop
techniques so as to perform high precision calculations in gravitational physics. We
will introduce Integration by part identities for Feynman integrals within the dimen-
sional regularization scheme, and apply them for the decomposition of multi-loop
amplitudes, in terms of MI’s (Master Integrals). We will also deal with mathemati-
cal techniques for the evaluation of the latter. The results of the relevant Feynman
amplitudes (i.e. PN contributions) will be given as a series expansion in ε, around
d = 3+ ε space dimensions. Using all the high precision offered by multi-loop tech-
niques, we will perform several PN calculations concerning a non spinning binary
system as the complete Einstein-Infeld-Hoffmann Lagrangian at 1 PN order, two
contributions at 2 PN order scaling respectively as G3

N and G2
Nv

2 and a 4 PN one
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with a G4
Nv

2 dependence. This 4 PN correction was never calculated before with
the EFT approach and it represents the original contribution of the thesis.
It has involved a three-loop amplitude which has been reduced into three MI’s with
the use of a Mathematica package called FIRE. All MI’s have been calculated sep-
arately, leading to the evaluation of this PN contribution.
The methodologies and the results of this thesis can thus be used for planning new
calculations that will be relevant for future gravitational waves detectors as the 5
PN sector of a non spinning binary black-hole, currently unknown, and the so called
post-Minkowskian sector given by unbound systems with arbitrarily high velocities
and weak gravitational fields, which will be relevant for the future space gravitational
wave detector LISA.
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Introduction

On September 14, 2015, LIGO [1] (Laser Interferometer Gravitational-wave Obser-
vatory) detected for the first time gravitational waves emitted by the coalescence
and merging of two colliding black holes [3]. Since then four binary black-hole co-
alescences have been observed [2, 8, 7, 6], followed by the inspiral of neutron stars
[9], opening a new era of precision in gravitational astrophysics.
The relevance of these measurements is extraordinary because they made possible
to test GR (General Relativity) in the so called strong field regime [5], while un-
til recently we were restricted only to solar system observations and binary pulsar
ones [75]. These recent tests were viable only because gravitational waves carry
fingerprints of a binary dynamics, for this reason a complete understanding of the
gravitational two-body problem has become more crucial than ever.
Unfortunately this is an extremely difficult goal to reach in GR and currently it has
been partially accomplished using numerical relativity [58] or perturbative schemes
as the so called PN (post-Newtonian) expansion [14].
Developed already in 1916 by Einstein himself [32], the PN approach is useful for
bound systems having weak gravitational fields and slow velocities compared to the
speed of light. Within this dynamical regime, it can be proved that the conservative
dynamics of a binary takes deviations from the ordinary Newton’s two body poten-
tial in terms of n PN contributions, i.e. with factors proportional to Gn−l

N v2l where
0 ≤ l ≤ n− 1 being n, l natural numbers and v a typical velocity of the binary.
The 1 PN correction to a non spinning binary system was calculated already in
1917 by Lorentz and Droste, and it took decades in order to perform higher PN
calculations as the 4 PN one. This was calculated for the first time by Damour,
Jaranowski and Schäfer in 2014 [29] and currently it represents the state of art.
Given these results on the conservative dynamics, one can include radiation effects
on the binary motion adopting the so called Effective One Body approach [16].
Developed by Buonanno and Damour in 1998 (for a review see [23]), this approach
combines in a suitably resummed format perturbative PN results on the motion and
radiation of compact binaries, with some non-perturbative information extracted
from numerical simulations.
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This scheme have been used for the development of the most accurate templates for
gravitational waves and binary coalescences [17, 21, 27] and it have been crucial for
the first detection of LIGO.
Given that planned gravitational wave detectors [64] will work at higher experimen-
tal precision compared to the current one, several research groups are attempting
to study with increasing precision the details of a binary dynamics, both on the
conservative and radiative sector, adopting several approaches and new techniques.
The present work of thesis is inserted within this line of research and will introduce
the reader on modern gravitational wave physics showing how to perform PN calcu-
lations adopting a modern Effective Field Theory (EFT) approach, commonly used
in particle physics [36].
First introduced in gravitational physics by Damour and Farese [25] and later sys-
tematized by Goldberger and Rothstein [39], the EFT approach casts the pertur-
bative nature of PN physics into Feynman diagrams, making possible to define a
clear power counting in an expansion parameter and connecting physics at separate
scales with the flow of the renormalization group.
As we will see, this approach shares many features with QFT’s (Quantum Field
Theories), but despite the terminology our amplitudes will only provide classical
contributions and should therefore not be considered of any quantum nature.
Given this clarification, it is remarkable how PN contributions can be topologically
mapped into massless multi-loop two point functions, a relation that has been re-
cently introduced in [34] by Mastrolia, Foffa, Sturani and Sturm.
Exploiting this mapping, we will perform high precision calculations introducing the
most modern multi-loop techniques used in particle physics [61, 18].
In this regard, when a direct integration of Feynman integrals is prohibitive, the
evaluation of multi-loop amplitude will be addressed in two stages.
In a preliminary one, by exploiting some remarkable properties of dimensional regu-
larized integrals, namely Integration by parts identities (IBP’s), Lorentz invariance
identities, and further ones due to kinematic symmetry specific of each diagram, one
establishes several relations among a whole set of scalar integrals associated to the
original Feynman diagram called MI’s (Master Integrals)
The second phase consists of the actual evaluation of the MI’s. The basis of MI’s is
not known apriori, and these are identified at the end of the reduction procedure,
and only afterwards the problem of their evaluation arises. The most used multi-
loop reduction technique is the well-known Laporta algorithm [55, 56], based on
the solution of algebraic systems of equations obtained through IBP’s [19, 71, 40].
Owing to IBP’s, MIs are found to obey systems of difference [55, 56, 70, 57] and
differential [52, 44] equations, reviewed in [10, 45].
Supplemented by boundary conditions, often derived from simpler integrals, these
methods offer valid alternatives to the evaluation of MI’s, which can be found as so-
lution of those systems of equations instead of direct integration. Within the thesis,
we will use all this technology to evaluate multi-loop amplitudes linked with several
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PN corrections, evaluating a 4 PN contribution proportional to G4
Nv

2 that so far
wasn’t calculated before within the EFT approach.
In this perspective, this work will also explain in a comprehensive way the methods
and techniques that can be borrowed from particle physics so as to perform new
and relevant calculations which are urgent for nowadays gravitational physics. As
for the material treated, it is divided into five Chapters:

• In the first Chapter it is derived General Relativity, so far the best description
of gravity at classical level, via a field theory construction. Starting from
the Fierz-Pauli Lagrangian describing a massless spin 2 field, we will see how
consistency requirements will bring us to the simplest action of gravity given
by the Einstein-Hilbert one describing GR. In doing so, we will point out the
non uniqueness of the procedure, showing how this derivation accommodate in
a natural way deviations suggested by cosmological considerations (e.g. non
local terms [60]).

• In the second Chapter, having derived GR, we will focus on gravitational wave
physics studying their behavior far from sources and how they generate from
dynamical ones, introducing the so called multipole expansion useful for a non
relativistic treatment of the radiated power from a binary.
As application, we will study gravitational waves emitted by a point-particle
binary deriving the so called chirping and coalescence of a binary system.
A detailed analysis will be made on how deviations from Newtonian gravity
influence the phase and amplitude of the emitted gravitational waves.

• In the third Chapter, we will introduce the Effective Field Theory approach
whereby PN corrections to a binary dynamics are expressed in terms of Feyn-
man diagrams. We will give an example of how the approach works by studying
a toy model of binary held together by scalar gravity, passing then to the case
of a real binary within GR.
We will derive several Feynman rules useful for the evaluation of high post-
Newtonian corrections showing in the end a remarkable relation that makes
possible to map these classical contributions into massless two point functions
at n-loop.

• In the fourth Chapter, given that classical PN corrections can be seen as loop
amplitudes, we will introduce the most modern multi-loop techniques.
We will start with dimensional regularization and Feynman parametrization,
evaluating a relevant class of scalar loop integrals.
Alongside these, the methods of Integration by parts identities and the Star
triangle rule will be introduced. All these techniques will be used for the
evaluation of two point functions at one-two-three loops and for the estimate
of the degree of divergence of a four loop amplitude.
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• In the fifth Chapter, we will collect everything learned from the previous ones
in order to calculate several PN contributions to non spinning binary systems.
It will be evaluated the complete Einstein-Infeld-Hoffmann Lagrangian at 1
PN order, a sector of the 2 PN order coming from two diagrams proportional
to G3

N and G2
Nv

2 and we will calculate for the first time a 4 PN contribution
from a diagram scaling as G4

Nv
2.

In doing so, attention will be paid on the current status of PN calculations
and how diagrams can be organized in order to evaluate a given PN order.

In conclusion, we will point out how this thesis can be used for planning new calcu-
lations that will be relevant for future gravitational waves detectors.
Among these, we cite the 5 PN sector of a non spinning binary black-hole, currently
unknown, and the so called post-Minkowskian sector given by unbound system with
arbitrarily high velocities and weak gravitational fields, which will be relevant for
the future space gravitational wave detector LISA [11].
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Notations

Constant and units

We will denote the speed of light with c, the Planck constant with ~ and Newton’s
gravitational constant with GN . Occasionally we will set c = 1. As for ~, we will al-
ways work in natural units where ~ = 1, while GN it will be always written explicitly.

Metric signature

For the flat Minkowskian metric we have chosen the most common convention in
General Relativity

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


while for coordinates and the derivative operator

xµ = (ct, ~x) , ∂µ =

(
1

c
∂t, ∂i

)

Scalar products and multi-loop integrals

Depending on the type of calculations we will be interested in, we will say that a
loop integral is Minkowskian when its integrand can be expressed as a function of
Minkowskian contractions (e.g. p2 = (p0)2 − ~p · ~p), while Euclidean if dependent on

Euclidean ones only (e.g. k2 = ~k · ~k).
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Chapter 1

General Relativity: a derivation

General Relativity (GR) is commonly introduced as a geometric theory of space-time
in many textbooks [73, 62], with an entire building which could appear different at
first sight from the Standard Model one.
Although elegant and intuitive, this geometrical point of view is not a necessary
condition in order to develop GR: it is possible to derive the same field equations
and underlying concepts, starting from field theoretical considerations, in a bottom-
up approach at the end equivalent to Einstein’s formulation less than few aspects.
This novel procedure, that had its forerunner in a 1954 paper of Suraj Gupta [43],
is based on a series of lectures given by Feynman at Caltech in 1962-1963 on grav-
itational physics [33] in which gravity is seen on the same footage of every other
field theory: in doing so, we will find convenient to talk of graviton as a mediator of
gravity at quantum level, nevertheless it should keep in mind that our theory has
to be trusted only on its classical sector.
Given these considerations, the chapter is so divided:

• It is shown how to derive the Lagrangian describing a free, massless spin 2
particle, by means of field theory assumptions. By taking care that gauge
invariance is preserved at classical level, interactions will be added in terms of
a free coupling g.

• It is derived the graviton propagator and shown how the non relativistic limit
of our theory reduces to Newtonian gravity. The procedure will also fix in a
unique way the absolute value of the coupling between gravity and matter.

• To maintain consistency at classical level, it will been shown how the previous
theory have to develop non linear interactions among gravitons. Clearness
will be made on the reasons of this consistency requirement and it will be
demonstrated how it leads naturally to General Relativity.

17



CHAPTER 1. GENERAL RELATIVITY: A DERIVATION

1.1 The Pauli-Fierz Lagrangian for a graviton

Let’s put aside the geometrical foundation of General Relativity (GR) and sup-
pose we are only interested to describe gravity as an ordinary Quantum field theory
(QFT) defined on a flat space-time, which for the beginning is a reasonable assump-
tion.
To fulfill our purpose we need to define a functional action of the following form

S ≡
∫

d4xL(φi, ∂φi) (1.1)

where φi denotes a generic relativistic field, not necessarily scalar, which transform
as a finite irreducibile representation of the Poincaré group P = SO(1, 3) 1 R4.
A consistent QFT requires 1.1 to be invariant under the action of P . Since the d4x
measure is unaffected by these transformations, one is required to define a scalar
Lagrangian L in terms of relativistic fields.
We are also interested to identify the mediator of the gravitational field, so we
will take advantage of the fact that classical relativistic fields, needed to define L,
transform as finite irreducible representations of the Poincaré group P , while spin
particles arise from the decomposition of the same in terms of finite irreducible
representations of the rotation subgroup SO(3).
We can now start our derivation by noticing that classical forces, like gravity, are
mediated at quantum level by bosons1, which means that we can restrict ourselves
to those representations of SO(1, 3) that contain particles with integer spin.
In particular, since the gravitational field exercises a long range force, it is reasonable
to assume that gravity is mediated by a massless boson.2

A theorem due to Weinberg [74] states that it is not possible to develop a consistent
QFT of interacting massless bosons with spin higher than 2 (see also [66] at p.155
for a modern derivation), which means gravity can only be described as a massless
bosons with elicity ±2s where s could be 0, 1, 2.
As additional hint let’s notice that gravity couples to masses (i.e energy), whose
density is the 00 component of an energy-momentum tensor Tµν(x).
Assuming a local theory3 the only interactions allowed will be developed in the
Lagrangian as scalar contractions with a Tµν(x), function of the space-time point,

1The concept of ”force” is a classical and in a quantum theory is linked with the Feynman
propagator of a tree level amplitude with initial states equal to final: if a fermion would mediate
such interactions we would have violation of angular momentum at a vertex, this is the reason why
it is usually said that ”bosons” are force carrier

2A priori we cannot exclude that gravity is mediated by a massive boson leading to a Yukawa
potential where the mass is constrained by current experiments: we won’t consider this possibility
here, but for a detailed analysis see [46], Section 2.3, p.81

3In our approach GR is intended as an Effective field theory, so one could also include non local
terms in the action. For simplicity we will not consider them, however allowing them has deep
phenomenological implications, for a review see [60]
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CHAPTER 1. GENERAL RELATIVITY: A DERIVATION

and the corresponding gravitational field in that place. In the later we will just
ignore self-interactions of gravity due to a gravitational Tµν(x), considering only an
external Tµν(x) such that ∂µT

µν(x) = 0.
Given these considerations, we are able to single out which Lagrangian and quantum
mediator should correctly describe gravity.
If the mediator of gravity is a s = 0 particle, the gravitational field would be
described by a scalar field with Lagrangian

L = −1

2
∂µφ∂

µφ+ gφT (1.2)

where g is a free-dimensional coupling and T the trace of the energy-momentum
tensor of some external field. This is the only viable interaction which is local and
respects Poincaré invariance. Unfortunately this would mean that gravity cannot
couple to electromagnetism which has T = 0, in contrast with the fact that light
bending is a well established experimental evidence in gravitational physics 4.
Therefore s = 0 is the wrong choice. We can check if s = 1 is a viable option, in that
case gravity would be described by a vector field Aµ(x), the simplest representation
containing a spin 1 particle.
Such a theory is constrained by U(1) gauge invariance and any local interaction
with an external Tµν would have to be invariant under the replacement Aµ(x) →
Aµ(x) + ∂µα(x).
This rules out interactions like AµAνT

µν which are not gauge invariant, but also
∂µAνT

µν that can be rewritten as ∂µ(AνT
µν)−Aν∂µT

µν and eliminated as a bound-
ary term plus a null term due to the conserved T µν . These were the only viable
local and Poincaré invariant interactions under the constraint of gauge invariance.
This means that also s = 1 is wrong and that the only possibility that is left is a
massless spin 2 particle, that we will call ”graviton”.
The simplest finite irreducible representation of SO(1, 3), which contains a spin 2
representation for the Lie subgroup SO(3), is a symmetric and traceless tensor with
two indices

Bµν ∈ 0⊕ 1⊕ 2 (1.3)

However if we build our Lagrangian with this field only we will obtain a mismatch
of degrees of freedom: 9 for the classical field against the 2 of the graviton.
As in the case of electromagnetism, we can implement a sort of gauge invariance,
which will help us in getting riddle of them.
Before to proceed further let’s use a symmetric tensor with non zero trace hµν ∈
0⊕ (0⊕ 1⊕ 2): it only increase by one the undesired degrees of freedom.

4Indeed, this was the first confirmation of General Relativity. For a geometric derivation of the
result see [73] p.136, Section 6.3
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CHAPTER 1. GENERAL RELATIVITY: A DERIVATION

For such a symmetric tensor field, the simplest gauge transformation that we could
guess is the following

h
′

µν = hµν − ∂µξν − ∂νξµ (1.4)

where ξµ is a generic 4-vector.
Up to four divergences, which can easily integrated out from the total action, there
is a unique Lagrangian for hµν which respects Poincaré and gauge invariance

L =
1

2
∂µh∂

µh− 1

2
∂µhαβ∂

µhαβ + ∂µhαβ∂
βhµα − ∂µhµν∂

νh (1.5)

This is the so called Fierz-Pauli Lagrangian, from the names of the first who derived
it5.
As for interactions, the simplest coupling with an external energy momentum tensor
is given by the following action

Sint =
g

2

∫
d4x hµνT

µν (1.6)

where g is a free parameter with mass dimension [-2].
Beware only that in order to be consistent with previous requirements, it is crucial
that the external T µν is conserved otherwise gauge invariance would be violated

S ′
int =

g

2

∫
d4x h

′

µνT
µν =

g

2

∫
d4x hµνT

µν + 2∂µξνT
µν = (1.7)

g

2

∫
d4x hµνT

µν − g

∫
d4xξν∂µT

µν = Sint ⇔ ∂µT
µν = 0 (1.8)

In this respect, the action describing a spin 2 particle, coupled to an external energy-
momentum tensor is

S =

∫
d4x

1

2
∂µh∂

µh− 1

2
∂µhαβ∂

µhαβ + ∂µhαβ∂
βhµα − ∂µhµν∂

νh+
g

2
hµνT

µν (1.9)

What remains undefined is the value of the g-coupling. As we will see in the next
section, its absolute value can be fixed by matching the non relativistic limit of the
underlying quantum theory with Newtonian gravity.

5see [33], Section 3.6 for a straightforward derivation
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CHAPTER 1. GENERAL RELATIVITY: A DERIVATION

1.2 Newton’s law from gravitons

To test the validity of our construction, we will take advantage of the fact that in
the non relativistic limit of any Quantum field theory it is possible define a classical
potential V (x) by means of the following formula 6

V (x) = −i
∫

d3q

(2π)3
Mif (q)e

iq·x (1.10)

to see if it is possible to reproduce the Newton potential.
Here Mif (q) is a three level amplitude of a 2→ 2 scattering with initial states equal
to the finals and q = (0, ~q). A tree level scattering mediated by a graviton would be
described by different channels, like the s one

(1.11)

where two dashed lines (not necessarily fermions) exchange a graviton.
The vertex can be read off from the Lagrangian as hµνT

µν and the fact that T µν

has at least two external fields. However, according to our approach, this is a given
classical field and we can simply assume the following Feynman rule for the vertex

µν

= −ig

2
T̃ µν(q) (1.12)

Equation 1.12 can be considered has the emission of a graviton from a static source
and it can be derived from the Lagrangian by taking the field derivatives in hµν ,
and multiplying by −i after its Fourier Transform.
At this point we are only missing the free graviton propagator. As it is customary
in ordinary QFT, this can be defined as the Green function of classical equations
of motion, expressed according the iε prescription. Given this, we can proceed with
its evaluation in momentum space7

6see Maggiore’s book [59] Section 6.6 and eqs.(7.56)-(7.59)for a derivation of this formula.
7For the example of a scalar field, see Pierre Ramond [65] Section 3.2
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1.2.1 The graviton propagator

For a graviton, the kinetic part of the action is

Skin =

∫
d4x

1

2
∂µh∂

µh− 1

2
∂µhαβ∂

µhαβ + ∂µhαβ∂
βhµα − ∂µhµν∂

νh (1.13)

Let’s express the hµν field via Fourier transform as

hµν(x) =

∫
d4k

(2π)4
h̃µν(k) e

ikx , h̃∗
µν(k) = h̃µν(−k) (1.14)

Plugging it in the action gives

Skin =

∫
d4x

d4k

(2π)4
d4p

(2π)4
eix·(k+p)k · p

2

[
h̃µν(k)h̃

µν(p)− h̃(k)h̃(p)
]

−kµpν
[
h̃α
ν (k)h̃µα(p)− h̃µν(k)h̃(p)

] (1.15)

The integral in x gives a Dirac’s delta, which can be further integrated over the p
momentum in order to give

Skin =

∫
d4k

(2π)4
k2

2

[
h̃(k)h̃(−k)−h̃µν(k)h̃

µν(−k)
]
+kµkν

[
h̃αν(k)h̃

α
µ(−k)−h̃µν(k)h̃(−k)

]
(1.16)

In a compact form it can be expressed as

Skin =

∫
1

2

d4k

(2π)4
Aαβµν(k)h̃µν(k)h̃αβ(−k) (1.17)

where

Aαβµν ≡ k2
(
ηαβηµν− 1

2
ηαµηβν− 1

2
ηανηβµ

)
−kµkνηαβ−kαkβηµν+

1

2
k(µkαηβν) (1.18)

As we will see, the minimum of 1.17 is given (in Fourier space) by the following
algebraic equations

Aαβµν h̃µν(k) = 0 (1.19)
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At this point, one would invert 1.18 in order to define a Feynman propagator for a
free graviton. Unfortunately, this is not possible due to the presence of a redundancy
in the description of the gravitational field.
The solution to this obstruction applies to all gauge theories: gauge invariance is
broken at classical level adding a suitable gauge fixing term to the action, which
makes possible to extract a suitable propagator.
In our theory, the gauge fixing term is called De Donder

SGF = −
∫

d4x
(
∂µhµν−

1

2
∂νh
)2

=

∫
d4x∂µh

µν∂νh−∂ρhµν∂
νhρµ− 1

4
∂µh∂

µh (1.20)

As before, the fields are expressed using a Fourier transform

SGF =

∫
d4x d4k d4p eix·(k+p) kµpν

[
− h̃µν(k)h̃(p) + h̃µβ(k)h̃ν

β(p)
]
+

1

4
k · p h̃(k)h̃(p)

(1.21)
Performing the x and ensuing p integration gives

SGF =

∫
d4k kµkν

[
h̃µν(k)h̃(−k)− h̃µβ(k)h̃ν

β(−k)
]
− k2

4
h̃(k)h̃(−k) (1.22)

Expressed in an equivalent way

SGF =
1

2

∫
d4k Bαβµν h̃µν(k)h̃αβ(−k) (1.23)

where

Bαβµν = −1

2
k2ηαβηµν + kµkνηαβ + kαkβηµν − 1

2
k(µkαηβν) (1.24)

Summing to the kinetic term the gauge fixing one, results in the total action

S = Skin + SGF =
1

2

∫
d4x Cαβµν h̃µν(k)h̃αβ(−k) (1.25)

with

Cαβµν =
k2

2
(ηµνηαβ − ηµαηβν − ηµβηνα) (1.26)
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The inverse of this tensor should be a complete symmetric tensor such that

CαβµνDµνγδ =
1

2
δαγ δ

β
δ +

1

2
δαδ δ

β
γ (1.27)

Expliciting the first term

k2(ηµνηαβ − ηµαηβν − ηµβηνα)Dµνγδ = δαγ δ
β
δ + δαδ δ

β
γ (1.28)

k2(ηαβDµ
µγδ −Dαβ

γδ −Dβα
γδ ) = δαγ δ

β
δ + δαδ δ

β
γ (1.29)

k2(ηαβDu
uγδ − 2Dαβ

γδ ) = δαγ δ
β
δ + δαδ δ

β
γ (1.30)

Taking the trace in the first pair of indexes, gives

k2Dµ
µγδ = ηγδ (1.31)

Inserting this trace in the previous equation gives

−2k2Dαβ
γδ = −ηαβk2Dµ

µγδ + δαγ δ
β
δ + δαδ δ

β
γ = −ηαβηγδ + δαγ δ

β
δ + δαδ δ

β
γ (1.32)

Dividing by 2k2, raising all indexes and multiplying by i gives the desired propagator

Dαβγδ =
i

2(k2 + iε)

(
− ηαβηγδ + ηαγηβδ + ηαδηβγ

)
(1.33)

where it has been introduced the iε prescription that select the desired Feynman
propagator.
Equation 1.33 can be expressed in a diagrammatic way as

k

αβ γδ
≡ Dαβγδ (1.34)
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1.2.2 Fixing the coupling matter-gravity

Now we have all the elements to calculate the non relativistic 2→ 2 scattering.
From 1.12 and 1.34 one can built a unique tree level amplitude

= Mif (q) (1.35)

Mif (q) = −
g2

4
T̃ µν
1 (q)Dµναβ(q)T̃

αβ
2 (−q) (1.36)

As source of external fields we will use free relativistic particles on a given trajectory,
with energy-momentum tensor given by (see Landau and Lifshitz, Vol.2 [54])

T µν =
pµpν

p0
δ3(x− x0(t)) (1.37)

Here x0(t) denotes a trajectory that in a non relativistic and static limit can be set
equal to zero with pµ = (m,~0). After a Fourier transform of 1.37, one has that the
amplitude can be approximated to its non relativistic expression using |~q| >> |q0|

−g2

4
T 00
1 (q)D0000T

00
2 (−q) = −ig

2m1m2

8(q2 + iε)
=
−ig2m1m2

8|~q|2
+O(q0/|~q|) (1.38)

where we have removed the iε prescription since no poles are encountered. Inserting
this result in 1.10 one has that the induced potential is equal to

V (x) = −g2m1m2

8

∫
d3q

(2π)3
1

|~q|2
eiq·x (1.39)

which gives8

V (x) = −g2m1m2

32πr
(1.40)

This potential has to be matched with the well known Newton potential. As a
remarkable fact there is a unique absolute value for which one obtains Newton’s law
of gravitation

V (x) = −GNm1m2

r
⇔ |g| =

√
32πG (1.41)

This proves the consistency of our construction.9

8See Chapter 5, Section 5.2, for a derivation of the Fourier transform of 1/|~q|2
9Only powers of the coupling squared enters in physical observables, so sign ambiguities due to

the absolute value of g has no physical consequences.

25



CHAPTER 1. GENERAL RELATIVITY: A DERIVATION

1.3 From gravitons to General Relativity

We have derived the action for a spin 2 particle coupled to an external energy-
momentum tensor such that ∂µT

µν = 0. The underlying quantum theory leads
naturally to Newtonian gravity. However from Noether’s theorem applied on 1.5
one should expect that also the gravitational field has an energy-momentum tensor,
which means that the assumption ∂µT

µν = 0 cannot hold for the external matter
only.
As we will see, the resolution of this inconsistency will lead to General Relativity.

1.3.1 The self-energy of the gravitational field

To overcome the previous inconsistency we will remain within the classical limit of
our theory.
This can be done by taking the minimum of the functional action, regarded as a
function of hµν .
It is a well known fact that minimum solutions are described by the following Euler-
Lagrange equations

δS
δhµν

= 0 ⇔ ∂ρ
∂L

∂ρhµν

− ∂L
∂hµν

= 0 (1.42)

Applying this procedure to 1.9 gives

2h̄µν+ηµν∂
α∂βh̄αβ−∂α∂ν h̄µα−∂α∂µh̄να = −g

2
Tµν , h̄µν = hµν−

1

2
ηµνh

α
α (1.43)

We can now take advantage of gauge invariance and impose the so called De Donder
gauge

∂µh̄
µν = 0 (1.44)

To prove the validity of this gauge condition, let’s assume to start with a h̄µν field
that doesn’t satisfies 1.44 and let’s see if exist a ξµ field that render the gauge
transformed h

′
µν the desidered one.

If so, we would have

h̄
′

µν = h̄µν − (∂µξν + ∂νξµ − ηµν∂ρξ
ρ) ⇒ ∂µh̄

µν = 2ξν (1.45)

where partial derivative of 1.4 has been taken, here expressed in terms of h̄µν .
The equation so obtained admits always a solution, since the d’ Alembertian oper-
ator is invertible, which proves 1.44.
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At this point, the dynamics can be cast in this simpler form

2h̄µν = −g

2
T µν (1.46)

The validity of equations 1.44, 1.46 necessarily implies the conservation of the ex-
ternal energy momentum tensor, which is possible only if T µν is a classical external
source, and not a dynamical one.
Since in a full theory, it should be the total energy momentum tensor to be con-
served, and not the matter one only, one could assume that the correct dynamics is

2h̄µν = −g

2
(T µν

m + tµν2 ) (1.47)

where tµν2 is the energy momentum tensor coming from Noether’s theorem applied
on the Fierz-Pauli Lagrangian (the subscript 2 emphasize its quadratic dependence
in hµν).
This modified dynamics is compatible with the De Donder gauge condition since
∂µh̄

µν = 0 implies

∂µ(T
µν + tµν2 ) = 0 (1.48)

which is the conservation of the total energy momentum tensor, matter plus gravi-
tational field, that we were looking for.
In order to derive 1.47 from a Lagrangian one has to add to the Fierz-Pauli one, a
term cubic in hµν and proportional to g, thus leading to a non linear coupling of
gravitons among themselves, typical of non abelian gauge theories.

L =
1

2
∂µh∂

µh−1

2
∂µhαβ∂

µhαβ+∂µhαβ∂
βhµα−∂µhµν∂

νh+
g

2
hµνTµν+

g

2
hµνSµν (1.49)

where the cubic term in hµν involves contractions of at least three hµν with their
derivatives.
The similarity with non abelian gauge theories can be seen also at the level of gauge
transformations since the previous linear one is no longer valid. In fact the hµνT

µν

term is no longer invariant since now ∂µT
µν 6= 0. To overcome this obstacle one has

to promote the previous linear gauge transformation to a non linear one of the form

h′
µν = hµν − ∂µξν − ∂νξµ + gO(h∂ξ) (1.50)

where the tensorial structure of O(h∂ξ) can be fixed in order to render the previous
Lagrangian gauge invariant.
The problem is that the procedure so defined cannot be stopped at a finite step.
Noether’s theorem applied on 1.49 leads to a contribute to the total energy momen-
tum tensor cubic in hµν and proportional to g, let’s call it gtµν3 .
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Again, this should be inserted in the dynamics in order to obtain the conservation
of the total energy momentum tensor

2h̄µν = −g

2
(T µν + tµν2 + gtµν3 ) (1.51)

however this should derive from a Lagrangian with a new term proportional to g2

and quartic in hµν and so on.
The main result of this investigation is the following:
In order to define a consistent theory of interacting gravitons, one should include
non linear terms with powers of g within a non linear gauge transformation.
What remains undefined is how to fix these non linear terms and the complete gauge
transformation.

1.3.2 Failure of ∂µT
µν = 0 in presence of gravity

Assuming that ∂µT
µν = 0 holds for matter only, means that we are neglecting a

mutual influence between the gravitational field and particles. In fact 1.5 states
only the dynamics of the gravitational field due to a presence of matter, and not
viceversa.
In order to relax this assumption we need to define the action for matter.
In case of free relativistic particles, one has

Sparticle =
m

2

∫
ds ẋµ(s)ẋν(s)ηµν (1.52)

where s is the proper time elapsed in the particle’s frame and the derivatives are
respect to this evolution parameter. As for particle-gravity interactions, this can be
read from 1.5 as

Sint =
g

2

∫
d4x T µνhµν (1.53)

Expressing 1.37 in the following equivalent way

T µν = m

∫
ds δ4(x− x0(s))ẋ

µ
0 ẋ

ν
0 (1.54)

one has that the interacting term can be written as

Sint =
mg

2

∫
dsẋµ

0 ẋ
ν
0hµν(x0(s)) (1.55)

Thus, relativistic particles coupled to gravity has the following action

S =
m

2

∫
ds ẋµ

0(s)ẋ
ν
0(s)gµν(x0(s)) ; gµν = ηµν + ghµν (1.56)
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where we have defined the so called metric tensor on the left, including both ηµν
and hµν .
Particles trajectories are now derived by minimizing 1.56 with respect to the world-
lines

δxS = 0 ⇔
∫

ds δx

(
ẋµẋνgµν

)
= 0 (1.57)

∫
ds 2gµν ẋ

νδẋµ + ẋµẋνδxgµν = 0 (1.58)

Integrating by parts the first term and explicitng the variation for the metric tensor∫
ds − 2gµν ẍ

νδxµ − 2∂αgµν ẋ
αẋνδxµ + ẋµẋν∂αgµνδx

α = 0 (1.59)

At this point we symmetrize in α, ν the second term, while exchanging the indices
α and µ in the last term∫

ds − 2gµν ẍ
νδxµ − ∂αgµν ẋ

αẋνδxµ − ∂νgαµẋ
ν ẋαδxµ + ẋαẋβ∂µgαβδx

µ = 0 (1.60)

We are now able to express the total variation in a close form as∫
ds δxµ

[
− 2gµν ẍ

ν − ∂αgµν ẋ
αẋν − ∂νgαµẋ

ν ẋα + ẋαẋβ∂µgαβ

]
= 0 (1.61)

The integral is null for a generic δxµ only if it is null the term in the square brackets.
This defines particle’s motion influenced by gravity as

gµν ẍ
ν = −Γµαβẋ

αẋβ (1.62)

Γµαβ ≡
1

2

(
∂αgβµ + ∂βgαµ − ∂µgαβ

)
(1.63)

This are the geodesic equations for particles influenced by gravity where 1.63 is
usually called Christoffel symbol of the first kind.
Now we have all the elements to understand why ∂µT

µν = 0 cannot hold for matter
only.
To realize it, let’s take the partial derivative of T µν matter as expressed in 1.54

∂µT
µν =

∫
ds ∂µδ(x− x0(s))ẋ

µ(s)ẋν(s) (1.64)
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Using the fact that

∂µf(x(s))
dxµ

ds
=

df

ds
(x(s)) (1.65)

we have

∂µT
µν = −

∫
ds δ4(x− x0(s))ẍ

ν(s) (1.66)

where we have integrated by parts the derivative of the Dirac’s delta so obtained.
Let’s now multiply by gνσ, expressing the acceleration of the worldline due to gravity
by means of 1.63 we arrive at

gσν∂µT
µν + ΓσαβT

αβ = 0 (1.67)

This is the continuity equation for a matter T µν in presence of gravity. From it is
now clear that ∂µT

µν = 0 was wrong, since we have neglected the mutual influence
of gravity and matter.

1.3.3 The Einstein-Hilbert action

To be able to define a consistent theory of gravity, containing non-linear interactions
among gravitons, we must find a functional action, generalizing the Fierz-Pauli such
that

δS
δhµν

= −g

2
T µν (1.68)

being T µν an external energy momentum tensor now satisfying 1.67.
This new action will have to reduce to the solely action describing massless spin 2
particle, once self-interactions are negligible.
Given this considerations, let’s take the partial derivative ∂µ on both sides of 1.68,
followed by a contraction with the metric tensor

gσν∂µ
δS
δhµν

= −g

2
gσν∂µT

µν (1.69)

This can be expressed in terms of the solely gravitational field using 1.67 and 1.68

gσν∂µ
δS
δhµν

+ Γσαβ
δS
δhµν

= 0 (1.70)

Unfortunately, equation 1.70 is a differential functional equation and there is no
simple procedure which generate solutions to this vector equation, stated as it is.
An alternative way to express 1.70 is by a contraction with an arbitrary Aσ and
integrating over the space-time in order to obtain a scalar equation.
This yields to ∫

d4xAσgσν∂µ
δS
δhµν

+ AσΓσαβ
δS
δhµν

= 0 (1.71)
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If satisfied by an arbitrary Aσ then 1.71 implies 1.70.
We may now integrate by part the first term in the integrand so as to get rid of the
derivative in ∂µ. We deduce∫

d4x
δS
δhµν

[−∂µ(Aσgσν) + AσΓσαβ] = 0 (1.72)

where the square brackets is intended as symmetric under the exchange of µ and ν,
since coupled to the symmetric variation δhµν .
We can interpret this equation in another useful way.
Under an infinitesimal shift in hµν , by a generic quantity, εµν one has

S(hµν + εµν) = S(hµν) +

∫
d4x

δS
δhµν

εµν + .. (1.73)

By matching the infinitesimal εµν to the terms in the square bracket of 1.72 we
deduce

S(hµν + εµν) = S(hµν) (1.74)

which means that the desired action has to be invariant under the following infinites-
imal transformation

h
′

µν = hµν −
1

2
∂µ(A

σgσν)−
1

2
∂ν(A

σgσµ) + AσΓσµν (1.75)

To render explicit the meaning of this requirement, we can express 1.75 in terms of
gµν

g
′

µν = gµν + ∂µξ
σgσν + ∂νξ

σgσµ + ξσ∂σgµν (1.76)

where we have defined −g
2
Aσ = ξσ.

In equation 1.76 we can recognize the transformation of gµν , regarded as a tensor
under infinitesimal change of coordinates x′µ = xµ + ξµ.
Given this symmetry, the task of finding solutions to the previous functional equation
is now reduced to the simpler construction of a functional action invariant under
infinitesimal change of coordinates.
However, these also affect the measure of integration so one is first required to define
an invariant measure, otherwise it is hopeless the definition of invariant involving
gµν .
Let’s first define the inverse of the metric tensor, such that

gµσgσν = δµν (1.77)

We now examine an invariant measure which may easily be found by looking at the
transformation properties of the determinant.
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It can be shown that determinant of a matrix satisfies the following relation

detA = eTr log A (1.78)

we shall not stop here to prove it, but to make it appear reasonable, let’s notice that
this equality is trivial satisfied for a diagonal matrix since

detA = A11A22...Ann = elog A11+log A22+... = eTrlogA (1.79)

We now use 1.78 in order to evaluate the determinant of a matrix A+B when B is
infinitesimal.

det(A+B) = detA det(1 + A−1B) = detA eTr log(1+A−1B) (1.80)

log det(A+B) = log detA+ TrA−1B +O(B2) (1.81)

According to the transformation rule 1.76, we can regard the terms proportional to
ξ as an infinitesimal matrix. Applying on both sides the determinant the expansion
1.81 leads to

log det(−g′

µν) = log det(−gµν) + 2∂αξ
α + ξσ∂σ log det(−gµν) (1.82)

where for the last term we have used the following relation

∂σgµνg
µν = ∂σ log det(−gµν) (1.83)

We set C = 1
2
log det(−gµν) and rewrite the resulting equation as

C
′
= C + ∂µξ

µ + ∂µCξµ (1.84)

The last terms start to resemble total derivative which can be integrated out in
order to obtain our invariant.
This can be noticed by exponentiation, followed by a subsequent expansion at linear
order in ξµ

eC
′
= eC + eC(∂µξ

µ + ∂µC
µ) = eC + ∂µ(e

Cξµ) (1.85)

Integrating over all space-time we get that the following is an invariant measure of
integration ∫

d4x
√
− det gµν (1.86)

Unfortunately, even if 1.86 is solution to the functional differential equation previ-
ously stated, this cannot be regarded as a solution needed for our theory since there
are no derivatives in gµν .
To proceed further, let’s first define the so called Christoffel symbols of the second
kind

Γτ
µν ≡ gτσΓσµν (1.87)
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Within Γτ
µν it is possible to construct a tensor under arbitrary change of coordinates

containing second derivatives of gµν . It is usually called Riemann curvature tensor

Rτ
µνρ ≡ ∂ρΓ

τ
µν − ∂νΓ

τ
µρ + Γτ

ρλΓ
λ
µν − Γτ

νλΓ
λ
µρ (1.88)

It’s transformation properties can be derived in a straightforward, even if tedious,
way from those of gµν as

Rτ
µνρ

′ = Rτ
µνρ + ∂νξ

λRτ
µλρ + ∂µξ

λRτ
λνρ + ∂ρξ

λRτ
µλν + ∂λξ

τRλ
µρν + ξλ∂λR

τ
µνρ (1.89)

From it, one defines the so called Ricci tensor and Ricci scalar

Rτ
µντ ≡ Rµν R ≡ gµνRµν (1.90)

the last, being the simplest invariant under infinitesimal change of coordinates con-
taining second derivatives of the metric tensor.
Using these tensors, the simplest proposal for a complete theory is given by the
following action

S(ηµν + ghµν) =
2

g2

∫
d4x
√
− det gµν R (1.91)

where the g2 coupling is there for dimensional arguments.
Regarding the metric tensor gµν as the correct Lagrangian variable, we conclude
that

S(gµν) =
1

16πGN

∫
d4x
√
− det gµν R (1.92)

This is the Einstein-Hilbert action for General Relativity.
The minimum of this functional action defines the so called Einstein’s field equations
which nowadays are the best description of gravity at large scales10

Rµν −
1

2
gµνR = 8πGN T̄µν ; T̄µν ≡

Tµν√
− det gµν

(1.93)

10 see [73] p.450 Appendix E.1 for a derivation of this result
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This dynamics correctly reduces to that coming from 1.43.
It’s enough to set gµν = ηµν+ghµν , so that to linear order in hµν the Riemann tensor
becomes

Rµ
νρσ =

g

2
(∂ν∂ρh

µ
σ + ∂µ∂σhνρ − ∂ν∂ρh

µ
σ − ∂ν∂σh

µ
ρ) (1.94)

where the indices are raised and lowered using the Minkowski metric ηµν .
It is now a direct calculation to show that equations 1.93 reduces to

2h̄µν+ηµν∂
α∂βh̄αβ−∂α∂ν h̄µα−∂α∂µh̄να = −g

2
Tµν , h̄µν = hµν−

1

2
ηµνh

α
α (1.95)

thus showing the correctness of our method.
In order to make the physical meaning of this linearization as clear as possible, one
can rescale the hµν field by a g−1 factor in the definition of the metric tensor so as
to make it adimensional. From this point for view, the linearization in hµν can be
regarded as a weak field expansion around the Minkowski one, being

gµν = ηµν + hµν ; |hµν | << 1 (1.96)

The associated theory is usually called linearized General Relativity and its action
is

S =
1

g2

∫
d4x

1

2
∂µh∂

µh− 1

2
∂µhαβ∂

µhαβ + ∂µhαβ∂
βhµα − ∂µhµν∂

νh (1.97)

whose corresponding Lagrangian is nothing else than the rescaled Fierz-Pauli one.
As for the complete theory, the Einstein-Hilbert action is not the solely one which
reproduces this action. Indeed, one could also add to the action powers of the Ricci
scalar, contractions involving the Ricci or Riemann tensor, or non local terms: all
these corrections goes under the name of modified gravity, and are object of current
research and we will not address them here.
As for the purpose of this thesis, we will restrict to the Einstein-Hilbert action as
the correct one describing gravity.
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Chapter 2

Gravitational Waves

One of the most important predictions of General Relativity (GR) is the existence
of gravitational waves emitted by the dynamics of binary systems.
Although theorized since the formulation of GR, the announcement of their first
detection was made only recently, precisely on February 11 2016 by the LIGO and
Virgo collaborations (see [1, 3]). This has signed a milestone in the history of modern
physics since it has opened the era of gravitational-wave astronomy and cosmology.
For this reason it is of extreme importance a complete knowledge on gravitational
waves, to which this entire chapter is devoted to. The list of topics that will be
treated is the following:

• Gravitational waves will be introduced as solutions to linearized GR. It will be
derived a formula for the energy and momentum flux emitted by a gravitational
wave exploiting Noether’s theorem on the Pauli-Fierz Lagrangian.

• It will be derived the expression for gravitational waves emitted by a source.
The process will be studied in a non relativistic fashion by means of multi-
poles expansion. It will be derived the quadrupole radiation formula and the
proportionality relation between the frequency of the orbital motion and that
of the emitted gravitational radiation.

• As application, it will be studied the inspiral phase of a binary using linearized
GR, studying its radiated power and time of coalescence. Numerical estimates
will be treated in detail, useful for providing a phenomenological view on these
systems.

• In order to describe more accurately a binary system it will be introduced the
post-Newtonian approach. It will be shown how physical quantities like the
phase and amplitude of a gravitational wave gets modified within the post-
Newtonian scheme respect to the solely linearized GR.
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CHAPTER 2. GRAVITATIONAL WAVES

2.1 Gravitational waves from General Relativity

In the previous chapter we have derived the Einstein-Hilbert action showing that its
equations of motion reduces to linearized GR once the gravitational field is weak.
As we have seen, this linearized dynamics is governed by the rescaled Fierz-Pauli
one. In empty space T µν = 0, and in the De Donder gauge, one has

2h̄µν = 0 ⇒ h̄µν = eµν(k)e
ik·x (2.1)

Solutions to 2.1 are called Gravitational waves, since they are plane waves with
kµ = (ω/c, ~k) and ω/c = |k|. However, the De Donder gauge hasn’t fix the gauge
completely, since it is still possible to perform a gauge transformation that satisfies

h̄
′

µν = h̄µν − (∂µξν + ∂νξµ − ηµν∂ρξ
ρ) ⇔ 2ξµ = 0 (2.2)

By looking at the degrees of freedom of hµν it makes sense: this is a symmetric
tensor of 10 components describing a massless spin 2 particle, since the De Donder
gauge has eliminated 4 of them, we should expect that other 4 can be eliminated in
order to match the 2 degrees of freedom of the corresponding graviton.
This can be accomplished fixing the remaining four components of the ξ vector of
2.2 in order to have

h̄ = 0 , h̄0µ = 0 ⇒ h̄µν = hµν (2.3)

Unite with the De Donder gauge, the tranverse-traceless gauge (TT), so called, can
be expressed as

hi
i = 0 , h0µ = 0 , ∂ih

ij = 0 (2.4)

Using this, and assuming for definiteness that the gravitational wave travels along
the z-axis, a solution to 2.1 can be expressed in terms of a 3 × 3 symmetric tensor
with null trace1

hTT
ij =

h+ h× 0
h× −h+ 0
0 0 0

 cos[w(t− z)] (2.5)

The solution is expressed in terms of the two amplitudes h+ and h×: these are the
remaining degrees of freedom of our gravitational wave and matches exactly those
of a graviton, as it must be by construction of the theory.

1The upperscript TT stands for the tranverse-traceless gauge: it can be shown (see [46] p.8)
that this gauge is valid only in empty space, or far from a source that is producing gravitational
waves.
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CHAPTER 2. GRAVITATIONAL WAVES

2.1.1 The energy-momentum tensor for a gravitational wave

The dynamics of a gravitational wave in empty space derives from the Fierz-Pauli
Lagrangian.
It is a well known fact that a Lagrangian invariant under space-time translations
admits, via Noether theorem, a conserved energy momentum tensor given by

T µν = − ∂L
∂µφi

∂νφi + ηµνL ; ∂µT
µν = 0 (2.6)

being φi the proper relativistic field.
For the case of linearized GR one has

tµν = − ∂L
∂(∂µhαβ)

∂νhαβ + ηµνL ⇒ ∂µt
µν = 0 (2.7)

where we have kept the same conventions of the previous chapter to denote the grav-
itational energy-momentum tensor. Using the expression for the rescaled Fierz-Pauli
Lagrangian, valid in linearized General Relativity, the energy-momentum tensor for
a gravitational wave in absence of matter is

tµν =
c4

32πGN

∂µhαβ∂νh
αβ (2.8)

where we have restored the velocity of light c.
One of the peculiar aspects of 2.8 is that, unlike electromagnetic waves, it is not
possible to use it in order to define a local energy density which is gauge invariant.
In electromagnetism, the energy-momentum tensor makes possible to define 1

2
(E2+

B2) as a gauge invariant quantity whose integral gives the total energy of the sys-
tem; in linearized General Relativity, it can be shown that it doesn’t exist a gauge
invariant tensor with this property [46].
This is due to the fact that 2.8 can always be set to zero thanks to equivalence
principle since, according to it, it is always possible to define an inertial frame so
that the effect of gravity are locally absent.
However, the lack of a gauge invariant local energy density it is not a problem for
our purpose, since the only measurable quantity is the total energy emitted, which
is not a local quantity.

37



CHAPTER 2. GRAVITATIONAL WAVES

2.1.2 The energy and momentum flux of a gravitational
wave

In order to derive the energy flux, we can integrate on a fixed volume V the right
part of 2.7 in order to obtain the following continuity equation∫

V

d3x ∂µt
µν = 0 ⇒ Ṗ ν = −

∫
∂V

d ~A tiv (2.9)

where we have defined P ν = t0ν .
Posing ν = 0 leads to the conservation of the energy

dE

dt
= −

∫
∂V

d ~A · ti0 (2.10)

Assuming that the volume is a sphere, we have d ~A = r2dΩ~n

dE

dt
=

c4r2

32πGN

∫
dΩ ni ∂0hαβ∂

ihαβ (2.11)

where the overall sign is positive since we are interested in the received energy at
infinity.
In particular at sufficiently large distances r, it can be shown2 that a gravitational
wave has the general form

hαβ =
1

r
fαβ(t− r/c) ⇒ ∂ihαβ = −∂0hαβ +O(1/r2) (2.12)

where the i direction has been chosen in order to be parallel to the radial vector ~r,
while fαβ stands for a generic tensor function of the retarded time t− r/c.
Imposing the TT gauge outside the source, we arrive at the following simple result

dE

dt
=

c3r2

32πGN

∫
dΩḣTT

ij ḣTT
ij (2.13)

In a similar manner, one can derive from 2.9 the flux of momentum emitted by a
gravitational wave

dP k

dt
= − c3r2

32πGN

∫
dΩḣTT

ij ∂khTT
ij (2.14)

2see Maggiore [46], section 3.1
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2.2 Generation of gravitational waves

In this section we are going to study how gravitational waves can be generated from
the dynamics of physical sources.
Let’s assume that the background is the usual Minkowski one, so that the source
is able to produce only a weak gravitational field. Thus the gravitational waves
produced from the motion of a source satisfy the following equation in De Donder
gauge

2h̄µν = −16πGN

c4
Tµν (2.15)

where the Tµν is the stress energy tensor of the source.
A solution to 2.15 can be found using the method of the Green’s function3, that is
assuming

h̄µν(x) = −
16πGN

c4

∫
d4y G(x− y)Tµν(y) ⇔ 2G(x− y) = δ4(x− y) (2.16)

For a radiation problem, a convenient solution for the right part of 2.16 is given by
the so called retarded Green function

G(x− y) = − 1

4π|x− y|
δ0(x0

ret − y0) , x0
ret = ct− |x− y| (2.17)

Replacing this solution in 2.16 we obtain the following solution to 2.15

h̄µν(x) =
4GN

c4

∫
d3y

1

|x− y|
Tµν(ct− |x− y|, y) (2.18)

In order to reduce redundancy in the degrees of freedom, we can fix the TT gauge
outside the source where the vacuum equation holds, thus obtaining

hTT
ij (x) =

4GN

c4
Λijkl(~n)

∫
d3y

1

|x− y|
Tkl(ct− |x− y|, y) (2.19)

where we have defined for convenience the following projector

Λijkl(~n) ≡ PikPjl −
1

2
PijPkl , Pij = δij − ninj , nini = 1 (2.20)

such that

ΛijklΛklmn = Λijmn , niΛijkl = 0 , Λiikl = Λijkk = 0 (2.21)

3see Jackson [48] for a pedagogical introduction on the subject.
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2.2.1 Multipoles expansion

Normally, the source of gravitational waves and the point at which they are detected
are separated by a distance r >> d where d denotes the typical radius of the source.
Within this assumption we can express the retarded time as

ct− |x− y| = ct− r − y · n+O(d2/r2) , ~x = r~n (2.22)

hTT
ij (x) =

4GN

rc4
Λijkl(~n)

∫
d3y Tkl(ct− r − y · n, y) (2.23)

were the integration is restricted to y ≤ d, since outside Tµν is null.
In general it is not possible to evaluate this three-dimensional integral, and it is
necessary to adopt other approximations besides the large distances one: one of
them is a perturbative approach called multipoles expansion which is valid only if
the typical velocity of the source is non relativistic.
In order to define the expansion, first one should Fourier transform the expression
for the energy-momentum tensor in 2.23 as

Tkl(ct− r + y · n, y) =
∫

d4k

(2π)4
T̃kl(ω, k)e

−i(ωt− r
c
+ y·n

c
)+ik·y (2.24)

For a typical non relativist source, one should expect that the energy momentum
tensor is peaked around a typical frequency ωs such that ωsd ∼ v << c where v
denotes a typical velocity of the source.
This means that the following relations holds for a non relativistic source

ωs

c
y · n ≤ ωsd

c
∼ v

c
<< 1 (2.25)

Using 2.25 we can expand the exponential in 2.24 using ωy · n as an expansion
parameter since, as it will be demonstrated, ωs ∼ ω

e−i(ωt− r
c
+ y·n

c
) = e−i(ωt− r

c

(
1− i

ω

c
yini +

1

2

(
− i

ω

c

)2
yiyjninj + ...

)
(2.26)

This gives the so called ”multipoles expansion”

Tkl(ct− r + y · n, y) ' Tkl(ct− r, y) +
yini

c
∂0Tkl +

1

2c2
yiyjninj∂2

0Tkl + ... (2.27)

which can be regarded as a Taylor series using (y · n)/c as an expansion parameter.
As for the terms in the sum, the first is called ”dipole”, the second ”quadrupole”,
the third ”sixtupole” and so on.
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The starting point in the study of multipoles expansion come with the definition of
the momenta for the stress-energy tensor T ij

Sij(t) ≡
∫

d3x T ij(x, t) (2.28)

Sij,k(t) ≡
∫

d3x T ij(x, t) xk (2.29)

Sij,kl(t) ≡
∫

d3x T ij(x, t) xkxl (2.30)

and similarly for higher order momenta.
In terms of them, equation 2.19 becomes

hTT
ij (x) =

4GN

rc4
Λijkl(~n)

[
Skl(ct−r)+nm

c
Ṡkl,m(ct−r)+npnm

2c2
S̈kl,mp(ct−r)+..

]
(2.31)

Equation 2.31 is the basis for the multipoles expansion.
From definitions 2.28,2.29,2.30 we see that, respect to Sij, Sij,k has an additional
factor xm ∼ O(d). Since time derivatives bring a factor O(ωs) we have that Ṡij,k

has an additional factor O(ωsd ∼ v) with respect to Sij, which means that nm

c
Ṡkl,m

introduces O(v
c
) corrections with respect to Skl. Similarly the term npnm

2c2
S̈kl,mp

introduces O(v
2

c2
) corrections and so on. Therefore, the multipoles expansion can be

regarded as a non relativistic expansion in powers of v
c
.

At this point, is convenient to define the momenta of the other components of T µν .
For T 00 one has

M ≡ 1

c2

∫
d3xT 00(t, x) (2.32)

M i ≡ 1

c2

∫
d3xT 00(t, x) xi (2.33)

M ij ≡ 1

c2

∫
d3xT 00(t, x) xixj (2.34)

M ijk ≡ 1

c2

∫
d3xT 00(t, x) xixjxk (2.35)

while for the momenta of T 0i

P i ≡ 1

c

∫
d3xT 0i(t, x) (2.36)

P i,j ≡ 1

c

∫
d3xT 0i(t, x) xj (2.37)
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P i,jk ≡ 1

c

∫
d3xT 0i(t, x) xjxk (2.38)

and so on. The link between the various momenta comes from the conservation of
the associated energy momentum tensor. As example

cṀ i =

∫
V

d3x xi∂0T
00 = −

∫
V

d3x xi∂jT
0j =

∫
V

d3x (∂jx
i)∂0T

0j = cP i (2.39)

Using the same procedure, it is possible to derive relations for all the momenta
involved. Here we will report only few of them

Ṁ = 0 (2.40)

Ṁ i = P i (2.41)

Ṁ ij = P ij + P ji (2.42)

Ṁ ij,k = P i,jk + P j,ki + P k,ij (2.43)

while for the momenta of T 0i

Ṗ i = 0 (2.44)

Ṗ i,j = Sij (2.45)

Ṗ i,jk = Sij,k + Sik,j (2.46)

where equations Ṁ = 0 and Ṗ i = 0 can be regarded as the conservation of the mass
and the total momentum of the source.
Using these relations we are able to express the various momenta Sij, Ṡij,k and so
on, in terms of the two set M,M ij, .. and P i, P i,j, ...
For the first term in the multipoles expansion 2.31 we get

Sij =
1

2
M̈ ij (2.47)

Combining equation 2.43 with equation 2.46 instead, we have

...
M

ijk
= 2(Ṡij,k + Ṡj,ik + Ṡk,ij) (2.48)

which can be used in order to define the second term in the multipoles expansion

Ṡij,k =
1

6

...
M

ijk
+

1

3

(
P̈ i,jk + P̈ j,ik + P̈ k,ij

)
(2.49)

In a similar manner, one proceed if higher multipole corrections are needed.
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2.2.2 The quadrupole radiation

Using 2.47, we can express equation 2.31 as

hTT
ij =

2GN

rc4
Λijkl(n) M̈kl(ct− r) +O(v/c) (2.50)

where from now on we will neglect O(v/c) terms.
Defining the quadrupole momentum4 as the traceless part of M ij

Qij ≡
(
M ij − 1

3
δijMk

k

)
(2.51)

we arrive at the following equation

hTT
ij =

2GN

rc4
Λijkl(n) Q̈kl(ct− r) (2.52)

where the remaining part of M ij, proportional to a δij it has been eliminated due
to contraction with the Λijkl projector and its symmetries.
The last equation is very important as it is thanks to this that it is possible to calcu-
late an exact formula for the power radiated per unit solid angle in the quadrupole
approximation.
This can be derived inserting 2.52 in 2.13, expressed in terms of the power radiated

dP

dΩ
=

r2c3

32πGN

ḣTT
ij ḣTT

ij =
GN

8πc5
Λijkl(~n)

...
Qij

...
Qkl (2.53)

where in the last equality it has been performed a straightforward contraction be-
tween two Λijkl projectors.
What is left in 2.53 is the integration over the solid angle, which can be easily per-
formed noting that the angular dependence is in the projectors.
Using ∫

dΩΛijkl(~n) =
2π

15
(11δikδjl − 4δijδkl + δilδjk) (2.54)

we arrive at the total radiated power in quadrupole approximation

Pquad =
GN

5c5
...
Q

ij...
Qij (2.55)

4Beware that some authors define the quadropole momentum using a different normalization
factor (e.g. Landau and Lifshitz [54]). Here we will follow the definition of Maggiore ([46] Section
3.3.2)
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2.2.3 Radiation from point particle sources

Within linearized GR, the simplest source that one can study is represented by a
closed system of point particles moving under their mutual gravitational attraction.
As we will see this is a good approximation for many physical situations and it offer
a first sight on the gravitational dynamics of a real binary system.
For point-particles the total energy-momentum tensor can be expressed in a non
covariant way as

T µν
tot (t, x) =

∑
a

pµap
ν
a

γama

δ3(x− xa(t)) =
∑
a

γama
dxµ

a

dt

dxν
a

dt
δ3(x− xa(t)) (2.56)

where γ = (1 − v2/c2)1/2 is the usual Lorentz factor and the index a run over the
number of constituents, 2 for a binary.
We can start by defining the second mass momentum for the system as

M ij(t) =
∑
a

ma

∫
d3x xixjδ3(x− xa(t)) =

∑
a

max
i
a(t)x

j
a(t) (2.57)

Under a translation of the reference frame by xi → xi+ ai the second mass momen-
tum transform as

M ij(t) → M ij(t) + ai
(∑

a

max
j
a(t)
)
+ aj

(∑
a

max
i
a(t)
)
+ aiaj

∑
a

ma (2.58)

which means that its value depend on the origin that we have chosen, in particular
for its time derivative one has

Ṁ ij(t) → Ṁ ij(t) + aiP j
tot + ajP i

tot ; P i
tot =

∑
a

maẋ
i
a (2.59)

Since for a closed system Ptot is conserved (i.e. Ṗtot = 0), one has that the sec-
ond time derivative of M ij(t) is invariant under coordinate translations. This is a
reasonable result as otherwise quadrupole radiation would depend on the choice of
coordinates, as it can be seen from

Sij =
1

2
M̈ ij (2.60)
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We can use this invariance in order to calculate the second mass momentum in the
center of mass frame, which for a non relativistic binary system is given by 5

xi
CM =

∑
amax

i
a∑

a ma

, xi
0 = xi

1 − xi
2 (2.61)

Inserting this change of coordinates into the expression of the second mass momen-
tum gives

M ij(t) = m1x
i
1x

j
1 +m2x

i
2x

j
2

= mxi
CMxj

CM + µ(xi
CMxj

0 + xj
CMxi

0) + µxi
0x

j
0 ; µ =

m1m2

m1 +m2

(2.62)

where we have defined the so called reduced mass µ.
We can set the origin in the center of mass frame such that xCM = 0 thus yielding
this simpler expression

M ij(t) = µxi
0x

j
0 (2.63)

At this point one should determine the dynamics of the relative distance due to
gravitational attraction on the system and then use 2.63 in order to calculate the
radiated power.
As example, let’s assume that the dynamics of the relative distance is given so that
the system describes a gravitational oscillator with mass m around a heavier mass
M . The relative coordinate is moving along the z-axis with harmonic oscillations

z0(t) = a cos(ωst) (2.64)

The second mass momentum becomes

M ij(t) = δi3δj3
µa21
2

(1+2 cos(2ωst)) ⇒ M̈ ij = −2δi3δj3ω2
s µa

2 cos(2ωst) (2.65)

where we have expressed cos2(ωst) in terms of cos(ωst) using basic trigonometric
relations.
At this point one should note that the gravitational waves produced by the system
are, in quadrupole approximation

hTT
ij =

2GN

rc4
Λijkl(n)M̈kl(ct− r) ⇒ hTT

ij = Cij cos(2ωst) (2.66)

for a time independent tensor Cij.

5It can be shown that this definition for the center of mass-frame of a relativistic system no
longer applies and requires a generalization. See Blanchet et al.[31], equation (3.8)
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A comparison between equation 2.64 and the right part of 2.66 bring us to the fol-
lowing conclusion:

”For a non relativistic, closed gravitational system the gravitational waves produced
in quadrupole approximation oscillates with a frequency ωgw proportional to the typ-
ical frequency of the system with ωgw = 2ωs”.

This proportionality relation between the orbital frequency and the radiation fre-
quency is also valid for more complex systems, and retails its validity for higher
multipole expansion with the only difference that the proportionality factor could
change.
As for the radiated power, one needs the entire expression of hTT

ij simply derivable
from 2.66 by means of contractions.
Plugging the result in 2.53 we deduce

dP

dΩ
=

GNµ
2a4ω6

s

2πc5
sin4(θ) ⇒ Pquad =

16

15

GNµ
2

c5
a4ω6

s (2.67)

which is the final result of this section.
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2.3 Compact binaries as a radiating system

In this section we will apply what we have developed so far in order to study a more
realistic system as the inspiral of two compact binary.
We will assume a Minkowskian background, which means it is possible to apply
Newton’s gravitational law, in particular we will suppose for simplicity that the
motion is on a given circular orbit of constant ωs, which is allowed since it is a
Keplerian one.
Denoting the orbital distance with R and the total mass as m1 +m2 = m one has
that the third Kepler’s law holds

ω2
s =

mGN

R3
(2.68)

where ωs denotes the orbital frequency of the circular motion.
We choose the frame so that the orbit lies on the x-y plane and the trajectories of
the binaries are

x(t) = R cos(ωst) , y(t) = R sin(ωst) , z(t) = 0 (2.69)

Moving in the center of mass-frame, one can proceed with the evaluation of the
second mass momenta using 2.63, which yields

M11 = µR2
(1− cos(2ωst)

2

)
, M22 = µR2

(1 + cos(2ωst)

2

)
(2.70)

M12 = −
1

2
µR2 sin(2ωst) (2.71)

while the other components are null.
Given these, one can derive from 2.66 the expression for the gravitational waves
produced in the TT gauge. In terms of their two physical components

h+(t, θ, φ) =
1

r

4GNµω
2
sR

2

c4

(1 + cos2 θ

2

)
cos(2ωstret) (2.72)

h×(t, θ, φ) =
1

r

4GNµω
2
sR

2

c4
cos θ cos(2ωstret) (2.73)

being θ the angle between the line of sight and the normal to the orbit, and φ = 2ωst
the angle lying on the x− y plane.
Also in this case we recognize that the gravitational waves produced oscillates with
a time frequency ωgw such that ωgw = 2ωs.
At this point it is a straightforward calculation the evaluation of the total power
radiated in quadrupole approximation. Introducing the so called mass chirp Mc we
have

Pquad =
32

5

c5

GN

(GNMcωs

c3

)10/3

, Mc ≡ µ
3/5m

2/5 (2.74)
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2.3.1 The coalescence of compact binaries

Until now, we have assumed that compact binaries are on a fixed Keplerian orbit,
a circular one in our case.
However, this is inconsistent with the conservation of energy since the system emits
a non null total energy whose release must take place at the expense of the internal
energy of the system. Within linearized GR this can expressed as the sum of the
kinetic and potential energy

Eint = Ekin + Epot = −
GNm1m2

2R
(2.75)

Due to the emission of gravitational waves, Eint has to become more and more
negative. This means that R must decrease in time, which from third Kepler’s law
means that ωs has to increase, the same for the emitted energy from 2.74. The
natural conclusion is that at the end there is the coalescence of the binary system.
In order to give an estimate of the process we can express the energy of the binary
in terms of ωs using 2.3

Eint = −
(G2

NM
5
c ω

2
s

8

)1/3

(2.76)

Due to conservation of the energy one must have that P = −dEint

dt
which gives, unite

with (2.74), the following differential equation in ωs

ω̇s =
192

5

(GNMc

c3

)5/3

ω
11/3
s (2.77)

The integration of this first order differential equation exhibit a divergence for ωs in
a finite time, that we will call tcoal.
In terms of τ = tcoal − t the solution is

ωs =
( 5

256

1

τ

)3/8(GNMc

c3

)−5/8

=
ωgw

2
(2.78)

What we have obtained is the time behavior of the orbital frequency which, it must
be remembered, is also proportional at the frequency of the emitted gravitational
waves. Equation 2.78 shows that with the passage of time the two binaries become
closer and closer with an increasing orbital frequency, leading at the end to an
artificial singularity which only reveals that our estimate is no longer valid when
the two binary merges. Several factors can explain the birth of this divergence, first
of all having treated components of a binary system as point-like when in reality
the binary ones have a physical extension. Nevertheless, this does not change the
physical meaning of 2.78, which can be used for phenomenological considerations.
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2.3.2 Estimates and numerical values for compact binaries

We can now base a series of phenomenological considerations on 2.78 expressd in
terms of the frequency fgw = ωgw

2π
. We find convenient to express numerical values,

included Newton’s constant and velocity of light, in terms of the mass sun M�

fgw =
1

π

( 5

256

1

τ

)3/8(GNMc

c3

)−5/8

' 143Hz
(1.21M�

Mc

)5/8(1s
τ

)3/8

(2.79)

Relation 2.79 can be inverted as

τ ' 2s
(1.21M�

Mc

)5/3(100Hz

fgw

)3/8

(2.80)

which gives an estimate of the time missing at the coalescence in terms of the
frequency of the gravitational waves emitted.
In this respect, if a detector would receive a gravitational wave from a binary system
with Mc = 1.21M� this would mean that for frequencies detected around fgw =
10Hz the system is at 17 minutes to coalescence, for frequencies at fgw = 100Hz at
few second, and so on, until the two merge and our model fail to be valid.
Gravitational wave detectors makes also possible to estimate the number of cycles
spent in the accessible detector bandwidth [fmin, fmax] which can be expressed as

Ncycles =

∫ tf

tt

dt fgw =

∫ fmax

fmin

dfgw
fgw
˙fgw

(2.81)

Using 2.77 integration is straightforward giving as result

Ncycles =
1

32π8/3

(GNMc

c3

)−5/3

(f
−5/3
min − f−5/3

max ) (2.82)

Assuming again that Mc = 1.21M� one has

Ncycles ' 1.6 104
(10Hz

fmin

)5/3

(2.83)

where we have neglected the contribute coming from fmax which for a typical detec-
tor is negligible.
Equation 2.83 states that for a detector sensitive to mHz frequencies the number
of cycles spent in the detector could be more than a million 6 which means that in
principle the knowledge of the incoming gravitational wave is possible with great
accuracy. As we will see, this is the basis to test physics beyond linearized GR that
we have assumed here.

6Indeed, this is the case for the space interferometer LISA which will be designed to have
fmin ' 10−4Hz.
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2.4 Beyond linearized General Relativity

In dealing with non relativistic compact binaries we have assumed that the back-
ground is the usual Minkowski one and we have computed the generation of gravi-
tational waves as a multipoles expansion in v

c
being v a typical internal speed of the

system.
One could be attempt to apply the same procedure in order to derive higher con-
tribute to the total emitted radiation by means of a higher multipoles expansion
around a flat metric. In order to be valid, this procedure has to assume that the
background space-time curvature and velocity of the source can be treated as in-
dependent variables. This is indeed the case when the system is governed by non
gravitational forces like the electromagnetic one. In this case one can still perform a
multipoles expansion which maintains its validity also for highly relativistic particles
accelerated in an external electric field.
Unfortunately this doesn’t happen when the system is governed by gravitational
forces.
Indeed, for a self-gravitational system as a binary, one has that the virial theorem
holds

v2

c2
∼ Rs

R
; Rs =

2GNm

c2
(2.84)

where R is the typical size of the system, m the total mass and Rs the Schwarzschild
radius that measures the strength of the gravitational field around the source7.
Equation 2.84 means that increasing multipoles corrections is consistent only at the
price of modifying the background space-time.
A solution to this problem is the so-called Post Newtonian approach, developed
already in 1916 by Einstein himself. At the base of this scheme there is the possibil-
ity to cast deviations from Newton’s law due to a curved background by means of
corrections to the Newton Potential introducing new terms proportional to powers
of the Newton constant GN and v2. 8

It is usually said that 1 PN corrections are considered once the two bodies potential
gets corrected by terms proportional to G2

N and GNv
2; that 2 PN corrections are

considered once G3
N , G

2
Nv

2 and GNv
4 contributes are taken into account and so on

for higher contributes.
For the moment we take for granted that these corrections to the Newton’s potential
exist focusing on their phenomenological implications, dedicating the next chapter
of the thesis to their systematic deduction.

7 see Wald [73] p.124 who entroduce the concept within the Schwarzschild metric.
8see Luc Blanchet, Gravitational radiation from post-Newtonian sources and inspiralling com-

pact binaries [14] for a review on the subject.
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2.4.1 The phase of a gravitational wave: post-Newtonian
corrections

Let’s start by analyzing the consequences of these corrections on a physical measur-
able quantity as the phase of a gravitational wave

Φ(t) = 2

∫ t

ti

dt′ω(t′) (2.85)

being ω the orbital angular frequency.
For simplicity we will assume that the orbits are circular9.
The first thing to note is that due to deviations from Newton’s law, we should expect
that the internal energy 2.75 gets modified to an expression of the form

E = −µGN

2
v2(1 + ev2(µ/m)v

2 + ev4(µ/m)v
4 + ...) (2.86)

being ev2n(µ/m) a generic correction.
In a similar manner, also the radiated power from the binary 2.74 should change as

P =
32µ2

5GNm2

1

GNc5
v10(1 + fv2(µ/m)v

2 + f3(µ/m)v
3 + ...) (2.87)

where we have expressed all formulas using v2 instead of ω by means of

v3 = ωmGN (2.88)

a simple relation that can be legitimate using the third Kepler’s law unit with the
virial theorem10 for the case of circular orbits.
All these quantities can now be used for an estimate of the phase of a gravitational
wave since11

Φ = 2

∫ t

ti

dt′ω(t′) = 2

∫ vf

vi

dv ω(v)
dE

dv

dt

dE
=

2

GNm

∫ vf

vi

dv
v3

P

dE

dv
(2.89)

having used the following relation P = −dE
dt

due to the conservation of energy.

9Usually binary orbits are eccentric, however they usually circularize long before they have
reached the coalescence phase. This fact is proved in Maggiore [46] Section 4.1.3

10In this case, the precise numerical factor is v2/c2 = Rs/2d
11This derivation is based on a course held by Riccardo Sturani (see http://www.ictp-

saifr.org/wp-content/uploads/2013/07/cursoGW-ICTP-Sturani1.pdf)
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Plugging equations 2.86,2.87 into 2.89 one has the following post-Newtonian expres-
sion for the phase of a gravitational wave

Φ =
5m

16µ

∫ vf

vi

dv
1

v6
(1 + pv2v

2 + pv3v
3 + ..) (2.90)

In equation 2.90 the first term of the expansion gives in terms of v the Newtonian
phase previously calculated, while the remaining gives post-Newtonian corrections
parameterized in terms of pvn .
The presence of these terms modify the prediction on the number of cycles spent
by a gravitational wave in the frequency band, which is a physical quantity that
a detector can measure with high accuracy 2.83. In this respect post-Newtonian
corrections due to General Relativity, or its modifications, are testable.

2.4.2 The amplitude of a gravitational wave beyond lin-
earized GR

Another quantity of interest that gets modified going beyond Newtonian physics is
the amplitude of a gravitational wave.
We have already seen that in quadrupole approximation, the Newtonian amplitude
h+ of a gravitational wave can be expressed as

h+(t, θ, φ) =
1

r

4GNµω
2
sR

2

c4

(1 + cos2 θ

2

)
cos(ωgwtret) (2.91)

where equation 2.91 was derived assuming a constant orbital frequency ωs.
In order to take care of the coalescence of the binary, one should beware that:

• ωgwtret must be replaced by Φ unite with its temporal dependence.

• in the factors in front of the amplitude, ωgw has to be replaced by ωgw(t).

• one has to include contributions coming from the derivatives of the orbital
distance R(t) and ωgw(t).

The time dependence of Φ, within Newtonian physics, can be deduced from the first
term of 2.90 expressed in terms of τ = tcoal − t.
The result is simple and given by

Φ(τ) = −2
(
5GNMc

c3

)−5/8

τ
5/8 + Φ0 (2.92)

where Φ0 = Φ(τ = 0) is equal to the value of Φ at coalescence.
As for the radial velocity Ṙ, we assume it is negligible or equivalently ω̇gw << ω2

gw.
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(2.94)

In this respect the resulting amplitude can be expressed in terms of the solely τ =
tcoal − t as

h+(τ) =
1

r

(
GNMc

c2

)5/4(
5

cτ

)1/4(1 + cos2 θ

2

)
cos(Φ(τ)) (2.93)

If we remain at the level of Newtonian physics, Φ is equal to 2.92 and the corre-
sponding time evolution of a gravitational wave amplitude, valid for the inspiral
phase, can be seen from Fig.2.94. Observing the figure12 it can be noticed that once
the coalescence is approached the amplitude increase, a behavior which is usually
referred as ”chirping”.
Of course, the time evolution of a gravitational wave should also take care of post-
Newtonian effects, like the modification of the phase seen in equation 2.92.
This effect, along with others like back-reaction in the motion due to radiation and
the merging and ring-down phase, have been considered for the first time within the
so called Effective one body approach developed by Thibault Damour and Alessan-
dra Buonanno (See [16], [26], [22], for a review on the subject see also [24]).
This scheme adopts a perturbative post-Newtonian approach to define the conserva-
tive dynamics, but it is also able to combine, in a suitably resummed format, some
non perturbative informations extracted from numerical simulations of coalescing
binaries.

12The image has been taken from https://www.ligo.org/science/GW-Inspiral.php. The ampli-
tude of the gravitational wave lies on the y axis, while on the x axis there is the time t, where it
is assumed that the coalescence occurs at tcoal = 0.1.
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This provided the first templates which has been subsequently used during the first
detection of a gravitational wave made on 14 September 2015 and then announced
by the LIGO and Virgo collaborations on 11 February 2016 [4]. After this many
others followed. The second observation of gravitational waves was made on 26
December 2015 [2] and announced on 15 June 2016 while three more observations
were made in 2017.
For completeness we report below the temporal evolution of the first signal, which
has been called GW150914 (from ”Gravitational Wave” and the date of observation
2015-09-14)

(2.95)

From the first boxes on top we can easily recognize the ”chirp” due to the emission
of gravitational radiation during the inspiral phase. This is followed by a peak and a
subsequent decreasing trend due to the merging and ring-down phase of the binary.
The agreement between theoretical predictions and measurements, here reported
in the residual, can be considered as a test that General Relativity is valid also in
its strong-field regime, which means that no modifications are currently needed to
explain gravitational phenomena.
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Chapter 3

The Effective Field Theory
approach

In the previous chapter we have seen how deviations from Newton’s law can modify
the prediction of physical quantities like the phase and amplitude of a gravitational
wave. These corrections fall within the so-called post-Newtonian scheme and give
rise to additional term to Newton’s potential as powers of GN and v2, being v a
typical three velocity of the system. For their estimate we will adopt a modern
method which goes under the name of Effective Field Theory approach 1. Mainly
based on a diagrammatic scheme, it was first introduced in particle physics for the
study of a heavy quark field theory (see [36]). Developed in gravitational physics
by Damour and Farése [25] and later systematized by Goldberger and Roshtein
[39], within this approach the action for a binary can be evaluated by means of
Feynman diagrams, with the possibility to introduce modern QFT techniques for
high precision calculations.
Regarding the topics that will be dealt with, the Chapter is so divided:

• It is introduced the Effective Field Theory (EFT) approach showing how an
effective theory at low energies can derive from a complete one. This will allow
us to introduce some fundamental concepts typical of field theories, with the
possibility of constructing an effective theory for binaries.

• It is developed a toy model of binary system, in which gravity is modeled as
a scalar field. The effective action for binary only will be reduced to a local
one via a non relativistic limit and we will show how its action can be derived
from a Feynman diagrammatic approach.

• It is developed in detail the EFT of a real binary system kept together by
gravity, deriving a finite subset of Feynman rules. In addition, it will be
shown the link between classical effective diagrams and QFT amplitudes.

1For a review on the subject see Goldberger [38]
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3.1 The Effective Field Theory approach described

Consider a field theory of two interacting scalars fields with action S(φ, σ) where φ
has light degrees of freedom while σ has a mass M near the UV scale.
Let’s assume we want to work at energies E << M where the σ field is not excited.
In this energy regime it is impractical to take into account its interactions with φ,
therefore, rather than studying the mutual interactions of the two fields, in this
situations it is easier to solve the dynamics in σ, plugging then the solution back in
S(φ, σ) in order to define an effective action for φ only.
The result of this procedure can be expressed in a compact way using the following
functional integral

eiSeff (φ) =

∫
D σeiS(φ,σ) (3.1)

The effective action so obtained can be assumed to be a local2 function of φ as

Seff (φ) =
∑
n

cn

∫
d4x On(x) (3.2)

where On(x) describes a local operators of φ while cn is an energy dependent term
called Wilson coefficient. If On has a mass dimension ∆n in natural units ~ = c = 1,
then the corresponding Wilson coefficient evaluated at a renormalization point µ of
order λ, will scale as a power of λ as

cn(µ = λ) =
αn

λ∆n−4
, αn ∼ O(1) (3.3)

This observation is crucial since we can start to distinguish two kinds of effects of
the UV physics on the lower energy effective one.
Indeed for energies E << M there is an infinite number of irrelevant operators with
mass dimensions ∆n > 4 that can be neglected, which means that only a finite
number of terms are needed. This fact is usually called decoupling and it states that
at a given energy scale the effective behavior of a theory is simply described by a
finite number of terms allowed by symmetries. In this sense, being interested at a
specific physical scale, it is much easier to work with an effective field theory rather
than the complete one, since the last can be constructed from basic assumptions.
This procedure can also be applied if φ is a light field while σ is a massless one which
interacts with the other via a coupling Λ, which as a negative mass dimension. What
it is important here it is not that the field that we are integrating out is massive
or not, but that manifests itself at a well-defined scale of energy, which can be that
given by its mass or by a coupling.

2In reality, this procedure can generate effective actions containing different non-local terms see
[60]. In the case of a binary, we will in fact see time non-localities, nevertheless introducing an
appropriate non-relativistic limit we will show how it is possible to reduce to a local theory.
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3.1.1 Binary systems as an EFT

Effective field theories (EFT) are important in order to deal with problems that
involve simultaneously separate physical scales. This is the case for the inspiral
phase of a binary, which is characterized by the presence of the size of compact
objects rs, the orbital radius r and the frequency of the emitted radiation ω.
All these are linked by the following relations

v2 ∼ rs
r

, v ∼ ωr (3.4)

both proved to hold, at least approximately, in the precedent chapter.
According to the EFT approach, given a scale of interest one has to recognize the
relevant degrees of freedom and allowed symmetries in order to define the most
general effective action.
As for the binary we can assume that the system is composed by black holes3

interacting with a low frequency gravitational field. During the inspiral phase the
components are at a such distance that they can be viewed as point-particles probe
of the background space-time.
At this scale, the relevant degrees of freedom are

• The background gravitational field gµν(x).

• The black hole’s worldline coordinate xµ(λ) being λ an affine parameter.

• An orthonormal frame eµa(x) localized on the black hole’s worldline such that
gµνe

µ
ae

ν
b = ηab. This describes how the binary is spinning relative to the grav-

itational field.

Once the degrees of freedom have been identified, one must construct an action that
respects a given number of symmetries, which in our case are

• General coordinates invariance xµ′
= xµ′

(x)

• Worldline reparametrization invariance λ′ = λ′(λ)

• SO(3) invariance: this guarantees that the compact objects are perfectly
spherical with no permanent moments relative to its own rest frame.

For simplicity in the follow we will neglect spin degrees of freedom for black holes,
thus assuming they are Schwarzschild ones.

3Neutron star cannot be only described as point particles since they contain additional low
frequency modes. See [50] for a review on neutron star/black hole spectroscopy.
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In this respect, the most general effective action describing the slow inspiral phase
of a binary made of black holes is given by

Seff (gµν , xµ) = Spp(gµν , xµ) + SE−H(gµν) (3.5)

In equation 3.5, SE−H is given by the Einstein-Hilbert action for the gravitational
field 1.91

SE−H(gµν) = −2m2
pl

∫
d4x
√
− det gµνR(gµν) (3.6)

where we have introduced the so called Planck mass as mpl ≡ g−1. As for Spp, this
has to be the most general point-particle action coupled to gµν respecting coordinate
and reparametrization invariance

Spp(gµν , xa) = −
∑
a=1,2

ma

∫
dτa + ... (3.7)

The first term of 3.7 is the elapsed proper time by a black hole worldline

−m
∫

dτ = −m
∫

dλ
√

gµν(x)ẋµ(λ)ẋν(λ) (3.8)

the simplest allowed scalar action which reduces to 1.56 in a weak field approxima-
tion. In addition to this, one can add terms in order to describe the internal of black
holes. In principle there is an infinite number of them but the simplest are 4

Spp(gµν , xa) = −
∑
a=1,2

ma

∫
dτa + cE

∫
dτaEµνE

µν + cB

∫
dτaBµνB

µν + ... (3.9)

where the Eµ, Bµν tensors are the gravitational analog of the decomposition of Fµν

into components of electric and magnetic type respectively

Eµν(xa) = Rµναβẋ
α
a ẋ

β
a , Bµν(xa) = εµαβρR

αβ
γν ẋ

ρ
aẋ

γ
a (3.10)

As for the coefficients cE−B it can be shown5 that these are proportional to m2
plr

5
s ,

which means that they vanish rapidly as the size of the black hole goes to zero.
Thus, at first approximation, the slow inspiral phase of a binary can be described
in terms of point-particles interacting with a gravitational field gµν .

4We won’t consider terms proportional to the Ricci tensor or scalar since, due to the corre-
sponding Einstein’s field equation, one has Rµν = 0

5See Goldberger [38] Section 2.6
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3.1.2 Calculating observables from the EFT of a binary

Given the effective action of a binary system, one can start by integrating out the
gravitational field according to 3.1, in order to define a new effective action involving
the binary constituents only.
In order to see the relevance of this procedure for the evaluation of physical observ-
ables, we should remember that the phase of a gravitational wave emitted from a
binary during the slow inspiral phase can be expressed in terms of its internal energy
E(v) and its power emitted P (v) as

φ = 2

∫
dv

v3

P

dE

dv
(3.11)

It is a easy task to prove that E(v) and P (v) can be derived from the action of a
binary once the gravitational field has been integrated out.
First of all one should derive Seff (x) by a saddle point approximation on

eiSeff (x) =

∫
Dhµνe

i(SE−H(hµν)+Spp(hµν ,x)) (3.12)

where we have assumed that gµν = ηµν +
hµν

mpl

As the extrema with respect to hµν of the exponent in 3.12 are simply gauge-fixed
classical solutions hµν(xa) of Einstein’s field equations at given worldlines , one
immediately see that

Seff (xa) = Seff (xa, hµν(xa)) +O(~) (3.13)

where quantum contributes can be neglected for the phenomenology we are aiming.
Once the action has been derived, one can use the real part of 3.13 to define the
classical equations of motion for worldlines only

δx[Re(Seff (x))] = 0 (3.14)

which can be further used to define the internal energy of the binary E(v) as a
constant of motion, using Noether’s theorem.
In the same manner, the imaginary part of 3.13 can be used to define the total
radiated power as

P = lim
T→∞

2

T
[Im(Seff (x))] (3.15)

the demonstration of which will be entrusted in the following section using a sim-
plified model of binary system with scalar gravity.
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3.2 The EFT of a binary system in scalar gravity

In this section we provide a specific application of the Effective field theory approach
dealing with a simplified model of binary system with scalar gravity6.
In this theory binary components interacts with a massless scalar field which should
represent gravity. Of course, this is not possible since we have demonstrated that
gravity is described by a tensorial field, in any case we think it is instructive to start
with this example, before to approach the case of real gravity.
We can start by introducing the analog of 3.5 for the case of a non self-interacting
scalar gravity, where the index sum is implied

S(φ, xµ) =

∫
d4x ∂µφ∂

µφ − ma

∫
dτa

(
1 +

φ(xa)

2
√
2mp

)
(3.16)

Let’s evaluate the effective action for the black holes/point particles by means of
the following functional integral

eiSeff (x
µ) =

∫
Dφ eiS(φ,x

µ) (3.17)

In the evaluation of 3.17 we will introduce a perturbative approach based on Feyn-
man diagrams.
Let’s begin by defining

J(x) ≡
2∑

a=1

− ma

2
√
2mp

∫
dτaδ

4(x− xa) (3.18)

Denoting by < ... >x a generic integration over space-time coordinates, the previous
functional integral can be expressed as

eiSeff (x
µ) = eiSkin(xa) Z(J) (3.19)

Z(J) ≡
∫

Dφ ei<∂µφ∂µφ>+i<Jφ> (3.20)

where Skin(xµ) is the elapsed proper time on the black hole worldlines and Z(J) the
so called functional generator of disconnected n-points functions, typical of quantum
field theories.

6This model has been taken from Goldberger [38]
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In equation 3.19 one could recognize the functional generator of a free scalar field
interacting with an external source J(x) and conclude7 that

Z(J) = e−
1
2
<J(x)J(y)G2(x−y)>x,y (3.21)

G2(x− y) ≡
∫

d4k

(2π)4
eik

µ(x−y)µ
i

k2 + iε
; k2 = kµkνηµν (3.22)

where 3.22 is the so called two point function of a free scalar field.
However, this analytic derivation is only possible because the functional integral is
Gaussian, a fact that ceases to apply when adding to the scalar field generic self-
interactions given by a potential V (φ). Therefore, to deal with these cases, we will
use a diagrammatic approach typical of QFT.
First of all, let’s define the Feynman rule in momentum space for the interaction
between φ(x) and J(x).
This can be read from 3.16 as

= i

∫
d4x J(x)e−ik·x =

2∑
a=1

−i ma

2
√
2mpl

∫
dτae

−ikµ·xµ
a (3.23)

which can be described as the emission from the black hole of a scalar particle (the
absorption is given by the same rule, with the only difference of the sign at the
exponential).
As for the propagator of the scalar field in momentum space we can proceed as we
have done for the graviton propagator obtaining

=
i

k2 + iε
(3.24)

Equations 3.23,3.24 can now be used to build amplitudes in momentum space,
whose Fourier transform gives the contribute to the desired functional generator.
As example, we will evaluate the most generic amplitude describing the emission
and absorption of n particles from the two black holes.

7See Ramond [65] Section 3.1
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This is given by

M(ki) = (3.25)

M(ki) =
1

2n n!

n∏
i=1

[
i

∫
d4xiJ(xi)e

−iki·xi

][
i

k2
i + iε

][
i

∫
d4yiJ(yi)e

iki·yi
]

(3.26)

=
1

n!

n∏
i=1

[
− 1

2

∫
d4xid

4yiJ(xi)J(yi)e
−iki·(x−y)i

i

k2
i + iε

]
(3.27)

where the index i runs over the intermediate lines, while 2−nn! is a symmetry factor
associated to the topology of the diagram. After a Fourier transform of each ki
momentum, the contribute to the functional generator becomes

Zn(J) =
1

n!

n∏
i=1

[
− 1

2

∫
d4xid

4yiJ(xi)J(yi)G2(xi − yi)

]
(3.28)

=
1

n!

[
− 1

2

∫
d4xd4yJ(x)J(y)G2(x− y)

]n
(3.29)

We can recognize in 3.29 the n-th term of an exponential expansion.
Since the functional generator is given uniquely by the sum over all 3.28 we conclude
that

Z(J) =
∞∑
n=1

Zn(J) = eiW (J) (3.30)

W (J) ≡ i

2

∫
d4xd4yJ(x)J(y)G2(x− y) (3.31)

where we have definedW (J), the so called functional generator of connected n-points
functions. The reason for this name can be seen from its expression compared to
that of Z(J): while the last takes contribute from all connected and disconnected
diagrams, the functional W (J) depends only on the simpler connected ones.
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This result is true regardless the specific field theory and it will be useful in dealing
with the EFT of real binaries.
Using equation 3.19 we can now express the effective action for the binary system
as

eiSeff (x) = eiSkin(x)eiW (J) ⇔ Seff (x) = Skin(x) +W (J) (3.32)

Seff (xa) = −ma

∫
dτa +

i

2

a6=b∑
a,b

mamb

8m2
p

∫
dτadτbG2(xa − xb) (3.33)

where divergent terms due to a = b have been removed since they cannot affect
physical observables. This conclude the evaluation of the effective action for the toy
model of binary we have presented. In order to make the model even more realistic,
one could also introduce self-interactions for the scalar field as a potential of the type
V (φ) = λφn for some coupling λ. This would have generated new Feynman rules,
and therefore additional contributions, in form of coupling powers, to the effective
action8

3.2.1 Local EFT via a non relativistic limit

The effective action previously derived is non local in proper times of the two black
holes.
From a relativistic point of view this is natural: the dynamics of a worldline at a
certain time, depends on the motion of the other at a retarded one, which in turn
depends on the dynamics of the previous to another delayed time and so on.
However, since we are interested in the slow inspiral phase of a binary, we can apply
a proper non relativistic limit to 3.33 in order to neglect these time-non localities,
at least up to a given PN order.
To apply this procedure, we should divide the region of the elapsed momenta in two
subsets:

• Potential region V(k): in this subset, the emitted particles have a space-like

momentum (i.e. k2 > 0) of the form
(
k0 ∼ v

r
, ki ∼ 1

r

)
• Radiation region R(k): in this subset, the exchanged particles have a null-like

momenta k2 = 0 of the form
(
k0 ∼ v

r
, ki ∼ v

r

)
.

The presence of non localities is due to the integration on the radiation region in
the two point function 3.22. In order to avoid this region we can restrict ourselves
to the potential one where k0 << |~k|.

8It should be pointed out that couplings are constrained in order to define a consistent pertur-
bative approach. For the example of an EFT of a binary held together by a self-interacting scalar
field, see [63].
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Restricting to this region, the two point function becomes

GNR
2 (xa − xb) = i

∫
V(k)

d4k

(2π)4
e−ikµ(xa−xb)µ

k2 + iε
= i

∫
V(k)

d4k

(2π)4
e−ikµ(xa−xb)µ

−(k0)2 + ~|k|
2 (3.34)

= i

∫
V(k)

d4k

(2π)4
e−ikµ(xa−xb)µ

~|k|
2

1

1−
(

k0

~|k|

)2 (3.35)

= i

∫
V(k)

d4k

(2π)4
e−ikµ(xa−xb)µ

~|k|
2

∞∑
n=0

(
k0

~|k|

)2n

(3.36)

Defining ω = k0 we have that

GNR
2 (xa − xb) = i

∞∑
n=0

∫
d3k

(2π)3
e−i~k·(~xa−~xb)

~|k|
2(n+1)

∫
dω

2π
eiω(ta−tb)ω2n (3.37)

The ω integral is straightforward∫
dω

2π
eiω(τa−τb)ω2n = (−1)n ∂2n

∂2n(ta − tb)

∫
dω

2π
eiω(τa−τb) = (−1)n∂

2nδ(τa − τb)

∂2n(τa − τb)
(3.38)
where in the last passage we have simply used the definition of Dirac’s delta.
As for the ~k integral, this is9

∫
d3k

(2π)3
e−i~k·(~xa−~xb)

~|k|
2(n+1)

=
Γ(1/2− n)

Γ(n+ 1)

1

(4π)3/2

(
r2

4

)n−1/2

(3.39)

being r = |~xa − ~xb| the Euclidean distance between xa and xb.
By combining the two results we have that the non relativistic expansion of the two
point function is

GNR
2 (xa − xb) = i

∞∑
n=0

(−1)1+n ∂2n

∂2n(τa − τb)

[
δ(τa − τb)

]
Γ(1/2− n)

Γ(n+ 1)

1

(4π)3/2

(
r2

4

)n−1/2

(3.40)

9See Chapter 4, Section 4.2.2 for a derivation of this integral in arbitrary d-dimensions.
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As example, let’s evaluate the effects of the first term of 3.40 into 3.33. This is given
by

GNR
2 (xa − xb) = −

iδ(τa − τb)

4πr
(3.41)

By inserting this expression into 3.33 and evaluating the non relativistic expression
for the elapsed proper time we arrive at

Seff (xa) = −ma

∫
dτa +

1

2

a6=b∑
a,b

mamb

8m2
p

∫
dτadτb

δ(τa − τb)

4πr
(3.42)

Due to our non relativistic limit, we can now define a unique time τa = t so that

Seff (xa) =

∫
dt

(
mav

2
a

2
+

m1m2GN

r

)
(3.43)

which is the well known Lagrangian for the classical two body problem.
In addition to this, one should also consider terms coming from the total non rel-
ativistic expansion of 3.40. Since these are proportional to derivatives of Dirac’s
delta, one can always eliminate time non localities after an integration by parts,
with the effect of adding to 3.43 time derivatives of the two worldlines.
In this respect, one is always able to define a local Lagrangian for a binary, which
can be easily used to define the energy of the system E as a conserved quantity via
Noether’s theorem.
As for the evalutation of P , we should evaluate the immaginary part of 3.33 which
is possible by restricting the two point function in the radiation region R(k).
This is equivalent to integrate over the region with k2 = 0

GRad
2 (xa − xb) = i

∫
R(k)

d4k

(2π)4
e−ikµ(xa−xb)µ

k2 + iε
= π

∫
d4k

(2π)4
e−ikµ(xa−xb)µδ(k2) (3.44)

where Dirac’s Delta has the effect to ensure that the emitted particles are on-shell10.
Inserting 3.44 into 3.33 gives

ImSeff (xa) =

a6=b∑
a,b

πmamb

16m2
pl

∫
dτadτb

∫
d4k

(2π)4
e−ikµ(xa−xb)µδ(k2) (3.45)

10It can be proved that a propagator is real only when particles are on-shell. Thus the condition
k2 = 0 is equivalent to evaluate the imaginary part of the propagator which is equal to −πδ(k2).
See Schwartz [66] Section 24.1.2 for a derivation.
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After this we can now use the following relation

δ(k2) =
δ(ω − |~k|)

2|~k|
+

δ(ω + |~k|)
2|~k|

(3.46)

Performing a integration with respect to ω we arrive at

ImSeff (xa) =
1

16m2
pl

∫
d3k

(2π)3
1

2|~k|

∣∣∣∣∑
a

ma

∫
dτae

−ik·xa

∣∣∣∣2
ω=|~k|

(3.47)

From 3.47 one can recover the differential emitted power as

dP

dΩd|~k|
=

1

T

GN

4π2
|~k|2
∣∣∣∣∑

a

ma

∫
dτae

−ik·xa

∣∣∣∣2
ω=|~k|

(3.48)

3.2.2 A nod on time non-localities

The non relativistic procedure here derived makes possible to eliminate perturba-
tively time non localities due to the expansion of the propagator denoted as G2.
However, as seen by Damour and Blanchet in [15], the formal expansion of this
propagator in flat space time breaks down at the so called 4 post-Newtonian (PN)
approximation to the conservative dynamics of a binary. Indeed, at this level of
accuracy it is crucial to take account of the fact that the gravitational propagator
in the curved space-time, generated by the binary system, contains a significant
tail contribution whose support is not limited to lightlike intervals, but extends to
strongly time-nonlocal intervals.
Exploiting this fact, in [30] Damour, Jaranowski and Schäfer were able to solve
infrared ambiguities which had blocked a previous PN calculation.
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3.3 The EFT of a binary system within General

Relativity

Arrived at this point, we have all the ingredients to approach the effective field
theory of a realistic binary. For concreteness, let’s assume we are interested in the
description of a spin-less binary-black hole in its slow inspiral phase.
At this scale, we have already seen that the effective action is that of point particles
coupled to an external gravitational field.
In order to derive an action for binaries only one should be aware that in 3 + 1
space-time dimensions there are divergent contributes to the effective action. These
can easily handled in dimensional regularization, i.e. by working in d+1 dimensions
and taking only at the end the physical limit d→ 3. We will explain this procedure
in detail in the next chapter, for the moment, neglecting finite size effects, we will
just assume that our effective theory is given by

Seff (gµν , xµ) = −2Λ2

∫
ddxdt

√
− det gµνR(gµν)−ma

∫
dτa ; Λ ≡ mpl

ld−3
(3.49)

where we have introduced an arbitrary physical length scale l in order to render the
action adimensional in natural units.
Given 3.49, we can start by taking advantage of the diffeorphism invariance of
General Relativity so as to impose a Kaluza-Klein parametrization for the metric
tensor based on the use of the so called Kol-Smolkin variables [51].
According to these, the metric tensor is decomposed in terms of a scalar field φ, a
d-dimensional vector field Ai and a d× d symmetric tensor field σnm as

gµν = e
2φ
Λ

(
−1 Ai

Λ
Ai

Λ
e−cd

φ
Λγij − AiAj

Λ2

)
, γij = δij +

σij

Λ
(3.50)

where cd = 2
(
d−1
d−2

)
.

As shown by Gilmore and Ross in [37], the use of this parametrization is useful since
it is suitable for the non relativistic corrections we want to calculate. Inserting 3.50
into the Einstein-Hilbert action we obtain

SE−H(φ,A
i, σnm) =

∫
ddxdt− 2Λ2√γRd − cd∂µφ∂

µφ+
1

2
FijF

ije−cd
φ
Λ (3.51)

γ ≡ det γij , Fij ≡ ∂iAj − ∂jAi (3.52)

where Rd is the Ricci scalar of a d-dimensional manifold with metric tensor γij, while
Fij is the Euclidean analog of the curvature tensor used in electromagnetism.
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As for the point-particle action in 3.49 we can take advantage of reparametrization
invariance, in order to parametrize a black hole worldline with t, the time of an
external inertial observer. With this choice the corresponding action becomes

Spp = −ma

∫
dt
√
−ẋu

aẋ
v
bguv(xa) , ẋµ = (1, vi/c) (3.53)

which in terms of the Kol-Smolkin variables read

Spp = −ma

∫
dt e

φ
Λ

√
1− 2viAi

Λ
− γijvivje

− cdφ

Λ +
(Aivi)2

m2
pl

(3.54)

Given 3.51,3.54, the effective action for the binary only can be obtained by integrat-
ing out the fields φ, Ai, σnm as we have done for the scalar case

eiSeff (xa) =

∫
DφDAiDσnm eiSg+iSpp+iSGF (3.55)

SGF ≡ −Λ2

∫
ddxdt

√
−g Γµ

αβΓ
ν
γδgµνg

αβgγδ (3.56)

The only difference here is the presence of a gauge-fixing action SGF .
The introduction of this term can be justified within the Faddev-Popov procedure,
which makes possible to physically define a consistent functional integral by first
fixing a proper gauge. In this case, the gauge chosen is the De-Donder one, while
the absence of ghosts is due to the fact that we are only interested in the evaluation
of classical contributes to the effective action11 (i.e proportional to ~0).
Therefore, assuming that 3.55 is our starting point, we can start by deriving the
Feynman rules in momentum space which defines our effective field theory.
What we need are the rules for the emission and absorption from external sources
and interactions ones between φ, Ai and σnm, unite with their propagators.
All these can be found by expanding in Λ−1 the Einstein-Hilbert action plus the
gauge fixing one

SE−H + SGF =

∫
ddxdt

√
γ

[
1

4

(
(∇σ)2 − 2(∇σij)

2 − (σ̇2 − 2σ̇ijσ̇ij)

)]
−cd

[
(∇φ)2 − φ̇2

]
+

[
1

2
FijF

ij + (~∇ · ~A)2 − ~̇A · ~̇A
]
+ ...

(3.57)

similarly for the point-particle action.

11For an accurate description of how to define a consistent functional integral, particularly in
the case of internal symmetry groups such as gauge theories, consult Ramond [65] Section 7.2-7.3
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3.4 Feynman rules for the non relativistic EFT of

a real binary

Having imposed the Kaluza-Klein parametrization for the metric tensor has lead
to a theory that can be seen as that of point-particles interacting with three fields.
Of course, these fields are nothing else than components of the metric tensor, so
every time we will talk about the emission of a particle it should be kept in mind
that this is just a pictorial point of view useful in the perturbative evaluation of
the functional integral. Baring this fact in mind, we can start by evaluating the
Feynman rules that we need starting from fields propagators. As for these, we will
derive their relativistic expression, taking at the end the limit for ω << |~k|.

3.4.1 The φ propagator

Let’s start from the scalar field, by taking care of the fact that the action is defined
in an arbitrary space-time dimensions d+ 1.
The kinetic term is

Skin(φ) = −cd
∫

ddxdt

[
(∇φ)2 − φ̇2

]
= −cd

∫
ddxdt ∂µφ∂

µφ (3.58)

Let’s Fourier transform the fields involved

Skin(φ) = cd

∫
ddxdt

dd+1k

(2π)d+1

dd+1p

(2π)1+d
eix

µ(k+p)µ
[
kµpµ φ̃(k)φ̃(p)

]
(3.59)

= −cd
∫

dd+1k

(2π)d+1

dd+1p

(2π)d+1
δd+1(k + p) k2φ̃(k)φ̃(p) (3.60)

=
1

2

∫
dd+1k

(2π)d+1
Cφ(k)φ̃(k)φ̃(−k) , Cφ(k) = −2cdk2 (3.61)

Remembering the procedure used for the derivation of the graviton propagator seen
in Chapter 1, we define the Feynman propagator as i times the inverse of 3.61

φ
= Pφ ≡ −

i

2cd(k2 + iε)
(3.62)

where the iε prescription select the desired propagator. As convention, a blue line
will represent the φ field. As for the corresponding non relativistic limit of this rules,
one is simply required to replace k2 with |~k|2 and remove the iε since no poles are
present in the potential region where the non relativistic limit applies
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3.4.2 The Ai propagator

Despite the scalar case, in order to invert the kinetic term for the vector field Ai

one should add to it a gauge fixing term, which in our case comes from 3.56.
The proper action can be read from 3.57 as

Skin+GF (Ai) =

∫
ddxdt

1

2
FijF

ij + (~∇ · ~A)2 − ~̇A · ~̇A (3.63)

By expressing all contractions we have

Skin+GF (Ai) =

∫
ddxdt ∂iAj∂

iAj − ∂iAj∂
jAi + ∂iA

i∂jA
j − ȦiȦjδ

ij (3.64)

=

∫
ddxdt ∂iAj∂nAm(δ

inδjm − δimδjn + δijδnm)− ȦjȦmδ
jm (3.65)

At this point we Fourier transform all the fields involved in the action getting

Skin+GF (Ai) =

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1
δd+1(k + p)

[
|~k|2δjm − ω2

kδ
jm
]
Ãj(k)Ãm (3.66)

=

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1
δd+1(k + p)

[
k2δjm

]
Ãj(k)Ãm (3.67)

=
1

2

∫
dd+1k

(2π)d+1
Cjm(k)Ãj(k)Ãm , Cjm = 2k2δjm (3.68)

It is now straightforward to define the propagator of Ai in Fourier space as

r
Ai t = P rt ≡ iδrt

2(k2 + iε)
(3.69)

As convention, a red line will represent a Ai field.
As for its non relativistic expression, this is given by removing iε prescription and
replacing k2 with |~k|2.
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3.4.3 The σnm propagator

The procedure to derive the propagator for σnm is similar to that of Ai. Due to a
lack of invertibility of the kinetic term of σnm, one should add to it a quadratic term
coming from the gauge fixing action.
This is given by

Skin+GF (σnm) =

∫
ddxdt

1

4

(
(∇σ)2 − 2(∇σij)

2 − σ̇2 + 2σ̇ijσ̇ij

)
(3.70)

Expliciting all contractions

Skin+GF (σnm) =

∫
ddxdt

1

4
∂ασij∂

ασnm(δ
ijδnm)− 1

4
∂ασij∂

ασnm(δ
inδjm + δimδjn)

−1

4
σ̇ijσ̇nm(δ

ijδnm) +
1

4
σ̇ijσ̇nm(δ

inδjm + δimδjn)

(3.71)

=

∫
ddxdt

[1
4
∂ασij∂

ασnm −
1

4
σ̇ijσ̇nm

]
(δijδnm − δinδjm − δimδjn) (3.72)

Fourier transforming the fields involved gives

Skin+GF (σnm) =
1

4

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1
δd+1(k + p) [−~k · ~p+ ωkωp]

σ̃ij(k)σ̃nm(p)(δ
ijδnm − δinδjm − δimδjn)

(3.73)

=
1

2

∫
dd+1k

(2π)d+1
Cijnmσ̃ij(k)σ̃nm(−k) , C ijnm =

k2

8
(δijδnm − δinδjm − δimδjn)

(3.74)

At this point, all the calculations are equal to those that we have performed for the
graviton case. The desired propagator in momentum space can thus be expressed
as

ij
σrs nm = P ijnm

σ (3.75)

where

P ijnm
σ = − i

2(k2 + iε)

( 2

2− d
δijδnm + δinδjm + δimδjn

)
(3.76)

As convention, a green line will represent a generic σrs tensor. As for its non
relativistic expression, this is given by removing iε and replacing k2 with |~k|2.
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3.4.4 Source-gravity interactions rules

We can now proceed to derive the Feynman rules for the source gravity interactions,
which can visualized as the emission (or absorption) of particles from the external
classical sources (e.g. black holes).
The advantage of the Kaluza-Klein parametrization is now evident, since as we
will show φ couples to the mass of the objects only, Ai to its velocity, while σij

to the symmetric tensor vivj constructed from a single three velocity. To see it,
let’s proceed from the usual point-particle action for binaries. Neglecting finite size
effects, we have already seen that this is given by

Spp = −ma

∫
dt e

φ
Λ

√
1− 2viAi

Λ
− γijvivje

− cdφ

Λ +
(Aivi)2

m2
pl

(3.77)

Looking carefully at this equation, it should be clear that one has to deal with an
infinite number of source-gravity Feynman rules, given by the expansion of 3.77 in
terms of the velocities and Λ−1.
For the static case (i.e. via = 0) one has that 3.77 reduces to

Spp = −ma

∫
dt e

φ(xa)
Λ (3.78)

This term can be expanded as a power series in φn, where each of them can be
interpreted as the emission of n scalar fields from an external source with Feynman
rule

= − ima

Λnn!
(3.79)

At the same time, restoring va dependencies and neglecting φ fields, one can derive
similar rules for the emission of vector particle or tensorial one. In equation 3.77, at
first order in velocities and Λ−1 one can derive the following Feynman rule for the
emission of a vector particle

Ai
=

imavi
Λ

(3.80)
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Similarly, at second order in the velocities and first order in Λ−1 one gets the rule
for the emission of a sigma tensor

σij
=

imav
ivj

2Λ
(3.81)

By a further expansion of the point-particle action, one could get several rules whit
the source emitting or absorbing simultaneously particles of different type.

3.4.5 Fields interactions rules

We are now going to evaluate Feynman rules for the interactions between φ, Ai and
σnm. As we have demonstrated in the first Chapter, by a proper expansion of the
Einstein-Hilbert action one gets a theory of a self interacting field with an infinite
number of self-interactions: the same happens here with the expansion of 3.51 in
powers of Λ−1. For this reason, we will restrict ourselves only to a finite subset of
these Feynman rules showing the general procedure behind the calculations.
The procedure that we will adopt can be applied to all kind of field theories: we will
isolate the term in the action which correspond to the desired interaction, we Fourier
transform all the fields and we take as many field derivatives as many fields are in our
term. At this point the result is multiplied by i and this give us the corresponding
Feynman rules where all the momenta are incoming. For future porpoises, we define
the functional derivative of a scalar field in Fourier space as a derivative operator
which satisfy the following identities

δφ̃(q)

δφ̃(p)
= δd+1(q + p) ⇒

∫
dd+1q

(2π)d+1

δφ̃(q)

δφ̃(p)
= 1 (3.82)

δ[φ̃(q)φ̃(k)]

δφ̃(p)
=

δφ̃(q)

δφ̃(p)
φ̃(k) +

φ̃(k)

δφ̃(p)
δφ̃(q) (3.83)

and similarly for Ai and σnm.
For simplicity we will only consider static interactions, i.e. only those terms in the
action that do not depend on time derivatives12.
in particular we will evaluate two static interactions: the three vertex σ → φφ and
the four vertex σσ → φφ.

12The case of non static interaction is straightforward and similar to the static one, involving
only the presence of additional time derivatives in the action.
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3.4.6 Feynman rule for σ-φ-φ vertex

The first static interaction that we will describe is the σ → φφ one, which is repre-
sented in 3.57 by the term with a unique σnm tensor and two scalar fields φ.
The corresponding action is given by

Sφ,σnm = −cd
∫

ddxdt ∂iφ ∂jφ γ
ij
√
det γ (3.84)

In order to extract from 3.84 the desired interaction we have to expand the deter-
minant and the γ-metric in terms of Λ.
The following identities hold

√
det γ = e

1
2
Tr log γij = e

1
2
Tr log

[
δij+

σij
Λ

]
= e

σi
i

2Λ
+O(Λ−2) = 1 +

σi
i

2Λ
+O(Λ−2) (3.85)

γij = δij − σij

Λ
+O(Λ−2) (3.86)

Inserting these in 3.84 gives

Sφ,σnm = −cd
∫

ddxdt ∂iφ ∂jφ
(
δij − σij

Λ

)(
1 +

σi
i

2Λ

)
+O(Λ−2) (3.87)

= cd

∫
ddxdt − ∂iφ ∂

iφ− 1

2Λ
∂iφ ∂

iφσj
j +

1

Λ
∂iφ∂jφσ

ij +O(Λ−2) (3.88)

= Skin(φ) + SΛ−1

int +O(Λ−2) (3.89)

where we have defined the desired interacting action as

SΛ−1

int ≡
cd
Λ

∫
ddxdt

(
− 1

2
∂iφ ∂

iφσj
j + ∂iφ∂jφσ

ij
)

(3.90)

We can now proceed by expressing all the fields involved by means of a d + 1-
dimensional Fourier transform as

φ(x) =

∫
dd+1k

(2π)d+1
eik

µxµφ̃(k) , σij(x) =

∫
dd+1k

(2π)d+1
eik

µxµσ̃ij(k) (3.91)
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Inserting these in 3.90 we get

SΛ−1

int =

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1

dd+1q

(2π)d+1
δd+1(k+q+p)

(
−cd
Λ

)(
kipj−k·pδ

ij

2

)
σ̃ij(q)φ̃(k)φ̃(p)

(3.92)

Using the following identity

δσ̃ij(q)

δσ̃nm(p)
=

1

2

(
δinδjm + δimδjn

)
δd+1(q + p) (3.93)

we can take the field derivatives in φ̃ and σ̃

δ3SΛ−1

int

δφ̃(k)δφ̃(p)δσ̃nm(q)
=

∫
ddq δd+1(k + q + p)

(
− 2cd

Λ

)(
kipj − k · pδ

ij

2

) δσij

δσnm

(3.94)

δ3SΛ−1

int

δφ̃(k)δφ̃(p)δσ̃nm(q)
= δd+1(k + q + p)

(
− cd

Λ

)(
knpm + kmpn − k · p δnm

)
(3.95)

where no new momenta symbols has been introduced after functional derivation,
since the procedure is implied. Multiplying by −i we select our Feynman rule where

q

p

k
= δd+1(k + q + p)

(icd
λ

)(
k · p δnm − knpm − kmpn

)
(3.96)

the Dirac’s delta has been left for the conservation of the total momentum and
energy.13

13In the diagrammatic representation of the interaction, momenta are always incoming vertices:
in this particular case we have exchanged the directions of ~p, ~k vectors without affecting the
Feynman rule since it is symmetric under this change.
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3.4.7 Feynman rule for σ-σ-φ-φ vertex

We will show the derivation of another Feynman rule, in this case for the four vertex
associated with the σσ → φφ interaction.
This rule comes from 3.84 by expanding in Λ−1 at a higher order with respect to the
previous one, in order to get an interacting action involving two σnm tensors and
two φ fields.
Lets’ start by expanding the determinant term at the second order in Λ−1

√
det γ = e

1
2
Tr log γij = e

1
2
Tr log

[
δij+

σij
Λ

]
= e

1
2Λ

σi
i−

1
4Λ2 σijσ

ij+O(Λ−3) (3.97)

= 1 +
1

2Λ
σi
i −

1

4Λ2
σijσ

ij +
1

2

( 1

2Λ
σi
i −

1

4Λ2
σijσ

ij
)2

+O(Λ−3) (3.98)

= 1 +
1

2Λ
σi
i −

1

4Λ2
σijσ

ij +
1

8Λ2
(σi

i)
2 +O(Λ−3) (3.99)

Given 3.99 we proceed by expanding the inverse of γij.
First of all, we should notice that the inverse metric is such that

γγ−1 = 1n (3.100)

and by expliciting γij in terms of σij one has(
1n +

σ

Λ

)
γ−1 = 1n ⇒ γ−1 +

σ

Λ
γ−1 = 1n ⇒ γ−1 = 1n −

σ

Λ
γ−1 (3.101)

The last equation give us a recurrence relation which can be used to define the
inverse metric via a sort of geometric series

γ−1 = 1n −
σ

Λ
+
(σ
Λ

)2
+O(Λ−2) (3.102)

Inserting 3.99,3.102 into 3.84 we can now isolate the term in the action which con-
tributes to the four vertex.
This is given by

SΛ−2

int = − cd
Λ2

∫
ddxdt∂iφ∂

iφ
(σ2

8
−1

4
σnmσnm

)
+ ∂iφ∂jφσ

ij σ

2
+ ∂iφ∂jφσ

ilσj
l (3.103)

At this point, for a simpler derivation, we will separate 3.103 into three contributions
by calculating the rules of Feynman separately for each of them, then adding them
so as to obtain the rule for the desired vertex.
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The division will be the following

SA = − cd
Λ2

∫
ddxdt ∂iφ∂

iφ
(σ2

8
− 1

4
σnmσnm

)
(3.104)

SB = − cd
Λ2

∫
ddxdt ∂iφ∂jφσ

ij σ

2
(3.105)

SC = − cd
Λ2

∫
ddxdt ∂iφ∂jφσ

ilσj
l (3.106)

We start with 3.104 by expressing all the fields involved via a Fourier transform

SA =
cd
Λ2

∫
ddxdt

dd+1k

(2π)d+1

ddp

(2π)d+1

dd+1q1
(2π)d+1

dd+1q2
(2π)d+1

eix
µ(k+p+q1+q2)µ k · p φ̃(k)φ̃(p)(1

8
δαβδnm − 1

8
Pαβnm

)
σ̃αβ(q1)σ̃nm(q2)

(3.107)

= − cd
Λ2

∫
dd+1k

(2π)d+1

ddp

(2π)d+1

dd+1q1
(2π)d+1

dd+1q2
(2π)d+1

δd+1(k + p+ q1 + q2)
1

8
k · p

Qαβnmσ̃αβ(q1)σ̃nm(q2)φ̃(k)φ̃(p)

(3.108)

where we have introduced the following useful operators

Pαβnm ≡ δαnδβm + δαmδβn , Qαβnm ≡ Pαβnm − δαβδnm (3.109)

Now we proceed by taking the functional derivatives of the fields. First of all, let’s
notice that the following identities hold

δ[σ̃αβ(k1)σ̃nm(k2)]

δσ̃ij(q1)
=

1

2
Pαβijσ̃nmδ

d+1(q1 + k1) +
1

2
Pnmijσ̃αβδ

d+1(q1 + k2) (3.110)

δ[σ̃αβ(k1)σ̃nm(k2)]

δσ̃ij(q1)δσ̃rs(q2)
=

1

4

[
PαβijPnmrsδ

d+1(q1 + k1)δ
d+1(q2 + k2)+

PnmijPαβrsδ
d+1(q1 + k2)δ

d+1(q2 + k1)
] (3.111)
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After a redefinition of the variable of integration, we can perform the following field
derivatives so as to maintain the initial momentum variables in Fourier space

δ4SA
δφ̃(k)δφ̃(p)δσ̃ij(q1)δσ̃rs(q2)

= −4cd
Λ2

1

8
k · p Qijrsδ

d(k + p+ q1 + q2) (3.112)

Multiplying by i, we obtain the first part of the Feynman rule for the process σσ →
φφ

V A
ijrs = −i

4cd
Λ2

1

8
k · p Qijrs δd(k + p+ q1 + q2) (3.113)

Now we focus on the second term of our interacting action

SB = − cd
2Λ2

∫
ddxdt ∂iφ∂jφσ

ijσ (3.114)

As before we proceed by Fourier transforming all the fields involved

SB = − cd
2Λ2

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1

dd+1q1
(2π)d+1

dd+1q2
(2π)d+1

δd+1(k + p+ q1 + q2)(
kipjδαβ

)
φ̃(k)φ̃(p) σ̃ij(q1)σ̃

αβ(q2)

(3.115)

By taking the corresponding fields derivatives we have

δ4SB
δφ̃(k)δφ̃(p)δσ̃rs(q1)δσ̃nm(q2)

= − cd
4Λ2

δd(k + p+ q1 + q2)
(
kipjδαβ

)
(
P ijrsPαβnm + P ijnmPαβrs

) (3.116)

δSB
δ4φ̃(k)δφ̃(p)δσ̃rs(q1)δσ̃nm(q2)

= − cd
2Λ2

δd(k + p+ q1 + q2) kipj(
P ijrsδnm + P ijnmδrs

) (3.117)

Multiplying by i we get another term for the Feynman rule we were looking for

V rsnm,B = −i cd
2Λ2

(
kipj

) (
P ijrsδnm + P ijnmδrs

)
(3.118)

Which can be explicited to

V rsnm,B = −i2 cd
Λ2

k(rpsδnm) (3.119)
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As for the remaining term for the four vertex, this is given by

SC = − cd
Λ2

∫
ddxdt ∂iφ∂jφσ

ilσj
l (3.120)

We first Fourier transform the fields involved

SC =
cd
Λ2

∫
dd+1k

(2π)d+1

dd+1p

(2π)d+1

dd+1q1
(2π)d+1

dd+1q2
(2π)d+1

δd+1(k + p+ q1 + q2)

kαpiδβjφ̃(k)φ̃(p)σ̃
αβ(q1)σ̃

ij(q2)

(3.121)

As usual we take the functional derivatives of the fields

δ4SB
δφ̃(k)δφ̃(p)δσ̃rs(q1)δσ̃nm(q2)

=
cd
2Λ2

δd+1(k + p+ q1 + q2)
(
kαpiδβj

)
(
PαβrsP ijnm + PαβnmP ijrs

) (3.122)

In 3.122 appears several contractions which deserve to be calculated separately. One
is given by

PαβrsP ijnmδβj (3.123)

=
(
δαrδβs + δαsδβr

)
δβj

(
δinδjm + δimδjn

)
(3.124)

=
(
δαrδsj + δαsδrj

)(
δinδjm + δimδjn

)(
δαrδsj + δαsδrj

)(
δinδjm + δimδjn

)
(3.125)

= δαrδinδsm + δαrδimδsn + δαsδinδrm + δαsδimδrn (3.126)

= δαrP ismn + δαsP irmn (3.127)

A further contraction, which can be solved using 3.127, is given by

kαpi

(
δαrP ismn + δαsP irmn + δαnP imsr + δαmP inrs

)
(3.128)

= pi

(
krP ismn + ksP irmn + knP imsr + kmP inrs

)
(3.129)

Since equation 3.129 is part of 3.122, we can use it to express the final term for the
four vertex as

V rsmn,C = i
4cd
Λ2

k(rpmδsn) (3.130)
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At this point, the complete four vertex for the process σσ → φφ is given by summing
up equations 3.113,3.119,3.130 with their proper indexes.
The result is

V rlmn = V rlmn,A + V rlmn,B + V rlmn,C (3.131)

V rlmn = i
4cd
Λ2

[
krplδmn − 1

2
klpmδrj − 1

8
p · kQrjlm +

(
r ←→ j, l ←→ m)

]
(3.132)

(p− q)rj

(k + q)lm

k

p = V rlmn (3.133)

This complete the evaluation of the Feynman rules for the effective field theory of a
binary black hole. If needed, further rules can be found by expanding 3.49 in powers
of Λ−1 and velocities of the binaries.
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3.5 Building effective Feynman diagrams

We continue the development of our EFT for binary black holes by defining the rules
to be followed to calculate post-Newtonian corrections to the effective action.
First of all we define effective diagram, an amplitude in momentum space that can
be built from the previous Feynman rules which scales with definite powers of the
Newton constant GN and v2, being v a typical velocity of the system.
We also say that it gives a n post-Newtonian correction if it scales as Gn−l

N v2l where
l satisfy 0 ≤ l ≤ n− 1.
At this point, given an effective diagram, one should be aware to follow the subse-
quent rules:

• Only connected diagrams contributes to the effective action, i.e only those
diagrams that cannot be expressed as products of simpler one. This fact was
proved to hold for scalar gravity and it maintain its validity regardless the
particular EFT one is studying.14

• Given a connected diagram, one is required to draw all the possible arrange-
ments which are topological inequivalent after having identified the external
worldlines. The number of ways a given diagram can be drawn is the topolog-
ical weight of the diagram: this has to divide the chosen diagram in order to
obtain the correct contribute to the effective action.

• Once a proper effective diagram has been built, one has to integrate over
momentum variables by taking care that external momenta (i.e those coming
from worldlines) has to be Fourier transformed has seen in scalar gravity, while
internal one has to be integrated. This last fact is merely connected with the
presence of self-interactions of gravity and it leads to loop integrals.
However, besides the name of these, one should be aware that there are two
kind of loop integrals that one can encounter. The first integrations involves
at least an external leg of a worldline, as example

(3.134)

Since there is no propagator associated to the worldlines, this integral cannot
give quantum contributes, therefore, besides they formally resemble loop in-
tegral, these are just classical contributes (i.e. there are no ~ dependencies).

14For a demonstration, see Ramond Section 3.2 [65]
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As for the remaining, these are real loop integrals in a QFT sense involving
no classical worldline as

(3.135)

This correction is of quantum nature and brings non null powers of ~.
A rough estimate shows that similar corrections scale as the ratio of the Planck
constant and that of total angular momentum of the system: for a binary black
hole this would introduce corrections which are roughly of the order of 10−77

respect to classical ones. For this reason, we will neglect these effects. Baring
these facts in mind, one can proceed to calculate any relevant corrections to
the effective action of a binary.

3.5.1 A relation between effective diagrams and QFT am-
plitudes

Given that no quantum corrections enter in the evaluation of the EFT of a binary,
it is notable that QFT methods can still be applied in order to describe classical
contributes. One can realize it recognizing that effective diagrams resembles the
topology of two point functions. A simpler prove of this fact can be derived by
a procedure of ”pinching”, where the external lines are stretched to form a single
external line which takes care of source-gravity interactions.
Applying this procedure gives where the blob denotes the interactions source-gravity,

= (3.136)

while the remaining is the loop-like integral.
Thanks to this observation, it becomes relevant to develop an efficient QFT machin-
ery in order to evaluate high post-Newtonian corrections, which is what the next
chapter is devoted to.
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Chapter 4

Multi-loop techniques in QFT

In dealing with the Effective Field Theory (EFT) of a binary system, we have seen
how post-Newtonian corrections can be cast in form of effective diagrams, showing
a deep relation among these and massless two point functions with n loops.
Thanks to this topological relation, it seems natural to borrow QFT techniques into
our EFT approach in order to evaluate high post-Newtonian corrections.
This possibility has been exploited in the work of Mastrolia, Sturani, Foffa and
Sturm [34] leading to the complete evaluation of the static sector (i.e. no v2 depen-
dence) for the effective action of a non spinning binary.
Aim of this chapter is precisely to develop in detail this QFT methods that one can
apply in order to evaluate high post-Newtonian corrections, in particular non static
ones, that so far haven’t been evaluated within these methods.
As for the Chapter it is so divided:

• In order to deal with divergences typical of loop integrals, we will introduce the
dimensional regularization technique that allows us to work in d+1 space-time
dimensions and then take the physical limit for d → 3. In this way, spurious
divergences can be isolated and removed so as to obtain a physical and finite
contribution for the effective action of a binary.

• In order to calculate loop integrals in arbitrary dimensions, we will introduce
the Feynman parameterization technique by applying it to the calculation of
integral scalars and tensor types. We will also evaluate their Fourier transform.

• A modern amplitude technique will be presented, based on the so-called Inte-
gration by parts identities (IBP) together with the concept of Master Integral.
As an example, we will apply them to reduce a massive one-loop tadpole.

• We will calculate in detail two point massless functions with one-two loops,
together with a three loop coming from a topology called Bug type. In addi-
tion, we will introduce the Star triangle rule (STR) and use it to estimate the
degree of divergence of a massless two point function with four loops.
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4.1 Dimensional regularization

In dealing with effective diagrams we will be required to calculate Euclidean loop-like
integrals of the following type

I =

∫
d3p

(2π)3
1

p2 +∆2
=

1

2π2

∫ +∞

0

dp
p2

p2 +∆2
∼ +∞ , ∆ ∈ R (4.1)

which gives divergent contributes to the effective action.
In general these divergences can be divided in two types: UV divergences coming
from the region p2 ∼ +∞ and IR divergences from the region p2 ∼ 0+.
To overcome UV divergences one can introduce the procedure of dimensional reg-
ularization, which was proposed in 1972 by t’Hooft and Veltman (see [68]), here
applied for effective field theories.
The basic idea behind this technique is to regard the number of dimensions as an
additional complex variable, in our case the d space dimensions, so that UV diver-
gences trivially disappear. Redefining our integrals as function of d, via analytic
continuation one can prove that they reduces to the starting divergent ones for a
proper choice of d.
For instance, if we regard 4.1 as a d-dimensional integral then we have

I(d) =

∫
ddp

(2π)d
1

p2 +∆2
=

21−dπ−3d/2

Γ(d/2)

∫ +∞

0

dp
pd−1

p2 +∆2
(4.2)

which converges for d = 1 dimension, while for d = 3 it reduces to the previous UV
divergent one.1

The value of this method is that by Laurent expanding around d = 3 + ε, where
our physical theory is defined, one can extract divergences as simple poles in ε: to
be consistent, our EFT is required to be, at a given post-Newtonian order, free of
UV and IR divergences after having summed up every d-dimensional regularized
effective diagram that contributes to the effective action.
This explain the choice to work with a d+ 1 dimensional EFT, as seen introducing
the effective action of a binary in 3.49. As for the presence of the arbitrary length
scale l, which was introduced in order to render adimensional the effective action,
the reader should be aware that it is just an artifact of the procedure of dimensional
regularization since it can be proved that it leaves unaffected the EFT at 3 + 1
dimensions, regardless the specific choice of l one can made.2

1See Appendix C for the evaluation of a d-dimensional unite sphere, here implied.
2For a detailed introduction on the subject see Itzykson-Zuber [47]
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4.2 Feynman parametrization and loop integrals

Since many effective diagrams can be mapped into loop integrals, we will introduce
a useful parametrization used for their evaluation based on the so called Feynman
parameters.
Given a generic pair of complex number A and B we have

1

AB
=

∫ 1

0

dx
1

[A+ (B − A)x]2
=

∫ 1

0

dxdy δ(x+ y − 1)
1

[xA+ yB]2
(4.3)

This simple identity is relevant since it can be used to complete squares at the
denominator, as in the case of the following Euclidean loop integral∫

ddk

(2π)d
1

k2(k − q)2
=

∫
ddk

(2π)d

∫ 1

0

dx
1

[k2 + ((k − q)2 − k2)x]2
(4.4)

=

∫
ddk

(2π)d

∫ 1

0

dx
1

[(k − qx)2 +∆]2
, ∆(q, x) ≡ q2(1− x)x (4.5)

=

∫ 1

0

dx

∫
ddk

(2π)d
1

(k2 +∆)2
(4.6)

In the last integral we have shifted by qx, obtaining an integrand which is odd as a
function of k, depending solely on its norm.
This is as an example of a so called scalar integral. Since many effective diagrams
will be expressed as their function, we will proceed to evaluate a generic class of
scalar integral, unite with their Fourier transform.

4.2.1 The scalar integral IS(d, a, b)

Scalar integrals usually appear in dealing with loop integrals, for this reason we will
evaluate the following Euclidean one that regards 4.4 as its subcase

IS(d, a, b) =

∫
ddk

(2π)d
1

k2a(k2 +∆)b
(4.7)

Here a, b and ∆ are arbitrary real numbers, for which the integral could converge
or not, while the k terms in the integrand stands for the Euclidean norm of ~k.3.

3Beware that we are integrating on an Euclidean region of Fourier space. Usually this kind of
integrals are presented in a QFT context assuming a Minkowskian measure. To express our result
in terms of them one is simple required to perform a Wick rotation. See Schwartz Appendix B.2
[66]
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We first split the integration region Rd using spherical coordinates in d dimensions

IS(d, a, b) =

∫
dΩd

(2π)d

∫ +∞

0

dk
kd−1

k2a(k2 +∆)b
=

21−dπ−d/2

Γ(d/2)

∫ +∞

0

dk
kd−1−2a

(k2 +∆)b
(4.8)

IS(d, a, b) =
21−dπ−d/2

Γ(d/2)
I|k|(d, a, b) (4.9)

I|k|(d, a, b) =

∫ +∞

0

dk
kd−1−2a

(k2 +∆)b
(4.10)

We can collect the ∆ term in 4.10, and perform a rescaling in the variable of inte-
gration in order to obtain

I|k|(d, a, b) =

∫ +∞

0

dk
kd−1−2a

(k2 +∆)b
= ∆

d
2
−a−b

∫ +∞

0

dk
kd−1−2a

(k2 + 1)b
(4.11)

Introducing the change of coordinates k =
√
x, the following identities hold∫ +∞

0

dk
kd−1−2a

(k2 + 1)b
=

1

2

∫ +∞

0

dx
x

d
2
−a−1

(x+ 1)b
=

1

2
β

(
d

2
− a, a+ b− d

2

)
(4.12)

where in the last equivalence we have introduced the so called β-function

β(x, y) ≡ Γ(x)Γ(y)

Γ(x+ y)
=

∫ +∞

0

dt
tx−1

(t+ 1)x+y
(4.13)

Inserting 4.12 into 4.11, we arrive at the final expression for 4.7

I|k|(d, a, b) = ∆
d
2
−a−bΓ(

d
2
− a)Γ(a+ b− d

2
)

2Γ(b)
(4.14)

This gives for 4.7 the following result

IS(d, a, b) =
∆

d
2
−a−b

(4π)
d
2

Γ(d
2
− a)Γ(a+ b− d

2
)

Γ(b)Γ(d/2)
(4.15)
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4.2.2 The scalar integral IF (d, a)

Since all our calculations will be made in Fourier space, in order to give back a
contribute to the effective action, we will have to perform a Fourier transform.
It is thus necessary to evaluate another class of scalar integral regarded as a Fourier
transform. The simplest, is the following Euclidean d-dimensional integral

IF (d, a) =

∫
ddq

(2π)d
eiq·r

q2a
(4.16)

Let’s assume that ~r represents a d-dimensional z-axis, we then decompose the mea-
sure of integration as

ddq = dqzd
d−1Q⊥ = dqzdQQd−2dΩd−1 (4.17)

where Q⊥ is ortogonal to qz, which is parallel to ~r, while Q stand for its Euclidean
norm.
Using 4.17, the previous integral becomes

IF (d, a) =
Ωd−1

(2π)d

∫ +∞

−∞
dqz

∫ +∞

0

dQQd−2 eiqzr

(q2z +Q2)a
(4.18)

A this point it is useful to introduce the following change of coordinates on the
(qz, Q) upper-half plane {

qz = xQ

Q = y
xr

−→

{
qz =

y
r

Q = y
xr

(4.19)

which is a map from Rqz × R+
Q to R2

x,y with determinant y
(xr)2

.
Applying this change to our integral gives

IF (d, a) =
Ωd−1

(2π)d
r2a−d

∫ +∞

−∞
dx

∫ +∞

−∞
dy

eiy

(y2)
1
2
− d

2
+a

x2a−d

(1 + x2)a
(4.20)

which can be reduced to the product of two scalar integrals as

IF (d, a) =
Ωd−1

(2π)d
r2a−d

∫ +∞

−∞
dx

x2a−d

(1 + x2)a

∫ +∞

−∞
dy

eiy

(y2)
1
2
− d

2
+a

(4.21)
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The integral in the x variable can be easily performed by noticing that it comes
from 4.7 choosing d = ∆ = 1

∫ +∞

−∞
dx

x2a−d

(1 + x2)a
=

Γ(a− d
2
+ 1

2
)Γ(d−1

2
)

2Γ(a)
(4.22)

We are only left with the integral on the second bracket which comes from the more
general one

L(α) =

∫ +∞

−∞
dy

eiy

yα
(4.23)

for a specific choice of α.
In order to evaluate 4.23, we can use integration by parts, assuming α ∈ N , in order
to derive a useful recurrence relation

L(α + 1) =
iL(α)

α
⇒ L(α) =

iα−1

Γ(α)
L(1) (4.24)

where L(1) is given by the principal value of a contour integral in the complex plane.
To show this, let’s first define the line of integration by means of a counterclockwise
closed curve avoiding z = 0 given by Ω = {ΩR∪ (R\ [−r,+r])∪Ωr} where Ωr={z ∈
C | z = reiφ , 0 < φ < π}, the same for ΩR.
Since the integrand of L(1) is a meromorphic function inside Ω, one has

∮
Ω

eiz

z
=

∫
ΩR

eiz

z
dz +

∫
R\[−r,r]

eiz

z
dz +

∫
Ωr

eiz

z
dz = 0 (4.25)

Now, sending R→ +∞ the first integral is zero by means of Jordan’s lemma, while
the second is equal to L(1) given that r → 0. This means that

L(1) = − lim
r→0

∫
Ωr

eiz

z
dz (4.26)

Integral 4.26 is easily evaluated using the fact that in the integration region r is
fixed, 0 < φ < π, and dz = izdφ

L(1) = −i lim
r→0

∫ 0

π

eir[cos(φ)+isin(φ)]dφ = −
∫ 0

π

dφ = iπ (4.27)
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The result is ∫ +∞

−∞
dy

eiy

yα
=

π iα

Γ(α)
, α ∈ N (4.28)

In order to relate 4.28 to the integral in 4.21, we restrict ourselves to even α since
the integrand we are looking for depend on y2, not y only.
With this choice, we can set α = 2n and n = a + 1

2
− d

2
into 4.28, which gives via

analytic continuation into a and d the following result∫ +∞

−∞
dy

eiy

(y2)a+
1
2
− d

2

=
π(−1)a+ 1

2
− d

2

Γ(2a+ 1− d)
(4.29)

Inserting 4.29,4.22 into 4.21, after few manipulations with the Gamma function
involved, one can prove that our scalar integral is equal to

IF (d, a) =
Γ(d

2
− a)

(4π)
d
2Γ(a)

(r
2

)2a−d

(4.30)

4.2.3 The tensorial generalization of IF (d, a)

Besides the scalar case observed, we will also encounter another integral which can
be regarded as the tensorial generalization of 4.16

I ijF (d, a) =

∫
ddq

(2π)d
eiq·r

qiqj

q2a
(4.31)

Equation 4.31 can be related to 4.16 using the fact that

∂i∂jIF (d, a) = −I ijF (d, a) ⇔ d 6= 2a (4.32)

which is valid only when I(d, a) has a xi dependence (i.e. when 2a 6= d).
By extending the function so obtained via analytic continuation also in the region
d = 2a, one has that the following relation holds

I ijF (d, a) =
Γ(d

2
− a+ 1)

(4π)
d
2Γ(a)

(r
2

)2a−d−2[1
2
δij −

(d
2
− a+ 1

)rirj
r2

]
(4.33)
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4.3 Integration by parts identities (IBP)

In this section we will present a modern multi-loop techniques, that were first intro-
duced by Chetyrkin and Tkachov in [19, 71, 40].
Let’s suppose we are interested in the evaluation of a Feynman diagram with n-loop
momenta k1, ..kn and p1, ...pm external momenta

M(p1, ..., pm) =

∫
ddk1
(2π)d

....
ddkn
(2π)d

Nn1
1 ..Nnl

l

Dm1
1 ..D

mq
q

(4.34)

where D and N represent respectively a generic term in the denominator (numera-
tor) which is made of scalar products with external and loop momenta.
There exist a way to generate relations that involve 4.34 and diagrams sharing the
same topology, based on the simple observation that the integral of the full deriva-
tive of a vector field vi is null, assuming it vanish in a proper way while approaching
the border4 of Rd

∫
Rd

ddk ∂kiv
i = 0 ⇔ |v(k)| ∼+∞

1

|k|n
, n > 1 (4.35)

Choosing as a vector field an arbitrary linear combination of momenta multiplied
with the integrand of 4.34, one derives the following relation

∫
ddk1
(2π)d

....
ddkn
(2π)d

∂

∂kj
·
(
[aiki + bipi]

Nn1
1 ..Nnl

l

Dm1
1 ..D

mq
q

)
= 0 (4.36)

Expressing derivatives via Leibniz rule, one sees that the derivative on the linear
combination gives back the desired integral multiplied by a proper factor while the
action on the integrand produce new scalar products. These fall into two categories:
the reducible ones, i.e. those that can be expressed as a linear combination of
the denominators and the irreducible that cannot; as a remarkable facts all these
operations gives new amplitude sharing the same topology or sub-topology of 4.34.
In this respect, equation 4.36 states thatM could be expressed as linear combination
of different Feynman amplitudes sharing its same topology. In particular varying the
coefficients ai and bi of 4.36 one could generate a set of relations called IBP identities
that could be solved for the initial amplitude in terms of simpler ones: these can
be viewed as a basis and are usually called Master Integral. The procedure has
been implemented by Laporta developing a method for high precision calculations
of multi-loop (see [55]) and has been used in several works as [61, 18].

4It is nothing else than the Gauss theorem in arbitrary d dimensions.
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4.3.1 IBP for the massive one-loop tadpole

As example, let’s consider the following one-loop massive vacuum diagram typical
of Quantum field theory

In =

∫
ddk

(2π)d
1

(k2 +m2)n
(4.37)

In this case k is the only loop momentum, thus we can generate only one IBP

∫
ddk

(2π)d
∂

∂kµ

kµ

(k2 +m2)n
= 0 (4.38)

(d− 2n)

∫
ddk

(2π)d
1

(k2 +m2)n
= −2nm2

∫
ddk

(2π)d
1

(k2 +m2)n+1
(4.39)

(d− 2n)In = −2nm2In+1 ⇒ In =
Γ(n− d/2)

(m2)n−1Γ(n)Γ(1− d/2)
I1 (4.40)

where in the last line we can recognize I1 as the proper Master Integral for the
one-loop massive tadpole, which has to be calculated separately.

4.3.2 Properties of IBP

We end this section describing the properties of IBP that are useful:

• Given a Feynman amplitude with n-loop momenta and m external legs, one
can generate n(n+m) IBP identities. Currently there is no general procedure
capable to close the system of IBP identities for arbitrary amplitudes.

• Once individuated a set of IBP identities, all the Feynman diagrams in there
will share the same topology. The reason is due to the fact that operations
involved for their generation leads only to irreducible scalar products at the
numerator, which do not affect the topology; in particular IBP cannot lower
the number of loop integrations.

• IBP identities can only express a given diagram in terms of simpler ones,
also called Master Integrals. As for their evaluation one has to proceed with
alternative methods, as we will see in the next sections.
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4.4 Massless propagators

At the end of the previous Chapter we have seen how effective diagrams can be
written in terms of QFT amplitudes, involving loop-like integrals. Due to the fact
that φ, Ai and σnm can be viewed as massless fields, one can deduce that also the
two point functions that one can build are massless.
According to this topological relation, one is required to evaluate the behavior of
n-loop amplitudes in order to understand the corresponding post-Newtonian correc-
tions. Given this mapping, we will evaluate in detail the massless two point function
with one and two loops, focusing on a specific topology with three loop that can be
solved using IBP identities.
All these will be introduced with their topology only and evaluated as Euclidean
loop integral.

4.4.1 The massless one-loop propagator

We start this section evaluating the amplitude of a one-loop massless propagator
with arbitrary powers at denominator.
Since we are interested on Euclidean loop integrals, the reader should remember that
all these are defined on an Euclidean space, where if needed the QFT counterpart,
it is sufficient to perform a Wick Rotation

I(p) = =

∫
ddk

Dn1
1 Dn2

2

(4.41)

D1 = (k + p)2 , D2 = k2 (4.42)

In the evaluation of 4.41 one can rewrite the amplitude as

I(p) =
1

Γ(n1)Γ(n2)

∫
ddk

∫ +∞

0

dα1

∫ +∞

0

dα2 α
n1−1αn2−1e−α1D1−α2D2 (4.43)
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In equation 4.43 we have introduced the so called Schwinger parametrization, based
on the following identity

1

an
=

1

Γ(n)

∫ +∞

0

dα αn−1e−αa (4.44)

To proceed let’s perform a shift in the loop variable of 4.43 given by k → k−p α1

α1+α2
.

After few algebraic manipulations one can write

I =
1

Γ(n1)Γ(n2)

∫
ddk

∫ +∞

0

dα1dα2 α
n1−1
1 αn2−1

2 e−(α1+α2)k2e
− α1α2

α1+α2
p2

(4.45)

The integration on the loop variable is now straightforward being a Gaussian one

I =
πd/2

Γ(n1)Γ(n2)

∫ +∞

0

dα1

∫ +∞

0

dα2 α
n1−1
1 αn2−1

2 (α1 + α2)
− d

2 e
− α1α2

α1+α2
p2

(4.46)

Let’s now rescale both αi variables by αi → αi/p2, defining a new adimensional
function called G-function

I = π
d/2pd−2n1−2n2 G(n1, n2)

G(n1, n2) ≡
1

Γ(n1)Γ(n2)

∫ +∞

0

dα1

∫ +∞

0

dα2 α
n1−1
1 αn2−1

2 (α1 + α2)
− d

2 e
− α1α2

α1+α2

(4.47)

In order to arrive at a close form for 4.47 let’s make this final change of coordinates
α1 = ηx and α2 = η(1− x) which gives

G(n1, n2) =
1

Γ(n1)Γ(n2)

∫ 1

0

dxxn1−1(1− x)n2−1

∫ +∞

0

dηe−ηx(1−x)η−
d
2
+n1+n2−1

=
Γ(−d

2
+ n1 + n2)

Γ(n1)Γ(n2)

∫ 1

0

dx x
d
2
−n2−1(1− x)

d
2
−n1−1

=
Γ(−d

2
+ n1 + n2)Γ(

d
2
− n1)Γ(

d
2
− n2)

Γ(n1)Γ(n2)Γ(d− n1 − n2)
(4.48)
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We find convenient to introduce the so called ν function such that

ν(x) =
Γ(d/2− x)

Γ(x)
(4.49)

Inserting the expression so found for G(n1, n2) into 4.47 and using 4.49 gives

I(p) = π
d
2
ν(n1)ν(n2)ν(d− n1 − n2)

p2n1+2n2−d
(4.50)

As example that we will be used in the follow, for n1 = n2 = 1 one has

I(p) = π
d
2 pd−4G(1, 1) (4.51)

G(1, 1) ≡ G1 =
Γ(2− d

2
)Γ(d

2
− 1)Γ(d

2
− 1)

Γ(d− 2)
(4.52)

G1 = −
2g1

(d− 3)(d− 4)
, g1 ≡

Γ(3− d
2
)Γ(d

2
− 1)2

Γ(d− 3)
(4.53)

In equations 4.52,4.53 we have defined the so called Gn functions.
Introduced by Grozin in [42], they have the advantage to express in a clear form
the topology relations among certain loop integrals, once their external momentum
dependence has been factorized out by dimensional analysis.
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4.4.2 The massless two-loop propagator

In this subsection we will evaluate the amplitude associated with a massless two
point function with two-loops. The chosen one has represented for many years an
important point of access to perturbative aspects in Quantum field theory and it
is remarkable, as we will see, that many effective diagrams can be expressed in its
term.
Assuming arbitrary powers at the denominator, this is given by

I(p) = =

∫
ddkddq

Dn1
1 Dn2

2 Dn3
3 Dn4

4 Dn5
5

(4.54)

D1 = k2 D2 = q2 D3 = (k − p)2 D4 = (q − p)2 D5 = (k − q)2 (4.55)

By dimensional analysis we can introduce the corresponding G-function as

I(p) = πdp2d−2
∑

i niG(n1, n2, n3, n4, n5) (4.56)

where G(n1, n2, n3, n4, n5) is symmetric under (1↔ 2 , 3↔ 4) and (1↔ 3, , 2↔ 4),
due to the symmetries of 4.54.
In the following, some particular values of the G-function for the two-loop topology.

The case G(n1, n2, n3, n4, 0)

For this choice, the amplitude is given by closing in itself the intermediate line of
4.54 leading to

I(p) = = πdp2d−2(n1+n2+n3+n4)G(n1, n2, n3, n4, 0) (4.57)

Since 4.57 can be regarded as the square of a one-loop two point function, one can
state that G(n1, n2, n3, n4, 0) = G1(n1, n3)G1(n2, n4), where G1 is the G-function for
the one-loop case.
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The case G(0, n2, n3, n4, n5)

Assuming n1 = 0, is equivalent to evaluate the following amplitude, which is a sub-
topology of 4.54

I(p) = =

∫
ddkddq

Dn2
2 Dn3

3 Dn4
4 Dn5

5

(4.58)

Given that the only k dependence is in D3 and D5, one can recognize that the
integration on the loop variable k reduces to a one-loop integral leading to

I(p) = G(n3, n5)

∫
ddq

Dn2
2 D

n3+n4+n5−d/2
4

(4.59)

Again, the residual is still a one-loop integral, which yields

G(0, n2, n3, n4, n5) = G(n3, n5)G(n2, n4 + n5 + n3 −
d

2
) (4.60)

A similar expression holds for n5 6= 0 and other choice of ni = 0 due to the symme-
tries of the G-function.

The case G(0, n2, n3, 0, n5)

The amplitude in this case is given by

= πdp2d−n2−n3−n5 G2 (4.61)

where we have defined G(0, n2, n3, 0, n5) ≡ G2 for future use.
Due to the elimination of two denominators, the evaluation of 4.61 is straightforward,
given by a chain of one-loop integrations.
As example, for n2 = n3 = n5 = 1 we have

G2 = G(1, 1)G(1, 2− d/2) =
4g2

(d− 3)(d− 4)(3d− 10)(3d− 8)
(4.62)

g2 ≡
Γ(5− d)Γ(d/2− 1)3

Γ(3d/2− 5)
(4.63)
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The general case G(n1, n2, n3, n4, n5)

If the amplitude has all ni integer and non null, one can evaluate the corresponding
G-function using IBP identities.
According to the procedure described in Section 4.3, we can choose vi as k− q times
the integrand of 4.54, taking a divergence on q

∫
ddkddq

∂

∂qi

[
qi − ki

Dn1
1 Dn2

2 Dn3
3 Dn4

4 Dn5
5

]
= 0 (4.64)

Acting with the derivative on the integral and using these relations

D5 = (q − k)2 , D3 −D4 −D5 = 2q · (q − k)

D1 −D2 −D5 = 2(q + p)(q − k)
(4.65)

one can derive the following identity

G(n1, n2, n3, n4, n5) =
n2G(2+,5−) − n2G(2+,1−) + n4G(4+,5−) − n4G(4+,3−)

d− n2 − n4 − 2n5

(4.66)

where the symbol l± means that the argument of the G-function has to be replaced
by nl ± 1.
As example, when all ni = 1, the identity 4.66 gives

G(1, 1, 1, 1, 1) =
2

d− 4

[
G(1, 2, 1, 1, 0)−G(0, 2, 1, 1, 1)

]
(4.67)

This can be further simplified in terms of G1 and G2 as

G(1, 1, 1, 1, 1) =
2

d− 4

[
G(1, 1)G(2, 1)−G(1, 1)G(2, 3− d/2)

]
(4.68)

=
2

d− 4

[
G2

1

G(2, 1)

G(1, 1)
−G2

G(2, 3− d/2)

G(1, 2− d/2)

]
(4.69)

Using

G(n1, n2 + 1)

G(n1, n2)
= −(d− 2n1 − 2n2)(d− n1 − n2 − 1)

n2(d− 2− 2n2)
(4.70)

we derive that the coefficients in front of G1 and G2 are

G(2, 3− d/2)

G(1, 2− d/2)
= −(3d− 8)(3d− 10)

d− 4
,

G(1, 2)

G(1, 1)
= −(d− 3) (4.71)
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Inserting 4.71 into 4.69 we arrive at the final expression

G(1, 1, 1, 1, 1) =
2

d− 4

[
− (d− 3)G2

1 +
(3d− 8)(3d− 10)

d− 4
G2

]
(4.72)

=
8(g2 − g21)

(d− 3)(d− 4)3
(4.73)

We end this subsection by discussing the interesting case when one of the ni coeffi-
cient in the G-function is rational.
This case has been object of interest by many authors (see [53] or [41]) and it needs
special techniques in order to be solved, dependent on how many rational coefficients
are present and in which entry they are.
For the estimate of the degree of divergence of a massless four loop propagator, we
will evaluate one of this amplitude with rational coefficients reducing it to a vacuum
amplitude with non-integer powers at denominator. Anyway, the reader should be
aware that for these cases no general procedure for their evaluation currently exist.

4.4.3 The massless three-loop propagator

There are many topologies describing massless two point functions with three loops,
for this reason we will restrict to a single one whose topology is called Bug type

I = =

∫
ddq1d

dq2d
dq3

D1D2D3D4D5D6D7

(4.74)

where, as before, we have defined the Di terms as

D1 = (q1 − p)2 , D2 = q21 , D3 = q22 , D4 = q23
D5 = (q2 + q3)

2 , D6 = (q1 + q2)
2 , D7 = (q3 − q1 + p)2

(4.75)

This amplitude can be reduced by means of IBP identities as a linear combination
of three Master Integrals: since the amount of algebra involved is cumbersome, the
reduction was made using the program Reduze (see [72]) which has been able to
generate a series of IBP identities thanks to which I has been expressed in terms of
three Master Integral Mi=1,2,3 and known coefficients.
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In this respect, equation 4.74 can be written as

I = c1M1 + c2M2 + c3M3 (4.76)

where the Master Integral are given by

M1 = =

∫
ddq1d

dq2d
dq3

(q1 − p)2q23(q2 + q3)2(q1 + q2)2
(4.77)

M2 = =

∫
ddq1d

dq2d
dq3

(q1 − p)2q21(q2 + q3)2(q1 + q2)2(q3 − q1 + p)2
(4.78)

M3 = =

∫
ddq1d

dq2d
dq3

(q1 − p)2q22(q2 + q3)2(q1 + q2)2(q3 − q1 + p)2
(4.79)

As for the coefficient in the linear combination 5.38 the output of Reduze gave the
following result

c1 = 80
(−2800 + d 3810− d4 36 + d3 432− d21931)

(d− 4)4s3
(4.80)

c2 = −4
(−240 + d 242 + d3 9− d2 81)

(d− 4)3s2
(4.81)

c3 = 64
(−63 + d 60 + d3 2− d2 19)

(d− 4)3s2
(4.82)

At this point we are only left with the evaluation of the Master Integrals in order
to have a complete knowledge on 4.74.
We will deal with each of them separately evaluating them as Euclidean loop integral
remembering that this is due to the fact that we are interested on their effective
corresponding.
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Evaluation of M1

The first Master Integral is the only with four denominators and it is given by

M1 =

∫
ddq1d

dq2d
dq3

(q1 − p)2q23(q2 + q3)2(q1 + q2)2
(4.83)

We can start by isolating the integration on the q3 loop momentum

M1 =

∫
ddq1d

dq2
(q1 − p)2(q1 + q2)2

[ ∫
ddq3

q23(q2 + q3)2

]
(4.84)

In the square brackets we can recognize the massless two point function at one-loop
that we have calculated in 4.50.
Using this result, equation 4.83 becomes

M1 = π
d/2ν(1)2ν(d− 2)

∫
ddq1d

dq2

(q1 − p)2(q1 + q2)2q
4−d
2

(4.85)

The evaluation now is straightforward, since we can integrate first in q1 variable,
followed by a q2 integration, dealing with a chain of one-loop integrals.
The final result for 4.83 is given by

M1 =
π3d/2

p8−3d
ν(1)4ν(d− 2)ν(2− d/2)2ν(2d− 4) (4.86)

This expression can be simplified by expressing all the ν functions in terms of Γ
ones, leading to the following analytic expression valid for arbitrary d dimensions

M1 =
π

3d
2

p8−3d

Γ(d/2− 1)4Γ(4− 3d/2)

Γ(2d− 4)
(4.87)

100



CHAPTER 4. MULTI-LOOP TECHNIQUES IN QFT

Evaluation of M2

As for the second Master Integral this is given by

M2 =

∫
ddq1 d

dq2 d
dq3

(q1 − p)2q21(q2 + q3)2(q1 + q2)2(q3 − q1 + p)2
(4.88)

where again we are assuming an Euclidean integral.
We can proceed in the same way as we have done for the evaluation of M1, by first
performing the q3 integration associated with a one-loop two point function.
The result is

M2 = π
d/2ν(1)2ν(d− 2)

∫
ddq1 d

dq2
(q1 − p)2q21(q1 + q2)2(q2 + q1 − p)4−d

(4.89)

At this point, in order to further reduce the integral, we can make the following
change of variables defining q1 + q2 = k and q1 = q, such that

M2 = π
d/2ν(1)2ν(d− 2)

∫
ddk ddq

(q − p)2q2k2(k − p)4−d
(4.90)

We can now integrate in q which is a straightforward calculation using the previous
technique

M2 =
πdν(1)4ν(d− 2)2

p4−d

∫
ddk

k2(k − p)4−d
(4.91)

Performing the remaining loop integral and expressing all the ν functions in terms
of Γ ones we arrive at

M2 =
π

3d
2

p10−3d

Γ(d/2− 1)5Γ(2− d/2)Γ(3− d)

Γ(d− 2)Γ(3d/2− 3)
(4.92)
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Evaluation of M3

The evaluation of the remaining Master Integral is very similar to the previous ones

M3 =

∫
ddq1 d

dq2 d
dq3

(q1 − p)2q22(q2 + q3)2(q1 + q2)2(q3 − q1 + p)2
(4.93)

We start by integrating on the q3 loop variable, which gives

M3 = π
d/2ν(1)2ν(d− 2)

∫
ddq1 d

dq2
(q1 − p)2q22(q1 + q2)2(q2 + q1 − p)4−d

(4.94)

Also in this case, we can make the following change of variables given by q1+ q2 = k
and q1 = q

M3 = π
d/2ν(1)2ν(d− 2)

∫
ddk ddq

(k − q)2(q − p)2k2(k − p)4−d
(4.95)

The remaining integrations are straightforward and lead to

M3 =
π

3d
2

p10−3d

Γ(d/2− 1)5Γ(2− d/2)2Γ(3d/2− 4)Γ(5− 3d/2)Γ(3− d)

Γ(d− 2)2Γ(4− d)Γ(2d− 5)
(4.96)
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4.5 The star triangle rule (STR) for an ideal ver-

tex

In this section we introduce the Star triangle rule (STR) for an ideal vertex (for an
introduction see Kleinert [49], here presented in Euclidean space due to the features
of the loop-like integrals into our EFT.
Let’s assume we are required to evaluate the following loop integral coming from an
effective diagram

M(q1, q2, q3) = (4.97)

M(q1, q2, q3) =

∫
ddp

(p− q1)2α1(p− q2)2α2(p− q3)2α3
,

3∑
i=1

αi = d (4.98)

being the left part of 4.98 a constraint, hence the name ideal for this vertex rule.
We will prove that for these particular values of αi, one can evaluate 4.97 expressing
it in terms of propagators depending on the differences of external momenta only.
In order to prove it, let’s perform the following translation in Fourier space ~p→ ~p+~q1

M(q1, q2, q3) =

∫
ddp

p2α1(p+ q1 − q2)2α2(p+ q1 − q3)2α3
(4.99)

After this, we rescale the loop variable by ~p→ ~p/p2, ddp→ ddp/p2d.
Under this rescaling, a generic term in the denominator of 4.98 will transform as

(p− q)2α →
( ~p

p2
− ~q
)2α

=
(1− 2p · q + p2q2)α

p2α
=

(~p− ~q
q2
)2αq2α

p2α
(4.100)

Inserting this into 4.98 gives∫
ddp

p2(d−α1)

[
(p− q1−q2

(q1−q2)2
)2(q1 − q2)

2

p2

]−α2
[
(p− q1−q3

(q1−q3)2
)2(q1 − q2)

2

p2

]−α3

(4.101)
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=

∫
ddp

[(
p− q1 − q2

(q1 − q2)2

)2α2
(
p− q1 − q3

(q1 − q2)2

)2α3

(q1−q2)
2α2(q1−q2)

2α3

]−1

(4.102)

where p2 terms at denominator have been eliminated using the constraint 4.98.
At this point we are left with the evaluation of a two point function at one loop,
since the other terms can be factorized out.
The result is straightforward and equal to

M(q1, q2, q3) =
πd/2ν(α1)ν(α2)ν(α3)(

q1−q2
(q1−q2)2

− q1−q3
(q1−q2)2

)2α2+2α3−d

(q1 − q2)2α2(q1 − q2)2α3

(4.103)

Equation 4.103 can be cast in a simpler form by rewriting the various exponents at
denominator as

α2 =
(d
2
− α1

)
+
(d
2
− α3

)
, α3 =

(d
2
− α2

)
+
(d
2
− α3

)

α2 + α3 −
d

2
=

d

2
− α1

(4.104)

Inserting these in 4.103

M(q1, q2, q3) =
πd/2ν(α1)ν(α2)ν(α3)(

q1−q2
(q1−q2)2

− q1−q3
(q1−q3)2

)d−2α1

(q1 − q2)2(d−2α1)+(d−2α2)+(d−2α3)

(4.105)

within the following identity

(q2 − q3)
2 = (q1 − q2)

2 + (q1 − q2)
2 − 2(q1 − q3) · (q1 − q2) (4.106)

one gets the final result

M(q1, q2, q3) =
πd/2ν(α1)ν(α2)ν(α3)

(q1 − q2)d−2α3(q1 − q3)d−2α2(q2 − q3)d−2α1
(4.107)

104



CHAPTER 4. MULTI-LOOP TECHNIQUES IN QFT

4.5.1 The STR and the massless four-loop propagator

So far we have studied in detail massless two point functions at one and two loops,
solving a specific topology involved at three-loop called Bug type. At higher number
of loops, there is no general procedure to adopt for their evaluation and one is forced
to face case by case.
A possibility is always given by IBP identities, which makes possible to express a
given amplitude as a linear combination of other sharing the same topology, which
could be more manageable compared to the initial one.
Unfortunately, some amplitudes cannot be reduced in a useful way, as it happens
with the following four-loop massless propagator 5

M3,6(p) = (4.108)

=

∫
ddq1d

dq2d
dq3d

dq4
(p− q1)2(q1 − q2)2q22q

2
3q

2
4(p− q1 − q3)2(q2 + q4)2(q1 − q2 + q3 − q4)2

(4.109)

This amplitude is associated with a static post-Newtonian correction at fourth order
and it has been first calculated around d = 3+ ε via a semi-analytic method in [34]
and later via an analytic method in [28]: the two calculations agree and the result
is given by

M3,6 =
c(ε)

p4

[ 1

2ε2
− 1

2ε
− 4 +

π2

24
+O(ε)

]
, c(ε) = e2εγE p4ε/(4π)4+2ε (4.110)

being γE the Euler-Mascheroni constant.
Due to the intricacy involved in the evaluation of 4.108, we will focus only on the
estimate of its degree of divergence around d = 3 + ε, extracting a double pole
up to O(1/ε) factors. In doing so we will take advantage of the Star Triangle rule
previously described, showing that 4.108 can be expressed as a vacuum diagram
around d = 3 + ε up to factors 1/ε.

5The reason for the numbers 3 and 6 in the definition comes from the fact that this diagram
originally appeared in a list of Master Integrals in particle physics.
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Estimate of the divergence for M3,6

We are going to present a procedure thanks to which is possible to estimate the
degree of divergence of a given loop integral.
At first glance, some assumptions may appear to be dangerous, however the cor-
rectness of our procedure is given by the reproduction of the exact double pole of
M3,6 around d = 3 + ε.
First of all, let’s isolate in 4.108, the integration in the loop variable q4 defining

Q4(d) ≡
∫

ddq4
q24(q2 + q4)2(q1 − q2 + q3 − q4)2

(4.111)

If we choose d = 3 (the physical dimension of interest) the αi coefficients involved
are all equal to one, rendering possible to calculate Q4(3) by means of the Star
triangle rule.
As a function of the space dimension d, 4.111 it is thus defined at d = 3, and
assuming continuity in a nearby of d, one has that the following relation holds

Q4(3 + ε) =
π3/2ν(1)3

q2(q2 − q1 − q3)(q1 + q3)
+O(ε) (4.112)

By substituting the expression so obtained inM3,6 we have

M3,6 =

∫
ddq1d

dq2d
dq3

(p− q1)2(q1 − q2)2 q32 q
2
3 (q1 + q3)(q2 − q1 − q3)(p− q1 − q3)2

(4.113)

+O(ε)

∫
ddq1d

dq2d
dq3

(p− q1)2(q1 − q2)2q22q
2
3(p− q1 − q3)2

, d = 3 + ε (4.114)

The integral that multiplies O(ε) in 4.114 has a pole that scale as6 1/ε which means
that by neglecting 4.114, one is neglecting finite terms around d = 3 + ε.
Proceeding in this direction, let’s shift the region of momenta by q1 → q1−q3, which
gives

M3,6 =

∫
ddq1d

dq2d
dq3

(p− q1 + q3)2(q1 − q2 − q3)2 q32 q
2
3 q1(q2 − q1)(p− q1)2

+O(K) (4.115)

being K a generic constant.

6See Appendix A for a prove
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We now apply the same procedure used for the loop variable q4, in order to isolate
and evaluate, around d = 3 + ε, the integration over the loop momentum q3.
First, let’s define

Q3(d) ≡
∫

ddq3
q23(q3 − q1 + p)2(q2 − q1 + q3)2

(4.116)

By applying on 4.116 the STR for d = 3 one proves its finiteness. Assuming it is
continuous around d = 3 + ε one has

Q3(d) =
π3/2ν(1)3

(p− q1)(p− q2)(q2 − q1)
+O(ε) , d = 3 + ε (4.117)

Substituting 4.117 in 4.115 we obtain a result similar to that of 4.114.
Also in this case one can demonstrate that the integral multiplying O(ε) is propor-
tional to finite term only.
Given these considerations, one has

M3,6 = π6ν(1)6
∫

ddq1d
dq2

(p− q1)3 q1 q32 (q2 − q1)2(p− q2)
+O(K) (4.118)

which we recognize as proportional to a G-function with rational coefficient in its
entries, more precisely

M3,6 =
π6+d

p10−2d
G(1/2, 3/2, 1/2, 3/2, 1) +O(K) , d = 3 + ε (4.119)

We can redefine the G-function without affecting its result using the following iden-
tity that descends from the invariance of the integral under inversion of integration
variables

M3,6 =
π6+d

p10−2d
G(d− 3, d− 3, 1/2, 3/2, 1) +O(K) (4.120)

At this point we make the following assumption

G(d− 3, d− 3, 1/2, 3/2, 1) = G(0, 0, 1/2, 3/2, 1) +O(ε) (4.121)

Equation 4.121 is formal and the residual G function can be trusted only in the limit
ε→ 0. Thus we will only consider its highest pole where associated to it there is a
vacuum diagram with rational powers at denominator.
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Its value is known (it can be found in [41]) and it is equal to

G(0, 0, n3, n4, n5) = (4.122)

=
Γ(d/2− n3)Γ(n1 + n3 − d/2)Γ(n2 + n3 − d/2)Γ(n1 + n2 + n3 − d)

Γ(n1)Γ(n2)Γ(n3)Γ(n1 + n2 + n3)
(4.123)

For n3 = 3/2, n4 = 1/2, n5 = 1 and with d = 3 + ε we have

G(0, 0, 3/2, 1/2, 1) =
4Γ(−ε/2)Γ(−ε)

π2
=

8

πε2
+ .. (4.124)

Substituting equation 4.124 into 4.121 we arrive at our final result

M3,6 =
1

(4π)4p4
1

2ε2
+O

(
1

ε

)
(4.125)

This matches exactly the double pole with its coefficient as was first individuate by
Mastrolia, Foffa, Sturani, Sturm in [34].
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Chapter 5

Post-Newtonian corrections

At this point, we have all the tools to perform high-precision calculations concerning
post-Newtonian (PN) corrections to binary dynamics, as we will see with their
evaluation up to the 4 PN sector. Due to the Effacement principle 1, the internal
structure of the binary enters from the 5 post-Newtonian order, therefore we will
just assume that our system is defined by the same effective action introduced in
3.49, where binary components were described as point particles.
As for the material treated in the Chapter, it is so divided:

• Hinting at the covariant formulation of our Effective field theory (EFT) we
will introduce a convenient procedure to be able to identify which effective
diagrams contribute at a given post-Newtonian order to the binary effective
action.

• It is derived the complete Einstein-Infeld-Hoffmann Lagrangian by means of
effective diagrams at 1 post-Newtonian order. It is also shown in detail the
various topologies involved with the increasing of post-Newtonian calculations.

• Exploiting Quantum field theory (QFT) methods we will calculate two con-
tributes at 2 post-Newtonian order, a static one from a G2

N topology and
v-dependent one linked with a G3

N topology. Both diagrams will be calcu-
lated in momentum space within dimensional regularization, unite with their
Fourier transform around d = 3 + ε.

• It is calculated a non static contribute to the effective action coming from
a diagram at 4-PN order and associated with a G4

N topology. This repre-
sent an original contribute of this thesis, since this calculation has never been
calculated before within EFT methods.

1For details, see Maggiore [46] Section 5.5
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5.1 Organizing post-Newtonian calculations

In order to evaluate the effective action for a binary at a given PN order, one is
required to device a general procedure so that it is possible to understand which
diagrams enter at the desired PN precision.
In sketching a scheme, we will follow a series of steps first introduced by Gilmore
and Ross in [37], and based on a manifest covariant formulation of our EFT.
First of all, we define the effective action of our EFT in d+1 space-time dimensions
as

Seff (gµν , xµ) = −2Λ2

∫
ddxdt

√
− det gµνR−ma

∫
dτa

√
−gµν(xa)ẋ

µ
a ẋν

a (5.1)

At this point, we don’t introduce the Kol-Smolin variables, choosing an alternative
manifest covariant parametrization for the metric tensor given by

gµν = ηµν +
hµν

Λ
(5.2)

Inserting equation 5.2 in 5.1, by expanding in powers of Λ−1 we are able to extract
a set of Feynman rules in hµν , similar to those previously derived for φ, Ai, σnm in
Chapter 3.
The expansion of the Einstein-Hilbert action gives vertexes which scales as Λ2−n,
being n the numbers of hµν fields involved

−Λ2

∫
ddxdt

√
− det gµνR ⇒

∫
ddxdt

[
(∂h)2 +

h(∂h)2

Λ
+

h2(∂h)2

Λ2
+ ..

]
(5.3)

+ + +...

(5.4)

where the required contractions and indexes are implied.
On the other side, the expansion of the point-particle actions gives source-gravity
interactions proportional to Λ−n, schematically

−ma

∫
dτa

√
−gµν(xa)ẋ

µ
a ẋν

a ⇒ −ma

∫
dt
√
−ẋ2

a−
ma

2Λ

∫
dthµν

ẋµẋν√
−ẋ2

a

+... (5.5)

+ +...

(5.6)
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Starting from Feynman rules 5.3,5.5, we can develop effective diagrams that scale
with a definite power of Λ−1 only, not velocities due to the square roots of ẋ2

a in
them: this manifest covariant formulation is also called post-Minkowskian (PM) and
it is useful when no v/c << 1 assumption is made.
Although not useful for post-Newtonian calculations, its use is still practical given
that the topology of a PM diagram can be deployed in terms of PN diagrams.
To do so, we should notice that the hµν parametrization can be related to the Kol-
Smolkin one, by matching their expansion in Λ−1 of the metric tensor.
As example, at linear order one has

hµν =

(
−2φ Ai

Ai σij − cdφδij

)
(5.7)

At this point, we can systematically derive which effective diagrams enters at a given
PN order:

• Within the manifest covariant parametrization of our EFT, let’s fix a power
of GN , writing down all possible diagrams that scale with this power law. No
calculations are needed, since it is worth mentioning that the topology of a
Feynman rule has a definite scaling in GN , regardless its specific form.

• Always within the previous parametrization, we define Gn
N topology the equiv-

alence relation of all connected diagrams that scales as Gn
N . Given all these

diagrams, we can proceed by filling each hµν line with φ, Ai and σnm in order
to switch to the Kaluza-Klein parametrization.

• At last, in order to restore the complete v-dependencies of effective diagrams,
one can expand every Feynman rule in a non relativistic way as described in
Section 5.3.1.

The result is that starting from the lowest powers of GN , one can systematize which
diagrams enter at a given PN order and which not. As a remarkable fact, one
should notice that a given Gn

N topology enters at different PN order due to the non
relativistic expansion of fields propagators.
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5.2 The Einstein-Infeld-Hoffmann Lagrangian from

a 1 PN calculation

Exploiting the previous method we will derive the complete effective action for a
non spinning binary at 1 PN order, i.e. taking care of corrections that scales as
GNv

2 and G2
N .

Let’s start our calculation by defining the effective action as

Seff (xa) = −ma

∫
dt

√
1− v2a

c2
− iW (xa, va) (5.8)

where W is evaluated in terms of connected effective diagrams as

W (xa,b, va,b) =

∫
dτadτbA(xa,b, va,b) (5.9)

A(xa,b, va,b) =

∫
ddk

(2π)d
dω

2π
eik·(xa−xb)e−iω(τa−τb)M(k, ω) (5.10)

M(k, ω) ∼ GNv
2, G2

N (5.11)

In order to find which PN effective diagrams participate in 5.11 we start by looking
at the GN and G2

N topologies. For semplicity, from now on we will adopt a thick
black line for a graviton, instead of the gluon one.
As for the GN topology, it is characterized by a unique PM diagram given by

(5.12)

We can now switch to the Kol-Smolkin variables by filling the diagram with φ, Ai,
and neglecting σnm since its emission and absorption would be proportional to v4.
So far the connected diagrams are

φ Ai (5.13)
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As for the G2
N topology, there are two PM diagrams

(5.14)

Introducing the Kol-Smolkin variables, it can be proved that the diagram on the
right give corrections which are at least 2 PN, while the diagram on the left gives
a unique contribute at 1 PN given by expressing the graviton lines in terms of
two static φ fields. Having identify all the effective diagrams we can proceed to
evaluate their amplitude in momentum space. As for 5.13, we adopt source-gravity
interactions at v2 evaluating the propagator at ω2

Mφ(k, ω) = φ (5.15)

=
im1m2

2cdΛ2

1

|~k|2

[
1 +

3

2
(v21 + v22) +

ω2

|~k|2
+O

(
ω

|k|

)4]
(5.16)

Aφ =
im1m2

2cdΛ2

∫
ddk

(2π)d
dω

2π
eik·(xa−xb)e−iω(τa−τb)

1

|~k|2

[
1 +

3

2
(v21 + v22) +

ω2

|~k|2

]
(5.17)

Aφ = δ(τa − τb)
im1m2

2cdΛ2

∫
ddk

(2π)d
eik·(xa−xb)

1

|~k|2

[
1 +

3

2
(v21 + v22) + vi1v

j
2

kikj

|~k|2

]
(5.18)

As for the remaining k integral, the calculation follow what has been seen in Sections
4.2.2-4.2.3; the amplitude is finite at d = 3 and it gives

Aφ = δ(τa − τb)
m1m2GN

r

[
1 +

3

2
(v21 + v22) +

1

2
(v1 · v2 − v1 · r̂ v2 · r̂)

]
(5.19)

being r̂ the unit vector parallel to ~r.
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Inserting 5.19 in 5.9 one gets the following contribute to the effective action 5.8

−iWφ =

∫
dt

m1m2GN

r

[
1 +

3

2
(v21 + v22) +

1

2
(v1 · v2 − v1 · r̂ v2 · r̂)

]
(5.20)

We now proceed evaluating the effective diagram involving Ai, which we will calcu-
late within static source-gravity interactions and propagators

MA(k) = A = −im1m2

2Λ2

v1 · v2
|k|2

(5.21)

A straightforward Fourier transform gives the following finite contribute for d = 3

−iWA =

∫
dt − 4m1m2GN

r
v1 · v2 (5.22)

It only remains the effective diagram involving two φ, which will be evaluated using
static source-gravity interactions and propagators

Mφφ(k1, k2) =
φ φ

=
im2

1m2

8c2dΛ
4|k1|2|k2|2

(5.23)

Also in this case, the contribute is finite for d = 3.
Taking care that there is also a symmetric contribute given by 1↔ 2 interchanged
one has

−iWφφ =

∫
dt

G2
N(m1 +m2)m1m2

2r2
(5.24)

Inserting 5.20,5.22,5.24 into 5.8 one gets the action of a local theory defined by the
following Lagrangian

LEIH =
mav

2
a

2
+
mav

4
a

8
−GNm1m2

2r

[
2+3(v21+v22)−7v1 ·v2−v1 ·r̂v2 ·r̂+

GN(m1 +m2)

r

]
(5.25)

Equation 5.25 was first derived by Albert Einstein, Leopold Infeld and Banesh Hoff-
mann in 1938 (see [32]) and both results agrees.
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5.3 Topologies from 2 up to 4 PN order

Before moving to amplitude calculations we will examine the topologies and number
of effective diagrams involved from 2 up to 4 PN order for a spin-less binary system.

5.3.1 2-nd Post Newtonian order

Being interested in 2 PN contributes, one has to find those diagrams that scale as
G3

N , G
2
Nv

2 and GNv
4.

As customary, one has to proceed by looking at the GN topologies involved, which
in this case are given by the previous encountered plus the G3

N one. Given this, one
has to consider PN diagrams from the GN topology expanded at v4, while from the
G2

N topology one has to consider the following PM diagrams at v2

(5.26)

As for the G3
N topology, this is composed by five PM diagrams

(5.27)

Among these, only the upper three gives 2 PN contributes, while the other enters
only at 3 PN. It can be proved that this procedure give rise to 14 PN diagrams
participating to the complete effective action of a non spinning binary at 2 PN. These
evaluation, within Effective field methods, has been first performed by Gilmore and
Ross in [37] and Chu in [20]
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5.3.2 3-rd Post Newtonian order

At 3-rd Post Newtonian order, we are looking for corrections to the effective action
of a binary which are proportional to G4

N , G
3
Nv

2, G2
Nv

4 and GNv
6. We can start the

examination of the GN topologies involved, starting from the highest one, the G4
N .

This is composed by 12 PM diagrams

(5.28)

(5.29)

As one can prove, none of them contribute at 3-PN. In order to contribute at this
PN order they have to be evaluated as static, which means that the external sources
are forced to emit scalar fields only, otherwise it would increase the PN order of the
associate diagram. In doing so, one can easily recognize that for every diagram we
are forced to introduce vertexes that are not present in our theory, which proves the
previous statement.
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As for the G3
N topology, all its PM diagrams participate at 3 PN order, in particular

the following which previous was discarded

(5.30)

As for the remaining topologies, both the G2
N and GN partecipate. Filling all these

classified PM diagrams within the Kol-Smolkin variables lead to a total number of
80 effective diagrams.
Within the Effective field theory method, Foffa and Sturani have been able to eval-
uate the complete effective action at 3 PN order within a semi-automated algorithm
(see [35]).
As remarkable fact, at this PN order every effective diagrams can be calculated
within IBP identities and one-loop integrations.

5.3.3 4-th Post Newtonian order

At this post-Newtonian order the contributes we are looking for are expressed by
effective diagrams which scales as G5

N , G
4
Nv

2, G3
Nv

4, G2
Nv

6 and GNv
8.

As for the G5
N topology, there are 50 topologies associated which we cannot draw

due for practical reasons.
As for the G4

Nv
2 contributes, these comes from the G4

N topology: the same happen
for the other contributes at 4 PN and thus don’t constitute any difference within
the previous cases.
Currently, within the Effective field theory methods none has succeed to calculate
the complete action of a non spinning binary at 4 PN, however the static sector has
been evaluatede by Mastrolia, Foffa, Sturani, Sturm in [34]. The reason why the
evaluation of complete action within EFT methods is missing are multiples. First
of all the number of effective diagrams involved, 595, makes apparently impossible
to derive their contribute via analytic tools only. Secondly the technology required
for the evaluation of some effective diagrams has revealed an intriguing challenge,
as seen in [34] with the Master Integral M3,6.
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5.4 Evaluation of two 2-PN amplitudes

In this section we present the calculation of two of the 14 effective diagrams that
contribute to the effective action of a non spinning binary at 2 PN order.

5.4.1 A non static 2-PN amplitude from a G2
N topology

The chosen diagram is the following, which gives a contribute that scales as G2
Nv

2

M(q) =

q

k q − k

(5.31)

According to the Feynman rules developed in Chapter 3, the amplitude 5.31 in
dimensional regularization is given by

M(q) =

∫
ddk

(2π)d

(
− im1

2Λ
vivj

)(
P ijrs
σ

)(icd
Λ

[δrsk · (q − k)−

kr(q − k)s − ks(q − k)r]
)(
− i

2cd

1

k2

)(
− i

2cd

1

(q − k)2

)(
− i

m2

Λ

)2 (5.32)

where the round brackets have been used in order to enlighten the Feynman rules
that enters in the evaluation of 5.31.
The expression so obtained can be written in a simpler way performing all the
contractions involved

M(q) = −
∫

ddk

(2π)d
m1m

2
2

8Λ4cd

vivjP
ijrs
σ

(q − k)2k2
[δrsk · p− kr(q − k)s − ks(q − k)r] (5.33)

= − im1m
2
2

16Λ4c3

∫
d3k

(2π)3
2vivj

(q − k)2k2q2

(
ki(q − k)j + kj(q − k)i

)
+O(ε) (5.34)

M(q) = −im1m
2
2π

2G2
N64

∫
d3k

(2π)3
v · k v · (q − k)

(q − k)2q2k2
(5.35)

where for simplicity the amplitude have been calculated at d = 3, since as we will
see, no divergences appear for this effective diagram.
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In order to estimate the amplitude, we first concentrate on the loop integral given
by the integration in the k variable defining

M(q) = −im1m
2
2π

264
G2

N

q2
vivjBij(q) (5.36)

Bij(q) ≡
∫

d3k

(2π)3
ki

k2

(q − k)j

(q − k)2
(5.37)

where the tensor 5.37 can be decomposed as

Bij(q, p) = qj
∫

d3k

(2π)3
ki

k2(q − k)2
−
∫

d3k

(2π)3
kikj

k2(q − k)2
= qjI i − Sij (5.38)

Here we just report the value for the two integrals in 5.38, leaving to the Appendix
(part B) their complete derivation

I i =
qi

16q
, Sij = − q

64
δij +

3

64

qiqj

q
(5.39)

Thus, the tensor 5.38 can be expressed as

Bij =
q

64
δij +

1

64

qiqj

q
(5.40)

Inserting 5.40 into 5.36 we arrive at

M(q) = −im1m
2
2π

2G2
Nv

ivj

(
δij

q
+

qiqj

q3

)
(5.41)

Finally, the contribute to the effective action is given by

S2PN
eff = −iW =

∫
dτ1dτ2A(x1, x2) (5.42)

A(x1, x2) =

∫
d3q

(2π)3
dω

2π
e−iω(τ1−τ2)+ik·(x1(τ1)−x2(τ2))M(q) (5.43)

The Fourier transform ofM is straightforward giving as a final contribute

S2PN
eff =

m1m
2
2G

2

2r2

[
(v · r)2

r2
− v2

]
(5.44)
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5.4.2 A static 2-PN amplitude from a G3
N topology

In this subsection we will evaluate an amplitude at 2-PN order that comes from the
following H-shape topology at G3

N order

(5.45)

We have chosen this diagram since it has divergences for d = 3 that can be consis-
tently handled by means of QFT techniques (e.g. with dimensional regularization),
despite to the previous case.
Associated to 5.45 there is a unique static PN diagram involving φ and σmn given
by

MH(k1, k2) =

k1

q

k2

k1 + k2 − q

k1 − q

, p = k1 + k2 (5.46)

The amplitude is equal to

MH(k1, k2) =

∫
ddq

(2π)d

(
− im1

Λ

)2(
− im2

Λ

)2(
− i

2cd

)4 P ijnm
σ vijvnm

k2
1 k

2
2 q

2 (p− q)2
(5.47)

where the contractions involves the following terms

P ijnm
σ = − i

2(k1 − q)2

(
2

2− d
δijδnm + Lijnm

)
(5.48)

vij = −
cd
Λ

[
− δijk1 · q + (k1, q)ijbig] (5.49)

120



CHAPTER 5. POST-NEWTONIAN CORRECTIONS

vnm = −cd
Λ

[
− δnmk2 · (p− q) + (k2, p− q)nm

]
(5.50)

(v, q)ij = viqj + vjqi , Lijmn = δinδjm + δimδjn (5.51)

The first contraction we perform is given by

P ijnmvij =
icd

2Λ(k1 − q)2

(
2

2− d
δijδnm + Lijnm

)(
− δijk1 · q + (k1, q)ij

)
(5.52)

=
icd

2Λ(k1 − q)2

[
k1 · q

( 4

2− d
δnm − 2d

2− d
δnm + 2δnm

)
+ 2(k1, q)

nm

]
(5.53)

=
icd

Λ(k1 − q)2
(k1, q)

nm (5.54)

The similar one involving vnm is straightforward and it can be used to shown that
the amplitude 5.46 is equal to

MH(k1, k2) = −
im2

1m
2
2

8Λ6c2d

∫
ddq

(2π)d
N(k1, k2, q)

D1D2D3D4D5

(5.55)

N(k1, k2, q) = [k1 · k2] [q · (p− q)] + [k1 · (p− q)] [k2 · q]− [k2 · (p− q)] [k1 · q] (5.56)

D1 = k2
1 D2 = q2 D3 = (k2)

2 D4 = (q − p)2 D5 = (q − k1)
2 (5.57)

At this point we can proceed with a Fourier transform in the k1, k2 variables in
order to obtain the corresponding contribute to the effective action

S2PN
eff = −i lim

d→3

∫
ddk1
(2π)d

ddk2
(2π)d

ei(k1+k2)·rMH(k1, k2) (5.58)

where time integrals have not been reported given that they merely simplify.
In order to deal with 5.58 we find convenient to define a new integration region from
(k1, k2) to (k1, p) where from now on the subscript 1 for the external momentum will
be omitted.
According to this prescription, the desired contribute can be written as the Fourier
transform of a function depending solely on p, in accordance with the relation among
effective diagrams and QFT amplitudes shown in Chapter 3.

121



CHAPTER 5. POST-NEWTONIAN CORRECTIONS

The contribute now becomes

S2PN
eff = −i lim

d→3

∫
ddp

(2π)d
eip·rI(p) (5.59)

I(p) = − im2
1m

2
2

32Λ6c2d

∫
ddk

(2π)d
ddq

(2π)d
N

D1D2D3D4D5

(5.60)

where indeed, in equation 5.60 we can recognize the amplitude of a two point func-
tion with three loops.
Given this consideration, which is natural given the relations among effective dia-
grams and QFT amplitudes, we can evaluate it according to the techniques devel-
oped in Chapter 4.
We can start by expressing the numerator in term of the denominators by express-
ing the scalar products involved as a linear combination of their square, and that of
their sum or difference2

k · (p− k) =
1

2

(
p2 −D1 −D3

)
, q · (p− q) =

1

2

(
p2 −D2 −D4

)
(5.61)

k · (p− q) =
1

2

(
p2−D2−D3 +D5

)
, q · (p− k) =

1

2

(
p2−D1−D4 +D5

)
(5.62)

(p− k) · (p− q) =
1

2

(
D3 +D4 −D5

)
, q · k =

1

2

(
D1 +D2 −D5

)
(5.63)

According to these, the amplitude I(p) becomes

I(p) = − im2
1m

2
2

32Λ6c2d

∫
ddk

(2π)d
ddq

(2π)d

[
(p2 −D1 −D3)(p

2 −D2 −D4)

D1D2D3D4D5

]
+ (5.64)

[
(p2 −D2 −D3 +D5)(p

2 −D1 −D4 +D5)

D1D2D3D4D5

]
+

[
(D4 +D3 −D5)(D2 +D1 −D5)

D1D2D3D4D5

]

2Beware that this is not always possible: as we will see in a 4-PN calculation, some scalar
products are irreducibile, in the sense that they cannot be expressed as linear combination of
terms in the denominator
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I(p) = − im2
1m

2
2

16Λ6c2d

∫
ddk

(2π)d
ddq

(2π)d
p4
[

1

D1D2D3D4D5

]
+p2

[
D5 −D1 −D2 −D3 −D4

D1D2D3D4D5

]

+
1

2

[
(D1 +D3)(D2 +D4) + (D1 +D4)(D3 +D2)− (D4 +D3)(D1 +D2)

D1D2D3D4D5

]
(5.65)

In a more compact way, the amplitude I(p) can be expressed as

I(p) = − im2
1m

2
2

16Λ6c2d

(
p4A+ p2B + C

)
(5.66)

where we have introduced the following integrals

A =

∫
ddk

(2π)d
ddq

(2π)d

[
1

D1D2D3D4D5

]
(5.67)

B =

∫
ddk

(2π)d
ddq

(2π)d

[
D5 −D1 −D2 −D3 −D4

D1D2D3D4D5

]
(5.68)

C =
1

2

∫
ddk

(2π)d
ddq

(2π)d

[
2D1D2 + 2D3D4

D1D2D3D4D5

]
(5.69)

What is relevant, is that all these integrals comes from the same Bug topology
studied in Chapter 4, as one can easily see since we have maintained the same
notations.
In this respect, their analytic evaluation can be performed with the use of IBP
identities giving

A = −p2d−10

[2π]2d
8(g2 − g21)

(d− 3)(d− 4)3
πd (5.70)

B = − p2d−8

[2π]2d

[
4g21

(d− 3)2(d− 4)2
+

8g1g3
(d− 3)(d− 4)

]
πd , C = 0 (5.71)
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g1 =
Γ(3− d

2
)Γ(d

2
− 1)2

Γ(d− 3)
g2 =

Γ(5− d)Γ(d
2
− 1)3

Γ(3d
2
− 5)

(5.72)

g3 =
Γ(4− d)Γ(d− 3)Γ(d

2
− 1)

Γ(3− d
2
)Γ(3d

2
− 4)

(5.73)

After resummation, the Fourier transform of I(p) gives the following final contribute
to the effective action in d-dimensions

S2PN
eff (d) = − m2

1m
2
2 r

6−3d

Λ6c2d 2
10 [π]

3d
2

[
8(g2 − g21)

(d− 4)3
+

4g21
(d− 3)(d− 4)2

+
8g1g3
(d− 4)

]
Γ(3d

2
− 3)

Γ(4− d)

(5.74)

In order to recover the contribute in d = 3 we will expand all the d-dependent terms
around d = 3 + ε by then taking the physical limit for ε→ 0

g1 = π
3
2 ε+O(ε2) , g2 = −

π

2
+O(ε) , g3 =

ε√
π
+O(ε2) (5.75)

Using these expansions, the second and third term of the sum in the square bracket
of 5.74 goes to zero, leading to the final result

S2PN
eff = − m2

1m
2
2

Λ6213π3

1

r3
+O(ε) ⇒ S2PN

eff = −2G
3
Nm

2
1m

2
2

r3
(5.76)

where in the final passage we have expressed Λ in terms of GN and divided by two
since the same result could be derived interchanging 1 with 2.
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5.5 A non static 4-PN amplitude from a G4
N topol-

ogy

In this final section we present for the first time the evaluation of a 4-PN non static
contribute to the Newton Potential which scales as G4

Nv
2.

The amplitude is given by the following diagram

MB(k1, k2) =

k1 k2

k2 + q2 − q1k1 − q1 q2

q1 q1 − q2

(5.77)

The amplitude in momentum space is given in d space dimensions by

MB =

∫
ddq1
(2π)d

ddq2
(2π)d

(
− im1

Λ

)2(
− im2

Λ

)2(
− i

2cdk2
1

)(
− i

2cdq21

)(
− i

2cdk2
2

)
(
− i

2cdq22

)( −i
2cd(k2 + q1 − q2)2

)(imav
ivj

2Λ

) [
P ijrs
σ Vrs

] [
VnmP

nmlt
σ Vlt

]
(5.78)

We first evaluate separately, the tensor contractions involved in the square brackets
of 5.78

P ijrs
σ Vrs =

icd
Λ

(k1, q1)
ij

(k1 − q1)2
(5.79)

VnmP
nmlt
σ Vlt =

−i2c2d
Λ2(q1 − q2)2

(
2q1 · k2 q2 · k2 + q21q2 · k2 − q22q1 · k2 − k2

2q1 · q2
)

(5.80)

Substituting 5.79,5.80 into the expression of the initial amplitude 5.78 we obtain

MB(k1, k2) =
m3

1m
2
2

16Λ8c2d

∫
ddq1
(2π)d

ddq2
(2π)d

M̃B(k1, k2, q1, q2) (5.81)

M̃B(k1, k2, q1, q2) =

[
k1 · v q1 · v

][
2q1 · k2 q2 · k2 + q21q2 · k2 − q22q1 · k2 − k2

2q1 · q2
]

(k1 − q1)2(q1 − q2)2k2
1k

2
2q

2
1q

2
2(k2 + q1 − q2)2

(5.82)
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The contribute to the effective action can be derived according to the same Fourier
transform done in the previous calculations.
The result describes a 4 PN correction to the effective action of a non spinning
binary system given by

S4PN
eff = −i lim

d→3

m3
1m

2
2

16Λ8c2d

∫
ddk1
(2π)d

ddk2
(2π)d

ddq1
(2π)d

ddq2
(2π)d

ei(k1+k2)·rM̃B(q1, q2, k1, k2) (5.83)

In order to evaluate 5.83, let’s change variables of integration defining k1 + k2 = p
and k2 = q3

S4PN
eff = −i lim

d→3

m3
1m

2
2

16Λ8c2d

∫
ddp

(2π)d
eip·r

[ ∫ ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

M̃B(q1, q2, q3, p)
]

(5.84)

As expected, by isolating the integral over the total momentum exchanged p, we get
a typical loop amplitude, in this case a 3-loop one.
In order to explicit its calculation, we first factorize the velocity dependent terms
defining

M̃B(q1, q2, q3, p) = vivjM̃ij
B(q1, q2, q3, p)

M̃ij
B ≡

[
(p− q3)

i qj1

][
2q1 · q3 q2 · q3 + q21q2 · q3 − q22q1 · q3 − q23q1 · q2

]
(p− q3 − q1)2(q1 − q2)2(p− q3)2 q21 q

2
2 q

2
3(q3 + q1 − q2)2

(5.85)

We can now assume that the following ansatz holds

M̃ij
B(q1, q2, q3, p) = a(q1, q2, q3, p) δ

ij + b(q1, q2, q3, p) p
ipj (5.86)

which makes possible to evaluate in a convenient way the three loop amplitude
associated with 5.85.
By taking separately a trace and a contraction with the pipj tensor, the a and b
factors in 5.86 can be expressed as

a(qi=1,2,3, p) =
TrM̃B

(d− 1)
− M̃

ij
Bpipj

p2(d− 1)
, b(qi=1,2,3, p) =

dM̃ij
Bpipj

p4(d− 1)
− TrM̃B

p2(d− 1)
(5.87)

TrM̃B =

[
(p− q3) · q1

][
2q1 · q3 q2 · q3 + q21q2 · q3 − q22q1 · q3 − q23q1 · q2

]
(p− q3 − q1)2(q1 − q2)2(p− q3)2 q21 q

2
2 q

2
3(q3 + q1 − q2)2

(5.88)

M̃ij
Bpipj =

[
(p− q3) · p p · q1

][
2q1 · q3 q2 · q3 + q21q2 · q3 − q22q1 · q3 − q23q1 · q2

]
(p− q3 − q1)2(q1 − q2)2(p− q3)2 q21 q

2
2 q

2
3(q3 + q1 − q2)2

(5.89)
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Thanks to these relations we can express the three loop amplitude 5.84 using 5.86
as

S4PN
eff = −i lim

d→3

m3
1m

2
2

16Λ8c2d

∫
ddp

(2π)d
eip·r

[
Ia(p

2)v2 + Ib(p
2)(v · p)2

]
(5.90)

where for convenience we have defined

Ia(p
2) ≡

∫
dq1
(2π)d

dq2
(2π)d

dq3
(2π)d

a(q1, q2, q3, p) (5.91)

Ib(p
2) ≡

∫
dq1
(2π)d

dq2
(2π)d

dq3
(2π)d

b(q1, q2, q3, p) (5.92)

Finally, using equations 5.87,5.88,5.89 we can express the previous integrals as

Ia(p
2) =

ITr

(d− 1)
−

Ipipj

p2(d− 1)
(5.93)

Ib(p
2) = d

Ipipj

p4(d− 1)
− ITr

p2(d− 1)
(5.94)

where ITr and Ipipj stands for the integration in q1,2,3 of 5.88 and 5.89, thus yielding
physical three-loop amplitudes.
Let’s start from their computation.
This has been accomplished by means of an automated reduction package called
”FIRE” [67] which is able to express a generic Feynman amplitude in terms of its
Master Integrals and relative coefficients.
As input-Feynman amplitudes we have used ITr and Ipipj while the output gave for
both an equivalent expression in terms of three Master Integrals that are exactly
those encountered in Chapter 4 while studying the Bug topology.
The output of FIRE is here reported, where the Master integral are those defined
in the previous Chapter for the Bug topology

ITr =
1

(2π)3d

[
M1c1 + p2M2c2 + p2M3c3

]
(5.95)

c1 =
(d− 2)(11d2 − 64d+ 92)

6(d− 3)(d− 4)2
(5.96)

c2 =
(2− d)

12(d− 4)
, c3 =

(2− d)

8(2d− 5)
(5.97)
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Ipipj =
1

(2π)3d

[
M1g1 + p4M2g2 + p4M3g3

]
(5.98)

g1 =
(d− 2)(111d3 − 985d2 + 2924d− 2896)

48(d− 4)3(d− 3)
(5.99)

g2 =
d(d− 2)

24(d− 4)2
, g3 =

−30d3 + 225d2 − 556d+ 448

64(d− 4)2(2d− 5)
(5.100)

Having solved 5.95,5.98, we can insert their expression into 5.93 which makes possible
to express it as

Ia(p
2) =

1

(2π)3d

[
M1α1 +M2α2p

2 +M3α3p
2

]
(5.101)

α1 =
c1 − g1
(d− 1)

= −(d− 2)(23d2 − 52d− 16)

48(d− 1)(d− 4)3
(5.102)

α2 =
c2 − g2
(d− 1)

= − (d− 2)(3d− 8)

24(d− 1)(d− 4)2
(5.103)

α3 =
c3 − g3
(d− 1)

=
22d3 − 145d2 + 300d− 192

64(d− 1)(2d− 5)(d− 4)3
(5.104)

The same procedure can be applied for 5.94 which gives

Ib(p
2) =

1

(2π)3d

[
M1

p2
β1 +M2β2 +M3β3

]
(5.105)

β1 =
dg1 − c1
d− 1

=
(d− 2)(3d− 8)(37d3 − 259d2 + 572d− 368)

48(d− 1)(d− 3)(d− 4)3
(5.106)

β2 =
dg2 − c2
d− 1

=
(d− 2)2(d+ 4)

24(d− 1)(d− 4)2
(5.107)

β3 =
dg3 − c3
d− 1

= −(3d− 8)(5d− 8)(2d2 − 7d+ 4)

64(d− 4)2(2d− 5)(d− 1)
(5.108)
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For simplicity we express the Master Integrals involved separating their p2 depen-
dence from their adimensional one

M1 =
M̃1

(p2)4−
3d
2

, M̃1 = −iπ
3d
2
Γ(d/2− 1)4Γ(4− 3d/2)

Γ(2d− 4)
(5.109)

M2 =
M̃2

(p2)5−
3d
2

, M̃2 = −iπ
3d
2
Γ(d/2− 1)5Γ(3− d)Γ(2− d/2)

Γ(d− 2)Γ(3d/2− 3)
(5.110)

M3 =
M̃3

(p2)5−
3d
2

, M̃3 = −iπ
3d
2
Γ(d/2− 1)5Γ(3d/2− 4)Γ(5− 3d/2)Γ(2− d/2)2

Γ(d− 2)2Γ(4− d)Γ(2d− 5)

(5.111)

Thanks to these definitions, the following compact expressions for Ia and Ib is pos-
sible

Ia =
1

(2π)3d

[
M̃iαi

(p2)4−
3d
2

]
, Ib =

1

(2π)3d

[
M̃lβl

(p2)5−
3d
2

]
(5.112)

By inserting 5.112 into 5.90, we are a step closer to the complete evaluation of the
desired post-Newtonian contribute

S4PN
eff = −i lim

d→3

m3
1m

2
2

16Λ8c2d(2π)
3d

(
M̃iαiv

2

[ ∫
ddp

(2π)d
eip·r

(p2)4−
3d
2

]
+M̃lβlvivj

[ ∫
ddp

(2π)d
eip·rpipj

(p2)5−
3d
2

])
(5.113)

The Fourier transform involved in the square brackets can be easily done using the
results of the fourth Chapter, which are here recalled

∫
ddp

(2π)d
eip·r

(p2)4−
3d
2

=
Γ(2d− 4)

Γ(4− 3d/2)(4π)d/2

(
r

2

)8−4d

(5.114)

∫
ddp

(2π)d
eip·rpipj

(p2)5−
3d
2

=

[
δij + (4− 2d)

rirj
r2

]
Γ(2d− 4)

Γ(5− 3d/2)(4π)d/2

(
r

2

)8−4d

(5.115)
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The final contribute, in arbitrary d dimension is given by

S4PN
eff = −i lim

d→3

m3
1m

2
2

16Λ8c2d

Γ(2d− 4)

Γ(4− 3d/2)(2π)3d(4π)d/2

(
r

2

)8−4d[
M̃iγiv

2 + M̃iΩi

(v · r
r

)2]
(5.116)

γ1 = α1 −
β1

3d− 8
= −(d− 2)(15d3 − 95d2 + 178d− 80)

12(d− 1)(d− 3)(d− 4)3
(5.117)

γ2 = α2 −
β2

3d− 8
= − (d− 2)(5d2 − 23d+ 28)

12(d− 1)(d− 4)2(3d− 8)
(5.118)

γ3 = α3 −
β3

3d− 8
=

8d3 − 49d2 + 94d− 56

16(d− 1)(d− 4)2(2d− 5)
(5.119)

Ω1 =
4(d− 2)β1

3d− 8
=

(d− 2)2(37d3 − 259d2 + 572d− 368)

12(d− 1)(d− 3)(d− 4)3
(5.120)

Ω2 =
4(d− 2)β2

3d− 8
=

(d− 2)3(d+ 4)

6(d− 1)(d− 4)2(3d− 8)
(5.121)

Ω3 =
4(d− 2)β3

3d− 8
= −(d− 2)(5d− 8)(2d2 − 7d+ 4)

16(d− 1)(d− 4)2(2d− 5)
(5.122)

The result 5.116 is not defined at d = 3, thus it has then been expanded within
Mathematica as a Laurent series around d = 3, leading to

S4PN
eff = −4

3

(v · r)2m3
1m

2
2G

4
N

(d− 3)r6
+

G4
Nm

3
1m

2
2(v · r)2

r6

(
16

3
log(r/l) +

7π2

4
− 80

3

)
+
G4

Nm
3
1m

2
2v

2

r4

(
28

3
− π2

4

)
+O(d− 3)

(5.123)

From 5.123 we see that the contribute to the Newton Potential at d = 3 is com-
posed by a divergent term proportional to v·r

r
and finite terms containing irrational

π2 terms.
Given that the static 4 PN Lagrangian for a spin-less binary has been calculated
leading to no π2 terms, after resummation, it would be interesting to understand if
the same eliminations hold for the non static part of this PN order, which currently
is unknown.
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Conclusions

Gravitational physics has currently entered in a new and exciting era of precision
due to the first detection on 14 September 2015 of gravitational waves by two col-
liding black holes [3]. Given that these signals carry fingerprints of binary systems,
recently a lot of attention has been paid on the gravitational two body problem,
which have been studied in the present thesis adopting an analytical and perturba-
tive scheme called PN (post-Newtonian) expansion [14].
Useful for bound system with weak gravitational fields and slow velocities compared
to the speed of light, in the thesis we have proved how the conservative dynamics of a
slow inspiral binary takes deviations from the Newton’s two body potential in terms
of n PN contributions, i.e. with factors proportional to Gn−l

N v2l where 0 ≤ l ≤ n−1,
v is a typical three velocity of the system and n, l are natural numbers.
As a convenient tool to deal with PN physics, we have introduced the so called EFT
(Effective Field Theory) approach [38], so as to model the inspiral phase of a binary
similarly as done with the heavy quark field theory [36] in particle physics.
Exploiting this approach, we have been able to cast the perturbative nature of PN
corrections into Feynman diagrams, making possible to define a clear power count-
ing in v2/c2 and organizing specific PN calculations in terms of a well defined subset
of Feynman diagrams. In order to build them, we have derived a finite number
of Feynman rules adopting a non manifest covariant parametrization for the metric
tensor [51]. Suitable for the EFT of PN systems, this choice leads to diagrams with a
definite scaling in powers of GN and v2/c2. Remarkably, these classical contributions
can be topologically mapped into massless multi-loop two point functions, a relation
that has been recently introduced in [34] by Mastrolia, Foffa, Sturani and Sturm.
Taking advantage of this mapping, we have performed high precision calculations
adopting the most modern multi-loop techniques.
Among them we have used Integration by parts identities [19] and the concept of MI
(Master integral), with the use of which multi-loop amplitudes have been reduced
in terms of simpler ones, whose analytic calculation was viable.
Several PN calculations have been performed, concerning a non spinning binary
system, as the complete Einstein-Infeld-Hoffmann Lagrangian at 1 PN order, two
contributions at 2 PN order scaling respectively as G3

N and G2
Nv

2 and a 4 PN one
with a G4

Nv
2 dependence that was never calculated before with the EFT approach.
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This 4 PN calculation is the original contribution of the thesis.
It has involved a three-loop amplitude which has been reduced into three MI’s with
the use of a Mathematica package called FIRE [67]. All MI’s have been calculated,
leading to the evaluation of this PN contribution which so far was unknown within
the EFT approach.
Even if the complete 4 PN sector was already calculated with other approaches
[28],[13], the EFT one is far from being a re-derivative scheme and it is currently
creating a fruitful convergence among gravitational and multi-loop physics envi-
ronments. On the one hand, the desire for greater precision in the description of
gravitational processes has lead to the interest in novel techniques, on the other the
possibility of extending multi-loop techniques in branches that until now have never
been hypothesized has revealed an intriguing challenge.
As an example of these cross interests, we mention the possibility of evaluating,
through EFT techniques, the 5 PN sector of non-spinning binary black holes.
The evaluation of this sector would be important for both communities: from one
side it would provide a precision in the description of binary dynamics that on
theoretical ground is not yet possible, on the other it would mean to evaluate con-
tributions which can be mapped into 5-loop amplitudes that currently represent the
state of art for the amplitude community.
Thanks to these convergences, there is also the possibility of explaining notable π2

erase deletions in the 4 PN sector [34, 28], cancellations which could be enlighten
inside the EFT approach with a recent technique called Double-copy [12], able to
map tree level diagrams of gravity in analogous contributions coming from a gauge
theory: in this perspective, it could be possible to explain such cancellations in
terms of a kinematic-color symmetry as in QCD.
In addition to this, the EFT approach can be used to perform other calculations
which are required by the gravitational community in the so called PM (post-
Minkowskian) regime where a binary system is unbound having arbitrarily velocities
and a weak gravitational field. This dynamics can be encountered in the first mo-
ments of the inspiral, where circularization have not yet occurred and both binary
components lie on an elliptic orbit with highly variable velocities.
Given that LISA will be able to detect gravitational waves from the inspiral of PM
systems, several research groups are trying to understand in detail this dynamics
and the behavior of the gravitational waves emitted.
From a diagrammatic point of view, a PM contribute to the conservative dynamics
can be evaluated by summing up at fixed power of GN , all contributions from powers
of v2/c2. This is possible assuming no expansion in the effective action for small v/c,
thus deriving Feynman rules involving powers of GN only.
It would therefore be natural to apply modern multi-loop techniques for PM calcula-
tions: as example we cite the unknown and required evaluation of 3 PM contributions
(i.e. G2

N scaling) to the conservative sector of a binary black holes dynamics.
In light of all these considerations, it is reasonable to expect that the cross interests
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between gravitational and amplitude communities will lead to interesting results in
the coming years.
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Appendix A

Degree of divergence for the
four-loop massless propagator

In the estimate of the degree of divergence for the four-loop massless, the calculation
was performed looking only at the highest pole in 1/ε2.
In this section we are going to demonstrate why we have lost finite terms in our
estimate.
The starting point is the following integral

B1 = O(ε)

∫
ddq1d

dq2d
dq3

(p− q1)2(q1 − q2)2q22q
2
3(p− q1 − q3)2

(A.1)

This integral can be solved by first integrating in q3, which is a simple one-loop
integral

B1 = O(ε)

∫
ddq1d

dq2
[(p− q1)2]3−

d/2 (q1 − q2)2 q22
(A.2)

where finite terms were collected in O(ε).
Again, the integral in q2 is a straightforward one-loop calculation giving

B1 = O(ε)

∫
ddq1

[(p− q1)2]3−
d/2 [(q1)2]2−

d/2
(A.3)

As before, by collecting in O(ε) those terms that are finite around d = 3 + ε, what
remain is

B1 = O(ε)Γ(ε) = O(K) (A.4)

where by O(K) we means a negligible term compared to a generic constant.
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The reason of this result is now clear: since the Gamma function has a simple pole,
multiplying it by an arbitrary function negligible compared to ε, what is left is an
arbitrary constant that can only affect the finite part of M3,6.
The same happens for the other integral multiplied by O(ε) that we have discarded
in our estimate

B2 = O(ε)

∫
ddq1d

dq2
(p− q1)2 [(q1 − q2)2]

1/2 [q22]
3/2 [q21]

1/2
(A.5)

The integration over q2 gives

B2 = O(ε)ν(3/2)

∫
ddq1

(p− q1)2 [q21]
5 − d/2

(A.6)

The last integration gives only finite terms for d = 3, thus we are left with

B2 = O(ε)ν(3/2) = O(ε)Γ
(ε
2

)
= O(K) (A.7)
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The non static 2-PN amplitude

The three-vector integral I i

In this section we will evaluate the following three-vector integral

I i =

∫
d3k

(2π)3
ki

k2(q − k)2
(B.1)

This integral can be solved using Feynman parameters

I i =

∫
d3k

(2π)3
ki

k2(q − k)2
=

∫ 1

0

dx

∫
d3k

(2π)3
ki

[(k − qx)2 +∆]2
(B.2)

∆ = q2x(1− x) (B.3)

We can change variables of integration by a shift of qx obtaining

I i =

∫ 1

0

dx

∫
d3k

(2π)3
ki + qix

[k2 +∆]2
= qi

∫ 1

0

dx x

∫
ddk

(2π)d
1

[k2 +∆]2
(B.4)

where in the last equality we have removed the ki term since it is integrated on a
symmetric region.
At this point we are left with a scalar integral in k which can be easily solved

I i = qi
∫ 1

0

dx x

∫
d3k

(2π)3
1

[k2 +∆]2
= qi

∫ 1

0

dx x

[
1

(4π)
3
2

1√
∆
Γ
(1
2

)]
(B.5)
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Expliciting ∆ as a function of x we arrive at the final result

I i =
qi

q
Γ
(1
2

) 1

(4π)
3
2

∫ 1

0

dx
x√

x(1− x)
=

qi

q

√
π

1

(4π)
3
2

(
π

2

)
=

qi

16q
(B.6)

The tensorial integral Sij

In this section we will evaluate the following tensorial integral

Sij =

∫
d3k

(2π)3
kikj

k2(k − q)2
= aδij + bqiqj (B.7)

By taking the trace once time and separately a contraction in qiqj we get a system
of two equations ∫

d3k

(2π)3
1

k2
= ad+ bq2 (B.8)

∫
d3k

(2π)3
(k · q)2

k2(k − q)2
= aq2 + bq4 (B.9)

The first scalar integral is equal to zero since there is no physical scale associated
with it, while for the second we should use again the Feynman parameters

∫
d3k

(2π)3
(k · q)2

k2(k − q)2
=

∫ 1

0

dx

∫
d3k

(2π)3
(k · q)2

[(k − qx)2 +∆]2
(B.10)

By a shift of qx and eliminating the terms that gives a null integral we obtain

∫ 1

0

dx

∫
d3k

(2π)3
(k · q)2

[(k − qx)2 +∆]2
=

∫ 1

0

dx

∫
d3k

(2π)3
(k · q)2 + q4x2

[k2 +∆]2
(B.11)

This is made of two integrals, a scalar and sill a tensorial one

∫ 1

0

dx

[∫
d3k

(2π)3
(k · q)2

[k2 +∆]2
+

∫
d3k

(2π)3
x2q4

[k2 +∆]2

]
(B.12)
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The tensorial integral can be reduced to a scalar one by noticing that∫
d3k

(2π)3
kikj

[k2 +∆]2
=

δij

3

∫
d3k

(2π)3
k2

[k2 +∆]2
(B.13)

Using this identity we have

∫ 1

0

dx

[
q2

3

∫
d3k

(2π)3
k2

[k2 +∆]2
+

∫
d3k

(2π)3
x2q4

[k2 +∆]2

]
(B.14)

=
q2

3

∫ 1

0

dx

[∫
d3k

(2π)3
k2

[k2 +∆]2

]
+ q4

∫ 1

0

x2

[∫
d3k

(2π)3
1

[k2 +∆]2

]
(B.15)

Both integrals converge and gives

q2

3

∫ 1

0

dx

[
1

(4π)
3
2

√
∆

Γ
(
− 1

2

)
Γ
(

5
2

)
Γ
(

3
2

) ]
+ q4

∫ 1

0

x2

[
1

(4π)
3
2

1√
∆

Γ
(1
2

)]
(B.16)

As before we will explicit ∆ as a function of x obtaining

−q3
√
π

(4π)
3
2

∫ 1

0

dx
√
x− x2 + q3 Γ

(1
2

) 1

(4π)
3
2

∫ 1

0

x2

√
x− x2

(B.17)

= −q3
√
π

(4π)
3
2

(π
8

)
+ q3

(√
π
) 1

(4π)
3
2

(3π
8

)
=

q3

32
(B.18)

Remember from B.9, that this is the value of Sijqiqj.
Using the last result, the system B.9,B.8 can be finally solved leading to{

0 = 3a+ bq2

q3

32
= aq2 + bq4

=⇒ a = − q

64
b =

3

q 64
(B.19)

This means that the tensor Sij can be expressed as

Sij = aδij + brirj = − q

64
δij +

3

64

qiqj

q
(B.20)
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Appendix C

The gamma function and the
measure of a unit sphere

Definition and properties of gamma function

The gamma function defined as Γ(n) is an extension of the factorial to complex and
real number arguments.
It is related to the factorial by

Γ(n) = (n− 1)! , n ∈ N (C.1)

For an arbitrary n ∈ C, the gamma function can be defined as a definite integral

Γ(n) =

∫ +∞

0

dttn−1e−t , n ∈ Re(n) (C.2)

which reduces to C.1 for natural n, after integrations by parts.
As for C.2, it is analytic eveywhere expect for n = 0,−1,−2, ....
Among its remarkable properties we list the following identities

Γ(1 + n) = nΓ(n) (C.3)

Γ(n)Γ(1− n) =
π

sin(πn)
(C.4)

Γ(2n) = (2π)−
1/222n−

1/2Γ(n)Γ(n+ 1/2) (C.5)

where the last identity goes under the name of Legendre duplication formula.
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The measure of a unit d-dimensional sphere

Let’s assume we are interested in the evaluation of Ωd = {~x ∈ Rd+1 , ||~x|| = 1}.
Let’s start from the following simple relation

(
√
π)d =

(∫ +∞

−∞
dx e−x2

)d

(C.6)

which holds for arbitrary d and comes from the known Gaussian integral.
We rewrite C.6 as d dimensional integral∫

ddxe−||x||2 =

∫
dΩd

∫ +∞

0

dr rd−1e−r2 (C.7)

Ωd

∫ +∞

0

dr rd−1e−r2 = π
d/2 (C.8)

With a simple algebraic operation, in equation (C.8) we can recognize the definition
of a Gamma function, from which the final result

Ωd =
2π

d
2

Γ
(

d
2

) (C.9)
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