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AFFINE HIGHEST WEIGHT CATEGORIES AND QUANTUM
AFFINE SCHUR-WEYL DUALITY OF DYNKIN QUIVER TYPES

RYO FUJITA

ABSTRACT. For a Dynkin quiver @ (of type ADE), we consider a central com-
pletion of the convolution algebra of the equivariant K-group of a certain Stein-
berg type graded quiver variety. We observe that it is affine quasi-hereditary
and prove that its category of finite-dimensional modules is identified with a
block of Hernandez-Leclerc’s monoidal category Cq of modules over the quan-
tum loop algebra Uy (Lg) via Nakajima’s homomorphism. As an application,
we show that Kang-Kashiwara-Kim’s generalized quantum affine Schur-Weyl
duality functor gives an equivalence between the category of finite-dimensional
modules over the quiver Hecke algebra associated with Q and Hernandez-
Leclerc’s category Cg, assuming the simpleness of some poles of normalized
R-matrices for type E.

INTRODUCTION

0.1. For a Dynkin quiver @ (of type ADE), one can associate the following two
interesting monoidal categories Cg and Mg.

The first one Cq is a certain monoidal subcategory of the category of finite-
dimensional modules over the quantum loop algebra U, (Lg), where g is the complex
simple Lie algebra whose Dynkin diagram is the underlying graph of the quiver Q.
This category was introduced by Hernandez-Leclerc [2I]. The definition of the
category Cq involves the Auslander-Reiten quiver of the path algebra of . The
complexified Grothendieck ring of Cq is known to be isomorphic to the coordinate
algebra C[N] of the unipotent group N associated with the positive part of g, under
which the classes of simple modules correspond to the dual canonical basis elements.
Note that we have a decomposition Co = €D seQt Cq,s, which corresponds to the
weight decomposition C[N] = P4+ C[N]p.

The second one Mg, is the direct sum of the categories Mg s = Hg(f)-modg; of
finite-dimensional modules over the quiver Hecke algebra Hg(/5) on which the center
acts nilpotently. The monoidal structure of Mg is given by an analog of parabolic
inductions. The quiver Hecke algebra (which is also known as the Khovanov-Lauda-
Rouquier algebra) was introduced by Khovanov-Lauda [29] and by Rouquier [41]
as an algebraic object which generalizes the affine Hecke algebra of type A in the
sense that it gives a categorification of the dual of the integral form U, (g)%‘ of the
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positive half of the quantized enveloping algebra U,(g). More precisely, the quiver
Hecke algebra Hg(8) is equipped with a Z-grading and hence the direct sum of the
Grothendieck groups of the categories of finite-dimensional graded modules over
Hg () for various B becomes a Z[gT!]- algebra where g corresponds to the grading
shift. It is isomorphic to the dual of U,(g ) with the classes of self-dual simple
modules corresponding to the dual canonical basis elements. Our category Mg is
obtained by forgetting the gradings, which corresponds to specializing ¢ to 1 at the
level of the Grothendieck ring. Therefore the complexified Grothendieck ring of the
monoidal category Mg is also isomorphic to C[N].

Thus, we encounter a natural question, originally asked by Hernandez-Leclerc
[21], whether there is any functorial relationship between these two monoidal cat-
egories Co and Mg. Kang-Kashiwara-Kim [22] gave an elegant answer to this
question by constructing the generalized quantum affine Schur-Weyl duality func-
tor Fo: Mg — Cq for any quiver @ of type AD. The functor Fg is a direct sum
®ﬂeQ+ Fo,p of functors Fg g: Mg g —+ Cg.3, where Fg g is given by a certain
(Uy(Lg), Hg(B))-bimodule constructed by using the normalized R-matrices for (-
fundamental modules of U, (Lg). Here the ¢-fundamental modules are quantum loop
analogs of the fundamental modules of g, and the normalized R-matrices are certain
intertwining operators between tensor product modules. A normalized R-matrix
can be seen as a matrix-valued rational function, whose singularity is strongly
related to the structure of tensor product modules. Kang-Kashiwara-Kim’s con-
struction also works for type E if we assume the simpleness of some specific poles
of normalized R-matricesl] Moreover, under this assumption, it was proved in [22]
that the functor Fg is an exact monoidal functor which induces an isomorphism
between the Grothendieck rings for any quiver @ of type ADE.

When the quiver @ is an equioriented quiver of type A, Kang-Kashiwara-Kim’s
construction coincides with that of the usual quantum affine Schur-Weyl duality be-
tween U, (Lsl,,) and the affine Hecke algebra of type A. In particular, the functor F¢
gives an equivalence of categories in this special case thanks to Chari-Pressley [9].
Thus it is natural to expect that the functor F¢ also gives an equivalence of cate-
gories for general Q) of type ADE. The goal of this paper is to verify this expectation.

0.2. We briefly explain our strategy. An isomorphism between Grothendieck rings
does not imply an actual equivalence of categories because by passing to Grothend-
ieck rings we forget some homological information such as extensions among mod-
ules. Note that, in our case, both categories Cg and Mg are far from semi-simple.
Therefore, in order to verify that the functor F¢ gives an equivalence, one should
ask whether it respects the homological properties. However, the categories Cq
and M are not suitable for a homological study because they have no prOJectlve
modules Thus we want to discuss some suitable “completions” CQ and ./\/lQ of
categories Cg and Mg respectively to get enough projective modules.

For the category Mg, the desired completion is easily obtained. Namely, we
just take the central completion H o(B) of the quiver Hecke algebra along the trivial

L After the initial submission of this paper, it was also proved that this assumption is always
satisfied for type E by Oh-Scrimshaw [40] and by the author [I8] independently.

2In fact, for any simple module L in Cq (or Mg), we can construct a module of arbitrary
length with a simple head ~ L as a finite-dimensional quotient of the affinization of L (see Remark
214), which implies that we do not have a projective cover of L in the category Cq (nor Mg).
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central character and define the category /T/I\Q”g as the category of finitely gener-

ated EIQ (8)-modules. The homological properties of the category /T/l\ng are well-
understood, due to Kato [26] and Brundan-Kleshchev-McNamara [5]. More pre-
cisely, the category /\//\lQﬁ has a structure of affine highest weight category, which
is equivalent to saying that the algebra H, o(B) is an affine quasi-hereditary algebra.
The notion of affine highest weight category was axiomatized by Kleshchev [30]
as a generalization of the notion of highest weight category introduced by Cline-
Parshall-Scott [I2]. In particular, an affine highest weight category has standard
modules, which filter projective modules.

On the other hand, it is not obvious how to define a suitable completion CAQﬁ
because a priori we have no information about the center of the category Cg g. To
remedy this situation, we rely on Nakajima’s construction [35] of U,(Lg)-modules
using convolution algebras of equivariant K-groups of quiver varieties. For us, an
advantage of this kind of convolution construction is that the representation ring
of the group of equivariance automatically gives a large central subalgebra of the
convolution algebra. For a Dynkin quiver @ and an element 3 € QT, we have the
corresponding graded quiver varieties %, MG 5 with actions of a linear algebraic
group G(f) determined by 3. We remark that our NG 5 is the same graded quiver
variety as Hernandez-Leclerc studied in [2I], where it was proved that 9 5 is
isomorphic to the space of representations of the quiver ) of dimension vector 5.
From the canonical projective G(f3)-equivariant morphism My — MG 5, we form
the corresponding Steinberg type variety Z5 = My Xoms 9N%. Thanks to the
construction by Nakajima [35], we obtain an algebra homomorphism from U,(Lg)
to a suitable central completion EG(B)(ZE) of the G(p)-equivariant K-group with

the convolution product. Then we define our “completion” (/Z'\Qﬁ of Hernandez-
Leclerc’s category Cq g as the category of finitely generated ICG(ﬂ)(Zg)—modules.

We prove that this category é\Q, g actually plays a role of a completion of Cg g and
that it has a structure of affine highest weight category.

Theorem A (= Theorem [L9). The following hold.

1) The convolution algebra KEB) (72 is an affine quasi-hereditary algebra and
B

hence the category CAQ,/g has a structure of affine highest weight category.

(2) Via Nakajima’s homomorphism, standard modules in (/Z\Qﬁ are identified
with the deformed local Weyl modules (see Definition 212)) and the full
subcategory of all the finite-dimensional modules in (/Z\Qﬁ is identified with
the category Cq g.

Kang-Kashiwara-Kim’s functor Fg g is extended to an exact functor ./Y/I\Q)g —
(/Z\Qﬁ between the two affine highest weight categories. There is a simple sufficient
condition (= Theorem [[7]) obtained in [I7] for an exact functor between two affine
highest weight categories to give an equivalence of categories. We prove that the
functor Fg g satisfies this sufficient condition. Restricting the equivalence Fg g to
the subcategory Mg s of finite-dimensional modules and summing up over 8 € Qt,
we obtain the following result.

Theorem B (= Corollary BI6). Under a certain assumption about simpleness
of poles of normalized R-matrices for type E, Kang-Kashiwara-Kim’s generalized
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quantum affine Schur-Weyl duality functor Fgo: Mg — Cq gives an equivalence of
monoidal categories.

0.3. Remark. Theorem [Al{I]) can be obtained as a consequence of the theory of
geometric extension algebras developed by Kato [27] and by McNamara [32], al-
though in this paper we give an alternative proof which does not use geometric
extension algebras. In fact, our convolution algebra IEG(ﬁ)(ZE) is isomorphic to
the completion of the geometric extension algebra associated with My — MG 4,
which satisfies some conditions presented in [27,[32]. Moreover, we can see that
this geometric extension algebra is Morita equivalent to the quiver Hecke algebra
Hqg(B) thanks to the result of Varagnolo-Vasserot [42]. From this point of view,
we already know an abstract equivalence of categories M\Q,B ~ é\Q,g. See Re-
mark for more details. However, one should note that it is still not obvious
that the equivalence is realized concretely by Kang-Kashiwara-Kim’s functor Fg 3.
In addition, to prove the other statement (2)) in Theorem [A] it is necessary to com-
pare the quantum loop algebra U,(Lg) and the convolution algebra IEG(ﬁ)(Zg) via
Nakajima’s homomorphism, which is neither injective nor surjective in general.

Organization. This paper is organized as follows. In Section [I we recall the
definition and some properties of affine highest weight categories and affine quasi-
hereditary algebras. Section[2is concerned with the representation theory of quan-
tum loop algebras U, (Lg) of type ADE. In Section[3] we recall and prove some geo-
metric properties of quiver varieties, which are needed in the sequel. Section@lis the
main part of this paper. After recalling Nakajima’s construction in Subsection 2]
we prove Theorem [Alin Subsection @3l We study the Kang-Kashiwara-Kim functor
in Section Bl Theorem [Blis proved in Subsection [5.3l

Convention. For an algebra A, the category of finitely generated left A-modules
is denoted by A-mods,. If k is a field and A is a k-algebra, the category of finite-
dimensional left A-modules is denoted by A-modg. For a two-sided ideal a C A
and a left A-module M, the quotient M/aM is denoted by M/a for simplicity.
Working over a field k, the symbol ® stands for ®j if there is no other clarification.
For i = 1,2, let R; be a complete local commutative k-algebra with maximal ideal
t; C R; satisfying R;/t; = k. For any R;-module M; (i = 1,2), the symbol M;®M,
denotes the completion of the (R; ® Rg)-module M; ® My with respect to the
maximal ideal t; ® Ry + R ® ta. Note that M;®M> is a module over the complete
local algebra Ri®R,.

1. AFFINE HIGHEST WEIGHT CATEGORIES

In this section, we recall the definitions and some properties of (topologically
complete) affine highest weight categories and affine quasi-hereditary algebras fol-
lowing Kleshchev [30].

Let A be a left Noetherian algebra over an algebraically closed field k and J C A
the Jacobson radical of A. Throughout this section, we assume that dim(A/J) <
oo and A is complete with respect to the J-adic topology, i.e., limA/J" = A.
Let C := A-mods, be the k-linear abelian category of all finitely generated left
A-modules. Our assumption guarantees that any simple module of C is finite-
dimensional and the number of isomorphism classes of simple modules in C is finite.
We parametrize the set Irr C of simple isomorphism classes in C by a finite set II as



AFFINE HIGHEST WEIGHT CATEGORIES & SCHUR-WEYL DUALITY 215

lrrC = {L(m) € C | m € II}. For each m € II, we fix a projective cover P(m) of the
simple module L(r).

Definition 1.1. A two-sided ideal I C A is said to be affine heredity if the following
three conditions are satisfied:
(1) We have Home (I, A/I) = 0;
(2) As a left A-module, we have I = P(m)®™ for some 7 € Il and m € Z~;
(3) The endomorphism k-algebra End 4 (P (7)) is isomorphic to a ring of formal
power series kf[z1,. .., 2,] for some n € Z>g, and P() is free of finite rank
over End 4 (P(n)).

Definition 1.2. We say that the algebra A is affine quasi-hereditary if there is a
chain of ideals:

(1.1) 0=LCL,C--CLCI=A

such that, for each ¢ € {1,2,...,1}, the ideal I;,_1/I; is an affine heredity ideal of
the algebra A/I;. We refer to such a chain (II]) as an affine heredity chain.

Let < be a partial order of II.

Definition 1.3. The category C = A-mody, is called an affine highest weight cate-
gory for the poset (II, <) if, for each 7 € II, there exists an indecomposable module
A(m) which is a non-zero quotient of P(w) (i.e., P(m) — A(w) — L(m)) satisfying
the following three conditions:

(1) The endomorphism k-algebra B, := End¢(A(7)) is isomorphic to a ring of
formal power series k[[z1,. .., 2z, ] for some n, € Z>q, and A(w) is free of
finite rank over By;

(2) Define A(r) := A(w)/rad B,, where rad B,; denotes the maximal ideal of
B. Then each composition factor of the kernel of the natural quotient map
A(r) — L() is isomorphic to L(o) for some o < m;

(3) The kernel of natural quotient map P(w) — A(w) is filtered by various
A(o)’s with o > 7.

We refer to the module A(r) (resp. A(r)) as the standard module (vesp. proper
standard module) associated with 7 € II.

Theorem [[4]is an analog of a famous result by Cline-Parshall-Scott [12].

Theorem 1.4 ([30, Theorem 6.7]). The following are mutually equivalent.

(1) The algebra A is an affine quasi-hereditary algebra;
(2) There is a partial order < of II such that the category C = A-mody, is an
affine highest weight category for (11, <).

Remark 1.5. Let A be an affine quasi-hereditary algebra with IrrC = {L(7) €
7w € II}. Then the partial order < of II in Theorem [[4] can be chosen as follows.
The standard modules of the affine highest weight category C are obtained as an
indecomposable direct summand of subquotients I; 1 /I; of an affine heredity chain
(CI). Thus an affine heredity chain ([I]) gives a total ordering {my,ma,...,m}
of the parameter set Il by I;_1/I; = A(m;)®™i. Using this notation, we define a
partial order < on the set II so that the following condition is satisfied:

(x) For o,7 € II, we have o < 7 if and only if for any affine heredity chain we
have o = m;, 7 = 7; for some ¢, 7 with 1 <4 < j <.
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Then we can prove that the category C is an affine highest weight category for this
partial order < on II.

Theorem is the Ext-version of BGG type reciprocity.

Theorem 1.6 ([30, Lemmas 7.2 and 7.4]). Let C be an affine highest weight cat-
egory for a poset (II,<). Then, for each m € I, there exists an indecomposable
module V() € C, uniquely up to isomorphism, characterized by the following Ext-
orthogonality:

k 1=0,0=m;

0 else.

Extc(A(0), V(r)) = {

We refer to the module V(7) as the proper costandard module associated with
m € II. The following criterion is proved by using a theory of tilting modules in
affine highest weight categories.

Theorem 1.7 ([I7, Theorem 3.9]). For i = 1,2, let C; = A;-modg, be an affine
highest weight category for a poset (I1;, <;). Assume that we have an exact functor
F: Cy — Co and the following conditions are satisfied:
(1) The algebra A; is a finitely generated module over its center (i =1,2);
(2) There exists a bijection f: II; =5 I, preserving the partial orders and we
have the following isomorphisms for each m € 11y :

F(A(m) = A(f(m),  F(V(m) = V(f(r)).

Then the functor F gives an equivalence of categories F': C; =~ Cs.

2. REPRESENTATIONS OF QUANTUM LOOP ALGEBRAS

In this section, we recall and prove some basic facts on the representation theory
of quantum loop algebras U, (Lg) of type ADE.

2.1. Quivers and root systems. From now on, we fix a Dynkin quiver Q = (I,Q)
(of type ADE) with its set of vertices I = {1,2,...,n} and its set of arrows Q. We
write ¢ ~ j if 4,5 € I are adjacent in Q. We also fix a function &: I — Z;i — &;
such that £ =& —1if i = j € Q. Given a Dynkin quiver @), such a function ¢ is
determined uniquely up to adding a constant and called a height function on Q.

Let g be the complex simple Lie algebra whose Dynkin diagram is the underlying
graph of the quiver (). The Cartan matrix A = (ai;) jer of g is given by

2 if 1 = j;
Qq5 = -1 ifin~ j;
0 otherwise.

Let PY = @,c; Zh; be the coroot lattice of g. The fundamental weights {cw; | i € I}
form a basis of the weight lattice P := Homg(PV,Z) which is dual to {h; | i € I}.
Let Pt := 3", Z>ow; be the set of dominant weights. The simple roots {a; | i € I}
are defined by «a; 1= Z]EI aijwj. We define the root lattice by Q := @, ; Za; C P
and put QT := )", c1 Z>oc;. We define a partial order < called the dominance order
on P by the condition that for A,y € P, we have A\ < p if and only if u — A € Q*.
The Weyl group W of g is a group of linear transformations of P generated by
the set {s; | ¢ € I} of simple reflections, which are defined by s;(\) := A — A(h;) oy
for A € P. For an element w € W, its length I(w) is the smallest number | € Zxg
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such that there is an expression w = s;,5;, - -+ 5;,. We say that an expression w =
Siy Siy - -+ S, 1s reduced if [ = l(w). Let wo denote the unique longest element of W.
Let R := W{a; | i € I} be the set of roots, which decomposes as R = RT LI (—=R™),
where Rt := RN QT denotes the set of positive roots.

For each ¢ € I, we denote by s;Q) the quiver obtained from ) by changing the
orientations of all arrows incident to i. A vertex i € I is called a source (resp. sink)
if there is no arrow of the form j — 4 (resp. i — j) in Q. A reduced expression
w = 8;,8i, -8 is sald to be adapted to @ if the vertex i is a source of the
quiver s;,_, -+-8;,Q for every k € {1,2,...1}. For any Dynkin quiver @), we can
choose a total ordering I = {iy,ia,...,4,} of the vertex set I such that we have
a < b whenever i, — 4, € 2. Then the reduced expression s;, s;, - - - s;, is adapted
to Q. We define the corresponding Coxeter element 7 € W to be the product
T 1= 8, Siy -~ - Si,. The element 7 does not depend on the choice of such a total
ordering I = {41,1i2,...,i,} (i.e., depends only on the orientation of the quiver Q).

Let T :={(i,p) € IXZ | p—& € 2Z}, where &: I — Zis a fixed height function on
Q. Following Hernandez-Leclerc [2I], Section 2.2], we define the bijectiorﬁ ¢: RT x
Z—1 by the following rule:

(a) For each i € I, we put v; := Zj a; where j runs over all the vertices
7 € I such that there is an oriented path in @ from j to i. Then we define
(b) Inductively, if ¢(a, k) = (i,p) for (o, k) € RT x Z, then we define

o(rH (), k) = (i,p ¥ 2) if 7 (a) € RY,
p(—(), kT 1) := (i,p F 2) if 7¥1(a) € —R*.

Let @ be the infinite quiver whose set of vertices is T and whose set of arrows
consists of all the arrows (i,p) — (j,p + 1) for (i,p) € I and j ~ i. Note that
the quiver @ does not depend on the orientation of ). This quiver CAQ is called
the repetition quiver. Recall that by Gabriel’s theorem, taking dimension vector
gives a bijection between the set of isomorphism classes of indecomposable modules
of the path algebra CQ and the set RT of positive roots. For a positive root
a € R, let M(«) denote the indecomposable CQ-module whose dimension vector
is a. It is known that the full subquiver I'g of @ whose vertex set is the subset
fQ = ¢(RT x {0}) is isomorphic to the Auslander-Reiten quiver of CQ. The
indecomposable module M («) corresponds to the vertex ¢(a) := ¢(a, 0). Moreover,
the action of the Coxeter element 7 on R corresponds to the Auslander-Reiten
translation.

2.2. Quantum loop algebras. Let ¢ be an indeterminate. From now on, let k
denote the algebraic closure of Q(g) in the ambient field |, ;. Q(g"/™)).

Definition 2.1. The quantum loop algebra U, = U,(Lg) associated with g is a
k-algebra given by the generators:

{eim firli€LreZYU{d" |hePYYU{him|icI,mecZ\{0}}

30ur bijection ¢ is the inverse of the bijection ¢ in [Z1].
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and the following relations:

=1, ¢"¢" =", [¢" him] = i, b =0,
eirg " =q*Mei . ¢ fiq" =g ML

(2 = )y <z> <3 (g5 = w)rF (W) (2),
()5 )] = 2 (3(5) o w) = 6 () i (2))
(= - g sw)of <> Fw) = (¢592 = w)at (w)rE (2),

)=
{a (21)a (z2)a5 () — (q + g7 )27 (z1)f (w)af (22)
+ag(w)ay (2177 (z2)} +{z 0 22} =0 if i~

where € € {4, —} and §(z), ¥ (2), 2 (2) are the formal series defined as follows:

oo
= v =—qihfexp( - zhzimzm),
r=—00
o0
Z eirz T, x; (%)= Z fiwz ",

r=-—0o0 r=—00

In the last relation, the second term {z; <> 22} means the exchange of z; with 2,
in the first term.

Remark 2.2. By [2], we have a k-algebra isomorphism U, (Lg) = U,(g)/(¢° — 1),
where the RHS is a quotient of the quantum affine algebra U/(g) (without the
degree operator), which is presented by the Chevalley type generators {e;, f; |
i € TU{0}}U{q" | h € PV @ Zc}, by the ideal generated by a central element
q° — 1. Although this isomorphism depends on a function o: I — {#1} such that
o(i) = —o(j) if i ~ j, the choice does not affect the results of this paper. Via this
isomorphism, the quantum loop algebra U, (Lg) inherits a structure of Hopf algebra
from the quantum affine algebra Ué (9). In terms of the Chevalley type generators,
the coproduct A is given by:

Ale))=e,@q¢ " +1®e;, A(f)=fivl+d"®fi, Al")=¢"®¢"

for i € TU{0},h € PY. By [13, Proposition 7.1] (see also [19, Remark 3.4]), for
each i € I and r € Z~(, we have

21)  Alhigr) — (i ®1+10ha) e P (U ® Uy,
yeQt\{0}
where (U,), := {zr € U, | ¢"2q~" = ¢?™x (Vh € PV)}. The antipode S is given by
S(ei) = —eiq", S(fi)=—q"fi, S")=q",
which we use to define the dual modules.

A Ug-module M is said to be of type 1 if it has a decomposition M = @, p My,
where M) := {v € M | ¢"v = ¢*™v (Vh € PV)}. A non-zero subspace M), is called
a weight space of M. Let Cy denote the category of finite-dimensional U,-modules
of type 1. This is an abelian k-linear monoidal category.



AFFINE HIGHEST WEIGHT CATEGORIES & SCHUR-WEYL DUALITY 219

We also use the modified quantum loop algebra ﬁq(Lg) defined by

ﬁq = ﬁq(Lg) = G}Uqa,\7 Usay = U, Z Uy(q" — ™),
AeP hePVv
where a) stands for the image of 1 in the quotient. This is a non-unital k-algebra,
whose multiplication is given by

axa, = 0xuax, QAT = Tax_,

where z € (U,),,7 € Q. By definition, considering a U,-module is the same as
considering a Ujz-module of type 1.

We use the following notation. Let P := Ga(i,a)elxkx Zw;, be the set of (-
weights, which is a free abelian group with a basis {w;, | ¢ € I,a € k*}. We
call a basis element w;, a fundamental (-weight. An element in the submonoid
Pt =3 7Z>owi, is said to be (-dominant. We define a Z-linear map cl: P — P
by w;,q — w@;. Following [16], we define the £-root «; ,, for each (i,a) € I x k™ by

Qg ‘= Wiaq T Wiaq—1 — Z Wij.a-
jrvi

We define the f(-root lattice by Q := @Qﬂ)e[xkx Zoy,, C P and set ot =
> Z>o«; . Note that cl: P — P induces a map cl: Q — Q since cl(w;,q) = ;. We
define a partial order < on P called the Nakajima partial ordering by the condition
that for \, i € P, we have A < i if and only if 4 — A € Q.

Let U,(Lb) denote the commutative k-subalgebra of U,(Lg) generated by {g" |
h e PPYU{hi, | i € I,r € Z\{0}}. A module M € Cy decomposes into a
direct sum of generalized eigenspaces for U,(Lh) as M = P My, where ¥ =
(U (2),V; (2))ier € k[z71]F x k[2]! and My is the subspace on which all the
coefficients of the series ¢ (2) — Ui(2)idys act nilpotently. By [16], it is known
that if My # 0, there is a unique /-weight A= > li.awiq € P such that we have

+

. 1—ag2z71 biya

() = N (ha) 2% <

(22) V) = ¢ (H (=) )

a€ckX

where (—)* denotes the formal expansion at z = oo and 0 respectively. In this
case, we write M = My and call it the £-weight space of {-weight A.

We say a module M € C, is an ¢-highest weight module of ¢-highest weight AeP

if there exists a generating vector vg € M satisfying

. o1y be\ F

TR0 =0, UER) - u = D) ( 1 (%) ) K
ackX

in M[z,2z7'] for any ¢ € I. Compare the latter equation with ([22)). In this case, it
is known by [7,[8] that the ¢-highest weight A automatlcally becomes ¢-dominant,
ie., A € PT and we have M/\ =k - vg. Moreover, for any A€ P, there is a simple
£- h1ghest weight module L(/\) € Cy uniquely up to isomorphism and any simple
module in Cy is of this form. By 15 35] it is known that for an element g € P, we

have L(\ )a 7 0 only if o < A. When A = w; , for some (i,a) € I x k*, the simple
module L(w; ,) is called an ¢-fundamental module.
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Recall that for two simple modules M7, My € Cy, we say that M; and M, are
linked if there is no splitting Cq = C; ® Cy such that M; € C; and M; € Cs.

Theorem 2.3 (Chari-Moura [6]). For any (-dominant (-weight \, i € P*, the
simple modules L(\) and L(j1) are linked if and only if A — i € Q.

For each M € Cg, we define its left dual module M™* (resp. right dual module * M)
as the dual space Homy (M, k) equipped with the left Uj-action obtained by twisting
the natural right action with the antipode S (resp. S~!). For any M, Ms € Cq, we
have

(My @ Ma)* = My @ My, *(M;® M) ="M@ *M,.
We define the following Z-linear maps on P:
(=) P =P, @Wiar @, = Tis qqhs
*(—)I P — 7), Wi,a =7 *wi,a ‘= Wi aqhs

where i — i* denotes the involution on I defined by a;« := —wpa; and h is the
Coxeter number (the order of a Coxeter element of W). Then we have

L(@ia)" = L(@j,), "L(@ia) = L(*@ia)-
See [15], Corollary 6.10].

2.3. Weyl modules. In this subsection, we recall the global and local Weyl mod-
ules of U, introduced by Chari-Pressley [10]. Also we define the deformed local
Weyl modules, which will play a role of standard modules of an affine highest
weight category later.

Definition 2.4. A U;-module M of type 1 is said to be ¢-integrable if the following
property is satisfied: For each v € M, there exists an integer ng > 1 such that we
have €; r,€iry - €irn¥ = firy firy - firyv = 0 for any N > ng and any i € I,
T1,...,T"N € Z.

Remark 2.5. In this paper, we do not impose that dim M) < oo for f-integrability.
Note that any finite-dimensional modules of type 1, i.e., any objects of the category
Cy, are automatically f-integrable.

First we define the global Weyl modules.

Definition 2.6. Let A € P be a dominant weight. We define the global Weyl
module associated with A to be the left U;-module W(A) generated by a cyclic
vector wy satisfying the following defining relations:

)\(h)w)\a (fi,r))\(hi)+1wk = 07

eirwy =0, ¢'wyx=gq
where i € I,r € Z and h € PV.
In what follows, &, denotes the symmetric group of degree d € Z>;. For a

dominant weight X\ = 3", _; lyw; € PT, we define the following k-algebra of partially
symmetric Laurent polynomials:

(23) ROV i= QU117 = @K, . 251
el i€l

Theorem 2.7 (Chari-Pressley [10], Nakajima). Write A =, _,l;w; € PT.

icl
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(1) The global Weyl module W(X) is £-integrable and has the following univer-
sal property: If M is an (-integrable Ug,-module with a vector v € My of
weight X satisfying :E;r(z) v =0 for any i € I, then there is a unique
U,-homomorphism W(A) — M such that wy — v;

(2) There is a unique isomorphism Endy, (W(X)) = R(A) such that we have

L 1—q 225271 *
+ . B i,
e =t I () o
k=1 ?
for each i e I;
(3) W(XA) is free over R(N) of finite rank.

Proof. See [10] Section 4]. The assertion (B]) is proved by the geometric realization
due to Nakajima. For details, see Theorem 2] and Theorem [Z3)[2). O

Remark 2.8. The global Weyl module W()) is known to be isomorphic to the
level 0 extremal weight module V™**(\) of extremal weight A, in the sense of
Kashiwara [24]. See [I0, Proposition 4.5] and [37, Remark 2.15].

Next we discuss the local Weyl modules. We identify a point of the quo-
tient space (k*)V/&y with a (Zso)-linear combination of the formal symbols
{la] | @ € k*} whose coefficients sum up to N. Note that we have Specm R(\) =
[Tic; (k*)4/S;,) . Let A = Y (a)elxkx lia@ia € P+ be an (-dominant f-weight

and put A := cl(A) € P*. Let v, 5 denote the maximal ideal of R()) corresponding

to the point
(Z li,a[a]> € H () /&,) .
i€l

ackX i€l

Definition 2.9. We define the local Weyl module W ()\) associated with A € P+

by W(A) == W(A)/xy 5. The image of the cyclic vector wy € W(A) is denoted by

w;s € W()\)
Theorem 2.10 (Chari-Pressley [10]). Let A € PT be an (-dominant (-weight.

(1) The local Weyl module W () is a finite-dimensional £-highest weight module
of 0-highest weight \ with W(X))\ = k-ws. Moreover it has the following uni-
versal property: If M € Cy4 is an £-highest weight module of (-highest weight
\ with M; = k- v, then there is a unique surjective Ug-homomorphism

W(A) — M such that ws > vo;

(2) W(A) has a simple head isomorphic to L()).

Proof. The assertions follow immediately from Theorem 2.7 O

Remark 2.11. The local Weyl module W () is known to be isomorphic to the stan-
dard module in the sense of Nakajima [35, Section 13] and Varagnolo-Vasserot [43].
See Theorem and [43, Corollary 7.16].

Finally, we introduce the deformed local Weyl modules. Let \ = > lia@ia € Pt

be an ¢-dominant ¢-weight and set A := cl(A). We define
R(AA) == Lm R(A) /x5
~ :
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Definition 2.12. We define the deformed local Weyl module ﬁ/\(j\) associated with
Ae Pt by
W(A) == W) @) RA,A) y_w

We set w5 :=wy® 1€ wWQ).

We also use the following algebra:

(2.4) R(N) := ® ® (k[ziil]@i,a)eli,a .

i€l ackX

Note that the algebra R()) is a subalgebra of R()). Let t5 denote a maximal ideal
of R(S\) corresponding to the point

Uiald) gyersax € [T (&)12/&1,,) = Specm R(A).
(i,a) €T xk*

Then we have t, 5 = R(A) Nty and there is a natural isomorphism

(2.5) R(A) = mRA) e} = R, A).

Hereafter we identify R(A, A) with R()) via the isomorphism (Z3). For simplicity,
we will use the same symbol t5 to denote the maximal ideal of the local ring R( )-

Proposition 2.13. The deformed local Weyl module W( ) satisfies the following
properties:

(1) For each M € Cq, taking the image of Wy gives a natural isomorphism.:
Hoqu(W(S\),M) ={veM|e,v=0franyiclrecl}

(2) E)EldAU“(W(j\)) = 7%(5\) and W(j\) is free over 7/?\,(5\) of finite rank;
3) WA /es = W(A).

Proof. The assertions follow immediately from Theorem 271 O

Remark 2.14. Let z be an indeterminate. For any Ug-module M, we can equip the
k[z*!]-module M[z*!] := M @ k[2*1] with a structure of U,-module by setting

Eir - (U & 90) =€ rvQ® Zr@a fi,r : (U @ 90) = fz',rv & Zr%

(2.6)
" (vee)=dvee, hig- (V@ @) = hiv® 2y,

for any v € M, p € k[z*!] and the defining generators e; .., fi r, ", hiy of U,. The
resulting U,-module M[z*1] is called the affinization of M (cf. [25, Section 4.2]).
For each i € I, we have an isomorphism W(ww;) = L(w; 1)[z*] of U,-modules,
under which the generating vector wg, corresponds to the vector vg ® 1 with
vo € L(w; 1) being a fixed ¢-highest weight vector. This isomorphism yields the iso-
morphism Endy, (W(wl)) = k[z*!] in Theorem Z7[E). In particular, the deformed

local Weyl module W(wm) is isomorphic to the k[z —a]-module L(w; 1) ®@k[z —a]
equipped with the action of U, by the same formulas as (2.0]).
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2.4. R-matrices and factorization of deformed local Weyl modules. In this
subsection, we recall some facts about R-matrices between /-fundamental modules
following [1L2325] and describe a factorization of deformed local Weyl modules.
For any pair (i1,i2) € I?, let us write Endy, (W(w;,)) = ]k[zjil] for j = 1,2
as in Theorem Z7Z). Then there is a unique homomorphism of (U, k[zi?, zzil])

bimodules, called the normalized R-matriz
R W(wi,) @ W(wmi,) = k(22/21) ®k(zp/20)*1] (W(wi,) @ W(w,))

21,12
nOrm — norm 3
such that R (wwi1 ® wwiQ) = Wg,, ® Wg, . The denominator of RIYIT is

defined to be the monic polynomial d;, ;,(u) € k[u] with the smallest degree among
polynomials satisfying

Im RPo™ — dzl 0 (22/21)*1 ® (W(wtz) ® W(wh)) .

11,19
By [25] Proposition 9.3], we have
(2.7) diyiy(a)=0 = ac€ U /mQ[q"™].
meZso

Theorem 2.15 ([625,43]). Let A = Zézz @i, .a; € PY be an L-dominant (-weight.
Then the following three conditions are mutually equivalent:

(1) The tensor product module L(w;, o, )®L(wiy 0, ) Q- - QL (w5, q,) is generated

by tAhe tensor product of £-highest weight vectors;

(2) W()‘) = L(wil,m) ® L(wiz,az) - L(wiuaz);

(3) di;ip(ar/aj) # 0 for any 1 < j <k <.
We can always make these conditions satisfied by reordering {(i;,a;)}; suitably.

Proof. The equivalence of () and (2)) was proved by Chari-Moura [6, Theorem 6.4]
using the results from geometry due to Nakajima [35]. The equivalence of ({Il) and
@) was proved by Kashiwara [25, Proposition 9.4]. The last assertion follows from
@7). See also [43, Corollary 7.15]. O

Definition 2.16. Let A € Pt be an (-dominant é—welght We define the dual local
Weyl module associated with A by WY () := W (*\)*.
Proposition 2.17. Let A = Zj:i Wi;a; € P+ be an £-dominant (-weight. Assume
W) 2 L(wi,.0,) @ L(@iy.ay) @ @ L(wy,.0,). Then we have

Wv()‘) L(wn al)®L(wll 1,00 1) "'®L(wi1,a1)'
Proof. Use the equivalence of ([2)) and (@) in Theorem 215 and the fact d;, 4, (u) =
dix i5(u) (see [I, Appendix A]). O

For any two /-dominant /-weights A= >l o™i as N = > lé,awi,a € P*t, we have
the following injective homomorphism:

RO ) = @ ) (< otrt) et

i€l ackX
1 ><6l/

- ® ® ( b ®k[ i1]®l§,a)6 ba ia R(

i€l ack*

P
>/>

) @ R(N).

We have similar injective homomorphisms

R+ + M) = R(A) @ @ R(A)



224 R. FUJITA

for any 5\1, cee M\ e Pt They induce the following injective homomorphisms for
the completions:
R+ -+ ) = RS- GR(N).
We refer to these kinds of injective homomorphisms as the standard inclusions.
Let A\ := 22:1 m;wi, o, € PT be an (-dominant f-weight with (ij,a;) #
(l'k, ay) for j # k. We see that the standard inclusion is an isomorphism ’}%(;\) =

R(m1wi, q,)& - ®7€(mlwil,al) in this case. Thus the completed tensor product
W (m1wi, .a,)& - - - @W (myy, o,) is regarded as a (U,, R(\))-bimodule.

Proposition 2.18. With the above notation, we further assume that d;, ;, (ax/a;) #
0 for any 1 < j < k <1. Then we have an isomorphism of (U,, R(N))-bimodules:

W) = W(miwi, 0,)@ - OW (miwi, a,)-

Proof. By the universal property of the global Weyl module W(\) (Theorem 277Y[])),
there is the Uj;-homomorphism

(2.8) W) = W(miw;,) ® -+ @ W(myw, ); wa = Wiy, @ @ Wingooy, -
By (1), we have
7/13[(2) (wmlwil Q- ® wvmw”) = (¢?:(Z)wm1w'i1) @ (d’z‘i(z)wmzw”)
for any ¢ € I. Therefore, by Theorem 27[2]), the homomorphism (2.8)) is actually a

homomorphism of (U, R(A))-bimodules, where the RHS of (2.8)) is regarded as an

R(A)-module via the standard inclusion. Completing with respect to the maximal
ideal v, 5 C R(A), we get

(2.9) W) = W(miwi, 0,)® - OW (mywi, a,)-

Note that both sides of (ZJ) are free over R()\). By Theorem [ZI5 taking the
quotients by t5 induces an isomorphism

W(S‘) i W(mlwil,al) Q- ® W(mlwihal) = L(wil,al)®ml Q- L(wil,al)®ml'
Therefore we see that ([229) is an isomorphism by Nakayama’s lemma. g

Note that if d;, i,(az/a1) # 0, the R-matrix R}°;™ induces a homomorphism of
(Ug,k[z1 — a1, 22 — as]))-bimodules
Rzr'llo,glzn : W(wihal )®W(wi27a2) — W(wi2,az )®W(wi1,a1 )
Let N H,, denote the nil-Hecke algebra of degree m € Z~q. For its basic proper-
ties, see [29, Examples 2.2.3] and references therein. It is a k-algebra presented by
the generators {z1,...,2,} U{m1,..., Tm—1} satisfying the following relations:

2 .
L] = T 1Tk, Tk :0, TkTk+1Tk = Tk+1TkTk+1, TeT] — T Tk 1f|]€—l‘>1,
TeTh+1 — ThTh = Th+1Thk — Tk = 1, TpT] = 1Tk 1fl7£k,k+1

The third and fourth relations above are called the braid relations. Let o; € G,,
denote the transposition of ¢ and i +1 (1 < ¢ < m). For each 0 € &,,, we
define 7, :=71;, --- 7, € NH,,, where ¢ = 0y, --- 0y, is a reduced expression of o.
Thanks to the braid relations, the element 7, does not depend on the choice of a
reduced expression. It is known that the algebra NH,, is free as a left (or a right)
klz1,...,zy]-module with a free basis {7, | ¢ € &,,} and the center of NH,,
coincides with the subalgebra S, := k[z1,...,2,,]®" of symmetric polynomials.
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Moreover, it is known that N H,, is isomorphic to the matrix algebra of rank m/!
over its center S,,. A primitive idempotent e,, is given by e,, := T,,Oxgxg coogmTl

m

where 0y € G,, is the longest element. The nil-Hecke algebra N H,, is a graded
algebra by setting degx, = 2,deg7, = —2. Since the grading is bounded from
below, the completion NH m With respect to the grading naturally becomes an
algebra. The completed nil-Hecke algebra NH m 18 isomorphic to the matrix algebra
over its center §m =k[z1,...,2,]™ of rank m!.

Let \ = = mw;, € Pt for a palr (i,a) € I xk* and m € Z>0 Consider the
completed tensor product W(wl a)®m ; which is regarded as a (U, R( ))-bimodule,
via the standard inclusion R(A) < R(wl O™ =K[z1 —a,...,zm — a]. Since we
know that d; ;(1) # 0 (recall 21)), the (U,, R()\))—bnnodule automorphism

) = 188180y RROM G M —k—1 ¢ End(W (aw; ,)®™)
is well-defined for 1 < k < m, where o} denotes the permutation of z; and zx1.
Then the formulas
ok 2p —a,  Ti e (2 — 201) (e — 1)
define a right action of N H,,, which makes W(wi,a)é@m into a (Uy, ]ﬁm)—bimodule.

Remark 2.19. The nil-Hecke algebra HN,, coincides with the quiver Hecke algebra
of type A;. The above construction of the N H,,-action is a special case of the
construction of Kang-Kashiwara-Kim [23], which we will review later in Section (5.2

Proposition 2.20. Let A = mw; , € Pt. As (Uq,ﬁ(;\))—bz’modules, we have
W(@ia)" = WA,

om! —
Proof. Since NHm = (NHmem) as a left NH,,-module, we have

—~ 5 —~ - — —~ - om!
W (w1,0)®™ = W(w3.0)*™ @5 NHp & (W(wm)@mem) .
A summand W(wi’a)@’mem is a (Uq,gm)—bimodule. Note that we have S,, = R())
inside End(/W(wm)@mem). Since /W(wi@)@'” is free over ﬁ(wi@)@m of rank
(dim L(w; 4))™, the summand ﬁ/\(wi@)@mem is free over R(\) of rank
(dim L(w;,4))™. Using the universal property, we have the (Uq,ﬁ(j\))—homomor-
phism

W) = W(wia)® em; @ = (@, ) em.
Taking the quotients by t5, we get a non-zero U,-homomorphism W(j\)
W (w;.4)®™ em/t5. This should be an isomorphism because W (\) 2 L(w; ,)®™
WV(\) is simple (recall Theorem ZIH and Proposition ZI7) and dim W ()) =
dim(W(wi,a)éamem/t;\). Thus we complete the proof by Nakayama’s lemma. [

R 4

Corollary 2.21. Let \ := Z;Zl MW a; € P+t be an L-dominant L-weight with
(ij,a;) # (ix,ax) for j # k. Assume that d;, ;, (ax/a;) # 0 for any 1 < j <k <.
Then there is an isomorphism of (Uq,ﬁ(j\))-bimodules

/W(wihm)@ml@ o '®/W(wiz7az)®ml = W(}\)@mﬂmml!’
where 7%(5\) acts on the LHS via the standard inclusion.
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Proof. Tt follows from Propositions 2.18 and 2.20] a

2.5. Affine cellular structure. In this subsection, we recall the affine cellular
algebra structure (in the sense of Koenig-Xi [31]) of the modified quantum loop
algebra ﬁq, following [3[39]. Note that the notion of affine cellular algebra is closely
related to the notion of affine quasi-hereditary algebra as explained in [30, Section
9]. What we discuss in this subsection will be a key ingredient in the proof of our
main theorem in Section .3

Let A = Y, ;liw; € PT. By Theorem ZT7|[2), the global Weyl module W(X)

is regarded as a (ﬁq,’R()\))—bimodule. We obtain an (R(A),ﬁq)—bimodule W(N)*
from W(X) by twisting the actions of U, and R(A) with the anti-involution # on
Uy ® R(A) given by

ﬁ(ez) = fi7 ﬁ(f’b) = €4, ﬁ(qh) = qh7 ﬂ(a)\) = a, ﬁ(zj,k) = Z;]ia
where e;, f; (i € I U{0}) are the Chevalley generators (see Remark 22)), h € PV,
A€ePandzj,(j€l,1<k<l)are asin (2Z3).

Fix a dominant weight A € P™. Let U<, be the following quotient of the modified
quantum loop algebra U, :

(2.10) Uax = U, / (] Anng, W(p),
759

where Annﬁq M denotes the annihilator of a ﬁq-module M. We fix a total ordering

{A1, A2, ..., A1} of the finite set P;\ :={p € PT | u < A} such that we have \; = A
and ¢ < j whenever \; < A;. For each i € {1,2,...,] — 1}, we define a two-sided
ideal I; of U<y by

(2.11) I = ﬂ Anng_, W())).

J<i
We also define Iy := U<y and I; := 0. By definition, we have I; C I;,_; for each
ie{l,...,1}.

Theorem 2.22 (Beck-Nakajima [3/[39]). For each i € {1,...,1}, there is an iso-
morphism of (U<, U<x)-bimodules

L1 /I 2 W(N) @rp,) W)L

Under this isomorphism, the image of the element ax, € I,_1 corresponds to the
generating vector wy, @ wy, € W(X;) ®@r(r,) W(A)?.

Proof. See [39, Section A(ii), A(iii)]. O

2.6. Hernandez-Leclerc category Cq. In this subsection, we define the Hernand-
ez-Leclerc category Cq following [21].

Henceforth, we only consider ¢-weights w; , with a = ¢ for some p € Z. To
simplify the notation, we write w; , and o, for (¢,p) € I x Z instead of w; ¢» and

o g» respectively. Recall that we defined the subsets fQ C I C I xZ in Subsection
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211 Now, we consider the following sublattices:

P DO Pyi= @ Zwip, DO Pq:= @ L p,

(i,p)el (i,p)elq
Q D Qz:= @ Zog, DO Qg:i= @ Lo p,
(i;p)eT (i,p)€Tq

where J := (I x Z)\ T and Jo := {(i,p) € X Z | (i,p— 1), (i,p+1) € Ip}. By
definition, we have Qz = Pz N Q. We set PZF =Pz N P*,Pg =Py NPT, Qg =
Q,N Q7,05 :=0pNn Q.
Lemma 2.23. The following hold.

(1) Qo =Pon Q. A

(2) Assume that A — 0 € P} for A € 7’5, v € QF. Then we have i € QZS.

Proof. As mentioned in the last paragraph of Subsection 211 the full subquiver T'g
with its vertex set I inside @) is isomorphic to the Auslander-Reiten quiver of the
path algebra CQ. In particular, the following properties are satisfied:

(i) If both (4, p1) and (4, p2) belong to IAQ with p; < pg, then (Z,p) also belongs
to IAQ for any p with p1 <p < pe and p —§; € 2Z.

(ii) If both (¢,p — 1) and (i,p + 1) belong to TQ, then (4, p) also belongs to IAQ
for any j with i ~ j.

From these properties, we obtain the assertions. |

The following combinatorial lemma will be used in Subsection 5.3l

Lemma 2.24. Suppose that Q is not of type Alﬁ
(1) Let (i,p), (j,r) € I be two vertices of the repetition quiver Q. Ifd; j(¢"?) =
0, there is an oriented path in @ from (i,p) to (j,7).
(2) Let (i,p), (j,7) € IAQ be two wvertices of the Auslander-Reiten quiver I'g. If
d; j(¢"P) = 0, there is an oriented path in I'q from (i,p) to (j,7).

Proof. We prove the assertion () first. By (2.7, we have r > p. By Theorem 2.15]
we see that the module L(w; ) ® L(w;,,) is not simple. Therefore there is a non-zero
element 7 € QF such that

(2.12) @Wip+ @i, — D EP,
which imposes 7 — p > 2. We write 0 = Z(k,s)eX ng,sak,s with X := {(k, s) € j|
ng,s > 0}. Then from (ZIZ), we can easily see the following:

(a) p < s < r holds whenever (k,s) € X;
(b) (i,p+1) € X;
c¢) k = j holds when (k,r —1) € X.

Set g := ¥ — ; p41. Then we have 5 € QF by the property (b). Rewrite (Z12) as

(213) Z TWig,p+1 — Wipt+2 + Wjr — g € ’Pg

io~vi

4The type A1 is exceptional here because its repetition quiver is disconnected.
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If p+2 =7, we have (i,p+2) = (j,7) by (c) and find a path (i,p) = (ig,p+1) —
(j,r) in @ for an ig with ¢g ~ i. If p+ 2 < r, (2I3) implies that there is some
(k1,p+2) € X with k1 ~i. We set 1 := g — g, pi2 € QF and rewrite (ZI3) as

Z Wig,p+1 T+ Z Wiy ,p+2 — Why,pt3 T Wjr — D E PZ+
ig~i,i07#k1 i1~ky,i1#0
If p+3 =r, we have (k1,p + 3) = (4,r) and find a path (i,p) — (k1,p+1) —
(i1,p+2) — (4,r) for an 49 € I with 43 ~ k. If p+ 3 < r, we find another
(ko,p+3) € X with ko ~ k; and kg # 4, and repeat a similar argument. After
repeating a similar argument finitely many times, we get the assertion (). A proof
of the assertion () can be completely similar, thanks to Lemma Z23|[2]). O

Definition 2.25 (Hernandez-Leclerc [2021]). We define the category Cq (resp. Cz)
to be the full subcategory of the category Cy consisting of modules whose compo-

sition factors are isomorphic to L()) for some A € 77('5 (resp. A € P).

The categories Cg and Cz are proved to be monoidal subcategories of Cy4 by
a similar reason as in the proof of Lemma 223 See [2I, Lemma 5.8] and [20
Proposition 5.8] respectively.

Using the bijection ¢: RT x {0} — fQ, we can write as Py = P cr+ LWg(a),
where ¢(a) := ¢(a,0). We define a Z-linear map deg: Pg — Q by degwy(q) = a
for o € RT. For each B € QT, we define the finite subset

PQﬂ —{)\E’P5|deg( ) =B}

of ¢-dominant ¢-weights of degree 3. Let Cg g be the full subcategory of CQ consist-
ing of modules whose composition factors are isomorphic to L( A) for some e PQ 5

Lemma 2.26. The block decomposition of the category Cyq in Theorem 2.3 induces
a direct decomposition
CQ = @ CQ)g.

BeQt
Moreover, we have Cq g, @ Cq.8, C Cq.pi+p, for 1, P2 € Q.

Proof. Let (i,p) € jQ. Then the indecomposable module M (¢~!(i,p + 1)) is non-
projective and its Auslander-Reiten translation is M (¢~ (i,p—1)), where we regard
o1 I — R*. By the Auslander-Reiten theory, there is an almost split sequence
0— M(¢~" (i,p— 1)) = P M (¢~ (j,p) = M(¢~"(i,p+1)) = 0.
jr~i
Because the dimension vector function dim(—) is additive, we have
degaiy = ¢ (ip— 1)+ ¢ (ip+1) =Y 67
J~i
Therefore we have deg? = 0 for any 7 € Qg. Combining this observation with
Theorem [23] and Lemma [Z23](T]), we obtain the former assertion.
The latter assertion follows from the fact
dim(M; ® Mp)s = Y dim(My)y, - dim(My)s,
/\1 +)\2 )\

which holds for any M, M, € Cy. This is due to [16] Theorem 3. O
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Remark 2.27. The decomposition Co = @ zcq+ Cq,p in Lemma[2.26] turns out to be
a block decomposition, i.e., L(A;) and L();) are linked in Cq,p for any AL, A € 735”5.
Indeed, the composition multiplicity of the simple module L()) in the local Weyl
module W(\g) is non-zero for each A € PQ 5 (see Section for the notation).

This follows from the geometric fact M (Ag — X, Ag) # & (see Lemma [B.06).

3. QUIVER VARIETIES

In this section, we review the definitions and some properties of the (graded)
quiver varieties associated with a Dynkin quiver Q. Basic references are [33H35].
We keep the notation in Section [2l

1. Quiver varieties of Dynkin types. Fix an element v = ), n;o; € QF
and a dominant weight A\ = ., l;w; € P*. Consider I-graded C-vector spaces
VY= @ VW = @, W) such that dim VY = n;, dim W = I; for each

1 € I. We form the following space of linear maps:

NV, W) = | @ Hom(V,V}) | @ (@ Hom(W}, V;’)) :
i—jeQ iel

which is considered as the space of framed representations of the quiver @ of di-

mension vector (v,A). On the space N(V*,W?), the group G(v) := [[,c; GL(V}")

acts by conjugation. Let

M(VY, W) = T*N(VY, W) = N(VY, W) @ N(VY, WH)*
be the cotangent space of N(V*, W), which is naturally a symplectic vector space.
We identify the space M(V¥, W*) with the direct sum

@ Hom(V}, V) | @ <@ Hom(W{\Vf)) @ <@ Hom(Vi”,W{\)> )

(i,5)3i~3 iel i€l
According to this direct sum expression, we write an element of M(V?, W) as
a triple (B, a,b) of lincar maps B = @ B;j, a = Pa; and b = Pb;. Let u =
D,crri: M(VY, W) — @,;9l(V}¥) be the moment map with respect to the
G(v)-action. Explicitly, it is given by the formula

pi(B,a,b) = a;b; + Y _ (i, §)Bi; Bji,
jrvi

where £(i,7) = 1 (resp. —1) if we have j — ¢ (resp. ¢ — j) in Q. A point
(B,a,b) € p~1(0) is said to be stable if there exists no non-zero I-graded sub-
space V' C V" such that B(V') C V' and V' C Kerb. Let u=1(0)%* be the set
of stable points, on which G(v) acts freely. Then we consider a set-theoretic quo-
tient M(v, A) :== p~1(0)%*/G(v). It is known that this quotient has a structure
of a non-singular quasi-projective variety which is isomorphic to a quotient in the
geometric invariant theory. On the other hand, we also consider the affine algebro-
geometric quotient 9 (v, \) := p~(0)//G(v) = Spec C[u=1(0)]¢™*), together with
the canonical projective morphism 7: (v, A) — Mo(v, A). We refer to these vari-
eties M(v, A), Mo (v, A) as quiver varieties.

On the linear space M(V”, W*), the group G()) := [[,c; GL(W}}) acts by con-
jugation and C* acts as the scalar multiplication. The combined action of the
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group G()\) := G(\) x C* on M(V¥, W?) commutes with the action of the group
G(v). Thus we have the induced G()\)-actions on the quotients (v, A), Mo (v, A),
which make the canonical morphism 7 into a G(\)-equivariant morphism.

For v,/ € QT with v < v/, we fix a direct sum decomposition VY = Vvr e
vV, Extending by 0 on V”/_”, we have an injective linear map M(V?, W?*) —
MV, W?*). This induces a natural closed embedding My(v,\) < Mo(v/, ),
which does not depend on the choice of decomposition V¥ = V¥ & V¥ =¥ . Via
this natural embedding, we regard (v, A) as a closed subvariety of My (v/, X). We
consider the union of them and obtain the following combined morphism:

m M) = | [ M, A) = Mo(A) = Mo(v, N).

For each © € My(N), let M(N), := 7~ () denote the fiber of z. The fiber £(\) :=
7~1(0) of the origin 0 € My(N) is called the central fiber. We also set M(v, ), :=
M(N)z N (v, A) and L(v, A) := LX) N M(v, A).

Recall that the geometric points of 9My(v, A) correspond to the closed G(v)-
orbits in ©~1(0). Let 9% (v, ) be the subset of Mo(v, A) consisting of the closed
G(v)-orbits containing the elements x = (B,a,b) € p~1(0) with trivial stabiliz-
ers (i.e., Stabg)x = {1}). This is a (possibly empty) non-singular open sub-
set of My(v, A), on which the morphism 7 becomes an isomorphism of varieties
7L ONCE (1, A)) = INEE (1, A). Tt is known that D8 (v, \) # & if and only if A—v
is a dominant weight appearing in the finite-dimensional irreducible g-module of
highest weight A\. They form a stratification:

(3.1) M) = || M=),

veQt; —vePt

The closure inclusion M8 (v, A) C M8 (', \) implies v < /.

3.2. Graded quiver varieties. Fix an element 7 = Z(z pyed MipQip € 9} and
an (-dominant (-weight \ = Z( ipyeflip@ip € P, Consider a J-graded C-vector
space V7 = @(i nel V7 (p) with dim V;”(p) = n,, for (i,p) € J, and an I-graded

C-vector space W* @(Zp o ( ) with dlmW/\( ) = l;p for (i,p) € I. We
consider the following space of hnear maps:

M*(V?, W) = D  Hom(V(p),V/(p—1))

(i,p)€T.jEL;inv]

o | @ HmWA(p), Vi (p-1) | e | @ Hom(Vi(p),wip—1))

(4, p)GI (i,p)ej
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According to this direct sum expression, we write an element of M*(V?, W&) as a
triple (B, a,b) of linear maps B = @ B;i(p), a = P ai(p) and b = P bi(p). Let
1 =D pyesHip: M*(VZ W) — @(i’p)ejHom(Vf’(p), V.”(p — 2)) be the map
defined by the formula

:u‘zp(B a, b) = al + Z 'L ] ZJ 1)Bji(p)’

Jj~i

where £(i,7) is the same as in Subsection Bl The map p® is equivariant with
respect to the conjugate action of the group G(9) := H(iﬁp)EjGL(Vi”(p)). A point
(B,a,b) € p®~1(0) is said to be stable if there exists no non-zero J-graded sub-
space V' C V7 such that B(V’) C V/ and V' C Kerb. Let p® ~1(0)%t be the set
of stable points. Similarly as in Subsection Bl we consider two kinds of quo-
tients IM® (2, A) := p® ~1(0)**/G(D) and MY(7, A) := p® ~1(0)//G(D), together with
the canonical projective morphism m* SN (0, 0) — MS(D,)). We refer to these
varieties 9 (0, A), M (2, A) as graded quiver varieties.

On the space M*(V?, W)‘) we have the conjugate action of the group G( ) =
H(i’p)efGL(Wij‘(p)) and the scalar action of C*. The combined action of the

group G(\) := G(A) x C* on M(V?, Wj‘) induces actions on the quotients M (%, A),
Mo (2, A) which make the canonical morphism 7® into a G(A)-equivariant morphism.
As in Subsection 3.1l we can form the unions:

|_|im' A) = MY(A Usmopx

Let M*(N), == 7* ~'(z) denote the fiber of a point € My(\). We set £2(\) :=
7*~1(0).

3.3. Identification with fixed point subvarieties. Let A= Slipwip € 732' be
an ¢-dominant /-weight. In this subsection, we recall that the graded quiver varieties
MM (N), M (A) can be realized as fixed point subvarieties of the usual quiver varieties
M(N), Mo(A) with X := cl(X) with respect to a certain torus action.

We have A\ = ), lyo; with [; = Zp€2l+fi l; p by the definition of cl. For each

i € I, we choose a direct sum decomposition W = D,cozre, Wi;\(p) such that

dim W?‘ (p) = l; p. Note that this choice specifies a group embedding G(\) < G()).
Define a 1-parameter subgroup f;: C* — GL(W}?) by fi(t)|W_;(p) =P - idW.:\(p)
for t € C* and a 1-dimensional subtorus T := (J[,c; fi x id)((éx) of G(N). Then
we consider the subvarieties M (A)T,90(\)T consisting of T-fixed points and the
induced canonical morphism 77 : 9MM(A\)T — My(A)T. Since the centralizer of T in
G()) is identical to the subgroup G(\) = G(\) x C* € G(\), we have the induced
action of G(\) on the T-fixed point subvarieties 9(A)T, Mo (A)T. The morphism 7"
is G())-equivariant.

On the other hand, for each 7 = " n; pa; , € QZ, we fix a direct sum decom-
position V" = @D coz ¢, 11 V.7 (p) of I-graded vector space V¥ with v := cl(?) such
that dim V,” (p) = n, ,, just as we have done for W* in the last paragraph. These di-
rect sum decompositions induce an embedding ¢ 5 : M*(V7, Wi) — M(VV,W?).
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After taking the quotients, this embedding ¢, P yields the morphisms 9*(, \) —
M, \)T and M (7, X) — Mo(v, ).

Lemma 3.1. The above morphisms induce G())-equivariant isomorphisms 9®(X)
=T, M) = Mo(A\)T which make the following diagram commute:

Mo (L) ——= Mm(\)T

M (A) —> Mo (A)"
In particular, we have a G(\)-equivariant isomorphism £°(\) =2 £(\)T.
Proof. See [35, Section 4]. O

Hereafter, we identify the graded quiver varieties 9018()), 9®(\) with the T-fixed
point subvarieties 9o(A\)T, M(N)T via the isomorphisms in Lemma B3Il Then we
have
32 Mme,N"= || m@N), MeN = || @

QS scl(D)=v PEQT cl(P)=v

We define 908 "8 (1, X) := MG (2, A) NINEE(w, ). It is known that DG ™E(D, \) #
(%] iannd only if A— 7 is an ¢-dominant /-weight appearing in the local Weyl module
W(A). By BI) and (32), we get a stratification:

(3.3) me(A) = | | MG TE (0, A).
peQf A —veP)

The closure inclusion 9 & (1, A) € MG 8 (Do, \) implies 7y < Dy.

3.4. Structure of non-central fibers. In this subsection, we recall the structure
of (non-central) fibers of the canonical morphisms 7 and 7°. Our exposition is based
on [33] Section 6], [35, Section 3] and [38, Section 2.7] with some more details on
the group actions.

Let (v,\) € Q" x P* be a pair. For any triple x = (B,a,b) € u~1(0) C
M(V¥, W?), we consider the following two kinds of complexes of vector spaces:

(3.4) Ci(r,Nx: VW) e@PVy VY foreachicl,

Jroi

where we define o; := b; ® @j Bj; and 7; :=a; + Zj (4, 7)Bij;

(3.5) C(w, N EPEnd(VY) 5 M(VY, W) 5 @End v,
i€l i€l

where ¢ is given by ¢(§) = (B — €B) @ (—€a) & (b€) and dp is the differential
of the moment map p = €, i1; at the point x = (B, a,b). Note that the middle
cohomology H?(%¢(v,\)x) of the complex (B.5)) is identical to the quotient space
(TG (v)x)* /T G(v)x, where (TG (v)x)* is the symplectic perpendicular of the
tangent space TxG(v)x of the G(v)-orbit of x. In particular, if x is stable, the space
HO%(% (v, \)x) is isomorphic to the tangent space T,9(v, \) of the point x € M(v, \)
corresponding to x.
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Let (r,\) € Q" x PT be a pair such that 9™ (v, \) # &. Recall that we have
A —v € PT in this case. We fix a point z,, € M8 (v, \) and its lift x, € p=1(0) C
M(V¥,W?) whose G(v)-orbit is closed. Then in the complex C;(v, \)y,, the map
o0; is injective [34], Proposition 3.24] and the map 7; is surjective [34] Lemma 4.7]. In
particular, the dimension of the middle cohomology H®(C;(v, )y, ) = Ker7;/ Im o;
is equal to (A — v)(h;). Therefore we can identify W™ = HO(Ci(v, Ny, ).

We pick an arbitrary element v/ such that v < v/. In order to construct the
natural embedding My(v, \) — Mo(v/,\), we fix a direct sum decomposition
vV =vre vy v, Extending by 0 on V”/_”, we have an injective linear map
MV, W*) < M(V* W), by which our fixed element x,, = (B, a, b) is regarded
as an element of 1~ (0) € M(V¥',W*). Then we can calculate as

(3.6) HYE (W, Nx,) = M(VY' =7 WA @ HY(€ (v, Nx, ),

where we have W™ = H(C;(v, \)x, ). We also see that the space H(% (v, \)x,)
is isomorphic to the tangent space T := T}, M (v, \).

The stabilizer Stabg(,) %, is naturally isomorphic to G(v' — v). Under this
isomorphism, the action of Stabg(,/)x, on the LHS of (B.6) coincides with the
action of G(v' — v) on the RHS of ([B.6), which is the direct sum of the natural
action on M(V¥ =%, W>*~*) and the trivial action on T = HO(€ (1, N)x, ).

An appropriate Hamiltonian reduction with respect to the action of the group
Stabg () %, = G(v' — v) on the RHS of ([B.6) yields the following canonical map:
7 xid: MY — v, A\ —v) x T = Mo(v' —v, A\ —v) x T.

According to the discussion in [35, Section 3], this gives a local description of
T M, \) = My(v/, \) around the point z,, € M= (v, \) C Mo(v, \). In precise,
we have Theorem

Theorem 3.2 (Nakajima [35, Theorem 3.3.2]). Let x, € M2 (v, A) C Mo (v, ).
Then there exist neighborhoods U, Us,Ur of x, € My, A),0 € Mo(v' — v, A —
v),0 € T = T, My2(v,\) respectively and biholomorphic maps U = Us x
Uriz, — (0,0) and 7= H(U) = 7=1(Us) x Ur such that the following diagram
commutes:

MmN > 7 H(U) —E>7T71(U5) x Ur c MY —v,A\—v)xT

ﬂl \LﬂXid

Mo(v',A) > U — Ugs x Ur cMy(v —v,A—v) xT.

Now let us consider the action of the group Stabg(y)z, on the fiber (), .
By the definition of MMy™ (v, A), we have Stabg(,) x, = {1}. Therefore the second

~

projection G(v) x G(A) — G(\) restricts to an isomorphism r: Stabg(,)xg(x) X» —
Stabg(y) 7. Via the fixed decomposition VY =V e VY we regard the group
Stabg () xc(x) Xv as a subgroup of Stabg(,/)xg(r) Xv- In fact, we have

(37) Stabg(l,/)XG()\) X, = Stabg(l,)x([;()\) Xy X G(V’ - U).

Thus the group Stabg(,)xg(r) X acts on the vector space M(v/, A) and also on
the middle cohomology (B4 of the complex €(v',A)x,. Note that this induced
action preserves each summand of the RHS of ([B.6). In particular, we obtain an
action of the group Stabg(,)xg(r) X, on the vector space M(V”/_”,WA_”). By
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the construction, we can easily see that this action factors through the natural ac-
tion of G(A — v) on M(V*' =% W*~¥). The corresponding group homomorphism
Stabgyxcx) Xv — G(A —v) = G(A —v) x C* is the direct product of two homo-
morphisms ¢: Stabg)xg) X» — G(A —v) and p: Stabgyxgn) Xy — C*. The
homomorphism ¢ is given as the induced action of the group Stabg(,)xg(x) X» on
the middle cohomology of the complex C; (v, \)y, under the identification W}~ =

H°(C;(v, M)y, ). The homomorphism p is obtained by the projection
p: Staba()xeo Xe = G(¥) x G(A) = G(r) x G(A) x C* 22 C*.

The action of the group Stabg(,)xg(r) X, on the space M(V”/_”, WA~¥) commutes
with the action of group G(v' — v). After taking the Hamiltonian reductions with
respect to the action of the group G(v' — v), we obtain an action of the group
Stabg(x) 7., on the central fiber £(v' —v, A—v). The above argument says that this
action factors through the group homomorphism

-1
(38) Stab(;()\) Ty TT) Stabg(y)x(@()\) Xy ga_xp) G()\ - V).

This homomorphism (B8] does not depend on v'.

By Theorem B2 there is an isomorphism M(/, \),, — £/ — v, A — v). As
stated in [35, Remark 3.3.3], this isomorphism can be equivariant with respect to
the actions of the group Stabg(y) z,. Summing up over v/, we obtain the following.

Lemma 3.3. Let (v,\) € Q" x PT be a pair such that M 2(v,\) # @ and
T M(A) = M(N) be the canonical morphism. Then for each point z, € M= (v, A),
there exists a (Stabg(y) z,,)-equivariant isomorphism
MN)z, 2 L(N—v),

where the group Stabg(x) x, acts on the RHS £(A—v) via the group homomorphism
(o x p)or~tin B).

Next we consider the graded versions. Let (7, A) € QF x P be a pair. For any
triple x = (B,a,b) € p*~1(0) € M*(V?, ’\) I,

complex of vector spaces

Cip(0: Mz V(0 +1) 75 W) & D VY (0) =5 Vi (0~ 1),

and (i,p) € I, we can consider a

where we define o, ,, 1= b-(p—i—l)@@ Bji(p+1) and 7 := a;(p) +>_; €(i, 1) Bij(p).-
Now we assume that 98"%(2,\) # @. In particular, we have A — 0 € Py .
We fix a point z, € 9§ (0,\) and its lift x, € p® ~1(0) € M*(V?, W) whose
G(D)-orbit is closed. By the same reason as in the non-graded case, in the complex
Cip(P, )\)xu, the map o; » is injective and the map 7;, is surjectlve Therefore the
dimension vector of the I-graded VeActor space @(Z’p)el HO(C; (D, Nx, ) is equal to
X — 0. This allows us to identify W7 (p) with H(C; (9, Nx, ) for each (i, p) € I
Similarly as in (B.8]), we consider the following group homomorphism

A1 x
(3.9) Stabg, s Lo r?)StabG(ﬁ)XG(j\) Xy — SATN G(A—17),

where 7 is the isomorphism obtained as the restriction of the projection G(7) x
G(A) = G()), ¢ is given as the induced action of the group Stabg ;) xq(s) Xo On



AFFINE HIGHEST WEIGHT CATEGORIES & SCHUR-WEYL DUALITY 235

Wi:\_ﬁ(p) = H(C; (7, My, ) and j is the restriction of the projection G(2) x G(\) x
C* — C*.

Lemma 3.4. Let (0, )\) € QF x P be a pair such that MG 4 (D, \) # @. Then for
each point z; € M50, N), there exists a (StabG()\ x)-equivariant isomorphism

M (N)a, 2 £°(A = D),

where the group StabG(j\) xy acts on the RHS 2‘(5\—19) via the group homomorphism
(@ xp)oi~tin BI).

For a proof, we use the description in the non-graded case (Lemma B3] and the
identification with the T-fixed point subvarieties (Lemma [3.]).

Proof. We put v := cl(D), A := cl(\). We make identifications of vector spaces:
Wi = D, cozre, Wif‘(p), V= @Dpeconre 1 V.”(p), which specifies an embedding
L=, 5 MO(V2, W) < M(VY, W?). Using these direct sum decompositions, we
define a group homomorphism f;: C* — GL(W}) (resp. g;: C* — GL(V})) for
each i € IAby fi(t)|WiX(p) =P .Aide(P) (vesp. gi ()| () =17 - idy (). Recall we
have 91*(A) = M(A)T and MY(A) = Mo(A)" by LemmaBI] where T := ([[;c; fi x
id)(C*). Under this identification, we also regard z, is a point of My (v, A). We
can easily see that the image t(x;) € p=1(0) € M(v, \) has a closed G(v)-orbit
corresponding to the point z; € 9My™(v,\) and in particular Stabg(,)t(xs) =
{1}. Let T := (ITicr 9i % [ies fi x id) (C*). This is a 1-dimensional subtorus of
Stabg(u)xc(x) t(Xs). Under the isomorphism 7: Stabe ) xgr) ¢(X0) iStab(g,()\) Tp,
the torus T is isomorphic to T. In fact, we have 7 o (ILicr 9 % ILie; fi x id) =
(Hie[ fi xid). .

On the other hand, we have a decomposition C;(v, A),(x,) = @pezzﬁi Cip(D, Nx,
of complexes and hence H®(Ci(v,N)y(x,)) = @peazie, H(Cip(#; M), ), which is
identified with W™ = Doz, W/\ ”( ) Let hi: C* = GL(W™") be a group
homomorphism defined by h;(t)[ 5 ) -id and set T" := (J],c; hs %
id)(C*) € G(A — v). Then we have

(pxp)o (prud) (pxp)o (ng Hfz><1d>:Hhi><id.

el iel el el

W27 (p)

Therefore, under the isomorphism in Lemma [B3] the action of the torus T on
M(N),, coincides with the action of the torus T on £(\ — v). Therefore, by
Lemma [3.1] we have

(3.10) M (N, = ML = A —1)T = e (A —9).
It remains to show that this isomorphism (B.I0) is (Stabg s, x5 )-equivariant.

Note that the centralizer of the torus T (resp. T , T’) in Stabg(y) o (resp.
Stabguyxc(x) L(Xs), G(A—v)) is the subgroup StabGO\) Zp (resp. Stabc(g)xG(S\) X5,



236 R. FUJITA

G(A — 7). We have the following commutative diagram:

Stab(g,(/\) Ty -<;— Stabg(y)x(go\) L(Xﬁ) pr- G(/\ — V)

i Pxp .
StabG(j\) Tp <—; StabG(f/)XG(;\) xp; —> G(A = D).
Because the isomorphism in Lemma [B.3]is (Stabgy) z5)-equivariant via the homo-
morphism (¢ x p) o r~!, the induced isomorphism (BI0) on the torus fixed parts
is (Stabg( 5 x)-equivariant via the homomorphism (¢ x p) o #71 from the above
commutative diagram. O

3.5. Graded quiver varieties for the category Cp . Fix an element 8 =
Zie] diOéi S Q+. Let

Es:= P Hom(C*,C%)

i—JEQ

be the space of representations of the quiver @) of dimension vector 5. The group
Gp = [l;c; GLa,(C) acts on Eg by conjugation. By Gabriel’s theorem, the set of
Gg-orbits is in bijection with the set

KP(B) := {m = (Ma)acrt € (Z30)*"

> o=}

a€Rt

of Kostant partitions of 5. For each Kostant partition m € KP(8), let Oy, denote
the corresponding G g-orbit.

Set 5\5 =D e AiWp(ay) € 775, where ¢ is the bijection RT — TQ defined in
Subsection 211 We consider the corresponding graded quiver variety 9)?5(5\5) We
identify G(Ag) with G in the natural way.

We define a map p: RT — Z by p(a) := pry o ¢(a), where pro: [ x Z — 7Z is
the second projection. Using this notation, we define a homomorphism p;: C* —
GL(C%) for each i € I by p;(t) := tP(*) .idca,. Then we have a group homomor-
phism (id x [[;c; pi): G(;\[g) = G(j\g) x C* — G, via which Eg is equipped with
a G(\g)-action.

In [21], Hernandez-Leclerc constructed a G(j\g)-equivariant isomorphism of va-
rieties 93?5(;\[3) = F. Their original motivation was to give a geometric interpreta-
tion to their isomorphism between the quantum Grothendieck ring of Co and the
quantized coordinate ring of the unipotent group associated with the positive part
of g. Note that the isomorphism Djtg(j\ﬁ) &= Ejg is very special for the /-weight
5\g because a graded quiver variety 9)15(5\) is not an affine space in general. In
particular, the restriction to the subcategory Cqo C Cq is crucial here.

Let us recall Hernandez-Leclerc’s construction. By Lemma 2:23|(), it is enough

to discuss the graded quiver varieties & (7, Ag) with o € QZS. We define a C-
algebra JNXQ given by the following quiver fQ with relations. The quiver fQ consists
of two types of vertices {v;(p) | (j,p) € Jo}U{w;(p) | (4,p) = () for some i € I}
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and three types of arrows:
a;(p): wi(p) » vi(p—1), bi(p): vi(p) = wi(p — 1),
Bji(p): vi(p) = vi(p—1) forin~j.
The relations are

a;(p — 1)b;(p) + Zﬁ(i,j)Bij(p —1)Bj;(p) =0 foreachie I.

gri

For each i € I, let ¢; € /NXQ denote the idempotent corresponding to the ver-
tex w;(p) with (4,p) = ¢(e;). Then [2I, Lemma 9.6] proved that the algebra

@i’jel eiZN\er is identical to the path algebra CQ. By definition, each element
x = (B,a,b) € u'_1~(0) C M*(V?,W*3) gives a representation of Ag. Then re-
stricted to @, ;¢;
This defines a morphism 9y (9, A\g) — Ej.

e;Age;, it gives a representation of CQ of dimension vector j.

Theorem 3.5 (Hernandez-Leclerc [21, Theorem 9.11]). The morphism constructed
above gives o G(Ag)-equivariant isomorphism of varieties

\Ifﬁ: 93?5(5\5) E—) EB'

In the proof of [21], Theorem 9.11], it was also proved that the stratification (3.3])
of M (Ag) coincides with the G(Ag)-orbit stratification of Eg. Here we shall give

a precise correspondence between the strata. Define a bijection f: KP(8) — 7357 P
by
f(m) = Z MaT(a)
a€eRt
for m = (mq)acr+ € KP(f).

Lemma 3.6. For each m € KP(53), we have
U (MG (Ag — f(m), Ag)) = Om.

Proof. For each m € KP(f), there is a unique © € Qf (recall Lemma 2:23) such
that Wg(9M8 % (7, Ag)) D O since each stratum 9 °5(7, Ag) is stable under the
action of G(Ag). It suffices to prove that 7 = Ag — f(m).

First we consider the case when 8 = a € Rt and m is the Kostant partition
m, = (0a,0/)arer+ consisting of the single root a. In this case, the orbit Op,
is the unique open dense orbit of E, as dim Oy,, = dim E, (see [14, Proposition

4.4.9 (2)] for example). Recall that 98 % (i, \g) C M 4 (2, Ag) implies Ag — 0 >
5\g — ', Since the l-weight @, is minimum in 735’&, the corresponding stratum
MG "8 (D, Ao) is maximum, where we put 7 = A — Wy(a)- Therefore we have
U5 (MS 8 (Vs Aar)) D O, as desired.

Next we consider general m = (mg)aer+ € KP(8). For each a € RT, we fix an
element y, € p® ~1(0) C M* (V7 Wxa) such that y,, has a closed G(¥,)-orbit and
Stabg(s,) Yo = {1} holds. By the previous paragraph, the element y,, which is

regarded as a representation of the algebra [N\Q, restricts to give an indecomposable
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representation of CQ isomorphic to M (a). We put

xm = (P y&" € u*7H0)
aeRt

xr (@ v, @ v ) <
a€RT a€RT

where U, := ) gt MaPla. Then Xy, defines a closed G2 )-orbit and has a trivial

stabilizer. Hence, the corresponding point @, belongs to 98 8 (i, Ag). On the

other hand, the element xy,, which is regarded as a representation of Ag, restricts
to give a representation of CQ isomorphic to @, g+ M ()™, This means that

Ug3(&m) € Q. Therefore we have Wg(9MS 2 (Vm, Ag)) D O as desired. O

We define a partial order < on the set KP(3) of Kostant partitions of 5 by the
condition that for m,m’ € KP(3), we have m < m’ if and only if Q,, D Opy.
From Lemma 3.6l we conclude that the bijection f: KP(8) — ’Pg’ 5 Preserves the
partial orders.

Using the isomorphism Wg and the representation theory of @), we can obtain
more precise information on the stabilizer group of a point of 91§ (5\5) as follows.

Lemma 3.7. Let U € QZS such that 5\5 -ve 73575. Fiz an arbitrary point x; €
Me "8 (D, 5\5) Then the mazimal reductive quotient (= the quotient by the unipotent
radical) of the group Stab@(iﬁ) xp 1s isomorphic to G(Ag — ). Moreover the group
homomorphism (¢ x p)or~1: Stabg,s ) o — G(Ag—7) defined in B3) is identical
to the canonical quotient map.

Proof. Define m = (my)acr+ € KP(8) by f(m) = Ag — 7. By Lemma B8 the
point Wg(z;) corresponds to a CQ-module M(m) = @, g+ M(a)® ™. Then we
have Stabg(j\ﬁ) r; = Stabg, ¥g(zy) = Endeg(M(m))*. We consider a subgroup

Gy = [] Endeq(M(a)®™)* C Endeq(M(m))*.

Note that we have Endcg (M (a)) = C for any root o € RT. We can easily see that
this subgroup G is a Levi subgroup of Endcg (M (m))* and therefore is isomorphic
to the maximal reductive quotient of StabG( 5g) To by the canonical quotient map.
This shows that the maximal reductive quotient of Stabg(;\ﬂ) Ty = StabG(j\B) z; xT

is isomorphic to G(Ag — #) x C* = G(\g — D).

Let us prove the latter assertion. Corresponding to the decomposition M (m) =
D, cr+ M(a)®™e, we choose an element x; = @ g+ Y™ as a lift of the point
zp, where y,’s are the same as in the proof of Lemma Then we have

StabG(f,)XG(;\B) xp = Endy (x5)*. We consider a subgroup

Gi:= ] GLn.(C-idy,) C [] Endg, (y&™)* C Endy, (xs)".
a€Rt a€eRTt

Note that the homomorphism 7 gives an isomorphism él =N G1. On the other

hand, we can easily see that the homomorphism ¢: Stabg( )xG(3p) U— G(Ag—7)

12
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induces the isomorphism

G1 = [ GLUH (Cyay (7, Ap)x,)) = G(Ag — D).

a€eRt

As a result, we have the following commutative diagram:

(3.11) Stabgs.,) 75 <o Stabg () (i) X6~ G(Ag — 2)

G1><’]I‘

G1><T

)\5—1/

where the torus T is defined as in the proof of Lemma/[3.4l This diagram completes
a proof. |

For a linear algebraic group G, we denote its representation ring by R(G). For
G = C*, we always identify R(C*) = A := Z[q*!] so that ¢ corresponds to the nat-
ural 1-dimensional representation of C*. With this notation, we have the standard
identifications

R(G(s)) =@ (A1), RGHE) = @ (AlE]%m) ",

i€l aeRt

where i = Zaem MaTe(a) € 7355. Here ®’s are taken over A.
For a positive root « = >_._; c;a; € RT, we define the following algebra homo-

morphism:

el
On: ®A[Zz?t1]®cz' — A[zilL 2 qp(ai)_p(a)za
el

Now we return to the setting of LemmaB7l By the commutative diagram (311
in the proof of Lemma [377] we have the following group embedding;:

G(As — ) = G1 x T < Stabg s ) 75 = G(Ap),
which induces the following homomorphism:

(3.12) 0

/\5—9: R(G(j‘ﬁ)) - R(Stab(@(j\a) 1'[/) —E—) R(G(S\ﬁ - I)))

From the proof of Lemma [B.7] we have the following.
Corollary 3.8. Write ;\g — U= Za€R+ MaWe(a) € 795’5. Then the above homo-

morphism 05 _: R(G(Ag)) = R(G(Ag — D)) coincides with the restriction of the
homomorphism

®9®ma~ QAP = Q) Al O

iel aeRt

4. CENTRAL COMPLETION OF CONVOLUTION ALGEBRA

In this section, we study the structure of the Hernandez-Leclerc category Cg g
using the geometry of graded quiver varieties.
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4.1. Notation for equivariant K-theory. For a quasi-projective variety X over
C equipped with an action of a linear algebraic group G, we denote by K¢ (X) the
Grothendieck group of the abelian category of G-equivariant coherent sheaves on
X. For a G-equivariant coherent sheaf F on X, we denote by [F] the corresponding
element in K“(X). The structure sheaf of X is denoted by Ox. For a G-equivariant
vector bundle € on X, the map K%(X) > [F] — [£] - [F] = [ ®o, F] € KF(X)
is well-defined. For a G-equivariant vector bundle £ on X, we also define A [£] :=
Zzi%kgui[/\lé‘] € [Ox] + uK¢(X)[u]. f0 — & — & — & — 0 is an exact
sequence of G-equivariant vector bundles on X, we have A [€] = A, [&1] - A, [E2]-
Therefore we set A, ([&1] + [£2]) == A, [€1] - A, [&] and A, (=[€]) = (A,[E]) " €
[Ox] +uK%(X)[u].

When X = pt, we have K%(pt) = R(G). For a general X, the group K%(X)
is a module over R(G). When G is written in the form G = Gy x C* where Gy
is another linear algebraic group, we regard K¢(X) as a Z[g™']-module through
the standard identification Z[g*!] = R(C*) and the algebra inclusion R(C*) <
R(G) induced from the natural projection G = Gy x C* — C*. Then we write
K9 (X) = K%X) ®gp421) k and R(G) := R(G) @gpg1) k, where k = Q(q) as
before. For each m € Z, let L,, denote the 1-dimensional C*-module of weight
m € Z. Namely [L,,] = ¢™ in R(C*). Although it is an abuse of notation, we write
qg"F := L,, ®0o, F for any G-equivariant coherent sheaf 7 on X so that we have
¢"F) = [¢"F] in KO(X).

We also use the equivariant topological K-homologies denoted by K ftop(X ) (i =
0,1). There is a canonical comparison map K(X) — K§,(X) (see [11], Section
5.5.5]).

Let Y be a G-invariant closed subvariety of X and U = X \ Y be the complement

of Y. Then the inclusions Y % X < U induce the following:
(1) an exact sequence:

(4.1) KO(Y) > KG(X) L~ KC(U) —>0

)

(2) an exact hexagon:

in J"
(42) K()Cftop(y) - thop (X> - thop(U)

| o

J

KG (U) <~ chftop(X) L chftop(y)‘

1,top

4.2. The Nakajima homomorphism and its completion. Fix a dominant
weight A € PT and consider the corresponding quiver variety m: 9(X) — Mo(N).
We define the Steinberg type variety Z(\) as
Z(A) = m()\) X Mo (N) Dﬁ()\) = |_| m(yla >‘) X9Mo(N) m(VQa )‘)a
v1,v2€Qt
together with the canonical map 7: Z(A) — My(N). By the convolution product,
the equivariant K-group
KG(A)(Z()‘)) = @ KG(/\)(D:R(VD >‘) Xomg(N) m(’/27 )‘))

v1,v2€QT
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becomes an algebra over the commutative k-algebra R(A) := R(G(A)). Note that
this notation is consistent with (23).

We consider the following tautological vector bundles on (v, ). The vector
bundle VY is defined by V! := p=(0)** X,y V¥ for each i € I. We regard V/
as a G(A)-equivariant vector bundle with the trivial action. On the other hand,
we consider the trivial vector bundle W2 := 9(v, \) x W* with fiber W} for each
i € I. We regard W} as a G(\)-equivariant vector bundle with the natural G/(\)-
action and the trivial C*-action. Recall the complex of vector spaces C;(v, \)x for
each x € p~1(0) € M(V¥,W?*) defined in (8.4). This complex yields the complex
Ci(v, A) of G(N)-equivariant vector bundles on (v, A):

CwN): ¢V St IWre@vr | vy

jevi

Note that the class of the complex C; (v, A) in K& (9M(v, \)) is calculated as

Civ N =a " | V] = (@ +a VT + DoV
jri
Then we have the following fundamental result due to Nakajima [35].
Theorem 4.1 (Nakajima [35] Theorem 9.4.1]). There is a k-algebra homomor-
phism B
x: Ug(Lg) = KED(Z(V)),

such that
AdOmu ] ifvi=A—peQt;
0 otherwise,

CI))\((IM) = {

and it sends the series V= (2)a, with v:= X —pu € Qt,i € I to the series

A yelCim, NI\
w(hi) 1/qz
! A*(/\_q/z[cxu,m) |

where Az M(v,N) = M(v, A) Xang(n) M(v, A) is the diagonal embedding and (—)*

denotes the formal expansion at z = 0o and 0 respectively.

We refer to the homomorphism ®) as the Nakajima homomorphism.

By construction, the equivariant K-group K& (£()\)) of the central fiber £(\)
becomes a module over the convolution algebra K¢ (Z())). Via the Nakajima
homomorphism @y, we regard K¢ (£(\)) as a (U, R(A))-bimodule.

Theorem 4.2 (Nakajima). As a (U,, R(\))-bimodule, the module KE™M (£(N)) is

(
isomorphic to the global Weyl module W(X). The element [Ogo,n)] € KEN(L(N)
corresponds to the cyclic vector wy € W(X). (Recall £(0,\) = 2M(0,\) = pt from
Subsection B.11)
Proof. See [37, Theorem 2]. O

For future references, we collect some important properties of the equivariant
K-groups of central fibers.

Theorem 4.3 (Nakajima). Let G’ be a closed subgroup of G(X\). The following
hold.
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(1) We have Kféop(ﬂ(k)) =0;

(2) Kgftiop(ﬁ()\)) is a free R(G")-module and the comparison map K& (£(\)) —
K§iop(L£(N)) is an isomorphism;

(3) The natural map K™ (£(X)) @pcn)) R(G') — K (£(N)) is an isomor-
phism;

(4) The Kinneth homomorphisms

KN (L(N) @r@oy) KEM(EN) = KEM(£(N) x £(N)),
Kool (£(N) ®r@o) Kio () = K (8(A) x £(A))

0,top top i,top

are isomorphisms, where 1 =0, 1.

Proof. The properties (1), [2), @) are the same as the property (7g(y)) in [35,
Section 7]. The assertion for K¢ in (@) follows from [36, Theorem 3.4]. The
assertion for K f’ t(:‘g in @) follows from the properties ([IJ), (2 and the property (n3)

in [28] Section 1.2]. O

Next we fix an /-dominant -weight \ € P and put \ := cl(\). We consider the

corresponding graded quiver varieties 7®: 9®(\) — MY (A) and the corresponding
Steinberg type variety

Z*(A) 1= M (X) Xga 3y M ().

The G(\)-equivariant K-group ICG(;\)(Z'(S\)) is an algebra over R(G(})) by the

convolution product. We set R(A) := R(G(A)), which is consistent with ([24]).

We choose the 1-dimensional subtorus T C G(A) C G(A) as in Lemma[31l Then
we have the identification

(4.3) AIONEFANN

Let vy denote the maximal ideal of the commutative ring R(A) corresponding to
the subtorus T C G(\) and form the completion R(}) := @R(X)/ti\f Note that

the notation is consistent with (Z5). For any G())-variety X, we write the corre-
sponding completions of K-groups by

REV(X) = KEN(X) @5 RO), KED(X) 1= KEO)(X) @ 5y ROV

i,top i,top

When X is the Steinberg type variety Z°*()), the completed K-group KEH (Z*(\)
is an algebra over R(\) with respect to the convolution product. Thanks to the
localization theorem, this algebra can be obtained from the convolution algebra

ICG(X)(Z()\)) by the central completion — ®g 5, 7%(;\)
Definition 4.4. We define the completed Nakajima homomorphism <T>5\: ﬁq —
IEG(A)(Z'(X)) as the following composition:

Uy =25 KEO(Z() = K¥V(Z(1) = KO (2(0) 5 KN (2 V),

where the first homomorphism is the Nakajima homomorphism @, in Theorem [4.T]
the second is the restriction to the subgroup G(A) C G()), the third is canonical
and the last is due to the localization theorem and ([@3)).
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Let 7 € QF be an element such that 958 (?, \) # @. We pick an arbitrary
point z, € MG 8 (i, \) and consider the (non-equivariant) K-group K(9M*(N),,) =
K(9M*(N),,) @z k of the fiber 9*(\),,. This is a module over the convolution
algebra K(Z*()\)) := K(Z*(\) ®z k. We regard K(9*()\),,) as a U,-module via
the following composition:

0, = RSO (22 (1) = REV(Z°(3)) fry = K7(2* (V) = K(2° (V).
where the third arrow is an isomorphism by Theorem [Z.3|(3).

Proposition 4.5. The U -module K(M*(N),,) is isomorphic to the local Weyl
module W (X — D).

Proof. When © = 0, we have

KL (V) = KT (L) ®r(r) k by the localization theorem
= KEN(E(N) /x5 by Theorem EZ3I[B)
=WA) /[ty 5 by Theorem
=W).

For a general ©, we know that the U,-module K(9*(X),,) is a quotient of W (A —
v) by [35, Proposition 13.3.1] and by the universality of the local Weyl module.

Because there is an isomorphism M (N, = 2'( — ) by Lemma [34] we have
dim IC(,‘ITZ'()\) ) = dim K(£*(A — »)) = dim W(\ — ») and hence the isomorphism
WA =) = KO (N)a,). O

4.3. Completed Hernandez-Leclerc category CAQﬁ. Throughout this subsec-
tion, we fix an element 8 = Zz’e[ dio; € Q1 and set
A=2g:=) diwya,) €PSH, Ai=cl(}) € PT,
il
as in Section For simplicity, we mainly use the notation A rather than 5\5,

suppressing . R
Fix an element v € Qg such that i := A -0 € ’Pgﬁ and put v := cl(D) € QT,
p = cl(it) € P*. Recall that we have an algebra homomorphism 6 : R(G(N\) —

R(G(f1)) defined in Subsection (B12). After the localization (—) ®z(4+1) k, we
get a homomorphism

0 R(A) = R(),

for which we use the same symbol 6. Through this homomorphism 8, the algebra
R(1) is regarded as an R(\)-algebra.

Lemma 4.6. The ideal (0;(t5)) C R(f1) generated by the image of t5 is a primary
ideal whose associated prime is the maximal ideal t;. In particular, we have

R(j1) sy RO = R(f).

Proof. This is a direct consequence of Corollary 3.8 O
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Proposition 4.7. With the above notation, let E)JT; denote the inverse image of the
stratum 958 (0, \) along the canonical morphism 7*: M*(X) — M(N). Then we
have the following isomorphism of (Ug, R(X))-bimodules:

AG :\ )\ ~v 7 A
KED () = W (),
where the action of 7%(;\) on the RHS is given via the homomorphism 0.
Proof. Fix a point z € 950, A). Since MG (0, \) consists of a single G(N)-

orbit by Lemma and the morphism 7°: 9t (A Mg (\) is G(\)-equivariant,
)a-

) —
we have an isomorphism 907, = G(\) x X (Stabgs, @) 9M*(A)y. Then we have

REO) me) = RV (G(A) X stavg 5, 2) M (Ve )
o~ cStabecs) @) (e (X), ) ®r(s) R(\)
= KB (22 (1) ®r(ay R(1)
= KO (8()) ®R(u) ﬁ(ﬂ%

where the second isomorphism is by the induction (see [I1], 5.2.16]), the third is due
to Lemma [3.4, Lemma 3.7 and Lemma [£.6] the last is due to the localization and

Theorem 3([3). Through this isomorphism IEG(;\)(SJ?;) >~ KCCW (L(p)) @p () R(f1),
we see that the action of R(}) on IEG(;\)(S)JTE) extends to an action of R(j1), which

commutes with the action of U,. By Proposition 5] the module I/C\G(S‘)(mz)/tﬂ =
KC(OM(N),) is isomorphic to the local Weyl module W (ji). Therefore, by Nakayama’s

lemma, we see that the vector in /%G(;\)(Emﬁ) which corresponds to [Og(o,,] in
KEW (&) ®R (1) ﬁ(ﬂ) generates IEG(X)(SDTE) as (Uq,ﬁ(ﬂ))—bimodule. Moreover,
from the construction of isomorphism M(A), = £(p) in Lemma[3.3] we see that the
restriction of the class [C;(\, v)] in e (M3) corresponds to the class W= New
in KEW (L(n)) @x( 1) R(j1). Therefore, by the universal property of the global Weyl
module, we find a surjection /W(ﬂ) — I%G(’A\)(Sm/’l) of (Uq,’/%(,&))—bimodules. Since
both are free over R(fi) of the same rank dim W (), this surjection should be an
isomorphism /V[7(ﬂ) ~ N (M3). O

Definition 4.8. We define the completed Hernandez-Leclerc category CAQﬁ to be
the category of finitely generated I%G(;\)(Z‘(j\))—modules, ie.,
Ca.p = K (2°(A))-mods.
Let (CAQﬂ) ¢ denote the full subcategory of finite-dimensional modules in (/Z\Qﬁ, ie.,
(Ca.p)s = KM (2°(1))-modsa.
We regard the deformed local Weyl module /W(/)) corresponding to ji € 7322" 5 as

a (ﬁq, ﬁ(&))—bimodule on which the algebra 7%(5\) acts via the homomorphism 6.

By Proposition 7], we can regard W(ﬂ) € (?ng for any 1 € 735[3. Now we state
the main theorem of this section.

Theorem 4.9. With the above notation, the following hold:
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(1) Via the completed Nakajima homomorphism (/I\)w we can identify the cat-
egory (CQ 8) s with the Hernandez-Leclerc category Cg,3. More precisely,
the pullback functor (CQ g)f = Cq; M — (<I> )*M gives an equivalence of
categories (Co.3) 5 — Co.4;

(2) The completed Hernandez-Leclerc category CAQﬂ is an affine highest weight
category for the poset (7355, <). The standard module (resp. proper stan-

dard module, proper costandard module) associated with fi € 735#3 18 given
by the deformed local Weyl module W(ﬂ) (resp. local Weyl module W (i),
dual local Weyl module WY (j1)).

Remark 4.10. Note that there is a small conflict of terminologies. As we noted in
Remark [2Z.T7] local Weyl modules W (1) are the same as the standard modules in
the sense of Nakajima and Varagnolo-Vasserot. But, in our context of affine highest
weight category, they are not standard modules but proper standard modules.

A proof of Theorem is given after Corollary [£171 We need some lemmas.
Lemma 4.11. Forv € Qg with [ 1= A—D € ’Pg’ﬁ, let Z3 denote the inverse image
of the stratum 9S8 (, \) along the canonical morphism m*: Z*(\) — MY(N).

(1) Asa (ﬁq, U, 1) -bimodule, we have IEG(S‘)(ZIS) = ﬁ/\(ﬂ) D& ) W(ﬂ)ﬁ,
5G(A) [ e
(2) We have K (mp(Z )=0;

(3) The comparison map gives an isomorphism IEGO‘)(Z?) = ICO (ti;(Z')

Proof. Fix a point z € 95" #(, A). Then we have an isomorphism
78 2 G(A) X(stabey) ) (M (N x M (A ) -
A similar computation as in the proof of Proposition 1] yields:
REN(28) 2 KD (G() X stabg gy o) (M (V) x M(A),))
= KO (£(p) x L(1)) Oy R()
= KU (L) Or () R @riuy KEW (£(n)),

where the last isomorphism is due to Theorem [L3|@]). Then Proposition A7 proves
the assertion (). Because the same computation is valid for equivariant K-homol-
ogies, we have

SG(A) [ e\ ~v -G 5
Kiiton(Z3) = K5y (1) ©r R() @ Ko (£0).
for i = 0,1. Then Theorem E3|(), () prove the assertions (@), (3. O

We fix a total ordering {A1, Az,..., A} of the set P;\ ={pePt|u<A}
such that A = X\, and i < j whenever \; < \;. Let v; := A — \; € Q" and
N, := M (v, A) for i € {1,...,1}. Then the stratification [B1]) is written as:

Dﬁo()\) =9 U U--- UMYy
with 9 = {0}. For each i € {1,...,1}, we set N<; == | |;.;M; C Moy(A). Note
that 9; is a closed subvariety of <, and its complement is 7319»,1.

We set 917 := 9, NME(A) and N, = Ny NMY(A) for each i € {1,...,1}.

We fix a total ordering {5\@71,5\172, .. ,5\“%} of the set cl™*(\;) N 735757 where we
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define k; = 0 if cI™*(\;) N 775[3 = . We simplify the notation by setting R; s :=
R(Miss), ﬁi’s = 7@(5\”), 0;s = 03, foreach i € I and s € {1,...,k;}. Set
Vi = A—Ais € Q4 and NP, == M " (¥4 s, ). Note that we have cl(2;4) = v;
and that 917 . gives a connected component of 9N for any s € {1,...,k;}. Namely,
we get the decomposition

ki
(44) ne=| |0,
s=1

of M into connected components. We define a subvariety Z? (resp. Z2,, Z? ) of
Z*()) to be the inverse 1mage of the subvarlety O} (resp. ML, N2 ) along the
canonical morphism 7*: Z*(\) — 98()). From the decomposition (@A), we have

ki
(4.5) Zr=||z
s=1

By construction, Z? is a closed subvariety of Z2, and its complement is Z2, , for
each i € {2,...,1}. From [@Il), we have an exact sequence:

(4.6) KEO (zg) = KON (22,) = KON (22,_)) —=0,

where 1: Z? — Z;i and j: Z;i_l — Z;i are the inclusions.

Lemma 4.12. The map 1, in the sequence (L) is injective. Therefore we have
the following short exact sequence:

0 — = KOS (z8) = RSN (72)) Lo RED) (78,

<71)—>0

for each i € {2,...,1}.

Proof. We shall prove that IC?({(\)L(Zéi) = 0 and the comparison map KC*) (22;) —

ICO iﬁ;(Z' ) is an isomorphism for each ¢ € {1,...,l}. If we prove them, the exact
hexagon ({2]) yields the assertion. We proceed by induction on i.

When ¢ = 1, from (@), we have
BG(A) (e G(A)
ICj,éO[))(Zgl) ]top @’C] ‘Eop Zl s

where j = 0, 1. From LemmalTT], we know that KEW (21 ) = 0and ke (27 5)

1%

1,top
ICO iﬁl)o(Zl ¢) for each s € {1,...,k1}. Therefore we are done in this case.
Let ¢ > 1 and assume that we know that K?(tip(Z;ifl) =0 and IEG(;\)(Z' o) =
ICS’%;(Z;% 1). By the same reason for the case ¢ = 1 above, we have IC?%E)(Z') 0

and ICG(/\)(Z') = ICO tﬁ%(Z') Then we see that K?(tf‘)p(Z;i) = 0 from the exact
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hexagon ([{.2]). Moreover we have the following commutative diagram:

ok

0 — Kiia(20) — Ko (22) — K22 ) —0,

0,top 0,top 0,top

where the upper row is the exact sequence (L)), the lower row is the exact sequence
coming from the exact hexagon [{2)). All vertical arrows are the comparison maps.

Applying the five lemma, we see that the middle comparison map I/C\G(S‘)(Z;i) —
Y

0.t0p(Z£<;) is also an isomorphism. O

Corollary 4.13. The completed convolution algebra I/C\G(S‘)(Z’(S\)) is finitely gen-
erated as an R(A)-module.

Proof. The assertion follows from Lemmas 11| and O

Recall we have defined a quotient algebra U<y of the modified quantum loop
algebra U, in Subsection 25 by (ZI0]).

Lemma 4.14. The completed Nakajima homomorphism ffI\>5\: U, — IEG(S‘)(Z'(;\))
factors through the quotient Uy — U<,.

Proof. Since we have IEG(S‘)(Z'(S\)) = @EG(;\)(Z'(X))/UXV, it is enough to prove
that the composition

(4.7) U, 225 KEN(22(A)) = K5V (22 (A) /e
factors through the quotient U<, for every N € Z~y. We can discuss the composi-

tion factors of KLCM) (Z’(j\))/tiv as a left ﬁq—module because it is finite-dimensional

by Corollary LT3 By Lemma LT[ and the exact sequence (6, we see that
every composition factor is a subquotient of the global Weyl modules W(u) for
some p < A. Therefore the ideal [, Annﬁq W(u) is included in the kernel of the

map (1. O

By Lemmal[4.14] we have the induced homomorphism (/I\)X U<y — I/C\G(;\)(Z'(S\)),
which we denote by the same symbol > 5

Proposition 4.15. For each N € Z~q, the homomorphism &)iv giwen by the com-
position

BY: Usy 225 RSV (28(3)) — KED (22 () /e

is surjective. In particular, the forgetful functor from CAQﬂ to the category of

~ A

(U<, R(N))-bimodules is fully faithful.
Proof. Fix N € Z~¢. Using the homomorphism o 5, we compare the affine cellular
structure of the algebra U<, with the filtration of the algebra KEXN(Z*())) coming

from the geometric stratification of 9M§(N) as in Lemma ET2l First, for each 4,
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we observe that there is the following isomorphism of (U<y, U<y )-bimodules by

Lemma FTTI([):

ity (z0)/ N ~ @KG )\)

R(\;
= DO o) ( ZoT g ) SR WO

s=1

R\
T () 5 ) SR W)Y,
[LZ R(X) N (B (e5)Y)
where we apply the Chinese remainder theorem for the last isomorphism. This
is possible because the maximal ideals associated with the primary ideals R(\;) N

(0;,5(v5)") are distinct by Lemma[L6l By (@), we see that the K-group I%G(X)(Zi')
is cyclic as (U<, U<y )-bimodule. By construction, we can easily see that the class

(4.8) = W()\i) OR(A;) (

in IEG(;\)(Z;) obtained as the restriction of the class A,[Ogn(,, )] corresponds to
the cyclic vector wy, ® 1 ® wy, of the RHS of (A.).

Recall the ideals I; of U<y defined by ([2II). By downward induction on i €
{1,...,1}, we shall construct algebra homomorphisms f{¥: U<, /I; —)I%G()‘)(Z%i)/tf\v

and (U<y,U<y)-bimodule homomorphisms ¢~ : I;,_1/I; — IEG(;\)(Z;)/té\V, which
make the following diagrams commute:
(4.9)

a; b;
0 ——=W(\) ®rny) W) ————=Ucn/[; ————Uc<r/Iici ———>0

lgfv lfiN lf,;N_l

REN (z2) el ———= RSV (22,) e ——= KE (22, 1) /e ——0,

where the upper row is the exact sequence coming from the ideal chain and the
lower row is the exact sequence coming from (.0]).

We start from i = [. Define f¥ to be the homomorphism @iv Recall that the
Nakajima homomorphism ® sends the element ay to the class A, [Ooo,x)] (see
Theorem [£T]). Therefore, by our observation in the previous paragraph, if we define
the homomorphism g/ to give the quotient map from W(X) @z ) W(A)* to the
RHS of ([L3) via the isomorphism (3]), the left square in (@3] commutes. Then
we have the induced homomorphism f, between the cokernels.

The induction step is similar. Assume that we have defined f{¥. By construction,
[ sends the image of the element ay, to the restriction of the class AL O 0]
Then if we define gV to be the quotient map via the isomorphism (&), the left
square in ([ZJ) commutes. We get f{¥; as the induced homomorphism between the
cokernels.

Note that we have f{¥ = g and all the homomorphisms ¢V are surjective
by construction. Therefore we can apply the five lemma to the diagram (9]
inductively, starting from the case i = 2, to prove that every f# is also surjective.
Eventually we see that the homomorphism le = </I\>f\v is surjective. O
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Using the notation in the above proof of Proposition 15l we define K]SVi =
Ker fN KN := Ker g for each i € {1,...,1} and N € Z~,.

Proposition 4.16. For each i € {1,...,l} and for any N1, Ny € Z~g, there exists
a positive integer N > Ny + No satisfying

(1) KY C K™K

(2) K2 c K2} K2}

Proof. We first prove the assertion ([IJ). Assume that k; = 0. Thus we have g~ = 0
and hence KN = I, 1/I; for any N € Zs¢. In this case, the assertion () is
equivalent to the assertion (I;_1/I;)® = I;_1/I;, which follows from Theorem
Next we consider the case k; # 0. By (&8]), we have

ki

KY =W\) @rn) (H (R(A:) N <9i,s(tx)N>)> ®r(n) W,

s=1
for each N € Zo. By Lemma 8] the ideal R(\;) N (0 q(v5)") is a primary ideal
whose associated prime is the maximal ideal SV Thus for a sufficiently large
N >0, we have R(X;) N (0;.s(e5)Y) € (R(N) N (05 (e) V) (R(A) N (05 (x5) ).
Then we obtain the assertion K} C KiN1 ‘ KiNQ.

We prove the assertion (2]) by induction on i. The case ¢ = 1 follows from () since
Y = gV. We assume that i > 1 and the assertion (@) is true for i — 1. For given
N1, Ny € Z~p, we can find an integer N’ > N; + Ny such that KZ»N/ - KiN1 ~KiN2
by (). By the Artin-Rees lemma, we find an integer N’ > N’ such that we have

KO0 (22) 1 (RN (22) € o RED(2),
which implies
(4.10) Ker(fN oa;) c KN c KM . KM,

where a; is the inclusion I;_1/I; < U<x/I; as in the diagram (£9). Applying the
snake lemma to the following diagram:

) W) ———Uxn/1; — Ux/licy ———>0

N’ . N/’ N/
lfq oa; lfL filq
"

0 ———Im(f" 0a;) ———= KV (22,) /e — = KN (22, )" ——0,

we get an exact sequence

(4.11) 0 — Ker(fN" o0 a;) K]SVZ.” Kévilil —0.

Let Nj, N} be any two integers larger than N”. By induction hypothesis, there
is an integer N > Ny 4+ NJ such that Kgi_l C ngi_l . K]Svf‘_l. We shall prove
that the assertion () holds for this N. Let = € K]SVi be an arbitrary element.
Note that we have b;(x) € KéVFl C K]gvi{q . K]Sviéfl. Since the quotient map
bi: U<a/I; — U<x/I;—1 induces the surjection K]Své K;Vf —» Kgitl . Kjgvi{p we
can choose an element y € K]SVZ{ Kgf so that b;(z —y) = 0. By the exact sequence

(@I, there is an element 3/ € Ker(fN" o a;) such that & = y + a;(y'). By @I0),
we see that a;(y’) € KJSVZ? : KJSVZ'" Therefore we have x € KJSVZ? : KJSVZ'" as desired. O
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As the special case ¢ = [ of Proposition [L.I6|[2]), we obtain the following.

Corollary 4.17. For any Ny, Ny € Z~q, there is a positive integer N such that
Ker @]XV C (Ker @JS\VI) - (Ker <I>§\V2).

Proof of Theorem 9. Note that we have ((?Q,g)f = Uy CAgﬁ, where CAgﬁ =
(I/C\G(;\)(Z‘(j\))/tf»\v) -mody, is the full subcategory of (/Z\Qﬁ consisting of modules
M with tIS\VM = 0. Thus, by Proposition 15 we see that the pullback functor
(é\Qﬁ)f —Cys M — (@A)*M is fully faithful. To prove that it is essentially sur-
jectivite onto Cg g, it is enough to show that for each module M € Cq g there is
a positive integer N € Zsq such that (Ker &)f\v)M = 0. We proceed by induction
on the length of M. When M = L(j) is a simple module of Cg g of ¢-highest
weight i € ’Pg’ﬁ, we have (Ker ‘/I;K)L(ﬂ) = 0 because we know (Ker &)i)W(ﬂ) =0.
For induction step, we write the given module M as an extension of two non-zero
modules M;, My € Cg g. By induction hypothesis, there are integers Ny, Ny € Zx

such that (Ker &)];I)Ml = (Ker 3)%\\72)M2 = 0. We can find an integer N € Zs
such that Ker </I\>f\v C (Ker %ivl) - (Ker </I\>iV2) by Corollary 17 Then we have
(Ker ®¥)M = 0. 0

Proof of Theorem EAI[2). We construct an affine quasi-heredity chain of the alge-
bra IEG(’\)(Z’(X)). Let {A1,...,Am} be a total ordering of the set 73(‘5)5 satisfying
the condition that we have j < k whenever ;\j < S\k. Note that ;\,n = \. Put
Ui = A — A and set N = I E (04, A), Noi = |5, NG, Nei == [, NG We
denote the inverse image of N; (resp. N>;,N<;) along the canonical morphism
w: Z*(A) = MY(A) by 2Z; (resp. Z>4, Z<;). By construction, Z>,41 (resp. Z;) is a
closed subvariety of Z>; (resp. Z<;) and its complement is Z; (resp. Z<;_1). We

also note that Z>; is a closed subvariety of Z®(\) whose complement is Z<;_;.
Then we consider the following commutative diagram arising from (@.1)):

(4.12) 0 0
KEN(25541) == KEN(Z5,41)
0> KON (25)) —— KN (Z*(})) —= KV (Z<i 1) —0

00— KN (Z) — = KN (Z24;) —= KN (Z2,_1) —=0

0 0

Arguing as in Lemma[L.12] we see that the left column and the lower row in ([12)
are exact. By downward induction on ¢ and diagram chases, we see that the middle
row (and hence the middle column) in the diagram (I2) is also exact.
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Therefore we can regard Z; := I%G(;\)(ZziH) for each i € {0,...,m} as a two-

sided ideal of the algebra A := KEXV (Z*()\)). What we have to do is to prove that
the chain of ideals

(4.13) 0=Zn CTn1C - CL CTy=A
gives an affine quasi-heredity chain. Observe that
Ti 1 /T 2 KOV(2:) 2 W(h) ©g5, W) = W (A,)®

as a left A-module, where s; := dim W(S\i) By Theorem [L9(), the category of
finite-dimensional modules over A/Z; is identified with the full subcategory of Cq g
consisting of the modules M whose {-weights belong to the set (J;.,{it € Pz |
fi < Aj}. For such a module M, we have Homg 5(W(5\1),M) = Mj_ by Proposi-
tion [ZI3I([)). In particular, the functor Homg, (/V[7(5\1) —) is exact on the subcate-
gory A/Z;-modyg. Since any module M € .A/I rnodfg can be written as a projective
limit of finite-dimensional modules (i.c., M = lim M/t N, we see that the deformed
local Weyl module W(S\Z) is a projective module in the category A/Z;-mods, with
its simple head L(\;). Moreover, we have HomgQ B(Ii_l/Ii,A/Ii_l) = 0. From
these observations and Proposition 213, we conclude that the chain [@I3]) is an
affine quasi-heredity chain.

By Theorem [[4] and Remark [[L5] we see that the category Cq s is an affine

highest weight category for the poset (P, <), whose standard module (resp. proper
standard module) associated with 1 € 775 5 is the deformed local Weyl module

W(ﬂ) (resp. local Weyl module W (j1)). To prove the assertion for proper costandard
modules, we have to show the Ext-orthogonality as in Theorem This will be
done in Proposition .18 O

In the remainder of this section, we show the Ext-orthogonality between de-
formed local Weyl modules and dual local Weyl modules in the category é\Qﬂ.
Note that the dual local Weyl module WV (1) associated with i € 7757 5 actually
belongs to Cq g by Proposition 217 and Theorem EI().

We need to prepare some duality functors. We temporarily use the ambient
category B of all (ﬁq, R(\))-bimodules. Note that each M € B has the weight space
decomposition M = ®HEPM where M,, = a,M and each weight space M, is

preserved by the action of R( ). We define the full dual and the topological dual of
M € B by M* := Homy(M,k) and D(M) :=Jy Homk(M/t)\ ,k) respectively. We
equip a left ﬁq—module structure on M* (resp. on D(M)) by twisting the natural
right (NIq—module structure with the antipode S (resp. S™'). Thus we obtain an
exact functor (—)*: B — B° and a right exact functor D: B — B°P. Moreover, if
M € B is finitely generated over 7/?\,(5\), we have (D(M))* = M. If M € Cy (with

the trivial R())-action), the dual M* (resp. D(M)) coincides with the left dual M*
(resp. the right dual *M) of M.

Proposition 4.18. For any 5\1, 5\2 € 73575 and 1 € Z>o, we have

k iZO,;\lz;\Q;

0 otherwise.

Exthﬁ(W(xl),WV(xg)) = {
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Proof. The case i = 0 follows from Proposition ZI3|[I]) and the fact that the module
wVv (;\2) has a simple socle L(S\g) and dim WV (5\2)5\2 =1.

For ¢ = 1, we consider an extension in Cq g:
(4.14) 0= WY\ = E— W) = 0.

Put A; := cl(j\j) for j =1,2. If Ay £ A, then the f~weight A; is maximal in E/tgv
for any N € Z~o. By Proposition ZT3|[]), we see that the sequence ([@I4) splits. If
A1 < Ag, we apply the topological duality functor D to the sequence (£I4) to get
the following exact sequence:

(4.15) 0 — D(W(A1)) = D(E) = W(*Aa).
Since A; < Az, we have /W7(5\1))\2 =0= D(/V[7(5\1)),w0>\2 and hence
dim D(E) _ oz, = dim By, = dim Ey, = dim WY (Ay)x, = 1 = dim W (*A2) _wores

where the second equality is due to Weyl group symmetry coming from integra-
bility. In particular, the image of the weight space D(E)_y,x, coincides with
W (*A2) —wyrg, which generates W (*)z). Therefore the most right arrow in the se-
quence ([{LI0) is surjective. Moreover, by the universal property of the local Weyl
module W(*j\g), we see that the sequence (I8 is split. By applying the full du-
ality fun(it\orA(—)*, we find that the sequence ([@.I4)) is also split. Therefore we have
Extgw(W(Al), WY(A2)) = 0.

The cases ¢ > 1 follow from the case i = 1 by a standard argument in (affine)
highest weight categories. O

Remark 4.19. There is an alternative proof of Theorem LOY[2)) by the general theory
of geometric extension algebras due to Kato [27] and McNamara [32]. In fact, we
have the following R(\)-algebra isomorphisms:

(4.16) KEON (22 () = HEV (2°(3), k)" = Extyy, (L, £)",

where the middle term HS™ (Z*()), k) denotes the convolution algebra of the G/(\)-
equivariant Borel-Moore homology of Z*()), the right term Extg, , (£, L) denotes the
Yoneda algebra in the G'g-equivariant derived category D¢, (Es;k) of constructible
complexes on Fg and £ := mk is the derived push-forward of the constant sheaf
along the proper morphism m: 9*(A) — MY(A) = Es. The symbol (—)" stands for
the completion with respect to the degree. Here, we make a suitable identification
R(\) = mé ()‘)(pt, k)". The first isomorphism in ([I6]) is given by the equivariant
Chern character map and the second one is as in [I1], Section 8.6]. By [35, Theorem
14.3.2], we have

L= EB L ®1C(0),
meKP(3)

where Ly, is a non-zero finite-dimensional graded vector space and IC(Oy,) is the
intersection cohomology complex associated with the constant sheaf on the orbit
Om for each m € KP(B). Therefore, the Yoneda algebra Ext¢; (£, L) is Morita
equivalent to the quiver Hecke algebra Hg(8) (cf. Definition [B1)) by [42] and the

completed algebra IEG(S‘)(Z *(\)) is affine quasi-hereditary (cf. Theorem [5.6)).
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5. APPLICATION TO KANG-KASHIWARA-KIM’S FUNCTOR

In this section, we apply the results obtained so far to prove that Kang-Kashi-
wara-Kim’s generalized quantum affine Schur-Weyl duality functor gives an equiva-
lence of categories assuming the simpleness of some poles of normalized R-matrices
between /-fundamental modules.

5.1. Quiver Hecke algebra. In this subsection, we recall the definition of the
quiver Hecke algebra and the affine highest weight structure of its module category.
We keep the notation in the previous sections. In particular, we fix a Dynkin

quiver Q = (I,Q). Let 3=, ., dio; € Q" with ht 3:=3",_,d; = d. Set
Iﬁ = {i:(il,...,id)efd\ail + -t oy, :ﬂ}

Note that the symmetric group &4 of degree d acts on the set I by o -i =
(ie=1(1) s dg-1(a)) for i= (i1,...,iq) € I and 0 € &,4. For each k € {1,...,d —
1}, we denote the transposition of k and k + 1 by o € &,.

Definition 5.1 (Khovanov-Lauda [29], Rouquier [41]). The quiver Hecke algebra
Hqg(B) is defined to be a k-algebra with the generators:

{e(i) ‘ ie Iﬁ} U {Ila v ,.Id} U {T17 s 7Td—1}7
satisfying the following relations:
e(iJe(i’) = diwe(i), Z e(i) =1, xpz =mzzr, zre(d) = e(d)zs,

iels
mwe(i) = e(o - i), mom =77 if k-1 > 1,

(@k — Tpgr)e(d) i ig < ipg1 € €,
(l’k+1 — l'k)e(l) if 4, — ik+1 S Q,

2 e
Tre(l) =
i ( ) e(i) if Qi igy1 — 0,
0 if i, = s,
—e(i) ifl=Fk,ix =ik,
(Tkl‘l — xsk(l)Tk)e(i) = 6(1) ifl==k + 1,ik = ik+1,
0 otherwise,
6(1) if i, = Tk+2, (’Lk — ’ik+1) S Q,
(Tt 1ThTht1 — TeThr1Tk)e() =  —e(i)  if 4p = igyo, (ix — igsr1) € Q,
0 otherwise.
Let Pg = @;cys k[z1,...,zqle(i) with a commutative kfzy,...,z]-algebra
structure e(i)e(i’) = d; e(i). The symmetric group S acts on Pg by

o(f(x,...,xq)e(i)) == f(@o(1),- - To(ay)e(o - 1)

for f(z1,...,24) € klx1,...,24) and 0 € &4. The Sy-invariant part (Pz)%¢ is
identified with the algebra

Ss = Qklzi] )% = R klrir, ..., ia,)%%,

i€l i€l
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via the isomorphism Sg =N (P5)€4 given by the formula
(5.1) filzra, s 714) ® @ ful@Tn, .o Tna,)

= ﬁ Z g (fl(xl,la oo axl,dl) Tt fn(xn,la oo axn,d,,)e(]-dla oo andn)) 9
c€G,y
where we put z; ; = g, 4...4d, ,+; on the RHS for i € {1,...,n},j € {1,...,d;}.
For each 0 € &4, we fix a reduced expression 0 = oy, - 0y,. Then we define
To i= Tk, -~ Tk, € Hg(B). Note that this element 7, depends on the choice of a
reduced expression of o in general because 71’s do not satisfy the braid relations.

Theorem 5.2 (Khovanov-Lauda [29]). The following hold.

(1) The quiver Hecke algebra Hgo(B) is a left (or right) free module over the
commutative subalgebra Pg with a free basis {1, | 0 € S4};

(2) The center of Hg(f3) coincides with the subalgebra (Pg)®¢ of &4-invariant
polynomials, which is identified with Sg. In particular, Ho(B) is a free
module over its center Sg of rank (d!)?.

Proof. See [29, Proposition 2.7] for () and [29, Theorem 2.9] for (). O

The quiver Hecke algebra Hg(8) is equipped with a Z-grading given by dege(i) =
0, degxy, = 2, degmpe(i) = —aj, i,  Let }AIQ(B) (resp. I?Pg) be the completion of
the algebra Hg(3) (resp. Pg) with respect to the grading. More explicitly, by
Theorem B2(]), we have

ﬁQ(ﬂ) = @ @57’0 = @ Ta@ﬁa

cEGy o6y

where Py := D, k[x1,...,zqle(i). The center of Hq(B) is the &g-invariant part
(P3)®4 of Pg, which is identified with the completion Sg of Sg at the maximal ideal
0 via the isomorphism given by the formula (51]).

Definition 5.3. We define the category /\//TQﬁ to be the category of finitely gen-
erated Hg(5)-modules, i.e.,

/\//\IQ’B = f[@(ﬁ)-modfg.
Let Mg g denote the full subcategory of finite-dimensional modules in ./(/I\Qﬁ, ie.,
MQﬁ = ﬁ@(ﬂ)—modfd.

Remark 5.4. By Theorem [B2[2)), we see that the completion ﬁQ (8) is naturally iso-
morphic to the central completion Hg(8) ®s, Sg along the trivial central character.

Therefore the category Mg g is the same as the category HQ(B)—mod(f)d of finite-
dimensional modules on which the elements x’s act nilpotently. Also note that
we have the forgetful functor Hg(5)-gmody — Mg g, where Ho(8)-gmod;y de-
notes the category of finite-dimensional graded Hg(3)-modules with homogeneous
morphisms.

For 3,3 € QT with ht 3 =d, ht 3 = d’, we have an embedding
Hq(B) @ Ho(B') <= Ho(B+ 5')
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given by e(i )®e( N e(iol), @1 ap, @1 Tk, 1QTk — Tapp, 1T —
Ta+k, Where ioi = (i1,...,iq,4,,...,4)) € I""*P2. This embedding naturally
induces its completed version

Hqo () © Ho(8') = Ho(8+5),
which equips the direct sum category M\Q @ﬁeQJr ./\/lQ A with a structure of
monoidal category whose tensor product (—)o (—): MQ B % ./\/lQ g — ./\/lQ B4p s
given by
MoM' = Hq(B+5") ®p,seaqs) (Mo M).
The subcategory Mg := Pscq+ Maq,s of finite-dimensional modules is closed un-
der this monoidal structure.

Write 8 = > o dia, ' = > ;c;dic;. Then we have the following injective
homomorphism

PN 1S4, XGy
Sopr = @l S+ St o QU] @ kfai)*4) 7S 255 @ 5,
el el

which induces an injective homomorphism §5+5/ — /S\5®/S\g/ for the completions.
We refer to this klnd of injective homomorphlsm as the standard inclusion. Note
that for any M € ./\/IQ gand M’ € ./\/lQ g, actions of the centers S@ and S,g/ induce
the natural homomorphism Sﬁ ®S[3/ — Endg 5.0 )(M o M'"). Lemma 53] is easily
deduced from the definition.

Lemma 5.5. For any M € /\/lQ g and M’ € ./\/lQ g, the action of the center Sﬁ+5/
on the module M o M' is given via the standard inclusion Sngg/ — Sg@Sg/

We define the affinization Mys of an Hq(5)-module M following [23] Section 1.3].
Let y be an indeterminate. We set My := k[y] ® M and define an action of Hg(f)
by e(i)(a ® m) := a® (e(i)m),zx(a ® m) := (ya) @ m + a ® (zpm), 7x(a @ m) =
a® (tpm), where a € ky], m € M. Note that if M € Mg g, the completion HQ(B)
naturally acts on the affinization M,; and we have M, € /\//\lQﬁ.

Recall from Subsection that the set KP(8) of Kostant partitions of f§ is
equipped with a partial order <, which is the opposite of the orbit closure ordering
in the Gg-space Fjz. Then we have the following important result.

Theorem 5.6 (Kato [26], Brundan-Kleshchev-McNamara [B]). The category M\Q7B
has a structure of affine highest weight category for (KP(5), <).

Proof. Actually, [26] and [5] proved that the finitely generated graded module cate-
gory of Hg () satisfies the conditions of affine highest weight category in the setting
of graded algebras, which Kleshchev originally concerned in his paper [30]. We can
translate the results to the completed version ﬁ@(ﬁ) by applying [I7, Theorem 4.6],
which is available now thanks to Theorem B2([2).

The orderings of the set KP(8) used in [26] and [5] are stronger than ours.
However, our ordering is enough to control the affine highest weight structure of
M\Qvg. See [26, Remark 4.1] and [27], or [32], Theorem 6.12]. O

In particular, Theorem tells us that simple modules of the category ./T/l\Qﬁ
are labelled by Kostant partitions of 8. Let S(m) denote the simple module cor-
responding to m € KP(3). To simplify the notation, we identify a positive root
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o with the Kostant partition m, := (da,0/)arcr+ € KP () consisting of the single
root a.. For instance, we write S(«) instead of S(m,). By convention, our S(«)
is the same as “the dual root module of weight «” in [22] Section 4.3] (see also
[22] Remark 4.3.3(b)] for a comparison with [3]).

According to [BL26], we can construct the standard module A(m), the proper
standard module A(m) and the proper costandard module V(m) in the affine
highest weight category /T/l\Q”g for (KP(p), <) from the dual root modules {S(a) |
a € R} as in the next paragraph. Although the construction a priori depends on
the choice of a reduced expression wy = s;, - - s;,. of the longest element wy € W
adapted to the quiver Q, the resulting modules A(m), A(m), V(m) do not depend
on the choice up to isomorphism. See [26, Remark 4.1].

Fix a reduced expression wg = s;, - - - s;,. adapted to Q). It yields a total ordering
R* = {71,...,7} among the positive roots, where v := s;, - - s;,_, (a;, ). Using
this total ordering, we write KP(8) = {m = (my,...,m,) € ZL, | >_\_, m;v; = B}
Then for each m = (mq,...,m,) € KP(3), we have -

A(m) = S(711)°™ 0 S(72)°™2 00 S(v,)°™,
V(m) = S(1)°" 0 S(vp-1)°™ " 0+ 0 S(y1)°™.

The standard module A(m) is obtained as an indecomposable direct summand
of the product S(v1)of"* 0 S(72)ef 2 0+ 08(vr)of'". Here, all the summands are
mutually isomorphic. Namely, we have

(5.2) A(m) it 2 §(oyn) ™ 0 S(a)gf™ 00 S(y)if
In particular, we have A(a) = V(a) = S(a) and A(a) = S(a).s for each a € RT.
5.2. Kang-Kashiwara-Kim’s functor. Recall the bijection ¢: RT — IAQ from

Subsection 2.1l For each i € I, we set V; := W(cl(wg(a,)))-
Fix 8 =3, dia; € QT. For each i = (iy,...,iq) € 1%, we write

d
Oi = ® End[’jq (V”) = k[zitl, ey Z(:itl],
k=1

where Endg (Vi) = k[zi] as in Theorem EZAE). Using p = pr, o ¢, we set

f/\'i :=k[z — qp(ocil), ey Zd— qP(aid)H ®o, (Vi, ®---0V,,).
Take the direct sum over i € I?, we define
70— D
iels

Let e(i): V@B _ 1} denote the projection to the i-th component. By construction,
the algebra

Op == P K[z — ¢* ), zg — P ]e(i)
ielf

naturally acts on V&2,

Theorem 5.7 (Kang-Kashiwara-Kim [22/23]). Assume the following condition:

(%) For any (i,p), (j,r) € {¢p(ay) | i € I} C TQ, the zero order of the denomi-
nator d; j(u) at w=q"~? is at most one.
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Then there exists a k-algebra homomorphism PAIQ(B) — Endg (X7®ﬁ)°p such that

e(i) = e(i), zpe(i) = (PO 2 — 1)e(i),
and the images of the elements 1 ’s are defined in a suitable way using the normal-
ized R-matrices. In particular, V&P has a structure of (U,, Ho(B))-bimodule.

Remark 5.8. For a quiver ) of type AD, the condition (%) is always satisfied thanks
o [22, Lemma 3.2.4]. Henceforth, we keep assuming the condition (x) in Theo-
rem [0.7] until the end of this paper if our quiver @ is of type EA

In the remainder of this subsection, we shall extend the ((7(1, FAIQ (8))-bimodule
VOB o a (KEX (Z2(N), FAIQ(B))—bimodule. As before, we set

A=25:= diwga,) €PSg  and  Ai=cl(d) € P,
iel
Recall from Section [ that we have the quiver varieties 7: M(A) — Mo(A) with
G())-action. We realize the graded quiver varieties 7®: 9® () — 98(X) with G(\)-
action as the T-fixed point subvarieties, where T C G(\) is a certain 1-dimensional
subtorus and G(}) is regarded as the centralizer of T in G(\).
We fix a maximal torus H(\) of G()):

H(\) = (C)% = (C)% x -+ x (C%)¥ € GLq,(C) x --- x GLg, (C) = G(N),

and set H()) := H(X) x C* € G(A) x C* = G(A). We have the standard iden-
tification R(H(X)) = k[zi?, .. .,27']. Then, the natural homomorphism R(\) =
R(G(N)) < R(H())) is given by the following composition

®[ "7Zi7di]6di<_>®k[zi,17""zd]Nk[ N

icl icl
where the second isomorphism sends z; ; t0 24, +...44, ,+; for each ¢ € {1,...,n}
and j € {1,...,d;}.
For each i = (i1,...,iq) € I®, we choose an element 0 € &4 such that i =

o (194,29 ni). Then we define a group homomorphism f,: C* — H(j\)
by fo(t) = (M, ... t7@). Following Nakajima [36], we consider the following
subvariety of 9(A):

3(No) = {x € M(N\)

lim f, (t)m(x) = 0 € sz(A)} .

By construction, the group H(S\) acts on 3 (A;0) and the H(S\)—equivariant K-group
KHEAN)(3(X;0)) becomes a left module over the convolution algebra KEN)(Z(X)).
Via the homomorphism

Uy 2 KEN (2(0) =25 KFO (2 (0)),
we regard CH) (3(\;0)) as a left ﬁq—module.
Theorem 5.9 (Nakajima [36]). With the above notation, the following hold.
(1) Asa ﬁq—module, we have KEX) Bro) =V, @@ V,,;

5 After the initial submission of this paper, it was also proved that the condition (x) is always
satisfied for any quiver @ of type E by Oh-Scrimshaw [40] and by the author [I8] independently.
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(2) The isomorphism in ([Il) induces the following commutative diagram

End(KEM (3();0))) —= End(V;, @ -+ ® V;,)

| |

R(H(N)) - O,
where the ver’ticgl arrows denote the actions on the modules and the bottom
arrow o: R(H(N)) = k[2FY, ..., 231 — k[, ..., 25" = O is given by
a(f(z1,---,24) = f(zo1), - - - Za(d))
Proof. See [36, Theorem 6.12]. O

Let R( (X)) denote the completion of R(H())) with respect to the maximal ideal
corresponding to T C H()). We apply the corresponding completion (—) Orm(3))

R(H(})) to the isomorphism in Theorem B.(I) to get the following isomorphism:
(5.3) KEN (3(X:0)) @ sy RIE(N)) = Vi,

Restricting to R(\) € R(H())), we regard the isomorphism (5.3) as an isomorphism
of ((NIq, R(X))-bimodules, which does not depend on the choice of o such that i = o-
(141, ... ,n). By the construction, this (INJq, R(X))-bimodule structure on the LHS
of (B3) comes from the convolution action of IEG(S‘)(Z'(;\)), and hence V; € CQ 8
via the isomorphism (IE%]) As a result, we can regard the (Uq, HQ (8))-bimodule
VB as a (KX (Z’()\)),HQ(B))—blmodule.

By Theorem B.0(@), the action of R(A) on V®? factors through the homomor-
phism

= ®]k[[zi71 — Pz — PO @g,
iel

which is given by the following formula:
(5.4) f1(21 Lo s 21,d) @ ® fr(Zn, ooy Znd,)

ol dl Z f1 71 1,...,zl’d1)---fn(zml,...,zn)dn)e(ldl,...,nd”)),

oeSy

where we put z; j = z4,+...4d; .45 for i € {1,...,n}, j €{1,...,d;} on the RHS.

Lemma 5.10. We have the following commutative diagram:

End(V®#) —— End(V®#)
S ———= RN,

where the vertical arrows denote the actions 0f§5 CﬁQ(ﬂ) and ﬁ( ) ) CI/C\G *) (Z*(N\)
respectively. The bottom isomorphism is given by x;; — q —pli)z. o — 1 for each
iel,jed{l,...,d}.

Proof. The assertion follows from the construction in Theorem (.7 and the formulas

EI) and (E4). O
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Definition 5.11. Under the assumption (%), we define the (completed version of)
Kang-Kashiwara-Kim functor by

Fo.B: M\Qﬁ—)é\ng, M — V&P ®ﬁ@(ﬁ) M.
Theorem 5.12 (Kang-Kashiwara-Kim [22[23]). The Kang-Kashiwara-Kim functor
Fo,p satisfies the following properties.
(1) The bimodule VP is flat over Hq(B) and hence the functor Fo 4 is ezact;
(2) For any M € Mg g and M’ € Mg g, there is a natural isomorphism
Faprp (Mo M) = Fqs(M)©Fq (M)
of (ﬁq,ﬁ(j\mﬁ/))—bimodules, where the action of 7/?\,(5\5+5/) on the RHS is
given via the standard inclusion R(Ag15) = R(Ag+Ag) = R(Ag)ER(Ag);
(3) For any M € Mg g, we have the following commutative diagram:

Fa,
Endgy, (M) —">Endg, (Fq,s(M))

! T

Ss ROV,

1R

where the vertical arrows denote the actions of the centers. The bottom
arrow 1s the isomorphism in Lemma B.10;
(4) For any oo € RT, we have Fg o (S()) = L(wg(a))-

Proof. @) is [23, Theorem 3.3.3]. (@) follows from [23] Theorem 3.2.1] together
with Lemma and Lemma @) is a direct consequence of Lemma [B.101 ()
is [22) Theorem 4.3.4]. O

5.3. Comparison of affine highest weight structures. In this subsection, we
prove the following.

Theorem 5.13. Let 3 € Q" be an element. Under the assumption (%), the Kang-
Kashiwara-Kim functor gives an equivalence of affine highest weight categories

Faop: Mags — Cqp.

We keep the assumption (%) until the end of this paper.

o~

Lemma 5.14. For any a € RY, we have Fq o(A(a)) = W (we(a))-

Proof. Let m, C ga be the maximal ideal of the center ga C I?IQ( ). By the
definition of the affinization A(a) = S(a).s, we have A(a)/m, = S(a). From
Theorem BI2B]) and ), we see
Fa.a(A(@) /5, = Foa(Ale)/ma) = F.a(S(@)) = L(w@g(a))-

In particular, the module Fg o(A(a)) has a simple head isomorphic to L(wg(q))-
Let us consider the Serre subcategory CA(oz) of é\Q’a generated by the standard
module W(wg(a). Then Fgo(A(a)) € C(a). By a standard theory of affine
highest weight category (see [30, Proposition 5.16]), this category CA(a) is equiv-
alent to the category of finitely generated R(wgy(q))-modules under the functor
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Homg (ﬁ/\(w(b(a)), —). Since ﬁ/\(w¢(a)) corresponds to the rank 1 free ﬁ(wqﬁ(a))—

module under this equivalence, it is a projective cover of L(w@g(a)) in C(c). There-
fore we have a surjective homomorphism /V[7(w¢(a)) — F0,o(A(a)). Note that any
non-trivial quotient of W(w¢(a)) in C (o) is finite-dimensional because ﬁ(w¢(a)) &=
k[z]. On the other hand, the module Fg (A(a)) is infinite-dimensional thanks

to Theorem BI2|I) and ). Thus the surjective homomorphism W(w(z,(a)) —
Fo.o(A(a)) should be an isomorphism. O

Recall that we have defined the order-preserving bijection f: KP(8) — 735, 5 in
Subsection BBl by f(m) := )" g+ Ma@e(a) for m = (mqy)acr+ € KP(B).

Proposition 5.15. For each m € KP(f), we have

Fao.p(A(m)) = W(f(m)),  Fo,s(V(m)) =W (f(m)).

Proof. Fix a reduced expression wg = sj, - - - s;, of the longest element wy adapted

to Q. We set vy := sj, - -~ 84,_, (@, ) and write (i, pr) = ¢(x) € IAQ for each k €
{1,...,7r}. Then we can prove that d;, ;, (¢"*~P7) # 0 holds for any 1 < j <k <r.
Indeed, if we suppose d;; ;, (¢"*7P7) = 0 for some 1 < j < k < r, there is an oriented
path from (i;,p;) to (ig,pr) in the Auslander-Reiten quiver I'g by Lemma [Z24](2).
However, then [4, Theorem 2.17] implies that j > k, which is a contradiction.

Therefore, we have

W () omtmet = W (i, ) o7 & EW (@3,,,) O
= FQp(A(11)"™ 00 A(y)°™)
=~ Fo.5(A(m))omatomet,

where the first isomorphism is Corollary 221] the second one is Theorem BT2J[2)

and Lemma [5:14], the last one is due to (&.2)). This isomorphism is an isomorphism
of (Uy, R(A))-bimodules. In fact, it is easy to check from Theorem GI2I@]) that the

~

action of R(\) on the RHS is also given via the homomorphism f(m), as well as

on the LHS. Thus we obtain Fg g(A(m)) = W(f(m)). A proof of Fo.5(V(m)) =
WVY(f(m)) is similar and easier. O

Proof of Theorem [513l Both of the affine quasi-hereditary algebras I/C\G(j‘)(Z‘(X))
and ﬁQ(ﬂ) are finite over their centers by Corollary I3l and Theorem [5.2] re-
spectively. Thanks to Proposition B.15] we can apply Theorem [L.7] to the functor
Fo,B: /\//\IQ,B — é\Qﬁ, which proves the assertion. 0

Finally, we consider the direct sum of the functors Fg s over § € Q" and restrict
it to the full subcategory of finite-dimensional modules to obtain

.FQ = @ .7'—Q15: MQ = EB ./\/lQ,g —)CQ = EB CQ,Q,
BEQT BEQT BEQT
where we recall Lemma By Theorem I2)[2), this functor F¢ is monoidal.
As a corollary of Theorem 513 we have the following.

Corollary 5.16. Under the assumption (%), the Kang-Kashiwara-Kim functor
gives an equivalence of monoidal categories Fg: Mg ~ Cq.
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