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research associate professor
Department of Theoretical Physics
Budapest University of Technology and Economics

2013





To my wife, daughter and son.





v

Abstract. In the past decades, quantum entanglement has been recognized to be the basic
resource in quantum information theory. A fundamental need is then the understanding its

qualification and its quantification: Is the quantum state entangled, and if it is, then how

much entanglement is carried by that? These questions introduce the topics of separability
criteria and entanglement measures, both of which are based on the issue of classification

of multipartite entanglement. In this dissertation, after reviewing these three fundamental

topics for finite dimensional Hilbert spaces, I present my contribution to knowledge. My
main result is the elaboration of the partial separability classification of mixed states of

quantum systems composed of arbitrary number of subsystems of Hilbert spaces of arbitrary
dimensions. This problem is simple for pure states, however, for mixed states it has not

been considered in full detail yet. I give not only the classification but also necessary and

sufficient criteria for the classes, which make it possible to determine to which class a mixed
state belongs. Moreover, these criteria are given by the vanishing of quantities measuring

entanglement. Apart from these, I present some side results related to the entanglement of

mixed states. These results are obtained in the learning phase of my studies and give some
illustrations and examples.
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I am grateful to László Szunyogh, the head of the Department of Theoretical Physics, and
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Attractor mechanism as a distillation procedure,
Phys. Rev. D 82, 026002 (2010) (arXiv: 1004.2346 [hep-th])
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Thesis statements

In the past decades, quantum entanglement has been recognized to be the basic resource in
quantum information theory. A fundamental need is the understanding of its qualification and
its quantification: Is the state entangled, and in this case how much entanglement is carried by
it? These questions introduce the topics of separability criteria and entanglement measures, both
of which are based on the problem of classification of multipartite entanglement. In the following
thesis statements I present my contribution to these three issues.

I. I study a 12-parameter family of two-qubit mixed states, arising from a special class of
two-fermion systems with four single particle states or alternatively from a four-qubit
state vector with amplitudes arranged in an antisymmetric matrix. I obtain a local
unitary canonical form for those states. By the use of this I calculate two famous
entanglement measures which are the Wooters concurrence and the negativity in a
closed form. I obtain bounds on the negativity for given Wootters concurrence, which
are strictly stronger than those for general two-qubit states. I show that the relevant
entanglement measures satisfy the generalized Coffman-Kundu-Wootters formula of
distributed entanglement. I give an explicit formula for the residual tangle as well.

The publication belonging to this thesis statement is [1] of the list on page xiii.

The main references belonging to this thesis statement are [LNP05, VADM01,
CKW00, OV06].

II. Local unitary invariance is a fundamental property of all entanglement measures. I
study quantities having this property for general multipartite systems. In particular,
I give explicit index-free formulas for all the algebraically independent local unitary
invariant polynomials up to degree six, for finite dimensional multipartite pure and
mixed quantum states. I carry out this task by the use of graph-technical methods,
which provide illustrations for this rather abstract topic.

The publication belonging to this thesis statement is [5] of the list on page xiii.

The main references belonging to this thesis statement are [HW09, HWW09,
Vra11a, Vra11b].

III. I study the noisy GHZ-W mixture and demonstrate some necessary but not sufficient
criteria for different classes of separability of these states. I find that the partial
transposition criterion of Peres and the criteria of Gühne and Seevinck dealing directly
with matrix elements are the strongest ones for different separability classes of this
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xvi THESIS STATEMENTS

two-parameter state. I determine a set of entangled states of positive partial transpose.
I also give constraints on three-qubit entanglement classes related to the pure SLOCC-
classes, and I calculate the Wootters concurrences of the two-qubit subsystems.

The publication belonging to this thesis statement is [4] of the list on page xiii.

The main references belonging to this thesis statement are [Per96, GS10].

IV. I elaborate the partial separability classification of mixed states of quantum systems
composed of arbitrary number of subsystems of Hilbert spaces of arbitrary dimensions.
This extended classification is complete in the sense of partial separability and gives
1 + 18 + 1 partial separability classes in the tripartite case contrary to the formerly
known 1+8+1. I also give necessary and sufficient criteria for the classes by the use of
convex roof extensions of functions defined on pure states. I show that these functions
can be defined so as to be entanglement-monotones, which is another fundamental
property of all entanglement measures.

The publication belonging to this thesis statement is [6] of the list on page xiii.

The main references belonging to this thesis statement are [DCT99, DC00, SU08].

V. For the case of three-qubit systems, by the use of the Freudenthal triple system ap-
proach of three-qubit pure state entanglement, I obtain a set of functions on pure
states, whose convex roof extensions give necessary and sufficient criteria for the par-
tial separability classification. These functions have some advantages over the ones
defined in the general construction, which is given in the previous thesis statement.
Moreover, these functions fit naturally for a special three-qubit classification which
arises as the combination of the partial separability classification with the classifica-
tion obtained by Aćın et. al. for three-qubit mixed states.

The publication belonging to this thesis statement is [6] of the list on page xiii.

The main references belonging to this thesis statement are [BDD+09, DCT99,
DC00, ABLS01, SU08].



Prologue

The laws of quantum mechanics proved to be very successful in the description and prediction
of the behaviour of the microworld. Among these predictions, however, there were some very
surprising ones which are in connection with the description of composite quantum systems. In
the formalism of quantum mechanics, the so called entangled (or inseparable) states of composite
systems appear naturally, while the understanding of the correlations of the physical qantities
measured on the subsystems of a system being in an entangled state is a challenge for the
mind. Namely, these correlations arise from the quantum mechanical interactions between the
subsystems, and they can not be modelled classically, these are the manifestations of the entirely
quantum behaviour of the nature. Entanglement theory is therefore a deep and fundamental
field of central importance, lying in the very basics of the understanding of the physical world.

An interesting twist of the story is that these nonclassical correlations can be used for
nonclassical solutions of classical, moreover, of nonclassical tasks, leading to the idea of quantum
computation [Fey82]. These nonclassical computational and information theoretical methods
are the subject of the emerging field of quantum information theory, which is the extension of
the classical information theory for quantum systems, dealing with these quantum correlations
[NC00]. The significance of this relatively new field of science is hallmarked, among other things,
by the Wolf Prize in Physics in this year.

In the scope of quantum information theory, there are entirely nonclassical, information the-
oretical tasks (such as quantum communication with super-dense coding, quantum teleportation,
quantum key distribution, quantum cryptography, quantum error correction) and also classical
computational tasks (such as quantum algorithms for factoring numbers, for quantum search,
and for further tasks.) What is really fascinating is that quantum algorithms significantly out-
perform the best known classical algorithms for the same tasks, moreover, they are able to solve
some problems in polynomial time, which problems can not be solved in polynomial time by the
known classical algorithms.

During the run of all the above quantum protocols, the basic resource expended is entan-
glement, that is, composite quantum systems being in entangled states. A fundamental need
is then the studying of the characterization of entanglement, which is the main concern of this
dissertation. Although the entanglement which is used for quantum information processing tasks
is presented mostly in maximally entangled Bell pairs of two qubits, but the structure of entan-
glement is far richer than that of two-qubit pure states. We will consider some aspects of this
issue in the present dissertation, here and now we just want to emphasize that the rich structure
of multipartite entanglement might provide a lot of opportunities, which are still far from being
explored and utilized.

The utilization of even the bipartite entanglement is by no means an easy job. Quantum
mechanics works in microscopic scales, and, due to the environmental decoherence, the mani-
festations of this particular behaviour are hard to reach. Effects of entanglement are studied
in many-body systems as well, but an important color in the picture is that the experimental
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xviii PROLOGUE

manipulation of individual quantum objects is not out of reach, as is also illustrated by the Nobel
Prize in Physics in last year.

The organization of this dissertation is as follows:

In chapter 1, we give a brief review on the fundamental topics of quantum entanglement
which we deal with. We introduce the main notions and notational conventions and
attempt to cover the whole material which will be used in the following chapters. Our
main concerns are about the qualification of entanglement, that is, deciding about a given
state whether it is entangled or separable; and the quantification of entanglement, that
is, defining quantities characterizing the “amount of entanglement” carried by a given
state, doing this in some motivated way. Of course, if we have some evaluated quantities
in hand which give the amount of entanglement, then the decision of entangledness is
solved as well, but we usually do not have such opportunity and even the decision of
entangledness leads to a hard optimization problem. The situation is more complicated in
multipartite systems, where many different kinds of entanglement arise. In the following
chapters we present our contributions to knowledge in these fields.

In chapter 2, we start with a special two-qubit system. Qubit systems are of particular
importance because, on the one hand, qubits are the elementary building blocks of
applications in quantum information theory, on the other hand, they have a simple
mathematical structure leading to explicit results in the quantification of entanglement.
Apart from that, systems of bigger size can be embedded into multiqubit systems. For
the special family of two-qubit states we deal with, we evaluate explicitly some measures
of entanglement, and investigate some relations among those.
The material of this chapter covers thesis statement I.

In chapter 3, we continue with a quite general construction of some quantites characterizing
quantum states, a construction which is independent of the size of the subsystems.
These quantities share the invariance property of the most detailed characterization of
entanglement, so these might provide a natural language for the characterization and
even for the quantitative description of entanglement.
The material of this chapter covers thesis statement II.

In chapter 4, after the investigations of the previous two chapters, concerning the charac-
terization of quantum states by quantities in some sense, we turn to the problem of the
decision of entangledness. In the literature there are numerous conditions for this. For
the use of these conditions, various quantities have to be evaluated for a given state.
Unfortunately, these quantities are given only implicitly in the most of the cases, and
those ones which can be evaluated explicitly result in sufficient but not necessary criteria
of entanglement only. Here we show some of the criteria of this kind at work, considering
a particular example of a family of three-qubit states.
The material of this chapter covers thesis statement III.

In chapter 5, after the particular examples of the previous chapter, we consider the partial
separability problem in general. The partial separability treat every subsystem as a
fundamental unit, regardless of its size or even of the number of its components, and
concerns the existence of entanglement among the subsystems only. We extend the usual
classification of partial separability and formulate also necessary and sufficient criteria
for the decision of different kinds of entanglement. These criteria are given in terms of
quantities measuring entanglement. The use of these necessary and sufficient criteria
leads to untractable hard optimization problems in general, so these criteria can only
be used for special families of states, similarly to other necessary and sufficient criteria.
However, our criteria have the advantage of reflecting clearly the structure of partial
separability, and they work in a similar way for all classes. We work out the tripartite
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case, then we give the general definitions for arbitrary number of subsystems.
The material of this chapter covers thesis statement IV.

In chapter 6, after the general constructions of the previous chapter, we turn to the par-
ticular system of three qubits again. In this case, thanks to a beautiful mathematical
coincidence, another set of quantities can be written for the formulation of the necessary
and sufficient criteria given in the previous chapter. Although these quantities are not
measures of entanglement, but they fit not only for the partial separability classification
but also for a more interesting classification of three-qubit states which goes a bit beyond
partial separability.
The material of this chapter covers thesis statement V.





CHAPTER 1

Quantum entanglement

In quantum systems, correlations having no counterpart in classical physics arise. Pure
states showing these strange kinds of correlations are called entangled ones [HHHH09, BZ̊06],
and the existence of these states has so deep and important consequences that Schrödinger has
identified entanglement to be the characteristic trait of quantum mechanics [Sch35a, Sch35b].

Historically, the nonlocal behaviour of entangled states of bipartite systems was the main
concern first. Einstein, Podolsky and Rosen in their famous paper [EPR35] showed that under
the assumption of locality, entanglement gives rise to some “elements of reality”, that is, values of
physical quantities exactly known without measurements, about which quantum mechanics does
not know, since it gives only statistical answers. Therefore quantum mechanics is incomplete, and
there may exist variables, hidden for quantum mechanics, which determine the outcomes of the
measurements uniquely. What is more interesting, is that any hidden-variable model of quantum
mechanics is essentially nonlocal [Bel67], which is the famous, experimentally testable result of
Bell. Nowadays, it is widely accepted that quantum mechanics is a complete, but statistical
theory, and only the composite system possesses values of physical quantities, it is not possible
to ascribe values of physical quantities of local subsystems prior to measurements [Bel67].

Recently, the focus of attention in entanglement theory changed from locality issues to more
general forms of nonclassical behaviour [HHHH09]. As was mentioned in the Prologue, the
nonclassical behaviour of entangled quantum states has far-reaching consequences manifested
in quantum information theory, which is the theory of nonclassical correlations together with
applications [NC00, Cav13].

In this dissertation, we encounter mixed states rather than pure ones, since the former
ones play much more important roles in entanglement theory than the latter ones, because of
multiple reasons. The majority of methods in quantum information theory, as well as the issues
concerning locality, generally use pure entangled states, which can easily be prepared and which
are easy to use to obtain nonclassical results. However, in a laboratory one can not get rid of the
interaction with the environment perfectly, thus the separable compound state of the system and
the environment evolves into an entangled one, the prepared pure state of the system evolves into
a noisy, mixed one. This was a practical reason for studying mixed state entanglement, however,
theoretical ones are much more important. First, in the case of multipartite systems even if the
state of the whole system is pure, the states of its bipartite subsystems are generally mixed ones,
which is a hallmark of entanglement in itself [Sch35a, Sch35b]. Moreover, the understanding
of classicality in the language of correlations can also be done only for mixed states even in the
bipartite case [DV13].

The definition of entanglement and separability of mixed states was given first by Werner
[Wer89]. In this paper, he also constructed famous examples for mixed states which are entan-
gled and still local in the sense that a local hidden variable model can be constructed for that,
describing the usual projective measurements. So we could think that from the point of view of
nonclassicality, entanglement does not grasp the nonclassical behaviour perfectly. However, an
important result, came from quantum information theory, disprove this. Namely, every entangled

1



2 1. QUANTUM ENTANGLEMENT

state can be used for some nonclassical task [Mas08, Mas06, LMR12]. So, for mixed states,
nonlocality is considered only as a stronger manifestation of nonclassicality, but entanglement is
still important from the point of view of nonclassicality.

In this chapter, we give a brief review of the fundamental topics we deal with in quantum
mechanics [vN96, Pet08a, BZ̊06] and quantum entanglement [HHHH09], with some connec-
tions to quantum information theory [Pet08b, NC00, Pre]. We introduce the main notions
together with the notational conventions, and we attempt to cover the whole material which will
be used in the following chapters. We will see that entanglement in itself is a direct consequence
of the formalism of the mathematical description of quantum mechanics. Because of the reasons
above, we follow a treatment from the point of view of mixed states. This has advantages and
also disadvantages. Usually, quantum mechanics is built upon the primary role of pure states,
resulting in an inductive, better motivated and historically faithful treatment, in the course of
which mixed states arise as ensembles or states of subsystems of entangled systems. Here we
give a reverse treatment, which is an axiomatic, deductive and less motivated one, usual in
entanglement theory, in the course of which pure states arise as special cases of mixed states.

The organization of this chapter is as follows.

In section 1.1, we start with recalling the general description of singlepartite quantum sys-
tems (section 1.1.1) together with the characterization of the mixedness of the states of
those in the terms of entropic quantities (section 1.1.2). The most important differences
between classical and quantum systems appear in these very basic topics. We also give
the detailed description of a single qubit, which is the simplest quantum system (section
1.1.3).

In section 1.2, after the issues of singlepartite systems in the previous section, we turn to
the description of compound systems and entanglement. First, we review the general
non-unitary operations on open quantum systems arising from the quantum interaction
inside the bipartite composite of the system with its environment (section 1.2.1), then
some basics about the entanglement in bipartite and multipartite systems (sections 1.2.2
and 1.2.3), and finally, the important point where these two topics meet each other, which
is the so called distant lab paradigm (section 1.2.4).

In section 1.3, after the basics of entanglement in the previous section, we turn to issues
related to the characterization of entanglement in some particular few-partite systems.
First we review some tools for the quantification of bipartite entanglement (section 1.3.1),
then we consider the pure and mixed states of general bipartite (sections 1.3.2 and
1.3.3) and two-qubit systems (section 1.3.4 and 1.3.5). The structure of multipartite
entanglement is much more complex, we just review some important results for the case
of three-qubit pure and mixed states (sections 1.3.6 and 1.3.7), and of four-qubit pure
states (section 1.3.8).

1.1. Quantum systems

In the most part of this dissertation, we deal with quantum states rather than physical
quantities themselves. By state we mean in general something what determines the values of
measurable physical quantities in some sense. In classical mechanics, the (pure) state of the
system is represented by a point in a subset of a 2f dimensional real vector space, or more
precisely in a simplectic manifold, called phase space, where f denotes the number of the degrees
of freedom. In principle, the values of all physical quantities are completely determined by the
actual phase point, so physical quantities are then represented by functions on this space. The
case of quantum mechanics is more subtle. Instead of the real finite dimensional phase space
we have a complex separable Hilbert space, the rays of that are regarded as (pure) quantum



1.1. QUANTUM SYSTEMS 3

states. Moreover, the values of physical quantities are not determined by the quantum state,
only distributions of them.

1.1.1. Description of quantum systems. The mathematical foundations of quantum
mechanics are due to von Neumann [vN96]. LetH be the complex Hilbert space corresponding to
a quantum system. In the whole of this dissertation, we consider systems having finite dimensional
Hilbert space only. The dimension of the Hilbert space is denoted by d. In the classical scenario,
this corresponds to the discrete phase space of d points. The system in the particular case when
d = 2 is called qubit. This case is not only the most simple but also a very exceptional one,
there are many mathematical coincidences which hold only in two dimensions. We will see some
manifestations of them in the following.

The dynamical variables of the quantum system, also called observables, are represented by
normal operators acting on H,

A(H) =
{
A ∈ Lin(H)

∣∣∣ AA† = A†A
}
.

Operators of this kind admit the spectral decomposition

A =
∑
i

ai|αi〉〈αi|, where 〈αi′ |αi〉 = δi
′

i ,

which is of fundamental importance for the structure of the theory. As we will see, the discrete
eigenvalues represent the discrete outcomes of the measurments, which is how quantum mechanics
describe the quantized phenomena of the microworld. The dynamical variables in quantum
mechanics are usually inherited from the classical mechanics, where they take real values. In
this case the quantum mechanical dynamical variables are represented by self-adjoint operators,
having real eigenvalues. (Sometimes, only these operators are called observables.) Another note
is that there is a freedom in the choice of the Hilbert space, as far as the considered observables
can be represented on that.

The state of the quantum system is represented by a self-adjoint positive semidefinite op-
erator acting on H, which is normalized, which means in this context that its trace is equal to
1. These operators are called statistical operators, or density operators. The set of the states is
denoted by D ≡ D(H), which is then1

D(H) =
{
% ∈ Lin(H)

∣∣∣ %† = %, % ≥ 0, tr % = 1
}
.

The self-adjoint operators form a vector space over the field of real numbers. This vector space
can also be endowed with an inner product and also a metric. The operators of unit trace
forms an affin subspace in that, while the positive semidefinite operators form a cone, which is
convex. D(H) is then the intersection of these two, so it is a convex set in the affin subspace
of unit trace in the real vector space of self-adjoint operators acting on H. By virtue of this,
the dimension of D(H) is d2 − 1. The π extremal points of D(H) are of the form π = |ψ〉〈ψ|,
where |ψ〉 ∈ H is normalized, ‖ψ‖2 = 1. They are called pure states, and they form a 2d − 2-
dimensional submanifold of D(H), denoted with P(H). Contrary to the classical scenario, here
we have continuously many pure states even for qubits. The set of states is the convex hull of

1Strictly speaking, the states are the probability measures on the lattice of subspaces of the Hilbert space
[FT78], and the set of them is isomorphic to D(H) only for d > 2, which is Gleason’s theorem [Gle57]. In the

pathological d = 2 case there are probability measures to which density operators can not be assigned. We often
consider qubits, but we deal only with density operators, and, inaccurately, by states we mean density operators
only.
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the pure states D(H) = Conv
(
P(H)

)
, in other words, every state can be formed by the convex

combination of pure states,

% =

m∑
j=1

pjπj , (1.1)

where the m-tuple p = (p1, . . . , pm) of convex combination coefficients is positive and normalized
with respect to the 1-norm, ‖p‖1 =

∑
j pj = 1. The set of such m-tuples, the m − 1-simplex,

is denoted with ∆m−1 ⊂ Rm. The principle of measurement, given in the following paragraphs,
enables us to consider this p as a discrete probability distribution. If the convex combination
is not trivial then the state is called mixed state, and its interpretation is that the system is in
the pure state πj with probability pj . If an ensemble of quantum systems being in pure states
πj with mixing weights pj is given, then random sampling results in such a distribution. Note
that here, contrary to the classical scenario, the pure states have intrinsic structure, so a mixed
quantum state is not only a probability distribution but a probability distribution together with
directions in the Hilbert space.

A (generalized) measurement on the system is given by a set of measurement operators{
Mi ∈ Lin(H)

∣∣∣ i = 1, . . . ,m,
∑
i

M†iMi = I
}
.

A selective measurement has m outcomes, resulting in the m post-measurement states:

% 7−→ %′i =
Mi%M

†
i

trMi%M
†
i

, with probability qi = trMi%M
†
i . (1.2a)

(The
∑
iM
†
iMi = I resolution of identity ensures that

∑
i qi = 1.) Here we have physical access

to the %i outcome states of the measurement, under which we mean that we are able to execute
different quantum operations on the different outcome systems. Note that the probabilistic
nature of the measurements is an inherent property of quantum mechanics, it does not come
from that the measurement devices are inaccurate and sometimes miss the right output. Quite
the contrary, these principles of quantum measurements are formulated with ideal mesurement
devices. Another point here is that the linearity of the trace in the qi probabilities allows us to
consider the (1.1) convex combination of pure states as a statistical mixture of states, since the
probabilities of the measurement outcomes arise from a weighted average of that of pure states.

The other main difference between the classical and quantum measurement is that the mea-
surement inherently affects, disturbes the state of the system. If we carry out the measurement
but forget about which outome we got, that is, we form the mixture of the post-measurement
states, which is the result of a non-selective measurement, we get

% 7−→ %′ =
∑
i

qi%
′
i =

∑
i

Mi%M
†
i , (1.2b)

which is not equal to the original state in general. Physically, the measurement device interacts
with the system, and this interaction can not be neglected.

In the special case of the von Neumann measurement, which is the archetype of measure-

ments, the measurement operators Mi = Pi are projectors of orthogonal supports, Pi = P †i ,
PiPi′ = δii′Pi. In this case, the repeated measurements give the same outcome. The Pi projec-
tors arise as the spectral projectors of an observable A, and the measured value of the observable
in the case of the ith outcome of the measurement is the ai eigenvalue corresponding to the
eigensubspace onto which Pi projects. The expectation value of the measurement is then

〈A〉 ≡
∑
i

aiqi = trA%, (1.3)
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in this sense the state % defines a linear functional on the observables. In the next section we
will see how the (1.2) generalized measurement arises.

If the qi = trMi%M
†
i measurement statistics is the only thing of interest, then it is enough to

deal with the Ei = M†iMi positive operators instead of the Mi measurement operators. The set
{Ei} is called Positive Operator Valued Measure (POVM), and the maps % 7→ trEi%, determining
the measurement statistics, are linear functionals on the states. This makes the use of POVMs
much more convenient than that of the measurement operators.

The linear structure in the underlying Hilbert space is also important. If the state is pure,
sometimes we deal with the state vector |ψ〉 ∈ H instead of the rank one density matrix |ψ〉〈ψ| ∈
P(H) ⊂ D(H). In this case, we regard the pure state in the Hilbert space as the phase-equivalence
class of the state vector. Let {|i〉 | i = 1, . . . , d} be an orthonormal basis in H, sometimes called
computational basis, then the state vector can be written as2

|ψ〉 =

d∑
i=1

ψi|i〉, where ψi = 〈i|ψ〉 ∈ C.

We use the convention for coefficients with lower indices (ψi)∗ = ψi, which are the 〈ψ|i〉 coeffi-
cients of the 〈ψ| = |ψ〉∗ ∈ H∗ dual vector.3

The Hilbert space H is closed under complex-linear combination |ψ〉 =
∑
j cj |ψj〉, which is

called superposition in this context. This makes the Hilbert space and also P(H) a much more
interesting place than the classical phase space, and in multipartite systems this is responsible for
entanglement. On the other hand, the space of states D is closed under convex combination % =∑
j pj |ψj〉〈ψj |, which is called mixing. A fundamental difference between these two constructions

is the possibility of interference. The measurement probabilities in the first and second cases are

qi = tr
(
Mi|ψ〉〈ψ|M†i

)
=
∥∥∥∑

j

cjMi|ψj〉
∥∥∥2

,

qi = tr
(
Mi%M

†
i

)
=
∑
j

pj

∥∥∥Mi|ψj〉
∥∥∥2

.

In the first case, contrary to the second one, qi can be zero even if the vectors Mi|ψj〉 are nonzero,
which is a manifestation of the famous phenomenon of quantum interference.

If the system is in a pure state π = |ψ〉〈ψ| ∈ P, and we consider a von Neumann measurement
with the measurement operators being the orthogonal spectral projectors of a nondegenerate

2The indices of the basis run sometimes from 0 to d− 1, especially in the elements of quantum information
theory, where this practice is rather convenient. But note that in this case all indices, even those of the convex

combination coefficients in (1.1), should run from zero, because Schrödinger’s mixture theorem couples together

these two kinds of summations, as we will see in (1.4) in the next subsection.
3In the finite dimensional case, the 〈·|·〉 inner product identifies H∗ with H, and we denote this identification

with the star: ∗ : H → H∗, |ψ〉∗ = 〈ψ|, and since H∗∗ ∼= H in the finite dimensional case, 〈ψ|∗ = |ψ〉. This
can be extended to tensors as well. For example θ = θij |i〉 ⊗ 〈j| ∈ K ⊗ H∗ (the ⊗ sign is often omitted in the

case of tensors of this kind), we have θ∗ = (θ∗) ji 〈i| ⊗ |j〉 ∈ K
∗ ⊗H, leading to (θ∗) ji = (θij)

∗, which is denoted

simply with θ ji through the identification. Note, however, that the indices of tensors can not be uppered and
lowered independently, since 〈·|·〉 is conjugate-linear in the first position. Linear operations act from the left, that

is, Lin(H → K) ∼= K⊗H∗. We have also the transposition, which is the natural operation t : K⊗H∗ →H∗ ⊗K,
|i〉 ⊗ 〈j| 7→ 〈j| ⊗ |i〉. This is defined without the inner product, it simply interchanges the Hilbert spaces, so it
can act independently on pairs of indices. Later, more general partial transpositions, reshufflings and general

permutations of Hilbert spaces will also be used. For convenience, we have also the hermitian transpostion

† = ∗ ◦ t : K ⊗ H∗ → H ⊗ K∗, |i〉 ⊗ 〈j| 7→ |j〉 ⊗ 〈i| for the action of linear operations on the dual. For further
details in tensor algebraic constructions, see part 2. in [Mat93], with slightly different notations.
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observable, Mi = |αi〉〈αi|, then we get back Born’s Rule

qi = |〈αi|ψ〉|2.
The square in that, together with the interference of different measurement outcomes could
have been the first indications that there is a Hilbert space somewhere in the grounds of the
mathematical description of quantum mechanics. On the other hand, we can consider this
measurement as a transformation of the complex ψi = 〈αi|ψ〉 superposition coefficients to the
real qi = |ψi|2 mixing weights. In this sense, the measurement washes away the interference.

The probabilities of the outcomes of the measurements are given by the trace, or the inner
product, both of them are invariant under the action of the unitary group4 U(H), which is, after
fixing an orthonormal basis, isomorphic with the classical matrix group U(d). For |ψ〉 7→ |ψ′〉 =
U |ψ〉 with an U ∈ U(H), we have the same group action on the states and the observables

% 7−→ %′ = U%U†,

A 7−→ A′ = UAU†,

Mi 7−→ M ′i = UMiU
†,

since all of them are elements in Lin(H) ∼= H⊗H∗. One can see, which is desired in physics, that
only the description may depend on the chosen coordinates in H, not the measurement statistics.

There is another role of unitary transformations besides the coordinate transformation in
the Hilbert space, which is the time evolution. In this case the state and the observables are
transformed differently, that is, their “relative angle” in Lin(H) changes. In quantum mechanics,
the time evolution of the state of an isolated quantum system is described by a unitary transfor-
mation %(0) 7→ %(t) = U(t)%(0)U(t)†, while this time the observables are independent of time,
hence not transformed (Schrödinger picture). This evolution operator can be obtained from the
von Neumann equation5

∂%(t)

∂t
= −i

[
H(t), %(t)

]
given with the self-adjoint observable H ∈ A(H) corresponding to the energy of the system,
called Hamiltonian, as the time-ordered operator

U(t) = T exp

(
−i
∫ t

0

H(t′)dt′

)
.

This reduces to U(t) = exp
(
−iHt

)
if H does not depend on time.

1.1.2. The mixedness of a state. A good summary on the mixedness of the quantum
states can be found in [BZ̊06]. The decomposition of a mixed state into the ensemble of pure
states is, contrary to the classical case, far from unique. In general, the state % can be written
with the ensemble{(

pj , |ψj〉〈ψj |
) ∣∣∣ p ∈ ∆m−1, ‖ψj‖2 = 1

}
as

% =

m∑
j=1

pj |ψj〉〈ψj |.

4This is, of course, not a coincidence. The trace is the natural linear map from Lin(H) ∼= H ⊗ H∗ to C,
and H∗ is naturally identified with H by the inner product of the Hilbert space, and the unitary group is the

invariance group of the inner product, by definition.
5In this dissertation we use metric system in which ~ = 1.
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The spectral decomposition defines, however, a unique ensemble. It consists of the spectrum and
the orthogonal spectral projections,{(

λi, |ϕi〉〈ϕi|
) ∣∣∣ λ ∈ ∆d−1, 〈ϕi′ |ϕi〉 = δii′

}
,

giving

% =

d∑
i=1

λi|ϕi〉〈ϕi|.

There is an elegant theorem, called Schrödinger’s mixture theorem [Sch36] or Gisin-Hughston-
Jozsa-Wootters lemma [Gis89, HJW93], which gives all the possible decompositions of a density
matrix. It relates them to the spectral decomposition in the following way:

√
pj |ψj〉 =

d∑
i=1

U ji
√
λi|ϕi〉, (1.4)

where U jis are the entries of an m × d matrix with orthonormal columns, U†U = Id. The
meaning of this matrix of coefficients is clarified later from the point of view of pure states
of bipartite systems (section 1.3.2). The set of such matrices is a compact complex manifold
Vd(Cm) ∼= U(m)/U(m− d), which is called Stiefel manifold.

Since we have the quantum state as a mixture of pure states, moreover, as the same mix-
ture for different ensembles of pure states, as a natural question arises, how mixed a state is
then? The mixedness of a state is given by the notion of majorization. First we invoke the
notion of majorization for discrete probability distributions. For two probability distributions
p = (p1, . . . , pm) ∈ ∆m−1 and q = (q1, . . . , qm) ∈ ∆m−1, p is majorized by q, denoted with the
symbol �, with the following definition:

p � q
def.⇐⇒

k∑
i=1

p↓i ≤
k∑
i=1

q↓i ∀k = 1, 2, . . . ,m, (1.5)

where ↓ in the superscript means decreasing order. The majorization is clearly reflexive (p � p)
and transitive (if p � q and q � r then p � r) but the antisymmetry (if p � q and q � p
then p = q) holds only in a restricted manner: if p � q and q � p then p↓ = q↓. On the
other hand, it is clear that p � q does not imply q � p, in other words there exist pairs of
probability distributions which we can not compare by majorization. Hence the majorization
defines a partial order on the set of probability distributions up to permutations.

With respect to majorization, the set of discrete probability distributions contains a greatest
and a smallest element. One can check that all p ∈ ∆m−1 majorize the uniform distribution and
all p is majorized by the distribution containing only one element,

(1/m, 1/m, . . . ) � p � (1, 0, . . . ).

It is generally accepted to use the mathematical definition of majorization for the comparsion
of disorderness (mixedness) of discrete probability distributions. If p � q then we can say that
p is more disordered (more mixed) than q, or equivalently, q is more ordered (more pure) than
p, but, as was mentioned before, there are pairs of distributions for which their rank of disorder
can not be compared in this sense.

Real-valued functions defined on probability distributions and compatible with majorization
are of particular importance. An f : ∆m−1 → R is Schur-concave if

p � q =⇒ f(p) ≥ f(q). (1.6)

Schur concavity is the definitive property of all (generalized) entropies, which means that if a
distribution is more mixed than the other then it has greater entropy. Note that the entropies
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can be compared for all pairs of distributions, not only for those which can be compared by
majorization, so comparsion of mixedness by entropies is not the same as by majorization.

The most basic entropy is the Shannon entropy

H(p) = −
∑
j

pj ln pj , (1.7a)

having the strongest properties among all entropies. The Rényi entropy is defined as

HR
q (p) =

1

1− q
ln
∑
j

pqj , q > 0, (1.7b)

which is a generalization of the Shannon entropy in the sense that limq→1H
R
q (p) = H(p). Its

other limits are also notable. For q → 0+, this is the logarithm of the number of nonzero pjs,
known as Hartley entropy

HR
0 (p) := lim

q→0+
HR
q (p) = ln |{j | pj 6= 0}|. (1.7c)

For q →∞, it converges to the Chebyshev entropy

HR
∞(p) := lim

q→∞
HR
q (p) = − ln pmax. (1.7d)

The Tsallis entropy is defined as

HTs
q (p) =

1

1− q

(∑
j

pqj − 1
)
, q > 0, (1.7e)

which is, contrary to the Rényi entropy, a non-additive generalization of the Shannon entropy,
limq→1H

Ts
q (p) = H(p). Note that the Tsallis entropy is the linear leading term in the power-

series of the Rényi entropy,6 this is why Tsallis entropy is sometimes called linear entropy.
How to generalize the above conceptions to the quantum case? A quantum state can be

formed as a mixture from different ensembles, so the p mixing weights are not inherent properties
of it. However, the spectrum of a state is not only well-defined, but, thanks to Schrödingers
mixture theorem (1.4) and the Hardy-Littlewood-Pólya lemma [BZ̊06], it also majorizes every
other mixing weights. So the spectrum is special from the point of view of mixedness, and the
majorization of density matrices is defined via the corresponding majorization of their spectra,

% � ω def.⇐⇒ Spect % � Spectω. (1.8)

By virtue of this, we can compare the mixedness of density matrices. On the other hand, because
of Schur concavity, the entropy of the spectrum is smaller than that of any other mixing weights.
Now, if the quantum entropies of a state are defined as the classical entropies of the spectrum,
then they are Schur concave in the sense of the majorization of density matrices. Moreover, the
entropies above for a quantum state can be written by the density matrix itself without any
reference to the decompositions.

The quantum generalization of the Shannon entropy is called von Neumann entropy

S(%) = − tr(% ln %) = H
(
Spect %

)
, (1.9a)

the quantum Rényi entropy is

SR
q (%) =

1

1− q
ln tr %q = HR

q

(
Spect %

)
, q > 0, (1.9b)

6Remember that lnx = (x − 1) − 1
2

(x − 1)2 + 1
3

(x − 1)3 − · · · + (−1)k

k
(x − 1)k + . . . for 0 < x, the role of

which is played by
∑
j p
q
j .
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while its limits, the quantum Hartley entropy is

SR
0 (%) := lim

q→0+
SR
q (%) = ln rk % = HR

0

(
Spect %

)
, (1.9c)

which is the logarithm of the rank of %, and the quantum Chebyshev entropy

SR
∞(%) := lim

q→∞
SR
q (%) = − ln max Spect % = HR

∞
(
Spect %

)
. (1.9d)

The other family, the quantum Tsallis entropy is

STs
q (%) =

1

1− q
(
tr %q − 1

)
= HR

q

(
Spect %

)
, q > 0. (1.9e)

An advantage of the Tsallis and Rényi entropies is that they are easy to evaluate for integer
q ≥ 2 parameters, when only matrix powers have to be calculated instead of the entire spectrum.

All of the above quantum entropies vanish for pure states and reach their maxima for

% =
1

d
I, (1.10)

having the uniform distribution as its spectrum. This state is sometimes called white noise,
because in this state all outcomes of a measurement of a nondegenerate observable occur with
equal probability.

Some other quantities are also in use for the characterization of mixedness. For example the
purity

P (%) = tr %2, (1.11a)

the participiation ratio

R(%) =
1

tr %2
, (1.11b)

which can be interpreted as an effective number of pure states in the mixture, and the so called
concurrence-squared

C2(%) =
d

d− 1
STs

2 (%) =
d

d− 1

(
1− tr %2

)
, (1.11c)

the latter is normalized, 0 ≤ C2(%) ≤ 1. All of them are related to the q = 2 quantum Tsallis

(or quantum Rényi) entropy, which is in connection with Euclidean distances in D(H) [BZ̊06].
The Shannon or von Neumann entropies are widely used in classical and quantum statistical

physics, while their generalizations are often considered unphysical or useless, mainly because of,
e.g., the non-additivity (non-extensivity) of the Tsallis entropies. An interesting observation of
us is that in entanglement theory, contrary to statistical physics, the generalized entropies often
prove to be more useful than the original one. We will see in section 4.2.2 that for a family of
three-qubit states, the generalized entropies for high parameters q give stronger conditions of
entanglement. Here the Rényi and Tsallis entropies lead to the same conditions for the same
parameters q. Another, more sophisticated example for the usefulness of Tsallis entropies can
be found in section 6.3, where it is shown that the additive definition of some of the indicator
functions for tripartite systems can be given only by generally non-additive entropies. In this case
the subadditivity seems to be more important than the additivity. We should mention here also
that Tsallis entropies are sometimes used even in thermodynamics. For example, non-extensive
thermodynamical models are developed for the modelling of the behaviour of the quark-gluon
plasma produced in heavy-ion collisions, see in [VBBÜ12] and in the references therein.
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1.1.3. The states of a qubit. As an example, consider the case of a qubit, d = dimH =
2. Spin degree of freedom of particles having 1/2 spin, or polarization degree of freedom of
photons are the typical physical systems whose states are described by qubits. In A(H) we have
the linearly independent σ0, σ1, σ2, σ3 Pauli operators, which are self-adjoint, trσν = 2δν0 and
obeying the well-known Pauli algebra

σ0σ0 = σ0, σ0σi = σiσ0 = σi, σiσj = δijσ0 + i
∑
k

εijkσk, (1.12)

where i, j, k ∈ {1, 2, 3}, and εijk denotes the parity of the permutation ijk of 123 if i, j and k
are different, othervise εijk is zero. Any density operator can be written with these in the form

% =
1

2
(σ0 + xσ) , (1.13)

where the x ∈ R3 Bloch vector parametrizes the state, and we use the shorthand notation
xσ = x1σ1 + x2σ2 + x3σ3. The characteristic equation of %

λ2 − λ tr %+ det % = 0

allows us to obtain the eigenvalues, and by the use of the Cayley-Hamilton theorem

%2 − % tr %+ I det % = 0

together with the (1.12) algebra of Pauli operators we have that ‖x‖2 = 1− 4 det %, which allows
us to write the eigenvalues in geometrical terms

λ± =
1

2

(
1±

√
1− 4 det %

)
=

1

2
(1± ‖x‖) .

This tells us that % is a proper quantum state of a qubit if and only if ‖x‖2 ≤ 1, while % is a
pure state if and only if ‖x‖2 = 1. So, for qubits, we have the space of states D(H) ∼= B3, and
its extremal points, i.e. the set of pure states P(H) ∼= S2, which are called Bloch ball and Bloch
sphere in this context (figure 1.1). The ‖x‖2 = 0 center of the ball is the 1/2I white noise.7 Note
that in this case the whole boundary of D(H) is extremal. This does not hold for d > 2, as can
easily be seen by counting the dimensions.8

The only self-adjoint observable in this case is generally of the form9 Au = uσ with u ∈ R3.
Because of the (1.12) Pauli algebra, { 1

2σ1,
1
2σ2,

1
2σ3} obey the commutation relations of the

angular momentum10[1

2
σi,

1

2
σj

]
= i
∑
k

εijk
1

2
σk,

so if ‖u‖2 = 1 then Au represents the observable corresponding to a spin measurement in ~/2
units, along the direction u. As before, we have that Au has the eigenvalues ±‖u‖. If we multiply
the eigenvalue equation

Au|α±(u)〉 = ±‖u‖|α±(u)〉
with 〈α±(u)|σi from the left, using (1.12) we have for the real part that

〈α±(u)|σi|α±(u)〉 = ± ui
‖u‖

.

7So, for qubits, σ0 = I, but note that this does not hold for the higher dimensional representations of the

Pauli algebra.
8There are some results on the geometry of the state space of a qutrit (d = 3), in which case the Gell-Mann

matrices can be used [SB13, GSSS11]. For general d, the suitable generators of SU(d) can be used.
9Adding σ0 only shifts the eigenvalues and leave the eigensubspaces invariant.
10Hence they represent the su(2) Lie-algebra of SU(2).
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Figure 1.1. Bloch ball, the state space of a qubit. The effects of spin flip
(1.19b) and discrete Fourier transformation (1.22a) are also depicted.

This gives meaning to the |α±(u)〉 eigenvectors, these represent the pure sates corresponding to
the ±u spin direction.

Now a state % given in (1.13) with the Bloch vector x and an observable Ax have the same
eigensubspaces, and if % is pure then it can easily be checked that

% = |α±(x)〉〈α±(x)|, if and only if ‖x‖ = 1. (1.14)

Therefore we can assign physical meaning to the points of the Bloch sphere through the expecta-
tion values of a measurement: if x ∈ S2 then % is the sate corresponding to the x spin direction.
Note that this does not hold for points inside the Bloch ball, they represent statistical mixtures
of pure points instead.

The mixedness of the state % can be written by, e.g., the concurrence-squared (1.11c)

C2(%) = 1− ‖x‖2 = 4 det %. (1.15)

The eigenvalues and all the entropies can be expressed with this quantity. When we deal with
qubits, it is useful to use logarithm to the base 2 in the definition of the quantum-Rényi entropies,
then they range from 0 to 1, and the von Neumann entropy is said to be measured in qubits. It
can be expressed with the concurrence as

S(%) = h

(
1

2

(
1 +

√
1− C2(%)

))
(1.16a)

with the binary entropy function

h(x) = −x log2 x− (1− x) log2(1− x). (1.16b)
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It is clear from (1.15) that the concurrence-squared C2(%) (and the von Neumann entropy S(%)
as well) is an U(1)× SL(2,C)-invariant quantity for qubits.11 since entropies are invariant only
under unitaries in general.

Note that all of the above constructions were carried out without an explicit representation
for the Pauli operators. This abstract approach is very useful in the derivation of the nonlinear
Bell inequalities, which are recalled in section 1.2.2, and of which multipartite extension is used
in section 4.3.2. Now, after choosing an orthonormal basis {|0〉, |1〉}, the Hilbert space H ∼= C2,
and for further use we introduce the usual matrix representation of the Pauli operators

σ0 =

[
1 0
0 1

]
= I, σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
, (1.17)

which are called Pauli matrices. But there is a matrix of particular importance which has to be
given explicitly,

ε =

[
0 1
−1 0

]
, (1.18)

its εij entry is the parity of the permutation ij of 01 if i and j are distinct, othervise zero.
With this, the linear transformation ε = εij〈i| ⊗ 〈j| ∈ H∗ ⊗ H∗ ∼= Lin(H → H∗) gives another

identification of H with H∗, which is a basis-dependent one.12 Let 〈ψ̃| = ε|ψ〉, then

|ψ〉 = ψi|i〉 7−→ |ψ̃〉 = 〈ψ̃|∗ = (εii′)
∗ψi

′∗
|i〉 = εii

′
ψi′ |i〉, (1.19a)

where the ˜ = ∗ ◦ ε notation is used. The corresponding operation on D(H)

% = %ij |i〉 ⊗ 〈j| 7−→ %̃ = (ε%ε†)∗ = (εii′%
i′

j′ε
jj′〈i| ⊗ |j〉)∗

= (εii′)
∗(%i

′

j′)
∗(εjj

′
)∗|i〉 ⊗ 〈j| = εii

′
% j′

i′ εjj′ |i〉 ⊗ 〈j|
(1.19b)

where the˜ = ∗◦Adε notation is used, results in the x 7→ −x space inversion in R3. This operation
is called spin-flip (figure 1.1). Note that this is an antilinear operation on H and Lin(H).
Antilinear operations are in connection with the time reversal in quantum mechanics. Indeed,
a spin changes sign for time reversal, but not for space inversion, being an axial-vector. (Space
inversion is not even contained in SO(3) ⊂ SO(3, 1), the group of space rotations, represented on
Lin(H), whose double cover SU(2) ⊂ SL(2,C) is represented on H.)

The characteristic property of ε is the very special transformation behaviour

AtεA = (detA)ε (1.20)

for any A ∈ Lin(H), leading to the invariance under SL(2,C). This makes ε suitable for obtaining
Lorentz-invariant combinations from Weyl spinors. Although, in nonrelativistic entanglement
theory Lorentz transformations are not involved, but SL(2,C) comes into the picture in a different

11Note that the normalization of a state vector and that of a density matrix are not invariant under the
action of U(1) × SL(2,C). For unnormalized distributions, the STs

q (%) = 1/(1 − q)
(
tr %q − (tr %)q

)
definition of

Tsallis entropies has to be used instead of (1.9e), leading to C2(%) = 2
(
(tr %)q − tr %q

)
for qubits.

12Note that we use here a convention different from the one which is used in the representation theory
of the Lorentz group on Dirac and Weyl spinors, where there are two Hilbert spaces, carrying the left-handed

and right handed representations, having undotted and dotted indices, and ε is used for lowering and uppering

indices in both Hilbert spaces. Instead of these, we have upper and lower indices on H and H∗, respectively, and

ε ∈ Lin(H → H∗) and ε∗ ∈ Lin(H∗ → H) are always written out explicitly, and εii
′ ≡ (ε∗)ii

′
= (εii′ )

∗ = εii′ .

This convention is more convenient when the “default” group action is that of U(2) instead of SL(2,C), which
latter represents the Lorentz group on two dimensional Hilbert spaces. Note again, however, that in this case
changing index positions can only be done for all indices collectively.
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way, making the structure ε still important. A sign of this is that the determinant can also be
written with the spin-flip given by ε, leading to

C2(%) = 4 det % = 2 tr %%̃. (1.21)

This characterizes not only the mixedness of a qubit, but, as we will see, its entanglement with
its environment. And this is not the only case in which ε comes into the picture, it appears again
and again along the issues of the entanglement of qubits. We will meet it in sections 1.3.4, 1.3.5,
1.3.6, 1.3.8 and in section 6.1.1 in connection with the Freudenthal triple system approach of
three-qubit entanglement [BDD+09].

Another operation, which is important in quantum information theory, is the discrete Fourier
transformation

% 7−→ H%H† (1.22a)

given by the unitary involution having the matrix

H =
1√
2

[
1 1
1 −1

]
, (1.22b)

which is a Hadamard matrix. This results in a (x1, x2, x3)t 7→ (x3,−x2, x1)t rotation (figure 1.1).

1.2. Composite systems and entanglement

In the classical scenario, the phase space of a composite system arises as the direct product
of the phase spaces of the subsystems. In quantum mechanics, however, the Hilbert space of
a bipartite composite quantum system arises as the tensor product of the Hilbert spaces of
the subsystems. As we will see, this structure along with the superposition is responsible for
entanglement.

For two subsystems, the tensor product of the Hilbert spaces of the subsystems is H ≡ H12 =
H1 ⊗H2 and d1 = dimH1, d2 = dimH2 and d ≡ d12 = dimH = d1d2, and d = (d1, d2) denotes
the 2-tuple of the local dimensions.13 The set of states D ≡ D12 ≡ D(H12) is defined in the
same way as for singlepartite systems, while the sets of states of the subsystems are D1 ≡ D(H1)
and D2 ≡ D(H2). The sets of pure states of the composite system and those of its subsystems
are denoted with P ≡ P12 ≡ P(H12), and P1 ≡ P(H1) and P2 ≡ P(H2). The reduced states of
% ∈ D are given by the partial trace operation, %1 = tr2 % ∈ D1 and %2 = tr1 % ∈ D2, which is
the quantum analogy of obtaining marginal distributions. On the other hand, a purification of a
state %1 ∈ D1 is a π ∈ P pure state of the composite system from which %1 arises as the reduced
state, that is, %1 = π1 ≡ tr2 π. Such purification exists for all %1 if the other Hilbert space H2 is
big enough, that is, d2 ≥ d1.

Composite systems in quantum mechanics appear basically in two main respects. Namely,
when a composite of subsystems playing equal roles is investigated (entanglement theory), and
when the composite system is regarded as the compound of a system with its environment
(theory of open quantum systems). These two cases have the same mathematical description,
the difference is physical: we can not execute quantum operations on the environment. Of
course, these two fields are strongly interrelated, the distinction is made with respect to their
main concerns only. In the following, we review the general non-unitary operations on open
quantum systems, some basics about the entanglement of bipartite and multipartite systems,
and the important point where these two meet each other, which is the so called distant lab
paradigm.

The main reference on entanglement is [HHHH09].

13If we have the computational bases {|i〉 | i = 1, . . . , d1} ⊂ H1 and {|j〉 | j = 1, . . . , d2} ⊂ H2 of the

subsystems, then the computational basis of the composite system is {|i〉 ⊗ |j〉 | i = 1, . . . , d1, j = 1, . . . , d2} ⊂ H,
the element of which is often abbreviated as |i〉 ⊗ |j〉 ≡ |ij〉.
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1.2.1. Operations on quantum systems. Here we outline the treatment of open quan-
tum systems, following section 2. of [Sag12]. The most general operations on quantum states
can be formulated by the use of completely positive maps. These are the positive maps Φ ∈
Lin
(
Lin(H)→ Lin(H′)

)
for which the map extended with identity Φ⊗I ∈ Lin

(
Lin(H⊗HEnv)→

Lin(H′ ⊗HEnv)
)

is also positive for an arbitrary dimensional Hilbert space HEnv corresponding
to the environment. (Note that in this general treatment the change of the Hilbert space is also
allowed. For example, an ancillary system can be coupled to the original system, in which case
H′ = H⊗HAnc, or it can also be dropped, in which case H = H′⊗HAnc.) These maps preserve
the positivity of the state not only of the system but also of the compound of the system and its
environment—or the reservoir, or the rest of the world—hence the physically relevant transfor-
mations must be of this kind. The representation theorem of Kraus states that Φ is completely
positive if and only if it can be written by the Kraus operators Mj ∈ Lin(H → H′) as

Φ(%) =
∑
j

Mj%M
†
j ,

which is called the Kraus form of Φ. On the other hand, a completely positive Φ should preserve
the trace to be a proper transformation on quantum states. To handle selective measurements,
we have to allow a map to decrease the trace too. A completely positive map is trace-preserving
if and only if∑

j

M†jMj = I,

and trace non-increasing if and only if∑
j

M†jMj ≤ I.

In the light of these, the most general operations on quantum states can be given by the so
called stochastic quantum operation

% 7−→ %′ =
Φ(%)

tr Φ(%)

with the trace non-increasing completely positive map Φ. The operation takes place with prob-
ability q = tr Φ(%), which is equal to one if and only if Φ is trace-preserving. A trace-preserving
completely positive map is called deterministic quantum operation, or quantum channel.

We have the following physical prototypes of deterministic quantum operations:

Φ(%) = %⊗ πAnc, (1.23a)

Φ(%) = U%U†, (1.23b)

Φ(%) = trHAnc
%, (1.23c)

that is, adding an uncorrelated ancilla, unitary time-evolution, and throwing away a subsys-
tem, respectively. The prototype of stochastic quantum operations is a selective von Neumann
measurement with a projector Pi

Φ(%) = Pi%P
†
i . (1.23d)

This means that we throw away all but the ith output state, which is a special case of the
postselection operation. If we have only one copy of the state then the operation takes place with
probability q = tr Φ(%), othervise the protocol fails. On the other hand, if the state is present in
multiple copies, then only a fraction of the copies, proportional to q, is left after the operation.
We have these two physical interpretations of the decreasing of the trace.
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Since the physically relevant transformations are the completely positive ones, the outputs
of a measurement are related in general to the input by such transformations. So a generalized
measurement is given by a set of completely positive maps {Φi}, which are given by the Kraus
operators {Mij} as

Φi(%) =
∑
j

Mij%M
†
ij , with probability qi = tr Φi(%), (1.24a)

and which all are trace non-increasing,
∑
jM

†
ijMij ≤ I. However, there is a constraint that the

whole non-selective measurement Φ =
∑
i Φi, acting as

Φ(%) =
∑
i

qi
Φi(%)

tr Φi(%)
=
∑
i

∑
j

Mij%M
†
ij , (1.24b)

has to be trace preserving,
∑
ijM

†
ijMij = I.

It can be shown that every measurement described by such a {Φi} can be written on an
extended system as

Φi(%) = trHAnc

(
(I⊗ Pi)U(%⊗ πAnc)U†(I⊗ Pi)†

)
, (1.25)

where {Pi} is a complete set of projection operators having orthogonal support,
∑
i Pi = I,

PiPj = δijPi. So we have the physical interpretation for the trace non-increasing completely
positive maps corresponding to the measurement outputs: A generalized measurement arises
as a von Neumann measurement on an ancilla, which interacts with the original system. In
other words, every selective generalized measurement (non-unitary stochastic operation) can be
constructed by the use of the elementary, physically motivated steps (1.23a)–(1.23d). It can
also be shown that if the Pi projectors are of rank one, which is the case of measurement with
nondegenerate observable, then all Φis are given by only one Kraus operator each. That is,

Mij = Mi for all j, so Φi(%) = Mi%M
†
i , and we get back the (1.2) formulas of generalized

measurements.
On the other hand, we get the trace-preserving operation by summing up Φ =

∑
i Φi, which

results in that every trace preserving completely positive map can be written in an extended
system as

Φ(%) = trHAnc

(
U(%⊗ πAnc)U†

)
. (1.26)

So we have the physical interpretation for the non-unitary evolution of a system: It can be
modelled by a unitary evolution of an extended system. In other words, every non-selective
generalized measurement (non-unitary deterministic operation) can be constructed by the use of
the elementary, physically motivated steps (1.23a)–(1.23c).

1.2.2. Entanglement in bipartite systems. Now, we consider a composite quantum
system of two subsystems. The central notion here is that of separable states, which is defined
to be the convex sum of tensor products of states

% ∈ Dsep
def.⇐⇒ % =

∑
j

p′j%1,j ⊗ %2,j , (1.27a)

where %1,j ∈ D1 and %2,j ∈ D2, and p′ ∈ ∆m′−1, as usual. The motivation of this definition
is that states of this kind can be prepared locally, with the use of classical correlations only
[Wer89]. Due to the positivity restriction of the p′js, Dsep is a proper subset of D, and the
elements of the set D \ Dsep are called entangled states. That is, entangled states can not be
written as a convex combination of product states, which is another plausible motivation, since
classical joint probability distributions can always be written as a convex combination of product
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distributions. The set Dsep is a convex one, and, since the dimensions of the Hilbert spaces of
the subsystems are finite, we can rewrite its elements (1.27) as14

% ∈ Dsep ⇐⇒ % =
∑
j

pj
(
|ψ1,j〉 ⊗ |ψ2,j〉

)(
〈ψ1,j | ⊗ 〈ψ2,j |

)
(1.27b)

with the different weights p ∈ ∆m−1. Hence the set of separable states is the convex hull of
separable pure states π = |ψ〉〈ψ|, arising from tensor product vectors of the form |ψ〉 = |ψ1〉⊗|ψ2〉.
The set of these is denoted with Psep. The reduced states of a separable pure state are pure
ones, π1 = |ψ1〉〈ψ1| and π2 = |ψ2〉〈ψ2|. Due to superposition, not all vectors in H1 ⊗ H2

are of this kind. In fact, almost all vectors are not of this kind, so they are called entangled
ones. As we will see, the reduced states of an entangled pure state are mixed ones, contrary
to the classical case, where the marginals of a pure joint probability distribution are pure ones.
This was the first embarrassing observation about entanglement, made by Einstein, Podolsky,
Rosen and Schrödinger: even if we know exactly the state of the whole system,—i.e. it is in a
pure state, which contains all the information that quantum mechanics can provide about the
system—the possible (pure) states of the subsystems are known only with some probabilities
[EPR35, Sch35a, Sch35b]. (And what is worse, the ensemble of these pure states is not even
unique.) This means that if we have an ensemble of systems prepared identically in a pure
entangled state then we can not choose such measurements on a subsystem which leads to pure
measurement statistics q1 = (1, 0, 0, . . . ).

As an extremal example, consider one of the (pure) Bell-states of two qubits, given by the
state vector

|B〉 =
1√
2

(
|00〉+ |11〉

)
. (1.28)

Its reduced states %1 = 1/2I, %2 = 1/2I are maximally mixed. But this is only one part of the
story. If a selective measurement is carried out on both subsystems of a system being in the state
|B〉〈B| with the observables A⊗ I and I⊗B with A = σ3, B = σ3, (1/2-spin mesurements along
the z axis) then the outcomes of the two measurements are maximally correlated. Moreover, after
the selective measurement (1.2a) on the first subsystem only (with A⊗I), the whole state become
a separable pure one, the reduced states of both subsystems are changed to pure ones,15 so the
state of the second subsystem is determined without measurement. What was really embarrassing
with this is that this happens instantaneously even if the measurements are spatially separated.
This nonlocal behaviour of entangled states was called “spuckhafte Fernwirkung” (spooky action
at a distance) by Einstein. Note that this nonlocality can not be used for superluminal signalling,
because the outcome of the first measurement is trully random. This observation is called “no-
signalling”.

Here we have to take a short detour and pose the question: What does it mean that the
correlation contained in the Bell-state is considered entirely nonclassical? In the case of mixed
states this happens even in the classical scenario. If the joint state of the two subsystems is
correlated16 then we can obtain information about one subsystem (its state is then updated) by
performing a measurement on the other one. In the quantum scenario, if a state is correlated17

14Here we use that Lin(H1)⊗ Lin(H2) ∼= H1 ⊗H∗1 ⊗H2 ⊗H∗2 ∼= H1 ⊗H2 ⊗H∗1 ⊗H∗2 ∼= Lin(H1 ⊗H2).
15Note that a non-selective measurement (1.2b) modifies the state of only that subsystem on which it is

performed, independently of the state.
16A joint probability distribution (state of classical compound system) is correlated if it does not arise as a

product of the probability distributions of the subsystems, pij 6= pipj .
17A density operator of a compound system is correlated if it does not arise as a tensor product of the density

operators of the subsystems % 6= %1 ⊗ %2. Note that this does not mean entanglement, the set of uncorrelated
states is a proper subset of the separable states.
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then the same happens, which is then not implausible. What is interesting is that in the quantum
scenario this happens even if the state of the system is pure. In the classical scenario, if a
composite system is in a pure state then the subsystems are in pure states as well, and such state
is completely uncorrelated. In the quantum scenario, however, the subsystems of a system being
in a pure state can be in mixed states, which means then a new kind of correlation, which is not
classical.

Maybe the most famous topic in connection with entanglement is the topic of the Bell
inequalities [Bel67, Pre]. It is related to the problem of the existence of a local hidden variable
model for the description of a quantum system, which could be a possibility to avoid nonlocality.
Namely, it can be possible that quantum mechanics does not provide a complete description
of the physical world, and there are variables, hidden for quantum mechanics, which determine
the outcomes of the measurements uniquely. From a complete theory containing these hidden
variables, the probabilities inherent in quantum mechanics arise in the sense that the preparation
of a quantum state does not fix the value of the hidden variable uniquely, and quantum mechanics
arises as an effective theory. Now, the locality principle is not violated if the value of these
hidden variables are fixed during the interaction of the parties, and they are not affected by
each other after the subsystems are moved far away from each other, and considered to become
isolated. The key discovery here, found by Bell [Bel67], is that if the measurement statistics
are determined by a Local Hidden Variable Model (LHVM) then constraints on the statistics of
correlation experiments can be obtained. Instead of Bell’s original inequality, we show here a
simplified version, using only two dichotomic18 measurements on each site, proposed by Clauser,
Horne, Shimony and Holt (CHSH) [CHSH69]. Let these be denoted with A and A′ in the first
subsystem, and B and B′ in the second one, all of them have the outcomes ±1. We denote the
expectation value with respect to the hidden variable with 〈·〉, then such a constraint is given by
the CHSH inequality

LHVM =⇒ |〈AB +AB′ +A′B −A′B′〉| ≤ 2. (1.29)

In quantum mechanics, we have the archetype of dichotomic measurements, which is the mea-
surement of the spin of a spin-1/2 particle (section 1.1.3). Let the unit vectors describing the
directions of the measurements be denoted with a,a′,b,b′ ∈ S2 ⊂ R3 then the observable of the
correlation experiment is the following

SCHSH = aσ ⊗ bσ + aσ ⊗ b′σ + a′σ ⊗ bσ − a′σ ⊗ b′σ.

Then the CHSH inequality takes the form

% admits LHVM =⇒ |〈SCHSH〉| = |tr
(
%SCHSH

)
| ≤ 2 for all settings. (1.30)

However, it is known that in quantum mechanics there are states and measurement settings
for which this bound can be violated, hence the predictions of quantum mechanics can not be
obtained by a local hidden variable model. The experiments confirm the predictions of quantum
mechanics, although there exists loopholes because of the insufficient efficiency of the detectors.

The Bell inequalities and their connection existence of local hidden variable models is a deep
and widely studied question [Gis09, LMR12], with heavy physical and philosophical conse-
quences [ES02, SKZ13]. There is, however, another application of the Bell inequalities, which
is the detection of entanglement. First of all it can be shown that for pure states, entanglement
is necessary and sufficient for the possibility of finding measurement settings for which the CHSH
inequality is violated, or alternatively, the CHSH inequality hold for all measurement settings if
and only if the state is separable,

π ∈ Psep ⇐⇒ |tr
(
πSCHSH

)
| ≤ 2 for all settings. (1.31a)

18Dichotomic measurements are measurements having only two outcomes.
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However, Werner showed that this does not hold for mixed states, here we have only that

% ∈ Dsep =⇒ |tr
(
%SCHSH

)
| ≤ 2 for all settings. (1.31b)

That is, there are mixed states, which are although entangled but still can be modelled by an
LHVM [Wer89]. But these are not the last words about the connection between LHVMs of
different measurement scenarios and entanglement of mixed states. This is a widely studied and
very interesting issue, however, it is out of the scope of this dissertation.19

What is important for us is that (1.31b) can be used for the detection of entanglement,
which is a central problem of this dissertation. It is a difficult question to decide whether a
state is separable or not, that is, whether the decomposition given in (1.27) exists or not. The
condition (1.31b) serves also for this purpose. Namely, its negation states that if we can find a
measurement setting for which the CHSH-bound is violated, then the state is entangled.

% /∈ Dsep ⇐= there exists setting giving |tr
(
%SCHSH

)
| � 2. (1.31c)

Unfortunately, this is only a sufficient but not necessary criterion of entanglement, that is, there
are entangled states for which there does not exist such measurement setting for which the
entangledness can be detected by this method. Moreover, another difficulty shows up here too,
which accompanies us all along, which is the issue of optimization over a huge manifold. In this
case, for a given state, we have to find a measurement setting, which leads to the violation of the
inequality. In other cases, other kinds of optimizations have to be done, which makes the detection
of entanglement difficult even if we have necessary and sufficient criteria of entanglement.

Another way of detecting entanglement is the use of witness operators [HHH96a]. A wit-
ness operator is, by definition, an W ∈ Lin(H) self-adjoint observable which has nonnegative
expectation value for all separable states, but there exists at least one entangled state for which
the expectation value is negative. In other words, a witness operator defines a D → R linear
functional % 7→ trW%, the kernel of which, which is a hyperplane in Lin(H), cuts into D but
not into Dsep (figure 1.2). A corollary of the Hahn-Banach theorem is that for every given en-

tangled state there exists a witness operator which detects it [HHH96a, BZ̊06]. In this sense,
witnessing gives rise to a necessary and sufficient condition of entanglement, leading to

% ∈ Dsep ⇐⇒ 〈W 〉 ≡ trW% ≥ 0 for all withesses W. (1.32a)

The characterization of the convex set of separable states Dsep by witness operators (that is, by
supporting hyperplanes) is a hard problem that have not been solved yet. So, for the decision
of separability of a given state the problem of optimization is still exists, since one has to find
a witness which detects the entanglement of that given state. We can get necessary but not
sufficient condition for separability using only an insufficient set of witnesses

% ∈ Dsep =⇒ 〈W 〉 ≡ trW% ≥ 0 for some withesses W. (1.32b)

One can obtain, for example, the witness corresponding to the CHSH correlation-experiment

WCHSH = 2I⊗ I± SCHSH.

This is actually a family of witnesses parametrized by the a,a′,b,b′ measurement settings. As
we have from (1.31b), there are entangled states which can not be detected by CHSH inequality
of any settings, this means that the arrangement of the hyperplanes given by WCHSH is not strict
enough to clip around Dsep perfectly.

The linear witnessing, which is the reformulation of the linear CHSH-inequalities is not
sufficient for the detection of entanglement, but there is, however, a nonlinear extension of this
criterion, which proved to be a necessary and sufficient one for the two-qubit case. These are
called quadratic Bell inequalities [US08], although their connection to the existence of LHVM

19For a recent summary for this topic we refer to section IV.C.1 of [HHHH09].
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D

Dsep

〈W 〉 > 0 〈W 〉 < 0

̺

Figure 1.2. Detection of entanglement of an entangled state %. The blue
straight line represents the kernel of 〈W 〉 given by a witness W in the space
os states D. Hence the witness identifies all states to be entangled for which
〈W 〉 < 0, and 〈W 〉 ≥ 0 for all separable states (1.32). The red line represents
the border of the domain in which separable states have to be found, given by
other nonlinear necessary but not sufficient criteria of separability, for example
the quadratic Bell-inequalities.

is not clear. To obtain these inequalities, from now, consider measurements on each site along
orthogonal directions, moreover, let us introduce a third observable on each site, A′′ and B′′,
being orthogonal to the previous two. From the theory of spin-measurements then we have that
〈A〉2 + 〈A′〉2 + 〈A′′〉2 = 1 and 〈B〉2 + 〈B′〉2 + 〈B′′〉2 = 1 for pure states of subsystems (section
1.1.3). Because of these, it is straightforward to check that with the definition of the following
bipartite correlation-observables

I =
1

2
(I⊗ I +A′′ ⊗B′′), I ′ =

1

2
(I⊗ I−A′′ ⊗B′′),

X =
1

2
(A⊗B −A′ ⊗B′), X ′ =

1

2
(A⊗B +A′ ⊗B′),

Y =
1

2
(A′ ⊗B +A⊗B′), Y ′ =

1

2
(A′ ⊗B −A⊗B′),

Z =
1

2
(A′′ ⊗ I + I⊗B′′), Z ′ =

1

2
(A′′ ⊗ I− I⊗B′′),

the following holds for separable pure states

〈X〉2 + 〈Y 〉2 = 〈X ′〉2 + 〈Y ′〉2 = 〈I〉2 − 〈Z〉2 = 〈I ′〉2 − 〈Z ′〉2.
The separable states are the convex combinations of separable pure states, and using convexity
arguments, the following holds for all separable states

% ∈ Dsep =⇒
{
〈X〉2 + 〈Y 〉2,〈X ′〉2 + 〈Y ′〉2

}
≤
{
〈I〉2 − 〈Z〉2, 〈I ′〉2 − 〈Z ′〉2

}
for all orthogonal settings.
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(1.33)

Moreover, these inequalities turned out to be necessary and sufficient ones for separability
[US08], but this observation can not be directly generalized for subsystems of arbitrary dimen-
sional Hilbert spaces. In contrast to these, since SCHSH = 2(X + Y ) with the new observables,
the original linear inequality condition (1.31b) takes the form

% ∈ Dsep =⇒ |tr %(X + Y )| ≡ |〈X〉+ 〈Y 〉| ≤ 1.

However, note that in the quadratic case only orthogonal spin observables are used. Moreover,
if the orientations of the {A,A′, A′′} and {B,B′, B′′} sets of local spin measurements are both
right-handed (or both left-handed), then {I,X, Y, Z} and also {I ′, X ′, Y ′, Z ′} obey the right-
handed Pauli algebra (1.12) (or a left-handed one, featuring −εijk instead of εijk). In this case
it holds for all states that 〈X〉2 + 〈Y 〉2 + 〈Z〉2 ≤ 〈I〉2 and 〈X ′〉2 + 〈Y ′〉2 + 〈Z ′〉2 ≤ 〈I ′〉2, with
equality only for pure states, which lead to a generalization for n qubits [SU08], which will be
used in section 4.3.2.

An important advantage of the separability criteria presented so far is that they are for-
mulated in the terms of measurable quantities, so they are ready to be used in a laboratory.
However, the optimization still has to be carried out by the tuning of the measurement settings.
There are other criteria, which are theoretical ones, under which we mean that the full tomog-
raphy of the state is needed, and the criteria are checked on a computer. A famous criterion of
this latter kind was formulated by Peres [Per96], involving partial transpose.20 If a bipartite
state is separable then the partial transposition on subsystem 1, being linear, acts on the %1,is of
the decomposition given in equation (1.27a). The transposition does not change the eigenvalues
of a self-adjoint matrix, so (%1,i)

ts are also proper density matrices. Hence the partial transpose
of a separable density matrix is also a density matrix,21

% ∈ Dsep =⇒ %t1 ≥ 0. (1.34a)

And, what is important, the partial transpose of a general density matrix is not necessarily
positive, so the negation of the implication above can be used for the detection of entanglement:
If %t1 is not positive then % is entangled, while there still exist entangled states of positive partial
transpose (PPTES). This criterion proved to be a very strong one, as can also be seen in chapter
4. Moreover, it is necessary and sufficient for states of qubit-qubit and qubit-qutrit systems
[HHH96a]

% ∈ Dsep ⇐⇒ %t1 ≥ 0 if d = d1d2 ≤ 6. (1.34b)

So in this case there do not exist any PPTESs. Another important advantage of this criterion is
that there is no need of optimization to use it.

The partial transposition criterion has a generalization, in which general positive (but not
completely positive) maps act on a subsystem [HHH96a]. There are several other criteria of
separability even for more than two subsystems. We will review some of them in chapter 4.

1.2.3. Multipartite systems. A bipartite mixed state can be either separable or entan-
gled, depending on the existence of a decomposition given by equation (1.27). However, the
structure of separability classes can be very complex even for three subsystems. To get an

20For bipartite density matrices, the partial transposition with respect to the first subsystem is given by

t1 : Lin(H1⊗H2) ∼= H1⊗H2⊗H∗1⊗H∗2 →H∗1⊗H2⊗H1⊗H∗2 ∼= Lin(H∗1⊗H2), |i〉⊗|j〉⊗〈k|⊗〈l| 7→ 〈k|⊗|j〉⊗|i〉⊗〈l|.
21Its eigenvalues are not the same in general as the ones of the original matrix, but they are also nonnegative

ones, and they sum up to one. On the other hand, it is clear that no matter which subsystem is transposed,
%t1 ≥ 0 ⇔ %t2 = (%t1 )t ≥ 0.



1.2. COMPOSITE SYSTEMS AND ENTANGLEMENT 21

adequate generalization of equation (1.27), we recall the definitions of k-separability and αk-
separability, as was given in [SU08]. Note that, however, a more complete generalization can be
given, which is one of our results in chapter 5.

Consider an n-partite system with Hilbert spaceH ≡ H12...n = H1⊗H2⊗· · ·⊗Hn, and denote
the full set of states for this system as D ≡ D12...n ≡ D(H12...n), as before. Let L = {1, 2, . . . , n}
be the set of the labels of the singlepartite subsystems, then a K ⊆ L subset defines an arbitrary
subsystem. For the partial separability, let αk = L1|L2| . . . |Lk denote a k-partite split, that is a
partition of the labels of singlepartite subsystems L into k ≤ n disjoint nonempty subsets Lr. A
density matrix is αk-separable, i.e. separable under the particular k-partite split αk, if and only
if it can be written as a convex combination of product states with respect to the split αk. We
denote the set of these states with Dαk , that is,

% ∈ Dαk
def.⇐⇒ % =

∑
j

p′j ⊗kr=1 %Lr,j , (1.35a)

where %Lr,j ∈ DLr ≡ D(HLr ), and p′ ∈ ∆m′−1, as usual. Dαk is a convex set, and we can rewrite
its elements as

% ∈ Dαk ⇐⇒ % =
∑
j

pj
(
⊗kr=1|ψLr,j〉

)(
⊗kr′=1〈ψLr′ ,j |

)
. (1.35b)

Hence Dαk is the convex hull of the partially separable pure states π = |ψ〉〈ψ|, which arise from
the tensor product vector ⊗kr=1|ψLr 〉. The special case when αk = αn ≡ 1|2| . . . |n, the state is
called fully separable,

% ∈ D1|2|...|n ≡ Dsep ⇐⇒ % =
∑
j

p′j%1,j ⊗ %2,j ⊗ · · · ⊗ %n,j . (1.36)

Again, states of this kind can be prepared locally, using classical communication only.
More generally, for a given k we can consider states which can be written as a mixture of

αjk-separable states for generally different αjk splits. These states are called k-separable states
and denoted as Dk-sep, that is,

% ∈ Dk-sep
def.⇐⇒ % =

∑
j

p′j ⊗kr=1 %Ljr,j , (1.37a)

where %Ljr,j ∈ DLjr and in this case the αjk = Lj1|L
j
2| . . . |L

j
k k-partite splits can be different for

different js. Again, Dk-sep is a convex set, and we can rewrite its elements as

% ∈ Dk-sep ⇐⇒ % =
∑
j

pj
(
⊗kr=1|ψLjr,j〉

)(
⊗kr′=1〈ψLj

r′ ,j
|
)
. (1.37b)

Hence Dk-sep is the convex hull of all the k-partite separable pure states. The motivation for
the introduction of the sets of states of these kinds is that to mix a k-separable state we need at
most only k-partite entangled pure states.

Since D(k + 1)-sep ⊂ Dk-sep, the notion of k-separability gives rise to a natural hierarchic
ordering of the states. The full set of states isD ≡ D1-sep, and we call elements ofDk-sep\Dk + 1-sep

(i.e. the k-separable but not k + 1-separable states) “k-separable entangled”. We call the n-
separable states (1.36) fully separable and the 1-separable entangled states fully entangled.

Clearly, Dαk is a convex set, and so is Dk-sep, because it is the convex hull of the union of
Dαk -s for a given k. Note that these definitions allow a k-separable state not to be αk-separable
for any particular split αk, and a state which is αk-separable for all αk partitions not to be
k+1-separable. The existence of such states was counterintuitive, since for pure states, if, e.g., a
tripartite pure state is separable under any a|bc bipartition then it is fully separable. For mixed
states, however, explicit examples can be constructed. (Using a method dealing with unextendible
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Figure 1.3. Separability classes for three subsystems.

product bases, Bennett et. al. have constructed a three-qubit state which is separable for all α2

but not fully separable [BDM+99]. Another three-qubit example can be found in [ABLS01].)
Let us now consider the case of three subsystems, then we have the partitions α1 = 123,

α2 = 1|23, α′2 = 2|13, α′′2 = 3|12, α3 = 1|2|3. With this, adopting the notations of [SU08], the
classes of separability of mixed tripartite states are as follows (figure 1.3).

Class 3: This is the set of fully separable three-qubit states, D3-sep = D1|2|3. Classes 2.1–
2.8: These are the disjoint subsets of 2-separable entangled states D2-sep \D3-sep. Classes 2.2–2.8
can be obtained by the set-theoretical intersections of D1|23, D2|13 and D3|12, as can be seen
in figure 1.3. For example Class 2.8 is (D1|23 ∩ D2|13 ∩ D3|12) \ D1|2|3 (states that can not
be mixed without the use of bipartite entanglement, but can be mixed by the use of bipartite
entanglement within only one bipartite subsystem, it does not matter which one). Class 2.7 is
(D2|13 ∩ D3|12) \ D1|23 (states that can be mixed by the use of bipartite entanglement within
only the 12 or 13 subsystems, but can not be mixed by the use of bipartite entanglement within
only the 23 subsystem). Class 2.2 is D1|23 \ (D2|13 ∪ D3|12) (states that can be mixed by the
use of bipartite entanglement within only the 23 subsystem, but can not be mixed by the use
of bipartite entanglement within only the 12 or 13 subsystem). On the other hand, the union
of the sets of α2-separable states is not a convex one, it is a proper subset of its convex hull
D2-sep. This defines Class 2.1 as D2-sep \ (D1|23 ∪D2|13 ∪D3|12), that is, the set of states that are
2-separable but can not be mixed by the use of bipartite entanglement within only one bipartite
subsystem. However, we do not consider these states fully entangled since they can be mixed
without the use of tripartite entanglement. Class 1: This contains all the fully entangled states
of the system: D1-sep \ D2-sep. This classification will be refined in section 5.1.2.

It is again a difficult question to decide to which class a given state belongs. There are several
criteria for the detection of these classes, arising mostly as the generalizations of the bipartite
criteria, such as the the generalization of nonlinear Bell inequalities for multiqubit mixed states
[Uff02, SU08]. We will review some of them in chapter 4. We should mention, although we
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do not use that, that another approach has also been worked out by the use of semidefinite
programming [DPS02, DPS04, DPS05].

1.2.4. Global and local operations. In closing this section, now we return to the opera-
tions performed on quantum states. First of all, we have to make mention of the roles played by
unitary transformations in the description of multipartite systems. We have the global unitary
group, which is the unitary group U(H) of the Hilbert space of the composite system, and the
local unitary group, which is a product of the unitary groups of the Hilbert spaces of the subsys-
tems (with identified centers) U(H1)×U(H2)× · · · ×U(Hn) ⊂ U(H). First of all, unitaries have
the role of basis-changes in Hilbert spaces. In this sense, local unitary transformations are the
basis-changes in the Hilbert spaces of the subsystems only, and global unitary transformations
are the basis-changes in the Hilbert space of the whole system. Note that since not only the states
but also the observables are transformed under basis-changes, the whole description of composite
systems is invariant under the action of both groups. The other role played by unitaries is their
generation of time-evolution. Since in Schrödinger picture only the states are transformed under
time-evolution, but not the observables, the measurement statistics are not invariant under such
unitary transformations, which is indeed the desirable behaviour in such a situation. But the
important point here is that entanglement is not invariant under global unitary transformation
of only the state. For example, any density operator can be transformed into a diagonal form by
the use of global unitary transformation, and a diagonal density operator is obviously separable.
Unitaries are invertible, so any entangled state can be obtained from separable ones via suitable
global unitary transformations. And, indeed, this is the way of creating entanglement by the
use of quantum interaction, since such global unitaries are time-evolution operators arising from
Hamiltonians which contain an interacting part. Such operators have nontrivial action on the
Hilbert spaces of at the most of two subsystems. On the other hand, entanglement is clearly
invariant under local unitary transformations, as can be seen from the definitions of different
kinds of separabilities (1.27), (1.35) and (1.37).

There is another aspect of this issue, namely the dependence of entanglement upon the choice
of the tensor product structure. If we start only with a Hilbert space H without specifying
the tensor product structure on it, that is, its “decomposition” into the Ha Hilbert spaces of
its subsystems, then it is meaningless to say that a state is entangled or separable, since the
tensor product structure is inherent in the definition of entanglement. (For example, such a
decomposition can be given by a {|ψk〉 | k = 1, . . . , d1d2} orthonormal basis in H, if we specify
which |ψk〉 is considered which |ψi〉⊗ |ψj〉.) In this sense, the tensor product structure (together
with entanglement) is invariant under local unitary transformations, but not invariant under
global unitary ones. The important result here is that the tensor product structure is induced
by the algebra of operationally accessible interactions and observables [Zan01, ZLL04].

The dependence of entanglement upon the tensor product structure is sometimes erroneously
regarded as a weakness of the notion of entanglement, that is, “entanglement is not an inherent
property, but a relative one, depending on the observer”. However, maybe not an accident that
observer and observable are two different words. This relativity of entanglement does not work
in a same manner as the relativity in, e.g., the theory of special relativity. In the case of the
latter, for a system there can exist more than one observers moving differently at the same time,
they coordinatize the same system in different ways (connected by Lorentz transformations)
but the physics is independent of the coordinatization, which is relative to the observers. In
quantum mechanics, however, the relativity of entanglement is a different kind of relativity.
Here the different laboratory equipments leading to different local observable algebras leading to
different tensor product structures can not exist in the same time. And this is not due to some
technical difficulty. The quantum measurement disturbes the system, so different noncommuting
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observables (leading to different tensor product structures) can not be measured at the same time,
while in special relativity, the measurements do not disturb the system, so different observers
can exist in parallel.

After these considerations, an advanced thinking of entanglement is due to the distant lab-
oratory paradigm, also called paradigm of LOCC, which is the abbreviation of Local Operations
and Classical Operations, attempting to tackle the nonclassicality of quantum states [BDSW96].
This is a natural class of operations suitable for manipulating entanglement, where it is assumed
that the subsystems can be manipulated locally, and they do not interact in a quantum mechan-
ical sense, only in a classical sense, which is modelled by classical communication. This class of
operations is motivated also from the point of view of quantum information technology, because
transferring classical information is cheap, since it is encoded in states of classical systems, hence
can be amplified; while transferring quantum information is expensive, since it is encoded in
quantum states, which are very fragile. However, the real point here is not “economical”, but
rather information theoretical: Classical communication, which means the transfer of classical
systems, can not convey quantum information.

A clear example for LOCC is the teleportation of an unknown pure quantum state [BBC+93].
For the teleportation of a qubit state from Alice to Bob, given by |ϕ〉, there is a need of a maxi-
mally entangled Bell-state |B〉 (1.28), shared between them previously. Furthermore, Alice and
Bob are employed in distant laboratories and they are allowed to perform LOCC only, where
local operations are meant with respect to the 12 and 3 subsystems. That is, HA = H1 ⊗ H2

corresponds to Alice’s subsystem and HB = H3 corresponds to Bob’s subsystem. So they have
the shared state |ψ〉 = |ϕ〉 ⊗ |B〉, and they would like to perform the flip operator of the 13
system, that is, an operator acting in general as |ψ1〉 ⊗ |ψ2〉 ⊗ |ψ3〉 7→ |ψ3〉 ⊗ |ψ2〉 ⊗ |ψ1〉. Unfor-
tunately, this is a nonlocal operation of course, which is not allowed. But, the trick here is that
this operator can be decomposed for a sum of local operations, written as 1/2

∑3
i=0 σi ⊗ I ⊗ σi

with the Pauli matrices (1.17), resulting in

|ψ〉 = |ϕ〉 ⊗ |B〉 =
1

2

3∑
i=0

|Bi〉 ⊗ (σi|ϕ〉).

Here the maximally entangled Bell-states |Bi〉 = (σi ⊗ I)|B〉 constitute a complete orthonormal
basis in H1 ⊗ H2. This is just an equivalent writing of the original state, featuring the flip
operator from the desired flipped state to the original one, but, from this they can read out what
to do. First, Alice performs a selective von-Neumann measurement in the 12 subsystem given
by the Bell-states22 Pi = |Bi〉〈Bi|, resulting in

|ψ〉〈ψ| 7−→ %′i = |Bi〉〈Bi| ⊗ (σi|ϕ〉〈ϕ|σ†i )

with probability qi = 1/4. Then Alice communicate the i outcome of the measurement to Bob,
who is then perform the corresponding σ−1

i = σi rotation locally on his subsystem, which gets
itself then into the teleported state

%′i 7−→ %′′i = (I⊗ I⊗ σi)%′i(I⊗ I⊗ σi)† = |Bi〉〈Bi| ⊗ |ϕ〉〈ϕ|.

Note that for a teleportation of one copy of a state, roughly speaking, they carry out only the
“quarter part of the flip operation” (one from the four terms in the sum), but they had no prior
knowledge of which one. If they teleport multiple copies of a state, then the weighted average of

22This is an entangled measurement, but inside only Alice’s subsystem A = 12. If Alice can measure only
with observables acting on subsystems 1 and 2, then se has to perform a CNOT operation previously, which is

nonlocal inside the 12 subsystem [NC00]. Note that performing such an operation is equivalent to generating a
maximally entangled Bell state from a separable state.



1.2. COMPOSITE SYSTEMS AND ENTANGLEMENT 25

the outcomes results in the overall operation

|ψ〉〈ψ| 7−→ %′′ =

3∑
i=0

qi%
′′
i =

1

2
I⊗ 1

2
I⊗ |ϕ〉〈ϕ|,

so Alice is left with white noise, the state is fully separable, the entanglement they have shared
before the teleportation is used up.23 This is an archetype of the use of entanglement as a
resource for manipulating quantum information.

An important note here is that teleportation can not be used for superluminal signalling
either. Although the measurement causes the change of the state in Bob’s laboratory instanta-
neously, but he needs the classical information about the outcome of the measurement to get the
state |ϕ〉〈ϕ|, which arrives in a classical channel subluminally. Without this information he has
only white noise on average.

During the teleportation protocol only LOCC was used, beyond the sharing of entangled
states done previously. But the point of view of the LOCC paradigm came up even in the very
basic grounds of entanglement theory. Namely, even the (1.27) definition of separability was also
motivated by this approach [Wer89]. Here the %1,j ⊗ %2,j states, prepared locally in distant
laboratories, are uncorrelated for a given j, and the mixing with the weights pj needs classical
communication between the laboratories, that is, we have to tell the preparing devices the out-
come j of a classical random number generator realizing the probability distribution p. (To have
entangled systems we need a preparing device in which the subsystems can interact in a control-
lable, or at least known way.) Therefore, neither local operations nor classical communication
can not give rise to entanglement. On the other hand, LOCC can decrease entanglement, as we
have seen in the case of the teleportation.

Although LOCC can not increase entanglement, but there are LOCC protocols which obtain
a number m of pure maximally entangled (|B〉〈B|)⊗m Bell states (1.28) from a larger number k
of least entangled input states %⊗k, which can be pure or mixed ones as well. Such protocols are
called entanglement distillation protocols [BBP+96, BDSW96, Cla06]. These are important
methods for quantum information theory since, for instance, they have the ability to recover
some entanglement from states which was originally maximally entangled, then shared between
subsystems and became mixed with some noise due to the imperfect quantum channels in which
environmental decoherence can not be avoided perfectly. On the other hand, such protocols
have important role also in quantum error correction [BDSW96, HHHH09, NC00]. Apart
from practical reasons of these kinds, distillation is important theoretically as well, because it
has turned out that there are entangled states from which no pure state entanglement can be
distilled out. This gives rise to a distinction between two kinds of entanglement, which are called
distillable and undistillable ones [HHH98]. The latter is often called bound entanglement, and
it is regarded then as a weaker form of entanglement. (Of course, one can not distill entanglement
out from separable states, since LOCC can not increase entanglement.) An interesting result is
that all entangled states having positive partial transpose (PPTES) are undistillable [HHH98],
and the existence of undistillable states having non-positive partial transpose is still an open
question [HHHH09, Cla06]. It is also known that there are no such states for two qubits,
moreover, all entangled two-qubit states are distillable [HHH97]. It is usually hard to check
whether a state of positive partial transpose is not separable, there are few explicit examples of
PPTESs in the literature (see a list of references in section 1.2.4 of [Cla06]). One of our results

23Of course Alice can be smart and perform a (σi ⊗ I)−1 = (σi ⊗ I) rotation after each measurement on her
subsystem so as to recover the entanglement in her subsystem, |B〉〈B| ⊗ |ϕ〉〈ϕ|. But this is just the entanglement

which is brought in by the entangled measurement. On the other hand, although they performed the nonlocal flip
operation on average in this way, but not in general, since this works only for the case when the 23 subsystem is
in a maximally entangled pure state.
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is to obtain a set of PPTESs (section 4.3.4). Note that in the tripartite case, all the states in
Class 2.8 are PPTESs.

After these illustrations, now we turn to the general formalism of local operations [HHHH09,
CLM+12]. We list here some important classes of operations related to the structure of subsys-
tems. The completely positive maps are then denoted with Λ instead of the general Φ, referring
to that these are local in some sense.

Local Operations: The parties are allowed to execute quantum operations locally only, and
the operation is % 7→ Λ(%)/ tr Λ(%) with Λ = Λ1 ⊗ · · · ⊗ Λn. That is, if the Λr : Dr → Dr
completely positive maps are given by the {Mr,jr} Kraus operators, then

Λ(%) =
∑

j1,j2...,jn

M1,j1 ⊗M2,j2 ⊗ · · · ⊗Mn,jn % M
†
1,j1
⊗M†2,j2 ⊗ · · · ⊗M

†
n,jn

. (1.38a)

The Kraus operators obey
∑
jr
M†r,jrMr,jr = I or ≤ I for all r, in the case of Deterministic or

Stochastic Local Operations, respectively. The former case is simply called Local Operations.
Local Operations with One-time Classical Communication: In this case, there is a subsystem

singled out, on which a selective measurement is carried out. Depending on the outcome of this
measurement, communicated to the other parties, operations on the other subsystems are carried
out. Let the first subsystem be singled out. Let moreover Λ1 : D1 → D1 be a completely positive
map acting on that given by the {M1,j1} Kraus operators. Then there is a set of completely
positive maps acting on every other subsystem. Their elements are labelled by the j1 outcomes
of Λ1, that is, there are Λj1r : Dr → Dr completely positive maps for all j1 given by the {M j1

r,jr
}

Kraus operators. Then the operation is % 7→ Λ(%)/ tr Λ(%), with

Λ(%) =
∑
j1...,jn

M1,j1 ⊗M
j1
2,j2
⊗ · · · ⊗M j1

n,jn
% M†1,j1 ⊗M

j1†
2,j2
⊗ · · · ⊗M j1†

n,jn
. (1.38b)

Again, the Kraus operators obey
∑
j1
M†1,j1M1,j1 = I and

∑
jr
M j1†
r,jr

M j1
r,jr

= I for all r 6= 1
and for all j1, or these are ≤ I for all r 6= 1 and for all j1, in the case of Deterministic or
Stochastic Local Operations with One-time Classical Communication, respectively. The former
case is simply called Local Operations with One-time Classical Communication.

Local Operations with Classical Communication: This is the class of operations which arise
as the arbitrary compositions of the operations of the above kinds. Again, this can be either
Deterministic Local Operations with Classical Communication, depending on whether all the
constituting operations are deterministic, or Stochastic Local Operations with Classical Commu-
nication, if at least one of the constituting operations are stochastic. (The former case is simply
called Local Operations with Classical Communication, abbreviated with LOCC, while the latter
one is abbreviated by SLOCC.) The general writing of these operations is complicated, it can be
found in, e.g., [DHR02, GHH+08].

Separable Operations: The operations of this class can not be implemented locally in general,
however, it holds for their overall Kraus operators that they are tensor products. That is, the
operation is % 7→ Λ(%)/ tr Λ(%), with

Λ(%) =
∑
j

M1,j ⊗M2,j ⊗ · · · ⊗Mn,j % M
†
1,j ⊗M

†
2,j ⊗ · · · ⊗M

†
n,j . (1.38c)

Here
∑
jM

†
1,jM1,j ⊗M†2,jM2,j ⊗ · · · ⊗M†n,jMn,j = I ⊗ I ⊗ · · · ⊗ I or ≤ I ⊗ I ⊗ · · · ⊗ I in the

case of Deterministic or Stochastic Separable Operations, respectively. The former case is simply
called Separable Operations. From these restrictions on the Kraus operators it can be seen that
the set of SO contains set of LOCC, while it can also be known that SO is a proper subset of
LOCC [BDF+99], while SSO is the same as SLOCC, up to probability of success [HHHH09].
Although only (S)LOCC can be implemented locally in general, but (S)SO is also extensively
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used, since it has a much simpler form than (S)LOCC, so from results concerning (S)SO one can
draw conclusions concerning (S)LOCC.

Note that full-separability is preserved by the operations of the above kind, which makes
these operations important. More generally, αk-separability can only be transformed into a finer24

αk′-separability by these operations, hence partial separability can be preserved or increased.
Now, having the practically motivated LOCC and SLOCC classes of operations, motivated

classifications of states can also be defined.
LOCC classificaion: Two states are equivalent under LOCC (they are in the same LOCC

class) by definition if they can be transformed into each other with certainty by the use of LOCC:

% ∼LOCC %′
def.⇐⇒ ∃Λ,Λ′ : %′ = Λ(%), % = Λ′(%′), (1.39a)

where Λ and Λ′ are trace preserving completely positive maps implementing LOCC transforma-
tions. For pure states, it turned out that two states are equivalent under LOCC if and only if
they are equivalent under LU, that is, they can be transformed into each other by LU (Local
Unitary) transformations [BPR+00]:

|ψ〉 ∼LOCC |ψ′〉 ⇐⇒ ∃Uj ∈ U(Hj) : |ψ′〉 = U1 ⊗ U2 ⊗ · · · ⊗ Un|ψ〉. (1.39b)

So this gives the most fine grained classification scheme imaginable for pure states, many continu-
ous and discrete parameters are required to label the LOCC classes [LP98, AAC+00, AAJT01,
Sud01, Kem99]. An important corollary is that the local spectra of LOCC-equivalent pure
states are the same,

π ∼LOCC π′ =⇒ SpectπK = Spectπ′K for all K ⊆ L subsystems. (1.40)

(Note that the reverse is not true.) From the point of view of quantum computational purposes,
two LOCC-equivalent pure states can be used for exactly the same task. However, to our
knowledge, there is no such practical criterion of LOCC-equivalence and LOCC classification for
mixed states as the LU-equivalence was for pure states.

SLOCC classificaion: A coarse-grained classification can be defined if we demand only the
possibility of the transformation. Two states are equivalent under SLOCC (they are in the same
SLOCC class) by definition if they can be transformed into each other with nonzero probability
by the use of LOCC, or, equivalently, if there are SLOCC transformations relating them:

% ∼SLOCC %′
def.⇐⇒ ∃Λ,Λ′ : %′ =

Λ(%)

tr Λ(%)
, % =

Λ′(%′)

tr Λ′(%′)
, (1.41a)

where Λ and Λ′ are trace non-increasing completely positive maps implementing SLOCC trans-
formations. For pure states, it turned out that two states are equivalent under SLOCC if and
only if they are equivalent under LGL, that is, they can be transformed into each other by LGL
(Local General Linear) transformations25 [DVC00]:

|ψ〉 ∼SLOCC |ψ′〉 ⇐⇒ ∃Gj ∈ GL(Hj) : |ψ′〉 =
G1 ⊗G2 ⊗ · · · ⊗Gn|ψ〉
‖G1 ⊗G2 ⊗ · · · ⊗Gn|ψ〉‖

.

(1.41b)

24The partition αk′ = L′1|L′2| . . . |L′k′ is finer than αk = L1|L2| . . . |Lk if the Lr subsets arise as the L′r
subsets or the unions of those.

25Sometimes that is called ILO, standing for Invertible Local Operation [DVC00], but we prefer the uniform

naming after the corresponding Lie groups. On the other hand, it is enough to use only LSL (Local Special Linear)
transformations, that is, the SL(Hj) ⊂ GL(Hj) subgroups because of the normalization.
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Since U(Hj) ⊂ GL(Hj), this gives a coarse grained classification scheme for pure states. In some
cases, including the three-qubit case, SLOCC classes of only finite number arise [DVC00]. An
important corollary is that the local ranks of SLOCC-equivalent pure states are the same

π ∼SLOCC π′ =⇒ rkπK = rkπ′K for all K ⊆ L subsystems. (1.42)

(Note that the reverse is not true.) This can be used for a coarse-grained classification involving
SLOCC-invariant classes of finite number, even in the cases in which continuously many SLOCC
classes arise [LL12]. From the point of view of quantum computational purposes, two SLOCC-
equivalent pure states can be used for the same task but with different probability of success.
Again, to our knowledge, there is no such practical criterion of SLOCC-equivalence and SLOCC
classification for mixed states as the LGL-equivalence was for pure states.

1.3. Quantifying entanglement

In the previous section we have introduced entanglement together with some basic approaches
for the characterization of its structure, such as separability classes, LOCC and SLOCC classes.
On the other hand, as was also illustrated by the quantum teleportation protocol, entanglement
is the basic resource of quantum information processing, so its quantification is also a natural
need. For entanglement quantification one uses special real-valued functions on the states. In
the light of the LOCC paradigm, we expect that these functions do not increase under LOCC
in order to express some quantity characterizing the amount of entanglement. In this section
we survey some of the important results in connection with this issue, together with particular
results for quantum systems of small numbers of subsystems.

1.3.1. Entanglement measures. The most fundamental property of entanglement mea-
sures [PV07] is the monotonicity under LOCC [Hor01, Vid00]. A µ : D → R is (non-
increasing) monotone under LOCC if

µ
(
Λ(%)

)
≤ µ(%) (1.43a)

for any LOCC transformation Λ, which expresses that entanglement can not increase by the use
of local operations and classical communication. Note that this implies LU-invariance automat-
ically,

µ
(
U1 ⊗ · · · ⊗ Un%U†1 ⊗ · · · ⊗ U†n

)
= µ(%), Uj ∈ U(Hj). (1.43b)

A µ : D → R is non-increasing on average under LOCC if∑
i

piµ(%i) ≤ µ(%), (1.43c)

where the LOCC is constitued as Λ =
∑
i Λi, where the Λis are the parts of the LOCC realizing

the outcomes of selective measurements, and %i = 1
pi

Λi(%) with pi = tr Λi(%). This latter

condition is stronger than the former one if the function is convex :

µ
(∑

i

pi%i

)
≤
∑
i

piµ(%i) (1.43d)

for all ensembles {(pi, %i)}, which expresses that entanglement can not increase by mixing.
This is also a fundamental, and also plausible property, since mixing is interpreted as forget-
ting some classical information about the state in which the system is. A µ : D → R is an
entanglement-monotone if (1.43c) and (1.43d) hold [Vid00]. There is common agreement that
LOCC-monotonity (1.43a) is the only necessary postulate for a function to be an entanglement
measure [HHHH09]. However, the stronger condition (1.43c) is often satisfied too, and it is
often easier to prove.
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If µ is defined only for pure states, µ : P → R, then only (1.43c) makes sense, whose
restriction is∑

j

pjµ(πj) ≤ µ(π). (1.44)

Here {(pj , πj)} is the pure ensemble generated by all the Kraus-operators of all Λis from the input
state π. Note that not all πj members of the ensemble are accessible physically, only the outcomes
of the LOCC, which are formed by partial mixtures of this ensemble [Hor01]. Mathematically,
however, the pure state ensemble can also be used, which makes some constructions much simpler.

There are also other properties beyond the monotonities above, which are useful or con-
venient for the measuring of bipartite entanglement. For example, a plausible property is the
discriminance, that is, µ : D → R function for bipartite states should vanish exactly for separable
states,

% ∈ Dsep ⇐⇒ µ(%) = 0. (1.45a)

But there are such functions for which only the weak discriminance holds,

% ∈ Dsep =⇒ µ(%) = 0. (1.45b)

We can regard the entanglement carried by the Bell state (1.28) as a unit of entanglement, (that
is, 1 qubit) then a µ : D → R function for bipartite states is normalized if

µ(|B〉〈B|) = 1, (1.45c)

which can be achieved by trivial rescaling, so we are not concerned with this one. Normalization
can be useful for comparing different measures.

The pure state entanglement measures can be extended to mixed states by the so called
convex roof extension [BDSW96, Uhl00, Uhl10, RLL09, RLL11]. It is motivated by the
practical approach of the optimal mixing of the mixed state from pure states, that is, using as
little amount of pure state entanglement as possible. For a continuous function µ : P → R, its
convex roof extension µ∪ : D → R is defined as

µ∪(%) = min∑
i piπi=%

∑
i

piµ(πi), (1.46)

where the minimization takes place over all {(pi, πi)} pure state decompositions of %. It follows
from Schrödinger’s mixture theorem (1.4) that the decompositions of a mixed state into an
ensemble of m pure states are labelled by the elements of the compact complex Stiefel manifold.
On the other hand, the Carathéodory theorem ensures that we need only finite m, or to be
more precise m ≤ (rk %)2 ≤ d2, shown by Uhlmann [Uhl98]. These observations guarantee the
existence of the minimum in (1.46).

Obviously, for pure states the convex roof extension is trivial,

µ∪(π) = µ(π) ∀π ∈ P. (1.47)

The convex roof extension of a function is convex (1.43d), moreover, it is the largest convex
function taking the same values for pure states as the original function [Uhl98]. The convex
roof extensions of pure state measures are good measures of entanglement, because it can be
proven [Vid00, Hor01] that if a function µ : P → R is non-increasing on average for pure
states (1.44), then its convex roof extension is also non-increasing on average for mixed states26

(1.43c) ∑
i

piµ(πi) ≤ µ(π) ⇐⇒
∑
i

piµ
∪(%i) ≤ µ∪(%). (1.48)

26The ⇐ implication is obvious.
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From this, µ∪(%) is entanglement-monotone as well. Because of these, for pure states (1.44) is
called entanglement monotonicity. The convex roof extension preserves the weak discriminance
property (1.45b) and also the strong one (1.45b) if we additionally assume that µ ≥ 0. This
is very useful because strong discriminance for mixed states can be used for the detection of
entanglement, which will exensively be done in chapters 5 and 6. Indeed, let µ : P → [0,∞),
then

% ∈ Dsep ⇐⇒ ∃ decomposition % =
∑
j

pjπj such that πj ∈ Psep

=⇒
⇐⇒ ∃ decomposition % =

∑
j

pjπj such that µ(πj) = 0

⇐⇒ µ∪(%) = 0,

(1.49)

where in the second implication the upper one is the weak discriminance (1.45b) and the lower
one is the strong discriminance (1.45a), while µ ≥ 0 is necessary for the ⇐ direction of the last
implication. On the other hand, the normalization (1.45c) property is obviously preserved by
the convex roof extension.

1.3.2. State vectors of bipartite systems. Now, let H = H1 ⊗H2 the Hilbert space of
bipartite systems of dimension d = (d1, d2). A bipartite state vector |ψ〉 ∈ H, having the general
form

|ψ〉 =

d1,d2∑
i,j=1

ψij |i〉 ⊗ |j〉,

can be transformed to the so called Schmidt canonical form

|ψ〉 =

dmin∑
i=1

√
ηi|ϕ1,i〉 ⊗ |ϕ2,i〉 (1.50a)

by suitable local unitary transformations. The existence of this form, also called Schmidt decom-
position, makes the entanglement of pure states of bipartite systems simple. Here {|ϕ1,i〉} and
{|ϕ2,i〉} are sets of orthonormal vectors in H1 and H2. The nonnegative ηi numbers are called
Schmidt coefficients, and they sum up to one. They form the spectra of the reduced states, which
are therefore the same for both of the subsystems, the only difference can be the degenerancy of
the zero eigenvalue, since

π1 =

dmin∑
i=1

ηi|ϕ1,i〉〈ϕ1,i|, π2 =

dmin∑
i=1

ηi|ϕ2,i〉〈ϕ2,i|, (1.50b)

with the pure state π = |ψ〉〈ψ| and its reduced states π1 = tr2 π and π2 = tr1 π, as usual. It is
clear that |ψ〉 is separable if and only if it has only one non-zero Schmidt coefficient, which is
then equal to 1.

On the other hand, we can label the LU orbits in H by the Schmidt coefficients (ordered non-
increasingly) so they are the only non-local parameters of a bipartite pure state. Alternatively, we
can form an equivalent set of LU-invariants, which can be calculated without the diagonalization
of the local states, which is

Iq(ψ) = trπq1 ≡
dmin∑
i=1

ηqi , q = 1, 2, . . . , dmin. (1.51)

(I1(ψ) ≡ ‖ψ‖2 equals to 1 if the state vector is normalized, however, during the investigation
of orbit structures in H under group actions, this constraint is often relaxed.) Since the LOCC
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equivalence is the same as the LU equivalence for pure states, we have that two states can
be interconverted by the use of LOCC if and only if they have the same invariants (1.51). A
beautiful result here [Nie99] is that a condition can be given even for the LOCC convertibility
by majorization (1.5):

∃Λ LOCC that |ψ′〉 = Λ(|ψ〉) ⇐⇒ η � η′ (1.52)

where η and η′ are the dmin-tuples of Schmidt coefficients of |ψ〉 and |ψ′〉. From this, the
LU-equivalence follows as necessary and sufficient condition for LOCC interconvertibility. Un-
fortunately, there is no such an elegant condition for the LOCC convertibility of pure states of
systems composed of more than two subsystems, although the LU-equivalence is still a necessary
and sufficient condition for LOCC interconvertibility (1.39b).

The LOCC equivalence classes have a bit too fine-grained structure, characterized by the
dmin−1 real parameters, containing all the pieces of nonlocal information about the state. What
can be said about the SLOCC equivalence classes? The Schmidt coefficients are not invariant
under LGL transformations, but their vanishings are that. Therefore the Schmidt rank of the
state, which is the usual matrix rank of the reduced state

rkψ = rkπ1,

is invariant under LGL transformations, moreover, it can easily be seen that there are dmin

SLOCC classes, which are characterized by the Schmidt rank. The set of separable states is one
of them, which is the set of states of rkψ = 1, and

|ψr〉 =

r∑
i=1

1√
r
|i〉 ⊗ |i〉. (1.53)

gives a representative element for the rkψ = r SLOCC class.27

We have seen that the Schmidt decomposition (1.50a) is very useful in the understanding of
the structure of entanglement of bipartite pure states. In additional, we can also give illustration
to Schrödinger’s mixture theorem (1.4) by the use of that. To this end, let us write the pure
state in terms of state vectors in Schmidt canonical form

|ψ〉〈ψ| =
∑
ii′

√
ηi
√
ηi′ |ϕ1,i〉〈ϕ1,i′ | ⊗ |ϕ2,i〉〈ϕ2,i′ |,

now apply a unitary transformation on the second subsystem

I⊗ U |ψ〉〈ψ|I⊗ U† =
∑
ii′

√
ηi
√
ηi′ |ϕ1,i〉〈ϕ1,i′ | ⊗ U |ϕ2,i〉〈ϕ2,i′ |U†,

and form the reduced state of the first subsystem

tr2

(
I⊗ U |ψ〉〈ψ|I⊗ U†

)
=
∑
ii′

√
ηi
√
ηi′ |ϕ1,i〉〈ϕ1,i′ |

∑
j

〈ϕ2,j |U |ϕ2,i〉〈ϕ2,i′ |U†|ϕ2,j〉

=
∑
j

(∑
i

U ji
√
ηi|ϕ1,i〉

)(∑
i′

√
ηi′(U

j
i′)
∗〈ϕ1,i′ |

)
,

where the decomposition vectors in the form of (1.4) appear in the parentheses. So we can think
of the freedom in the decomposition of a density matrix as the unitary freedom in the additional
Hilbert space of the purification.

As we have also seen, the reduced states of an entangled pure state are mixed ones, which is
interpreted as we know the possible pure states of the subsystem only with some probabilities.
So the uncertainty in the pure states of the subsystem presents itself for the quantification of

27It is not difficult to construct the LGL transformation which maps a state |ψ〉 to this canonical form.
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entanglement. It can be characterized for example by the von Neumann entropy (1.9a) of the
reduced state:

s(ψ) = S(π1) ≡ H(η). (1.54)

But, is this an entanglement measure in the sense of section 1.3.1? The answer is yes, it has
been shown in [Vid00, Hor01] that every unitary-invariant and concave function of the reduced
state is non-increasing on average under LOCC (1.44), which is the key property of the functions
measuring entanglement. The von Neumann entropy (1.9a), the Tsallis entropies (1.9e) for all

q > 0, and the Rényi entropies (1.9b) for all 0 < q < 1 are known to be concave [BZ̊06], and
all of them are unitary-invariant, so all of them can be used on the right-hand side of (1.54) to
get an entanglement measure.28 However, note that the von Neumann entropy of the reduced
state (1.54) is of particular importance due to Schumacher’s noiseless coding theorem, which is
the quantum counterpart of Shannon’s noiseless coding theorem of classical information theory
[NC00]. For every generalized entropy we obviously have that s(ψ) = 0 if and only if the state
is separable, that is, the (strong) discriminance property (1.45a) holds.

1.3.3. Mixed states of bipartite systems. For mixed states, for the quantification of
entanglement we can use the convex roof extension (1.46) of pure state measures. They have the
operational meaning of the optimal mixing of the state from pure states with respect to the given
pure state measure. Maybe this is the most plausible method of measuring the entanglement
of mixed states. Thanks to (1.48), the resulting function is also an entanglement measure,
moreover, it is entanglement monotone. For example, the convex roof extended entanglement
function (1.54) is

s∪(%) = min∑
i piπi=%

∑
i

pis(πi), (1.55)

which is called entanglement of formation. (Or generalized entanglement of formation for the
Rényi entropies.) Since the (strong) discriminance property (1.45a) holds for the local entropies,
it holds also for the convex roof extension of those (1.49), that is,

% ∈ Dsep ⇐⇒ s∪(%) = 0. (1.56)

There are other entanglement measures, which do not arise as convex roof extension of
pure state measures. Such an entanglement measure is the negativity [̊ZHSL98, EP99]. It is
related to the notion of partial transposition and the criterion of Peres [Per96]. If the partial
transposed density matrix has negative eigenvalue, which implies entanglement (1.34a), then its
trace, which equals to 1, is less than the trace of its absolute value,29 the latter is called trace-

norm, ‖M‖tr = tr
√
M†M . It turns out that if we simply take the difference of these two traces

then we get an entanglement measure, which is called negativity

N(%) = ‖%t1‖tr − 1. (1.57)

The negativity is convex (1.43d) and non-increasing on average (1.43c) hence entanglement mono-
tone. Moreover, what its greatest advantage is, it is easy to calculate because there is no need of
optimization, contrary to convex roof measures. Unfortunately, since the positivity of the partial
transpose is only a necessary criterion of separability in general (1.34a), there are entangled states
of zero negativity, hence only weak discriminance (1.45b) holds for the negativity. Because of

28For the von Neumann entropy, this is called entanglement function, and denoted by E(ψ), and for the

Rényi entropies, this is called generalized entanglement function, and denoted by Eq(ψ), but we prefer to use this

more general small letter–capital letter convention (1.54) for functions on the states of the subsystems.
29The absolute value of a matrix M is defined by the unique positive square root of the positive matrix

M†M , that is, |M | =
√
M†M . (If M itself is positive then |M | = M .) The spectrum of |M |, called the set of

singular values of M , consists of the absolute values of the (generally complex) eigenvalues of M .
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(1.34a), however, the strong discriminance (1.45a) holds for qubit-qubit or qubit-qutrit systems.
It can easily be shown that the spectrum of the partial transposed density matrix, hence also
the negativity, is invariant under the action of the LU-group U(H1)×U(H2).

There are several other measures of entanglement [BZ̊06, HHHH09]. For the sake of
completeness, we just make mention of some noteworthy ones, without further use.

For example there are the operational measures entanglement cost and distillable entan-
glement [BDSW96, Rai99, PV07], which are in connection with entanglement manipulating
LOCC protocols. The distillable entanglement ED is in connection with the distillation of k
copies of Bell states out from the m copies of a given state %. In the limit of m→∞, the ratio
r = k/m is characteristic of the state and the distillation protocol used. What is characteristic
of only the state % is the supremum of the k/m ratios with respect to all distillation protocols,
which is the distillable entanglement

ED(%) = sup
{
r
∣∣∣ lim
m→∞

(
inf
Λ

∥∥Λ(%⊗m)− (|B〉〈B|)⊗mr
∥∥

tr

)
= 0
}
. (1.58a)

The entanglement cost EC is defined via the dual approach, that is, we want to obtain m copies
of a given state % by the expending of k copies of Bell states. Again, the ratio r = k/m is
characteristic of the state and the protocol used. What is characteristic of only the state % is the
infimum of the k/m ratios with respect to all distillation protocols, which is the entanglement
cost

EC(%) = inf
{
r
∣∣∣ lim
m→∞

(
inf
Λ

∥∥Λ
(
(|B〉〈B|)⊗mr

)
− %⊗m

∥∥
tr

)
= 0
}
. (1.58b)

Finding optimal LOCC protocols for these purposes makes the evaluation of the distillable en-
tanglement and entanglement cost a very hard problem. Both of the distillable entanglement
and the entanglement cost are non-increasing on average under LOCC (1.43c) and normalized
(1.45c). Since there are bound-entangled states, only the weak discriminance (1.45b) holds for
the distillalble entanglement, while the discriminance of the entanglement cost is not known.

Another interesting and important measure is the squashed entanglement, an additive entan-
glement monotone (1.43c)-(1.43d) with good asymptotic properties [CW04, BCY11, AF04],

ES(%12) = inf
%123

1

2

(
S(%13) + S(%23)− S(%3)− S(%123)

)
, (1.58c)

where the optimization takes place on all extended %123 states from which the measured state
can be reduced, that is, tr3 %123 = %12, resulting in an especially hard optimization problem. It
is not known whether the discriminance property (1.45a) holds for this measure.

There are also geometrical measures of entanglement, which are in connection with distances
and distinguishability measures in the space of states [BZ̊06, HHHH09].

1.3.4. State vectors of two qubits. Now, consider the simplest composite system, which
is the system of two qubits, d = (2, 2). A two-qubit state-vector |ψ〉 ∈ H is expressed in the
computational basis as

|ψ〉 =

1∑
i,j=0

ψij |i〉 ⊗ |j〉.

Here we have only two Schmidt coefficients, from which there is only one independent, so all
non-local properties are characterized by only one real parameter. We use here another quantity,
which is more convenient than the Schmidt coefficients or even the LU-invariant I2(ψ) given in
(1.51). The reduced states are mixed one-qubit states. Their spectra can be expressed in terms
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of the concurrence, as was seen in (1.15). So we define the concurrence for a two-qubit pure state
as the concurrence (1.11c), (1.21) of the reduced state

c(ψ) = C(tr2 |ψ〉〈ψ|). (1.59)

Now the (1.54) entanglement of |ψ〉 is

s(ψ) = S
(
c(ψ)

)
, (1.60)

where

S(c) = h

(
1

2

(
1 +

√
1− c2

))
(1.61)

with the binary entropy function h(x) given in (1.16b). Note that the entanglement s(ψ) and
the concurrence c(ψ) are both good measures of entanglement in the sense of section 1.3.1. Here
we also see that for two qubits, they are related by the monotone increasing function S(c).

Since we have that the concurrence-squared C2 of a one-qubit mixed state is just four times
its determinant, see in (1.15), we have c2(ψ) = 4 det(tr2 |ψ〉〈ψ|), and c(ψ) is just two times the
usual determinant of ψ regarded as a matrix, that is,

c(ψ) = 2|detψ|. (1.62)

The determinant can be expressed in terms of the antisymmetric tensor ε, see in (1.18), as

detψ =
1

2
εii′εjj′ψ

ijψi
′j′ , (1.63)

which shows that detψ is invariant under local SL(2,C) transformations. This is also a conse-
quence of the (1.20) transformation property of ε. Carrying out the sums, we get the expression
for the determinant

detψ = ψ00ψ11 − ψ01ψ10,

which shows, that detψ is a permutation-invariant quantity, because of the Schmidt decomposi-
tion. On the other hand, the local concurrence c(ψ) (as well as the local von Neumann entropy
s(ψ)) is then an U(1) × SL(2,C) × SL(2,C)-invariant. The form (1.63) suggests that c(ψ) can
also be written by the use of the spin flip (1.19a) as

c(ψ) = |〈ψ̃|ψ〉|, (1.64)

where 〈ψ̃| = ε⊗ ε|ψ〉.
The C concurrence (1.11c) is normalized, so 0 ≤ c(ψ) ≤ 1, and the LOCC classes of pure

states of this system are labelled by this one continuous parameter. On the other hand, c(ψ) = 0
if and only if rkψ = 1 (the state is separable), and we have two SLOCC classes, the set of
separable and entangled states, rkψ = 2 for that. If we relax the normalization condition again,
then we have the SLOCC classes

• VNull (Class Null): The zero vector of H.
• V1|2 (Class 1|2): These non-zero vectors are separable, which are of the form |ψ1〉⊗|ψ2〉.
• V12 (Class 12): All the other vectors.

Formally speaking, these classes define disjoint, LGL-invariant subsets ofH, and coverH entirely,
H = VNull ∪ V1|2 ∪ V12. Except VNull, these classes are not closed.

For any |ψ〉 ∈ H, it can be determined to which class |ψ〉 belongs by the vanishing of the
norm

n(ψ) = ‖ψ‖2, (1.65a)

and the local entropies

c2a(ψ) = C2(πa) = 4 detπa. (1.65b)
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Class n(ψ) c(ψ)

VNull = 0 = 0

V1|2 > 0 = 0

V12 > 0 > 0

Table 1.1. SLOCC classes of two-qubit state vectors identified by the vanishing
of LU-invariants (1.65).

Here we use the concurrence-squared (1.11c), (1.15) although every entropy does the job, since
they vanish only for pure density matrices. These are in general LU-invariant quantities, (which
is U(2)×2 in this case,) moreover, n is invariant under the larger group U(4), and c2 under[
U(1)×SL(2,C)

]×2 ∼= U(1)×SL(2,C)×2. Then the SLOCC classes of pure two-qubit states can
be determined by the vanishing of these quantities in the way which can be seen in table 1.1.
Note that these quantities are entanglement-monotones (1.44): n trivially and c2 by the reasoning
after (1.54).

1.3.5. Mixed states of two qubits. For % ∈ D(H1 ⊗ H2) mixed states, a celebrated
result is that the minimization in the formula of the entanglement of formation can be carried
out explicitly for qubits. The main point is that the pure state concurrences c(ψj) are the same
for the ψjs of the optimal decomposition, so the minimization of c gives the minimization of s
in the formula of (1.60), that is,

s∪(%) = S
(
c∪(%)

)
. (1.66)

The minimization in the calculation of c∪(%) can be carried out explicitly resulting in the so
called Wootters concurrence [HW97, Woo98]

c∪(%) =
(
λ↓1 − λ

↓
2 − λ

↓
3 − λ

↓
4

)+
, (1.67)

where + in the superscript means the positive part30 and λ↓i s are the decreasingly ordered
eigenvalues of the positive matrix

√√
%%̃
√
%, written with the spin-flip %̃ = (ε ⊗ ε%ε† ⊗ ε†)∗.

These eigenvalues are the same as the square root of the eigenvalues of the non-hermitian matrix
%%̃. The latter ones are more easy to calculate. It can be illustrative to check that for pure
states, (1.67) gives back the pure-state concurrence (1.59), that is, c∪(|ψ〉〈ψ|) = |〈ψ̃|ψ〉| = c(ψ),
although this holds generally for convex roofs (1.47). As was mentioned before, the vanishing
of s∪(%) (or, that of c∪(%), equivalently) is necessary and sufficient condition for separability
(1.49). On the other hand, it is easy to prove that the Wootters concurrence is invariant under
the action of U(1)× SL(2,C)× SL(2,C).

There is another exceptional property of two-qubit mixed states, which is related to the
partial transpose, namely, the partially transposed two-qubit density matrix can have only one
negative eigenvalue [STV98]. For the negativity (1.57) this gives the formula

N(%) =
(
−2 min Spect %t2

)+
, (1.68)

using again the positive part function as in the Wootters concurrence. Note that in the two-qubit
case the positive partial transpose is necessary and sufficient criterion for separability (1.34b), so
is the vanishing of the negativity. In other words, the strong discriminance (1.45a) holds for the
negativity for two-qubit systems. On the other hand, negativity in this case has also a geometric
meaning. The noisy state 1/(1 + x)%+ x/(1 + x) 1

2 I⊗ 1
2 I has positive partial transpose, therefore

30That is, x+ = max{0, x}.
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it is separable, if and only if 2N(%) ≤ x, so 2N(%) is the minimal relative weight of white noise
needed to wash out the entanglement in the two-qubit case [VAM01].

1.3.6. State vectors of three qubits. We have seen that the reason for the simplicity
of the structure of entanglement of pure states for bipartite systems was the existence of the
Schmidt decomposition (1.50a). It is easy to see that pure states of multipartite systems (n ≥ 3)
do not admit the usual form of Schmidt decomposition in general. If the state vector is in the

straightforwardly generalized Schmidt form |ψ〉 =
∑dmin

i=1

√
ηi|i〉⊗|i〉⊗· · ·⊗|i〉, then the states of all

composite subsystems are separable ones (1.27b), although pure states with entangled bipartite
subsystems can easily be constructed even in the case of three qubits. Finding generalized
Schmidt decompositions, that is, LU-canonical forms for systems of more-than-two subsystems
of arbitrary dimensional Hilbert spaces is a difficult problem, which has not been carried out yet.
We note here that this problem is solved for the case of three qubits, in which an LU-canonical
form parametrized by six real parameters is obtained [AAC+00, AAJT01], but this particular
form can not be generalized in a straightforward manner.

So, we turn to the simplest system which is not bipartite, the system of three qubits. We
have the Hilbert space H ≡ H123 = H1 ⊗H2 ⊗H3 with d = (2, 2, 2) local dimensions. Here we
introduce a convention being very convenient for the tripartite case. The letters a, b and c are
variables taking their values in the set of labels L = {1, 2, 3}. When these variables appear in a
formula, they form a partition of {1, 2, 3}, so they take always different values and the formula
is understood for all the different values of these variables automatically. Although, sometimes
a formula is symmetric under the interchange of two such variables in which case we keep only
one of the identical formulas.

Let the three-qubit state vector |ψ〉 ∈ H be expressed in the computational basis |ijk〉 =
|i〉 ⊗ |j〉 ⊗ |k〉 as

|ψ〉 =

1∑
i,j,k=0

ψijk|ijk〉.

We also have the pure state π = |ψ〉〈ψ| ∈ P(H), and in this tripartite system we have bipartite
and singlepartite subsystems, for which we have the density matrices πbc = tra π ∈ D(Hbc) and
πa = trbc π ∈ D(Ha). Now, how to characterize the entanglement in this system and in its
subsystems? We have, for example, the concurrence (1.11c) of singlepartite subsystems C(πa)
measuring the entanglement of the subsystem a with the rest of the system, which is bc in this
case. On the other hand, thanks to the Schmidt decomposition (1.50), all the reduced states of
a three-qubit state are at most of rank two, which makes the calculation of the c∪(πbc) Wootters
concurrences (1.67) of the bipartite reduced states possible in a closed form [CKW00] (see in
section 6.1.3). Moreover, these are bounded from above by the concurrence of the one-qubit
subsystem by the so called Coffmann-Kundu-Wootters inequality as follows

c∪
2
(πab) + c∪

2
(πac) ≤ C2(πa). (1.69)

This means that there is a restriction on the entanglement of the subsystem a with subsystems
b and c by its entanglement with the subsystem bc, which is called the monogamy31 of the
concurrence [CKW00]. For example, if a is maximally entangled with b, then it can not be
entangled (neither classically correlated) with c, resembling the situation in a marriage, after
which this relation of entanglement is named. This is an entirely quantum feature, there is
no such restriction on correlations in classical systems. This makes the quantum cryptography

31For a recent introduction to the monogamy, see [KGS12].
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essentially different from its classical counterpart. The generalization of the monogamy relation
proved to be true for all n-qubit systems [OV06], which can be written as∑

b 6=a

c∪
2
(πab) ≤ C2(πa). (1.70)

However, it is known that the concurrence is not monogamous for subsystems of higher than two
dimensions [Ou07].

It is interesting to find states which are somehow extremal in the sense of (1.69). It can be
checked that for the W-state [DVC00]

|W〉 =
1√
3

(
|100〉+ |010〉+ |001〉

)
(1.71a)

C2(πa) = 2(2/3)2, while c∪
2
(πab) = c∪

2
(πac) = (2/3)2, hence the inequality (1.69) is saturated,

meaning that all the entanglement between the subsystems a and bc is shared in the ab and ac
subsystems equally. The other extremal case is that of the Greenberger-Horne-Zeilinger state
[GHZ89]

|GHZ〉 =
1√
2

(
|000〉+ |111〉

)
. (1.71b)

This state is maximally entangled in the sense that its singlepartite subsystems are maximally

mixed, C2(πa) = 1, while its bipartite subsystems are separable c∪
2
(πab) = c∪

2
(πac) = 0. Hence

the difference between the two sides of inequality (1.69) is maximal for |GHZ〉, meaning that
subsystem a is entangled with bc, but it is not entangled with b or with c individually. This
interesting distribution of entanglement is characterized by the difference between the two sides
of the inequality (1.69), which is called residual tangle, or three-tangle τ(ψ)

C2(πa) = c∪
2
(πab) + c∪

2
(πac) + τ(ψ). (1.72)

An important finding [DVC00] is that τ(ψ) is an entanglement monotone (1.44), so all terms in
the above equality are measures of the amount of entanglement. This means that in this three-
qubit case there are two kinds of entanglement, that is, (bipartite) entanglement which is shared
among pairs of qubits, and (tripartite) entanglement which can not be seen in the two-qubit
subsystems, although it is present in the whole three-qubit system.

The explicit form of the three-tangle τ(ψ) is also noteworthy. It is given by Cayley’s (2, 2, 2)
hyperdeterminant Detψ [Cay45, GK08, CKW00] as

τ(ψ) = 4|Detψ|, (1.73)

where

Detψ = −1

2
εii′εjj′εkk′εll′εmm′εnn′ψ

iklψjk
′l′ψi

′mnψj
′m′n′ (1.74)

with ε given in (1.18). This writing shows that Detψ is invariant under local SL(2,C) transforma-
tions, thanks to (1.20). Carrying out the sums, we get the expression for the hyperdeterminant

Detψ = ψ000ψ111ψ000ψ111 + ψ110ψ001ψ110ψ001 + ψ101ψ010ψ101ψ010 + ψ011ψ100ψ011ψ100

− 2
(
ψ000ψ111ψ110ψ001 + ψ000ψ111ψ101ψ010+ψ000ψ111ψ011ψ100

+ψ110ψ001ψ101ψ010+ψ110ψ001ψ011ψ100

+ψ101ψ010ψ011ψ100
)

+ 4
(
ψ000ψ110ψ101ψ011 + ψ111ψ001ψ010ψ100

)
,

which shows that Detψ is a permutation-invariant quantity. In the calculations resulting in
the formulas above, index contractions by ε, which was already used also in the two-qubit case,
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appear at all times and in all places. We will see in section 6.1 that these three-qubit results
have a natural treatment in the terms of LSL-covariants. On the other hand, the construction
of c2 (1.62) and τ (1.73), given by the square of the usual (2, 2) determinant (1.63) and the
(2, 2, 2) hyperdeterminant (1.74), can be generalized to n-qubit systems by formulating the index
contractions with ε [WC01]. Apart from these, the same structure appears in the invariant comb
approach of multiqubit entanglement [OS05, OS10, EBOS12].

What can be said about the LOCC and SLOCC classifications of three-qubit pure states? In
[Sud01], the following set of algebraically independent LU-invariant homogeneous polynomials
is given for three-qubit state vectors,

I0(ψ) = trπ ≡ ‖ψ‖2, (1.75a)

Ia(ψ) = trπ2
a, (1.75b)

I4(ψ) = 3 tr(πb ⊗ πc)πbc − trπ3
b − trπ3

c , (1.75c)

I5(ψ) = |Detψ|2, (1.75d)

(the normalization is again relaxed). These invariants are sufficient for the labelling of the LU-
orbits, that is, the LOCC classes of three-qubit pure states. The structure of these invariants are
more complicated than that of the invariants (1.51) for two-qubit state vectors. Here I4 is the
Kempe invariant [Kem99], it is the same for all different b, c ∈ {1, 2, 3} labels. Note that the
three invariants Ia (together with I0 in the unnormalized case), carrying all pieces of information
about the local density matrices πa, are not sufficient for the characterization the LOCC classes.
Therefore there are states different only in the invariants I4 and I5, that is, globally different
states which are locally the same. This is called hidden nonlocality, and this is a useful resource
of quantum cryptography [Kem99].

While there are infinitely many LOCC classes labelled by six real parameters, it is a cel-
ebrated result that there are SLOCC classes of finite number in this three-qubit case, which
is referred as “three qubits can be entangled in two inequivalent ways” [DVC00]. More fully,
there are 1 + 1 + 3 + 1 + 1 three-qubit SLOCC classes, that is, subsets invariant under LGL
transformations:

• VNull (Class Null): The zero-vector of H.
• V1|2|3 (Class 1|2|3): These vectors are fully separable, which are of the form |ψ1〉 ⊗
|ψ2〉 ⊗ |ψ3〉.
• Va|bc (three biseparable Classes a|bc), for example: |ψ1〉 ⊗ |ψ23〉 ∈ V1|23, where |ψ23〉 is

not separable.
• VW (Class W): This is the first class of tripartite entanglement, when no subsystem can

be separated from the others. A representative element is the standard W state (1.71a)
• VGHZ (Class GHZ): This is the second class of tripartite entanglement, the class of

Greenberger-Horne-Zeilinger-type entanglement. A representative element is the stan-
dard GHZ state (1.71b).

Formally speaking, these classes define disjoint, LGL-invariant subsets ofH, and coverH entirely,
H = VNull ∪V1|2|3 ∪V1|23 ∪V2|13 ∪V3|12 ∪VW ∪VGHZ. Except VNull, these classes are not closed.

For any |ψ〉 ∈ H, it can be determined to which class |ψ〉 belongs by the vanishing of the
following quantities: the norm

n(ψ) = ‖ψ‖2, (1.76a)

the local entropies

c2a(ψ) = C2(πa) = 4 detπa, (1.76b)
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Class n(ψ) c21(ψ) c22(ψ) c23(ψ) τ(ψ)

VNull = 0 = 0 = 0 = 0 = 0

V1|2|3 > 0 = 0 = 0 = 0 = 0

V1|23 > 0 = 0 > 0 > 0 = 0

V2|13 > 0 > 0 = 0 > 0 = 0

V3|12 > 0 > 0 > 0 = 0 = 0

VW > 0 > 0 > 0 > 0 = 0
VGHZ > 0 > 0 > 0 > 0 > 0

Table 1.2. SLOCC classes of three-qubit state vectors identified by the van-
ishing of LU-invariants (1.76).

(here we use the concurrence-squared (1.11c), (1.15) although every entropy does the job, since
they vanish only for pure density matrices) and the three-tangle (1.73)

τ(ψ) = 4|Detψ|. (1.76c)

All of these quantities are LU-invariant ones, (which is U(2)×3 in this case,) moreover, n is

invariant under the larger group U(8), and τ under
[
U(1)× SL(2,C)

]×3 ∼= U(1)× SL(2,C)×3. It
follows from the invariance properties and other observations [DVC00] that the SLOCC classes
of pure three-qubit states can be determined by the vanishing of these quantities in the way which
can be seen in table 1.2. Note that all of these quantities are entanglement-monotones (1.44): n
trivially, ca by the reasoning after (1.54), and the entanglement-monotonicity of τ is proven in
[DVC00].

We note here that in the tripartite case with local dimensions d = (2, 2, d3) the SLOCC
classification can also be carried out, resulting in finite number of LSL-orbits, namely, eight and
nine for d3 = 3 and d3 ≥ 4, respectively [Miy04].

1.3.7. Mixed states of three qubits. In [ABLS01] Aćın et. al. have investigated the
classification of mixed three-qubit states in connection with the pure state SLOCC classes. They
have shown that the tripartite classification scheme given in section 1.2.3 can be naturally ex-
tended. In their classification, Class 1 of fully entangled states is divided into two subsets, namely
the ones of GHZ and W-type entanglement, by the following definitions. A state is of W-type
(DW) if it can be expressed as a mixture of projectors onto 2-separable and Class W vectors
(therefore DW is also a convex set) and Class GHZ vector is required for a GHZ-type mixed state
(DGHZ). Hence the following holds

D3-sep ⊂ D2-sep ⊂ DW ⊂ DGHZ ≡ D1-sep ≡ D. (1.77)

Let Class W be the set DW \ D2−sep and Class GHZ be the set DGHZ \ DW, so Class 1 =
Class W ∪ Class GHZ.

The key point leading to this classification was that the new set DW introduced above has
to be closed. A different set defined to be the set of states which can be expressed as a mixture
of projectors onto 2-separable and Class GHZ vectors would not be closed, since τ(ψ) = 0
characterizes also the Class W vectors in the set of τ(ψ) 6= 0 Class GHZ vectors.

We note here that in the tripartite case with local dimensions d = (2, 2, d3), the eight and
nine SLOCC classes of pure states (for d3 = 3 and d3 ≥ 4, respectively) give rise to a classification
for mixed states [MV04] similar to the three-qubit case recalled here.



40 1. QUANTUM ENTANGLEMENT

1.3.8. State vectors of four qubits. In the case of four qubits we have the Hilbert space
H ≡ H1234 = H1 ⊗H2 ⊗H3 ⊗H4 with d = (2, 2, 2, 2) local dimensions. Let the four-qubit state
vector |ψ〉 ∈ H be expressed in the computational basis |ijkl〉 = |i〉 ⊗ |j〉 ⊗ |k〉 ⊗ |l〉 as

|ψ〉 =

1∑
i,j,k,l=0

ψijkl|ijkl〉.

This case is much more complicated than that of three qubits, even the SLOCC classes are
labelled by continuous parameters.

Let us start with the LSL-invariants, which are necessary to characterize the SLOCC classes.
It is known that there are four algebraically independent SL(2,C)×4 invariants [LT03, Lév06]
denoted by H,L,M and D. These are quadratic, quartic, quartic and sextic invariants of the
coefficients ψijkl respectively. The invariants H, L and M are given by the expressions

H(ψ) =
1

2
εii′εjj′εkk′εll′ψ

ijklψi
′j′k′l′ =

1

2
〈ψ̃|ψ〉 (1.78a)

with the spin-flipped vector 〈ψ̃| = ε⊗ ε⊗ ε⊗ ε|ψ〉, and

L(ψ) = detψ(12)(34), (1.78b)

M(ψ) = detψ(31)(24), (1.78c)

N(ψ) = detψ(14)(23), (1.78d)

where ψ(ab)(cd) is a matrix of two indices, which indices are composed of the binary indices

running on subsystems32 ab and cd, and then det is the usual matrix determinant for these 4× 4
matrices. The three quantities L, N and M above are not linearly independent because the
L(ψ) + M(ψ) + N(ψ) = 0 equation holds. However, any two of them are linearly independent.
The sextic generator is

D(ψ) = detB, (1.78e)

given by the 3× 3 matrix B, which is the coefficient-matrix of a bi-quadratic form composed of
the ψijkl coefficients as

1

2
εjj′εkk′(ψ

ijklxitl)(ψ
i′j′k′l′xi′tl′) =

[
x2

0, x0x1, x
2
1

]
B

 t20
t0t1
t21

 .
In the four-qubit case there are continuously many SLOCC classes. However, there is a

classification which concerns not the LSL orbits, but the orbit-types, based on the construction
of an LSL canonical form. In this classification, it turns out that “four qubits can be entangled
in nine different ways”, up to permutations of the subsystems [VDMV02, CD07]. Here the
different orbit-types are parametrized by complex parameters, which are in connection with the
invariants above. However, the same value of the invariants is only necessary but not sufficient
condition for two states to belong to the same orbit [CD07]. A different approach is given in
[LL12].

1.4. Summary

We have seen that the structure of entanglement in multipartite systems is rather complex.
We have seen these structures in the examples of some basic systems composed of small number
of qubits. (There are also a small number of other explicit results for few-qutrit systems in the

32That is, for example for ψIJ
(14)(23)

the capital indices I = 0, 1, 2, 3 are equivalent to il = 00, 01, 10, 11 in

ψijkl respectively, and so on.
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literature.) All of these results are coming from ad hoc constructions based on mathematical co-
incidences making it possible to obtain compact useful and manageable formulas. Unfortunately,
these can hardly be generalized, or can not be generalized at all, simply because the structure
itself is very complicated.

In the following chapters we present our results, which are of two kinds. In chapters 2, 4
and 6 we show such ad hoc results of particular quantum systems, while in chapters 3 and 5 we
show some general results working for arbitrary number of subsystems of arbitrary dimensional
Hilbert spaces, with detailed elaboration of the tripartite case.





CHAPTER 2

Two-qubit mixed states with fermionic purifications

As we have seen in section 1.2.2, the most plausible method for the quantification of entangle-
ment of mixed states contains an implicit step which is the minimization over the decompositions
in the convex roof construction. This problem is solved for the case of two-qubit states, where
the result of the minimization can be written in an explicit form, resulting in the celebrated
formula of the Wotters concurrence (1.67). However, this formula is still implicit in another
sense: matrix diagonalization is needed to obtain a formula given by the parameters of the state.
On the other hand, matrix diagonalization is needed to obtain the negativity (1.68) too.

In this chapter, we investigate a special 12-parameter family of two-qubit density matrices
[LNP05], for which the Wootters concurrence and the negativity can be expressed in a closed
formula given by the parameters of the state, and we give a detailed explicit characterization of
the special four-qubit purification of these states.

The material of this chapter covers thesis statement I (page xv). The organization of this
chapter is as follows.

In section 2.1, we present the parametrized family of density matrices we wish to study.
Using suitable local unitary transformations we transform this family to a canonical
form.

In section 2.2, based on these results we calculate the Wootters concurrence and the neg-
ativity (sections 2.2.1 and 2.2.2). We give a formula for the upper and lower bounds
of negativity for a given concurrence (section 2.2.3). The mixeness is also calculated
(section 2.2.4).

In section 2.3, we consider the special four-qubit purifications of this state. We analyze the
structure of the above quantities together with further ones characterizing four-qubit
entanglement and discuss how they are related to each other. In particular we prove
that the relevant entanglement measures associated with the four-qubit state satisfy the
generalized Coffman-Kundu-Wootters inequality of distributed entanglement. For the
residual tangle we derive an explicit formula, containing two from the four algebraically
independent four-qubit invariants.

In section 2.4, we give a summary and some remarks.

2.1. The density matrix

The formula for the Wootters concurrence of two-qubit density matrices, given in (1.67), is
written with the eigenvalues of

√√
%%̃
√
%, which are hard to express using the matrix elements of

%. However, one can impose some conditions on %, which enables the Wootters concurrence to be
calcualted in a closed form. For example, a two-qubit density matrix reduced from a pure three-
qubit state is at the most of rank two, which enables the explicit calculation of the Wootters
concurrence in terms of the amplitudes of the original three-qubit state (section 6.1.3). This
could be generalized considering two-qubit mixed states reduced from four-qubit pure states.
However, every two-qubit density matrix can be reduced from a pure four-qubit state, hence as

43
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an extra constraint we impose an antisymmetry condition on the amplitudes of state vector

|ψ〉 =

1∑
i,j,k,l=0

ψijkl|ijkl〉 ∈ H = H1 ⊗H2 ⊗H3 ⊗H4, (2.1a)

as

ψijkl = −ψklij , (2.1b)

that is, we impose antisymmetry in the first and second pairs of indices.
An alternative (and more physical) way is the one of imposing such constraints on the

original Hilbert space H ∼= C16 which renders to have a tensor product structure on one of its
six dimensional subspaces H of the form

H4∧4 = (C2 ⊗ C2) ∧ (C2 ⊗ C2) ⊂ H, (2.2)

where ∧ refers to antisymmetrization. As we know quantum tensor product structures are
observable-induced, hence in order to specify this system with a tensor product structure of
equation (2.2) we have to specify the experimentally accessible interactions and measurements
that account for the admissible operations we can perform on the system. For example we can
realize the system as a pair of fermions with four single particle states where a part of the
admissible operations are local unitary transformations of the form

|ψ〉 7−→ (U ⊗ V )⊗ (U ⊗ V )|ψ〉, U, V ∈ U(2). (2.3)

Taken together with equation (2.1b) this transformation rule clearly indicates that the 12 and 34
subsystems form two indistinguishable subsystems of fermionic type. In this sense, the reduced
density matrices arising from fermionic states that are elements of the tensor product structure
as shown by equation (2.2) are called density matrices with fermionic purifications.

Let us parametrize the 6 amplitudes of this normalized four qubit state |ψ〉 with the anti-
symmetry property of equation (2.1b) as

ψijkl =
1

2

(
εikAjl +Bikεjl

)
, (2.4a)

where ε is given in (1.18), and A and B are symmetric matrices1 of the form

A =

[
z1 − iz2 −z3

−z3 −z1 − iz2

]
= ε∗(zσ∗), B =

[
w1 − iw2 −w3

−w3 −w1 − iw2

]
= ε∗(wσ∗),

(2.4b)

where z,w ∈ C3 and the notation of (1.13) is used. It is straightforward to check that the
normalization condition of the state |ψ〉 takes the form

‖ψ‖2 = ‖w‖2 + ‖z‖2 = 1 (2.4c)

The density matrices we wish to study are arising as reduced ones of π = |ψ〉〈ψ| of the form

% := π12 = tr34 |ψ〉〈ψ|.
Notice that since the 12 and 34 subsystems are by definition indistinguishable we also have
% = π12 = π34.

A calculation of the partial trace yields the following explicit form for %

% =
1

4

(
I⊗ I + Λ

)
, (2.5a)

1 Note that, for example, A ∈ H2 ⊗ H4
∼= Lin(H∗4 → H2), on the other hand, we regard ε∗ ∈ H2 ⊗ H4

∼=
Lin(H∗4 → H2), (the εjls are the coefficients of that) and σ∗1,2,3 ∈ H∗4 ⊗H4

∼= Lin(H∗4 → H∗4). Simillarly on the

Hilbert spaces H1 and H3.
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where Λ is the traceless matrix

Λ = xσ ⊗ I + I⊗ yσ + wσ ⊗ z∗σ + w∗σ ⊗ zσ, (2.5b)

x = iw ×w∗, y = iz× z∗. (2.5c)

Notice that x,y ∈ R3, and xw = xw∗ = yz = yz∗ = 0. Due to this, and the identities

‖x‖2 = ‖w‖4 − |w2|2, ‖y‖2 = ‖z‖4 − |z2|2, (2.6)

it can be checked that Λ satisfies the identity

Λ2 =
(
1− η2

)
I⊗ I, (2.7)

where

η ≡ |w2 − z2|, 0 ≤ η ≤ 1. (2.8)

Notice that the quantity η is just the Schliemann-measure of entanglement for two-fermion
systems with 4 single particle states [SCK+01, LNP05]. Indeed the density matrix % (with a
somewhat different parametrization) can alternatively be obtained as a reduced one arising from
such fermionic systems after a convenient global U(4) (see in [LNP05]), and a local U(2)×U(2)
transformation of the form I⊗ σ2.

Now by employing suitable local unitary transformations we would like to obtain a canonical
form for %. According to equation (2.3) the transformations operating on subsystems 12 or
equivalently 34 are of the form U ⊗ V ∈ U(2)×U(2).

As a first step let us consider the unitary transformation

U(u, α) = e−i
α
2 uσ = cos (α/2) I− i sin (α/2) uσ,

which is a spin-1/2 representation of an SU(2) rotation around the axis u ∈ S2 ⊂ R3, (‖u‖2 = 1)
with an angle α. A particular rotation from x to x′ (x′ 6= −x) can be written in the form
U(u, α)xσU(u, α)† = x′σ with the parameters u = (x × x′)/(‖x × x′‖) and cosα = xx′/xx
leading to the transformation operator

U(u, α) =
1√

2‖x‖2(‖x‖2 + x′x)

(
‖x‖2I + (xσ)(x′σ)

)
.

Employing this, we can rotate the vector x and y to the direction of the coordinate axis z as
UxxσU†x = rσ3, VyyσV †y = sσ3. In this case the matrices are of the form

Ux :=
1√

2r(r + x3)

(
rI + σ3(xσ)

)
, Vy :=

1√
2s(s+ y3)

(
sI + σ3(yσ)

)
, (2.9a)

with the parameters

r = ‖x‖, s = ‖y‖. (2.9b)

Moreover, it can be checked that due to the special form of x and y, the transformations above
rotate the third components of w and z into zero,

UxwσU†x = w′σ, w′ = w − wx′

r2 + xx′
(x + x′) =

w1 − x1

r+x3
w3

w2 − x2

r+x3
w3

0

 , (2.10a)

VyzσV †y = z′σ, z′ = z− zy′

s2 + yy′
(y + y′) =

z1 − y1
s+y3

z3

z2 − y2
s+y3

z3

0

 . (2.10b)
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Every U ∈ U(2) unitary transformation acting on an arbitrary a ∈ C3 as UaσU† = a′σ
preserves a2 and ‖a‖2, since 2a2 = tr(aσ)(aσ), and 2‖a‖2 = tr(aσ)†(aσ). Hence

w′2 = w2, z′2 = z2, ‖w′‖2 = ‖w‖2, ‖z′‖2 = ‖z‖2, η′ = η (2.11)

are invariant under local U(2)×U(2) transformations.2

Now by employing the local U(2) × U(2) transformations Ux ⊗ Vy, the density matrix can
be cast to the form,

%′ = (Ux ⊗ Vy) %
(
U†x ⊗ V †y

)
=

1

4
(I + Λ′) , (2.12a)

where

Λ′ = rσ3 ⊗ I + I⊗ sσ3 + w′σ ⊗ z′
∗
σ + w′

∗
σ ⊗ z′σ (2.12b)

has the special form3

Λ′ =


α3 · · α1 − iα2

· β3 β1 − iβ2 ·
· β1 + iβ2 −β3 ·

α1 + iα2 · · −α3

 (2.12c)

with the quantities defined as

α =

ξ1 − ξ2ζ1 + ζ2
r + s

 ∈ R3, β =

ξ1 + ξ2
ζ1 − ζ2
r − s

 ∈ R3, (2.12d)

ξ1 = w′1z
′∗
1 + w′∗1 z

′
1, ζ1 = w′2z

′∗
1 + w′∗2 z

′
1, (2.12e)

ξ2 = w′2z
′∗
2 + w′∗2 z

′
2, ζ2 = w′1z

′∗
2 + w′∗1 z

′
2. (2.12f)

Thanks to the special X-shape of Λ′, we can regard %′ as the direct sum of two 2 × 2 blocks
1/4(I+ασ) and 1/4(I+βσ). Having obtained this canonical form of the reduced density matrix
%, now we turn to the calculation of the corresponding entanglement measures.

2.2. Measures of entanglement for the density matrix

In this section we calculate the Wootters concurrence (1.67) and the negativity (1.68) of this
density matrix %. Both of these measures are invariant under the local unitary transformations
which we have used to obtain the canonical form %′, therefore we can calculate them for the
canonical form. Moreover, the steps leading from %′ to the measures leave the X-shape of %′

invariant, so we have to calculate eigenvalues of matrices which are of size 2× 2 only. This keeps
the symbolical calculations in a relatively easy way.

2.2.1. Wootters concurrence. Let us start with the Wootters concurrence (1.67) of the
density matrix %. As we have mention in section 1.3.5, the the Wootters concurrence is invariant
under U(1) × SL(2,C) × SL(2,C), so we can use the canonical form %′ we have obtained in the
previous section via using the transformation Ux ⊗ Vy ∈ SU(2) × SU(2) ⊂ U(1) × SL(2,C) ×
SL(2,C) for its calculation.

2The entanglement measure η is also invariant under the larger group of U(4) transformations.
3For better readability, zeroes in matrices are often denoted with dots.
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The matrix %′%̃′ has the same X-shape as %′, with the blocks 1/16(α̃0I + α̃σ) and 1/16(β̃0I +

β̃σ) where α̃µ and β̃ν with µ, ν = 0, 1, 2, 3 are quadratic in α and β:

α̃µ =


1 + α2

1 + α2
2 − α2

3

2α1 − i2α2α3

2α2 + i2α3α1

0

 ∈ C4, β̃ν =


1 + β2

1 + β2
2 − β2

3

2β1 − i2β2β3

2β2 + i2β3β1

0

 ∈ C4. (2.13)

The eigenvalues of the blocks 1/16
(
α̃0I + α̃σ

)
and 1/16

(
β̃0I + β̃σ

)
are 1/16

(
α̃0 ±

√
α̃2
)

and

1/16
(
β̃0 ±

√
β̃

2
)

, respectively. Now, we can express these with the help of the quantities α, β

of (2.13) and get the eigenvalues of %′%̃′ in the form

Eigv
(
%′%̃′

)
=

{
1

16

(√
α2

1 + α2
2 ±

√
1− α2

3

)2

,
1

16

(√
β2

1 + β2
2 ±

√
1− β2

3

)2
}
.

Now, using equations (2.12d)-(2.12f), we have to express these as functions of the original quan-
tities z2, w2, ‖z‖2 and ‖w‖2. Straightforward calculation shows that

α2
1 + α2

2 = 2‖w′‖2‖z′‖2 + w′2z′∗
2

+ w′∗
2
z′2 − 2rs, (2.14a)

β2
1 + β2

2 = 2‖w′‖2‖z′‖2 + w′2z′∗
2

+ w′∗
2
z′2 + 2rs, (2.14b)

1− α2
3 = 2‖w′‖2‖z′‖2 + w′2w′∗

2
+ z′2z′∗

2 − 2rs, (2.14c)

1− β2
3 = 2‖w′‖2‖z′‖2 + w′2w′∗

2
+ z′2z′∗

2
+ 2rs. (2.14d)

The formulas above are expressed in terms of quantities invariant under the transformation
yielding the canonical form (2.11) so we can simply omit the primes. Hence by using equation
(2.6) and (2.8) we can establish that

α2
1 + α2

2 = 1− α2
3 − η2, β2

1 + β2
2 = 1− β2

3 − η2.

For further use, we define the quantities

γ+ := r + s ≡ α3, γ− := r − s ≡ β3. (2.15)

With these, the spectrum of
√√

%%̃
√
%, which is the same as the square root of the eigenvalues

of %%̃, is

Spect
√√

%%̃
√
% =

{
1

4

(√
1− γ2

+ ±
√

1− γ2
+ − η2

)
,

1

4

(√
1− γ2

− ±
√

1− γ2
− − η2

)}
.

The greatest one of these is λ↓1 = 1/4
(√

1− γ2
− +

√
1− γ2

− − η2
)

, and, after subtracting the

others from it, we get finally the nice formula for the Wootters concurrence (1.67)

c∪(%) =
1

2

(√
1− η2 − γ2

− −
√

1− γ2
+

)+

(2.16)

with the quantities defined in equations (2.6), (2.8), (2.9b) and (2.15) containing our basic
parameters w and z of %. One can easily check by the definitions (2.15) that

% ∈ Dsep ⇐⇒ η2 ≥ 4rs. (2.17)

Hence the surface dividing the entangled and separable states in the space of these density
matrices is given by the equation η2 = 4rs, which is a special deformation of the η = 0 Klein-
quadric [LNP05]. This can also be seen from the (2.19) formula of negativity, see in the next
subsection.
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2.2.2. Negativity. The next entanglement measure which we are able to calculate for %
is the negativity (1.68), which is defined in this case by the smallest eigenvalue of the partially
transposed density matrix (section 1.3.5). Since the eigenvalues of the density matrix together
with those of its partial transpose are invariant under U(2)× U(2) transformations, we can use
again the canonical form %′ of equation (2.12a).

Consider the %′t2 partial transpose of %′ with respect to the second subsystem. This operation
results in the following transformation of Λ′ of (2.12b)

Λ′t2 = rσ3 ⊗ I + I⊗ sσ3 + w′σ ⊗ (z′
∗
σ)t + w′

∗
σ ⊗ (z′σ)t,

meaning that only z′2 changes to −z′2, thanks to (1.17). By virtue of this, retaining the (2.12e)
and (2.12f) definitions of ξ1, ξ2, ζ1, ζ2, and redefining α,β ∈ R3 of equation (2.12d) as

α =

ξ1 + ξ2
ζ1 − ζ2
r + s

 ∈ R3, β =

ξ1 − ξ2ζ1 + ζ2
r − s

 ∈ R3, (2.18)

the calculation proceeds as in section 2.2.1. Namely, we can regard %′t2 as the direct sum of the
blocks 1/4(I + ασ) and 1/4(I + βσ) again, and the spectrum of %t2 is the union of the spectra
of them

Spect
(
%′

t2
)

= Spect
(
%t2
)

=

{
1

4

(
1± ‖α‖

)
,

1

4

(
1± ‖β‖

)}
.

Then straightforward calculation shows that4

‖α‖2 = 1− η2 + 4rs, ‖β‖2 = 1− η2 − 4rs.

The former one leads to the smaller eigenvalue with the minus sign. It follows from the definition
(2.15) that γ2

+ − γ2
− = 4rs, hence the negativity of % is

N(%) =
1

2

(√
1− η2 − γ2

− + γ2
+ − 1

)+

, (2.19)

with the usual quantities given in equations (2.8) and (2.9b).

2.2.3. Comparsion of Wootters concurrence and negativity. For a two-qubit den-
sity matrix we can write the following inequalities between the Wootters concurrence and the
negativity√

(1− c∪)2 + c∪2 − (1− c∪) ≤ N ≤ c∪, (2.20)

which are known from the papers of Verstraete et. al. [VADM01, VABM00]. Our special case
with fermionic correlations may give extra restrictions between these quantities, so we can pose
the question, whether we can replace the inequalities in (2.20) by stronger ones. Indeed, we give
stronger bounds on the negativity, which are illustrated in figure 2.1.

First, we give a stronger upper bound for the negativity than the one in (2.20). This upper
bound is the following:

N(%) ≤ 1

2

(√
2−

(
1− 2c∪(%)

)2 − 1

)
, (2.21)

4With the redefined α and β (2.18), only the sign of the term 2rs flips in (2.14a) and in (2.14b). Then the
primes can be dropped again, leading to these expressions.
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(2.20)

(2.21)

(2.22)

N(%)

c∪(%)

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Figure 2.1. Range of values of negativity for a given Wootters concurrence.
The blue lines represent the bounds (2.20) hold for all two-qubit density matri-
ces, while the red ones represent the upper (2.21) and lower (2.22) bounds hold
for the studied family of density matrices (2.5).

see the red line in figure 2.1. To see this inequality, insert equations (2.16) and (2.19) into (2.21),
then, after some algebra, rearrange the terms, and factorize the sum:

0 ≤ −2(1− η2 − γ2
−) + 2

√
1− η2 − γ2

− − 2
√

1− γ2
+ + 2

√
1− η2 − γ2

−

√
1− γ2

+

= 2

(√
1− η2 − γ2

− −
√

1− γ2
+

)(
1−

√
1− η2 − γ2

−

)
.

The second parenthesis is obviously nonnegative. For entangled states c∪(%) > 0, and the first
parenthesis is proportional to that. To see that the (2.21) upper bound is the tightest, consider
the special case when w = z. Such states realize the boundary, so the inequality in (2.21)
is saturated for such states. Indeed, in this case η = 0, r = s, γ+ = 2r, γ− = 0, leading
to c∪ = 1/2

(
1 −
√

1− 4r2
)

and N = 1/2
(√

1 + 4r2 − 1
)
. These depend only on r, wich can

be expressed from c∪, thus we can express the negativity of these states with their Wootters
concurrence, and get back the curve of the upper bound. On the other hand, these states realize
the whole boundary, since 0 ≤ r = s ≤ ‖w‖2 = ‖z‖2 = 1/2, so these states can arise for all
allowed values of Wootters concurrence.

Second, we give a stronger lower bound for the negativity than the one in (2.20). For
this, note that the term 1 − η2 − γ2

− appears in the Wootters concurrence (2.16) and also in
the negativity (2.19). Expressing it from the formula of the Wootters concurrence (2.16) and
inserting it into the formula of the negativity (2.19) leads to

N(%) =
1

2

(√
1 + (2c∪)2 + 4c∪

√
1− γ2

+ − 1

)
.
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Since 0 ≤ γ2
+ ≡ (r + s)2 ≤ 1, as can be concluded from (2.15), (2.4c) and (2.6), we can obtain a

lower and an upper bound for the negativity for γ2
+ = 1 and 0: 1/2

(√
1 + (2c∪)2 − 1

)
≤ N(%) ≤

1/2
(√

1 + (2c∪)2 + 4c∪ − 1
)

= c∪. The upper bound is weaker than the one we have in (2.21),
actually this is the upper bound in (2.20) valid for general two-qubit density matrices. But the
lower bound

1

2

(√
1 + (2c∪)2 − 1

)
≤ N(%) (2.22)

is stronger in the 0 ≤ c∪ ≤ 1/2 interval that the one in (2.20), see the red line in figure 2.1. To see
that the (2.22) lower bound is the tightest, we need that γ2

+ = 1 can be realized independently
of the Wootters concurrence. From (2.15), (2.4c) and (2.6), we have that γ2

+ = 1 if and only if
when w2 = 0 and z2 = 0. In this case η = 0, r = ‖w‖2, s = ‖z‖2, and γ− = ‖w‖2−‖z‖2, leading

to c∪ = 1/2
√

1− γ2
− and N = 1/2

(√
2 + γ2

− − 1
)

. These states realize the whole boundary,

since 0 ≤ γ2
− =

(
2‖w‖2− 1

)2 ≤ 1, so these states can arise for all allowed values of the Wootters
concurrence.

Summarizing we have√
(1− c∪)2 + (c∪)2 − (1− c∪) ≤ 1

2

(√
1 + (2c∪)2 − 1

)
≤ N ≤ 1

2

(√
2− (1− 2c∪)2 − 1

)
≤ c∪

(2.23)

where the first and last bounds on the negativity hold for general two-qubit mixed states (2.20),
the stronger second (2.22) and third (2.21) bounds hold for the special family of two-qubit mixed
states given in (2.5). For these states 0 ≤ c∪ ≤ 1/2, the first inequality holds only in this interval.

As an illustration, we can obtain examples of states of the canonical form, which are realizing
the boundaries, that is, have maximal or minimal negativity for a given Wootters concurrence.
For the upper bound (2.21) we need states for which w′ = z′ for all 0 ≤ r = s ≤ 1/2 parameter
values. This can be achieved by varying the relative phase of w′1 and w′2 (having the same
magnitude) and fixing the lengths ‖w′‖2 = ‖z′‖2 = 1/2. For the lower bound (2.22) we need
states for which w2 = z2 = 0 for all 0 ≤ γ2

− ≤ 1 parameter values. This can be achieved by
varying the relative lengths ‖w′‖2 and ‖z′‖2 and fixing the relative phase of w′1 and w′2 and of z′1
and z′2. Summarizing, we introduce the states depending on two parameters ϑ and ϕ as follows

w′ =
cosϑ√

2

 1
eiϕ

0

 , z′ =
sinϑ√

2

 1
eiϕ

0

 , 0 ≤ 2ϑ, ϕ ≤ π

2
, (2.24)

leading to the density matrix

%′ =
1

4


1 + sinϕ · · −i sin 2ϑ cosϕ
· 1 + cos 2ϑ 1 ·
· 1 1− cos 2ϑ ·

i sin 2ϑ cosϕ · · 1− sinϕ

 .
For these states w′ = z′ if and only if ϑ = π/4, then they have maximal negativity for a given
Wootters concurrence (2.21), on the other hand, w2 = z2 = 0 if and only if ϕ = π/2, then
they have minimal negativity for a given Wootters concurrence (2.22). In both cases, the free
parameter runs through the whole boundary. In general we have r = cos2 ϑ sinϕ, s = sin2 ϑ sinϕ,
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Figure 2.2. Range of values of negativity for a given concurrence. The lines
with constant ϑ and ϕ of the two-parameter state (2.24) are also drawn.

γ+ = sinϕ, γ− = cos 2ϑ sinϕ and η = cos 2ϑ cosϕ, leading to

c∪(%′) =
1

2

(
sin 2ϑ− cosϕ

)+
,

N(%′) =
1

2

(√
sin2 2ϑ+ sin2 ϕ− 1

)+

,

as can be seen in figure 2.2.
In (2.24) we gave a two-parameter submanifold of the states given in (2.5). The maximally

entangled state is at the parameter value ϑ = π/4, ϕ = π/2, having c∪max = 1/2 and Nmax =(√
2 − 1

)
/2. Now, we obtain all states of the canonical form with maximal entanglement, not

only this one lying in this submanifold. From the (2.16) formula of Wootters concurrence one
can see that

c∪ = c∪max =
1

2
⇐⇒

(
η2 = 0 and γ2

− = 0 and γ2
+ = 1

)
⇐⇒

(
w2 = z2 and r = s and 4r2 = 1

)
⇐⇒

(
‖w‖2 = ‖z‖2 =

1

2
and w2 = z2 = 0

)
,

using (2.4c), (2.8), (2.6) and (2.15). One can check that the only parameters of the canonical
form satisfying this are of the form

w′max =
1

2
eiδ1

1
i
0

 , z′max =
1

2
eiδ2

1
i
0

 ,
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leading to the density matrix

%′max =
1

4


3
2 · · ·
· 1 eiδ ·
· e−iδ 1 ·
· · · 1

2

 . (2.25)

Here δ = δ1 − δ2 is the only parameter characterizing this maximally entangled density matrix
of the canonical form (2.12a) for the family of states given in (2.5).

2.2.4. Mixedness. Tdegree of mixedness of a density matrix can be characterized, for
example, by the purity (1.11a), the participiation ratio (1.11b) and the concurrence-squared
(1.11c), among other quantites. As we have seen in section 1.3.2, the latter one, calculated for
% = π12, measures the entanglement of the pure state |ψ〉 under the 12|34 split, if we do not
consider this state as a fermionic state, but rather a special four-qubit one. (The fermionic
entanglement is a different story [SCK+01, GMW02, GM04].) For our %, thanks to the
special property (2.7) of Λ, these quantities can easily be calculated, leading to

P (%) =
1

4
(2− η2),

1

4
≤ P (%) ≤ 1

2
, (2.26a)

R(%) =
4

2− η2
, 2 ≤ R(%) ≤ 4, (2.26b)

C2(%) =
1

3
(2 + η2),

2

3
≤ C2(%) ≤ 1, (2.26c)

by virtue of equation (2.8). The concurrence-squared C2(%) never vanishes, which means that
the four-qubit state vector |ψ〉 with the antisymmetry property (2.1b) is never separable under
the 12|34 split, which is a manifestation of its fermionic nature. On the other hand, its entan-
glement (2.26c) increases with η, while the entanglement c∪(%) inside the 12 (or equivalently 34)
subsystem (2.16) decreases with that. Although this may be interesting, but this can not lead to
a usual monogamy relation (1.70) at this point, (that is, involving Wootters concurrences,) since
C2(%) is related to a split involving d = 4 qudits. Even if there would be some general relations
involving C2(%) on multipartite entanglement in the fashion of monogamy, there are too many
quantities which can not be calculated in a closed form at this point, namely, the entanglement
inside the tripartite subsystems with respect to bipartite and tripartite splits. Anyway, the usual
monogamy relation for four qubits (1.70) can be studied, as is done in the next section.

2.3. Relating different measures of entanglement

In this section we would like to discuss the relations of entanglement monogamy for multi-
qubit systems (1.70) applied to the four-qubit pure state with the antisymmetry property (2.1b).
During this, we calculate the remaining quantities we need, and see how all these quantities are
related to the important ones characterizing four-qubit pure state entanglement. The latter ones
are given in section 1.3.8.

2.3.1. One-qubit subsystems. First of all let us notice that the

π1 = tr234 π = tr2 % =
1

2
(I + xσ), (2.27a)

π2 = tr134 π = tr1 % =
1

2
(I + yσ) (2.27b)

reduced density matrices describe the entanglement properties of subsystems 1 and 2 to the rest
of the system described by the four-qubit state π = |ψ〉〈ψ|. Because of the antisymmetry (2.1b)
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of |ψ〉, we also have

π3 = π1, π4 = π2. (2.27c)

We can characterize how much these subsystems are entangled with the rest with the concurrence-
squares (1.11c) of the states of the subsystems,

C2(π1) = 4 detπ1 = 1− r2, C2(π2) = 4 detπ2 = 1− s2, (2.28a)

and

C2(π3) = C2(π1), C2(π4) = C2(π2). (2.28b)

The concurrence-squared (1.11c) ranges from 0 to 1 in general, and in our case the 0 ≤ C2(πa) ≤ 1
bounds can be saturated due to (2.6).

2.3.2. Other two-qubit subsystems. Now turn to the bipartite subsystems. We already
know the Wootters concurrence of the states π12 = π34 = % from (2.16). A straightforward
calculation of the bipartite density matrices π14 and π23 shows that they again have the form
of equation (2.5) with the sign of w is changed in the first case and the vectors w and z are
exchanged in the second. Since these transformations do not change the value of the Wootters
concurrence, we have

c∪
2
(π12) = c∪

2
(π14) = c∪

2
(π23) = c∪

2
(π34). (2.29)

Now the only two-qubit density matrices we have not discussed yet are the ones π13 and π24.
Their forms are5

(π13)iki′k′ =
1

2

(
‖z‖2εikεi′k′ +BikBi′k′

)
, (2.30a)

(π24)jlj′l′ =
1

2

(
‖w‖2εjlεj′l′ +AjlAj′l′

)
. (2.30b)

Recall now that the (2.3) transformation property of the (2.1) four-qubit state gives rise to the
corresponding ones for the reduced density matrices

π13 7−→ (U ⊗ U)π13(U† ⊗ U†),

π24 7−→ (V ⊗ V )π24(V † ⊗ V †).

For U, V ∈ SU(2), due to (1.20) the tensors occurring in (2.30) transform as

ε 7−→ ε,

A 7−→ V AV t,

B 7−→ UBU t.

Using the (2.4b) definition of A we have for example

V AV t = V ε∗(zσ∗)V t = ε∗V ∗(zσ∗)V t = ε∗(V (z∗σ)V †)∗ = ε∗(z′∗σ)∗ = ε∗(z′σ∗),

where by choosing V ≡ Vy of (2.9a) we get the (2.10b) form for z′. Finally these manipulations
yield for π24 the canonical form, which is of X-shape again,

π24 =
1

2


κ0 + κ3 · · κ1 − iκ2

· ‖w′‖2 −‖w′‖2 ·
· −‖w′‖2 ‖w′‖2 ·

κ1 + iκ2 · · κ0 − κ3

 , (2.31)

5Note our convention: Bik = (Bik)∗, Ajl = (Ajl)∗.
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where

κµ =


‖z′‖2

|z′2|2 − |z′1|2
−2<(z′1z

′
2
∗
)

−2=(z′1z
′
2
∗
)

 .
Notice that κ2

0 = κ2
1 + κ2

2 + κ2
3 = ‖z′‖4 = ‖z‖4, hence the eigenvalues of π24 are

Spectπ24 = {‖w‖2, ‖z‖2, 0, 0},
that is, this mixed state is of rank two. The structure of π13 is similar with the roles of w and
z exchanged. Following the same steps as in section 2.2.1, we get for the corresponding squared
Wootters concurrences the following expressions

c∪
2
(π13) =

(
‖z‖2 − |w2|

)2
, c∪

2
(π24) =

(
‖w‖2 − |z2|

)2
. (2.32)

With these, we have all the quantities we need to write the monogamy relations for this four-qubit
system.

2.3.3. Four-qubit invariants. Before doing this, let us now understand the meaning of
the invariant η from the four-qubit point of view. In section 1.3.8, the independent SL(2,C)×4-
invariant homogeneous polynomials were listed. These polynomials are sufficient for the char-
acterization of four-qubit entanglement in some sense, and they show how these fermionic state
vectors are embedded in the whole Hilbert-space. A straightforward calculation shows that for
the (2.1) four-qubit state we have M = D = 0, however,

H = −1

2

(
z2 + w2

)
, L =

1

16

(
z2 −w2

)2
,

hence, due to (2.8)

|L| = 1

16
η2.

For convenience we also introduce the quantity

σ :=
∣∣w2 + z2

∣∣ = 2|H|. (2.33)

Hence η = |w2−z2| and σ = |w2 +z2| are related to the only nonvanishing four qubit invariants
L and H.

2.3.4. Monogamy of entanglement. Using the (2.8) and (2.33) definitions of η and σ
and (2.6), one can check that the Wootters concurrences of the 13 and 24 subsystems, given in
(2.32), can be written as

c∪
2
(π13) = s2 +

1

2

(
η2 + σ2

)
− 2‖z‖2|w2|, (2.34a)

c∪
2
(π24) = r2 +

1

2

(
η2 + σ2

)
− 2‖w‖2|z2|. (2.34b)

Since c∪
2
(π12) = c∪

2
(π14), after taking the square of (2.16) we get

c∪
2
(π12) + c∪

2
(π14) = 1− r2 − s2 − 1

2
η2 −

√(
1− η2 − γ2

−
)(

1− γ2
+

)
. (2.35)

Combining this result with equations (2.34) and (2.28) we obtain the equations relating measures
of entanglement which are involved in monogamy

c∪
2
(π12) + c∪

2
(π13) + c∪

2
(π14) + Σ1 = C2(π1), (2.36a)

c∪
2
(π12) + c∪

2
(π23) + c∪

2
(π24) + Σ2 = C2(π2), (2.36b)
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where

Σ1 = 2‖z‖2|w2|+

√(
1

2
σ2 + p+

)(
1

2
σ2 + p−

)
− 1

2
σ2, (2.37a)

Σ2 = 2‖w‖2|z2|+

√(
1

2
σ2 + p+

)(
1

2
σ2 + p−

)
− 1

2
σ2, (2.37b)

with

p± = 2‖z‖2‖w‖2 ± 1

2

(
4rs− η2

)
. (2.37c)

Notice that by virtue of (2.6) p− is nonnegative. Moreover, according to (2.17), for nonseparable
states π12, π14, π34, π23 we have nonzero Wootters concurrence (see in (2.29) and (2.16)) hence
η2 < 4rs hence p+ is also nonnegative. In this case the residual tangles Σ1 and Σ2 as defined
by equations (2.37) are positive as they should be by virtue of (1.70), hence the generalized
monogamy inequalities hold

c∪
2
(π12) + c∪

2
(π13) + c∪

2
(π14) ≤ C2(π1), (2.38a)

c∪
2
(π12) + c∪

2
(π23) + c∪

2
(π24) ≤ C2(π2). (2.38b)

For separable π12, π14, π34, π23 states the corresponding Wootters concurrences are zero, and

a calculation shows that the inequalities above in the form c∪
2
(π13) ≤ C2(π1) and c∪

2
(π24) ≤

C2(π2) still hold with residual tangles

Σ1 = 2‖z‖2
(
|w2|+ ‖w‖2

)
, (2.39a)

Σ2 = 2‖w‖2
(
|z2|+ ‖z‖2

)
. (2.39b)

Equations (2.37) and (2.39a) show the structure of the residual tangle. Unlike in the well-
known three-qubit case these quantities among others contain two invariants η and σ character-
izing four-qubit correlations. The role of σ (which is in connection with H, which is permutation-
invariant also for general four-qubit states) is to be compared with the similar role the permu-
tation invariant three-tangle τ plays within the three-qubit context, see in section 1.3.6. An
important difference to the three-qubit case is that the residual tangles Σ1 and Σ2 seem to be
lacking the important entanglement monotone property (1.44). However, according to a conjec-
ture [BYW07], the sum Σ1 +Σ2 could be an entanglement monotone. We hope that our explicit
form will help to settle this issue at least for our special four-qubit state of equations (2.1b).

2.4. Summary and remarks

In this chapter we have investigated the structure of a 12 parameter family of two-qubit den-
sity matrices with fermionic purifications. Our starting point was a four-qubit state vector with
a special antisymmetry constraint imposed on its amplitudes (2.1b), then the density matrices
are the bipartite-reduced ones with respect to the 12 (or 34) subsystem. We obtained an explicit
form for these bipartite reduced states in terms of the 6 independent complex amplitudes w and
z of the four-qubit states. Employing local unitary transformations we derived the canonical
form for this state. This form enabled an explicit calculation for different entanglement mea-
sures, namely the Wootters concurrence and the negativity. The bounds of the negativity in
the Wootters concurrence are also calculated, and turned out to be much stronger than those
for general two-qubit states. The quantities occurring in these formulas (and some additional
ones) are subject to monogamy relations of distributed entanglement similar to the ones show-
ing up in the Coffman-Kundu-Wootters relations for three-qubits. They are characterizing the
entanglement trade off between different subsystems. We have invariants η and σ describing the
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intrinsically four-partite correlations, entanglement measures (Wootters concurrences) keeping
track the mixed state entanglement of the bipartite subsystems embedded in the four-qubit one,
and the singlepartite concurrences measuring how much singlepartite subsystems are entangled
individually to the rest. We derived explicit formulas displaying how these important quantities
are related.

Now, we list some remarks and open questions.

(i) The number of real parameters describing an (unnormalized) two-qubit state is 16. Here
we treat 12 of this 16. To our knowledge, there are no explicit results in the literature
for such a high number of parameters.

(ii) The issues of generalized monogamy are of fundamental importance. First, monogamy
is a property of the measures we use for quantifying entanglement rather than that of
the entanglement itself. For example, the concurrence is monogamous only for qubits
but not for subsystems of arbitrary dimensions, as was mentioned in section 1.3.6. Con-
versely, however, we can suppose that entanglement itself is monogamous in general,
whatewer it means, and then we demand that a proper entanglement measure should
be monogamous. What can be known at this time is that there exists a measure which
is monogamous for all Hilbert space dimensions, which is the squashed entanglement
(1.58c) [KW04]. Unfortunately, it is extremely hard to calculate, even numerically.
The four-qubit state we considered in this chapter is of special form (2.1b), so it would
be interesting as to whether the squashed entanglements of subsystems can be calculated
for that.

(iii) Note the structure of these claculations. The original parameters of the state were w and
z. Then, in the following, every important quantity (e.g., η, σ, γ±, r, s) were expressed
with w2, z2, ‖w‖2 and ‖z‖2, which were invariant under the LU transformation resulting
in the canonical form. These important quantities determined the quantities related to

entanglement c∪
2
(πab), C

2(πab), C
2(πa) and Σ1,2, therefore they are of importance in

themselves.
(iv) On the other hand, in [Mak02] the LU-orbit structure of two-qubit mixed states is com-

pletely characterized by a set of LU-invariant homogeneous polynomials, which means
that two such states are LU-equivalent if and only if all these invariants take the same
value for them. These invariants come from algebraic considerations and they carry more
or less geometrical meaning, but they say nothing about entanglement. The whole set
consists of 18 invariants, given by the coefficients of the states in the {σµ ⊗ σν} basis,
so they are easy to evaluate for the state of fermionic purification we considered (2.5).
It turns out that most of them vanish, except five ones which can be expressed with the
important quantities above: I4 = r2, I7 = s2, I14 = 2r2s2, I2 = 1 − η2 − r2 − s2 and
I3 = (1−η2−r2−s2)2−2r2s2. Through these, one might assign some meaning to these
invariants I... of [Mak02] in the terms of entanglement, that is, using the quantities

c∪
2
(πab), C

2(πab), C
2(πa) and Σ1,2. However, note that such results are obtained only

for density matrices of the form (2.5), so it can happen that these are valid only for a
zero-measured subset of the states. But these still can be useful, in a converse manner:

(v) Our considered states of fermionic purification (2.5) can serve to be a good tool (toy-
model) for testing ideas concerning two-qubit entanglement (a possible one from which
was mentioned in the previous item): If some of them do not work for this special case,
(for which everything is easy to calculate,) then those must be discarded.



CHAPTER 3

All degree 6 local unitary invariants of multipartite
systems

In the previous chapter, we have seen some examples for the occurence of LU-invariant quan-
tities for the quantification of entanglement. This was natural, since, as we have seen in section
1.2.2, the notion of entanglement of a composite quantum system is invariant under unitary trans-
formations on the subsystems. Hence everything that can be said about the entanglement of a
composite system can also be said in the terms of LU-invariants. In this sense, the investigation
of LU-invariants is a natural way of studying quantum entanglement.

Important recent developments in this direction are the general results of Hero et. al. [HW09,
HWW09] and Vrana [Vra11a, Vra11b] on LU-invariant polynomials for pure quantum states.
In [Vra11b], it has been pointed out that the inverse limit (in the local dimensions) of algebras
of LU-invariant polynomials of finite dimensional n-partite quantum systems is free, and an
algebraically independent generating set for that has been given. This approach using the inverse
limit construction is different from the usual, when the LU orbit structure is investigated first, for
given local dimensions, and then invariants separating the orbits are being searched for [Rai00,
LP98, LPS99, GRB98, Sud01, Mak02, AAJT01]. The structure of algebras of LU-invariant
polynomials for given local dimensions is very complicated, the inverse limit of these [HW09,
HWW09, Vra11b], however, has a remarkably simple structure: it is free [Vra11b], and an
algebraically independent generating set can be given for that. Moreover, from the results for
pure states, one can also obtain algebraically independent LU-invariant polynomials for mixed
states [Vra11b].

In this chapter we give illustrations for these general results on LU-invariant polynomials. In
particular, we write out explicitly the linearly independent basis of the inverse limit of algebras
and single out the members of the algebraically independent generating set from them in the first
three graded subspaces of the algebra. We give these polynomials in nice index-free formulas for
arbitrary number of subsystems.

The material of this chapter covers thesis statement II (page xv). The organization of this
chapter is as follows.

In section 3.1, we introduce the general writings of an LU-invariant polynomial and pre-
clude the appearance of identical ones in a less abstract way than was done originally
in [HWW09, Vra11b]. We discuss the cases of pure and mixed quantum states (in
section 3.1.1 and 3.1.2).

In section 3.2, following [HWW09, Vra11b], we introduce graphs for the LU-invariant
polynomials (in section 3.2.1). Then we learn to read off matrix operations (such as
partial trace, matrix product, tensorial product or partial transpose) from graphs (in
section 3.2.2). If this can be done for a whole graph of an LU-invariant polynomial, then
we can write an index-free formula for that by these operations.

In section 3.3, we give these index-free formulas for pure state invariants of degree 2, 4
and 6 (in section 3.3.1, 3.3.2, and 3.3.3). Using graphs, these formulas can be given for
arbitrary number of subsystems.

57
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In section 3.4, we discuss the connection of pure and mixed quantum states from another
point of view and we show the formulas for mixed states (in section 3.4.1, 3.4.2, and
3.4.3).

In section 3.5, we give an algorithm for the construction of the labelling of different invari-
ant polynomials of degree 6. (For degree 2 and 4, this task is trivial.)

In section 3.6, we give a summary and some remarks.

3.1. Local unitary invariant polynomials

Let us start with the general way of writing of LU-invariant homogeneous polynomials. As
usual, let H = H1 ⊗ · · · ⊗ Hn be the Hilbert space of a n-partite composite system of local
dimensions d = (d1, . . . , dn). First we consider LU-invariant homogeneous polynomials for pure
states, in which case we give the polynomials in terms of the state vector |ψ〉 rather than in
terms of pure states π = |ψ〉〈ψ|. We do this because this allows us to handle the labelling of
polynomials being different in general, although it turns out that all of such polynomials can be
written also in the terms of pure states.

3.1.1. Invariants for pure states. A state vector can be written as

|ψ〉 = ψi1...in |i1 . . . in〉 ∈ H,

where |ij〉 ∈ Hj for ij = 1, . . . , dj is an orthonormal basis for all j = 1, . . . , n, and the summation
over ij = 1, . . . , dj is understood. As usual in the topic of quantum invariants, the norm of ψ
does not have to be fixed.

It is well-known (see e.g. in [Sud01]) that the way to get local unitary invariant polynomials
is the following. We write down the term1

(
ψi1...inψi′1...i′n

)
m times (with different indices) and

contract all primed indices with unprimed indices on the same Hj . A polynomial obtained in this
way is of degree 2m, that is, degree m in the coefficients and also in their complex conjugates.
This is the only case in which unitary invariants can arise [Vra11b], so it is convenient to use
this natural gradation, and to call this polynomial of grade m. (In the case of mixed states
the grade coincides with the degree in the matrix-elements of the density matrix.) The possible
index-contractions on an Hj are encoded by the elements of Sm, the group of permutations of
m letters. A σj ∈ Sm tells us that the primed index of the lth term is contracted with the
unprimed index of the σj(l)th term, so there is an index-contraction scheme for all n-tuples of
permutations σ = (σ1, . . . , σn) ∈ Snm, written as

fσ(ψ) = ψi
1
1...i

1
n · · ·ψi

m
1 ...i

m
n ψ

i
σ1(1)
1 ...i

σn(1)
n

· · ·ψ
i
σ1(m)
1 ...i

σn(m)
n

, (3.1)

where the summation over ilj = 1, . . . , dj for all j = 1, . . . , n and l = 1, . . . ,m is understood.2

However, different n-tuples of permutations can give rise to the same polynomial. We have

the terms
(
ψi

l
1...ψ

i
σ1(l)
1 ...

)
m times,(

ψi
1
1...ψ

i
σ1(1)
1 ...

)(
ψi

2
1...ψ

i
σ1(2)
1 ...

)
. . .
(
ψi

m
1 ...ψ

i
σ1(m)
1 ...

)
,

but it makes no difference if we permute the ψi
l
1...s or ψ

i
σ1(l)
1 ...

s among these terms, since, being

scalar variables, they commute. This is equivalent to the relabelling of the indices (in the upper

1Note our conventions: ψi1...in = (ψi1...in )∗.
2The lower labels of is refer to the subsystems and the upper ones refer to the different index-contractions.
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labels), which can be formulated by the permutations α, β ∈ Sm encoding the permutations of

ψ
i
σ1(l)
1 ...

s and ψi
l
1...s, respectively, as(

ψi
1
1...ψ

i
σ1(1)
1 ...

)(
ψi

2
1...ψ

i
σ1(2)
1 ...

)
. . .
(
ψi

m
1 ...ψ

i
σ1(m)
1 ...

)
=
(
ψi

β(1)
1 ...ψ

i
ασ1(1)
1 ...

)(
ψi

β(2)
1 ...ψ

i
ασ1(2)
1 ...

)
. . .
(
ψi

β(m)
1 ...ψ

i
ασ1(m)
1 ...

)
=
(
ψi

1
1...ψ

i
ασ1β

−1(1)
1 ...

)(
ψi

2
1...ψ

i
ασ1β

−1(2)
1 ...

)
. . .
(
ψi

m
1 ...ψ

i
ασ1β

−1(m)
1 ...

)
.

(Here we have written out only the indices on H1 to get shorter expressions, but, obviously, the
same α and β work on every index running on every Hj .) Therefore we have

f(σ1,...,σn)(ψ) = f(ασ1β−1,...,ασnβ−1)(ψ), (3.2)

giving rise to an equivalence relation on Snm:

σ ∼ σ′
def.⇐⇒ ∃α, β ∈ Sm : σ′j = ασjβ

−1, j = 1, . . . , n (3.3)

and the equivalence classes are denoted by

[σ]∼ = [σ1, . . . , σn]∼ = {(ασ1β
−1, . . . , ασnβ

−1) | α, β ∈ Sm}.
The set of these equivalence classes is the double-cosets of Snm by the diagonal action, denoted
by ∆\Snm/∆, where the subgroup ∆ = {(δ, . . . , δ) | δ ∈ Sm} ⊆ Snm.

Thus, the ambiguity arising from the commutativity of the m terms ψ... and ψ... in (3.1) has
been handled by the labelling of the polynomials by the elements of ∆\Snm/∆. As a next step,
it would be desirable to get one representing element for every equivalence class. Unfortunately,
this can not be done generally, (i.e., for an arbitrary m,) but we can make the equivalence classes
smaller by throwing off some of their elements in a general way. Every equivalence class has
elements having the identity permutation e in the last position. Indeed, we have ασnβ

−1 = e in
(ασ1β

−1, . . . , ασnβ
−1) if we set α = βσ−1

n , since(
ασ1β

−1, . . . , ασn−1β
−1, ασnβ

−1
)
∼(

βσ−1
n σ1β

−1, . . . , βσ−1
n σn−1β

−1, e
)

=
(
βσ′1β

−1, . . . , βσ′n−1β
−1, e

)
,

which is actually an orbit of Sn−1
m × {e} under the action of simultaneous conjugation. So it is

useful to define another equivalence relation on Snm:

σ ≈ σ′
def.⇐⇒ ∃β ∈ Sm : σ′j = βσjβ

−1, j = 1, . . . , n (3.4)

and the equivalence classes are denoted by

[σ]≈ = [σ1, . . . , σn]≈ = {(βσ1β
−1, . . . , βσnβ

−1) | β ∈ Sm}.
The set of these equivalence classes is denoted by Snm/Sm. This equivalence is defined on Sn−1

m

in the same way. Sn−1
m can be injected into Snm by ı : Sn−1

m ↪→ Snm as ı(σ1, . . . , σn−1) =
(σ1, . . . , σn−1, e), which is compatible with the equivalence ≈, but not with ∼. Note that

σ ≈ σ′ =⇒ σ ∼ σ′,

therefore a ∼-equivalence class is the union of disjoint ≈-equivalence classes

[σ]∼ = [σ(1)]≈ ∪ [σ(2)]≈ ∪ . . . (3.5)

The elements of [σ]∼ which have σn = e form one of the ≈-equivalence classes of the right-hand
side. This ≈-equivalence class (element of Sn−1

m /Sm) is also suitable for the labelling of the
polynomials instead of the original ∼–equivalence class (element of ∆\Snm/∆).

The meaning of the choice ασnβ
−1 = e is that the indices on Hn are contracted inside every

term (ψi
l
1...i

l
nψ

i
σ1(l)
1 ...iln

). This “couples together” the pairs of ψ... and ψ.... The simultaneous
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conjugation means the permutation of the m terms (ψ...ψ...), which is the remaining ambiguity
arising from the commutativity of these terms. Note, that we have singled out the last Hilbert
space Hn in this construction. In the general aspects, it makes no difference which Hilbert space
is singled out, but as we write the pure-state invariants using matrix operations, it can happen—
and usually it will happen—that this freedom manifests itself in the different writings of the
same pure state invariant.

Summing up, for a composite system of n subsystems, the LU-invariant polynomial given by
[σ1, . . . , σn−1]≈ ∈ Sn−1

m /Sm is

f[σ1,...,σn−1]≈(ψ) = ψi
1
1...i

1
n · · ·ψi

m
1 ...i

m
n ψ

i
σ1(1)
1 ...i

σn−1(1)

n−1 i1n
· · ·ψ

i
σ1(m)
1 ...i

σn−1(m)

n−1 imn
. (3.6)

By the use of the Sn−1
m /Sm labelling, we have got rid of the formal equivalence of polynomials

arising from the commutativity of the terms, and have got a set of LU-invariant polynomials for
the elements of the set Sn−1

m /Sm. Can it happen that different elements of Sn−1
m /Sm give the same

polynomial? Are there linear dependencies among these polynomials? It is not known in general,
but sometimes there is more to be known: (3.6) gives a linearly independent basis in each m
graded subspace of the inverse limit of the algebras [HWW09]. Moreover,—as the main result
of [Vra11b] states,—an algebraically independent generating set is formed by the polynomials
given in (3.6) for which the defining n − 1 permutations together act transitively on the set of
m labels. For the algebras of given local dimensions d = (d1, . . . , dn), the above polynomials
form a basis as long as m ≤ dj (for all j), otherwise they become linearly dependent. The
algebraic independency also fails if we restrict ourselves to given local dimensions. (The algebra
of LU-invariant polynomials is usually not even free for given local dimensions.)

3.1.2. Invariants for mixed states. Now consider a mixed quantum state of the n-partite
composite system. This state is given by the density operator, acting on H, written as

% = %i1...ini′1...i′n
|i1 . . . in〉〈i′1 . . . i′n| ∈ D(H).

This density operator, by definition, a positive semidefinite self adjoint operator, but, as usual
in the topic of quantum invariants, the trace of % does not have to be fixed.

The general form of an LU-invariant polynomial is given by a simillar index-contraction
scheme, encoded by σ = (σ1, . . . , σn) ∈ Snm, as in the case of pure states:

fσ(%) = %
i11...i

1
n

i
σ1(1)
1 ...i

σn(1)
n

· · · %i
m
1 ...i

m
n

i
σ1(m)
1 ...i

σn(m)
n

, (3.7)

where the summation over ilj = 1, . . . , dj for all j = 1, . . . , n and l = 1, . . . ,m is understood
again. (We denote the pure and the mixed state invariants with the same symbol, the distinction
between them is their arguments, which are vectors and matrices, respectively.)

Here we can carry out a similar construction as in the case of pure states, with one difference.
Namely, the building blocks of the polynomials are the (%i1...ini′1...i′n

) matrix-elements of the

density operator instead of the former (ψi1...inψi′1...i′n)s. Hence there is no step corresponding to
the “double coset” construction, because we can not move the “two parts” of % independently
as has been done in the case of ψ...ψ..., since in general % is not of rank one. This means that
we can not relabel the primed and unprimed indices independently. The possible relabelling is
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given by a single β ∈ Sm, as(
%
i11...

i
σ1(1)
1 ...

)(
%
i21...

i
σ1(2)
1 ...

)
. . .
(
%
im1 ...

i
σ1(m)
1 ...

)
=
(
%
i
β(1)
1 ...

i
βσ1(1)
1 ...

)(
%
i
β(2)
1 ...

i
βσ1(2)
1 ...

)
. . .
(
%
i
β(m)
1 ...

i
βσ1(m)
1 ...

)
=
(
%
i11...

i
βσ1β

−1(1)
1 ...

)(
%
i21...

i
βσ1β

−1(2)
1 ...

)
. . .
(
%
im1 ...

i
βσ1β

−1(m)
1 ...

)
.

Therefore we have

f(σ1,...,σn)(%) = f(βσ1β−1,...,βσnβ−1)(%), (3.8)

that is, the elements of the orbits in Snm under the action of simultaneous conjugation give the
same polynomial. Let these orbits be denoted by [σ1, . . . , σn]≈, as before, and the LU-invariant
polynomial given by this is

f[σ1,...,σn]≈(%) = %
i11...i

1
n

i
σ1(1)
1 ...i

σn(1)
n

· · · %i
m
1 ...i

m
n

i
σ1(m)
1 ...i

σn(m)
n

. (3.9)

The independence of these follows from the independence of the pure state invariants. This is
because we can obtain the independent mixed state invariants of the system with local dimensions
d = (d1, . . . , dn), if we add a large enough Hn+1 Hilbert space, and calculate the invariants (3.6)
for a state vector |φ〉 ∈ H ⊗Hn+1. (See [Vra11b] for the abstract construction.) Since in (3.6)
we have not permuted the last (this time n + 1th) indices, we can read off the invarians for
% = trn+1 |φ〉〈φ| from (3.6). (If dimHn+1 ≥

∏n
j=1 dimHj , then % can be of full rank, and we can

get all % acting on H in this way.) Note that if we simply substitute % by a pure state |ψ〉〈ψ| in
(3.9), then we do not get a linearly independent set of n-partite pure state invariants for all the
labels [σ1, . . . , σn]≈ ∈ Snm/Sm. However, if we restrict this for the case when σn = e, then we get
back the linearly independent set of pure state invariants from the linearly independent set of
mixed state ones of a n-partite system,

f[σ1,...,σn−1]≈(ψ) = f[σ1,...,σn−1,e]≈

(
|ψ〉〈ψ|

)
≡ f[σ1,...,σn−1]≈

(
trn |ψ〉〈ψ|

)
. (3.10)

3.2. Graphs and matrix operations

Having obtained the generally different LU-invariant homogeneous polynomials, we get the
labels of those as equivalence-classes of tuples of permutations, which encode the structure of
the polynomials. In this section we see that the natural treatment of these, hence that of the
invariants themselves, are given in the terms of unlabelled graphs.

3.2.1. Graphs of invariants. The index-contraction scheme of the LU-invariant polynomi-
als given in the previous section can be made more expressive by the use of graphs [HWW09,
Vra11b]. Let us start with pure state invariants. For a grade m invariant, given by σ =
(σ1, . . . , σn) ∈ Snm, one can draw a graph with m vertices with the labels l = 1, . . . ,m. These

vertices represent the m terms (ψi
l
1...i

l
nψ

i
σ1(l)
1 ...i

σn(l)
n

) in (3.1). The edges of the graph are directed

and coloured with n different colours. The edges of the jth colour encode the index contractions
on the jth Hilbert space given by the permutation σj of (σ1, . . . , σn): for every l = 1, . . . ,m there
is an edge with head and tail on the lth and σj(l)th vertex, respectively, meaning a contracted
jth index of the lth ψ... and the σj(l)th ψ....

Some elements of Snm give rise to the same polynomials, as was elaborated in the previous
section. How can we tell that story in the language of graphs? Following the previous section, for
a given σ ∈ Snm, the elements of the ∼-equivalence class [σ]∼ ∈ ∆\Snm/∆ give the same invariant.
First we set σn = e, which means that we select the graphs having a loop of colour n on every
vertex. For a given ∼-equivalence class, there are still many graphs of that kind, and they are
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given by the elements of the corresponding ≈-equivalence class. How are these graphs related to
each other? A simultaneous conjugation by a β ∈ Sm means the relabelling of the vertices, that

is, the relabelling of the indices (in the upper label) of the terms
(
ψi

l
1...i

l
nψ

i
σ1(l)
1 ...i

σn(l)
n

)
. So the

elements of a ≈-equivalence class give the same graph with all the possible labellings, and the
≈-equivalence class itself gives an unlabelled graph.

Since the elements of Snm related by simultaneous conjugation give rise to the same unlabelled
graph, the decomposition in (3.5) shows that there may exist many unlabelled graphs (many ≈-
classes) giving rise to the same polynomial defined by a given ∼-class. For example, we can set
σj = e for a j 6= n, which results graphs where the edges of colour j 6= n form loops on every
vertex. On the other hand, there may be ≈-classes in the given ∼-class which does not contain
e. All of these graphs give the same polynomial, but it can happen that some of them can be
formulated using matrix operations (in different ways for different graphs) and some of them
not. (It turns out (see in next section) that every polynomial can be formulated using matrix
operations up to m = 3.)

The case of mixed states is simpler because there are no ∼-classes involved. For a grade m

invariant given by σ ∈ Snm, the vertices represent the terms
(
%
il1...i

l
n

i
σ1(l)
1 ...i

σn(l)
n

)
, and only the

polynomials given by the elements of the ≈-equivalence class [σ]≈ ∈ Snm/Sm are the same by the
commutativity of these terms. This means that we simply omit the labelling of the vertices of
the graph given by σ.

3.2.2. Graphs of matrix operations. The
(
ψi1...inψi′1...i′n

)
and

(
%i1...ini′1...i′n

)
building

blocks of the polynomials can be regarded as matrices with row and column multiindices being the
unprimed and primed ones, respectively. So we expect that some of the invariant polynomials can
be written using only matrix operations, such as partial trace, matrix products, tensorial products
or partial transpose. How can we read off matrix operations from the graphs corresponding to
the invariant polynomials? This is a difficult question in general and, as we will see, not all
graphs can be encoded using matrix operations. It is more instructive to look at the graphs
coming from the matrix operations first, and then to search for these elementary subgraphs in a
general graph coming from a polynomial given by an element of Snm.

Let us see some matrix operations and their graphs. The matrix multiplication means
contraction of the column indices of the first matrix with the row indices of the second matrix, the
trace means contraction of the column indices with the row indices and the partial transposition
means the swap of the given row and column indices. First consider only the indices belonging
to the Hilbert space of only the first subsystem, that is, we have edges of only one colour. For a
general matrix M , which is represented by the vertices of the graphs, the multiplicaton by itself
gives the edge from one vertex to another, the rth power Mr is a chain of edges (without loops),
and the trace of it closes this chain into a loop. (See in the first row of figure 3.1.) Now let us
take into account indices belonging to the second subsystem. Then trMr is the same loop as
before but with doubled edges, while the partial transposition tr(M t2)r reverses the loop of the
corresponding colour (second row of figure 3.1). The partial traces in tr tr1(Mr) tr1(Ms) make
smaller loops on a subsystem (third row of figure 3.1). There is a little trick, which is proved
to be very useful later: tr(tr1M

2)(tr1M) = trM2(I1 ⊗ tr1M). In the language of graphs we
just bend the corresponding edge next to the vertex representing tr1M , and we draw a circle
on it, representing the identity matrix, which is just contract indices (last row of figure 3.1).
If the graph is the union of disjoint graphs, then the corresponding polynomial is factorizable,
since the summations corresponding to the disjoint pieces can be carried out independently. This
almost trivial situation is getting more complicated, if we take into account the indices of all the
subsystems, that is, the edges of all colours. Examples are shown in the next section.
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M
2: trM2: trMr:

1 2 3 r
. . .

trMr:

1 2 3 r

. . .

tr(M t2)r:

1 2 3 r

. . .

tr(tr1 M
r)(tr1 M

s):

1 2 r r + 1 r + 2 r + s

. . . . . .

tr(tr1 M
2)(tr1 M) = trM2(I1 ⊗ tr1 M)

≡

Figure 3.1. Elementary matrix operations represented by graphs. In the first
row: n = 1, there is only one colour of edges representing the index contractions.
In the other rows: n = 2, two different colours of edges correspond to the index
contractions on the two Hilbert spaces, black and red onH1 andH2, respectively.

3.3. Pure state invariants

In the following, we illustrate how a pure state LU-invariant polynomial (encoded by [σ]∼ ∈
∆\Snm/∆) is given by different unlabelled graphs (encoded by [σ]≈ ∈ Snm/Sm). (While an
unlabelled graph is given by different labelled graphs (index-contraction scheme, encoded by
σ ∈ Snm).) On the other hand, different unlabelled graphs give rise to different writings by
matrix operations of the same polynomial. The polynomials are labelled here by the elements of
Sn−1
m /Sm instead of the elements of ∆\Snm/∆, which give special unlabelled graphs having loops of

colour n on every vertex. (Sometimes, e.g., in [HWW09], these loops are omitted, and only the
first n−1-coloured edges are drawn.) For a permutation n−1-tuple σ ∈ Sn−1

m , [σ]≈ ∈ Sn−1
m /Sm,

and we can write for the corresponding invariant [ı(σ)]∼ = [ı(σ)]≈∪ [σ(2)]≈∪ [σ(3)]≈∪ . . . , where
σ(2),σ(3), · · · ∈ Snm are representing elements of ≈-classes giving different graphs for the same
invariant.

Let us see how these technics work. As a warm-up, we show for all n the trivial case of
m = 1 and the almost trivial case of m = 2. This is followed by the case of m = 3, which is
more interesting because of the non-Abelian structure of S3. This is done for all n too. For
|ψ〉 ∈ H, as we have seen, everything can be formulated using the rank-one density matrix
π ≡ π12...n = |ψ〉〈ψ|. As usual, we denote the reduced density matrices with the label of
subsystems which are not traced out, for example π2...n = tr1 π12...n, and so on.
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n = 1:

[e]≈

n = 2:

[e, e]≈

n = 3:

[e, e, e]≈

arbitrary n:

[e, e, e, . . . , e]≈

. . .

Figure 3.2. Graphs corresponding to the m = 1 invariant polynomials. Black,
red, blue and green edges represent index-contractions on the first, second, third
and last Hilbert spaces, respectively.

3.3.1. Invariant polynomials of grade m = 1 (degree 2). For m = 1, we have the
trivial S1 = {e}, and for all n number of subsystems [e, e, . . . , e]∼ = [e, e, . . . , e]≈, so ∆\Sn1/∆ ∼=
Sn1/S1

∼= S1, meaning only one kind of graphs, having only one vertex. Every edge—of n different
colors for the n subsystems—starts and ends here (figure 3.2). These graphs mean a simple trace,
which is the only possible index contraction. The label of the polynomial is the only one element
of Sn−1

1 /S1
∼= S1, and

f[e,...,e]≈(ψ) = trπ12...n = ‖ψ‖2. (3.11)

3.3.2. Invariant polynomials of grade m = 2 (degree 4). For m = 2, we have3 S2 =
{e, t} with the conjugacy-classes [e] and [t], so the labels of the polynomials are Sn−1

2 /S2
∼= Sn−1

2

for all n. On the other hand, [σ]∼ = [σ]≈ ∪ [σ]≈, (where σi = σi, and t = e, e = t) so there are
two kinds of graphs for every polynomial.

For singlepartite system (n = 1, π ≡ π1), the only polynomial is given by

[e]∼ = [e]≈ ∪ [t]≈.

From its graphs (figure 3.3) we have

f[]≈(ψ) = (trπ1)2 = trπ2
1 = ‖ψ‖4.

For bipartite system (n = 2, π ≡ π12), there are two linearly independent polynomials.
These are given by

[e, e]∼ = [e, e]≈ ∪ [t, t]≈,

[t, e]∼ = [t, e]≈ ∪ [e, t]≈.

From their graphs (figure 3.3) we have

f[e]≈(ψ) = (trπ12)2 = trπ2
12 = ‖ψ‖4,

f[t]≈(ψ) = trπ2
1 = trπ2

2 .

For tripartite system (n = 3, π ≡ π123), there are four linearly independent polynomials.
These are given by

[e, e, e]∼ = [e, e, e]≈ ∪ [t, t, t]≈,

[e, t, e]∼ = [e, t, e]≈ ∪ [t, e, t]≈,

[t, e, e]∼ = [t, e, e]≈ ∪ [e, t, t]≈,

[t, t, e]∼ = [t, t, e]≈ ∪ [e, e, t]≈.

3Denote the permutations with e = (1)(2) and t = (12).
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n = 1:

[e]≈

(trπ)2

[t]≈

trπ2

∼

=

n = 2:

[e, e]≈

(trπ)2

[t, t]≈

trπ2

∼

=

[t, e]≈

tr(tr2 π)
2

[e, t]≈

tr(tr1 π)
2

∼

=

Figure 3.3. Graphs corresponding to the m = 2 invariant polynomials for
n = 1 and 2. Black and red edges represent index-contractions on the first and
second Hilbert spaces, respectively.

From their graphs we have

f[e,e]≈(ψ) = (trπ123)2 = trπ2
123 = ‖ψ‖4,

f[e,t]≈(ψ) = trπ2
2 = trπ2

13,

f[t,e]≈(ψ) = trπ2
1 = trπ2

23,

f[t,t]≈(ψ) = trπ2
12 = trπ2

3 .

The construction of these formulas can easily be generalized to arbitrary number of subsys-
tems. For this, take a look at the graph on the left of the last line of figure 3.3. This time, let
the red lines represent the index-contractions on all Hilbert spaces on which σj = e, and the
black lines represent the index-contractions on all Hilbert spaces on which σj = t. Thus, we can
read off the matrix operations for arbitrary n. The other way of writing the polynomial can be
reached by the interchange of the roles of the black and red lines. So, for arbitrary number of
subsystems (π ≡ π12...n) for the polynomials for [σ]∼ = [σ]≈ ∪ [σ]≈, we have

f[σ1,...,σn−1]≈(ψ) = tr(tr{n}∪{j|σj=e} π)2 = tr(tr{j|σj=t} π)2. (3.12)

(This was used for qubits in [Sud01].) The number of these, which is the dimension of the grade
m = 2 subspace of the inverse limit of the algebras, is 2n−1. The set of algebraically independent
generators contains all the m = 2 polynomials from (3.12), except the ones for which there are
only es in [σ1, . . . , σn−1]≈ labelling the polynomial. (This is the only way for the permutations
not to act transitively on the set of m = 2 labels.) The number of these is 2n−1 − 1.
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3.3.3. Invariant polynomials of grade m = 3 (degree 6). For m = 3, we have4 S3 =
{e, s, s2, t, ts, ts2} with the conjugacy-classes [e] = {e}, [s] = {s, s2} and [t] = {t, ts, ts2}. This
time, we have no simple general rule for the splitting of a ∼-class to ≈-classes.

For singlepartite system (n = 1, π ≡ π1), the only polynomial is biven by

[e]∼ = [e]≈ ∪ [t]≈ ∪ [s]≈.

From its graphs (figure 3.4) we have

f[]≈(ψ) = (trπ1)3 = trπ2
1 trπ1 = trπ3

1 = ‖ψ‖6.

For bipartite system (n = 2, π ≡ π12), there are three linearly independent polynomials.
These are given by

[e, e]∼ = [e, e]≈ ∪ [t, t]≈ ∪ [s, s]≈,

[t, e]∼ = [t, e]≈ ∪ [e, t]≈ ∪ [s, t]≈ ∪ [t, s]≈,

[s, e]∼ = [s, e]≈ ∪ [e, s]≈ ∪ [s, s2]≈ ∪ [t, ts]≈

(so S1
3/S3

∼= {[e], [s], [t]}). From their graphs (figure 3.4) we have

f[e]≈(ψ) = (trπ12)3 = trπ2
12 trπ12 = trπ3

12 = ‖ψ‖6,
f[t]≈(ψ) = (trπa)2 trπ12 = tr(tra π

2
12)πb,

f[s]≈(ψ) = trπ3
a = tr(πta

12)3 = tr(π1 ⊗ π2)π12

for all a, b ∈ {1, 2}, a 6= b.
For tripartite system (n = 3, π ≡ π123), it turns out that there are eleven linearly independent

polynomials. These are given by

[e, e, e]∼ = [e, e, e]≈ ∪ [t, t, t]≈ ∪ [s, s, s]≈,

[e, t, e]∼ = [e, t, e]≈ ∪ [t, e, t]≈ ∪ [s, t, s]≈ ∪ [t, s, t]≈,

[t, e, e]∼ = [t, e, e]≈ ∪ [e, t, t]≈ ∪ [t, s, s]≈ ∪ [s, t, t]≈,

[t, t, e]∼ = [t, t, e]≈ ∪ [e, e, t]≈ ∪ [s, s, t]≈ ∪ [t, t, s]≈,

[e, s, e]∼ = [e, s, e]≈ ∪ [s, e, s]≈ ∪ [s, s2, s]≈ ∪ [t, ts, t]≈,

[s, e, e]∼ = [s, e, e]≈ ∪ [e, s, s]≈ ∪ [s2, s, s]≈ ∪ [ts, t, t]≈,

[s, s, e]∼ = [s, s, e]≈ ∪ [e, e, s]≈ ∪ [s, s, s2]≈ ∪ [t, t, ts]≈,

[s, s2, e]∼ = [s, s2, e]≈ ∪ [s, e, s2]≈ ∪ [e, s, s2]≈ ∪ [t, ts, ts2]≈,

[t, s, e]∼ = [t, s, e]≈ ∪ [t, e, s]≈ ∪ [e, t, ts]≈ ∪ [t, s, s2]≈ ∪ [s, t, ts]≈ ∪ [s, t, ts2]≈,

[s, t, e]∼ = [s, t, e]≈ ∪ [e, t, s]≈ ∪ [t, e, ts]≈ ∪ [s, t, s2]≈ ∪ [t, s, ts]≈ ∪ [t, s, ts2]≈,

[t, ts, e]∼ = [t, ts, e]≈ ∪ [e, s, t]≈ ∪ [s, e, t]≈ ∪ [s, s2, t]≈ ∪ [t, ts, s]≈ ∪ [t, ts2, s]≈.

4Denote the permutations with e = (1)(2)(3), t = (12)(3) and s = (123).
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n = 1:

[e]≈

(trπ)3

[t]≈

trπ2 trπ

[s]≈

trπ3

∼ ∼

= =

n = 2:

[e, e]≈

(trπ)3

[t, t]≈

trπ2 trπ

[s, s]≈

trπ3

∼ ∼

= =

[t, e]≈

tr(tr2 π)
2 trπ

[e, t]≈

tr(tr1 π)
2 trπ

[s, t]≈

tr(tr2 π
2 tr2 π)

[t, s]≈

tr(tr1 π
2 tr1 π)

∼ ∼ ∼

= = =

[s, e]≈

tr(tr2 π)
3

[e, s]≈

tr(tr1 π)
3

[s, s2]≈

tr(πt2)3

[t, ts]≈

tr(I1 ⊗ tr1 π)π(tr2 π ⊗ I2)

∼ ∼ ∼

= = =

Figure 3.4. Graphs corresponding to the m = 3 invariant polynomials for
n = 1 and 2. Black and red edges represent index-contractions on the first and
second Hilbert spaces, respectively. The formulas of the polynomials given by
matrix operations, which can be read off from the graphs, are also written out.
For the last one, we have used the trick in the last line of figure 3.1 twice.
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Here we do not write out all the 49 formulas for the graphs coming from the ≈-classes above, we
just show two or three of them for every polynomial.

f[e,e]≈(ψ) = ‖ψ‖6 = (trπ123)3,

f[e,t]≈(ψ) = trπ123 trπ2
2 = trπ123 trπ2

13,

f[t,e]≈(ψ) = trπ123 trπ2
1 = trπ123 trπ2

23,

f[t,t]≈(ψ) = trπ123 trπ2
12 = trπ123 trπ2

3 ,

f[e,s]≈(ψ) = trπ3
2 = trπ3

13,

f[s,e]≈(ψ) = trπ3
1 = trπ3

23,

f[s,s]≈(ψ) = trπ3
12 = trπ3

3 ,

f[t,s]≈(ψ) = tr(I1 ⊗ π2)π2
12 = tr(I1 ⊗ π3)π2

13 = tr(π2 ⊗ π3)π23,

f[s,t]≈(ψ) = tr(π1 ⊗ I2)π2
12 = tr(I2 ⊗ π3)π2

23 = tr(π1 ⊗ π3)π13,

f[t,ts]≈(ψ) = tr(π1 ⊗ π2)π12 = tr(π1 ⊗ I3)π2
13 = tr(π2 ⊗ I3)π2

23,

f[s,s2]≈(ψ) = tr(πta
ab)

3 for all distinct a, b ∈ {1, 2, 3}.
The last one of these is the Kempe-invariant, which has arisen in the context of hidden nonlocality
(section 1.3.6). Kempe has defined this for d = (2, 2, 2), i.e., three qubits, but it can be written
by her definition5 for all d = (d1, d2, d3) three-qudit systems. It is observed by Sudbery [Sud01]
that for three qubits the Kempe-invariant can be expressed as

f[s,s2]≈(ψ) = 3f[t,s]≈(ψ)− f[e,s]≈(ψ)− f[s,s]≈(ψ)

= 3f[s,t]≈(ψ)− f[s,e]≈(ψ)− f[s,s]≈(ψ)

= 3f[t,ts]≈(ψ)− f[e,s]≈(ψ)− f[s,e]≈(ψ), for d = (d1, d2, d3).

(This form was given in (1.75c).) However, this is only for qubits: If m ≤ dj for all j (so at
least qutrits) then the 11 polynomials listed above are linearly independent. Another important
three-qubit permutation- and LU-invariant polynomial of degree 6, which has arisen in twistor-
geometric [Lév05] and Freudenthal [BDD+09] approach of three-qubit entanglement, is the
norm square of the Freudenthal-dual of ψ. It can be written as

6‖T (ψ,ψ, ψ)‖2 = 4f[s,s2]≈(ψ) + 5f[e,e]≈(ψ)− 3f[e,t]≈(ψ)− 3f[t,e]≈(ψ)− 3f[t,t]≈(ψ).

Note, that this expression is not unique, since these f[σ1,σ2]≈ polynomials are not linearly inde-
pendent in the case of three qubits. We will return to this quantity in section 6.1.2.

It is not obvious, but the construction of the grade m = 3 polynomials can be generalized
to arbitrary number of subsystems. To do this, consider an invariant given by σ ∈ Sn3 , where
all σj ∈ {t, ts, ts2}. This can be seen in figure 3.5, with the evident redefinitions of the meaning
of the colours: let the black, red and blue edges represent the index-contractions on all Hilbert
spaces on which σj = t, ts and ts2, respectively. Using the trick in the last line of figure 3.1
three times, we have, that the polynomial is given by the trace of the product of the three
factors, which are I{j|σj=t} ⊗ tr{j|σj=t} π, and other two with ts and ts2. Note, that the order
of these are arbitrary, since it is related to the relabelling of the vertices of the graph, and the
edge-configuration is invariant for that. However, if there are some subsystems on which σj = s,
that fixes the order of these terms up to cyclic permutation. It turns out that we have to use the
reverse ordering in the product, the terms I{j|σj=τ} ⊗ tr{j|σj=τ} π with τ = ts2 first, then with
τ = ts and then with τ = t, since they have the fixed points 1, 2 and 3, respectively. On the
subsystems on which σj = s, the indices are intact (partial traces act only on other subsystems),

5See (17) in [Kem99].



3.4. MIXED-STATE INVARIANTS 69

t, ts, ts2 t, ts, ts2

≡

t, ts, ts2, s

Figure 3.5. Graphs corresponding to the m = 3 invariant polynomials. Black,
red, blue and green edges represent index-contractions on the Hilbert spaces on
which σj = t, ts, ts2 and s respectively. For the first graph, we show how the
trick in the last line of figure 3.1 was used three times.

they are contracted in the appropriate way. If there are some subsystems on which σj = s2,

then we use π
t{j|σj=s2} instead of π to reduce the situation to the known case. Similarly, if there

are some subsystems on which σj = e, then we use tr{j|σj=e} π instead of π. Summing up,
for arbitrary number of subsystems (π ≡ π12...n) we have the following formula for the m = 3
polynomials:

f[σ1,...,σn−1]≈(ψ) = tr
∏

τ=ts2,ts,t

(
I{j|σj=τ} ⊗ tr{n}∪{j|σj∈{τ,e}} π

t{j|σj=s2}
)
, (3.13)

where the
∏

product symbol means non-commutative product, in the order of its subscript. It
can be instructive to check that this gives back the formulas for the special cases n = 1, 2 and 3.

3.4. Mixed-state invariants

In section 3.1, we considered the mixed state invariants of n subsystems as pure state invari-
ants of n + 1 subsystems. By considering the graphs of the invariants, given in section 3.2, we
can clarify this from another point of view.

An invariant can be given by σ ∈ Snm, this encodes an index-contraction for the matrices of
the operators π = |ψ〉〈ψ| or % for pure or mixed states, respectively. If σ 6≈ σ′ for σ,σ′ ∈ Snm,
then they give rise to different polynomials for mixed states, while it can happen that σ ∼ σ′, so
they give rise to the same polynomial for pure states. In this case, the unlabelled graphs given
by [σ]≈ and [σ′]≈ 6= [σ]≈ are related to each other by the independent permutation of the heads
and tails of the edges, while the corresponding operation is the independent permutation of the
coefficients ψ... and ψ... in (3.1). This operation is not allowed for mixed states. In section 3.3,
we have given the decompositions of ∼-equivalence classes into ≈-equivalence classes for some
grade m and for some n numbers of subsystems, leading to the different writings of the same
polynomial. For mixed states of n subsystems, these polynomials are not the same anymore.
This offers us a different point of view, which seems to be more natural. Let us consider the pure
state invariants as the special cases of the mixed state invariants instead of considering the mixed
state invariants as pure state invariants of a bigger system. We have the mixed state formula
(3.9) for the set of invariants, if we substitute a pure state |ψ〉〈ψ| into them, then some of them
will coincide, but we can keep this in hand.

For the sake of completeness, we show the mixed state polynomials (3.9) below. Comparing
these formulas with the ones for pure states, one can see how the n-partite mixed state invariants
are related to the n+ 1-partite pure state ones (3.10), or, how the different n-partite mixed state
invariants coincide with the same n-partite pure state invariants.

Let % ≡ %12...n be a density matrix on H. The polynomials are labelled by [σ]≈ ∈ Snm/Sm.
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3.4.1. Invariant polynomials of grade m = 1 (degree 1). For m = 1 we have for all n

f[e,...,e]≈(%) = tr %12...n. (3.14)

3.4.2. Invariant polynomials of grade m = 2 (degree 2). For m = 2, for singlepartite
system (n = 1, % ≡ %1), we have

f[e]≈(%) = (tr %1)2,

f[t]≈(%) = tr %2
1,

(for a d1 = 2 one-qubit system, the determinant is an element of this subspace, 2 det % =
f[e]≈(%)− f[t]≈(%)) for bipartite system (n = 2, % ≡ %12), we have

f[e,e]≈(%) = (tr %12)2,

f[e,t]≈(%) = tr %2
2,

f[t,e]≈(%) = tr %2
1,

f[t,t]≈(%) = tr %2
12,

for tripartite system (n = 3, % ≡ %123), we have

f[e,e,e]≈(%) = (tr %123)2,

f[e,e,t]≈(%) = tr %2
3,

f[e,t,e]≈(%) = tr %2
2,

f[e,t,t]≈(%) = tr %2
23,

f[t,e,e]≈(%) = tr %2
1,

f[t,e,t]≈(%) = tr %2
13,

f[t,t,e]≈(%) = tr %2
12,

f[t,t,t]≈(%) = tr %2
123,

and for arbitrary number of subsystems (% ≡ %12...n) we have

f[σ1,...,σn]≈(%) = tr(tr{j|σj=e} %)2. (3.15)

The number of these, which is the dimension of the grade m = 2 subspace of the inverse limit
of algebras, is 2n. The set of algebraically independent generators contains all the m = 2
polynomials from (3.15), except the ones for which there are only es in [σ1, . . . , σn]≈ labelling
the polynomial. The number of these is 2n − 1.

3.4.3. Invariant polynomials of grade m = 3 (degree 3). For m = 3, for singlepartite
system (n = 1, % ≡ %1), we have

f[e]≈(%) = (tr %1)3,

f[t]≈(%) = tr %1 tr %2
1,

f[s]≈(%) = tr %3
1,
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(for a d1 = 3 one-qutrit system, the determinant is an element of this subspace, 6 det % =
f[e]≈(%)− 3f[t]≈(%) + 2f[s]≈(%)) for bipartite system (n = 2, % ≡ %12), we have

f[e,e]≈(%) = (tr %12)3,

f[e,t]≈(%) = tr %12 tr %2
2,

f[t,e]≈(%) = tr %12 tr %2
1,

f[t,t]≈(%) = tr %12 tr %2
12,

f[e,s]≈(%) = tr %3
2,

f[s,e]≈(%) = tr %3
1,

f[s,s]≈(%) = tr %3
12,

f[t,s]≈(%) = tr(I1 ⊗ %2)%2
12,

f[s,t]≈(%) = tr(%1 ⊗ I2)%2
12,

f[t,ts]≈(%) = tr(%1 ⊗ %2)%12,

f[s,s2]≈(%) = tr(%t1
12)3 = tr(%t2

12)3,

and for arbitrary number of subsystems (% ≡ %12...n) we have

f[σ1,...,σn]≈(%) = tr
∏

τ=ts2,ts,t

(
I{j|σj=τ} ⊗ tr{j|σj∈{τ,e}} %

t{j|σj=s2}
)
, (3.16)

where the
∏

product symbol means non-commutative product, in the order of its subscript. This
gives back the formulas for the special cases n = 1 and 2.

3.5. Algorithm for Sr3/S3

The formula in (3.13) gives the gradem = 3 invariant polynomials for a (σ1, . . . , σn−1) ∈ Sn−1
3

n− 1-tuple of permutations, but the linearly independent ones are labelled by [σ1, . . . , σn−1]≈ ∈
Sn−1

3 /S3. Since the group-structure of S3 is not too complicated, we can give an algorithm to
construct exactly one representative element σ for all orbits [σ]≈, i.e., to construct the elements
of Sr3/S3. The choice r = n − 1 and r = n gives the labels for pure and mixed state invariants,
respectively.

Again, S3 = {e, s, s2, t, ts, ts2}, s = (123), t = (12)(3), and its conjugacy classes are [e] = {e},
[s] = {s, s2}, [t] = {t, ts, ts2}. First, we write the conjugation table, that is, for β, γ ∈ S3,

βγβ−1 :

β e s s2 t ts ts2

e e s s2 t ts ts2

s e s s2 ts ts2 t
s2 e s s2 ts2 t ts
t e s2 s t ts2 ts
ts e s2 s ts2 ts t
ts2 e s2 s ts t ts2

For every position of the list (σ1, . . . , σr) ∈ Sr3 there is a conjugacy class [σj ] of S3, which
remains unchanged under simultaneous conjugation. For a given (σ1, . . . , σr), we would like to
single out one representative element in the orbit of simultaneous conjugation. To do this, we
examine the orbits.

• If σj = e for all j, we have the trivial orbit of length 1. Besides this case, we do not
have to deal with the positions in which es occur, since σj = e remains unchanged
under simultaneous conjugation.
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• If σj ∈ [s] (besides e) for all j, then we can choose the element of [σ]≈ which has s in
the first position in which an element of [s] occurs. These orbits are of length 2.
• If σj ∈ [t] (besides e) for all j, then we have two kinds of orbits. If σj is the same for

all j for which σj ∈ [t], then we can choose the element which has t in the first position
in which an element of [t] occurs. These orbits are of length 3. On the other hand, if
there are at least two different σjs for which σj ∈ [t], then it is not enough to fix only
one position. It can be checked by the conjugation table above that for the ordered
pairs of different elements of [t] there exists exactly one permutation which brings them
into (t, ts) by simultaneous conjugation. So we can uniquely choose the elements which
have t in the first position in which an element of [t] occurs and ts in the first position
in which a different element of [t] occurs. These orbits are of length 6.
• If both [s] and [t] occur (besides e), then we have to fix two positions again. It can be

checked from the conjugation table above that for every pair given by the elements of
[s]× [t] there exists exactly one permutation which brings it into (s, t) by simultaneous
conjugation. So we can uniquely choose the element which has s in the first position
in which an element of [s] occurs and t in the first position in which an element of [t]
occurs. These orbits are of length 6.

With the help of the observations above, we can formulate the following algorithm generating
Sr3/S3, that is, the labels of the polynomials.

(1) For every position of the list (σ1, . . . , σr) ∈ Sr3, assign one of the conjugacy-classes of
S3. Do this in all possible ways, and apply the following steps for all of them.

(2) Write e into all positions to which [e] has been assigned.
(3) Take the first of the positions to which [s] has been assigned, and write s there. To the

others of such positions, write either s or s2 in all possible ways.
(4) If there is no position with [s], then take the first of the positions to which [t] has been

assigned, and write t there. To the following of such positions, write either t or ts in
all possible ways, but after the occurrence of the first ts, write either t, ts or ts2 in all
possible ways. On the other hand, if there is at least one position with [s], then take
the first of the positions to which [t] has been assigned, and write t there. To the others
of such positions, write either t, ts or ts2 in all possible ways.

What is the number of the labels obtained in this way? This could be found by the use
of some combinatorics, but we do not have to follow that way. If the local dimensions 3 ≤ dj ,

then the elements of Sn−1
3 /S3 label the linearly independent grade m = 3 invariants, and their

number, the dimension of the grade m = 3 subspace of the inverse limit of the algebras is given
in [HW09, Vra11b]. For m = 3 pure state invariants, this is

|Sn−1
3 /S3| = 6n−2 + 3n−2 + 2n−2,

while for mixed state invariants, this is

|Sn3/S3| = 6n−1 + 3n−1 + 2n−1

(see also in [oeic]). One can easily check that the set of algebraically independent generators
contains all the m = 3 polynomials from (3.13) or (3.16), except the ones for which, using the
labelling algorithm above, there are only es and ts in [σ]≈ labelling the polynomial. (This is the
way for the permutations not to act transitively on the set of m = 3 labels.) The number of
these is 6n−2 +3n−2 +2n−2−2n−1 = 6n−2 +3n−2−2n−2 for pure states, and 6n−1 +3n−1−2n−1

for mixed states.
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3.6. Summary and remarks

In this chapter we have written out explicitly the LU-invariant polynomials for pure and
mixed states, given in (3.6) and (3.9), for grades m = 1, 2, 3. This was done for arbitrary number
of subsystems of arbitrary dimensions. New results are given by the nice compact formulas of
grade m = 3 invariants for pure (3.13) and mixed (3.16) quantum states, and in the algorithm
generating the different equivalence classes of permutation n-tuples of S3 under simultaneous
conjugation, given in section 3.5. The latter is necessary to eliminate identical polynomials.
Connections between pure and mixed state invariant polynomials have been illustrated as well.
These results are obtained by the use of graphs corresponding to the polynomials [HWW09,
Vra11b].

Now, we list some remarks and open questions.

(i) The key point and new feature in this topic, which is not our result, is the independency
[HWW09, Vra11b]. The polynomials in (3.6) and (3.9) give the linearly independent
basis of the m graded subspace of the algebra of LU-invariant polynomials if m ≤ dj for
all j [HWW09], and some of them (the ones for which the defining permutations to-
gether act transitively) become an algebraically independent generating set in the inverse
limit of algebras, that is, if dj →∞ for all j [Vra11b]. This independency result shows
the power of the elegant approach using the inverse limit of the algebras of LU-invariant
polynomials.

(ii) However, for a given d = (d1, . . . , dn) system, it seems to be usual [LP98, LPS99]
that it is not enough to use only the polynomials of maximal degree 2m, where m ≤ dj
for all j, for the separation of the LU-orbits. (According to the relatively simple case
of d = (2, 2, 2) three qubits, where it is known [Sud01, AAJT01], that we need an
m = 3, an m = 4 and an m = 6 invariant polynomial beyond the m ≤ 2 ones, namely
the Kempe invariant, the three-tangle, and the Grassl-invariant respectively.) If m � dj
for a j, the generators given in (3.6) and (3.9) will not be linearly independent, and the
algebraic relations between them exhibit a complicated structure.

(iii) But maybe this structure is not too complicated if we find the right point of view. At
this time we have some unpublished results about linearly independent polynomials for
given d = (d1, . . . , dn) local dimensions.

(iv) Note, that (first) the same degree of the pure state invariants in the coefficients and
in their complex conjugate, (second) the much simpler labelling of the mixed state in-
variants than that of the pure ones, (third) considering the pure state invariants as the
special cases of the mixed ones, seem to stress that the density matrices are the natural
objects in the topic of unitary invariants instead of the state vectors. This approach is
widely supported by the whole machinery of quantum physics, where the elements of the
lattice of the subspaces of the Hilbert space are often regarded to be more fundamental
than the elements of the Hilbert space themselves (chapter 1).

(v) The illustrating polynomials given in this chapter could have been written in a conve-
nient index-free form using partial trace, matrix product, tensorial product and partial
transpose for grade m = 1, 2 and 3. However, we note that it can happen that a grade
m ≥ 4 invariant polynomial can not be written by using these operations only. At this
time, we can not formulate general necessary and sufficient conditions for this, but we
can give an enlightening example. For the use of matrix operations, we have to write
down the matrices one after the other, this fixes the order of the vertices in some sense.
The partial traces form loops of edges. If we can find an ordering of the vertices (up to
cyclic permutations), in which these loops of every colours contain only adjacent points



74 3. ALL DEGREE 6 LOCAL UNITARY INVARIANTS OF MULTIPARTITE SYSTEMS

≡

Figure 3.6. An example for an m = 4, n = 2 mixed state LU-invariant poly-
nomial which can not be written by the considered simple matrix operations.

with respect to this ordering, then the matrix-operations can be written for the entire
polynomial. This situation can be seen in the third row of figure 3.1. After some draw-
ing, one can check that there is no such an ordering of the vertices for the graph in
figure 3.6, which seems to be the most simple exapmle for such a situation.

(vi) Note that these polynomials, although they give us a basis in the terms of which the
entanglement can be described, but they still do not measure entanglement in the sense
of section 1.3.1. A very important research direction is finding such linear-combinations
(or other, more complicated functions) of these polynomials for which (1.44) or (1.43)
hold, which are therefore proper entanglement measures.

(vii) Since the convex roof extensions of polynomials can be known to be semi-algebraic
functions [Vra, CD12], if we have a pure state LU-invariant polynomial (expressed in
the basis of pure state polynomials (3.6)) which is entanglement monotone (1.44), then its
convex-roof extension is an entanglement monotone (1.48) LU-invariant semi-algebraic
function, which can be expressed in the terms of the basis of mixed state polynomials
(3.9). A very important research direction would be the understanding of convex-roof
extension in terms of these LU-invariant polynomials, if that is possible.

(viii) The toy-model in the previous chapter could give us hints of this. For the two-qubit
mixed states of fermionic purification (2.5) we have that

η2 = 2(tr %)2 − 4 tr %2 = 2f[e,e]≈(%)− 4f[t,t]≈(%),

r2 = 2 tr %2
1 − (tr %1)2 = 2f[t,e]≈(%)− f[e,e]≈(%),

s2 = 2 tr %2
2 − (tr %2)2 = 2f[e,t]≈(%)− f[e,e]≈(%),

so we can express the Wootters concurrence (2.16) (which is itself a convex roof extension
(1.67)) and also the negativity (1.57) with the basis elements (3.9). Of course, again,
we can be sure only in that the formulas obtained in this way hold in the zero-measure
subset of states defined by (2.5).



CHAPTER 4

Separability criteria for mixed three-qubit states

In chapter 2 we investigated some measures of entanglement for a special family of two-
qubit mixed states. A good entanglement measure vanishes for separable states, in this sense it
provides a necessary criterion of separability. This idea will return in the next chapter, but now
we discuss some other methods for the decision of separability, which are easier to calculate and
work also in such cases in which we do not even have the possibility of evaluating a measure, or
we do not have any measures at all.

A mixed state is separable if it can be decomposed to an ensemble of separable pure states,
(section 1.2.2). Such a decomposition is not unique, and it is difficult to decide whether for a
given density operator such a decomposition exists at all. One can make some observations for
separable pure states which can be extended to mixed states with the help of convex calculus.
The separability criteria obtained in this way are necessary but not sufficient ones. (Or equiv-
alently sufficient but not necessary criteria of entanglement.) A widely known example is the
partial transposition criterion of Peres (section 1.2.2). On the other hand one can construct nec-
essary and sufficient criteria using sophisticated mathematical methods, dealing, for example,
with witness operators, positive but not completely positive maps or semidefinite programming
(sections 1.2.2, 1.2.3). Unfortunately these criteria are difficult to use for general density matrices
due to the rapidly growing complexity of the problem, and only the necessary but not sufficient
criteria are used in practice.

In this chapter, we give a comprehensive survey of the necessary but not sufficient criteria
of separability of mixed quantum states. We review and compare the criteria known from the
literature and give a case study of a special two-parameter class of three-qubit density matrices.
The form of these density matrices is simple enough to calculate explicitly the set of states for
which these criteria hold.

The material of this chapter covers thesis statement III (page xv). The organization of this
chapter is as follows.

In section 4.1, we introduce the parametrized permutation-invariant family of three-qubit
density matrices, our concern, and make some observations about the separability class
structure of permutation-invariant three-qubit mixed states. After having set the stage,
in the next sections we investigate some criteria for separability classes.

In section 4.2, we consider our quantum-state as a d = (2, 4) qubit-qudit system and we re-
call and use some bipartite separability criteria, namely the majorization and the entropy
criteria, which are related to the notion of mixedness of the subsystems (sections 4.2.1
and 4.2.2), the partial transposition and the reduction criteria, which are particular
cases of the positive map criterion (sections 4.2.3 and 4.2.4), and the reshuffling crite-
rion, which in addition to the partial transposition criterion is the other one of the two
independent permutation criteria for bipartite systems (section 4.2.5).

In section 4.3, we consider our quantum-state as a proper d = (2, 2, 2) three-qubit system
and investigate some tripartite criteria for separability classes. We recall the permutation
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criteria for permutation-invariant three-qubit case giving rise to another reshuffling cri-
terion (section 4.3.1). Then we use quadratic Bell inequalities (section 4.3.2), and other
criteria using swap operators (section 4.3.3) and explicit expressions of matrix elements
(section 4.3.4). The latter makes it possible to determine a set of entangled states of
positive partial transpose.

In section 4.4, we investigate some other aspects of entanglement. First, the W and GHZ
classes of fully entangled mixed states (section 4.4.1), then the entanglement of two-qubit
subsystems by the calculation of the Wootters concurrence (section 4.4.2).

In section 4.5, we give a summary and some remarks.

4.1. A symmetric family of mixed three-qubit states

In this chapter we investigate three-qubit states, so we have the Hilbert space H = H1 ⊗
H2⊗H3 of local dimensions d = (2, 2, 2). Let % ∈ D(H) be the mixture of the GHZ state (1.71b),
the W state (1.71a) and the white noise (1.10),

% = d
1

8
I⊗ I⊗ I + g|GHZ〉〈GHZ|+ w|W〉〈W|, (4.1)

where 0 ≤ d, g, w ≤ 1 real numbers are the weights characterizing the mixture, that is, d+g+w =
1. In the following sections we plot the subsets of states for which the separability criteria hold
on the g-w-plane, that is, we project the probability-simplex onto the d = 0 plane. A point on
this plane determines the third coordinate as d = 1 − g − w. Sometimes it is convenient to use
the rescaled parameters d̃ = d/8, g̃ = g/2, w̃ = w/3.

The GHZ-W mixture (d = 0 line) is well studied. The three tangle (1.73) with its convex
roofs, the Wootters concurrences (1.67) the singlepartite concurrences (1.76b) with their convex
roofs, and the mixed-state extension of CKW inequality (1.69) were given for this mixture in
the paper of Lohmayer et. al. [LOSU06]. These results give an upper bound for values of these
quantities on the whole simplex defined in equation (4.1), since if f∪(%g,w) = min

∑
i pif(ψi)

where the minimum is taken over all decomposition
∑
i pi|ψi〉〈ψi| = %g,w, and %d,g,w = dI ⊗

I ⊗ I/8 + (1 − d)%g/(1−d),w/(1−d), and f(ψ) = 0 on product states, then f∪(%d,g,w) ≤ (1 −
d)f∪(%g/(1−d),w/(1−d)).

The white noise can be regarded in some sense as the “center” of the set of density matrices.
Mixing a state with white noise is the way to investigate the effect of environmental decoher-
ence [GT09]. A noisy state is usually of full rank, so methods for density matrices of low rank
(like range criterion [Hor97], or finding optimal decompositions with respect to some pure-state
measures) usually fail for such states.

On the other hand, there are exact results for the GHZ-white noise mixture (w = 0 line).
In [DCT99] Dür, Cirac and Tarrach, using their results about a special class of GHZ-diagonal
states, have shown that % is fully separable if and only if 0 ≤ g ≤ 1/5. Moreover, it follows from
their observations that if the state is separable under a bipartition then it is fully separable, so
Class 2.8 is empty for these states (section 1.2.3). In [GS10] Gühne and Seevinck gives necessary
and sufficient condition of tripartite entanglement for GHZ-diagonal states, which contain the
noisy GHZ state: for 1/5 < g ≤ 3/7 the state is 2-separable, yet inseparable under bipartitions,
that is, in Class 2.1, and for 3/7 < g ≤ 1 the state is fully entangled, that is, in Class 1.
Unfortunately there are no such results for other subsets of the simplex given in equation (4.1).

The noisy GHZ-W mixture given in equation (4.1) is clearly a permutation invariant one,
hence the reduced density matrices of % are all of the same form, %12 = %23 = %31 and %1 = %2 =
%3. The explicit forms of these matrices are given in equations (4.3b) and (4.3c). What can we
say about the tripartite separability-classes given in section 1.2.3 for permutation-invariant three-
qubit states in general? Clearly, if a permutation-invariant state is in Dα2 for a particular α2,
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Figure 4.1. Separability classes for three subsystems. The tinted subsets of
the diagram can contain permutation-invariant states.

then it is in Dα2
for every α2. So permutation-invariant states can not be in Classes 2.2-2.7, we

have to investigate separability criteria only for Class 2.1, Class 2.8 and Class 3 (figure 4.1). (Note
that the 2-separability of a permutation-invariant tripartite state does not mean that there exists
a decomposition containing only permutation-invariant members (bosonic separability problem).
Moreover, it turns out that if the latter holds then the state must be the white noise,1 so for
permutation-invariant tripartite states in Classes 2.1 and 2.8, there does not exist a decomposition
containing only permutation-invariant members.)

The remaining question is whether the nonempty classes could contain permutation-invariant
states in general. Class 1 and Class 3 are clearly nonempty for permutation-invariant states, and
for Classes 2.1 and 2.8 we show explicit examples. For Class 2.1, let us consider the maximally
bipartite entangled Bell-state (1.28). The uniform mixture of the rank one projectors to the
subspaces |0〉1 ⊗ |B〉23, |0〉2 ⊗ |B〉31 and |0〉3 ⊗ |B〉12 gives a state which is by construction a
permutation-invariant 2-separable one, having the matrix2

1

6



3 · · 1 · 1 1 ·
· · · · · · · ·
· · · · · · · ·
1 · · 1 · · · ·
· · · · · · · ·
1 · · · · 1 · ·
1 · · · · · 1 ·
· · · · · · · ·


∈ Class 2.1. (4.2a)

1To see this, write out a member of the decomposition with the help of the σi Pauli-matrices and xi, yj real
coefficients as %1⊗%23 = 1/2(I +

∑
i xiσi)⊗ 1/4(I⊗ I +

∑
j yjσj ⊗σj) = 1/8(I⊗ I⊗ I +

∑
i xiσi⊗ I⊗ I +

∑
j yjI⊗

σj ⊗ σj +
∑
ij xiyjσi ⊗ σj ⊗ σj) which can be permutation-invariant if and only if xi = 0, yj = 0.

2For better readability, zeroes in matrices are often denoted with dots.
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It can be easily checked that its partial transpose is not positive, (see in (1.34a), this is enough
to be checked for only one subsystem because of the permutation-invariance of the state) so it is
not α2-separable for any 2-partite split, hence it is in Class 2.1. An example for a permutation-
invariant state in Class 2.8 is given in equation (14) of [ABLS01] with 0 < a = b = 1/c, having
the matrix

1

2 + 3
(
a+ 1

a

)



1 · · · · · · 1
· a · · · · · ·
· · a · · · · ·
· · · 1

a · · · ·
· · · · a · · ·
· · · · · 1

a · ·
· · · · · · 1

a ·
1 · · · · · · 1


∈ Class 2.8 if and only if a 6= 1. (4.2b)

This state is entangled if and only if a 6= 1, and it is in Dα2 for all α2 [ABLS01].
If we consider the d = (2, 2, 2) three-qubit system as a d = (2, 4) qubit-qudit system then

some well-known and easy-to-use bipartite separability criteria give rise to separability criteria
for
⋂
α2
Dα2

, hence for the union of Class 2.8 and Class 3. (This one is also a convex set since it

is the intersection of convex ones.) First we investigate these criteria.

4.2. Bipartite separability criteria

In this section we consider our system as a d = (2, 4) qubit-qudit system (with Hilbert-spaces
HA = H1 and HB = H23) and investigate some criteria of 1|23-separability which means the
union of Classes 2.8 and 3. To do this, we will need the spectra of the density matrix % given in
equation (4.1) and of its marginals, having the matrices

% =



d̃+ g̃ · · · · · · g̃

· d̃+ w̃ w̃ · w̃ · · ·
· w̃ d̃+ w̃ · w̃ · · ·
· · · d̃ · · · ·
· w̃ w̃ · d̃+ w̃ · · ·
· · · · · d̃ · ·
· · · · · · d̃ ·
g̃ · · · · · · d̃+ g̃


, (4.3a)

%23 =


2d̃+ g̃ + w̃ · · ·

· 2d̃+ w̃ w̃ ·
· w̃ 2d̃+ w̃ ·
· · · 2d̃+ g̃

 , (4.3b)

%1 =

[
4d̃+ g̃ + 2w̃ ·

· 4d̃+ g̃ + w̃

]
. (4.3c)
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Due to the special structure of %, finding the eigenvalues of these matrices is not a difficult task.
It turns out that all of the eigenvalues are linear in the parameters g and w, and

Spect % =
{
d̃+ 2g̃ = (3 + 21g − 3w)/24,

d̃+ 3w̃ = (3− 3g + 21w)/24,

d̃ = (3− 3g − 3w)/24 (6 times)
}
,

(4.4a)

Spect %23 =
{

2d̃+ 2w̃ = (6− 6g + 10w)/24,

2d̃+ g̃ + w̃ = (6 + 6g + 2w)/24,

2d̃+ g̃ = (6 + 6g − 6w)/24,

2d̃ = (6− 6g − 6w)/24
}
,

(4.4b)

Spect %1 =
{

4d̃+ g̃ + 2w̃ = (12 + 4w)/24

4d̃+ g̃ + w̃ = (12− 4w)/24
}
.

(4.4c)

Here and in the following, we give expressions with and without .̃ This is because the expressions
with the quantities d̃, g̃, w̃ are much simpler and still expressive as they refer to the original mixing
weights, on the other hand we plot in the g, w coordinates.

4.2.1. Majorization criterion. Now we turn to the majorization criterion for bipartite
systems. It has been found by Nielssen and Kempe [NK01], and it states that for a separable
state the whole system is more disordered than any of its subsystems, that is,

% separable =⇒ % � %A and % � %B , (4.5)

where the comparsion of disorderness is given by majorization, see in section 1.1.2. The right-
hand side of (4.5) can also be true for entangled states, but if it does not hold then the state
must be entangled.

Let us see what the majorization criterion states about the noisy GHZ-W mixture % given
by equation (4.1). We can write out the right-hand side of (4.5) explicitly using the spectra
given by equations (4.4a)-(4.4c), then we have to decide whether the inequalities in (1.5) hold.
For this we have to order the eigenvalues of the density matrices in non-increasing order. These
orderings depend on the ranges of the parameters and it turns out that we have to distinguish
between four cases. These cases are as follows: 0 ≤ g ≤ 2/3w, 2/3w ≤ g ≤ w, w ≤ g ≤ 4/3w and
4/3w ≤ g ≤ 1. It also turns out that in all of these cases every inequality of (1.5) holds except
three ones. These are as follows:

% ∈
⋂
α2

Dα2 =⇒
case (i) (ii) (iii)

0 ≤ g ≤ 2/3w w ≤ 3/11− 3/11g w ≤ 1− 3g w ≤ 9/17 + 3/17g
2/3w ≤ g ≤ w w ≤ 3/19 + 3/19g w ≤ 1− 3g w ≤ 9/17 + 3/17g
w ≤ g ≤ 4/3w 3g − 3/5 ≤ w w ≤ 1− 3g 3g − 9/7 ≤ w
4/3w ≤ g ≤ 1 3g − 3/5 ≤ w w ≤ 3/11− 3/11g 3g − 9/7 ≤ w

(4.6)

where in columns (i) and (ii) are the first two inequalities of (1.5) (that is, for k = 1, 2) written
on % � %23, and in column (iii) is the first inequality of (1.5) written on % � %1 in all of the
four cases. We can make the inequalities of (4.6) expressive with the help of figure 4.2. It can
be seen that in our case % � %23 implies % � %1, so the bigger subsystem (the trace map on



80 4. SEPARABILITY CRITERIA FOR MIXED THREE-QUBIT STATES

w

g

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Figure 4.2. Majorization criterion for the state (4.1) on the g-w-plane. (Red
domain: % � %1 and % � %23, blue domain: % � %1 and % � %23, grey domains:
% � %1 and % � %23.)

smaller subsystem) gives the stronger condition. (This is not true in general. One can find a
permutation invariant three-qubit state where % � %1 and % � %23 can hold independently.)

The right-hand side of (4.5) holds for states of parameters in the red domain of figure 4.2, so
it contains Classes 2.8 and 3. On the other hand, states of parameters in the blue or grey domain
are in Classes 2.1 or 1, but there can also be such states in the red domain. Moreover, the union
of Classes 2.8 and 3 is a convex set inside the red domain. In the following we consider some
other criteria in order to decrease the area of the red domain. In this way we can identify more
states to be in Classes 2.1 or 1. But before this, we can make an interesting observation here.
One can check that for the GHZ-white noise mixture (w = 0 line) the majorization criterion
% � %1 and % � %23 is necessary and sufficient for full-separability, moreover, the criterion % � %1

and % � %23 is necessary and sufficient for Class 2.1, and the criterion % � %1 and % � %23 is
necessary and sufficient for Class 1. (See section 4.1 for summary of known exact results on the
GHZ-white noise mixture.) Hence the condition of tripartite entanglement is the violation of
both majorization of (4.5) for the GHZ-white noise mixture.

4.2.2. Entropy criterion. Now we can turn to the entropy criterion for bipartite density
matrices [HH96, HHH96b, Ter02, VW02]. This is an entropy-based reformulation of the
statement “for a separable state the whole system is more disordered than its subsystems”, that
is,

% separable =⇒ Sq(%) ≥ Sq(%A) and Sq(%) ≥ Sq(%B). (4.7)

The right-hand side of (4.7) can also be true for entangled states, but if it does not hold then
the state must be entangled. Here, we can use both Rényi (1.9b) and Tsallis (1.9e) entropies,
this is why we dropped the superscript of Sq, since both kinds of generalized entropies lead to
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Figure 4.3. Entropy criterion in the limit q → ∞ for the state (4.1) on the
g-w-plane. (Red domain: S∞(%) ≥ S∞(%1) and S∞(%) ≥ S∞(%23), blue domain:
S∞(%) ≥ S∞(%1) and S∞(%) � S∞(%23), grey domains: S∞(%) � S∞(%1) and
S∞(%) � S∞(%23).)

the same condition if q 6= 1:

% separable =⇒ tr %q ≥ tr %qA and tr %q ≥ tr %qB .

Note that for 2 ≤ q integer parameters, the condition is expressed in the terms of the basic LU-
invariant homogeneous polynomials given in the previous section. The entropy criterion follows
from the majorization criterion, since the generalized entropies are Schur concave functions on
the set of probability distributions (section 1.1.2), but, historically, entropic criteria for some
particular q parameters were proved first. Therefore the entropy criterion can not be stronger
than the majorization criterion. In the following we illustrate this with the state % given in
equation (4.1) for some particular choice of q.

The rank of %, %23 and %1 can be determined easily due to the simple form of the spectra
in equations (4.4a)-(4.4c). Hence the entropy criterion for Hartley entropy (1.9c) can be readily
examined. First, rk % = 8 if and only if d 6= 0. The right-hand side of (4.7) holds for these
states. It is true for all states that rk %1 = 2. On the w = 1 − g line (d = 0) we have to make
distinction between the pure and mixed cases. If g = 1 (pure GHZ state) or w = 1 (pure W
state) then rk %23 = 2 and rk % = 1, hence for this case S0(%) � S0(%1) and S0(%) � S0(%23). For
the nontrivial mixtures of GHZ and W states rk %23 = 3 and rk % = 2 hence S0(%) ≥ S0(%1) but
S0(%) � S0(%23). So we can establish that the entropy criterion in the limit q → 0 (quantum-
Hartley entropy) is too weak, it identifies only the GHZ-W mixture to be entangled in the simplex.

Consider now the entropy criterion in the q → ∞ limit. This can easily be done because
the inequalities of the right-hand side of (4.7) are the same as the ones in the (i)th and (iii)th
column of (4.6), which are written on the maximal eigenvalues. Hence in this case we have
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Figure 4.4. Entropy criterion for q = 1/4, 2/4, 3/4, 1, 2, 3, 4, 5, 10, 20 for the
state (4.1) on the g-w-plane. (Red curves: the border of the domain Sq(%) ≥
Sq(%1) and Sq(%) ≥ Sq(%23), blue curves: the border of the domain Sq(%) ≥
Sq(%1) and Sq(%) � Sq(%23). Red domain: copied from figure 4.3 of the q →∞
case.)

fewer restrictions, and one can see in figure 4.3 that the right-hand side of (4.7) indeed holds for
more states than the right-hand side of (4.5) in the case of the majorization criterion. Hence the
entropy criterion in the q → ∞ limit (quantum-Chebyshev entropy) identifies a little bit fewer
state to be entangled than the majorization criterion in our case.

Increasing q from 0 to ∞ one can see in figure 4.4 how the borderlines of the domains of the
entropy criterion shrink to the ones in figure 4.3. It is not true in general that if Hq(p) ≤ Hq(q)
and q ≥ q′ then Hq′(p) ≤ Hq′(q). For these particular spectra it seems like that the domains
of smaller qs would contain the domains of larger qs, but for the large values of q one can see
that this is not true (inset in figure 4.4). However, no line can cross the border of the domain
of majorization criterion, since the entropy criterion can not be stronger than the majorization
criterion.

Although the entropic criteria maybe plausible and motivated physically, since those are
related to the mixedness and entropies, but note that spectral properties are not sufficient for
the detection of entanglement. An example for this can be given by the following two density
matrices:

1

3


1 · · ·
· 1 1 ·
· 1 1 ·
· · · ·

 , 1

3


2 · · ·
· · · ·
· · · ·
· · · 1

 .
Both of them have the same spectrum, and the states of the subsystems have the same spectrum
as well, so entropy and majorization criteria give the same for both of them. But the first one is



4.2. BIPARTITE SEPARABILITY CRITERIA 83

the state of the bipartite subsystem of the W state (1.71a), and it is entangled, while the second
one is diagonal, hence separable.

4.2.3. Partial transposition criterion. We recall now the partial transposition criterion
of Peres (section 1.2.2). It considers the positivity of the partially transposed bipartite density
matrix, and for our case when dA = 2 and dB = 4 it is

% separable =⇒ %tA ≥ 0. (4.8)

The partial transposition criterion is the consequence of the positive maps criterion [HHH96a].
It states that

% separable ⇐⇒
(
Φ⊗ I

)
(%) ≥ 0 for all positive Φ ∈ Lin

(
Lin(H1)

)
. (4.9)

This is a necessary and sufficient criterion, but we are not able to check it for all Φ. But we can
consider a particular class of positive maps to obtain necessary but not sufficient criteria. For
example for Φ(ω) = ωt we get back the partial transposition criterion.3

Let us apply the partial transposition criterion to the state % of equation (4.1), which results
the matrix

%t1 =



d̃+ g̃ · · · · w̃ w̃ ·
· d̃+ w̃ w̃ · · · · ·
· w̃ d̃+ w̃ · · · · ·
· · · d̃ g̃ · · ·
· · · g̃ d̃+ w̃ · · ·
w̃ · · · · d̃ · ·
w̃ · · · · · d̃ ·
· · · · · · · d̃+ g̃


. (4.10)

The spectrum of %t1 can easily be calculated due to its block-structure, leading to

Spect %t1 =
{
d̃+ w̃/2±

√
4g̃2 + w̃2/2 = (3− 3g + w ± 4

√
9g2 + w2)/24,

d̃+ g̃/2±
√
g̃2 + 8w̃2/2 = (3 + 3g − 3w ± 2

√
9g2 + 32w2)/24,

d̃+ g̃ = (3 + 9g − 3w)/24,

d̃+ 2w̃ = (3− 3g + 13w)/24,

d̃ = (3− 3g − 3w)/24 (2 times)
}
.

(4.11)

Only the lower-sign version of the first two pairs of eigenvalues can be less than zero hence we
get two inequalities for the positivity of %t1 :

% ∈
⋂
α2

Dα2
=⇒

{
0 ≤ d̃2 + d̃w̃ − g̃2

0 ≤ −135g2 − 15w2 − 6gw − 18g + 6w + 9,
(4.12a){

0 ≤ d̃2 + d̃g̃ − 2w̃2

0 ≤ −27g2 − 119w2 − 18gw + 18g − 18w + 9.
(4.12b)

Each inequality of these holds inside an ellipse. These ellipses intersect nontrivially and in the
intersection the right-hand side of (4.8) holds. (Red curves in figure 4.5.) The parameter values

g = 1/5 and w = (24
√

2 − 9)/119 = 0.209589 . . . are the bounds for the union of Class 2.8 and
3 for the GHZ-white noise (w = 0) and the W-white noise (g = 0) mixtures respectively.

3Note that for completely positive maps
(
Φ⊗ I

)
(%) ≥ 0 holds by definition, so it is enough to consider only

positive but not completely positive maps.
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Figure 4.5. Partial transposition and reduction criteria for the state (4.1) on
the g-w-plane. (Inequalities (4.12a) and (4.12b) of partial transposition crite-
rion hold inside the intersection of the red ellipses. Blue curves: the borders
of domains inside the additional inequalities (4.16a) and (4.16b) of reduction
criterion hold. Red domain: copied from figure 4.2 of majorization criterion.)

The partial transposition criterion states that if a state is in Classes 2.8 or 3 then its param-
eters are inside the intersection of the ellipses, but there can also be states of Classes 2.1 or 1 in
this domain. On the other hand the states must be in Classes 2.1 or 1 for parameters outside.
The inequalities of (4.12a) and (4.12b) are strong in detection of GHZ and W states, respectively.
In figure 4.5 we have also plotted the corresponding domain of the majorization criterion. (One
can check that the only intersection-points of the borderlines of the corresponding domains of
the two criteria are (g = 2/13, w = 3/13) and (g = 1/5, w = 0). This criterion is also a necessary
and sufficient one for the full separability of the w = 0 GHZ-white noise mixture.) It can be seen
that the partial transposition criterion gives stronger condition than the majorization criterion,
it identifies more state to be in Classes 2.1 or 1. Hence the majorization criterion can not identify
entangled states of positive partial transpose (PPTES) on the simplex defined in equation (4.1).

4.2.4. Reduction criterion. The next one of the examined criteria is the reduction crite-
rion [HH99, CAG99]. It states that

% separable =⇒ %A ⊗ IB − % ≥ 0 and IA ⊗ %B − % ≥ 0. (4.13)

This is the consequence of the positive maps criterion (4.9) for the particular positive map
Φ(ω) = (trω)I − ω. The importance of this criterion is that its violation is sufficient criterion
of distillability [HH99]. It is known that the reduction criterion can not be stronger than the
partial transposition criterion and they are equivalent for qubit-qudit systems [HH99]. Since our
state % defined in equation (4.1) is the permutation invariant one of three qubits considered as a
d = (2, 4) qubit-qudit system, the equivalence of these two criteria means that some kind of pure



4.2. BIPARTITE SEPARABILITY CRITERIA 85

state entanglement between 1 and 23 can be distilled out from every state of non-positive partial
transpose. In other words in the simplex defined by equation (4.1) there are no bound entangled
d = (2, 4) states of non-positive partial transpose, while the entangled states of positive partial
transpose are all bound entangled, which is a general result [HHH98].

We can illustrate the equivalence of the partial transposition and reduction criteria. To do
this we have to examine the positivity of the matrices I1 ⊗ %23 − % and %1 ⊗ I23 − %, which are of
the form

I1 ⊗ %23 − % =



d̃+ w̃ · · · · · · −g̃
· d̃ · · −w̃ · · ·
· · d̃ · −w̃ · · ·
· · · d̃+ g̃ · · · ·
· −w̃ −w̃ · d̃+ g̃ · · ·
· · · · · d̃+ w̃ w̃ ·
· · · · · w̃ d̃+ w̃ ·
−g̃ · · · · · · d̃


, (4.14a)

%1 ⊗ I23 − % =

3d̃+ 2w̃ · · · · · · −g̃
· 3d̃+ g̃ + w̃ −w̃ · −w̃ · · ·
· −w̃ 3d̃+ g̃ + w̃ · −w̃ · · ·
· · · 3d̃+ g̃ + 2w̃ · · · ·
· −w̃ −w̃ · 3d̃+ g̃ · · ·
· · · · · 3d̃+ g̃ + w̃ · ·
· · · · · · 3d̃+ g̃ + w̃ ·
−g̃ · · · · · · 3d̃+ w̃


.

(4.14b)

Since (trω)I− ω = (εωε†)t for 2× 2 matrices it turns out that

Spect(I1 ⊗ %23 − %) = Spect %t1 , (4.15a)

while

Spect(%1 ⊗ I23 − %) =
{

3d̃+ 3w̃/2±
√

4g̃2 + w̃2/2 = (9− 9g + 3w ± 4
√

9g2 + w2)/24,

3d̃+ g̃ ±
√

2w̃ = (9 + 3g − 9w ± 8
√

2w)/24,

3d̃+ g̃ + 2w̃ = (9 + 3g + 7w)/24 (2 times),

3d̃+ g̃ + w̃ = (9 + 3g − w)/24 (2 times)
}
.

(4.15b)

For I1 ⊗ %23 − % ≥ 0 we have the same conditions as in equations (4.12a)-(4.12b) of the partial
transposition criterion. The additional inequalities arise from the lower-sign version of the first
two eigenvalues of %1 ⊗ I23 − %, leading to the criteria

% ∈
⋂
α2

Dα2 =⇒

{
0 ≤ 9d̃2 − g̃2 + 9d̃w̃ + 2w̃2

0 ≤ −63g2 − 7w2 − 54gw − 162g + 54w + 81,
(4.16a){

0 ≤ 3d̃+ g̃ −
√

2w̃

0 ≤ 3g − (9 + 8
√

2)w + 9.
(4.16b)
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The first one of them is true outside a hyperbola, the second one is true under a line. (Blue
curves in figure 4.5.)

It can be seen that the last two inequalities (4.16a)-(4.16b) do not restrict the ones in
equations (4.12a)-(4.12b), as it has to be, and because of (4.15a) the reduction criterion and the
partial transposition criterion hold for the same states of the GHZ-W-white noise mixture. Here
we get the stronger condition for the map Φ(ω) = (trω)I − ω acting on the smaller subsystem.
We can also observe that the inequalities of (4.16a) and (4.16b) are good in detection of GHZ
and W state respectively, but not so good as the ones of partial transposition criterion. However,
one can check that on the w = 0 GHZ-white noise mixture the reduction criterion I1⊗%23−% ≥ 0
and %1⊗ I23− % ≥ 0 is necessary and sufficient for full-separability, the criterion I1⊗ %23− % � 0
and %1⊗ I23−% ≥ 0 is necessary and sufficient for Class 2.1, and the criterion I1⊗%23−% � 0 and
%1⊗ I23− % � 0 is necessary and sufficient for Class 1 in the same fashion as in the majorization
criterion of section 4.2.1.

4.2.5. Reshuffling criterion. The reshuffling criterion is independent of the partial trans-
position criterion, so it can detect entangled states of positive partial transpose. It states that

% separable =⇒ ‖R(%)‖tr ≤ 1, (4.17)

where the trace-norm is ‖M‖tr = tr
√
M†M , and the reshuffling map R is defined on matrix

elements as [R(%)]i j
i′ j′ = %iji′j′ .

The four nonzero singular values of the 4× 16 reshuffled density matrix

R(%) =


d̃+ g̃ · · · · d̃+ w̃ w̃ · · w̃ d̃+ w̃ · · · · d̃
· · · g̃ w̃ · · · w̃ · · · · · · ·
· w̃ w̃ · · · · · · · · · g̃ · · ·

d̃+ w̃ · · · · d̃ · · · · d̃ · · · · d̃+ g̃

 ,
(4.18)

that is, the square root of the nonnegative eigenvalues of R(%)†R(%) are

Spect
√
R(%)R(%)† =

{
1

2

√
p1 ± 2

√
p2,
√
g̃2 + 2w̃2,

√
g̃2 + 2w̃2

}
, (4.19)

where

p1 =16d̃2 + 4g̃2 + 10w̃2 + 8d̃g̃ + 12d̃w̃,

p2 =64d̃4 + 9w̃4 + 64d̃3g̃ + 96d̃3w̃ + 12d̃w̃3

+ 16d̃2g̃2 + 40d̃2w̃2 + 4g̃2w̃2 + 80d̃2g̃w̃ + 16d̃g̃2w̃ + 24d̃g̃w̃2.

The sum of them is less or equal than 1 inside a curve of high degree which can be seen in
figure 4.6 (red curve). States of Classes 2.8 and 3 must be inside this curve, states outside this
curve must belong to Classes 2.1 or 1, but one can see that this criterion does not restrict the
partial transposition criterion, it does not detect PPTESs in the GHZ-W-white noise mixture
(4.1).

4.3. Tripartite separability criteria

In this section we consider the state given in equation (4.1) as the state of a proper d =
(2, 2, 2) three-qubit system and investigate some general 3-qubit k-separability criteria.
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Figure 4.6. Reshuffling criteria for the state (4.1) on the g-w-plane. (Red
curve: reshuffling criterion for d = (2, 4) system as in section 4.2.5, green curve:
reshuffling criterion for d = (2, 2, 2) system as in section 4.3.1. We have also
copied the borderlines of the domains in which (4.12a) and (4.12b) of the partial
transposition criterion hold from figure 4.5. The inequalities hold on the side of
the curves containing the origin.)

4.3.1. Permutation criterion. First consider the permutation criterion in general, which
is given in [HHH06]. Note that the reshuffling and the partial transpose of a density matrix
are nothing else than the permutations of the local matrix indices. Moreover, since the trace
norm is the sum of the absolute values of the eigenvalues for hermitian matrices and the trace is
invariant under partial transposition it turns out that %t1 ≥ 0 if and only if ‖%t1‖tr = 1. So the
partial transposition criterion (4.8) and the reshuffling criterion (4.17) can be formulated in the
same fashion. Moreover, this can be done for n subsystems in a general way [HHH06].

Let σ ∈ S2n be a permutation of the 2n matrix indices and let Φσ the map realizing this
index permutation. On elementary tensors it permutes the factors Φσ(ϕ1 ⊗ ϕ2 ⊗ · · · ⊗ ϕ2n) =
ϕσ(1) ⊗ ϕσ(2) ⊗ · · · ⊗ ϕσ(2n), where ϕi is an element of Hj or H∗j , this is why we have not used
the bra-ket notations. If we apply this to a density operator

% =
∑

%i1i2...inin+1in+2...i2n
|i1i2 . . . in〉〈in+1in+2 . . . i2n|,

which is regarded as an element of Lin(H1⊗H2⊗· · ·⊗Hn) ∼= H1⊗H2⊗· · ·⊗Hn⊗H∗1⊗H∗2⊗· · ·⊗H∗n,
then the resulting operator is not a linear transformation of a particular Hilbert space in general.4

For example, for the permutation σ = (35) ∈ S6 in the n = 3 case, the reshuffled state Φ(35)(%) ∈

4It is not unique, hence important to specify, how the tensor factors give rise to the linear operator, because
the permutation criterion is formulated via the use of an operator norm of operators mapping between different

Hilbert spaces. Here we adopt the convention that if we have a tensor of 2n factors, then it represents a linear
map from the dual of the second n factors to the first n factors.
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H1⊗H2⊗H∗2⊗H∗1⊗H3⊗H∗3, so it is regarded as an element of Lin(H1⊗H∗3⊗H3 → H1⊗H2⊗H∗2).
Because of these, in the general writing of the reshuffling of a density operator

[Φσ(%)]iσ(1)iσ(2)...iσ(n);iσ(n+1)iσ(n+2)...iσ(2n)
= %i1i2...in,in+1in+2...i2n ,

we can not distinguish between upper and lower indices independently from the defining permu-
tation σ, although we do that for particular σ permutations.

Now the permutation criterion states that

% fully separable =⇒ ‖Φσ(%)‖tr ≤ 1, ∀σ ∈ S2n. (4.20)

(This is easy to prove if we note that the trace-norm is sub-additive, hence convex, so it is
enough to prove ‖Φσ(π)‖tr ≤ 1 for the fully separable pure state π. For these we can use that
‖M ⊗M ′‖tr ≤ ‖M‖tr‖M ′‖tr, and ‖ϕ ⊗ ϕ′‖tr = 1 for normalized vectors.) The permutation
criterion gives |S2n| = (2n)! criteria but not all of them are inequivalent. It is known [HHH06]
that for two subsystems, every criteria given by the permutation criterion turn out to be equivalent
either the partial transposition criterion or the reshuffling criterion, which were used in the
previous section. In [CV05], Clarisse has shown that there are only six inequivalent criteria in
the case of three subsystems, which are the three singlepartite transpositions (Φ(14), Φ(25) and
Φ(36)) and three bipartite reshufflings (Φ(35), Φ(34) and Φ(24)). For our permutation-invariant
three-qubit system all the singlepartite transpositions give the same condition, which we have
already investigated in section 4.2.3. On the other hand, all the bipartite reshufflings give another
condition, which is a new one.

So let R′ = Φ(35) the map implementing the reshuffling of the 2 and 3 subsystems, that is,

[R′(%)]ij k
j′i′ k′ = %ijki′j′k′ , resulting in the matrix

R′(%) =



d̃+ g̃ · · d̃+ w̃ · · w̃ ·
· · w̃ · · g̃ · ·
· w̃ · · w̃ · · ·

d̃+ w̃ · · d̃ · · · ·
· w̃ · · d̃+ w̃ · · d̃
w̃ · · · · · · ·
· · g̃ · · · · ·
· · · · d̃ · · d̃+ g̃


. (4.21)

With this, we have to calculate the eigenvalues of the matrix R′(%)†R′(%) for the two-parameter
state % given in equation (4.1). This 8 × 8 matrix can be transformed by simultaneous row-
column permutation into blockdiagonal form consisting of three blocks of the sizes 3 × 3, 3 × 3
and 2× 2. However, the forms of the g, w-depending eigenvalues of the 3× 3 blocks are still too
complicated, so we only plot the border of the domain in which the criterion (4.20) holds (green
curve in figure 4.6).

The condition ‖R′(%)‖tr ≤ 1 holds inside the green curve in figure 4.6. This figure suggests
that this reshuffling does not give stricter condition for full separability than the partial trans-
position criterion, hence it can not identify PPTESs. However, we can not be sure in this due
to the difficult computation of ‖R′(%)‖tr. Fully separable states must be enclosed by the curves
belonging to (4.12a)-(4.12b) of partial transposition criterion, states outside this domain must
belong to Classes 2.8, 2.1 or 1. However, in section 4.2.3 the partial transposition criterion has
yielded condition for Classes 2.8 and 3, so we can conclude that states outside this domain must
belong to Classes 2.1 or 1, the Class 2.8 is completely restricted into this domain.

4.3.2. Quadratic Bell inequalities. In [SU08] Seevinck and Uffink introduced a sys-
tematic way to obtain necessary criteria of separability for all the separability-classes of an
n-qubit system, based on the quadratic Bell inequalities of two-qubit systems (section 1.2.2).
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Their new criteria generalize some previously known multipartite criteria, such as Laskowski-
Żukowski criterion (necessary for k-separability) [LZ̊05], Mermin-type separability inequalities
(necessary for k-separability) [Uff02, GBP98, SS02, NKI02, CGP+02, Roy05], Fidelity-
criterion (necessary for 2-separability) [SU01, ZZZ+03] (which is also known as projection
based witness [TG05]) and Dür-Cirac depolarization criterion (necessary for αk-separability)
[DCT99, DC00]. We consider the three-qubit case and get criteria for Class 2.1, Class 2.8 and
Class 3 given in section 1.2.3.

The method of Seevinck and Uffink is formulated in a recursive way in terms of three or-
thogonal spin-observables on each subsystem, (X(1), Y (1), Z(1)). Here the superscript (1) denotes
that these are single-qubit operators. Let I(1) denote the 2× 2 identity operator, I(1) = I. From
the (X(1), Y (1), Z(1), I(1)) one-qubit observables acting on the subsystems 2 and 3 one can form

two sets of two-qubit observables (X
(2)
x , Y

(2)
x , Z

(2)
x , I

(2)
x ). Here the superscript (2) denotes that

these are two-qubit operators and x = 0, 1 refers to the two sets, which are

X
(2)
0 =

1

2

(
X(1) ⊗X(1) − Y (1) ⊗ Y (1)

)
, X

(2)
1 =

1

2

(
X(1) ⊗X(1) + Y (1) ⊗ Y (1)

)
,

Y
(2)
0 =

1

2

(
Y (1) ⊗X(1) +X(1) ⊗ Y (1)

)
, Y

(2)
1 =

1

2

(
Y (1) ⊗X(1) −X(1) ⊗ Y (1)

)
,

Z
(2)
0 =

1

2

(
Z(1) ⊗ I(1) + I(1) ⊗ Z(1)

)
, Z

(2)
1 =

1

2

(
Z(1) ⊗ I(1) − I(1) ⊗ Z(1)

)
,

I
(2)
0 =

1

2

(
I(1) ⊗ I(1) + Z(1) ⊗ Z(1)

)
, I

(2)
1 =

1

2

(
I(1) ⊗ I(1) − Z(1) ⊗ Z(1)

)
.

(4.22)

(Note that I
(2)
x s are not identity operators.) From these two-qubit observables and the one-

qubit ones acting on subsystem 1 one can form four sets of three-qubit observables acting on the

full system (X
(3)
x , Y

(3)
x , Z

(3)
x , I

(3)
x ). Here the superscript (3) denotes that these are three-qubit

operators and x = 0, 1, 2, 3 refers to the four sets, which are

X(3)
y =

1

2

(
X(1) ⊗X(2)

y/2 − Y
(1) ⊗ Y (2)

y/2

)
, X

(3)
y+1 =

1

2

(
X(1) ⊗X(2)

y/2 + Y (1) ⊗ Y (2)
y/2

)
,

Y (3)
y =

1

2

(
Y (1) ⊗X(2)

y/2 +X(1) ⊗ Y (2)
y/2

)
, Y

(3)
y+1 =

1

2

(
Y (1) ⊗X(2)

y/2 −X
(1) ⊗ Y (2)

y/2

)
,

Z(3)
y =

1

2

(
Z(1) ⊗ I(2)

y/2 + I(1) ⊗ Z(2)
y/2

)
, Z

(3)
y+1 =

1

2

(
Z(1) ⊗ I(2)

y/2 − I
(1) ⊗ Z(2)

y/2

)
,

I(3)
y =

1

2

(
I(1) ⊗ I(2)

y/2 + Z(1) ⊗ Z(2)
y/2

)
, I

(3)
y+1 =

1

2

(
I(1) ⊗ I(2)

y/2 − Z
(1) ⊗ Z(2)

y/2

)
,

(4.23)

for y = 0, 2. (Again, I
(3)
x s are not identity operators.)

Now for particular α2, investigating some relations among the expectation-values of these
operators with respect to the state %, one can get some nontrivial inequalities valid for all % ∈ Dα2

.
From these, one can form inequalities valid for a given separability class of section 1.2.3. Here
we recall these criteria for the classes we need to deal with [SU08]

% ∈ D2-sep =⇒
√
〈X(3)

x 〉2 + 〈Y (3)
x 〉2 ≤

∑
y 6=x

√
〈I(3)
y 〉2 − 〈Z(3)

y 〉2 (4.24)

% ∈
⋂
α2

Dα2 =⇒ max
x

{
〈X(3)

x 〉2 + 〈Y (3)
x 〉2

}
≤ min

x

{
〈I(3)
x 〉2 − 〈Z(3)

x 〉2
}
≤ 1/4

(4.25)
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and

% ∈ D3-sep =⇒ max
x

{
〈X(3)

x 〉2 + 〈Y (3)
x 〉2

}
≤ min

x

{
〈I(3)
x 〉2 − 〈Z(3)

x 〉2
}
≤ 1/16,

(4.26)

all of them are given for x = 0, 1, 2, 3. One has to do optimization of the local spin observables
(X(1), Y (1), Z(1)) to get violation of the respective inequality for a given state.

In the following we will consider some special measurement-settings when the observables

(X(1), Y (1), Z(1)) are the same for each subsystem. Writing out explicitly (X
(3)
x , Y

(3)
x , Z

(3)
x , I

(3)
x ),

one can see that for a permutation-invariant state the squares of the expectation values are the

same for x = 1, 2, 3, that is, 〈X(3)
1 〉2 = 〈X(3)

2 〉2 = 〈X(3)
3 〉2, and the same for Y

(3)
x s, Z

(3)
x s and

I
(3)
x s. Hence we have to consider merely the x = 0, 1 indices.

First consider the usual Pauli matrices (1.17)

Setting I: (X(1), Y (1), Z(1)) = (σ1, σ2, σ3) for each subsystem.

The inequalities (4.24)-(4.26) can be written as relatively simple expressions in the matrix ele-
ments [SU08]:

% ∈D2-sep =⇒

|%000
111| ≤

√
%110

110%
001

001 +
√
%101

101%
010

010 +
√
%011

011%
100

100,

|%110
001| ≤

√
%000

000%
111

111 +
√
%101

101%
010

010 +
√
%011

011%
100

100,

|%101
010| ≤

√
%110

110%
001

001 +
√
%000

000%
111

111 +
√
%011

011%
100

100,

|%011
100| ≤

√
%110

110%
001

001 +
√
%101

101%
010

010 +
√
%000

000%
111

111,

(4.27)

% ∈
⋂
α2

Dα2
=⇒

max
{
|%000

111|2, |%110
001|2, |%101

010|2, |%011
100|2

}
≤min

{
%000

000%
111

111, %
110

110%
001

001, %
101

101%
010

010, %
011

011%
100

100

}
≤ 1/16

(4.28)

and

% ∈D3-sep =⇒
max

{
|%000

111|2, |%110
001|2, |%101

010|2, |%011
100|2

}
≤min

{
%000

000%
111

111, %
110

110%
001

001, %
101

101%
010

010, %
011

011%
100

100

}
≤ 1/64.

(4.29)

Let us consider another two special measurement settings, which are

Setting II: (X(1), Y (1), Z(1)) = (σ2, σ3, σ1) for each subsystem,

Setting III: (X(1), Y (1), Z(1)) = (σ3, σ1, σ2) for each subsystem.

The inequalities of (4.24)-(4.26) written for these two settings are much more complicated ex-
pressions in symbolic matrix elements than the ones in (4.27)-(4.29). But for the state % given in
equation (4.1) it is not too difficoult to write out these inequalities explicitly. It turns out that
for each of these three settings the x = 1 inequality of (4.24), the second inequality of (4.25) and
the second inequality of (4.26) hold for all the parameter values of the simplex. Because of this,
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Figure 4.7. Criteria on spin-observables for the state (4.1) on the g-w-plane.
(Red curves: the border of domains inside equations (4.30a) and (4.30b) hold,
blue curves: the border of domains inside equations (4.31a) and (4.31b) hold.
The inequalities hold on the side of the curves containing the origin.)

the criteria hold for Class 3 are not stricter than the ones for the union of Class 2.8 and Class 3.
The remaining inequalities for the three measurement settings are as follows:

% ∈ D2-sep =⇒ I.

 g̃ ≤ 3

√
d̃(d̃+ w̃)

0 ≤ −7g2 − 6gw − 15w2 − 18g + 6w + 9,
(4.30a)

II.

 3w̃ ≤
√

(8d̃+ w̃)(8d̃+ 4g̃ + w̃)

0 ≤ −9g2 − 5w2 − 12w + 9,
(4.30b)

III.

{√
4g̃2 + 81w̃2 ≤ 3(8d̃+ 2g̃ + w̃)

0 ≤ −g2 − 5w2 − 12w + 9,
(4.30c)

and

% ∈
⋂
α2

Dα2 =⇒ I.

{
g̃2 ≤ d̃(d̃+ w̃)

0 ≤ −45g2 − 2gw − 5w2 − 6g + 2w + 3,
(4.31a)

II.

{
81w̃2 ≤ (8d̃+ w̃)(8d̃+ 4g̃ + w̃)

0 ≤ −9g2 − 77w2 − 12w + 9,
(4.31b)

III.

{
4g̃2 + 81w̃2 ≤ (8d̃+ 2g̃ + w̃)2

0 ≤ −9g2 − 77w2 − 12w + 9,
(4.31c)
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Clearly, the inequality of (4.30c) is weaker than the one of (4.30b), the inequality of (4.31c) is the
same as the one of (4.31b). Moreover, the inequality of (4.31a) is the same as the one of (4.12a)
of partial transposition criterion, but the inequality of (4.31b) is strictly weaker than the other
one of partial transposition criterion. So these settings does not give stricter conditions for
Classes 2.8 and 3 than partial transposition criterion, however, we get criteria for biseparability
for the first time. In figure 4.7 we show the borderlines of the domains of the criteria belonging
to Settings I and II. These inequalities restrict Classes 2.1, 2.8 and 3 to be inside the domain
enclosed by the blue curves and Classes 2.8 and 3 to be inside the domain enclosed by the red
curves. We can conclude that Settings I and II are strong in detection of GHZ and W state
respectively. One can check that for the w = 0 GHZ-white noise mixture the inequalities of
(4.30a) and (4.31a) of Setting I hold if and only if the state is fully separable, (4.30a) is violated
but (4.31a) holds if and only if the state is in Class 2.1 and both of them are violated if and only
if the state is fully entangled. For the g = 0 W-white noise mixture, if 3/11 < w then % is in
Class 2.1 or Class 1, and if 3/5 < w then % is fully entangled.

However, there are infinitely many criteria depending on the measurement settings and we
do not have a method to find a set of settings leading to the strictest criterion. We have tried
some other randomly chosen settings which can be used to reduce the area where these criteria
hold. We could not find settings that give stronger criteria on the w = 0 or g = 0 axes of the
simplex than Settings I and II, respectively. We have found settings that exclude states from the
corresponding classes, but these states are far from these axes, and we have not found settings
which give stronger conditions for Classes 2.8 and 3 than the partial transposition criterion. We
have found settings by which the condition for biseparability can be strengthened, but these
conditions are just a little bit stronger far from the axes than the ones in section 4.3.4.

4.3.3. Criteria on matrix elements. In a recent paper [GHH10], Gabriel et. al. have
given criterion for k-separability, based on their previously derived framework for the detection
of biseparability [HMGH10]. It turns out that for the noisy GHZ-W mixture given in equation
(4.1) these criteria give the same results as the ones of quadratic Bell-inequalities, given in the
previous section, but these criteria have the advantage that they can be used in the same form
not only for qubits, but for subsystems of arbitrary, even different dimensions. To our knowledge,
these were the first such criteria of k-separability.

Consider some permutation operators acting on H ⊗ H, that is, on the two copies of the
n-partite Hilbert space H = H1 ⊗H2 ⊗ · · · ⊗ Hn. Let Pas be the operators which swap the ath
subsystems of the two copies, that is, Pa|i1i2 . . . in〉 ⊗ |j1j2 . . . jn〉 = |i1i2 . . . ia−1jaia+1 . . . in〉 ⊗
|j1j2 . . . ja−1iaja+1 . . . jn〉 where {|ia〉} is basis in Ha. Now for a composite subsystem K ⊆ L
having the Hilbert space HK = ⊗a∈KHa let PK =

∏
a∈K Pa. The key fact is that for pure

states π, if the state of that subsystem can be separated from the rest of the state then the

corresponding PK leaves the two copies of the state invariant, PK(π⊗ π)P †K = π⊗ π. With this
and convexity arguments, one can get the following criteria for k-separability [GHH10]

% ∈ Dk−sep =⇒
√
〈φ|(%⊗ %)Ptot|φ〉 ≤

∑
i

(
k∏
r=1

〈φ|P
L

(i)
r

(%⊗ %)P †
L

(i)
r

|φ〉

)1/(2k)

,

(4.32)

where |φ〉 ∈ H ⊗ H is a fully separable vector, and the total swap operator is Ptot =
∏N
a=1 Pa.

Here i runs over all posible k-partite splits α
(i)
k = L

(i)
1 |L

(i)
2 | . . . |L

(i)
k .

The inequality in (4.32) is written on the matrix elements of % determined by the separable
detection-vector |φ〉. For a given state, optimization on |φ〉 is needed to achieve the violation of
the right-hand side of (4.32).
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To apply these criteria to the noisy GHZ-W mixture given in equation (4.1) we have to
choose a suitable detection-vector |φ〉. It turns out that |φGHZ〉 = |000111〉 and its Hadamard-
transformed (1.22b) version |φW〉 = H⊗6|φGHZ〉 are good choices for states in the vicinity of GHZ
and W states respectively, as observed in [GHH10]. With these two vectors we get the same
criteria for 2-separability as the ones in (4.30a) and (4.30b) respectively, and for 3-separability
as the ones in (4.31a) and (4.31b) respectively. (These were obtained by the criteria on spin
observables in the previous section.) However, (4.31a) and (4.31b) are conditions not only for
Class 3, but for the union of Classes 2.8 and 3, so in this sense the quadratic Bell inequalities
are a bit stronger.

We can not be sure that the detection-vectors above give the strongest conditions at least for
the noisy GHZ and noisy W states. However, it is an interesting observation that the Hadamard
transformation relates not only the two “strong” detection-vectors |φGHZ〉 and |φW〉 but also the
two “strong” measurement-settings of the previous section (by the transformation σi 7→ HσiH

†):
Setting I. (σ1, σ2, σ3) and (σ3,−σ2, σ1), which is equivalent5 to Setting II.

We have tried some other randomly chosen detection-vectors which can be used to reduce
the area where the criteria hold, and we get the same observations as at the end of the previous
section. One can strengthen the conditions only far from the w = 0 or g = 0 axes of the
simplex, we have not found detection-vectors which give stronger condition for full-separability
than the partial transposition criterion, and we have found settings by which the condition for
biseparability can be strengthened, but these conditions are just a little bit stronger far from the
axes than the ones in section 4.3.4.

4.3.4. Criteria on matrix elements – a different approach. In [GS10] Gühne and
Seevinck have given some further biseparability and full-separability criteria on the matrix ele-
ments. The idea is that one can derive identities of matrix elements of pure separable states,
then these identities can be extended to inequalities on mixed states by a convexity argument.
For example, if |ψ〉 is separable under the 1|23 split, then |ψ〉 = |ψ1〉 ⊗ |ψ23〉 has factorized

coefficients ψijk = ψi1ψ
jk
23 . The pure state π = |ψ〉〈ψ| has then factorizable matrix elements

πijki′j′k′ = ψi1ψ
jk
23ψ1,i′ψ23,j′k′ ≡ ψi1ψ

jk
23(ψi

′

1 )∗(ψj
′k′

23 )∗ for which one can immediately check that

|π000
111| =

√
π011

011π
100

100 holds. Now, we just need that these expressions behave well under

convex combination of the πijki′j′k′ matrix elements, that is, the square root of the product of

two diagonal (hence nonnegative) matrix elements is concave, while the absolute value is convex.
Similar reasonings lead to the following criteria:

% ∈ D2-sep =⇒

|%000
111| ≤

√
%110

110%
001

001 +
√
%101

101%
010

010 +
√
%011

011%
100

100,

(4.33a)

|%001
010|+ |%001

100|+ |%010
100| ≤

√
%000

000%
011

011 +
√
%000

000%
101

101 +
√
%000

000%
110

110

+
(
%001

001 + %010
010 + %100

100

)
/2.

(4.33b)

The criterion (4.33a) is necessary and sufficient for GHZ-diagonal states and can also be obtained
as a special case of the criteria of section 4.3.2 (equation (4.27)). However, this criterion—and the

5This equivalence holds only for permutation-invariant three-qubit states, when the three sets of observables

(X(1), Y (1), Z(1)) are the same for each subsystem. In this case one can check that the quantities 〈X(3)
x 〉2 +

〈Y (3)
x 〉2 for x = 0, 1, 2, 3 are invariant under the transformation (X(1), Y (1), Z(1)) ↔ (Y (1), X(1), Z(1)) and

(X(1), Y (1), Z(1)) ↔ (X(1),−Y (1), Z(1)). These can be seen by writing out the definitions given in equations
(4.23).
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others in this section—arises from a quite different approach as the one in (4.27). The criterion
in (4.33b) is independent of the first one and it is quite strong in detection of W state mixed
with white noise.

Of course these and the following inequalities can be written on local unitary transformed
density matrices, and optimization under local unitaries might be necessary, but this can lead
to very complicated expressions in the original matrix elements. An advantage of the method
recalled in the previous section is that it handles the matrix indices through the detection vector
|φ〉.

By the use of similar reasoning, criteria for full-separability6 can also be obtained [GS10],
which are

% ∈ D3-sep =⇒

|%000
111| ≤

(
%001

001%
010

010%
011

011%
100

100%
101

101%
110

110

)1/6
,
(4.34a)

|%001
010|+ |%001

100|+ |%010
100| ≤

√
%000

000%
011

011 +
√
%000

000%
101

101 +
√
%000

000%
110

110.

(4.34b)

Criterion (4.34a) is necessary and sufficient for GHZ state mixed with white noise, and (4.34b) is
violated in the vicinity of the W state. Moreover, one can obtain other conditions from (4.34a) by
making substitutions as follows. Consider a fully separable state vector |ψ〉 = |ψ1〉⊗ |ψ2〉⊗ |ψ3〉,
which has factorizable coefficients ψijk = ψi1ψ

j
2ψ

k
3 . Then the diagonal elements of the pure state

π = |ψ〉〈ψ| are πijkijk = |ψi1|2|ψ
j
2|2|ψk3 |2, leading to the identities

πijkijkπ
i′j′k′

i′j′k′
= πijk

′

ijk′
πi
′j′k

i′j′k
= πij

′k

ij′k
πi
′jk′

i′jk′
= πi

′jk

i′jk
πij
′k′

ij′k′
.

So these kinds of substitutions can be done for the %ijkijk diagonal matrix elements on the right-

hand side of (4.34a). Moreover, the right-hand side of the inequality of (4.34a) can be written
as

(
(%001

001)2(%010
010)2(%011

011)2(%100
100)2(%101

101)2(%110
110)2

)1/12
,

and with these substitutions we can obtain a third power of four matrix elements under the 12th
root. So we can get expressions of four matrix elements on the right-hand side of (4.34a), for

example
(
%001

001%
010

010%
100

100%
111

111

)1/4
. With the substitutions above one can get 28 different

inequalities for (4.34a) with an expression of sixth order under the sixth root on the right-
hand side and 12 different ones with an expression of fourth order under the fourth root. For
permutation-invariant states we have %001

001 = %010
010 = %100

100 and %110
110 = %101

101 = %011
011,

and for our case (4.3a) it also holds that %000
000 = %111

111, so the number of different inequalities
reduces to 8 and 5 respectively. The right-hand sides of inequality (4.34a) which are different for

6Criteria for Dαk can be obtained as well.
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permutation-invariant matrices are as follows:(
(%000

000)3(%111
111)3

)1/6
,(

%001
001%

010
010%

011
011%

100
100%

101
101%

110
110

)1/6
,(

%000
000(%001

001)2(%110
110)2%111

111

)1/6
,(

(%000
000)2%001

001%
110

110(%111
111)2

)1/6
,(

%000
000%

001
001%

010
010%

100
100(%111

111)2
)1/6

,(
(%000

000)2%011
011%

101
101%

110
110%

111
111

)1/6
,(

(%001
001)2%010

010%
100

100%
110

110%
111

111

)1/6
,(

%000
000%

001
001%

011
011%

101
101(%110

110)2
)1/6

and (
(%000

000)2(%111
111)2

)1/4
,(

%010
010%

011
011%

100
100%

101
101

)1/4
,(

%000
000%

001
001%

110
110%

111
111

)1/4
,(

%001
001%

010
010%

100
100%

111
111

)1/4
,(

%000
000%

011
011%

101
101%

110
110

)1/4
.

It turns out that the strongest conditions for the noisy GHZ-W mixture can be given by the last
one of these and with the original one in (4.34a). (We could also make some substitutions in the
right-hand side of (4.34b) but these would not give stronger conditions than the original one.)

Writing out the criteria of biseparability and full separability we get:

% ∈ D2-sep =⇒ g̃ ≤ 3

√
d̃(d̃+ w̃), (4.35a)

w̃ ≤
√

(d̃+ g̃)d̃+ (d̃+ w̃)/2 (4.35b)

and

% ∈ D3-sep =⇒ g̃ ≤ ((d̃+ w̃)d̃)1/2, (4.36a)

g̃ ≤ ((d̃+ g̃)d̃3)1/4, (4.36b)

w̃ ≤
√

(d̃+ g̃)d̃. (4.36c)

(See in equation (4.3a).) Clearly, the biseparability condition of (4.35a) is the same as the one
of (4.30a) of the criterion on spin-observables but condition of (4.35b) is strictly stronger than
the one of (4.30b). (On the g = 0 noisy W state it gives the bound 9/17, which is the strongest
for these states—to our knowledge.) The full-separability condition of (4.36a) is the same as the
one of (4.31a) of the criterion on spin-observables (and the one of (4.12a) of partial transposition
criterion as well) but the condition of (4.36c) is weaker than the one of (4.31b) of the criterion
on spin-observables. Hence at this point these criteria are stronger for biseparability but weaker
for full separability than the criteria on spin-observables for our state. But we have another
full-separability condition, (4.36b), which can be stronger in a region than the ones based on
the partial transposition criterion. The states of parameters in this region are entangled ones of
positive partial transpose, no pure state entanglement can be distilled from them. The borders of



96 4. SEPARABILITY CRITERIA FOR MIXED THREE-QUBIT STATES

w

g

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

0.16 0.2 0.24

0.12

0.16

0.2

0.24

(4.36a)

(4.36b)

(4.36c)

(4.12b)

(4.35a)

(4.35b)

Figure 4.8. Criteria on matrix elements for the state (4.1) on the g-w-plane.
(Green curves: the borders of domains inside equations (4.36a)-(4.36c) hold, blue
curves: the borders of domains inside equations (4.35a)-(4.35b) hold. Red curve:
the border of domain inside equation (4.12b) of partial transposition criterion
hold, copied from figure 4.5. The point g = 1/5, w = 1/5 is also shown. The
inequalities hold on the side of the curves containing the origin.)

the domains in which these conditions hold and the region of PPTESs can be seen in figure 4.8.
One can also show a representing matrix of the region of PPTESs determined by (4.12a), (4.12b)
and the violation of (4.36b). It is easy to check that the state of parameters (g = 1/5, w = 1/5)
is contained by this set and the explicit form of (4.1) for this point is

%g=1/5,w=1/5 =
1

120



21 · · · · · · 12
· 17 8 · 8 · · ·
· 8 17 · 8 · · ·
· · · 9 · · · ·
· 8 8 · 17 · · ·
· · · · · 9 · ·
· · · · · · 9 ·

12 · · · · · · 21


. (4.37)

4.4. Tripartite entanglement

Now we discuss some issues different from the previous ones related to separability criteria.
Namely, we investigate Class 1 of three-qubit entanglement, and show that entangled two-qubit
subsystems arise only in this class.

4.4.1. W and GHZ classes of three-qubit entanglement. As we have seen in section
1.3.6, a fully entangled three-qubit pure state can be either of Class GHZ or of Class W in the
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Figure 4.9. Criteria on tripartite entanglement classes for the state (4.1) on
the g-w-plane. (Blue straight lines: the borders of domains inside equations
(4.41a)-(4.41b) hold, blue curves of second order: the borders of domains inside
equations (4.35a)-(4.35b) hold, copied from figure 4.8. equation (4.40) holds
inside the blue domain, and the border of Class GHZ is inside the red domain.
The inequalities hold on the side of the curves containing the origin. equation
(4.42) holds under the green line.)

sense of SLOCC, that is, vectors of these two different types can not be transformed into each
other by local invertible operations. These fully entangled vectors |ψ〉 can be classified by the
τ(ψ) three-tangle (1.73), as τ(ψ) 6= 0 exactly for the GHZ-type vectors, see in table 1.2.

In section 1.3.7 we recalled a classification of mixed three-qubit states related to the pure-
state SLOCC classes, given by Aćın et. al. [ABLS01]. They have shown that Class 1 of fully
entangled states can be naturally divided into two subsets, namely Class W and Class GHZ.
Since Class GHZ is the set of states for the mixing of which GHZ-type vector is required, the
convex-roof extension of the three-tangle τ is a good indicator for Class GHZ, as τ∪(%) 6= 0
exactly for Class GHZ.

A different kind of method to determine to which class a given mixed state belongs is the
use of witness operators (section 1.2.2). In [ABLS01] there have been given some witnesses for
DW and DGHZ, namely,

WGHZ =
3

4
I⊗ I⊗ I− |GHZ〉〈GHZ| (4.38)

can detect DGHZ and

WW1
=

2

3
I⊗ I⊗ I− |W〉〈W|, (4.39a)

WW2
=

1

2
I⊗ I⊗ I− |GHZ〉〈GHZ| (4.39b)
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can detect DW. With these we have

% ∈ DW =⇒ 0 ≤ trWGHZ% = (20d̃− 2g̃ + 9w̃)/4 = (5− 7g + w)/8 (4.40)

and if the inequality is violated then % ∈ Class GHZ, as well as

% ∈ D2−sep =⇒ 0 ≤ trWW1
% = (13d̃+ 4g̃ − 3w̃)/3 = (13 + 3g − 21w)/24, (4.41a)

0 ≤ trWW2% = (6d̃− 2g̃ + 3w̃)/2 = (3− 7g + w)/8 (4.41b)

and if either of the inequalities is violated then % ∈ Class 1. In figure 4.9 we plot the lines on
which these inequalities are saturated. It can be checked that (4.41a) and (4.41b) give weaker
conditions for biseparability than (4.35a) and (4.35b) of the previous section. We can conclude
that all the states in the blue domain belong to Class GHZ, and the biseparable states are
enclosed by the blue curves, however, both type of fully entangled states can be here too.

The equality in (4.40) gives an “upper bound” for the border of Class GHZ (blue domain
in figure 4.9). Fortunately, we have a possibility to give also a “lower bound” for that, thanks
to the results of Lohmayer et. al. [LOSU06]. They have studied the GHZ-W mixture (d = 0,
w = 1− g) and they have found that there exists a decomposition of projectors onto vectors of
vanishing three-tangle if and only if 0 ≤ g ≤ g0 = 4 · 21/3/(3 + 4 · 21/3) = 0.626851 . . . , hence for
these parameters the convex-roof extension τ∪ of the three-tangle is zero. If we mix the states
of this interval with white noise then the three-tangle remains zero and neither of these states
can belong to Class GHZ. So we can state that

% ∈ DGHZ =⇒ w <
3

4 · 21/3
g, (4.42)

which holds under the green line of figure 4.9. This condition is quite weak, but we can make it
stronger. Recall that on the w = 0 line (noisy GHZ state) % ∈ Class 1 if and only if 3/7 < g ≤ 1
(section 4.1). So the convexity of DW restricts Class GHZ to be inside the triangle defined by
the vertices (g = 3/7, w = 0), (g = 1, w = 0) and (g = g0, w = 1− g0) (union of tinted domains
in figure 4.9). So we can conclude that all the states in the blue domain belong to Class GHZ,
and the border of Class GHZ is in the red domain of figure 4.9.

4.4.2. Wootters concurrence. The Wootters concurrence (1.67) measures the entangle-
ment inside the two-qubit subsystems. Let us calculate that for the two-qubit reduced state %23,
which is given in (4.3b). Since the spin-flip for two-qubit density matrices means transpose with
respect to the antidiagonal then multiplication of neither diagonal nor antidiagonal entries by
−1, one can easily get that

Eigv
(
%̃23%23

)
=
{

4(d̃+ w̃)2 = 4(3− 3g + 5w)2/242,

(2d̃+ g̃)(2d̃+ g̃ + w̃) = 12(1 + g − w)(3 + 3g + w)/242,

(2d̃+ g̃)(2d̃+ g̃ + w̃) = 12(1 + g − w)(3 + 3g + w)/242,

4d̃2 = 36(1− g − w)2/242
}
.

(4.43)

Clearly, the last eigenvalue is the smallest one. If 4(d̃+ w̃)2 ≤ (2d̃+ g̃)(2d̃+ g̃+ w̃) then λ↓1 = λ↓2
hence c∪(%23) = 0. If 4(d̃+ w̃)2 ≥ (2d̃+ g̃)(2d̃+ g̃+ w̃), then λ↓2 = λ↓3 and c∪(%23) can be nonzero.
It turns out that the Wootters concurrence is

c∪(%23) = 2w̃−2

√
(2d̃+ g̃)(2d̃+ g̃ + w̃) =

2

3
w− 1

2
√

3

√
(1 + g − w)(3 + 3g + w) (4.44)

if 0 ≤ w̃2− (2d̃+ g̃)(2d̃+ g̃+ w̃) = (−9g2 +19w2 +6gw−18g+6w−9)/122, otherwise c∪(%23) = 0
(figure 4.10). It takes its maximum 2/3 in (g = 0, w = 1), that is, for pure W-state. For the
GHZ-W mixture (d = 0) the result is calculated also in [LOSU06]. On the other hand, it can
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Figure 4.10. Wootters concurrence of %23 on the g-w-plane (4.44).

be checked by (4.41a) and (4.42) that all states in this simplex which have entangled two-qubit
subsystems are in Class W.

4.5. Summary and remarks

In this chapter we have investigated the noisy GHZ-W mixture and demonstrated some
necessary but not sufficient criteria for different classes of separability. With these criteria we
can restrict these classes into some domains of the 2-dimension simplex. It has turned out that
the strongest conditions was (4.12a), (4.36b) and (4.12b) for full separability, (4.12a) and (4.12b)
for the union of Classes 2.8 and 3 and (4.35a) and (4.35b) for biseparability. These have been
obtained from the partial transposition criterion of Peres [Per96] and the criteria of Gühne and
Seevinck [GS10] dealing with matrix elements. Only these latter criteria have turned out to be
strong enough to reveal a set of entangled states of positive partial transpose. (The set of these
states can be given by the conditions of (4.12a), (4.12b) and (4.36b). An example is given in
equation (4.37).) We have also investigated the W and GHZ classes of fully entangled states and
we have given restrictions for Class GHZ.

Now, we list some remarks and open questions.

(i) Some parts of some bipartite separability criteria have proved to be necessary and suffi-
cient for separability classes of the GHZ-white noise mixture. (These are the majorization
criterion and the entropy criterion in the α → ∞ limit, and reduction criterion.) This
is interesting because, e.g., the majorization criterion, to our knowledge, does not state
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anything about a density matrix which is majorized by only either of its subsystems.
We do not think that this would be more than a coincidence, however, the GHZ state is
a very special one so it is an interesting question as to whether this can be generalized
to the n-qubit noisy GHZ state, or to some kinds of generalized GHZ states.

(ii) Another interesting coincidence was that the two settings and measurement vectors
strong in detection of GHZ and W states are related by local unitary Hadamard trans-
formation in the criteria on spin-observables of Seevinck and Uffink (section 4.3.2) and
also in the criteria of Gabriel et. al. (section 4.3.3). The transformation on settings and
measurement vectors can also be written on the state % 7→ (H⊗3)†%H⊗3, which means
that we can use the same measurements on the transformed state for the detection
of W state as for the detection of GHZ state. The interesting point here is that this
transformation, being local unitary, does not make a W state from a GHZ state.

(iii) The issue of entangled two-qubit subsystems (section 4.4.2) seems to be interesting. En-
tangled two-qubit subsystems arise only in Class W, which is probably the consequence
of the special mixture, but it would be interesting to find some criteria for entangled
two-qubit subsystems. We will return to this issue in the next chapters, and, as side
results, we give conditions for this for pure states (section 6.1.3) and for mixed states
(section 5.1.3).



CHAPTER 5

Partial separability classification

In section 1.2.3 we have seen how the different partially separable pure states give rise
to a classification of mixed states by αk-separable and k-separable states [SU08], written out
in the case of three subsystems. Then in the previous chapter we gave some illustrations for
restrictions of some of these classes within a two-parameter simplex of permutation-invariant
three-qubit mixed states.

In this chapter we show that this classification does not take the problem of partial separa-
bility of mixed states in the full detail. We extend this classification, moreover, we give necessary
and sufficient criteria for the classes. We call our extended classification PS classification, which
stands for Partial Separability, because this classification is complete in the sense of partial sep-
arability, that is, it utilizes all the possible combinations of different kinds of partially separable
pure states. We get this finding using the point of view that a state is a mixture of an ensemble
of pure states, which leads us to a set of necessary and sufficient criteria for the classes. We
have seen in section 1.3.3 that in the bipartite case, where a state—either pure or mixed—can
be either separable or entangled, the vanishing of the convex roof extension of local entropies of
pure states is a necessary and sufficient criterion of separability. For us, this is the archetype of
the general method for the detection of convex subsets by convex roof extensions. However, for
more-than-two-partite systems, the partial separability properties have a complicated structure,
and, to our knowledge, this method was not used. Instead of that, the usual approach is the use
of witness operators, as was done originally for three-qubit systems (section 4.4) or other neces-
sary but not sufficient criteria for the detection of convex subsets, some of them were reviewed
in chapter 4.

The material of this chapter covers thesis statement IV (page xvi). The organization of this
chapter is as follows.

In section 5.1, we elaborate the PS classification for tripartite mixed states. We define the
PS subsets (section 5.1.1) and PS classes (section 5.1.2), and we give some examples
for states which are contained in classes different only under the PS classification (sec-
tion 5.1.3). Then we give necessary and sufficient criteria for the identification of the PS
classes and obtain the functions by which these criteria can be formulated (section 5.1.4).

In section 5.2, we generalize the construction for the case of arbitrary number of subsystems
of arbitrary dimensions. We work out the labelling of the PS subsets (section 5.2.1) along
with that of the PS classes, and give a general conjecture about their non-emptiness (sec-
tion 5.2.2). Then we construct the functions identifying the PS subsets and classes with
the minimal requirements (section 5.2.3), and also with stronger requirements leading
to entanglement-monotone functions (section 5.2.4).

In section 5.3, we give a summary and some remarks.

5.1. Partial separability of tripartite mixed states

Here we introduce the PS classification for three subsystems. We have already seen the main
concept in section 1.2.3, first given in [DCT99, DC00], then used and extended in [SU08,

101
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ABLS01], that we define a density matrix to be the element of a class according to whether it
can or can not be mixed by the use of pure states of some given kinds.

5.1.1. PS subsets. We have H = H1 ⊗ H2 ⊗ H3 with arbitrary d = (d1, d2, d3) local
dimensions. Let us introduce some convenient notations for the subsets in the set of extremal
points P of D given by unit vectors1

P1|2|3 =
{
π ∈ P

∣∣ π = π1 ⊗ π2 ⊗ π3

}
, (5.1a)

Pa|bc =
{
π ∈ P

∣∣ π = πa ⊗ πbc
}
, (5.1b)

P123 ≡ P. (5.1c)

We call these pure PS subsets, and they are closed and contain each other in a hierarchic way,
which is illustrated in figure 5.1. The meaning of these sets is that their elements can contain “at
most” a given entanglement. We can also introduce the disjoint subsets given by unit vectors of
different partial separability

Q1|2|3 =
{
π ∈ P

∣∣ π = π1 ⊗ π2 ⊗ π3

}
= P1|2|3, (5.2a)

Qa|bc =
{
π ∈ P

∣∣ π = πa ⊗ πbc, πbc 6= πb ⊗ πc
}

= Pa|bc \ P1|2|3, (5.2b)

Q123 =
{
π ∈ P

∣∣ π 6= πa ⊗ πbc
}

= P123 \
(
P1|23 ∪ P2|13 ∪ P3|12

)
. (5.2c)

We call these pure PS classes, and they cover P entirely, P = Q1|2|3∪Q1|23∪Q2|13∪Q3|12∪Q123.
Except Q1|2|3, none of the above sets are closed. The meaning of these sets is that their elements
contain exactly a given entanglement.

The notion of k-separability and αk-separability, given in [SU08] and recalled in section
1.2.3, can be formulated now as the convex hulls of some of the sets (5.2). The 3-separable
states (D3-sep), or equivalently 1|2|3-separable states (D1|2|3) can be mixed from the pure states
of Q1|2|3, that is, they are fully separable. The a|bc-separable states (Da|bc) can be written in
the form

∑
i pi%a,i ⊗ %bc,i, (%a,i ∈ D(Ha), %bc,i ∈ D(Hb ⊗Hc),) where we demand only the split

between a and bc, but split between b and c can also occur in the pure state decompositions, so
they can be mixed from the pure states of Q1|2|3 and Qa|bc, that is, of Pa|bc. The 2-separable
states (D2-sep) are of the form

∑
i pi%ai,i ⊗ %bici,i, so they can be mixed from the pure states

of Q1|2|3, Q1|23, Q2|13 and Q3|12, that is, of P1|23, P2|13 and P3|12. These states are also of
relevance, since although they are not separable under any a|bc split, but there is no need of
genuine tripartite entangled pure state to mix them [SU08]. From the point of view of convex
hulls of extremal points, it can be seen better than originally in [SU08] that we can define three
new partial separability sets “between” the a|bc-separable and 2-separable ones. For example,
the 2|13-3|12-separable states (D2|13,3|12) are the states which can be mixed from the pure states
of Q1|2|3, Q2|13, and Q3|12, that is, of P2|13, and P3|12. States of this kind are also of relevance,
since there is no need of 1|23-separable pure states to mix them, that is, entanglement within
23 subsystem. Beyond these, we use the set of 123-separable states (D123), or equivalently 1-
separable (D1-sep), which is equal to the full set of states (D). Summarizing, we have the following

1 Remember our convention: The letters a, b and c are variables taking their values in the set of labels L =
{1, 2, 3}. When these variables appear in a formula, they form a partition of {1, 2, 3}, so they take always different

values and the formula is understood for all the different values of these variables automatically. Although,
sometimes a formula is symmetric under the interchange of two such variables in which case we keep only one of
the identical formulas.
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P123
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D1|23 D2|13 D3|12
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D1|23,2|13,3|12

D123

Figure 5.1. Inclusion hierarchy of the pure and mixed PS sets P... and D...
given in (5.1) and (5.3).

PS subsets in D arising as convex hulls of pure states of given kinds:

D1|2|3 = Conv
(
P1|2|3

)
≡ D3-sep, (5.3a)

Da|bc = Conv
(
Pa|bc

)
, (5.3b)

Db|ac,c|ab = Conv
(
Pb|ac ∪ Pc|ab

)
, (5.3c)

D1|23,2|13,3|12 = Conv
(
P1|23 ∪ P2|13 ∪ P3|12

)
≡ D2-sep, (5.3d)

D123 = Conv
(
P123

)
≡ D1-sep ≡ D. (5.3e)

These sets are convex by construction, and they contain each other in a hierarchic way, which is
illustrated in figure 5.1.

From an abstract point of view, we form the convex hulls of closed sets [ABLS01], and the
convex hulls of all the possible closed sets arising from the unions of the Q... sets (5.2) of extremal
points are listed in (5.3) above. We mean the PS classification involving the PS subsets (5.3a)-
(5.3e) to be complete in this sense. As special, non-complete cases, we get back the classification
involving only the sets Dk-sep and Dαk (for any k-partite split αk) obtained by Seevinck and
Uffink [SU08], and also the classification involving only the sets Dαk obtained by Dür, Cirac
and Tarrach [DCT99, DC00].

5.1.2. PS classes. Now we determine the PS classes of tripartite mixed states. The ab-
stract definition of these classes [SU08] is that they are the possible non-trivial intersections of
the D... convex subsets listed in (5.3). Since we want to deal also with the sets Db|ac,c|ab, we can
not draw an expressive “onion-like” figure as is shown in figure 1.3 for the sets D1|2|3, Da|bc and
D2-sep. We have to proceed in a formal manner.

If we have the sets A1, A2, . . . , An, all of their possible intersections can be constructed as
the intersections for each i the set Ai or its complement Ai. We have 9 PS subsets D..., so we
can formally write 29 = 512 possible intersections in this way. If B ⊆ A then B ∩ A = ∅, so
some intersecions are automatically empty (“empty by construction”), and, using the inclusion
hierarchy of PS subsets in figure 5.1, we write only the intersections which are “not empty by
construction.” The number of these turns out to be only 20. (Again, if B ⊆ A then B ∩A = B
and B ∩ A = A, so we can write these 20 classes as intersection sequences much shorter than 9
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terms.) Since the appearance of the Db|ac,c|ab-type sets in the intersections makes the meaning of
the classes a little bit involved, we write out the list of the PS classes with detailed explanations.
We list the classes in table 5.1.

First, the class

C3 = D1|2|3 (5.4a)

is the set of fully separable states. (This is Class 3 in section 1.2.3.)
Then come the 18 classes of 2-separable entangled states, that is, the subsets in D1|23,2|13,3|12\

D1|2|3. The class

C2.8 = D1|2|3 ∩ D1|23 ∩ D2|13 ∩ D3|12 ≡
(
D1|23 ∩ D2|13 ∩ D3|12

)
\ D1|2|3 (5.4b)

is the set of states which can be written as 1|23-separable states (that is, convex combinations
of Q1|2|3 and Q1|23 pure states, the formation is not unique) and can also be written as 2|13-
separable states and can also be written as 3|12-separable states but can not be written as
1|2|3-separable states. The existence of such states was counterintuitive, since for pure states,
if a tripartite pure state is separable under any a|bc bipartition then it is fully separable. For
mixed states, however, explicit examples can be constructed [BDM+99, ABLS01], which can
be written in the form

∑
i pi%a,i⊗%bc,i for any a|bc bipartition, but can not be written in the form∑

i pi%1,i⊗%2,i⊗%3,i. Alternatively, we can say that states of this class can not be mixed without
the use of bipartite entanglement, but they can be mixed by the use of bipartite entanglement
within only one bipartite subsystem, it does not matter which one. (This is Class 2.8 in section
1.2.3.) The next three classes are

C2.7.a = Da|bc ∩ Db|ac ∩ Dc|ab ≡
(
Db|ac ∩ Dc|ab

)
\ Da|bc. (5.4c)

For eample, C2.7.1 is the set of states which can be written as 2|13-separable states and can also
be written as 3|12-separable states but can not be written as 1|23-separable states. Alternatively,
we can say that states of this class can not be mixed by the use of bipartite entanglement within
only the 12 subsystem, but they can be mixed by the use of bipartite entanglement within either
the 23 or the 13 subsystems, both of them are equally suitable. (These three classes are Classes
2.7, 2.6, and 2.5 in section 1.2.3.) The next three classes are

C2.6.a = Da|bc ∩ Db|ac ∩ Dc|ab ∩ Db|ac,c|ab ≡ Da|bc ∩
[
Db|ac,c|ab \

(
Db|ac ∪ Dc|ab

)]
. (5.4d)

For eample, C2.6.1 is the set of states which can be written as 1|23-separable states and can also
be written as states of a new kind, where the state can be written as 2|13-3|12-separable states
which are neither 2|13-separable nor 3|12-separable. And this is the novelty here. Alternatively,
we can say that to mix a state of this class we need bipartite entanglement either within the 23
subsystem, or within both of the 12 and 13 subsystems. (The latter seems like a roundabout
connecting the 2 and 3 subsystems through the 1 subsystem.) The next three classes are

C2.5.a = Da|bc ∩ Db|ac ∩ Dc|ab ∩ Db|ac,c|ab ≡ Da|bc ∩ Db|ac,c|ab ≡ Da|bc \ Db|ac,c|ab. (5.4e)

For eample, C2.5.1 is the set of states which can be written as 1|23-separable states but can not be
written as 2|13-3|12-separable states. Alternatively, we can say that states of this class can not be
mixed by the use of bipartite entanglement only within both of the 13 and 23 subsystems, contrary
to C2.6.1. (The roundabout does not exist here.) (The unions C2.6.a∪C2.5.a = Da|bc∩Db|ac∩Dc|ab
are Classes 2.4, 2.3, and 2.2 in section 1.2.3.) The next class is
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C3 ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 3 5

C2.8 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.8 4

C2.7.a 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.7,6,5 3.3,2,1

C2.6.a 6⊂ ⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.4,3,2 2.3,2,1

C2.5.a 6⊂ ⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ 2.4,3,2 2.3,2,1

C2.4 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1

C2.3.a 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1

C2.2.a 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 6⊂ 6⊂ ⊂ ⊂ 2.1 1

C2.1 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ 2.1 1

C1 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 1 1

Table 5.1. PS classes of tripartite mixed states. Additionally, we show the
classifications obtained by Seevinck and Uffink [SU08], and Dür, Cirac and
Tarrach [DC00].

C2.4 =D1|23 ∩ D2|13 ∩ D3|12 ∩ D2|13,3|12 ∩ D1|23,3|12 ∩ D1|23,2|13

≡
(
D2|13,3|12 ∩ D1|23,3|12 ∩ D1|23,2|13

)
\
(
D1|23 ∪ D2|13 ∪ D3|12

)
≡
[
D2|13,3|12 \

(
D2|13 ∪ D3|12

)]
∩
[
D1|23,3|12 \

(
D1|23 ∪ D3|12

)]
∩
[
D1|23,2|13 \

(
D1|23 ∪ D2|13

)]
,

(5.4f)

which is the set of states which can be mixed by the use of bipartite entanglement within any
two bipartite subsystems, but can not be mixed by the use of bipartite entanglement within only
one bipartite subsystem. The next three classes are

C2.3.a =Da|bc ∩ Db|ac,c|ab ∩ Da|bc,c|ab ∩ Da|bc,b|ac

≡
[[
Da|bc,c|ab \

(
Dc|ab ∪ Da|bc

)]
∩
[
Da|bc,b|ac \

(
Da|bc ∪ Db|ac

)]]
\ Db|ac,c|ab.

(5.4g)

For eample, C2.3.1 is the set of states which can be mixed by the use of bipartite entanglement
within the 23 subsystem together with bipartite entanglement within either 12 or 13 subsys-
tems, but can not be mixed by the use of bipartite entanglement within 12 and 13 subsystems
only. (Note that mixing by the use of only one kind of bipartite entanglement has already been
excluded.) The next three classes are

C2.2.a = Db|ac,c|ab ∩ Da|bc,c|ab ∩ Da|bc,b|ac ≡ Db|ac,c|ab \
(
Da|bc,c|ab ∪ Da|bc,b|ac

)
. (5.4h)

For eample, C2.3.1 is the set of states which can be mixed by the use of bipartite entanglement
within both of 12 and 13 subsystems together, but can not be mixed by the use of bipartite
entanglement within 23 subsystem together with bipartite entanglement within only one of 12
or 13 subsystems. The next class is

C2.1 = D2|13,3|12 ∩ D1|23,3|12 ∩ D1|23,2|13 ∩ D1|23,2|13,3|12

≡ D1|23,2|13,3|12 \
(
D2|13,3|12 ∪ D1|23,3|12 ∪ D1|23,2|13

)
,

(5.4i)
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which is the set of states which can be mixed by the use of bipartite entanglement within all the
three bipartite subsystems, but can not be mixed by the use of bipartite entanglement within
only two (or one) bipartite subsystems. (The union C2.4 ∪ C2.3.1 ∪ C2.3.2 ∪ C2.3.3 ∪ C2.2.1 ∪ C2.2.2 ∪
C2.2.3 ∪ C2.1 = D1|23,2|13,3|12 \

(
D1|23 ∪ D2|13 ∪ D3|12

)
is Class 2.1 in section 1.2.3.)

Then comes the class of states containing tripartite entanglement

C1 = D1|23,2|13,3|12 ∩ D123 ≡ D123 \ D1|23,2|13,3|12, (5.4j)

which is the set of states which can not be mixed without the use of some tripartite entangled
pure states. (This is Class 1 in section 1.2.3.)

Except C3, the C. . . PS classes above are neither convex nor closed, but, by construction, they
cover D entirely. Unfortunately, we can not draw an onion-like figure illustrating these classes
like the one in figure 1.3, (maybe it could be drawn in 3 dimensions), we only summarize these
1 + 18 + 1 classes in table 5.1. The non-emptiness of the PS classes above is not obvious, since
it depends on the arrangement of different kinds of extremal points. (We know only that they
are not empty by construction.) This issue has not been handled yet, but experiences in the

geometry of mixed states [BZ̊06] suggest that arrangement of different kinds of extremal points
leading to some empty classes would be very implausible. In the next subsection, moreover, we
show that some of the new classes are non-empty.

5.1.3. Examples. Here we collect some facts about the non-emptiness of the PS classes
given in (5.4). The classes given by Seevinck and Uffink (section 1.2.3) are non-empty, which are
C3, C2.8, C2.7.a, the unions C2.6.a ∪ C2.5.a, the union C2.4 ∪ C2.3.1 ∪ C2.3.2 ∪ C2.3.3 ∪ C2.2.1 ∪ C2.2.2 ∪
C2.2.3∪C2.1, and C1 [SU08]. On the other hand, the pure sets (5.2) are contained in the following
classes: Q1|2|3 ⊂ C3, Qa|bc ⊂ C2.5.a, Q123 ⊂ C1, so we have additionally that C2.5.a is non-empty.
In the next paragraphs, we construct states contained in classes C2.2.a and C2.1. This justifies the
use of b|ac-c|ab-separable sets in the classification, since we can distinguish between C2.2.a and
C2.1 by the use of these, although the nonemptiness of C2.6.a, C2.4, and C2.3.a has not been shown
yet.

From the point of view of “mixtures of extremal points”, it is easy to check that the bipartite
subsystems are separable for states in some PS subsets as follows:

% ∈ D1|2|3 =⇒ %23 separable and %13 separable and %12 separable

% ∈ Da|bc =⇒ %ac separable and %ab separable

% ∈ Db|ac,c|ab =⇒ %bc separable

Unfortunately, the reverse implications are not true. For example, in the case of qubits, for
the standard GHZ state (1.71b), all bipartite subsystems are separable although |GHZ〉〈GHZ| /∈
D1|2|3. But the negations of the implications above turn out to be useful:

% /∈ D1|2|3 ⇐= %23 entangled or %13 entangled or %12 entangled

% /∈ Da|bc ⇐= %ac entangled or %ab entangled

% /∈ Db|ac,c|ab ⇐= %bc entangled

In the following we give examples for three-qubit systems. In this case, the entanglement of two-
qubit subsystems can easily be checked for example using the Peres-Horodecki criterion (1.34b).

Now, take a % ∈ D2|13,3|12. Then %23 is always separable, but if both %12 and %13 are
entangled, then by the above observations we have that % /∈ D1|23, % /∈ D2|13, % /∈ D3|12, moreover,
% /∈ D1|23,2|13 and % /∈ D1|23,3|12. This singles out exactly one class from table 5.1, namely C2.2.1.
So if we can mix a state % from Q1|2|3, Qb|ac and Qc|ab, for which %ab and %ac are entangled, then
% ∈ C2.2.a. For example, such a state is the uniform mixture of projectors to the |0〉b⊗ |B〉ac and
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|0〉c ⊗ |B〉ab vectors, that is,

1

2
|0〉〈0|b ⊗ |B〉〈B|ac +

1

2
|0〉〈0|c ⊗ |B〉〈B|ab ∈ C2.2.a,

where |B〉 is the usual Bell state (1.28).
Now, take a % ∈ D2-sep. Then if the states of all the two-qubit subsystems are entangled,

then by the above observations we have % /∈ D1|23, % /∈ D2|13, % /∈ D3|12, moreover, % /∈ D2|13,3|12,
% /∈ D1|23,3|12 and % /∈ D1|23,2|13. This singles out exactly one class from table 5.1, namely C2.1.
So if we can mix a state % from Q1|2|3, Q1|23, Q2|13 and Q3|12, whose all two-qubit subsystems
are entangled, then % ∈ C2.1. For example, such a state is the uniform mixture of the previous
example with the projector to the vector |1〉a ⊗ |B〉bc, that is,

1

4
|0〉〈0|b ⊗ |B〉〈B|ac +

1

4
|0〉〈0|c ⊗ |B〉〈B|ab +

1

2
|1〉〈1|a ⊗ |B〉〈B|bc ∈ C2.1.

5.1.4. Indicator functions for tripartite systems. Now we give necessary and sufficient
conditions for the PS subsets. To do this, we have to define nonnegative functions on pure
states which vanish exactly for the pure states from which the PS subsets (5.3) are mixed. Our
basic quantities are the local entropies, which vanish if and only if the given subsystems can be
separated from the rest of the system (section 1.3.2). This is the only property we need, so both
Rényi (1.9b) and Tsallis (1.9e) entropies are equally suitable. (Hence we drop the labels in the
superscript, and write only Sq.) Then, after some experimenting, we can define the following set
of functions on pure states

f1|2|3(π) = f1|23(π) + f2|13(π) + f3|12(π), (5.5a)

fa|bc(π) = Sq(πa), (5.5b)

fb|ac,c|ab(π) = fb|ac(π)fc|ab(π), (5.5c)

f1|23,2|13,3|12(π) = f1|23(π)f2|13(π)f3|12(π), (5.5d)

which functions vanish for the given pure states

π ∈ P1|2|3 ⇐⇒ f1|2|3(π) = 0, (5.6a)

π ∈ Pa|bc ⇐⇒ fa|bc(π) = 0, (5.6b)

π ∈ Pb|ca ∪ Pc|ab ⇐⇒ fb|ac,c|ab(π) = 0, (5.6c)

π ∈ P1|23 ∪ P2|13 ∪ P3|12 ⇐⇒ f1|23,2|13,3|12(π) = 0, (5.6d)

leading to conditions for the pure PS classes as can be seen in table 5.2. We call the functions
obeying (5.6) pure state indicator functions for the tripartite case. We will give the exact defini-
tion of indicator functions for the general n-partite case later (in section 5.2.3), until that point
we just use this name for nonnegative functions having these vanishing properties.

Now, generalizing (1.49), it is easy to prove the following necessary and sufficient conditions
for the PS subsets (5.3) given by the convex roof extension (1.46) of the indicator functions (5.5):

% ∈ D1|2|3 ⇐⇒ f∪1|2|3(%) = 0, (5.7a)

% ∈ Da|bc ⇐⇒ f∪a|bc(%) = 0, (5.7b)

% ∈ Db|ac,c|ab ⇐⇒ f∪b|ac,c|ab(%) = 0, (5.7c)

% ∈ D1|23,2|13,3|12 ⇐⇒ f∪1|23,2|13,3|12(%) = 0. (5.7d)

To see the ⇒ implications, observe that all the D. . . PS subsets are the convex hulls of such
pure states (5.3) for which the given functions vanish (5.6). Since these functions can take only
nonnegative values, the minimum in the convex roof extension is zero. To see the⇐ implications,
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Q1|2|3 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

Q1|23 > 0 = 0 > 0 > 0 > 0 = 0 = 0 = 0

Q2|13 > 0 > 0 = 0 > 0 = 0 > 0 = 0 = 0

Q3|12 > 0 > 0 > 0 = 0 = 0 = 0 > 0 = 0

Q123 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0

Table 5.2. Partial separability classes of tripartite pure states identified by the
vanishing of the pure state indicator functions given in (5.5).

note that if the convex roof extension of a nonnegative function vanishes then there exists a
decomposition for pure states for which the function vanishes. Again, the vanishing of a given
function singles out the pure states (5.6) from which the states of the given D. . . PS subset can
be mixed (5.3).

The necessary and sufficient conditions for the PS subsets (5.7) yields necessary and sufficient
conditions for the PS classes, and we can fill out table 5.3 for the identification of the PS classes
of table 5.1, given for mixed states, similar to table 5.2, given for pure states. Because of their
vanishing properties, we call the convex roof extension of pure indicator functions mixed indicator
functions.

Note that the convex roof extension is a non-linear operation, (f + f ′)
∪ 6= f∪+ f ′

∪
. But an

inequality holds, for example, f1|2|3 = f1|23 + f2|13 + f3|12 and f∪1|2|3 = (f1|23 + f2|13 + f3|12)
∪ ≥

f∪1|23 + f∪2|13 + f∪3|12, so f∪1|2|3 can be non-zero even if f∪1|23, f∪2|13 and f∪3|12 are all zero. This

is why we could identify 20 classes of mixed states by the use of the convex roof extension of
functions which identify only 5 classes of pure states. On the other hand, if a classification does
not involve all the PS subsets, then, through (5.7), we have to use only some of the indicator
functions, for example, f1|2|3, fa|bc and f1|23,2|13,3|12 for the classification obtained by Seevinck
and Uffink [SU08], or f1|2|3 and fa|bc for the classification obtained by Dür, Cirac and Tarrach
[DC00].

The structure of the formulas (5.5) give us a hint for the generalization for arbitrary number
of subsystems of arbitrary dimensions: We just have to play a game with statements like “being
zero”, with the logical connectives “and” and “or”, parallel to the addition and multiplication,
and also parallel to the set-theoretical inclusion, union and intersection. This will be carried out
in the next section, after the construction of the general definitions of PS classification.

5.2. Generalizations: Partial separability of multipartite systems

In the previous section, we have followed a didactic treatment in order to illustrate the main
concepts. Now it is high time to turn to abstract definitions to handle the PS classification and
criteria for an arbitrary number of subsystems.

For n-partite systems, the set of the labels of the singlepartite subsystems is L = {1, 2, . . . , n}.
Let α = L1|L2| . . . |Lk denote a k-partite split, that is a partition of the labels into k disjoint
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C3 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

C2.8 > 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0
C2.7.a > 0 > 0 = 0 = 0 = 0 = 0 = 0 = 0
C2.6.a > 0 = 0 > 0 > 0 = 0 = 0 = 0 = 0
C2.5.a > 0 = 0 > 0 > 0 > 0 = 0 = 0 = 0
C2.4 > 0 > 0 > 0 > 0 = 0 = 0 = 0 = 0
C2.3.a > 0 > 0 > 0 > 0 > 0 = 0 = 0 = 0
C2.2.a > 0 > 0 > 0 > 0 = 0 > 0 > 0 = 0
C2.1 > 0 > 0 > 0 > 0 > 0 > 0 > 0 = 0

C1 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0

Table 5.3. PS classes of tripartite mixed states given in table 5.1, identified
by the vanishing of the mixed indicator functions (convex roof extension of the
indicator functions (5.5)).

non-empty sets Lr, where L1 ∪ L2 ∪ · · · ∪ Lk = L. For two partitions β and α, β is contained2

in α, denoted as β � α, if α can be obtained from β by joining some (maybe neither) of the
parts of β. This defines a partial order on the partitions. (It is easy to see from the definition
that α � α (reflexivity), if γ � β and β � α then γ � α (transitivity), if β � α and α � β then
α = β (antisymmetry).) For example, for the tripartite case 1|2|3 � a|bc � 123. Since there
is a greatest and a smallest element, which are the full n-partite split and the trivial partition
without split, respectively, 1|2| . . . |n � α � 12 . . . n, the set of partitions of L for � forms a
bounded lattice.

5.2.1. PS subsets in general. The first point is the generalization of the PS subsets D. . . .
Let Qα ≡ Qα(H) ⊆ P(H) be the pure PS class of α-separable states, that is, the set of pure
states which are separable under the partition α = L1|L2| . . . |Lk but not separable under any
β ≺ α. Then the pure PS subset of α-separable states is

Pα =
⋃
β�α

Qβ , (5.8a)

which is a special case of the pure PS subset of α-separable states

Pα =
⋃
α∈α
Pα ≡

⋃
α∈α

⋃
β�α

Qβ , (5.8b)

with the label α being an arbitrary set of partitions. Then the PS subset of α-separable states
is

Dα = ConvPα ≡ Conv
⋃
β�α

Qβ , (5.9a)

2Instead of “β is contained in α”, it is sometimes said that “β is finer than α”, or equivalently, “α is coarser
than β”.
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which is a special case of the PS subsets of α-separable states

Dα = ConvPα ≡ Conv
⋃
α∈α
Pα ≡ Conv

⋃
α∈α

⋃
β�α

Qβ ≡ Conv
⋃
α∈α
Dα, (5.9b)

with the label α. (In the writing we omit the {. . . } set-brackets, as was seen, e.g., in (5.3c).)
The set of k-separable states Dk-sep arises as a special case where the α elements of α are all
the possible k-partite splits. Note that in general the α ∈ α partitions are not required to be
k-partite splits for the same k. This freedom can not be seen in the case of three subsystems.

The Qβ sets are not closed if and only if β is not the full n-partite split 1|2| . . . |n, but
Pα = ∪β�αQβ is closed, so the sets Dα are closed, and convex by construction. Note that
different α labels can give rise to the same Dα sets, in other words, the α 7→ Dα “labelling
map” defined by (5.9b) is surjective but not injective. For the full PS classification we need all
the possible different Dα sets. Because of the non-trivial structure of the lattice of partitions,
obtaining all the different PS sets is also a non-trivial task. We can not provide a closed formula
for that, but only an algorithm. Before we do this, we need some constructions.

First, observe that if β � α then Dβ ⊆ Dα, (from definition (5.9a), and the transitivity of �)
from which it follows that for the labels β and α, if for every β ∈ β there is an α ∈ α for which
β � α then Dβ ⊆ Dα. (From definition (5.9b). Later we will prove the reverse too.) These
observations motivate the extension of � from the partitions to the labels as

β � α
def.⇐⇒ ∀β ∈ β,∃α ∈ α : β � α. (5.10)

Note that, at this point, the relation � on the labels is not a partial order, only the reflexivity
and the transitivity properties hold. The antisymmetry property fails, which is the consequence
of that the definition (5.10) was motivated by the inclusion of the PS sets, and different αs
can lead to the same PS set. Independently of this problem, which will be handled later, the
following is true.

Proposition 5.2.1. For α,β labels

β � α ⇐⇒ Dβ ⊆ Dα. (5.11)

Proof. This can be shown in the following steps:

Dβ ⊆ Dα
(i)⇐⇒ Conv

⋃
β∈β

⋃
δ�β

Qδ ⊆ Conv
⋃
α∈α

⋃
γ�α

Qγ

(ii)⇐⇒
⋃
β∈β

⋃
δ�β

Qδ ⊆
⋃
α∈α

⋃
γ�α

Qγ

(iii)⇐⇒ ∀β ∈ β,∀δ � β,∃α ∈ α : δ � α
(iv)⇐⇒ ∀β ∈ β,∃α ∈ α : β � α
(v)⇐⇒ β � α.

The equivalences (i) and (v) are by definition (5.9b) and (5.10), respectively.
Equivalence (ii) is the only one where it comes into the picture that the story is about

quantum states. The
(ii)⇐= implication holds, since it is true in general that ConvB ⊆ ConvA⇐

B ⊆ A. But to the
(ii)
=⇒ implication we have to use some special properties coming from geometry.

Obviously, for the extremal points

Extr Conv
⋃
β∈β

⋃
δ�β

Qδ ⊆ Conv
⋃
β∈β

⋃
δ�β

Qδ ⊆ Conv
⋃
α∈α

⋃
γ�α

Qγ ,
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so π ∈ Extr Conv
⋃
β∈β

⋃
δ�β Qδ is also the element of Conv

⋃
α∈α

⋃
γ�αQγ . But π is a projector

of rank one, so it is extremal also in Conv
⋃
α∈α

⋃
γ�αQγ . This holds for all such π, so we have

that

Extr Conv
⋃
β∈β

⋃
δ�β

Qδ ⊆ Extr Conv
⋃
α∈α

⋃
γ�α

Qγ .

Any A sets of projectors of rank one have the property that A = Extr ConvA, that is, they are

all extremal points of their convex hulls, which leads to the
(ii)
=⇒ implication.

Equivalence (iii) comes from set algebra. To see the
(iii)
=⇒ implication, we note that the Q...

sets are disjoint, so every Qδ on the left-hand side of the inclusion appears on the right-hand side

as a Qγ , which means that ∀β ∈ β, ∀δ � β, ∃α ∈ α so that δ � α. To see the
(iii)⇐= implication,

from the condition ∃α so that Qδ ⊆
⋃
γ�αQγ , but for different δ � βs there may exist different

αs, so
⋃
δ�β Qδ ⊆

⋃
α∈α

⋃
γ�αQγ , which holds for all β ∈ β.

Equivalence (iv) comes from the properties of partial ordering. First, � is reflexive on

partitions, that is, β � β, so the
(iv)
=⇒ implication follows from the δ = β choice. On the other

hand, � is transitive on partitions, which is just the
(iv)⇐= implication: for all δ, if δ � β and

β � α then δ � α. �

Again, note that the relations � and ⊆ are defined on non-isomorphic sets, so (5.11) does
not contradict the fact that the latter is a partial order while the former is not.

The next step is to define those labels for which � is a partial order. A label α is called
proper label, if

∀α, α′ ∈ α, α 6= α′ =⇒ α � α′. (5.12)

With this, we have the following.

Proposition 5.2.2. On the set of proper labels, the relation � defined in (5.10) is a partial
order.

Proof. Reflexivity on labels: We need that α � α, so by definition (5.10) ∀α ∈ α ∃α′ ∈ α
for which α � α′. This holds for the α′ = α choice, since � is reflexive on partitions, α � α.

Transitivity on labels: Suppose that β � α and γ � β, so by definition (5.10) ∀γ ∈ γ ∃β ∈ β
for which γ � β, and for this β ∃α ∈ α for which β � α. Since � is transitive on partitions, we
have that ∀γ ∈ γ ∃α ∈ α for which γ � α, which is γ � α by definition (5.10).

Antisymmetry on proper labels: Let α and β be proper labels. Suppose that β � α and
α � β, so by definition (5.10) ∀β ∈ β ∃α ∈ α for which β � α, and for this α ∃β′ ∈ β for
which α � β′. Since � is transitive on partitions, we have that β � β′. This can be true only if
β = β′, since β is a proper label, so we have that β � α and α � β. Since � is antisymmetric on
partitions, we have that ∀β ∈ β, ∃α ∈ α for which α = β, which means that β ⊆ α. (The labels
are sets.) Interchanging the roles of α and β, we have that α ⊆ β. Since ⊆ is antisymmetric on
sets, we have that β = α. �

A corollary is that the set of proper labels for � forms a bounded lattice, its greatest and
smallest elements are the one-element labels of full n-partite split and the trivial partition without
split, respectively, 1|2| . . . |n � α � 12 . . . n.

Is it true that every PS subset can be labelled by proper label? And different proper labels
lead to different PS subsets? In other words, is the α 7→ Dα “labelling map” from the set of
proper labels to the set of PS subsets an isomorphism? The injectivity is the⇐ implication from
the next observation.
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Proposition 5.2.3. For α, β proper labels

β = α ⇐⇒ Dβ = Dα. (5.13)

Proof. Let α and β be proper labels. The above can be shown in the following steps:

Dβ = Dα
(i)⇐⇒ Dβ ⊆ Dα and Dα ⊆ Dβ

(ii)⇐⇒ β � α and α � β

(iii)⇐⇒ β = α.

Equivalence (i) is the antisymmetry of ⊆ on sets, equivalence (ii) is (5.11) on labels, equivalence
(iii) is the antisymmetry of � on proper labels. �

If β is a label, then we can obtain a unique proper label from that if we drop every β ∈ β
for which there is a β′ ∈ β for which β � β′. The remaining partitions form a proper label which
we denote α, and the partitions which have been dropped out form a label which we denote γ.
Then β = αγ, which means the union of labels α and γ. (We omit the union sign too.) Our
next observation is useful for this case.

Proposition 5.2.4. For the general labels α and γ,

γ � α ⇐⇒ Dαγ = Dα, (5.14)

Proof. This can be shown in the following steps:

Dαγ = Dα
(i)⇐⇒ Dαγ ⊆ Dα and Dα ⊆ Dαγ

(ii)⇐⇒ αγ � α and α � αγ

(iii)⇐⇒ γ � α.

Equivalence (i) is the antisymmetry of ⊆ on sets, equivalence (ii) is (5.11) on labels, (α � αγ
holds always) equivalence (iii) is from the observation that β � α and β′ � α if and only if
ββ′ � α, which can easily be seen from the definition (5.10). �

This means that when we obtain a proper label α from a general label β, as was done above,
both of these lead to the same PS subset. Since all PS subsets arise from general labels, the
above shows that they arise also from proper labels, which is the surjectivity of the labelling by
proper labels.

Now we have that the set of proper labels is isomorphic to the set of PS subsets. The former
one is much easier to handle. Moreover, (5.11) states now that the lattice of α proper labels with
respect to the partial order � is isomorphic to the lattice of Dα PS subsets with respect to the
partial order ⊆. (This lattice is the generalization of the “inclusion hierarchy” in figure 5.1.) To
get all the PS subsets, we have to obtain all the proper labels. A brute force method for this is
to form all the β labels (all the subsets of the set of all partitions), then obtain the proper labels
α as before (β = αγ), and keep the different proper labels obtained in this way. This algorithm
is very ineffective, we give a much more optimized one.

To obtain an efficient algorithm generating the proper labels of all PS subsets, it is necessary
to consider the labels as l-tuples of partitions instead of sets of partitions. In this case α =
α1, α2, . . . , αl, so the order of the elements is considered to be fixed when an l-tuple is given, and
the αjs are different for different js. (The (. . . ) l-tuple-brackets are omitted. Note that, contrary
to the notation used in [SU08], the lower index of the partitions αj here does not refer to the k
number of Lr sets in αj .) Using ordered structure has further advantages beyond the obvious one
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n = 2:

1|2

12

=⇒

1|2

12

n = 3:

1|2|3

1|23 2|13 3|12

123

=⇒

1|2|3

1|23 2|13 3|12

2|13, 3|12 1|23, 3|12 1|23, 2|13

1|23, 2|13, 3|12

123

n = 4:

1|2|3|4

1|2|34 1|3|24 2|3|14 1|4|23 2|4|13 3|4|12

1|234 2|134 3|124 4|123 12|34 13|24 14|23

1234

=⇒ ?

Figure 5.2. Lattices of partitions and proper labels in the case of two, three
and four subsystems.
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that a computer stores data sequentially, so implementing sets would mean additional difficulty.
Now the algorithm is the following.
Algorithm 5.2.5.

(1) [initialization] Fix an order of the partitions, this defines a lexicographical ordering for
l-tuples of partitions. This is denoted by <. (This is to avoid obtaining an l-tuple more
than once and to make the algorithm more optimized.)

(2) [level 1] Using this ordering, we have all the 1-tuples of partitions ordered lexicographi-
cally.

(3) [induction step: obtaining the l + 1-tuples of partitions (level l + 1) from the l-tuples
of partitions (level l)] To every α = α1, α2, . . . , αl l-tuples (coming in lexicographically
ordered sequence) we have to append any such partition αl+1 (coming in lexicographi-
cally ordered sequence) that
(i) αl+1 � αj and αj � αl+1 for all j = 1, 2, . . . , l, and
(ii) αl+1 > αl. (Because of the lexicographical order <, it is enough to consider only
the last (lth) partition.)
Then the resulting α = α1, α2, . . . , αl, αl+1 l+ 1-tuples, and also the partitions in every
such l + 1-tuple are ordered lexicographically.

The algorithm stops when no new partition can be appended to any of the l-tuples, which comes
in finite steps, since the number of all the partitions is finite.

This algorithm generates the lattice of proper labels from the lattice of partitions, see in figure
5.2. We note, however, that the number of proper labels is so high even for four subsystems (more
than a hundred) that the lattice of proper labels can be handled only in computer.

5.2.2. PS classes in general. The second point is the generalization of the PS classes C...,
which are the possible non-trivial intersections of the PS subsets D.... Constructing these needs
direct calculations for a given n, as was done in section 5.1.2.

Let us divide the set of proper labels into two disjoint subsets, α and β, then all the possible
intersections of PS subsets can be labelled by such a pair, which is called class-label, as

Cα,β =
⋂
α∈α
Dα ∩

⋂
β∈β

Dβ. (5.15)

It can happen that Cα,β = ∅ by construction, by that we mean that its emptiness follows from the

inclusion hierarchy of PS subsets. For example, if Dβ ⊆ Dα for some α ∈ α and β ∈ β, then the
intersection above is identically empty. The PS classes for three subsystems in subsection 5.1.2
were obtained by the use of this observation. In this general framework, this observation is
formulated as follows:

Cα,β = ∅ (i)⇐⇒
⋃
α∈α
Dα ∩

⋂
β∈β

Dβ = ∅

(ii)⇐⇒
⋂
β∈β

Dβ ⊆
⋃
α∈α
Dα

(iii)⇐= ∃α ∈ α,∃β ∈ β : Dβ ⊆ Dα

(iv)⇐⇒ ∃α ∈ α,∃β ∈ β : β � α.

Proof. Equivalence (i) comes from De Morgan’s law A ∩ B = A ∪B. Equivalence (ii)
comes from the identity B ⊆ A⇔ (B ∩A ≡ B \A = ∅). Implication (iii) comes from B ⊆ A⇒
(B ∩B′ ⊆ A ∪A′). Equivalence (iv) is (5.11). �
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Implication (iii) is the point which makes possible to formulate the emptiness of PS classes
purely by the use of labels. That is still a question whether implication (iii) can be replaced by a
stronger one, which leads to condition involving only labels again. (The problem is that we have
no interpretations of ∩ and ∪ in the language of labels.) Our first conjecture is that implication
(iii) above is the strongest one which leads to a condition involving only labels.

Summarizing, we have

Cα,β = ∅ ⇐= ∃α ∈ α,∃β ∈ β : β � α. (5.16a)

If the right-hand side holds then we say, according to the conjecture above, that Cα,β is empty

by construction. Since this implication is only one-way, it could happen that Cα,β = ∅ for such

class-label α,β for which the right-hand side does not hold, resulting in a class which is empty
but not by construction. But we think that this can not happen: our second conjecture is that
there is an equivalence in (5.16a), that is, all the PS classes which are not empty by construction
are non-empty.3 The motivation of this is the same as in the tripartite case (see at the end of
subsection 5.1.2), where the PS classes conjectured to be non-empty was obtained under the
same assumptions.

An advantage of the formulation by the labelling constructions is, roughly speaking, that
by the use of that “we have separated the algebraic and the geometric part” of the problem
of non-emptiness of the classes. At this point, it seems that we have tackled all the algebraic
issues of the problem, and these conjectures can not be proven without the investigation of the
geometry of D, more precisely, the geometry of the different kinds of Qα extremal points.

The negation of (5.16a) leads to

Cα,β 6= ∅ =⇒ ∀α ∈ α,∀β ∈ β : β � α, (5.16b)

so if we obtain all α,β class-labels for which the right-hand side of this holds (“non-emptiness-
by-construction”) then we will have all the non-empty classes, together with some empty classes
if the second conjecture does not hold. Because of the nontrivial structure of the lattice of proper
labels, obtaining all the class-labels leading to not-empty-by-construction classes is also a non-
trivial task. The number of all the partitions of n grows rapidly [oeib, oeia], which is only the
number of the PS subsets of α-separability Dα. So the number of all the PS subsets Dα grows
more rapidly, and the number of all the PS classes Cα,β grows even more rapidly. But at least,

it is finite.

5.2.3. Indicator functions in general. The third point is the generalization of the indi-
cator functions (5.5). This is carried out in four steps.

(i) Let F : D(HK)→ R be a continuous function for all K ⊂ L, that is, for all subsystems.
The only condition on F is

F (%) ≥ 0, with equality if and only if % is pure, (5.17)

for example, the von Neumann entropy, any Tsallis or Rényi entropies are suitable. (Note that the
additional requirements of the features of LU-invariance, convexity, Schur-concavity, additivity,
being homogeneous polynomial, etc., are only optional, they are not needed for the construction.)
For all K ⊂ L subsystems, let the following functions on pure states be defined

fK : P(H) −→ R,
fK(π) = F (πK),

(5.18)

3 This implies the first conjecture above, but it can still happen that implication (iii) can be replaced by a
stronger condition, so the first conjecture is false. Then the (5.16a) definition of the emptiness-by-construction
changes, and the second conjecture concerns this new definition.
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where πK = trK(π) with K = L \ K. Then, for the k-partite split α = L1|L2| . . . |Lk, fLr
identifies the bipartite split Lr|Lr (where Lr = L \ Lr),

fLr (π) = 0 ⇐⇒ π ∈ PLr|Lr ≡
⋃

β�Lr|Lr

Qβ , (5.19)

which is the consequence of (5.17). Note that α is the greatest element which is smaller than
Lr|Lr for all r.

(ii) Then the function

fα(π) =

k∑
r=1

fLr (π) (5.20)

has the ability to identify the k-partite split α,

fα(π) = 0 ⇐⇒ π ∈ Pα ≡
⋃
β�α

Qβ . (5.21)

All nonnegative fα functions satisfying (5.21) are called α-indicator functions, not only the ones
defined in (5.20).

(iii) The generalization of (5.20) for more-than-one partitions, that is, for all labels, is defined
as

fα(π) =
∏
α∈α

fα(π), (5.22)

being the generalization of (5.5). It vanishes exactly for the appropriate Qα sets,

fα(π) = 0 ⇐⇒ π ∈ Pα ≡
⋃
α∈α
Pα. (5.23)

All nonnegative fα functions satisfying (5.23) are called α-indicator functions, not only the ones
defined in (5.22). For example, in the next chapter for the three-qubit case, a special set of
indicator functions will be given, which will be constructed not by (5.22), but it will still satisfy
(5.23).

(iv) Now, the vanishing of their convex roof extension

f∪α(%) = min
∑
i

pifα(πi)

identify the PS sets,

f∪α(%) = 0 ⇐⇒ % ∈ Dα ≡ ConvPα, (5.24)

being the generalization of (5.7). Indeed, f∪α(%) = 0 if and only if there exists a decomposition
% =

∑
i piπi such that fα(πi) = 0 for all i (fα is nonnegative), which means that πi ∈ Pα (5.23),

which means that % ∈ Dα.

5.2.4. Entanglement-monotone indicator functions in general. As we have seen in
section 1.3.1, entanglement-monotonicity is a fundamental property of all entanglement measures.
Here we repeat the constructions above with a slight modification, leading to indicator functions
which are entanglement-monotones. These are denoted by m in contrast with the general f .

(i) It has been shown in [Vid00, Hor01] that if F : D(HK) → R is unitary-invariant and
concave, then the fK functions defined in (5.18) are non-increasing on average for pure states,
that is, they obey (1.44), which is entanglement monotonity for pure states. So let

mK(π) = M(πK) (5.25)
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with M : D(HK) → R vanishing if and only if the state is pure, as before, but now we demand
also unitary-invariace and concavity. The von Neumann entropy (1.9a), the Tsallis entropies
(1.9e) for all q > 0, and the Rényi entropies (1.9b) for all 0 < q < 1 are known to be concave

[BZ̊06], and all of them are unitary-invariant.
(ii) Clearly, entanglement monotone functions form a cone, that is, their sums and multiples

by nonnegative real numbers are also entanglement monotones, so we can conclude that the
sums of the functions mK are also entanglement monotones. Here, instead of the original sums
in (5.20), we introduce the arithmetic mean of the mLr functions,

mα(π) =
1

k

k∑
r=1

mLr (π), (5.26)

which are also indicator functions, since they obey (5.21). (The factor 1/k is not really important,
but the next step and the three-qubit case in the next chapter motivate the use of mean values.)

(iii) The only problem we face here is that the set of entanglement monotone functions
is not closed under multiplication, which is involved in the case of the fα functions of (5.22).
This is related to the fact that the product of two concave functions is not concave in general.
Moreover, a recent result of Eltschka et. al. [EBOS12] suggests that entanglement monotone
functions can not be of arbitrary high degree,4 so we make a trial of such combination which
does not change the degree, but still fulfils the conditions (5.23). The geometric mean will be
proven to be suitable, which is just a root of the product given in (5.22)

mα(π) =
[∏
α∈α

mα(π)
]1/|α|

, (5.27)

where |α| is the number of functions mα in the product. These functions obviously obey (5.23),
and they are also entanglement monotones, because the following proposition is true in general.

Proposition 5.2.6. If the functions µj : P(H) → R (j = 1, 2, . . . , q) are nonnegative and
non-increasing on average,

µj(π) ≥ 0, (5.28a)
m∑
i=1

piµj(πi) ≤ µj(π), (5.28b)

then their geometric mean

µ = (µ1µ2 . . . µq)
1/q

is also nonnegative (obviously) and non-increasing on average,

µ(π) ≥ 0, (5.29a)
m∑
i=1

piµ(πi) ≤ µ(π). (5.29b)

(We use this for functions defined on pure states, although the following proof does not use
that, so the statement holds also for functions defined on all states.)

Proof. To obtain this, we need a Cauchy-Bunyakowski-Schwarz-like inequality, for nonneg-

ative m-tuples x(j) ∈ Rm, x
(j)
i ≥ 0, which states that

m∑
i=1

x
(1)
i x

(2)
i . . . x

(q)
i ≤ ‖x

(1)‖q‖x(2)‖q . . . ‖x(q)‖q, (5.30)

4See Theorem I. in [EBOS12], concerning a special class of functions.
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where the usual q-norm is

‖x‖q =
[ m∑
i=1

xqi

]1/q
. (5.31)

Indeed, if x(j) = 0 for some j then the inequality holds trivially, else

m∑
i=1

x
(1)
i

‖x(1)‖q
x

(2)
i

‖x(2)‖q
. . .

x
(q)
i

‖x(q)‖q
≡

m∑
i=1

[
(x

(1)
i )q

‖x(1)‖qq
(x

(2)
i )q

‖x(2)‖qq
. . .

(x
(q)
i )q

‖x(q)‖qq

]1/q

≤
m∑
i=1

1

q

[
(x

(1)
i )q

‖x(1)‖qq
+

(x
(2)
i )q

‖x(2)‖qq
+ · · ·+ (x

(q)
i )q

‖x(q)‖qq

]
= 1,

where the inequality follows from the inequality of the arithmetic and geometric means, applied
to all terms in the sum. Using this,

m∑
i=1

piµ(πi) =

m∑
i=1

pi
[
µ1(πi)µ2(πi) . . . µq(πi)

]1/q
=

m∑
i=1

[
piµ1(πi)

]1/q[
piµ2(πi)

]1/q
. . .
[
piµq(πi)

]1/q
≤
[ m∑
i=1

piµ1(πi)
]1/q[ m∑

i=1

piµ2(πi)
]1/q

. . .
[ m∑
i=1

piµq(πi)
]1/q

≤
[
µ1(π)

]1/q[
µ2(π)

]1/q
. . .
[
µq(π)

]1/q
= µ(π),

where the first inequality is (5.30) for x
(j)
i =

[
piµj(πi)

]1/q
, and the second inequality is the

condition (5.28b). �

(iv) Now, mα of (5.27) is entanglement monotone, that is, non-increasing on average for
pure states (1.44), so, thanks to (1.48), its convex roof extension

m∪α(%) = min
∑
i

pimα(πi) (5.32)

is also non-increasing on average (1.43c) so entanglement-monotone, and also identifies the PS
subsets

m∪α(%) = 0 ⇐⇒ % ∈ Dα, (5.33)

as in (5.24).

5.3. Summary and remarks

In this chapter we have constructed the complete PS classification of multipartite quantum
states by the PS classes arising from the PS subsets (5.9b), together with necessary and sufficient
conditions for the identification of the PS classes through the necessary and sufficient conditions
for the identification of the PS subsets (5.24) by indicator functions arising as convex roof ex-
tensions of the pure state indicator functions (5.22). The indicator functions can be constructed
so as to be entanglement-monotone (subsection 5.2.4). We have also discussed the PS classes in
the tripartite case in detail.

Now, we list some remarks and open questions.
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(i) As was mentioned before, this PS classification scheme is an extension of the classification
based on k-separability and αk-separability given by Seevinck and Uffink [SU08], which
is the extension of the classification dealing only with αk-separability given by Dür and
Cirac [DCT99, DC00].

(ii) The non-emptiness of the new classes was only conjectured. More fully, we could not
give neccessary and sufficient condition for the non-emptiness of the PS classes in the
purely algebraic language of labels. Probably, methods from geometry or calculus would
be needed to solve this puzzle (subsection 5.2.2).

(iii) In close connection with this, a further geometry-related conjecture could be drafted
about the non-empty classes: they are of non-zero measure. It is known in the bipartite
case that the separable states are of non-zero measure [ABLS01, BZ̊06], which can
motivate this conjecture. If the D1|2|...|n PS subset of fully separable states is of non-
zero measure, then this is true for all Dα PS subsets. However, the PS classes arise as
intersections of these.

(iv) The necessary and sufficient criteria of the classes was given by convex roof extensions,
which has advantages and disadvantages.

(v) First of all, convex roof extensions are hard to calculate [RLL09, RLL11]. However, as
we have seen in chapter 4, neccessary and sufficient criteria for the detection of convex
subsets seem always to be hard to calculate, since they always contain an optimization
problem, such as finding a suitable witness, or positive map, or symmetric extension, or
local spin mesurements, or detection vector, or local bases, and so on. These optimization
problems have no solutions in a closed form in general cases.

(vi) Another disadvantage of convex roof extensions is that this is a “clearly theoretical”
method, by that we mean that the full tomography of the state is required, then the
criteria are applied by computer. The majority of the other known criteria share this
disadvantage. Exceptions are the criteria by witnesses (section 1.2.2), and by local spin
mesurements (quadratic Bell inequalities, see in section 4.3.2, giving only necessary but
not sufficient criteria) where the criteria can be used in the laboratory, by the tuning
of the measurement settings. However, the optimization still has to be done by the
measurement apparatus.

(vii) An advantage of the convex roof extension is that it works independently of the dimen-
sions of the subsystems, so the criteria by that work for arbitrary dimensions. However,
the numerical optimization depends strongly on the rank of the state, which can be high
if the dimension is high, resulting in slow convergence.

(viii) Last, but not least, the greatest advantage of our method is (at least for us) that the
criteria by convex roof extensions have a very transparent structure, they reflect clearly
the complicated structure of the PS classes by construction, which can be seen most
directly in (5.24).

(ix) In closing, there is an important question, which can be of research interest as well. The
PS classification is about the issue: “From which kinds of pure entangled states can a
given state be mixed?” Another issue, which is equivalently important from the point
of view of quantum computation but which we have not dealt with, is “Which kinds of
pure entangled states can be distilled out from a given state?” What can be said about
this latter?





CHAPTER 6

Three-qubit systems and FTS approach

In the previous chapter, we have obtained the partial separability classification of mixed
states together with necessary and sufficient conditions for the classes. These conditions were
formulated by convex roof extensions of indicator functions defined on pure states. Now we will
study the case of three qubits, in which a different set of indicator functions can be obtained.
The construction is based on a beautiful correspondence which was found between the three-
qubit Hilbert space and a particular FTS (Freudenthal Triple System), a correspondence which
is “compatible” with the entanglement of pure three-qubit states [BDD+09]. To our present
knowledge, this construction works only for three qubits, however, these results have advantages
for the case of three qubits, they have given us the main ideas for the constructions of the previous
chapter, and, besides these, they are beautiful and interesting in themselves.

Because the FTS approach is in connection with the SLOCC classification of three-qubit state
vectors rather than their partial separability only, what we get for mixed states is a combination
of the PS classification given in the previous chapter and the classification of three-qubit mixed
states given by Aćın et. al. (section 1.3.7). So we call this classification PSS classification,
which stands for something like “Partial Separability extended by pure-state SLOCC classes”.
This classification has the advantage of differentiating between different SLOCC classes of pure
states, and also between mixed states depending on which kind of pure entanglement is needed
for the preparation of the state. This is an important advantage, since the PS classification does
not make distinction between pure states contained in different SLOCC classes but having the
same PS properties (namely, classes W and GHZ), although these states may be suitable for
different tasks in quantum information processing. However, in the majority of the cases there
are continuously infinite SLOCC classes of pure states labelled by more-than-one continuous
parameters [DVC00, VDMV02, CD07], in which case it is not clear how this classification
could be carried out, if it could be at all.

The material of this chapter covers thesis statement V (page xvi). The organization of this
chapter is as follows.

In section 6.1, we obtain a new set of indicator functions for the three-qubit case. We recall
the LSL-tensors of the FTS approach (section 6.1.1) by which the SLOCC classes can be
identified. Then we obtain a new set of LU-invariants (section 6.1.2) which are suitable
for the role of indicator functions. Some of them are in connection with the Wootters
concurrences of two-qubit subsystems (section 6.1.3).

In section 6.2, we define the PSS classification with the PSS subsets (section 6.2.1), the PSS
classes (section 6.2.2), together with the indicator functions for these (section 6.2.3).

In section 6.3, we try to generalize some functions coming from the FTS approach for the
case of three subsystems of arbitrary dimensions, to obtain indicator functions. We see
that this is evident for full-separability and a|bc-separability (section 6.3.1), this depends
on Raggio’s conjecture for b|ac-c|ab-separability (section 6.3.2), and this does not work
for 2-separability (section 6.3.3).

In section 6.4, we give a summary and some remarks.
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6.1. State vectors of three qubits

In this section we review and use the FTS approach of three-qubit state vectors.1 So we
have the Hilbert space H = H1⊗H2⊗H3 with the local dimensions d = (2, 2, 2), therefore, after
the choice of an orthonormal basis {|0〉, |1〉} ⊂ Ha, Ha ∼= C2. The |ψ〉 ∈ H state vectors are not
required to be normalized in this section, and the 0 ∈ H zero-vector is also allowed. (Physical
states arise, however, from normalized vectors.)

6.1.1. SLOCC Classification by LSL-covariants. In [BDD+09], Borsten et. al. have
revealed a very elegant correspondence between the three-qubit Hilbert space H ∼= C2⊗C2⊗C2

and the FTS (Freudenthal Triple System) M(J ) ∼= C ⊕ C ⊕ J ⊕ J over the cubic Jordan
algebra J ∼= C ⊕ C ⊕ C. The fundamental point of this correspondence is that the automor-
phism group of this FTS is Aut

(
M(C ⊕ C ⊕ C)

)
= SL(2,C)×3, which is just the relevant LSL

subgroup of GL(2,C)×3, the LGL-group of SLOCC equivalence for three-qubit pure states (sec-
tion 1.2.4). This group-theoretical coincidence arises only in the three-qubit case. It has been
shown [BDD+09] that the vectors of different SLOCC classes of entanglement in the three-qubit
Hilbert space (section 1.3.6) are in one-to-one correspondence with the elements of different rank
in the FTS. The rank of an element of an FTS is characterized by the vanishing of some associated
elements, which are covariant (maybe invariant) under the action of the automorphism group, re-
sulting in conditions for the SLOCC classes in the Hilbert-space by the vanishing or non-vanishing
of SL(2,C)×3 tensors. Hence this classification is manifestly invariant under SLOCC-equivalence
[BDD+09], which can not be seen directly in the conventional classification (section 1.3.6), since
the c2a local entropies are scalars only under U(2)×3. (However, the invariance of the vanishing of
c2as follows easily from the fact that the local rank is invariant under invertible transformations
[DVC00].)

To a

|ψ〉 =

1∑
i,j,k=0

ψijk|ijk〉

three-qubit state we can assign an element ψ ∈ M(C⊕ C⊕ C), and calculate some associated
quantities needed for the identification of its rank. Here we list these quantities in the form in
which we will use them. (For the basic definitions of Jordan algebras, Freudenthal triple systems
and the operations and maps defined on them, see in [BDD+09] and in the references therein.)

1 Remember our convention: The letters a, b and c are variables taking their values in the set of labels L =
{1, 2, 3}. When these variables appear in a formula, they form a partition of {1, 2, 3}, so they take always different

values and the formula is understood for all the different values of these variables automatically. Although,
sometimes a formula is symmetric under the interchange of two such variables in which case we keep only one of
the identical formulas.
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Class ψ Υφ(ψ) γ1(ψ) γ2(ψ) γ3(ψ) T (ψ,ψ, ψ) q(ψ)

VNull = 0 = 0,∀φ = 0 = 0 = 0 = 0 = 0

V1|2|3 6= 0 = 0,∀φ = 0 = 0 = 0 = 0 = 0

V1|23 6= 0 6= 0,∃φ 6= 0 = 0 = 0 = 0 = 0

V2|13 6= 0 6= 0,∃φ = 0 6= 0 = 0 = 0 = 0

V3|12 6= 0 6= 0,∃φ = 0 = 0 6= 0 = 0 = 0

VW 6= 0 6= 0,∃φ 6= 0 6= 0 6= 0 6= 0 = 0

VGHZ 6= 0 6= 0,∃φ 6= 0 6= 0 6= 0 6= 0 6= 0

Table 6.1. SLOCC classes of three-qubit state vectors identified by the van-
ishing of LSL-covariants (6.1).

[Υφ(ψ)]ijk =− εll′εmm′εnn′ψimnψlm
′n′φl

′jk

− εmm′εnn′εll′ψljnψl
′mn′φim

′k

− εnn′εll′εmm′ψlmkψl
′m′nφijn

′
,

(6.1a)

[γ1(ψ)]ii
′

= εjj′εkk′ψ
ijkψi

′j′k′ , (6.1b)

[γ2(ψ)]jj
′

= εkk′εii′ψ
ijkψi

′j′k′ , (6.1c)

[γ3(ψ)]kk
′

= εii′εjj′ψ
ijkψi

′j′k′ , (6.1d)

[T (ψ,ψ, ψ)]ijk =− εll′εmm′εnn′ψimnψlm
′n′ψl

′jk,

=− εmm′εnn′εll′ψljnψl
′mn′ψim

′k,

=− εnn′εll′εmm′ψlmkψl
′m′nψijn

′
,

(6.1e)

q(ψ) = εii′εjj′εkk′εll′εmm′εnn′ψ
iklψjk

′l′ψi
′mnψj

′m′n′ . (6.1f)

The summation for the pairs of indices occuring upstairs and downstairs are understood, as
usual, and ε is the matrix of the Sp(1) ∼= SL(2)-invariant non-degenerate antisymmetric bilinear
form (1.18): Thanks to (1.20), index contraction by ε is invariant under SL(2,C) transformations.
This shows that if we regard ψ and φ as tensors transform as a (2,2,2) under SL(2,C)×3, then so
do Υφ(ψ) and T (ψ,ψ, ψ), while γ1(ψ), γ2(ψ) and γ3(ψ), being symmetric, transform as (3,1,1),
(1,3,1) and (1,1,3), respectively, and q(ψ) transforms as (1,1,1), which means that it is scalar.2

The main result of [BDD+09] is that the conditions for the SLOCC classes (section 1.3.6) can
be formulated by the vanishing of these tensors in the way which can be seen in table 6.1.

6.1.2. SLOCC Classification by a new set of LU-invariants. Now, we need quantities
(indicator functions) which can be extended from pure states to mixed states by the convex roof
construction. There is no natural ordering on the tensors of (6.1) so convex roof construction
does not work directly for them, but we can form quantities from them taking values in the
field of real numbers. During this, we will lose the covariance under SL(2,C)×3, but gain the
invariance under the group U(2)×3.

2Note that for any 2 × 2 matrix M , the determinant 2 detM = εii′εjj′M
ijM i′j′ , thanks to (1.20), so

2 det γa(ψ) = q(ψ).
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Returning from the FTS language to the Hilbert space language, we have vectors

|Υφ(ψ)〉 =

1∑
i,j,k=0

[Υφ(ψ)]ijk|ijk〉 ∈ H,

|T (ψ,ψ, ψ)〉 =

1∑
i,j,k=0

[T (ψ,ψ, ψ)]ijk|ijk〉 ∈ H,

and local operators

γ1(ψ)ε =

1∑
i,i′=0

[γ1(ψ)ε]ii′ |i〉〈i′| ∈ Lin(H1),

γ2(ψ)ε =

1∑
j,j′=0

[γ2(ψ)ε]jj′ |j〉〈j
′| ∈ Lin(H2),

γ3(ψ)ε =

1∑
k,k′=0

[γ3(ψ)ε]kk′ |k〉〈k′| ∈ Lin(H3)

associated to |ψ〉 ∈ H through (6.1) of the FTS language.3 These are just computational aux-
iliaries coming from considerations related to the LSL-tensors, not state vectors and local ob-
servables of any systems, because they depend nonlinearly on the state vector |ψ〉, moreover,
γa(ψ)ε /∈ A(Ha).

Using these, the vanishing conditions of the tensors (6.1) in table 6.1 can be reformulated.
Clearly, ψ = 0 if and only if ‖ψ‖2 = 0. Taking a look at Υφ(ψ) in (6.1a) it turns out that Υφ(ψ)
can be written in the Hilbert space language as

|Υφ(ψ)〉 = Y (ψ)|φ〉
with the operator

Y (ψ) = −γ1(ψ)ε⊗ I⊗ I− I⊗ γ2(ψ)ε⊗ I− I⊗ I⊗ γ3(ψ)ε ∈ Lin(H).

Using this, the vanishing condition of Υφ(ψ) for all φ:

|Υφ(ψ)〉 = 0 ∀|φ〉 ⇐⇒ Y (ψ)|φ〉 = 0 ∀|φ〉
⇐⇒ Y (ψ) = 0

⇐⇒ ‖Y (ψ)‖2 = 0,

so we can eliminate the quantifiers and φ from the condition. Since the last implication holds
for any norm, using the usual complex matrix 2-norm ‖M‖2 = tr(M†M) we have

‖Y (ψ)‖2 = 4
(
‖γ1(ψ)‖2 + ‖γ2(ψ)‖2 + ‖γ3(ψ)‖2

)
.

This formula has a remarkably structure. Namely, note that the local concurrence-squared
(1.11c), which can be used as a|bc-indicator function (5.5b), arises here as

c2a(ψ) = C2(trbc |ψ〉〈ψ|) = ‖γb(ψ)‖2 + ‖γc(ψ)‖2,
and γa(ψ) = 0 if and only if ‖γa(ψ)‖2 = 0. Now turn to the vanishing of T (ψ,ψ, ψ), given
in (6.1e). Again, this vanishes if and only if its norm ‖T (ψ,ψ, ψ)‖2 does.4 This can be calculated

3Note that ε ∈ H∗a⊗H∗a ∼= Lin(Ha →H∗a) ∼= BiLin(Ha×Ha → C), while γa(ψ) ∈ Ha⊗Ha ∼= Lin(H∗a →Ha),
so γa(ψ)ε ∈ Lin(Ha →Ha).

4 The quantity ‖T (ψ,ψ, ψ)‖2 appears also in the twistor-geometric approach of three-qubit entanglement, it
is proportional to ωABC in [Lév05].
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Class n(ψ) y(ψ) c21(ψ) c22(ψ) c23(ψ) g1(ψ) g2(ψ) g3(ψ) t(ψ) τ2(ψ)

VNull = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

V1|2|3 > 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

V1|23 > 0 > 0 = 0 > 0 > 0 > 0 = 0 = 0 = 0 = 0

V2|13 > 0 > 0 > 0 = 0 > 0 = 0 > 0 = 0 = 0 = 0

V3|12 > 0 > 0 > 0 > 0 = 0 = 0 = 0 > 0 = 0 = 0

VW > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 = 0
VGHZ > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0

Table 6.2. SLOCC classes of three-qubit state vectors identified by the van-
ishing of the pure state indicator functions given in (6.2).

by the use of the form

|T (ψ,ψ, ψ)〉 = −γ1(ψ)ε⊗I⊗I|ψ〉 = −I⊗γ2(ψ)ε⊗I|ψ〉 = −I⊗I⊗γ3(ψ)ε|ψ〉 =
1

3
Y (ψ)|ψ〉.

About the scalar q, notice that q(ψ) = −2 Det(ψ) with Cayley’s hyperdeterminant (1.74), and it
vanishes if and only if the three-tangle (1.73) does.

Summarizing the observations above, it will be useful to define the following set of real-valued
functions on H:

n(ψ) = ‖ψ‖2, (6.2a)

y(ψ) =
2

3

(
g1(ψ) + g2(ψ) + g3(ψ)

)
, (6.2b)

c2a(ψ) = gb(ψ) + gc(ψ), (6.2c)

ga(ψ) = ‖γa(ψ)‖2, (6.2d)

t(ψ) = 4‖T (ψ,ψ, ψ)‖2, (6.2e)

τ2(ψ) = 4|q(ψ)|2. (6.2f)

(It is shown in [6] of the list on page xiii that the constant factors have been chosen so that
0 ≤ y(ψ), c2a(ψ), ga(ψ), t(ψ), τ2(ψ) ≤ 1 for normalized states.5) These quantities are obtained

by index-contraction of ψijks and complex conjugated (ψi
′j′k′)∗ = ψi′j′k′s by δi

′

i
s from the

tensors in (6.1), which were obtained by index-contraction of ψijks and ψi
′j′k′s by εii′s. From

the contractions of free indices of the thesors in (6.1), we have U†δU = δ for U ∈ U(2). From the
contractions inside the tensors of (6.1), we have U tεU = ε detU but for every factor detU there
is a conjugated (detU)∗ = 1/ detU from U∗εU† = ε detU∗. Consequently, all the functions
in (6.2) are LU-invariant ones, while their vanishing are still LSL-invariant.6 Being LU-invariant
homogeneous polynomials, we can express them in the standard basis of three-qubit LU-invariant

5 Otherwise, for unnormalized states their maxima is scaling by the corresponding power of the norm,

0 ≤ y(ψ), c2a(ψ), ga(ψ) ≤ n2(ψ), 0 ≤ t(ψ) ≤ n3(ψ), 0 ≤ τ2(ψ) ≤ n4(ψ), since these functions are homogeneous
ones.

6 Moreover, n is invariant under the larger group U(8), and τ2 under [U(1)× SL(2,C)]×3, and n, y, t and
τ2 under the discrete group of non-local transformations of the permutations of subsystems.
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homogeneous polynomials (1.75) as

n = I0, (6.3a)

y = 2I2
0 −

2

3

(
I1 + I2 + I3

)
, (6.3b)

c2a = 2
(
I2
0 − Ia

)
, (6.3c)

ga = I2
0 + Ia − Ib − Ic, (6.3d)

t =
8

3
I4 +

10

3
I3
0 − 2I0

(
I1 + I2 + I3

)
, (6.3e)

τ2 = 4I5. (6.3f)

Now, the conditions for the SLOCC classes by the vanishing of the tensors in (6.1) (see in
table 6.1) can be reformulated by the vanishing of the functions in (6.2) in the way which can
be seen in table 6.2. Comparing this with table 5.2 we have that the functions y, c2a, ga and t
are proper indicator functions for the PS classification of the states of three-qubit systems. The
function τ2 completes those for the PSS classification. But, before turning to this, let us discuss
the relation of the new functions ga to the entanglement of the two-qubit subsystems.

6.1.3. Entanglement of two-qubit subsystems. The entanglement inside the two-qubit
subsystems can be calculated by the use of the Wootters concurrence (1.67). Recall that, for a

two-qubit state ω, it can be written by the eigenvalues of
√√

ωω̃
√
ω as

c∪(ω) =
(
λ↓1 − λ

↓
2 − λ

↓
3 − λ

↓
4

)+
.

If the two-qubit mixed state for which the Wootters concurrence-squared is calculated is reduced
from a pure three-qubit state, then ω = πbc is at the most of rank 2, and

c∪
2
(πbc) = (λ1 − λ2)2 = trπbcπ̃bc − 2λ1λ2.

One can check that

trπbcπ̃bc = tr γa(ψ)†γa(ψ), (6.4a)

which is just ga(ψ) of (6.2d), and

λ1λ2 = |det γa(ψ)| = |Detψ|, (6.4b)

see in [CKW00]. The Wootters concurrence is then given by

c∪
2
(πbc) = ga(ψ)− 1

2
τ(ψ). (6.5)

As it can be seen, ga(ψ) measures the entanglement in two-qubit subsystems for all vectors which
are not of Class GHZ. Note that this is only a zero-measured subset of all state vectors. Note

also that c∪
2
(πbc) can not be used instead of ga for the role of an indicator function, because it

can be zero for Class GHZ vectors7 hence does not obey the last line of table 6.2. On the other
hand, the CKW equality (1.72) about entanglement monogamy,

c2a(ψ) = c∪
2
(πab) + c∪

2
(πac) + τ(ψ), (6.6)

is then equivalent to (6.2c).
The roof extension relates the concurrence with another important quantity, the fidelity

[Uhl00]. The fidelity between two density matrices ω and σ is F (ω, σ) = tr
√√

ωσ
√
ω, which

7For example the standard GHZ state (1.71b) has separable two-qubit subsystems, for which the Wootters
concurrence vanishes. Such vectors, having maximal three-tangle, form an important subclass of three-qubit
entanglement.
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is the square root of the transition probability, and it is in connection with distances and dis-
tinguishability measures on the space of density matrices [BZ̊06]. The fidelity of a state with
respect to the spin flip is F (ω, ω̃), which is just the concave roof extension8 of c. For the two-qubit
case this takes the form [Uhl00]

c∩(ω) = F (ω, ω̃) = λ1 + λ2 + λ3 + λ4.

Again, for the mixed states of two-qubit subsystems arising from a three-qubit system being in
a pure state, the fidelity is

c∩
2
(πbc) = (λ1 + λ2)2 = trπbcπ̃bc + 2λ1λ2.

Using (6.4a) and (6.4b), it is of the form similar to the concurrence (6.5)

c∩
2
(πbc) = ga(ψ) +

1

2
τ(ψ). (6.7)

Then, using (6.2c), we get a CKW-like equality for the fidelities,

c2a(ψ) = c∩
2
(πab) + c∩

2
(πac)− τ(ψ). (6.8)

On the other hand, from (6.5) and (6.7), ga(ψ) is just the average of the concave and convex
roofs and τ(ψ) is their difference,

ga(ψ) =
1

2

(
c∩

2
(πbc) + c∪

2
(πbc)

)
, (6.9a)

τ(ψ) = c∩
2
(πbc)− c∪

2
(πbc). (6.9b)

Hence, on the zero-measured set of non-GHZ pure states, the (two-qubit) convex and concave
roof extensions of local concurrence c are equal, and both of them are equal to the indicator
function ga(ψ).

6.2. Mixed states of three qubits

Now, we have the indicator functions y, c2a, ga and t for the PS classification of the states of
three-qubit systems, and we will also have τ2 for Class W of the classification of Aćın et. al. (sec-
tion 1.3.7). The PSS classification arises as the combination of these two. Since only the PS class
C1 is divided into two PSS classes, obtaining the PSS classification is straightforward. Only for
the sake of completeness, we write out this PSS classification for which these indicator functions
can be used.

6.2.1. PSS subsets. Starting with the extremal points of the space of states, we have the
pure states given by the vectors of different SLOCC classes given in section 1.3.6. These are the
same as those of the general tripartite case, given in (5.2), only the set of tripartite entangled
pure states Q123 is divided into two disjoint subsets according to the W and GHZ-type three-
qubit entanglement. These are denoted with Q123 = QW ∪ QGHZ, and with these we get the
pure PSS classes

Q1|2|3 =
{
π = |ψ〉〈ψ|

∣∣ |ψ〉 ∈ V1|2|3, ‖ψ‖2 = 1
}
, (6.10a)

Qa|bc =
{
π = |ψ〉〈ψ|

∣∣ |ψ〉 ∈ Va|bc, ‖ψ‖2 = 1
}
, (6.10b)

QW =
{
π = |ψ〉〈ψ|

∣∣ |ψ〉 ∈ VW, ‖ψ‖2 = 1
}
, (6.10c)

QGHZ =
{
π = |ψ〉〈ψ|

∣∣ |ψ〉 ∈ VGHZ, ‖ψ‖2 = 1
}
. (6.10d)

8The concave roof extension is the maximization of the weighted average over the decompositions instead of
the minimization in (1.46).
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P1|2|3

P1|23 P2|13 P3|12

PW

P123

=⇒

D1|2|3

D1|23 D2|13 D3|12

D2|13,3|12 D1|23,3|12 D1|23,2|13

D1|23,2|13,3|12

DW

D123

Figure 6.1. Inclusion hierarchy of the pure and mixed PSS sets P... and D...
given in (6.11) and (6.12).

Again, these are disjoint sets covering P entirely. From these, we can obtain the pure PSS sets

P1|2|3 = Q1|2|3, (6.11a)

Pa|bc = Q1|2|3 ∪Qa|bc, (6.11b)

PW = Q1|2|3 ∪Qa|bc ∪QW, (6.11c)

PGHZ = Q1|2|3 ∪Qa|bc ∪QW ∪QGHZ ≡ P123 ≡ P. (6.11d)

These sets are closed and contain each other in a hierarchic way, which is illustrated in figure 6.1.
Using these, we can obtain the PSS subsets, which are the same as the PS subsets of the

general tripartite case, given in (5.3), except the new set DW, which can be mixed without the
use of GHZ-type entanglement:

D1|2|3 = Conv
(
P1|2|3

)
≡ D3-sep, (6.12a)

Da|bc = Conv
(
Pa|bc

)
, (6.12b)

Db|ac,c|ab = Conv
(
Pb|ac ∪ Pc|ab

)
, (6.12c)

D1|23,2|13,3|12 = Conv
(
P1|23 ∪ P2|13 ∪ P3|12

)
≡ D2-sep, (6.12d)

DW = Conv
(
PW

)
, (6.12e)

D123 = Conv
(
P123

)
≡ D1-sep ≡ DGHZ ≡ D. (6.12f)

Again, these sets are convex and they contain each other in a hierarchic way, which is illustrated
in figure 6.1. And, again, these sets are the convex hulls of all the possible closed sets arising
from the unions of the Q... sets (6.10) of extremal points.

6.2.2. PSS classes. The PSS classes of three-qubit mixed states arise as the possible in-
tersection of the PSS subsets (6.12). Since the inclusion hierarchy of these (figure 6.1) is just
a slight extension of that of the PS subsets of tripartite mixed states (figure 5.1), the situation
does not become more complicated. The arising PSS classes are the same as the PS classes, given
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C2.4 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1 B

C2.3.a 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ ⊂ ⊂ 2.1 1 B

C2.2.a 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ 2.1 1 B

C2.1 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ ⊂ 2.1 1 B

CW 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ ⊂ 1 1 W

CGHZ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ 6⊂ ⊂ 1 1 GHZ

Table 6.3. PSS classes of mixed three-qubit states. Additionally, we show the
classifications obtained by Seevinck and Uffink [SU08], Dür, Cirac and Tarrach
[DC00], and Aćın, Bruß, Lewenstein and Sanpera [ABLS01].

in (5.4), except that class C1 = D \ D1|23,2|13,3|12, containing tripartite entanglement, is divided
into two PSS classes. The first one of them is

CW = D1|23,2|13,3|12 ∩ DW ≡ DW \ D1|23,2|13,3|12, (6.13a)

which is the set of states which can not be mixed without the use of some tripartite entangled
pure states, but there is no need of GHZ-type entanglement [ABLS01]. The second one is

CGHZ = DW ∩ D123 ≡ D123 \ DW, (6.13b)

which is the set of states which can not be mixed without the use of GHZ-type entanglement.
We summarize these 1 + 18 + 2 PSS classes in table 6.3.

6.2.3. Indicator functions. The indicator functions (6.2) are given for state vectors |ψ〉
but they can be written for pure states π = |ψ〉〈ψ| as well.9 During this, the index contractions

with the εii′s and δi
′

i
s lead to partial traces, partial transposes and spin-flips, and it turns out

that10

y(π) =
2

3

(
g1(π) + g2(π) + g3(π)

)
, (6.14a)

c2a(π) = gb(π) + gc(π), (6.14b)

ga(π) = trπbcπ̃bc, (6.14c)

t(π) = 4 tr(πa ⊗ πbc)π̃, (6.14d)

τ2(π) = 4 tr(πta π̃ta)2, (6.14e)

9This is because they are LU-invariants. Note that the original LSL-tensors (6.1) can not be written directly
for pure states.

10A slight abuse of the notation is that we use the same symbols for the H ⊃ S2d−1 → R functions given in
(6.2) and the P(H)→ R functions given in (6.14), which take the same values for |ψ〉 and π = |ψ〉〈ψ|.
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PSS Class y∪(%) c2a
∪

(%) c2b
∪

(%) c2c
∪

(%) g∪a (%) g∪b (%) g∪c (%) t∪(%) τ2∪(%)

C3 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

C2.8 > 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0
C2.7.a > 0 > 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0
C2.6.a > 0 = 0 > 0 > 0 = 0 = 0 = 0 = 0 = 0
C2.5.a > 0 = 0 > 0 > 0 > 0 = 0 = 0 = 0 = 0
C2.4 > 0 > 0 > 0 > 0 = 0 = 0 = 0 = 0 = 0
C2.3.a > 0 > 0 > 0 > 0 > 0 = 0 = 0 = 0 = 0
C2.2.a > 0 > 0 > 0 > 0 = 0 > 0 > 0 = 0 = 0
C2.1 > 0 > 0 > 0 > 0 > 0 > 0 > 0 = 0 = 0

CW > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 = 0
CGHZ > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0

Table 6.4. PSS classes of mixed three-qubit states given in table 6.3 identified
by the vanishing of the mixed indicator functions (convex roof extension of the
indicator functions (6.2)).

where the spin-flipped states π̃bc =
(
ε ⊗ επbcε† ⊗ ε†

)∗
and π̃ =

(
ε ⊗ ε ⊗ επε† ⊗ ε† ⊗ ε†

)∗
arise,

together with the partial transposition.
Now, we have the PSS subsets (6.12) and the functions (6.14) with the vanishing properties

π ∈ P1|2|3 ⇐⇒ y(π) = 0, (6.15a)

π ∈ Pa|bc ⇐⇒ c2a(π) = 0, (6.15b)

π ∈ Pb|ca ∪ Pc|ab ⇐⇒ ga(π) = 0, (6.15c)

π ∈ P1|23 ∪ P2|13 ∪ P3|12 ⇐⇒ t(π) = 0, (6.15d)

π ∈ PW ⇐⇒ τ2(π) = 0, (6.15e)

given also in table 6.2. From these, the following holds for their convex-roof extension in the
same way as in (5.7):

% ∈ D1|2|3 ⇐⇒ y∪(%) = 0, (6.16a)

% ∈ Da|bc ⇐⇒ c2a
∪

(%) = 0, (6.16b)

% ∈ Db|ac,c|ab ⇐⇒ g∪a (%) = 0, (6.16c)

% ∈ D1|23,2|13,3|12 ⇐⇒ t∪(%) = 0, (6.16d)

% ∈ DW ⇐⇒ τ2∪(%) = 0. (6.16e)

These necessary and sufficient conditions for the PSS subsets (6.16) yields necessary and
sufficient conditions for the PSS classes, and we can fill out table 6.4 for the identification of the
PSS classes of table 6.3, given for mixed states, similar to table 6.2, given also for pure states.
On the other hand, if a classification does not involve all the PS(S) subsets, then, through (6.16),
we have to use only some of the indicator functions, for example, y, c2a and t for the classification
obtained by Seevinck and Uffink [SU08], y and c2a for the classification obtained by Dür, Cirac
and Tarrach [DC00], y, t and τ2 for the classification obtained by Aćın, Bruß, Lewenstein and
Sanpera [ABLS01].
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Class y(π) s1(π) s2(π) s3(π) g1(π) g2(π) g3(π) t(π)

Q1|2|3 = 0 = 0 = 0 = 0 = 0 = 0 = 0 = 0

Q1|23 > 0 = 0 > 0 > 0 > 0 = 0 = 0 = 0

Q2|13 > 0 > 0 = 0 > 0 = 0 > 0 = 0 = 0

Q3|12 > 0 > 0 > 0 = 0 = 0 = 0 > 0 = 0

Q123 > 0 > 0 > 0 > 0 > 0 > 0 > 0 > 0

Table 6.5. Required vanishing properties of additive indicator functions for
tripartite pure states.

6.3. Generalizations: Three subsystems

In section 5.1.4 of the previous chapter we obtained indicator functions for tripartite systems
from a general approach (5.5), then in section 6.1.2 we got indicator functions for three-qubit
systems from the FTS approach (6.2). In this section we break up with qubits and consider
general tripartite systems, and we try to obtain indicator functions as the generalization of the
ones coming from the FTS approach. Note that the FTS approach has led to an “additive”
definition of indicator functions (6.2), while the general approach has led to a “multiplicative”
one (5.5).

So, we need the generalizations of the pure state indicator functions in (6.2b)-(6.2e). Apart
from continuity, the main and only requirement for these is to satisfy the vanishing requirements
for pure states given in the relevant part of table 6.2, which is copied here in table 6.5. Then the
convex roof extensions of them identifies the corresponding PS classes D..., since these vanishing
properties are the only ones which are needed for e.g. (5.7).

6.3.1. Indicator functions for 1|2|3- and a|bc-separability. The pure state indicator
functions of (6.2) have been obtained from the FTS approach, which works only for the qubit
case. However, some parts of the definitions can be generalized. To do this, our basic quantities
will be the (1.9e) local Tsallis entropies

sa(ψ) = STs
q (πa)

instead of the functions ga(ψ) given in (6.2d), since the former ones are defined for all di-
mensions.11 Obviously, for all Tsallis entropies of the subsystems, sa(ψ) = STs

q (πa) fulfils the
corresponding column of table 6.5, since it vanishes if and only if the subsystem is pure, which
means the separability of that subsystem from the rest of the system if the whole system is in
pure state. From (6.2c) and (6.2d), it turns out that y, given in (6.2b), is just the average of the
local entropies y = 1/3(s1 + s2 + s3), vanishing if and only if no entanglement is present. This
works well not only for qubits, so we can keep this definition of y. This is not a novelty, since
this is equivalent to the general construction (5.5a)-(5.5b).

6.3.2. Indicator functions for b|ac-c|ab-separability. What is more interesting is the
b|ab-c|ab-indicator functions ga in (6.2d). These can also be expressed by the local entropies (6.2c)
for qubits as ga = 1/2(sb + sc − sa). Can this definition be kept for subsystems of arbitrary
dimensions? For Q1|2|3, sa = sb = sc = 0 so ga = 0. For Qa|bc, the subsystem a can be separated
from the others so the subsystems a and bc are in pure states, sa = 0 and sb = sc 6= 0, from
which ga 6= 0 and gb = gc = 0. So the first four rows of the ga columns of table 6.5 is fulfilled by

11Previously in this chapter we have used c2a(π) = C2(πa) with the concurrence squared (1.11c), which is a
normalized version of the q = 2 Tsallis entropy, but now we relax q, and try other entropies as well.
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ga = 1/2(sb + sc − sa). For the last row, we need that ga > 0 when tripartite entanglement is
present. And this is the problematic point. This question can be traced back to the subadditivity
of the Tsallis entropies. Raggio’s conjecture [Rag95] about that is twofold: For12 q > 1,

STs
q (%) ≤ STs

q (%1) + STs
q (%2), (6.17a)

STs
q (%) = STs

q (%1) + STs
q (%2) ⇐⇒

(
% = %1 ⊗ %2 and %1 or %2 pure

)
. (6.17b)

Both statements hold for the classical scenario [Rag95], which can be modelled in the quantum
scenario by density matrices being LU-equivalent to diagonal ones. The first part (6.17a) of the
conjecture has been proven by Audenaert [Aud07]. This guarantees the nonnegativity of our
gas, since for pure states, STs

q (πa) = STs
q (πbc) ≤ STs

q (πb) + STs
q (πc), so 0 ≤ 1/2(sb + sc − sa) =

ga. On the other hand, (6.17b) is exactly what we need. That is, |ψ〉 ∈ Q123 if and only if
neither of its subsystems are pure, which means that there is subadditivity in a strict sense,
so 0 < 1/2(sb + sc − sa) = ga. The ⇐ implication in (6.17b) holds obviously, but the whole
second part (6.17b) of the conjecture, to our knowledge, has not been proven yet. A very little
side-result of our work is that Raggio’s conjecture holds for the very restricted case of two-qubit
mixed states which are at the most of rank two.

We note that the (1.9a) von Neumann entropies of the subsystems are not suitable for the
role of sas, if we want to write gas by that as 1/2(sb + sc − sa), since the von Neumann entropy
is additive for product states without any reference to the purity of subsystems,

S(%) ≤ S(%1) + S(%2), (6.18a)

S(%) = S(%1) + S(%2) ⇐⇒ % = %1 ⊗ %2. (6.18b)

Indeed, it is easy to construct a tripartite state, which is not separable under any partition, but
has vanishing ga (defined by the von Neumann entropy). For example, let dimHa = 4, then for
the state

|ψ〉 =
1

2

(
|000〉+ |101〉+ |210〉+ |311〉

)
π23 = π2 ⊗ π3, so g1(ψ) = 1/2

(
S(π2) + S(π3) − S(π1)

)
= 0, while S(π1) = ln 4, and S(π2) =

S(π3) = ln 2, so neither of the subsystems are pure, the state is tripartite-entangled.
The (1.9b) Rényi entropy has the advantage of additivity,

SR
q (%) = SR

q (%1) + SR
q (%2) ⇐= % = %1 ⊗ %2. (6.19)

This is an advantage when entanglement is studied in the asymptotic regime, when the state is
present in multiple copies and properties are investigated against the number of copies. Again,
this advantage is a disadvantage from our point of view, the Rényi entropies of the subsystems
are not suitable for the role of sas if we want to write gas by that as 1/2(sb+ sc− sa). Moreover,
subadditivity does not hold for Rényi entropy, so the non-negativity of gas defined by Rényi
entropies does not even guaranteed.13

6.3.3. Indicator functions for 1|23-2|13-3|12-separability. We have seen that the pos-
sibility of the additive definition of the b|ac-c|ab-indicator functions ga depends on Raggio’s
conjecture. What can we say about t, the indicator for 1|23-2|13-3|12-separability? Since in
the three-qubit case we need also the Kempe invariant I4 to write t (6.3e), it follows from the
independency of the I0, . . . , I5 polynomials (1.75) that t can not arise as linear combination of
c2a local Tsallis entropies of parameter q = 2. But we can also use sa local Tsallis entropies for
q 6= 2, so it seems as if finding expression for t with entropies could be possible. However, t,
being in connection with the Kempe invariant, contains nonlocal information, which can not be

12Note that for 0 < q < 1, there is no definite relation between STs
q (%) and STs

q (%1) + STs
q (%2).

13For further properties and references on the quantum entropies, see e.g. [BZ̊06, OP93, Pet10, Fur07].



6.4. SUMMARY AND REMARKS 133

extracted from the local spectra. So the direct generalization through entropies, which works for
y, sa and ga (this latter depends on Raggio’s conjecture), does not work for t. However, note
that finding indicator functions and the generalization of t of the FTS approach are independent
issues, since the indicator functions of the general construction (5.5) could be constructed only
from local informations.

6.4. Summary and remarks

In this chapter we have introduced the PSS classification of mixed three-qubit states, which
is the combination of the PS classification of thripartite states (section 5.1) and the three-qubit
classification given by Aćın et. al. (section 1.3.7). We have constructed the relevant indicator
functions by the use of the FTS approach of three-qubit entanglement.

Now, we list some remarks and open questions.

(i) First, note that the FTS approach of three-qubit entanglement [BDD+09] is coming
from the famous Black Hole/Qubit Correspondence [BDL12]. The FTS approach has
turned out to be fruitful also in the description of the structure of entanglement in some
other particular composite systems [LV08, VL09].

(ii) Since the convex roof extensions of polynomials are known to be semi-algebraic functions
[Vra, CD12], it can be useful to use LU-invariant homogeneous polynomials for the
identification of the classes. Then we have polynomials of this kind from (6.2) coming
from the FTS-approach, and from (5.5) with the Tsallis entropy for q = 2 coming from
the general constructions. The former ones are of lower degree, which may lead to
simpler convex roof extensions.

(iii) Moreover, this holds also for the ga functions in the general tripartite case if Raggio’s
conjecture holds (subsection 6.3.2).

(iv) A little side-result of our work is that Raggio’s conjecture holds for two-qubit mixed
states which are at the most of rank two.

(v) An interesting question is as to whether all pure state indicator functions for n-partite
systems can be obtained without products of local entropies, but using only linear com-
binations of them. Some issues in connection with this were discussed in section 6.3 for
tripartite systems, but some ideas or hints are still missing (section 6.3.3). The prob-
lem here is that we have to find such linear combination of different entropies which
fulfils every line of the last column of table 6.5, while this can depend on other entropic
inequalities, which can be unknown at this time.

(vi) In the light of chapter 3, looking for convex roof extensions in the language of LU
invariant polynomials would be an interesting research direction.

(vii) As a disadvantage of the FTS approach, we have to mention that some of the indica-
tor functions coming from the FTS approach are not non-increasing on average (1.44),
namely ga and t given in (6.2d) and (6.2e). (Counter-examples for (1.44) can be con-
structed for these functions by direct calculation.)

(viii) The functions (6.2) give us some abstract motivations for the relevance of the extension
of the Seevinck-Uffink classification, done in the previous chapter. Although we get
back the classification given by Seevinck and Uffink if we simply forget about the sets
% ∈ Db|ac,c|ab, and the functions g∪a (%), but the appearance of the ga(ψ) polynomials is a
natural in the light of the formulae (6.2b), (6.2c), and (6.2d). This is another motivation
of the introduction of the sets % ∈ Db|ac,c|ab to the classification.

(ix) The ga functions are interesting in themselves. First, they mean the failure of additivity
of the Tsallis entropies (section 6.3.2), which is a quantum mutual information like
quantity, defined by Tsallis entropy instead of von Neumann entropy.
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(x) Second, for all non-GHZ vectors, the ga functions coincide with the squared Wootters
concurrences of two-qubit subsystems (section 6.1.3). However, note that the Wootters
concurrences of two-qubit subsystems are not suitable for being indicator functions, since
they can be zero also for GHZ-type vectors, so they do not fulfil the last row of ga columns
of table 6.2. For example for the usual GHZ state (1.71b), the Wootters concurrences of
two-qubit subsystems are zero.

(xi) Third, by reason of (6.2c), (6.5) and (6.6), the entanglement of subsystem a with bc
given by the concurrence is C2(πa) ≡ c2a(π) = gb(π) + gc(π), and due to (6.5), ga(π) =

c∪
2
(πbc) + 1/2τ(π). So ga seems like some kind of “effective entanglement” within the

bc subsystem, containing also tripartite entanglement. However, note that ga is not
entanglement monotone (item (vii)), so it does not express the amount of any kind of
entanglement in general.



Epilogue

In the Prologue, we mentioned the nonclassical correlations arising in quantum systems
being in entangled state, and their utilization for nonclassical tasks. Then in the main part
of the dissertation, we reviewed and studied some questions in connection with entanglement.
But, is the reverse also true, namely, is the presence of entanglement completely equivalent
to the nonclassical correlations? For pure states that holds, that is, a pure state is classically
correlated if and only if it is separable. However, in this case, it is actually uncorrelated not
only quantum mechanically but also classically. To model classical correlations, we need to
use density matrices. For density matrices, however, separability is not equivalent to classicality.
Classically correlated density matrices are the ones which are local unitary equivalent to diagonal
ones, correlations of no other density matrices have classical counterpart, hence are regarded
nonclassical [DV13]. Entangled states are of course nonclassical, but the most of the separable
states are also nonclassical in this sense. Moreover, there are quantum algorithms which use
states of this latter kind to achieve quantum speed-up over classical algorithms. These separable
states exhibiting nonclassical behaviour can be created by the use of local operations and classical
correlations only. In this sense, entanglement is regarded as a stronger form of nonclassicality.
There are different quantities measuring the amount of nonclassical correlations, maybe the most
important one of them is the quantum discord [MBC+12].

Nowadays, investigating the correlations arising in quantum systems is an active field of
research, helping us to uncover the intriguing differences between the classical and quantum
worlds.
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