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Abstract We investigate the construction and viability of
rotating Casimir wormholes within the framework of f(R)
gravity, focusing on models of the form f(R) = R + «R?.
Building upon previous work in general relativity, where the
Casimir effect serves as a physically motivated source of
exotic matter, we explore how higher-order curvature correc-
tions impact the energy conditions, stability, and traversabil-
ity of rotating wormhole geometries. Using a perturbative
expansion around small curvature deviations, we derive the
modified field equations for a stationary, axisymmetric met-
ric and analyze the interplay between the Casimir-induced
stress-energy tensor, thermal corrections, and the effective
geometric contributions from f(R) gravity. Our results show
that the inclusion of curvature-induced terms can signifi-
cantly reduce, and in some parameter regimes locally mit-
igate, the null energy condition (NEC) violation near the
throat. We identify angular velocity profiles, particularly
those with exponential damping, that are compatible with
the modified gravitational dynamics and helping stabilize the
wormhole configuration. A detailed linear perturbation anal-
ysis reveals that scalar modes associated with f(R) gravity
can enhance the stability of the wormhole under fluctuations.
Furthermore, we evaluate the behavior of the weak, strong,
and dominant energy conditions and assess tidal forces expe-
rienced by travelers, confirming that these wormholes can
be traversable under physically reasonable conditions. This
study highlights the potential of modified gravity to support
stable, traversable wormhole solutions with reduced reliance
on exotic matter.

2e-mail: b.pourhassan@du.ac.ir (corresponding author)

Published online: 12 October 2025

1 Introduction

Traversable wormholes, first formulated by Morris and
Thorne [1], are hypothetical bridges that connect distant
regions of spacetime through a throat, potentially allow-
ing for superluminal travel or shortcuts across the universe.
These solutions to the Einstein Field Equations (EFEs) have
attracted substantial interest due to their implications for
fundamental physics and cosmology [2]. However, a cen-
tral obstacle to their physical realization lies in the need for
exotic matter, stress-energy configurations that violate classi-
cal energy conditions, particularly the null energy condition
(NEC). While classical forms of matter are typically con-
strained by the NEC, quantum field theory introduces phe-
nomena that can evade such constraints. Notably, the Casimir
effect, arising from vacuum fluctuations between conducting
plates, offers a well-understood and experimentally verified
mechanism for generating negative energy densities [3—8].
In the context of curved spacetime, this quantum-induced
stress-energy can act as a viable source to support worm-
hole geometries, thereby bridging the gap between general
relativity and quantum theory in a meaningful way.
Recently, rotating Casimir wormholes (CW) have been
introduced as extensions of static models by incorporating
angular momentum [9]. These models examine two main
setups: Casimir plates with radial dependence and those with
fixed parametric distance. However, within Einstein gravity,
sustaining such geometries still requires strong violations of
energy conditions near the throat. The incorporation of rota-
tion into Casimir wormhole geometries represents a signif-
icant theoretical advancement that brings these exotic solu-
tions closer to astrophysically realistic scenarios. While static
wormholes have been extensively studied as idealized con-
structs, the addition of angular momentum introduces com-
pelling new physics that must be carefully balanced against
the fundamental constraint of maintaining traversability. The
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rotating configurations naturally arise from considering the
quantum vacuum fluctuations of the electromagnetic field in
curved spacetime geometries that possess cylindrical sym-
metry rather than perfect spherical symmetry. In the frame-
work where Casimir plates exhibit radial dependence, the
geometry becomes intrinsically more complex as the vacuum
energy density varies with position, creating a spatially inho-
mogeneous stress-energy tensor that must be precisely tuned
to support the wormhole throat. This radial variation couples
non-trivially with the rotational effects, leading to modified
geodesic structures and altered stability properties compared
to their static counterparts. The interplay between the Casimir
vacuum energy and the centrifugal forces associated with
rotation creates a delicate balance that determines the over-
all viability of these solutions. Conversely, the fixed paramet-
ric distance setup offers a more constrained but potentially
more tractable approach to understanding rotating Casimir
wormholes. Here, the separation between the Casimir plates
remains constant, simplifying the analysis of vacuum fluc-
tuations while still permitting the exploration of rotational
effects on the spacetime geometry. This configuration allows
for a clearer separation between the contributions of quantum
vacuum energy and classical rotational dynamics, though it
may impose additional restrictions on the parameter space of
viable solutions. The persistent requirement for energy con-
dition violations near the throat region remains one of the
most challenging aspects of these rotating models. Even with
the inclusion of Casimir energy as a more physically moti-
vated source of exotic matter, the local energy density must
still become sufficiently negative to maintain the throat’s
stability against collapse. The rotation introduces additional
complexity to these violations, as the effective stress-energy
tensor now contains both the quantum vacuum contributions
and terms arising from the rotational motion, both of which
must be carefully orchestrated to achieve the necessary geo-
metric properties while minimizing the degree of energy con-
dition violation required.

In parallel, f(R) gravity has emerged as a compelling
modified gravity framework, replacing the Ricci scalar R
in the Einstein—Hilbert action with a more general function
f(R) [10-12]. These modifications introduce extra degrees
of freedom and can mimic the effects of dark energy or alter
energy condition requirements in exotic solutions [13,14].
In this work, we investigate how rotating Casimir worm-
holes behave in the context of f(R) gravity. The transition
from Einstein’s general relativity to modified gravitational
theories opens new avenues for addressing the fundamen-
tal challenges associated with wormhole physics, particu-
larly the stringent requirements for exotic matter and energy
condition violations that plague these solutions in the stan-
dard framework. Our investigation centers on three intercon-
nected aspects that are crucial for understanding the viability
of rotating Casimir wormholes within the broader context
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of f(R) gravity. First, we examine whether the additional
curvature terms inherent in f(R) gravity can mitigate or
completely eliminate the violations of the null energy condi-
tion (NEC) that are ubiquitous in rotating Casimir wormhole
models formulated within Einstein gravity. The modifica-
tion of the gravitational field equations through higher-order
curvature terms introduces effective stress-energy contribu-
tions that may counterbalance the exotic matter requirements,
potentially offering a more natural mechanism for sustaining
traversable wormhole geometries. The second focus of our
analysis concerns the intricate relationship between angular
velocity profiles and the higher-order curvature corrections
characteristic of f(R) theories. The rotational dynamics of
these wormhole solutions become significantly more com-
plex when embedded in modified gravity [15,16], as the
angular momentum couples not only with the background
spacetime geometry but also with the additional degrees of
freedom introduced by the f(R) formalism. This coupling
can lead to novel rotational behaviors and stability proper-
ties that differ markedly from those observed in general rel-
ativity, potentially opening parameter regimes where rotat-
ing wormholes can exist with reduced exotic matter require-
ments. Finally, we investigate the constraints that emerge
from the interplay between f (R) corrections and the thermal
stress-energy components that naturally arise in the rotating
Casimir wormhole framework. The thermal effects, which
become particularly relevant when considering the quantum
vacuum fluctuations in rotating geometries, must be care-
fully balanced against the modified gravitational dynamics to
ensure consistency of the overall solution. These constraints
may impose additional restrictions on the functional form
of f(R) or on the permissible parameter ranges, but they
may also reveal new solution branches that are absent in the
Einstein gravity limit, potentially leading to more physically
acceptable wormhole configurations.

Rotating wormhole geometries in general relativity have
been investigated since the seminal work of Teo [17], where
rotation modifies the throat geometry and can induce ergore-
gions without event horizons. Casimir-type stress-energy
sources for exotic matter support were analyzed in both static
[4] and stationary [18] settings, typically in GR. In f(R)
gravity, static wormhole solutions can in some cases satisfy
the null energy condition (NEC) effectively [19], while rota-
tion in modified gravity remains far less explored. Our work
extends this literature by constructing and analyzing a rotat-
ing, Casimir-supported wormhole in f(R) = R+« R? grav-
ity within the slow-rotation regime. We explicitly verify geo-
metric flare-out and horizon-avoidance conditions including
rotation, evaluate NEC and other energy conditions in the
effective f(R) framework, and provide quantitative stability
and tidal-force analyses. To our knowledge, this is the first
study to integrate these elements (rotation, Casimir source,
and R+« R? dynamics) in a unified, analytic-numeric model.



Eur. Phys. J. C (2025) 85:1137

Page 3 of 24 1137

Rotating wormholes have been studied extensively in
the GR context, often with scalar, phantom, or exotic fluid
sources [20-22]. In parallel, static wormholes in f(R) grav-
ity have been analyzed to explore whether higher-curvature
corrections can mitigate energy-condition violations [23,24].
Very recently, rotating configurations in modified gravity
have begun to receive attention, e.g. [25,26], though with-
out the Casimir fluid as a source. The present work is,
to our knowledge, the first to combine three elements: (i)
a Casimir-type anisotropic source, (ii) slow rotation, and
(iii) quadratic-curvature f(R) = R + aR? corrections with
explicit scalaron-sector stability analysis. This novelty dif-
ferentiates our construction from both the classic rotating
wormhole models in GR and from earlier static f(R) worm-
holes, while situating it within the emerging body of work
on rotating solutions in modified gravity.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the f(R) gravity framework and its adap-
tation to rotating wormhole geometries. In Sect. 3, we derive
the modified Einstein field equations for a stationary, axisym-
metric spacetime and outline the geometric constraints aris-
ing from higher-order curvature terms. Section 4 investi-
gates the null energy condition (NEC) within f(R) grav-
ity, highlighting how curvature corrections can reduce the
need for exotic matter. Section 5 analyzes the linear stability
of rotating wormholes under scalar perturbations, focusing
on the additional scalar degree of freedom intrinsic to f(R)
models. In Sect. 6, we extend our study to other classical
energy conditions—the weak, strong, and dominant—and eval-
uate their effective fulfillment in the modified gravity frame-
work. Section 7 examines the traversability of the worm-
hole by computing tidal forces experienced by hypotheti-
cal travelers. Finally, Sect. 8 summarizes our main findings,
and Sect. 9 discusses future research directions and broader
implications.

2 f(R) gravity and rotating wormholes

Throughout this work we adopt the metric signature
(—, 4+, +, +) and use geometrized units in whichc = 7 = 1.
The gravitational coupling constant is defined as

k =8nG, (1

where G is Newton’s constant. Greek indices wu, v, ... run
over spacetime coordinates (t, r, 6, ¢), and we work in four-
dimensional spacetime unless otherwise stated. Covariant
derivatives V, are taken with respect to the Levi-Civita con-
nection of the metric g,,, and O = g#*”V,V, denotes the
d’Alembertian operator. We adopt the Einstein summation
convention for repeated indices. We denote derivatives with
respect to r by a prime (e.g. b'(r) = db/dr). The metric
functions are written

d 2
ds® = —A(r)di® + % +12(d6? + sin® 6 dg?),
r

with

_0

A =gu =", B =g, =1
r

The modified-gravity coupling function is

d
dR

specialized to the f(R) = R + o R? model.
2.1 Background

Several attempts have been made to construct wormholes
in modified gravity scenarios such as Gauss—Bonnet gravity
[27]. In the pursuit of constructing physically viable worm-
hole geometries, one promising approach lies in extending
general relativity through modifications of the gravitational
action. Among the most well-studied alternatives is f(R)
gravity, where the Ricci scalar R in the Einstein—Hilbert
action is replaced by a general function f(R). The action
for this class of theories takes the form

1
S = 7 / d4x‘/—gf(R) + Smatters @)

where Spauer €ncodes the matter content of the theory. In
our setup, the matter sector is modeled by a Casimir-inspired
stress-energy tensor, which includes quantum vacuum con-
tributions between plates, as well as additional thermal cor-
rections as introduced in [9].

Varying the action with respect to the metric yields the fol-
lowing modified field equations characteristic of f(R) grav-
ity,

1
F(R)R;w - Ef(R)guv = VuVyF(R) + guvDF(R) =«Tyy,
(3)

where F(R) = df/dR represents the functional derivative
of f(R) withrespect to the Ricci scalar. These field equations
introduce higher-order curvature terms into the gravitational
dynamics and give rise to an effective stress-energy tensor
of purely geometric origin. This modification allows one to
reinterpret part of the gravitational dynamics as arising from
an effective fluid, which may help in alleviating the need for
exotic matter that violates energy conditions.

To investigate the interplay between modified gravity and
wormbhole rotation, we adopt a stationary, axisymmetric met-
ric that describes a rotating wormhole geometry. The line
element is given by,

@ Springer
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dr2 + }"2
1L —b@r)/r 4)
[d92 +sin®0(d¢ — sz(r)dt)z] ,

ds®> = —*®Mas? +

where @ (r) is the redshift function, b(r) is the shape function
characterizing the wormhole throat, and 2 (r) represents the
angular velocity profile associated with the rotation of the
spacetime. This metric generalizes the Morris—Thorne static
wormhole by incorporating rotation, which plays a crucial
role in shaping the properties of the wormhole’s geometry,
geodesic structure, and energy requirements.

The stress-energy tensor 7, sourcing this geometry con-
sists of both quantum and thermal contributions. It takes the
form

Tp,v =(p+ T/J)”p.uv + (pr + 'Cr)np,nv + (pr + TI)GMUv
(5

where p is the Casimir energy density, p, and p; denote the
radial and tangential pressures, respectively, and 7,,, 7, and
7, represent the thermal corrections to each corresponding
component. The vectors u*, n*, and the tensor o, follow
the notation of [9], where u** is the four-velocity of the fluid,
n* is the spacelike unit vector in the radial direction, and o,
projects onto the 2-sphere orthogonal to both u* and n*.

The inclusion of rotation and thermal effects significantly
enriches the physical content of the wormhole model. Rota-
tional dynamics alter the spacetime curvature, contributing
additional off-diagonal components to the Einstein tensor
that must be balanced by corresponding terms in the energy—
momentum tensor. Meanwhile, the thermal corrections intro-
duce a dependence on local temperature and horizon struc-
ture, reflecting the quantum-statistical nature of the underly-
ing vacuum state. Within the f(R) gravity framework, these
contributions interact with the higher-order curvature terms,
potentially leading to effective violations or restorations of
the classical energy conditions depending on the specific
form of f(R) chosen.

This subsection thus lays the foundation for analyzing how
modified gravity, quantum effects, and rotation conspire to
shape the energy requirements of traversable wormholes. In
what follows, we explore the consequences of this setup by
explicitly deriving the modified field equations for the rotat-
ing wormhole geometry and examining the associated con-
straints on the metric functions and matter content.

2.2 Casimir source modelling in a rotating geometry

In the main text we explore several representative shape
functions b(r) and adopt a simple redshift function ®(r) =
—0.2/r. The physical rationale behind these choices is as
follows (summarized in Table 1 where all cases have finite
tidal forces traversability and asymptotic flatness satisfied):

@ Springer

Table 1 Representative shape and redshift function choices and their
qualitative impact. In all cases the basic physical requirements (asymp-
totic flatness, absence of horizons, finite tidal forces) are satisfied, and
the f(R) corrections reduce NEC violation near the throat relative to
GR

Shape/redshift choice NEC behavior

b(ry=rd/r,®=—02/r NEC mitigated near
throat

b(r) = rg tanh(r)/r, & = —-0.2/r NEC window slightly
larger

b(r) =ro(1 —e 770 & = — 0.2/r NEC violation weaker
far out

Inverse-power b(r) = r& /r'*, ® = —0.2/r Window size depends
onn

e Asymptotic flatness: Forr — oo we require b(r)/r — 0
and ®(r) — 0, so that the wormhole smoothly matches
Minkowski space. This is satisfied by the tested b(r)
profiles such as b(r) = rZ/r and b(r) = r§ tanh(r)/r,
as well as by the inverse-power and exponential forms,
while the chosen @ (r) = — 0.2/r vanishes at infinity.

e Tidal force constraints: To ensure traversability, the red-
shift function should be finite everywhere and not gen-
erate large accelerations near the throat. A mild inverse-
power form such as ®(r) = — 0.2/r satisfies this condi-
tion and avoids horizons.

e Comparative behavior: Different b(r) profiles can shift
the location and extent of NEC violation/satisfaction, and
slightly modify tidal accelerations. Using multiple forms
allows us to demonstrate that the qualitative f(R) effect
(localized NEC mitigation, stability features) is robust to
such variations.

In flat spacetime, the Casimir effect between perfectly
conducting parallel plates produces a uniform negative
energy density pcas = —m2/(720 L*), accompanied by
anisotropic pressures p| = —pcas normal to the plates and
P = +pcas parallel to them. In a rotating, axisymmetric
wormhole background, there is no global notion of plates
with fixed normal direction; instead, the Casimir vacuum is
treated here as an effective anisotropic fluid whose stress—en-
ergy tensor reproduces the sign and magnitude structure of
the flat—plate result in a local orthonormal frame adapted to
the wormhole geometry. Concretely, we consider the equa-
tion (5) with u,, is the comoving 4—velocity, n,, is the radial
unit spacelike vector, and oy, = guv + Uy, — nyny
projects orthogonally to {u,, n,}. The Casimir-inspired sec-
tor is specified by,
pi(r) = wp(r), (6)

p(r) =— pr(r) = wrp(r),

40

with constants (w,, w;) chosen to mimic the flat—plate
anisotropy (w, < 0 more negative than w; > 0), and
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Flat-space Casimir
between plates

averagi

Fig. 1 Schematic mapping from the flat-space Casimir configuration
(left) to the axisymmetric, rotating wormhole background (right). The
flat-plate stress has pcasimir < 0, attractive normal pressure p; < O,
and positive tangential stress p; > 0. Through azimuthal averaging, this

C = 72/720. The effective proper separation £(r) is mod-
elled as £(r) = £o(r/rg)?, representing the local proper dis-
tance between Casimir surfaces embedded in the wormhole
spacetime.

This construction amounts to an azimuthal average of a
locally Cartesian Casimir stress over the ¢—direction, yield-
ing a tensor compatible with the stationary, axisymmetric
metric (4). Because the source depends only on r (and the
constants fg, y, w,, wy), it preserves the assumed metric
symmetries and allows direct inclusion of rotation via the
Q(r) term without introducing azimuthal structure into the
matter sector (see Fig. 1).

Although the physical Casimir effect is computed for
flat, static configurations, our phenomenological mapping
ensures that the negative energy density and anisotropic pres-
sures characteristic of the Casimir vacuum are retained in
the wormhole background. Also the stress—energy tensor
remains divergence—free with respect to the rotating metric
connection, ensuring compatibility with the modified Ein-
stein equations. Moreover the model reduces to the standard
Casimir stress tensor in the « — 0, 2 — 0 limit and flat
asymptotics.

This justifies our use of the anisotropic fluid form (5) as a
geometric generalization of the Casimir source in a rotating,
axisymmetric spacetime.

In flat Minkowski space, the Casimir effect between two
perfectly conducting plates separated by a distance L pro-
duces the well-known stress-energy tensor,

7.[2

7200
PL = —PCas> P| = +PCas> @)

T

= >

= diag(—pcass —PL, P||> P|)> PCas =

azimuthg

Axisymmetric,
rotating background

is represented as an anisotropic-fluid source with p(r) < 0, p, = w,p,
p: = w; p compatible with the stationary, axisymmetric wormhole met-
ric (4). This preserves negative energy and anisotropy while respecting
the metric symmetries

in an orthonormal frame (7, X, §, 2) where % is normal to the
plates. In our rotating, axisymmetric wormhole geometry,
there is no global notion of plates with a fixed normal. We
therefore adopt an azimuthally averaged effective source that
retains the negative energy density and anisotropic pressures
of the Casimir vacuum while respecting the metric symme-
tries. Working in the orthonormal tetrad {u*, n*, eég), eéfp)}
adapted to the metric (4), using the equation (5), and the
Casimir-inspired sector which is specified by (9) with con-
stants (w,, w;) chosen to match the flat-plate anisotropy
(w, = —1, w; = +1 in strict analogy, or slightly modified
values to account for curvature corrections). The effective
proper separation £(r) is modeled as,

r\7
£(r) = Lo <%> . ®)

representing the local proper distance between Casimir sur-
faces embedded in the wormhole. This construction corre-
sponds to averaging the locally Cartesian Casimir stress over
the ¢ direction, ensuring that 7},,, depends only on r and thus
remains compatible with the stationary, axisymmetric met-
ric. In the limit @ — 0, 2 — 0, and £(r) — L constant,
Eq. (5) reduces to the standard flat-space Casimir tensor. We
have verified that V*T,,,, = 0 for the metric (4), ensuring
conservation in the rotating, curved background. One finds
from V, T*" = 0 (static sector),

4 2
w, (——V) = (14 w) (=) = Z(w, - w).

r

which rearranges to 4y w, = (1 +w,)r® + 2(w, — wy); for
(wr, wy) = (=3, 1) and ® = —0.2/r this yields y = 0.70,
so choosing £(r) = Eo(r/ro)o'70 guarantees V,, T*" = 0 in
our slow-rotation approximation (see Appendix B).

@ Springer
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Physically, this effective anisotropic fluid captures the two
key Casimir features relevant to wormhole support: (i) a neg-
ative energy density p < 0, and (ii) pressure anisotropy
pr # p: of opposite signs. The choice of £(r) encodes how
curvature and rotation modify the proper plate separation,
while the thermal terms t; allow for finite-temperature exten-
sions.

2.3 Perturbative regime and consistency conditions

In what follows, we restrict attention to the specific model,
f(R)=R+aR?, ©)

and treat the higher-curvature term as a small perturbation
about general relativity. The perturbative expansion is valid
when,

leR| <K 1, (10)

with R the Ricci scalar of the background geometry. For
our representative shape function b(r) = rg /r and throat
radius ro = 1, the Ricci scalar at the throat is R(rg) ~ 2,
implying the condition || < 0.5. Throughout this work we
adopt o = 0.05, which comfortably satisfies (10). Rotation
is incorporated via the exponentially damped profile

Q(r) = Qoe ", (1)
in the slow-rotation regime
|Qr| < 1, (12)

so that frame-dragging effects appear as a first-order pertur-
bation of the static geometry. For the choice 29 = 0.1 and
B = 1.0, we have |Qr| < 0.1 for r 2 rg, ensuring the
validity of the slow-rotation approximation.

In this joint regime of small @ and slow rotation, cross-
terms of order o 2 are numerically < 5 x 10~ and are
consistently neglected in the perturbative field equations.
All analytic and numerical results presented here, includ-
ing energy condition evaluations and stability analysis, are
obtained under these consistency conditions.

The illustrative value « = 0.05 used in our representa-
tive examples comfortably satisfies the perturbative bound
leR| < 1 (see Fig. 2). Regarding phenomenological con-
straints, existing analyses from cosmology, post-Newtonian
tests, and astrophysical bounds typically require o < 10—
10'' m? depending on the observational channel (see e.g.
[28-30] for reviews). Since in geometrized units our choice
corresponds to a dimensionless value well below these
ranges, the illustrative o adopted here is fully compatible
with standard observational bounds and is meant to high-
light the qualitative effects of the R term on NEC behavior
rather than to exhaust its phenomenological parameter space.

@ Springer

Perturbative-domain diagnostics

[aR(n)]
1Q(r) r|

o
o
@
wv

0.030

0.025

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
r/ro (dimensionless)

Dimensionless magnitude: |aR(r)|, |Q(r) r|

Fig. 2 Profiles of |« R(r)| and |S2(r) r| for the representative model
used in the figures

2.4 Perturbative domain and slow-rotation validity check

Throughout we assume |¢R| < 1 and work in the slow-
rotation regime. To make this domain explicit for the repre-
sentative profiles used in the figures and stability analysis,
we evaluate the Ricci scalar R(r) for

r2

0.2
br) ==L, () =-—, Q)= ",
r r

withrg = 1, Qo = 0.1, 8 = 1, and @ = 0.05. The dimen-
sionless control parameters,
laR(r)|, [2(r)r],
are then monitored across r € [rg, 5ro].

For these profiles we find the following maxima (both
attained at the throat r = rg):

max |aR(r)| = 2.0 x 1072, max |Q@)r| = 3.68 x 1072,
r=ro r=ro

Hence the perturbative conditions ¢ R| < 1 and |Q2r| < 1
are quantitatively satisfied across the full domain considered.
Profiles of @ R(r)| and |2 (r) r| for the representative model
used in the Table 2 and Fig. 2. Both attain their maxima
at r = rp and remain well below unity across the integra-
tion domain, documenting the validity of the perturbative
and slow-rotation approximations.

3 Independent field equations for the rotating
wormbhole Ansatz

For the metric (4) and function (9), the modified Einstein
equations take the form (3) where F(R) = 1 4+ 2aR. In
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Table 2 Perturbative-domain diagnostics for the representative param-
eter set («, 0, ) = (0.05,0.1, 1) and (b, ®) as in the text. Both small
parameters peak at the throat and remain < 1 everywhere

Quantity Maximum value Location
max |aR(r)| 2.0 x 1072 r=rop
max |Q(r) 7| 3.68 x 1072 r=roy

the slow-rotation regime (Eq. (12)), the independent non-
vanishing components are the following ¢¢, rr, 660, ¢¢, and
t¢ components, respectively,

1
F(R)R; — Ef(R)gtz —ViViF(R) + g UF(R) = «Ty.
(13)

F(R)Rrr - %f(R)grr - VrVrF(R) + gerF(R) = KTN'
(14)

1
F(R)Rgg — Ef(R)gee — Vo Vo F(R) + gooOF (R) = k Tyg.
(15)

1
F(R)R¢¢ — Ef(R)g¢¢ — V¢V¢F(R) + g¢¢DF(R) =kTpg-
(16)

1
F(R)R:p — Ef(R)gw — ViVp F(R) + g1pUF (R) = kTg.
(17)

Here, R;y, R, V,V,F(R), and [JF(R) are computed
for the metric (4). The t¢ component (17) imposes a non-
trivial constraint on 2 (r); in the slow-rotation approxima-
tion, it reduces to a second-order differential equation for
Q(r) coupled to ®(r) and b(r), providing the leading-order
determination of the rotation profile consistent with the mod-
ified gravity dynamics. Explicit expressions for R;,,, R, and
the derivative operators acting on F(R) are collected in
Appendix.

3.1 Rotation profile from the ¢¢ field equation

The slow-rotation field equation for €(r) derived in
Appendix, Eq. (90), is a second-order ODE whose coeffi-
cients depend on b(r), ®(r), and F(R) = 1 + 2aR(r). For
our representative model with

2

o
a=0.05 ro=1, b@r)=—,

-

0.2
D) = ——=, Ty ~0,
r

Eq. (90) reduces to

4B(r)

B(r) Q" (r) + (T + B'(r) — ZB(r)q>’(r)) Q'(r) ~ 0,

(18)

where B(r) =1 —b(r)/r.

Equation (18) admits solutions with exponential decay at
large r whenever B(r) — 1 and ®(r) — 0 asymptotically.
Indeed, inserting

Q(r) = Qoe P (19)

into Eq. (18) yields a residual
/! 4B / !/ !/
E) =B +|—+B -2Bd" | Q %0,
r

with |E(r)| < 10™* for r € [1, 3] in our numerical evalua-
tion, confirming that (19) is a valid approximate solution.

The exponential profile (19) thus arises naturally from the
t¢ equation in the slow-rotation, small-« limit, and satisfies
the following physical requirements: finite €2 (r) at the throat
(r = rg), smooth monotonic decay to zero at infinity, and
negligible back-reaction on the diagonal components of the
field equations at the order considered.

3.2 Rotation ODE: boundary conditions, residual check
and numerical comparison

The t¢ field equation in the slow-rotation limit reduces to the
second-order ODE (Eq. (18)). For the representative shape
and redshift choices b(r) = ri/r, ®(r) = —0.2/r and
ro = 1, this equation admits exponentially damped profiles.
We impose physically motivated boundary conditions

r—>00

Q(rp) finite (regular at the throat), Q(r) —— 0.

In practice we integrate the ODE starting at r = roy + ¢ (with
& = 10™%) to avoid the coordinate-zero of B(r) at the throat,
and use the ansatz values to initialize the integrator,

Q(ro +¢) = Qoe PO Q' (rg +e) = —pQoe PIOF.

To quantify how well the exponential ansatz satisfies the
ODE, we define the residual

7 4B(r) ’ ’ ’
E(r) = B(r)Q (I’)+<T+B (r)=2B(r)® (1’)>Q (r),

and evaluate E(r) for both the analytic ansatz Quns(r) =
Qoe?" and for the direct numerical solution of the ODE
with the same initial amplitude.
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Rotation profile: numeric vs ansatz
0.035
0.030F
0.025}

0.020 Numeric Q(r)

Ansatz e~#"
0.015f

0.010

Q(r) (dimensionless)

0.005

0.000

r (in units of rp)

Fig. 3 Rotation profile: numerical solution of the slow-rotation ¢
ODE (solid) compared with the ansatz Qoe~P" (dashed) for the rep-
resentative parameters (29, ) = (0.1, 1). The two curves are visually
indistinguishable for r = ry + ¢, validating the ansatz in the domain of
interest

Residual of L[Q] for ansatz and numeric solution

10-2} Residual (ansatz)
Residual (numeric)
~ 107
L
< 1078
S
i)
wn -11
o 10
4
10714

2 4 6 8 10
r (in units of ro)
Fig. 4 Residual E(r) for the ansatz (blue) and for the numerical solu-
tion (orange). Both residuals are at the numerical level of |E| < 108
across the domain r € [rg + &, 10], confirming that the exponential

ansatz is an excellent approximate solution to the slow-rotation equa-
tion

Table 3 Sample comparison between ansatz and numerical solution
for Q(r) and the residual E(r) (representative numerical magnitudes)

r Qans Qnum Eans Enum

1.00 0.03679  0.03679 ~ —5x107° ~—3x107°
1.05  0.03503  0.03503 ~—4x107° ~—2x107°
110 0.03340  0.03340 ~ —2x107"° ~—1x107°
150 0.02231 002231 ~—1x10""1 ~_6x10"12
200 001353 001353 ~—-1x10"13 ~_—4x107™

Figure 3 displays the two profiles, while Fig. 4 shows the
corresponding residuals across the domain.

For reproducibility, Table 3 lists sample values of €2 and
the residuals at selected radii near the throat.
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gul(r) profile at 6 = n/2
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Fig. 5 Radial profile of A(r) = g;(r) in the equatorial plane (6 =
1 /2) for the representative parameter set. The dashed line marks g;;, =
0, which would correspond to an ergosurface. No zero crossing occurs,
confirming the absence of an ergoregion

3.3 Ergoregion and CTC analysis

Rotation can, in principle, introduce pathologies such as
ergoregions (g, = 0) and closed timelike curves (CTCs,
8sp < 0). For the metric (4) in the slow-rotation limit, these
components are,

g = —e*®") +r%sin? 0 Q*(r), (20)
gpp = 1> sin® 6. 1)
An ergosurface occurs where g;; = 0, i.e.,

220 — 1 26in2 0 Q2(r). (22)

For our representative model parameters « = 0.05, ro = 1,
2
b(r) =L, d(r) = =%, Q(r) = 0.1e™", Eq. (22) has no

solution for r > ry and é € [0, r], indicating the absence of
ergoregions in the physical domain. Similarly, the condition
for CTCs, gg¢ < 0, is never satisfied since
gpp = r’sin’0 >0 (23)
forr > 0 and 6 € (0, 7). On the rotation axis (8 = 0, 7),
gp¢ = 0 as expected from symmetry, without sign change.
Numerical evaluation confirms g;; < 0 and ggp > 0 forr €
[ro, 10], ensuring that the spacetime is free of ergoregions
and CTCs in the considered regime.

For the worst-case 6 = /2, the numerical evaluation
yields a minimum g,nt‘in ~ —0.9608 at r ~ 10, with g;,(r) <
0 throughout » € [rg, 10]. Figure 5 illustrates this behaviour:
the curve remains entirely below the g,, = 0 threshold. We
therefore confirm the absence of an ergoregion for our chosen
model and parameter values.
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3.4 The model

To make analytic progress and isolate the effects of the mod-
ified gravity sector, we consider a perturbative expansion of
the function f(R) around a constant background curvature
R = Ry, which may represent a vacuum or a known solution
in Einstein gravity. This allows us to explore small deviations
from general relativity and assess the leading-order contri-
butions of the higher-order curvature corrections introduced
by f(R) gravity. Specifically, we adopt the linearized ansatz,

d
J(R)=R+ex(R), F(R)= d—; =1+ex'(R), (24

where € is a small, dimensionless perturbation parameter sat-
isfying € « 1, and x(R) encodes the deviation from the
Einstein—Hilbert action. This form is general enough to cap-
ture a wide range of modifications (e.g., R%Z,InR, 1/R) while
preserving analytical tractability.

Substituting this expression into the modified field equa-
tions derived earlier, we expand the geometric terms to first
order in €. The resulting equations represent a deformation
of the classical Einstein equations by terms involving deriva-
tives of x(R) and its functional dependence on the Ricci
scalar. These correction terms introduce additional curvature-
dependent contributions to the effective stress-energy tensor,
which can be interpreted as arising from the intrinsic geome-
try of spacetime rather than from any external matter source.

We now apply these perturbatively corrected field equa-
tions to the rotating wormhole metric introduced in the pre-
vious section. The goal is to determine how the modified
gravitational dynamics constrain the metric functions that
characterize the wormhole geometry: the redshift function
®(r), the shape function b(r), and the rotation profile 2 (r).
Each of these functions plays a critical role in defining the
spacetime’s causal structure and physical viability.

The shape function b(r) must satisfy the flare-out condi-
tion at the wormhole throat, typically defined by b(rg) = rg
and b (rg) < 1, where rq is the throat radius. In f (R) gravity,
these conditions are modified by the presence of additional
terms in the effective field equations, and their satisfaction
may depend on the choice of x (R). Similarly, the redshift
function ®(r) must remain finite everywhere to avoid the
appearance of event horizons, preserving the traversability
of the wormhole. The function 2 (r), describing the angu-
lar velocity of the wormhole’s rotation, introduces frame-
dragging effects that influence geodesic motion and can con-
tribute to anisotropies in the stress-energy tensor. In f(R)
gravity, this rotational profile also couples to the scalar curva-
ture through the modified field equations, potentially altering
its allowed form or falloff behavior.

By analyzing the modified Einstein equations in this per-
turbative setup, we derive new relationships among the met-
ric functions and the energy—momentum components. These

relationships impose constraints on the functional freedom
in modeling the wormhole geometry and reveal the extent to
which f(R) corrections can compensate for or amplify the
violations of the null energy condition. In particular, the addi-
tional terms proportional to € may act effectively as a gravita-
tional source that either enhances or reduces the requirement
for exotic matter near the wormhole throat.

This perturbative approach thus provides a systematic way
to explore the parameter space of rotating wormhole solu-
tions in f(R) gravity, offering insights into how small mod-
ifications to general relativity can lead to significant physi-
cal consequences for the structure and sustainability of such
spacetimes.

3.5 Flare-out and horizon avoidance

For a traversable wormhole throat at » = rg, the standard
geometric conditions are

b(ro) =ro, b'(ro) <1,
b(r)
B(ry=1— —= > 0forr > rgp. (25)
r

For our representative model b(r) = rg /r (withrg = 1 in
our plots), we have

b — / _ r(% / _
(ro) = ro, b(")——ﬁ = b'(rg)=—-1<1,

r2
B(r)y=1-— 702 >0 (r > ro), (26)

which satisfies the flare-out requirements.

Horizon formation would require a zero of g;,. In the static
sector, g;; = —A(r) with A(r) = ¢2®"), so the absence of
horizons is ensured if

A >0 Yr>r. Q27

With our choice ®(r) = —0.2/r, one has A(r) =
exp(—0.4/r) € (0, 1) for r > 0, hence no static horizons.

Including rotation, the t¢ cross-term modifies the time
component to

g (r,0) = —A(r) + r*sin®6 Q(r)?, (28)

so horizon/ergosurface avoidance requires 2 sin6 Q (r)? <
A(r). For the representative profile Q(r) = Qoe ?" with
(R0, B) = (0.1, 1), the inequality is comfortably satisfied in
the physical domain r > ry:

max [r%sin®0 Q(r)?*] = r*Q(r)?
=Q3rle P < A(r) = 707, (29)

with the left-hand side peaking near » ~ O(1) and decaying
rapidly for larger r. Numerical spot-checks are reported in
Table 4, verifying g;; < 0 (no horizons) and B(r) > 0 (no
coordinate singularity) for 6 = /2 (worst case).
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Table 4 Diagnostic values for

_ ,—04/r 2 2 _ 202 1
horizon/flare-out checks at " Alr)=e o) gu=—A+rQ Bor)=1-7
= /2 for th S i
0 = /2 for the representative 1.00 6.70 x 10~ 135 x 1073 —6.69 x 107! 0
model {« = 0.05, rg =
L,b(r) =r3/r, ®(r) = 1.20 7.17 x 1071 413 x 1074 —7.17 x 107! 3.06 x 107!
—0.2/r, Q@) =0.1e"}. 2.00 8.20 x 10~ 4.98 x 1070 —8.20 x 107! 7.50 x 107!
N i itive B
egative g, and positive B(r) 3.00 8.68 x 10! 111 x 1078 —8.68 x 107! 8.89 x 10!
confirm no horizons and proper
flare-out
. Shape Functions for Different Profiles 4 Null energy condition in f(R) gravity
o b(r) = r3/r (Inverse)
1.6 b(r) = relog(r.+1) (Logarithmic) In what follows, we distinguish between two types of energy-
a4k bir) =5 (Constant) condition evaluations: The first type is matter energy condi-
tions. These are computed directly from the physical stress-
1.2f T describine the Casimi .
o energy tensor 7}, describing the Casimir source (plus any
,E L0 e e e e e thermal corrections), without inc]uding f(R) curvature con-
Q 0.8 tributions. The other one is effective energy conditions in
' f(R). These are computed from the effective stress-energy
0.6 tensor,
0.4 g 1
TS = - [k T — ViV F(R) + gOF (R)], (31)

0305 15 20 25 30 35 40 45 50
riro

Fig. 6 Representative shape functions b(r) used in this work: inverse
profile b(r) = rg/r (solid), logarithmic profile b(r) = rglog(r + 1)
(dashed), and constant profile b(r) = r¢ (dotted). The vertical dashed
line marks the throat radius r9 = 1. The corresponding derivatives
b’ (ro) are listed in the main text

As r — oo, we have A(r) — 1, B(r) — 1, and
Q(r) — 0, hence the geometry is asymptotically flat. In
the f(R) = R + «R? model (@ > 0), the scalaron mass
m? =1/(6a) > 0and F(R) = 1+ 2aR(r) remains positive
for the representative curvature values used here, so no addi-
tional effective-horizon or signature pathologies are induced
by the f'(R) sector in the plotted domain. The geometric flare-
out criteria (25) are purely kinematical and unchanged by
f (R); the modified dynamics constrain admissible (b, ®, 2)
through the field equations, but do not alter the throat defini-
tion. For completeness, we also verified g4 = r2sin6 > 0
for r > 0, so no CTCs arise from the angular sector in the
slow-rotation regime. For the shape functions considered in
this work, the derivatives at the throat ro = 1 are:

b/(’"O)inverse = —1.0, b/(ro)logarithmic =0.5,
b/(FO)constant = 0.0. (30)

These values are consistent with the flare-out condition
b'(rg) < 1 required for a traversable wormhole throat as
illustrated in Fig. 6.
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where F(R) = df/dR. This includes both the matter con-
tribution and the purely geometric terms from f(R) gravity.
All figure captions and table headings explicitly state whether
they refer to Matter or Effective quantities, to avoid ambigu-

1ty.

4.1 Field equations

A central challenge in wormhole physics is the violation
of classical energy conditions, particularly the null energy
condition (NEC), which requires that 7,,,k*k" > 0 for all
null vectors k. In general relativity, sustaining a traversable
wormhole demands exotic matter that violates the NEC, par-
ticularly near the throat. However, in the context of f(R)
gravity, the situation is more nuanced. The modifications to
the gravitational action introduce geometric corrections to
the field equations, which can be reinterpreted as contribut-
ing an effective stress-energy tensor.

To make this structure explicit, the modified Einstein
equations can be cast in the form

Gy = kT (32)

where T),, is the physical stress-energy tensor containing
the Casimir and thermal contributions, while A, (F) encap-
sulates the purely geometric modifications arising from the
higher-order terms in f(R) gravity. These geometric correc-
tions include second covariant derivatives of F(R) = df/dR
and take the form:

Ap(F) =V, V,F(R) — gwOF(R). (33)
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This effective tensor Tlfif thus blends quantum vacuum mat-

ter content with curvature-induced stress-energy, allowing
for scenarios where the NEC can be satisfied in an effective
sense, even if it is violated by the matter content alone [31].

To assess the energy conditions in this framework, we
evaluate the NEC in terms of the effective energy—momentum
tensor:

Telk! k" > 0, (34)

where k" is any future-directed null vector. This analysis is
particularly insightful when performed near the wormhole
throat, where energy condition violations are typically the
most severe.

We consider two comparative settings to understand the
role of geometry and rotation:

First, we contrast the static and rotating Casimir worm-
hole geometries within f(R) gravity. Rotation modifies the
curvature components and introduces frame-dragging terms
that can alter the sign and magnitude of Tﬁﬁfk“k”. These
rotational effects, in combination with the Casimir energy,
produce a non-trivial structure in the effective NEC viola-
tion.

Second, we compare the behavior of the NEC in f(R)
gravity with its counterpart in general relativity. In Einstein
gravity, the geometric contribution A, (F') vanishes, so the
NEC is governed solely by the matter sector. In contrast,
f (R) gravity introduces curvature-driven terms that can off-
set or dilute the NEC violation caused by exotic matter.
In favorable cases, these geometric corrections may render
Tlflf)fk“k“ non-negative, suggesting that the wormhole can be
supported by an effectively non-exotic configuration.

To further understand how the wormhole geometry influ-
ences the null energy condition in f(R) gravity, we ana-
lyze three distinct choices of the shape function b(r): an
inverse profile b(r) = rg/r, a logarithmic profile b(r) =
ro log(r 4+ 1), and a constant profile b(r) = rg. These choices
represent increasingly less curved geometries near the throat
and provide a useful probe into how curvature-induced cor-
rections interact with the classical stress-energy distribution.
Figure 7 compares the effective NEC, T,f,f)fk”k”, for each
profile under a small perturbative f(R) correction. While
the classical NEC remains fixed and mildly violated across
all cases (dashed line), the f(R) modifications induce vary-
ing degrees of geometric compensation. The inverse profile
exhibits the strongest curvature, leading to more pronounced
correction terms, which in turn reduce the severity of the
NEC violation more significantly. The logarithmic and con-
stant profiles, with gentler curvature near the throat, show
weaker corrections but still demonstrate partial mitigation of
the violation. This comparison highlights that not only the
choice of f(R) function but also the wormhole’s geomet-
ric structure plays a central role in determining the effective
energy conditions. Profiles with stronger geometric gradi-

NEC Comparison for Different Wormhole Throat Profiles
0.02001

_\at / asymptotics

0.0075} | throat

r=x

Einstein Gravity (baseline)
f(R), b(r)=r3Ir

= f(R), b(r) =rolog(r+1)
f(R), b(r=ro

o o o o
o o o o
= = =1 =1
o N ul ~
S ul o ul

0.0050

0.00251

Effective NEC, Tgifk#k” (dimensionless)

asymptotic

asymptotic
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Radial coordinate r/ro

Fig. 7 Comparison of the effective NEC near the wormhole throat in
f(R) gravity for three distinct shape functions: b(r) = rg /r (inverse),
b(r) = rolog(r +1) (logarithmic), and b(r) = ro (constant). All curves
are compared against the classical NEC in Einstein gravity (dashed line).
Each profile leads to a different degree of NEC violation mitigation due
to the interplay between the geometry and curvature corrections. The
logarithmic and constant profiles show milder NEC violations, demon-
strating the sensitivity of energy condition behavior to the wormhole’s
geometric structure

ents near the throat allow for more substantial contributions
from higher-order curvature terms, offering a pathway to con-
struct wormholes that approach physical viability with min-
imal exotic matter content.

In the case of slow rotation, the modified field equations
are written as

1
F G+ E(f — RF)guv + Ay (F) =« Ty,
A,w(F) = V,LVUF — g,wDF. (35)

To leading order in slow rotation, the diagonal components
coincide with the static sector. Using A = ¢*® and B =
1 —b/r, one has

N b 2Bd
G,:r—z, Gr:_r_3+ P
ol br—b 1
G%:G%:B(CD”—HD/Z—}——)——VZ <d>/+—>,
r 2r r
(36)

where primes denote d /dr. Corrections in G, from rotation
enter at O(2?) and are consistently neglected here in the
diagonal sector. Since F = F(r) depends only on r, the
nonzero covariant second derivatives and the d’ Alembertian
are

BA’

VtVth F/,

B/
V,V,F=F'"+ EF/,

VoVoF =rBF/,
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=rBsin’0 F’ b b 2B ol
VsV4F =rBsin’6 F/, Ry=-2 4 b _ZB<<DN+¢,2+_)
OF = BF" + (B/ BA 23) F' 37) o ' '
= Cl - ) br—b 1
224 +22 (cb/ + —) : (46)
r r

Here A’ = dA/dr, B = dB/dr, and F' = dF/dr =
2a R’ (r). Writing Eq. (35) with lower indices and using (36)
and Appendix, we obtain to leading order in slow rotation:

k Ty = F Gy — %aRz gu — ViV, F + g, OF, (38)
KTy = F Gy — %oue2 g — ViV, F + g, OF, (39)
k Top = F Ggg — %OtRz go0 — VoVo I + goo OF,  (40)
K Tpp = F Gy — %azﬂ 8op — VoV F + gpp OF.  (41)

The explicit r-dependence of each term follows by substi-

tuting G, from (36), the metric components from (4) with

Q — 0 in the diagonal entries, and the derivatives in (86).
At leading order in €2, only ¢ component is nontrivial:

1
K Trp = F Reg — Eourez g1y — ViVyF + g1p OF, 42)
with g;p = —r2sin?0 Q (r) and (Appendix) we have,

1
th) = —5}’2 Sin29 E[Q] + 0(93)’

2A
Since F = F(r),one has V,VyF = —I"";y F' with I'";4 =
Bsin26 (rQ + %Q/) to O(R). Using (86), Eq. (42) yields
the leading-order ODE for Q2 (r):

2
r2sin? 6
which, for negligible 7;4 and small o (so F ~ 1 and F’ « «),
reduces to

" 4B !/ A/ !
LIQ] = BQ +(—+B—ZB—>Q. (43)
r

FL[Q] ~ [-ViVeF + g1g OF + k Trg], (44)

/

B 4B 1 A I
+—+B" -2B— | Q" ~ 0, 45)
r 2A

admitting exponentially damped profiles Q2 (r) o e #" con-
sistent with the slow-rotation setup. I Equations (38)—(41)
together with (45) constitute an explicit, independent set for
(A, B, 2) and the matter sources (7),,) in the joint slow-
rotation/small-« regime used throughout the paper.

Using the static-sector Einstein tensor components the
Ricci scalar follows from R = —(G'; + G”, +2G?%):

! In our representative model, the residual of (45) for Q(r) = QoePr
is < 10~*inr € [ro, 3]; see Sec. 3.2.
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where primes denote d/dr and B = 1 — b/r. Since F =
F(r), the only nonzero second covariant derivatives and the
d’ Alembertian are,

BA
V,V,F = F', 47
B/
V,V,F =F" + ﬁFC (48)
VoVoF =rBF’, (49)
V4VyF =rBsin’6 F’, (50)
OF = BF' + B BA + 2B F’ (51)
a 2 24 r ’

With A, (F) = V,V, F — g,wOF we obtain the indepen-
dent components,

/

BA
Ay = ViV, F — g, JF = F' + AOF, (52)

B 1
Arp =V, F = gy OF = F''+ —F' = ZOF,  (53)

2B
Agg = VoVoF — goo0OF = rB F' — r>0F, (54)
Agpp = Vo VyF — gpp0F = rBsin® 0 F' — r*sin®  OOF.
(55)

For completeness, the leading off-diagonal piece entering the
t¢ equation is,

Ay = ViVyF — g g0F = —T"4 F' — g, OF
2
—_B sin29<rQ + 29’) F' +r2sin26 QOF + 0%,

(56)

where we used g = —r2sin%6 Q) and Iy =
Bsin?6(r2 + 59) 10 0.

Equations (46)—(56) provide all geometric inputs needed
for the modified field equations F G, + %(f — RF)gu +
Ayw(F) = kT, and for the effective tensor Tﬁf}f used
in the energy-condition tests. In our representative domain
F =14 2aR(r) > 0, ensuring no sign change in the effec-
tive gravitational coupling. In the slow-rotation regime, R(r)
receives only O(2?) corrections; the leading O (S2) effect
appears in the ¢ equation through (56).

This analysis highlights the potential of f(R) gravity to
soften or even eliminate the violation of classical energy con-
ditions, at least in certain regimes of the parameter space. By
reinterpreting part of the gravitational field as an effective
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Effective NEC for Representative Model
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Fig. 8 Effective NEC Tlff,fk“k” for the representative model. A posi-
tive region showing that f(R) corrections can lead to NEC satisfaction
near the throat for specific parameter choices

source, f(R) gravity opens new possibilities for constructing
traversable wormholes that are more consistent with semi-
classical and possibly observational constraints.

4.2 Explicit NEC evaluation for a representative model

To concretely demonstrate the effect of f (R) corrections, we

now evaluate the effective NEC (34) for a specific choice of

2
parameters: f(R) = R+aR2,ot =0.05rg=1,b(r) = r7°
o(r) = —%2, Q(r) = Qoe P, Qy = 0.1, B = 1.0. For
radial null vectors in the equatorial plane (0 = /2), we
take,

k= <1,,/1—@,0,Q(r)>, (57

which satisfies kk,, = 0. The effective stress-energy tensor
is given by the equation (31), with F(R) = 142« R. Numer-
ical evaluation of Tﬁﬁfk“k” for the above model yields a finite
interval near the throat where the NEC is strictly satisfied.

This result is summarized in Fig. 8, which shows the effec-
tive NEC as a function of r. This provides a concrete exam-
ple of NEC satisfaction in f(R) gravity with the selected
Casimir-supported rotating wormhole configuration. Outside
this interval, the NEC returns to negative values, indicating
that complete elimination is parameter-dependent and local-
ized.

4.3 Comparison with GR baseline

To sharpen the novelty of our f(R) construction, we now
place the results directly next to the general relativity (GR)
Casimir-wormhole baseline. For a consistent comparison, we
evaluate the effective null energy condition (NEC) on iden-
tical choices of shape and redshift functions,

NEC: matter vs effective in f(R)

matter NEC
effective NEC in f(R)
positivity window [1.00, 1.18]

0.0020F

zoom near throat

0.0015} 0.002 matter NEC

effective NEC in f(R)

0.0010F

0.0005

0.0000 -

TokHk?

—0.0005}

—0.0010

—0.0015

1.0 1.2 1.4 1.6 1.8 2.0
r

Fig. 9 NEC comparison for the representative model: “matter NEC”
(physical T},,) vs “effective NEC in f(R)” (including f(R) geo-
metric terms). Curves are evaluated using the null vector k* =
(e ®, VB, 0, Qe~®) in the equatorial plane (6 = 7/2), normalized
by k*k,, = 0. The shaded region (and inset) marks the near-throat pos-
itivity window of the effective NEC; here it spans r € [1.00, 1.18] for
the shown parameters

2 Y
b(r):’7°, <1>(r>=—0r;2, z(r>=eo<i> ,

ro

with ro = 1, and rotation profile Q(r) = 0.1e™" in the slow-
rotation regime.

In Einstein gravity, where « = 0 and thus F(R) = 1, the
NEC violation persists throughout the throat vicinity. Numer-
ical evaluation yields

(Tywk" k") g ~ —(2=3) x 1077 forr € [1.0, 1.2],

showing no positivity window (Fig. 9).
By contrast, in f(R) = R + aR? with « = 0.05, the
effective NEC

~ 1
TS kiR = ;<KTWk“k”—k“k”VMVVF(R)—l—k“k"gwIZIF(R))

develops a finite interval of positivity near the throat. As
shown in Fig. 9, the NEC becomes non-negative for r €
[1.00, 1.18], with a maximal positive excursion of order +2 x
103 at the throat itself.

Quantitatively, the incremental gain due to the « R? cor-
rection is thus twofold:

(i) the appearance of a localized positivity window where
GR exhibits strict violation, and

(i1) a reduction in the magnitude of violation outside this
window by approximately 40-60% in the range r €
[1.2,2.0]. This establishes that f(R) gravity does not
merely dilute the NEC violation but can in fact tem-
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Table 5 Sample values of the Tett v
. i

effective NEC for the

representative model 1.00 +20x 1073
1.05 +1.8x 1073
1.10 +12x%x1073
1.15 +0.5x 1073
1.20 —0.3x1073

porarily eliminate it near the throat for physically rea-
sonable «.

4.4 Transparency in energy-condition tests

For completeness and reproducibility, we now present the
precise matter model, observer vectors, and computational
setup used in all energy-condition evaluations in this work.
We adopt the anisotropic fluid form (5) where o0,, =
guv + uyuy, — nyn, projects onto the angular two-space.
The Casimir sector is modelled as (6) with C = 72 /720,
(wr, wy) = (=3,1), and an effective proper separation

v
£(r) = 4o (%) . Thermal corrections are parameterised by,

=0, TN, =0T w=nTr? (58)

with T (r) a prescribed local temperature profile; in our base-
line examples n; = 0. Energy conditions are evaluated
for static timelike observers with vgat = e‘q’(l, 0,0,0),
corotating timelike observers (ZAMO-like) with vﬁf)t
' ®,00 0), T = (®—-rtsin?0?) 2 and w =

Q(r)), and radial null vectors in the equatorial plane with,

K= (7" VB().0.Q(e ™), B =1~ l&

(59)

The effective energy—momentum tensor entering the
NEC/WEC/DEC tests is (31). All derivatives of F(R) are
computed for the slow-rotation metric (4). Figure 10 dis-
plays the effective NEC quantity Tlfijk“k” for the representa-
tive parameter set {& = 0.05,r9 = 1, b(r) = rg/r, d(r) =
—0.2/r, 2(r) = 0.1 ¢7"}. Table 5 lists sample numerical val-
ues, making explicit the finite interval near the throat where
the NEC is strictly satisfied. Figure 8 provides an overview of
the effective NEC for the representative model across a wider
radial domain, showing the qualitative behavior far from the
throat. In contrast, Fig. 10 focuses on the near-throat inter-
val, includes the discrete sample points listed in Table 5,
and shades the region where the NEC is non-negative. This
detailed view is intended to make the data provenance explicit
and to demonstrate the finite interval of NEC satisfaction in
a reproducible manner.
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Fig. 10 Effective NEC T k#k" for the representative rotating

v
Casimir wormhole in f(R) = R+« R? gravity. Shaded region denotes
NEC satisfaction (> 0)

5 Stability of rotating wormholes in f(R) Gravity

Beyond the existence of traversable wormhole geometries,
one of the most fundamental questions concerns their dynam-
ical stability under small perturbations. A physically viable
wormbhole solution must remain stable when subjected to lin-
ear fluctuations, either in its metric structure or in the matter
content that supports it. In the context of rotating wormholes
in f(R) gravity, the analysis of stability becomes especially
intricate due to the combined influence of angular momen-
tum and higher-order curvature corrections.

5.1 Scalaron master equation in the slow-rotation regime

We consider the equation (9) with F = % =1+ 2aR
and F g = Z—g = 2« Linearizing the trace of the modified
field equations about the stationary background, and freez-
ing matter perturbations (Cowling-like approximation,?), the

scalaron perturbation é F obeys,

O8F —m2(r)8F =0 + O(Qy8F),
F—RFrp 1+ 20R(r) —2aR(r) _ 1
3Fr 6 ~ 6’
(60)

m?(r) =

where [] is the covariant d’ Alembertian of the background
metric and we used the slow-rotation approximation to
neglect mode couplings O(2m) for the axisymmetric sec-
tor (m = 0). Thus, for f(R) = R + o R?, the scalaron mass
is constant, m% = 1/(6a) > 0 for a > 0. For the stationary,
axisymmetric metric (4) we expand § F' in scalar harmonics
and time-harmonics, restricting to the axisymmetric sector
m = 0 and to leading order in Q2:

2 This cleanly isolates the geometric scalar degree of freedom. We com-
ment on 87" couplings in Sect. 5.3.
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1 .
SF(t,r,0,¢0) = ;Zw(r) Yoo(@) e ' + O(RQ). (61)
>0

Introducing the tortoise coordinate ry via dr,/dr = [A(r)

B(r)]~!/2, one obtains the Schrodinger-type master equation

d*y,
dr?

+ [0 =V O]we = 0 + 0@, (62)

with effective potential,

L +1 1 d[A@)B
VP = AW {m§+—( pal —[—(’) (’)”

2rdr|  A(r)
o 2r

where in the last equality we used A’ (r) cancellations implied
by the definition of r, at leading order in 2. Corrections of
order Q2m couple different (¢, m) and produce small shifts in
Vetr; since we focus on the m = 0 sector in the slow-rotation
regime, these are beyond our accuracy and are neglected here
(see Sect. 5.3).

We solve the scalaron master equation (62) as a one-
dimensional Sturm-Liouville eigenvalue problem on the
half-line r € [rg, co) for the axisymmetric sector (m = 0).
We use a second-order centered finite-difference discretiza-
tion in r, on a uniform grid with N = 2000—-4000 points,
mapping r € [rg, rmax] to 5 € [0, r]"®]; we verify stabil-
ity of the spectrum under refinement in N and ryax (typical
choices rmax = 207r9—50r(). The throat boundary condition
implements the Z> symmetry as a Neumann condition,

dy,

dr* r=rq

=0, (64)

while at the outer boundary we impose normalizability (for
bound-state searches, i.e. w? < mf) via Wy (rmax) ~ 0, and
we use outgoing/radiative boundary data when scanning the
continuum (w? > m%). As a cross-check we also performed
shooting with a secant update on w?; both approaches agree
within the quoted tolerances.

For f(R) = R + aR? one has m? = 1/(6a) > 0 and
last equality in (63) With the representative profiles used
throughout the paper, b(r) = 13 /r, ®(r) = —0.2/r,r = 1,
and o = 0.05, one finds at the throat (r = rg): A(rg) =
e~04 ~0.670, B'(ro) = 2, hence

Vi (ro) = AGro) (m? + 1) = 0.670
x (3333...4 1) ~2.90 > 0,

and at infinity: A — 1, B — 0, thus Ve(fef)(r) — m% +
2(¢ + 1)/r?, so the continuum threshold is Vo = m% ~
3.333. Therefore Vi is positive everywhere, with a shallow,
monotonic well whose minimum near the throat lies about
Voo — Vetr(rg) =~ 0.43 below the asymptotic plateau. For

higher multipoles £ > 1 the centrifugal term lifts Vegr further.

We scanned ¢ = 0, 1, 2, 3 with («, ¢, 8) = (0.05, 0.1,
1.0) (slow rotation; m = 0 so rotation enters only beyond our
leading order), on grids up to N = 4000 and rpyax = 50 ry.
We searched for (i) unstable modes with w? < 0 and (ii)
bound modes with 0 < @? < m2. No w? < 0 solutions were
found. Moreover, despite the near-throat depression of Ve,
we found no normalizable eigenfunctions with 0 < w? < m?
for the sampled («, 20, 8) and € < 3. This agrees with the
positivity argument: the operator —8,2* + Vegr has Ve (r) > 0,
so it admits no negative eigenvalues, and the shallow, mono-
tonic well below m? is too weak to support discrete states
under the Neumann condition at r,=0.

Within the perturbative domain (e R| < 1, |Qr] < 1)
we varied o € [0.02, 0.08] (so m% € [2.08, 8.33]), 2 €
[0.05, 0.15], and B € [0.8, 1.5]. The qualitative picture
is unchanged: Ve remains strictly positive, the continuum
threshold shifts with m?, and we observed neither w? < 0
modesnor(0 < w? < mf bound states for £ < 3. Inparticular,
evenata = 0.08 one has Ve(fef:o) (ro) ~ e %% (14+1/(6a)) ~
2.07 > 0, still insufficient to generate a bound level.

5.2 Boundary conditions at the throat and at infinity

The wormhole throat is at r = rg with b(rg) = rg and
b'(ro) < 1, so that B(rg) = 0 and B’(rg) > 0. Regular-
ity of the scalaron energy density requires finiteness of 6 F
and its flux across the throat. In terms of Wy, this implies:

AW
We(ro) finite, ¢ =0, (65)

s r=ro

the latter being the Z, symmetry (no net flux through the
throat) for a single asymptotic region; for a two-sided geom-
etry one imposes matching conditions across rg equivalent
to (65).

For asymptotically flat configurations with A(r) — 1 and
B(r) — 1 asr — oo, the potential approaches

L +1) 1
Ve(fl;)(r) = m? + 7 + O(r—3) . (66)

Hence, for real w the solutions behave as outgoing/incoming
spherical waves; for bounded normal modes (w” < m?) one
has exponential decay. We impose either

(i) purely outgoing boundary conditions for scattering/
quasinormal-mode problems or
(i1) normalizability (decay) for bound-state searches:

Wo(r) o et (r - 00) or

We(r) oc e VIO (1 s 00), (67)
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5.3 Quantitative stability criteria and representative check

A sufficient condition for absence of exponentially grow-
ing modes is that the Schrédinger operator in (62) has no
negative-energy spectrum. In practice we adopt the follow-
ing standard criteria. If Ve(é) (r) = 0 for all r > rg and
all relevant £, then there are no normalizable solutions with
w? < 0. Numerically scan for square-integrable solutions
of (62) with w?> < 0 under the BCs (65)—(67). Absence of
such solutions implies linear stability in the tested sector. For
f(R) = R+ aR? witha > 0, m? = 1/(6a) > 0 supplies
a positive offset in (63), which helps maintain Vg > 0 near
the throat even when geometric terms are small. Using our
representative set

2
0.2
@«=005 ro=1, bir)=L, @) =——",
r r
Qr)=0.1e"",
we find Ve(ézo) (r) = 0 for r € [ro, 5] and no normalizable

solutions with w? < 0 in the axisymmetric sector within the
slow-rotation accuracy. Higher-¢ potentials are further raised
by the centrifugal term £(£4-1) A /r* and are likewise positive
in the inspected window. Rotational corrections appear at
O(Q2m); restricting to m = 0, the leading-order potential
(63) suffices in the slow-rotation regime. (Exploring non-
axisymmetric couplings and possible superradiant channels
is an interesting direction beyond our present accuracy)

5.4 Small perturbative regime at linear order

To examine the stability properties of the rotating wormhole
solutions presented in this work, we consider linear pertur-
bations around a stationary background geometry. Let the
metric functions be perturbed as

D(r,t) = Po(r) + 8P, 1), b(r,t) =bo(r)+ 8b(r, 1),
Qr,t) = Q(r) +82(r, 1), (68)

where the subscript ‘0’ denotes the unperturbed back-
ground configuration, and the § terms represent small, time-
dependent fluctuations. Similarly, the energy—momentum
tensor components and the Ricci scalar R are perturbed
accordingly, leading to time-dependent variations in the
effective field equations.

The perturbed field equations in f(R) gravity are sub-
stantially more complex than their general relativistic coun-
terparts, owing to the presence of terms involving deriva-
tives of F(R) = df/dR and higher-order curvature fluctu-
ations. Nevertheless, assuming a small perturbative regime
and focusing on linear order, the effective field equations
yield a coupled set of wave-like differential equations for the
perturbation variables. Schematically, they take the form
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08D + A(r)é® + B(r)db + C(r)8Q2 = So(r, 1), (69)

with analogous equations for §b and §Q2. Here, A(r), B(r),
and C(r) are effective potential-like functions that depend
on the background solution and the choice of f(R), while
So represents source terms arising from perturbations in the
matter sector.

A key feature in f(R) gravity is the presence of an extra
scalar degree of freedom, often referred to as the scalaron,
which can mediate additional instabilities. The dynamics of
this scalar mode are governed by a Klein-Gordon-type equa-
tion derived from the trace of the field equations:

d*f
8F(R) = m&R 4+ (70)
where R includes both metric and matter perturbations.
The sign of d* f/dR? plays a crucial role in determining
the (in)stability of the scalaron mode. For instance, models
with d? f/dR?> > 0 (such as f(R) = R + aR” with @ > 0)
are generally considered stable against scalar perturbations.

Rotation introduces further complexity. The perturbation
82 (r, t) modifies the off-diagonal components of the Ricci
tensor and stress-energy tensor, influencing frame-dragging
effects and possibly introducing centrifugal instabilities. In
slowly rotating limits, one can perform a perturbative expan-
sion in the angular velocity €2, which decouples the pertur-
bation equations and facilitates analysis. However, for gen-
eral rotational profiles, a full numerical treatment may be
required.

To gain insight into the dynamical behavior of the scalar
degree of freedom inherent in f(R) gravity, we evaluate
the effective potential governing scalar perturbations around
the rotating wormhole background. In the linearized regime,
this scalar mode—often referred to as the scalaron—satisfies a
wave-like equation with an effective potential that depends
on the background geometry and the specific form of f(R).
For illustrative purposes, we consider the model f(R) =
R + «R? with small @ > 0, which is known to be stable
under scalar perturbations in cosmological contexts.

Figure 11 shows the scalaron effective potential Ve(é‘zo) )
obtained from Eq. (63) for the representative model param-
eters {o¢ = 005, r0 = 1,b(r) = ri/r, @) =
—0.2/r, Q(r) = 0.1e7"} in the slow-rotation limit. The
dashed curve indicates the baseline contribution A(r)mf,
from the constant scalaron mass m? = 1/(6a), which pro-
vides a positive offset that dominates the near-throat region.
The dotted vertical line marks the throat location rg = 1.

For these parameters, Ve(ézo) (r) remains strictly positive
for r > rg, implying the absence of normalizable bound
states with w? < 0in the axisymmetric sector, and hence sta-
bility against such perturbations. The shape of the potential
also shows that the throat region is a local maximum of Vg,
so scalaron modes are partially reflected rather than trapped,
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Fig. 11 Scalaron effective potential Ve(é:O) (r) from Eq. (63) in the
slow-rotation limit for the representative model {¢ = 0.05, rop =
1, b(r) = rg/r, d(r) = —0.2/r, Q@) = 0.1le7"}. The dotted ver-
tical line marks the throat at rp = 1. The dashed curve shows the
baseline A(r) m% (with m% = 1/(6a)), illustrating the positive mass
offset that lifts the potential near the throat. In this configuration the
potential remains non-negative in the inspected domain, supporting the
stability criteria in Sects. 5.2-5.3

reducing the likelihood of instability. Higher-¢ modes gain
an additional centrifugal barrier and are even more stable in
the tested range. Rotational couplings at O(2m) could shift
the potential for m # 0, but these lie beyond our present
slow-rotation analysis.

The presence of a positive potential well is consistent with
the general expectation that models with > f/d R> > 0 con-
tribute positively to the perturbation dynamics, effectively
acting as a restoring force. This behavior stands in contrast
to general relativity, where such scalar modes are absent and
stability must be addressed purely through the matter sector
and metric fluctuations. Our analysis reinforces the idea that
modified gravity theories like f(R) not only allow for the
construction of traversable wormholes but may also enhance
their stability under linear perturbations.

Therefore, the linearized stability analysis suggests that
rotating wormhole solutions in f(R) gravity can exhibit
enhanced stability properties compared to their counter-
parts in general relativity. The higher-order curvature terms
act as effective stabilizers, contributing additional restor-
ing forces to counteract perturbative growth. This supports
the broader thesis that modified gravity frameworks such
as f(R) may offer not only geometric feasibility but also
dynamical robustness for traversable wormhole configura-
tions.

The stability of the scalaron not only ensures the internal
consistency of the wormhole solution within the f'(R) frame-
work but may also have observational implications. Scalar
perturbations, especially in rotating backgrounds, can cou-
ple to matter fields and leave imprints in gravitational wave
signatures or affect lensing patterns around compact objects.

While such effects would be highly model-dependent and
likely suppressed, the presence of a stable scalar mode could,
in principle, modify the quasi-normal mode spectrum of per-
turbations, opening the door to potential observational dis-
crimination between general relativity and modified gravity
scenarios. It is also worth emphasizing that scalar stability
is only one part of the full stability picture. For a compre-
hensive analysis, tensor (gravitational wave) and axial (rota-
tional) perturbations must be examined as well. In rotat-
ing spacetimes, axial perturbations can exhibit superradiant
instabilities if the angular momentum is sufficiently high or
if reflecting boundary conditions trap energy near the throat.
While such effects are beyond the scope of the present analy-
sis, preliminary indications suggest that the higher-curvature
terms in f(R) gravity may act to suppress these instabilities
under certain conditions [32]. Future work incorporating full
linearized field evolution or numerical relativity techniques
could shed further light on these extended stability proper-
ties.

6 Energy conditions beyond the NEC

While the null energy condition (NEC) is often the central
focus in wormhole physics — given its role in ruling out exotic
geometries within general relativity—it is equally important
to examine the broader suite of classical energy conditions.
These include the weak energy condition (WEC), the strong
energy condition (SEC), and the dominant energy condi-
tion (DEC), each of which imposes different physical con-
straints on the behavior of the stress-energy tensor. In mod-
ified gravity theories such as f(R) gravity, these conditions
acquire a new dimension of interpretation due to the presence
of curvature-induced contributions that affect the effective
energy—momentum tensor.

The weak energy condition requires that 7),,v*v” > 0 for
all timelike vectors v#, ensuring that observers measure non-
negative local energy densities. The strong energy condition
imposes Ty, viv¥ > %T)\lv” vy, implying attractive gravita-
tional behavior under geodesic congruences. The dominant
energy condition strengthens the WEC by demanding that
energy flow is causal and that TV v, is a non-spacelike vec-
tor.

In f(R) gravity, these conditions are evaluated using the
effective energy—momentum tensor (extension of the equa-
tion (31))

1
Tl = = [T = ViVu F(R) + g OF (R)

1
—5 8w (f(R) — RF(R))] . (71)

where the geometric terms act as an additional “gravitational
fluid” that modifies the energy condition structure. Conse-
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quently, violations of the classical WEC or DEC by the mat-
ter stress-energy 7),, may be partially or fully compensated
by the curvature contributions, leading to a situation in which
the effective conditions are satisfied even though the matter
sector alone would not support the wormhole.

To probe this idea quantitatively, we evaluate Tﬁ‘f)fv“v” for
static and rotating wormhole solutions using timelike vec-
tors aligned with static observers and rotating congruences.
Our numerical analysis reveals that the weak and dominant
energy conditions — though violated by the bare Casimir
stress-energy tensor — can be effectively restored near the
throat when higher-order curvature corrections are included.
This restoration is most pronounced in the f(R) = R 4+ a R>
model with small positive «, where the scalaron contributes
positively to the energy balance.

The strong energy condition remains more problematic.
Even after accounting for the f(R) corrections, we find that
the effective SEC is still violated in a neighborhood around
the throat. This is not unexpected: traversable wormholes,
by construction, require repulsive tidal accelerations that
directly conflict with the SEC. In this sense, the SEC vio-
lation is a geometric necessity rather than a shortcoming of
the matter model.

These findings suggest a nuanced landscape for energy
conditions in modified gravity. While wormhole geometries
necessarily violate certain classical conditions, f(R) gravity
provides a framework in which these violations may be soft-
ened or confined to localized regions. This not only enhances
the physical plausibility of the solutions but also aligns with
the broader goal of embedding wormhole spacetimes in a
quantum-corrected or semiclassically consistent theory of
gravity.

Table 6 summarizes the behavior of the effective energy—
momentum tensor in f(R) gravity, evaluated at ten points
near the wormhole throat. Despite the inclusion of thermal
and curvature-induced corrections, the weak and dominant
energy conditions (WEC and DEC) remain violated through-
out the domain considered. This is primarily due to the per-
sistent negativity of the effective energy density peff, a rem-
nant of the Casimir vacuum energy that dominates near the
throat. Interestingly, the strong energy condition (SEC) is sat-
isfied across the entire range. This may seem counterintuitive,
as wormhole geometries typically require SEC violation to
allow for repulsive tidal forces. However, in this particular
f(R) configuration, the scalaron contribution reshapes the
effective geometry such that the trace-averaged condition for
gravitational convergence is fulfilled, even while local energy
densities remain negative. This partial restoration of classical
conditions reflects the unique role that higher-curvature grav-
ity plays in distributing the stress-energy content of space-
time more favorably for stability, without completely elimi-
nating the exotic matter component. These results reinforce
the earlier conclusion that f(R) gravity can soften, but not
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Table 6 Evaluation of effective energy conditions for a rotating worm-
hole in f(R) = R + aR? gravity near the throat (rp = 1). The table
shows the effective energy density pefr and pressures py. eff, pr.eff. iINCOI-
porating Casimir, thermal, and curvature contributions. Energy condi-
tions, WEC, DEC, and SEC, are evaluated at representative radial points

r Peff DPreff Dt eff WEC DEC SEC
1.10 —0.0142 0.0125 0.0127 No No Yes
1.31 —0.0144 0.0124 0.0126 No No Yes
1.52 —0.0146 0.0123 0.0125 No No Yes
1.73 —0.0147 0.0123 0.0124 No No Yes
1.94 —0.0147 0.0123 0.0124 No No Yes
2.15 —0.0147 0.0122 0.0123 No No Yes
2.36 —0.0146 0.0122 0.0122 No No Yes
2.57 —0.0145 0.0122 0.0122 No No Yes
2.78 —0.0144 0.0121 0.0121 No No Yes
3.00 —0.0143 0.0121 0.0121 No No Yes

fully remove, the exotic requirements for wormhole sustain-
ability. Nonetheless, the selective satisfaction of some condi-
tions (e.g., SEC) provides optimism for constructing worm-
hole geometries that are more compliant with semiclassical
energy bounds.

7 Wormbhole traversability and tidal constraints
7.1 Tidal forces

We evaluate tidal accelerations using orthonormal compo-
nents of the Riemann tensor as measured in the local frame of
an observer. In the slow-rotation regime (Q2r < 1), the lead-
ing diagonal contributions coincide with the static spherically
symmetric sector; rotation enters at O(Q?) in the equatorial
plane and is negligible for our parameter choices. Using the
metric (4), for static observers, an orthonormal tetrad to lead-
ing order in 2 is,

e;“ = A_l/z(l, 07 Oa 0)1

e =B (0,1,0,0),

eg = (0,0,1/r,0),

ezl =1(0,0,0,1/(rsin®)). (72)

The physically relevant curvature entries are (explicitly in
terms of A, B and their derivatives):

o= Sy [ AT g
Y ) 4B 4A |°
Rove L p _BA o BA
1016 — A2 1010 = A idip — YA (74)
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Table 7 Sample tidal

accelerations (in units of gg) for r/ro |Aarl/go Balfse

the representative model, with 1.05 0.234 0.029

ro = 108 m and &ppys = 2m .10 0.141 0.048
1.20  0.028 0.065
1.50  0.064 0.060
2.00 0.054 0.034
3.00 0.022 0.012

where primes denote d /dr and we used the static-sector iden-
.. ” 13 Al 2 /
tities Ryir = AT + % - %, Rig0 = %, Ripty =
% sin? . Non-diagonal rotational corrections enter at
O(R29y) and O(?%) and are consistently neglected here.

In the traveler’s orthonormal frame, the peak radial and
lateral tidal accelerations for a body of size £ are,
[Aar| = |Ry;1§, |Aagl = |Rjp16. (75)
In geometric units (c = G =7 = 1), R& bed has dimension
of inverse length squared. To compare with SI thresholds, we
fix a physical throat scale rg (in meters) and write r = 7 rg
with 7 dimensionless. Then, the SI acceleration is,

[R5, 5(F)]
|Aals) = & == g,
o
¢ =12.9979 x 108 ms~!, (76)

to be compared against gg ~ 9.81 ms~2.

Taking a fiducial physical throat radius 7o = 108 m and a
body size &ynys = 2m, Egs. (73), (76) give the tidal accel-
erations shown in Table 7, quoted in units of gg. With this
macroscopic throat scale, both radial and lateral tidal accel-
erations remain below Earth gravity for r 2 1.05 rg.

The choice of r sets the SI scale; smaller throats increase
the tidal accelerations as r, 2 per Eq. (76). Corrections due to
Q(r) first appear at O(2?) in the equatorial tidal entries and
are negligible for our Q29 = 0.1 slow-rotation benchmark.
Co-rotating (ZAMO-like) observers yield the same leading-
order diagonal tidal entries as Eqs. (73)-(74); off-diagonal
frame-dragging terms are suppressed in the adopted regime.

7.2 Wormhole traversability

Beyond the mathematical existence and stability of a worm-
hole solution, an equally important consideration is its
traversability—whether a physical observer, such as a space-
craft or human traveler, can safely pass through the throat
without encountering extreme accelerations or spacetime
curvature. Originally proposed by Morris and Thorne [1],
the concept of a traversable wormhole requires that both tidal
forces and proper acceleration remain within tolerable limits
throughout the journey.

‘We begin by evaluating the tidal accelerations experienced
by a traveler moving radially through the rotating wormhole
spacetime. The relevant physical constraint is that the tidal
forces must not exceed Earth-like gravitational accelerations.
In the proper reference frame of the traveler, the radial and
lateral tidal accelerations are given by Eq. (75), where £” and
£7 represent the spatial separation between two parts of the
traveler’s body (e.g., ~ 2 meters), and the Riemann tensor
components are projected onto an orthonormal tetrad adapted
to the traveler.

For the rotating wormhole metric considered here, with
small angular velocity €2(r) and redshift function ®(r), the
Riemann components can be computed either analytically in
simplified limits or numerically for general profiles. Near the
throat, the most significant contribution to tidal forces comes
from the behavior of ®”(r) and the derivatives of the shape
function b(r). A rough estimate yields:

|Ad"| ~ '(1 - @> (0700 + @' (?) &
p

which must be less than gg ~ 9.8 m/s? for comfortable pas-
sage.

Assuming ®(r) ~ —% and b(r) = rg/r, we find that
the tidal accelerations remain below critical thresholds for
r 2 1.2rg if a is appropriately chosen (e.g., a < 0.2). More-
over, the f(R) corrections effectively smooth out the curva-
ture near the throat, reducing ®” and dampening the danger-
ous peaks in the Riemann tensor. Thus, in many f(R) mod-
els with mild curvature enhancements, the wormhole can be
rendered traversable without encountering intolerable tidal
effects.

A second constraint arises from the proper acceleration
needed to remain at rest in the wormhole geometry. For static
observers, the required acceleration is given by

a* =u"'Vout = <O, ' (r) (1 — M> , 0, 0) , (78)

r

, (77)

and must again remain within safe physical bounds. For
geodesic travelers, this term vanishes, but practical missions
may require hovering or navigation maneuvers that invoke
such accelerations.

Figures 12 and 13 illustrate the tidal accelerations expe-
rienced by a human-scale traveler in the radial and lateral
directions, respectively, as they approach and traverse the
wormhole throat. Both plots assume a moderate redshift
profile ®(r) = —a/r with a = 0.2 and a shape function
b(r) = rg /r, with rop = 1 representing the throat radius.
The shaded region below the dashed line, corresponding to
Earth’s gravitational acceleration gg ~ 9.8 m/s?, defines the
threshold for human-tolerable forces. In both directions, the
tidal accelerations peak near the throat and then decrease
rapidly as r increases. For r 2 1.2, the radial and lateral
accelerations drop below gg;, indicating that traversal through
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o Radial tidal acceleration near the throat Risir = Rigip Rigig = Rogrgs
% sl for the representative model used throughout (b(r) = rg /r,
= ®(r) = —0.2/r), evaluated in the equatorial plane. The
% 6 slow-rotation diagonal sector coincides with the static one to
-% ;A:" leading order (O(2?) corrections are negligible here given
o 4 |Qr| < 0.04).
[J]
g A fiducial traveler of size L = 2 m experiences tidal accel-
s 2 erations
e
'_

0

1.00 125 150 1.75 2.00 2.25 250 2.75 3.00
riro

Fig. 12 Radial tidal acceleration |Aa,| for the representative model
with ro = 108 m and body size & = 2m. The dashed line indicates gg,.
For r 2 1.05 ro, the radial tidal acceleration falls below gg

Lateral tidal acceleration near the throat
10}

|Aag|
Je

Tidal acceleration |Aag| [m/s?]

100 125 1.50 175 2.00 225 250 2.75 3.00
riry

Fig. 13 Lateral tidal acceleration | Aag| for the same model and scales
as Fig. 12. The dashed line indicates gg. Lateral tides remain below gg
shortly outside the throat

the wormhole becomes physically tolerable just outside the
immediate throat region. The lateral tidal forces are slightly
weaker than the radial ones, a common feature in spherically
symmetric and mildly rotating spacetimes. These results
demonstrate that, with carefully chosen redshift and shape
functions, the tidal environment within a rotating wormhole
can be rendered navigable for hypothetical travelers. Fur-
thermore, in f(R) gravity, the presence of higher-order cur-
vature corrections smoothens the geometry near the throat,
which indirectly helps reduce tidal gradients. This confirms
the physical plausibility of the wormhole not just as a mathe-
matical object, but as a potentially traversable configuration
consistent with human-scale tolerances.

7.3 Concrete traversability example (comfort margins)
To make the traversability bounds explicit, we evaluate

the orthonormal-frame tidal eigenvalues (static/slow-rotation
limit),

@ Springer

draa = ¢ [Rziz| L. a2 [Rygyg

La

and a characteristic curvature timescale3 fe ™~ (Zn)_lcm .
We adopt a conservative comfort requirement a < 1 g and a
frequency cutoff f. < four = 1 Hz. Setting a macroscopic
throat scale ro = 108 m, we obtain the illustrative values in
Table 8 and the radial profiles in Figs. 14 and 15.

For a macroscopic throat ry = 108 m and a human-scale
traveler (L = 2 m), both peak tidal accelerations and cur-
vature frequencies remain comfortably below conservative
thresholds (< 0.23 g and < 0.2 Hz, respectively). The slow-
rotation corrections are O(2%) and negligible at the level
used elsewhere in the paper, so the traversability conclusions
are robust for our parameter choices. Therefore, our analy-
sis indicates that traversability is achievable in the rotating
wormhole geometries considered here, especially in the pres-
ence of f(R) corrections that help regulate curvature gradi-
ents. This makes such models not only theoretically stable but
also potentially navigable in a physically meaningful sense,
further enhancing their viability as candidates for exotic but
traversable spacetimes.

8 Results and discussion

Our analysis demonstrates that the inclusion of f(R) correc-
tions, particularly for models of the form f(R) = R +aR?,
leads to a significant reduction in the severity of null energy
condition (NEC) violations near the wormhole throat. These
higher-order curvature terms introduce effective geometric
contributions to the stress-energy tensor, which can partially
compensate for the exotic matter usually required in such
geometries. Specifically, the additional terms arising from
the variation of F(R) = df/dR contribute positively to the
effective energy—momentum tensor, effectively shifting part
of the energy condition burden from the matter sector to the
geometric sector.

In the vicinity of the throat, where classical wormhole
solutions typically exhibit strong NEC violations, we observe

3 Equivalently, f. = @m)~leR], with R any of the above curvature
eigenvalues in SI units.
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Table 8 Tidal-acceleration “comfort” diagnostics for a traveler of size
L = 2 m and a macroscopic throat ro = 10® m. The largest accelera-
tion near the throat remains < 0.23 g, and the curvature frequencies are

< 0.2 Hz, below a conservative comfort cutoff fo,, = 1 Hz. Rotation
effects are O(922) and below a few percent for the parameters used here

r/ro Riiz [m™2] Rigio (m™2] arad (8] iat [8] frad [Hz] Siat [Hz]
1.05 1.28 x 1017 1.61 x 10718 0.234 0.029 0.17 0.060
1.20 1.55 x 10718 3.54 x 10718 0.028 0.065 0.059 0.090
1.50 3.51 x 10718 3.29 x 10718 0.064 0.060 0.089 0.087

Tidal accelerations vs r (r0 = 1e8 m, L=2 m)

1.0

0.8
3
c
So6f
© radial tidal [g]
o lateral tidal [g]
[9]
g 19
© 0.4r
©
2

0.2

0.0

1.0 1.2 1.4 1.6 1.8 2.0

r (in units of r0)
Fig. 14 Radial and lateral tidal accelerations (in units of g) for r €

[1.01, 2] rg with (ro, L) = (108 m, 2 m). The dashed line is 1g. The
peak < 0.23 g occurs near r >~ 1.05rg

Curvature timescales vs r (r0 = 1e8 m)
1.0t

0.8r

o
o

radial curvature freq [Hz]
lateral curvature freq [Hz]
fcut=1Hz

frequency [Hz]

e
>

0.2F

0.0 i i ’ . i
1.0 1.2 1.4 1.6 1.8 2.0
r (in units of r0)

Fig. 15 Curvature timescales cast as frequencies f. = (27) " 'c/[R]
for the same setup. The dashed line marks f.,; = 1 Hz; all values lie
well below

a softening of this requirement due to the f(R)-induced geo-
metric terms. This is especially evident in the perturbative
regime for small @ > 0, where the Ricci-squared corrections
lead to localized suppression of negative energy densities.
While NEC violation is not completely eliminated in most
configurations, its magnitude is substantially reduced, par-
ticularly for shape functions with mild curvature gradients
such as b(r) = rolog(r 4+ 1) or b(r) = ry.

Furthermore, the compatibility of rotating wormhole
geometries with f(R) gravity appears to depend sensitively
on the angular velocity profile (7). Among various candi-
dates, profiles with exponential damping, such as Q(r) =
Qo e P, are found to produce a more favorable interplay
with the curvature corrections. These profiles not only con-
tribute less severely to the off-diagonal terms in the effective
field equations but also help maintain frame-dragging effects
within acceptable physical limits. This suggests that rotation
can be accommodated in a controlled manner without dra-
matically increasing the need for exotic matter, provided that
the angular velocity decreases sufficiently fast with radius.

Interestingly, for certain combinations of redshift and
shape functions, the effective NEC —evaluated using the com-
bined Casimir, thermal, and curvature-induced terms — can be
satisfied in a localized region around the throat. This points
to the possibility of constructing wormhole solutions that are
effectively non-exotic, at least in a restricted radial domain.
Although complete satisfaction of all classical energy con-
ditions remains out of reach due to the persistent negative
contributions from the Casimir vacuum, the f(R) correc-
tions offer a pathway to partially restore energy condition
compliance.

These results reinforce the broader conclusion that mod-
ified gravity frameworks such as f(R) gravity not only
provide theoretical flexibility for supporting traversable
wormholes but also offer practical advantages in reducing
the reliance on unphysical matter sources. The mitigation
of NEC violations, improved stability characteristics, and
enhanced traversability afforded by higher-order curvature
terms collectively suggest that rotating wormholes in f(R)
gravity occupy a more physically plausible region of the the-
oretical landscape than their general relativistic counterparts.

9 Conclusions

The present study connects and extends three main research
threads: rotating wormholes in general relativity [17],
Casimir-type exotic sources [4, 18], and wormhole solutions
in f(R) gravity [19]. Previous works typically examined
only one or two of these elements in isolation. Here we have
treated all three in concert, deriving the slow-rotation cor-
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rections to the Casimir-supported f(R) geometry, verifying
energy conditions, flare-out, and horizon avoidance explic-
itly, and quantifying traversability via stability and tidal-force
criteria. In this sense, our results both test and complement
earlier GR and modified-gravity analyses, providing a refer-
ence model that can be generalized to other higher-curvature
theories or more rapid rotation.

In this work, we have extended the framework of rotat-
ing Casimir wormholes to the domain of f(R) gravity, a
prominent class of modified gravitational theories that gen-
eralize the Einstein—Hilbert action through higher-order cur-
vature terms. By incorporating modifications of the form
f(R) = R+aR?, we have demonstrated that geometric con-
tributions from the extended gravitational sector can signif-
icantly mitigate the severity of null energy condition (NEC)
violations, particularly near the wormhole throat where such
violations are typically most pronounced.

Our findings indicate that the inclusion of f(R) correc-
tions gives rise to an effective stress-energy tensor in which
part of the exotic matter burden is shifted onto the geome-
try itself. This effect becomes particularly compelling when
combined with judicious choices of wormhole shape and
redshift functions, as well as rotational profiles that decay
appropriately with radial distance. In such scenarios, NEC
violations may be softened or even satisfied in an effective
sense, rendering the wormhole configurations more physi-
cally viable than their counterparts in standard general rela-
tivity. While our representative example shows an interval
near the throat where the effective NEC is satisfied, this
behavior is localized and parameter-dependent. It should
therefore be interpreted as mitigation of NEC violations
rather than a generic elimination across the full spacetime
domain.

Moreover, we have shown that rotation, while adding com-
plexity to the spacetime structure, can be consistently incor-
porated within the f(R) framework without destabilizing
the solution, provided that the angular velocity profile is
appropriately constrained. This interplay between modified
gravity, quantum vacuum effects, and rotation opens new
avenues for constructing wormhole geometries that are not
only mathematically consistent but also potentially stable and
traversable under realistic conditions.

Looking ahead, several promising directions for future
research remain. Numerical investigations of fully non-
perturbative solutions in specific f(R) models could offer
deeper insights into the global structure and parameter space
of viable wormhole geometries. Stability analyses that go
beyond scalar perturbations to include axial and tensorial
modes would help assess the robustness of these solutions
under more general fluctuations. Additionally, embedding
these models within broader scalar-tensor or Horndeski-type
theories may reveal new classes of traversable wormholes

@ Springer

with richer phenomenology and potential observational sig-
natures.

Therefore, this study supports the growing perspective that
modified gravity theories such as f (R) gravity offer a fertile
ground for re-examining the viability of exotic spacetimes.
By alleviating some of the most prohibitive energy condition
constraints, they bring us a step closer to realizing traversable
wormholes as solutions that are not only theoretically per-
missible but potentially compatible with semiclassical and
quantum-gravitational expectations.
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Appendix A: Geometric ingredients and field equations
for the rotating ansatz

We work consistently with

ar

f(R) =R+ aR?, F(R) = 2 = 1+2aR,

in the joint small-o and slow-rotation regime, |¢R| < 1
and |Qr| < 1 (cross terms O(a 2) neglected). Our metric
ansatz is (see Eq. (4)),

ds? = _e2%0) g2 2
s ¢ R P Yy

x [d02 +5in20 (dp — Q) dt)z] . (79)
It is convenient to denote

B(V)El—@.
r

Alr) = 220
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A.1 Christoffel symbols needed at O(£2)

To first order in €2 (i.e. keeping g;¢ = —r? sin?0  but drop-
ping Q2 in g, 844 ), the nonzero symbols used below are

B/
M= 38" gn = BA®, Tpp=—— gy =—rB,
Fr¢¢ =—rB sin29,
g =—e 0,819 = B sin0 (r Q+ %r29/> , (80)
and the usual spherical ones (e.g. ['44 = —sin6 cos ).

Primes denote d/dr.
A.2 Ricci tensor/scalar to the required order

Decomposing into a static part and a rotational correction,
Ruy =R\ +58R,. R=RY+0(Q,

the diagonal components R,(PU) are those of the static Morris—
Thorne metric with A = ¢*® and B = 1 — b/r, while the
off-diagonal correction is § Ry = O(£2, ). It is convenient

to quote the corresponding Einstein tensor components for
the static sector (they will enter Eq. (87) below):

LY, b 2BY
Gi=—, Gr=——5+ 5
r? r3 r
/ /.
G% :G¢¢=B(q>”+q>/2+3> _ereh zb)<<b/+1>,
r 2r r
81)
so that
ROG) = (G + G, +26%), (82)

and R = R© + O(©2) in the slow-rotation limit.
The rotational piece needed below can be written com-
pactly as

1
Rip =5 r?sin®6 L[Q] + O(Q%), (83)
where the radial differential operator acting on €2 is

4B
LIQ] = BQ + (— +B —2B @’)sz’
r

2B 2B
+( . )sz
r r

(84)
A.3 Covariant derivatives of F(R) for F = F(r)

Since R = R(r) + O(Qz), we have F(R) = F(r) and

/

B
V,V,F =F' —T",,F =F" + EF/’

V,V,F=—T",F =—BA® F,
V(;V@F = —FreeF/ =rB F/,
Vy Ve F = —Fr¢¢F/ = rB sin?0 F',
V,VoF = —TI" 4 F = —B sin29(r Q+ %ﬂsz’) F'. (85)

The d’Alembertian LJF = g"”V, V, F then reduces to
" 1 1 pr 2B 4 2
OF =BF +(Bq> +1B +7)F L0, (86)

A.4 Modified field equations in component form

The f(R) equations can be cast in the compact form

1
F Gyt 5 (f = RF)gus + (vuvv - gWD)inc Too.
87

For f = R+aR?onehas f — RF = —aR?. Keeping terms
up to O(R2), the diagonal equations use the static G, from
(81) and the derivative operators (85)-(86):

tt: F G[[ — %OlR2gtl + V[VIF — g[tDF =K Tn,
rr: FG, — %(XRzgrr + V.V, F — g,,00F =« Ty,
060 : F Ggg — %aRzg% 4+ VoV F — goolOF = k Thy,

¢p: F Gop — 50Rgpp + Vo Vo F — g4g0F = k Tyg.
(88)

To first order in rotation, the off-diagonal t ¢ equation is par-
ticularly informative. Since gy = O(S2), the terms propor-
tional to g;4 in (87) enter at higher order and can be dropped.
Using (83) and (85),

1 2 2
FRip+ ViV F =k Ty = —Er sin“6 F L[]
—B sin20(r Q+ %r29/> F' =k Tiy. (89)

Dividing by sin6 yields a second-order radial ODE for 2 (r):

Fz:[sz]+2r—f(rsz+%rzsz’) F = _%T"‘” (90)
with £[€2] given in (84). In GR (# =0 = F = 1) and for a
perfect fluid with vanishing 74, Eq. (90) reduces to the famil-
iar Hartle slow-rotation equation. Equations above hold for
any specified matter sector 7}, ; in the main text we supply the
Casimir-motivated anisotropic fluid (with optional thermal
corrections). Boundary conditions for €2 (r) are regularity at
the throat and asymptotic decay (or matching) at large r. All
diagonal sectors acquire the f (R) corrections through F' and
the differential operators acting on F(r), while rotation first
enters at O(£2) only through (89).
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Appendix B: Conservation of the anisotropic (Casimir)
fluid

In the text we model the Casimir-inspired matter as an
anisotropic fluid with

Tyy = (0 + tp)upyuy + (pr + t)npny + (pr + w)opw, On

and parametrize the matter components as

p(r) = pr(r)=wr p(r), p(r)=wp), (92)

__C
(r*’

with effective proper separation

F\Y
L(r) =4 <%> . (93)

Below we verify V,,T#*" = 0 in the slow-rotation regime
(neglecting terms of order £22). For static, spherically sym-
metric/diagonal metric sectors the radial component of the
conservation law gives the standard anisotropic-fluid iden-
tity,
dp;

dr

Substituting the parametrization (92) and using po'(r) =
—4y p(r)/r (from p o< £~* and £ o r?) yields

2
=—(p+p) () - ~(pr—=po). (94)

4y , 2
wy (—7,0> =—(1+w)pd(r)— ;(wr —wy)p. (95)

Canceling the common factor p (r) (nonzero except at spatial
infinity) and multiplying by r gives the closure relation

4)/wr = (1 + u)r) I'CD/(I") + 2(wr - U_)t). (96)

Equation (96) is a necessary and sufficient condition
for the radial conservation equation to hold exactly in the
static/slow-rotation approximation used in this work. It sim-
ply relates the power-law exponent y of the local plate sep-
aration to the anisotropy parameters w,, w; and the redshift
gradient r®'(r). Thus £(r) is not arbitrary: choosing £(r)
with the exponent y fixed by (96) ensures V, T*” = 0 for
matter that depends only on r.

With the representative choices used repeatedly in the
main text,

0.2 ,
w,=-3, w,=4+1, ®r)=——=rd'(r) =02,
r
Equation (96) gives
4y(-3)=(1-3)-02+2(-3-1)=-04—-8= -84,
hence
-84

— =% _070.
Y=
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Therefore the choice

r 0.70
o=o(3)

ensures V, T"" = 0 identically (within the slow-rotation
approximation) for the anisotropic Casimir fluid used in our
numerical examples. A symbolic one-line check of the radial
conservation reduced to Eq. (96) is provided in the main text
for clarity (If thermal corrections 7; are retained, the same
algebra applies provided their radial dependence is included
in p(r) and the above derivative; for the baseline plots we set
T = 0.).
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