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ABSTRACT

We give a pedagogical introduction into the approach to superbranes based on the
concept of partial breaking of global supersymmetry (PBGS). The main focus is
put on the universal methods of constructing manifestly worldvolume supersym-
metric Goldstone superfield actions of superbranes, proceeding from the general
relationship between linear and nonlinear realizations of global supersymmetries.
We illustrate this by a few simple examples of PBGS systems on a flat Minkowski
background: N = 1 supermembrane and space-filling D2- and D3-branes. As more
complicated examples, we present the PBGS superfield form of the worldvolume
actions of AdS, supermembrane, as well as of 3-branes on the AdS5 and AdS; x S*
backgrounds related to each other by T-duality.

1. Introduction

One of the approaches to superbranes proceeds from the concept of partial
breaking of global supersymmetry (PBGS) [1], [2]-[25]. In such a descrip-
tion the objects representing the physical worldvolume superbrane degrees
of freedom are Goldstone superfields. The worldvolume supersymmetry
acts on them as linear transformations and so is manifest. The rest of the
full target supersymmetry is realized nonlinearly. After passing to compo-
nents in the Goldstone superfield action and eliminating auxiliary fields,
one recovers a “static-gauge” form of the appropriate Green-Schwarz-type
action (in general, after a field redefinition.

While for the ordinary p-branes the worldvolume multiplets are scalar,
analogous supermultiplets of Dp-branes are known to be vector, with the
Born-Infeld dynamics for gauge fields (see [26] and refs. therein). So the
corresponding PBGS actions should form a subclass of manifestly super-
symmetric extensions [27]-[29] of the Born-Infeld (BI) action. The actions
from this variety are characterized by the second nonlinearly realized hid-
den supersymmetry. The PBGS approach can be considered as an efficient
tool for deducing such superextensions of the BI action. Until now, only
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superextensions of abelian BI theory were derived in this way [5, 7, 12, 13].
However, this approach could be useful in the non-abelian case too. !

In these lectures we explain, on a few instructive examples (N = 1 su-
permembrane, space-filling D2- and D3-branes), how the PBGS approach
augmented with the general methods of the theory of nonlinear realizations
[31] leads to a manifestly supersymmetric description of superbranes and
superextensions of the BI theory in terms of worldvolume superfields. The
superbrane or BI superfield Lagrangian density is identified with a proper
component of some linear supermultiplet of the full underlying supersym-
metry. This multiplet is subjected to covariant constraints which express
all its components in terms of the Goldstone multiplet of the unbroken
supersymmetry. The precise form of these constraints can be found us-
ing the general relationship between linear and nonlinear realizations of
supersymmetries [32] adapted to the PBGS case in [17, 18].

Besides discussing superbranes on flat Minkowski backgrounds, we also
describe three examples of applying the PBGS techniques to constructing
Goldstone superfield actions for superbranes on some AdS backgrounds
22, 23].

2. N=1, D=4 supermembrane

2.1 N =1,D = 4 supermembrane as a PBGS system. The supermembrane
in D = 4 spontaneously breaks half of the N = 1, D = 4 supersymmetry
and one translation. The set of generators of N =1 D = 4 Poincaré super-
algebra in the d = 3 notation is naturally split into the unbroken {Qq, Py}
and broken {S,, Z} parts (a,b = 1,2). The basic anti-commutation rela-
tions in this notation read

{Qaa Qb} = {Saa Sb} = Py, {Qaa Sb} =€ - (2'1)

As was argued in [11], for deriving manifestly covariant superfield equa-
tions describing the worldvolume dynamics of superbrane in the present
case (and some other ones), it suffices to deal with a nonlinear realization
of the superalgebra (2.1) itself, ignoring all generators of the automor-
phisms of (2.1). So we put all generators into the coset and associate the

N =1, d = 3 superspace coordinates {«9“, x“b} with Qg, Py The remain-
ing coset parameters are Goldstone superfields, ¥* = ¢%(x, ), ¢ = q(x,0).
A coset element g is defined by 2

g = e Fab el QagtZ VS (2.2)

! Tts “inborn” feature (as distinct, e.g., from the approach proceeding from gauge-fixed
Green-Schwarz Dp-brane actions [30]) is the manifestly linear realization of unbroken
supersymmetry.

2In our notation the coset parameters z%® and ¢ are imaginary, while 6% and ¥ are
real.
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Then one constructs the Cartan 1-forms
g ldg = wHQa + W®Py +wzZ 4 WS, (2.3)
Wi = da®® + % 02 qg® + i WICH N
wz =dq+1.df”, wp =do*, wg=dy* (2.4)

and the corresponding covariant derivatives

1
Dap = (Eil)g%l Ocd » Dy =D, + 5 wbDa@Z)C Dy , (2'5)
where
1 1
Eg = 3 (6501 + 6405) + 1 (Y 0up®® + V00 ,
o 1,
D, = % + 5 0 8ab, {Da, Db} = Oup - (2.6)

The set of Goldstone superfields {q(z,0),1%(x,0)} is reducible. Indeed, v,
appears inside the form wy linearly and so it can be covariantly eliminated
by imposing the following manifestly covariant inverse Higgs [33] constraint

WZ|d9 =0 = Ya="Daq, (2'7)

where |g9 means the ordinary df-projection of the form. Thus ¢(z,0) is
the only essential Goldstone superfield needed to describe the partial spon-
taneous breaking N =1, D =4 = N =1, d = 3 within the coset
scheme.

In order to get dynamical equations, we put an additional, manifestly co-
variant constraint on the superfield ¢(z,0). It is a direct covariantization
of the “flat” equation of motion:

D*Dyg=0 = D'Duq=0. (2.8)

Eq. (2.8) coincides with the dynamical equation of the supermembrane in
D =4 as it was given in [7]. It was derived there from the coset approach
with the D = 4 Lorentz group generators included, so (2.8) actually pos-
sesses the hidden covariance under the full D = 4 Lorentz group SO(1,3).
For the bosonic field ¢(x) = q(z, 0)|g=o it yields the equation corresponding
to the static-gauge form of the Nambu-Goto action for membrane in D = 4.

Our next goal is to construct the corresponding invariant off-shell super-
field action. We apply the systematic approach based on the relationship
between linear and nonlinear realizations of supersymmetry [32]. The con-
struction is quite similar to the one exploited in [18] in application to d = 2
PBGS systems.

As a first step, we define a linear realization of the considered PBGS pattern
N=1,D=4— N =1,d=3. From the d = 3 point of view, it amounts to
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N =2 — N =1, with the N = 2,d = 3 Poincaré superalgebra given by the
relations (2.1). The primary object of such a realization is the scalar chiral
N = 2,d = 3 superfield ®(z,0,¢), where %, 0%, (% are the N = 2,d = 3
superspace coordinates. It is assumed to have the following transformation
property under the central charge operator Z:

Zd=1. (2.9)

This means that the central charge generator acts as shifts of ®. Such a
realization can be understood as the following specific coset realization of
N = 2,d = 3 supersymmetry (2.1): one treats ® as the coset parameter
(Goldstone superfield) associated with Z, while the rest of coset parameters
as the coordinates of N = 2,d = 3 superspace on which & “lives” (cf.
similar d = 2 realizations considered in [18]). With respect to the N =1
supersymmetry { Pyp, Qq}, the superfield ® is a collection of standard N = 1
superfields in the expansion of ® in (%, while under the S-supersymmetry
it transforms in the following way

5, = —n° (0(2“ - % by — eaz> D (2.10)

Respectively, the spinor covariant derivatives in this realization are given
by

0
o¢e

po— 2

L 4
= + = . (211
a opa 2 ¢ Oab ( )

1
+§9b6ab_<aZ:Da_CaZ7 Dg:
The covariant chirality condition reads

. 1
(DZ—z‘Dg) =0 = ®=¢—i("Des+7 ¢ [D?9+2i],
¢ = ¢(x,0), (2.12)
where (2.9) was taken into account. Thus the complex N = 1 superfield
¢(x,0) accommodates the irreducible set of the (4 4 4) off-shell component

fields of ®(z, 0, ). Its S-supersymmetry transformation directly stems from
(2.10) and (2.9):

e =1"0a+in"Dag. (2.13)
For the real superfields p and ¢ defined by
¢=¢o+ip
we obtain the following transformation laws
Opp = —in"0g +n*Dapo , Oypo = —1*Dyp . (2.14)

The spinor superfield
o =1 Dyp



BRANES FROM PARTIAL SPONTANEOUS BREAKING OF SUPERSYMMETRY 287

transforms under the S-supersymmetry with an inhomogeneous shift

1 ?
(Snfa = Ta <1 - 5 D2¢0) - 5 nbaabd)07 (215)

and so can be viewed as the Goldstone fermion of linear realization of
the same PBGS pattern N = 2 — N = 1,d = 3. The field content of
p(z,0) coincides with that of ¢(z,0), so p can be regarded as the N = 1
Goldstone superfield for the spontaneously broken Z-transformations (it is
shifted under 7).

Besides the basic Goldstone superfield p, there still remains the superfield
¢ possessing homogeneous transformation laws under both N =1,d =3
supersymmetries. Now we shall show that it can be eliminated in terms
of p by imposing a nonlinear constraint which brings the considered linear
realization into a nonlinear one related to the original nonlinear realization
by a field redefinition. To this end, we apply the method of refs. [32],
[17, 18] to the system of N = 1 superfields &,, ¢g. Construct their finite
S-supersymmetry transformation and replace, in the final expressions, the
parameters n® by the Goldstone superfields ¢*(z, #) of the original nonlinear
realization (taken with the sign minus). The resulting objects

ga = ga - '¢a (1 - % D2¢0) + % ¢d8ad¢0 - % ¢2aab£ba

o= o0 — 0"+ 5 0 (1= 5 D) (216)

are homogeneously transformed under the S-supersymmetry (and under
the @ one, of course). So it is the covariant condition to put them equal to
Zero

a=0, ¢ =0. (2.17)

Using the nilpotency property 13 = 0, it is easy to find that these equations
amount to

52

£ i
21-1D%y

(a) ¥ = m ) (b) #0 = (2.18)

These relations coincide with those found in [7]. The first one is the equiv-
alence relation between the nonlinear and linear realizations Goldstone
fermions, while the second one expresses ¢g in terms of ) or £%:
2 ;2
i
v ¢ (2.19)

)
21-1D22  14.,/1+D22°

In view of the transformation property (2.14) of ¢g, the integral

¢o =

S ~ / d>xd?6 ¢ (2.20)
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is invariant under the whole N = 2,d = 3 supersymmetry, and so it is
the sought off-shell action of the Goldstone superfield p(z, 8). It describes,
in a manifestly worldvolume supersymmetric manner, the N = 1,D =4
supermembrane in a flat background. It can equally be written through
the initial chiral N = 2 superfield ®(z, 0, (), eq. (2.12), as an integral over
the full or chiral N = 2,d = 3 superspaces [19]. In such a representation
the full N = 2, d = 3 supersymmetry (2.1) is manifest.

It can be shown [19] that the dynamical equation (2.8) postulated on the
purely geometric grounds and the equation of motion following from the
off-shell action (2.20) are equivalent to each other.

3. Space-filling D2-brane

As the second instructive example, we consider the “space-filling” D2-brane
with the N =1, d = 3 vector multiplet as the worldvolume one.

3.1 D2-brane dynamics from monlinear realizations. Our starting point is
the superalgebra (2.1) with Z = 0. The coset element g contains only one
Goldstone superfield %, and the covariant derivatives are still given by
(2.5). In the flat case the d = 3 vector multiplet is described by a N =1
spinor superfield strength p, subjected to the Bianchi identity:

D?pq = —0app®
a — a a J
D Ha—o — { aabDa’U,b:O )

Its equation of motion reads
D1, =0. (3.1)

It was shown in [11] that the following manifestly covariant generalization
of (3.1), (3.1) describes the D2-brane:

(a) Dy =0, (b) D%, =0. (3.2)

The reasoning was mainly based on the observation that the purely bosonic
limit of (3.2) amounts to the following equation for the vector Vg, =

Dabvlo=0:
(aac +vavs adf) VeE=0. (3.3)

This nonlinear but polynomial equation was shown to be a “disguised”
form of the equations of the non-polynomial d = 3 BI action which is just
the bosonic core of the superfield D2-brane PBGS action as was explic-
itly demonstrated in [7]. The passing to the standard form of the d = 3
BI equation is achieved by a field redefinition which is a bosonic limit
of the superfield equivalence redefinition relating the nonlinear realization
Goldstone fermion v, to u, treated as the Goldstone fermion of a linear
realization of the same PBGS pattern (see next Subsection). Using this
equivalence, one may explicitly show, like in the supermembrane case, that
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the equations (3.2) are equivalent to the worldvolume superfield equation
following from the off-shell D2-brane action given in [7].

3.2 Off-shell superfield D2-brane action. Now we shall re-derive the off-shell
D2-action of ref. [7] by the same generic method which was applied above to
construct the Goldstone superfield action of N = 1, D = 4 supermembrane.
To define the appropriate linear realization of the considered PBGS pattern,
one needs to embed the N = 1,d = 3 Maxwell superfield strength p, into a
linear N = 2,d = 3 multiplet. The latter should have such a transformation
law under the S-supersymmetry that p, transform with an inhomogeneous
term ~ 7, and so admit an interpretation as the Goldstone fermion of linear
realization.

The appropriate N = 2,d = 3 supermultiplet was proposed in [16] as a
deformation of the N = 2,d = 3 Maxwell multiplet (which is a dimensional
reduction of the N = 1,d = 4 tensor multiplet). This deformed multiplet
is described by a real N = 2,d = 3 superfield W (z, 0, () subjected to the
following constraints

(a) [(D)?— (DC)Q} W= 24, (b) D°DSW =0 (3.4)

(this form of constraints can be obtained from the one given in [16] by choos-
ing a specific frame with respect to the explicitly broken U (1)-automorphism

symmetry and making an appropriate rescaling of W 3).
The standard S-supersymmetry transformation law of W

0
oce

W = —n" ( - % C”&w) w (3.5)

implies the following transformation laws for the irreducible N = 1 super-
field components of W(x,0,(), uq = —i DgW|§:0 and w = Wl¢=o,

i i .
(a) Oppta =1a <1 —5 D2w> + 5 nPOww, (b) dyw = —inpa. (3.6)

It is easy to check that eq. (3.6a) is consistent with the Bianchi identity
(3.1) (which is none other than eq. (3.4b)). Just due to the presence of
constant U(1)4 breaking term in the r.h.s. of (3.4a), the N = 1 Maxwell
superfield p, transforms inhomogeneously under the S-supersymmetry, and
thus is recognized as the Goldstone fermion of the linear realization of the
considered N =2 — N = 1,d = 3 PBGS pattern.

Like in the supermembrane case, the additional homogeneously transform-
ing N = 1 superfield w(x,#) can be traded for the Goldstone-Maxwell one
1tq by imposing nonlinear constraints the precise form of which is dictated
by our generic method applied to the given system. As the first step,

3 For the first time such a deformation of the N = 1, d = 4 tensor multiplet constraints
was considered in [34] in the context of N = 4 superconformal mechanics.
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one defines the superfields i, and w as finite S-supersymmetry transforms
of pu, and w, with the supertranslations parameter n® being replaced by

_T/Ja (IL‘, 0)
~ e iop Lo b
fla = pa —Ya |1 — 5 Dw — = V0w — — aab.u )
2 2 4
w:w+z’zp“ua—%w2<l—%D2w>. (3.7)
These quantities homogeneously transform under all N = 2, d = 3 trans-
formations and so one can covariantly equate them to zero
o =w=0. (3.8)

From these covariant constraints one gets the equivalence relation between
Y® and p®

a

I

0 = 3.9
v 1— 3§ D%w (3:9)
as well as the relation
_ 3.10
S (.10

These are precisely the equations derived in [7] (up to a rescaling of w).
They can be used to express w in terms of either ¥%, or pu®

i )? B i p?
2143D%? 14/1-D%2

This composite superfield is just the corresponding Goldstone superfield
Lagrangian density,

(3.11)

S ~ /d3xd29w : (3.12)

since, in virtue of the Bianchi identity (3.1), the d3x d?6 integral of the
variation (3.6b) is vanishing, i.e. 6,5 = 0.

The same superfield D2-brane action can be written in a manifestly N = 2
supersymmetric form as an integral over the whole N = 2 superspace, with
either W2 or the N = 2, d = 3 Fayet-Iliopoulos term as the Lagrangian
densities ( like in other PBGS cases, these two independent invariants are
reduced to each other after passing to the nonlinear realization).

4. Space-filling D3-brane

As the last example of PBGS approach to branes on the flat background we
consider the space-filling D3-brane in d = 4. This system amounts to the
PBGS pattern N =2 — N =1 in d = 4, with a nonlinear generalization
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of N =1, d = 4 vector multiplet as the Goldstone multiplet [5, 6]. The off-
shell superfield action for this system was constructed in [27, 5]. Here we
explain, following ref. [11], how the corresponding dynamical equations can
be derived directly from the coset approach, like in other cases considered
in these lectures.

4.1 D3-brane superfield equations of motion from nonlinear realizations.
Our starting point is the N = 2, d = 4 Poincaré superalgebra without
central charges:

{Qa,Qa} =2Pas s {Sa,Sa} = 2Pus . (4.1)

Assuming the S,, S; supersymmetries to be spontaneously broken, we in-
troduce the Goldstone superfields ¢*(z, 0, 0), 1*(x, 0, 0) as the correspond-
ing parameters of the following coset

g= eixadPaa ewaQaHe’an ewaSﬁnﬁde ] (4.2)

With the help of the corresponding Cartan forms one can define the covari-
ant derivatives

Dy = Dy — i @ﬁpaw n WDMEB) Dysr Daa = (BN a,., (4.3)

ac BB
where
o N
Da—%—w Oad s Dy = 89—d+29 Oace
ES = 6265 — 9% 0ast” — i1 dast)” . (4.4)

Now we can write the covariant version of the constraints on ¥, ¥ which
define the superbrane generalization of N = 1, d = 4 vector multiplet,
together with the covariant equations of motion for this system. They
are a direct covariantization of the free N = 1, d = 4 Maxwell superfield
strength constraints and equation of motion:

(a) Datbe =0, Dot =0, (b) D%y =0, Deip” =0. (4.5)

Egs. (4.5a) are a covariantization of the flat N = 1 chirality conditions
while (4.5b) generalizes at once the N = 1 superfield strength Bianchi
identity and equation of motion. As was argued in [11], this set of superfield
equations is self-consistent and compatible with the algebra of the covariant

derivatives (4.3). For the physical bosonic components of 1), ),

Vs = Dylla Ve =DFp, (4.6)

these superfield equations imply, in the purely bosonic limit, the following
equations

Baa VP —VIVI 05V =0,  9,aV¥ —VIV] 0,5V =0. (4.7
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It was shown in [11] that, like the analogous equations (3.3) in the D2-
brane case, these equations can be cast in the standard form of the d = 4
BI theory equations augmented with the Bianchi identity for the Maxwell
field strength.

Note that at the full superfield level the field redefinition which leads from
the disguised form of the BI equations (4.7) to their “canonical” form cor-
responds to passing from the Goldstone fermions %, ¥4 to the standard
Maxwell superfield strength W,,Ws. The nonlinear action of [27, 5, 6]
was written just in terms of this latter object. The equivalent form (4.5)
of the equations of motion and Bianchi identity is advantageous in that it
manifests the second (hidden) supersymmetry, being constructed out of the
covariant objects.

4.2 Linear and nonlinear realizations of the N =2 — N =1 PBGS. Now
we wish to establish the correspondence just mentioned and to reproduce
the off-shell BI action of [27, 5, 6] by applying the general techniques based
on the relationship between linear and nonlinear realizations of PBGS, like
in the previous Sections.

Our starting point is the N = 2,d = 4 Goldstone-Maxwell multiplet
[14, 5, 15]. In the N = 2 superspace (%%, 0%, 0%) it is defined by the fol-
lowing deformation [15] of the standard N = 2 Maxwell superfield strength
constraints

(a) D*W — D*W =i M (b) DLW = Dg;W =0. (4.8)
Here P
Dl=—— —i0%0aq Dgi = — ===+ 107 00a
o= 5pa 1 Oad » (%?mﬂla ,

7

and M™* = M* is a triplet of constants which explicitly break the auto-
morphism SU(2) 4 of N = 2 supersymmetry down to U(1)4 and satisfy the
pseudo-reality condition

(M%) = €3, €y M™™ .
In components, the deformation (4.8a) amounts to the appearance of con-

stant imaginary part ~ M in the isotriplet auxiliary field of N = 2
Maxwell multiplet.

Now we pass to the N = 1 superfield notation by relabelling the Grassmann
coordinates and spinor derivatives as

0 =0%, 05 =(", D}XEDQ, DQEDg.

(e}

In order to have the off-shell S-supersymmetry (acting as (-supertranslations)
spontaneously broken while the QQ-supersymmetry unbroken, we are led to
choose the following frame with respect to the explicitly broken SU(2) 4

M2 =0, MY =M?2=m, (4.9)
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where m is a real constant. Like in the case of D2-brane it is fixed up to
rescaling of W. A convenient choice is

m=—2.

It will be also convenient to choose the basis in N = 2 superspace where
the chirality with respect to the variable (¢ is manifest

DS — _%, DS = % 9, (4.10)

In this basis, constraints (4.8) imply the following structure of the superfield
W(z,0,)

1 1 —5-
W:i¢+iC°‘Wa—i§§2 <1+§D2¢>, (4.11)
where ¢ and W, are chiral N = 1 superfields
Dyp = DeWs =0, (4.12)

and the fermionic superfield W, obeys the N = 1 Maxwell superfield
strength constraint

DWy 4+ DgWe =0. (4.13)
The S-supersymmetry transformation of the N = 2 superfield W
5, = — |0 4 i+2z’gaa~ w (4.14)
n - n aca n 866‘ (%Y .

implies the following ones for its NV = 1 superfield components ¢ and W,
onp =—(nW), g = —(Wnp),

1 - . _
577Wa = TNa (1 + 5 D2¢> + 217 e ® (5an = ((577Wa) . (4.15)

The superfield W, shows up an inhomogeneous shift ~ 7, (proportional to
the SU(2)4 breaking parameters) in its transformation, so it is the Gold-
stone fermion of the linear realization of the considered N =2 — N =1,
d = 4 PBGS pattern (the Goldstone-Maxwell N = 1 superfield).

Now we are prepared to start the algorithmic procedure of passing to the
relevant nonlinear realization exemplified in the previous Sections. We con-
struct the finite n-transformations of the superfields ¢ and W, proceeding
from the infinitesimal ones (4.15)

1

(o) Wat)} = (146,45 8+

5g+%53> {¢, Wal, (4.16)

then pull out the parameters 74,7 to the left and replace them by the
original nonlinear realization Goldstone fermions, 1o, — —%q, g — —Va-
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It is a matter of straightforward computation to check that the objects

o = o(—v), Wy = Wu(—9) transform homogeneously (though nonlin-
early) with respect to the n-transformations

Spf &, Wa } =i (v°7% = n°Y®) Bac{d, Wa b, (4.17)

and behave as ordinary NV = 1 superfields under the unbroken e-supertrans-
lations acting in the N = 1 superspace (x, 6,6). Hence, one can impose the
covariant constraints

d=W,=0. (4.18)

The leading terms of the relations between ¢, W, and 1, implied by these
constraints are as follows

6= 30 (1 e D%) b+ (419)
Wa = ta (1 - % D%) + 20 Daad
+-¢(¢a¢daﬁyvﬂ4-¢5&da@dwﬂj«+.” . (4.20)

These equations can be treated in the same way as their analogs in the
PBGS examples discussed above. One should firstly make use of the rela-
tion (4.20) (and its conjugate) to express 1, ¥ in terms of W,, W and
their a-derivatives, and then substitute these expressions into (4.19) and
its conjugate, thus obtaining covariant relations between ¢, ¢ and W, W,
The latter should allow one to trade ¢, ¢ for W, Wy. As the next step, one

substitutes ¢? = W2 (1+ § D%9) 4 ... into (4.19). One ends up with
the simple relations

1 W2 1 w?2

:——f, _:———, 421
¢ 2 1+4D% ¢ 2 1+1D2% (4.21)

which are just those postulated in [5] and derived from the nilpotency
condition in [6]. An advantage of the present derivation is that it sets the
direct relationship with the “canonical” nonlinear realization through the
Fqliations (4.19), (4.20). More details of this derivation can be found in
19].

As was shown in [5, 6] the chiral superfield ¢ is just the Goldstone superfield
Lagrangian density for the N =2 — N = 1 PBGS (it is the Fayet-Iliopoulos
term from the N = 2 perspective). It describes a N = 1 superextension
of the d = 4 BI theory with the second hidden N = 1 supersymmetry, or,
equivalently, the gauge-fixed space-filling D3-brane in a flat background.



BRANES FROM PARTIAL SPONTANEOUS BREAKING OF SUPERSYMMETRY 295

For completeness, we quote here the solution of (4.21) [5]

Y P

2 2 —lA41-A+ip

A= % (D*W?+D*W?),  B=_(DW?-D*W?). (4.23)

(4.22)

1
2
Having at our disposal the explicit relations (4.19), (4.20) we can prove the
equivalence between the equations of motion corresponding to the N = 2 —
N = 1 BI Lagrangian (4.22) and eqgs. (4.5) proposed within the original
nonlinear realization setting.

In the rest of these lectures we shall consider a few examples of using
the PBGS approach for deriving manifestly worldvolume supersymmetric
actions of superbranes on curved AdS-type backgrounds.

5. AdS,; membrane from the coset approach

We start with the case of bosonic AdS; membrane. Whereas it was known
how to derive the static-gauge Nambu-Goto action for the branes in the
d-dimensional flat Minkowski background from the nonlinear realizations
(coset) approach applied to the relevant Poincaré group [10, 20], no such a
self-contained derivation existed for AdS branes. The algebra of the AdSy
group SO(2,3) in the d = 3 spinor notation reads:

[Maln Mcd] = €acMpd + €adMpe + EbcMad + EbaMac = (M)ab,cd )

[Kab, Kea] = — (M)ab,cd o [Map, Ked] = (K)ab,cd v [Mab, Pea] = (P)ab,cd ’
[KabaD] = _2Pab+2mKab7 [PabaD] = _ZmPaba [PabyPcd] :O,
[Kaba Pc ] = -2 (5a05bd + 5b05ad) D—m (M)ab,cd , (CL, b, c, d= 1, 2) . (5.1)

The contraction parameter m is proportional to the inverse AdS4 radius,
and

Pl =Py, Ml =-My, K ,=-Kg, D'=D, ml=-m. (52)

a

The SO(1,2) generators My, together with K, form the algebra of SO(1, 3).
As m — 0, (5.1) becomes the d + 1 = 4 Poincaré algebra. Another basis
may be defined as

1 1

~ ~ 1
Kab:_ ab — 2Pab7 D:—D, (53)
m m

2m
which are the standard d = 3 special conformal and dilatation generators:

|:Kab7 f{cd} = 07 [Mab7 ch} = (K) y
ab,cd
|:Kab7D:| = 2Kab7 [Pababi| = _2Pab7

[f(ab, Pcd] = —2(CacEbd + Ebc€ad) D — (M) g 0q - (5.4)



296 EVGENY IvANOV

In the basis (5.1) the d = 3 Poincaré subalgebra o< (Pyp, Myp) is manifest
(together with the manifest so(1,3)). The generators (P, D) form the
maximal solvable subalgebra of so(2,3). Any AdSg4y; algebra so(2,d) can
be written in the basis where the d -dimensional Poincaré algebra is man-
ifest, the d-dimensional translation operator together with the dilatation
generator form a solvable subalgebra and the (d + 1)-dimensional Lorentz
algebra so(1, d) is manifest [35]. This basis, the particular case of which is
(5.1), is very advantageous for treating AdS branes in the nonlinear real-
ization approach.

Now we consider the coset SO(2,3)/SO0O(1,2) parametrized by:

g= e$abpab ed(@)D eAab(l?)Kab ) (5.5)

The parameters 2% = —(2%)7 and g¢(x) = —¢'(z) provide a specific
parametrization of the coset SO(2,3)/SO(1,3) ~ AdS,, adapted to the
above solvable-subgroup basis of s0(2, 3). The vector field A% (z) = (A% (z))T
parametrizes the coset SO(1,3)/SO(1,2). Its inclusion is necessary for de-
ducing the AdS; membrane action from the coset approach. Taking into
account that the parameters associated with P, are the d = 3 space-time
coordinates, the resulting nonlinear realization actually describes the spon-
taneous breaking of SO(2,3) down to its d = 3 Poincaré subgroup as the
only linearly realized one.

The full set of the SO(2, 3) transformations of the coset parameters in (5.5)
can be found by acting on (5.5) from the left by various SO(2,3) group
elements. The d = 3 conformal transformations of the AdS; coordinates

(2%, q(z)) are generated by go = b Kap .

1

oz =4 (a:Qbab — 2%y l’ab) - —
2m?

4
edmapat - 5g = —— 2%p,, . (5.6)
m

These transformations provide a specific nonlinear realization of the d = 3
conformal group algebra, such that the Goldstone field g(x) is present in the

conformal transformation of z%. Just this realization underlies the AdSs
membrane. The building-blocks in constructing the action are left-invariant
Cartan one-forms:

g ldg=wp - P+wpD +wg-K+wy-M. (5.7)

For our purposes it suffices to know the expressions for w}éb and wp:

= Eig(g, N dz,  (5.8)

4 ab . cd 9 ab

1—2x2 T_2x o
C142a e M0 da™ |, _ tanh V22 5:9)
wWh = T o\ 1+ 222 NGy ’ '

A2 = 2\%)N,, .
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The field A% can be traded for ¢(x) by the covariant constraint [33]

1 B,
wp =0 = Ap= ~3 e?ma bd = (5.10)
1+ \/1 — %e‘*mq(aq)?
—9ma <(a 1 5, 1 "
ES(q) = e q5((052)) -5 e 0q0eaq . (5.11)

1+ \/1 — 1 etma (9q)2

The simplest invariant is the covariant volume of the d = 3 space, [ d3x det E(q),

and the correct invariant action vanishing for a constant ¢ reads (up to a
normalization factor)

S = /de (e — det E(q)]

4dmgq
_ /d% e_6mq(1 - \/1 _ ¢ 5 94 Ousq ) . (5.12)

By construction, it possesses all symmetries of the AdS, space and in the
limit m = 0 goes into the static-gauge Nambu-Goto action for a membrane
in d = 4 Minkowski space. The term ~ [ d3ze %™ is SO(2,3) invariant
on its own right.

To see that the action (5.12) indeed describes a membrane embedded into
the AdSy background, let us look at the induced distance defined as the
square of w¥® = Egé’ (q) dxc:

1
ds? = w® wp gy = e~ (dz® da o) — 3 dqdq . (5.13)

Introducing U = e~ 2™¢ and rescaling z% = ﬁi‘“b, one can rewrite

(5.13) and (5.12), up to some overall constant factors, as

2
ds® = U? (dz® dzg) — <ﬂ> ,
U
(U - dU)

o (5.14)

S:/d3sﬁU3 1—4/1—

Thus ds? is recognized as the standard invariant interval on AdS,, while
S as the d = 3 analog of the Maldacena scale-invariant brane action on
AdS;s [36] (actually, of the scalar fields piece of the D3-brane action). A
novel point as compared to the previous consideration [35, 37] is the explicit
derivation of the AdS; membrane action from the coset approach. It can be
straightforwardly extended to the case of (d —1)-brane in AdS44; [38, 39].
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6. AdS, supermembrane

Our starting point will be the N = 1 AdSy superalgebra osp(1]4) in the
following basis

{Qaa Qb} = 2Pab7 {Saa Sb} = 2Pab —4m Kaby
{Qaa Sb} =2¢eumpD — 277147\4aba
[Maba Q ] = €ac Qb + Ebe Qa = (Q)ab,c )

[Map, Se] = (S)apc »
[ aban] = ( )abc 5 [Kaba Sc] = - (Q)ab,c ) [Paban] = 0,
[Pap, Sc] = —2m (Q)ab’c , [DyQal =mQu, [D,S))=-mS,. (6.1)

The generators Qa, Pup, My, form N = 1, d = 3 super Poincaré algebra.
The passing to the conformal basis, besides the redefinitions (5.3), implies

the rescaling S, = mS,, such that S, is the d = 3 conformal supersymmetry
generator. The advantage of the basis (6.1) is that it manifests the N = 1,
d = 3 super Poincaré subalgebra of osp(1|4) and still yields the N = 1,
d = 4 super Poincaré algebra in the contraction limit m = 0. The N =1,
d = 3 Poincaré supertranslations « (Qq, Py) together with D form the
maximal solvable supersubalgebra of osp(1[4).

We wish to construct an OSp(1]4) extension of the AdS4 membrane action
(5.12), such that it possesses a manifest N = 1,d = 3 supersymmetry
extending the manifest d = 3 Poincaré worldvolume invariance of (5.12),
and reproduces the action of the flat N = 1,d = 4 supermembrane [7] in
the limit m = 0.

The construction of the AdS, supermembrane action as a Goldstone super-
field action is not so straightforward as in the bosonic case. To construct
the PBGS action of the AdS, supermembrane, we shall apply a curved-
space generalization of the techniques developed in [40, 17, 21, 19] and
exemplified in the previous lectures.

As a first step we need to define the appropriate analog of the PBGS lin-
ear realization. It turns out that in the AdS case it is already a sort of
nonlinear realization, but with weaker nonlinearities as compared to the fi-
nal nonlinear realization. As a natural superextension of the bosonic coset
element (5.5) we choose

g= ew“bPab eQ“Qa ew“Sa eu(z)D eA“b(z)Kab ] (62)
Here, the parameters z = (arab, 6“,1&“) are N = 2,d = 3 superspace coor-
dinates, while u = u(z) and A®(z) are Goldstone superfields given on this
superspace. The subspace spanned by the coordinate set ( = (:Uab, 0“) is
the flat N = 1,d = 3 superspace in which N = 1,d = 3 Poincaré super-
translations o< (Qq, Pyp) are realized in a standard way:

5xab _ aab . % <6a06 + 6bea) ’ 00% = €2 . (63)
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These transformations correspond to the left shift of (6.2) by the element

go = e®""Fav ¢<"Qa_ The rest of the OSp(1]4) transformations except for the
SO(1,2) rotations is nonlinearly realized on the coset coordinates, mixing
the N = 2 superspace coordinates with the Goldstone superfield u(z). Act-

ing on (6.2) from the left by the element gy = €7"%, we find the explicit
form of the broken supersymmetry transformations

1
5xab — 2m <9ambc +9bxac) Ne + 5 e4mu <¢a77b + ¢bna)

3
+ 5 me4mu¢2 (Qa,',/b + ebna> ,

56° 4mxacnc+m92 na _3me4muw2na ’
Su = 20%,, O =1°—2m (nbebw — a0y — nbewb) . (6.4)

As follows from (6.1), all bosonic transformations are actually contained in
the closure of the supersymmetry transformations.

What we have at this stage, is a nonlinear realization of the N =1 AdSy
supergroup on the N =2, d = 3 Goldstone superfield u(x, 0, ):

S ulz, 0,v) = — <5x“b8ab 16698 + 5¢aa;f) w(z,0,9) +260%,.  (6.5)

The first component in the 6,1 expansion of u can be regarded as the Gold-
stone dilaton field discussed in the previous Section. The spinor derivative
D,u, where

0

D, =
96

+ 6004y , {Da, Dy} =204 , (6.6)

is shifted by 7, under the S -supersymmetry. This suggests that we actu-
ally face the 1/2 spontaneous breaking of the AdS; supersymmetry, with
Dgu|y—o as the corresponding Goldstone fermionic NV = 1 superfield. How-
ever, u contains extra component fields having no Goldstone interpretation.
To construct the minimal Goldstone multiplet, we resort to the method
which was applied in [21] to d = 2 PBGS systems and, in [19], to the flat-
space N = 1,d = 4 supermembrane. Following the reasonings of [19] and
keeping in mind that the scalar multiplets of N = 1 AdS,4 supergroup are
represented by chiral N = 1,d =4 (or N = 2,d = 3) superfields, we regard
the Goldstone superfield u(z) to be complex and subject it to the covariant
chirality constraint

(V@ - iV u=0 (6.7)

where V¢u and V3u are the OSp(1|4) covariant spinor derivatives of u(z)
with respect to % and ¥°. For our purpose it is of no need to know their
precise structure, what actually matters is that all the coefficients in the
1) expansion of u(z) can be expressed by (6.7) in terms of u(z)|ye—¢ and
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derivatives thereof. E.g., the ©* = 0 component of (6.7) expresses the first
coefficient as 5
u

a_w|¢:° = —ie®™"Dyuly—o - (6.8)

Thus the complex N =1, d = 3 superfield
UO(x76) Eq(l‘,@)—i—’b‘b(l’,e) ’ qu =9, Q)T =-9, (69)

incorporates the full irreducible field content of the NV = 2, d = 3 Goldstone
chiral superfield u(z,0,). Its S-supersymmetry transformation reads

6q = Lq — €*™1 0 [sin(2m®) Dyq + cos(2m®) D, @] + 210, ,
6O = LP + 2™ [cos(2m®P) Dyq — sin(2m®) D, P] . (6.10)

The nonlinear realization we are facing at this step is still non-minimal.
Besides the N = 1 superfield ¢(z,0) which contains all Goldstone fields
required by the 1/2 breaking of OSp(1]4) down to its N = 1,d = 3 Poincaré
subgroup there is an extra non-Goldstone N = 1,d = 3 superfield ®(z, ).
The last step is to express the latter in terms of ¢ and its derivatives by
imposing some nonlinear covariant constraint on ug(z, #), analogous to the
constraints imposed in the flat case [7]. It reads

_ &MD"qDag o — €21 D% Dag
4+ ¢2ma D2O 2+ /44 e"MiD?(Dq Dyg) -

(6.11)

It can be directly checked to be covariant with respect to the transforma-
tions (6.10). From our superfield ug we can construct the invariant

1
Sy = — /dS:c d*0 (674’”“0 - e4m“g> . (6.12)

2im

In view of the nilpotency of ® defined by eq. (6.11), the final action takes
the form
6—2mq D@ qDaq

2+ \/4+ €"maD?(DPq Dyq) -

The action Sy contains the kinetic term of ¢(¢) and, in the limit m — 0,
reduces to the flat N = 1,d = 4 supermembrane PBGS action of [7]. After
eliminating the auxiliary field B = D?¢|y—g, the bosonic part of So coincides
with (5.12).

We come to the conclusion that the Goldstone superfield action (6.13) is the
natural superextension of the conformally-invariant AdS; membrane action
(5.12). Besides being manifestly invariant under N = 1,d = 3 Poincaré su-
persymmetry, it is invariant under the nonlinearly realized part of N =1
AdS4 supersymmetry OSp(1]|4) which acts on the N = 1,d = 3 super-
worldvolume as the Goldstone superfield-modified d = 3 superconformal
transformations. Thus it is a PBGS superfield form of the worldvolume
action of N =1 AdS, supermembrane.

Sy ~ / d>x d*0 (6.13)
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7. 3-branes in super AdS; and AdS; x S' backgrounds

We start with recalling how the PBGS N = 1 L3-brane action and related
to it via T-duality N = 1 scalar 3-brane action in the flat Minkowski
backgrounds can be deduced as the Goldstone superfield actions describing
the one-half partial breaking of global N = 2 Poincaré supersymmetry in
d=4.

The first option corresponds to N = 1 tensor multiplet as the Goldstone
one [5, 6, 24]. The starting point is the N = 2, d = 4 Poincaré superalgebra
with a real central charge D

{Qom@d} :2P()céé7 {Socago'c} :2Pozd7 {QO&7SB}:_€O{BD7
{Qa,gg} = =45 D (7.1)

Here Qu, Qs and S,, S; are generators of the unbroken and broken
N =1 supersymmetries, respectively. These generators and the 4-translation
generator P,s possess the standard commutation relations with the Lorentz

s0(1,3) generators (Mg, Mdﬂ-):

? [Maﬁa MPU = Eap MBO' +t €ao M/GP + €8p Moo + €Bo Mo‘p = (M)aﬁ,pa ’
i[MaB’ Mps| = (M)a/j’,pzf ? i [Mag, Ppp’] = €ap Py +epp Pap
i[Myp, Pop) = €ap Py + €3, Ppas

= (S)aﬁ,'y’ i[MaB’Q*V] - (Q)aﬁ,»'y )

aBy

]
]
]
i[Maﬁ7Q7} = €ayQp+epyQa = (Q)aﬁ,'y )
]
]

(7.2)

Then one introduces two N = 1 superfields: a real one L(z, ) subjected to
the constraint ~
D?L=D?L=0, (7.3)

and so describing a tensor N = 1 supermultiplet, and a complex chiral
superfield F, F',
D.F =DgsF =0. (7.4)
Here
0 4 _ 0 .
Da:a%er Oné » Dd:—%—ze O - (75)

On these N = 1 superfields one implements [5] the following off-shell rep-
resentation of the full N = 2 supersymmetry (7.1):

0L = —i (000 — 7a0%) + 1°DoF — 1°DeF, 6F = —n*D,L,
OF = %Dy L (7.6)
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where 74,74 are the infinitesimal transformation parameters associated
with the generators S,, Ss. It is a modification of the transformation
law of N = 2 tensor multiplet [41] written in terms of its N = 1 superfield
components.

One can construct the simplest invariant ‘action’ as follows
1 = 1 _
S=1 /d% d*0F + 1 /d4x d*0F . (7.7)

To make it meaningful one should express the chiral supermultiplet F, F
in terms of the Goldstone tensor multiplet L by imposing proper covariant
constraints [5, 6]

D*L D,L _ DsL DXL
F=_ a F=—-—— 78
2 — D2F 2 — D2F (7.8)
2 1 2 1/}21/_}2
1+§A++\/1+A++§(A_)2
Yo = DoL, s =Dgl, Ay = % (D*)? £ D*?). (7.10)

Finally, the action (7.7) becomes
1 - 1 _
S = —1/d4xd20¢2— Z/d4a:d291/12

1 2,72
+Z/d4xd40 vy . (7.11)
1+%A++\/1+A++§(A_)2

It is a nonlinear extension of the standard N = 1 tensor multiplet action.
In the bosonic sector it gives rise to the static-gauge Nambu-Goto action
for L3-brane in d = 5 Minkowski space, with one physical scalar of L
being the transverse brane coordinate and another one represented by the
notoph field strength. After dualizing L into a pair of conjugated chiral
and antichiral N = 1 superfields (the notoph strength is dualized into a
scalar field) the PBGS form of the worldvolume action of super 3-brane in
d = 6 is reproduced [4].

Let us point out that the constraints (7.8) which play the central role in
deriving the action (7.11) guarantee 5-dimensional Lorentz covariance [23].

Now we wish to generalize this flat superspace construction to the case of
partial spontaneous breaking of the simplest AdS; supersymmetry SU(2,2[1),
that is N = 1 superconformal group in d = 4.

The superalgebra su(2, 2|1) contains so(2,4)@u(1) bosonic subalgebra with

the generators {Paa, Mg, M'B’ Koa, D} and {J} and eight supercharges

[0}

{Qa, Qi Sas S’d}. We choose the basis in a such way, that the generators
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Kos form so(1,4) subalgebra together with the d = 4 Lorentz generators

{Maﬂ, Ma B}' The rest of non-trivial (anti)commutators reads

i[Dypad]:mPada i[D7Kad]:2Pad_mKad,
. m _
7 [Pad’Kﬂﬁ} :EQBECW'D—E (é‘agMdﬁ'-i-EdBMa ),

{Qa, Sg} = —€ap (D+imdJ)+ mMeag , {Qaan} =2P,,
{Sa, Sd} = 2Pad - QmKad,

m . m
Z[Dan]_iQom Z[D,Sa]:*ESav
3 3
[JaQoz]:iQOm [JaSOé]:_§ Sa s
1 [Kozanﬁ] = _Eaﬁgo'u 4 [Kaou S,@] = 5&6@04 )
i[Pad,Sﬁ] = mEQBQd. (7.12)

This basis is another example of the ‘AdS basis’ of conformal superalgebras
[35, 37, 22, 42]. The parameter m has the meaning of the inverse AdSs
radius, m = R~L. In the limit m = 0 (R = oo) one recovers from (7.12) the
N = 1,d = 5 Poincaré superalgebra, with D becoming the 5th component
of momenta. The generators J and Kaga, Mag, M, 5 decouple and generate

outer u(1) @ so(1,4) automorphisms.

Our goal is to construct an AdSs version of the nonlinear realization (7.6),
(7.8). The main hints which allowed us to do this are as follows. Firstly,
we assert that this realization involves some modification of N = 1 tensor
multiplet L and, as before, a pair of mutually conjugated N = 1 chiral
and anti-chiral superfields F, F' subjected to some generalization of (7.8).
Second, in a close analogy with the flat case we require that the following
‘action’

S ~ / dz d*0F + / dz d*0F (7.13)

is an invariant of the AdSs supersymmetry. Third, in the limit m = 0 our
construction should reproduce the flat case outlined above. At last, it is suf-
ficient to find the realization of conformal S supersymmetry, since the rest
of SU(2,2|1) transformations appears in the closure of S transformations
with themselves and N = 1 Poincaré supersymmetry.

It turns out that this reasoning almost uniquely fixes the sought transfor-
mation laws and constraints (more details of the derivation are given in
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[23]). These are

§*F = 6imb°noF — Ax®04aF + AO° Do F + i e 2™l Dy L
O F = —6imOsi*F — Az®¥0uaF — A D4 F +ie ™D, L,
§*L = —i(0%nq — 047%) — Az*4Opa L + AO* Dy L — AG* Dy L

—je*mk [nO‘Da (eQmLF) + 7% Dy (e2mLF)} ) (7.14)
1 1 = _
— D%l — — ple2ml — DoF = DyF =0, (7.15)
m m
—2mL N« —2mL 1y . NG
F:_e D LDOiL, F:_e DaL_D L (7.16)
2 —eimlD2F 2 —eimlD2F
Here

Axaé‘ = 2im (nﬁlﬂdea + ﬁﬁ‘l‘aﬂle_d> - m (92,’7045@ o 9277@0&) ’
AG* = mijaz™® + im (6°n" — 0a7*0%)
AP = mnaxad —im (§2ﬁd‘ — Qo‘naéd) , (7.17)

are the standard transformations of the N = 1 superspace coordinates with
respect to the conformal supersymmetry.

In the limit m = 0 egs. (7.14), (7.15) and (7.16) go, respectively, into
(7.6), (7.3), (7.4) and (7.8). It can be checked that, on the surface of the
nonlinear constraints (7.16), the off-shell transformations (7.14) are, first,
compatible with the differential constraints (7.15) and, second, produce the
whole SU(2,2|1) symmetry when commuted among themselves and with
N = 1 Poincaré supersymmetry. It is just due to the presence of the non-
linear mixed terms the transformations (7.14) constitute a realization of
SU(2,2|1) as the superisometry group of super AdSs background and cor-
rectly generalize the flat superspace realization (7.6). A striking difference
between (7.6) and (7.14) lies in the fact that (7.6) close on N = 2 Poincaré
superalgebra before imposing the constraints (7.8), while (7.14) define a
closed supergroup structure only provided the constraints (7.16) are im-
posed from the very beginning. It is easy to check that (7.16) are covariant
under (7.14).

Inspecting (7.14), one can be convinced that this realization corresponds to
a half-breaking of the SU(2,2|1) supersymmetry: the spinor derivatives of
L are shifted by spinor parameters under the action of S supersymmetry,
thus signaling that the latter is spontaneously broken. Broken are also D
transformations (with L| as the Goldstone field) and the SO(1,4)/SO(1, 3)
transformations (with JnsL| as the relevant ‘Goldstone field’).
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Like their flat counterparts, the constraint (7.16) can be easily solved

F = —e2mly? 4 1 D2 2?

5 , (7.18)
1+%A++\/1+A++i(,4_)2

_ 1 _ _
DL,  Ap =< (D*? £ D)%) . (7.19)

d)a EDC!L7 17/_)64 2

Finally, the action (7.13) can be written in the form
1 4 2 —omL72 L 4, 120 —2mL, 2
S:_Z d*xd“Oe @Z)—Z d*xd“fe P

2,72
+% / d*zd* o VY : (7.20)
T+ 5 Ay + T+ 45 + £ (A)?

The first two terms in (7.20) are recognized as the action of the improved
tensor N = 1 superfield [43]. In the limit m = 0 (7.20) converts into the
flat superspace action (7.11).

Defining the bosonic components as
¢ = Llp=o , [Da, Da] e 2™ |g—g = —2m Vaq (7.21)

where in virtue of (7.16)
00V =0, (7.22)

the bosonic part of (7.20) proves to be

Sp = / dtze=4m?o (7.23)

x [1 - \/ 14 % OmIV2 — 2 e2md(§)2 — 3mI(V 04 ,50)? | .

It is a conformally-invariant extension of the static gauge Nambu-Goto ac-
tion for L3-brane in d = 5: the dilaton ¢ can be interpreted as a radial brane
coordinate, while V? is the field strength of notoph which contributes one
more scalar degree of freedom on shell. As is well known, V¢ can be du-
alized into an off-shell scalar by introducing the constraint (7.22) into the

action with a Lagrange scalar multiplier and then eliminating V% by its
algebraic equation of motion. Extending (7.23) as

Sp = Sl =S5+ / Az X Do VO (7.24)
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and eliminating V%, after some algebra we get
2 0,2m0,Z"
o V‘deﬁ (= 2 25

Z' =rcosd, Z2=rsingd, r=e ™, 9=m],

Nuy = diag (+ - __) .

Sjé“al:/d‘ix\zrl . (7.25)

where

The action (7.25) is recognized as the S° — S! reduction of the scalar part
of the D3-brane action on AdSs x S® [36], that is the static-gauge Nambu-

Goto action of scalar 3-brane on AdSs x S'. The field ¥ can be shown to
undergo a shift under the action of the U(1) generator J, which justifies its

interpretation as the S' angular variable.

The above duality transformation can be performed at the full superfield
level. This results in SU(2,2|1) invariant action of Goldstone chiral N =1
superfield which generalizes the action of [4, 6, 24] and describes a super
3-brane on AdSs x S! superbackground.? This dualization procedure is
similar to the flat superspace one of [24]. Its details can be found in [23].

8. Outlook

In these lectures we overviewed, on a few simple instructive examples, basic
features of the PBGS approach to superbranes, both for the flat and simple
curved backgrounds. In particular, we demonstrated a universality of the
method of constructing Goldstone superfield actions based on the general
relationship between linear and nonlinear realizations of PBGS [32, 17, 18].
We left aside such interesting examples of PBGS as the N =4 — N =2
and N = 8 — N = 4 BI theories (super D3- and D6-branes in D = 6
and D = 10) [12, 13] which certainly offer new domains for applying the
machinery expounded here.

A further work is also required in order to understand in full the links be-
tween the PBGS and superembedding [44] approaches. It would be tempt-
ing to understand linear realizations of the PBGS theories on the flat and
curved superbackgrounds and their relationship to nonlinear realizations
from the superembedding point of view.
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