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Abstract: Efficient quantum tomography is crucial for advancing quantum computing technologies. Traditional
quantum state tomography requires an exponential number of measurements for complete reconstruction. Therefore,
developing methods that reduce measurement complexity to polynomial scale is essential for practical applications.
In this paper, we show that quantum sample tomography can be accomplished with polynomial scale measurements
while maintaining accuracy with a high probability. We present a novel approach using conditional recurrent neural
networks (RNNs) with solid theoretical foundations from Rademacher complexity and random projection theory. The

effectiveness of our method is validated through several quantum models.
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1. Introduction

Quantum computing represents a revolutionary computational paradigm by offering substantial advantages in var-
ious applications, including quantum system simulation [1], linear equations [2], and combinatorial optimization [3].
Although fully functional quantum computers remain unrealized, their potential impact on computational capabili-
ties is profound. One of the big challenges in quantum computing is figuring out how to reconstruct quantum states.
Specifically, a system with 7 qubits requires approximately 4” measurements for complete state reconstruction, result-
ing in exponential computational costs. For example, reconstructing a 10-qubit system requires 8,192 measurements
across 59,049 distinct quantum circuits, requiring roughly 130 hours on IBM quantum processors [4]. Consequently,
developing efficient methods for quantum state reconstruction is crucial for practical quantum computing applications.

Several approaches have been developed to address the challenges of quantum state reconstruction. These in-
clude maximum likelihood estimation [5], projected gradient descent [6], and compressed sensing [7]. For instance,
compressed sensing reduces the computational complexity from O(d?) to O(dlogd), where d = 2" represents the
density matrix dimension. Some works also address quantum state tomography for specific cases, such as matrix prod-
uct density operators [8] and low rank density matrix [9]. While these methods have demonstrated promising results,
they primarily focus on full density matrix reconstruction and fail to achieve exponential acceleration. Furthermore,
their reliance on iterative procedures complicates both convergence analysis and complexity estimation.

Recently, neural network-based approaches have emerged as promising tools to quantum state reconstruction chal-
lenges. Initially started from the application of restricted Boltzmann machines (RBM) [10], this field has expanded
to incorporate deep learning methods [11,12], adaptive measurement base selection techniques [13], and quantum
machine learning methods [14]. These approaches compress quantum states into statistical learning models, enabling
information extraction without exhaustive measurements. A key advantage of these methods is their ability to infer
measurement outcomes from partial data, eliminating the need for complete state reconstruction. For example, when
computing the trace of the product between a quantum state density matrix p of n-qubit and a given matrix M, full
density matrix reconstruction can be avoided if M can be decomposed as:

where k is significantly smaller than O(4") and tr(pM;) is computable in polynomial time.
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Despite these algorithmic advances, there are very few theoretical justifications. An important theoretical founda-
tion for neural network applications in quantum state reconstruction was established by Aaronson [15], who introduced
the concept of quantum shadow tomography. While his work demonstrated that two-outcome measurements could be
predicted using polynomial scale sampling, it left open the question of whether it is possible to predict distributional
measurement outcomes, similar to classical shadow tomography [16,17], with polynomial complexity. In this paper,
we extend this theoretical framework by employing local Rademacher complexity analysis to prove the effectiveness
of quantum sample tomography for measurements with distributional outcomes. Relying on the theorem from Bartlett
et al. [18], we demonstrate that the required number of measurements scales polynomially with qubit number, which
is shown in Theorem 1. By incorporating random projection techniques, we show that this relationship holds even for
high-dimensional quantum systems. To validate our findings, we conduct numerical experiments using RNNs. We
configure the sample size and the number of RNN parameters to scale polynomially with qubit number and introduce
a penalty term in the loss function to satisfy the conditions of our theorem. Our experiments on the ground state of
the transverse field Ising model (TFIM) show agreement between theoretical predictions and numerical results. Fur-
thermore, we compare our RNN approach against other models and show its effectiveness in various quantum states
including cat states, random states, and W states.

The remainder of this paper is structured as follows. In Section 2, we introduce the fundamentals of quantum
sample tomography and provide the main result. Sections 3 and 4 address the theoretical challenges using our new
framework and give a rigorous proof of the main theorem. In Sections 5 and 6, we validate the theoretical find-
ings through several quantum models, with particular emphasis on the performance of the proposed neural network.
Section 7 concludes the paper.

2. Preliminary

We first review the fundamental concepts in quantum computation and give some necessary notations.

A quantum system is mathematically represented by a density matrix p, which is characterized by three essential
properties: Hermiticity (o = p+), positive definiteness (o >~ 0), and unit trace (trp = 1). The matrix elements may
take complex values, reflecting the quantum mechanical nature of the system. Under physical operations implemented
through quantum circuits, the system undergoes unitary transformations: when a unitary matrix U is applied, the
density matrix transforms as p — UpU+. Modern quantum computers, despite their varied physical implementations,
fundamentally operate by applying sequences of unitary transformations. According to the Solovay-Kitaev theorem
[19], arbitrary unitary operations can be efficiently approximated to any desired precision using a finite universal set
of elementary quantum gates.

A fundamental challenge in quantum state characterization is the reconstruction of an unknown quantum state
. The standard approach to this problem, known as quantum state tomography, relies on measurements using Pauli

operators. The Pauli matrices are defined as follows:

=0 o)r=( 9)2=( 5)

The Pauli matrices, together with the identity matrix I, constitute a complete basis for two-dimensional Hermitian ma-
trices. In quantum mechanical measurements, the expectation value of a Pauli operator M with respect to a quantum
state p is given by tr(oM).

The measurement principles extend naturally to multi-qubit systems, where measurements can be performed on
individual qubits. For n-qubit systems, the density matrix can be expressed in terms of Pauli operator measurements
through the following decomposition:

_ tr(po]! ® 032 @ - 0" )07 R 052 @ - -0y
p= Z on ’
{Ul/"'/vr1}64®”

where 0" denotes the Pauli operator on the i-th qubit with v; € {1,2,3,4}, corresponding to {¢}! = I,0? = X, 07 =
Y, (714 = Z}. The complete reconstruction of the quantum state requires measuring all terms in this decomposition,
requiring at least O(3") distinct measurements [20]. This exponential scaling with respect to qubit number presents
a fundamental challenge for quantum state tomography of large-scale quantum systems.

To address the exponential scaling challenge, Aaronson [15] introduced the concept of shadow tomography. The
problem can be formally stated as follows:
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Problem 1. Given an unknown D = 2" dimensional quantum mixed state p and a distribution D over two-outcome
measurements, we sample m measurements {E1, ..., Ey} independently from D and obtain their measurement re-
sults b; = tr(pE;) fori = 1,...,m. For any chosen failure probability 6 > 0, accuracy vy > 0, and error tolerance
€ > 0, what is the minimum number of measurements m (depending on D, €, and §), such that any hypothesis state o

m
minimizing the quadratic functional Y. (tr(cE;) — b;)? satisfies
i=1

Preep(|tr(oE) —tr(0E)| > 7) <
with probability at least 1 — 6?

This formulation essentially asks whether a statistical learning model exists that can extract exponentially large

amounts of information from a relatively small dataset. Aaronson provided an affirmative answer by proving that only

1 (n (1 1
o =02 (721 (5e) +10(3)))

measurements are sufficient, given that ye > 75, with # > 0 being the upper bound of |tr(0E;) — tr(pE;)| for
alli =1,...,m. This result demonstrates that approximating an exponential number of two-outcome measurements
requires only a number of quantum state measurements that scale linearly with n, offering a considerable improvement
over the exponential complexity of traditional approaches.

While Aaronson’s result focuses on predicting two-outcome measurements, our work addresses quantum sample
tomography, building on the experimental investigations by Smith et al. [4]. In the subsequent analysis, let [E denote

the expectation. The problem can be formally defined as follows:

Problem 2. Given an unknown D = 2" dimensional quantum mixed state p and a distribution D over two-outcome
measurements, we sample m unitaries {Uy, ..., Uy} independently from D and obtain their measurement results
b; = diag(u;rplli)fori =1,...,m. For any chosen failure probability 6 > 0 and error tolerance ¢ > 0, what is
the minimum number of measurements m (depending on D, ¢, and J) such that any hypothesis state o minimizing the

m
quadratic functional Y ||diag(Ufol;) — bj||, where || - || is given in the sense of Iy norm, satisfies
i=1

Eyep(||diag(U'oll) — diag(UTpU)||) < e
with probability at least 1 — 6?

While structurally similar to Problem 1, our formulation differs in three key aspects. First, instead of two-outcome
measurements, we consider unitary transformations as independent variables. Second, our output consists of com-
plete probability distributions, which can be represented as vectors in practical implementations, rather than binary
outcomes. Third, we employ expectation rather than probability, which is more general. In fact, using Markov’s
inequality, if we choose ¢ = ¢'7y/, where ¢/, > 0, then it holds

Prycp(||diag(Utell) — diag(UTpU)|| > 9') < ¢,

which is consistent with the conclusion of Problem 1. Thus, our formulation represents a natural generalization of
Aaronson’s original shadow tomography problem.

In the subsequent analysis, we let the loss function £(x,y) = ||x — yH% unless otherwise specified. We denote
poly(n) a polynomial function of variable n. We provide an affirmative answer to Problem 2 under the assumption
that p is sparse, which is stated in the following theorem:

Theorem 1. Let p be an n-qubit quantum state and D be a distribution over unitary matrices. Assume that the number
of nonzero elements in p is only polynomial in n. For any given failure probability 0 < § < 1 and error tolerance
Y > 0, consider a collection of unitary matrices {U; }" |, where m = poly(n) with coefficient depending on § and -y,
sampled independently from distribution D, with the corresponding probability distributions h(U;) = diag( llipll;r).
Suppose there exists a learning model f from a sufficiently expressive hypothesis space F such that:

(1) f corresponds to some quantum state o such that f(U;) = diag(U;cU}) foralli =1,...,m,
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m
(2) f achieves empirical error bound such that -5 Y~ ((h(U;), f(U;)) < 1 for a given i > 0.
i=1

1
Then with probability at least 1 — 6, the expected loss satisfies:

Ep £(h(U), f(U)) <7 +27.

The theorem requires three assumptions. First, the number of nonzero elements in the matrix should be polyno-
mial qubit number, which enables dimension reduction of the feature map in Section 4. Second, the output of the
learning algorithm should be consistent with measurement results from some quantum state, allowing us to express
the algorithm’s output as a functional of feature functions. In Section 5, for neural network, we achieve this require-
ment through a penalty term in the loss function. Third, the loss function should remain below a certain threshold,
which is achievable for algorithms with sufficient learning capacity.

For the proof, we diverge from the method employed in [21], which relies on amplification techniques and adaptive
protocols for iterative density matrix reconstruction. Instead, we follow the theoretical framework established in [15],
which offers a more direct approach to estimate measurement statistics without requiring complete state reconstruction.
In particular, we employ local Rademacher complexity, a fundamental concept in statistical learning theory [18], to
establish our proof. Our proof strategy focuses on controlling the local Rademacher complexity of the loss function.
We first decompose the local Rademacher complexity of the loss function into the local Rademacher complexities of
its components. Next we construct a kernel function and the corresponding feature map such that the components
can be expressed as functionals of the feature map. We then estimate the expected loss over the entire distribution
using empirical loss and local Rademacher complexity. Finally, we employ random projection techniques to reduce
the required dataset size to polynomial scale.

3. Rademacher Complexity

In order to prove Theorem 1, we need to bound the actual error of the model, which requires measuring the
learning capacity through the Rademacher complexity. This useful tool helps us measure how effectively a learning
algorithm can capture patterns in random data. The definition of Rademacher complexity is given below.

Definition 1 (Rademacher Complexity). Let (X, P) be a probability space and F be a set of measurable functions
mapping from X to R. Given a positive integer m, consider:

(1) miid. samples from (X, P), denoted by X1,Xa, ..., Xm,

(2) m iid. Rademacher variables with Pr(c; = +1) = %, denoted by o = {01,09,...,0m}.
Forany f € F, we define:

m
Puf =L~ ¥ f(X;),  (empirical mean)
i=1

Pf=Ef(X), (expected value)
Ruf = % Y. 0;f(X;). (Rademacher average)
i=1

3

The empirical Rademacher complexity of F is then defined as:

(X1/X2/' . ~1Xm)

’

1 m
Ey Ry F = —E, kup Y oif(X)
m eFi=1

where Ry, F = Sup e x R f.
The local Rademacher complexity (LRC) is defined in the same way but with an additional constraint Py, f2 <r,

which is denoted as E;R,, F (7). The LRC serves as a fundamental tool in theoretical machine learning proofs,

especially its sub-root property [18].
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Definition 2. A function ¢ : [0, +00) — R is called sub-root if it satisfies the following conditions:
(1) ¢ is non-negative,
(2) ¢ is non-decreasing,
(3) ¢(r)/+/r is non-increasing for r > 0.

This sub-root property ensures the existence of a unique fixed point for ¢, which is shown in the following lemma.

Lemma 1. A sub-root function ¢, which is not identically zero, possesses exactly one positive fixed point, denoted as
r*. For any r > 0, the inequality ¢(r) < r holds if and only if r* < r. Furthermore, given two sub-root functions ¢,
and ¢ where ¢y (r) < o (r) for all v > 0, the fixed point 1§ of ¢1 must be smaller than the fixed point 5 of ¢».

Proof. The proof begins by establishing the continuity of ¢. For any r; > r» > 0, the non-decreasing property of

¢ implies |¢p(r1) — ¢(r2)] = ¢(r1) — ¢p(r2). Given that ¢(r)/+/7 is non-increasing, we can derive ¢(r1)/ /12 <
\/T1¢(r2) /12, leading to the inequality:

V=V
VA

The continuity of ¢ follows as |¢(r1) — ¢(r2)| approaches zero when r; approaches rp from either direction. The

¢(r1) = @(r2) < ¢(r2)

function ¢(r) /7 inherits continuity in (0, +0c0) and maintains non-negativity. The strict monotonic decrease of 1/+/7
in (0, 4+o0) ensures that ¢(r) /r is also strictly decreasing.

If this ratio ¢(r) /r consistently exceeds 1, then lirf ¢(r)/+/r would diverge to infinity, which contradicts the
r—r+00

sub-root property (3). Conversely, if ¢(r)/r is consistently less than 1, then lir(1)1+ ¢(r)/+/r = 0 would imply that
r—

¢(r) vanishes in [0, 4-00), contradicting the non-triviality of ¢. Therefore, equation ¢(r)/r = 1 must have exactly
one positive solution, guaranteed by monotonicity. When ¢(r) < r for some r > 0, we can deduce that ¢(t) /¢ < 1
for all t > r, implying 7* < r. The converse follows analogously.

Finally, for two sub-root functions ¢; and ¢,, where ¢y () < ¢o(r) forall ¥ > 0, we can conclude that ¢ (r5) <
¢o(ry) = r5, which implies § < rj. [

Lemma 1 establishes a fundamental property of sub-root functions. It shows that a sub-root function has a unique
fixed point. It also provides us with a method to bound this fixed point. It turns out that the LRC has a sub-root nature,
as given in the following lemma [18].

Lemma 2. Let F be a class of measurable functions. Consider a functional T : F — [0, +c0) that satisfies
T(af) < a®T(f) forall f € F and a € [0,1]. Given f € F, define a random function ¢ as LRC on a subset of J:

¢(r) = EoRyu{f € F:T(f — f) <1}, r €0, +00).
Then both ¢ and its expectation E¢(r) are sub-root functions.

Now consider a supervised learning framework with input space X and output space ), where the joint distribu-
tion P is defined on X' x ). Given a training sample {(X;, Y;)}"; drawn independently from P, the objective is to
identify a function f : X — ) from a function class F that minimizes the expected loss

El; = EA(f(X),Y),
where £ is an arbitrary loss function on ) x ). Let £z denote the loss class induced by JF, formally defined as:
tr = {(xy) = L(f(x),y) : f € F}.
Define a star-hull around zero as:
star({x,0) = {af : f € Lx,a €[0,1]}.

Building upon Lemma 2, one can establish the following theorem [18]:
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Theorem 2. Consider a bounded loss function { : Y x Y — [0,1]. Given x > 0, define the function $p, x as:

. 13
b (r) = 20Eg Ry {f € star(£x,0) : P f? < 2r} + Wx (1)

Let #* be the fixed point of $y, x. Then for any K > 1, the following inequality holds for all functions f € F:

Pty < mef+6K?*+

x(11 + 5K)
T @

K
K-1
with probability at least 1 — 3e™*.

This theorem establishes a relationship between the empirical error and the actual error through local Rademacher
complexity. When the Rademacher term on the right-hand side of equation (2) can be sufficiently small and the fixed
point 7* approaches the origin, it is expected that the actual error P{¢ ¢ approaches zero. To quantify this convergence,
an estimation of the Rademacher complexity is required. This estimation is based on two results, the first is related
to the Rademacher complexity of vector-valued functions [22].

Theorem 3. For any set X and a sequence (X1, ..., Xyu) € X™, consider a class of functions F mapping from X
to Uy space. Given a collection of functions h; : £, — R with Lipschitz constant L, the following inequality holds:

E; sup i oihi(f(X;)) < V2LE, sup i Y oucfi(Xi), 3)

feFi=1 feFi=1 k

where 0y, represents the independent doubly indexed Rademacher sequence and fi(X;) denotes the k-th component
of the vector f(X;).

Theorem 3 establishes a fundamental relationship between the Rademacher complexity of vector-valued functions
and their scalar components. In particular, it provides a practical way for complexity estimation by showing that the
complexity of a composite vector-valued function can be bounded by the complexities of its components. To obtain
a more accurate complexity bound, we adapt the theorem from Cortes et al. [23] with an additional norm scaling

factor.

Theorem 4. Let k(x, %) be a Mercer kernel (symmetric and positive semidefinite) with its associated feature map ®y.

Consider its eigenvalue decomposition:
- T
k(x, %) =) Ajgi(x)" 9;(%),
j=1

where ()L]')})il represents the sequence of eigenvalues in descending order with corresponding eigenfunctions ((Pj)}il‘

Given B > 0, define the function class:
F={fo=(x = {0 ®(x))) : [lw]2 < B}

Then, for any r > 0, it holds the following bound on the expected Rademacher complexity:

Il
=

min(r, A;). 4

SRS
e

T
I

2
EsR <B | —min|{ 6 Aj
oRimF(r) < mrgnzug r—&-}; ]

Theorem 4 shows that if we know the eigenvalues of the kernel function, we can estimate the local Rademacher

complexity of functionals of its feature map. The construction of such a feature map will be presented in Section 4.

4. Polynomial Complexity

In the preceding sections, we introduced the local Rademacher complexity and related theorems. This section

focuses on proving Theorem 1. We begin by establishing the Lipschitz continuity of the loss function class, which is
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needed in Theorem 3. In the subsequent analysis, G represents the function class that maps the input space X’ to the

distribution space RN, where N = 2" is the dimension of #-qubit Hilbert space.
Lemma 3. For a given distribution function f_ € F, let us define a new function class G 7as:
Gy = {f(x)~ Fx) : f € F}.

Consider the function {g : G P R defined by:

N
lg(8(x)) = k;(gk(X))z, g€y

where gi.(x) is the k-th component of g(x). Then every function in star({g,0) is Lipschitz continuous with Lipschitz

constant 4.

Proof. It is sufficient to prove
€ (g(x)) — Lg(h(x))| < 4lig(x) — h(x)], ©)

where g = f; — f and h = f, — f both belong to gf—.
Let us expand the left-hand side of equation (5):

(8(x)) — g (h(x))|
N
= L@@ - Liu)?

i=

i(x) = hi(x))(8i(x) + hi(x))l

z S

ey

Il
—_
—_

I
e
2

i=1
N N N
< ;fl,i(x)(gi(x)_hi(x)) + ;fz,i(x)(gi(x)_hi(x)) + zgfi(x)(gi(x)_hi(x))

N N N
< llg(x) = h(x)lleo (Z%fl,i(x) + ;fz,i(x) +2 Z;fi(x)>
N
< 4 ;(gi(x)—hi(X))Z
= 4lg—hl2

The second inequality uses the fact that all f; ;(x), fo;(x), fi(x) are components of probability distributions. [

We then introduce a specific feature map for unitary matrices that plays a crucial role in our estimation. Let SU(N)
denote the special unitary group of degree N = 2", consisting of all N X N unitary matrices with determinant
equal to 1. For a unitary matrix U := (u;;) € SU(N) and 1 < k < N, we define the feature map ok (u) =
{(uitinj) i jy, i,y =1,..., N} € CN*. Given any two unitary matrices Uy, Uy, we define the corresponding kernel

function as their inner product in the feature space:
k(Uy, Up) = (@0 (Uy), @) (1))

By Theorem 4, this kernel admits a spectral decomposition:

K
k(Uh, Up) = Y Ajgi(Un) @] (),

i=1

where K represents the rank of the kernel matrix, bounded above by N2. The construction of this feature map naturally

leads to the following result.
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Theorem 5. Let p be a density matrix of order N = 2" and U € SU(N). Then each element of the vector h =
diag(UpUJr) can be expressed as an inner product between the feature map and a vector whose {y-norm is strictly
bounded by 1.

Proof. Fork=1...,N, we have

N
I (U) =) uyifigjpij-
=1

Letw = (Pz’j) € €N, Then we can express h(U) as the inner product:
i (U) = (w, @0 ().
To establish the norm bound, observe that ||w||, equals the Frobenius norm of p. Let {(Ti}fi 1 denote the singular

N
values of p. By the properties of density matrices, it holds ) o; = trp = 1. Therefore:
i=1

lellr =

where the inequality follows from the fact that 0 < ¢; < 1. This establishes the conclusion that ||w|, <1. O

We also require the Johnson-Lindenstrauss (JL) lemma [24], which is fundamental to the dimensional reduction
analysis.
Theorem 6 (Johnson-Lindenstrauss Lemma). For any sample size m > 1, any finite point set X = {x; € RA}m

i=1
and any error tolerance € € (0,1), let q be a positive integer satisfying:

Clnm
> _—
1= e2(1—eg)’

where C is a positive constant that only depends on d. Then there exists a linear map F : R? — RY of the form
F(x) = VTx, where V = (U,-]-) € R and vjj are L.i.d. random variables with zero mean and scaled unit variance,
such that it holds:

(1 —&)llxi — x5 < [F(xi) = F(x7)[3 < (1 +e)||xi — 13 ©)

for all pairs x;, x; € X with probability at least 1 — 6, where § = 2~ (E(1-€)(q/4),
Remark 1. A canonical example is simply choosing vjj ~ N(0,1/9).

Now we have all the tools necessary to establish our main result. We begin by presenting a weaker variant of

Theorem 1:

Theorem 7. Let p be an n-qubit quantum state and D be a distribution over unitary matrices. For any given fail-
ure probability 0 < § < 1 and error tolerance <y > 0, consider a collection of unitary matrices {Ul}znzl where
m = poly(2") with coefficient depending on & and vy, sampled independently from distribution D, with the corre-
sponding probability distributions h(U;) = diag(ll,-pll;r ). Suppose there exists a learning model f from a sufficiently
expressive hypothesis space F that:

(1) f corresponds to some quantum state o such that f(U;) = diag(Ui(TU;r)for alli=1,...,m,

(2) f achieves empirical error bound such that - g L(h(U;), f(U;)) < 1 foragivenny > 0.

i=1

Then with probability at least 1 — 6, the expected loss sat;sﬁes:
Ep ((h(U), f(U)) < v+ 27.

Remark 2. Theorems | and 7 differ only in their sample complexity: m = poly(n) in Theorem I versus m =
poly(2") in Theorem 7.
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Proof. According to the assumption, we can represent each probability distribution h(U;) withi = 1,...,m as an
N-dimensional vector, where N = 2" corresponds to the dimension of the n-qubit Hilbert space. Let i (U;) denote
the probability of measuring the system in the k-th computational basis state of (U, ), where the states are encoded
in binary representation, i.e., |0)“" corresponds to index 0, \())@(”71) |1) corresponds to index 1, and so forth.

We denote the unitary matrices U; as input variables x;. According to Theorem 3 and Lemma 3, it holds:

1
Eq;Rulg = —IEU sup ZU, (x;), h(x;))
8€Gi=1
4\6 m N
< —]Egsupz Z gk xz) i (x ))
" se0isiks )
42 X
<- = Y Egsup Z‘Tik(gk(xi) — I (x7))
k=1 g€Gi=1
N
= 4\@ Z IEU'ngk/
k=1

where gy is the k-th component of g, and Gy = {gx —hr: g € G}.
Equation (7) enables us to estimate the Rademacher complexity of the loss function through its component-wise

Rademacher complexities. Given r > 0, considering the constraint

i=1 (k

Mz

lm
e

2
(8k(xi) hk(xi))2> <r,
1

2

N

we can deduce that ( Y (gr(x) — hk(xi))z) < mrforalli =1,...,m. This implies
k=1

N
k;(gk(xi) = he(x;))? < Vmir.

m N
Summing over i yields Y ¥ (gx(x;) — hx(x;))? < my/mr, or equivalently,
i=1k=1

— Iy (x;))? < V/mir. ®)

Ms

N1
Lo 1

i 1

m . .
Denote ay = = Y (gx(x;) — hy(x;))2. For any interval [y/mr/2/, \/mr /2/~1], the number of a; within this interval
i—1

cannot exceed 2/, where 1 < j < n. For j = n, we extend the lower bound to 0 so that 0 < a5 < mr /21,
Consequently, from equation (7), it implies

EeRulg(r) <4V2 2 2By RmGi ( F) )

j—1
i= 2
Based on Theorem 5, we can get that gy = w - ®(U) and hy = v - &(U), which implies
l[w =0l < [lw]| + [[o] <2.

From Theorem 4, we obtain

\rm 2 K ym
]Enggk( S2 EZmln 2]7_1,)\]( P

k=1
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where K < NZ2. Since k ranges from 1 to K, this yields

Vrm 2K \/rm
Substituting equation (10) into equation (9) produces
n .
EoRulg(r) < 8v2rim~iVK Y 25 <32V2VNKm iri. (11)
j=1

Combining equation (11) and equation (1) in Theorem 2, we get that

Gmx(r) < 1280rim™ iN? + % = Gx(r). (12)

Based on Lemma 1, we now aim to find the upper bound of the fixed point 7 of ¢y, x (1), where 7 satisfies the equation

12807 m~iN> + 1‘% — 7

NI

. . . 1 3 1
This equation can be rewritten as 74 (74 — a) = b, where a = 1280N2m ™% and b = 13X, Let

¢ 4
p— (1280N%m—% + #) Ty (%) . (13)

. L3 L1 . s
Then 7 satisfies 72 > a + im and 77 > y/mb, so using Lemma 1, we get 7 > 7.
Applying Theorem 2, we can establish:

e 4 (14)
K 3 1 1 \3 13x x(11 + 5K)
< J— — i St
_K_1Pm€f+6K<(1280N2m 4+ﬁ) —0—(\/%) )—0— -
with probability 1 — 3e™. Forany 0 < § < 1, setting K = 2 and x = — 1n<%>, we can select an appropriate

m = poly(2"), to ensure the sum of the last two terms remains below a given error tolerance . In particular, it holds

m= O(Ng <ln<%>)2$) from equation (14). O

While our analysis shows that quantum state reconstruction is possible, the exponential scaling of measurement
requirements m = ploy(2") remains a fundamental challenge for practical applications. To address this limitation,
we extend our analysis to Theorem 1 by incorporating sparsity constraints on the density matrix representation of

quantum states, which demonstrates a substantial reduction in measurement complexity.

Proof. of Theorem 1: Here we follow the notations established in Theorem 7. From Theorem 7, for random samples
{(x;,y;) I, drawn from distribution D, where m = poly(2"), we obtain equation (14). Let D denote the uniform
distribution over these samples.

Choose a constant ¢ = min{ %}, 1 }. Following Lemma 6, we define g = gzﬁ%@ > %E’:))’ where C > 0,C; >

0 are constants. We construct a random projection matrix V € R?"*7 with entries independently sampled from
N(0, }). With probability 1 — 2(2m)~%, it holds

(I —=e)llzi —zll < [[Vzi = Vz;|| < (1+¢)zi — 7] (15)

for all pairs z;,z; € {y1,...,Yym, f(x1),..., f(xm)}. Let f(x) = Vf(x) and = Vy. From equation (15), we
derive:

(1—e)U(f,y) < L(f,9) < (A+e)2(f,y). (16)

165



Following the proof structure of Theorem 7 with distribution D, we now try to determine the sample size 1.

Given the compression to dimension ¢, equation (7) becomes:

q
EoRjzlg < 4V2 Y EoR;G.
k=1

Using the sparsity hypothesis, we can reduce the dimension of the feature map ®®) | thus reducing the dimensionality
factor K in equation (10) to M (the number of nonzero elements in p, which is poly(n)). This yields the refined

bound:
1

4 4
1 3 13x

r* < (1280\/Mg-m~ % + 7) + <—> .
( i N Vi

2
Choosing m = (’)<(Mq)% (m(%)) %) = poly(n) ensures:

Pﬂf < anqfer 5,
where 0 < 4 < 1. Since D is discrete, we have P¢ F= Pyt 7 The desired result follows from equation (14) and
equation (16). [

5. Recurrent Neural Network (RNN)

In this section, we address the practical implementation of Theorem 1. A challenge lies in determining an effi-
cient parameterization of unitary matrices that can serve as viable input to our model. Since the dimension of the
unitary group SU(2") grows exponentially with 7, direct parameterization of arbitrary unitary matrices becomes
impractical. Therefore, for practical implementation, we restrict our attention to a subset of unitary matrices that can

be decomposed as Kronecker products of 2 X 2 unitary matrices:
U=U WL ---U, U ecSU(2).

This reduction to local operations simplifies our approach by focusing on the parameterization of SU(2) matrices.
We express the unitary matrices as:

cos %ei(¢+¢>/2 sin %ei(‘l’*‘/’)/z
—sin §e/(-0H9)/2 cos Gei=0-v)/2 |

where 6, ¢, P are all from 0 to 27z. The volume form for this parameterized unitary matrix is proportional to d cos(6)d¢dip.
While our analysis allows for arbitrary probability distributions of unitary matrices, we adopt the Haar measure for
sampling to ensure a uniform error distribution across randomly sampled unitary matrices. This choice leads to the

following parameterization:

® = arccos®’,
¢ =9,
v =9,

where ¢/, ¢’ are sampled uniformly from the original defined interval, and ¢’ is sampled uniformly in [—1,1].

To validate Theorem 1, we design a series of numerical experiments using the Long Short-Term Memory (LSTM)
as our main statistical learning model. The LSTM model, known for its capability to process sequential data with
long-term dependencies, is particularly suitable for our application. In our framework, each measurement outcome
can be represented as a sequence of binary digits (0 or 1), analogous to a sentence in natural language processing. The
model generates conditional probabilities for each subsequent measurement outcome based on current and previous
results. The joint probability of the entire measurement sequence is then computed as the product of these conditional
probabilities.

The prediction phase follows a different process from the training phase. During prediction, the neural network
accepts specified conditions as input and generates conditional probabilities at each sequential step. These probabili-
ties guide a sampling process where each binary outcome (“word”) is selected according to the computed probability
distribution. The selected outcome is then fed as input to the subsequent step. The final probability of the complete
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quantum state is computed as the product of these sequential conditional probabilities. This prediction mechanism is

depicted in Figure 1.

Oorl Oorl

Iy b \
(default is > >
condition) =
G
¢, =0, > el

condition[0] condition[1]

3

Start symbol:2 First state

Figure 1. The diagram illustrates the RNN architecture for sampling. FNN represents feedforward neural
network. The output’s 0-1 distribution allows for sampling a specific state, which is then passed on to the

next step as a measurement result.

To enhance the predictive capability, we incorporate quantum measurement context through a dual-input struc-
ture: (1) the measurement outcome of the previous particle, and (2) the parameterization of the unitary operator U
corresponding to the current particle’s measurement basis. This design enables the network to learn the correlation
between measurement outcomes and their corresponding basis transformations, thereby capturing the quantum state’s
behavior under different measurement bases. For sequence initialization, we employ a designated token ‘2°, which
appears exclusively at the beginning of each measurement sequence. This initialization token provides a clear way of
sequence boundaries in the training data.

We now introduce the loss function employed in this work. We adopt the cross-entropy loss as our objective func-
tion due to its effectiveness in distribution approximation tasks. The cross-entropy loss between the true distribution
p and the predicted distribution g is defined as:

1
['crossfentropy(p/ q) = Z pilog ;
7 i

Since our training samples are drawn independently from the true distribution p, by the law of large numbers, the

empirical loss converges to:

1 1
ECI’OSS*EWH/OP}/(TJ/ q) =~ Ex~p l:log m] = ;log a

This formulation eliminates the need to compute the true probabilities p;, thereby reducing memory requirements.

To ensure that our neural network correctly represents the quantum state transformation h(U) = diag(UpU"),
we incorporate two constraints into the loss function. The first is a parameterization invariance constraint: parameter
sets {0,¢, ¢} and {—6,¢ + 71, + 71} must produce identical outputs, as they represent the same unitary transfor-
mation. The second is the constraint derived from the properties of f(U) = diag(LIpU+). For the single-qubit case,
these properties are derived as follows and they can naturally extend to multi-qubit systems through tensor products.
Consider the following matrix representations:

u u u —u
o= P11 P12 U= 11 U12 Uy = 11 12)
021 P22 Uy U —upp U
This yields the functional form:

fU) = (pn|un|* +2Re(p12tm2u11) + p22|u2|*,

p11]u21 |* + 2Re(p12Tia1122) + p22|una| ).

167



Under the chosen parameterization, we derive a symmetric relation:

W)+ () =2(cos (5 )51 +sin? (3 ) £ ),

where

Furthermore, let
1 1 1 1 (1 i
H = — Hy= —
! ﬁ<—1 1)' 2 ﬁ(:’ 1)’
and f; = (f(Hl) - M),fz = (f(Hz) - w> , we obtain the antisymmetric component:

f(U) = f(Uy) = 2(sin(0) cos(y) f — sin(0) sin(y) f2).
These two constraints are incorporated into the total loss function via [y regularization:

ﬁtotal = Ecross—entropy + /\(Lsymm + Einvariant)/

where A serves as the regularization coefficient.

We have also investigated replacing the LSTM model with a multi-head attention mechanism, which has shown
remarkable success in various sequence modeling tasks. However, LSTM maintains a higher accuracy in our case
and offers easier training procedures. This observation suggests that the sequential nature of quantum measurements
may be better modeled by the LSTM’s memory structure, which is demonstrated in the following section.

6. Numerical Experiments

Before proceeding with the experimental analysis, we detail the configuration of our numerical experiments. To
quantify the performance of the model, we employ the classical fidelity measure between the predicted distribution
p and the true distribution g:

N
f(rw)=;\/ﬁ-

This metric provides a natural measure of the similarity between the probability distributions of the measurement.

We now detail the hyperparameters employed in our implementation. The model was trained for 50 epochs across
all experiments. While this choice lacks rigorous foundation, empirical evidence shows its consistency in achieving
convergence across various system sizes. The regularization coefficient A was scaled dynamically with the particle
number, ranging from 5 to 50. For smaller systems, we found that a smaller A value leads to faster loss convergence,
while larger systems benefit from increased A values to enforce stronger constraints on the neural network’s behavior.

To address the computational complexity of evaluating Lsymm and Lipyariant, We implement a stochastic index
sampling strategy. Rather than computing losses over all indices, we randomly select 50 indices for loss calculation
in each iteration. This approach reduces computational overhead while maintaining the effectiveness of the constraints.
To ensure polynomial scaling of computational resources, we impose strategic constraints on the model architecture.
The dimensionality of both the RNN hidden states and the word vector embeddings is set to 212, where 1 denotes
qubit number.

6.1. TFIM Models

For initial validation, we test our model against the ground state of the transverse field Ising model (TFIM), a
system for studying quantum phase transitions. The TFIM Hamiltonian is expressed as:

H:]ZZU-I'ZU]'Z_IXZUI?(I
(i.j) i

where (7, j) denotes nearest-neighbor interactions, o7 and 0" are Pauli operators acting on site i. We fix the ferromag-

netic coupling strength J; = 1 as our energy scale and vary the transverse field strength Jy € [0, 2] to probe different
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quantum phases. This parameterization enables us to investigate the system’s behavior at the quantum critical point

at Jx/J. = 1.

The model’s performance, measured by fidelity and illustrated in Figure 2, consistently exceeds 90% across dif-
ferent parameter regimes. These results demonstrate the model’s robustness and its capability to capture essential

features of the quantum state’s probability distribution.

Fidelity of TFIM Systems

1.1 T T T T T T
I 6-qubit
I 8-qubit
1.05 [ 10-qubit | 4
I 12-qubit
1
2
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[

0.9

0.85

0.8

12 14 16 18 2

0 02 04 06 08 1
Je
Figure 2. The prediction fidelity for different number of qubits. The fidelity is computed by averaging
400 random samples.

We test the neural network on quantum systems of 6 and 12 qubits at [y = 1 using 600 random unitary matrices.
The prediction fidelity under these transformations is shown as heatmaps in Figure 3. The model achieves prediction
fidelity above 90%, validating its effectiveness in capturing the characteristics of the quantum state.

Fidelity of 6-qubit TFIM System Fidelity of 12-qubit TFIM System

1 1
0.98 0.98
0.96 0.96
0.94 0.94
0.92 0.92
0.9 0.9
0.88 0.88
0.86 0.86
0.84 0.84
0.82 0.82
0.8 0.8
(a) (b)

Figure 3. The performance of the neural network on TFIM states. (a) is for 6-qubit system, and (b) is for
12-qubit system. Both show the accuracy of the neural network predictions on randomly sampled unitary

matrices.

We also examine the relationship between sample size and model performance at a fixed transverse field of 1.0.
The model accuracy is evaluated using average fidelity across 400 random unitary matrices. Figure 4 indicates that
high fidelity can be achieved with limited measurements: 6-qubit systems reach approximately 90% fidelity with

200 samples, while 12-qubit systems require approximately 600 samples for comparable performance. Overall, both
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the model parameters and required training samples scale polynomially with qubit number, indicating efficient scaling

of the neural network architecture.

Train with Different Sample Sizes
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Figure 4. The average prediction accuracy as the number of samples increases. Generally, as the number
of samples increases, the average prediction accuracy also improves.

Finally, we show how the minimum required sample size varies with qubit number for a given fidelity threshold,
as in Figure 5. We use the same method as in Figure 4 to generate results for quantum systems ranging from 6 to 12
qubits, and define the first intersection point with the fidelity level line as the minimum sample size. We select two
fidelity levels, 0.9 and 0.95, to plot. Due to the inherent randomness in the data generation and training process, the
result is not strictly monotonically increasing as expected. However, the trend follows an approximately power-law
relation with a power less than 2.

Minimum Sample Size for Reaching a Target Fidelity
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400 -
(0]
N
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150 8.9069x 1445 | |
— — —8.6868x-56%
100 1 1 1 1 1
6 7 8 9 10 11 12

Qubit Number
Figure 5. Relation between qubit number and sample size. The overall trend suggests a power-law
relationship between the sample size and qubit number. The dashed lines represent the fitted curves for
the corresponding data.
6.2. Comparison between Different Neural Network Models

Given that Cha et al. [25] showed the applicability of attention mechanisms to quantum state tomography, we

conduct a comparative analysis between attention-based approaches and our proposed method. We investigate two
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distinct attention-based implementations: (1) reformulating our quantum state reconstruction task as a sequence-to-
sequence translation problem, and (2) substituting the LSTM architecture with a multi-head attention mechanism
while maintaining the overall framework. To ensure fair comparison and prevent information leakage, we use causal
masking in the attention mechanisms to maintain the sequential nature of quantum measurements. Our empirical
results, as illustrated in Figure 6, demonstrate that our LSTM-based architecture outperforms both attention-based

variants.

Comparison between LSTM and Attention-based NN
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Figure 6. Performances of different neural network architecture. The fidelity is computed by averaging

400 random samples. It can be found that our LSTM model behaves well, but the attention-based neural
networks (ANN (1) and ANN (2)) are unstable.

6.3. Other States

To further validate our findings, we extend our analysis to a more complex quantum system: the cat state from

quantum optics, which has the form
(9 car = |0) + | —a),

where |a) is the coherent state, and « € C. While theoretically infinite-dimensional, this state can be effectively
studied through dimensional truncation, providing an ideal test case for our method. We generate quantum cat states
using the QuTiP library [26]. As illustrated in Figure 7, the neural network demonstrates robust performance in
accurately representing this quantum state, further verifying the generalizability of our approach.

We also conduct experiments on two different quantum states. The first state is a randomly generated state using
Qutip, with a dense density matrix. From the results in Figure 7, the neural network shows impressive performance in
this state, with the fidelity of each measurement being very close to 1. The second state is a W-state with n2 nonzero
elements, where 7 is the qubit number. It has the following form:

_ b

)., \/E(HOO};”OH|010"'O>+”'+|OOO'”1>)'

The results in this state show that the fidelity remains approximately above 0.9.
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Figure 7. Performance of the neural network on different quantum states. Both of them displays the
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accuracy of the neural network predictions on randomly sampled unitary matrices. The first row consists
of 6-qubit systems, while the second row comprises 12-qubit systems. From left to right, each column
represents a different quantum state: cat-state, random state, and w-state.

7. Conclusion

This work presents a novel approach for quantum sample tomography that differentiates itself from conventional
methods. We have developed both theoretical foundations and practical implementations for this challenging problem.
Our analysis, grounded in local Rademacher complexity theory, establishes a fundamental theorem that rigorously
justifies the application of machine learning method to quantum measurement prediction.

Building upon this mathematical foundation, we have developed a specialized Long Short-Term Memory (LSTM)
architecture, incorporating symmetry-preserving constraints and invariance properties inherent to quantum systems.
Our model maintains polynomial complexity with system size. Through several numerical experiments across var-
ious quantum systems, including the TFIM, we demonstrate that our approach consistently achieves good accuracy
compared to other methods, including recent attention-based models. However, RNNs have several limitations. One
challenge is the gradient propagation when processing long sequences of quantum states. Additionally, our model
assumes noise-free conditions, and small perturbations in the quantum system may lead to huge changes in the RNN
parameters. Future work is to improve the neural network performance for large-scale quantum systems.
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