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I. INTRODUCTION. The suggestion of S. van der Meer(l) for stochastic cooling or
feedback damping of a circulating charged particle beam offers promise of increas-
ing the luminosity of a storage ring and may be a particularly attractive technique
if antiprotons are to be employed as one of the beams in such a device. Encourag-
ing initial tests of such a system have been reported from CERN by P. Bramham

et al., (2) and further tests are in progress in that Laboratory. (3)

The original report of van der Meer 1) considered the repeated use of a
kicker to suppress the transverse phase-space displacement of the centroid of a
group of particles detected at a pick-up station situated up-stream (e.g., by
S\ /4),(2§ and the report estimated the expected rate of damping of the mean-square
oscillation amplitude. In the present report we extend this analysis so as topro-
vide information on the manner in which the character of the amplitude distribution
function may be affected by the damping procedure mentioned above. It is believed
that information concerning the evolution of the form of the distribution function
may be of particular interest in cases in which a "halo" is imposed on the distri-
bution by injection of a group of particles to supplement those in a beam that has
already been subjected to appreciable feedback damping. Results of the analytic
work will be illustrated, and compared with the results of simulation computations.

For consistency with the approach of van der Meer, we continue to assume that
the kicker truly results in a zero transverse phase-space displacement for the
centroid of the group of particles to which it is applied--although with a single
pick-up device, capable of detecting spatial displacements only, the time scale of
the damping process in fact may be doubled. We further ignore such potentially
significant complications as imperfect amplifier performance, extraneous noise, or
loss of particles to the chamber walls, and we restrict the analysis to the case
in which complete "mixing"” (or phase decoherence) is assumed to occur between suc-
cessive applications of the correction procedure.

II. ANALYSIS. A single application of the full van der Meer correction leads to
new particle amplitudes Ai given, for N particles, by
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a; =2} - 2/M)A.L A, -¢.) + 2 -$.).

5 i /N) 1Z4B4 cos (¢i ¢J) (1/N )ZjZkAjAk cos (¢j ¢k) (1)
Thus, for random relative phases and N >> 1, the average change of the a? is
expected to be *

< A(A%)> = —=(2/N) <A®> + (I/N) <A®> = -(1/N) <aA®>, (2)

as given by van der Meer. (1) Accordingly, with u = Az, T = t/N, and time (t) meas-
ured in units of the time between successive corrections,

d< u>/4t = =< u> (3)
with the solution <u> = C exp(-1) [where C = < u>|t=0] (4)

--regardless of the form of the initial distribution, provided only that complete
phase mixing occurs between successive corrections. A similar analysis [Appendix a]
can be performed for a beam considered to be composed of (say) two groups for
which the evolution of their individual mean square amplitudes is of interest.

A binominal development of Eq,(1) to obtain A(uip) suggests the relations
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d<uP >/dT = -2p<uP> + p2 <u><uP 1> (5)

at least for integer p 2> 0, thus providing a soluble sequence of ordinary differen-
tial equations for the (even) amplitude moments [with < u>, corresponding to p=1,
given by Eq.(4)]. A distribution function f(u;T), of squared amplitude that sat-
isfies the partial differential equation
9f£/90T =29 (uf)/3u + Cexp (-T)d (ud£/9u)/3Ju (6)

will be found (by integration over the distribution and the assumption of reason-
able characteristics for f and ford £/ du at the limits) to be consistent with the
moment equation (5).(4) Numerical or analytic solution of Eq.(6) thus may provide
a useful means for predicting the evolution of the form of a prescribed initial
distribution and indeed (Sect.III) has been found in test examples to provide re-
sults consistent with simulation computations.

A formal analytic solution to Eq.(6) can be written in terms of Laguerre poly-
nominals in the form(6,

£(u;T) = <u>1 exp (-v) nEo O €XP(-mT) L (v)

(7a)

(as can be readily confirmed, term-by-term, by reference only to the Laguerre diff-
erential equation), where we have written

=uy/ <u> and < u> is as given by Eq.(4). (7b)

With the adoption of this solution, the coefficients o are to be evaluated in
terms of the initial distribution function (making use of the weighted orthonormal-

ity of the Laguerre polynominals) as(8)
= [ £(u;0) L (u/C)du. (7c)
0

The formal solution, Eq.(7a), is attractive, and informative, in that it immediate-
ly suggests that as time increases (and the higher order -factors exp(-mT) become
increasingly small), the form of the dzstrzbutzon £{u;T) will approach a pure ex-
ponential function, of width characterized by < A?> = <u> =¢ exp(~T) -- as was
found in initial simulation computations. We note, however, the alternative
closed form solution given in(7).

III. EXAMPLE. As an example we consider the evolution of the two-group distri-
bution function

£(u;0) =—texp(-u/Cy) + Z2exp(-u/cy) (8a)
C1 Cz

with nl + n; = 1 and the initial mean square amplitude then given by
C=<u> =nC +ncC. 8b
h 'T=0 11 Y (8b)

Such an initial distribution may typify a beam composed of a core and a halo com-
ponent, of which mention has been made in the Introduction. Simulation computa-
tions performed with the initial distribution specified by Eq. (8a) indicate the
expected melding of the groups to form ultimately a composite group of simple ex-
ponential form whose mean square amplitude continues to damp in the expected manner
( <u>= C exp(~-T)). Figures la-d illustrate this behavior, with results for the
individual groups indicated by dashed lines and results for the total distribution
shown by a solid line. [Note that, because of the shrinkage of amplitude as the
damping progresses, we have plotted < u> f(u;T) vs. u/< u>.]

Results in agreement with those depicted on Figs.la-d are obtained through use
of the formula given in(7) for f(u;T). With the initial distribution considered

here, this formula gives(9) (with <u>= C exp(-T))

530



{a) EVOLUTION OF DISTRIBUTION FUNCTIONS T L 3
OF INDIVIDUAL GROUPS and of NlT(l’AL 2-GROUP DISTRIBUTION
the composite 0= 0. Ny 20 3
oy g Cres0 &1idores
\ -

\ 4

\ -
\ o B 4
- \ Total Distritution Function, 2 E 3
g \ For Composite Distribution © F ]
ook N & 4
s \ Foe Group | E - 4

% %
= T .
- Initial distribution S

0.04] 1 ]

vagl ,«Am)z;

Fig.3. Approach of A2 distribution
to an exponential form,

T T

T
EVOLUTION OF RMS. AMPLITUDES

F for HuD)= ;'_:l PEY AN %1 s j

o ] 2 2 E

with y=A B
n=06 np=04

;=50 Cp*I50

0.2~ .

0.

wl
o

Fig.4. Convergence of the root-~mean-
square amplitudes to a common value.

i
v-Ag/((A“y) :‘r L T T .1* 3
Fig.1l. n =0.6, n = 0.4 r ]
2 st~  DECREMENT OF ROOT MOMENTS ]
for composite 2-group distribution
C, =5.0, ¢ =150 (C=9.0). OB s B ]
with usa?, 7206 0,204
T ' ' 2| €250 Cp*150 ]
INITIAL 2-GROUP DISTRIBUTION
n=06 ng04
C,» 4A™M¥)=80 = (AP)®)=150 L |
.0 — =
< Composite distribution (T« 1/N=0) éf ]
1 P L (M) 8y8 ]
:“ - «Am)o)m 4
Cg agl- r e /NI . |
v
Group | {core}, =0 oz
Group 2 (halo), ¥=0
Ol 1 1 1 1 1 l
ol 4 z % r 1 T3 4 s 0
2, aiTht . .
ve AT Fig.5. Evolution of root moments of com-
Fig.2. Composite A% aistribution posite distribution, to approach
for T = 0 and T = 1. constant ratios.

531



-u/<u>

c-C
f(u;T) =

c

n -T -T exp(- ! =

<u> ! (1-e )c + e < c (1-e Hc + e ¢
1

c-C
+n < exp (- 2 v ]

- - -T -T
2 (1-e e + e Tc2 ¢ a-eHcrec

(9)

The distribution f(u;T) can also be computed, with identical results, from Egs.(7)
in cases for which the convergence of Eq.(7a) permits numerical evaluation. (10)
The change of form of the distribution function for the composite beam is directly
shown, by a comparison of results for T = 0 and for T = 1.0, on Fig.2. The ap-
proach of this distribution function to an exponential form is most clearly appa-
rent from the semi-logarithmic plot of Fig.3.

The behavior of the mean square amplitudes of the individual groups is most
readily computed from the results presented in Appendix A. The convergence of the
associated root-mean-square amplitudes, for the individual groups and for the com-
posite group, to a common value is illustrated graphically in Fig.4. Similarly,

T : N .
< (A( ) )2 >"and higher root-moments approach constant ratios, characteristic of an
exponential distribution function f(u;t) as illustrated in Fig.5.
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APPENDIX A

Evolution of the Mean Square Amplitudes
of the Individual Groups of a Two-Group Distribution

For a distribution regarded as comprised of two groups,

(1)

A[(Ai:))z] = -(2/N)Aj(.l) ZjA. cos(¢].(.1)-¢;1)) +ZjAJg2)cos(¢(1)-¢§2))
1

i 3

)
272 1 2

1 17 1
2 -
+ (1/N )EjZkAjAk cos (¢>j ¢k)

for the 'fhparticle of Group 1. The random phase assumption then leads to

d
3 < m(1))2>= -(2/N)<(A(1))2>+ (1/N2)[N(1)<(A(l))z>+ N(2)<(A(2))2>]

or
a
dt

(where, as in the text, N

< (A(l))2>= -2<(A(]))2>+ [nl <(A(1))2 > +n <(A(2))2>]
2

R nN and n2)

= n2 N), and similarly for d<(A(2))2>/d'[_
Accordingly, with C1 ’ C2 denoting the initial respective mean square amplitudes of
groups 1 and 2, we may write the solution of these equations as

<@a"nle v nc-c)a-e e, < a2 [c v nic -cya-eH e
1 2 2 1 2 11 2
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APPENDIX B

Equation (6) as a Fokker-Planck Equation

With £(u;T) denoting the distribution function for u = a2 and P (u,8u) denot-
ing the probability of an increment Su to the quantity u in a time interval 6t,
00
f(u;t + Ot) =ff(u-6u;t) Y {u-8u,8u) d(du),
-u

as is characteristic of a Markoff process. A Taylor development of this relation
then leads to

@
h

9
du

32
du?

where the quantities < du> and < (6u)2> are functions of u that represent aver-
ages (over the permissible range of Su) of changes or squared changes of u expected
per unit interval 6t.

== <ouwle 22— <@u?],

Q
(24

In the present application, with du for an i-t—ll particle given by
Su= §(a%) (2/N)AiZjAj cos (¢,-¢ j) + (1/N )ZmEnAmAn cos (¢m ¢n) '

the presumption of random phase leads to
<8u>= -2a%/N + <AZ>/N= -(2/N)u + <u>/N.

Similarly,
< §(u?)> = -(4/Mu? + (4/N)u < u>.

Accordingly,
< (Bu)?>= < 8§(u?)> -2u <fu>= (2/M)u <u>.

[It may be worth noting that we have found < (<Su)p > to be zero through order
1/N for all integer p > 2.] The partial differential equation then becomes

3fF _ 3 uf  <u>ff 1 3% u<u>f
at'au{'2n+ N]+2az(2 N )
u
or
df ) 2 df
G I A TR T

wherein (as given originally by van der Meer (1)) < u>may be taken [consistently
with Eq. (6)] to be given by Eq.(4) of the text.
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In finding the solution shown by Eq. (7a) we originally commenced with the
moment equations (5) and introduced an amplitude distribution function g(A;T)
[ =2a £ (AZ;T)] that should satisfy the partial differential equation

3g/9T = 3 (Ag)/3A + (C/4) exp(-1) 3 [Ad(g/n)/ 3A])/ 3.

We then wrote z = (AZ/C) exp(T) and regarded g(A;T) as a function G(z;T) to
obtain a partial differential equation in which none of the coefficients was
explicitly T-dependent. We next replaced G by the dependent variable

s = [(1/yT) exp(z -1/2) ]G to obtain a partial differential equation that, by
separation of variables, led to a solution in terms of Laguerre polynominals.
Transcription of this solution into the original variables led to a result
equivalent to Eq.(7a). For numerical solution of the partial differential
equation, it may be convenient to introduce the independent variable

w = A exp(1/2) and to employ as the dependent variable a function

H(w;T) = [ exp(-1/2)]g. The partial differential equation for H is

dH/JT = (L/2) 3 (wH)/ 3w+ (C/4) 3 [wa(a/w)/ dwl/dw

--again an equation in which none of the coefficients is T-dependent--and it
is expedient to seek solutions that have the formal character of being odd
with respect to w.
An alternative, closed-form solution may be written
1 T,~1
f(u;T) = <u> exp(-u/<u >) ) “/Clx
. 1-e"

) Y yax/c) £ (x; 0)ax,

e@[— 1 ~e”

o0

‘[ - -
| exp[ -(e'-1)7'x/c] 1 (202 - T

o 0

where Io is the zero-order modified Bessel function of the first kind--see
I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals. . .(Academic Press,
New York; 1965), Sec. 8.976 (1), p.1038 (with o = 0) to relate this solution
to that proposed by Eq.(7) in the text.

Since f(u) is normalized to unity and Lo {(u/Cc) = 1, aﬂ = 1. Also, since the
initial value of <u>is C and I‘., (u/C)-Ll(u/C) u/C, we find @ -o = 1 and,

hence, ot‘ = 0.
> -8B

Note that [ e % I (WX) ax = (1/B)exp(xy*/B).
0

For the example of Sec. III, evaluation of Eq. (7c) leads to (xm = nx(l -C /C)m+
1
n2 (1 —02 /C)m-—see Gradshteyn and Ryzhik (cited in (7)), sec. 7.414 (6),

P. 844. The resultant Eq.(7a) may not have suitable convergence characteris-
tics for small T under certain circumstances however--thus consider, for ex~
ample, an initial distribution (8a) with n1= 0.75, nz= 0.25, C1= 4.0, and

C2 = 16.0 (C = 7.0), for which the factor 1 -Cz/c = =9/7 and the coefficients
(!m ultimately increase essentially in geometrical progression (with alternat-
ing sign).

*Work supported by the U.S. Energy Research and Development Administration. .
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INCKYCCHUA

A H.JlleGezmen: IlloueMy B Bamem ypaBHEHHM BpeMA SBHHM 00DpasoM
BXOIMT B KOopdHIMeHT Iudpdy3uu? He NPOTHBOPEUHT JHU STO OITHOPOLHOC—
TH OHCTEMH BO BDEMEHH?T

L.J.Laslett: The factor Ce* appeared in the partial
differential equation as a substitution for the quantity <u)>.
The differential equation for the normalized distribution is for-
med to be consistent with, for example, the moment equation pre-
sented earlier in the talk.

J.B.llecTpukoB: MHe X0oTejoch CH OOpaTUThH BHUMAHME HA TO, 4TO
ypaBHeHHe, paccMoTpeHHoe Ipod. J.Ix.JaccaeTToM, ABAASTCA HeJMHeR-
HHM, NOCKOJBKY TpeHne ¥ Iu{dysma ompelesAanTcsa camoif gyHrkimed pac-
openeJyieHAA. Tax Kakx paccMaTpUBAETCA CHTyalMsa, JaJiekas OT DaBHOBE-—
CHsi, HET HHYero YHMBHTEJHHOI'O B TOM, YTO KO3QIUIMEHT Iupdysumm 3a-
BHCHT OT BpeMeHH. ONHAKO  SKCNOHEHIMAJABHHA chnal  MOWHOCTH IUdPy-
SHH Oyne'r JHIUEF B HavaJe mnpouecca. Jajee 3Ta 34BUCHMOCTH MOXET
CIWJIBHO H3MEeHHTBCA.

M.Month: Have you looked at tiny cases where the core dis-
tribution is affected well before the halo distribution? What is
the effect of the halo distribution in this situation?

L.J.Laglett: Yes. In some cases (e.g.if the core relative-
ly small and not very intensive) one can see that the injection
of a substantial relatively broad second component will act at
first to broaden the core appreciably.

C.I.Kamumua: f OH xorexn mompocuTs A H.Cxpunckoro mwm H.C.JIn-
raHCKOTO ¥ O.I'p€6Hepa, IOKJIANHBABIMX SKCICPUMEHTH IO CTOXaCTH-
YEeCKOMYy OXJIaXISeHH, CONOCTABHATH o0a meTomna, NpelcTaB/AluMX 3Ha-
YATEeJBHHEe NOCTHUXSHUA B OCJaCTU QU3UKM yCKOopuTeJseit, u B 3TOM Co-
TMOCTABJICHNY YKA34Th, KAK 9TH METONH IONOJHANT IPyr IpyTa.

O.Grobner: The iwo cooling methods offer each certain ad-
vantages which could best be used in a combined system of sto-
chastic cooling and electron cooling. In the antiproton project
presently studied at CERN the antiprotons are first cooled sto-
chastically before being decelerated to an energy where electron
cooling can be performed efficiently.

R,L.Martin: Before I close this session I would like to
make one comment. Both electron beam cooling and stochastic coo-
ling are very interesting and each is very likely to have impor-
tant applications. I would like to point out that both are forms
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of beam brightening and there exists a third most important tech-
nique for this purpose. It is charge exchange injection of H ions,
pioneered by Dimov at Novosibirsk, and applied most successfully
at Argonne with the 2GS and with the booster. This success, in
fact was my initial stimulation to think about ion beam fusion
80 these ldeas have already had some important impact. All three
techniques have their advantages and uses and are most likely to
be complimentary rather than competitive. These new ideas to-~
gether promise very exciting new things for our field.

If there are no other comments I now close this most inte-

resting seassion.
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