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Abstract

The main aim of this dissertation is to investigate properties of the entropy of black holes.
Our primary goal is to investigate the microstates of black holes. Our secondary goal is to
study decoherence within the context of black holes. The methodology employed is to study
simple, exactly solvable quantum models. These quantum models should serve as toy models
for black holes.

We consider exactly solvable quantum systems which have a non-degenerate energy spectrum.
The energy levels of these quantum systems should not be equally spaced. By choosing an
appropriate class of observables, we calculate the expectation values of these observables for
different states within a suitably chosen ensemble. This is where the notion of quantum
typicality arises. By comparing the expectation values of the chosen observable for several
states within the ensemble, we discover that it is not always possible to distinguish among
the several states. These findings are then generalised to the microstates of black holes, i.e.
no measurement can distinguish black hole microstates.

We then study the coherent and squeezed states of a simple quantum system. We deduce
that even for such states, distinguishability is not possible. Finally, we study decoherence
within the context of black holes. We find a simple quantum model that exhibits decoher-
ence. We conclude that spacetime fluctuations can cause decoherence in quantum systems.
Furthermore, by treating Hawking radiation as an effect of decoherence, we conclude that
no information is lost in a black hole.
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1 Introduction

In 1915, the world first learned about general relativity, the theory which describes the force
of gravity. Gravity acts on masses through the curvature of spacetime, which consequently is
caused by the masses themselves. This relationship between spacetime curvature and mass
is expressed through the Einstein equations,

1
Ry = 5 Rgu = 87GN T, (1.1)

Our main aim in this dissertation is to investigate the entropy of black holes. Our primary
goal is to study properties of the microstates of black holes. As a secondary goal, we study
the effects of decoherence within the context of black holes.

The second section discusses the relationship between gravity and thermodynamics. Black
holes are the common factor between these two seemingly different theories. We begin the
discussion of black holes within the context of a collapsing star. We restrict ourselves to the
Kerr-Newman family of black holes. The important definitions and results pertaining to this
family of black holes are discussed, with the main goal of illustrating the thermodynamic
properties of these black holes. The black hole entropy is of the most interest to us. In
statistical physics, we understand that the entropy of a system depends on the number of
underlying microstates of the system. When it comes to investigating the microstates of a
black hole, we are faced with a problem: we cannot probe beyond the event horizon. We
then move on to the derivation of Hawking radiation. The derivation is strongly based on
Hawking’s original calculation, and it is also within the context of a collapsing star. We then
move on to discuss the Schwarzschild black hole in anti-de Sitter (AdS) space. These black
holes are eternal, i.e. they never evaporate away. A black hole in AdS is in equilibrium with
its Hawking radiation.

In the third section, we introduce important concepts pertaining to the theory of quantum
information. We look at what it means to distinguish between two quantum states, and how
entropy is a measure of uncertainty. Interesting phenomena, like entanglement and quantum
cloning, are also briefly discussed. All these discussions ultimately lead us to the black hole
information paradox, whereby we learn that quantum mechanics and general relativity do
not get along very well with each other. We go through some of the important details about
the information paradox, and even briefly summarise an interesting paper [1] in which the
authors propose that information recovery from a black hole is theoretically possible, but
physically impractical. We conclude the section by discussing quantum typicality. At first,
we speak about typicality in a very conceptual way. We then move on to introduce Levy’s
lemma, which provides a mathematical framework for quantum typicality. Levy’s lemma is
important for the work done in the fourth section.

The fourth section begins with a brief introduction of the necessary mathematical tools that
will be needed for the rest of the section. We then move on to discuss simple quantum models
that we will use to investigate quantum typicality in the microcanonical formalism. We work



through three examples, and briefly mention other quantum models that were investigated,
but not included in this work. Our results lead us to conclude that it is not physically
possible to distinguish among the microstates of a black hole. Using important results from
2], we further verify the impossibility of distinguishing black hole microstates. The last part
of this section extends these ideas to the canonical formalism. By looking at two weakly
interacting systems, we show that the density matrix of the weakly interacting composite
system is indistinguishable from the thermal density matrix. By applying this idea to black
holes, we show that a distant observer would not be able to distinguish between black body
radiation and Hawking radiation.

The fifth section looks at decoherence within a gravitational context. We also study deco-
herence in a simple quantum system, and try to find analogies between the quantum toy
model and black holes. We also discuss coherent and squeezed states, with the intention of
finding aspects within simple quantum models that can be generalised to black holes.



2 Gravity and Thermodynamics

When discussing the thermodynamics of self-gravitating systems, it is difficult to describe
the concept of equilibrium. This is because self-gravitating systems, such as stars and black
holes, have a negative heat capacity. By giving off heat energy, they become hotter. This is
very different from the behaviour of physical systems in the laboratory. For instance, a cup
of coffee gets colder (much to our displeasure) as it loses heat energy to the environment.

Despite these differences between gravitational physics and thermodynamics, black holes
obey physical laws that are analogous to the laws of thermodynamics. In this chapter, we
shall discuss black holes and the laws of thermodynamics which they obey. We shall see
that black holes radiate energy. This emitted radiation is known as Hawking radiation.
We shall see that in an asymptotically flat spacetime, black holes eventually evaporate away
completely. However, in the interesting case of the AdS spacetime, black holes reach thermal
equilibrium with their surroundings, so complete evaporation does not occur.

2.1 Black Holes

Let us begin our discussion of black holes within the context of stellar collapse. Over a long
period of time, stars begin to shrink as they radiate energy. Since a star is a self-gravitating
system [3], as it gets smaller, its own gravitational pull gets stronger. For an uncharged,
spherical star, the critical radius is

26y M

2 )

(2.1)

TC

c

where M is the star’s mass; G is Newton’s constant; and c is the speed of light. Classically,

this is the radius at which the escape velocity exceeds that of light. When the star reaches

this critical radius, an outside observer will not be able to observe any light coming from the

star, i.e. the star is black. Since no light can be observed from outside, we call this region

a black hole. If light cannot resist being “sucked” inward, then certainly ordinary matter,

which follow timelike paths, will have to be sucked inward as well. The centre of a black
hole, or the point to which everything gets “sucked”, is known as the singularity.

In general relativity, black holes are solutions to Einstein-Maxwell theory. In (3 4+ 1) dimen-
sions, the most general of these solutions belong to the Kerr-Newman family, which describes
black holes that rotate and carry electric charge. The spacetime representing these black
holes is axisymmetric and free of matter. The simplest example, which has no charge and
angular momentum, is the Schwarzschild black hole, whose metric is given by

rc2 rc?

2G N M 2Gy M\
ds? = — (1 _ %G ) dt* + (1 _ 2w ) dr? + r2d6? 4 r? sin? Od?. (2.2)



The spherical surface, r, = Q%M , acts as an event horizon: it separates the events from

outside the critical radius to those of inside the critical radius. When an observer crosses the
event horizon, an interesting phenomenon occurs: radial motion and time exchange roles.
This can be seen by studying the metric. Within the event horizon, 1 — QC?C\QM < 0. The dt?
term becomes positive, while the dr? term becomes negative. Radial motion, described by
the r-coordinate, behaves like time. In our every day lives, we cannot control the direction
of time. It is a one-way street. We are constantly moving towards the future, i.e. forward
in time. We cannot move backwards in time nor can we “stop” time for our convenience.
Now for the observer across the horizon, his/her radial motion moves in only one direction:
towards the black hole singularity. The observer’s motion cannot be stopped or redirected
outward. Once the event horizon has been crossed, there is only one destination for the
observer: the singularity.

These black hole solutions are characterised by a set of three parameters, namely the mass
(M), the angular momentum (.J), and the electric charge (Q). If two black holes have the
same M, J, and @), then we would not be able to tell the difference between the two black
holes.

These three parameters can be measured. The constituents of the imploding star do not
matter, only M, J, and @) are used to identify the black hole. This means that a macrostate
(M, J,Q) can be realised by a very large number of internal microstates. In statistical
mechanics, the entropy of a system is related to its number of microstates. Since there is
generally a large number of microstates that could describe a given macrostate (M, J, @),
black holes have a large entropy.

If an observer wishes to measure the electric field at neighbouring regions of the star’s
surface, to determine the charge difference, the lines of force will appear to approach a
purely radial configuration, due to the increased curvature of spacetime. This bending of
the force lines causes the charge distribution to appear uniform. As far as the distant
observer is concerned, a type of coarse-graining is imposed. As equilibrium is approached
exponentially, all information about the star, such as temperature, charge distributions,
density distributions, etc., becomes impossible to measure from outside the black hole.

The formation of a black hole due to stellar collapse is a process in which a system originally
in a structured, ordered state changes to one which is disordered and described by few pa-
rameters. The final state of the system contains no observable memory of the system’s initial
state. There are many different possible initial states that could give rise to a particular final
state. Our inability to track how the final state evolved from the initial state is attributed
to what we call “information loss”. The number of internal microstates that can produce
a given black hole is dependent on how much information was lost during the black hole’s
formation. This suggests that the entropy is related to the size of the black hole.



2.1.1 Semi-classical Black Hole Thermodynamics

The event horizon acts as a one-way surface: objects can fall into the black hole, but nothing
can come out of it. When objects fall into the black hole, the black hole gets bigger. Since
nothing can escape from the black hole, this means that the black hole can never get smaller.
The size of the black hole can only ever increase or stay the same, it never decreases. This
should remind us of the second law of thermodynamics, in which the entropy can only ever
increase or remain the same.

The total surface area of the horizon is given by [4]

4 2 2 2 72
A= ”GN<meP ;Q +mw¢@@w%—gﬂgn-0J>, (2.3)

ct TEQ 4reg M?

where G3 M? — GNG? cjjj > 0.
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Hawking showed that as long as no negative energy is involved, the area can never decrease
[5]. Thus, the Hawking area theorem is

dA > 0. (2.4)

For reversible processes, dA = 0.

From equation (2.3), we see that A = A(M,Q, J), and

0A 0A 0A
dA = | — dM + dQ) + (—) dJ. 2.5
(aM)Q (aQ)MJ “ oJ M,Q (25)

An explicit calculation yields
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By manipulating equation (2.5), we have

oM oM 0A oM 0A
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Finally, we have

AM = %dA £ ®dQ + QdJ, (2.10)
where
2 C2 2
ct \/G?\f]w2 - % - WJZ :
h= o an o = (surface gravity), (2.11)
2G5 M (GyM +/GR M2 — G2 — 92— Cxd
QG+ JGRI - G2 - 5F) .
o = — (electric potential), (2.12)
8nGiyMe (GyMJGRM? — S5& — S1) - Gy Q?
Jc? :
0= — - (angular velocity). (2.13)
26N M2 (Gy My JGRM? — QL — ) — Cae?
If J? or Q? becomes so large that
GnQ? 2
2 32

then x will vanish. In such a case, we say that the black hole is an extreme Kerr-Newman
black hole. The surface gravity of a star, for instance, can be described as the acceleration
due to gravity that a test particle would experience near the surface of the star. This
description of surface gravity holds for objects, like stars and planets, which can be studied
within the Newtonian framework. Black holes, however, cannot be discussed within the
Newtonian framework. The surface gravity of a Kerr-Newman black hole can be described
as the acceleration that a test particle would need to exert in order to stay at the horizon.
It is important to note that even though the surface gravity vanishes, the area does not.

If the discriminant in equation (2.3) is negative, then the event horizon would disappear
and a naked singularity would exist, i.e. the outside universe would be able to see the
singularity. The cosmic censorship conjecture says that no naked singularities can form from
gravitational collapse [6].

We can rearrange the expression for the area, equation (2.3), to get

nct A GRQ? > 4 J?
M= —— | =+~ : 2.15
AGY (47T 47rsoc4> * Ac? (2.15)
The mathematical expression,
dM = 8%dA +QdJ + 2dQ, (2.16)

corresponds to the first law of thermodynamics and the conservation of mass-energy. From
this expression, kdA ~ TdS. This suggests that x plays the role of temperature. It can

6



be shown that s remains constant across the surface of the event horizon, just as the tem-
perature of a system in thermal equilibrium is constant throughout the entire system. This
corresponds to the zeroth law of thermodynamics. This is unlike Earth, for which accelera-
tion due to gravity depends on location.

Finally, the cosmic censorship conjecture prevents the situation in which £ — 0 (i.e. absolute
zero). It plays the role of the third law of thermodynamics. In summary, we have

Law Thermodynamics Black Holes
Zeroth | Thermal equilibrium = constant T | Stationary black hole = constant
First dE =T4dS + pdV + pdN dE = £dA + QdJ + $dQ)
Second dS >0 dA >0
Third | T"— 0 impossible in a finite process k — 0 impossible to achieve

Table 1: A table summarising the laws of black hole thermodynamics.

It is important to note that the third law of thermodynamics is a “rule of thumb”. There
exist systems in which the third law does not hold [7]. However, it holds in most cases.

2.1.2 Entropy and Information

For a Schwarzschild black hole (J = @ = 0), we have

1 2 M?
A= % (2.17)
oM ct
/<;—87T8A TR (2.18)

From a strictly classical perspective, black holes should have zero temperature. If k is to
play the role of temperature, then kK -+ 0= M — oo = A — oco. This is quite absurd!

Since the energy M is finite, zero temperature implies infinite entropy, which is also nonsen-

. . . . . 167G3, M?
sical. By manipulating the expression for the area, i.e. A = ﬂc—f, we have

B Ak
N 47TGN.

(2.19)

This demonstrates that both A and x are finite quantities. In the next chapter, we shall
discuss the relationship between entropy and information. For now, we merely need to know
that a loss in information corresponds to a gain in entropy, and vice versa.

From our earlier discussion, a black hole that forms from gravitational collapse “swallows”
up a lot of information. If we assign one bit of information to every degree of freedom of

7



the black hole, then classical physics suggests that the entropy of a black hole is unbounded.
It is unbounded because particles of arbitrarily small mass can be thrown into the black
hole. However, quantum theory forbids particles of arbitrarily small mass to be part of a
black hole because of de Broglie’s relation between energy and wavelength: £ = 2%’3 The
wavelength of the particle, A, must be smaller than the black hole. By choosing \ ~~ 2G0+M

we have a minimum particle energy (or mass) of the order 2.

Y

Since S ~ A ~ M?, an estimate of the entropy is

~(3)(E)

where kp is Boltzmann’s constant. In the classical limit, where A — 0, the entropy S
diverges. Furthermore, using the thermodynamic relation £ = 2T'S, (the factor of 2 appears
because the entropy is proportional to the square of the mass), we have

FE M02 M02 hGN
T=_— = ~ 2.21
25 28 ( 2 ) (kBAc3> ’ (221)
and using equation (2.17),
T e’ (temperature of the Schwarzschild black hole) (2.22)
~ _— 7z . .
87Gy Mkp P v

A black hole is completely black (7" = 0) only in the classical limit (A — 0). Otherwise,

using equation (2.19),
4
Tw(l@)m (2.23)
kg

which is proportional to k. When temperature is involved, the notion of thermal equilibrium
enters the picture. For the black hole to have temperature T', it must be capable of being
in equilibrium with a surrounding heat bath at the same temperature 7'. In this subsection,
our discussion was highly conceptual, and lacked any serious mathematical treatment. In
the next section, we shall go through the derivation of Hawking radiation.

2.2 Hawking Radiation

In this subsection, and for the subsections still to come, we shall set A = ¢ = ﬁ =1

2.2.1 Stellar Collapse

One of the interesting phenomena that we learn from semi-classical physics is that it is
possible to disturb the vacuum (excite modes) without having any source present. In the



case of a black hole formed by the implosion of a star, the changing geometry of the spacetime
“twists” the modes geometrically. The background motion excites the modes of the quantum
field.

Let us attempt to derive the Hawking radiation for a Schwarzschild black hole. We shall
present the derivation as found in [8]. Recall the metric for a Schwarzschild black hole,

1
ds? — — (1 _ 2G+M) dt? + (1 — QG;VM) dr? + r2d6? 4 r? sin® Ody? (2.24)

For a classical particle with coordinates z* and velocities df—:, the Lagrangian is given by

1 dzt dz¥

L= 39

: (2.25)

By extremising fba Ldt, we can find the particle’s geodesics. From the Euler-Lagrange equa-
tions, we know that if g,, (and consequently £) is independent of z*, then the conjugate
momentum,

oL _da
a(dzrjdry T ar
is constant along the geodesic. In the Schwarzschild case, the metric is independent of
t and . This means that translations in ¢ and ¢ shall leave the metric invariant. We
call any transformation that leaves the metric invariant a symmetry. Noether’s theorem
teaches us that behind every continuous, global symmetry within a system, there exists
some conservation law. This is an appropriate place for us to introduce Killing vectors [9].
In the case where 0,9, = 0, i.e. the metric is independent of x%, then the corresponding
Killing vector is ¢&# = ¢#. This allows us to express the symmetry in the form of the following
equation,

(2.26)

pM

Oy €” = 0. (2.27)

This equation may only hold in a suitably chosen coordinate system. It is not a tensor
equation. The covariant form, which holds in any coordinate system, is

V.6 4 V.8, = 0. (2.28)

This is known as Killing’s equation [9)].

Continuing with our derivation, we let the plane lie at § = 7, then

dt 2G N M\ dt

Dt = gtt% = — (1 i ) i E., and (2.29)
d ) dt

Dy = gwd—f =72 sm2(7r/2)5 = L. (2.30)



Thus, we have the following expressions,

2G N M\ dt
1-— — =-F 2.31
( r ) dr ’ ( )
and p
2 QY
g 2.32
i (2.32)

Along null geodesics, the expression for £ (equation (2.25)) disappears, i.e.

2GN MY [ dt\’ 2GNMN ! (dr\?  , (de\?
Using equations (2.31) and (2.32), we have
dr\? 2Gy M\ L?
— 1— = =E2 2.34

For radial null geodesics, L = 0. Thus, j—: = +F, where + corresponds to outgoing geodesics,
and — corresponds to incoming ones. From equations (2.31) and (2.33), we have

dt 2GNM\ " dr
— 1-— — =0. 2.35
dr + ( T ) dr ( )
We define the tortoise coordinate 7* such that
dr* 2GNM\ !
=(1- 2.36
dr ( r ) ’ ( )

where —oco < r* < 0o, r* — —occ asr — 2GyM, and r* — r as r — oo.
Using the tortoise coordinate in equation (2.35), we now have

dt  dr*dr d .
T o a e tF=0 (237)

We define the tortoise lightcone coordinates u and v, where

u=t—r* (2.38)
is constant along outgoing radial null geodesics; and

v=t+1r" (2.39)
is constant along incoming radial null geodesics.

Let us define C', an incoming radial null geodesic, by v = v; for some v; that passes through
the event horizon. The null coordinate u is a function of 7 along this geodesic C, i.e.

10



u = u(7). The form of this function immediately outside of the event horizon will determine
the spectrum of the particles created by the black hole.

u r* r* r* dr -1
AlongC,Z—T:j—:—”g—T. Weseethat%:%r%:—(l—w) E, thus
d 2GN M\
o (1 _ 2N > E. (2.40)
dr r

Along C, % = —E, so IQTGNM dr' = —E [ dr'. So we have
r—2GyM = —Er. (2.41)

By manipulating equation (2.40), we get the following expressions,

2GN M\ r r 2GNyM
1— = —— ——=1- ) 2.42
( r ) ET’ and ET ET ( )
Upon equating, we get
2G M\ 2GN M
1— =1- 2.43
( r ) ET ( )
All these manipulations allow us to write
du 4GNM
— =2F — 2.44
dr T (2.44)
from which we obtain
u(r) = 2B7 — 4Gy M In (Ki) , (2.45)
1

where K is a negative constant. The expression for u(7) describes an incoming null geodesic.
Far from the event horizon, u ~ 2E7. Near the event horizon, u ~ —4GxM In(7/K).

Singularity

Figure 1: A Penrose diagram for the collapsing star. The curve labelled B represents the
outer boundary of the star as it collapses. C' represents the ray of an incoming null geodesic,
v = vy, that enters the black hole through the event horizon, labelled H.
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From an inspection of the Penrose diagram (figure 1 above), we see that v — vy must be
related to the affine parameter 7 between u(v) and u(vg) on Zt, i.e.

vg — v = Ko7, where Ky < 0. (2.46)
For u(v), we have
u(v) = —4GyM In (i) (2.47)
K
Vg — U
= —-4GyM 1 2.4
Garmn (20, (2.48)
thus
u(v) = —4GyMIn (UO}; ”) , (2.49)

where K = KK, is a positive constant. This final expression for u(v) is going to play a
vital role for what’s to come.

So far we have only discussed the collapse of a star as it forms a Schwarzschild black hole.
We have only used tools from general relativity. Now we move on to introduce aspects of
quantum field theory.

2.2.2 Quantum Fields in a Schwarzschild Background

From the Einstein-Hilbert action,

S:/d4m\/—_g< !

167TGN

1
R+ 58@8%) , (2.50)
we get the following equation of motion for a massless scalar field, ¢,

—_gau (vV=99"0,0) = 0. (2.51)

5 -

Note that R, the Ricci scalar, is zero for the Schwarzschild black hole. ¢ is the determinant
of the metric, which is

— (1 — 29xM) 0 0 0
0 1— Gyt 0 42
g 0 ( ; ) O (2.52)
0 0 0 r2sin’6

If fi(z) and fo(z) are solutions to equation (2.51), then the following scalar product is
conserved,

(fi, f2) = i/d‘/z L1 (%, 1)00 fo(T, 1) — (Do fi (T,1)) fol T, 1)] . (2.53)

12



Let us list two properties of this scalar product:

(@) (fi, L2+ f3) = (f1, fo) + (f1, f3), (2.54)
(ZZ) (flquQ) = C(f1>f2)7 (255)

where ¢ is some constant. The proofs of these two properties are as follows:

() (i fot fo) =i / AV [f00(fo + f2) — (0uf?) (fa + f)]
= / AV [f00(f2) + F;00(fs) — (@of7) fa + (O0f?) f2)

=i / AV [f;00(f) — (Bof7) fo] + 1 / F100(f5) — (0uf) f2)
= (f1, f2) + (f1, f3)
(i) (Frocfs) =i / AV [fi00(cf2) — (D0f?) ()]

i / 4V 1;00(f2) — (@0f7) (f2)]
= C(fl, fz)-

Let us write

o= / dw (auf + ab f?) (2.56)

where {f,} and {f}} are a complete set of solutions to (2.51) satisfying the normalisation
condition (f,,,, fu,) = 6(w1 — wy). The operators a,, and a! behave in the usual manner, i.e.

[, aLQ] = §(w1; — wo) (2.57)
[, ) = [al,, . al,] = 0. (2.58)

On past null infinity, fum ~ —=e "V}, (6, ). The operators a,, annihilate particles on Z~.
This is at early times and at large distances from the collapsing star.

Let the p,, be solutions on ZT, satisfying (pu,, Puw,) = 0(w1—w2), and pup, ~ \/gre_i““}/}m 0, 0).
(From now on, we will drop the subscripts [ and m).

To generalise the solution, we need to accommodate for a part of the wave equation that will
be incoming at late times. This means that we must introduce a set of solutions {¢q, }. At late
times, a superposition of the {q,} is localised near the event horizon. They have no Cauchy
data on ZT. (When we refer to Cauchy data, we are referring to the boundary conditions
that a differential equation, ordinary or partial, must satisfy to ensure that a unique solution
exists). Observations on Z* will not be affected by the {q,}, since they depend only on {p,}.
The {q.} satisfy the same normalisation conditions as the other solutions.

13



Since the horizon and the region outside the horizon are disjoint, we have (g, , pw,) = 0. The
most general solution for outgoing and incoming particles on Z7 is of the form

b= / deo (bupa + ot + blp, + cha?) (2.59)

where the operators {b,,} and {c,} satisfy the same conditions as the {a,, } operators discussed
above.

For all w, a, |0) = 0 for particles incoming from Z~. The {f,} and {f}} are a complete set,
SO we can write

Pu = / (aww’fw’ + wa’f::w/) dw/~ (260)

Using equations (2.59) and (2.60), we have
by = (Pu; @). (2.61)

From equations (2.59) and (2.61), we can write

b, = du' (a:wlaw/ — B al > : (2.62)

ww’ Pww!

Playing around with more of these expressions, we can also show that
Ay = (fw/apw> and ﬁww’ = (f:fva)- (263>

As the star collapses to form a Schwarzschild black hole, we consider a range of frequencies
near a given value w. We can then form a wave packet from a superposition of the p,. The
coefficients of the superposition can be chosen such that the null geodesic that describes the
outgoing wave packet approaching Z* has a large constant value of u (i.e. at late times).

We can express the components p,, of this wave packet in terms of f,, and f,, as in equation
(2.60). Now suppose this wave were propagated backward in time. The curved spacetime
would scatter part of this wave back toward infinity, where it would reach Z~ as a superposi-
tion of the f,. The frequencies w’ would be close to the original frequency w. Another part
of this wave packet would pass through the star (we will ignore interactions with the star’s
material), where it would eventually reach Z~ as a superposition of f,, and f* . In this case,
however, the frequencies will be highly blue-shifted, i.e. W' >> w.

At late times (i.e. u — o0), the values for w’ become quite large. The spectrum of the
outgoing particles is determined by the asymptotic form of the coefficients (...

At early times, the form on Z= (with v < wp) is p, ~ ﬁe*i““(“)Y(Q,go). Using Fourier’s

theorem, we have
vo roo, ]
Oy = C/ dvy / 2 giwvgmiwu(v) (2.64)
o w

0 w' , )
Bow = C / dvy | —e e iwuv), (2.65)
oo w
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Setting s = vy — v in equation (2.64), and s = v — v, in equation (2.65), we have

0 w/ - L4 N S
Q= _C/ ds Z T w's piw v061w4GNM1n(?) (266)
+o0 w

0 / . . . s
5ww’ — C / ds / ﬂeflw §piw voezw4GNMln(—f> ) (267)
—00 w

To evaluate these integrals, we have to turn to complex analysis. For equation (2.66), we
draw a contour from 0 to oo on the real axis, and from —ioco to 0 on the imaginary s-axis. The
region enclosed contains no poles, and the integrand vanishes at infinity on the boundary.
For equation (2.67), instead the contour is drawn from 0 to —oo on the real axis. By making
the substitution s = io, equations (2.66) and (2.67) become

0 / . . i
Oy = —ZO/ do / gew/aezw voezw4GNM1n<?) (268)
—00 w

0 w/ / . . i0
Bow = iC/ doy | - e'7 emiev0 iAGN M In( =) (2.69)
o w
Im

| ]
— <

(a) Sketch corresponding to equation (2.66). (b) Sketch corresponding to equation (2.67).

Figure 2: Two sketches of the contours drawn in the complex plane. Sketch (a) corresponds
to equation (2.66), while sketch (b) corresponds to equation (2.67).

For o < 0,

In (%’) —In (_;"("‘) - —zg +1n (%) (2.70)
In (%”) —In (”K—"') = zg +1n (%) . (2.71)
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Thus, we have

O = —iCe iw v062ﬂ'wGNM/ do / wa zw4GNMln(| ‘) (272)

0
= |aww ’ |C‘2 47TwGNM/ dUdU w g+g)ezw4GNM1n<‘—“) (273)
6 , = iCe™ iw'vg —27rwGNM/ do / wO’ 1w4GNMln( ‘”l) (274)
1Y dw n lal
= |Buw |’ = |C|26_4WGNM/ dodo"™. e (o+a) gwtGnMn({Zh) (2.75)
o w

The relationship between o, and (. is
| |? = 87N Me 13 L1 (2.76)

This corresponds to the part of the wave packet that was propagated back in time to just
before the black hole formed. For this part of the wave packet,

(pwlapwz) = P(Wl)(S(Wl - W2)7 (277)

where T'(wy) is a factor accounting for the fraction of an outgoing wave packet of frequency
wy at ZT that would propagate through the star backward in time to Z~. See [8] for more
details. It can be shown that [§]

C(wy)d(wy —wy) = /dw (00 Qe — B B ) - (2.78)

From this, we encounter an infinity if we try to evaluate
1888 10) = [ '8, (2.79)

where the operators {b,} contain the information about the particles created by the black

hole.

Due to the steady flux of particles reaching Z+ at late times, we expect (0| b1 b, |0), the total
number of particles created per unit frequency, to be infinite. To get around this problem,

TT/% e'wi=w2)t \When w; = wy = w, then

_ T
Jn T () = [ @ (ot - )
= /dw' (QSWGNMW ‘ﬂwoﬂf - ’60.10.)"2)
— (eSWGNMw . 1) /dw/ ‘ﬁww’|27

we replace §(w; — wo) by limy_,q 5= =/
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and thus, we have

1 T
! 2 .
/dw B = eSmGnMw ] TIEI;OF(M) (27r> ' (2:80)
Therefore,
: T I'(w)
] —
(0]b1,b,,|0) = TIEI;O <27T) G 1" (2.81)

['(w) is the fraction of how much of the purely outgoing wave packet can be propagated
backward in time from Z* such that it would enter the collapsing star just before it became
a black hole.

By studying the analytic extension of the Schwarzschild spacetime, we see that I'(w) is also
the fraction that a purely incoming wave packet starting from Z~ at late times would be
absorbed by the black hole. This analysis suggests that the black hole behaves like a grey
body of absorptivity I'(w) and temperature given by

1
kpT = ————. 2.82
BE T 8rGyM (2.82)
In units where kg = 1, and recalling that Kk = m, we see that the black hole temperature
is given by
K
= —. 2.83
o (2.83)

It is important to realise that the matter/radiation produced from the black hole comes from
empty space, due to the gravitational disturbance, and not from the star as a source. The
material of the star is not necessarily coupled to the quantum field. Even if two stars of
equal mass (J, @ = 0) are made from different materials, they would both produce the same
Hawking radiation. This is because Hawking radiation is a property obtained from studying
the quantum mechanical vacuum near the black hole horizon.

The above derivation is very similar to Hawking’s original derivation [10]. However, it is
important to note that there are several ways in which Hawking’s argument can be presented.
For instance, the authors in [11] provide a description in which Hawking radiation is viewed
as a quantum tunneling process. The idea is that if a pair of particles are created just inside
or outside the event horizon, the particle’s energy will change sign if it crosses the horizon.
There is no energy violation, since the pair of particles would have come into existence with
a total energy of zero, provided one of the members tunneled to the other side. We shall
discuss this idea of particle/anti-particle production in more detail in the next chapter, when
we look at the black hole information paradox.

In the next section, we shall look at a Schwarzschild black hole in Anti-de Sitter (AdS)
spacetime. Before we move on to the next section, let us compute the specific heat of a
Schwarzschild black hole. We see that

O 1
SpecClilc nea = = —
peat oM~ 8rGNM?

0. (2.84)
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The black hole gets hotter as it gives off energy. This is a common feature of self-gravitating
systems. In AdS space, however, we shall see something different.

2.3 Schwarzschild Black Hole in Anti-de Sitter Spacetime

For this section, we shall set ¢ = h = kg = 1. In this system of units, the black hole
temperature is given by

K
T=—— 2.
s (2.85)
and the entropy is y
Spy = — 2.86
LEVTENE (2.86)

where A is the surface area of the black hole, and & is the surface gravity.

2.3.1 Anti-de Sitter Spacetime

In the previous section, we saw that the specific heat of a Schwarzschild black hole is negative.
We deduce from this that an increase in mass results in a decrease in temperature. In fact,
as the temperature decreases, the mass grows indefinitely.

Let us place the black hole in a box of finite volume and finite heat capacity. If E..q < %M ,
then thermodynamic equilibrium can be reached. Equilibrium implies that S = S..q + SBu
is at a maximum, subject to F = FE,.,q + M. The energy radiated by a black body is
proportional to the fourth power of temperature, thus

aCzjlrad o 1 Trad
aEvrad B 4Erad'

(2.87)

We can conclude that F g4 < iM .

Instead of placing the black hole in an unphysical box, let us rather place it in a spacetime
that is not asymptotically flat. As one approaches asymptotic inifinity of anti-de Sitter
(AdS) space, there is a type of potential wall. This makes AdS space “box-like”. The AdS
space is a solution to the Einstein equations with a negative cosmological constant, i.e.

Rw/ = Aguu- (288)

The metric for AdS spacetime is given by

ds? = — (dz°)* — (dz™*')" + 3 (da')?. (2.89)

i=1
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The set of points of the (d + 1)-dimensional AdS space, AdS4y1, is defined as

d
AdSgr = {(2° 2", 2™ | = (:1:0)2 xdﬂ + Z =-L*}. (2.90)

We write the Einstein-Hilbert action for the AdS metric as
/\/ 2A) dt g (2.91)

The equations of motion from this action are the Einstein equations, i.e.

" 167 GN

1
R[,LV - ERQMV = _Aguy- (292)

To get an expression for the Ricci scalar, we take the trace of both sides of equation (2.92).

We get
1

R — §R(d +1)=—-A(d+1), (2.93)
and thus g1
R—2EieA (2.94)
Plugging this back into equation (2.92) yields
2
Rl“’ = ﬁAgw/. (295)

However, a calculation of the Ricci tensor directly from the metric gives us [13]

d
R,Lw - _ﬁg,uy‘ (296)

Comparing these two expressions for the Ricci tensor allows us to get an expression for both
the cosmological constant and the Ricci scalar, i.e.

d(d—1)

A== (2.97)
_d(d+1)
R=-="— (2.98)

Since R # 0, we see that this metric is not asymptotically flat.
It is common to describe AdS spacetime using the following set of coordinates:
= L cosh(p) cos(1), Zgr1 = Lcosh(p)sin(7). x; = Rsinh(p)QY;,

where 7 € [0,27),p > 0,i =1, ,d, and Y ,;Q? = 1. Using these coordinates, the metric
becomes
ds®> = L* (— cosh®(p)dr* + dp® + sinh*(p)dQ7_,) , (2.99)
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where d23 | is the metric on S%7!. Since the entire space is covered, (7, p, ;) are called
global coordinates.

Near p = 0, ds* ~ L? (—d7'2 +dp? + deQ?ifl). A closed timelike geodesic is contained in
the spacetime, represented by the circle S'. The spacetime has topology S* x R¢. To restore
causality, we have to “unwrap” the circle so that —oco < 7 < oo. After this process of
“unwrapping”, the spacetime now has topology R,

AdSz, C R24

-0+ p p— 00

Figure 3: A sketch of AdSy,; as it is embedded in R%.
We can conformally compactify AdS by setting tan(¢) = cosh(p). This is useful, as it allows

us to see the topology of the spacetime more clearly. After making this substitution, the
metric becomes

L? .
ds® = 5@ (=dr® + db” + sin®(0)d2;_, ) . (2.100)
For the Einstein static universe, the d-dimensional Minkowski metric is ds? = —d7r? +

df? + sin*(0)d)2_,. This means that (2.100) is conformal to the conformally compactified
Minkowski space. For the Minkowski case, 6 runs from 0 to 7, while it runs from 0 to 7/2 in
the AdS case. This means that the AdS spacetime is conformal to one half of the Einstein
static universe. The conformal boundary of AdSy,; is at § = 7/2, where ds* = —dr?+d3%_|,
which has topology R x S%~!. The conformal boundary of AdS.,; is identical to the confor-
mally compactified d-dimensional Minkowski spacetime, i.e. R x S%'. The d-dimensional
Minkowski spacetime, which has topology R%¥~! is conformally compactified to R x S9!
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Let us now discuss the Poincaré coordinates (¢, Z;,u), defined by [14]

x‘):% <1+u2 <L2+Zi:(i’i)2—t2>>7

' = Lud’,
(2.101)
1 ~i\2
d 2 [ 72 i 2
2= o <1—u (L —Z(:c) +t>>,
¥ = Lut,
where ¢ = 1,--- ,d — 1. The metric now becomes

ds? = L? (du—f +u? (—dt2 +) (da?;i)2>) . (2.102)

. With this z coordinate,

It is often convenient to make the coordinate substitution, z =
the Poincaré coordinates become defined by

1 _in2
x0:£<22+L2+Z(m) —tQ),

;. Lit
r' = ,
“ (2.103)
1 i\ 2
d 2 2 ~i 2
T :Z<Z —L +Z(m) —t),
Lt
gttt = 22
z

and the metric becomes

L? 9
2 2 2 ~i
ds’ = =5 (—dt +dz" + Z (dz') ) : (2.104)
The z coordinate behaves like a radial coordinate. It cuts the AdS space into two regions.
Because of this, the Poincaré coordinates do not cover the entire space of AdS, as can be
seen in figure 4. The region of AdS space that is covered by the Poincaré coordinates is
known as the Poincaré patch.

In the Poincaré coordinates, the boundary of AdS is the plane z = 0. This boundary is flat
space, with topology RY¥~1. This differs from the boundary of AdS in global coordinates,
which has topology R x S9! (this is not flat, but rather cylindrical). From this, we see that
the boundary of the Poincaré patch is not the same as the boundary of global AdS.
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T=-T

Figure 4: Poincaré coordinates covering only half of AdS space. The shaded region is known
as the Poincaré patch.

Let us examine how a particle moving in AdS space would behave. Consider a particle
with four-momentum P* = (—F,p',p? p*). At infinity, a static observer has four-velocity
Ur = \/Iﬂ where k = %. The local observer measures an energy £ = g, U*P" = \/% =

—k2
Bw — ___Bw We see that the energy, F, is red-shifted by a factor of /1 + 2—22 It

V=900 \/1+7‘2/L2 ’
gets red-shifted to zero as r — co. Since energy and temperature scale the same way, the
temperature gets red-shifted by the same factor.

2.3.2 Temperature of the Schwarzschild-AdS Black Hole

The Schwarzschild-AdS metric is given by

20GNM 12 20GNM 2\ !
a2 = — (1= 2 T gy (1 2OV T ey a2 (2.105)
r r L?

We see that for small r, the metric looks like the Schwarzschild black hole; and for large r,

AdS space. The black hole has an event horizon at » = r,, the largest root of the potential,

Vir)=1- M + 2—22 To determine the temperature of the black hole, we can perform a

Wick rotation, 7 = it, and then look at the metric near the horizon. By performing a Wick

rotation, we are compactifying Euclidean time. This allows us to identify the period with
1

the inverse of the black hole temperature, i.e. 7 = 3, where 3 is the period.

Let r = r, + p?, where p < 1. Then

2GNM  7r? L*r —2GNML? + 13

V = 1 _ =
" P rL® (2.106)
L2 (ry + p?) = 2GNML* + (ry + p%)° |
) (e + ) 12 |
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To leading order in p,
V) = PR St
(ry +p%) L?
_ b2 +3r2 + 3rip? +pt
) L2
N L+ 3r2
L2T+ )

(2.107)

Since r = ry + p* and t = —i7, we have that dr? = 4p?dp? and dt* = —dr?. This allows us
to write the metric (2.94) as

ds® = =V (r)dt* + V (r)~'dr® + r?dQ°
=V (p)dr* + 4V (p) ' p*dp* + r2dQ* + €4d92 + 21, p?dQ?

very small
~ V(p)dr® + 4V (p) "' p*dp® + r7dY?
LP+3r% 5 L?ry 2, .2 102 (2.108)

= ——— "9 4—-d ds?

L?ry pram b2+ 3r2 Ty

AL?ry L? +3r% ’ 2 2 2 2 102
= 2537 ( 2Lr, ) p dT™ + dp” | + ridSr.

In this form, we can determine the temperature,
1 L*+43r%
L243r2

The temperature is a function of r, i.e. T'(r) = . The minimum temperature is found

when r = rqg. Let us calculate rg, il
d’.ZiH - 0o 6r (47TL2TO()4;£2[;20;; 3r2) 4w L? _0
I (2.110)
Erg = i%.
Now that we know what r( is, we can calculate Ty = T'(rg),
Ty = T(ry) = Z}izg = Qﬁ. (2.111)

T}, is the minimum temperature. By calculating the second derivative of T" with respect to
r, we see that it is positive, i.e.

d*>T d 3 1 1
—_ = — — = > 0. 2.112
dr? dr (47TL2 47rr2> 2773 ( )
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The Schwarzschild-AdS black hole reaches a minimum temperature, but then the tempera-
ture increases indefinitely. This behaviour is very different from that of the Schwarzschild
black hole in Minkowski space, where the temperature keeps decreasing as the black hole
gets bigger.

M M

(a) Black hole in Minkowski space. (b) Black hole in AdS space.

Figure 5: Both figures show the relationship between the temperature and the mass of a
Schwarzschild black hole. Figure (a) is for a black hole in Minkowski space, while figure (b)
corresponds to a black hole in AdS space.

For T' < Ty, there are no black holes. The space is filled with pure radiation. Smaller black
holes, r < 7y, have negative specific heat and are thermodynamically unstable. The larger
black holes, i.e. r > rq, have positive specific heat and are thermodynamically stable. This is
what makes studying Schwarzschild-AdS black holes convenient: they are thermodynamically
stable.

The black hole reaches thermal equilibrium in AdS space because of the boundaries of the
spacetime. We can think of the Hawking radiation as “bouncing” off from the walls of the
AdS space, which is shaped like a cylinder. This “bounced” off radiation makes its way back
to the black hole. See figure 6.

. boundary of AdS
Hawking
radiation

o

black hole

Figure 6: A sketch of how the Hawking radiation “bounces” off from the boundaries of the
AdS cylinder, and makes its way back to the black hole.

Radiation follows null geodesics. In AdS, particles which follow null geodesics take a finite
coordinate time to go from r = 0 to r = co. Let us begin with the AdS metric,

2 2\ !
ds® = — (1 + %) dt* + (1 + %) dr® + r?dQ°. (2.113)
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For null geodesics, ds?> = 0. Due to rotational symmetry, we can ignore the r?dQ2* term. We
can derive an expression for time as a function of radial distance, i.e.

r? ) 2\,
L2dr
=>dt=+——— 2.115
L2+T2’ ( )
and thus ,
t(r) = £ L arctan <Z) . (2.116)
From equation (2.116), we see that as r — oo, t — % This means that in the AdS

spacetime, it takes a ray of light a finite time to travel an infinite distance.

We shall conclude this chapter by discussing what it means for a black hole to be in equilib-
rium in AdS space.

2.3.3 The Eternal Black Hole

In order for us to discuss the eternal black hole, we have to review the Anti-de Sitter/Conformal
Field Theory (AdS/CFT) correspondence. Let us begin by briefly discussing conformal field
theory. [15]

A conformal field theory is a quantum field theory that enjoys conformal symmetry. A
conformal transformation is one that preserves the angles between lines. By angles, we
mean the angle between the tangent vectors. In a conformal transformation, the spacetime
metric transforms as

ds® — Q2 (x)ds®. (2.117)

CFT’s have a large amount of symmetry, which makes them simpler to study. The following
is a list of finite conformal transformations:

(i) Translations: z# — x* + bH,
(ii) Lorentz transformations: z# — Alz”,
(iii

1
. H__h 2
(IV H—bta

)
)
) Scaling: x# — e*a#* (when ) is infinitesimal, e* ~ 1 + \),
) T 26315222 °

Special conformal transformation: z# —

Together, these transformations form the conformal group. There are many things about
conformal field theories which we can discuss at great length, however, that is not our
intention. We merely wish to state an important result pertaining to a certain class of
CFT’s, the state-operator map.
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Consider a CFT where the cylinder is mapped to the complex plane, i.e. R x SP~1 — RP.
The states live in the cylinder, while the operators live on the complex plane. The state-
operator map says that the states are in a one-to-one correspondence with the local operators.
This is a powerful result that is unique to CFT’s. For an ordinary quantum theory, the map
only goes one way: by acting on the vacuum with an operator, we obtain a state. In CFT’s,
every state uniquely corresponds to a local operator. [16]

complex plane

cylinder

Figure 7: A sketch showing the state-operator map. States live in the cylinder, and can be
mapped to operators in the complex plane.

Now we can discuss the AdS/CFT correspondence, which is also known as the gauge/gravity
duality. This duality claims that a strongly coupled 4-dimensional gauge theory is equivalent
to a gravitational theory in 5-dimensional AdS spacetime [17]. The gauge theory describes
the electromagnetic force, the weak nuclear force, and the strong nuclear force. At strong
coupling, it is not easy to study a gauge theory. For instance, there are still many unanswered
questions in quantum chromodynamics (QCD), the gauge theory which describes the strong
nuclear force.

The AdS space is a vacuum solution to the Einstein equations. The boundary of AdS space
is Minkowski space. This boundary is used as the background for a conformal field theory.
The bulk (i.e. inside the cylinder) of the AdS space is where the gravitational physics takes
place. The AdS/CFT correspondence creates a “dictionary” [19] between the boundary and
the bulk. The two theories, the CFT without gravity, and the quantum gravity on AdS
space (formulated in terms of string theory), are exactly equivalent. We can do calculations
in either and get the same answer.

In Maldacena’s original paper [20], it was argued that the 10-dimensional Type IIB super-
string theory on AdSs x S® is equivalent to N' = 4 supersymmetric Yang-Mills (SYM) theory
with gauge group SU(N). The N'=4 SYM theory lives on the 4-dimensional boundary of
AdSs5, which is flat. A field of mass m in AdSjs is associated with an operator in SYM of
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conformal dimension A, with the relationship being

m? = A(A—4). (2.118)

Now that we have a basic idea about the AdS/CFT correspondence, we can move on to
discuss eternal black holes and equilibrium. An eternal black hole has a full, two-sided
Penrose diagram [21]. In AdS space, the extended Schwarzschild-AdS black hole is eternal.
It has two boundaries, and thus it is dual to two copies of a CFT. Two copies of a CFT
suggests that there is a “doubling” of the degrees of freedom of the theory. This is known
as the thermofield double (TFD) formalism. The thermofield double formalism allows us to
treat a thermal, mixed state, which we shall call a TFD state, as a pure state in a larger
system (the “doubled” system). Using the AdS/CFT dictionary, it was shown in [22] that
the eternal black hole is dual to the TFD state.

Let us call the two CF'T’s on the two respective boundaries CFT; and CFTs. Let O; be an
operator in CF'T; and Oy an operator in CFT,. Let us perturb the TFD state, i.e.

ITFD) — TﬁD> — (14 €0s) |TFD) . (2.119)

The expectation value of O; in the perturbed state in CFT; is
(O0)) = (TFD|O,|TFD)
— (TFD| (1 + €0,)' O (1 4 €O,) [TFD)
= (TFD| (1 4 €D,)' (O; 4 €O,0,) |TFD)
— (TFD| O, |TFD) + ¢ ((TFD| 01O, TFD) + (TFD| 0,0, \TFD)) +O(e).
To first order,
(O01) ~ (TFD| 0,0, |[TFD). (2.120)
In the bulk, which is the gravity side, if we keep Oy at a specific time while allowing O; to
go to very late times, the geodesic distance between these two points increases forever, i.e.
(O iy ~ 1% =0, (2.121)
for t >> .

This creates a contradiction in the CF'T, since
(O gpp ~ €77, (2.122)

for ¢t >> . S, the entropy, is finite. This means that (O;).pr doesn’t decay to zero, as
in the gravity case. But the AdS/CFT correspondence asserts that the two values should
be equal. It turns out that by considering non-perturbative effects in gravity, of the order
e /6N ~ e=5 the contradiction is avoided. The non-perturbative effects ensure that the
expectation value of the observable doesn’t decay to zero.

The CFT describes a system in thermal equilibrium. Since the gravitational theory is dual
to the CFT, we can conclude that the black hole in AdS, which is an eternal black hole,
reaches thermal equilibrium.
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3 Quantum Information and Black Holes

3.1 Measurements in Quantum Physics

In order to make sense of anything in the physical universe, we need to have some notion of
what it means to perform a measurement.

3.1.1 POVM Formalism

The measurement postulate of quantum mechanics states that a quantum measurement is
described by a collection of measurement operators, denoted {M,,}. These operators act on
the state space of the system being measured. If the state before the measurement is |¢),
then the probability of the result m occurring is given by

p(m) = (| M} M, [) (3.1)
and the system’s state after the measurement is wi\j\;'ﬁ = The completeness relation is
satisfied by these measurement operators, i.e. "

Z M;Mm =1 (3.2)

These observables are Hermitian. The completeness relation ensures that the probabilities
sum to one, i.e.

> p(m) = @Y M} M, [¢) = (W|T]v) = 1. (3.3)

In many cases, we are not interested in the state of the system after the measurement. Our
main interest generally lies in the probabilities of the respective measurement outcomes. An
example of such a case is in an experiment where the system is only measured once, upon
the experiment’s conclusion. This is where the Positive Operator-Valued Measure (POVM)
is particularly useful [22]. It is a mathematical tool well adapted to measurement analysis.

At this point, it is useful to define what it means for an operator to be positive [23]. An
operator P is said to be positive if (1| P|¢) > 0 for all |[¢)). Here we list three properties
pertaining to positive operators:

(i) |k) (k| is positive for any |k),
(i) if P is a positive operator and 7 a projection operator, then 7P is also positive;
(iii) if P is a positive operator and |¢) is normalised, then (| P |¢)) < Tr(P).

Proof:
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(i) Let |k) be some vector. Then (k|t¢)) is a complex number.
So (W] ([k) (k[) [) = [(¢lk)[* > 0= |k) (K| is positive.

(ii) 7 is a projection operator, so m [¢)) = |¢). (Note that this is only true if [¢) is an
eigenstate of ).

We see that 7P |0) = nP (7 [¢)) = 7P [¢) = w(P ) = P |¢), thus mP7 is positive.

(iii) Let {n} be the basis for |¢), then ()|1)) = (n|n) = 1, since [¢)) is normalised. For the
positive operator P, we write Tr(P) = ) (n|P|n). By stating that n < ) n for
n € Z, we conclude that (¢| P |¢) <> (n| P|n) = Tr(P).

Suppose a quantum system is in a state |¢). Using measurement operators M,, to per-
form a measurement on the system, the probability for outcome m is given by p(m) =
()| MT M,, |1). For convenience, let us define

E,, = M} M,,. (3.4)

From the properties of M,,, it follows that E,, is a positive operator such that > FE,, =1
and p(m) = (Y| Ey, [0). The complete set of operators, {E,,}, is known as a POVM. The
elements of this set are known as POVM elements. They are sufficient to determine the
probabilities of the various measurement outcomes. In summary, we can define a POVM to
be any set of operators { E,,} such that

(i) every operator E,, is positive; and

(ii) the completeness relation, > = F,, =1, holds.

3.1.2 Density Operators

Suppose we make statistical predictions on a collection of physical systems that have been
identically prepared. This collection is called an ensemble. If every member of this collection
is described by the same ket, say [¢)), then the ensemble is pure. On the other hand, if p;
members of the ensemble are described by the ket |¢1), and ps members are described by
the ket [t)9), then the ensemble is mixed.

We can view a mixed ensemble as a mixture of pure ensembles. The following normalisation
condition must be satisfied,
> pi=1 (3.5)

Furthermore, it is not necessary for |¢;) and [i) to be orthogonal. The number of terms in
the sum need not equal the dimension of the Hilbert space inside which the ket lives, it can
be greater than the dimension. To see this [24], consider a spin % system which has d = 2,
where d is the dimension of the Hilbert space. We may have a situation in which 40% of the
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elements in the ensemble have spin in the positive z-direction, 25% have spin in the positive
x-direction, and the remaining 35% have spin in the negative y-direction. In this case, the
summation index ¢ runs from 1 to 3, even though the dimension of the Hilbert space is only
2.

Consider an ensemble of systems, where every individual system is prepared in one of the
various possible states, with a fraction p; of them prepared in [¢;). For an observable A,
the average measured value will be (A), = (¢;| A[¢;). Over the entire ensemble, (A) =

22 PilA); = 22 piTr([n) (il A).

We define the density operator p to be p = ). p; |1;) (¢;|. The density operator is used to
describe mixed states. If the 1); form an orthonormal basis, then the maximally mixed state
is the state for which the p; are the uniform probability distribution, i.e. p; = Cll, where d is
the dimension of the Hilbert space in which the ; live. Due to the linearity of the trace,
the density operator p allows us to calculate the expectation value for any observable A, i.e.
(4) = Tr (pA).

Before we continue, let us briefly discuss the trace of an operator. The trace of an operator
is a linear functional. If the operator is represented as a matrix, then the trace is the sum
of its diagonal elements. Mathematically, we have

Tr(|n) (ml) = Y (iln) (m|és) (3.6)

2
where |¢;) is some basis.

In matrix form, the trace is the sum of all the diagonal elements of the square matrix. It
is independent of the choice of basis. For instance, let {|n)} and {|m)} be two orthonormal
bases. Then

Sl Al = 3 (a4 | 3 ) Gl | o
’ ’ - =1

= (ml (Z n) <nl> Afm)
= (m|Alm).

Thus,
D (| Aln)y =" (m| Alm). (3.7)

n m

For operators A and B, Tr(AB) = Tr(BA). The trace also satisfies the cyclic property, i.e.
Tr(A...BC) = Tr(CA...B).

30



The trace of a density matrix is always equal to 1. For pure states, we have the following
property,

P =p, (3.8)
from which it follows that Tr(p®) = 1. This property exhibited in equation (3.8) is known as

idempotency. For a mixed state, p? # p, and consequently Tr(p?) < 1. The Tr(p?) is called
the purity of a state.

The Schrédinger equation, H [¢(t)) = ih-<L [4(t)), describes how the state vector [1(t)) of an
informationally isolated system evolves in time. (By informationally isolated, we mean that
the system’s time evolution is governed by a unitary operator [23]). Over the time interval
0 to t, the unitary operator U(t) describes the evolution |¢(t)) = U(t) |1(0)). For this pure
state, the density operator is described by p(t) = |¢(t)) (¥(t)| = U(t) [(0)) ((0)| UT(t) =
Ut)p(0)U(2).

For an infinitesimal time interval dt, U(dt) = e7"#/M ~ T — Zdt, where we ignore O(dt?)
terms. Thus, the time evolution from t to t + dt is

ot + dt) = (1[ - %dt) o(t) <]1 + %dt)

= p(t) = 3 (Hp(t) — p(t)H) dt

= p(t+dt) —p(t) = —7[H, p(t)]dt
plt+dt) —p(t) 1
At time t,
. op(t4-dt) —p(t) . 1
T Sl
and thus,
dp 1

The relations p(t) = U(t)p(0)UT(t) and the Schrodinger equation applies to mixed states
as well, i.e. p(0) = > . pi|¥:(0)) (¥;(0)]. The matrix representation of a density operator
is called a density matrix. In terms of the basis {|n)}, we write p = > |m) (n|. The
probability that a basic measurement will yield a result n is given by p,, = (n|p|n). The
off-diagonal elements of the density matrix are called coherences. This is because there is a
definite phase relation between the terms of a superposition of basis states. We say that the
superposition is coherent.

Before we move onto the next subsection, it would be wise to discuss the reduced density ma-
trix. Suppose we have a composite system AB, made up of subsystems A and B respectively.
The reduced density matrix for subsystem A is given by

pa =T (pas), (3.10)
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where pap is the density matrix of the composite system, and Trp is the partial trace. The
partial trace “traces” over the degrees of freedom of subsystem B, and we are only left with
information pertaining to subsystem A. By performing the partial trace, we end up “losing”
information about the composite system. This loss of information, or uncertainty, is related
to entropy.

3.1.3 Classical and Quantum Entropy

In quantum information theory, entropy measures how much uncertainty there is in a state
of a system. In classical information theory, we speak about Shannon entropy. Suppose X
is a random variable whose value we learn after performing a measurement. The Shannon
entropy of X is a quantity that tells us how much information we have gained, on average,
by learning the value of X. Another way of thinking about the Shannon entropy is that it
measures the amount of uncertainty that we had about X before we learned its value.

The Shannon entropy associated with a probability distribution is defined as

H(X) = H(p1,pa, -+~ ,pn) = prlogzpm (3.11)

where we use the logarithm to the base 2, so that the entropy is measured in bits. This is
the convention used in the quantum computation and quantum information literature [22].
However, for convenience, we shall drop the subscript 2.

Note that lim, ,oxlogx = 0. An event that cannot occur would have no effect on the
entropy.

If we wish to measure the closeness of two probability distributions p(x) and ¢(x) over the
same index set x, then we define the relative entropy of p(z) to g(x) as

H(p(z)llq(x Zp log( i;)E—H Zp )log g(x (3.12)

The joint entropy of X and Y is defined as

H(X,Y) Zp x,y) logp(x,y). (3.13)

z,y

It gives us a measure of the total uncertainty about the pair (X,Y). If we know what the
value of Y is, then that means we have acquired H(Y') bits of information about the pair,
(X,Y). Since we don’t know what the value of X is, there still exists some uncertainty about
the pair, (X,Y). The entropy of X conditional on knowing Y is defined by

H(X|Y) = H(X,Y) — H(Y). (3.14)
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This is known as conditional entropy. It gives us a way of measuring how uncertain we are
about the value of X, given that we know the value of Y. The mutual information, also
referred to as the mutual entropy, of X and Y is defined as

HX:Y)=HX)+H(Y)—-HX,Y). (3.15)

This measures how much information is shared in common between X and Y. The joint
entropy term is subtracted so that we do not count the information which is common to
both X and Y twice.

H(X) H(Y)

Figure 8: This is an entropy Venn diagram. It provides a graphical representation of the
different entropy measures discussed above.

Shannon entropy measures the uncertainty associated with classical probability distribu-
tions. In quantum theory, we replace probability distributions with density operators. We
generalise the definition of Shannon entropy to quantum states. The Von Neumann entropy
of a quantum state p is given by the formula [22],

S(p)=—Tr(plogp). (3.16)
We can re-express this definition as
S(p) == Mlog A, (3.17)
k

where the Ay are the eigenvalues of p and 0log 0 = 0. In a d-dimensional space, the completely
mixed density operator, é]l, has entropy logd.

If p and o are density operators, then the relative entropy of p to o is

S(pllo) = Tr(plog p) — Tr (plog o). (3.18)

Let AB be a composite system made up of systems A and B. Then the joint entropy is
defined as
S(A, B) = =Tr (paglog(pan)) (3.19)
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where pap is the density matrix of the system AB. The conditional entropy and the mutual
information are defined similarly as in the classical case, i.e.

S(A|B) = S(A, B) — S(B), (3.20)

and
S(A:B)=S(A)+ S(B)+ S(A, B). (3.21)

The mutual entropy, S(A : B), accounts for both entanglement and classical correlations
between the systems A and B. (By classical correlations, we mean the manner in which the
two systems affect or influence each other). In the case where the entangled state of A and
B is a pure state, we have that S(A) = S(B), no classical correlations exist, and the joint
entropy is zero, i.e. S(A, B) = 0. In such a case, the mutual information is

S(A: B) = 25(A), (3.22)

and becomes a measure of entanglement. This measure goes by the name of entanglement
entropy.

We wish to study the relationship between measurement and entropy. Suppose we perform
a projective measurement on a quantum system, but we never find out the result of the
measurement. If the projectors, P;, describe the projective measurement and the initial
state is p, then the state after the measurement is p’ = ). PipP;. There exists a theorem
[22] which states that the entropy never decreases due to this process, i.e. S(p') > S(p),
with equality if and only if p = p'.

Klein’s inequality declares that the quantum relative entropy between two states p and o is
non-negative, S(p|lo) > 0, with equality if and only if p = o.

There are many identities for both Shannon entropy and Von Neumann entropy [22]. How-
ever, it is not our goal to list all of them, only those of which we might need to apply at
some point. Omne these important identities goes by the name of the strong subadditivity
inequality, i.e. for three quantum systems A, B, and C, the following is true:

S(A, B,C) + S(B) < S(A, B) + S(B,C). (3.23)

A proof for this inequality can be found in [25].

3.2 Information and Distinguishability

In order for us to reliably depend on the information we obtain from a measurement, we
must have a way of distinguishing between the sources of the information. In this section,
we shall look at ways in which to distinguish between quantum states. We shall also look at
entanglement and cloning in the quantum sense.
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3.2.1 Distance Measures

It is often useful for us to have a way of determining how “close” two quantum states are to
each other. In order to do this, we need to introduce a distance measure. In this subsection,
we shall only discuss the trace distance (also known as the L; distance or the Kolmogorov
distance).

Let us consider two probability distributions, {px} and {gx}, over the same index set k. The
trace distance is defined as

D(pk, qr) = %; Pk — k|- (3.24)
The trace distance is a metric, i.e.
(1) D(px,qr) = D(qx, pr)
(i) D(pr,px) =0
(iil) D(pr,7%) < D(Pk; k) + D(qr, 7)-
In quantum mechanics, the trace distance between two quantum states p and o is

1
D(p,o) = §Tr\,0 — o, (3.25)

where |A| = VATA for some operator A. If p and o commute, then they can be expressed
as diagonal matrices in the same basis, i.e.

p=2_mil) (i, o= sl il

where {]7)} is some orthonormal basis. Upon calculating, we see that

1
D(p,) = Trlp— o

T2
1

= §Tr Z (ri — s;) |2 (i
1

= _|Ti - Sz|
2

= D(r;, s;)

Let us now discuss quantum entanglement.

3.2.2 Quantum Entanglement

We begin by considering a composite system AB, made up of distinct systems A and B. Let
W(A)> and ‘¢(B)> be the quantum state vectors of system A and system B respectively. By
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enumerating the states of the subsystems, we can describe the joint state of the composite
system AB, ‘¢(A)> ® ‘¢(B)>. Mathematically, the joint state is represented as the tensor
product of states from each Hilbert space. The tensor product of the subsystem Hilbert
spaces satisfies the following properties:

(i) For any |a) in H) and |b) in HP), the space HAP) contains the product vector |a)®|b).

(i)

(iii) ({a1| © (ba) (Jaz) ® [b2)) = (aslaz) (b1|bs).
)

(iv) Any “I/(AB)> in H“B) is either a product vector or a linear combination of product
vectors.

|a) @ (A1 |b1) + Ao [b2)) = A1(Ja) @ 1b1)) + A2(|a) ® |bs)), where \; are constants.

If we make measurements on A and B respectively, where |a(A)> and |b(B)> are the basis
vectors associated with the outcomes a and b, then the probabilities are

PW(a) = [(a@]p?)]*,  and (3.26)

PB () = |(4®]¢B))]. (3.27)
If the subsystems have been prepared completely independently, then

PUB) (g, b) = P (a)PB)(b). (3.28)
In quantum mechanics,

PU(a,0) = | ((aW] & 0P]) ([w) @ [6))[". (3.29)
We need to reconcile equations (3.28) and (3.29), i.e.
(@@ B2]) ([ ) @ [617)) = (aD[p'D) (317 |6)

[((a@] @ (0P]) (J62) @ [6))[* = (D[t | (6P |6 [
= PUB)(q.b) = PW (a)PP)(b).

From the superposition principle, there exists composite system states of the form
[24) — o [{V) & [o{7) + s [ufV) @ [0§7) + -+

The subsystems A and B are described by Hilbert spaces HY) and HP) respectively. The
composite system is described by the Hilbert space HA5) = HA) @ HPB) We call such a
system a bipartite system, since it’s made up of two parts.

If |a;) is orthogonal to |ay) in H“W, then |aj,b;) is orthogonal to |ag, by) in HAE). The
argument goes as follows:

|a1)is orthogonal to |az) = (ai|az) = (asla;) =0

({a1] @ (b1]) (laz) @ [b2)) = {a1|az) (b1|b2) = 0.
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Let {|n)} be a basis for HY) and {|k)} be a basis for H®). Then the set {|n,k)}, which
includes all products |n) ® |k) of basis vectors, is a basis for HA5). If dim H“) = d4 and
dim HP) = dp, then we can write

(W) = au ) + az [ne) + -+ aa, [na,) (3.30)
’¢(B)> = B k1) + Ba|ka) + -+ + Bag |kag) (3.31)
and thus b
@) @ [¢1P) =D > i ) @ k). (3.32)
i=1 j=1

Some states of AB are not product states. For instance, consider

WD) =S ann) @ k) =D In) @ (Z ok !k>) = Im®lén),  (333)

where |¢,,) are not necessarily normalised in H®).
)

Let [U45)) = |4) @ |¢). By expanding the A-state using the {|n)} basis, we have |¥(45)) =
>, 1) @ (o [8)). If [¢,) = au |@) for all nin (3.33), then |®#®)) must be a product state,
o, [0UB)) =52 n) @ [R).

We have a product state if and only if the various |¢,) vectors are all multiples of a single
vector. A non-product state is called an entangled state. If AB is in an entangled state, it is
not possible to assign state vectors to the individual subsystems. Entanglement arises when
a dynamical interaction takes place.

Systems A and B are non-interacting if the Hamiltonian of AB is HAP) = HWA) 1 g(5),
Non-interacting systems are dynamically isolated or uncoupled from each other. If A and B
are non-interacting, they will not become entangled by their own autonomous time evolution.

The mutual entropy, S(A : B), accounts for both entanglement and classical correlations
between the systems A and B. (By classical correlations, we mean the manner in which the
two systems affect or influence each other). In the case where the entangled state of A and
B is a pure state, we have that S(A) = S(B), no classical correlations exist, and the joint
entropy is zero, i.e. S(A, B) = 0. In such a case, the mutual information is

S(A: B) = 25(A), (3.34)

and becomes a measure of entanglement. It is known as the entanglement entropy. Let us
discuss what it means for a state to be maximally entangled.

A pure state from H“P) is maximally entangled if the reduced density matrix of any one
of the subsystems is maximally mixed. Another way of determining if a state is maximally
entangled is by calculating the von Neumann entropy. If the von Neumann entropy is a
maximum for each bipartition, then the state is said to be maximally entangled. [26]
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Let us look at an example in which we can see some of the physical implications of entan-
glement. We shall look at the EPR state. For this example, let us define the observable,

U0 = 0101 + U209 + V303, (3.35)

which has the eigenvalues 1. The measurement of this observable is known as measurement
of spin along the ¢ axis [22]. Let us prepare an entangled state of the two qubit system,
|v) = w. Let us introduce two players, named Alice and Bob. Each member of
the entangled pair belongs to Alice and Bob respectively, who are very far apart from each
other. If Alice measures v - & along the ¢ axis and obtains a result of +1, then she can
predict, with absolute certainty, that Bob’s result will yield —1. It appears as if Bob’s qubit

has knowledge of the result of a measurement performed on Alice’s qubit.

To see this, let |a) and |b) be eigenstates of ¥+ ¢. Then we can write

0) = a1 |a) + aa |b), (3.36)
1) = Bila) + B2 1b), (3.37)

where «;, ; € C. Now we can write the EPR state as

Oem-me0 _ 1 I, .
7 —\/5(152]>®|b>+ 201 [b) ® |a) — Braz |a) @ [b) 152 |b) @ |a))
@) ® [b) — [b) ® |a)

= (o f2 — Prag) \/5 .

The factor (ayfs — B1an) is the determinant of the unitary matrix,

a1 Qo
Bi B2 )’
This implies that a3y — fias = €, for some real §. We conclude tha
|a)®[b)—|b)®|a)
2

¢ 10RIn-uelo) _
V2

up to a global phase factor which is not observed. These calculations demon-
strate to us that if the first qubit yields a measurement result of +1, then the second qubit
is guaranteed to yield a result of -1.

The bothersome aspect of this situation arises when Alice and Bob perform their respective
measurements at the same time. If Bob’s qubit can have knowledge of Alice’s qubit’s result,
how can the information from Alice’s qubit be transmitted to Bob’s one instantaneously?
Nothing can travel faster than light, not even information. This problem is what gave rise to
Einstein’s famous phrase of “spooky action at a distance”. It turns out that this apparent
paradox is resolved by Bell’s theorem [23]. The main point is that our “common sense” view
of nature is not to be trusted. In the next section, we shall look at the idea of quantum
cloning.
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3.2.3 Quantum Xerox Machine

Suppose we have three systems A, B, and M, with Hilbert spaces H4, Hp, and H,; re-
spectively. Let system A be the input system, B the output system, and M the “machine”.
The job of this machine is to take any state from H 4 and produce the original state and a
copy of it, undergoing unitary time evolution. We can call this machine a “unitary cloning
machine.” It turns out that such a machine cannot be invented. The no-cloning theorem
states that no unitary cloning machine exists that works on arbitrary initial states of the
input A. Two different proofs of this theorem can be found in [23].

We shall not go over the proof of this theorem, instead we shall look at an example from
[27]. In this example, let us call this machine a Quantum Xeroxz Machine, i.e. a machine
that can take any system as its input, and then produce the original system and a duplicate.

Suppose we have a spin-up state and a spin-down state as our initial states, both with respect
to the z-axis. We would expect the Xerox machine to do the following:

T =10,
) = 1) -

Now let us consider a spin which had its polarisation along the z-axis, i.e.

\/— (I + 1) = \/— )+ \/— ) (3.38)

According to quantum mechanics, this state must evolve linearly, i.e.

1 1
E(W +1) = E(Iﬂ T+ 1) 1)) (3.39)

However, the Xerox machine would have

1 1
7 T+ 1) — ﬁ (I + 1) 7z (I + 1) (3.40)
=3 (1) 1)+ W) 1)+ 1) 1+ ) 1)) (3.41)

This is in violation of the principle of linear evolution. The linearity principle from quantum
mechanics disallows the cloning of states.
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Figure 9: A simple drawing of the hypothetical Quantum Xerox Machine.

3.3 Black Holes and Information

In the previous chapter, we discussed the thermodynamics of black holes. We saw that
black holes have a finite entropy, but due to our inability to probe what goes on beyond
the black hole horizon, we know very little about the microstates of black holes. From our
previous discussions in the current chapter, we looked at the relationship between entropy
and information. In this section, we wish to discuss the black hole information paradox.

3.3.1 Black Hole Information Paradox

In order to understand the black hole information paradox, we need to discuss Hawking
radiation in the context of particle pair production on the horizon. Suppose the gravitational
field around the black hole horizon produces particle pairs. These pairs consist of a real
particle (with positive energy) and a virtual particle (with negative energy). The particle
with the negative energy falls into the black hole to reduce its mass. The particle with the
positive energy escapes to infinity, where it can be observed by a physicist.

These particles are entangled with each other, i.e.

[ pair ~ 10), 10}, + (1), (1), +12),12), +- -+,

where the subscripts 7 and v stand for real and virtual, respectively. As more particle pairs
are created, the entanglement of the radiation of the black hole keeps increasing. But the
black hole decreases in size. The smaller the black hole becomes, the greater the entanglement
of the radiation. We need to answer the question of how a small residual black hole, which
is called a remnant, can carry all this entanglement. Furthermore, once the black hole
completely evaporates away, we are left wondering what happened to all the information.
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Figure 10: A simple sketch depicting the creation of particle/anti-particle pairs on the horizon
of a black hole.

In [28], the author introduces “niceness conditions”. These conditions ensure that for a
quantum state specified on an initial spacelike slice, the state will evolve under the action
of a Hamiltonian operator to later spacelike slices. Furthermore, locality always holds. We
would like to list these conditions. However, it would probably be a good idea to first discuss
what is meant by intrinsic and extrinsic curvature. [29]

Extrinsic curvature arises when a surface curves into a higher dimension in an embedding
space. For instance, a flat sheet of paper being rolled up into a cylinder. Intrinsic curvature
arises when the geometry within the surface is no longer flat, Euclidean geometry. We use
geodesic deviation to determine if intrinsic curvature is present. It is possible for a surface to
exhibit extrinsic curvature without exhibiting intrinsic curvature. This can be demonstrate
by drawing a triangle on a flat sheet of paper. The sum of the interior angles of the triangle
is 180°. If we fold the sheet of paper to form a cylinder, then the surface would have acquired
extrinsic curvature. However, the surface is still intrinsically flat. If someone measured the
angles of the triangle (this would be a rather awkward task), they would find it to all add
up to 180°.

Now we are ready to list the “niceness” conditions:

(N1) We define our quantum state on a spacelike slice. This spacelike slice should have an
intrinsic curvature, ®)R, that is much smaller than the Planck scale everywhere, i.e.
3 1
O R < z-

(N2) The spacelike slice lives in a 4-dimensional spacetime. We require that the extrinsic
curvature of the slice K be small everywhere: K < l%
p

(N3) In the neighbourhood of the slice, the 4-curvature of the full spacetime should be small
everywhere, i.e. WR < 4.

(N4) All matter on the slice is required to be “good”. By this, we mean that the wavelength
of any quanta should be much longer than the Planck length (A > [,), and both the
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energy and the momentum density should be small everywhere compared to the Planck
density. Furthermore, we expect all matter to satisfy the usual energy conditions.

(N5) The quantum state on the initial slice should evolve to a later slice. The vectors needed

to specify the evolution should change smoothly with position.

The niceness conditions allow us to discuss Hawking radiation within the context of, as the
author in [28] calls it, “solar system physics”. We shall now go through the mechanism of
particle pair production on the horizon, using figure as our guide.

C, G ¢ by b b,
= Ga s S
B \\ﬁ o =

A
EeXORON())
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Figure 11: A diagram depicting the creation of particle pairs, labelled b; and ¢; respectively,
due to the “stretching” of spacelike slices. This figure is taken directly from [28].

Hawking Radiation Mechanism

(i)

(i)

(i)

Let |¢),, denote the matter state of the star that collapses to form the black hole on
some initial spacelike slice.

Evolving to the next spacelike slice results in the “middle part” of the spacelike slice
stretching, while no changes occur to the left and right parts. Due to this stretching,
correlated pairs labelled b; and ¢; are created. On the entire slice, the state is given by

1 1
) % 6y © (75100 100, + 5111, 11 ). (3.02
The entanglement entropy of by with {M, ¢} is

Sentanglement = log 2. (343)

|¥),; remains approximately constant, since no evolution occurs in this part of the
slice. However, more stretching of the spacelike slice occurs, resulting in the creation
of a new set of pairs by, co. Additionally, the pairs by, ¢; move further away from each
other and from the region of stretching. At the end of this step, we can write the state
of the whole slice as

19) = 101y (5 10 10h, + 5 1) 1, ) @

1 1
e ® (E 10),, 10)y, + /2 L., |1>b2)
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The entanglement entropy of the set {by, by} with {M, ¢y, 0} is

Sentanglement =2 IOg 2. (345)

(iv) After this process occurs n times, we have the state

19) = 101y (5 10 0%, + 5 1) 1, ) @

1 1
® (%y% \0>b2+ﬁll>02|1>b2) B (3.46)
R R

1 1
e (0 0, s, )

The entanglement entropy of the sets {b;} and {M, ¢;} is

Sentanglement =n log 2. (347)

(v) The mass of the black hole decreases as more quanta {b;} are emitted. Once Mgy ~
my, the niceness conditions fail to be satisfied, i.e. quantum gravity enters the picture.
This is because YR <« l% is no longer true. Consequently, the evolution of the spacelike

pl

slice comes to an end.

At one stage, it was believed that sub-leading terms in the expression for the black hole
entropy could remove the entanglement. This turned out not to be the case. By recasting
Hawking’s argument as a theorem [28], it became clear that no such resolution was possible.
This is the Hawking argument cast as a theorem:

Consider the following two conditions:

(i) The low energy modes at the horizon undergo an evolution that is within a fraction, e,
of what is expected semi-classically.

(i) Quanta atr > M, i.e. particles that are very far away from the horizon, are essentially
independent of the black hole.

If these two conditions hold, then the entanglement entropy at the n'™™ emission step, S,,
must keep increasing as
Spy1 > Sy, + log 2 — 2e. (3.48)

The Hawking theorem states that, assuming niceness conditions, the formation and evapo-
ration of a traditional black hole will ultimately give rise to either mixed states or remnants.
The formation of mixed states violates the unitarity principle of quantum mechanics, since
it describes a process in which a pure state evolves into a mixed state. The formation of
remnants does not necessarily violate a law of physics, however it is quite hard to digest the
idea of a small, bounded region having unbounded degeneracy.
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There is no hope of wishing that sub-leading terms can remove the entanglement, since the
entanglement entropy increases every time quanta are emitted.

The main idea behind the proof of this “theorem” lies in the fact that as the black hole
evaporates, more and more entangled pairs of particles are produced. By the time the
size of the black hole is near the Planck length, [,, the entropy of entanglement will be
large. If the black hole evaporates away completely, then we are left with radiation which is
“entangled with nothing.” This violates the unitarity of quantum mechanics. Alternatively,
if the Planck-size black hole remains (this is the remnant), then our theory would have to
admit for remnants with an arbitrarily large degeneracy.

Over the years, there have been several proposed resolutions to the black hole information
paradox. However, the quantum strong sub-additivity theorem has reduced the number
of possible resolutions to three main categories. We will briefly discuss these three main
categories. [30]

(i) If the effects of quantum gravity are only applicable at distances d < [,,, then the infor-
mation would be trapped inside a remnant. This remnant could evaporate away (this would
entail the loss of information), take the form of a baby universe, or slowly allow information
to be leaked away over times ¢ > M?®. This cubic dependence on M comes from the distance
between the matter which makes up the black hole and the region in which the particles are
created. The creation of these particles comes about as a consequence of the spacelike slices
stretching.

(ii) The no-hair theorem can be violated by non-trivial effects at the horizon r ~ M. In
string theory, the assumptions inherent in the no-hair theorem are bypassed as a consequence
of the behaviour of extra dimensions. Fuzzballs are a realisation of this idea. They provide
unitary evaporation. However, the traditional horizon does not exist in string theory. For
more information on fuzzballs, the reader is encouraged to consult [31].

(iii) Non-local effects could occur. For instance, wormholes connect locations of the entangled
quanta [32]. We know that the regions inside a black hole are causally disconnected from
the regions outside a black hole. A wormhole could form a bridge between these regions.

For a more thorough discussion of the black hole information paradox, the reader is encour-
aged to read [28]. Let us see if it is possible, at least in theory, to retrieve information from

a black hole.

3.3.2 Information Recovery from a Black Hole

The authors in [1] argue that it should be possible to identify a particular underlying quantum
state that gives rise to the entropy of a black hole. To identify this state, the observer needs
to make measurements that require Planck scale precision. Without such precision, the
observer will experience information loss. We shall present a summary of the main points of
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their idea.

Suppose we have a gravitating system of total energy E and entropy S(E). We let it interact
with a measuring device that has an energy resolution of AE. The number of states between
E and E + AFE is of the order e°. Since we have a non-degenerate spectrum, the spacing of
the energy levels must be 6E ~ AEe™7.

Let us place a black hole “in a box” [1]. We do this because uncharged black holes do not
come to equilibrium in an asymptotically flat spacetime. They eventually evaporate away
completely. Furthermore, we assume that a black hole has a finite number of microstates.
By arguing that all the information concerning the black hole microstates is available in the
asymptotic region of spacetime, the density of states in the regime dominated by the black
hole is

dN d o 4dS

E ~ Ee =€ E
The measuring device, of energy resolution AE, will interact with N(E)AFE ~ % x AFE %
many states. The entropy,

(3.49)

as
In(N(E)AE) =S +In(AFE) +1n (E) , (3.50)
is the same as the black hole entropy up to logarithmic corrections. We need the precision
of the measuring device to be §E ~ e™°. From the Heisenberg uncertainty principle, 6t ~
1

S e. In the classical limit, where h — 0 or [, — 0, there is an exponential divergence of

this time scale since S = 4‘% + corrections.
P

For a black hole with a finite number of states, the energy spectrum should be discrete
and non-degenerate. It would then be possible to determine the quantum state by knowing
the precise energy. In a generic gravitating theory, the energy of the black hole is given
by boundary terms, so complete knowledge of the state of a black hole is contained in the
asymptotic region.

Suppose we identically prepare a large number of black holes in the state |¢), where

) = an|Ey). (3.51)

In order for us to show that the information is available at infinity, we would need to be able
to measure the a,, to arbitrary accuracy. When measuring the black hole’s energy, the number
of times we get the value E,, is determined by the |a,|?>. However, we would also need to
obtain phase information. For phase information, we would need to consider measurements
performed on time-dependent operators. Let us call B such an operator, where [B, H] # 0,
and the eigenvalues of B are B,,.

For ease of calculation, let us only consider the state |¢)) to be a superposition of two energy
eigenstates, i.e. 1)) = a1 |F1) + ag |F2). We also consider two eigenstates of the operator B,
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i.e.
[Bi) = bial|En),
Ba) = ban |Ey) .

We take the coefficients b;; to be known quantities, based on the underlying theory. By
underlying theory, we mean that the necessary properties of the operator B are known. By
calculating the overlaps,

[(Bi)[* = [asbyy + asby of” (3.52)
|<B2|1/1>’2 = |aybg + CL252,2\2 ; (3.53)

we can obtain the relative frequencies of measurements By and Bs. Since we know what the
b; ; are, and we learned what the |a,| are from our measurements of the energy, it is possible
for us to determine the relative phase of a; and a, by taking the ratio between the overlaps,
i.e. equations (3.52) and (3.53). Now we would be able to completely reconstruct [¢). This
means that we have obtained full information about the black hole’s microstate, and from
outside the black hole.

The authors used conventional physics in their argument, and thereupon successfully showed
that information can be retrieved from a black hole. This would have been excellent news
if it were not for the fact that we do not have the resources to perform this task. We would
need very large energies or very long times.

3.4 Quantum Typicality

In this section, we shall discuss quantum typicality. Before jumping straight into the defini-
tion, we shall first try to gain some intuition. We shall then move on to a more mathematical
discussion of these ideas. Levy’s lemma is very important for what is to come in later chap-
ters.

3.4.1 Typicality in an Intuitive Sense

Classical mechanics provides us with a model of the universe in which the laws of physics
are deterministic. This means that if we are given adequate information about the initial
state of a system, i.e. initial conditions, then we can accurately predict how the state will
evolve in time.

Suppose we perform an experiment in which we prepare the initial state of a system in a
specific way, and then record the outcome of the experiment. If we perform an identical
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experiment with all the same initial conditions, we expect to get the same outcome every
time. This is known as repeatability. (We should note that there exist systems which are
very sensitive to their initial conditions. The study of such systems falls under the topic of
chaos, or dynamical instability).

Quantum mechanics is not deterministic like classical mechanics. The time-dependent
Schrodinger equation describes how the wave function, which is a probability distribution
when we compute the square of its modulus, evolves in time. The wave function does not tell
us where a particle is at a given time, but rather what the probability is of the particle being
at a particular position at a given time. This probabilistic aspect of the theory means that
even if the initial conditions of the Schrédinger equation are set with very high precision, we
shall always have some degree of indeterminacy.

Quantum typicality is the phenomenon in which the outcome of a measurement does not
depend on how the state was initially prepared [33]. To see this, suppose we perform an
experiment. We need to be able to confidently assert that the wave function for our system
belongs to a suitable ensemble, i.e. it should lie in a given subspace of the total Hilbert
space of the system. By the very nature of the wave function, it is not meaningful to speak
about two particles having identical wave functions. It is for this reason that we rather work
with a statistical ensemble. This means that the quantum state is described by a density
matrix. Every time we repeat the experiment, we merely need to select the wave function
from the statistical ensemble. This saves us from having to have a particular wave function
identically re-prepared every time we perform the experiment.

Unlike in the classical case, a particular observable may or may not yield the same outcome
every time we perform a measurement on the system. If we calculate the expectation value
for some observable at a later time, and we see that it is almost the same as the expectation
value at the initial time, and this is true for the majority of pure states within the ensemble,
then we say that the observable is typical. Some observables are typical, some are atypical.

Let us now move on to a more mathematical discussion of these ideas. We shall discuss
the phenomenon of measure concentration, as well as Levy’s lemma. We shall try not to
make our discussion too technical, as we do not want to lose sight of the physics amidst all
the technical mathematics. A rigorous discussion of Levy’s lemma would involve a decent
knowledge of measure theory. The interested reader is invited to consult [34] for such a
discussion.

3.4.2 Levy’s Lemma

Suppose we have an n-dimensional Hilbert space H. We prepare a state by randomly selecting
a given pure state |¢) from a subspace Hr C H, whose dimension is dim(Hg) = dg. Given
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a basis {|k)} of Hp, we can write

9) =3 k). (3.54)

k

The {z;} are complex coefficients assumed to be sampled uniformly over the surface of the
unit sphere, i.e. Y, |z|* = 1. This is important, since our discussion of Levy’s lemma
involves higher dimensional unit spheres.

Before we continue, we need to define a metric measure space. A measure on a set provides
a generalisation for the concepts of length, area, and volume. The manner in which distance
is defined in a given space depends on the metric. If we say that the measure of two sets
X and Y are the same, i.e. u(X) = u(Y), then we are saying that the two sets share the
same notion of length, area, and volume. For the precise mathematical definition of these
concepts, the reader should consult [34]. We shall now list a few definitions and an important
result.

Definition (Median Mj)
Let X be a metric measure space, and f : X — R a continuous function. Then a median
My is defined by

plo € X|fa) < My} = 2. (3.55)

It is important to note that the median M} is not necessarily unique, and that E # My (here
E is the expectation value).

Definition (Concentration function)
Let X be a metric measure space. For every ¢ > 0, we define the concentration function as

ax(€) = sup{u(X\N(9))| S is measurable and p(S) = %}, (3.56)

where N(S) is the e-neighbourhood of S. This is defined as

N(S)={z e X| 3 se& S5 suchthat |s— x| <e€}. (3.57)

If ay is small, then we say that the space has a strong concentration of measure.

Definition (Lipschitz continuous function)
A function f: X — R is said to be Lipschitz continuous, with Lipschitz constant 7, if

[f (@) = f(y)] < nlle —yl], (3.58)

for all z,y € X.
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Lemma (Isoperimetric inequality for the sphere)
Let A € S@"D be a closed subset of the sphere, and let B :— B(a,r) C S®*~Y be a spherical
cap around any point a € S?"~1 where the radius 7 is chosen such that p(B) = p(A). Then

(Ne(A)) = u(Ne(B)).

A

Figure 12: A sketch of a sphere with a spherical cap of radius r.

For this case, the metric measure space is X = S@"~1 the (2n — 1) - dimensional sphere.
The metric is d(z,y) = arccos(z, y), where z,y € S@*~1) which is the angle between = and
y. The concentration function for this sphere is

ax(e) = agenn(e) = 1 — inf{u(N.(S))}

=1 - j(N.(B(a, 3)))

—1— u(B(a, g +¢)).

We define A(r) := u(B(a,r)), the surface of the spherical cap, as

1
SQn—l

]
A(o) /0 sin( D=1 (¢")dg, (3.59)

where S,_1 = foﬂ sin(Q"_l)_1(¢’ )d¢'. We could derive an explicit expression for agen-1)(€),
but the calculation is long and tedious. The full derivation can be found in [34]. We shall
merely state the result:

2
T

Qgen)(g) < e”@7D (3.60)

The important thing to notice here is that the concentration function is exponentially sup-
pressed by the dimension of the sphere. If the dimension is large, then aigi2n-1)(¢) is small. We
stated earlier that a small concentration function implies a strong concentration of measure.

Levy’s Lemma

Let f : S@=Y — R be a Lipschitz-continuous function with Lipschitz constant n, then by
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choosing a random point x € SV with respect to the uniform measure on the sphere, we
have ,

Prob{|f(z) — M;| > &} < 2e” "%, (3.61)
for all e > 0.

Suppose we replace f(x) with the expectation value of an observable in some randomly
chosen state in Hg, and we replace My with the expectation value of the observable over
the entire ensemble. Then we learn from Levy’s lemma that for a high dimensional Hilbert
space, it is highly unlikely to distinguish between the two values.

To see Levy’s lemma in action, we must choose an ensemble that is approximated by typical
states. This means that almost all states in the ensemble are typical. For a particular
observable O, two randomly chosen typical states in the ensemble, say |¢) and |¢), will have

(WO ) ~ (8] O6). (3.62)

If there exists a state in the ensemble, say |x), for which

(x| Ox) # (Y| O), (3.63)

then the state |x) is said to be atypical. However, Levy’s lemma tells us that it is very rare
to encounter atypical states.

One way of quantifying the rarity of atypical states is by calculating the relative entropy
for different states in the ensemble. For instance, we can choose ) as a reference state.
Then by creating a plot which shows the values of the relative entropy for all the states
in the ensemble with respect to the reference state, we can count the number of atypical
states. The relative entropy for typical states would be effectively zero, so we merely need
to count the number of states which yield non-zero values for the relative entropy. We can
then determine the probability of finding an atypical state within the ensemble.

In the next chapter, we shall look at ways in which we can apply Levy’s lemma to a simple
quantum system.
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4 Quantum Typicality in Simple Quantum Systems

In this chapter, we shall use a simple quantum mechanical model to study quantum typicality.
Mathematically, we shall make use of tools from mathematical statistics, namely Chebyshev’s
inequality and Levy’s lemma. By studying the microstates of a simple quantum model, we
hope to deduce some universal properties of microstates, with the intention of appyling these
ideas to the study of black hole microstates.

We shall begin by discussing some important results from mathematical statistics and mea-
sure theory. [35]

Chebyshev’s Inequality. Let X be a random variable with mean p and variance o?. Then,

for any € > 0,

0.2

P(X —p|>¢e) < ok (4.1)
Chebyshev’s inequality tells us that the probability of the value of a random variable of a
population to significantly deviate from the mean value of the population is highly unlikely.

Law of Large Numbers. Let X1, Xo,--- X;,--- be a sequence of independent random variables
with (X;) =y and Var(X;) = 0. Let X, = 23" | X;. Then, for any ¢ > 0,

P(|Xp—p|>¢e) =0 as n— oo. (4.2)

The law of large numbers is also commonly referred to as the law of averages. It tells us that
given large enough trials, the events will occur with equal probability.

Let Hr C H be the Hilbert space consisting of all pure states ¢ = [¢) (¢| that live in
the microcanonical ensemble of energy [F — dE, E + JE]. We consider large energies, such
that 0FE << E. We shall work with a Hamiltonian which has a non-degenerate spectrum.
Since the spectrum is non-degenerate, the dimension of this Hilbert space, denoted dg, is
the number of states that live in the energy range.

For our purposes, we shall treat (1;| A |¢;) as a random variable X;, where A is an observable.
Our goal is to identify the conditions that the set of observables A must satisfy such that
a random pure state ¢ € Hpg can be distinguished from the maximally mixed state in
Hr. We know that in the microcanonical formalism, all microscopic configurations of a
thermodynamic system have equal likelihood of occurring. Since the number of states in Hpg
is dg, the maximally mixed state is

1 1
Qp = l= Z i) (Wil (4.3)

where I is the identity matrix in Hg, and |¢;) € Hpg. In the context of studying pure states
in the microcanonical ensemble, a maximally mixed state is also maximally entangled. It
is important to note that this is not true in general: maximally mixed does mot imply
maximally entangled!
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We can construct a density matrix out of the pure states |[¢)) € Hg, i.e. p=[¥) (¥|. We can
define an operator A as

Alpy) (n] Alftg) (| -+ Alhn) (4]

; Alpr) (o] Alfta) (tha| -+ Alhn) (¢

A=Ap= (4.4)

Alpr) (nl - Altp) (] -+ Alfthn) (¢
Let ¢ € Hg be a random pure state. Then, since Xy = (3| A[¢) is the random variable

distributed over Hp, its average value (A) is

(A), = éTrA = Tr(AQp), (4.5)

where Qp = éﬂ is the maximally mixed state. The quantity (A) is the average over the
expectation values of the observable A for every state in the ensemble. We shall refer to it
as the ensemble average.

For the random variable, the variance is

1 1 Tr(A)\?
2= Ay — (A) ) = —Tr (A% - (——=) |. 4.6
o= (AR — ()07, = 57 (T (40 - (= (16)
This is the variance over the entire ensemble. We see that it is inversely proportional to the
dimension of the ensemble.

Now we can apply Chebyshev’s inequality,

2
o
Prob ([(¢] Aly) — Tr(Afg)| > €) < 5—;* (4.7)
In this context, Chebyshev’s inequality says that it is not likely to find a state in the ensemble
whose expectation value of the observable A deviates significantly from the ensemble average.
The larger the deviation, the more unlikely it is to find such a state. Let us now discuss
Levy’s lemma, which is a stronger result than Chebyshev’s inequality.

By considering a subspace Hg of a large Hilbert space, we can treat a random pure state
1 € Hg as a random point on a sphere of dimension d = 2dg — 1. Levy’s lemma allows us to
apply these ideas to expectation values, i.e. functions over this sphere. We discussed Levy’s
lemma in the previous chapter. However, we shall state it again within this context.

Levy’s Lemma
Let f(1) be a bounded function defined over the set of pure states v € Hg. Then for any
random state ¥ and € > 0, we have

Prob (£ (¢) = (f(1))y] = €) < 2e7 10/, (4.8)
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1
where ¢ = 153,

function f(1).

Let’s apply these ideas to the ensemble average. For the ensemble average, the uniform
probability distribution is indeed the normalised measure over the sphere which describes
the microstates in our microcanonical ensemble Hg. This means that the expectation values
can be described as functions over the sphere, i.e. f(¢) = (Y| A |[¢), with (f(¢))y = Tr(AQg)
being the ensemble average. It was proved in [37] that

A =sup [V (¢[ Afp)] < 2[[A]|. (4.9)

dg is the dimension of Hg, and X\ = sup|V f| is the Lipschitz constant of the

We learn from this that unless the largest eigenvalue of A scales like v/dg, the probability of
a random pure state deviating from the mean of the ensemble is suppressed exponentially in
dg.

These results generalise to time averages as well [2]. The time dependent wave function is

Un (2, 1) = P (z)e P, (4.10)

where h = 1. By taking the square of the modulus, the time dependence disappears. When
dealing with time averages, our goal is to determine the probability of a given state differing
from its equilibrium configuration at a given instant in time. Consider a general pure state
|Y) € Hp. At an initial time ¢ = 0, we can expand our pure state in its energy eigenbasis,

h () = 3 ep|B). (411)

where Y. |cg|? = 1. At a time ¢, using the time independent Schrodinger equation for a
time independent Hamiltonian, the state will evolve to

(1) =Y cpe ' |E). (4.12)

The time average is defined as

wo = ((B)) = lim ~ / (6 W)l dt =3 lesl? |E) (B]. (4.13)

E

For an observable A, the time averaged expectation value is given by

T—o0

(A= Jim 7 [ WOl AO = D les (BIAIE) = Te(Aw,).  (414)

When averaging over time, dephasing occurs. This dephasing allows us to set to zero all the
off-diagonal elements in the density matrix, p(t) = [(t)) (¢(¢)|, in the energy eigenbasis.
Since the Hamiltonian we shall be considering in the next section has no explicit time depen-
dence, we need not devote too much study to time averages. The important thing to note is
that the typicality arguments apply to both ensemble averages as well as time averages [2].
Let us now move on to applying these ideas to actual quantum systems.
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4.1 Quantum Models

We wish to find a simple quantum model that has certain properties. These properties are:
(i) It must have non-degenerate energy gaps.
(ii) The energy level spacing must not be constant as the state number increases.

(iii) The expectation values of a particular observable for two distinct states, corresponding
to energy eigenvalues in a narrow window of energy, must be indistinguishable to a
classical observer. (By classical observer, we mean an observer without access to a
measuring device which has Planck-scale precision).

The first system that comes to mind is the simple harmonic oscillator, which has the following
Hamiltonian,

H=— 4.15
2m + 2 ( )
However, it fails to meet all of the above criteria. Its energy spectrum is given by
1
E, = (n + 5) he. (4.16)

The spacing between consecutive energy levels is constant, it doesn’t decrease with increasing
state number. We see this by

1 1

= hw,
which has no n dependence, i.e. the energy level spacing is constant.

We could try perturbing the system with a quartic potential of the form V = ~a?, where
~ is some constant. Using the ladder operator method, we can determine the perturbative
contribution to the energy spectrum.

The creation and annihilation operators for the simple harmonic oscillator are defined as

it= L pia= ™ (4.17)
VY 2h \/mehp’ —V 2h \/Qmwhp7 '

and they satisfy the following identities:
aln) =+vnln—1) ;a' n)=vn+1jn+1). (4.18)

From the definitions above, we can express T as

g=1/— (a+a). (4.19)



Now we can derive an expression for the energy spectrum due to the perturbation,

AE, =7 (n| A2*|n)

Thus, the eigenvalues for this perturbed system are
E DY sy (1 2(22+2 +1) (4.20)
= n+= — n n : .
2 7 2mw

This spectrum is ideal for our purposes, since we can observe the spacing between successive
energy levels,

1 o\’
Epi—E, = 14 = — ) (2 1% +2 H+1) —---
w1 — En (n+ +2>hw+37<2mw) (2(n+1)*+2(n+1)+1)

1 P\,
~—<n+§>hw—37<%) (2n +2n—|—1)

— hw+ 3y (%)2(47%4)

mw

mw

I3 2
= hw + 127 (2—) (n+1),

which has an n dependence. The Schrodinger equation for this system is

h? 9 1
- TV | L mai(a) + yatw) = Bi(a), (421)

which cannot be solved analytically. This is not in our best interest, since we would profit
from a setup in which we have an analytic expression for the wave function, ¥ (z).

Before we move on to explicitly show the results for the models we considered. It might be
useful to mention that not all quantum systems with a non-degenerate, unequally spaced
energy spectrum works. As will be explicitly shown with the Morse potential, some models
fail to exhibit typicality. We hypothesise that this failure to exhibit typicality is associated
with wave functions which consist of orthogonal polynomials.

4.1.1 Infinite Potential Well

Since the simple harmonic oscillator fails to meet the desired criteria, and adding a pertur-
bation provides us with an unsolvable differential equation, it appears as though we have to
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settle for arguably the simplest quantum system known to physics: the particle in an infinite
potential well. This system is governed by the potential described by

+oo ifzx< —é,
_ e L L
+oo ifx > é
where the length of the well is L.
The energy spectrum is
h*n? 2
2mL?

and the state number as a function of the energy is

n(E) = ,/%. (4.23)

For convenience, let us set % = 1, so that equations (4.22) and (4.23) become

E, = (4.22)

n
E, = I (4.24)
and
n(E) = LVE (4.25)
respectively.

The wave function for this system is

2 mn f =
oo = [Ton 72 (o Y] 2 [VEom ) ornmtas
T .

L 2/ \/%sin( x) forn =2,4,6,---

The number of states in Hpg can be calculated using (4.25). We have
dg =n(E+0E) —n(E —0E)
=1L (VE+0E - VE—0E)

()= (-F))

B [(142E) - (1- )

oF
— L\/EF.
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The number of states within the narrow energy range is

L
dp ~ —=0F. 4.27
P (4.27)

Since 0F << FE, if we want the number of states to be large, we need to make the size of
the well, L, large.

Let A = {A'} be a set of observables, where i = 1,2,--- N(A). N(A) is the number of
possible outcomes after performing a measurement on the observable A. The observables we
will be studying are the moments of the probability distribution. The k'™ moment is denoted
(| 2% |¢b), where k = 1,2,--- K. This means that the size, or cardinality, of the set A is K,
ie. N(A) =K.

Since the spectrum is non-degenerate, there is only one outcome for every measurement
of the observable A for every individual state in Hg. There are dg states in Hg, thus

Using integration by parts repeatedly, we found it possible to derive an analytic expression

for the k™ moment of the n'™* state. We have

F - T\ k—2m—1
Wi+1 Z(—l)mg;);% <§> (—1)" (1 _ (_1)k—2m—1) ’

(4.28)

where (k), = k(k —1)(k—2)--- (k —m+ 1) is the Pochhammer symbol. It is also denoted
k™. The + in equation (4.28) corresponds to the odd/even states. For odd states, we add;
for even states, we subtract.

We can be more concise, and write

(] 2" [0y) =

0 for odd &,
o\ k—2m—1 n
2k+1L(I;€+1) + ﬂ.%il 25,120(_1)”1((2]2)2272;‘:2 (5) (—1) for even k.
(4.29)

By considering a large energy, E/, we know that the state numbers, n, are also large. In the
case where k < n (we need not consider large values for k), we see that

) 0 for odd k,
h_>m (nl a* V) = Lk ‘ K (4.30)
n—00 m or even K.

This means that for large n, the expectation value for a given observable, A, converges to
a constant value. In such a scenario, it will be very difficult for an observer to know which
state he/she is in, based on the outcome of a measurement made on the observable A.
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Furthermore, in the limit of large n, we notice that the difference between the values for the
k" moment of two adjacent states tends to zero, i.e.

lim (<¢n| xk W)n) - <¢n—1| xk |¢n—1>) =0. (4'31)

n—oo

For practical purposes, working with the moments turns out to be rather inconvenient. In
integral form, the £ moment of the n'® state is given by

L/2
/ daa®|ab, (x)]?. (4.32)

—L)2

The wave function is normalised, i.e. f_LL/% dz|,(x)|* = 1. This means that the values for
the moments scale like \¥, for some number . This poses many problems, since we have to
deal with very large numbers. For this reason, we shall not study the raw moments of the
wave function, but rather the standardised moments. Before we can define the standardised
moments, we need to first define the mean, standard deviation, and centralised moments.

[35]
The mean of the probability distribution is defined by
L/2
I :/ dzz|, (). (4.33)
—L/2

It is merely the first moment of the probability distribution. For the particle in an infinite
potential well, the mean is given by

2 / Ljz .o (TN
p=— dxx sin (—x) = 0. (4.34)
The standard deviation of the probability distribution is defined as

L/2
o= \//_ da(z — p)?[en(2)]?, (4.35)

L/2

which is the square root of the variance. For our system the variance is

9 [L/2 ™m 1 (=)
== d 2'2(—>—2: —+ L? 4.
71 /_L/2 s o 24 = (27n)? ’ (4:36)

and thus the standard deviation is

S N Gl i (4.37)

(Note that for large n, o — ﬁé)
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The k™ centralised moment of the n'" state is given by
L/2
| oo = ) (4.38)
—L)2

The centralised moment is merely the moment about the mean. Finally, we can define the
standardised moments. The £*® standardised moment is the ratio between the £*® centralised
moment and the standard deviation raised to the & power, i.e.

1 L2 . ,
da(z — p)"|¢n ()] (4.39)

<k
0" J_L/2

Let us plot the raw moments and standardised moments on the same graph to see how they
differ graphically. Let us use the fourth moment and the third state, with L = 10:

Raw Moments and Standardised Moments
Momeats

Raw Moments |

e

50

Standardised
Moments

-1z -10 -0z 03 1w 15

Figure 13: A plot showing the difference between raw moments and standardised moments
for the third state and fourth moment, with L = 10.

We see from figure 13 that the standardised moments are scaled down by a certain factor.
For the particle in an infinite potential well, we need to evaluate the integral
9 L/2

da(z — p)* sin? (@) . (4.40)
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We can use the binomial theorem to derive an expression for equation (4.40). We have

0 forodd k—)

2 L2 k. o (NTT 2 ko [k j Lk—j .
—_ dx(z—p)" sin (—) = mzjzo (j)(—ﬂ) mi for even k — j
ot L —L/2 L LE—i k=] m (k=5)ami1 (x)\k—i—2m=1 n

[W meo(— 1) (5) (=1)"] -
(4.41)
In the limit of large n, we have
1 i 2 O~k . Lk
—; i (Y, n) = 7 ) (=p) 5= , : 4.42
i (] - ) ) aij;(]>< W 08

We see that for a given value of L and k, the standardised moments of the wave function
converges to a constant value which is independent of the state. This constant value happens
to be smaller than the one we got from considering the raw moments. However, due to the
presence of the (—u)’ term, we pick up negative values for every alternate term. This is not
a problem. When we perform the numerical calculations, we shall merely take the absolute
values. This way, we can avoid having negative values.

Now let us calculate the ensemble average for the moments. In the previous section, we spoke
about the ensemble average in the context of matrices. It is not necessary to use matrices for
now, since we are dealing with pure states. In the microcanonical ensemble, we know that
every microstate has an equal probability of being realised This probability is simply the
inverse of the dimension of the space in question, i.e. d— To calculate the ensemble average
for the observable A, we shall sum over the expectation values for A in every single state in
the ensemble, and then divide by the number of states in the ensemble. So we have

1 <
<A ens — d Z 77ZJk| A |wk> (443)
k=nq

Furthermore, we can also calculate the variance of the ensemble for the observable A, i.e.

'I’LdE
1

UQ(A ens = 5 Z ¢k| A? |77D1€> < >en5 (444)

kn1

If A= 2" for k € Z*, we can derive explicit formulae for the ensemble average and the
ensemble variance in the limit of large energies. By using equation (4.30), and noting that
the values are independent of the state, we have

nd
E LE
By
(") enszd Z ¢m|$ ) = m (4.45)
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and

’ndE

D Wl @ o) — ("2

m=n1

1

Uz(xk)ens - @

’ndE

-5 2 (pomen) ~ (wem) 49

m=n

L\’ 1 1
-(3) [ - w)

According to [38], a good way to quantify the differences between states in the ensemble
of microstates in response to the observable is by calculating to ratio between the standard
deviation and the mean. This is known as the coefficient of variation [35]. It describes how
“varied” the distribution is. This is useful for us, since quantum typicality implies that the
“overwhelming majority” of states in an ensemble behave a certain way. For the infinite
well, the coefficient of variation is

U(xk)ens \/2k+1(k 4 1)2
Cy <xk>ens 2% + 1 ( 7)

For sufficiently large energies, the values for the £** moment all converge to a number which
is independent of the state itself. This allows us to construct a set of the form [37]

Mg = {|¢) € M| (Yn] Aln) = a}. (4.48)

The set Mg C Hg C H contains all the wave functions of the different states which yield
the same expectation value for the observable A. In our case, the expectation value for
the observable A is merely the k' moment. We can perform a coarse-graining over the
microstates of this set. Additionally, by choosing different observables, we can construct
different sets of this form. If we average over all of the expectation values in Mg, we shall
find that the ensemble average is merely equal to a, which is the expectation value of the
observable A for every individual state in Mp. This means that the ensemble average, which
is effectively a macrostate of the system, is exactly equal to the individual microstates of the
system.

For such a case, Chebyshev’s inequality and Levy’s lemma are trivially satisfied. Let us
define a quantity Dev(n), which we shall call the deviation of the n'' state. We define this
quantity as the absolute difference between the expectation value of an observable in the n'®
state and the ensemble average, i.e.

Dev(n) = [ (¥n] Althn) — (A)ens|- (4.49)
Using equations (4.28) and (4.30), and remembering that the observable A is z*, we have

) 71_Lk—l ,n.Lk‘—l
dim Devin) = 1577~ 353

| =0. (4.50)

61



For large energies, there is no deviation from the ensemble average for any of the states in
the ensemble. This means that the probability of finding a state which deviates from the
ensemble average is zero. Thus, both Chebyshev’s inequality and Levy’s lemma are satisfied.
We therefore conclude that all the states within the ensemble behave typically.

In concluding this subsection, let us look at a numerical example of what we discussed above.

For this numerical example, we shall choose L = 10*, F = 10*, and 6 E = 10. From equation
(4.27), this means that our ensemble consists of dg = 1000 pure states. The lowest state in
this ensemble is Ny, = 999500, and the largest state in this ensemble is ny., = 1000500.
We shall pick three representatives from this ensemble. We shall choose n;y = 999750,
ny = 1000001, and n3 = 1000250. Using Mathematica, we shall calculate the first ten
standardised moments.

k 1 Mo ns

1 0 0 0

2 3183 3183 3183

3 0 0 0

4 | 1.824 x 107 | 1.824 x 107 | 1.824 x 107
5 0 0 0

6 | 1.244 x 10™ | 1.244 x 10 | 1.244 x 10!
7 0 0 0

8 19.239 x 10 | 9.239 x 10" | 9.239 x 10
9 0 0 0

10 | 7.219 x 10™8 | 7.219 x 108 | 7.219 x 10*®

Table 2: Numerical values for the first 10 moments of 3 states chosen arbitrarily from an
ensemble.

By analysing table 2 above, we see that the moments are the same for the three states, even
though the states are quite distinct. Furthermore, the values for the respective moments are

: Zk (k)(—u)jL , which validates equation (4.43).

exactly equal to | =7 ) g ; I (k=41

The particle in an infinite well is a very convenient model to study, since it trivially satisfies
Levy’s lemma. Let us now take a look at the quantum system involving a particle confined
to a finite well of length 2L.
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4.1.2 Finite Potential Well

Let us consider the case in which a particle is confined to a finite well, where the potential
is given by
0 if v < —L,
V(ieg)=¢-Vy if-L<x<L,
0 if x> 1,

and the length of the well is 2L.

We shall consider only the bound states, i.e. where £ < 0. The wave function for this system
is given by

7o (cos(lnL) — sin(l, L)) efn@Hh)  for ¢ < —1L,

Un(x) = \% N (sin(l,x) 4 cos(l,z)) for —-L<ax <L, (4.51)
Vit (sin(l, L) + cos(l, L)) ern(L=2)  for x> L,

- V Vi ) i
where k, = %, and [, = w To determine the eigenvalues, we need to solve
the following transcendental equation,

Ly/2m(E + V) [ W
= — 1. 4.52
tan( n ) E+Vy ( 5)

This equation cannot be solved analytically, only graphically and numerically. We can use
Mathematica to find the eigenvalues. Since the system is non-degenerate, every individual
energy eigenvalue will correspond to an individual state. Once we have a list of the energy
eigenvalues, we can determine x,, and [,,, thus allowing us to explicitly calculate the moments
of the wave function.

The k™ moment of the n'® state is given by

o0 —L L (e’
k N 2d — k . 2d k . 2d k N 2d
/ 2 () 2 / ()| x+/_Lx|¢ (2) “/L 2 () P

-L

—Hn : 2 2kn,L k 2Kknx
= L) — L)) e2n "

1+ L (cos(l,L) —sin(l,L))" e /_oo ke iy +

L (4.53)
1 n )

T —l—ﬁlinL /_L 2* (sin(lyx) + cos(lyx))’ da + - -
R Tl —:d:;nL (cos(l,L) + sin(lnL))2 62””L/L ke 2y,

We can use the well known trigonometric identities to help us simplify the above expression,
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1.e.

00 —L
k 2 . Kn o 2Kkn L k _2knx L.
/_OO;E |t (2)]*dx = T rl (1 —sin(2l,L))e /_OO e dx +
N 1 Fn /L 2* (1 4 sin(2l,2)) do + - - - (4.54)
21+ kL J_;
et f;n 7 (1 +sin(2l,L)) e** /L xFe 2Ty,

In the above expression, we observe that there are some integrals which are not trivial to
evaluate. Let us list these integrals,

-L

L :/ aF e dy, (4.55)

I :/ gFe 2Ty, and (4.56)
L
L

13:/ o sin(21,7)dz. (4.57)
-L

Finding an analytic expression for these integrals can be achieved after integrating by parts
repeatedly, and then finding a pattern. We will save the reader from having to read through
the brutality of the process, and merely state the results. These are the results:

(kj)mkam o
L= Z(_1>k (265, )1 et (4.58)
m=0 n
k
(B)mL" ™ et
L= peyme " and 4
2 mzzo @R (4.59)
s (k)
I3 = Z(—l)m—l—l (2l 22::+1 (Lk—Qm COS(ZlnL) . (_L)k—Qm COS(—2lnL)) NI
m=0 n

(4.60)

k
k) am o o
4 Z(_l)m—‘rQ(an);—Q?:jQ (Lk 2j—1 sm(?lnL) o (_L)k 2 1 Sln(—QZnL)) ‘

m=0

Now we can use these results in our expression for the moments of the wave function. We
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get

/ " () P

k
K . (B)mLF™ 1 & opy LR
— (1 —sin(2l,L —1)mn - (1= (=DM ...
A ”»;;<) @myw1+21+m@( D)
1 ky < (k)
n m 2m —2m —2m
a2 gy (7 eos(2L) — (<L) cos(—21, L)) + -
n m=0 n
1 Ky < (k)
n m 2m+1 —2m—1 . —9m—1 -
T 22V "y (L sin(2 L) = (=L)Y T sin( =20, L) 4+
n m=0 n
k
Kn , (k) LF—™
. 1 2, L me
+ 1+ ro L (1 + sin( ))n;) (26, )1

(4.61)

Our goal is to study the high energy limit. For large energies, k, gets larger, while [,, gets
smaller. In this limit, our expression becomes

/ " () P

(e 9]

1 L*
~ _ 1 -1 k+1
R G
¢ (k)
. m 2m —2m —2m
ot llu_n)g 5L E (—1) +1<2”T+1 (Lk 2m cos(20, L) — (—L)F2 cos(—2lnL)) + o
n m:O n
R (k)
+ lim - (—J)m+26ﬁfg%%5([ﬁ’%"’lgnCNnL)——(—L)”am*lﬁn(—QQIJ)
" m=0 n

(4.62)

The terms which contain /,, in the denominator become larger and larger until the maximum
energy is reached. This differs significantly from the particle in an infinite potential well. In
the infinite well case, we observed that the expectation values converged to a common value
once a certain energy was reached. This allowed us to construct a set in which different
states yield the same eigenvalues. In the finite well, different states always yield different
eigenvalues. Our goal now is to see how “close” these different eigenvalues are for different
states within the ensemble.

Let us look at a numerical example. For this numerical example, we shall choose L = 500,
Vo = 500, E = 495.0, and 6E = 4.95. We do not know the exact relationship between the
state number and the corresponding energy eigenvalue. To determine the eigenvalues, we
have to numerically solve equation (4.53). Using Mathematica, we find that there is a total of
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3559 pure states, and that our ensemble consists of dg = 465 pure states. The lowest state in
this ensemble is n,,;, = 3058, and the largest state in this ensemble is 1. = 3523. We shall
pick three states at random from this ensemble. We shall choose n; = 3184 (corresponding
to energy Ey = 494.435), ny = 3285 (corresponding to energy Eo = 497.004), and ng = 3392
(corresponding to energy E3 = 498.893). Using Mathematica, we shall calculate the first ten
standardised moments for these states, just as we did with the infinite well.

k ny Mo ng

1 [1.885x 10716 [ 1.519 x 1077 | 4.778 x 10717
2 1 1 1

3 12023 x 10710 | 7.260 x 10717 | 7.433 x 10~17
4 1.8 1.8 1.799

5 12434 x 107" [ 4.321 x 10716 | 1.569 x 10~17
6 3.857 3.858 3.857

7 18794 x 1071 | 2.064 x 10~ | 5.160 x 10716
8 8.999 9.003 8.999

9 | 2515 x 107 | 6.970 x 10710 | 3.979 x 10~
10 22.091 22.099 22.089

Table 3: Numerical values for the first 10 moments of 3 states chosen arbitrarily from an
ensemble. (Finite well.)

By analysing table 3 above, we see that the values for the moments of the three states are
quite close. We would like to find a way to quantify this “closeness”. A measure of the
“closeness” would allow us to quantify the level of uncertainty in the measurement. The
level of uncertainty is related to the entropy.

In the previous chapter, we discussed distance measures between quantum states. These
measures allow us to quantify the closeness between probability distributions (for pure states)
and density operators (for mixed states). Those measures are not applicable in this case,
since the moments are not probability distributions, i.e. they are not normalised to 1. Even
if we plot all of the values for the moments on a single graph, we will not have a probability
distribution. (We will have a distribution, but it would be divergent).
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k
El @ | 02 | Cv = L
1] 2205 x 1077 | 4.860 x 10~ 4 0.86415755
2 1. 7.059 x 10739 | 2.657 x 10~1°
315303 x1018]1.258 x 1073 211.478
4 1.8 1.182 x 10~8 6.039 x 10~°
51 1.139 x 107° | 6.033 x 108 21.563

Table 4: Numerical values for the ensemble average, the variance of the ensemble, and the
coefficient of variation for the ensemble.

Let us plot the fourth and fifth standardised moments for the entire ensemble respectively.

Fourth Standardized MMoments for States in Enzemble

Moment

13004

1.8003

13002

1.8001

13000

A.—//!
) 400 :q.

Figure 14: A plot demonstrating the values of the fourth standardised moments for all the

states in the ensemble.
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Fifth Standardized Momentz for States in Enzemble
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Figure 15: A plot demonstrating the values of the fifth standardised moments for all the

states in the ensemble.
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Deviation from Ensemble Average
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Figure 16: A plot demonstrating the deviation of the expectation value of a given state from

the ensemble average. The observable is A = z* in this case.
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Figure 17: A plot demonstrating the deviation of the expectation value of a given state from

the ensemble average. The observable is A = ° in this case.

By referring back to Chebyshev’s inequality, equation (4.1), we see that ¢ > o, since proba-
bilities can never be greater than 1. By referring to table 3 above, we notice that the standard
deviation is less than the ensemble average for the fourth and fifth moments respectively.
(We are only dicussing the fourth and fifth moments because the two graphs above are based
on these moments. It is not necessary for us to plot graphs considering all the moments.
The main conclusions can be drawn by considering one odd moment and one even moment).
This means that even if we choose € to be twice the standard deviation (corresponding to

an upper bound of i), Chebyshev’s inequality is still obeyed. If we choose € = no, then the

upper bound would be #

Let us discuss one more example very briefly.
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4.1.3 The Morse Potential

Let us consider a potential of the form
V(r) =D (1—e ), (4.63)

where D, is the dissociation energy, a is the Morse parameter, and r is the internuclear
separation. The Morse potential is a useful model for describing the potential energy of a
diatomic molecule.

We shall take a brief look at the moments for this model. The full derivation of the wave
function can be found in the appendix.

The wave function for this model is given by [38]
b(z) = Nla, m)a®/2e2 1) () (4.64)

where © = 2 e™, X\ = —VQZ;DE, L () is the associated Laguerre polynomial, and the

normalisation constant N(a,n) is given by

al(n+1) 12
N = |— 77 4.65
(o) = [t s (1.69)
With&:)\—n—%.
The energy spectrum as a function of state number is given by
E, = ! +12+ +1 hw (4.66)
O S "y ! '
where
2D,
w=a (4.67)
m
is the Morse frequency. The state number as a function of energy is given by
1 2F
E)y=X|1———4/1—— 4.
n(E) [ 2\ M (4.68)

Let us look at a numerical example. For this example, let us set A = 100, £ = 95, and
JE = 5. Using equation (4.69), we can determine the number of states in this ensemble.
There are 32 states. Thus, the dimension of the Hilbert space is 32, i.e. dg = 32. The
states are n € [68,99]. Let us pick three representatives from the ensemble and calculate
the standardised moments as we did with the other two examples. We shall pick n; = 70,
ng = 80, and n3 = 90. (For the numerical example, we set all the usual constants to 1, i.e.
= hw=a=1).

2m
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ni No ns
3.7873 x 1075°%% | 1.9600 x 10773 | 1.0575 x 107233
1 1 1

2.6806 x 10°°07

3.9899 x 101742

9.6720 x 107334

7.2776 x 1013134

1.6081 x 1094%°

9.5151 x 101609

6.5614 x 104227

9.4824 x 107004

QY | W DN =

1.9969 x 1019702

Table 5: Numerical values for the first 5 moments of 3 states chosen arbitrarily from the
ensemble.

The large variations in the above values indicates to us that it is not likely to observe
typicality for this model. It is not clear why this is the case. One reason could be due to the
highly oscillatory nature of the associated Laguerre polynomials. Another possible reason
for this non-typical behaviour could be due to the fact that the wave function for the Morse
potential consists of orthogonal polynomials. In the case of the infinite well, as well as the
finite well, the wave function consists of trigonometric functions, which are non-orthogonal.

To further validate our hypothesis, we have also looked at the linear potential, i.e.

V(x) = Fu, (4.69)
where F' is some force. The wave function for this model is
om \ /3
where Ai(x) is the Airy function, and N is the normalisation constant, given by
F 2m 1/3
N = : (i) (4.71)
—A(0)A2(A(0)) + Ai”(A(0))

with A(0) = — (hg’;g)l/ °F [39]. We shall not bore the reader with yet another numerical
example of calculating moments. However, we shall mention that typicality is observed in
the case of the linear potential, whose wave function consists of the Airy function, which is

non-orthogonal.

Based on these few examples, it appears that typicality, by means of comparing moments,
is only realised for systems in which the wave function consists of non-orthogonal functions.

4.2 Distinguishing Microstates

In this subsection, we shall see that even if we could find a quantum system for which there
exists a set of observables such that N(A) ~ v/dg, performing a distinguishing measurement
would not be physically possible.

70



4.2.1 Distance Measures in Quantum Information

In the previous section, we used the expectation values of an observable to tell quantum
states apart. However, this is not the only way to distinguish between states. In the previous
chapter, we discussed distance measures in quantum information theory. Distance measures
are used to determine “how close” two quantum states are to each other. Using an observable
A, the distinguishability of two quantum states, p and o, is defined as

Dalp,o) = 5 3" IT(la) (al p) — Tr(la) (a] )], (4.72)

where the {|a)} are the eigenvectors of A. We can generalise this measure to any set of
observables A, i.e.
Da(p,0) = max Da(p0), (4.73)
S

even if the observables do not commute. Furthermore, if the entire set of observables in the

Hilbert space is contained in A, then we have

1
D(p,o) = §Tr]p — 0. (4.74)
This is also commonly referred to as the trace distance. [22]

Theorem

Using the set of observables A, the distinguishability of a random pure state v € Hg from
the maximally mized state Qg satisfies

Prob (DA(¢,QE) > €+ ;\f&g) < emedn, (4.75)

Prob (<DA(ZZJ(t)7 Qp)), > e+ ;V\ﬁ;li;) < el (4.76)

for an arbitrary € > 0, and N(A) is the number of outcomes for measurements made on the
set of observables A.

From this important theorem, we learn that the probability of D 4(¢, Qg) being larger than
zero is exponentially suppressed in dg, unless N(A) ~ v/dg. But for the quantum models
we considered in the previous section, we have that N(A) = Kdg, which means that it is of
the order dg. According to the above theorem, we have

KdE _ 2d
Prob ( D4(v, Qp) > < e~ 47T
ro ( AV, QE) 6+2@)_e ( )

For an individual measurement using the observable A, there is only one outcome. In that
case, N(A) << v/dg. The second part of the theorem tells us that for typical states, they
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will remain indistinguishable from equilibrium for almost all times if N(A) << v/dg (this
refers to time averages, which we have not discussed in depth).

This is similar to the result by Page [40], which states that in a composite Hilbert space, the
difference between a pure state and a mixed state is exponentially small unless the number
of states being measured is comparable to the square root of the dimensionality of the entire
Hilbert space. Let us consider a system in contact with a heat bath. The composite Hilbert
space is given by H = Hgs®H g, where the S and B symbolises system and bath respectively.
Now we consider the subspace, Hg C Hs ® Hp, which is associated with the microcanonical
ensemble which we discussed earlier. As was also defined previously, the maximally mixed

state in Hg is
I

%7
where I is the identity matrix on Hg. If we wish to restrict the maximally mixed state to
Hs, then we would have to trace out over Hpg, i.e.

QOp = (4.78)

Qs = TI"B<QE), (479)

where Trp denotes the partial trace over Hpg. Now using the theorem above, we obtain

dg 2
Prob ( Da(y, Qg) > €+ < e idm 4.80
since dg is the dimension of Hg, and it follows that the number of outcomes is bounded by
ds. So we see that it is not possible to distinguish between a random pure state and the
maximally mixed state, unless the number of outcomes scales like the square root of the
dimensionality of the Hilbert space. Our result is very similar to that of Page. [40]

Now suppose we could find operators whose spectra satisfy N(A) ~ y/dg. We should ask
ourselves if it would be possible to actually perform such a distinguishing measurement.

4.2.2 Making A Measurement

Let our initial state be in a product state |[¢) ® |a) € Hg ® Ha. To perform a measurement,
we entangle our physical system with a quantum detector. After the measurement has
taken place, we consider a sharp projection on the compound state. When performing a
measurement, naturally an interaction takes place. The interaction Hamiltonian is Hj,, =
A ® J, where J is a source acting on H 4, and A is the observable we wish to measure.

By expanding the time evolution of the initial entangled state in the eigenbasis of A, we have

(1) =D alt)e ™ |a)|a) .
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For the measurement to distinguish between the outcomes a and a + da, we need the wave
functions of the apparatus to become orthogonal at time ¢, i.e.

S(t) = (af e7CD o) = 0. (4.81)
Now we can find a lower bound on the smallest eigenvalue gap da that can be resolved.

Theorem
The smallest gap da resolvable in a measurement of an observable A in time t using the
interaction Hamiltonian H;,y = MA ® J is bounded below by

wh(A) h
= < da.
(Hing)t  A(J)t
For measurements to distinguish microstates, we must have N(A) ~ \/dg. These measure-

ments involve long times or large energy resources. In the context of black holes, it would
not be possible for us to distinguish among black hole microstates.

In [41], the authors qualitatively studied typical states of the Schwarzschild black hole in
AdS5. They found that very heavy pure states of quantum gravity can have an underlying
quantum description. At the Planck scale, this quantum description is very complex. The
details of its structure are invisible to almost all probes, thus making it appear as a “foam”.

In the second section, we mentioned that AdSs x S° is dual to A" = 4 SYM theory. In the
N = 4 SYM theory, the authors explicitly constructed singular spacetimes which give rise to
the universal low-energy description of most of the half-BPS states which have a fixed mass.
Their results were exact in this supersymmetric scenario. They found that the two sets of
results: the exact results from the N' =4 SYM sector, and the qualitative results from the
AdSj5 sector, were very similar. This suggests that the supersymmetric results provide a
generally correct qualitative understanding of the non-supersymmetric case.

The conclusion drawn is that a low-energy description of nature results in many quantum
mechanical details, which are present at the Planck scale, being “lost”. This tells us that
unless we have a full theory of quantum gravity, it is not possible to distinguish, or even
probe, the microstates of black holes.

Now let us return to simple quantum models, this time in the canonical ensemble.

4.3 Typicality on Quantum Models in the Canonical Formalism
4.3.1 Simple Quantum Models in the Canonical Ensemble

In the canonical ensemble, the probability of the system being described by a particular
microstate is given by

_ L 4.82

Pn = W = 26 ) (4.82)
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where Z = 3, e7#Fr is the partition function and 3 = RBLT.
For the particle in an infinite potential well, E, = Z—Z, so the partition function is Z =
n2
e P12, This is an infinite sum. We can approximate its value by using an infinite
n Y g
integral. Let us briefly justify this approximation.

ax

Consider the function, f(z) = e~ *. For z > 0, this function is strictly decreasing, so

n+1
f(n+1)</ f(z)dx < f(n) V¥n € Np.
Thus,

St < [ e < 10+ 3 fo)

At most, the difference between the sum and the integral is f(0) = 1. This allows us to
approximate the partition function, Z,

where A\p = % is the thermal de Broglie wavelength. Thus, we have an approximate closed
form for the partition function,

L
7~ —. 4.83
- (4.83)
The thermal density matrix is defined as
p=">_ el (] (4.84)
The expectation value for an operator A over the entire ensemble is given by
Tr(Ap) 1 _8E,
Alens = =— BB (] A ) 4.85
The ensemble average is calculated by taking the trace of the following matrix,
e—BEo (1ho] A |bo) 0 e 0
1 0 e Pk A e 0
(Ao = Tr |+ . el Ao . as6)
0 0 e PP (| Alfbn)
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Let us return to the particle in an infinite potential well. In the canonical formalism, the
density matrix can be expressed as

e PE0 [4g) (1o o 0 e 0
b= )\LD 0 e W1> (1] O 7 (4.87)
0 0 e TPPaE g ,) (|

where we assume that dg is exceptionally large. (If dg is not very large, then we shall not
be permitted to make the approximation Z ~ %) However, to be more precise, we could
always express the partition function as

o= o [T e L
7 = Z 2"~ i dn = Eerf(dE) (4.88)
k=0

where erf(dg) is the error function, defined by

2 [
erf(dE> = ﬁ/ e ” d.z', (489)
0

)dek—‘rl

\/—Z K2k +1)°

and its Taylor series is

erf(dp) = (4.90)

We can verify that the trace of the density matrix is 1, i.e.

Ap
Tr<ﬁ>=m( OB (4hylao) + e PP () + - e PPE (g, [thay,))
_ Ap - —BEj
= erf(dp)L ;6 (Vr|ton)
o L B
N Sl L g e = 1

The purity, v, is defined as the trace of the square of the density matrix. The trace of the
square of the density matrix is

Tr(ﬁ2) = erf dE Ze’zBE’“
N P
~ (erf(ds) L) V2rp

and thus the purity is
1 AD

T V2 erf(dg)L
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The purity is a measure of how “mixed” an ensemble is. For a pure state, the purity is 1.
For a maximally mixed state, the purity is é. The linear entropy is defined as

AD
\/_ erf(dg)L’
The linear entropy ranges from 0, for a pure state, and 1 — é, for a completely mixed state.

For completeness, let us compute the von Neumann entropy. The von Neumann entropy is
given by

Sp=1-~v=1- (4.92)

S(p) = =Tr[pIn(p)]

A A de

D D _BE

——_—_ "2 |In|Z E PE, _ 3 E E
erf(dE)L ( L ) =0 ¢ F

AD AD L
~— 1 f(dg) E
erf(dE)L . (erf(dE) > )\D el" E BZ F

dp

(L B
=1In (Eerf(dE)) )L ZEk

In the canonical formalism, for a particle in an infinite potential well, the von Neumann
entropy is

(L Brp e
S(p) =1In (Eerf(d;;)) + m ; E,. (493)

We see that the larger dg is, the larger the entropy will be. This is not at all surprising,
since we know that the entropy of a system is related to the number of microstates.

Since the observables we’'ve been considering are the moments, it is convenient to express
the density matrix in the position representation. In this form, we have

dp )\
oz, s B) = ; %eﬁEnwn(x)w;(x) erf(dE iz 7 Z (Z8)7° gin (%x) sin <7Zla:>
(4.94)

When taking the trace, we will only sum over the diagonal elements, i.e. when x = 2. Thus,
the ensemble average for the k" moment is

_ M - —BEm, k
(") ens = mmzzoe (V| 2" [thm) - (4.95)

This is very similar to the ensemble average found in the microcanonical ensemble (see
equation (4.45)). The difference is that in this case, the microstates in the ensemble do not
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have an equal likelihood of being realised. However, if we consider the high energy limit,
where there is no state dependence on the expectation values, we get

dp

)\D %g n2 k )‘D L

LF LF
25 12(f + 1) - 262 4+ 1)’

(4.96)

which is the exact result we get in the microcanonical ensemble (see equation (4.45)). We
can thus conclude that typicality will also be realised in the canonical ensemble. This is
expected by virtue of the thermodynamic limit.

We wish to see if we can relate these ideas to black holes. Before we do that, it is useful for
us to discuss how the density matrix of one part of a composite system looks very much like
the thermal density matrix found in the canonical ensemble.

4.3.2 Composite System and the Canonical Ensemble

Suppose we have a composite system AB, such that H g = Ha4 ® Hp. We assume that the
interaction between systems A and B is weak. Now consider a subspace Hr C Ha ® Hp,
Wthh Corresponds to an energy E. This subspace is spanned by a basis of vectors of the form
|E> R |E; >B, where E; + E; = E. Furthermore, the subspace of H 4 is spanned by |E; )A,
where k = 1,2, ga(E;); and similarly for Hp. (The quantity ga(E;) is the degeneracy of
Ei in HA)

A typical state 1)) € Hpg can be expressed as

) 9B(E—E;)
l
Z Z Z G | B |E — Ei)g . (4.97)
i k=1
The density matrix for these states is
gA(E gB(E— E gA E/ gBE E/
=22 X lBLIE-ENRD > D 1B 1E - Bl
[ k=1 i k=1 =1

i),94(Ey) g5(E— E):!]B(E E;r)

_Z Z Z (Cklk/l”E> (By|® |E — E)” (E — E])

4,1/ k,k'=1 LI'=1
(4.98)

If we want the density matrix for system A alone, then we take the trace of p over the degrees
of freedom of B, i.e.

9B(E—E;) ga(E;)

pa=Trg(p Z Z Z %Cw ¥ (Eil. (4.99)

) =1 k,k'=1
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The system A is in a mixture of states with different energies E;. Every F; in A is correlated
with an energy F — E; in B. We can write ps = >, p(E;)pE,, where pp, is a density matrix
for a system with energy E;. The trace of this matrix is 1, and the p(E;) are the probabilities
of finding the value E; upon performing a measurement of energy of system A. Using the
knowledge we have about typicality, we know that over the entire enesmble, p(E;) averages
out to M i.e. the probability of finding a state with energy F; is proportional to
the degeneracy of those states.

Using a slightly modified form of equation (4.6), we learn that, on average, p(F;) deviates
from its most likely value by

ga(E gB (E—E;) (gA(Ei)gB(E_E ) V94(Ei)gs(E — Ej) (4.100)
Y dE +1 dg dg
So the density matrix for system A alone can be written as
ga(E gB (E — E;) V9a(E;)gs(E — E;)
=y g, + 3 VBN EE)
(4.101)

1
gA gB E E PE;-
e Z ( V9a(E)gp(E — E))

Now we know that the entropies of systems A and B, S4 and Sp respectively, are related to
the degeneracy of states in the respective systems, i.e.

ga(E;) = 517,
gp(E — E;) = eS8 (E—E),

If system B has many more degrees of freedom than system A, then we may approximate

oS
Sp(E — E;) ~ Sp(E) — a—;HE:Eﬂ
P (4.102)
= Sp(E) — Tl'

This gives us

1
N Ze (B;—TSa(Ey))/T (1 + \/g g (E E)) PE; (4103)
A( B
where + =

~ . If the system B is a large heat bath with temperature 7', then the density
matrix py is very snnllar to the thermal den81ty matrix we find in the canonical ensemble. In
the thermodynamic limit, where \/ga(E;)gp(E — E;) — oo, the probability for ps to differ
from a thermal density matrix is zero.

SB(E)
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Let’s apply these ideas to black holes [42]. Consider the inside of the black hole and the
outside of the black hole as being two separate systems. The outside of the black hole “has
temperature” T = m. The form of the density matrix of the states outside the black
hole is a mixture, i.e. a thermal mixture at temperature 7' = m.

It was argued by Hawking that a black hole behaves like a black body. One of the ways
to derive black hole radiance is by considering the periodicity of the Schwarzschild metric
in imaginary time. However, it is important to note that the black hole is treated as a
geometric object, and not a thermodynamic one. Consequently, the radiation that comes
from the horizon is coherent. For a black body, the emitted radiation is incoherent.

It was argued by T. D. Lee [43] that black holes cannot be regarded as black bodies, since
quantum fields over the whole of spacetime are coherent, whereas the radiation emitted
from black bodies is incoherent. Using the argument from above about a system being in
contact with a heat bath at temperature T, we can conclude that in the thermodynamic
limit, coherent fields in the presence of a black hole will be indistinguishable from coherent
fields in the presence of a black body.

This suggests that if an observer is at a laboratory with a radiation detector, he/she will not
be able to know for certain if the radiation detected is coming from a black hole or from a
black body.

In this section, we studied several quantum systems. Studying the microstates of these
systems allowed us to make generalisations about black holes. As was discussed in the
second section, black holes have entropy. Statistical mechanics tells us that the entropy
of a system is related to the number of microstates of the system. Since there is no way
for us to probe a black hole on a quantum level, due to general relativity being a classical
field theory, we make use of quantum toy models. The quantum states of a system should
exhibit universal properties, since all systems are quantum mechanical on a fundamental
level, including black holes.
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5 Decoherence and Black Holes

In this section, we continue our plan of trying to find simple quantum mechanical systems
which may help us investigate properties of the entropy of black holes. We shall explore ideas
pertaining to coherent states, squeezed states, and decoherence. Let us begin by looking at
coherent states and squeezed states.

5.1 Coherent States and Squeezed States
5.1.1 Definitions

We can think of a coherent state in two ways: as the eigenstate of the annihilation operator,
and as a displaced harmonic oscillator state. If we have creation and annihilation operators
a’ and a, respectively, then if a |a) = a'|a), we say that |a) is a coherent state. We can write

*Z \/_ |n) (5.1)

1o A (aal)”
= 0 5.2
3, (52)
T
and thus,
o) = e~ 3 e’ |0) . (5.3)

According to the Baker-Campbell-Hausdorff formula [44], if A and B are any two operators
such that
[[A, B, A] = [[A, B, B] = 0, (5.4)

then

eATB = ¢mIABI2,ALB. (5.5)

Replacing A with aa’ and B with —a*a, we have

aat—a*a — ef[aaf,fa*a]/ZeaaT —a*a

€ €

_ e|oz|2[cﬁ,a]/2eochfe—oz"a

2
— e—%eacﬁe—a*a

since [aT, a] = —I. Now we define an operator,

o2

D(a) =e 2 ¢ gmo"a, (5.6)
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which has the property

la) = D(a) [0) . (5.7)
To show that equation (5.7) is true, we need to expand the exponential, i.e.
D(a)]0) = e~ e e=a"a )
of2 1
= e~ F e0e! (1 —afa+ 3 (a*)*a® 4 - > |0)
lo|?

=e¢ 2 ¢ (1)|0) (since al0) = 0)
= |a) (from equation (5.3)).

We also see that D(«) is a unitary operator, i.e.

2
lo|

Di(a) =e 2 e % = D(—a) = D" Y(a). (5.8)

We call D(a) a displacement operator, since it displaces the amplitudes a and a', i.e.
D Y(a)aD(a) =a+«a (5.9)
D (a)a'D(a) = a' + o*. (5.10)

By applying the displacement operator on the vacuum state, we obtain a coherent state. Let
us discuss some properties of coherent states within the context of a radiation field.

(i) In the coherent state «v, the mean number of photons is
(a|a'ala) = |al?. (5.11)
Writing (n) = |a|?, the probability of finding n photons in the state |«) is given by

<n>n67<n>
n!

p(n) = (nla) {a|n) = 7 (5.12)
a Poisson distribution.

(ii) For a coherent state, the Heisenberg uncertainty bound is saturated, i.e. ApAx = g
It is a minimum uncertainty state.

(iii) The set of all coherent states |a) is a complete set. We can show this by letting
) = |a|e?. Then

00 2
/(a*)" ame_|o‘|2d2a:/ / " e |a| e el | o] dfd)al
o Jo

0 2T
= / dallaltm el / dpe’m =’
0 0

= ! 0pm,
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where the integration takes place over the entire complex plane.

2
Using |a) = e~ Yoo j—% |n), we have

/d2a|a> (ol =73 n) (n] (5.13)

The Fock states |n) form a complete orthonormal set, so the sum over n is the identity
operator, i.e. > |n)(n| = 1. Thus, we have a completeness relation for the coherent
states, namely

l/d2a|a> (o] = 1. (5.14)

™

(iv) Two coherent states which correspond to different eigenstates, |a) and |o’), are not
orthogonal, i.e.

1 1
(ala’) = exp (—§]a|2 +d'a* — §|a']2) : (5.15)

and
[{a]a")|* = exp (—|a — o). (5.16)

Due to the non-orthogonality of coherent states, any such state can be expanded in
terms of the other states,

@) = [ 1) @) e’

1 1 X 1
= —/|o/) exp | —=|af* + o a — =|/|? | d*/.
7r 2 2

We deduce that coherent states are overcomplete.

Now let us move on to discuss squeezed states. The unitary squeeze operator is given by

S(€) = exp (%f*cﬂ — %{aT2) , (5.17)

where ¢ is some arbitrary complex number which we can write as & = re?. The squeeze

operator has the property,

S1(&) = 57(¢) = S(=¢). (5.18)
Suppose A and B are operators, then we can use the following formula,
1
e*Be ™ = B+ [A, B] + oA A Bl 4+ (5.19)
to derive unitary transformation properties of the squeeze operator. These properties are
ST(€)aS(€) = acoshr — a'e? sinhr, (5.20)
and  ST(€)a’S(€) = a' coshr — ae™* sinh 7. (5.21)
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To obtain a squeezed coherent state |, £), we first act with the displacement operator D(«)
on the vacuum state, and then act with the squeeze operator S(§), i.e. |, &) = S(&)D(a) |0).

We would like to study the coherent, and squeezed states, for a particle in an infinite potential
well. However, before we can achieve this goal, we first need to find the appropriate ladder
operators for the system.

5.1.2 Ladder Operators for a Particle in an Infinite Potential Square Well

Due to the fact that the energy levels for the particle in an infinite potential well are not
equally spaced, the generalised creation and annihilation operators for this system are a bit
more complicated to obtain compared to the harmonic oscillator.

Consider a Hamiltonian % + V(z), where p = ?%. Furthermore, let us consider the well
which has boundaries at * = 0 and x = L. Using the factorisation method [44], we can

rewrite H as
H, =dla; + B, (5.22)

a product of two first-order differential operators ai and a1, and plus a constant E;. These
operators should consist of a linear term in momentum, since H has a term quadratic in
momentum. Following the super-symmetric (SUSY) quantum mechanics treatment in [46],

we can write
HQ = alai + El- (523)

By factoring Hs, we have
Hy = abas + B, (5.24)

with its SUSY partner being Hs = agag + E5. Continuing in this fashion, we have

.
Hjp = aj,0500 + Ej

_ aja} B, (5.25)
where j =1,2,3---
We can express the operators a; and a; as
1 .
G = o (p+ifi(z)), 20
o= = i(e)).

These operators are not Hermitian, and therefore are not observable. Furthermore, we see

that ) )

2
om om 2m dx (), (5.27)
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which is Hermitian, and thus observable. (In the case of the harmonic oscillator, equation
(5.27) is called the number operator).

For a particle in an infinite potential well, V(z) = 0 inside the well. Thus, we can write

P B, hdh

Hi = 2m 2m 2m dx (z) + Br
2 2 2
pt _p? | file)  hodf
2m_2m+ 2m +2mdx<$)+El
_f12(93) ko df,
= 0= Yo @ B

which gives us a Riccati differential equation,

—(z) = — — ) 5.28

7 (@) - - (5.28)
To solve this differential equation, we make the following substitution, fi(x) = v/2mE; cot(y),
where y = 2+El(:v — ('), where C' is some integration constant. Since 0 < z < L, the cotan-

gent function must be finite in this region. The cotangent function has singularities at the
points where the sine function is zero. Consequently, we choose our boundary conditions
such that at

x=0, f1(0) = o00=C=0;

vV 2mE1

,CL’:L, fl(L)—)OO=> n

L (since C = 0).

Thus, we can write

o= (T e (7)) 625

Now we wish to determine a;. We shall consider f;(z) = ¢;cot(b;z), and make use of the
recurrence relation (equation (5.25)), with the restriction 0 < b; < 7, to get

P N 2, cot?(bj12) N hd(cjycot(bjr)) B

2m 2m 2m dz g+l (530)
B P N CJQ‘ cot?(b;z) N h d(c; cot(bjz)) LR
©2m 2m 2m dx 7
Recalling that d%;(x) = —csc?(z) = —1 — cot?(z), we get

QmEj+1 — th+1bj+1 + Cj+1(Cj+1 — hbj—f—l) C0t2<bj+1l')

5.31
= 2TTI,E] — thbj + Cj (Cj — hbj> C0t2(bj27). ( )
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For equation (5.31) to hold true, we need

bj+1 = bj = b]' =b; = %, (532)
Ci1(Cja1 = hibj1) = ¢;(¢; — hibj) = ¢y = { | (5.33)
Cj + )
c?
2mEj+1 — th+1bj+1 = QmEJ — thbj = Ej = 2—] (534)
m

We have two choices for cj;;. We choose the one which yields the maximum value for £,
from which we obtain

¢ =J—. (5.35)
Finally, we have
1 Jmh 7T

4= 7= (p + it cot <zx>) . (5.36)

It turns out that the a; are not the required ladder operators. After some trial and error,
we find the following creation and annihilation operators, respectively,

d
T .
A= & + j cot(y), (5.37)
d .
A; = ~ Iy + j cot(y). (5.38)

These operators are not Hermitian, and thus not observable. Let us test one of them on the
wave function, ¥;(y) = \/%sin(jy), ie.

A= 2 | sinGin) + cont)sinGin)

L |dy
=2 [restin + 529 i)
= 25 7 leos(i)sinfy) + cos(y)sin()]
J 2 . .
— Sin(y) 7 sin ((j + 1)y)
__J .
= sin(y) ¢J+1<y)‘
Thus, we have
sin(y) Al (y) = v (), (5.39)

sin(y) Aj¥;(y) = jvi-1(y)-
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Now we introduce the ladder operators which can raise and lower any eigenfunction of our
physical system,

d
K, = isin(y)@ + cos(y) Ko, (5.41)

where the Hermitian number operator K satisfies the eigenvalue equation,

Kolj) =3lJ)- (5.42)

Let us test these operators,

Kiths(y) = \/% sin(y) (i% Sin(jy)> + \/% cos(y)j sin(jy)

=J \/% [sin(jy) cos(y) £ sin(y) cos(jy)]

iy Zsin (£ 1w

= jin1(y).

Thus, we have
Kelj)=jli£1). (5.43)

These operators satisfy the following properties,

Kl =K., (5.44)
[K_, K ]:2 (5.45)
[Ko, Ki] = (5.46)

This set of operators are the generators of the su(1,1) Lie algebra [45]. From property
(5.44), we see that the ladder operators are non-Hermitian. Furthermore, we can write the
Hamiltonian as
T KK 5.47
H=—— _ .
4mL2{ +> }7 ( )

where the {, } is the anti-commutator.

5.1.3 Coherent States for the Infinite Square Well

Since we have the ladder operators for the particle in an infinite potential well, we should
be able to construct generalised coherent states for the system. In our discussion about
coherent states, we saw that there are two ways to construct such states. The eigenstate of
the annihilation operator is a coherent state. We can also act with the displacement operator
on the vacuum to obtain coherent states. For the harmonic oscillator, both methods yield
the same coherent state. However, for the particle in an infinite well, this is not the case.
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Let us begin by acting with the annihilation operator, K_, on some state |«). These type
of coherent states are referred to as Barut-Girardello (BG) coherent states [45]. If |a) is a
BG coherent state, then

K_|a)=ala). (5.48)

Writing |a) = 3% ¢ [j), we have

K_|o) =Y K _[j) = cili—10=> cia(G+ D) =ad clj).
j=1 j=1 §=0 j=1

Taking the inner product with respect to (j'|, we have

o)
ZCJH j+1)('9) = ach (J'17)
j=1

= Cj+1(j + 1) = QCy

N Q a o’
Cip1 = = C; = — —Ci1 == — 1.
A S TN G+
Thus, we have
@) pe = N (Jaf” Z \J+ 1), (5.49)

]:0
9 o ‘042]‘ —1/2 . . .
where N (|a|?) = (Z =0 W) is the normalisation factor.

The coherent states that we obtain by applying the displacement operator to the ground
state are called Gilmore-Perelomov (GP) coherent states. Using the displacement operator
D(&), we have

@) = D(§) [1) = exp (§K, — &K ) [1)
- eaK+ (1 B |a‘2)KO €—§*K_ |1> )

where o = |§—| tanh(£). With a little more work, we finally have

= VT TaP Yol +1). (5.50)

We see that |o) g # |) op-
Now let us move on to discuss squeezing. Firstly, let us define the Hermitian field operators,

K + K K —-K
B+ Ky and X2:—+'

X, =
! 9 2

(5.51)
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Then we define the squeezing parameter as

Sx, = (ax)” 1, (5.52)

R, X))

where (AX;)* = (X2)—(X;)?. We say that a state is squeezed in X; if the following inequality
is satisfied,
—1< 8k, <0. (5.53)

Let us define the Mandel parameter Q) [45] as

@ = 0 corresponds to Poissonian statistics (standard coherent states).
@ < 0 corresponds to sub-Poissonian statistics (non-classical states).
@ > 0 corresponds to super-Poissonian statistics (classical states).

It is often nice to have a graphical understanding of concepts in physics. In the quantum
optics literature, the uncertainty in position/momentum is referred to as “noise”. In phase
space, a coherent state has a Gaussian distribution which is circularly symmetric. A squeezed
state, on the other hand, is asymmetrical. By “squeezing”, we suppress the noise in one direc-
tion, while increasing the noise in the other direction (we have to do this in accordance with
the Heisenberg uncertainty principle). This has useful practical ramifications. By squeezing,
the wave packet has a sharper peak, thus minimising interference effects. By minimising
interference effects, we may perform more accurate measurements. Greater accuracy would
mean less uncertainty in the outcome of measurements.

P P

X X

(a) A coherent state. (b) A squeezed state.

Figure 18: Two sketches comparing a coherent state to a squeezed state, as represented in
phase space.

Let us play around with these ideas about coherent states and squeezed states within the
context of the particle in an infinite potential well. Recall from equation (5.49) the definition
of the BG coherent states. We can construct a wave function for these states by representing
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the states in the position basis, i.e.

(x|o) g = () Z

J=0

%H z). (5.55)

The original wave function consists of a sine function, which can be expressed as the imagi-
nary part of an exponential. This allows us to write

\/7N jf% j‘_jl) Im(ei(?U“))). (5.56)

Using Mathematica, it is possible to get a closed form expression for the infinite sum in
equation (5.56). For constants b and ¢, we have

e

k:0

1) — i (eceb - 1) . (5.57)

Using this identity, we can express the BG coherent state wave function as

\/7N af?) Im{ (ael? —1)] (5.58)

By expanding the terms in the square brackets, and extracting only the imaginary part, we

have
\/7]\7 (|af?) O‘COS(%) sin <a sin (W—LI>> : (5.59)

This expression is significantly more comphcated than the ordinary wave function (equa-
tion(4.26)). However, there does exist some similarity between this BG coherent wave func-
tion and the wave function for the particle in a finite well (equation(4.51)). Apart from
multiplicative constants, there is a product of an exponential function and a sine function in
both types of wave functions. From our understanding of trigonometric functions, we know
that the cosine function is zero when the sine function is a maximum, and vice versa. When
the z-value yields a maximum for the sine function, we have

Prmax (T \/>N |a| —sm() (5.60)

We can also calculate the squeezed BG coherent states by acting on the BG coherent states
with the squeeze operator. The squeeze operator was defined in equation (5.17). For the
infinite potential well, we replace the operators a and a' with K_ and K, respectively.
Expanding to first order, we have
S(€) = e2¢ K2 -3¢K3
1 1 (5.61)
=1- 55[(1 + 55*[(3.
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Acting on the BG coherent states, we have

(@) e = M) 3 - (1541 - S g 4 S0 D e gy,

]:0
(5.62)
We can express these squeezed BG coherent states in the position representation, i.e.

o0

(1 S(©) g = NlIaP) Y- =535 (wrsate) = T ) + U ey 1)

(5.63)
We can construct a density matrix from these wave functions and compute the von Neumann
entropy. However, upon inspection, it is clear that the entropy for the BG coherent states is
greater than the entropy for the ordinary states. Furthermore, the entropy of the squeezed
coherent states is greater than the entropy of the coherent states. If we were to create
an ensemble of these coherent states, and then calculate the ensemble average for some
observable, we would certainly obtain different results from those obtained in section 4.
However, we propose that quantum typicality would still be realised. This is because the
wave function for the BG coherent states (equation (5.59)) is similar in structure to the wave
function of the finite potential well (equation (4.51)). By calculating the moments, as we
did in section 4.1.2, we would derive similar results. We would find that it is not possible
to distinguish microstates, whether those states are squeezed and coherent or not. However,
we shall not explicitly do this, since this section is not concerned with quantum typicality.

There is no point in performing the same analysis on the GP coherent states, since the sum in
equation (5.50) diverges. This divergence prevents us from deriving closed form expressions
for the wave functions of the GP coherent, and squeezed GP coherent, states.

In the next subsection, we shall look at an analysis in which the entropy of density pertur-
bations is calculated by studying the two-mode squeezed states of the spacetime vacuum.

5.1.4 Entropy of a Squeezed Vacuum

The vacuum state is the initial state for modes inside the black hole horizon. Decoupling
occurs for the modes with different momenta. Using the two-mode squeeze operator for-
malism, it is possible to provide an accurate description of the growth of the cosmological
perturbations [47]. This is because it describes the process of creation and annihilation of
particle pairs in a way which preserves momentum. These particle pairs are produced with
momenta equal in magnitude, but opposite in sign.

In a simple model, described by a Hamiltonian which is quadratic in a scalar field gZA> and its
conjugate momentum 7, the authors in [47] represent the dynamics of linearised cosmological
perturbations. Particles which interact with the classical background fields (spacetime) are
described by the field é The quadratic Hamiltonian is then written as a sum of a free part
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and an interacting part, i.e.

H=HO 4 gt (5.64)
where
HO = S 5O = % o [alak—aika7k+1 (5.65)
{k,kz>0} {k,kz>0}

is the free part of the Hamiltonian. The time-dependent frequency associated with the k™
mode is represented by Q, and the sum is carried over half of the modes (this is why we
write k, > 0). The interaction Hamiltonian is written as

H™ = Z H™ = Z iNe(t) [e‘2wkaka_k — 62i‘p’“a2aik , (5.66)
{k,ks>0} {k,ks>0}
where aJ,L is the creation operator, and a; is the annihilation operator for a particle with

momentum k. The process of production (aLaT_ k) and destruction (axa_y) of particle pairs

is described in the interaction Hamiltonian. A is a function which describes the coupling of
the perturbations to the classical background (spacetime). The phase ¢y, is related to the
phase of the particle pairs which are generated. It varies slowly as a function of time (when
modes cross the horizon, the variation is most significant).

Once we have the Hamiltonian, the evolution operator can be written as
t
U(t) = S ({rx, dr}) exp {—z‘ / dt'H “”(t’)} : (5.67)

where S is the two-mode squeeze operator, written as

SHriae)) = [I Stwo)= ][] e [Tk <aka—k€_2i¢k — azatkem’“)} . (5.68)

{k,kz>0} {k,ks>0}

The squeezing parameter, rg, is related to the coupling strength A\, in the form r, =
ftt Ak (t')dt'; where t, is the approximate time at which the mode leaves the horizon. The

squeeze phase is ¢y ~ ¢ — [ e Ok (t")dt'. For additional convenience, the two-mode squeeze
operator can be written as

~ 1 .
S (1, dn) = [—Tkath] [—(T T,)l h}x
(T, k) - exp |—a,a’ e anhry | exp apar +a' La_i ) Incoshry (5.60)
X exp [aka,ke’%‘ﬁ’“ tanh rk] )
Applying this to the vacuum state |0), we get
. > 1 . n
S 0) = = — 2w tanh kin, —k 5.70
(i $2)10) = |ssi) Zh( e )" |, ki, k), (5.70)
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where |[ss;.) denotes the two-mode squeezed vacuum state, and

(a,tcﬁ_ k)
n, ki m, k) = ~———10) (5.71)

denotes the two-mode occupation number state, which contains n particles with momentum
k, and n particles with momentum —k.

The goal now is to calculate the entropy. We shall concern ourselves with the entropy
generated by the reduction of the density matrix. In the Schrodinger picture, the density
matrix is p = |1, t) (¥, t], where |1, t) = U(t) |¢,0). We use U(t) as was defined in equation
(5.67), and take ¢, 0) = |0),, as the in vacuum state. The entropy is then given by (kg = 1)

S=—(np)=-Tr(plnp). (5.72)

By looking at equations (5.70) and (5.71), we can write the density matrix in the occupation
number basis as

. 1 1 i -
= —e “PF tanh X
p= 2 2 1 1 sy (e tanhn)
{np ke >0} {ny K, >0} {k ke >0} {K K, >0} (5.73)

% (_€2i¢k/ tanh T’k/)nk/ |nk7 k‘, ng, —k'> (nk/, ]{7/7 ngs, —kl .

We observe particles in the occupation number basis, so it is a natural choice in which
to represent the density matrix. By setting all the off-diagonal elements in the two-mode
occupation number basis (equation (5.73)) to zero, we can reduce the full density matrix.
We can justify this procedure by observing that in the limit of large squeezing, every mode
is the consequence of a superposition of a large number of particle pairs. Due to destructive
interference in the off-diagonal terms, the phases ¢, of every produced particle pair cancels.
Consequently, the reduced density matrix becomes approximately diagonal [47], i.e.

~ 1 2n 1 2n
red R E ———— (tanh 7)™ In ———— (tanh 7y )" | . 5.74
Pred H cosh? 7 ( ) H cosh?r ( 2 (5.74)

!
{ng ko >0} {k, ko >0} (k' k., >0} k

We can rewrite this expression as

S = Z H ;2 (tanh 7 )*"™ x

cosh” r
(o ka>0,k£K} {k#k' ko >0} k

1 2n 2 —2n
X E E ——— (tanh 7 )% In |cosh® r (tanh 7y k!
cosh? T ( ) [ w #) }

(k' K, >0} nyy
(5.75)
The first part of this expression equals 1, and the second part, with &' — k, is
S = Z [(1+ sinh? ) In (14 sinh? k) — sinh? r;, In sinh? Ty - (5.76)
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The coarse-graining determines the expression for the entropy. We choose the coarse-graining
based on the relevant interaction with the environment fields. For instance, an alterna-
tive mechanism for coarse-graining can be chosen whereby we assume that the density
matrix diagonalises in the coherent state basis. In this basis, the entropy per mode is
sk = In (1 + sinh®ry) +2, which reduces to the same expression as (5.76) in the limit of large
ng. In the thermodynamic limit, or in the limit of large n;, these differences are indistinguish-
able. However, if we could perform a measurement of extreme precision, we would notice
detectable differences in the entropies derived from the different coarse-graining schemes.
We can conclude that different coarse-graining schemes lead to different expressions for the
entropy.

This conclusion shouldn’t be too surprising, since we know that entropy is related to our
ignorance or uncertainty with regards to a physical system. During the process of coarse-
graining, we choose to ignore certain degrees of freedom. This occurs when a subsystem
interacts with the environment. By choosing to leave out or ignore the degrees of free-
dom of the environment, we consequently introduce uncertainty into our description of our
subsystem.

5.2 Decoherence in Quantum Systems

In this subsection, we shall discuss the phenomenon of quantum decoherence. Quantum
decoherence is the process in which quantum coherence is decreased, and ultimately lost. In
optics or the study of classical waves, coherence among waves can be interpreted as a definite
or consistent relationship among the phases of the waves. In quantum mechanics, matter
exhibits a wave-particle duality. Quantum coherence describes the phase relationship among
the wave aspects of the matter.

When the phase relationship among the waves is destroyed, decoherence occurs. This makes
the system lose its “quantumness”, and become classical. Decoherence occurs when a sys-
tem interacts with the environment. In fact, decoherence is responsible for entangled pairs
becoming disentangled.

Let us try to describe decoherence more mathematically. Suppose a quantum system is de-
scribed by a density matrix. The diagonal elements of this matrix describes the respective
probabilities of finding the system in the respective states. The off-diagonal elements repre-
sent quantum coherence. Decoherence occurs if it is possible to somehow reduce this density
matrix so that it becomes diagonal, or at least “approximately diagonal”.

In this subsection, we shall look at a simple decoherence model [48]. We shall also discuss
how Hawking radiation can come about as a consequence of decoherence [50].
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5.2.1 A Simple Decoherence Quantum Model

Let us consider a wave function which describes the superposition of two states within an
infinite potential well,
1

U(z,t) = 7

(1 (2, t) + o(z, t)], (5.77)

where
2 )
Un(z,t) =4/ T sin (?) e nt (5.78)
and w, = gi;f; The modulus squared of the superposition wave function is
1
Uz, t)[* = 5 (I ? + [32]) + [t |[ba] cos(wt), (5.79)

where w = wy — wy.

We notice that the term |¢);||1s| cos(wt) is time dependent. This is the interference term
between 1; and 5. Our goal is to show that, by allowing the boundaries of the infinite
potential well to fluctuate, this interference term eventually becomes negligible after a certain
amount of time.

We begin by allowing the width parameter, L, to undergo fluctuations about a mean value,

L. This mean value is defined such that

L=L(1+¢), (5.80)
where
fle) = \@6“’52, (5.81)
o’ = () — ()", (5.82)
and 1
0= s (5.83)
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0 L

Figure 19: A simple sketch of the infinite potential well of length L. The grey regions
illustrate how the length of well fluctuates.

The () notation is used to signify the mean value of a function, i.e.

() = /_ =G fo). (5.84)

oo

We wish to find an expression for the mean value of the superposition wave function. We
have

1
(W1°) = 5 (") + {val*)) + (]| cos(wt). (5.85)
Let us first consider the terms inside the brackets. Using equations (5.78) and (5.84), we

have ,
40 [t e 0 nww
2 .2
W) =1/ — de———5 — . 5.86
{1al’) \/w/_oo Ld+e) (L(1+5)> (5.86)
We assume to have a narrow distribution, o < 1, so that only small values of ¢ contributes

to the expression in (5.86). Now we need to make use of the famous trigonometric identity,

1—cos2u 1—Re(e™)

.2 2
=1 = 5.87
sin” u cos” u 5 5 (5.87)
Inside the exponential, we expand to first order in €. This gives us
Re (eff?x)) ~ Re (e%_%s) = cos (27153:) e/ (#E%)e (5.88)

This allows us to write

sin? [ — ") L 1(:os nme el (*F)e (5.89)
L(1+¢)

Now we need to make use of another important identity, i.e.

/ deetite0=" — \/ge_fw. (5.90)
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Using equations (5.89) and (5.90), we can evaluate equation (5.86). We have
(T \F [ e e (L
T ) L 1+¢) L(1+¢)
40 +°° 011 2nmx i(20m2 )
———cos|—= el L
T L 1 + e) 12 2 L

—0o0

\/g/ dg o \/ECOS 271_’/’173 / _;6 (27rnx)€ 92 d
TJ o L(l+e) T L oo L(1 +¢)

L L L
In the limit where 2* <1, we have e~ 227~ = 1. Finally, we have
1 1 2 2
(fnl?) =~ 7 = 7 cos ( ”L”) — —sin’ (””) [ 2. (5.91)

We see that the probability density is not significantly affected by the fluctuating boundaries.
Our next goal is to see how the interference term is affected. We can show that [48]

(| [a] cos(wt)) = % [cos (”—; ~ cos (3%95))} cos(@t)e T, (5.92)

where T' = 20?02 and w = wg([_/) - Wl(f/) = 2372%22'

We see that there is a decay in (5.92), whose time scale is ty = % The characteristic decay
time is tg = % = % Finally, we can write

1 X 3mx 2
2y — Z — 27 ~ 4\ ,—Tt
(W) = 5 () + (Jual?)) + [cos ( L> cos( T )] cos(wt)e™ . (5.93)
If t >> t4, the term + [cos (—-— — oS (%—))] cos(wt)e_FtQ — 0. The interference term disap-

L
pears.

This model serves as a simple quantum system which illustrates decoherence. We can think
of the fluctuating boundaries as analogous to spacetime. Consider gravitational waves in a
flat background which has the metric, [49]

ds® = —dt* + h;jdz'da’. (5.94)
As the metric fluctuates, the square of the proper length,
di* = hy;dx'da? (5.95)

also fluctuates. Consequently, this causes the separation distance between geodesics in the
vicinity to also fluctuate. If there is a quantum system nearby, these length fluctuations can
lead to quantum phase fluctuations. This dephasing results in decoherence.
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The authors in [49] replace the classical gravity wave with a bath of gravitons. This is done
so that the fluctuations in the spacetime geometry can be studied. Inside this bath, quantum
phase fluctuations occur, ultimately leading to dephasing and an increase in the “fuzziness”
of an interference pattern. For a fixed energy density, the decoherence rate increases as
the wavelengths of the gravitons increase. It also increases as the energy differences in the
quantum system increase. The end result is that gravitational decoherence, i.e. the loss of
quantum coherence due to the effects of gravity, is possible.

This model which consists of a graviton bath is more complicated than the simple infi-
nite potential well model that was discussed in section 5.2.1. In the infinite potential well
model, which is a quantum system, decoherence occurs as a consequence of the boundaries
fluctuating. In the case of the graviton bath, the source for decoherence is studied. The
fluctuations in the geometry of spacetime can affect quantum systems in such a way as to
cause decoherence.

Now we shall move on to discuss Hawking radiation.

5.2.2 Hawking Radiation from Decoherence

The black hole information paradox violates the principle of unitarity in quantum mechanics.
During the black hole evaporation process, it appears that pure quantum states evolve into
mixed states. The author in [50] argues that Hawking radiation remains in a pure state. It
is due to the irreversible process of decoherence that the Hawking radiation appears to be
in a mixed state.

Let us consider a massless scalar field ¢, and an Unruh observer in Minkowski spacetime.
We shall also consider a hypersurface of constant Rindler time (denoted t) which connects
the left and right Rindler wedges. In the Minkowski vacuum, if we trace out the modes of
the left part, we get a density matrix in the right part which corresponds to a canonical
ensemble with temperature 5=, where a is the acceleration of the observer.

Alternatively, we can impose the boundary condition ¢ = 0 at the origin. Upon doing this,
the evolution along the right part of the hypersurfaces is given by the quantum state

+00 k
U o exp {—/ k coth (72r_ + ikt) lp(k)[? dk} , (5.96)
o a
where ¢(k) is the Fourier transform of the scalar field ¢. For a four-dimensional Schwarzschild
black hole, we assume the same result holds by replacing a with the surface gravity, Kk =

L For the mode k, the expectation value of the number operator in this state is given

4G N M
by

1

(ng) = oSG M _ 7 (5.97)

where w = |k| = k.
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In [47], as was discussed in the previous subsection, it was shown that for every mode, the
vacuum quantum state in a black hole spacetime is given by a two-mode squeezed vacuum.
(An inflationary phase of the early universe also yields such a state) [47]. The squeezing

parameter is given by
tanh 7y, = e~ 1™ENM (5.98)

As r, — 0, w increases, which means the wavelength is small, since A ~ % As r, — oo,
w decreases, which means the wavelength is large. We deduce that for small wavelengths,
there is no squeezing. For large wavelengths, there is high squeezing.

Using equation (5.98), we can express the expectation value of the number operator as

1 (6*4MGNM)2 tanh? Tk . 19
<nE> = e8TwGNM __ - 1 — (6—47rwGNM)2 B 1-— tanh2 Tk = sinh T (599)
Wien’s law states that
AmaxT = 2.898 x 1073 K.m, (5.100)

where the black hole temperature is 7' = m. At the maximum of the Planck spectrum,

we find that r, ~ 0.25. This corresponds to {n,;} ~ 0.06.

Let us suppose that space is finite, i.e. the black hole is in a box. This allows us to write
U =[]z 4z, where
Y o< exp [—k coth 2rkG N M + ikt) |¢(k)|?] . (5.101)

We can express this differently, by rewriting the hyperbolic cotangent as

' 1+ e—47rkGNM+ikt 1+ 62i<pk tanh Tk
coth 2rkGNM + ikt) = | oG T 1 % tanlir, (5.102)

where , = —kt is the squeezing angle. Now we have

1 + €%k tanh ry,
1 — €2 tanh ry,

Yp o< exp | —k \qb(k:)|21 = exp [— (Qr +1iQ) |<;§(k;)|2] ) (5.103)

The Wigner function for every mode is

1 [_2(1)—0— Q)?

W(¢,p) = —exp Q. 200 |, (5.104)

where ¢ and p denote a single mode of the field and its momentum, respectively. In phase
space, the contour of the Wigner function explicitly shows both the direction and the amount
of squeezing for a given squeezed state. p is peaked around its classical value, pg = —€)y,
with a width of /Qg. The field mode ¢ is peaked around zero, with a width of ﬁ

The time-dependent form of Qg is given by [50]
1— 6787rwGNM

1+ e—8mwGNM _ 9po—dnwGNM COS(Q/{Jt) '

Qp(t) =k (5.105)

98



At t = 0, we have

1— —8mwG N M
Qp(0) = k c

1 — 26747rwGNM + 6787rwGNM

1 — (6—47ru.)GNM)2

(1 _ e—47rwGNM)2

1 + ¢ 4mwGyM (5.106)
1 — 6747rwGNM

T+ tanhry

1 —tanhry

> k.

=k

At t = o, we have

T 1 _ G*Sﬂ'wGNM

R (%) - 1+ Qe—AnwGNM + e—8mwGNM

L — emtmeov (5.107)
1+ 6—47rwGNM

< k.

In the ground state, where r, = 0, we have {0z = k. Upon comparing a state to the ground
state, we deduce that for Qg(0) > k, the state is squeezed in ¢. For Qg (%) < k, the state
is squeezed in the p-direction. Upon calculating the ratio, we find

0 us
O (51) = tanh® (27wG M) ~ 0.37. (5.108)
Qr(0)

The typical time scale of the exchange of squeezing between ¢ and p is tx = o ~ 14Gy M.
Since t; is much smaller than typical observation times, we can perform a coarse-graining
with respect to the squeezing angle. The squeezing angle is quickly rotating. Since squeezed
states are highly sensitive to interactions with environmental degrees of freedom, we find
that this interaction leads to the reduced density matrix, in the occupation number basis,
becoming approximately diagonal. Consequently, the local entropy is maximised. This
corresponds to the Wigner ellipse being coarse-grained into a circle. The entropy is given by

Sk = (14 ng) In(1 + ng) — ng lnng, — 2. (5.109)

If we integrate over all modes, we get S = <%> Ty V', which is the entropy corresponding

to the Hawking radiation. We deduce that we cannot distinguish between the pure squeezed
state and a canonical ensemble with temperature Ty = It’s interesting to point out
that the state remains a pure state.

1
8nGNM*

The discussion above refers to hypersurfaces which remain outside the black hole horizon.
The author shows in [50] that the above arguments should also hold for hypersurfaces which
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enter the black hole horizon. In the above argument, a mixed state never occurs. There is
no pure state to mixed state evolution. This suggests that unitarity is conserved during the
entire black hole evolution, so we can conclude that no information is lost.

Recall that the AdS/CFT correspondence asserts that quantum gravity in the AdS bulk is
dual to a conformal field theory on the AdS boundary [13]. The conformal field theory on
the boundary does not allow for pure to mixed state evolution. In other words, unitarity is
manifest in the conformal field theory. Using the AdS/CFT “dictionary”, we can conclude
that pure to mixed state evolution is not possible in the gravitational theory. This includes
the formation and evaporation of black holes. It is interesting to note that two very different
approaches to the black hole information paradox lead to the same conclusion: no information
is lost. Despite these conclusions, this does not mean that the black hole information paradox
has been resolved.

In this section, we studied aspects of the black hole entropy in a more general sense. Much
of what was discussed may have applications in cosmology. For instance, in [47], the author
makes several references to cosmic inflation. The squeezing of the initial vacuum state occurs
mostly during the process of cosmic inflation, which was a very brief period in the very
early universe [51]. We shall not discuss cosmological models here. However, by studying
the squeezed vacuum at the black hole horizon, and integrating over all the modes, it was
shown in [50] that the expression for the entropy corresponds to the entropy associated with
Hawking radiation.
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6 Conclusion

We began this dissertation by talking about the thermodynamic properties of black holes.
We showed that black holes have a finite, and quite large, entropy. We also saw that a
semi-classical analysis of black holes demonstrates that black holes radiate energy, Hawking
radiation.

We went through the derivation of Hawking radiation for a star that collapses. In Minkowski
space, black holes eventually evaporate away. For this reason, it is often useful to study black
holes in AdS space, where the black holes come to equilibrium with their Hawking radiation.
We studied some of the properties of AdS space and black holes in this spacetime. By
introducing the AdS/CFT correspondence, we were able to discuss more precisely what it
means for a black hole to reach equilibrium in AdS space.

The following section discussed aspects of quantum information theory, primarily with the
goal of trying to apply these concepts to black holes. Entropy was discussed and formulated
within the framework of quantum information theory. In this sense, entropy is a measure of
uncertainty. We also discussed quantum entanglement and the idea of quantum cloning. The
link between quantum information and black holes is the black hole information paradox,
where there is an inconsistency in trying to reconcile quantum theory with general relativity.
We introduced the idea of quantum typicality and Levy’s lemma, which allows us to quantify
typicality. Quantum typicality allows us to make generalisations about an entire ensemble
merely by studying some of the states within the ensemble. Conversely, having knowledge
about the entire ensemble can allow us to draw conclusions about the underlying microstates.

In the fourth section, we embarked on a study of several quantum models. We found that
for the models considered in sections 4.1.1 and 4.1.2, it is very difficult, if not downright
impossible, to distinguish microstates. For the Morse potential, the quantum model failed
to exhibit typicality. We hypothesised that this is due to the fact that the wave function
consists of orthogonal functions. These calculations were done within the framework of the
microcanonical formalism. We used Levy’s lemma and Chebyshev’s inequality to quantify
our results. (It is important to note that Levy’s lemma does not apply to the canonical for-
malism, since the states cannot be interpreted as being uniformly distributed over the surface
of a d-dimensional sphere, due to the fact that not all microstates have the same probability
of occurring). However, by virtue of the thermodynamic limit, these results extend to the
canonical formalism as well. In the canonical formalism, we studied an interesting example in
which it was shown that black hole radiation and black body radiation are indistinguishable
in the thermodynamic limit.

The final section tackled the idea of decoherence. Before we could study decoherence, we
had to introduce coherent states and squeezed states. We studied the coherent states and
squeezed states for a particle in an infinite potential well. The main idea was to try to see
if we could relate some ideas from the entropy of the squeezed states of a simple quantum
model, and the entropy of black holes. We found expressions for the wave functions of a
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class of coherent states, and squeezed coherent states, for the particle in an infinite potential
well. We then deduced that the von Neumann entropy is larger for these wave functions than
for the ordinary wave functions. Furthermore, we argued that our inability to distinguish
among the microstates would still be true, even though the wave functions have been altered.
This means that squeezed states and coherent states do not make it any easier to distinguish
microstates within an ensemble.

Finally, we looked at a simple quantum model which demonstrated how decoherence comes
about from fluctuating boundaries. These fluctuating boundaries are analogous to spacetime
fluctuations. We briefly discussed how fluctuations in the spacetime geometry can cause
decoherence in quantum systems. We then studied how Hawking radiation can be interpreted
as an effect of decoherence. Interestingly, it was found that no information is lost.
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A The Morse Potential

A.1 The Energy Levels

We consider a potential of the form

V(r) =D, (1—e)". (A.1)
The Schrodinger equation for this system can be written as
d* 2mD, a2 2mE
W(r) -7 (1 —e ) Y(r) + = P(r) = 0. (A.2)

To solve this equation, we are going to have to make a number of substitutions. We’ll start
with the dimensionless parameter y = ar, then we can rewrite the Schrodinger equation as

2mFE

TR~ 2 (1- ) wl0) + ) =0, (A3)
where ¢ is now expressed as a function of y.
We need a few more substitutions. Let ¢ = D% and \ = \/T, then equation (A.3) becomes
d*y 2 -y\2 2
2z W X (=) ) + Neu(y) = 0. (A4)

We need to perform one more substitution. Let z = 2Xe™?, then we can write equation (A.4)
as

d> 1dy 1 1 A
— - N (1 - — (=== =0. A.
dx? + xdr a2 (1=e)y <4 x) y=0 (A-5)
We define the following dimensionless quantity % = A*(1 — ¢), and write equation (A.5) as
d>) 1dy B? 1 A
—t——— — =Y — - — = =0. A.
dz? + xdr a2 (4 x) v=0 (A.6)
As © — 00, the terms with a % and x% dependence vanish. So we are left with
d*) 1
— =0, A.
dz? 4 0 (A7)

+z/2

Solving this equation, we find that ¢ oc e™*/“. We want our wave function to be finite as

& — 00, which corresponds to r — 0. Thus, ¥ o< e~%/2.
Now let ¢(z) = w(x)e /2. Then
d 1
d—:ﬁ = (w' — §w) e 2 and (A.8)
dgw 1 —x/2
ﬁ = (w” — w/ + Z’LU) e / . (Ag)
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Our plan is to now express equation (A.6) in terms of w(x). We get

w” + (é_1> w' + {—5—2+ (/\—%) ﬂ w = 0. (A.10)

To solve this equation, we will use the method of Frobenius. Let w(z) = 27 (co + c1 + coz? + ...
> oo o ek, then

Z k+ )zt and (A.11)
k=0
= Z(k + N (k 4+ = Depa 2, (A.12)
k=0

Now equation (A.10) becomes

Z E+7)(k+vy— ez~ 2+Z k4 ~)cpat 2=
h=0 h=0 (A.13)

o o0 1 o -
- Z(k’ + )epat Tt — g2 Z cp T2 4 (/\ — 5) Z ettt = 0.

k=0

The polynomial on the LHS must be zero. This means that the coefficient preceding every
power of x must disappear individually.

Consider the lowest power of x, namely n + v — 2:

(Y+R) (v +k=Der+ (v + k)ex — B2, = 0. (A.14)
Setting k£ = 0 yields
Db Bt B, (A15)
and therefore
S Wi (A.16)

By demanding that w — 0 as * — 0 (which is 7 — 00), we must have that 7 = A\\/1 —e.
We shift our summation bounds so that all the coefficients are multiples of z7+"~1:

Z<k Tk 1)Ck+1xk+771 + Z(k +7+ 1)Ck+1xk+'7*1_
k=0

k=0
[o¢] 1 [o¢] B
Zk—i-’)/cxﬁvl 52% 137+~y1 (A_i)kz;ckxkﬂ 1_

=0

1
= (k+)(k+v+ Deprn + (b + 7+ Deprn — (b +7)ex = e + (A - 5) =0
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We get the following recurrence relation ,

Yy+EkE—A+1/2
W +kr12_ 2™

Since our system is bounded, there exists a & = n such that ¢,.; = 0. Thus, setting the
numerator to zero, we get

(A.17)

Ck+1 =

Y4+n—A+1/2=0. (A.18)
Thus, we have
1

7:)\—71—5. (A.19)

From this equation, we get

re (o) (ord)
:>>\2(1—5):)\2—2/\( ; ( )

1
= Me=2n\+ )\ — (n—|—§)

1

2

2mkE,

2

=k, =

2nA + A — (n+

iEnzéh(\/»)( ) 4 <"+%)2
(o) () o) 2 (o)

v )

DN | —
v

[\)

By defining

and noting that

1 ah
— = A.21
A 2mD,’ ( )
we have }
E, = ! + 1y’ + + L hew (A.22)
T\ "y ' '
By considering the spacing between adjacent energy levels, we find that
. -
E,..—E,=hw {1 — X(n +1) (A.23)
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As n increases, the spacing between adjacent energy levels decreases. The energy converges
to the value of the dissociation energy, D.. Once it reaches that energy, the system is no
longer bounded.

We may express our expression for the energy as a quadratic equation, i.e.

T, 1 1 1

We know that the lowest energy state is the ground state, i.e. n = 0. This allows us to
compute the ground state energy, Ey. The ground state energy is

40 —1
= A.25
=2 (A.2)
Using equation (A.24), we can express n as a function of E. This is
(E) =X |1 ! 1 2 E (A.26)
n(E) = - — —— .
2\ Ahw
From equation (A.26), it follows that 1 — s2-E > 0. This implies that E < 222, Thus,
B = % Plugging the value for E.x into equation (A.26) gives us a value for nyay,

which is nyax = A — 1/2. (Note: n is an integer, SO Ny is the greatest integer < A\ —1/2).

A.2 The Wave Function

Now we would like to determine the wave function. We expressed the wave function as
U(x) = e Pu(x), (A.27)

where w(z) = 27 Y 77, cxz”. From equation (A.19), we can write
w(z) =z 12 Z cra®. (A.28)
k=0

From the recurrence relation of the coefficients (equation (A.30)), we see

Y4k —A+1/2)

Ck+1 = (7+k+1)2_720k
k—(A—~v—1/2
= Cpag = c
T+ D2y
k—n
= Ck4+1 =

G+ +2y+ )"
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By defining

a:=2y=2\—-2n-1, (A.29)
we have - A
Cpiq = Cr. )
T+ DO +e+ )

This is the recurrence relation for the coefficients of the associated Laguerre polynomials
[52]. Thus,
w(z) = LAY (z) = LY (z). (A.31)

We can express our wave function as
Y(x) = No*2e 2L (g), (A.32)

where N is the normalisation constant which has yet to be determined. For the wave function
to be normalised, we require

OO 2
/ [Y(y)|" dy = 1. (A.33)
But we have expressed the wave function in terms of z = 2 e™¥. As y — —o0, © — o0; and
as y — +oo, x — 0. We also note that dy = —%dw = —d;‘”. In terms of x, the normalisation

condition becomes
oo 1 o0
/ L) dr = N7 / e [L ()] = 1. (A.34)
0 0

Upon evaluating the above integral, we find that the normalisation constant is given by [38§]

(2A —2n— 1)(n+1)]*?
N\, n)= A.35
) = [ , (A.35)
In terms of «, we can express the normalisation constant as
al(n+1) 12
N = 7 A.36
e (A.36)

The associated Laguerre polynomials are orthogonal with respect to the weighting function
x%e~". They satisfy the following orthogonality relation,

o r 1
/ e L) (2) L) () = %@m. (A.37)
0 .
We also have this important identity, [53]
o r 1
/ 22t e L) (1) L) (z) = %(Zn +a+ 1)dum. (A.38)
0 .
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Another important identity is [53]

/ % fdr =T(a+1). (A.39)
0

The associated Laguerre polynomials can be determined using the Rodrigues formula,

r %% d"

Lgf‘)(x): n!l  dxn

(e a"t). (A.40)
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B The Wigner Distribution

We mentioned the Wigner distribution in section 5. It might be useful to briefly explain
what the Wigner function is. A quantum state described by a density operator yields the
Wigner phase space distribution,

1 +oo ) . 1
W(z,p) = / e 'r?/ <x + -z

ok ) 2P

2

- 1z> dz. (B.1)

Let us motivate this [53] by considering the motion of a particle from position x; to xs.
We shall consider a quantum jump from z; to x,, i.e. a quantum jump over the distance
z = |zg — x1]. The matrix element (5| p|z1) describes this quantum jump from the position
eigenstate |z1) to |x2). The centre of the jump can be defined as x = #3%2. We introduce

the coordinates ©;1 = x — £z and x5 = x + %z Thus, we have

2
1
T -z
2

for our quantum jump. (In physical terms, an example of a “quantum jump” is the transition
of an electron from one energy level to another).

p

x— %z> (B.2)

After performing a Fourier transform with respect to (B.2), we get the Wigner function.
Thus, the Wigner function is a Fourier transform of the density operator p(xq, x1) = (x2| p |z1)
in the position representation. (However, we express the position in the variables x = %
and z = |xg — x|, which correspond to the centre of the jump and the distance of the jump,
respectively).

For a pure state [¢)), where p = |¢) (], we have

W(z,p) = %h / e Py (x — %z) W (m + %z) dz, (B.3)

where the position representation of the state [¢) is ¥(z) = (x|v).

“+o00

There are many properties of the Wigner function which we can prove. For instance, if we
integrate over momentum p, we get the probability distribution ,W(x), for the position, i.e.

+oo +oo 1 1 ) oo |
. W(xvp)dp:/oo <I—|—§z p x—§z> dz%_h/oo e—zpz/hdp
+o0 1 1
:/_OO <I+§z p I—§z>d25(z)
= (z]p|x)
= W(x).

The reader is invited to consult [53] for more information about the Wigner function. We
shall merely point out that the Wigner function is not a probability distribution. This is
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because it is sometimes negative, which is uncharacteristic for probability distributions. The
Wigner function is a phase space distribution function. Phase space plays a very important
role in classical mechanics and statistical mechanics. The classical notion of phase space is
not useful in quantum mechanics, due to the Heisenberg uncertainty principle. This makes
the Wigner function very useful in semiclassical systems. Sometimes we find it convenient
to study the Wigner function instead of the wave function.
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