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Abstract of the Dissertation
The Spectrum of Superconformal Theories
by

Wenbin Yan

Doctor of Philosophy
in
Physics and Astronomy
Stony Brook University
2012

The spectrum is one of the basic information of any quantum field
theory. In general, it is difficult to obtain the full quantum spec-
trum of QFT. However, in the case of four dimensional supercon-
formal theories, certain information of the quantum spectrum can
be extracted exactly. In such theories one can compute exactly
certain observables containing spectral information with the help
of localization technique.

One such observable is the superconformal index, which is a par-
tition function of the 4d theory on S3 x S, twisted by various
chemical potentials. This index counts the states of the 4d theory
belonging to short multiplets, up to equivalent relations that set
to to zero all sequences of short multiplets that may in principle
recombine into long ones. By construction, the index is invariant
under continuous deformations of the theory. The superconformal
index is studied for the class of N' = 2 4d superconformal field theo-
ries introduced by Gaiotto. These theories are defined by compact-
ifying the (2,0) 6d theory on a Riemann surface with punctures.
The index of the 4d theory associated to an n-punctured Riemann
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surface can be interpreted as the n-point correlation function of
a 2d topological QFT living on the surface, which can also be i-
dentified as a certain deformation of two-dimensional Yang-Mills
theory. With the help of different symmetric polynomials, even ex-
plicit formulae are conjectured for all A-type quivers of such class
of theories, which in general do not have Lagrangian description.
Besides the N = 2 theories, the superconformal index of the N’ = 1
YP4 quiver gauge theories is also evaluated using Romeslberger’s
prescription. For the conifold quiver Y'1° the result agrees exact-
ly at large N with a previous calculation in the dual AdS5 x T*!
supergravity.

The superconformal index of a 4d gauge theory is computed by
a matrix integral arising from localization of the supersymmetric
path integral on S® x S* to the saddle point. As the radius of the
circle goes to zero, it is natural to expect that the 4d path inte-
gral becomes the partition function of dimensionally reduced gauge
theory on S®. We show that this is indeed the case and recover the
matrix integral of Kapustin, Willett and Yaakov from the matrix
integral that computes the superconformal index. Remarkably, the
superconformal index of the “parent” 4d theory can be thought of
as the g-deformation of the 3d partition function.

iv



To my parents and Luysi.



Contents

List of Figures

List of Tables

Acknowledgements
1 Introduction

2 Review of The Superconformal Index

2.1 The N =2 Superconformal Index . . . . ... ... .. ....
2.2 The N =1 Superconformal Index . . . .. ... ... .....

2.2.1 Romelsberger’s prescription . . . . . .. .. ... ...

2.2.2  Computing the index . . . . . . ... ... ... ... ..
2.3 A universal result about N =2 - N =1flows .. ... ...
2.4 Elliptic Hypergeometric Expressions for the Index . . . . . . .
2.5 4d Index as a path integral on S x St . . . ... ... ...

3 S-duality and Two Dimensional Topological Field Theory
3.1 The Index in A; Theories . . . . . . . . ... .. ... ....
3.1.1 2d TQFT from the Superconformal Index . . . . . ..
3.1.2  Associativity of the Algebra . . . . . .. .. ... ...
3.2 Argyres-Seiberg duality and the index of EFg SCFT . . . . ..
3.2.1 Weakly-coupled frame . . . . .. .. ... ... ....
3.2.2  Strongly-coupled frame and the index of Eg SCFT . . .
3.2.3  S-duality checks of the Fg index . . . . . ... .. ...

4 TQFT Structure of the Index for A,-Type Quivers
4.1 Limits of the index with additional supersymmetry . . . . . .
4.2 Hall-Littlewood index . . . . . . . .. ... ... ... .....
421 SU2)quivers . . . . .. ...
4.2.2 Higher rank: preliminaries . . . . . . . . ... .. ...

vi

ix

xiii

XVi



4.2.3 SU(3) quivers — the Fg SCFT . . ... ... ... ... 60
4.2.4 A conjecture for the structure constants with generic

punctures . . . ... ..o 63

42,5 SU(4) quivers — Ty and the £ SCFT . . . . ... ... 64
4.2.6 SU(6) quivers — the Fg SCFT . . ... ... ... ... 67
4277 Large k limit . . .. .. ... . oL 69

4.3 Schurindex . . . ... . ... ... 70
4.4 Macdonald index . . . ... .. ... oo 72
4.5 Coulomb-branch index . . . . . ... .. ... ... ...... 76
Reducing the 4d Index to the S° Partition Function 80
5.1 4d Index to 3d Partition function on S® . . . . . ... ... .. 81
5.1.1 Building blocks of the matrix models . . . . . .. ... 81

5.2 4d <> 3d dualities . . . . . . ..o 84
The Superconformal Index of NV =1 IR Fixed Points 86
6.1 The YP? quiver gauge theories . . . . . . . .. ... ... ... 87
6.1.1 Toric Duality . . . ... ... ... ... ... 90

6.2 Large N evaluation of theindex . . . . . . ... ... ... .. 93
6.3 T%! Index from Supergravity . . . . . . . . .. ... ... ... 96
Discussion 99
Duality 102
A.1 The Representation Basis . . . . ... ... ... ... .... 102
A2 TQFT Algebraforv=t . . ... ... .. ... ... ..... 103
A.3 t expansion in the weakly-coupled frame . . . . ... ... .. 107
A4 Inversion theorem . . . . . . . . ... ... ... .. ...... 108
A.5 The Coulomb and Higgs branch operators of Fg SCFT . . . . 110
A.6 Identities from S-duality . . .. ... .. ... ... ... ... 111
MacDonald 113
B.1 Construction of the diagonal expression for the SU(2) HL index 113
B.2 Index of short multiplets of N’ = 2 superconformal algebra . . 117
B.3 Large k limit of the genus g HL index . . . . . . .. .. .. .. 122
B.4 The unrefined HL indexof 7y . . . . . . . . . . .. ... ... 123
B.5 Proof of the SU(2) Schur index identity . . . ... ... ... 124
Refinement of 3d partition function 126

N =1 superconformal shortening conditions and the index 129

vil



Bibliograph
phy 135

viil



List of Figures

3.1

3.2

3.3

3.4

3.5

(a) Generalized quiver diagrams representing N' = 2 supercon-
formal theories with gauge group SU(2)® and no flavor symme-
tries (Ng = 6, Ngp = 0). There are five different theories of
this kind. The internal lines of a diagram represent and SU(2)
gauge group and the trivalent vertices the trifundamental chiral
matter. (b) Generalized quiver diagrams for Ng = 3, Np = 3.
Each external leg represents an SU(2) flavor group. The upper
left diagram corresponds the N' = 2 Z3 orbifold of N’ = 4 SYM
with gauge group SU(2). . . . . ... ... ... ..
An example of a degeneration of a graph and appearance of
flavour punctures. As one of the gauge coupling is taken to
zero the corresponding edge becomes very long. Cutting the
edge, each of the two resulting semi-infinite open legs will be
associated to chiral matter in an SU(2) flavor representation.
In this picture setting the coupling of the middle legs in (a) to
zero gives two copies of the theory represented in (b), namely
an SU(2) gauge theory with a chiral field in the bifundamental
representation of the gauge group and in the fundamental of a
flavour SU(2). . . . ... .
(a) Topological interpretation of the structure constants Cpp, =
(C]|a)|B)|y). The path integral over the sphere with three
boundaries defines (C| € H* ® H* ® H*. (b) Analogous in-
terpretation of the metric 7,5 = (n||a)|5), with (n| € H* @ H*,
in terms of the sphere with two boundaries. . . . . . .. ...
Topological interpretation of (a) the inverse metric n*?, (b) the
relation 7,5m%" = 02. By convention, we draw the boundaries
associated with upper indices facing left and the boundaries
associated with the lower indices facing right. . . . . . .. ..
Pictorial rendering of the associativity of the algebra. . . . . .

1X

24

24

27

28
28



3.6

3.7
3.8

3.9

3.10

3.11

3.12

4.1

The basic S-duality channel-crossing. The two diagrams are two
equivalent (S-dual) ways to represent the N = 2 gauge theory
with a single gauge group SU(2) and four SU(2) flavour groups,
which is the basic building block of the A; generalized quiver
theories. The indices on the edges label the eigenvalues of the
corresponding SU(2) groups. . . . . . . . ...
Handle-creating operator J, . . . . . . . . . . . ... ... ..
Moduli spaces for N' =2 SU(n) gauge theory with 2n flavors,
(a) for n = 2 and (b) for n = 3 (in fact, for any n > 2). The
shaded region in (a) is H/SL(2,7Z) while in (b) it is H/T°(2),
where H is the upper half plane. . . . . ... ... ... ...
SU(3) SYM with Ny = 6. The U(6) flavor symmetry is decom-
posed as SU(3),@U(1),®SU(3)y @U(1),. S-duality 7 — —1/7
interchanges the two U(1) charges. . . . ... ... ... ...
Argyres-Seiberg duality for SU(3) SYM with Ny =6. . . . . .
The three structure constants of the TQFT. The dots represent
U(1) punctures and the circled dots SU(3) punctures.

The relevant four-punctured spheres for Ay theories. The three
different degeneration limits of a four-punctured sphere corre-
spond to different S-duality frames. For example, in (a) two
of the degeneration limits (when a U(1) puncture collides with
an SU(3) puncture) correspond to the weakly-coupled N; = 6
SU(3) theory, the third limit (when two like punctures collide)
corresponds to the Argyres-Seiberg theory. In (d) the degener-
ation limits correspond to the different duality frames of SU(2)
SYM with Ny = 4 theory plus a decoupled hypermultiplet.

Association of flavor fugacities for the vertex corresponding to
the 331 of the SU(3) quivers. Here ajasas = 1 and bybsbs = 1.

29
33

34

35
37

45

48

62



4.2

4.3

4.4

4.5

4.6

6.1
6.2

6.3

6.4

6.5

Association of the flavor fugacities for a generic puncture. Punc-
tures are classified by embeddings of SU(2) in SU(k), so they
are specified by the decomposition of the fundamental repre-
sentation of SU(k) into irreps of SU(2), that is, by a partition
of k. Graphically we represent the partition by an auxiliary
Young diagram A with k£ boxes, read from left to right. In
the figure we have the fundamental of SU(26) decomposed as
5+5+44+4+4+2+1+1. The commutant of the embedding
gives the residual flavor symmetry, in this case S(U(3) x U(2) x
U(2) xU(1)), where the S(...) constraint amounts to removing
the overall U(1). The 7 variable is viewed here as an SU(2)
fugacity, while the Latin variables are fugacities of the residual
flavor symmetry. The S(...) constraint implies that the flavor
fugacities satisfy (ab)®(cde)*f2gh=1.. ... .. .. ... ...
The factors ai associated to a generic Young diagram. The
upper index is the row index and the lower is the column index.
In @ one takes the inverse of flavor fugacities while 7 is treated
as real number. As before, the flavor fugacities in this example
satisfy (ab)(cde)*f?gh =1. . . . . . .. .. ... ... ...,
Association of the flavor fugacities for the FE; vertex. Here

H?:l bz = H?:l a; = O

Association of the flavor fugacities for the FEg vertex. Here
H?:l bl = H?:l a; = 1.
The bottom left box is assigned 0. The assigned integer increas-
es from left to right. As we move up, the first box of each row
is assigned the same number as the last box in the row below.

Left: quiver diagram for Y44, Right: quiver diagram for Y49,

Quiver diagram for Y1? (the conifold theory T%'). The solid
(cyan) arrow represents the U field, the dash-dot (blue) arrow
represents the Y field and the dashed (green) arrow represents
the Z field. . . . . .. .
Quiver of Y11 theory. Solid (cyan) arrow represents U field,
dash-dot-dot arrow (red) represents V' field and dash-dot arrow
(blue) represents Y field. . . . . ... ... L.
Quiver diagram for Y42, obtained from Y** by using the pro-
cedurein [1]. . . . . ...
A different quiver diagram for Y42, related to the diagram above
by toric duality. . . . . . . . ...

x1

63

65

66

68

78
38

89

89

90



6.6

6.7

Al
A2
A3
A4
A5

Left: initial quiver. The node represents a SU(N) gauge group.
The effective number of flavors is Ny = 2N. Middle: quiver
after Seiberg duality. The node represents the Seiberg dual
gauge group SU(2N — N) = SU(N). All arrows are reversed
and mesons (with appropriate R-charges) are added. Right: the
dash-dot-dot (red) and dot (orange) mesons cancel each other
out by equ.(4.15). This can be understood physically in terms
of integrating out massive degrees of freedom [31]. . . . . . ..
Left: Y*?2 quiver in figure 6.4. Middle: Seiberg dual on node 1.
Right: the quiver in figure 6.5 is obtained by swap node 1 and
2 in the middle figure. . . . . . . . ...

Constructing the metric by capping off the trivalent vertex. . .
Topological interpretation of the property 7°n., =9d5.. . . . .
The consistency requirement 07 Cop. = Cope. « o o o o o o o .
The sphere (a) and the torus (b) partition functions. :

The integration contour C,, (green). The dashed (black) circle

is the unit circle T. Black dots are poles of T (‘t/—f wtt zﬂ).

There are four sequences of poles: two sequences starting at
‘t/—fwﬂ and converging to z = 0, and two sequences starting at
t2 41 :

W and converging to z = co. The contour encloses the two
former sequences. . . . ...

xii

92

92

105
106
106
107



List of Tables

2.1

2.2

2.3

3.1

4.1

For each supercharge Q, we list its quantum numbers, the asso-
clated 6 = 2 {Q, QT}, and the other ds commuting with it. Here
I =1,2 are SU(2)g indices and o = £, & = £ Lorentz indices.
E is the conformal dimension, (ji, j2) the Cartan generators of
the SU(2); ® SU(2)y isometry group, and (R,r), the Cartan
generators of the SU(2)g ® U(1), R-symmetry group.

Contributions to the index from “single letters”. We denote by
(¢, b, M., A, Fos, Faﬁ) the components of the adjoint N' = 2
vector multiplet, by (¢, ¢, ¥a, Vs) the components of the N' = 1
chiral multiplet, and by 0,4 the spacetime derivatives.

The “letters” of an N = 1 chiral multiplet and their contrl—
butions to the index. Here 6" = E — 2j; + 2ryy and &5y, =
E — 25, — %TU\/. A priori we have to take into account the
free equations of motion 9y = 0 and O¢ = 0, which imply
constraints on the possible words, but we see that in this case
equations of motions have oy # 0 so they do not change the in-
dex. Finally there are two spacetime derivatives contributing to
the index, and their multiple action on the fields is responsible

for the denominator of the index, 1/(1 —t*y*) = > (#3y*)".

The structure constants and the metric in terms of elliptic Gam-
ma functions. For brevity we have left implicit the parameters
of the Gamma functions, p = t3y and ¢ = t3y~!. We have de-
fined a = exp(ia), b = exp(zﬁ), and ¢ = exp(w). Recall also

k= (p;p)(q; q)/4mi and A(a) = (sin®a) /7. . . ... ... ..

The structure constants, the cap, and the metric for the TQFT
of the Macdonald index. . . . . ... ... ... .. ......

xiil

13

32



6.1

Al

B.1

B.2

D.1

D.2

D.3

D4

Short multiplets appearing in the KK reduction of Type IIB

supergravity on AdSs x TH!'. In the last column, we sum-

marize the full index contributions of multiplets by listing the

SU(2)sx SU(2); characters multiplying Z , L for first four rows
’2

73]
and I[I;.; ot for remaining rows. The range of 7 is specified by
e

the two conditions that 7 > —1 and that the SU(2)s; x SU(2),
representation makes sense. The chemical potentials a and b
couple to SU(2)s x SU(2), flavor charges respectively. Excep-
tion: The first row of Gravitinoy starts from 7 = 0. The 7 = —1
state of Gravitinoy gives rise to the Dirac multiplet Dip,1y due
to additional shortening. It corresponds in the dual field theory
to a decoupled U(1) vector multiplet. . . . .. ... ... ..

The basic building blocks of the topological algebra in the v =t
CASE. v v e e e e

Shortening conditions and short multiplets for the N' = 2 su-
perconformal algebra. . . . . ... ... oL
The coefficients of Pgs(7). The coefficient of 78* is equal to
the coefficient of 7%. . . . . .. ...

Possible shortening conditions for the N/ = 1 superconformal
algebra. . . ..o
A long multiplet of N' = 1 superconformal algebra. The SU(2,2)
multiplets that are boxed form a short B, ,) multiplet for
j1=0A= —%r. The left-handed B can be obtained by reflect-
ing the table (that is, sending » — —r and j; <> jo). In general,
when ji(j2) = 0, the SU(2, 2) multiplets (j1 — 3, any)((any, j» —
3)) are set to zero, resulting in further shortening. . . . . . . .
A long multiplet of N' = 1 superconformal algebra. The SU(2,2)
multiplets that are boxed form a semi-short C,;, ;,) multiplet for
A=2+27 — %T. The left-handed C can be obtained by reflect-
ing the table (that is, sending » — —r and j; > jo). In general,
when j1(j2) = 0, the SU(2,2) multiplets (j; — %, any)((any, jo—

3)) are set to zero, resulting in further shortening. . . . . . . .

Multiplet structure of CA(]'M-Q). The shortening conditions are
A=2+j+jpand 3r=(j1—ja). .. ... ... ... ...

Xiv

97

105

118

123

129

131

131



D.5 Multiplet structure of D(gj,). The shortening conditions are
A=1+7 = —%r and j; = 0. The multiplet 15(]»170) could be
obtained by j; <> jo,7 <> —r or by simply reflecting the table.

The shortening conditions in that case are A = 1+ j; = %r and
Jo=0. 132

D.6 Indices ZF and Z® of the various short and semi-short multiplets. 134

XV



Acknowledgements

First and foremost, it is with immense gratitude that I acknowledge the sup-
port and help of my advisor Prof. Leonardo Rastelli. My doctoral endeavor
would not have been possible without his constant help and guidance. It has
been an edifying experience which I cherish forever to work with Prof. Leonar-
do Rastelli. While guiding me at every step, he taught me the courage to be
independent. Conceptual clarity, creative imagination and physical intuition
constitute the fountain-head of worthwhile research. I learned this fundamen-
tal rule of scientific craftsmanship with the help of my advisor. My relation
with him has been and remains forever very special.

It gives me great pleasure in acknowledging Prof. Peter van Nieuwen-
huizen, a doyen and a luminary among the theoretical physicists. As soon as I
joined the department as a graduate student, he extended me the privilege of
interacting with him. I had the fortune of learning from his advanced cours-
es on almost every major subject of modern theoretical physics which form
the foundation on which my current understanding the subject rests. He has
been a source of inspiration and encouragement. I owe a great deal to him in
relation to the intricate texture of the matrix of the discipline within which
I worked. I consider it an honor to work with Prof. Sally Dawson on some
topics of particle phenomenology which link me back from ten dimensions to
reality. I am obliged to Prof. Martin Rocek interaction with whom has been
academically highly rewarding and personally very gratifying. I am beholden
to all my teachers at Stony Brook whose pedagogical excellence ensured that I
internalized the lexicon and the grammar of Fundamental Physics. I appreci-
ate deeply all the help rendered by the office staff both at the Yang Institute of
Theoretical Physics and Department of Physics and Astronomy, Stony Brook
University.

I would also like to place on record my deep appreciation for the valuable
co-operation and enormous goodwill shown by my collaborators in research.
I must specially mention here Abhijit Gadde, Shlomo Razamat and Pedro
Liendo. I enjoyed every bit of my interaction with them. My interaction with
my friends in the department and outside has been extremely refreshing. To



grow with them and helping each other in growing is a memorable experience
in a lifetime. I fondly mention the names of Dharmesh, Marcos, Ozan, Prerit,
Sujan, Xiaojie, Xiaoyang and others.

Throughout my stay at Stony Brook, I have enjoyed the emotional support
provided by my parents back home in China and my girlfriend Luyi at Berkeley.
I would not have made it this far without their full-hearted support

Finally, I am highly indebted to the Stony Brook University, especially the
Yang Institute of Theoretical Physics and Simons Center for Geometry and
Physics for providing all facilities for research, congenial ambience and exciting
environment.



Chapter 1

Introduction

The spectrum is always the fundamental information one wants to understand
first when studying any quantum theory, of which the most classic example
might be Bohr’s computation of hydrogen levels. Nevertheless, it is always
difficult to obtain the exact spectrum of quantum theories beyond certain
simplest cases. For a long time, perturbation theory is the only way to tackle
this kind of problems. Although bosonic symmetries can simplify the study of
any dynamical system, they are still not constraining enough to prevent quan-
tum corrections from rapidly becoming intractable with increasing loop order.
However, supersymmetry is able to help keep the quantum corrections under
control, thus becomes a powerful tool for extracting exact information about
quantum field theories. In recent years, using methods based on localization,
several exact quantities in supersymmetric gauge theories have been comput-
ed. This thesis is devoted to one of such observables - the superconformal
index.

Superconformal algebras that have R-charges on the right hand side con-
tain special BPS multiplets, which occur only at certain values of energies
or conformal dimensions fixed by their charges and have few states than the
generic multiplets. An infinitesimal change in the energy (or conformal dimen-
sion) of a BPS multiplet turns it into a generic multiplet with finite increase
of the number of states. Thus the BPS states are guaranteed to be protected
excluding the ones which may combine into a generic representation. The su-
perconformal index [2] is constructed to receive contributions only from those
protected states of a superconformal field theory (SCEFT). It is a weighted
sum over the states of the theory, which by construction evaluates to zero on
a generic (long) multiplet. It follows that the index is invariant under ex-
actly marginal deformations, since it is not affected by the recombinations of
short multiplets into long ones (or viceversa) that may occur as parameters
are varied. For SCFTs admitting a weakly-coupled limit, the index can then



be evaluated exactly in free-field theory by a straightforward counting proce-
dure, and takes the form of a matrix integral. However, the superconformal
index does not limit itself into SCFTs admitting a weakly-coupled limit only.
Some strongly coupled SCFTs may be related to other weakly coupled ones
by dualities, thus the indices of the former can be computed by the indices
of the later. With the help of suitable dualities and mathematical identities,
we can even obtain the superconformal indices of theories without Lagrangian
description. The results definitely improve our knowledge on the (protected)
spectrum of such theories.

For example, there is a very general web of duality connections relating
N = 2 4d superconformal field theories, the vast majority of which do not
have a weakly-coupled regime nor a conventional Lagrangian description. This
fact, which may have been suspected since the early days of string dualities,
has taken center stage after the more explicit construction of the N' = 2
superconformal theories of “class 8” [3, 4], most of which are not Lagrangian.!
Class S theories arise by compactification of the six-dimensional (2,0) theory
on a punctured Riemann surface C. There is a growing dictionary relating
four-dimensional quantities with quantities associated to the surface C. A
basic entry of the dictionary identifies the exactly marginal couplings of the
4d theory with the complex structure moduli of C.2 According to the celebrated
AGT conjecture [9-11], the 4d partition functions on the Q-background [12]
and on S? [13] are computed by Liouville/Toda theory on C. An analogous
relation exists between the 4d superconformal index [2, 14] (which can also
be viewed as a supersymmetric partition function on S® x S') and topological
quantum field theory (TQFT) on C [15-18]. This last relation is a main topic
of this thesis.

The superconformal index is a simpler observable than the S* partition
function, and it should be a good starting point for a microscopic derivation of
the 4d/2d dictionary from the 6d (2,0) theory. Being coupling-independent, the
index is computed by a topological correlator on C [15], as opposed to a CFT
correlator as in the AGT correspondence. For the subset of class S theories
that have a Lagrangian description, it can be easily evaluated in the free-field
limit, unlike the S* partition function, which is sensitive to non-perturbative
physics and requires a sophisticated localization calculation [12, 13].

Despite these simplifying features, the index of class § theories is still a

!Though very large, class S does not cover the full space of N'= 2 SCFTs. Counterex-
amples can be found e.g. in [3, 5]. See [5—7] for the beginning of a classification program
for N'=2 4d SCFTs.

20n the other hand, the conformal factor of the metric on C is irrelevant (in the RG
sense) and its memory lost in the IR SCFT. See [8] for a recent holographic check of this
fact.



very non-trivial observable with remarkable mathematical structure. First of
all, there is no direct way to compute it for the non-Lagrangian SCFTs, which
by definition are not continuously connected to free-field theories.®> An indirect
route is to use the generalized S-dualities [3, 28] that relate non-Lagrangian
with Lagrangian theories. This is the strategy used in [16] to evaluate the index
of the strongly-coupled SCFT with Eg flavor symmetry [29]. In principle this
procedure could be carried out recursively to find the index of all the non-
Lagrangian theories, but it suffers from two drawbacks: conceptually, one
would rather use the index to test dualities, than assume dualities to compute
the index; and practically, this program gets quickly too complicated to be
useful.

What one should aim for is a direct algorithm that applies to all class S
theories — one would like to identify and solve the 2d TQFT that computes
the index. The first step in this direction has been recently taken in [17]: in a
limit where a single superconformal fugacity is kept (out of the original three)
the 2d topological theory is recognized as the zero-area limit of ¢-deformed
Yang-Mills theory. In [18] we generalize this result to a two-parameter slice
(q,t) of the three-dimensional fugacity space, which reduces to the limit con-
sidered in [17] for t = ¢q. We give a fully explicit prescription to compute
this limit of the index for the most general® A-type generalized quiver of class
S. The principle that selects this particular fugacity slice is supersymme-
try enhancement, which leads to simplifications. We study systematically the
limits where the index receives contributions only from states annihilated by
more than one supercharge. The (g,t) slice is the most general limit of this
kind sensitive to the flavor fugacities associated to the punctures. We also
study another interesting slice (@, T'), where the index receives contribution
only from “Coulomb-branch” operators, which are flavor-neutral, so the flavor
dependence is lost.

On the other hand, some of the most important examples of interacting
4d SCFTs do not have a (known) weakly-coupled description in any duali-
ty frame. A large class are the N’ = 1 SCFTs that arise as IR fixed points
of renormalization group flows, whose UV starting points are weakly-coupled
theories. A prescription to evaluate the index of such SCFTs was formulated
by Rémelsberger [14, 19]. This prescription has so far been checked indirectly,

3We should mention that for ¥ = 1 SCFTs obtained as IR points of an RG flow, a
prescription to compute the index in terms of the UV field content and the charges of the
anomaly free R-symmetry was put forward by Romelsberger [14, 19] and recently revisited
with more rigor in [20]. Following the seminal work of Dolan and Osborn [21] there have
been many checks and implications of this conjecture, see e.g. [22-27].

“In particular in [17] certain overall normalization factors were determined only for the-
ories with special types of punctures. Here we fill this gap and work in complete generality.



by showing in several examples that it gives the same result for different RG
flows that end in the same IR fixed point (i.e. the UV theories are Seiberg
dual). This was originally observed by Romelsberger, who performed a few
perturbative checks in a chemical potential expansion [14, 19]. Invariance of
the NV = 1 index under Seiberg duality was systematically demonstrated by
Dolan and Osborn [21], in a remarkable paper that first applied the elliptic hy-
pergeometric machinery to the evaluation of the superconformal index. These
results were extended and generalized in [22-24, 26].

In [25] we apply Romelsberger’s prescription to a class of N' = 1 SCFTs
that admit AdS duals. The canonical example is the conifold theory of Kle-
banov and Witten [30]. There are infinitely many generalizations: the families
of toric quivers Y7 [1] and LP%" [31]. We focus on Y74, In all these examples
there is in principle an independent way to determine the index (at large N)
from the dual supergravity. We explicitly show agreement between the gravity
calculation of Nakayama [32] and our field theory calculation for the case of
the conifold quiver Y'?. According to taste, this can be viewed either as a
check of Romelsberger’s prescription, or as yet another check of AdS/CFT.
The upshot is a sharper bulk/boundary dictionary.

As the superconformal index is successfully applied to both N' = € and
N = oo theories, the partition function of supersymmetric gauge theories on 3
has been used to check a variety of 3d dualities including mirror symmetry [33]
and Seiberg-like dualities [34]. Remarkably, the exact partition function has
also allowed for a direct field theory computation of N3 degrees of freedom
of ABJM theory [35, 36]. The S? partition function of A’ = 2 theories is
extremized by the exact superconformal R-symmetry [37-39] so just like the
a-maximization in 4d, the 3d partition function can be used to determine the
exact R-charges at interacting fixed points.

The superconformal index of a 4d gauge theory can be computed as a path
integral on S3 x S! with supersymmetric boundary conditions along S*. All
the modes on the S contribute to this path integral. In a limit with the
radius of the circle shrinking to zero the higher modes become very heavy and
decouple. The index is then given by a path integral over just the constant
modes on the circle. In other words, the superconformal index of the 4d theory
reduces to a partition function of the dimensionally reduced 3d gauge theory
on S3. The 3d theory preserves all the supersymmetries of the “parent” 4d
theory on S® x S'. More generally, for any d dimensional manifold M, one
would expect the index of a supersymmetric theory on M? x S* to reduce to
the exact partition function of dimensionally reduced theory on M?. This idea
was applied by Nekrasov to obtain the partition function of 4d gauge theory
on Q-deformed background as a limit of the index of a 5d gauge theory [12].



A crucial property of the four dimensional index that facilitates its compu-
tation is the fact that it can be computed exactly by a saddle point integral.
In the limit of vanishing circle radius, this matrix integral reduces to the one
that computes the partition function of 3d gauge theories on S* [33, 40]. It
doesn’t come as a surprise as the path integral of the N' = 2 supersymmetric
gauge theory on S® was also shown to localize on saddle points of the action.

The rest of the thesis is organized as follows: in chapter 2 we review the
definition of the superconformal index, the computation of the index in weakly
coupled SCFTs and the re-expression of the index by the special function called
the elliptic gamma function. Chapter 3 and 4 deal with the application of the
index in N/ = € class S theories and 2d topological field theory structure
behind. The reduction of the 4d index into a 3d partition function will be
discussed in chapter 5. Chapter 6 focuses mainly on the index of Y9 quiver
gauge theories and a preliminary holographic check.



Chapter 2

Review of The Superconformal
Index

The superconformal index [2] encodes the information about the protected
spectrum (which means its conformal dimension does not get quantum cor-
rections) of a superconformal field theory (SCEFT) that can be obtained from
representation theory alone. The index of a 4d SCFT is defined as the Wit-
ten index of the theory in radial quantization. Let O be one of the Poincaré
supercharges in the superconformal algebra of the theory, and Qf = S the
conjugate conformal supercharge. Schematically, the index with respect to Q
is defined as [2, 14, 19]

T(p;) = Tr (—1)F e7P2 gmmiMi 0=2 {Q, QT} , (2.1)

where the trace is over the Hilbert space of the theory on S? (or S?~! in gen-
eral d dimensions) in the usual radial quantization, F' is the Fermion number
operator, M; are Q-closed conserved charges and p; the associated chemical
potentials. Since states with 6 > 0 come in boson/fermion pairs, only the § = 0
states contribute (the “harmonic representatives” of the cohomology classes of
Q), and the index is independent of 5. There are infinitely many states with
0 = 0 — this is true even for a single short irreducible representation of the
superconformal algebra, because some of the non-compact generators (some
of the spacetime derivatives) have 6 = 0. The introduction of the chemical
potentials p; serves both to regulate this divergence and to achieve a more
refined counting. From the index one can reconstruct the spectrum of short
multiplets, up to the equivalence relations that set to zero the combinations
of short multiplets that may a priori recombine into long ones [2].



| Q | SU@) | SU@), | SU@)R | U, 5 Commuting &s

—

Q.| -1 0 1 L6 =E—2ji —2R—71 | by, b1y, 0o
Q. ! 0 ! L |6 =E+2)i —2R—71| 0, b4, 0p-
Q| -1 0 ~1 1 |6 =E—2ji+2R—71 | 614, byp, 0y
Q. i 0 -1 Lo 6y =E+2j+2R—71 | 81, by, 0y
Q.| o ~1 1 L 0 =E =2 —2R+7 | byp, Oy, O
o 0 1 i L 6y =E+2)—2R+71 | by, iy, i
Q| 0 ~i ~i L 16y =B =2+ 2R+7 | b4, 62s, 0o
Qi | 0 i -1 L 0 = E4+ 2 +2R+7 | 6o, 0oy, 0o

Table 2.1:  For each supercharge Q, we list its quantum numbers, the associated
0 =2 {Q, QT}, and the other Js commuting with it. Here I = 1,2 are SU(2)gr
indices and o« = +, & = + Lorentz indices. F is the conformal dimension, (ji,j2)
the Cartan generators of the SU(2); ® SU(2)2 isometry group, and (R,7), the
Cartan generators of the SU(2)gr ® U(1), R-symmetry group.

2.1 The N =2 Superconformal Index

For four dimensional N' = 2 SCFT with the superconformal algebra SU(2, 2|2),
which are non-chiral, different choices of Q lead to physically equivalent in-
dices. The subalgebra of SU(2,2|2) commuting with a single supercharge is
SU(1,1|2), which has rank three, so the A/ = 2 index depends on three su-
perconformal fugacities. In addition, there will be fugacities associated with
the flavor symmetries. For definiteness we choose Q@ = Q,-. See table 2.1 for
a summary of our notations. There are three supercharges commuting with

Q,- and (Q;-):
Ql— ) Q1+ ) éQJr . (2-2)

A useful choice is to take as a basis for the Cartan generators of the commutant
subalgebra SU(1,1]2) the three ds of these supercharges. For each Q the
associated ¢ is defined as

s=2{0.Q'} . (2.3

and it has a non-negative real spectrum. We then write the index as

I(p,o,7) = Tr(—1)F p2oi- g2t 720 e B (2.4)

In table 2.1 we give the expressions of the § charges in terms of the more famil-
iar Cartan generators (F, j1, j2, R,7) of SU(2,2|2). This parametrization of



the fugacities makes it easy to consider special limits with enhanced supersym-
metry, which is the goal of chapter 4. Another very useful parametrization is
in terms of fugacities (¢,y,v), related to (o, p, ) as

_ 2 2

t:a%pér, yzoép , vzagpﬁrfg. (2.5)

Wl
D=

This choice, used mainly in previous papers [15, 16, 25|, chapter 3 and chap-
ter 5, corresponds to the (p = t3y,q = t3y~!) labels of the elliptic Gamma
function [41]. The index in terms of this parametrization reads

Z(t,y,v) = Tr(—1)Ft2(E+j2)y2j1v_(T+R)e_ﬁ’ e (2.6)

The third parametrization used in this thesis is in terms of fugacities (p, q, t),
related to (o, p, T) as

p=T10, q=71p, t=r1°. (2.7)

This choice corresponds both to the (p, q) labels of the elliptic Gamma func-
tion [41], and also, as we shall see in chapter 4, to the (¢, ¢) labels of Macdonald
polynomials?. In terms of these fugacities, the definition of the index reads

I(p7 q, t) = TI'(—l)Fp%alJr qéﬁslf tR—l—r 6—5’/ 51; (28)

In appendix B.2 we review the shortening conditions of the N' = 2 super-
conformal algebra and give the expression of the index for the various short
multiplets. Given the index of a SCF'T, the formulae of appendix B.2 allow
to determine its spectrum of short multiplets, up to the usual recombination
ambiguities (spelled out in section 5.2 of [42]).

For a theory with a weakly-coupled description the index can be explicitly
computed as a matrix integral,

Z(V,p,o,7)= / [dU] exp (Z% Zij(p"7J”,T”) -xw, (U", V")) , (2.9)

L Although at first glance the trace formula (2.4) may seem to depend symmetrically on
four equivalent Js, this is not the case. The charge ¢, - is special: the associated supercharge
Q,- commutes with all the four §s, but the supercharges associated to the other three ds

)

do not. This is then the index “computed with respect to él;’
B, which we will usually omit.

ZNote that while the fugacities (¢,p) have exactly the same meaning in previous
parametrization, the fugacity t is different from the one introduced before. We made this
change of notations to make contact with the Macdonald literature, where ¢ has a canonical
definition that one wishes to respect.

, and it is independent of



Letters ‘ E ‘ 1 ‘ Jo ‘ R ‘ r ‘ Z(o,p,T) ‘ Z(t,y,v) ‘ Z(p,q,t) ‘
) 1/ o] 0|lof-1 op 20 pq/t
A+ V2 0] 2| =3 | —or, —pr | =%, %" | —p, —q
A S 0133 3 —72 —t*/v —t
E_- 2 0] 1] 0 0 opt? t6 pq
O idy+0, M-=0| 32| 0] 5| 3|—3 opt? t6 Pq
q 1] ofof2] o T NG Vi
7 0l 3 0] 5 e | i | iV
‘ Dy ‘ 1 ‘ +3 ‘ z ‘ 0 ‘ 0 ‘ oT, pT ‘ 3y, 3y~ ‘ D, q ‘

Table 2.2: Contributions to the index from “single letters”. We denote by
(¢, b, AI,Q,XIQ,FQB,FdB) the components of the adjoint NV = 2 vector multiplet,
by (q,q,%a,%s) the components of the A” = 1 chiral multiplet, and by 0,4 the
spacetime derivatives.

or in the other parametrization,
Z(V,t,y,v) :/[dU] exp <ZE > Ryt - xw, (U V )) .(2.10)
n=1 i

Here U denotes an element of the gauge group, with [dU] the invariant Haar
measure, and V' an element of the flavor group. We will discuss briefly the
derivation of this equation in section 2.5. The sum is over the different N = 2
supermultiplets appearing in the Lagrangian, with R ; the representation of the
J-th multiplet under the flavor and gauge groups and xz, the corresponding
character. The Haar measure has the following property

/ [dU] HXRj(U) = #of singlets n R1 @ --- @ R, . (2.11)
=1

The functions fU) are the “single-letter” partition functions, f@ = fV or
@ = 38 according to whether the j-th multiplet is an A = 2 vector or
N =2 %—hypermultiplet. The “single letters” of an N' = 2 gauge theory
contributing to the index obey 51; = E—2j5,—2R+r = 0 and are enumerated
in table 2.2. The first block of table 2.2 shows the contributing letters from
the N = 2 vector multiplet, including the equations of motion constraint. The
second block shows the contributions from the half-hypermultiplet (or AV = 1
chiral multiplet). The last line shows the spacetime derivatives contributing
to the index. Since each field can be hit by an arbitrary number of derivatives,



the derivatives give a multiplicative contribution to the single-letter partition
functions of the form

>

m=0n

o0

(o7)" (o7)" = =

(1-pr)d—o7)

(2.12)

The single-letter partition functions of the N' = 2 vector and N' = 1 chiral
multiplets are thus given by

2
v oT pT op—T

_ _ 2.13

/ l—or 1—,07+(1—p7)(1—07) (2.13)

120 — L 3y +yt) + 2t
(1—=y)(1—t3y1)

N pg/t —1
l—-p 1-q¢ (1-q(1-p)’
fo= (l_m)(l_m)(l—m) (2.14)

GoEVE L Vi)

(I-y)(1 -ty 1) (1-q)(l—p)

For general values of the three fugacities the explicit expression for the index
of a Lagrangian theory is most elegantly expressed [21] in terms of the elliptic
Gamma functions (see [41] for a nice review of these special functions). We
will postpone the discussion of this topic in section 2.4 and review the index
in N/ = 1 theories first.

2.2 The N =1 Superconformal Index

For four dimensional N' = 1 theories, the supercharges in SU(2,2|1) algebra
are

{Q.,8*= QM 9, 8 = Qi) (2.15)
where o = £ and & = 4 are respectively SU(2); and SU(2) indices, with
SU(2); x SU(2)y = Spin(4) the isometry group of the S3. The relevant
anticommutators are

{Q., O} = E+2M£+gr (2.16)
{Os, 0P} = E+2M§—gr, (2.17)

10



where E is the conformal Hamiltonian, M? and Maﬁ the SU(2); and SU(2),
generators, and r the generator of the U(1), R-symmetry. In our conventions,
the Qs have r = —1 and @s have r = 41, and of course the dagger operation
flips the sign of 7.

One can define two inequivalent indices, a “left-handed” index Z"(¢,vy)
and a “right-handed” index Z®(t,y). For the left-handed index, we pick say®
0=0._:

TH(t,y) = Tr (—1)F2EH 202 — Ty (—1)F3En=)y 252
3 (2.18)
0=F—2j;+ =r,
2
where j; and jy are the Cartan generators of SU(2); and SU(2)s. The two
ways of writing the exponent of ¢ are equivalent since they differ by a Q-exact
term. For the right-handed index, we pick say Q = Q-

Trt,y) = Tr (—1)F2EH2) 201 = Ty (—1)F3&4m), 20
3 (2.19)
5 = E — 2]2 — =T.
2
One may also introduce chemical potentials for additional global symmetries
of the theory.

2.2.1 Romelsberger’s prescription

The expression (2.1) makes sense for a general supersymmetric QFT on S% x R.
In particular we can consider a theory that flows between two conformal fixed
points in the UV and in the IR. At a fixed point (and only at a fixed point), the
theory on S3 xR is equivalent to a superconformal theory on R*, and Qf can be
interpreted as a conformal supercharge on R*. By the usual formal arguments,
the index is invariant along the flow (it is independent of the dimensionless
coupling RM, where R is the S® radius and M the renormalization group
scale). For this procedure to make sense, clearly the Q-closed charges M;
must be well-defined (in particular non-anomalous) all along the RG flow. If
the UV fixed point is a free theory, we can compute its index by a matrix
integral that counts the gauge-invariant words with dyy = 0. We can then
re-intepret the result as the superconformal index of the IR fixed point, which
would be difficult to evaluate directly. This leads to the following prescription

3Picking @ = Q. would amount to the replacement j; «+ —j;, which is an equivalent
choice because of SU(2); symmetry. The same consideration applies to the right-handed
index, which can be defined either choosing Q- or Q Q-

11



14, 19]

1. Consider the UV starting point. Write down the “letters” contributing
to the index of the free theory, i.e. the letters with dyy = 0.

2. Assign to the letters the quantum numbers corresponding to the anomaly-
free symmetries of the interacting theory. In the presence of U(1) global
symmetries, follow the usual a-maximization procedure [43] to single-out
the anomaly-free R-symmetry that in the IR becomes the U(1), of the
superconformal algebra.

3. Compute the index in terms of the matrix integral which enumerates
gauge-invariant words.

The considerations leading to this recipe are somewhat formal. One direction
in which they could be made more precise is to discuss ultraviolet regulariza-
tion and renormalization. It is not difficult to find a perturbative regulator
that preserves one complex Q, and in fact two of them, either the two left-
handed charges Q,, or the two right-handed charges (). To preserve say
the left-handed charges, we can Kaluza-Klein expand the fields on the S3,
and truncate the theory by keeping all the modes whose right-handed spin
Jy < JI*. This truncation is a UV regulator since the left-handed modes will
also be cut-off*, and has the virtue of preserving the left-handed supersymme-
try, since the action of Q, commutes with the cut-off. A similar regulator (but
performed symmetrically on the left-handed and right-handed spins, which in
general breaks susy) has been discussed at length in [44-47]. This style of reg-
ularization is only perturbative because it breaks the gauge symmetry, which
can however be restored order by order in perturbation theory by adding coun-
terterms [44-47]. We see no obstacle in choosing the counterterms so that they
preserve one copy of the susy algebra.

We are not aware of a fully non-perturbative regulator that preserves su-
persymmetry on S° x R — finding such a regulator would be very interesting
in its own right. In any case ultraviolet issues are not expected to affect the
play an important role for the index, much as they don’t for the usual Witten
index on the torus [48].

2.2.2 Computing the index

The “letters” of an N = 1 chiral multiplet are enumerated in table 2.3. We as-
sume that in the IR the U(1), charge of the lowest component of the multiplet

4This is clear from the structure of harmonics on S3. Scalar harmonics have SU(2); x
SU(2)2 quantum numbers (.J, J), spinor harmonics (J —1/2,J) and (J, J — 1/2) and so on.

12



¢ is some arbitrary r;g = r (determined in a concrete theory by anomaly can-
cellation and in subtle cases a-maximization). According to the prescription
we have just reviewed, the index receives contributions from the letters with
Suv = 0, and each letter contributes as (—1)F#321=71r)y272 to the left-handed
index and as (—1)F#3(2+11r)y271 to the right-handed index. To keep track of

‘ Letters H Eyv ‘ 71 ‘ Jo ‘ rov ‘ TIR H oy ‘ I+ H By ‘ A ‘
¢ 10|02 r 2 — 0 £
Y Sl o | =L r—1| ot2 |- 2 -
oLt 210 || -3 r—1 2 - 4+, 2° -
0o 30010 2 r 4 - 2 -
o 1L (0] 0 |—-2| —r 0 £ 2 -
0 S 10 |£5] 3 | —r+1 2 - 27,07 | =3
o 2ol 0 3 | —r41] 2,47 — 2 —
0o 31010 | -2| —r 2 — 4 -
[0 [ 1 [#h[#5] o[ o [ormo] £y Jorta] £y |

Table 2.3: The “letters” of an N = 1 chiral multiplet and their contributions to
the index. Here 6* = E — 2j; + 3rpy and 6, = E — 2jo — Srgy. A priori we
have to take into account the free equations of motion 9y = 0 and [J¢ = 0, which
imply constraints on the possible words, but we see that in this case equations of
motions have dyy # 0 so they do not change the index. Finally there are two
spacetime derivatives contributing to the index, and their multiple action on the
fields is responsible for the denominator of the index, 1/(1—t3y*) = 3"°° (#3y+h)m.

the gauge and flavor quantum numbers, we introduce characters. We assume
that the chiral multiplet transforms in the representation R of the gauge x
flavor group, and denote by xz(U, V), x% (U, V') the characters of R and and
of the conjugate representation R, with U and V gauge and flavor group ma-
trices respectively. All in all, the single-letter left- and right-handed indices
for a chiral multiplet are [21]

, 2" xz (U, V) = 3@ (U, V)

Lot LoNe ’ 2.2
1)((7")( 'Y Uv V) (1 — t3y)(1 — t3y_1) ( 0)
, £ xr (U, V) = 3 x5 (U, V)

ROt ’ ’ . 2.21
lx(r)( 'Y Uv V) (1 — tSy)(l I t3y_1) ( )

The denominators encode the action of the two spacetime derivatives with
0 = 0. Note that the left-handed and right-handed indices differ by conjugation
of the gauge and flavor quantum numbers. As a basic consistency check [19],

13



consider a single free massive chiral multiplet (no gauge or flavor indices). In
the UV, we neglect the mass deformation and as always ryy = % In the IR,
the quadratic superpotential implies r;z = 1, and one finds _; = *_, = 0.
As expected, a massive superfield decouples and does not contribute to the IR
index.

Finding the contribution to the index of an A/ = 1 vector multiplet is even
easier, since the R-charge of a vector superfield W, is fixed at the canonical
value +1 all along the flow. For both left- and the right-handed index, the
single-letter index of a vector multiplet is [2]

6 3 1
2t — 3y + 3)
(1 —=ty)(1 =ty

Armed with the single-letter indices, the full index is obtained by enumer-
ating all the words and then projecting onto gauge-singlets by integrating over
the Haar measure of the gauge group. Schematically,

iv(t,y,U) = Xeai(U) . (2.22)

I(t,y,V) = / [dU] T PEGix(t, v, U, V)], (2.23)

where k labels the different supermultiplets, and PE[i;] is the plethystic ex-
ponential of the single-letter index of the k-th multiplet. The pletyhstic expo-
nential,

[e.9]

PE[iy(t,y,U, V)] = exp {Z %ik(tm, Y™ V™ xR, (U™, vm)} . (2.24)

m=1

implements the combinatorics of symmetrization of the single letters, see e.g.
[49-51]. As usual, one can gauge fix the integral over the gauge group and
reduce it to an integral over the maximal torus, with the usual extra factor
arising of van der Monde determinant.

In chapter 6 we focus on quiver gauge theories. The gauge group will
be taken to be a product of SU(N) factors, with the chiral matter trans-
forming in bifundamental representations. The gauge characters factorize in-
to products of fundamental and anti-fundamental characters of the relevant

factors, xr,(U™) — tr(uy')tr (ubm) For SU(N) the adjoint character is
X (U™) = tr(a)er(uf) — 1.

14



2.3 A universal result about N =2 - N =1
flows

Consider an N = 2 gauge theory where all the gauge couplings are exactly
marginal. Upon turning on a mass term for the adjoint chiral multiplet inside
the N/ = 2 vector multiplet, supersymmetry is broken to N/ = 1 and the
theory flows in the IR to an N = 1 superconformal field theory with a quartic
superpotential. The simplest example is the flow between the N' = 2 Z,
orbifold of N' = 4 and the Klebanov-Witten theory. A large class of examples
have been discussed in [52]. For this general class of flows, there is a universal
linear relation between the a and ¢ conformal anomaly coefficients of the UV
and IR theories [53].

It turns out that the superconformal indices of the UV and IR theories are
also related in a simple universal way, namely

I (ty) = T (ty,v = 1) (2.25)

Choosing for definiteness the right-handed index, the definition of the N' = 2
superconformal index is

TN=2 = Tr (—1) 2By 20~ (rv=atR) (2.26)
where R and 7j—o are the quantum numbers under the SU(2)gr x U(1), R-
symmetry.” The N =1 and N = 2 R-symmetry quantum numbers are related

as
2

'N=1 = §(2RN:2 - 7”/\[:2) . (227)

Our claim is easily proved by recalling the single-letter indices of the N = 2
vector multiplet (2.13) and of the chiral multiplet (half-hypermultiplet) (2.14)
computed in section 2.1

o — L —B3(y+yt)+ 26
N=2 v v
t = t = 2.28
Yy ( ,y,U) f ( 7yav) (1 _ t3y)(1 _ t3y_1> ( )
t2 4
N= 1 - —1 \/5
w2t y,v) = 2ty ) = v (2.29)

(1 —t3y)(1—t3y~1)

5In our conventions, the bottom component ¢ of the A" = 2 vector multiplet has ra—s =
—1 (and of course R = 0), while the scalar doublet in the hypermultiplet has rxr—2 = 0 and
R=41/2.
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Comparing with (2.21) and (2.22), we see that

F 7ty o=t = 47 (ty) (2.30)
iN:Q(ta Y, v = t) = iN:—ll (tv y) . (231)
X x(r=35)

So setting v = ¢ has the effect of converting the N' = 2 vector multiplet to
N = 1 vector multiplets, and of changing the R-charge of the chiral multiplets
from ra—1 = 2/3 to ra—; = 1/2, which is the correct IR value since a quartic
superpotential is generated from the decoupling of the adjoint chiral multi-
plets. Since both the conformal anomaly coefficients and the index undergo a
universal transformation between the UV and IR of this class of RG flows, one
may wonder whether there is any simple connection between the index and
the anomaly coefficients.

2.4 Elliptic Hypergeometric Expressions for the
Index

As was observed by Dolan and Osborn [21] the expressions for the index can

be recast in an elegant way in terms of special functions. First, recall the
definition of the elliptic Gamma function,

| — 2L pitightl
1—zpigh

P(zpq) = |] (2.32)

J,k=>0

For reviews of the elliptic Gamma function and of elliptic hypergeometric
mathematics the reader can consult [54-56]. Throughout this paper we will
use the standard condensed notations

k

L(z1,.200) = [[T(zi00), TGE5p9) =Tz, 9T(1/2p,q) . (2.33)
j=1

Basic identities satisfied by the elliptic Gamma function that will be of use
to us are

U (pq/zp, )T (25p,9) =1, (2.34)
) _ B 1
s (= #fa)le/an a) = oma sy (2:35)
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with the bracket defined as
H 1—abh) (2.36)

From the definition (2.32), it is straightforward to show [21]

e 1 thZn . t4nzfn
— =T'( 2 2.37
exp (; B tgny_n)) (£ 2. q), (2.37)
12—y y ) L, z 1
exp< — ﬁ 1—t3n n 1_t3ny_n)(z +z ) __(1_2)2 P(Z:tl;p7q)7

where
p=ty, qg="ty1t. (2.38)

Using the above identities the basic building blocks of the superconformal
index computation can be written as follows.

For N/ = 2 index, the contribution to the integrand of (2.10) from hypers
in a fundamental representation of an SU(n) gauge group is

exp (Z f% 7 k) [Xf(Uk)—i—X U’f ) HF(_GZ D, q ) .
(2.39)
The contribution to the integrand of (2.10) from the vector multiplet of SU(n)

is

exp (Z £V (tF, ok, )xadj(U’“)> (2.40)

_ [P vip,9) (pip) (g 0" HF(tQUai/aj;nq)
Aa)A(a™) oy U(ai/ajip,q)

We have defined the characters of the fundamental representation to be

Xr = a, Xf_22i, [[ai=1. (2.41)
i=1 =1 =1
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The character of the adjoint representation is

Xadi = XrX;f— 1= a;i/a;+n—1. (2.42)
]

We have also defined

Ala) = [J(ai — aj). (2.43)

The Haar measure is given by

n—1
da;
du( j{ | | . Ala ™ f(a
ﬁU(n) Tn—1 i1 211 al ) ( )

where T is the unit circle. Whenever we gauge a symmetry we have a vector
multiplet associated to the integrated group and thus we will use the following
notation

. (2.44)
[T ai=1

21(t? -
‘Fagaz [ ( v’]);q)l{]
n!
n—1
da; D(t*vai/aj;p,q) 1
X , F(a) G (a ,
Tr_1 g 2mia; g F(ai/%ﬁp, ‘J) ( ) ( )

n L
im1 ai=1

(2.45)

where k = (p;p)(¢; q)/2. In what follows for the sake of brevity we will omit
the parameters p and ¢ from the elliptic Gamma function, i.e. T'(x) should
always be understood as I'(z; p, q).

Similarly in N = 1 theories, a chiral superfield in the bifundamental rep-
resentation OO of SU(N;) x SU(Ny), and with IR R-charge equal to r can be
rewritten as

N1 No

PE[i.(t,y,U HHF (7 zw; s Py, 1), (2.46)

i=1 j=1

Here {2}, k = 1,... N1}, and {wi}, k = 1,... No}, are complex numbers of
unit modulus, obeying Hfj:ll 2k = Hgil wy = 1, which parametrize the Cartan
subalgebras of SU(N;) and SU(Nz). The multi-letter contribution of a vector
multiplet in the adjoint of SU(NN) combines with the SU(N) Haar measure to
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give the compact expression [15, 21]

KN T a 1
. o 2.47
N! 71{%_1 }_11 2 z; H r (247)

The dots indicate that this is to be understood as a building block of the full
matrix integral. This equation can also be obtained by setting v = ¢ in (2.40).
The numerator factor H#j I'(t* a;/aj; p, q) becomes 1 becuase of the property
of elliptic Gamma function (2.35).

2.5 4d Index as a path integral on S° x S!
The superconformal index,
I(t,y,v) = Tr(—1)F¢2EHs2)y 200, =R (2.48)

doesn’t depend on the couplings of the theory and hence it can be calculated
in the weak coupling limit. The entire contribution to the supersymmetric
partition function on S® x S! thus comes from the saddle point approximation.
One loop partition function of a 4d gauge theory on S3 x S' was computed
in [51] in the presence of fugacities associated with various conserved charges.
To compute the superconformal index, we only allow fugacities for charges
which commute with Q; i.e. ¢, y and v.

For the one loop computation in SU(N) gauge theory, it is convenient to
use the Coulomb gauge 9;A" = 0 where i, j, k are S® coordinates and 0; are
covariant derivatives. The residual gauge freedom is fixed by imposing dyae = 0
where a = % f 53 Ag and V is the volume of S®. The partition function is then
written as

Z = / dal, / DAA e A (2.49)
where A; and A, are Fadeev-Popov determinants associated with the first
and second gauge fixing conditions respectively. For a charge s that commutes

with Q, we can add a supersymmetric coupling with a constant background
gauge field as

S— S+ /d4x "X s (2.50)

where s* is associated conserved current. y, is take to be a (x,0,0,0) and x
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is identified with the chemical potential for charge s. The chemical potential
is related to the fugacity, say x, of the Hamiltonian formalism as x = e #X. In
our case, x can be any of the ¢,y and v.

After performing [ DA, one gets an SU(N) unitary matrix model

7 = /[dU]e_Seff[U] , (2.51)

where U = € and 3 is the circumference of the circle, [dU] is the invariant
Haar measure on the group SU(N). The S is just the one appears in (2.10)

o0

SHU] = 30 37 Ry e, OV (252)

m=1

Here, V' denotes the chemical potential that couples to the Cartan of the flavor
group; R; labels the representation of the fields under gauge and flavor groups
and f®i is the single letter index of the fields in representation R;.

The circumference 3 of the circle is related to the fugacity ¢ as t = e=#/3.
To produce the partition function of dimensionally reduced gauge theory on
S3 (33, 40] we also scale v = e3¢ = 1, and take the limit 3 — 0. In
appendix C we restore the additional deformations by defining v = e=#(1/3+%)
and set y = e~?" where u and 7 are chemical potentials for fugacities v and y
respectively. The partition function of 3d gauge theories on squashed S* was
computed in [57], the n deformation is related to the squashing parameter of

S8,
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Chapter 3

S-duality and Two Dimensional
Topological Field Theory

Electric-magnetic duality (S-duality) in four-dimensional gauge theory has a
deep connection with two-dimensional modular invariance. The canonical ex-
ample is the SL(2,Z) symmetry of N = 4 super-Yang-Mills, which can be
interpreted as the modular group of a torus. A physical picture for this corre-
spondence is provided by the existence of the six-dimensional (2,0) supercon-
formal field theory, whose compactification on a torus of modular parameter
7 yields N/ = 4 SYM with holomorphic coupling 7 (see [58] for a recent dis-
cussion).

Gaiotto [3] has discovered a beautiful generalization of this construction.
A large class of N' =2 SCFTs (class S SCFTs) in 4d is obtained by compact-
ifying a twisted version of the (2,0) theory on a Riemann surface ¥, of genus
g and with n punctures. The complex structure moduli space Ty, /T, of X is
identified with the space of exactly marginal couplings of the 4d theory. The
mapping class group I'g ,, acts as the group of generalized S-duality transfor-
mations of the 4d theory. A striking correspondence between the Nekrasov’s
instanton partition function [12] of the 4d theory and Liouville field theory
on ¥ has been conjectured in [9] and further explored in [10, 59-69]. Accord-
ing to the celebrated AGT conjecture [9-11], the 4d partition functions on
the Q-background [12] and on S* [13] are computed by Liouville/ Toda theory
on C. Relations to string/M theory have been discussed in [70-73]. See also
[52, 74, 75].

In this chapter we apply the superconformal index to this class of 4d SCFT-
s. The index is invariant under continuous deformations of the theory, and is
also expected to be invariant under the S-duality group I'y,. Assuming S-
duality, this implies that the index must be computed by a topological QFT
living on Y. The usual physical arguments involving the (2,0) theory give a
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“proof” of this assertion, as follows. The path integral representation of the
index (2.49) uplifts to a (suitably twisted) path integral of the (2, 0) theory on
S3 x S' x 3. This path integral must be independent of the metric on ¥. In
the limit of small ¥ we recover the 4d definition; in the opposite limit of large
3} we expect a purely 2d description. Each puncture on X should be regarded
as an operator insertion. By this logic, the index must be equal to the n-point
correlation function of some TQFT on ¥. The question is whether one can
describe this TQFT more directly, and in the process check the S-duality of
the index.

It is likely that a “microscopic” Lagrangian formulation of the 2d TQFT
may be derived from the dimensional reduction of the twisted (2, 0) theory that
we have just described, but we will postpone the discussion in chapter 4. We
will first write the concrete expression of the index for Gaiotto’s A; theories
in this chapter, which always have a 4d Lagrangian description. We show in
section 3.1 that the index does indeed take the form expected for a correlator in
a 2d TQFT!. We then evaluate explicitly the structure constants and metric
of the TQFT operator algebra, and check its associativity, which is the 2d
counterpart of S-duality (section 3.1.2). The metric and structure constants
have elegant expressions in terms of elliptic Gamma functions and the index
in terms of elliptic Beta integrals, a set of special functions which are a new
and active branch of mathematical research, see e.g. [54-56] and references
therein. For Gaiotto’s A; theories associativity of the topological algebra (and
thus S-duality) hinges on the invariance of a special case of the E®) elliptic
Beta integral under the Weyl group of Fj. A proof of this symmetry can be
found on the math ArXiv [76]. In a related physical context, elliptic identities
have been used in [21] (following [19]) to prove equality of the superconformal
index for Seiberg-dual pairs of NV = 1 gauge theories.

What distinguishes the A; theories from their counterparts with A,,>o is
that in all duality frames they have a Lagrangian description. This makes
it easy to compute their superconformal index explicitly and to identify the
structure constants of the 2d TQFT. The situation for the generalized quiver
theories with higher rank gauge groups is qualitatively different: in some du-
ality frames the quivers contain intrinsically strongly-coupled blocks with no
Lagrangian description. The prototypical example of this phenomenon was
discussed by Argyres and Seiberg [28]?: the SYM theory with SU(3) gauge
group and Ny = 6 fundamental hypermultiplets has a dual description involv-
ing the strongly-coupled SCFT with Fg flavor symmetry [29]. In the absence

"'We thank Abhijit Gadde, Elli Pomoni, Shlomo Razamat and Leonardo Rastelli for
letting us use material from their paper [15].
2See also [77] for more examples.
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of a Lagrangian description for the Fg SCF'T, it seems difficult to compute
its superconformal index and to define the TQFT structure for generalized
quivers with SU(3) gauge groups.

We solve this problem in the second half of this chapter. By demanding
consistency with Argyres-Seiberg duality, we are able to write down an explicit
integral expression for the index of the Es SCFT (equation (3.41)). Techni-
cally, this is possible thanks to a remarkable inversion formula for a class of
integral transforms [78]. By construction, the resulting expression for the in-
dex is guaranteed to be invariant under an SU(6) ® SU(2) subgroup of the
Eg flavor symmetry. The index is seen a posteriori to be invariant under the
full Fg symmetry, providing an independent check of Argyres-Seiberg duality
itself.> We proceed to define a TQFT structure for generalized quivers with
SU(3) gauge symmetries. We check associativity of the operator algebra in
section 3.2.3, which is equivalent to a check of S-duality for Gaiotto’s Ay the-
ories. Most of our checks are performed perturbatively, to several orders in
an expansion in the chemical potentials that enter the definition of the in-
dex. Conversely, S-duality implies that associativity must hold exactly, so as
a by-product of our analysis we conjecture new identities between integrals of
elliptic Gamma functions.

3.1 The Index in A; Theories

We start this section by recalling the basics of Gaiotto’s analysis [3]. The main
achievement of [3] is a purely four-dimensional construction of the SCFT im-
plicitly defined by compactifying the Ay_1 (2,0) theory on . In the A; case
an explicit Lagrangian description is available, in terms of a generalized quiver
with gauge group SU(2)N¢ | see figure 3.1 for examples. The internal edges of
a diagram correspond to the SU(2) gauge groups, the external legs to SU(2)
flavor groups and the the cubic vertices to chiral fields in the trifundamental
representation (fundamental under each of the groups joining at the vertex).
The corresponding Riemann surface is immediately pictured by thickening the
lines of the graph into tubes — with the external tubes assumed to be infinitely
long, so that they can be viewed as punctures. The plumbing parameters 7;
of the tubes are identified with the holomorphic gauge couplings; the degen-
eration limit when the surface develops a long tube corresponds to the weak
coupling limit 7 — +ioco of the corresponding gauge group (figure 3.2). The
different patterns of degenerations (pair-of-pants decompositions) of a surface
3 of genus g and Np punctures give rise to the different connected diagrams

3For earlier checks of Argyres-Seiberg duality see [79] and [80].
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Figure 3.1: (a) Generalized quiver diagrams representing N/ = 2 superconformal
theories with gauge group SU(2)% and no flavor symmetries (Ng = 6, Np = 0).
There are five different theories of this kind. The internal lines of a diagram represent
and SU(2) gauge group and the trivalent vertices the trifundamental chiral matter.
(b) Generalized quiver diagrams for Ng = 3, Np = 3. Each external leg represents
an SU(2) flavor group. The upper left diagram corresponds the N' = 2 Zg orbifold
of N =4 SYM with gauge group SU(2).

(b)

(a) (b)

Figure 3.2: An example of a degeneration of a graph and appearance of flavour
punctures. As one of the gauge coupling is taken to zero the corresponding edge
becomes very long. Cutting the edge, each of the two resulting semi-infinite open
legs will be associated to chiral matter in an SU(2) flavor representation. In this
picture setting the coupling of the middle legs in (a) to zero gives two copies of
the theory represented in (b), namely an SU(2) gauge theory with a chiral field in
the bifundamental representation of the gauge group and in the fundamental of a
flavour SU(2).
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with N external legs (SU(2) flavor groups) and Ng = Ng + 3(g — 1) internal
lines (SU(2) gauge groups). Since the mapping class group permutes the di-
agrams, the associated field theories must be related by generalized S-duality
transformations [3]. In the higher Ay_; cases the 4d theories are generically
described by more complicated quivers that involve new exotic isolated SCFT's
as elementary building blocks.

3.1.1 2d TQFT from the Superconformal Index

For the A; generalized quivers the index can be explicitly computed as a matrix
integral (2.10),

T= [TlegdUdesp (S50 2 [Sieg A xeai @) + S e i xsr 01 U7,01)])
(3.1)

Here fV = fV(t", y",v") and fn%H = f%H(t”,y”,v”), with fY(t,y,v) and
f H (t,y,v) the “single-letter partition functions” for respectively the adjoint
and trifundamental degrees of freedom, multiplying the corresponding SU(2)
characters. The explicit expressions for fV and f 21 hav already been given
by (2.13) and (2.14). The {U;} are SU(2) matrices. Their index i run over
the Ng + Np edges of the diagram, both internal (“Gauge”) and external
(“Flavor”). The set G is the set of Ng internal edges while the set V is the set
of trivalent vertices, each vertex being labelled by the triple (i, j, k) of incident
edges. The integral over {U,,¢ € P}, with [dU] being the Haar measure,
enforces the gauge-singlet condition. All in all, the index Z depends on the
chemical potentials ¢, y, v (through fV and f A ) and on (the eigenvalues of)
the Nr unintegrated flavor matrices.

The characters depend on a single angular variable «; for each SU(2) group
U;. Writing

e—z’ai

m=W(%lO )m (3.2)

we have

Xadj(Ul') = TI'UZ TI'U,L — 1= 621'% + 672iai + 1= Xadj(ai) s (33)
ng(Ui,Uj,Uk) = TrUiTrUj Tl"Uk
— (eiai _'_e—iai)(eiaj +€—iaj)(€iak +e—zak)

= ng(Oéi,OéjaOék),
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where we have used the fact that 2 ~ 2. Integrating over Vj, the Haar measure

simplifies to
1 21
/[dUz] = —/ dOéZ' sin2 ; = /dOél A(Oél) . (35)
T Jo

We now define

oo 1 1
Caiajak = €exXp < E fﬁ : X3f(nai7najanak)> ) (36)
;o = 1 |4 < a; §
Nt = exp Zﬁfn * Xadj(nay) | 0(ay, o) = 0™ d(ai, ay),
n=1

where §(a, 8) = A (a)d(a — ) (with the understanding that o and 3 are
defined modulo 27) is the delta-function with respect to the measure (3.5).
Further define the “contraction” of an upper and a lower « labels as

2m
A...a... B o E/ dOéA(O./) AOé Boc . (37)
0

The superconformal index (3.1) can then be suggestively written as

= ][] Caayor [ n. (3.8)

{i,j,k}eV {m,n}eg

The internal labels {a; ,i € G} associate to the gauge groups are contracted,
while the N external labels associated to the flavor groups are left open. The
expression (3.8) is naturally interpreted as an Ng-point “correlation function”
(g ...an,)e, evaluated by regarding the generalized quiver as a “Feynman
diagram”. The Feynman rules assign to each trivalent vertex the cubic cou-
pling C,g,, and to each internal propagator the inverse metric n*. S-duality
implies that the superconformal indices calculated from two diagrams with
the same (Ng, Ng) must be equal. These properties can be summarized in
the statement that the superconformal index is evaluated by a 2d Topological
QFT (TQFT).

At the informal level sufficient for our discussion, a 2d TQFT [81, 82] can
be characterized in terms of the following data: a space of states H; a non-
degenerate, symmetric metric n: H ® H — C; and a completely symmetric
triple product C: H®H ®H — C. The states in H are understood physically
as wavefunctionals of field configurations on the “spatial” manifold S!. The
metric and triple product are evaluated by the path integral over field con-
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Figure 3.3: (a) Topological interpretation of the structure constants Cog, =
(Clla)|B)]y). The path integral over the sphere with three boundaries defines
(Cl € H* @ H* ® H*. (b) Analogous interpretation of the metric 7,5 = (n||@)|5),
with (n] € H* ® H*, in terms of the sphere with two boundaries.

figurations on the sphere with respectively two and three boundaries (figure
3.3). The 2d surfaces where the TQFT is defined are assumed to be oriented,
so the S* boundaries inherit a canonical orientation. To a boundary of inverse
orientation (with respect to the canonical one) is associated the dual space H*.
Choosing a basis for H, we can specify the metric and triple product in terms

of 7ag = 1(|a), [8)) and Copy = C(|), |5), 7)), or

n=Y naplel(Bl, C =2 Capy{al(Bl(7]. (3.9)
a,B

a,Byy

The inverse metric 7 is associated to the sphere with two boundaries of
inverse orientation, and as its name suggests it obeys n*’ng, = 45, see figure
3.4. Index contraction corresponds geometrically to gluing of S' boundary of
compatible orientation.

The metric and triple product obey natural compatibility axioms which
can be simply summarized by the statement that the metric and its inverse
are used to lower and raise indices in the usual fashion. Finally the crucial
requirement: the structure constants C,37 = Cyupn define an associative
algebra

Cos’ Csy© = C 0 Csa®, (3.10)

as illustrated in figure 3.5. From these data, arbitrary n-point correlators on a
genus g surface can be evaluated by factorization (= pair-of-pants decomposi-
tion of the surface). The result is guaranteed to be independent of the specific
decomposition.
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(a) (b)

Figure 3.4: Topological interpretation of (a) the inverse metric %, (b) the relation
my/@nﬁ“Y = 04. By convention, we draw the boundaries associated with upper indices
facing left and the boundaries associated with the lower indices facing right.

|o)

(Yo
<f| g = &
1) 1)

Figure 3.5: Pictorial rendering of the associativity of the algebra.

In our case the space H is spanned by the states {|a), a € [0,27)}, where «
parametrizes the SU(2) eigenvalues, equ.(3.2). Alternatively we may “Fourier
transform” to the basis of irreducible SU(2) representations, {|Rx) , K € Z, },
see appendix A.1. We have concrete expressions (3.6, 3.7) for the cubic cou-
plings C,p, and for the inverse metric n®°, which are manifestly symmetric
under permutations of the indices. Formal inversion of (3.7) gives the metric
Nap = (n*)~*6(cv, B). Finally with the help of (3.7) we can raise, lower and
contract indices at will. On physical grounds we expect these formal manip-
ulations to make sense, since the superconformal index is well-defined as a
series expansion in the chemical potential ¢, which should have a finite radius
of convergence [2]. The explicit analysis of sections 3.1.2 will confirm these
expectations. We will find expressions for the index as analytic functions of
the chemical potentials. Our definitions satisfy the axioms of a 2d TQFT by
construction, and independently of the specific form of the functions fV (¢, y, v)
and f H (t,y,v), except for the associativity axiom, which is completely non-
trivial. Associativity of the 2d topological algebra is equivalent to 4d S-duality,
and it can only hold for very special choices of field content, encoded in the
single-letter partition functions f¥ and f 3H
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3.1.2 Associativity of the Algebra

In this section we determine explicitly the structure constants and the metric
of the TQFT and write them in terms of elliptic Beta integrals. With the
help of a mathematical result [76] we prove analytically the associativity of
the topological algebra.

Explicit Evaluation of the Index

a Y

Figure 3.6: The basic S-duality channel-crossing. The two diagrams are two equiv-
alent (S-dual) ways to represent the N' = 2 gauge theory with a single gauge group
SU(2) and four SU(2) flavour groups, which is the basic building block of the A;
generalized quiver theories. The indices on the edges label the eigenvalues of the
corresponding SU(2) groups.

As shown in (2.13) and (2.14), the single letter partition function in (¢,y, v)
parametrization are given by
120 — & 3y +y ) + 2
(I-#y)A -yt
2
-t
(1=ty)(1 = t3y~1)

We are now ready to check explicitly the basic S-duality move — S-duality with
respect to one of the SU(2) gauge groups, represented graphically as channel-
crossing with respect to one of the edges of the graph (figure 3.6). The full
S-duality group of a graph is generated by repeated applications of the basic
move to different edges. The contribution to the index from the left graph in

adjoint : fY(t,y,v) = (3.11)

trifundamental f%H(t,y,v):

(3.12)
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figure 3.6 is

- 1y 1y
Yo, l |:fr‘z,/Xadj (n0)+fi x3f(nanfnd)+fi X3f(n97n%n5)}
e

I:/ﬁmum

(3.13)
Substituting the expressions for the characters,
1
6220:1 % 27 S [% cos 2nf+ SfiH (cos nacos nfB+cos ny cos nd) cos n0:|
127/ dfsin’®f e )
0 0
(3.14)

where fV = fV(t",y",v") and féH = f%H(t”,y”,v”). S-duality of the index
is the statement this integral is invariant under permutations of the external
labels a, 8,7,0. Since symmetries under a <» 8 and (independently) under
v <> 0 are manifest, the non-trivial requirement is symmetry under § < 7,
which gives the index associated to the crossed graph on the right of figure
3.6.

The integrand of (3.14) is not invariant under 8 <> -, but the integral is, as
once can check order by order in a series expansion in the chemical potential ¢.
Here is how things work to the first non-trivial order. We expand the integrand
in ¢t around ¢t = 0, and set y = v = 1 for simplicity. The single-letter partition
functions behave as

Fy=lo=1)~2=26, [t y=1lv=1)~—t* (3.15)

The first non-trivial check is for the coefficient of Z of order O(t?),
27
T ~t / df sin* 0 (cos 40 + 2 cos® 20 + 4 A, cos 20 (3.16)
0
+32A7 cos® 6 — 2cos 20 + 16 A cos 6 cos 20 — 8A; cos 9) ,

where A,, = cos na cosnf+cosnycosnd. Performing the elementary integrals,

T ~ t*[6m 4 21 (cos 2a 4 cos 23 + cos 2y + cos 28 + 8 cos v cos 3 cosy cos d)]
(3.17)

which is indeed symmetric under o <> 3 <> v <+ . We stress that crossing
symmetry depends crucially on the specific form of the single-letter partition
functions (2.13) and (2.14) and thus on the specific field content. We have
performed systematic checks by calculating the series expansion to several
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higher orders using Mathematica. Fortunately it is possible to give an analytic
proof of crossing symmetry of the index, as we now describe.

Elliptic Beta Integrals and S-duality

The fundamental integral (3.14) can be recast in an elegant way in terms
of special functions known as elliptic Beta integrals. We start by rewriting
the building blocks (3.6) for the index in the following compact form as in
section 2.4

oo 1 1
Cojajo, = €Xp (Zﬁfrf XSf(nO%nO‘janak)) (3.18)

1 (P;p)(QQQ)F(t2, q)F(tzwiﬂ;p,q)

Alag)  Ar L(ai?p.q)
Here we have defined a; = exp(ic;) and used
e} 1 o0
exp (Z ﬁfn> = )@l (Eop.g). (@) =]J0-ab) (319)
n=1 k=0

Again, One should keep in mind that the rhs of the first line in (3.18) is a
product of eight elliptic Gamma functions according to the condensed nota-
tion (2.33).

Collecting all these definitions the fundamental integral (3.14) becomes

dz T(t?vzt2p,q 12 t2
kT (tzv;p, CI) ?{z M F(ﬁailbilzil;p, q)l“(ﬁcildilzﬂ;p, q),
pg =1°,
(3.20)

with k = (p;p)(¢; q)/4mi. As it turns out, this integral fits into a class of integrals
which are an active subject of mathematical research, the elliptic Beta integrals

2m+6

dzT(t1z,...tamaez; P,
EM™ (1, tamyo) ~ f = i T 2 I1 t = o™ . (3.21)
) ) k=1

Our integral is a special case of E(®). Elliptic Beta integrals have very interesting
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Symbol | Surface Value

Oagw 18) F(ﬁa

v

:tlb:tlc:tl)

Cag Ol z(»e) T(#20) (t(:C2) )F(\[ +1pE1 il)

a ik T 2 +2y\ A
n p " Ala) F(t2 U) %(QUT%)) 5(047 /6)

Table 3.1: The structure constants and the metric in terms of elliptic Gamma func-
tions. For brevity we have left implicit the parameters of the Gamma functions,

= t3y and ¢ = t3y~'. We have defined a = exp(za) b = exp(if), and ¢ = exp(iy).
Recall also k = (p; )(q, q)/4mi and A(a) = (sin? o) /7.
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symmetry properties. For instance the symmetry of E®?) is related to the Weyl
group of Ey7. Very recently van de Bult proved [76] that special cases of the E®)
integral, which are equivalent to (3.20), are invariant under the Weyl group of Fj.
In particular (3.20) is invariant under b <> c¢. This is theorem 3.2 in [76], with
the parameters {1234, b} of [76] related to the parameters {a, b, ¢, d, t>v} in our
equation (3.20) by the substitution

t2 t2 t2 t2
t| = ——ab, to - ——a/b, t3 - ——cd, ty - ——c/d, b— t*v. (3.22)
v v v v

Vv Vv Vv VU

This completes the proof of crossing symmetry of the fundamental integral (3.14).

)

Figure 3.7: Handle-creating operator 7,

The expressions for the structure constants and metric of the topological algebra
in terms of the elliptic Gamma functions are summarized in table 3.1. We will give
a more general table 4.1 later. These expressions are analytic functions of their
arguments, except for for the metric 7 which contains a delta-function. One can
try and use the results of the theory of elliptic Beta integrals to represent the delta-
function in a more elegant way, indeed such a representation is sometimes available
in terms of a contour integral [78]. However, for generic choices of the parameters,
the definition of [78] involves contour integrals not around the unit circle and thus
using this representation one presumably should also change the prescription (3.7)
for contracting indices. In the limit v — t the relevant contours do approach the
unit circle and the formalism of [78] yields elegant expressions. This limit is however

slightly singular. We discuss it in appendix A.2.

As a simple illustration of the use of the expressions in table 3.1 let us compute
the superconformal index of the theory associated to diagram (b) in figure 3.2. This
is essentially the “handle-creating” vertex J, of the TQFT, figure 3.7. We have

t? 2 dz T'(t2v %2 12
Ja = aBy 7713’y =rT (tQU) r (\/Eail) %Z(F(Ziz))r (\/Ezj:2 ail) . (323>

Multivariate extensions of elliptic Beta integrals have appeared in the calculation
of the superconformal index for pairs of N/ = 1 theories related by Seiberg duali-
ty [21]. Unlike our A/ = 2 superconformal cases, there is no continuous deformation
relating two Seiberg-dual theories, and it is not a priori obvious that their indices,
evaluated at the free UV fixed points, should coincide — but it turns out that they
do, thanks to identities satisfied by these multivariate integrals [83]. See also [22].
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Im 7

Re 7 Re 7

Figure 3.8: Moduli spaces for N' = 2 SU(n) gauge theory with 2n flavors, (a) for
n = 2 and (b) for n = 3 (in fact, for any n > 2). The shaded region in (a) is
H/SL(2,7Z) while in (b) it is H/T%(2), where H is the upper half plane.

3.2 Argyres-Seiberg duality and the index of
Es SCFT

The S-duality group of the NV = 2 SU(2) gauge theory with four flavors is SL(2,7Z).
The action of this group on the gauge coupling is generated by 7 — 7 + 1 and
7 — —1/7. In Gaiotto’s description [3] this theory is constructed by compactification
of the 6d (2,0) theory on a sphere with four punctures of the same kind. Then, the
S-duality group could be understood as the mapping class group of this Riemann
surface. The moduli space of the gauge coupling is shown in figure 3.8 (a). We
can see that a fundamental domain can be chosen such that nowhere in the moduli
space does the coupling take an infinite value.

For the case of N' = 2 SU(3) gauge theory with 6 flavors, however, the S-duality
group is T'%(2). The action of the S-duality on the complex coupling is generated
by the transformations 7 — 7 4+ 2 and 7 — —1/7. In Gaiotto’s setup this theory
is obtained by compactifying the (2,0) theory on the sphere with two punctures of
one type and two of another. The mapping class group of such a sphere is I'°(2).
The fundamental domain of this group is shown in the figure 3.8 (b) and, unlike
the SU(2) case, this does unavoidably contain a point with infinite coupling. In
[28], it was shown that this infinitely coupled cusp could be described in terms
of an SU(2) gauge group weakly-coupled to a single hypermultiplet and a rank
1 interacting SCFT with FEg flavor symmetry. Figure 3.10 describes this duality
pictorially. The SU(2) subgroup of the flavor symmetry of the SCFT that is gauged
commutes with the SU(6) subgroup of Eg. This SU(6) combined with SO(2) flavor
symmetry of the single hypermultiplet generates the full U(6) flavor symmetry of
the original SU(3) gauge theory. In other words, the SO(2) flavor symmetry of the
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SU(3)x ‘ SU@B)y SU(3), SU(3)y

U(1)a U1 U1y U(1)q

Figure 3.9: SU(3) SYM with Ny = 6. The U(6) flavor symmetry is decomposed as
SU3),@U(1)q ®SU(3)y ® U(1)p. S-duality 7 — —1/7 interchanges the two U(1)
charges.

single hypermultiplet corresponds to the baryon number of the original SU(3) gauge
theory. The quarks of the SU(3) theory are charged +1 under this U(1)p while the
quarks of the SU(2) theory are charged +3 under the same.

The Eg SCFT has a Coulomb branch parametrized by the expectation value of
a dimension 3 operator u which is identified with Tr¢? of the dual SU(3) theory,
while the Tr¢? of the SU(3) theory corresponds to the Coulomb branch parameter
of the SU(2) gauge theory. The FEg CFT also has a Higgs branch parametrized by
the expectation value of dimension 2 operators X, which transform in the adjoint
representation of Fg (78). As shown in [80] the Higgs branch operators obey a
Joseph relation at quadratic order which leaves a 22 complex dimensional Higgs
branch. When coupled to the SU(2) gauge group, the resulting Higgs branch has
complex dimension 20. The dual SU(3) theory also has a Higgs branch of complex
dimension 20 and its Higgs operators can be easily constructed by combination of
squark fields. See appendix A.5 for more details.

The moduli space might contain also other infinitely coupled cusps which how-
ever are S-dual to the weakly-coupled cusp 7 = ¢co. This is the usual S-dualty
mapping the Ny = 6 SU(3) gauge theory to itself with some of the U(1) flavor
factors interchanged. This duality is represented in figure 3.9.

We proceed to compute the superconformal index of the SU(3) theory and, by
using the Argyres-Seiberg duality, of the interacting Fg SCFT.

3.2.1 Weakly-coupled frame

We take the chiral multiplets to be in the fundamental and antifundamental of the
color and flavor. U(1)p rotates them into each other. The vector multiplet is in the
adjoint of the color. The SU(3) characters of the relevant representations are:

1 1 1
= F= — 4 — 4+ — d e =—1 3.24
Xf =21+ 22+ 23 XF P + P + S all Xadj = XfXF ( )
while writing down these characters, we have to impose 212023 = 1.
Let z’s stand for the eigenvalues of the flavor group and x’s be the eigenvalues
of the color group. The U(1)p charge is counted by the variable a. Let us write
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down the characters of the representation of the matter

3

thpZZZazlxj—l—ZZaZZ : (3.25)

=1 j=1 i=1 j=1

Using (2.39) the index contributed by the matter can be written in a closed form
as

Caxy = Z1_[1]1_[1 r < (az; yj)il> ~ (3.26)

The index for the SU(3) gauge theory with six hypermultiplets is then given by the
following contour integral.

x
Zazpy = Coyx Cayz

U (5 (2) ) (o) I (23

2 2 2 2%
—k“T'(t*v) -
3 T2 * 271'21’2' <£171>
i=1 H]_" _—
i#j

(3.27)

By expanding this integral in ¢ one can show that it is symmetric under interchang-
ing the two U(1) factors (see appendix A.3),

a <+ b. (3.28)

Interchanging the two U(1)s is equivalent to performing a usual S-duality between a
weakly-coupled and infinitely-coupled points of the moduli space and thus we expect
the index to be invariant under this operation.?

One can analytically prove this statement in a special case. Notice that if t = v,
the integral (3.27) is given by

Ia,z;b,y|q,:t = I1(422) <1| t%a_lz_lat%by;t%azat%b_ly_l> ’ (329)
where [83]
(Z|to,~- tntm413 805 - -+ Untm+1; Py ) = (3.30)
y{ ﬁ do; TIy TR O i, ug /2 pyq)
Tn—1 2mi x4 Hi# L(xi/zj; p,q) [T ez

4The integral (3.27) is an SU(3) generalization of the SU(2) integral in [15] for which
the analogous statement to (3.28) has an analytic proof [76]. It is easy to general-
ize [3.27,3.28] for SU(n) theories with arbitrary n, see appendix A.6.
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Figure 3.10: Argyres-Seiberg duality for SU(3) SYM with N; = 6.

If the integral IX:)(Z| coti.. ;... u;...) satisfies the condition that H?:{THQ tiu; =
(pq)™*! then due to [83], the following theorem holds
1 _1 m-+n-+2
m n T m+1 U m+1
12ty ) = 1) <Z|...t_...;... ” ) IT rtu),
v v r,s=1

(3.31)

where T = [[™"*?¢, and U = [][™}"*?w,.> Coincidently, our integral (3.27)

r=1 r=1
satisfies the above requirement and applying the theorem we can transform it into

Ifz) <1|t%bz,t%a_ly_1;t%b_lz_l,t%ay) = Iili) <1|t%b_1z_1,t%ay;t%bz,t%a_ly_l) )
(3.32)
Note that the factor HT;; "2 D(tu,) in (3.31) reduces to 1 after pairwise cance-
lations using the property (2.35). What we have effectively achieved through this
transformation is that we have exchanged the U(1) quantum numbers of the matter

charged under the SU(3)? flavor. This in particular implies that both the SU(3)
flavor groups are on the same footing and are not associated with separate U(1)’s.

3.2.2 Strongly-coupled frame and the index of £y SCFT

In the strongly-coupled S-duality frame, figure 3.10, we have a fundamental hyper-
multiplet coupled to an SU(2) gauge theory. This gauge group is identified with an
SU(2) subgroup of the Fg flavor symmetry of a strongly-coupled rank one SCFT.
We do not know the field content of the strongly-coupled rank 1 Eg SCFT. This
implies that we can not write down the “single letter” partition function for that
theory and, a-priori, can not directly compute its index. In what follows we will use
the index computed in the weakly-coupled frame (3.27) and the above statements
about Argyres-Seiberg duality to infer the index of the Fg SCFT.

Let C'F6) denote the index of rank 1 Eg SCFT [29]. The maximal subgroup of g
is SU(3)2. Two among these three SU(3)’s are identified with the two SU(3) factors

SThis identity was extensively used in [21] to show that certain theories related by
Seiberg duality have equal superconformal indices [19]. In this context the authors of [22, 23]
applied the elliptic hypergeometric techniques to a large class of Seiberg dualities.
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in the flavor group of the weakly-coupled theory, see figure 3.10. Let the additional
SU(3) be denoted by w. The fundamental representation of Eg is decomposed under
SUB)w ® SU(3)y ® SU(3), as,

275, = (3,3,1) @ (3,1,3) ® (1, 3,3). (3.33)

Thus, the character of the Fg fundamental fields is,

3 . ' ' 3 3 3
X27:Z<m+§+1&>7 H%ZH«%ZHW:L (3.34)
i=1 i=1

] w z
ij=1 \Yi J J i=1

The index C'6) is thus a function of w, y, and z. The S-duality picture suggests
that we should decompose SU(3)yw as SU(2). ® U(1),. This amounts to the change
of variables {wy, w2, w2} — {er, L, T%}, for which the character of the fundamental
of Fg becomes

1.1 1 1 1 e

3
. |
Xor=(er 4 ) k) ()bt ) Y
ij=1

2 Y1 Y2 Y3 er r Zj
(3.35)

Thus, the index of the Eg SCFT can be denoted as C5¢) ((e, r),y,z). In the above
notations the index of the additional hypermultiplet of the theory is

2
Cpo=T (f/a o1 sﬂ) . (3.36)

Thus, one can write the superconformal index of the theory in the strongly-
coupled frame as

I(s,rsy,2) = GO, (3.37)

é de T'(tve*?) 2
_ T 2 r +1 +1 (Es) .

By Argyres-Seiberg duality we have to equate

Z(5,7;5,2) = Tazby (3.38)

where Z, 5.y is given in (3.27), and we appropriately identify the U(1) charges,
s=(a/b)*?, ~ r=(ab)"V2. (3.39)

It so happens that the integral of equation (3.37) has special properties which
allow us to invert it (see appendix A.4 and [78] for the details). One can write the
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following

VUt g
ds (t2 ws*) 2. 49
I N prg P (EG)
Hiw 27['i8 F(t47 SiQ) (87T7y’z) (t vw ) C ((w7 r)aYaz) 9

(3.40)

where the contour C), is a deformation of the unit circle such that it encloses s =

t{ w*! and excludes s = % w*! (for precise definition and details see appendix A.4

and [78]). The above expression for the index C'6) does satisfy (3.37), but a-priori
does not uniquely follow from it. However, as we will explicitly see below, (3.40) is
consistent with what is expected from Eg SCFT. We will comment on this issue in
the end of this section. We can thus use the Argyres-Seiberg duality (3.38) to write
a closed form expression for the Fg index

_ 2RPD(tP)? f ds F(%wilsil)
3T (RPvw*?) Jo, 2mis F(t%, sﬂ)

8 gr(ﬂ
(3.41)

One can rewrite the above expression without using the special integration contour.
The integration contour ', can be split into five pieces: a contour around the unit

circle T, two contours encircling the simple poles of T'( \tgwﬂ sthat s = ‘gwﬂ and
two contours encircling in the opposite direction the simple poles of I‘(ti2 +1 g+

t2

at Wwil. Using the fact that elliptic Gamma function satisfies (2.35) we have

Vol g
B K ds D(Fw*! s¥1) '
C( 6) ((wv T)aY?Z) = I—\(tszig) fgﬂ‘ ? Ft(t4, siQ) I(S,’I",y,Z)

W E <s: {wy) (5= }wyﬂ (3.42)

The index (3.41) encodes some information about the matter content of the Fg
theory. To extract this information it is useful to expand the index (3.41) in the
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chemical potentials. We define an expansion in ¢ as
oo
CE) =3 "qp . (3.43)
k=0

The first several orders in this expansion have the following form

ag =1

alt :CLQtQ = a3t3 =0

2>
astt =— Lo
4 v X78
a5t5 =0
agt® = — t6xg§ — 6 4543
7

t 1 t7 1 1
(g e (o)) -2 ()
v Yy v y y

8/ g E
agt® =2 (X ) (78) — X650 — 1) + %0 + %

sym?

1 1 1
== (v Jods =2 (e )+ 00 (5 )

10 tlo FEg . Eg Fg tlo 2 1 FEg
t :—7(X78X7s _X650_1)+7 y "‘14‘? X7t

#10 1\? 1\?
+(y+) —t10v2<y+>
v y y

t 1 1 1
antn :U—2 (y + y) (ng ng — XeEgo -1)+ tHy (y + y) + tthy <y + y) .
(3.44)

a7t7 =

aio

The adjoint representation of Fg , 78, decomposes in the following way in terms of
its maximal SU(3)? subgroup

78 = (3,3,3)+(3,3,3)+(8,1,1) +(1,8,1) +(1,1,8), (3.45)
and 650 of Eg is composed as

650 =27 x 27 - T8 — 1. (3.46)

The Higgs branch operators X of Eg theory are in the adjoint (78) representation

of Eg flavor algebra. The terms of the index proportional to ng are forming the
following series,

t4 t’ 1 1
[—t6—|—v<y+y>—t9<y+y)+-'}>{$§, (3.47)

v
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which is the index of a multiplet with A = 2, j = j = 0 and » = 0 and of its
derivatives (see appendix C.2 of [42]). Taken as a “letter” this multiplet has the
following “single letter” partition function

t4 /v — 16
(L=3y) (1 —=t3/y)’

which matches the quantum numbers of the Higgs branch operators on the weakly-
coupled side of the Argyres-Seiberg duality if we follow the identifications listed in
[80].

The FEjg singlet part of the index contains yet another series,

(3.48)

1503 — ¢7¢? (y + ;) + 80 + %03 (y + ;) +ee (3.49)

This series forms the index of a chiral multiplet with A =3, j =j =0and r = 3
together with its derivatives (appendix C.1 of [42])

603 — ¢7y2 (y + %) + t8v
(1 —t3y)(1—t3/y)

Since the Coulomb branch operator, u, of Eg theory (which is identified as Tr¢? of
the dual SU(3) theory) has exactly the same quantum numbers, this multiplet is
identified as the Coulomb branch operator.

The remaining singlet part of the index,

(3.50)

¢t 1 8 9 1
0 ()= () (3.51)

[

is just the index of the stress tensor multiplet and its derivatives (appendix C.3 of
[42])

g () o (e )
(1—t3y)(1—t3/y) '
Besides the matter content, the index also provides possible constraints among

operators. For example, it was argued [80] that the Higgs branch operators of the
Fs theory should obey the Joseph relations,

(3.52)

(X®X)|z, =0, (3.53)
where the representation Zs is defined as
sym?(V (adj)) = V(2adj) © I, . (3.54)

For Eg, adj = 78, 2adj = 2430 and then sym?(78) = 2430 © 650 @ 1. Thus, in
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our case

I, =650d 1. (3.55)
The Joseph relation in Eg theory reads,

(X®X)les0e1 =0, (3.56)

which means that these operators should not appear in the index. The index of X
is t4/v, then the index of X ® X is t8/v2. (3.44) shows that our index is consistent
with the Joseph relation.

Further constraints can also be derived from the higher order terms in (3.44).
Let us consider the index at order 19, The meaning of each term is clear. The first
term corresponds to operators X®(QX) with the constraint Q(X®X)gs0+1 = 0 which
is a descendant of Joseph relation above (3.56). The last three terms are derivative
descendants of %ng, % (y + %) and —t"v? (y + %) respectively. However, terms

of the form
102y L (3.57)

which would be corresponding to the Higgs ® Coulomb operators are absent. This
fact implies the constraint
X®@u=0. (3.58)

This is consistent with the fact that the Fg theory has rank 1. The absence of

10 . . .
—%ng also implies the constraint

X®T =0, (3.59)

t'1 is consistent

where T is the stress tensor. The structure of the index at order
with these two constraints.

Finally, let us comment on the uniqueness of our proposal. In principle, the
index (3.41) produced by the construction of this section might differ from the true
index of the Eg SCFT: C’t(ﬁi)((e, r),y,z) = CE)((e, r),y,z)+0C((e, r),y,2), with
0C satisfying

% de F(%eilsil)r(t2vei2)
T

2mi e F(eiQ) 60((67 ’I”), Y, Z) =0. (360)

At this stage we are not able to rigorously rule out such a possibility. However,
the Eg covariance of our proposal, its consistency with physical expectations about
protected operators and the further S-duality checks performed in the following
section, make us confident that we have identified the correct index of the Eg SCFT.

Note that the expression for the index (3.41) is not explicitly given in terms of
Eg characters. However, as one learns from the perturbative expansion (3.44), the
characters of SU(3)y @ SU(3),®SU(2),®U (1), always combine into Eg characters.
Essentially, since the weakly-coupled frame has really SU(6)®@U (1) flavor symmetry
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we can write an expression for the Eg index which has a manifest SU(6) @ SU(2)
symmetry,® but not the full Fg. The fact that just by assuming Argyres-Seiberg
duality we obtain an index for a theory with an Eg flavor symmetry and with a
consistent spectrum of operators is a non-trivial check of Argyres-Seiberg duality.

3.2.3 S-duality checks of the Fjs index

In the previous section we have discussed the superconformal index of the Ny = 6
SU(3) theory and of its strongly-coupled dual. One can obtain this theory by
compactifying a (2, 0) 6d theory on a sphere with four punctures, two U(1) punctures
and two SU(3) punctures. The different S-duality frames are then given by the
different degeneration limits of this Riemann surface. The weakly-coupled frames
are obtained by bringing together one of the U(1) punctures and one of the SU(3)
punctures, and the strongly-coupled frame is obtained by colliding the two SU(3)
(U(1)) punctures. The coupling constant of the theory is related to the cross ratio
of the four punctured sphere.

In [3] Gaiotto suggested to generalize this picture by considering general Rie-
mann surfaces with an arbitrary numbers of punctures of different types (two types
in case of the SU(3) theories). The claim is that all theories with the same number
and type of punctures and same topology of the Riemann surface are related by
S-dualities. The immediate consequence of this claim for the superconformal index
is that all such theories have to have the same index as it is independent of the val-
ues of the coupling, i.e. the moduli of the Riemann surface. This implies that the
superconformal index is a topological invariant of the punctured Riemann surface.
It was claimed in [15] that the superconformal index can be actually interpreted as
a correlator in a two dimensional topological quantum field theory. The structure
constants of this TQFT are given by the index of the three punctured sphere and
the contraction of indices (i.e. metric) is gauging of the flavor symmetries. The
associativity of the algebra generated by the structure constants is equivalent to the
invariance of the index of four punctured spheres under pair-of-pants decomposition
into two three punctured spheres. The structure constants and the metric were
constructed and the associativity was explicitly verified for the SU(2) case.

In this section we will make the same analysis for the SU(3) case. We have
two types of punctures, associated to U(1) and SU(3) flavor symmetries. There are
thus different three point functions one can construct. The index of the theory on
a sphere with three SU(3) punctures, i.e. the index of the Eg theory, is a structure

/(333)

constant which we will denote by Cxy, and it is just given by (3.41),

oy =c® ((( 2 vam) v.a) (3.61)

6The fact that this symmetry can be manifestly seen in the expression for the index is
very reminiscent of the construction of the Eg symmetry using multi-pronged strings in [84].
It is very interesting to understand whether these facts are related.
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This vertex corresponds to the Eg theory which has rank one, and thus we will refer
to it as a rank 1 vertex. We will denote by 0,9333 the index of the sphere with
two SU(3) punctures and one U(1) puncture. This is a free theory consisting of
a hypermultiplet in fundamental of two SU(3) flavor groups and its value is given

by (3.26),
(133) ’ t? +
Caxy = H r <\ﬁ (aziy;) ) - (3.62)
i,7=1
This vertex corresponds to a free, rank 0, theory and we will refer to it as rank
zero structure constant. Later on we will define yet another three point function,

formally associated to a sphere with two U(1) punctures and one SU(3) puncture.
This vertex will have effective rank —1. The metric of the model, 7Y, is defined as

r(eo(z)’)

X 2 —
7y =2 ) ] cLAxTy), (3.63)
1<i<j<3 T ((I) >
T
where A(x~!,y) is a d-function kernel defined by
2 du;
7{ H o A(x,w) f(x) = f(w), weT?. (3.64)
T2 2w x;
The indices are contracted as follows
2 du
A" B L. = LAY B, . 3.65
...... p Il Bl (3.65)

Following these definitions the superconformal indices of all the SU(3) generalized
quivers are obtained by contracting the structure constants in different ways.

For the S-duality to hold, and subsequently for the structure constants to have a
TQFT interpretation, the algebra generated by these objects has to be associative.
We proceed to verify this fact.

(333) — (333) associativity

Let us consider the generalized quiver with genus zero and four SU(3) punctures.
The index should be invariant under the permutation of the four SU(3) characters,

Tasss(x,y;w,z) = CEnvelss), = 8wy ol), . (3.66)
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Figure 3.11: The three structure constants of the TQFT. The dots represent U(1)
punctures and the circled dots SU(3) punctures.

At order O(t*) we find ,
1
T3333 ~ t* ;(XS(X) + xs(y) + xs(2) + xs(w)) +0*| | (3.67)

and at order O(t%),

Tss33 ~ t° [~ (x8(x) + xs(y) + xs(2) + xs(w)) + 3v°] . (3.68)

These axpressions are symmetric under the exchange x < y < z < w. The
associativity can be checked to hold to higher orders as well.

(333) — (331) associativity

Let us consider the generalized quiver with genus zero, three SU(3) punctures and
one U(1) puncture. The index should be invariant under permutations of the three
SU(3) characters

Tassi(a,x;y,2) = CSEmevel®) — a8y els) . (3.69)

We also expand the integrand in ¢ around ¢ = 0. The first non-trivial check is for
the coefficient of Z3331 at order O(t%),

1
Tss1 ~ t* o (xs(x) +xs(y) +xs(z) +1) + v (3.70)
which is indeed symmetric under x <> y <> z. At order O(t°),

Ty ~ o (07 4 a (0N ()X () + axs()xs(y)xs(a) +a?) (3.71)

—t% (xs(x) + xs(y) + xs8(z) + 1) + 2t%?
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which is also symmetric under x < y <> z. Again, we can perform systematic
checks to arbitrary high order in t.

The (311) three point function and (311) — (331) associativity

The index of the Ny = 6 SU(3) theory in the strongly-coupled frame is given in
terms of an integral over an SU(2) character. Thus, we can not write it using the
structure constants and the metric we defined in the beginning of this section. The
strongly-coupled frame is obtained when two U(1) punctures collide and thus in
what follows we will formally define a structure constant with two U(1) characters
and an SU(3) character such that when contracted with the Eg structure constant
using the metric above it will produce the index of the strongly-coupled frame.
Let us rewrite the index in the strongly-coupled frame,

2
B de T(le*s™)
) _ 2 Vv 2, ,+2
T(sriys) = KT § e T e) (e r)yoa)
(3.72)
as rank one (Eg) (333) and rank —1 (113) vertices contracted
i(a,b;y7 z) C’C(leli) xx! CS?;?)Z
2 dz; D(tPv@i/2;) 13 “1y ~(333)
I(t“v ﬁzHmezi T (zi/z;) C (a,b,x ) C (x,¥,2) .
(3.73)
For this we define
3 de F(ﬁ et st D (2o e*? D(z;/x;) A
(113) -1y _ NG i/
¢ (a:0,x77) 26T (12v) jéQm’e [(et2) 1;[ L(t2vx; /) Alx,w).
(3.74)

Here, w = (e, r) with e an SU(2) character and r a U(1) character. The U(1)
charges are related as in (3.39), s = (a/b)>? and r = (ab)~1/2. A(x,w) is a 0-
function kernel defined in (3.64). The (113) vertex has effective rank —1. Using the
above definition the TQFT algebra is well defined with all the contractions being
SU(3) integrals.

The associativity of (311) vertex contracted with a (333) vertex is achieved by
construction: remember that we obtained the index of Fg SCFT by requiring this
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property. Let us check the associativity of (331) contracted with (113)

T(a,b; c,y) = OB ppex’ o33 _

abx x',y,c
T'(20) fH 2::?; t;q;;/%) 0(113) (a,b, %~ HF( cxly])i1>
i g i J
ﬁ (t2 (cy) )

i=1

de T(t?ve*?) [ 12 t2
T t2 +1 +1 ; +1 +1 )
x I v)j{%m'e I(et2) F(ﬁs )b ﬁ(cry,) c

This is exactly the index of SU(2) Ny = 4 (the fourth line in (3.75)) with a
decoupled hypermultiplet in the fundamental of an SU(3) flavor (the third line in
(3.75)). Remembering (3.39) and the results of [15, 76] it is easy to show that there
is a permutation symmetry between the three U(1) punctures a, b and e,

(3.75)

a < b < c. (3.76)

Using the definition (3.74) the index of a sphere with four U(1) punctures is
singular. However, we do not have a physical interpretation of this surface and it
does not appear in any decoupling limit of a physical theory. Thus, making sense
of this surface is not essential.

We have shown that the structure constants define an associative algebra and
thus define a TQFT. In particular the superconformal index of theories with equal
genus and equal number /type of punctures is the same in agreement with S-duality.
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(a) (b) (¢) (d)

Figure 3.12: The relevant four-punctured spheres for As theories. The three different
degeneration limits of a four-punctured sphere correspond to different S-duality
frames. For example, in (a) two of the degeneration limits (when a U(1) puncture
collides with an SU(3) puncture) correspond to the weakly-coupled Ny = 6 SU(3)
theory, the third limit (when two like punctures collide) corresponds to the Argyres-
Seiberg theory. In (d) the degeneration limits correspond to the different duality
frames of SU(2) SYM with Ny = 4 theory plus a decoupled hypermultiplet.
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Chapter 4

TQFT Structure of the Index
for A,-Type Quivers

In the previous chapter we have showed that the superconformal index is a useful
observable of Gaiotto class S theories. With the concrete expression of the index
for Gaiotto’s A; theories, we demonstrate in section 3.1 that the index does indeed
take the form of a correlator in a 2d TQFT and in the process check the S-duality of
the index. Then by demanding consistency with Argyres-Seiberg duality, we further
write down an explicit integral expression for the index of the Fg SCFT which has
no Lagrangian description. The spectral information predicted by the Fg index
coincides with other works. With the index of the Eg SCFT as one of the basic
components, we proceed to define a TQFT structure for generalized quivers with
SU(3) gauge symmetries and check the associativity and S-duality.

General Four-dimensional superconformal field theories of S [3, 4] arise from
partially-twisted compactification of the six-dimensional (2, 0) theory on a punctured
Riemann surface C. The complex-structure moduli of C are identified with the
exactly marginal couplings of the 4d SCFT, while the punctures are associated to
flavor symmetries.

Any punctured surface can be obtained, usually in more than one way, by glu-
ing three-punctured spheres (pairs of pants) with cylinders. The three-punctured
spheres are then the elementary building blocks. They correspond to isolated 4d
SCFTs with flavor symmetry G; ® G2 ® G3, where each factor G is associated to
one of the three punctures.! The cylinders correspond to N' = 2 vector multiplets,
and the gluing operation amounts to gauging a common SU (k) symmetry of two
punctures. The gluing parameter is interpreted as the complexified gauge coupling,
with zero coupling corresponding to an infinitely long cylinder — a degeneration
limit of the surface. Different pairs-of-pants decompositions of the same surface

n this chapter we focus on class S theories that descend from the (2,0) theory of type
Ag—_1. Then the punctures are classified by the possible embeddings of SU(2) into SU (k)
and Gy C SU(k) is the commutant of the chosen embedding.
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C correspond to different descriptions of the same SCFT, related by generalized
S-dualities.

As showen in previous chapters the index is naturally viewed as a correlator in
a 2d topological QFT living on C. Let us review how this works. We parametrize
the index of a three-punctured sphere as Z(a1, az,ag), where a; are fugacities dual
to the Cartan subgroup of Gj: except in special cases these are a priori unknown
functions. On the other hand we can easily write down the “propagator” associated
to a cylinder,

n(a,b) = A(a)IV(a) i(a, bfl) , (4.1)

where A(a) is the Haar measure and Z" (a) the index of a vector multiplet, which
is known explicitly. The index of a generic theory of class S can be written in terms
of the index of these elementary constituents. As the simplest example, gluing two
three-punctured spheres with one cylinder one obtains the index of a four-punctured
sphere,

I(aj,ag,az,a4) = f[da]y{[db]I(al,ag,a)n(a,b)I(b,ag,a4) (4.2)
- %[da] Aa)Z(ar,as,a)Z" (a)Z(a ', a3, a4),

where we have introduced the notation

k—1
dCLi

7{ da) = f 1;[1 Imia; (4.3)

If we expand the index in a convenient basis of functions { f*(a)}, labeled by SU (k)
representations {a},? we can associate to each three-punctured sphere “structure
constants” C,gy and to each propagator a metric n°B,

I(a,b,c) = Y Capy f*(a) fF(D) f7(c) (4.4)

o, By
et = 75 (da) 74 (db] n(a,b) f*(a) f(b). (4.5)

Invariance of the index under the different ways to decompose the surface is tan-
tamount of saying that Cyz, and n®8 define a two-dimensional topological QFT.?

2For theories of type A, {f®(a)} are symmetric functions of their arguments, which are
fugacities dual to the Cartan generators of SU (k). More generally, for theories of type D
and F, {f*(a)} are invariant under the appropriate Weyl group.

3We are using this term somewhat loosely. As axiomatized by Atiyah, a TQFT is
understood to have a finite-dimensional state-space, while in our case the state-space will
be infinite-dimensional. The best-understood example of a 2d topological theory with an
infinite-dimensional state-space is the zero-area limit of 2d Yang-Mills theory [85, 86] (see
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The crucial property is associativity,
Ca,B’yC’YJe = Caé'ycfyﬁe ) (46)

where indices are raised with the metric n*® and lowered with the inverse metric
Nas-

It is very natural to choose the complete set of functions {f“(a)} to be orthonor-
mal under the measure that appears in the propagator,

Flaa] A@) 7V (@) £ (@) @) =7 (4.7)
Then the metric n°? is trivial,

nh =598 (4.8)

Condition (4.7) still leaves considerable freedom, as it is obeyed by infinitely many
bases of functions related by orthogonal transformations. The real simplification
arises if we can find an explicit basis {f*(a)}, such that the structure constants are
diagonal,

Capy #0 — a=p=1. (4.9)

Associativity (4.6) is then automatic. For structure constants satisfying (4.6) one
can always find a basis in which they are diagonal: we give a detailed example of
such a diagonalization procedure in appendix B.1 for the simplest limit of the index.
The challenge is to describe the basis in concrete form.

In general the measure appearing in the propagator is complicated and no ex-
plicit set of orthonormal functions is available. We find it very useful to consider an
ansatz

f*(a) = K(a)P*(a), (4.10)

for some function K(a). Clearly, from (4.7), the functions {P%(a)} are orthornormal
under the new measure A(a),

j{[da} Aa) P*@)PPal) = 6",  A(a)=1V(a)K(@)PAf).  (4.11)

(Recall that A(a) always denotes the Haar measure). The name of the game is to
find a clever choice of K(a), for which A(a) is a simple known measure and the
orthonormal basis {P%(a)} an explicit set of functions such that (4.9) holds.

Once the diagonal basis {f*(a)} and the structure constant Chaq are known,

e.g. [87] for a comprehensive review). Happily, the 2d topological theory associated to the
index turns out to be closely related to 2d Yang-Mills.
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one can easily calculate the index of the SCFT associated to the genus g surface
with s punctures. Such a surface can be built by gluing 2g — 2 + s three-punctured
spheres, so we have?

Tys(ar,ag,...,85) = Y (Cana)® 27 [] f2(ar). (4.12)
I=1

«

In the rest of this chapter we implement the following strategy. We start by
considering the generalized SU(2) quivers. Since they have a Lagrangian descrip-
tion, closed form expressions for the index (as matrix integrals) are readily available.
We then look for a basis of functions {f“(a)} that diagonalizes the structure con-
stants. Fortunately, for each special limit of the index that we consider, the diagonal
basis is of the form (4.10), with {P%(a)} well-known symmetric polynomials: Hall-
Littlewood, Schur or Macdonald polynomials. (The first two are in fact special cases
of Macdonald polynomials). Since these polynomials are defined for arbitrary rank,
we can extrapolate from the SU(2) case and formulate compelling conjectures for
the index of all generalized quivers of type A. (This approach readily generalizes to
all ADE theories, but in this paper we focus on the A series). Finally we check our
conjectures against expected symmetry enhancements and S-dualities.

4.1 Limits of the index with additional super-
symmetry

We now consider several limits of the superconformal index, such that the states
contributing to it are annihilated by more than one supercharge. Recall that before
taking any limit the index receives contributions only from states with

(51;:E—2j2—2R+7“:0, (413)

which are annihilated by é1;- We tend to refer to the different limits of the index
by the type of symmetric polynomials relevant for their evaluation. In appendix B.2
we discuss which short multiplets of the superconformal algebra are counted by the
index in each of these limits.

4Here for simplicity we are considering the case where all external punctures are “max-
imal”, i.e. they have flavor symmetry SU (k). The prescription for punctures with reduced
symmetry is discussed in detail in sections 4.2, 4.3 and 4.4.
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Macdonald index

We first consider the limit®
oc—0, p, T fixed, (4.14)

(which is the same as p — 0 with ¢ and ¢ fixed). The limit is well-defined since the
power of o in the trace formula (2.4) is given by 2611 > 0. The index is given by

Ty = TrM(—l)Fp (E~2j1—2R~7) _5(E+2R+2j2+r) (4.15)

1
2
_ TrM(_l)Fq%(E—le—QR—r) tR-i—r”

where Trj; denotes the trace restricted to states with 61, = F +2j; — 2R —r = 0.
Such states are annihilated by Q4. All in all Zp; is a i—BPS object receiving
contributions only from states annihilated by two supercharges, one chiral (Q;4) and
one anti-chiral (él;). The single letter partition functions of the half-hypermultiplet
and the vector simplify to

2 —f—
[ 1 — :i, L — (4.16)
1—pr 1—gq 1—pr 1—gq
Hall-Littlewood index
We further specialize the index by sending p — 0, so we are taking the limit
o —0, p—0, 7 fixed (4.17)

(equivalently, ¢, p — 0 with ¢ fixed), which is well-defined thanks to d;+ > 0. The
index is given by

Typ = TrHL(—l)F T%(E+2R+2jg+r) _ TrHL(—l)F +2(E=R) : (4.18)

where Tryr;, denotes the trace restricted to states with 614+ = F£2j; —2R—r = 0.
All in all, taking (4.13) into account, the states contributing to the index obey

j1=0, ja=r, E=2R+r, (4.19)

and are annihilated by three supercharges: Q1, @1 and é1;~

Let us consider the Hall-Littlewood (HL) index for a theory with a Lagrangian
description. From table 2.2, we see that it gets contributions only from the scalar ¢
of the hypermultiplet and from the fermion \, 1 of the vector multiplet. The single

®An equivalent limit can be obtained by sending p to zero.
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letter partition function of the half-hypermultiplet and the vector multiplet is then

Remarkably, for generalized quivers with a sphere topology the computation of the
HL index is equivalent to the computation of the partition function over the Higgs
branch discussed in [88, 89] (the Hilbert series of the Higgs branch).® This can be
shown as follows. To compute the partition function of [88, 89] for the Higgs branch
of an N = 2 gauge theory one counts all the possible gauge invariant operators built
from the scalar components of the hypermultiplets taking into account the F-term
superpotential constraints. In an N' = 2 gauge theory with M SU(2) gauge factors
the superpotential takes the form

M
W= Qi @ QW (4.21)

=1 ae{i}

where the summation over i is over the gauged groups. The set {i} is the set of (at
most two) trifundamental hypermultiplets transforming non-trivially under gauge
group ¢. The F-term constraints then read

Q(al) Q(al)biakal + Q(az) Q(a2)biaman =0. (4.22)

a;apa; ;A A,

If the quiver diagram does not have loops, i.e. the corresponding Riemann surface
has a topology of a sphere, this is a set of M independent constraints. It then follows
that the computation of this partition function is the same as the computation of
the index. Indeed, one associates a fugacity 7 for each scalar component of (). The
constraint (4.22) is quadratic in @ and is in the adjoint representation of the gauge
group. It is implemented by multiplying the unconstrained partition function with
the following factor [88, 89],

o0

exp —Z%TQH (a?n+a,_2n+1) — (1 _7—2)(1_7_2 a?)(l _7_2 a;2). (423)

1
n=1

This factor is the same as the index of the letter 5\1 ;- Thus, one can think of the
letter A, ; in the calculation of the index as playing the same role as the superpoten-
tial constraint in the calculation of the Higgs partition function! This logic can be
extended to higher-rank theories, where not all the building blocks have Lagrangian
description, but the Higgs branch can still be described in terms of operators obey-
ing certain constraints. This concludes the argument that the HL index is the same
as the Higgs partition function for theories with sphere topology. Our derivation

A relation of a similar limit of the A/ = 1 index with the counting problems discussed
in [90, 91] was mentioned in [23]. We thank V. Spiridonov for bringing this reference to our
attention.
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also makes it clear that this correspondence fails for higher-genus theories.

In [88] non-trivial very explicit expressions for the Higgs branch partition func-
tion of the SCFT's with exceptional flavor symmetry groups [29, 92] were conjectured.
We will see that they are exactly reproduced by the HL index.

Schur index

The Schur index is defined by specializing the fugacities to p = 7 with ¢ arbitrary
(equivalently ¢ = ¢ with p arbitrary). It reads

Ts = Tr(_l)Fo_%(E+2j1—2R—r) pE—irtiz o B(E=2j2—2R+r) (4.24)

By construction, all charges in the trace formula commute with the supercharge él;
“with respect to which” the index is evaluated. From table 2.1, we observe that the
charges in (4.24) also commute with Q;,. Thus the index receives contributions
from states with 414 = 51; = 0 (the intersection of the cohomologies of Qi and of

@1;) and it is independent of both o and 5. We can then write
Ts = Tr(—1)F p?E-R) = Tr(—1)F ¢F~F (4.25)

The Schur index can also be obtained as a special case of the Macdonald index
by setting p = 7 (equivalently ¢ = t); we have just seen that for p = 7 the index
becomes independent of ¢ so the limit o — 0 that we take to obtain the Macdonald
index is immaterial.

The single letter partition functions of the half-hypermultiplets and the vector
multiplet are given by

:1—p2:1—q’ _1—p2:1—q

The Schur index is the same as the index studied in [17], where we referred to
it as the reduced index.

Coulomb-branch index

Finally we consider the limit
T—0, p,o fixed, (4.27)
which is well-defined thanks to 4, 1 > 0. The trace formula becomes

To = Trc(_l)Fo_%(E+2j1—2R—r) p%(E—le—QR—r) o B(E—2j2—2R+7) ’ (4.28)
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where Tro denotes the trace over the states with SQJ-F = F+2js+2R+1r =0,
which are annihilated by Q,;. All in all, the index gets contributions from states

annihilated by two antichiral supercharges, é1; and éQ i
In this limit the single-letter partition function of the half-hypermultiplet and
the vector multiplet are

f%H:(), fV:o'pET. (4.29)

From the viewpoint of the the single-letter partition functions one can take an
interesting less restrictive limit,

7,0 =0, p — 00 with Q=7p and T =op fixed. (4.30)

In this limit we have

_r-e
=1-0"
We recover (4.29) for @ — 0. In terms of the new fugacities ) and T the index
reads

fefl =0, ¢V (4.31)

Tonr = Tron(—1)F T3E+201-2R=1) (3 (B+2ja+2R+7) (4.32)

where Trops denotes the trace restricted to states satisfying £ + 251 +» = 0. This
index is well-defined for Lagrangian theories and for theories related to them by
dualities.

We now describe the explicit evaluation of these special limits of the index for
the SCFTs of class S.

4.2 Hall-Littlewood index
We begin with the Hall-Littlewood index,
IHL(T) = TI"HL(—l)F TQE_QR, (433)

where Trg;, denotes the trace restricted to states with j; =0 and £ — 2R —r = 0.
This is the limit that leads to the greatest simplifications.

4.2.1 SU(2) quivers

Let us start from the SU(2) generalized quivers, for which the basic building blocks
are known explicitly. There is only one type of non-trivial puncture, the maxi-
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mal puncture with SU(2) flavor symmetry. The SCFT corresponding the three-
punctured sphere, denoted by 7% in [3], is the theory of free hypermultiplets in the
trifundamental representation of SU(2). Its index is immediately evaluated,

1

4.34
Hsavsbzsc:il(l — T aSe b csc) ’ ( 3 )

I(av b, C) =PE [TX1(G)Xl(b)Xl(C)]a,b,c,r =

where the fugacities a, b, and ¢ label the Cartans of the three SU(2) flavor groups.
The plethystic exponent PFE is defined as

PE[f(x;)] A_exp<z f(x ) (4.35)

We will often omit the subscript z; in the expressions for PE]...]. xi(a) is the
character of fundamental representation of SU(2). More generally the SU(2) Schur
polynomials y are given by

a~ 172 — g1+

xa(a) = ———. (4.36)

—a
The propagator n(a,b) is also easily evaluated:
n(a,b) = Ala)ZV (a)6(a,b™1), (4.37)
where ZV () is the index of the vector multiplet,
7V(a) = PE[~7*x2(a)]ar = (1 —72) (1 = 72a*) (1 — 7% a™?), (4.38)
and A(a) the SU(2) Haar measure,

La-a)a- ). (4.39)

Ala) = 2 a?

Following the strategy outlined in the beginning of this chapter, we look for a com-
plete set of functions { f*(a)} orthonormal under the propagator measure such that
the structure constants are diagonal,

Z(a, b, c) ZCA)\)\ @) A0 (e) . (4.40)

We describe this calculation in appendix B.1. We find the remarkable result

fMa) = K(a) Ppyp(a,a”|r), (4.41)
-7 72
Con = vi-ri(1+7) : (4.42)

PI’_\IL(T,T*1|7')
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Here P}, are the SU(2) Hall-Littlewood polynomials,

Phi(a,a7t 1) = xala) —13x_2(a) for A>1, PA7%a,a”Mr) = V1412,

(4.43)
which are orthonormal under the measure
2\ =2
N@zAmm%—l(la)“ ) (4.44)

T 2(1—72a2)(1 — 72a72)

The requirement that {f*(a)} be orthonormal under the propagator measure A(a)Z" (a)
fixes the prefactor K(a),

NEYORE .
’C(a) - (A(ab)lév(a)> B m (1 _ 7’2&2)(1 — TQCL*Z) . (445)

We can now immediately write down an explicit formula for the index of any
generalized SU(2) quiver associated to a genus g Riemann surface with s punctures.
From (4.12),

Tps(ar,ag,...,a) = (1—72)%" (1472575, (4.46)

e} S

> e [ e 1D
A=0 [PﬁL(Tﬂﬁ” 7')} gt -1 (1—72a?)(1 - 72a77)

In particular for genus g with no punctures the sum over the SU(2) irreducible
representations in (4.46) can be explicitly performed and one gets

(=) (e () )

1 — 720-2

(2
Iy = (4.47)
We observe that setting a flavor fugacity a = 7 we “close” the corresponding
puncture. For example we can go from the three-punctured sphere to the two-
punctured sphere (=cylinder),

T(ar,a2,7) ~ 3 Phy(ar.ar 1) Py (az,az ' r) = plas,an).  (4.48)
A

(There is an overall divergent proportionality factor). This procedure of (partially)
closing punctures by trading (some of) the flavor fugacities with 7 plays an im-
portant role, as it will allow us to construct the index for theories with arbitrary
types of punctures. For SU(k) theories the punctures are classified by the different
embeddings of SU(2) inside SU (k) [3, 4], which are conveniently labelled by aux-
iliary Young diagrams with k& boxes. For SU(2) we get only two possibilities: (i)
a row with two boxes corresponding to the “maximal” puncture with SU(2) flavor
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symmetry, (ii) a column with two boxes corresponding to the absence of a puncture.
For higher-rank theories the space of possibilities will be more interesting.

4.2.2 Higher rank: preliminaries

For higher-rank quivers the situation is more complicated since the basic building
blocks are given by strongly-interacting SCFTs for which direct computations are
not possible. However, the expressions that we obtained for the index of the SU(2)
quivers can be naturally extrapolated to higher rank. The basic conjecture is that
the set of functions {f“(a)} that diagonalize the structure constants are related to
Hall-Littlewood polynomials for higher-rank as well.

The Hall-Littlewood (HL) polynomials associated to U (k) are a set of orthogonal
polynomials labeled by Young diagrams with at most k rows, A = (A1,..., ),
Aj > Ajy1. They are given by [93]

P (z1, ... x5 ) T Y, Akk)H "(Z "(J), (4.49)

€S 1<j (])

and they are orthonormal under the measure

Aur = H Aomfay (4.50)

oy 1—72x;/x;

The normalization N, (¢) is given by

Nt o =T111 (%) (451)

=0 j=1

where m(i) is the number of rows in the Young diagram A = (\1,..., \x) of length
i. For SU(k) groups we take Young diagrams with Ay = 0 and the product of xy
in (4.49) is constrained as [[%_, 2 = 1.

Let us also quote from the outset the expression for the SU (k) propagator,

n(a,b™ 1) = A(a)Z"(a)é(a, b7 1), (4.52)

where A(a) is the SU (k) Haar measure,

Ala) = I1 <1 - ;) . JJa=1. (4.53)
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and ZV (a) the vector multiplet index,

=1 _7_2 H —7%a;/a;) . (4.54)

J,i=1

4.2.3 SU(3) quivers — the F; SCFT

We now focus on the SU(3) theories. There are two kinds of non-trivial punc-
tures: the maximal puncture, associated to the Young diagram (3,0, 0), which car-
ries the full SU(3) flavor symmetry; the puncture associated with the Young diagram
(2,1,0), which carries U(1) flavor symmetry. The elementary building blocks are
the 333 vertex and the 331 vertex, where 3 and 1 are shorthands for the SU(3) and
U(1) punctures, respectively.

The 333 vertex corresponds to the Eg SCFT of [29], denoted by T3 in [3]. A
maximal subgroup of the Eg flavor symmetry is given by SU(3)? and we parametrize
the Cartans of the three SU(3)s by a;. Guided by the expression of the 75 index
obtained in the previous subsection, we conjecture that the index of T3 is given by

3

A(r
Tz, = Y o 5 T K@ Pl n) (459
A1,A2 T HL ( T ‘ I:l

3

1 1
IC a _ L _— G/Z' = 1 456
(2) 172 i,j=11_,[z‘75j (1 —7ai/ay) E e

A(T) = 1-mHa+2+7Y. (4.57)

The function K(a) is fixed as always by (4.11), with A = Ay, while the overall
fugacity-independent normalization factor A(7) was fixed by comparing with the
known result for this index (3.41). We expanded the above expression in power
series in 7 and found a perfect match with (3.41).7 In [88] an explicit expression
was conjectured for the partition function over the Higgs branch of the Fg SCFT,
which we argued in section 4.1 to be equivalent to the Hall-Littlewood index. This
expression has a very simple form [88],

I(zg,) = Y _[0,k,0,0,0,0],7 (4.58)
k=0

where z is an Eg fugacity and [0,k,0,0,0,0], are the characters of the irreducible
representation of Fg with Dynkin labels [0, £, 0, 0,0, 0]. This expression is manifestly

7All the expressions for the HL index we obtain here are geometric progressions which in
principle can be explicitly summed. However, for the purposes of this paper we often found
it computationally more feasible and insightful to perform perturbative checks to high order
in expansion in 7.
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Eg covariant while (4.55) is not: however, order by order in the 7T-expansion we
find that the fugacities of SU(3) combine to label representations of Eg and we
obtain perfect agreement. We emphasize that for this to happen the overall factors
K(a;) are absolutely crucial — without taking them into account the flavor-symmetry

enhancement to Fg does not occur.

We can define an unrefined index by setting all the flavor fugacities to one. In
this case the series can be easily summed up in closed form and we obtain that the
unrefined index is given by

T =

1+ 720+ 55(72 + 718) +890(7% + 716) + 5886(7° + 71) + 17929(7® + 712) + 260607 1°

(1+72)7 1 (1 —72)% ’
(4.59)

in complete agreement with [88].
The 331 vertex corresponds to the SCFT of a free hypermultiplet in the bifun-
damental of SU(3) and charged under U(1). Its index is given by

I(ai,az,¢) = PE[rxi(a)xi(b)d,p,. PE [mxa@ Hxad e ], . (4.60)
3 1 3 3
mnll—Taszl - 11) ) il_Ila Zl_[l

It can be rewritten by partially closing a puncture of the Eg vertex (4.55), as

_ _ 2
1—76 IC(al)IC(ag) Z PI%\IIL’/)Q(TC’T 1c,C 2| T) PAl’AQ(a[| 7_).

1—72(1—73c3)(1 — 73¢3) PI/}lL,,\z (r2,7-2,1| 7) HL

I(al7a27c) =

A1, A2 I=1

(4.61)
The sum over representations here is a geometric progression and can be easily
performed establishing the equivalence of (4.60) and (4.61) (in the process we have
fixed the overall T-dependent factor).
We can use the above expressions to write the index of any SU(3) quiver. Let
us give again the example of the genus g theory,

Ig(3) _ (1 _ 7_4)9—1 (1 _ Tﬁ)g—l (462)
<1 + 2 (1 -+ T_Q)g_l (7-2_29 _ 7—29 2 ) 4(g— 1) 2)29—2

(72-20 — 720-2)?

+

We can subject (4.55) and (4.61) to a further non-trivial check. The channel-
crossing duality of the four-punctured sphere with two SU(3) and two U(1) punc-
tures corresponds to Argyres-Seiberg duality [28]. In one channel we glue together
two 331 vertices along two 3 punctures, while in the other channel the 333 vertex
(index of T3) is (formally) glued to a 311 vertex. Requiring equality of the two
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Figure 4.1: Association of flavor fugacities for the vertex corresponding to the 331
of the SU(3) quivers. Here ajasas =1 and b1bybs = 1.

channels we find the index of the 311 vertex,

1—176 K(a)
(1—72)(1—=74) (1 =73c3)(1 —13¢3)(1 — 73d3)(1 — 73d—3)
3 Py (re,te ¢ 1) Py (rd, 771, d 72| 7) Py (a) 7)

A1, _
A1,A2 PHlL 2(T27T 271| T)

Igll(a, C, d) = (463)

In the expression above the sum over representations diverges. The 311 should
be regarded as a formal construct that only makes sense as a part of the larger
theory. It can be interpreted as implementing a §-function constraint on the flavor
indices. The non-singular way to view the gluing of 333 vertex with 311 vertex is
as gauging an SU(2) subgroup of Eg, as opposed to an SU(3) subgroup [28]. With
this interpretation of the 311 vertex, equality of the two channels amounts to

da 1 1
.2 A1,A2 —1,. ,.—2 H 205
-7 )félm'aPHL (ar,a™rr |T)U IR Bl LA A 1 — 725303404 (1 —a™)
1,02,03,04,05—

6 A1,A2 30/3 _150'/3 572(7'/3
_1_T HJ::I:IPHL (T T 0 =2 ‘7)

I 7 DGR

01702:i1(1 — 73591 /7’3)(1 — 7—3302,’,3)

(4.64)

In the first line we gauge an SU(2) subgroup of Eg and couple it to a single
hypermultiplet, and in the second line a 311 vertex is glued to 333 vertex by gauging
an SU(3) flavor group. This is a non-trivial identity involving HL polynomials which
we have checked to very high order in a perturbative expansion in 7.
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4.2.4 A conjecture for the structure constants with gener-
ic punctures
Extrapolating from the SU(2) and SU(3) cases, we are now formulate a complete

conjecture for the index of all building blocks of SU (k) quivers. The building blocks
are classified by a triple of Young diagrams (A1, Ag, Az). We conjecture

IAl,A27A3 = M H A a[) Z P/\ H§=1 PI)-}L(aI(A[)’T) ] (465)
A

(1 —72)"k=2 ey (TRl k=3 k)

Here the assignment of fugacities according to the Young diagram labelling the type
of the puncture, a(A), is as illustrated in figure 4.2. The summation over A is over
the Young diagrams with & — 1 rows, A = (A1,..., Ak—1), Aj > Ajy1. The factors

at* |br*

2 2 :
at® b7 et |dT° |eT

_ _9 _ _ _
at b2 |erdr Y er fr

at o e 3 ldr ¥ er 3 f g h

U(2) U(3) U Ul

SV

)

Figure 4.2: Association of the flavor fugacities for a generic puncture. Punctures are
classified by embeddings of SU(2) in SU(k), so they are specified by the decompo-
sition of the fundamental representation of SU (k) into irreps of SU(2), that is, by
a partition of k. Graphically we represent the partition by an auxiliary Young dia-
gram A with k boxes, read from left to right. In the figure we have the fundamental
of SU(26) decomposed as 5+5+4+4+4+2+1+1. The commutant of the embed-
ding gives the residual flavor symmetry, in this case S(U(3) x U(2) x U(2) x U(1)),
where the S(...) constraint amounts to removing the overall U(1). The 7 variable
is viewed here as an SU(2) fugacity, while the Latin variables are fugacities of the
residual flavor symmetry. The S(...) constraint implies that the flavor fugacities
satisfy (ab)?(cde)* f2gh = 1.

Ka(a) are defined as

£ala) = — (4.66)



Here row(A) is the number of rows in A and [; is the length of ith row. The
coefficients aj, are associated to the Young diagram as illustrated in figure 4.3. Our
conjecture is consistent with the SU(2) and SU(3) cases seen previously as well as

with all other examples discussed below.
For three maximal punctures (the T} theory), (4.65) becomes

A(r 1A
ITk <a1’a2’a3) = Z ALy Ak—1 k(_l) 1-k H K(aI) PI)}I: . l(aI| T>7
A1>Ao>. > Ap1 Pyr (Th=1, 7 | 7) I=1
1 b 1 b
’C(a): k—1 H 2 ) Hai:17
(=722 o0y (1 —7%ai/a;) i=1
k .
ar) = L=
(1-—72)%5

Let us illustrate the power of these TQFT expressions by computing the index of
the genus g SU(k) theory. It is given by

2g—2

K o(1—r% )

I§k>:<H”(2 - )7 P — L e

(1 — 72)(k=1)(e-1) - P (rh=1, 7k=3 71-k|r)28-2

where the summation is over all Young diagrams with & — 1 rows, i.e. over the finite
irreducible representations of SU (k).

The sum over representations in (4.65) does not converge for arbitrary choices of
the three Young diagrams A;. We have already encountered an example in the last
subsection: the 311 vertex of SU(3) theories has a divergent expression. There is no
actual SCF'T corresponding to the 311 vertex, but one can glue this vertex to a larger
quiver and obtain meaningful results. There are cases however where the divergent
vertex cannot appear as a piece of a larger quiver and thus the expression (4.65) for
its index does not have a clear physical interpretation. An example of such a vertex
is the index of an SU(6) theory with three SU(3) punctures. We have checked in
several cases that a divergence in (4.65) correlates with the fact that the graded
rank of the Coulomb branch (as defined in [94]) of the putative SCFT has negative
components. This is an indication that associating field theories to such punctured
surfaces may be delicate. Punctured surfaces of this type were recently considered
in [95] and subtleties associated with them addressed in [96].

4.2.5 SU(4) quivers — T, and the E; SCFT

Let us use the general expressions of the previous section to discuss some of the
features of SU(4) quivers. First, from (4.67) we can compute the unrefined index
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Figure 4.3: The factors a}% associated to a generic Young diagram. The upper index
is the row index and the lower is the column index. In ﬁ}; one takes the inverse of
flavor fugacities while 7 is treated as real number. As before, the flavor fugacities
in this example satisfy (ab)®(cde)* f2gh = 1.

of T4,

Tr, = 144572 + 12872 +12497* 4 550475 + 307867°
413683277 4 62399175 + ... . (4.68)

We present a closed form expression for it in appendix B.4. Refining with the flavor
fugacities one gets

Ir, =1+ [(15,1,1) + (1,15,1) + (1,1,15)] 7* + [(4,4,4) + (4,4,4)] 7°
[1+(15,1,1) + (1,15,1) + (1,1,15) + (20,1,1) + (1,20, 1) + (1, 1,20)+
+(15,15,1) + (1,15,15) + (15,1,15) + (84,1,1) + (1,84,1) + (1,1,84)+
+(6,6,6)] 74 +

(4.69)

In terms of Young diagrams 84 = (4,2,2), 6 = (1,1,0), 20 = (2,2,0). The
symmetric product of the 72 term reproduces all the terms at the 7% order except
for the (6,6,6) term, and for the fact that two singlets are missing (the symmetric
product contains three singlets while only one is present at order 7*). We deduce
that the (6,6,6) state is an additional generator of the Higgs branch, and that
there is a constraint allowing only for one singlet in the symmetric product of the
72 states to appear at 7% order. Unlike the situation for the Eg SCFT where the
Higgs branch is generated by a single scalar transforming as 78 of Eg [80] here one
has new generators appearing at higher orders in the 7 expansion and thus having
different £ — R quantum numbers.
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Figure 4.4: Association of the flavor fugacities for the F; vertex. Here H?:l b; =
[Tiai=1

Next, we can partially close a puncture to obtain the index of the 441 vertex.
On one hand, the 441 vertex correspond to the free hypermultiplet SCFT in the
bifundamental of two SU(4)s and charged under the U(1), so its index can be
evaluated by direct counting,

4 4 4

Z(al’az’c):l_‘[l—:aib'cl—j T HaZ:Hblzl (470)

,J J a;bjc =1 =1

On the other hand, from (4.65),

178 a;)K(a )
172 1—704)(1 =

I(al,ag,c) = (471)

P)\1,>\2,>\3( 2 —2

-3 2
HL TG66T 6¢C | T) A1,A2,A3
Z A1,A2,A3 03 1 __3 Py (ai| 7).
A, 2,03 T HL (3, mr L r 3| ) i=1

We have checked the equivalence of these two expressions perturbatively to very
high order in 7. Finally, let us look at the vertex with two maximal punctures and
one puncture corresponding to a square Young diagram, which carries an SU(2)
flavor symmetry, see figure 4.4. The flavor symmetry of this theory is known to
enhance to Er [28]. From (4.65), the Hall-Littlewood index of this SCFT is given
by

A+ +7H0+7Y K(a1)K(a2)
(1—172) (1 — 72c22)(1 — 74c*2)
)\1)\2,)\3( c 17 1

2
C Ty e T) A1,A2,A:
% E T) ¢’ TC 1,A2,A3
)\1,/\2,)\3 T3 - 7__1 T_S‘ 7—) J PHL (
A1 >\2,>\3 > ) i=1

Ig,(a1,az2,¢) =

ai|7').

(4.72)
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In [88] an explicit expression for the Higgs partition function was conjectured,

I(zg,) = Y _[k,0,0,0,0,0,0], 7%, (4.73)
k=0

where z is an E7 fugacity and [k, 0,0,0,0,0, 0], are the characters of the irreducible
representation of Ey with Dynkin labels [k,0,0,0,0,0,0]. We have checked also
here (4.72) is in complete agreement with [88], and thus in particular is secret-
ly E7 covariant: the check can be done analytically for the unrefined index and
perturbatively in 7 to high order for the refined one.

The expression (4.72) can be also checked by the Argyres-Seiberg duality be-
tween USp(4) theory coupled to six fundamental hypermultiplets and E7 theory
with an SU(2) subgroup gauged [28]. The former has a weakly-coupled description
and its index can be computed directly,

2

Tuspay = 1+ xEd2) (w0, w, 2,9, 2)7% + - . (4.74)

Since there are six fundamental hypermultiplets the flavor group is SO(12). On the
other hand, gauging an SU(2) inside one SU(4) subgroup of the E; index (4.72)
gives

d
T- 7{ (1= (1= ) PE [rxa(e)],, Ton(a fes, s/e,b/5, 1/bs} ).
ﬂ- )
(4.75)
We have checked perturbatively in 7 that (4.74) and (4.75) coincide under the fol-
lowing identification of the fugacities:
az as 1

al b
U— —, v —, w— —, T— , y—be, z—-. (4.76)
s s s ai1asass c

4.2.6 SU(6) quivers — the F5 SCFT

As our last example, we consider the index of the Eg SCFT [92]. This theory
corresponds to a sphere with a maximal SU(6) puncture and two non-maximal
punctures with SU(3) and SU(2) flavor symmetries, see figure 4.5. The group
SU(6) x SU(3) x SU(2) is a maximal subgroup of Eg. Following the general pre-
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Figure 4.5: Association of the flavor fugacities for the Fg vertex. Here H?=1 b, =
Tiai=1.

scription (4.65) the index of Eg SCFT is given by

1-71 —719(1 - 71?)
(1 —72)1/2(1 — 74)4(1 — 79)
K(a)
(1= 72cF2) (1 — 74e®2) (1 — 76¢%2) [ [;.;(1 — 7263 /bj) (1 — 74b; /by)

2

Z PE\IL(TblaTb%Tb?n b717 6?27 b?3| T)PI):\[L(T2C7 ¢, T%a %a %7 ﬁa | T)PI/}L(ai| T)
1 .

Tps(a,b1,b2,c) = (4.77)

X

P (5,73, 7,7 73, 75| 7)
In [88] it was conjectured that the Higgs partition function has the following FEg
covariant expansion,

I(zm) = Y _[k,0,0,0,0,0,0,0], 7", (4.78)
k=0

where z is an Fg fugacity and [k, 0,0, 0,0, 0, 0, 0], are the characters of the irreducible
representation of Fg with Dynkin labels [k, 0,0,0,0,0,0,0]. We have again checked
equivalence of (4.77) and (4.78) in the T-expansion, though in this case due to
computational complexity we could perform the expansion only up to order 78. The
size of representations of Eg contributing to the index grows very fast with the order
of 7, e.g. the unrefined index is given by

Tp, = 1+ 2457% + 262557 + 16818877° + 7382910375 + ... . (4.79)
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4.2.7 Large k limit

It is not difficult to evaluate the large k limit of the HL index of SU (k) generalized
quivers.® For instance, for the index of the theory corresponding to a genus g surface
without punctures (4.67),

[e.e]

S (R = PE |- ) - | (4.80)

1—72

In appendix B.3 we give a short derivation of this expression. In the large k limit only
the singlet in the sum over the representations of (4.67) contributes. Since (4.80)
is of order one for large k it is expected to be matched by counting the appropriate
supergravity modes in the dual AdS background [70]. We can also compute the
index of the T} theories in the large k limit,

ITk%m(al,aQ,ag,) = H 2] HH I/a (481)

]2 Il;él

= (S
I=1

i#]

From here the large k£ index of any generalized quiver is trivial to compute; in
particular (4.80) can be obtained by gluing together the index of (4.81). Unrefining

the index of T}, by setting all the flavor fugacities al = 1 we see that it has a non-

j
trivial & dependence for large k limit. Taking the plethystic log of (4.81) (that is,

considering the index of single-particle states) we find

P =37k —k)+— T +o0 @) (4.82)

The term of order k% on the right-hand-side comes from states in the adjoint repre-
sentation of the flavor group, while the term of order k& comes from neutral states.
At least some of O(k?) states in the adjoint representation must correspond to
modes of the AdS gauge fields that couple to the flavor currents of the boundary
theory. It would be interesting to check whether all the O(k?) and O(k) states
can be accounted for by supergravity states. If not, the extra states could arise as
non-perturbative states in the bulk geometry (e.g. wrapped branes or black holes).
In all cases studied so far the index is of order one in the large k limit and thus
cannot capture the non-perturbative states of the bulk theory [2, 25, 32, 97]. This
is not a contradiction, since the index only counts protected states with signs. The
index vanishes on combinations of short multiplets that can in principle recombine

8We thank Davide Gaiotto and Juan Maldacena for discussions on issues related to this
section.
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into long ones, even when such kinematically-allowed recombination do not actually
happen [2]. However, for linear quivers (in particular for the T} theories) the HL
index has the meaning of a Hilbert series over the Higgs branch, so it is expect-
ed to capture all the relevant %—BPS states of the dual theory. We leave the very
interesting comparison with the bulk theory for future research.

4.3 Schur index

We turn to the Schur index,
Ts=Tr(—1)F ¢F &, (4.83)

which is the same as the reduced index considered in [17]. Let us first recall the
expression for the SU (k) propagator. It is of the usual form

n(a,b™ 1) = A(a)Z"(a)é(a, b7 1), (4.84)
where A(a) is the Haar measure (4.53), and ZV (a) the index of the vector multiplet,
given by

2
7} (@) = PE [t (4.85)
q,a

The set of functions { fé\(a)} that diagonalize the structure constants are propor-
tional to the Schur polynomials [17],

fy(a) = Kq(a) x*(a). (4.86)

The Schur polynomials are orthonormal under the Haar measure, so in this case
A(a) = A(a) (recall (4.10)) and the factor Ky4(a) is given by

Ky(a) = ———. (4.87)

Generalizing our results in [17], we conjecture the following expression for the Schur
index of a three-punctured sphere with generic punctures,

k+2 a
IA1,A2,A3 = Hk (1 k = H’CA] ay Z Hf 1q 2(3 I( 21)12k> . (488)
J 1 3 RN

Here the sum is over the finite-dimensional irreducible representations of SU (k).
The assignment of fugacities according to the Young diagram, a(A), is again as in
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figure 4.2, with 7 — ¢'/2. The Pochhammer symbol (a; b) is defined by

(a; b) = JJ(1 - ab). (4.89)
i=0
The character of the representation corresponding to Young diagram A\ = (Ay,..., A\x_1,0)
is given by a Schur polynomial,
Aj+k—j
det(a; )
A
') = —"5—— 4.90
@ = (4.90)
The Ka prefactors are given by
row(A) I; a’ﬁ}c
¢ _ J
Ka(a) = H 'H PE |- q] : (4.91)
i=1 jk=1 ai,q

where row(A) is the number of rows in A and [; is the length of ith row. The
coefficients af€ are associated to the Young diagram again as in figure 4.3, with
7 — ¢'/2. Note that the quantity appearing in the denominator of (4.88) is the
quantum dimension of the representation A of SU(k),

k-1 k-3 1—k

dimg\ = Mgz ,qz,...q7). (4.92)

For SU(2) the quantum dimension is also known as the g-number [A],.

We have subjected (4.88) to similar checks as the one described for the Hall-
Littlewood index, finding complete agreement with expectations; a few such checks
were reported in [17]. Let us only mention here the basic identity following from
compatibility of (4.88) with the index of the SU(2) trifundamental hypermultiplet,

q'/? 1 1 1
<a1+ ) () (5 2,)

1—g¢q al ag as

3(¢%q HPE[

A proof of this identity is outlined in appendix B.5.

PE

- (4.93)

i Hz—lX (a“ a; 1) ]

(af +a; +2)} T T
ai,T =0 xMq2,q72)
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4.4 Macdonald index

We are now ready to combine and generalize the results of the two previous section-
s. The Hall-Littlewood and Schur polynomials are special cases of a two-parameter
family of polynomials discovered by Macdonald [93]. One naturally expects Macdon-
ald polynomials to be relevant for the calculation of the index in a two-dimensional
slice of the full three-dimensional fugacity space. The precise confirmation of this
idea is our main result. Identifying the correct slice is by no means obvious, but at
this point it will come as no great surprise that it is given by the limit that we have
called the Macdonald index in section 4.1,

Tar = Trpr(—1)F gF 2R 707 — Ty (—1)F =201 1047 (4.94)

where Trj; denotes the trace restricted to states with 61, = F +2j; — 2R —r = 0.
For ¢ = t Macdonald polynomials reduce to Schur polynomials, while for ¢ = 0 they
reduce to Hall-Littlewood polynomials. By design, the Macdonald trace formula
(4.94) reproduces respectively the Schur and Hall-Littlewood trace formulae in the
same limits.

Our basic ansatz is that the complete set of functions { fét(a)} that diagonalize
the structure constants are proportional to Macdonald polynomials with parameters
q and t,

(@) = Ko@) PMalg, 1) . (4.95)

The Macdonald polynomials [93]° {P*(a)} are defined as the set of polynomials
labeled by Young diagrams A, orthonormal under the measure

1 1—-1¢ —q az/a
Aji(a)= = PE |——— (Xa k—l—l] |||| — = I (4,96
at(a) k! 1—q (agi(2) = : g.t,a !n 0 ij L-tqraijay (90
and having the expansion
= Nx(q,t) { my + g Pou(g,t) my p . (4.97)

p<A

Here we define

MA=(, ) (R) = D Ha M (4.98)

oS i=1

9Macdonald polynomials appear in physics in many different contexts. Some recent
papers on subjects related to N = 2 gauge theories that discuss Macdonald polynomials
are [98-100].
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where S}, denotes the set of distinct permutations of (Aq, ..., Ag).
The factor ICy¢(a) is again fixed by requiring orthonormality of { f(f‘,t(a)} under
the propagator measure. The propagator takes the standard form

n(a,b™1) = A(a)ZV(a)d(a,b™ 1), (4.99)

where as always A(a) is the Haar measure (4.53), while the index of the vector
multiplet is in this case given by
% —q—t
7,.(a) = PE [ - Xadj(a)} : (4.100)
q q?a

We then have

(A )
Kqi(a) = (A(aﬂ;{t(a)> : (4.101)

We can finally state our main conjecture. The Macdonald index of the SU (k)
quiver theory associated to a sphere with three punctures of generic type is

k ; 3 3 A
t):q - _, P*ar(Ap)|q,t
Taonons = (0[] ( )) I nany sz711 k,( 1(Ar)lg, t)
j=2 I=1

(q’q A P)\(tT7 TB?atl;zk‘(Lt)
(4.102)

The assignment of fugacities according to the Young diagram a;(A;) is again as
in figure 4.2, with 7 — t'/2. The K prefactors are

row(A) 1 i i

~ a.a

Ka@@) = [[ ]] PE 19_’;] , (4.103)
i=1 jk=1 ai,q

with the coefficients a?C associated to the Young diagram again as in figure 4.3,

with 7 — t'/2. Tt is immediate to check that (4.102) reduces to the HL and Schur
expressions in the respective limits. For three maximal punctures (4.102) becomes,

A(g; ?) > AL
ITk (al7aZ>a3) = Z k1 1k H Kq,t(al) P kil(aI| q, t)v
MBAe Sz DM (T T g, 1) 1
1 t—q] 1.
Alg,t) =PE [Z(k - 1>1(J H(t]§Q)-

=2

(4.104)

For k = 2, this expression must agree with the index of the hypermultiplet in the

73



trifundamental representation of SU(2),

t1/2 1 1 1

1 a + — ag + — as + —

—q a1 az a3
ai7q7t

:(t;q)4(t2;q)ﬁPE[1iq(“12+ai_2+2>} 3 I P o).

(q:q) =1 ai, gt \— P’\ tQ - 2’(17 )

PE

(4.105)

We have verified this identity in the ¢ and ¢ expansions. It helps that for SU(2) one
can write an explicit form for the Macdonald polynomials,

\ . A -1 1 —tqj A—i—1 1 —tq] bix
Pa,a” g, 1) = Nalg, t an—qj-i-l 11 g o (4106)
i=0 j=0 ;

where ANy (g,t) is a normalization constant rendering the Macdonald polynomials
orthonormal under the measure (4.96). More generally, equating the index for the
(nnl) vertex from (4.102) with the index of a hypermultiplet in the bifundamental
representation of SU (k) and charged under U(1), we obtain the identity

$1/2 a 1 o t:q)*
PE [1 4 (c Z a;b; + - Z a;lb;1 = ((.(J)l(tk;q)
a,b,c,q,t

k
irj=1 irj=1 ¢9)

k k
t t2
x PE T2 Z aiaj_l Z b; b PE ;(ck —|—c7k)
9,55 4551 4 c,q,t
a,q,t b,q,t A
% Z P)\(Ct%aCt%a .. 'aCt%acl_k|qat)P>\(ai|Qat)PA(bi|qa t)
S PNt" T 15, T g, t) '
(4.107)

It would be interesting to have an analytic proof of these identities.
From (4.12) we can readily calculate the index of the genus g theory with s
punctures,

k s
a t] 29 2+9 t q)(k D-e)+ Hl 1’CA (al) P)\(al( )|Q7t)
gs 1;9,t | I 7q (q q)(k 1)(1—g) E : R 2g—2+s -
i= [P T )]

(4.108)
Let us dwell upon this result. Let us first consider the genus g partition function
(no punctures) in the Schur limit, ¢ = ¢. We can write it as

Ty(q) = (002" Soo(q)*” 292 . (4.109)

29
dlmq

Here Sy is the partition function of SU (k) level £ Chern-Simons theory on S3 if we
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’ Symbol ‘ Surface Value

Capy 18) =L O Oary

dimg,¢ (o)

o oD |

naﬂ 5a5
8l

Table 4.1: The structure constants, the cap, and the metric for the TQFT of the
Macdonald index.

27
formally identify ¢ = e?+* |

k
(¢;9)
Soo(q) = T 4.110

@ 1:[2 (¢75q) (4.110)

j_

The expression (4.109), up to the simple factor [(q; q)29*2] kil, is the genus g parti-
tion function of g-deformed 2d Yang-Mills theory in the zero area limit [101], which
is in fact the same as the partition function of SU(k) level ¢ Chern-Simons theory

on Cy x S! with ¢ = eitk [101].1% Tf we reintroduce punctures, the index is related
to a correlator the g-deformed 2d Yang-Mills theory; the relation involving both a
flavor independent factor and flavor-dependent factors Ka associated to the punc-
tures. We have recovered in more generality the relation found in [17] between the
Schur index and 2d g-deformed Yang-Mills theory.!!

In the more general case of ¢ # t the genus g partition function can be written

10More precisely, g-deformed Yang-Mills theory in the zero area limit can be viewed as
an analytical continuation of Chern-Simons theory, or equivalently of the G/G WZW model
(see [102] for a review of the latter), to non-integer rank /.

HOrdinary 2d Yang-Mills theory [85, 86] is obtained by sending ¢ — 1. From the index
perspective, because of the additional overall factors, this is a singular limit. However, with
proper regularization this limit can be understood as reducing the 4d index to a 3d partition
function [103-105]. See also [106] for yet another 3d/4d connection.
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as

T,(q,t t:q)* ! (g " Soo(q, )22 . (4111
o) = [t (0" Swola.t Z dzm% e (4.111)
where the generalized quantum dimension is given by
dimgs(\) = PM(t'2 t' 2, .. t2 |g,t) (4.112)
and we have defined
k
Soo(g, t (4.113)

This result appears to be closely related to the refinement of Chern-Simons the-
ory recently discussed by Aganagic and Shakirov [107]. Up to the overall factor
[(t; )% (g q)gfl]kfl, Z4(g,t) is equal to the partition function of refined Chern-
Simons on Cy x S1, and Soo(q,t) to the partition function on S3. In terms of the
Chern-Simons matrix model the refinement of [107] amounts to changing the ma-
trix integral measure from Haar to Macdonald. We can thus identify the 2d theory
whose correlators give the Macdonald index as the theory obtained from ¢-Yang-
Mills theory by deforming in the same way the path integral measure. It would be
interesting to find a more conventional Lagrangian description of this 2d theory, for
example the deformed measure could arise by integrating out some matter fields.
It would also be desirable to have a better understanding of the flavor-independent
factors needed to relate 2d Yang-Mills (¢g-deformed or (g, t)-deformed) to the index.
They can be formally associated to a decoupled TQFT with a single operator (the
identity). Perhaps this decoupled TQFT plays a similar role as the decoupled U(1)
factor in the AGT correspondence [9].

4.5 Coulomb-branch index

Finally we consider the index
ICM(Ty Q) _ TI‘CM(—l)F T%(E+2j172Rfr) Q%(E+2j2+2R+r) 7 (4114)

where Treops stands for the trace over states with E 4+ 2757, +r = 0. This limit
of the full index makes sense for theories with a Lagrangian description, since the
single-letter partition functions have well-defined expressions,

T-Q

b v _
pr=0 V=175

(4.115)
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Theories connected to Lagrangian theories by dualities also have a well-defined
Zem (T, Q). As discussed in section 4.1, the further limit @ — 0 leads to the Z¢(T))
index, which is guaranteed to be well-defined for any N'= 2 SCFT.

We refer to (4.114) as the “Coulomb-branch” index, or Coulomb index for short,
because in a Lagrangian theory it receives contributions only from the £-type short-
multiplets (see appendix B.2), whose bottom components are the gauge-invariant
operators that parametrize the Coulomb branch, for example

Tr¢?, Tro®, ..., TroF (4.116)

for a theory with SU (k) gauge group. Since the hypermultiplets do not contribute,
the Coulomb index is independent of the flavor fugacities and the TQFT structure is
very simple. The structure constants associated to a three-punctured sphere depend
only on T and @, and so does the propagator, since the gauge-group matrix integral
can be carried out independently of what the propagator connects to. The index of
a quiver is then just a product over the indices of its constituents (propagators and
vertices).

The index of a vector multiplet in the adjoint representation of a simple gauge
group G is

daz
I(g @.1) 71{1%9 H 27rz ) exp [_

where rg is the rank of G and Ag(a) the Haar measure,

Zl@" o ifzj)(a )] ;o (4.117)

n=1

Ag(a) = |Wl/g| exp [ > %(Xadj(an) - Tg)] , (4.118)

with |Wg| the order of the Weyl group. We recognize the integrand in (4.117) as
the Macdonald measure (4.96) with parameters @ and T. The integral can be
evaluated explicitly thanks to Macdonald’s celebrated constant-term identities (see
e.g. [93, 108] for pedagogic expositions and [109] for a brief review),

7§ = PE | rank(G)Z; + Z Tie, —1Ie, | Co = Z Eg’g; ,(4.119)
a€ER BeRt V7

where R™ is the collection of positive roots of G and

17 -Q

I, =T .
Y -0

(4.120)

We recognize Z; as the index of the 57_4(070) superconformal multiplet, which satisfies
the shortening condition £ = /¢ (see appendix B.2). By a Lie-algebraic identity,
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(4.119) can be rewritten more succinctly as [109]

¥ =PE| Y I, (4.121)
jeexp(g)

where exp(G) stands for the set of exponents of the Lie group G. This result has
an immediate physical interpretation. The Coulomb index is saturated by the &-
multiplets, whose bottom components are the gauge-invariant operators made of
¢s. The single-particle index (the argument of the plethystic exponential in (4.121))
then counts the independent gauge-invariant operators made of ¢s, which are in 1-1
correspondence with the Casimirs of the group, that is with exp(G). For example,
for G = SU(k), exp(G) = {1,2,...,k — 1}, and we see that the Coulomb index
counts the independent single-trace operators (4.116) that parametrize the Coulomb
branch. Turning the logic around, we can view this as a “physical” (or perhaps,
combinatorial) proof of Macdonald’s constant term identities. The integral over the
Macdonald measure (4.117) counts gauge-invariant words built from certain letters
of the vector multiplet; from superconformal representation theory we can identify
which short multiplets are relevant for this counting problem, and deduce (4.121).

20 | 21

1o | 17 |18 19 | 20

12113114 |15 ] 16

718 9 1o | 11| I2

0 1 2 3 415 6 7

u(2) ) u(1) u(2)

Figure 4.6: The bottom left box is assigned 0. The assigned integer increases from
left to right. As we move up, the first box of each row is assigned the same number
as the last box in the row below.

Though the TQFT structure for the Coulomb index is very simple, it is not
entirely trivial. We can deduce the Coulomb index of strongly-coupled theories by
using dualities, and check that different routes to obtain the index give the same
result. For example, using Argyres-Seiberg duality [28]

7Y -
= U6 _ pRT], (4.122)
IV
SU(2)

IE

which is the expected result since the Coulomb branch of the Eg SCFT is generated
by an operator with E = |r| = 3. Strongly coupled SCFTs are sometimes obtained
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using S-dualities in more than one way [77] but all the dualities yield the same index,
for example

Ik‘ng(s) IXU@) -

Tgy = = — PE[Ty],
’ Twey  Lspa
1% \%4 1% \%4
I, - Lsuw _ Tospay _ Lsom _ Tsowm) _ PEZ,] (4.123)
7 ) :
Twe Live %, Zso
Iy, 1y -
Tn, = o2 = 2o = PE[L].
SU(5) SO(5)

The index of the T} theory is also obtained easily from the generalized Argyres-
Seiberg duality,

(I}S‘/U(k))k_2 k . R
In = —oo— =PE (Y (I -2%| . (4.124)
[Tj=2 Zsu () p=

This is again as expected, since the Coulomb branch of the T} theory is spanned by
(j — 2) operators with E = |r| = j, for j =3,...,k (see e.g. [73]).

Extrapolating from these examples let us conjecture the Coulomb index of the
theory corresponding to a sphere with three generic punctures. For a general punc-
ture I in the Ap_; theory, we associate the set of k numbers {pg»l) cj=1,...k}
from the corresponding auxiliary Young diagram. The assignment is illustrated in
figure 4.6. The Coulomb branch index of the theory corresponding to a sphere with

three punctures p(), p® p®) is then
5 : 1 2 3
Loywpw =PE |G L], =Y (-2 +p" 407 +p). (4.125)

Jj=2

The dimension d; of the Coulomb branch spanned by operators with E = |r| = j a-
grees with the dimension of the space of meromorphic j-differentials on the Riemann
surface having poles of order at most py) at puncture I [3, 94].

Let us finally observe that the Coulomb index (4.117) discussed in this section
can also be interpreted as the index of /=4 SYM in a certain limit of the N' = 4
superconformal fugacities, such that the index of the AV = 4 vector multiplet reduces
to the index of A = 2 vector multiplet. The authors of [110] noticed the appearance

of the Macdonald measure in this context.
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Chapter 5

Reducing the 4d Index to the S°
Partition Function

String/M theory has led to a rich web of non-perturbative dualities between su-
persymmetric field theories. Checking/exploiting/extending these dualities requires
exact computations in field theories. In recent years, using methods based on local-
ization, several exact quantities in supersymmetric gauge theories have been com-
puted. The connection between two of such quantities, the superconformal index of
4d gauge theories [2, 14] and the partition function of supersymmetric gauge theories
on S3 [33, 40], is the main focus of this chapter.

The superconformal index of A/ =1 IR fixed points was first computed in [21-
23], there it served as a check of Seiberg duality. The indices of N'= 4 SYM and type
IIB supergravity in AdSs were computed and matched in [2]. The superconformal
index of N' = 2 supersymmetric gauge theories was used to check N' = 2 S-dualities
conjectured by Gaiotto and to define a 2d topological field theory in the process
as discussed in chapter 3 and 4. Recently the partition function of supersymmetric
gauge theories on S has been used to check a variety of 3d dualities including
mirror symmetry [33] and Seiberg-like dualities [34]. Remarkably, the exact partition
function has also allowed for a direct field theory computation of N3/2 degrees of
freedom of ABJM theory [35, 36]. The S® partition function of N' = 2 theories
is extremized by the exact superconformal R-symmetry [37-39] so just like the a-
maximization in 4d, the 3d partition function can be used to determine the exact
R-charges at interacting fixed points. The purpose of this chapter is to relate these
two interesting and useful exactly calculable quantities in 3 and 4 dimensions.

As mentioned in section 2.5 the superconformal index of a 4d gauge theory can
be computed as a path integral on S2 x ST with supersymmetric boundary conditions
along St (2.49). All the modes on the S* contribute to this path integral. In a limit
with the radius of the circle shrinking to zero the higher modes become very heavy
and decouple. The index is then given by a path integral over just the constant
modes on the circle. In other words, the superconformal index of the 4d theory
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reduces to a partition function of the dimensionally reduced 3d gauge theory on
S3. The 3d theory preserves all the supersymmetries of the “parent” 4d theory on
S3 x St

More generally, for any d dimensional manifold M9, one would expect the index
of a supersymmetric theory on M9 x S to reduce to the exact partition function of
dimensionally reduced theory on M¢?. This idea was applied by Nekrasov to obtain
the partition function of 4d gauge theory on €)-deformed background as a limit of
the index of a 5d gauge theory [12].

A crucial property of the four dimensional index that facilitates its computation
is the fact that it can be computed exactly by a saddle point integral. We show
that in the limit of vanishing circle radius, this matrix integral reduces to the one
that computes the partition function of 3d gauge theories on S3 [33, 40]. It doesn’t
come as a surprise as the path integral of the N/ = 2 supersymmetric gauge theory
on 52 was also shown to localize on saddle points of the action.

The chapter is organized a follows. We have already written the superconformal
index of 4d theory as a saddle point integral and describe the limit in which this
integral reduces to the S partition function in section 2.5. The limit is performed
in section 5.1. In particular, we show that the building blocks of the matrix mod-
el that computes the superconformal index in 4d map separately to the building
blocks of the 3d partition function matrix model. In section 5.2, we comment on
the connections between 4d and 3d dualities. We conclude with an appendix that
generalizes the Kapustin et. al. matrix model for N’ = 4 gauge theories with two
supersymmetric deformations. One such deformation involving squashed S was
studied in [57]. Discussion of the similar material can also be found in [103, 105].

5.1 4d Index to 3d Partition function on S°

A matrix model for computing the partition function of 3d gauge theories on S® (53
matrix model) was obtained in [33, 40]. In this section, we will derive this matrix
model as a 8 — 0 limit of the matrix model that computes the superconformal
index (2.52) (index matrix model) of the 4d gauge theories. Both matrix models
involve integrals over gauge group parameters and their integrand contains one-loop
contributions from vector- and hyper-multiplets. We will show that the gauge group
integral together with the contribution from the vector multiplet map nicely from
the index model to the S model. The contributions of the hypermultiplets match
up separately. We also show that the superconformal index is the ¢-deformation of
the S3 partition function of the daughter theory.

5.1.1 Building blocks of the matrix models

For concreteness, let us consider 4d N’ = 2 SU(N) gauge theory. It is constructed
using two basic building blocks: hyper-multiplets and vector multiplets.
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Hyper-multiplet

As was first observed in [21], the index of the hypermultiplet can be written elegantly
in terms of a special function [15]

t? :
hyp _ 43, 43, 1
Thur — |l| r (ﬁa,,t Y, t°y ) , (5.1)
where T' is the elliptic gamma function [111] defined to be

[(z;r,s) = H 1--

T 1 — zrisk
Jik>

—l,rj+lsk+1

(5.2)

and a; are eigenvalues of the maximal torus of the gauge/flavor group satisfying
HZJ\L 1 a; = 1. In this section, for the sake of simplicity, we set v =t and y = 1 and
will discuss the general assignment of chemical potentials in appendix C. We choose
a convenient variable ¢ = e to parametrize the chemical potentials of the Cartan
of the flavor group as a; = ¢~ and the chemical potential ¢ as t = q%. The index
of the hyper-multiplet then becomes

oy j+1

s k+1 Lo\
oS ST () e

i 7,k>0 q]q i n>1 2 Zai]

—g" . 1
where [n], = 1 9 is the g-number. It has the property [n 175 n. So far we have
q I—q Y Mg

fixed the chemical potentials v and y that couple to —(R + r) and j; respectively.
To recover 3d partition function on S® we should take the radius of S' to be very
small, which corresponds to the limit ¢ — 1.

Thp = H H (ﬁml> = H(coshﬂai)_% . (5.4)

1
i n>1 2 i i

One can find a proof of the second equality in [40]. From the limiting procedure, it
is clear that the superconformal index of the hypermultiplet is the g-deformation of
the 3d hypermultiplet partition function.

Vector multiplet

The index of an A/ = 2 vector multiplet is given by

1 F(tzv(ai/aj)i;t:gy,t?’y*l)

= e TSy

(5.5)

Here we have dropped an overall a;-independent factor. We use the condensed
notation, T'(z*1;7,s) = T'(27 17, s)[(2;7,5). With the same variable change as
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above we get

Ivectm‘ = H 3- i—ay) 71( i—ay) +i( i )
i<j1_qza1 aj 1_q (g —ay F(q (o —ay ;q7q)

B H 1 1 H 1— qn-l-i(ai—aj)-i-l 1— qn—i(ai—aj)-i-l -n
- 1— qi(aifozj) 1— q*i(az‘*oéj) et 1— qn*i(az‘*ay‘)*l 1-— qn+i(ai*°‘j)*1

1<j

< 11 ( n— i o —aj)lg [n+i([0;i]q— Oﬂj)]q)2 .

i<jn>1

(5.6)

The last line involves regulating the infinite product in a way that doesn’t depend
on «. In the limit ¢ — 1, i.e. the radius of the circle goes to zero, we get

per I (1 O 0?) oqp (e ey g

i<jn>1 i<j

The last equality again is explained in [40]. Again, the we see that the index of
the vector multiplet is the g-deformation of the 3d vector partition function. Most
general expression for the one-loop contribution of the vector multiplet with u and
7 turned on is obtained in appendix C.

Gauge group integral

The gauge group integral in the 4d index matrix model is done with the invariant
Haar measure

-l T’ (Bles )y ooy HdaZH<2%)>2. (53)

1<j 1<)

After appropriate regularization, the measure factor precisely cancels the weight
factor in the denominator of the vector multiplet one-loop determinant. The unitary
gauge group integral in the index matrix model can be done as a contour integral
over a variables parametrizing the Cartan sub-group, i.e. a € T. After the change

variables a = ¢~*“ the contour integral becomes a line integral as follows. We write
—iQ

a = q ' = e The contour integral around the unit circle is then
d /B d ]
a...:/ do. .. : B —0, a“.:/ da.... (5.9)
T @ —/8 T @ —00
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5.2 4d < 3d dualities

S duality

Let us illustrate the reduction of a four dimensional index to three dimensional
partition function with a simple example. Consider N' = 2 SU(2) gauge theory
with four hypermultiplets in four dimensions. The index of this theory is given by
the following expression (up to overall normalization constants)

?{dz F(t3/2ailbilzil;t3’t3) F(t3/2ci1dilzi1;t3’t3) (5.10)

z [(2%2;3,13)

Here, a, b, ¢ and d label the Cartans of SU(2)* c SO(8) flavor group. The Gam-
ma functions in the numerator come from the four hyper-multiplets; the Gamma
functions in the denominator come from the N' = 2 vector multiplet.

From the results of the previous section this expression for the index gives rise
to the partition function of N' = 2 SU(2) gauge theory in three dimensions. We
scale t — 1 and rewrite this as

sinh? 270
- 51— [4 11
(2:8,7,9) / Ucoshﬂ(a:l:aiﬁ) coshm(o £y +0)’ o4y

where, each cosh is product of four factors with all sign combinations. The flavor
(now mass) parameters «, 3, v and ¢ are related to the flavor parameters in 4d as
before.

The superconformal index of the N' = 2 SU(2) gauge theory with four hypermul-
tiplets in four dimensions is expected to be invariant under the action of an S-duality
group which permutes the four hypermultiplets. The expression above can be ex-
plicitly shown to exhibit this property [15]. The four dimensional S-duality implies
that the three dimensional partition function is invariant under permuting «, 3, v,
and d. One can show (e.g. numerically or order by order expansion in «) that this
is indeed true. Note that this implies a new kind of Seiberg-like duality in three
dimensions. This computation can be generalized to any of the theories recently
discussed by Gaiotto [3] in four dimensions. In particular the index of these the-
ories was claimed to posses a TQFT structure [15]; and this structure is inherited
by the three dimensional partition functions after doing the dimensional reduction.
The reasoning in four dimensions and three dimensions is however different. In four
dimensions one can associate a punctured Riemann surface to each of the super-
confomal theories with the modular parameters of the surface related to the gauge
coupling constants. The index does not depend on the coupling constants and thus
is independent of the moduli giving rise to a topological quantity associated to the
Riemann surface. After dimensionally reducing to three dimensions the theories
cease to be conformal invariant and flow to a fixed point in the IR. The statement is
then that at the IR fixed point the information about the original coupling constant
is “washed away” and theories originally associated to punctured Riemann surfaces
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of the same topology flow to an equivalent fixed point in the IR.

Mirror symmetry

In principle one can try to use relations special to field theories in three dimensions
to gain information about the four dimensional theories. Let us comment how this
can come about. In three dimensions certain classes of theories are related by mirror
symmetry. for example, in [112] it is claimed that mirror duals of T [3] theories have
Lagrangian description and are certain star shaped quiver gauge theories. Let us
see if the partition function of T (free hyper-multiplet in trifundamental of SU(2)?)
matches with the partition function of its mirror dual:
1

n = coshm(a+ B +7)’ (5.12)

Zp = /dadududp

sinh? 27 g e2mi(patrbtoy)

coshm(o + p) coshm(o +v)coshrw(o £ p)’

In Z7, the parameters «, 3,y appear as masses while in Z; they appear as FI terms.
Let us compute Zj5 . One can perform the Zz integrations. First we work out

/ e2mian _ 2sin27mac
H cosh n(u+0) sinhwasinh2mo’

Then we find that

= . (5.1
7 Sinh v sinh mfBsinh mysinh 2ro coshw(a/2 + 5/2 £ 7/2) (5.13)

8 sin 2mrao sin 2w Bo sin 27yo 1
Z5, =

Z7, is actually Zp, if we rescale «, B and v in Z7, by a factor of 2. This fact
can be in principle use to investigate the index of the strongly coupled SCFTs in
four dimensions which do not have Lagrangian description. One can dimensionally
reduce these theories to three dimensions, consider their mirror dual and compute
its 3d partition function; finally, one can try to uplift this result to 4d and obtain
thus the superconformal index of the original four dimensional theory. The further
analytical proof can be found in [113, 114]
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Chapter 6

The Superconformal Index of
N =1 IR Fixed Points

In section 2.2 we review the Romelsberger prescription [14, 19] to evaluate the index
of such SCFTs the A/ = 1 SCFTs that arise as IR fixed points of renormalization
group flows, whose UV starting points are weakly-coupled theories. This prescrip-
tion has so far been checked indirectly, by showing in several examples that it gives
the same result for different RG flows that end in the same IR fixed point (i.e.
the UV theories are Seiberg dual). This was originally observed by Romelsberger,
who performed a few perturbative checks in a chemical potential expansion [14, 19].
Invariance of the N’ = 1 index under Seiberg duality was systematically demonstrat-
ed by Dolan and Osborn [21], in a remarkable paper that first applied the elliptic
hypergeometric machinery to the evaluation of the superconformal index. These
results were extended and generalized in [22-24, 26].

In this chapter we apply Romelsberger’s prescription to a class of N' =1 SCFTs
that admit AdS duals. The canonical example is the conifold theory of Klebanov and
Witten [30]. There are infinitely many generalizations: the families of toric quivers
YP4 [1] and LP¢" [31]. We focus on YP4. In all these examples there is in principle
an independent way to determine the index (at large N) from the dual supergravity.
We will explicitly show agreement between the gravity calculation of Nakayama [32]
and our field theory calculation for the case of the conifold quiver Y10, According
to taste, this can be viewed either as a check of Romelsberger’s prescription, or as
yet another check of AdS/CFT. The upshot is a sharper bulk/boundary dictionary.

In section 6.1 we review basic facts about the Y4 family of toric quivers (the
conifold being a special case Y19). From the quiver diagrams, it is immediate to
write integral expressions for the superconformal index, at finite N. We show that
the indices of toric-dual theories are equal, as expected. In section 6.2 we consid-
er the large N limit. We conjecture a simple closed form expression for the large
N index of the YP4 quivers. In section 6.3 we review the gravity computation of
the index for the conifold [32] and find exact agreement with the large N limit of
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our field theory result. appendix D collects useful material about N/ = 1 super-
conformal representation theory and the index of the different short and semishort
supermultiplets.

6.1 The Y?? quiver gauge theories

Let us begin by recalling the basic facts about the Y?¢ quiver gauge theories [1].
The fields are of four types: Uy=12, Va=1,2, Y and Z. There are 2p gauge groups,
and 4p + 2¢ bifundamental fields: p fields of type U, ¢ fields of type V', p — ¢ fields
of type Z, and p + ¢ fields of type Y. The YP? quiver diagram is obtained by a
recursive procedure starting with Y?P, which is a familiar Zs, orbifold of N' = 4
SYM. The superpotential takes the form

W =3 T (VS VEYHH2 4 VEUET YS9 ey ST (20 UET YR L)

where the cubic and quartic gauge-invariant terms are read off from the quiver
diagram. There are 2¢ terms in the first sum and p — ¢ terms in the second sum.
For the Klebanov-Witten theory, T%! = Y19 has only quartic terms.

The R-charges are determined as follows [1, 115]. Requiring the vanishing of the
NSVZ beta functions and that each term of the superpotential has R-charge 2, the
R-charges of all the fields are fixed in terms of two independent parameters  and

Y,

1 1
Tzk =T, Tyk =Y, TUg:1—§(fU+y)a Tv§:1+§($—y)- (6.1)

This twofold ambiguity is related to the existence of two U(1) global symmetries,
and is resolved by a-maximization. One finds [1]

1
Ypa = 73 {—41?2 +2pg + 3% + (2p — @)/ 4p* — 3q2} : (6.2)

3q?
1
Tha = 35 {—4102 —2pg + 3¢ + (2p + @) V/4p* — 3q2} :

For any p, there are simple special cases. The YPP quiver corresponds to the Zy,

orbifold of C3. In this case all the superpotential terms are cubic, the theory is

exactly conformal and all R-charges are equal to % This theory has N’ = 1 super-

symmetry for general p while for p = 1 the supersymmetry is enhanced to N' = 2.
At the other extreme, the YP¥ quiver corresponds to a Z,, orbifold of the conifold.
All the R-charges are equal to % and the superpotential is quartic. The associated
quiver diagrams for p = 4 are shown in figure 6.1.

The charges of the fields under the global symmetries U(1)p, U(1)s and SU(2);
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Figure 6.1: Left: quiver diagram for Y44, Right: quiver diagram for Y49,

and the color-coding of the arrows are indicated below.

Ul)g | UQ)s | SU(2), Arrows
Ul -p 0 +1 »-
v ¢ | L] 4l | —ome— (6.3)
Z | ptq 3 0 —_——_————
Y p—q _% 0 —_—— Y — —
We can refine the index by chemical potentials for the global symmetries,
Tt y,a,b,h) = Tr(—1)F 320n=r) 252 28 p2 Qs (6.4)
Tt y,a,b,h) = Tr(—1)F $3202Fr) 201 28 p2 Qs (6.5)

In practice we can focus on say the left-handed index. The right-handed index
of a given theory is obtained from the left-handed index of the same theory by
conjugation of the flavor quantum numbers, a — 1/a, h — 1/h.

Given a YP4 quiver diagram, it is immediate to combine the chiral and vector
building blocks (2.46), (2.47) and construct the matrix integral that calculates the
corresponding index. We illustrate the procedure in the two simplest examples.

o V10 (Tl,l)

The quiver of 75! is shown in figure 6.2. The index can be simply read from the
quiver diagram,
f[ [ N-1 pN=1 5 (k) 1
Tho = 7{ :
i L Vg 27”'21'( )Hz‘;ﬁj F(Z( )/Z(- ))

i J

N N N
< [T rrvo= =2 720) TT v~ a=t2M29) T] T za =" /2
ij=1 ij=1 ij=1

(6.6)
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Figure 6.2: Quiver diagram for Y0 (the conifold theory T!). The solid (cyan)
arrow represents the U field, the dash-dot (blue) arrow represents the Y field and
the dashed (green) arrow represents the Z field.

=
v € A

A Ly

Figure 6.3: Quiver of Y11 theory. Solid (cyan) arrow represents U field, dash-dot-
dot arrow (red) represents V field and dash-dot arrow (blue) represents Y field.

where the R-charges are

1
TU:rY:TZzi- (67)

The fact that Y and Z share the same R-charge leads to the symmetry enhancement
U(1l)s — SU(2)s.

o YU (C2/Zy x C)

The quiver corresponding to Y'! is shown in figure 6.3. This theory is the familiar
Zs orbifold of N' = 4 SYM which in fact preserves N' = 2 supersymmetry, but we
write its A = 1 index for a uniform analysis,

N-1

2 N—1 (k)
K dz; 1
Ty = H [ N! zT H (k)
k=1

. k), (k
i=1 2miz; Hi;éj F(Zz( )/29( ))

[ N N
T 2 1 T 1 2
< | T] re®vo =3 200 T T veFa =) /24?)
[ 6,j=1 ij=1
B 1 1 al 2 2
< [T a2 @ VAT T a2 ey )N -t
| 7] i#j

(6.8)

!The index for this theory has been already calculated at large N [42, 97].
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[1].

Figure 6.5: A different quiver diagram for Y42, related to the diagram above by
toric duality.

6.1.1 Toric Duality

A toric Calabi-Yau singularity may have several equivalent quiver representations,
related by what has been called “toric duality” [116]. In terms of the gauge theories
on D3 branes probing the singularity, two toric-dual quiver diagrams define two UV
theories that flow to the same IR superconformal fixed point. Toric duality can in
fact be understood in terms of the usual Seiberg duality of super QCD [117-123].
In particular, the prescription [1] for finding the quiver theory associated Y74 does
not lead to unique answer, rather to a family of quivers related by toric duality. The
simplest example occurs for Y42: the pair of toric-dual quivers associated to Y42
is shown in figures 6.4 and 6.5.

We are now going to check the equality of the indices of two dual theories using
an identity between elliptic hypergeometric integrals.

Consider the k-th node of a Y4 quiver with one incoming Y, one incoming Z
and an outgoing U doublet (see the first diagram in figure 6.6). Its contribution to
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the index (suppressing global symmetry charges) is

" _nN_lle dzi(k) 1
Pq | k k
NE i omia T TR /45Y) 69)
T Zf/‘ T Z’fc T ZU T zZZ ‘
< [T “) I[r¢ "5 I[r¢ Uzikﬂ‘[r(t?’ V;U)2
i,] J i,j J 2, ? 1, J
U Y

where z and zZ represents the "flavor” group of U, Y and Z. This is precisely
the A,- type integral defined in [83],

N

Tk, = 10 (Z|8%2 )22 60y )Y v 2V U g T T Z—U)?. (6.10)
1,J %
This integral obeys the balancing condition
tdrz t3ry
Ay t3TUzUt3TUz = (pg)V (6.11)
j=1 %3 “j
thanks to the relation
1
ry +774+2ry = Ypg+ Tpg +2[1 — §(a:p,q +Ypq) = 2. (6.12)
Then the following identity holds [83]:
m+n+2 _1_
Tm+1 U'm+1
(2w )= [ Tt (21— ... ). (6.13)
r,s=1 bi ¢
So we have
Z;f’q :Ii]yvj)(Zﬁ?’rz/sz,t?’Ty/ t?’TUz t3TUz D, q HF t?’r Z—U 2
Zj
= 3 7 N 3 2 1o
— H I(t (Tz-&-TU)ZL'Z) H NG (TY—HU)ZLY)
ij=1 i ig=1 J
N 7 (6.14)
x I (2l 2 e s ) 0 2 p ) T] D6t )
ij=1 ¢
N Z-U
_ H F(tSTVZLYFIXx . Z’tSTYZ t3’l”zz tgrU/Z t?)T‘U/ D, q )’
ij=1 j
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T < o ‘ﬁ' -
U~ \\ "*--. \\
a7 KT o
,1 - Z

Figure 6.6: Left: initial quiver. The node represents a SU(N) gauge group. The
effective number of flavors is Ny = 2N. Middle: quiver after Seiberg duality. The
node represents the Seiberg dual gauge group SU(2N — N) = SU(N). All arrows
are reversed and mesons (with appropriate R-charges) are added. Right: the dash-
dot-dot (red) and dot (orange) mesons cancel each other out by equ.(4.15). This

can be understood physically in terms of integrating out massive degrees of freedom
[31].

Figure 6.7: Left: Y42 quiver in figure 6.4. Middle: Seiberg dual on node 1. Right:
the quiver in figure 6.5 is obtained by swap node 1 and 2 in the middle figure.

where we have used ry = rz + ry and

z U
F(t3rv %)F(t3(7“y+7‘U)i) =1. (615)
Zj Z;

For example, one can perform this duality on one of the Y ZU nodes of the Y42
quiver in figure 6.4 and obtain the quiver in figure 6.5. The procedure is illustrated
in figure 6.7.

This transformation can be represented on a quiver as a local graph transfor-
mation of figure 6.6. It has the interpretation of Seiberg duality on the node. (In
fact the same elliptic hypergeometric identity was used in [21] to demonstrate the
equality of the index under Seiberg duality.) Iterating this step, we can reach all
the toric phases of any YP? gauge theory.
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6.2 Large N evaluation of the index

In the large N limit the leading contribution to the index is evaluated using matrix
models techniques (see e.g. [2, 51]). Let {1 denote the N, eigenvalues of u,.
Then the matrix model integral (2.23) is,

I(x) = /H[dozm exp Z Vi (i — awj) ¢ - (6.16)

a,i aiFbj

Here, the potential V' is the following function
Vii(0) = 63 (In2) + Z [0y — iy (x™)] cosnb, (6.17)

where, if(x) is the total single letter index in the representation r* ® ry. Writing
the density of the eigenvalues {e“ei} at the point § on the circle as p,(#), we reduce
it to the functional integral problem,

_ / [T idpa] expi- / 40,05 3" nampa(00)VE (01 — 02)pl(02)} . (6.18)
a a,b
For large N, we can evaluate this expression with the saddle point approximation,
H 1
P det(1 —i(xk)) "
For SU(N) gauge groups instead of U(N), the result is modified as follows,

@) =] (6.19)

Here i(x) is the matrix with entries if(x). We will see examples of such matrices
below.
The single-trace partition function can be obtained from the full partition func-

tion,
. - p(n) n
Is.tA - Z n logI($ )
n=1

= — i (ng) log[det (1 — i( i pn i il Z(kxnk) (6.20)
E—=1 n=1 k=1

= > A togldet(1 — i(a*)] - tr ).
k=1
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The second term in the summation would be absent for the U(N) gauge theories.
Here p(n) is the Mébius function (u(1) = 1, pu(n) = 0 if n has repeated prime factors
and u(n) = (—1)* if n is the product of k distinct primes) and ¢(n) is the Euler Phi
function, defined as the number of positive integers less than n that are coprime to
n. We have used the properties

de(%) = (n), 3" uld) = 1. (6.21)

dn dn

After deriving the general expression for the superconformal index of a quiver
gauge theory let us study some concrete examples. Recall the single-letter indices

215 — t3(y + 1)
1—t3y)(1-t3y~1)’
t37“ t3(2—7")

iV(ta y) = (
(6.22)

B (T A N (e (N

where for future convenience we have split the index of the matter multiplet into a
chiral and an antichiral contribution. Let us write down explicit expressions for the
index in some examples

° Yl,O (Tl’l)

For the conifold gauge theory, U(1)s is enhanced to SU(2)s so the global symmetry
is SU(2)s x SU(2);. Assigning the chemical potentials a and b, for the two SU(2)s,
the single letter index matrix i o(¢,y) is

iv (a+ %)(ix( ) i

. . , (6.23)
(b+ %)(zx(%) iy

il,O =
1
2

and the single-trace index evaluates to

= ok ) . 1 1 . . , .
oo = =3 M iogl1 i (@) — (0t Db+ )iggq) (@) + iy (@)~ 20 (@)
k=1
3 3a 3b 31
_ t>ab . a5 n [ N t°— ' (6.24)

3 3 b 1
1—t3ab  1-3¢ " 1430 "1 3L

This is the index for the theory where both the overall and the relative U(1) degrees
of freedom have been removed. The overall U(1) is completely decoupled, while the
relative U(1) has positive beta function and decouples in the IR. The removal of the
relative U(1) introduces certain double-trace terms in the superpotential which are
important to achieve exact conformality [124]. We have used the following property
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of Euler Phi function.

i PE) 1 og(1 — ob) = =% (6.25)

1—=x
k=1

k
We will match the expression (6.24) to the gravity computation.

o YL (C?/Zy x C)

The index for this theory was already obtained in [42, 97]. The single letter index
matrix iq1(¢,y) is given by

i vt taigg 0D +igg) (6.26)
L1 = 1y(; 1, - -1 ’ '
(b4 §)iyz) Ta tigz) v +aTiyz) taiyz)
and the index evaluates to
= (k) . 1. , 1 ;
Tt =— > ‘pk og[(1 — iv (*) = a71i (2)(@%) — aig2) @) = b+ )P (ai ) (@) +ig 2 (@)
— 2(iv($) + ail ZX(%)(Z') + ali(%)(x))

., t%a N t1p2a1 N t1p=2a 1 at? —a=1¢d
T T1—#2a  1—t42a—1 1 —t4b—20-1 (1 —#3y)(1 —t3y~1) "~

(6.27)

Again, we have subtracted both the overall and relative U(1) degrees of freedom
(in this case it is appropriate to subtract N/ = 2 vector multiplets).

e General Y14

A simple generalization gives the index for YP0 (T11/7Z,) and for YPP (C3/Zs,),

, 1—¢'7)2(1 — )2
ypp . det (1 —i(t)) = a (_ t3y)213(1( — t3y)1)2p ’ (6.28)
(1— %)

(1= t3y)?r(L = t3y~1)2 -

yro . det (1 —i(t)) =
In fact the determinant of the adjacency matrix appears to factorize for general
YP4, to give?

[1 _ t3p(1+%(1p,q*yp,q)):| 2

(1= t3y)>r(1 —t3y=1)

[1 _ t3p+%q(1*%(wp»q+yp,q))] 2

det (1 —i(t)) = (6.29)

2We have checked this result in several cases but have not attempted an analytic proof.
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Thus the single-trace partition function is?

p(3¢+2p—1/4p2—342) p(3¢—2p++/4p2—342)
750 _ 9 t q n t q
P 1 tp(2p+3q*v 4p2—342) 1 tp(2p+3q7\/ 4p2—3¢?)
— q — q

Again, this is the result with all U(1) factors subtracted. If one introduces a chemical
potential b% for the global SU(2); and a chemical potential a®* for the global U (1),

of table 6.3 the index becomes
p(3q¢+2p—/4p2—342) p(3q¢+2p—/4p2—342)
a*pbpﬂlt q a*Pb*p*Qt q
TSP — +
p.q p(2p+39—1/4p2—3¢?)
1 — a—Pbrtag q

p(3¢—2p+v/4p2—3¢2)
q

p(2p+39—/4p2—342)
1—aPb—P—9¢t q

p(3q—2p+1/4p2 —342) (630)

aPbP— 1 aPb?™ Pt

p(3a—2p+v/4p2—3¢2) p(39—2p+1V4p2 —342)
q q

1 — aPbP—4t 1 — aPbi—Pt

This is the left-handed index. The right-handed index is obtained by letting a —
1/a.

6.3 T Index from Supergravity

On the dual supergravity side, the index of the conifold theory was computed by
Nakayama [32], using the results of [128-130] for the KK reduction of IIB super-
gravity on AdSs x TH1.

Let us briefly review the structure of the calculation. For a general AdSs x Y P4
background, the KK spectrum organizes itself in three types of multiplets [129, 130]:
graviton ((3,3)), LH-gravitino ((3,0)), RH-gravitino ((0,3)), and vector ((0,0)).
The details of the specific background manifest themselves in the possible spectrum
of the R-charges and their multiplicities. This information can be obtained by
solving the spectrum of relevant differential operators, e.g. scalar Laplacian and
Dirac operators. For the YP¢ geometries the scalar Laplacian is given by Heun’s
differential equation spectrum of which is hard to obtain in closed form, see e.g. [126].
For the T™! background these data were carefully computed in [128-130]. A generic
multiplet of the KK spectrum does not obey shortening conditions and thus does not
contribute to the index. Table 6.1 summarizes the multiplets which do contribute
of the index. The eigenvalue of the scalar laplacian is denoted by Hy(s,,r),

2

Ho(s,1,7) = 6(s(s + 1) + 11 + 1) — %). (6.31)

3Curiously, this is exactly twice the index of the chiral mesons denoted £, (first term)
and £_ (second term) in [125]. We don’t have a deeper understanding of this observation.
On the gravity sides, the chiral mesons of £, were identified in [126] (see also [127] with
the zero modes of the scalar Laplacian on the Y77 manifold.).
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Fields ‘ Shortening Cond. ‘ s ‘ l ‘ Mult. ‘ T8t y) H Zf(I[I;Zth X ...) ‘
Graviton E=1++vHy+4 5 5 Coaty I[Lr+1,§]i —Xis1 (U/)X'FEI (b)
Gravitino; | E=—5+Hy +4 | 5 | 5+ B.o.1) I[LT—Q,%]E —Xz1(a)x e (b)

55| Coy I[I;.,% L +x iz (a)xzs (b)
ST Coy | T y || txep(@)xea (b)

‘ Gravitinoyy ‘ E=-1+ VHS +4 ‘ s ‘ ol ‘ Crro) ‘ I[L7'+1,0]]; H —Xg(a)Xg(b) ‘
‘ Gravitinory ‘ E=2+H; +4 ‘ =L ‘ = ‘ Coit o) ‘I[LTH,O}L_ H —Xz-1(a)xz_1(b) ‘
Vector; E=-2+VH +4 |3 3 Br0,0) I[Lr—z,o]g _X§+1(Q)Xg+1(b)

Lo 52 Coo Lo, +x:z(a)xz4(b)
% 3 Cr00) I[Lr,o}L+ +X§+1(G)Xg(b)
Vectorpy E=1+H; +4 | 52| 52 | By Ip oop || —xz(a)xz(b)
215 | Coo I[LT’OH +ng1(a)X§(b)
55| Coo | Thgy || Xg(a)x; ()

Table 6.1: Short multiplets appearing in the KK reduction of Type IIB supergravity

on AdSs x TV, In the last column, we summarize the full index contributions of

multiplets by listing the SU(2)s x SU(2); characters multiplying I[Lf 1 for first four
214

rows and Z,'[LF for remaining rows. The range of 7 is specified by the two conditions

015
that 7 > —1 a7+Ld that the SU(2)s x SU(2); representation makes sense. The chemical
potentials a and b couple to SU(2)s x SU(2); flavor charges respectively. Exception:
The first row of Gravitinoy starts from 7 = 0. The 7 = —1 state of Gravitino; gives
rise to the Dirac multiplet D(Q 1 due to additional shortening. It corresponds in

the dual field theory to a decoupled U(1) vector multiplet.

HSE and chi are shorthands for Hy(s,l,r+1) and Hy(s,, r£2) respectively. Besides
the KK modes of table 6.1, there are additional Betti multiplets, arising from the
non-trivial homology of T%!. Their contribution to the index is found to vanish [32].

The T! manifold has SU(2)s x SU(2); isometry. We refine the index by adding
chemical potentials a and b that couple respectively to SU(2)s and SU(2);. Simply
reading off the R-charges and the multiplicities of the different modes, we can write
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down the index as [32]4

1

L L P41 A\ip Q P41 E
1" = Zzﬁéﬁ[(ab) +(b) +(a) +(ab

>0
— D T [(@)” +(
F>—1
I op X- g (@)x -3 (0) = g g [=x-1(a)x—1(b) + x-1(a)x0(b) + Xo(a)x-1(D)]
(6.32)

)"

B () 4 ()7 4 ()2 4+ (L2 4 (D)7 4 (27

)"+ ab b a ab

o>
Q|

The definition of the index building blocks I[LF jolt. is given in appendix D, while
the symbol x;(z) stands for the standard character of the spin-j representation of
SU(2),

220+ _ p—(25+1)
1

X;(x) P (6.33)

After simplification,

3 3 3b 31
tab t% ta t%

It = +
S _3a b T
1—tdab  1-t3%3 1-32 1-t3-

(6.34)

which precisely agrees with the large N index (6.24) computed from gauge theory
using Romelsberger’s prescription.

40n the field theory side, we subtracted both U(1) factors. Correspondingly, on the
gravity side we should subtract all singleton degrees of freedom, and thus omit the 7 = —1
mode of the Gravitino; tower, which corresponds to a Dy, 1/2) multiplet.
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Chapter 7

Discussion

In this thesis we have discussed an important observable related to the spectrum
of superconformal field theories - the superconformal index. Computed exactly by
localization technique, the superconformal index captures of the information about
the protected spectrum of the theory.

We have defined and studied several limits of the N = 2 superconformal index.
They are characterized by enhanced supersymmetry and depend at most on two
superconformal fugacities, out of the possible three. We have given a prescription
to calculate these limits for all A-series superconformal quivers of class S, even when
they lack a Lagrangian description. Thanks to the topological QFT structure of the
index, it suffices to find a formula for the elementary three-valent building blocks.
For the SU(2) quivers, which do have a Lagrangian description, the building block-
s can be written in terms of algebraic objects that admit a natural extrapolation
to higher rank, leading to a compelling general conjecture that passes many tests.
These objects are the Macdonald polynomials, tailor-made for our purposes as they
depend on two fugacities, and for which a beautiful general theory is already avail-
able. We expect the generalization of our results to the D-series quivers of class S
(and possibly to the E-series as well) to be straightforward.

The TQFT that calculates the index of the Ax_1 quivers is closely related to
two-dimensional Yang-Mills theory with gauge group SU (k). An immediate qual-
itative hint, of course, is that the state-space of the index TQFT is the space of
irreducible SU (k) representations. As first discussed in [17], and confirmed here
in more generality, there is in fact a precise quantitative correspondence between
the limit of the index that we have dubbed the “Schur index”, which depends on
a single fugacity ¢, and correlators of g-deformed 2d Yang-Mills theory [101] in the
zero-area limit. In turn, the zero-area limit of g-deformed 2d Yang-Mills on the Rie-
mann surface C can be viewed as an analytic continuation of Chern-Simons theory
on C x St [101].

Recently, a “refinement” of Chern-Simons theory on three-manifolds admitting a
circle action was defined in [107], via the relation with topological string theory and
its embedding into M-theory. Taking the three-manifold to be of the form C x S,
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and reducing on the S', one obtains an indirect definition of “refined g-deformed
Yang-Mills theory” on C, which depends on two parameters ¢ and ¢. (The defini-
tion is indirect because unlike the purely ¢-deformed case no Lagrangian description
is available for the refined theory.) The refinement essentially amounts to trad-
ing Schur polynomials with Macdonald polynomials, and we have found a precise
relation between our (¢,t) “Macdonald index” and correlators of this (g, ?)-Yang-
Mills theory. It is natural to ask whether this is pointing to a direct connection
between topological string theory and the superconformal index. At first sight the
geometries involved appear to be quite different, since to obtain the superconformal
index we must consider the (2,0) theory on S3 x S! x C, with appropriate twists
induced by the fugacities, while in the setup of [6, 107] the relevant geometry is
(C x S x M3),+, where one may take Mz = S' x C (we refer to the cited papers
for a proper explanation). Moreover while the index admits a further refinement for
a total of three fugacities, it seems difficult to introduce a third parameter in the
framework of [6, 107] while preserving supersymmetry. Nevertheless, at least for the
special case of the Macdonald index, there should be a deeper way to understand
the striking similarity of the two results.

An obvious direction for future work is the generalization of our results to the
full three-parameter index. The Haar measure together with the index of the N’ = 2
vector multiplet combine to [16, 21]

k

1 1
o 11 T (7.1)

iimtie; L @ilg a,p) Tt/ q,p)

where I'(z; p, q) is the elliptic Gamma function

1—pitigitl/z

e (7.2)

T(zipq) = |]

1,j=0

A natural speculation is that the functions f;qi(a) that diagonalize the structure
constants of the full index should be proportional to elliptic extensions of the Mac-
donald polynomials, to which they should reduce in the limit p — 0 (or ¢ — 0).
Various proposals for elliptic Macdonald functions have appeared in the mathe-
matical literature, see e.g. [83, 131, 132]. We can in fact formulate a more precise
conjecture, motivated by the relation between two-dimensional gauge theories and
integrable quantum mechanical models of Calogero-Moser (CM) type, see e.g. [133—
138]. The reduction of ordinary 2d Yang-Mills theory to one dimension yields the
rational (non-relativistic) CM model [133]. One can consider the trigonometric
and elliptic generalizations of the non-relativistic model, as well as their relativis-
tic cousins (the relativistic versions are also known as Ruijsenaars-Schneider (RS)
models). The relativistic trigonometric model (trigonometric RS) depends on two
parameters (q,t), has Macdonald polynomials as its eigenfunctions, and is closely
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related to the two-dimensional G/G WZW model! or equivalently to Chern-Simons
theory on C x S'. At the summit of this hierarchy is the elliptic relativistic model
(elliptic RS), which depends on three parameters, analogous to (p,q,t) of the full
index. Our conjecture is then that the symmetric functions relevant for the com-
putation of the full index are the eigenfunctions of the elliptic RS model. Not too
much is known about them, see [140] for a review.?

Perhaps the most interesting open problem is to give a “microscopic” derivation
of the two-dimensional TQFT of the index from the six-dimensional (2,0) theory.
A promising shortcut, which exploits the mentioned connection between 2d gauge
theories and 1d Calogero-Moser models, is along the following lines. Consider the
(2,0) theory on S3 x S(ll) X Cq,s- The Riemann surface Cys can be viewed as a

circle, 5(12), times a graph Iy s By first reducing the (2,0) theory on S(12) (note that
there is no twist around this circle) one obtains 5d super Yang-Mills on 3 x S(ll) X

Iy . We propose that the further reduction of 5d SYM on S(ll) x §3 (with the
fugacity twists) yields the elliptic RS model on the graph I, with appropriate
boundary conditions at the s external punctures and at the internal junctures. In a
suitable limit, which corresponds to taking 5’(11) to be small, the 4d index becomes
the 3d partition function [103-105], and our proposal reduces to the one of [114]
(see also [113]). These authors show how to interpret such 3d partition functions as
overlaps of quantum mechanical wave functions. We are suggesting that a similar
idea may apply to the 4d index, and that the relevant quantum mechanical model

is the elliptic RS model. More work is going to be done along these lines.

1See [137] for a review and [139] for recent relevant work.

2Quantum mechanical integrable models have been recently related to the problem of
counting vacua of N' = 2 supersymmetric theories in the Q-background [141, 142]. See
also [143, 144] for connections of elliptic Gamma functions to integrable systems.
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Appendix A

Duality

A.1 The Representation Basis

The labels of the topological algebra as we have defined in (3.6) are (compact) con-
tinuous parameters a; € [0,27). We can “Fourier” transform to the discrete basis of
irreducible SU(2) representations. We denote by Ry the irreducible representation
of SU(2) of dimension K + 1. The integrals over characters translate into sums over
representations. The structure constants in the discrete basis are given by

[o¢]
sin(K + 1)a sin(L + 1)8 sin(M + 1 A
Cagy = Z sin o (smﬁ = (sm = Crrm (A1)
K,L,M=0 i
[o.¢]
= Y xx(@)xB)xu(y) Crrar,
K,L,M=0

where x i (o) is the character of R,

Xk (a) = sin(K 1o (A.2)

S1n ¢«

Similarly the metric in the discrete basis is given by

" = Y xx(e)xn(®) A" (A.3)

K,L=0
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Further, we define the scalar product of characters’

Ouxn) = g 7 (1= 2) k(@) xar(2)
1 % (2 1

473 z z

27
Y xxe(2) X (2) = /0 d6A(0)x 1 (0)x01(6) = Src a1
(A.4)

In the second equality we have introduced the measure (3.5) and used the fact that
x(z) = x(2z71). Thus we have

o0 2T
> xx (@) xx(B) = d(a, B), / dOA(0)6(0,0) f(0) = f(a),  (A.5)
K=0 0

for any f obeying f(0) = f(—0). Using (3.6) we can write

A=t = /daA(a) n* xr(a). (A.6)

Finally with the help of these definitions, we can rewrite (3.8) as

I= H éLiLij H fplmbn (A.7)
{i,3,k}€V {m,n}eg

where index contractions now indicate sums over the non-negative integers.

A.2 TQFT Algebra for v =1

For v = t we can rewrite the algebra of the topological quantum field theory (3.6) in
a more elegant way, removing the delta-functions by making use of identities obeyed
by elliptic Beta integrals. This does not appear to be a preferred limit physically,
except for the fact that the contribution to the index of the chiral superfield in the
N = 2 vector multiplet vanishes, see (2.13). Our manipulations will be slightly
formal since the limit v = ¢ of the formulae we will use is somewhat singular. We
start by quoting the important identity

B dz [They T (te 2551, q) :
EM=0(ty,... t5) :n}f— b= === ]I rttupa [[tx=pa
s s j:2. _] ) ) )
z r (Z 3D, Q) 1<j<k<6 k=1
(A.8)

'We have a slightly different convention for the characters and thus the expression of
the scalar product differs from the one in [145].
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This is a vast generalization to elliptic Gamma functions of that seminal object in
string theory, the classic Beta integral of Euler,

I'(a)l'(B) (AQ)

! -1 B—1
B(a,B):/O dtt* (1 —1t) = Tatp)’

which is recovered as a special limit, see e.g. [54]. Applying (A.8) we have

- (A.10)

dzT (7‘ Vaﬂbilzﬂ) T (% zﬂyﬂ)
"7{ B T (222)

2 41341 41 2 42 2 142 2 2 \2
F<ﬁa b~y >F(Tya )F(Tyb )P<]/2)P(’T I/)

For brevity we have omitted the p and ¢ parameters in the Gamma functions. We
assume pg = 75. For these values of p and ¢, I'(r32%!) = 1. Now if we take v = 7,

T 7_3/2 qE1pEl £ (o3, =+l
HY{(ZZ ( F(zi2)) (™) =T <7’3/2 ailbilyil) r(. (A.11)
Strictly speaking the elliptic Beta integral formula (A.8) holds when |tx] < 1 for
all k = 1...6. For v = 7 some of the t;s in (A.10) saturate this bound. The
elliptic Beta integral (A.10) is proportional to F(;—z;p, q) — I'(1;p,q). Since the
elliptic Gamma function has a simple pole when its argument approaches z = 1
(see (2.32)), (A.10) diverges in the limit. We will proceed by keeping formal factors
of I'(1) in all the expressions. Thanks to (A.11), the expression

F(Zilyil)

) =% (A.12)

acts as a formal identity operator. All factors of I'(1) will cancel in the final expres-
sion for the index.

For t = v we can write the building blocks of the topological algebra in the form
summarized in table A.1. Contraction of indices is defined as

A Bk }’{ da ja. g (A.13)
a

We now proceed to perform a few sample calculations and consistency checks. We
can raise an index of the structure constants to obtain
I(etlct)) F(tgaﬂbﬂcﬂ)

ec K de 3 41,41 +1 _ _ c
Cape N = 0] 74 - [(tza™ b e )F(eﬂ,cﬂ) = T(22) =Cu°.
(A.14)

In particular we see that the index (3.20) is finite and is simply given by Cyp¢ Cege.
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‘ Symbol ‘ Surface Value H Symbol ‘ Surface ‘ Value
|a)
+£3 41
Cubc ‘b> F(t%ailbilcil) Va <a| Fé)Z %
le)
(al w
1 T(a*lp*?! .
" () T(a=255) Tab oLl (a*1bE)
(0| "

Table A.1: The basic building blocks of the topological algebra in the v = t case.

The “vacuum state” |V) = V?|a) satisfies by definition (see e.g. [82]) Cupe V€ = Nap,
as illustrated in figure A.1. This determines V® to be the expression in table A.1,

K dz . 3 NGRS 1
c_ G2 by FlpEl 21 _ Dl = 1 s
Cach F(l)zf > ( 2a < ) F(Z:tg) F(l) (CL b ) Nab

(A.15)

Figure A.1: Constructing the metric by capping off the trivalent vertex.

Further, we can check that nq, and 7% in table A.1 are one the inverse of the other,

ae _ K de F(aileil) +1 41\ __ 1 F(ailcil) _ ga
T Mee = F(l)QY{eF(aﬂ,eﬂ)r(e )= F) T ~ % (A16)

As a consistency check one can verify in examples that J; is indeed an identity. For
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Figure A.2: Topological interpretation of the property 1nne, = 5.

instance

K dz I'(a =1 il) 3 41,41 +1 3 41,41 41
ZC0e = =—— A E p =T -
02 Clope F(l)% . T(5 (t2z= b ) (t2a™ b ) = Cupe
(A.17)

as illustrated in figure A.3. For completeness we can also compute the sphere

|a) |a)

by = 1)
Figure A.3: The consistency requirement 02 Cgp, = Cope-

and the torus partition functions. (These partition functions do not appear in any
index computation of a 4d superconformal theory so their physical interpretation is

unclear.)
The sphere partition function is given by
ey B %de 7{ ch +1 il (ti3/2 cil) T (ti3/2 eil)
Nee = T (c£2)T (e£2)
B j{der (££3/2 :|:1)2 R 1 (A18)
B r(1)4 e T'(e*?) I(1)’ '
The torus partition function is given by
. o daT(a*'a*?)
"ab”b:r(nf{ e = f_zmmm) (A.19)
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(@)
() 0

Figure A.4: The sphere (a) and the torus (b) partition functions.
Since I'(1) = oo the sphere partition function vanishes and the torus partition

function diverges.

A.3 t expansion in the weakly-coupled frame

We expand the index (3.27) in ¢ as

o
Tozby = Z by, t*. (A.20)
k=0
The first few orders are
by =1,
by = by = by = 0,
_ 1 sue 2
by = o X85.adi T 5 TV
1
bs = —v (y + y) , (A.21)

/2

1 sue [ (a\3/? b\°* SU®6) 3

be = o372 X20 (g) 13 ~ Xas.adj TV~ L
1 1 sue) |, 2 1
b7_v<y+y>x357adj+v i‘/‘f‘; ;
. 3/2 2

1 sue) sue) 1 sue) [ (a\3/? b 4 1

bs = 02 Xsym?35 + UX35,0dj — ﬁXzo (g) + P +vt—vly+ " + 2v,

/2
. 1\ sue 1 1\ sue [ (a\3/? b ’ _ 1
by = 2(y+y) X35,adj+v3/2 y—i—y X20 (b) + a 2 y-l—y '
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In the above equation we decomposed SU(6) D SU(3). ® SU(3),-1 ® U(1). The
branching of 35 and 20 of SU(6) is given by (see [146]),

35 = (]_7 1)0 + (8, 1)0 + (1, 8)0 + (f;_)), 3)2 + (3, -_5)),2 , (A22)
20 = (1,1)3%—(1,1)_3—%(3,3)_1-F(3,3)1.
For example, the character of the adjoint is

1 1 1
xggffg = [(a D)2 (21 4 20+ 23) + (ab) Y2 (— + — + )] (A.23)

1 1 1
X [(ab)‘”2 ( +—+ > +(ab)? (y1 + o +y3>] ~1.
Z1 Z9 z3

We conclude that the U(1) charge in SU(6) can be identified as (ab)~'/2.

A.4 Inversion theorem

In this appendix we quote the inversion theorem [78], which we use in section 3.2.2
to obtain the index of the Fjg theory. Define

I(T 2wt p, q)

o wil) = D(T?, 242 p,q)

(A.24)

If T, p and q are such that
lmax(p, q)| < [T <1, (A.25)

then the following theorem holds true. For fixed w on the unit circle we define a
contour Cy, (see figure A.5) in the annulus A = {|T| —€ < |z| < |T|~! 4 ¢} with small
but finite ¢ € R*, such that the points 7" 'w*! are in its interior and C,, = C*
(i.e. an inverse of the point in the interior of C,, is in the exterior of Cy). Let
f(z) = f(z71) be a holomorphic function in A. Then for |T| < |z| < |T|7},

dw

2miw

S(w,x;,T) f(w) .
(A.26)

fy=nf s ) = s =

Our expression for the index in the strongly-coupled frame (3.37) is of the form
of the right hand side of (A.26). Thus, to use the inversion theorem to obtain the
index of Fg theory we assume that this index can be written as

ds ]_“(\/5 :I:lszl:l)

2 42\ ~(Eg) = EEa
L(t‘vw™) C (w, r),y,2) E}é,w 27i S P(t%7 5+2)

F(s,r;y,2) ,
(A.27)
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Figure A.5: The integration contour Cy, (green). The dashed (black) circle is the

unit circle T. Black dots are poles of I' (g wt! zﬂ). There are four sequences of

poles: two sequences starting at gwﬂ and converging to z = 0, and two sequences

+

starting at %w 1 and converging to z = co. The contour encloses the two former

sequences.
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for some function F. The theorem (A.26) then implies that F' (s, r;y,z) = I(s,my, z)
with Z (s, r;y,z) given in (3.37).

A.5 The Coulomb and Higgs branch operators
of £ SCFT

We collect here a few facts about the Coulomb and the Higgs branches of Fg SCFT,
following the analysis of [80]. Argyres-Seiberg duality can be used to determine the
quantum numbers of protected operators of Fg theory if their dual operators in the
dual SU(3) theory are known. The Coulomb branch operator u of the Eg theory
(the operator whose vev parametrized the Coulomb branch) is identified as Tr ¢% in
the SU(3) theory. Since ¢ has quantum numbers (E, j1, jo, R,7) = (1,0,0,0, 1), u
should have quantum numbers (3,0,0,0,—3) and contribute to the superconformal
index as t%v3.

The operator X whose vev parametrized the Higgs branch transforms in the
adjoint representation of Eg. Under the SU(2)®SU (6) subgroup of Eg it decomposes
as

X5, Y Zag, (A.28)

where i,j,k =1,...,6 are the SU(6) indices, and «, f = 1,2 are the SU(2) indices.
At the same time, the SU(2) gauge theory provides the quarks ¢4, ¢, and the F-term
constraint

Zaﬂ + q(a(jﬁ) =0. (A29)
Thus the gauge-invariant operators are

On the SU(3) side, the Higgs branch is parameterized by gauge invariant oper-
ators

M]’ = QZ ~?, Bk — EabCQZQg ]25, Bz’jk = 6abc@?@?@i7 <A31>

where Q° and Qf are the squark fields, : = 1,...,6 are flavor indices, and a = 1,2, 3
the color indices.
The duality of the two sides suggests the following identification

TeM + (¢q), M} + XL, (A.32)
Bk s (Yiikg), Biji < (Yijid) (A.33)

where M; is the traceless part of M; Since the quantum numbers of ) are
(1,0,0,1/2,0), the quantum numbers of X should be (2,0, 0, 1,0), and contribute to
the index as t4/v.
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A.6 Identities from S-duality

In this appendix we summarize identities of integrals of elliptic Gamma functions
implied by S-duality of the SU(3) quiver theories.

Generalization of [76]
We define

n—1

2 _ n_
IM (a,zsu(m); b, Ysum)) = o KT (P0)"

g 2m T H#jr %)
J 1 xi=1
(A.34)
The claim is that
7™ (a,2s0(n): b, Ysum)) = zm (b.Zsum); @, Ysum)) - (A.35)

For SU(2) this identity was proven in [76], and for SU(3) we have performed per-
turbative checks. The usual S-duality of Ny = 2n SU(n) theories implies that this
identity should be true for any n. Note that for ¢ = v this is a special case of
identities discussed in [83].

Es Integral
We define

(50) _ 2 K3F(t2v)2 ds F(%wil Sil)
c ((w’ r)’y7Z) - 3F(t2vwi2) Cuw 2mi s F(t%’ Sig)

ﬁﬁp(ﬂ ()i)r<t2 ( yx> )HFGz )
da:Z i=1j=1 v\ Vv i#j

I (3)

i#]

(A.36)
This integral has manifest symmetry under SU(2),, ® SU(6), where the SU(6) has
been decomposed as SU(3), ® SU(3)y -1 @ U(1),. The identification with the index
of the Fg SCFT implies that there must be a symmetry enhancement SU(2),, ®
SU(6) — Eg. Two properties that are sufficient to guarantee Fg covariance are:
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first,

B ((w, r),y,z) = CF) w2 1 z (A.37)
3720 2z | Y E )

which is the statement that (w,r) combine into a character of SU(3) (which we shall
denote by w); second,

CF)(w,y,z) = C)(y, w,2). (A.38)
We presented perturbative evidence for the full Fg symmetry in the text.

S-dualities of SU(3) quivers
Define

B dz; F(t vxi/xj) (Bo) (Fo) .
13333(Y>Zauas)j§2ilj[12mxi_ T (/) Ce) (y,2,x) C) (u,8,x77)
(

2 2 3
_ d; U (Poxi/x;) g, (152 1 i)
I3331 (y,2,u,a) = j{rz H - Cc\We) (y,z,x) H r (az; " u)) )

= 2mia oy I (x;/x;) i NG
(A.39)
The S-dualities of the SU(3) quivers imply
I3333 (y7 z, U, S) = I3333 (Ya u, 7z, S) ) (A40)

3331 (¥,2,u,a) = I3331 (y,u,2,a) .
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Appendix B
MacDonald

B.1 Construction of the diagonal expression
for the SU(2) HL index

In this appendix we diagonalize the structure constants of the SU(2) quivers in the
p — 0, 0 — 0 limit. With hindsight, we have dubbed this limit the Hall-Littlewood
(HL) index, since the diagonal functions turn out to be closely related to the Hall-
Littlewood polynomials. This is precisely what we show in this appendix.

For SU(2), the SCFT associated to three-punctured sphere is the the free hy-
permultiplet in the trifundamental representation. In the limit of interest, its index
reads

1

HSa s sc::l:l(l — T ae bs c5¢)

. (B.1)

Z(a; b, ¢) = PE[tx1(a)x1(0)x1 (g per =

where the fugacities a, b, and c¢ label the Cartans of the three SU(2) flavor groups.
The index of the vector multiplet and the SU(2) Haar measure combine to

A(a)IY (a,7) = (1 — 7*) A2 1a(a), (B.2)

where A 2 4(a) is the Macdonald measure (4.96) with ¢ = 72 and t = 74,

7_2

Ao pi(a) = %(1 —a)(1- 1 - 21— 1. (B.3)

a? a?

The corresponding Macdonald polynomials P*(a,a™"';¢,t), normalized to be or-
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thonormal under (B.2), are!

Ma:r2. 74 = T . - xa(a@)  xate(a)
Pl VI=72 (1= 572) (1-a?r?) X )X“Q”{xm xM(r)}'

(B.4)

By choosing {P*(a,a™';¢,t)} as a basis, the metric of the TQFT is then trivial,
n™ = 6. On the other hand, the projection of Z(a,b,c) into the basis functions
gives the structure constants C/J,l/)\)

I(a,b,c) = Y CunP(a;7%, 7P (b; 7, 7P 7%, 7). (B.5)
v, A=0

We find that while the structure constants are not diagonal, they take a relatively
simple “upper triangular” form. The only non-vanishing coefficients are

C,\/\)\E\I/)\, C/\/W: wA = WMEQ)\ fOI"/L<)\,(—1))\+M:1, (B6)

where

\IJ,\(T) m (7'_1—1—7'

= — 3 ), B.7
Vo () \ vVxa(r) ol )> (B1)
() = VI= 72 )

XA(T)Xat2(7) '

Associativity is easy to check. It is trivial for most choices of external states, the
one interesting case being the four-point function ppryr with p < v and having the
same parity (both even or both odd). Equality of the two channels reads

Z OMLAC)\VV = [Ou;w]z ) (Bg)

>‘214(_1)>\+M:1

which amounts to (no sum on v)

S A+ 2MU(r) = 2(1) (B.9)

A>v,(—1)AHu=1

One can verify that this property is satisfied for the particular values of the coeffi-
cients given in (B.7).2
Let us now perform an orthogonal transformation that diagonalizes the structure

IThis normalization is only used in this appendix. In the rest of the paper Macdonald

polynomials are taken to have unit norm with respect to the Macdonald measure.
1 e @

sinh a(2k+1) ~ 2sinh?acosha and induction on

20One needs the identity > =, SR a (TR
v.
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constants. From (B.6) we see even and odd Macdonald polynomials do not mix with
each other and thus can carry our the diagonalization separately for each parity;
the discussion below is restricted to the even parity case for definiteness. The Latin
letter indices below, j, ..., run over the integers and correspond to half the value of
the Greek indices used above.

We define real symmetric matrices N; as®

(Ni) j = Ciji - (B.10)

Associativity implies that they commute, [N;, N;] = 0, so they can be simultaneously
diagonalized. Recall that the structure of each matrix IV; is

(<) i=k Q;
i=k= ,

(Nj)ik; =q i>4, k=7 Q; (B.11)
k>j, 0= O
other 0

The non-zero eigenvalues of this matrix are €2; with multiplicity j, and ¥; —€); with
multiplicity one. The unique eigenvector with eigenvalue ¥; — €2; is

ej+1:(07 o 0, Wjigjv QjJrla Qj+2a )v (B12)

where there are j zeros in the beginning of the vector. Note that the e;s are orthog-
onal to each other,

ejrt -eri1 = (¥ — Q)2 + Y [Q)° =0, (B.13)

1>7

where we took j > k without loss of generality and used the associativity constraint
(B.9). Moreover, the vectors e; turn out to be eigenvectors of all the matrices N,

1< : Nj ‘€] = Qj €11, <B14)
i=j t N e = (8 — ) e,
1> : Nj'ei+1:0.

This can be shown from the definitions with the help of the associativity constraint
(B.9). To complete this set of vectors to a basis we have to add one more vector,
orthogonal to all e;,

€y = (Ql, Qg, ) <B15)

3Note that since the metric is trivial, %/ = §%, the upper or lower position of the indices
is immaterial.
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This is an eigenvector of all the matrices N; with eigenvalue €2;. We have thus
managed to diagonalize the matrices N;. In the diagonal basis {e;} the matrices
are given by (we use hatted indices to represent components in the new basis)

j > %, Qj 5;3
j <1, 0

Finally we perform the orthogonal transformation to the new basis also for the
matrix label j of N;, and find constants in the new basis read

it = 1 > (e (N (B.17)

n~
J o1

where n; is the normalization of e,
R e = 1%./1 — 12 ;
n, = e e=1'V1-1 for7 >0, (B.18)
ng = ,/eo-eE):\/(l—T2)(1—|—7'2).

A little calculation gives

(B.19)

Ciii = ;s
and zero for the other choices of the indices. So far we have restricted attention to
even parity (in terms of the original Greek labels). The case of odd parity works
along completely parallel lines.

We can now explicitly compute the functions that diagonalize the structure
constants, by contacting the normalized vectors e, /n, with the Macdonald polyno-
mials (B.4). A useful identity is (A > 0)

o0

1+ 72 xa(a)
Py, = . (B.20)
L=, (_21):A+u:1 P (1= 72a?) (1 - 72/a?) xa(7)

One finds that the diagonal basis is given by

1 1
Pam) = e Ty a = e V@ (@) for A0,
1

1
A/ 2
V1I—72(1—72a2) (1 —72/a?) L.
It is straightforward to verify that this basis is orthonormal under the measure (B.2).
Remarkably, the functions f*(a,7) are proportional to the SU(2) Hall-Littlewood
polynomials Py (a,a™t|7), see (4.43), with a A-independent proportionality factor
K(a, ).

(B.21)

fo(a’aT) -
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Finally we can write the diagonalized form for the index,

I(a17a27a3) =

o] 3
(1 0

- (B.22)

The equality of this expression with (B.1) can be proven directly by elementary
means since the sum above is a geometric sum. By noting that

XA(T) = P xa2(r) = 7M1+ TP, (B.23)

and recalling the definition (4.43) of the HL polynomials we can also write

1472 £ 1 =
T — PHL i -—1
(a1, a2, a3) 1—72 bl (1—172a2)(1—72/a? )ZPHL , T 7) H (@i, a7 7)

) (B.24)

B.2 Index of short multiplets of N' = 2 super-
conformal algebra

A generic long multiplet AL Rir(j.ja) of the N' = 2 superconformal algebra is generated

by the action of the eight Poincaré supercharges Q and Q on a superconformal
primary, which by definition is annihilated by all conformal supercharges §. If some
combination of the Qs also annihilates the primary, the corresponding multiplet
is shorter and the conformal dimensions of all its members are protected against
quantum corrections. The shortening conditions for the N' = 2 superconformal
algebra were studied in [147-149]. We follow the nomenclature of [149], whose
classification scheme is summarized in table B.1. Let us take a moment to explain
the notation. The state |R, r) (ir',) is the highest weight state with SU(2)r spin
R > 0, U(1), charge r, which can have either sign, and Lorentz quantum numbers
(j1,72). The multiplet built on this state is denoted as Xg,(;, j,), Where the letter
X characterizes the shortening condition. The left column of table B.1 labels the
condition. A superscript on the label corresponds to the index Z = 1,2 of the
supercharge that kills the primary: for example B; refers to Q1. Similarly a “bar”
on the label refers to the conjugate condition: for example By corresponds to Q24
annihilating the state; this would result in the short anti-chiral multiplet B R,r(j1,0)5
obeying £ = 2R — r. Note that conjugation reverses the signs of r, j; and j2 in the
expression of the conformal dimension.

The superconformal index counts with signs the protected states of the theory,
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‘ Shortening Conditions Multiplet

By | Q| R, 7) =0 j1=0 E=2R+r Brr(0,52)
By | QsslR, )" =0 j2=0 E=2R—r Br(i,.0)
E | BiNB, R=0 E=r Er(0.42)
E | BinB, R=0 E=—r Erjs 0)
B | B NB, r=0,j1,j2 =0 E =2R Br
Ci | €PQup|R,r)lv =0 E=242ji+2R+71 | Crr(jr.j)
(Q1)%R,r) =0 for j; =0 E=24+2R+r Cryr(0,2)
Cy €<iBQ2B|R7 ryhes =0 E =242+ 2R —71 | Cro(jr )
(D2)2|R, 7Y = 0 for j, =0 E=2+2R~-r Crir(j1.0)
Ci NGy R=0 E=2+2j+r Co,r(ir j2)
CiNGCy R=0 E=2+2j—r Cour(jia)
¢ lana r=ja2 = i E=2+2R+ji+j2 | Crpi
CiNCNC NGy R=0,r=js—ji | E=2+ji+js Cotiia)
D | B NG r=js+1 E=14+2R+j Dr(0,j2)
D | Bng —r=j+1 E=1+2R+j Drjr.0)
ENCy r=j4o+1,R=0 |E=r=1+j Do(0,j»)
Enc —r=h+1,R=0|E=—-r=1+4+4 Do(jr.0)

Table B.1: Shortening conditions and short multiplets for the A' = 2 superconformal
algebra.
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up to equivalence relations that set to zero all sequences of short multiplets that
may in principle recombine into long multiplets. The recombination rules for N' = 2
superconformal algebra are [149]

2R+ 2142
‘AR,r(jl,jzj)l - CRﬂ“(leé) ® CR+%,T+%(j17%,j2) ) (B25)
2R—r+2j24+2 5 5
R,r(jl,j;)z ~  CRyr(j1,j2) @ CR+%,rfé(j1,jr%) ) (B'26)
2R+j1+j2+2 L A 5 3 ;
R o) = CRGu2) @ CRet(i—12) D CR+L(rda—1) D CRe1G1-1 50— 1) -
(B.27)

The C, C and C multiplets obey certain “semi-shortening” conditions, while A
multiplets are generic long multiplets. A long multiplet whose conformal dimension
is exactly at the unitarity threshold can be decomposed into shorter multiplets
according to (B.25, B.26, B.27). We can formally regard any multiplet obeying some
shortening condition (with the exception of the £ (£) types, and Dy, o) (Doo,5))
types) as a multiplet of type C, C or ¢ by allowing the spins j; and j2, whose natural
range is over the non-negative half-integers, to take the value —1/2 as well. The
translation is as follows:

CRvT(—%Jé) = BR+%vT+%(0Jz)’ CR,r(jl,—%) = PR41r—131,0)> (B.28)
Cr(-Lj2) = Pri10) Cr(j1—-1) = Prigio) (B.29)
CR(—%,—%) ~ DR—&—%(O,—%) ~ ,DR—i-é(—%,O) ~ BR—H . <B30)

Note how these rules flip statistics: a multiplet with bosonic primary (j1 + j2 inte-
ger) is turned into a multiplet with fermionic primary (j; + jo half-odd), and vice
versa. With these conventions, the rules (B.25, B.26, B.27) are the most general
recombination rules. The £ and £ multiplets never recombine.

The index of the C and £ type multiplets vanishes identically (the choice of
supercharge with respect to which the index is computed, © = él;, breaks the
symmetry between C (£) and C (£) multiplets). The index of all remaining short
multiplets can be specified by listing the index of C,C , &, Dy(0,j,), and ﬁo(jl,o)
multiplets,
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- _ (_1)2(.71 +j2),7_2+2R+2.72 sz—ijz—T

éR’T(jlvj2) -
X(lfap)(T—J)(T—p)X , v
I—on)1—pr) " \\p)"
5 = (_1)2(j1+j2) T3+2R+2j20’j1+%ph+%(1 —op)
CR(J11.72) (1 — 07_)(1 — pT)
g op o
(roas (/2) = ((2))
Zs _ (g1, (T=0)(T—p) v
57‘(]’1,0) ( ) g 1Y (1 — 0_7_)(1 — pT) X251 P s
(1)1 (gp)irtt
5 =
Prosw (1= on)(1 = p7)

(1 ()< (f9) e ().

B (_1)2j2+17.2j2+2
IDO(O,_jz) - (1—or)(1—pr) (1-o0p). (B31)

where the Schur polynomial x2; (ﬁ) gives the character of the spin j represen-

tation of SU(2).
Let us evaluate the interesting limits of the index studied in this paper on indi-
vidual multiplets.

Macdonald index

This index is obtained from the general index in the limit ¢ — 0. The index of the
short multiplets in this limit is given by

Crrriy O
2jrga) TR g2 B.32
. — -1 1+7J2 )
CR(j1.d2) (=1) (1= pr) ’ ( )
IS_T(J'LO) 0,
2j1+1 2j2+2
- _1\2i4+1 TP — (_1\2Zje+1_ T
LDo(s1.0 (=1) (1—pr)’ Ipg(o,5) = (—1) (1—pr)

While taking the limit of the C and £ multiplet index we have used j; — j; > r and
—r > j1 + 1 respectively. The first inequality follows from the bound §;— > 0 along
with 51; = 0 and the second one can be obtained by evaluating é;_ > 0 on the first
descendant of the primary of the £ multiplet.
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Hall-Littlewood index

This index is obtained from the Macdonald index by further taking the limit p — 0.
The index of the short multiplets is

C_Rv"'(jlva) - O’

Crjpg) _<_1)2j27—3+2R+2j25j17—% ’ (B'33)
Ity = O

Loy = O Ipogo,5) = (—1)Prirere,

Schur Index

We take the limit 7 — p. In this limit, the index becomes independent of ¢ and the
short multiplets give

éR»T'(jlsz) = 0,
o AA2(RAg1+52)

. - (—1)2U1ti2) T -~ B.34
CR(J'LJ'Q) ( ) (1 — 7'2) ’ ( 3 )
IgT(JLO) - O’

2j1+2 2jo+2

_ _ (121 T _(_1\2e+1 T

ooy = (D7 (1—72)° IDo (0,5, = (—1)7 (1—r2)

Coulomb Index

Finally we take 7 — 0. In this limit only the £ multiplet have a non-vanishing index

= 0,
CRG1d2) 0, (B.35)

1 — (o2
It o = (=% (0 p) " X251 <\/;> :
j 1 ag
oo = (=1)#(7p)" 2y, <\/;> ; Ipoo 4y = 0-

The N = 2 vector multiplet is the direct sum of Dy gy and @0(0’0), indeed (4.29) is
simply 17)0(0,0).4 In a Lagrangian theory, the only possible D multiplets have j; = 0,
and are obtained from the Dy ) half of the N = 2 vector multiplet. In the less
restrictive limit of o,7 — 0 and p — oo the index of some of the short multiplets
could potentially diverge. However, for Lagrangian theories the only contributing

éR,T(h,jz)

4Note that in this limit Zg
Coulomb limit (4.30).

w0 = LBy This is also true in the less restrictive
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multiplets are 577”(070) multiplets arising from tensor products of the @0(070) from the
vector multiplet, whose index is finite.

B.3 Large k limit of the genus g HL index

In this appendix we give some details about the large & limit of the HL index for
SU (k) quivers corresponding to genus g surface with no punctures. For finite &, the
index is given by (4.67),

L\ 2g—2
k
(O (1 _ 7.2)(19—1)(9—1) ~ P)]\'{L(Tlcfl’ kaS’ o ,7—17]6|7-)2972 ’ ’
The denominator in the sum above is explicitly given by [93],
PHL(rF=1 ph=8 1Ry = Ny (7) i @ . (B.37)

where N)\(7) is given in (4.51),

vt =TI (52 (B.39)

=0 j=1

Here m(i) is the number of rows in the Young diagram A = (A1,..., \x) of length i.
We need to evaluate

Ig(k) _ (1_7_2)(k—1)(g—1) Z Nf;?ﬁk,l,o —(2g-2) S (2i—k— 1)(\B£9

A1>2A2 > > A1

o
= (1-7)k-DE- Z NZ2 o e2) Sisd k=i

sk —1
N1,M25-Mk—1=0

where \; = Z?;i Nk—;. In the large k limit terms with non-zero 7; vanish since we
always assume |7| < 1. Thus, the only contribution to the sum at leading order for
large k is from the term with all n; = 0,

Ig(k—mo) _ klglolo( )(k D(g— 1)_/\/’2 29’ 1200 = (B40)
0 . 4
7j=2
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1 T 3372 14473
87374 41697° 194867° 8069377
31923778 116563279 4024927710 130547357
40137244712 116876141713 323853313714 854555364715
2153519932716 5188980328717 1197837238578 2652197472971
5640985388170 1153730407847 22717828997172 4310645832357
7889450727977 13938708634347%° 23790941344087%6 39255818610067%7
6265884973841 96803319180677% 1448307216407073° | 20994033528147731
2949759579534973% | 4018814815185873% | 5311090008673773% | 6810440283895973
84760383950971736 | 102408879854636737 | 12014318785232573% | 136883008184825737
15147822048379974° | 162834262989902741 | 17004765134224474 | 1725213860890307*3
Table B.2: The coefficients of Pgg(7). The coefficient of 78 is equal to the

coefficient of 7F .

The same logic applies also to the large k limit of the T} theories: the singlet is the
only term contributing to the index at leading order.

B.4 The unrefined HL index of T}

Using the conjecture of section 4.2.4 we can write an explicit expression for the
unrefined index of the T theory. We find

(1— (1 — 791 — 7% (P50, 01,1,118))

T, = L \ — (B4l
(1=7%) >\12)\§2:/\320 P)\1,>\2,>\3(T3’T’ TohT Sw)
The sum over the representation can be explicitly evaluated to give
1—7
IT4 = 13 PSG(T) y (B42)

(1 _ T2)13(1 _ 7_3)17(1 _ 7_4>

where Pgg(7) is a polyndromic polynomial of degree 86 in 7 with coefficients given
in table B.2. The degree of the singularity when 7 — 1 has a physical meaning:
since the Hall-Littlewood index computes the Hilbert series of the Higgs branch this
is the complex dimension of the Higgs branch. For T; the HL index predicts the
dimension to be 42, in agreement with [70, 73].
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B.5 Proof of the SU(2) Schur index identity

In this appendix we prove the basic SU(2) Schur index identity (4.93),

1/2

PE{ (a1 + L) (a2 + (a3 +?13,)Li7q oI o ae ) (B.43)

- 1

(4:9)%(¢% q)HzlPE{ 2(af +a; +2)L_q = xala®,q7)

The strategy is to study the analytic properties of this expression and show that
the left- and right-handed sides have the same poles and residues. Let us first define

a1 ag az

T = , Y= , Z= , u=aiagaz, xyzu=1, (B.44)
a2a3 aias asa1
where a; are SU(2) fugacities. We also define
(a) =(a; @)oo = H(l —aq'). (B.45)
i=0

We will use square brackets [ ] to denote ordinary brackets (that delimit expressions).
Then, using

o0

Z % —log(l —x), (B.46)

the LHS of (B.43) is given by

- 11— q)(9)? (gzy)(g22) () (ay=) (ayw) (g7u)
LHS = (0/22)(q"/2/2) (g1 29) (¢ 12 /y) (¢"/22) (¢/2 ) 2) (q/2u) (q*/2 Ju) (B.47)

Let us study the analytic properties of this expression as a function of = (the ex-
pression is symmetric in z,y, z,u). We have poles whenever = = ¢'/?~! with integer
[ (positive, zero or negative). At z — 0, co we have accumulation of poles. Let us
for concreteness compute the residue with positive [

[1— ql(@)*(¢** ') (¢**'2)(q/ (y2)) (qy2) (¢**! ) 2) (¢* /) (B.A48)
(@ D@ (@ ?y) (@2 /y)(dV22)(¢V2/2) (¢ (y2)) (¢ tyz)

1/2—1

ResLHS =

Here (¢'~') is (¢'/2z) evaluated at z = ¢
Now we have

with the vanishing factor removed.

(q1/2— 11
(¢\/2

1/2+l _lt 1
Z;()(l/?/y)/y) N [ql;j]2 1—ql/27ly (B49)
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From here we get

R _ [1-dl(q ) ly2]' TL=o (1 — 6"/ (y2)) _ P =g
€ESrLHs — > ] - )
(a1 (g)g” [1 = /2~ 1y][1 = ¢/2 2 [T, 2o (1 — ¢ y2) A
(B.50)
where
1 1 1 1
A= ——4+y——+z——4+u——. (B.51)
x Y z u
Let us now look on the RHS of (B.43), which can be written as
-1/2 _ 1/2 = n/2 1 1 1 1
q q q
RHS = " 1_qn(:c”—x—n+y —y7+z”—2—n+u"—u—n).
n=1
(B.52)
We again want to compute residues in z. To see the poles we write
oo o0 1/2+i
(1/2+4) ,n _ q x
DIAEITN 3 SPUTCE PN pit Sl ) E
i=1 i=0 n=1 i=0

Thus again the poles are at z = ¢*/2~! for any integer [ (we have also same expression
as (B.53) with  — 1/x). The residue here is easily computed to give
-1/2 _ 1/2
q q
_— B.54
. (B.54)

All in all, the LHS and RHS have the same poles and residues.

RGSRHS =
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Appendix C

Refinement of 3d partition
function

The superconformal index defined in section 2.1 is a function of fugacities ¢,y and
v. In order to recover the matrix model of Kapustin et al. [33, 40] in section 5.1
we simply fixed the v — ¢ and y — 1. In this appendix we refine the 3d partition
function by keeping track of all the fugacities in the index. It is convenient to define
the chemical potentials

v = e B/3+u), y=e P (C.1)
The index, in terms of 5, u and 1 becomes
T = Tr(—1)Fe Al (E+52) =5 (r+R)~(r+Ryu+2j1], (C.2)

Let us compute the partition function of the hypermultiplet after turning on only
u.

Ihyp—HF<\;az,t3y,t3 ) Hg(nittzzt)n
q_>1H[COSh7T( —z—)}

peector T 1 1 D(gHtemaig q)
1— q—i(ai—a‘j) 1— qi(ai—ozj) ( +i(a;—ay). :q, C_Z)

1
2

(C.3)

1<j

g—1 sinh (o — ) 2 cosh 7 (F(a; — o) +1/2) 1/2
- g ( (i — aj) > (Coshﬂ(ﬂF(az‘ —aj) +i(u+ 1/2))> '

Both partition functions reduce to the ones in section 5.1 as we set u to zero.
Now we restore y = ¢—?" to produce the more refined 3d partition function. The
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chemical potential 7 has a nice physical interpretation as the U(1) x U(1) isometry
preserving squashing deformation of the S3. The partition function of 3d gauge
theories on this squashed background was computed in [57].

The contribution due to the hypermultiplet with 1 deformation turned on is

Jo

~6n o _
y—i> HF(ql/Q_u/Q_Zal;ql-H?,ql 77) (C4)

i

t2
7' = T 0 (=i . £ /)
7

3/2+u/2+iaiq(1+n)jq(1—n)k

H H - +n —n
1 2—u/2—ia; 4(1 1-n)k "
( J»k>0 / / q( )]q( )

Using the regularized infinite product representation of Barnes’ double-Gamma func-
tion
Fg(x’q,ﬁg) X H (x—i—mel —|—7”L€2)_1, (C5)

m,n=>0

the partition function of hyper-multiplet can be written in a compact way

Ihyper - H F2(1/2 — u/2 — Zal“ +n,1— 77)
r2(3/2 +u/2 +ici|1 +n,1—n)

C.6
H 1/2—u/2)—2az\bb 1 (C6)
a 9(3/2 4 u/2) + idy|b,b=1)
where we have defined!
P S S g S (C.7)

i L+

With this change of variables it is easy to see that for w = 0, our result is in
agreement with [57]. The partition function of the vector multiplet:

1 1 I‘(q1+Uii(ai_aj); q1+77’q1—’r])

vector
z - E 1— q—z(al aj) 1 — qz(al aj) F(q:l:i(ai—ozj); q1+n, ql—n) ’ (08>

'We thank Davide Gaiotto for pointing out this change of variables.
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reduces to

Joector _ H (1 —n?)sinh W(Ci:naj) sinh W(of:naj) Fo(l+u=xi(oy —aj)[l+n,1—n)

(
i w2 (o — «j)? Io(1—u+ti(yy —ay)|l+n,1—n)
10 sinh b(d; — ;) sinh b~ (&; — ;) Ta(2(1 + u) £ i(a; — é;)[b, b~ 1)
T 457 Po(§(1 = w) £ i(as — dg) b, b))

Again, we find a precise agreement with the partition function of the vector multiplet
on squashed S3.
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Appendix D

N =1 superconformal
shortening conditions and the
index

In this appendix we summarize some basic facts about N/ = 1 superconformal repre-

sentation theory. A generic long multiplet pA

A

r(j1,42)

is generated by the action of 4

Poincaré supercharges Q. and éd on superconformal primary which is by definition
is annihilated by all conformal supercharges S. In table D.1 we have summarized
possible shortening and semishortening conditions.

‘ Shortening Conditions Multiplet
B | Qa|r)" =0 Jj1=0 A=—3r Br0,4)
B | Q4lr)™ =0 j2=0 A=3r B, (1.0
B |BNnB J1,J2,m =0 A=0 B
C | ePQplr)h =0 A=2+2j —3r Cr(n.io)

(Q)2Ir)* = 0 for ji =0 A=2-73r Cr(0.2)
C 6aﬁQ[3|r>Zw' =0 A=2+ 2j2 + o’ CT(jLJz)

(Q)?|r)w- =0 for jo =0 A=2+3r Cr(51.,0)
¢ |lcne 3r=(j1—jo) A=2+j5+j2 | Cii)
D|BNC 1=0,—3r=ja+1 | A=—3r=1+j5 | Dy
D | BNC j2=0,3r=h+1 |A=3r=1+j | Dy

Table D.1: Possible shortening conditions for the N' = 1 superconformal algebra.
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A generic long multiplet of the N' = 1 superconformal algebra SU(2,2|1) is
16(271 + 1,272 + 1) dimensional. Tables D.2, D.3, D.4 and D.5 illustrate how the B,
C, C and D-type multiplets fit within a generic long multiplet.
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A (41,72)

. . o 1
A+t 3 (1 + 3.42) (j17J2+§)
. 1. L 1
(41 — 3, 72) (41,52 — 5)
(1435243
A+1 (d1,32) (G1— 30243, G+ 3.d2— %) (41592)
(j1—%.72—-%)
A+3 (1,42 + 3) (1 + 3, 42)
(1,52 — 3) (1 — 3.42)
A+2 (41, J2)
r—2 r—1 T r+1 r+2

Table D.2: A long multiplet of N/ = 1 superconformal algebra. The SU(2,2) multi-
plets that are boxed form a short B, (g ;,) multiplet for j; = 0,A = —%r. The left-
handed B can be obtained by reflecting the table (that is, sending r — —r and j; <>
j2). In general, when ji(j2) = 0, the SU(2,2) multiplets (j1 — 5, any)((any, j» — 3))
are set to zero, resulting in further shortening.

A (41, 42)
. 1 L 1
A+l (J1+§,J2) (Jl-,]2+§)
. . L 1
(1 — %,72) (J1-,Jz—§)

(it o2t )
J1 2,J2 B

L . . . 1 1 .
A+1 (41, 52) (1= %2+ 3)| Gr + 52— 5) (41,32)
(11— %.d2—3)
. . 1
A+d (g2 + 1) (1 + 5,d2)
(1,52 — 3) (1 — 3.342)
A42 (41, 72)
r—2 r—1 r r+1 r+2

Table D.3: A long multiplet of A/ = 1 superconformal algebra. The SU(2,2)
multiplets that are boxed form a semi-short C,;, ;,) multiplet for A =2+ 2j; — %r.
The left-handed C can be obtained by reflecting the table (that is, sending r —
—r and j; <> j2). In general, when j;i(j2) = 0, the SU(2,2) multiplets (j; —

3.any)((any, j» — 3)) are set to zero, resulting in further shortening.
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A (41, J2)

A o1
A+3 (1 + 5d2) (Grdz +3)
(1 — %,72) (142 — 3)

G+ 2+ )
J1 27]2 2

A+1 (41, 52) (i1—%d2+3) Gri+3.02—3%) (41,32)
X 1 . 1
—(1 =502 = 5)
3 T 1 . 1 .
A+ (1,42 + 3) (J1 + 3,752)
. 1 . 1
=042 =3) (1= 5:72)
A+2
r—2 r—1 r r+1 r+2

Table D.4: Multiplet structure of é(
Ji +j2 and §r = (j1 — j2).

ji,j2)- The shortening conditions are A = 2 +

A (41, 52)
A+ 3 (1 + %,72) (j11j2+%)
(1 — 5.72) (1,42 = %)
1+ 3.724+3)
A+1 (J1,32) (1— 3,52+ %) 7(]’1+%7j2*%) (41,32)
(1—3%.72—-%)
A+ 3 (1,52 + %) *(j1+%7j2)
(1,92 — %) (1 — %,72)

A+2 (41,32),| +(J1,52 = 1)

5 L 1
A+3 +(317J2*§)

r—2 r—1 T r+1 r+2

Table D.5: Multiplet structure of D(g j,). The shortening conditions are A = 1+j =
—%7‘ and j; = 0. The multiplet Z_)(j1,0) could be obtained by 71 <> jo,r <> —7r or by
simply reflecting the table. The shortening conditions in that case are A = 1+ j; =
3 o

51 and jz = 0.

At the unitarity threshold, a long multiplet can decompose into (semi)short
multiplets. The splitting rules are:

242j1—3r

r(j1,52) =~ Crjrgn) @ Cr—l(jlfé,h)

2+2jo+3r - _

r(J1,42) =~ Cr(jra) @ Cr+1(j17j27%)
2+71+72

pA Clingn) @ C% j1—j2) 1,1~ 3 .j2) D C%(jl—jz)ﬂ,(jhjz—é)

132

2(j1—32)(J1,52)



We are using a notation where the B and B type multiplets are formally identified
with special cases of C and C multiplets, as follows

Coimt = Bty Gy = Braagno) - (D.1)

We define the Left (Right) equivalence class of the multiplet C,j, j,)(Cr(jyj,)) as the
class of multiplets with the same Left (Right) index. From the splitting rules, we see
that the classes can be labeled as [—r + 2j1,j2]r(“_)2j1 ([r+ 2]2,31]( )QJQ) Moreover,

L _ _qL - _
I[fr+2j1,j2]L_ - I[fr+2j1,J2]L and Z[r+2jz,Jl]R - I[r+2j2,j1]i'
the indices of the equivalent classes are

The expressions for

B2 (y)
(1 By)(1 -3y D)
t3(r+2) ( )

L _ 272+1
Li gy, = ()™

R _ _\251+1

Tian = O AT Epa ey
IR, jos = 0
TMF R = 0.

The situation is slightly more involved for the C and D type multiplets. Unlike
the B,C type multiplets, they contribute both to Z* as well as Z®. The indices [21]
for the different types of multiplets are collected in table D.6.
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Multiplet | Zt 1"
PAN ) | O 0
Cr(ji.g2) I[I:r+2j1 7]'2]%7)2]‘1 0
éT(jl J2) 0 I[RT+2j2 ’jl]]z_)%z
G| T, a2, Tt 4 I 20
Do | Tpjsmp Y s tpte | Tii-20n
Di1.0) I[L%m%,m - [R%jl—%,mﬂ, +1 R%ai—%m—%l‘i

Table D.6: Indices Z" and Z® of the various short and semi-short multiplets.
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