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Abstract

In this thesis we study a variety of two- and three-dimensional (2D and 3D, respec-
tively) nodal semimetals, subjected to local electronic interactions or disorder. Such
systems constitute a minimal model for various real materials and capture a plethora of
interesting physical phenomena therein. Our methodology includes an unbiased renor-
malization group analysis controlled by e expansions about the appropriate lower critical
dimension, mean-field analysis, as well as complementary numerical analyses.

First, we focus on emergent symmetries at various infrared unstable quantum critical
points, appearing in a renormalization group flow of interaction couplings. We investi-
gate a 3D chiral Dirac semimetal, which in a noninteracting system enjoys a microscopic
U(1)®SU(2) global symmetry. Though the chiral symmetry is absent in the interacting
model, it gets restored (partially or fully) at various fixed points as emergent phenomena.
Subsequently, we study a collection of 3D interacting effective spin-3/2 biquadratic Lut-
tinger fermions, and demonstrate the emergence of full rotational symmetry between the
distinct nematic sectors (namely E, and T5,) of the corresponding octahedral group.

We then investigate the effects of electronic interactions at zero and finite temperature
and chemical doping in a collection of (i) 2D Dirac and Luttinger fermions, constituting
the linearly and quadratically dispersing low-energy excitations in monolayer and bilayer
graphene, respectively, and (ii) 3D Luttinger fermions, describing a biquadratic touching
of Kramers degenerate conduction and valence bands, relevant in the normal state of
227 pyrochlore iridates, and half-Heusler compounds, for example. These systems exhibit
a plethora of competing broken symmetry phases (both magnetic and superconducting)
when tuning the strength of interactions, temperature, and chemical doping. In this
context we propose the selection rules, identifying the broken symmetry phases promoted
by a given interaction channel, and the organizing principle, ordering these preselected
phases along the temperature axis based on a generalized energy-entropy argument.

Finally, we explore topological aspects of nodal Fermi liquids. We propose an exper-
imentally feasible way to engineer higher-order topological phases via the application of
uniaxial strain on a 3D Luttinger semimetal. Favoring a direction, strain explicitly breaks
cubic symmetry. We show that the corresponding nematic orderings of Luttinger fermions
result in a topological insulator or Dirac semimetal, depending on the sign (compressive
or tensile, respectively) of the strain. We show that both of these phases host 1D hinge
modes, localized along the edges parallel to the direction of strain, that are therefore
second-order topological in nature. We then investigate the effects of disorder on such
a second-order Dirac semimetal, and show its stability for weak enough disorder. At a
critical disorder strength the system goes through a quantum phase transition into a dif-
fusive metal phase and the toplogical hinge states melt into the bulk. The methodology
presented in this thesis can be extended to a large family of correlated multiband systems,

such as Weyl and nodal-loop semimetal.






List of sources

This thesis is based on the author’s own publications as follows.

Chapter 3:
A. S., B. Roy, Emergent chiral symmetry in a three-dimensional interacting Dirac liquid,
Journal of High Energy Physics 2021, 4 (2021)

Chapters 4 and 7:

A. S., R. Moessner, B. Roy, Interacting spin-3/2 fermions in a Luttinger semimetal:
Competing phases and their selection in the global phase diagram, Phys. Rev. B 103,
165139 (2021)

Chapters 5 and 6:

A. S., B. Roy, Extended Hubbard model in undoped and doped monolayer and bilayer
graphene: Selection rules and organizing principle among competing orders, Phys. Rev.
B 103, 205135 (2021)

Chapter 8:
A. S., R. Moessner, B. Roy, Strain-engineered higher-order topological phases for spin-3/2
Luttinger fermions, Phys. Rev. B 101,121301(R) (2020)

Chapter 9:
A.S., B. Roy, Dirty higher-order Dirac semimetal: Quantum criticality and bulk-boundary
correspondence, Phys. Rev. Research 2, 043197 (2020)






Contents

(I _Introduction|

2 Methodology|

[2.2.1 Fierz reduction of quartic terms| . . . . . . . ... ... ... .. ..

[2.2.2  Zero temperature and chemical doping| . . . . .. .. ... ... ..

[2.2.2.1 Fixed point analysis| . . . . . ... ... ... .. .....

[2.2.2.2  Order parameters|. . . . . . . . . ... ... ... .....

[2.2.3  Finite temperature and chemical dopingl . . . . . . ... ... ...

I  Emergent symmetries|

[3 Three-dimensional Dirac liquid|

[3.2.1 Renormalization group analysis| . . . . . ... ... ... ... ...

[3.2.2  Fixed points and critical exponents| . . . . . . . .. ... ... ..

[3.2.3  Nambu doubling and ordered phases| . . . . . ... ... ... ...

[3.2.4  Emergent chiral symmetryl . . . . . . .. ..o
[3.2.5 Phase diagram| . . . . . ... ... oL

[3.2.6  Anisotropic Dirac semimetal . . . . . . ... ..o 00000

[3.3  Summary and Discussion|. . . . . ... ... oL

[4 Three-dimensional Luttinger semimetall
[4.1 Luttinger modell . . . . . . . . . . . ...

10
11
12
12
14
15
16
17
18
20

23

25
25
25
27
30
31
33
33
37
38
41
42

45



Contents

[4.1.1 Hamiltonian and Symmetries| . . . . .. .. ... ... ... .... 46
[4.1.2  Lagrangian and Scaling. . . . . . . . .. ... . ... ... ... 48

4.2 FElectron-electron interactionsl . . .. .. ... ... ... ... ... .. .. 49
[4.2.1 Nambu doubling and Broken symmetry phases|. . . . . . . ... .. 50
“.2.1.1 Particle-hole or excitonic orders . . . . . .. ... ... .. 50

[4.2.1.2  Particle-particle or superconducting orders| . . . . . . . . . o1

[4.2.2  Renormalization group analysis| . . . . . ... ... ... ... ... 52
[4.2.3  Quantum criticality in Luttinger semimetal . . . . . . . . . . .. .. 53
4.2.3.1 Isotropic Luttinger semimetal (o = 7) . . ... ... ... 54

4.2.3.2  Anisotropic Luttinger semimetal: o — 5. . . . . . .. .. 5%)

[4.2.3.3  Anisotropic Luttinger semimetal: o« —0Of . . . . . . . . .. 56

[4.2.4  Universality class and critical exponents| . . . . . . ... ... ... o7
[4.2.5 Scaling of the transition temperature| . . . . . . . . . ... ... .. 57

[4.3  Summary and discussion| . . . . . ... 59
[II  Competing orders and selection rules| 61
[5>  Selection rules and organizing principle| 63
[6 Monolayer and bilayer graphene| 67
6.1 Lattice modelsl. . . . . . . .. .o 68
[6.1.1 Monolayer graphene] . . . . . . . .. .. ... ... ... 69
[6.1.2  Bilayer graphene, . . . . . . ... ... 70

[6.2 Low-energy effective theory| . . . . . . . . . . .. . ... ... ... ..., 71
[6.2.1 Non-interacting models| . . . . . . . .. ... ... ... ... ..., 72
[6.2.2  Symmetries and action| . . . . . ..o 73
[6.2.3  Flectron-electron interactiond . . . . ... ... .. ... ... ... 75
[6.2.4  Broken symmetry phases| . . . . . ... ..o 79
6.2.4.1 Particle-hole or excitonic ordersl . . . . . . . .. ... ... 82

[6.2.4.2  Particle-particle or superconducting orders| . . . . . . . .. 83

[6.3 Phase diagrams| . . . . . . . ... 84
[6.3.1 Quartic interactions: Mass channels|. . . . . . . ... ... ... .. 85
[6.3.2  Quartic interactions: Nematic channels| . . . . . . .. ... ... .. 89
[6.3.3 Quartic interactions: Smectic channels . . . . .. .. ... ... .. 92
[6.3.4  Quartic interactions: Kekulé channels|. . . . . ... ... ... ... 93

[6.4  Extended honeycomb Hubbard model|. . . . . . .. .. ... ... ... .. 96
[6.4.1 On site repulsion (U)| . . . . . . ... ... 97
[6.4.2  Nearest neighbor repulsion (V)| . . . ... ... .. ... 99
[6.4.3  Next-nearest neighbor repulsion (Vo) . . . ... .. ... ... ... 101

[6.5 Summary and discussion| . . . . ... 103




Contents

[7 Three dimensional Luttinger (semi)metall

[7.1  Energy, entropy, and topology| . . . . . .

[7.1.1 Reconstructed band structure and emergent topology| . . . . . . . .

[7.1.2  Energy and Entropy Inside Ordered Phases| . . . . . ... ... ..

(2.2 FElectron-electron interactionsl . . . . . .
[7.2.1 Mean-field susceptibility] . . . . .

[7.2.1.1 Isotropic Luttinger Semimetal (= %)[ . . . . . . . . . ..

[.2.1.2  Anisotropic Luttinger Semimetal near a = 3|. . . . . . ..

[7.2.1.3  Anisotropic Luttinger Semimetal near a =0/ . . . . . . . .

[7.2.2  Renormalization group analysis| .

[7.2.2.1 Phase diagrams at finite temperaturel . . . . . . . . . . ..

[7.2.3 RG analysis in Luttinger metal (u #0)| . . . . . . . ... ... ...

[7.2.4 Selection rules: Examples . . . .

[7.3  Summary and Discussions| . . . . . . ..

[IIl Higher-order topology in nodal semimetals|

[8  Strain-engineered HO'T phases in a Luttinger semimetall

8.1 Toy model . . . . . ... ... ... ...
8.2 lLattice models. . . . . .. ... ... ..
[8.3  Luttinger modell . . . . . . .. ... ...
8.4 L, stramn|. . ... ...
8.5 15, stramn| . ... ..o

[8.6  Summary and discussion| . . . . . . . ..

[9  Disordered higher-order Dirac semimetal]

[9.1  Lattice model and symmetries| . . . . . .

[9.2° Numerical analysis of density of states| .

[9.3  Renormalization group analysis| . . . . .

9.4 Summary and Discussion|. . . . . . . ..

Conclusions
APDP a

[A.1.2.1 Isotropic Dirac semimetal . . . . ... ... ... .. ...

[A.1.2.2 Anisotropic Dirac semime

tals . . ... oo

[B.2 Three-dimensional Luttinger (semi)metall
[B.2.1 Specific heat and compressibility]

107
108
109
113
115
116
116
117
119
120
120
122
125
127

129

133
135
136
138
139
142
143

145
146
148
152
155

157



[B.2.2  Dynamic conductivityl . . . . . . .. ... 169

[B.2.3  Details of Luttinger model| . . . . . . . ... ... ... .. ..... 170
[B.2.4" Fierz Identity| . . . . . . . . . ... 171
[B.2.5 Details of RG flow equations|. . . . . . . ... ... ... ... ... 172
[B.2.6 Stability matrix analysis| . . . . . . ... ... 174

(C.3 "Two-dimensional Dirac and Luttinger liquads| . . . . . . . . ... ... ... 175
(C.3.1 Diagramatic contributions to order parameter fields| . . . . . . . .. 176
(C.3.2 Fierz reduction of local interaction terms| . . . . . . . .. ... ... 178
|C.3.3 Renormalization group (RG) flow equations| . . . . ... ... ... 180
(C.3.3.1 Monolayer graphene] . . . . . . ... ... ... ... ... 182

(C.3.3.2 Bilayer graphenel . . . . . .. ... ... ... ... .. .. 185

[D.4 " Strain-engineered higher order topology|. . . . . . . .. .. ... ... ... 188
[D.4.1 Effects of external strain along y axis and (111) directions| . . . . . 188
[D.4.2 Luttinger Hamiltonian in the k&, =0 plane} . . . . . . ... .. ... 190

[E.5 Disordered higher order topological Dirac semimetal . . . . . . . . .. . .. 191
[£.5.1 Renormalization group analysis| . . . . . ... ... ... ... ... 191
(f2.5.1.1 Fermionic self energy|. . . . . . . . ... ... .. ... .. 192

[E.5.1.2 Vertex correctionl . . . . . . . . .. . ... ... ... ... 194

[£.5.1.3 RG flow equations| . . . . . . ... ... ... .. ..... 194




Chapter 1
Introduction

Semimetals are a class of material where the bands around the Fermi level have little
overlap in energy, resulting in small and equal density of electron- and hole-like charge
carriers. In the conventional meaning of the term, the top of the valence band does
not necessarily coincide with the bottom of the conduction band in their position in the
Brillouin zone. This results in disjoint electron and hole-like pockets for example as in Bi,
As, or Sb [1}2]. This scenario is depicted in Fig. (a). Recently, the notion of a semimetal
more often than not refers to a family of systems where the valence and conduction bands
touch at one or more distinct, typically high-symmetry points in momentum space. If
the Fermi energy lies exactly at the band degeneracy, then the previously extended Fermi
surface shrinks to just a pointlike Fermi point, as shown in Fig. [L.I[(b), with still equal
number of electron- and hole-like excitations. Such nodal semimetals can also be named
nodal Fermi liquid.

We classify nodal semimetals based on their electronic dispersion in the vicinity of
the Fermi points. Linearly dispersing quasiparticles are found in Dirac (in two and three
dimensions, or 2D and 3D respectively) and Weyl semimetals (in 3D). Such linear band
structure is depicted in Fig. (a). On the other hand, quadratic band touching can be
found in Luttinger semimetals, both in 2D [see Fig. [1.2|(b)] and 3D. In the scope of this
thesis we study multiple examples featuring such band dispersions, which can also be found
in real materials. It is worth noting that nodal semimetals extend beyond purely linear
and quadratic band touching points. For example, bicubic dispersion can be realized by
stacking three sheets of honeycomb lattice (also known as trilayer graphene) [3|, whereas
various 3D systems exhibit a mixed band structure; linear along one momentum direction
and quadratic or cubic along the remaining two, constituting a multi-Weyl semimetal [4,5],
see Fig. [1.2[c).

Owing to their band structure, nodal Fermi liquids are germane for many interesting
physical phenomena. The nodes act as topological defects, resulting in a diverse family of
topological systems, and stabilizing the band degeneracy points. At the same time, due
to the available gapless excitations, electronic interactions and/or disorder often have a

dramatic influence therein. These phenomena constitute the central theme of this thesis.
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Figure 1.1: Schematic band structure of two types of semimetal. The horizontal line
indicates the Fermi level, up to which all states are filled (shaded region). In (a) there
is a finite overlap between valence and conduction bands, while (b) represents a zero-gap
semimetal with a linear band degeneracy point.

energy

A system exhibiting linear band touching points in the presence (absence) of Kramers
degeneracy is coined Dirac (Weyl) semimetal. This is in analogy with the Dirac equa-
tion from electrodynamics, where the equations for the left and right chiral Weyl spinors
decouple in the massless limit, and yield two independent Weyl equations [6]. In con-
densed matter systems, a band composed of half-integer spin quasiparticles is two-fold
degenerate for each spin projection, which is the so-called Kramers degeneracy |7]. In the
presence of this degeneracy, two Weyl fermions that form a Kramers doublet constitute a
Dirac fermion. Among two-dimensional (2D) systems, a paradigmatic example of a Dirac
semimetal is monolayer graphene [89]. The honeycomb structure of graphene is consti-
tuted by two interpenetrating triangular lattices, and the resulting unit cell contains two
atoms, see Fig. |6.2(a). The corresponding Brilluoin zone is itself a hexagonal structure,
where the band degeneracy points are located at the six corners [10]. In a carbon-based
honeycomb lattice we often neglect spin-orbit coupling, due to the low atomic number of
carbon. Spin is then a good quantum number and the two-fold Kramers degeneracy of
the valence and conduction bands results in a collection of Dirac fermions as low-energy
excitations in monolayer graphene. At the same time, inequivalent valleys in the Brillouin
zone give rise to isospin degrees of freedom.

Electronic correlations in graphene result in a rich phase diagram under the tuning
of various experimental parameters (such as chemical doping, temperature, etc). Even
though there is an innate stability of the 2D Dirac fermions against weak local interactions
(see Sec. due to linearly vanishing density of states (DoS) p(E) ~ |E|, strong
enough interactions destabilize the linear band touching toward the formation of broken
symmetry phases [11,/12], that set in via quantum phase transitions. At low temperatures
the resulting phase diagram is dominated by mass orders, as a uniform gap is energetically
favorable compared to the gapless spectrum [13]. At zero chemical doping and for net
repulsive interactions, excitonic phases are the most prominent orderings. They include
the charge-density-wave 14| and antiferromagnet [15] phases, describing charge and spin
polarization of the two sublattices, respectively [Figs [L.3(a) and [L.3(d)]. Nucleation of
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Figure 1.2: (a) linear and (b) quadratic band touching point in two dimensions, charac-
terized by vorticity 1 and 2, found for example in 2D Dirac and Luttinger semimetals,
respectively. A 3D extension of such band structures can be constructed by adding linear
dispersion along the k, axis, as shown in (¢). The resulting system is then characterized

by its monopole charge n = 1 and 2 for (a) and (b), found respectively in Weyl and
double-Weyl semimetals [4,[5].

the Haldane mass results in a quantum anomalous or spin Hall insulator, characterized
by topological edge states [Figs [L.3|b) and [1.3|e)]. Furthermore, the translation
symmetry breaking Kekulé valence bond solid phase features an enlarged unit cell, due to
dimerization of the nearest-neighbor electronic hopping in the Kekulé pattern [Figs [1.3|c)
and (f)] [17]. Hence, there are many available gapped excitonic phases in graphene-like
systems, also known as Dirac masses.

The notion of nodal semimetals extends beyond linearly dispersing Dirac fermions.
For example, quadratic band touching in 2D systems can be engineered by e.g. coupling
two sheets of graphene in the so-called AB stacking, yielding the Bernal bilayer graphene.
The interlayer coupling modifies the resulting band structure and the dispersion around
the band degeneracy points becomes quadratic ,. Since both the conduction and
valence bands display quadratic scaling at low energies, we also call such band dispersion
biquadratic. In contrast to linear fermions in two-dimensions, the quadratic dispersion
results in local electronic interactions being marginally relevant due to the constant DoS
at low energies. Therefore, such two-dimensional systems are unstable in the presence
of infinitesimal Hubbardlike interactions. Otherwise, bilayer graphene is endowed with
the same microscopic symmetries as its monolayer counterpart. We present a simultane-
ous analysis of the effects of electronic interaction in monolayer and bilayer graphene in
Chapter [6] Alternatively, one can achieve such a biquadratic band touching by tuning
the hopping amplitudes in the checkerboard or Kagome lattices [20].

Dirac semimetals in both two and three dimensions can be found at the quantum criti-
cal point separating two time-reversal symmetric, topologically distinct insulators ,.
Even though such massless Dirac fermions appear at infrared unstable fixed points, their
imprint on thermodynamic and transport properties extends to a wide quantum criti-

cal fan, exposed by either temperature or frequency. Furthermore, 3D topological Weyl
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Figure 1.3: Schematic depictions of excitonic mass orders on the honeycomb lattice,
without (with) spin ordering for the top (bottom) row. (a) Charge density wave or-
dering, accompanied by polarization of local electronic density between two sublattices
(red and blue sites). (b) Topological quantum anomalous Hall insulator, resulting from
Haldane’s time reversal symmetry breaking intrasublattice imaginary hoppings (red and
black arrows). (c) Kekulé valence bond solid order and dimerization of nearest-neighbor
electronic hopping in the Kekulé pattern, resulting in an enlarged unit cell. Here the
hopping amplitudes are A cos a along red lines, and A cos(a+27/3) along black and blue
lines, respectively, where « is the U(1) internal phase. (d) Staggered spin polarization
of sublattices, leading to antiferromagnetic ordering. (e) Quantum spin Hall insulator,
with opposite Haldane hoppings for the two spin polarizations. (f) Spin Kekulé solid
order, with spin 1 displaying the same hopping amplitudes as in (c), whereas spin | are
associated with hopping amplitudes exactly opposite in magnitude.

and Dirac semimetals can be achieved by stacking layers of quantum anomalous Hall
and spin Hall insulators in momentum space, respectively. While the 2D constituents of
these stacked systems are (as the name suggests) gapped, the resulting 3D systems host
a topological semimetal sandwiched between a trivial and a topological insulator as we
tune the interlayer coupling [23,24]. Experimentally Weyl semimetals have been success-
fully realized using noncentrosymmetric materials (where inversion symmetry is broken),
including TaAs [25,26], NbAs [27|, TaP and NbP [28]. Though time reversal symmetry
breaking magnetic Weyl semimetals have been more illusive, recent years witnessed an
increasing number of related discoveries, for example in YbMnBiy [29], Co3SnsS, [30], and
strained ProlroO7 [31]. On the other hand, 3D topological Dirac semimetals have been
observed using compounds for example NagBi [32] or Cd3As, [33,[34]. In Chapter 3] we
study the effect of electronic interactions on a collection of 3D Dirac fermions, that in the
noninteracting limit enjoy a microscopic global U(1)®SU(2) chiral symmetry. Without

imposing this symmetry on the interacting theory, we observe the restoration of it (either



Figure 1.4: (a) Crystal structure of 227 pyrochlore iridates. Both the Ir (blue) and
rare earth Ln (green) atoms span a network of corner-sharing tetrahedra, highlighted for
the Ir atoms. The electronic properties are largely determined by the Ir 5d electrons.
Each Ir sits in a trigonally compressed octahedron of oxygen atoms (red). Republished
with permission of Annual Reviews, Inc., from Ref. ; permission conveyed through
Copyright Clearance Center, Inc. (b) all-in-all-out (AIAO) arrangement of electronic
spin, yielding Weyl semimetal or antiferromagnetic insulator phase [36-40|. (c) two-in-
two-out or spin-ice arrangement of electronic spin, supporting a large anomalous Hall

effect due to resulting dipolar Weyl fermions [41H44].

partial or full) at various renormalization group fixed points.

Finally, biquadratic band touching in three spatial dimensions has been observed in
numerous compounds. Such quasiparticle excitations have been found in HgTe ,
and gray-Sn ,, which however do not show signatures of significant electronic cor-
relations. On the other hand, band structure calculations suggest several members of
the 227 pyrochlore iridates (LnyIroO7, where Ln is a lanthanide or rare-earth element)
exhibit quadratic band touching in their normal state [35,49]. Most prominently this
has been confirmed in NdsIr,O; and ProlraO; using angle-resolved photoemission spec-
troscopy (ARPES) and terahertz spectroscopy . These materials feature compa-
rable spin-orbit coupling and electronic correlations, which is germane for a confluence of
competing exotic phases and emergent topology . The electronic properties of these
compounds are largely determined by the itinerant Ir 5d electrons, which form a network
of corner-sharing tetrahedra, see Fig. |l.4{a). The majority of 227 pyrochlore iridates
exhibit antiferromagnetic (insulating) order at low temperatures, possibly resulting from
an all-in-all-out (ATAQ) arrangement of electron spin as depicted in Fig. [1.4|b).
An exception is PrylrsO7, which remains metallic to the lowest accessible temperatures
and exhibits large anomalous Hall conductivity, despite the apparent absence of mag-
netic ordering even at low temperature [41444]. This peculiar behavior is possibly due
to a two-in two-out or spin-ice ordering of electron spin [see Fig [1.4|c)| [43]. Quadratic
band touching in 3D can also be found in the family of half-Heusler compounds (such
as LnPtBi or LnPdBi) [53H55]. In contrast to the iridates, where the Fermi surface is

prohibitively small for pairing orders to nucleate, half-Heuslers exhibit an interplay of
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antiferromagnetism and unconventional superconductivity [56H65].

In this thesis we study 3D biquadratic band touching in the framework of the Luttinger
model, constituted by strong spin-orbit coupled, effective spin-3/2 fermions, interacting
via short-range Coulomb repulsion. In Chapter [4] we study the effects of electronic inter-
action on the quantum critical properties of such system. We show that, so long we do not
introduce cubic deformations explicitly, full rotational symmetry emerges at the quantum
critical point between disordered and ordered phase. The emergent spherical symmetry
connects the otherwise distinct F; and 75, nematic sectors of the corresponding octahe-
dral group. In Chapter 7] we then investigate the effect of finite temperature and chemical
doping on the competition among broken symmetry phases in the Luttinger semimetal.
We show that this model can successfully capture the semimetal-itinerant magnetic order
quantum phase transition, observed in the 227 iridates, as well as the competition of mag-
netic orders and d-wave pairing, which is consistent with the experimental observations
in LnPdBi [57].

Due to the fine balance between electron and hole-like excitations, nodal systems lack
the bias of normal Fermi liquids toward pairing orders, which promotes a rich landscape
of excitonic phases [66]. Nevertheless, these systems host a number of exotic supercon-
ductors as well. Besides the aforementioned d-wave pairing in the Luttinger materials, the
prominent pairing orders in monolayer and bilayer graphene (apart from mundane s-wave
pairing) are the f-wave and Kekulé superconductors or pair-density-wave [13,14//19,67-70].
However, owing to the nodal structure of the bands around the Fermi energy, particle-
particle orders often cannot nucleate at the lowest available temperatures at zero or low
carrier densities for repulsive interactions. The question then naturally arises; how can
we realize these interesting, unconventional pairing orders? Adding attractive net inter-
actions by hand naturally gives rise to superconductivity. However, this is very much
a theoretical tool. On the other hand, increasing the number of charge carriers is often
feasible experimentally, either via applying gate voltage (like in the case of graphene [71]),
or by chemical doping. According to the Kohn-Luttinger mechanism, in the presence of
a Fermi surface, a net attractive interaction channel can be generated between time re-
versal partner electronic degrees of freedom [72,73]. This is ultimately conducive for the
condensation of electrons into Cooper pairs.

Interfacing theoretical work with experimental or numerical results requires a fine
balance between capturing the essential microscopic physics and casting it into a tractable
model. One of the simplest microscopic descriptions of correlated electrons in solids is the
(extended) Hubbard model. It describes electrons hopping on a lattice and interacting via
finite range components of Coulomb repulsion. The simplest incarnation of the Hubbard
model only considers on site repulsion, while in its extended form further terms, such as
nearest neighbor, next-nearest neighbor, etc., are also taken into account. This extension
is necessary for example for spinless electrons, where the on site interaction is not viable

due to the Pauli principle. We deploy the extended Hubbard model in the context of



monolayer and bilayer graphene in Chapter [f] Our analysis predicts the appearance of
various excitonic masses (such as antiferromagnet, charge-density-wave, and quantum
spin Hall insulator) at zero doping, as well as the onset of pairing phases (such as s-wave
and f-wave pairing, as well as nematic and Kekulé superconductors) at finite doping.
Our results are consistent with numerical simulations using functional renormalization
group [14] and Monte Carlo [16] methods, which will be discussed in details later.

Besides hosting correlated electrons, nodal systems are also interesting from a topo-
logical point of view. As mentioned before, three-dimensional topological Weyl and Dirac
semimetals can be constructed theoretically by stacking two-dimensional quantum anoma-
lous and spin Hall insulators (respectively) in momentum space. The resulting 3D system
hosts topologically protected nodes that act as sources and sinks of Abelian Berry curva-
ture, separated along the axis of stacking. A hallmark of these systems are the so-called
Fermi arcs, which are a collection of surface states, connecting the bulk nodes in momen-
tum space. The Fermi arcs have been observed in noncentrosymmetric Weyl semimet-
als TaAs, NbAs, and TaP [25-27,|74], and in the magnetic Weyl semimetal compound
YbMnBiy [29]. On the other hand, topological Dirac nodes have been captured in the
compounds CdsAs, [33,134,75] and NagBi [32]. ARPES measurements also successfully
showed the Fermi arcs in NagBi [76].

Conventionally, the notion of topological states concerns edge modes living on surfaces
of one less dimension than the host system. In 2D, this includes 1D edge modes of Chern
insulators, while in 3D we can find 2D Fermi arc states of topological Weyl and Dirac
semimetals, as well as surface states of topological insulators, for example. If we define

the codimension as
d. = dimension of system — dimension of surface state, (1.1)

the above mentioned examples fall into the d. = 1 or “first-order” topological category |21,
22,[77,/78|. The generalization of this idea leads us to higher order topology, where we
study systems that host surface states for which d. > 1 (integer) [79-84]. In this thesis
we are primarily concerned with hinge states in 3D topological Dirac semimetals, that
are localized along certain (1D) edges of the sample, and therefore d. = 3 —1 = 2.
In principle, (zero dimensional) topological corner states of two- and three-dimensional
systems (d. = 2 and 3) represent second- and third-order topological phases of matter,
respectively.

Despite numerous theoretical proposals, experimental observation of higher order
topology is still sparse, with a few notable examples being elemental Bi [85], Big.92Sbg.os [86],
and possibly WTe, [87]. In Chapter |8 we elicit higher order topological states via engi-
neering nematic phases in a Luttinger semimetal by the application of uniaxial strain.
Recent experiments suggest this approach might be germane for strained HgTe [88]. Sub-
sequently, in Chapter [9] we examine the fate of the resulting hinge modes in the pres-

ence of random potential disorder. The stability of first order Dirac semimetal against
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weak enough potential disorder (up to rare region effects) is well established in the lit-
erature [89-91]. However, at some critical disorder strength, the system undergoes a
quantum phase transition into a diffusive metal phase. We study the effects of disorder
in a higher-order topological Dirac semimetal and establish the existence of a region of
stability, not unlike the one in its first order relative. We also scrutinize the universality
class of the corresponding quantum phase transition into a diffusive metal.

Nodal Fermi liquids therefore exhibit a rich landscape of exotic phenomena. One pri-
mary objective of this thesis is identifying the pattern of symmetry breaking in various
prototypical systems in the presence of electronic interactions. Besides the nature of in-
teractions, we consider the influence of finite temperature and chemical doping. As an
attempt to capture these effects within a unified framework, we pronounce the selection
rules and organizing principle in Chapter 5] The role of the selection rules is to provide
a set of ordered phases that are promoted in a given interaction channel. The orga-
nizing principle then orders these preselected phases along the temperature axis, based
on a generalized energy-entropy principle. In the chapters that follow we anchor these

expectations in a variety of nodal Fermi liquids in two and three dimensions.



Chapter 2

Methodology

This thesis focuses on the role of electronic interactions and the emergent quantum
critical behavior in two- and three-dimensional nodal semimetals. The present chapter is
devoted to outline some of the key methods, which can be applied in general to this new
emerging family of materials. Much of what follows can be found in multiple textbooks,
other parts are specific to the research presented in this thesis. Nevertheless, setting the

cornerstones of the applied formalism should facilitate a more fluent discussion later on.

2.1 Coherent state path integral

Systems with a large (or even variable) number of particles challenge the formalism of
single-particle quantum mechanics. While solving the Schrédinger equation for a small
number of constituents (for example in case of the hydrogen atom) is manageable, in
condensed matter systems the number of degrees of freedom quickly reaches the order of
the Avogadro number. For this reason, we use the second quantized formalism, where
all operators are cast in terms of creation and annihilation operators, that act on the
generalized Fock space. In this section we review the key ideas behind the partition
function for a system of fermions using the basis of coherent states. This formalism is
tailored to deal with quantum many particle systems with fixed or variable particle number
~ 10?3, For a pedantic description we refer the reader to Ref. [92]. A presentation of the
analogous problem for bosons can be found in Ref. [93].

The partition function Z constitutes the backbone of equilibrium statistical physics.
In case of the canonical and grand canonical ensembles (latter one being particularly
useful for many particle systems), the probability of a state occurring is a function of
how energetically expensive it is in the environment where the energy scale is set by the
temperature 1" via kgT', where kg is the Boltzmann constant. This manifests through the

exponential functions

exp|— 8], expl—B(H — ui)], (2.1)
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appearing respectively in the partition function for the canonical and grand canonical
ensembles, where 8 = 1/(kgT), H is the Hamiltonian, y is the chemical potential and
N is the number operator. The path integral formulation of such partition function
happens via considering the cyclic evolution of a system through imaginary time 7 = it.
In this section we outline the cornerstones of this derivation. However, to do this we first

introduce our basis of fermion coherent states.

2.1.1 Fermionic coherent states

For our construction of the path integral we use the basis of coherent states, which are
the eigenstates of annihilation operators [92|. Denoting the creation and annihilation
operators for the state o respectively with af and a,, the pertinent eigenvalue condition

reads

aal¥)) = al), (2.2)

where [¢) is a vector in the generalized Fock space, about which more shortly. The
anticommutation of fermionic annihilation and creation operators demand that distinct

eigenvalues satisfy

{wa>¢ﬁ} =0, and {w:mw;} =0, (23)

where the curly bracket denotes anticommutation. This property necessitates the intro-
duction of Grassmann variables, that satisfy the anticommutation in Eq. (2.3)). To close
this algebra we introduce the adjoint of Eq. ([2.2))

(Wlal, = (vlvy, (2.4)

where 17 is the conjugate but independent variable to 1),. These variables square to zero,
mutually anticommute, and anticommute with the fermionic creation and annihilation

operators. These properties can be summarized as

Y= (") =0, {97} =0,
{¢,a} =0, {¢,a"} =0,
{¢7,a} =0, {v7.d'} =0, (2.5)

where we suppressed the « index. A fermionic coherent state that fulfills the above

algebraic requirements is constructed as

1) = e Tavack|0), (2.6)
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where |0) is the vacuum. This way the state |¢) is a linear combination of Grassmann
numbers and vectors in the Fock space, and such linear combinations span the generalized

Fock space.

2.1.2 Path integral formulation of partition function

The grand canonical partition function may be written as
Z = Tre PH-1N), (2.7)

where Tr denotes the trace, H is the second quantized Hamiltonian, N = 3, alag is the
number operator and 5 = 1/(kgT'). The partition function can be thought of as the trace
of the imaginary time (7 = it) evolution operator, or in other words the sum over all
periodic trajectories with period 8. At the same time, the trace of an operator between

fermionic coherent states requires antiperiodic boundary conditions, yielding
7= [ TLawidvne Eevive (e 200 ,). (2.8)

One can then divide the imaginary time interval 7 = [0, 8] into M slices so that A7 = 8/M

and insert the e 27 =1N) gperator M times. Furthermore, between each “time slice” we

insert the resolution of unity
1= [ T dvidvne Seviv i) (b, (29)
to obtain
Z= / TTTT v xdtbosd—taale ™= g ar) (W nrle™ 270 g 5 )
ko«
X - X (Yo ale ATHEN g 1Y, (2.10)

So long as the expression in the exponential is normal ordered [[ the individual time
slices can be evaluated using Egs. (2.2) and (2.4). Upon sending M — oo we take

Yokt1 — Yok — ¢Q(T)AT and introduce the functional integral notation

lim / 1;[Hd¢;7kd%,k — DY (1) Do (1), (2.11)

M—o0 $a(0)=—ta(B)

Normal ordering means all creation operators are to the left of all annihilation operators. Matrix
elements of normal ordered operators between coherent states can be evaluated in a straightforward

manner, using Egs. and .
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and the partition function becomes

2= [Duimpues |- | ’ ar SR = ) + HIG37). ) b,

(2.12)

where [”indicates the integration limits are to be taken as 1, (0) = —1,(53). The integral
in the exponential is also referred to as Fuclidean action, which facilitates for the partition

function the compact form
/
Z - / D (1) D (1) S ()] (2.13)

2.1.2.1 Matsubara frequencies

It is worthwhile at this stage to point out a subtlety in the imaginary time formalism when
it comes to finite temperatures. Often when a space-time variable is homogeneous, it is
useful to work in the associated Fourier space. For example, when spatial translations are
a symmetry, then wave-number (continuous or discrete) is a good quantum number. In the
scope of this thesis, our primary tool for addressing electron-electron interactions is the
Wilsonian momentum shell renormalization group (RG) analysis, for which we consider
an effective low energy continuum theory of some underlying lattice system. Therefore,
our momentum variable is typically continuous and the magnitude of it runs from zero to
some nonuniversal ultraviolet cutoff A.

On the other hand, the integration in imaginary time 7 is restricted to the interval
7 € [0,5). Hence, when T' — 0, and consequently § — oo, the associated frequency w
runs from —oo to oo and for a coherent state ¢ (7) we can write

> dw

(1) = /_ ——p(iw)e™T. (2.14)

oo 2T

However, at finite temperature 5 also becomes finite. The fermionic fields in the partition
function are periodic in 7 with antiperiodic boundary conditions, and therefore contain
only a discrete set of Fourier components, that are given by the fermionic Matsubara

frequencies, w, = (2n + 1)/5. Eq. (2.14)) then becomes
Y(r) == > diw,)e . (2.15)

2.1.3 Euclidean action

Now that we arrived to the expression of the partition function, let us focus on the quantity

in the exponential, which is a Wick-rotated action, conventionally called Euclidean action.
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Let us write it as the sum
S =5y + Siut, (2.16)

where Sy is the noninteracting part, and Sj,; encompasses the terms describing electronic

interaction. The noninteracting action is generally of the form
Sy = /deWT [0, + h(k — —iV) — u] W, (2.17)

where d is the spatial dimensionality and the spinors U and ¥ are independent Grassmann
variables, describing internal degrees of freedom such as spin, sublattice, etc. The operator
ﬁ(—iV) is a first quantized object and it is often obtained from an underlying lattice
Hamiltonian via Taylor expansion around some wave-vector. As in this thesis we mostly
study nodal Fermi liquids, the Hamiltonian usually describes one or more band degeneracy
points. Hence, after expanding around one of these band touching points iL(k) ~ |k|?,
where z is the dynamical critical exponent. Furthermore, the Hamiltonian h typically
contains some matrix structure, that operates on the components of U and ¥. Finally,
1t is a chemical potential term, that allows for deviations of electron filling from the band
touching point. In this context p = 0 suggests the chemical potential is fine tuned to the
degeneracy point, and the Fermi surface is replaced by a zero dimensional or pointlike
Fermi point.

Let us now turn our focus to the interacting action. In the scope of this work we
only consider short-range or local electron-electron interactions. In general, Thomas-
Fermi screening renders the Coulomb interaction short ranged in the presence of a Fermi
surface. Our renormalization scheme is aware of the chemical potential term, which is in
fact a relevant perturbation at the noninteracting fixed point (more of that later), and
therefore a finite bare value of y already results in the screening of the long range tail of
the Coulomb potential. Similarly, since the density of states (DoS) at low energies in a d

dimensional system scales as
d—z
p(E) ~|E|=, (2.18)

in e.g. a two-dimensional quadratic band touching system (d = z = 2) the low-energy
DosS is constant, which also results in screening. Moreover, at finite temperatures thermal
screening kicks in, yielding a finite thermal mass to the photon [94]. Admittedly, with
vanishing p(E) at zero temperature and chemical potential, long-range interactions can in
principle play an important role. In this case one has to rely on complementary theoretical
computations or experiments, and assess whether the results obtained considering only

short-range interactions are consistent with these. The schematic form of S;,; containing
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only local (momentum-independent) quartic terms reads

Sint = / drdr Z A (UTMU) (WTNW), (2.19)

M,N

where M and N are Hermitian matrices of the same dimensionality as W' and ¥, and
gun is the coupling constant of the interaction. In our convention positive values of Ay
correspond to repulsive interactions.

Before we proceed, let us make a few remarks on the role of symmetries. In general, the
underlying physical system can be endowed with various discrete symmetries, e.g. time
reversal, parity, or charge conjugation symmetry. Further symmetries might be imposed
by the point group (or space group) of the lattice. When deriving the corresponding
continuum descriptions, these microscopic symmetries must be preserved. Note that
some of these might become continuous instead of discrete, for example the Dirac cones
in graphene at low energies are endowed with full rotational symmetry, even though
the honeycomb lattice only possesses discrete C5 lattice rotational invariance. When
proceeding to write down the interacting action Sj,;, one has to again preserve all operative
symmetries. This typically severely restricts the terms allowed in Eq. .

2.2  Wilsonian momentum-shell renormalization

To study the quantum critical properties of a system we examine its low-energy and long-
wavelength behavior under the tuning of nonthermal parameters, such as the strength
of the local interactions \y;n. To do this we apply the momentum shell renormalization
scheme, where we gradually coarse grain the degrees of freedom of the given system,
thus constructing an effective theory at low energies. To proceed we introduce a hard
ultraviolet momentum cutoff A ~ 27 /a, which replaces the cubic Brillouin zone by a
spherical one. Here a bears the dimension of the lattice constant. In the renormalization
group (RG) procedure we then gradually decrease A by repeatedly integrating out a thin
Wilsonian momentum shell defined as Ae™* < |k| < A, where ¢ > 0 is the logarithm of
the RG scale (also called RG time). Finally, we restore the Euclidean action (Sy + Sint)
into its original form, but in terms of the renormalized quantities. The so-called RG flow
acquired this way is cast in terms of differential equations of various parameters appearing
in S with respect to ¢, describing the change in some quantity during the above procedure.
These are also called S-functions.

The scaling of various quantities appearing in the action relative to k is of crucial
importance as we gradually lower the ultraviolet cutoff. When a quantity () appearing in

the Fuclidean action is invariant under

Q — Qe (2.20)
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then its scaling dimension is [Q] = s. The scaling dimensions of momentum and frequency
are respectively [k] = 1 and [w] = z. This is exactly the role of the dynamical critical
exponent, it tells us the relative scaling between space and imaginary time (or momentum
and Matsubara frequency). The scale-invariance of Sy requires that [¥] = d/2, from which
we obtain the scaling dimension of the quartic coupling constants to be [Ayn] = z—d. For
linearly or quadratically dispersing fermions in two or three dimensions this leaves only
two possibilities at tree level. Local interactions are marginal if [Ayn] = 0, e.g. in the
case of Bernal bilayer graphene (d = z = 2). In this case leading loop corrections scale as
O(N%,y), and the system is unstable in the presence of already infinitesimal interactions.
On the other hand, if [Ayn] < 0 then local interactions are irrelevant, e.g. in the case of
Dirac fermions in graphene (d = 2 but z = 1). This results in the system being stable in
the presence of weak enough electronic interactions. However, above some critical value of
the bare couplings it undergoes a quantum phase transition into some broken symmetry
phase.

The scaling dimension [A\y/y] also pins the lower critical dimension at d. = z, where
short-range interactions are marginal, which facilitates a controlled € expansion about
d = d., with ¢ = d — d.. Note the question of relevance or marginality of interactions can
also be appreciated from the point of view of DoS. Namely, [Ayn] = d — 2z > 0 suggests
p(E ~ 0) vanishes as power law, whereas [Ayny] = d — 2 = 0 means the p(E ~ 0) is

constant.

2.2.1 Fierz reduction of quartic terms

Before we go on to utilize the above outlined formalism let us point out a source of
simplification in the interacting action Si. To write down all symmetry-allowed local
four fermion terms, we first classify all Hermitian matrices of the corresponding dimension
according to their transformation properties under the operative symmetries. In a system
with NV internal degrees of freedom there are N? such matrices. The following Fierz
identity reveals a level of redundancy on the level of four fermion terms.

The Fierz identity for D-dimensional Hermitian matrices reads |11,|1§]

(U1 (2) MU (2)][ T (y) N (y)] = —% > Te(MTNT?) W ()W (y)][W ()W ()],
| (2.21)

where I'* span a basis in the space of such matrices. This allows us to express each local
quartic term with x = y as the linear combination of the remaining ones. If we arrange

the interaction terms in an array X, this linear connection can be written as
X =AX, I-AX=FX =0, (2.22)

where A is a quadratic matrix of the same dimension as X, and in the second equation
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Figure 2.1: (a) Bare four-fermion interaction vertex and (b) the self-energy correction due
to four-fermion interaction. The contribution from Feynman diagram (b) is finite only
when the chemical potential (x) is finite, and renormalizes . Feynman diagrams (c)-(f)
yield corrections to the bare interaction vertex to the leading order in the e expansion,
where € = d—z. Here, solid lines represent fermions, while blue lines in (b)-(f) correspond
to the fast modes living within a thin Wilsonian momentum shell Ae~! < |k| < A, where
A is the ultraviolet momentum cut-off and ¢ is the logarithm of the renormalization group
scale. The black lines are the slow modes with |k| < Ae~‘. Figure adapted from Ref. [13].

we introduced the Fierz matrix F. The number of independent quartic terms equals
(dimension of F') - (rank of F'). The linear relations among various four fermion terms

can be extracted from F' using row reduction, for example.

2.2.2 Zero temperature and chemical doping

Let us dive into a simple example of zero temperature (7") and chemical doping (x). The
relevant Feynman diagrams are displayed in Fig. At T = p = 0 the contribution of
fermionic self energy [Fig. [2.1(b)| vanishes. In fact, even though for 1 > 0 this diagram
renormalizes the chemical potential, this correction is neglected on the basis of the leading
order € expansion. This is so, because the chemical potential enters via the loop corrections
to the interaction couplings, which themselves are already leading order in €. The one-
loop corrections to the coupling constant Ay come from the A3, term after evaluating
the diagrams from Fig. [2.1)(c)-(f). The flow of the coupling constants is described by flow
equations (or [-functions), which generally constitute a system of coupled differential
equations.

For simplicity’s sake, we first consider a simple example with a single independent
coupling constant A. In our RG and e expansion scheme the flow equation of \ takes the

form

dA A4
= =—ed+c—\ 2.23
/8>\ a4/ EA+ ¢ N ) ( )
where ¢ is some constant prefactor coming from the loop integrals. Typically ¢ > 0. We
have yet to cast ) into a dimensionless form, for which we introduce
Ad

g= ca/\, (2.24)

where ¢ is the dimensionless coupling constant, €, is the quasiparticle energy ¢ evaluated
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at |k| = A, meaning €5 ~ A®. Notice therefore g ~ A€ and the cutoff cancels at the lower

critical dimension. In terms of the dimensionless coupling constant g, Eq. (2.23)) becomes

B, = —€g + g>. (2.25)

The differential equation (3, has two fized points (FPs), where §, = 0. The trivial
or Gaussian FP is at ¢ = 0, which is stable for any ¢ > 0. Besides, an unstable FP
can be found at g = €, which represents a quantum critical point (QCP). For a bare
value of interactions strength ¢(0) < e the renormalized coupling g(¢) flows back to the
noninteracting Gaussian FP. On the other hand, g(0) > € means ¢g(¢) grows with the
RG time indefinitely. The meaning of this divergence is that interactions grow stronger
under coarse graining, and it indicates an instability towards some broken symmetry phase
(BSP), that sets in via a quantum phase transition (QPT). Notice when the physical value
of ¢ =d — z = 0, this corresponds to the case when local interactions are marginal, and
the system becomes unstable towards the formation of a BSP for infinitesimal interaction

coupling when ¢ > 0.

2.2.2.1 Fixed point analysis

Let us now generalize the above scenario to multiple running couplings g; at once, where
t=1,...,N and N is the number of independent coupling constants. Then the system

of flow equations up to leading order takes the form
By =—cgi+ Y HYgi0, (2.26)
gk

(1)
where the prefactors I ;;

the N dimensional space of the coupling constants and the FPs are located where 3, = 0,

again come from the loop integrals. Here 3, describe the flow in

Vi. Let us denote such a point in the space of coupling constants by g7, which is an
N-component array and a indexes the various FPs. To analyze each g we linearize the

flow around it and construct the stability matriz M*, the components of which are

dfy,

M = .

]

(2.27)

The number of positive eigenvalues of M classifies each FP as follows. All eigenvalues
being negative correspond to a fully attractive FP, for example the Gaussian FP in a
Gross-Neveu-like model with only four fermion interactions, as in our previous example
of only one such coupling constant. One positive eigenvalue constitutes a QCP, endowed
with one repulsive direction (like the one at g = € in our model with one coupling). To the

leading order in the e-expansion the positive eigenvalue at all QCPs is exactly €, which in
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turn determines the correlation length exponent (v) according to
-1 _ 2
v =¢e+ O(e). (2.28)

The fact that v is the same at all QCPs is however an artifact of the leading order ¢
expansion. To the leading order in the e-expansion local interactions do not yield any
correction to the fermion self energy, and hence to the dynamic scaling exponent (z).
Two positive eigenvalues (and therefore two repulsive directions) indicate a bicritical point
(BCP) in the flow of the coupling constants. Such points are necessary for a continuous
flow and they separate the basins of attraction of different QCPs. In principle one can
encounter more than two positive eigenvalues, however in this thesis we do not include
such points into our analysis.

The above analysis allows us to reconstruct the structure of the RG flow in the space of
coupling constants and identify the instabilites in terms of runaway directions, indicated
by the positive eigenvalue of some QCP. In what follows we seek to establish the nature
of symmetry breaking at each QCP by incorporating order parameters into the action,

and ultimately into the RG scheme. Next we describe this methodology.

2.2.2.2 Order parameters

In the previous section we renormalized a set of interaction couplings appearing in the
the Euclidean action S, see Egs. (2.16), (2.17), and (2.19). The existence of runaway
directions in their flow indicates instabilities of the interacting system toward some BSP,
that sets in via QPTs. Here we introduce order parameters in the action in order to probe
the nature of symmetry breaking at each QCP in an unbiased fashion.

To facilitate the forthcoming discussion we introduce the Nambu-doubled spinor basis,
suitable to capture both exitonic and superconducting orders within a unified framework,

according to

Uy

; 2.29
(A8 ( )

\I/Nam -

where U is the unitary part of the time reversal operator. A time reversal symmetric

noninteracting Hamiltonian ho under this change of basis becomes
by (k) = 1 ® ho(k), (2:30)

where ® indicates tensor product and 7, is a set of Pauli matrices with u = {0, 1,2, 3}
(no is the unit matrix) that act on the newly introduced particle-hole degree of freedom.
The above extension of the Hilbert space allows for the addition of particle-particle (or
hole-hole) terms to the Hamiltonian, which will appear as off-diagonal elements in the

Hamiltonian, and capture the condensation of electrons into Cooper pairs. We utilize this
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Figure 2.2: (a) The bare vertex associated with the source term WTOW. The leading order
renormalization of such vertices arises from Feynman diagrams (b) and (c), yielding the
RG flow of the source terms or conjugate fields, see Eq. (2.33)). Here, wavy lines stand for
the conjugate field, while solid lines for fermions, and the dashed lines for the interaction
vertex. The black (blue) solid lines represent slow (fast) modes. Figure adapted from
Ref. [13].

basis for the renormalization of order parameters throughout this thesis.

We now proceed by adding to the action fermion bilinears of the from
N
ZAi\PLamOi\IjNama (231)
i=1

where O; = 1y ® A; or n3 ® A; for excitonic orders and O; = (11 cos ¢ + masing) ® A;
for pairing orders, where ¢ is the superconducting U(1) angle. Here A; transform under
an N dimensional representation of an operative symmetry and A; are the corresponding
conjugate fields. To determine the pattern of symmetry breaking happening through
QCPs in an unbiased fashion, besides the interaction couplings g; we also renormalize
the conjugate fields. Since the RG transformation does not break any symmetries, each
component of A; acquires the same correction, which is also called anomalous dimension.
Only once the symmetry breaking happens the system picks an orientation in the internal
space of the nucleating order parameters (also called phase locking). However, the RG
strictly speaking loses its jurisdiction as soon as a coupling constant diverges, and any
information from inside the ordered phase has to be extracted using different methods
(for example mean field theory).

Let us now allow for multiple running couplings and write down the action in a
schematic form, containing all independent interaction couplings, and all local (excitonic

and superconducting) order parameters

mi m2
S =S+ / drd’r { 91> (Pl M Oan)? + 92 > (W M Uan)? + }

i=1 1=1

+ {Al Z \Ile\TamOi(l)‘IjNam + AZ Z \IllT\IamOz@)\IjNam +.. } ) (2'32)
i=1 i=1

where, in factoring out the conjugate field A;, we exploited the fact that the components
of the same order parameter renormalize together. The first order parameter is then O(n,)

symmetric, the second is O(ny) symmetric, and so on. The renormalization of conjugate
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fields happens through the Feynman diagrams displayed in Fig. [2.2] For technical details
on diagram contributions consult Appendix [C.3.1]

Note that writing the interactions in the particle-hole basis means we can renormalize
all independent couplings without utilizing the Nambu basis. However, in order to remain
unbiased between excitonic and pairing orders, we have to carry out the renormalization
of order parameters in the Nambu doubled formalism. Schematically the S-functions for

the conjugate fields read

Ba, —z=Y_ Fl; (2.33)
J

where the prefactors Fj(i) are analogous to H](,i) in Eq. (2.26]), and we separated the scaling

dimension (z) of A; to the left hand side. Since Sz, only depend on the coupling constants,
they can be evaluated at the locations of the fixed points g. The dominant instability
at each FP is then indicated by the largest (positive) anomalous dimension [right hand
side of Eq. (2.33)]. Note that to the leading order in the e-expansion all FPs |gi| ~ e,
therefore the anomalous dimensions acquired by supplying these values in Eq. are

also in units of e.

2.2.3 Finite temperature and chemical doping

The general spirit of the RG analysis at finite temperature and chemical doping is the
same as outlined in the previous section, with one important distinction. Namely, as
both T and u are relevant perturbations, they grow with RG time, and provide a natural
infrared cutoff in the following way. Let us introduce the dimensionless temperature and

chemical doping respectively as

T
t==—, and j=-1. (2.34)
€A EA

Then these quantities scale according to [t] = [i] = z, and their flow equations read

% =zt, and i _ Z[i. (2.35)

Due to the simple form of these S-functions we can immediately write
t(0) = t(0)e®, and fu(f) = (0)e? (2.36)

and from now on we suppress the tilde from the dimensionless chemical potential and
take i — p. The infrared cutoff introduced this way corresponds to a scenario when
the renormalized temperature ¢(¢) or chemical doping p(¢) become comparable to the
ultraviolet energy e,, beyond which the notion of the original quasiparticles becomes

moot and the flow equations lose their jurisdiction.
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On a technical note, temperature enters the RG analysis via the discrete sum over the
Matsubara frequencies in Eq. (2.15]), whereas the chemical potential term results from
Eq. (2.7) when setting p # 0. Then, the coefficients in the flow equations in Egs. ([2.26])

and ([2.33) become

HY = H(tp),  FY = FO(t,p). (2.37)

Our computation of phase diagram then involves the following steps.

(1) We set the value ¢ ~ O(1) up to which either ¢ and/or p is allowed to grow. Equa-
tion ([2.36]) then determines an upper bound ¢* to the RG time according to
0 =min(¢;, 07), (2.38)

tr~u

where

otn(S) a-tu(.l) o

(2) We set the bare values of interaction couplings g;(0) and temperature £(0), as well as
that of the chemical potential 1(0). All order parameter conjugate fields are initialized
to zero, A;(0) = 0.

(3) We numerically iterate the flow equations from Eqgs. and together with
Eq. between 0 < ¢ < ¢*. A broken symmetry phase is indicated when at least
one coupling constant diverges, g;(¢q) ~ O(1), €4 < ¢*. The first point in parameter
space for which a divergence is detected contributes a data point (u,t,g,...), where ...
indicates other possible parameters in the theory. The phase boundary is strictly between

disordered and ordered phases.

(4) The nature of symmetry breaking is determined by the largest positive anomalous or

scaling dimension A;(¢y).

It is important to emphasize that the RG analysis breaks down once a coupling con-
stant diverges, and as such is only equipped to detect a phase boundary between disordered
and ordered phases, as well as the pattern of the corresponding symmetry breaking. For
this reason, we always start out in the disordered phase, and slowly increase the bare
interaction couplings until we detect a divergence in the renormalized interactions. Any
information from inside the ordered phase (e.g. coexistence) has to be extracted using
different methods, for example mean field theory.

Note at zero temperature and chemical doping the system is devoid of any natural

infrared cutoff. Here we simply set £* ~ O(10) large enough for a coupling constant to
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diverge if the conditions are right. Admittedly, the above outlined methodology bears a
level of arbitrariness in terms of the upper bound { to which ¢ and u are allowed to grow,
and the value that constitutes a divergent coupling constant. However, the interplay of
these parameters only affects nonuniversal quantities, such as the requisite strength of
interactions.

Having the basic building blocks in place, we now dive into the venture of studying
various nodal Fermi liquids. In the next part we focus on the quantum critical properties of
some paradigmatic models, constituted by three-dimensional Dirac fermions (Chapter |3)),

as well as the three-dimensional effective spin-3/2 Luttinger fermions (Chapter |4f).



Part 1

Emergent symmetries
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We start our journey by examining the quantum critical properties of various nodal
Fermi liquids, with special focus on the emergence of enlarged symmetries at certain
QCPs. Microscopic symmetries of a physical system are present on all energy and length
scales, and accordingly they have to be imposed in its description, both in the lattice
model and the low-energy continuum theory. In contrast, emergent symmetries arise only
on certain scales, and in our context they appear in the deep infrared regime, described
by infrared FPs of a renormalization group flow.

In practice, the order parameters breaking distinct symmetries generally renormalize
separately, and the conjugate fields have distinct S-functions, in other words generally
Ba, # Ba; when @ # j. Note that these flow equations are functions of the interaction
couplings and hence can be evaluated at the various FPs, providing the anomalous di-
mension of the OP at a FP. Symmetry enlargement of a certain FP, say g*, means, that
order parameters breaking different microscopic symmetries acquire identical anomalous

or scaling dimensions at the given FP, in other words

Ba,

Then, the given FP (in our case QCP or BCP) is said to possess an enlarged symmetry,
in comparison to the original symmetries of the action. For example, if A; and Ay
respectively possess distinct O(n;) and O(ny) symmetries, the QCP fulfilling Eq.
enjoys and enlarged O(n; + ny) symmetry, that is absent at the microscopic level, but
emerges at the infrared unstable QCP.

In what follows we start the investigation in three spatial dimensions and examine the
symmetry enlargement at the interacting QCPs in linearly dispersing Dirac fermions in
Chapter . Subsequently, in Chapter [4] we study a collection of spin-3/2 fermions in a

Luttinger semimetal, a strong spin-orbit coupled, quadratically dispersing system.



Chapter 3
Three-dimensional Dirac liquid

In this chapter we focus on a three-dimensional strong spin-orbit coupled gapless Dirac lig-
uid, constituted by four-component massless Dirac fermions. Relevant material examples
are, for example, strong spin-orbit coupled CdsAs, [75] and NagBi [32]. Our model, be-
sides the fundamental discrete parity (P), time-reversal (7) and charge-conjugation (C)
symmetries, also enjoys a microscopic continuous U(1)®SU(2) global chiral symmetry.
The following discussion unfolds the role of strong momentum-independent Hubbardlike

or local electronic interactions among such massless chiral Dirac fermions.

3.1 Noninteracting models: continuum and lattice

We start by introducing a noninteracting gapless Dirac system, endowed with genuine
microscopic continuous chiral symmetry. We first present the effective low-energy de-
scription of such system, and discuss its invariance under various discrete and continuous
symmetries. Subsequently, we propose a lattice realization of a genuine chiral Dirac

semimetal.

3.1.1 Continuum model

The minimal model for three-dimensional massless chiral Dirac fermions is captured by

the Hamiltonian ,

h(k) = vl;k;, (3.1)

j=1
where k; are the components of momentum and v; are the Fermi velocities along the
principal axes. Here 7 = 1,2 and 3 correspond to z, y, and z, respectively. The mu-
tually anticommuting four-component Hermitian I' matrices satisfy the Clifford algebra
{I';,T';} = 26;;. Our results only depend on the internal algebra of these matrices, and
are independent of the spinor representation. Nevertheless, picking a representation is
informative as it captures some underlying physics. We organize the four-component

spinor basis as Wy = (cyp,c4p,¢1,c1) " (k), where c,s(k) are the fermion annihilation
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operators with parity p = =+, spin projections s =1, ], and momentum k. The [' ma-
trices are then given by I'; = I'y; for j = 1,2,3, with I'), = 7, ® 0,, where ® denotes
the Kronecker product. Two sets of Pauli matrices {7,} and {0, } operate on parity and
spin indices, respectively, and 79 and oy are the two-dimensional identity matrices. The
model in Eq. then describes the mixing of different parity states with unit angular
momentum difference. To close the anticommuting Clifford algebra, which contains five
elements in the space of four-dimensional Hermitian matrices, we define I'y = I'sy and
I's = I'g.

For now we set v, = v, = v, = v, which brings Eq. into a fully rotationally
symmetric form B(k) = vI';k;, where the summation over the repeated spatial indices is
assumed, and ﬁ(k) describes an isotropic, doubly Kramers degenerate Dirac cone centered
at the I' = (0,0, 0) point of the cubic Brillouin zone [see Sec. [3.1.2]. The generators of
rotations about the z-, y- and z-axis are respectively I'gq, g2, and I'y3. For example, a ro-
tation by an angle 6 about the jth axis is generated by R;(#) = exp[ifl'y;/2]. Specifically,
when 6 = 7/2 and j = z, k — (ky, —ks, k.), such that R,(r/2)h(k)R;"(x/2) = h(k) in
an isotropic system. Therefore, the noninteracting Hamiltonian remains invariant under
the four-fold (C}) rotation about the z axis. Similarly, under the Cy rotations about the
x and y axes k — (ky, k., —k,) and (—k., k,, k;), respectively. It is then straightforward
to show that h(k) remains invariant under O(3) rotations.

The O(3) rotational symmetry of the low-energy model is only plausible when the
underlying lattice structure possesses a cubic symmetry. The isotropic Fermi velocity in
a low-energy theory is then v ~ ta, where t is the hopping amplitude and «a is the lattice
constant. However, known Dirac materials often exhibit tetragonal symmetry [32,75],
with elongated (or shortened) lattice constant along one of the three principle axes, for
example. In a tetragonal environment this results in the breakdown of the O(3) rotational
symmetry down to an in-plane O(2) one about the z-axis. In other words, v, = v, # v,
in a tetragonal Dirac material. In Sec. we discuss the effects of weak rotational
symmetry breaking on interacting chiral Dirac fermions in a perturbative manner.

The gapless chiral Dirac system is invariant under the discrete parity transformation
(P), reversal of time (7), and charge conjugation (C). In our representation of the
four-component spinor ¥, and the I' matrices, the above transformations are realized
as PURP = DgoW_p, TYLT = —TuV_g and CV,C = —il'o W% [6]. The time-reversal
operator is antiunitary and can be written as 7 = UK, where U = I’y is the unitary part
and K is complex conjugation, such that 72 = —1, yielding Kramers degenerate Dirac
bands.

The noninteracting system remains invariant also under a continuous global U(1)
chiral rotation (), under which Wy — exp[if,I'10]Wg, where the matrix C' = T'yq is
the generator of the chiral rotation. We note that two mass matrices, namely I'y and I's,
that anticommute with h(k), break the global U(1) chiral symmetry of the massless Dirac

Hamiltonian. While the scalar mass (I'y) only breaks the continuous chiral symmetry, the
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pseudoscalar mass (I's) in addition breaks the discrete P and 7 symmetries. Furthermore,
the noninteracting Hamiltonian fz(k) possesses a psuedospin SU(2) chiral symmetry, which
only becomes visible once we Nambu double the spinor basis, as shown in Sec. [3.2.3
Therefore, the noninteracting gapless chiral Dirac system enjoys a U(1)®SU(2) chiral
symmetry.

The imaginary time (7) Euclidean action for such a collection of noninteracting chiral

Dirac fermions reads
So = /dr/ddm \Ilim [& + ﬁ(k — —iV)| VU, ., (3.2)

where d is the number of spatial dimensions. The absence of a chemical potential term
implies the fine tuning of the Fermi energy to the band touching Dirac point, whereby the
Fermi surface shrinks to just one point at the center of the Brillouin zone (see, however,
Ref. [95]). While constructing the interacting theory, besides the spatial rotational sym-
metry, we impose P, T and C symmetries separately. But, we do not enforce invariance
under U(1) chiral rotations or pseudospin SU(2) rotations explicitly at the microscopic
level. Instead, we demonstrate restoration of the chiral symmetry as an emergent phenom-
ena at various RG fixed points that can be accessed by tuning the strength of interactions
among Dirac fermions, as we also witnessed on a relativistic flatland, namely graphene, in
the previous chapter. For the time being however our noninteracting single-flavor model
is chiral symmetric, which at first glance seems to be at odds with the Nielsen-Ninomiya
“no-go” theorem [96], when it comes to constructing a corresponding lattice model. We
proceed with pointing at a possible way out of this conundrum. Nevertheless, given
that two-dimensional genuine chiral Dirac-Hubbard model on a square lattice [97], and
three-dimensional Dirac-Hubbard on a cubic lattice [98] have been studied recently us-
ing quantum Monte Carlo simulations, a concrete lattice realization of three-dimensional
massless chiral Dirac fermions should facilitate future numerical investigations of this

system, where our results can be scrutinized.

3.1.2 Lattice model

In this section we consider a single flavor of four-component massless chiral Dirac fermions
in a continuum theory, the translation of which to a lattice model is, however, a nontrivial
task. The challenge originates from constructing a lattice version of the derivative operator
while taking kK — —iV in Eq. . Nevertheless, symmetrizing the derivative from basic

calculus as
Af@) . fe+a) -~ fe—a)

dx a—0 2a

(3.3)

proffers a tempting lattice version, in which one treats a as the lattice constant, and
arrives at the nearest neighbor description, where in one dimension the eigenenergies are
ex ~ tsin(ka), the blue squares in Fig. 3.1} Here k is the discrete valued lattice momentum

and ¢ is a hopping amplitude, setting the energy scale. However, this construction results
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in so-called fermion doublers at the edges of the one-dimensional Brillouin zone (k =
+7/a). In fact in d dimensions one finds 2¢ number of low-energy Dirac points compared
to the continuum theory [99]. A common remedy to this problem is the introduction of a
momentum-dependent Wilson mass, which gaps the doublers, but vanishes at the desired
" point [100,101|. But, such a construction comes with its own intricacies. As such adding
another discrete symmetry (P, 7, C) preserving anticommuting mass matrix (I'y) spoils
the genuine microscopic chiral symmetry of Dirac fermions. Even though the resulting
higher order in momentum (o< k?) terms are irrelevant in the RG framework, yielding
an emergent chiral U(1) symmetry, the nucleation of P, 7 and C symmetric, but chiral
U(1) symmetry breaking scalar mass (I'y) at strong coupling then takes place through
a fluctuation driven first-order transition, as it does not break any bonafide microscopic
symmetry [102]. So, we seek for a lattice realization of single flavored massless Dirac
fermions with genuine microscopic chiral symmetry.

The doubler problem can also be overcome by extending the nearest neighbor deriva-
tive to next nearest neighbor [99], with hopping parameters ¢; = (1 + p)/(21) and
ts = (p — 1)/(4p) between the first and second neighbors, respectively. Here p is a
tuning parameter that recovers the nearest neighbor limit for 4 = 1. The corresponding

spectrum is then given by
€ = tysin(ka) + to sin(2ka). (3.4)

Upon sending p — 0, the Fermi velocity of the doublers gets pushed to infinity, and due
to the finite sampling of the k axis there will be no additional low-energy mode in the
Brillouin zone, see orange diamonds in Fig. [3.1] However, this construction results in
much of the spectral weight being pushed to high energies €, > nt.

The aforementioned complications are solved by using the Stanford Linear Accelerator
(SLAC) lattice derivative [104], a pedagogic construction of which is provided in Ref. [105].
The three main ingredients of the SLAC construction are the following. (i) Identifying
the (continuum) derivative operation with convolving a function f(x) with the negative
derivative of the Dirac delta function f'(x) = —'(x)* f(z). (i7) Applying a low-pass filter
to the continuum formalism to restrict it in momentum space to the first Brillouin zone.
(74i) Finally, sampling the resulting operator on a lattice. Since the Fourier transform
of the Dirac delta function is unity, and the ideal low-pass filter in position space is
sin(rx/a)/(mx), steps (i) and (ii) can be summarized as

, _asin (%) — TX COS (%x)

— 0" ()] = : (3.5)

amx?

where 0(x) is the filtered Dirac delta operator that has Fourier components only in the
first Brillouin zone. By performing the Taylor expansion we find that 6™*(z) vanishes
linearly around x = 0, and the SLAC construction does not have an on site component.
The ideal lattice derivative is then obtained by sampling the expression from Eq. at
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Figure 3.1: Spectrum of the one-dimensional Hamiltonian hyp = —i(ta)d/(dz) for three

different choices for the lattice derivative. The blue squares show the simplest, nearest
neighbor approach [see Eq. ], which results in doublers around k = +x/a. The orange
diamonds correspond to the next nearest neighbor spectrum from Eq. for p = 0.12.
Notice that the Fermi velocity of the doubler around k& = 4w /a in this case is greater
than that near the center of the Brillouin zone (k = 0). This effect is exacerbated by
further decreasing p, which eventually gets rid of the doublers, but pushes much of the
spectral weight to high energies (e; > 7t). The gray dots represent the ideal derivative,
the spectrum of which is devoid of doublers and remains linear in the entire Brillouin
zone, thereby yielding a genuine chiral symmetry at the microscopic level. Notice that
around k =~ 0 all three constructions recover k-linear dispersion. This construction can be
generalized to realize three-dimensional massless Dirac fermions with microscopic chiral
symmetry, see Eq. (3.7). Figure adapted from Ref. [103].

the lattice points x = na, multiplied by the lattice spacing (a), yielding

Afr) = 0, if n =0 5.

otherwise.

By identifying the position space derivative with convolution from Eq. , we get rid
of the doublers, but pay the price of our operator now being non-local, albeit only along
the principal axes.

The resulting tight binding Hamiltonian which corresponds to Eq. on a three-
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dimensional cubic lattice with linear dimension L = 2N + 1 in each direction reads

3 N
Pt = —ZZZ Z A(”)‘I’LFJ’\IJRJrnéU% (3.7)

R j=1n=—N

where R denotes the position of the lattice sites and &Y is a vector of length @ in the jth
principal direction. While the locality of the SLAC derivative on a conceptual level can be
subject to debate, the long-range nature of it is certainly unwieldy from a practical point
of view. Nevertheless, in exchange we obtain spectra that reflect the “true” momentum

operator on a lattice, namely e, = (ta)k, where v = ta is the isotropic Fermi velocity. See
the gray dots in Fig. 3.1]

3.2 Electron-electron interactions

In what follows we seek to unveil the structure of the RG fixed points (including both
QCPs and BCPs) and emergent symmetries therein starting from an interacting model
for three-dimensional massless chiral Dirac fermions, similar to two-dimensional Dirac
fermions in the previous chapter. To capture interaction-induced spontaneous symme-
try breaking in this system we construct the symmetry-allowed four-fermion or quartic
terms. Throughout this thesis we only take the Hubbardlike short-range (momentum-
independent) interactions into account. On the other hand, the long-range tail of the
Coulomb interaction in Dirac materials only provide logarithmic correction to the Fermi
velocity [106-116|, without causing any transition to ordered states [109,111,113|. When
simultaneously present with the short-range interactions, it can only cause non-universal
shifts of the phase boundaries |112}[114], without altering the underlying quantum critical
behavior [111,113].

The most general local four-fermion term is of the schematic form
g‘uup)\(\I]TFHV\I;)<\IITFP>\\II>7

where p, v, p,A = 0,1,2,3, g, . is the coupling constant, and U1 = ¥ and ¥ = ¥, ,
are two independent Grassmann variables in the path integral or action formalism. Be-
fore imposing any symmetry constraint on the quartic terms, altogether there are 136 of
them. Namely, 16 (the number of Hermitian matrices, constituting the basis for all four-
dimensional matrices) of them are obtained for yrv = pA, while ur # pA in the remaining
120 quartic terms. However, this number gets drastically reduced first by imposing the
discrete symmetries, namely parity (P), time-reversal (7) and charge conjugation (C).
These three discrete symmetries permit only 12 terms with uv # pA and 16 quartic terms
with puv = p\. The spatial O(3) rotational symmetry eliminates the former set of quartic

terms, and organizes remaining 16 terms of the form (V1T ¥)? into eight distinct interac-
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tion channels. For a detailed derivation see Appendix [A.T.T] The interacting Lagrangian

containing all symmetry allowed local quartic terms is then given by

3
1nt - Zg \I]TFN(]\IJ Z Z ‘I’ F \If

;LO 'u,:

(3.8)

The four-fermion interactions with coupling constants g’ (g]t) for j = 1,2, 3 correspond to
spin-independent (spin-dependent) mixing of even and odd parity states. By contrast, g
(g%) corresponds to short-range density-density (ferromagnetic) interaction. Notice that
we did not enforce chiral U(1) symmetry on L, at the bare level. Consequently, the com-
ponents of chiral U(1) vectors appear as independent quartic terms in Eq. . Namely,
two quartic terms containing I'yp and I'sg (I'y; and I's;) acquire two separate coupling
constants g7 and g7 (gz and gé), respectively, at the microscopic level. On other hand, in
Weyl semimetals the chiral U(1) symmetry is associated with the translational symmetry
in the continuum limit [117,/118]. Therefore, the interacting theory must preserve the
chiral U(1) symmetry in Weyl semimetals.

However, the number of linearly independent four-fermion terms is only four due to the
existence of the Fierz identity [11] (see Appendix[A.1.2). We choose them to be the ones

appearing with the coupling constants {gi} The corresponding interacting Euclidean

Sint = /dT/dd (Zg (WIT,00)2 ) (3.9)

Notice that eight quartic terms appearing in L, can be decomposed into two sectors,

action reads

the ones transforming as scalars (three-component vectors) under spatial O(3) rotations
and appearing with coupling constants g (gi), for p = 0,---,3. Consequently, we can
choose four quartic terms in the singlet channel as the independent ones. Next we study
the interacting model Sy + S within the framework of Wilsonian momentum-shell RG

analysis.

3.2.1 Renormalization group analysis

Our methodology for the zero temperature renormalization group (RG) analysis is as
outlined in Chapter [2. We start by establishing the scaling of various quantities relative
to momentum, the scaling of which is by definition [k] = 1. The relative scaling between
momentum and frequency is given by the dynamic scaling exponent z, hence [w] = z.
For linearly dispersing Dirac fermions z = 1. The scale-invariance of Sy requires that
[U] = d/2, from which we obtain the scaling dimension of the quartic coupling constants
to be [gi] = z —d = —1. Therefore, local interactions in three-dimensional Dirac systems
are irrelevant in the RG sense and the Dirac cone remains stable as long as they are
sufficiently weak. On the other hand, strong enough local interactions can drive the system

through quantum phase transitions into various broken symmetry phases. The scaling
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coupling | C1 | C2 [ C3 | C4 [Bl1[B2| B3 | B4 |

9. -0.042 | 0.062 | 0.062 |-2/3| 0 0 |-0.895 | -0.895

g: -1/8 | 0.136 | 0.136 0 0 0 0.614 | 0.614

% 1/6 | 0.215 |-0.153 [ -1/3 | 0 | 1/3|-0.056 | -0.840

g 1/6 |-0.153 | 0.215 |-1/3|1/3| 0 |-0.840 | -0.056
Table 3.1: Locations of four quantum critical points (QCPs) [C1, ---, C4] and four
bicritical points (BCPs) [B1, - - -, B4] in the four-dimensional space of coupling constants,

measured in units of €, where € = d — 1 and d is the spatial dimension of the system. Each
QCP (BCP) possesses one (two) unstable direction(s). Note C1 and C4 are chiral U(1)
symmetric QCPs, since g7 = g2 therein. On the other hand, C2 and C3 are chiral U(1)
partners, as their locations transform into each other under U(1) chiral rotation g5 <+ g;.
Similarly, two pairs of BCPs, namely (1) (B1,B2), and (2) (B3,B4) are chiral U(1) partners.
In addition, three QCPs C2, C3 and C4, and two BCPs B3 and B4 individually possess
pseudospin SU(2) chiral symmetry. The emergent chiral symmetries can be anchored by
comparing the scaling dimensions of fermion bilinears, tabulated in Table [3.2] at various
fixed points, see Table [3.3] In particular, the scaling dimensions of fermion bilinears that
are related to each other by chiral U(1) [pseudospin SU(2) chiral| rotations are identical at
the U(1) [pseudospin SU(2)| symmetric fixed points. By contrast, the scaling dimensions
of two fermion bilinears that form a U(1) vector under the chiral U(1) rotations, are
interchanged between two fixed points that are chiral partners of each other. Finally,
the scaling dimension of chiral U(1) scalar fermion bilinears remain unchanged between
two chiral partner fixed points. Only the fully U(1)®SU(2) symmetric QCP C4 becomes
unstable even against weak rotational symmetry breaking, see Sec. [3.2.6]

dimension [gi] pins the lower critical dimension at d = 1, where short-range interactions
are marginal, which facilitates a controlled e expansion about one spatial dimension, with
¢ = d — 1. Note that vanishing density of states, namely p(E) ~ |E|* indicates stability
of the Dirac node against sufficiently weak interactions in d = 3, whereas interactions
become marginal when d = z = 1, yielding a constant density of states.

Evaluating the Feynmann diagrams from Fig. up to one-loop order [119|, we arrive

at the following leading-order RG flow equations for the coupling constants

dgs S S .S S .S S S

d; == 6go - (gogs + gogz + 29392) )

dgs S S .S S .S S S

=69 T 995 T 909, — 4959,

deS S S 2 S S S S s S S S S

dg :_692 +3<92) _2(9093“‘9092 _9392) +3g1 (gz _93) ’

dgs 2

G0 = 0T 3(0) —2(900 + 909l —990) +390 (97 —91) . (310)
Here we made the substitution 33;2 9 =g, such that the flow equations are expressed

in terms of dimensionless couplings. Note that the flow equations are symmetric under
the exchange of g7 and g7, manifesting the chiral U(1) symmetry of the noninteracting

system.
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3.2.2 Fixed points and critical exponents

We examine the quantum critical phenomena by analyzing the fixed point (FP) struc-
ture of the RG flow equations from Eq. , following the methodology outlined in
Sec. . We adapt the notation (3, = dg;/df, and denote a FP location (a solution
to By =0, p=0,... ,3) by g*. With that the components of the stability matrix at a
FP read

dg,s
M,u,—l—l,y—‘rl — d -ZH 5 (311)
gu *
g
where p,v = 0,...,3. A negative (positive) eigenvalue of M corresponds to a stable

(unstable) eigendirection, and the number of unstable directions characterizes a given fixed
point. For example, a QCP (BCP) has one (two) unstable direction(s) in the arbitrary
multi-dimensional space of coupling constants.

We find altogether nine FPs |113], of which the trivial one at g* = (0,0,0,0) is the
fully attractive noninteracting Gaussian fixed point. It describes a stable Dirac semimetal
for sufficiently weak, but generic short-range interactions. The rest of the eight FPs at
nontrivial strength of the coupling constants are reported in Table 3.1} Four of them are
QCPs (C1,---, C4) and the remaining four are BCPs (B1, ---, B4). The existence of
BCPs is necessary for the continuity of the RG flow trajectories. As such they separate
the basins of attraction of various QCPs. All fixed points are located at g° ~ €, which
can be seen from Eq. (3.10).

The dynamic scaling exponent z = 1 at all four QCPs. On the other hand, the inverse
of the positive eigenvalue of the stability matrix (M) determines the correlation length
exponent (v) at each QCP. To the leading order in the € expansion we obtain v~! = ¢,
and ¥ = 1/2 in d = 3. The mean-field value of the correlation length exponent is an exact
result, as the system resides at the upper-critical three spatial dimensions [120,/121].

From the locations of the fixed points we can conclude the following. Two QCPs C1
and C4 are chiral symmetric, where the couplings of the two components of the U(1)
chiral vector g; and g7 are identical. The remaining two QCPs, namely C2 and C3, are
chiral partners of each other and their locations transform into one another under the
chiral rotation g} <+ gi. On the other hand, the four BCPs form two such pairs of chiral
partners, namely under g¢ <+ g7 (1) B1 <+ B2 and (2) B3 <+ B4. To further anchor the
restoration of chiral symmetry at various RG fixed points next we compute the scaling

dimension of all symmetry allowed fermion bilinears.

3.2.3 Nambu doubling and ordered phases

Sufficiently strong local electronic interactions destabilize a gapless Dirac liquid and
drive the system through quantum phase transitions into various broken symmetry phases.
Here we consider all such symmetry allowed particle-hole (or excitonic) and particle-

particle (or superconducting or pairing) orders. To bring both sectors under a unified
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(300) (01))

(200) PS3 (100) (110) PS3 (210) (230) PS3 (130) (12) PS3 (22j)

Figure 3.2: Four sets of three mutually anticommuting fermion bilinears in the Nambu
doubled basis Unam [see Eq. ], denoted by (uvp) = \I/LamnMFVp\I/Nam, residing at
the vertices of four triangles, each representing a pseudospin SU(2) vector. Each triangle
demonstrates pseudospin SU(2) chiral rotation among (I) scalar, (II) pseudoscalar exci-
tonic and two components (real and imaginary) of pairing or superconducting masses,
(III) fermionic density and two components of temporal vector pairing, and (IV) Abelian
current and two components of spatial vector pairing with a specific spin orientation
(p=7=1,2,3). The real and imaginary components of any pairing correspond to p = 1
and 2, respectively. Three pseudospin generators PS; with j = 1,2,3 reside at three
vertices of IIT [see also Eq. (3.14)]. Any arm of the triangle corresponds to the rotation
between two fermion bilinears, sitting at its two ends, by a specific generator of pseudospin
SU(2) chiral symmetry. Also the identical vertices of triangles I and II are related by the
chiral U(1) rotation (the blue dashed lines), generated by C' = n3I'1o. See also Table [3.2]
Figure adapted from Ref. [103].

framework we extend the Dirac spinor following the Nambu doubling

W,

qjk — \I]Nam = Do
20% _k

. (3.12)

Note that in the lower block we absorb the unitary part of the time-reversal operator (7),
such that Wy, transform as ¥y, under all symmetry operations [122|. The noninteracting
Hamiltonian from Eq. (3.1)) in this basis reads

3
hNam<k) =13 Zvjfjkj. (313)
j=1

The newly introduced set of Pauli matrices {n,} operate on the Nambu or particle-hole
indices, with u = 0,...,3. The generator of the chiral U(1) symmetry in this basis
becomes C' = n3'yy. Furthermore, the Nambu doubling allows us to unveil the psedospin

SU(2) chiral symmetry of the noninteracting system, generated by

PS = {mIs0, 12030, 300 } , (3.14)

since [ﬁNam(k),PS] = 0. Specifically, PS3 = 13"y is the number operator. Therefore a

collection of noninteracting four-component massless Dirac fermions enjoys U(1)®@SU(2)
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chiral symmetry, since [C, PS] = 0. Previously, the pseudospin SU(2) symmetry has been
discussed in the context of two-dimensional Hubbard model |123}{126]. But, its imprints
on three-dimensional interacting systems remained unexplored so far.

To appreciate the imprint of the enlarged chiral symmetry in the presence of interac-
tions, next we consider all symmetry allowed fermion bilinears describing different orders
in the Nambu doubled basis. The effective action containing all (excitonic and pairing)

symmetry allowed local orders reads as

Slocal - /dT / ddrqjl]:]am(ilexc + ilpair)\IjNama (315)
where
ilexc = AgnsLoo + Ainslio + Asnoela + Asnssg
3
+ Z AgnoTo; + Ajnoly; + A5nsTa; + Aénost] ; (3.16)
j=1
and
R 3
hpair = (771 COS (b + 2 Sin (b) X [Agroo + AﬁTlo + Ag Z FQJ' + A§F30i| s (317)
j=1

with ¢ as the U(1) superconducting phase. The real (imaginary) component of any pairing
order corresponds to ¢ = 0 (w/2). Here A% is the conjugate field of the corresponding
fermion bilinear.

The bilinears, their physical meanings together with the corresponding matrices and
their transformations under various symmetry operations (discrete and continuous) are
summarized in Table The two fully gapped phases in the particle-hole subspace are the
scalar and pseudoscalar masses, which form a U(1) vector under the chiral U(1) rotation
generated by C' = n3l'1g. The Nambu basis accommodates two additional massive orders
in the particle-particle sector, the scalar s-wave and pseudoscalar p-wave pairings [127,
128]. They form two copies of U(1) chiral vector, where the doubling is due to the gauge
redundancy in the internal U(1) degree of freedom associated with the superconducting
phase (¢). Furthermore, the two tensor bilinears (coupled with the conjugate fields A
and A%) form other three copies of two-component chiral U(1) vector, where the three-fold
redundancy stems from the spatial O(3) symmetry. Additionally, there exist four three-
component orders, each of which is a composite of a particle-hole and a particle-particle
order and transforms as a vector under the pseudospin SU(2) chiral rotations, generated
by PS [see Eq. (3.14)], as shown in Fig. [3.2]

To extract the scaling dimension of various fermion bilinears, first we compute the
RG flow equations for the corresponding source terms or conjugate fields A}, where p =

0,---,3 and a = s,t,p. After evaluating the relevant Feynman diagrams in Fig. [FDiags
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| CF | Matrix | Physical meaning |P| T |C|CH]|PS]
A | m3Loo Fermionic density + | + | - 111
AT | m3lo Chiral density - + ]+
AN Pseudoscalar mass - - + ] 1 II
A5 | nslsg Scalar mass + 1 + |+ 1 I
A | nolo; Axial current + | - |+
AL el Abelian current - -] - v
AL | Dy Spatio-temporal tensor -+ -] 1
AL | nol's; Spatial tensor + | - - il
AL | naloo Scalar s-wave pairing + | +/- |+ | i I
AV | n.T1o | Pseudoscalar p-wave pairing | - | +/- | + | iii | 1T
AL | naly; Spatial vector pairing - /-] + IV
AF | nals0 Temporal vector pairing | + | +/- | + 1

Table 3.2: Various local (momentum independent) orderings with their conjugate fields
(CFs) (first column), the corresponding matrix 7,I',, (second column) associated with
the fermion bilinears \IJLamnMF,,p\IJNam in the Nambu basis Uyam, defined in Eq. ,
and the physical meaning of the orderings (third column). First eight (last four) rows
correspond to excitonic (superconducting) orders. In the superconducting channels o = 1
and 2, reflecting the U(1) gauge redundancy in the choice of the superconducting phase
(¢), see Eq. (3.17). Transformation of each fermion bilinear under discrete P, 7, and C
symmetries are shown in the fourth, fifth and sixth columns, respectively. Here, + and —
respectively correspond to even and odd. Fermion bilinears transforming as components
of three chiral U(1) vectors under the U(1) chiral (CH) rotation are marked as i, ii, and iii.
Rest of the bilinears are scalars under chiral U(1) rotation. Fermion bilinears transforming
as components of four pseudospin (PS) SU(2) vectors are marked as I, II, III and IV in
the eighth column, see Fig. [3.2] The rest of the fermion bilinears transform as scalars
under the pseudospin rotations.

susc| up to the one-loop order [119], we arrive at the following leading-order 3 functions

for AZ

BAS = 0’ BA? = 07

2 3 s s s s bl 3 s s s s

BAS - _5(90 Y9 - 392 _93)’ BAg = _5(90 -9, — 9, 393)7
Bay=—95—9,—9;— 9 Bat = =05 — 6} + 6 + 45,

_ 1 _ 1

Ba, 25(—g§+gf—g§+g§), Bay = (=0, + 97+ 9. — 9,

o) 3 s s s s ) 3 s s s s

Bay =50+ 97 =9, + 92), Bay =509+ 97 + 97— 90),

Bag =9, =9, — 9 — 95 Bar =0, (3.18)

where BA;'; = dIn A%, /dl —1. The right hand side of each equation corresponds to the one-
loop corrections to the scaling dimension of the corresponding order or fermion bilinear,
which we compute at various RG fixed points (see Table and their values are reported
in Table 3.3
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CF| C1 [ C¢2 | C3 |C4| Bl [B2] B3 | B4 |
AT 0 0 0 o] oo 0 0
A0 0 0 0| 0 | 0 0 0
A3 | 0.875 | 0.849 | -0.256 | -1 | 1/2 | 4/3 | 0.754 | -1.597
A3 | 0.875 | -0.256 | 0.849 | -1 | 4/3 | 1/2 | -1.597 | 0.754

Al | -0.167 | -0.260 | -0.260 | 4/3 | -1/3 | -1/3 | 1.176 | 1.176
A% 1 0.500 | -0.136 | -0.136 | 0 | 1/3 | 1/3 | -0.614 | -0.614
AL 1-0.042 | -0.147 | 0.221 | 1/3| 1/6 | -1/6 | 0.363 | 1.147
AL | -0.042 | 0.221 | -0.147 | 1/3 | -1/6 | 1/6 | 1.147 | 0.363

Af [ -0.250 | -0.256 | 0.849 | -1 | 1/2 | -1/2 |-1.597 | 0.754
AT | -0.250 | 0.849 | -0.256 | -1 |-1/2| 1/2 | 0.754 | -1.597
A 1-0.250 | -0.136 | -0.136 | 0 |-1/3|-1/3 |-0.614 | -0.614
A 0 0 0 0 0 0 0 0

Table 3.3: Scaling dimensions (in units of €) of various particle-hole (first eight rows) and
particle-particle (last four rows) order parameters (see Table at the eight nontrivial
fixed points (see Table [3.1). At the chiral U(1) symmetric fixed point C1 any two orders
transforming as chiral U(1) vector (see Table[3.2] seventh column) possess identical scaling
dimensions. By contrast, their scaling dimensions switch between two fixed points that
are chiral U(1) partners of each other, namely (1) (C2,C3), (2) (B1,B2), and (3) (B3,B4).
At four pseudospin SU(2) chiral symmetric fixed points (C2, C3, B3, B4) all components
of each pseudospin SU(2) vector (see Table [3.2] eighth column and Fig. possess
identical scaling dimension. At the fully U(1)®SU(2) chiral symmetric fixed point C4, all
components of chiral U(1) and pseudospin SU(2) vectors acquire equal scaling dimensions.
In the phase diagram shown in Fig. [3.3] we highlight the role of these fixed points. At
three QCPs (C1, C2, and C3) and two BCPs (Bl and B2) the mass orders possess
the largest scaling dimensions (shown in bold). Therefore, C1 controls the transition to
scalar and pseudoscalar excitonic mass orders. By contrast, C2 (C3) controls transition
to pseudoscalar (scalar) excitonic and superconducting masses. On the other hand, when
the role of C1 and C3 (C1 and C2) switches, the continuous transition to the scalar
(pseudoscalar) excitonic mass is controlled by the BCP B1 (B2).

3.2.4 Emergent chiral symmetry

Computation of one-loop corrections to the scaling dimensions for all excitonic and pairing
orders reveals the emergent chiral symmetry at various RG fixed points. First we note
that the bilinears that commute with ﬁNam(k), the fermionic density, chiral density and
temporal vector pairing, do not receive any correction to their bare scaling dimension.
The matrices associated with these bilinears are also the generators of U(1)®SU(2) chiral
symmetry of the noninteracting system.

Omne can construct three chiral U(1) vectors by combining (1) the scalar and pseu-
doscalar excitonic masses, (2) two tensor order parameters, and (3) the scalar s-wave and
pseudoscalar p-wave pairing masses, see Table . Two components of any chiral U(1)
vector acquire identical scaling dimensions at C1 and C4, while their scaling dimensions
are exchanged between (a) C2 and C3, (b) B1 and B2, and (c) B3 and B4. Therefore, only
C1 and C4 are chiral U(1) symmetric. On the other hand, the four-dimensional coupling
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constant space accommodates three chiral U(1) partner fixed points, namely (a) (C2,C3),
(b) (B1,B2), and (c) (B3,B4), as we previously anticipated from their locations.

Also the possible restoration of the pseudospin SU(2) chiral symmetry can be anchored
from the scaling dimensions of fermion bilinears at various RG fixed points. As such
one can construct four three-component pseudospin SU(2) vectors by combining (1) the
scalar excitonic and pairing masses, (2) the pseudoscalar excitonic and paring masses, (3)
fermion density and temporal vector pairing, and (4) Abelian current and spatial vector
pairing, see Fig. 3.2 All components of each pseudospin vector acquire identical scaling
dimensions at three QCPs, C2, C3 and C4, and at two BCPs, B3 and B4. Hence, these
five fixed points are pseudospin SU(2) chiral symmetric. Therefore, while all the RG fixed
points at least partially restore the chiral U(1)®SU(2) symmetry of the noninteracting
system, it is fully restored only at the C4 QCP.

Even though the space of independent coupling constants is four-dimensional, the
imprint of various chiral symmetric fixed points on the global phase diagram of interacting
massless chiral Dirac fermions can be appreciated by focusing on its representative cut on
the (g:, g7) plane, as shown in Fig. , which we discuss next.

3.2.5 Phase diagram

Now we proceed to construct the phase diagram in the (g7, g;) plane by numerically
solving the § functions of the coupling constants [see Eq. ] and the conjugate order
parameter fields [see Eq. (3.18)]. We simultaneously run the flow equations for four
coupling constants (gj,) and all symmetry allowed source terms (Af) for various choices of
the bare coupling constants as a function of the RG time (¢). Sufficiently weak but generic
local interactions are irrelevant perturbation in three-dimensional Dirac semimetals due
to the vanishing density of states (p(E) ~ |E|?). Therefore, onset of any ordered phase
takes place beyond a bare critical strength of interaction, which we identify from the
divergence of at least one of the renormalized coupling constants as ¢/ — oo. At the
same time at least one of the source terms diverges, which ultimately determines the
pattern of the symmetry breaking in the ordered phase in an unbiased fashion. We
pursue this approach to construct a representative cut of the global phase diagram for
three-dimensional interacting massless chiral Dirac fermions, displayed in Fig. [3.3] which
manifests an intriguing confluence of all four mass orders (the scalar and pseudoscalar
excitonic and pairing masses), and the restoration of chiral U(1) and pseudospin SU(2)
symmetries among them. Note that at zero temperature nucleation of mass orders is
energetically most favored as they isotropically gap the Dirac point and thereby optimally
lower the free-energy (no competition with entropy [119]).

Since the QCPs are not located in the (g7, g7) place, to unequivocally pin down the
critical point governing some segment of the phase boundary between Dirac semimetal
and ordered phase, we deploy the following strategy. Note that the coupling constants flow

to zero on the disordered side of the phase boundary, while they diverge on the ordered



3.2.  Electron-electron interactions 39

Pseudoscalar exciton

Figure 3.3: A representative phase diagram of a three-dimensional interacting isotropic
Dirac semimetal in a two-dimensional subspace of interaction couplings. Here g; and g’
are the coupling constants in scalar and pseudoscalar excitonic mass channels, respectively,
measured in units of € = d — 1. Their positive (negative) values correspond to repulsive
(attractive) interactions. Together, these two masses form a vector under the chiral U(1)
rotation. The scalar s-wave and pseudoscalar p-wave superconducting masses (denoted
by sSC and pSC, respectively) also constitute a U(1) chiral vector. The emergent chiral
symmetry manifests through the mirror symmetry of the phase diagram about the g5 = g7
dashed line. Under the mirror transformation the components of the chiral U(1) mass
orders transform into each other. The Dirac semimetal-excitonic mass quantum phase
transition (blue boundary) is governed by the U(1) symmetric QCP C1. The scalar and
pseudoscalar excitonic masses are degenerate along the red phase boundary between them,
where the ordered state represents a P and T symmetry breaking azionic insulator [129-
131]. The phase transitions across the black and purple boundaries are governed by
the pseudospin SU(2) symmetric QCPs C2 and C3, respectively. Each excitonic mass
is degenerate with the adjacent superconducting mass along the 135° diagonal (orange
and pink lines), where they constitute pseudospin SU(2) chiral vectors, see Fig. [3.2] The
basins of attraction of C1 and C2 (C1 and C3) are separated by the bicritical point B2
(B1), see Table . To unambiguously determine the governing QCP, we examine the
RG flow initialized to the locations indicated by colored arrows, see Fig. 3.4l

side. This divergence ultimately happens through a QCP, which is to be identified. If we
fine tune the bare coupling constants right to the phase boundary, in principle they spend
arbitrarily long RG time at the governing critical point. This method is then only limited
by numerical rounding. Following this scenario, we now highlight the role of various RG

fixed points on different segments of this phase diagram. For the RG flows demonstrating
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the governing QCP at various segments of the phase boundary (marked by arrows in
Fig. see Fig.

The chiral U(1) symmetric QCP C1 can be accessed for purely repulsive interac-
tions g5, g5 > 0 and it governs the continuous quantum phase transitions between Dirac
semimetal and the two excitonic mass orders (the blue phase boundary in Fig. . These
two excitonic masses are degenerate along the 45° red line, where we realize an axionic
insulator [129-131]. A slight deviation from the red line in favor of g7 (g7) tips the balance
in favor of the nucleation of pure scalar (pseudoscalar) excitonic mass.

The phase transitions out of the Dirac semimetal across the black phase boundary into
the pseudoscalar excitonic and pairing (p-wave superconductor) masses is governed by the
SU(2) pseudospin symmetric QCP C2. In the absence of a Fermi surface, strong attractive
interaction in at least one channel is required for the stability of a superconducting phase,
which in this case occurs in the g7 channel. These two orderings are degenerate along the
135° (orange) line. The basins of attraction of C1 and C2 are separated by the bicritical
point B2, where the pseudoscalar exciton possesses the largest scaling dimension, see
Table [3.3] Still the transition to this ordered phase through B2 is continuous as it is
accessed by holding one of its unstable directions fixed [123].

The rest of the phase diagram and the role of various fixed points therein can be
appreciated by exploiting a mirror symmetry of the whole phase diagram, under which
g; <> g;. Such a mirror symmetry is rooted in the underlying U(1) chiral symmetry
and corresponds to a reflection about the 45° diagonal (dashed) line, defined by g5 =
g5, that brings the upper left triangle of the phase diagram onto its chiral partner, the
bottom right triangle. Also note that the three-component scalar and pseudoscalar masses,
constructed by combining the corresponding excitonic and pairing orders, can be rotated
into each other by the generator of the chiral U(1) symmetry C' = s3Iy, see Fig. .
Correspondingly, C2 is rotated into C3, which governs the phase transitions between
the Dirac semimetal and the scalar excitonic and pairing (s-wave superconductor) mass
orders that take place through the purple phase boundary. These two competing orders
are degenerate along the 135° (pink) line, as C3 is bestowed with the same pseudospin
SU(2) chiral symmetry. In this segment of the phase diagram, the roles of g7 and g’
are exchanged due to the aforementioned mirror transformation and the requisite strong
attractive interaction for the nucleation of the scalar s-wave pairing is now fulfilled by
g;(< 0). The basins of attraction of C1 and C3 are separated by B1, where the scalar
excitonic mass possesses the largest scaling dimension, see Table Still the transition
to this phase through B1 is continuous.

The remaining three fixed points, C4, B1 and B2, play no evident role on the phase
diagram in the (g7, g5) plane. Moreover, we find that the existence of the QCP C4 is due
to the assumed O(3) rotational symmetry and is in general not present in a tetragonal
environment. Next we address the effects of weak rotational symmetry breaking on various

RG fixed points in a perturbative manner.
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Figure 3.4: RG flows of quartic interaction couplings with the bare values fine tuned to
a segment of the phase boundary, see colored arrows in Fig. [3.3] Being fine tuned to the
boundary between disordered and ordered phase, the couplings first flow to their fixed
point values (see Table , where they spend arbitrarily long RG time, limited by nu-
merical rounding. We picked the initial conditions such that the interaction couplings
ultimately diverge. The flat parts of the flow are also shown in the inset, where the cou-
pling constants are approximately at their fixed point value. Thus, (a) and (b) correspond
to C1, (c¢) and (d) to C2, while (e) and (f) to C3. All coupling constants are measured in
units of e.

3.2.6 Anisotropic Dirac semimetal

Finally, we address the breakdown of the O(3) rotational symmetry down to an in-
plane O(2) invariance about the z-axis, which manifests through an anisotropy between
the perpendicular and the z components of the Fermi velocity, i.e., v, = v, = v, # |v,].
Due to such a reduced symmetry, all three-component four-fermion terms get split into
the perpendicular and z components, namely gz — (gj,gft), where © = 0,---,3, see
Eq. . The interacting Lagrangian then contains 12 quartic terms, out of which only
five are linearly independent due to the Fierz constraint. See Appendix for detailed
derivation. To account for the reduced symmetry, we take the fifth independent quartic

term to be g?(¥iT3¥)% Assuming sufficiently weak rotational symmetry breaking, we
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compute the one-loop renormalization of g7 only up to linear order in g7, yielding

dg?
d/

= (—e — g, — 39} — 29, — 2g§) g+ 0 ((gf)2) ) (3.19)

Since we are interested in capturing the leading order effects of weak rotational symmetry
breaking, all the Feynman diagrams are computed with isotropic Dirac kernel.

The relevance of the rotational symmetry breaking can be estimated by computing the
scaling dimension of g7 at all the fixed points reported in Table for the isotropic system.
Evaluating the right hand side of Eq. at the eight fixed points from Table 3.1} we
find

dIn g? dIn g?
i@gl — _1.951e, gggl — _1.594e,
c1 C2/03
dlng? dlng?
1 g = te, ng :_§6,
SN dl |5/ 3
dIn g?
29, — 0.155¢. (3.20)
Al |p3/p4

Therefore, slight distortion of the Dirac cone is an #rrelevant perturbation in the close
vicinity of all the fixed points, except C4. In other words, C4 becomes unstable and turns
into a BCP even for sufficiently weak breaking of the rotational symmetry. Therefore, this
QCP cannot be found in general in a three-dimensional interacting Dirac system. We also
note that the irrelevance of g7 at the BCPs B3 and B4 is weak, in comparison to those
near C1, C2, C3, B1 and B2. Therefore, it is conceivable that these two BCPs ultimately
turn into tricritical points with three relevant directions in a strongly anisotropic Dirac

semimetal, this investigation is, however, outside of the scope of this thesis.

3.3 Summary and Discussion

Here we investigate the role of strong momentum-independent local or Hubbardlike elec-
tronic interactions among three-dimensional massless Dirac fermions that in the nonin-
teracting system possess a global chiral U(1)®SU(2) symmetry. We provide a lattice
realization of such quasiparticle excitations in terms of the SLAC fermions, which should
facilitate future numerical investigation of this subject using quantum Monte Carlo sim-
ulations [97,98], for example. We show that an isotropic interacting Dirac semimetal
is described in terms of only four linearly independent local quartic interactions. Be-
side studying the possible ordered or broken symmetry phases in this system, which set
in through continuous quantum phase transitions, we also pay special attention to the
restoration of partial and full chiral symmetry at various interacting fixed points. By
performing a leading-order field theoretic RG analysis, controlled by a small parameter
e = d— 1, about the lower-critical one spatial dimension (d = 1), we find that an isotropic

interacting chiral Dirac semimetal altogether supports nine RG fixed points. One of them
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corresponds to the noninteracting trivial Gaussian fixed point, describing a stable Dirac
semimetal for sufficiently weak, but generic short-range interactions. On the other hand,
the system also supports four quantum critical (Ci) and four bicritical (Bi) fixed points
at finite interaction couplings (~ €), where ¢ = 1,2, 3,4, see Table Note that even
though in the physically relevant situation € = 2, none of our results depend on the value
of € (so long as € > 0). This is reflected, for example, by the fact that all FP locations
are in units of € [see Eq. (3.10)).

Even though we do not impose (partial or full) chiral symmetry on the interacting the-
ory Sin at the bare level, two QCPs, namely C1 and C4, transform as chiral U(1) scalars,
while the remaining six fixed points (C2,C3), (B1,B2) and (B3,B4) pairwise transform as
three two-component vectors under the chiral U(1) rotations. In addition, the pseudospin
SU(2) chiral symmetry gets restored at three QCPs (C2, C3 and C4) and two BCPs (B3
and B4). Therefore, only one fixed point, namely C4, enjoys the full chiral U(1)®@SU(2)
symmetry of the noninteracting systems, see Tables [3.1] and [3.3]

The dynamic scaling exponent (z) and correlation length exponent (v) at all the QCPs
are respectively z = 1 and v~! = e. Together they determine the scaling of the transition
temperature T, ~ §”% of the ordered states (up to a logarithmic correction due to the
breakdown of the hyperscaling hypothesis in d = 3), where ¢ is the reduced distance from
a critical point. The value of ¥ = 1/2 is an exact result as the system resides at the upper
critical three spatial dimension [120}/121]. The momentum shell RG procedure although
breaks the space-(imaginary)time Lorentz symmetry of the noninteracting system, it does
not obscure the restoration of internal chiral symmetry at various RG fixed points.

We also demonstrate the imprints of some of these fixed points and emergent chiral
symmetry among competing phases on a representative cut of the zero temperature global
phase diagram, shown in Fig. This phase diagram displays an intriguing confluence
of four competing mass orders, the scalar and pseudoscalar excitonic and superconducting
masses, which are the energetically most favored ordered states at zero temperature as
they uniformly and isotropically gap the Dirac point. In particular, we find high-symmetry
lines in the phase diagram along which the chiral U(1) symmetry between two excitonic
(scalar and pseudoscalar) masses and the pseudospin SU(2) symmetry among scalar or
pseudoscalar excitonic and superconducting masses get restored. We also note that the
phase diagram displays a chiral mirror symmetry about the 45° diagonal across which all
the scalar and pseudoscalar mass orders transform into each other.

In Chapter [5] we propose a set of “selection rules”, organizing various broken symmetry
phases in the phase diagram of correlated multiband systems. It is worth pointing out
that the arrangements among the competing and neighboring phases in the phase diagram
obtained in this chapter are consistent with these rules. In particular, one can immediately
verify the following. (1) A quartic interaction (lIfLamn#F,,kafNam)2, written in the Nambu
doubled basis Wnam [see Eq. (3.12)], is conducive for the nucleation of an ordered state,
represented by the fermion bilinear Wi, OWy,pn, only if (a) O = 1,I,, or (b) {O,1,I,,} =

Nam
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0, see Eq.[5.2l (2) Two ordered phases, represented by the fermion bilinears Ul 01 Unam

Nam
and W]

Nam O2¥Nam reside next to each other only when {O;, O} = 0. We pronounce these

rules in details and anchor them in various nodal systems in Part [[I]

Finally, we show that a weak anisotropy of the Dirac cone leaves the nature of various
RG fixed points unchanged, except the fully U(1)®SU(2) chiral symmetric critical point
C4. Specifically, this critical point gets converted into a bicritical point even in a weakly
anisotropic Dirac system. A complete RG analysis, fixed point structure and the phase
diagram in a three-dimensional anisotropic chiral Dirac semimetal is, however, left for a
future investigation.

We will revisit the world of Dirac fermions in two subsequent chapters. Chapter [6] fea-
tures a paradigmatic example of linearly dispersing fermions in a flatland, the honeycomb
lattice of graphene. In Chapters [§ and [9] we explore the topological properties of a three-
dimensional Dirac semimetal. However, for the time being we leave the realm of Dirac
fermions and turn our focus to a system exhibiting quadratically dispersing quasiparticles,

the Luttinger semimetal [132].



Chapter 4
Three-dimensional Luttinger semimetal

So far in this thesis we encountered condensed matter systems exhibiting linearly dispers-
ing Dirac fermions as their low energy excitations. For such quasiparticles the dynamical
scaling exponent z = 1, meaning momentum and frequency (and hence space and imagi-
nary time) scale the same way, and these systems are in general germane for (though not
necessarily endowed with) an emergent Lorentz symmetry. In what follows we go beyond
the landscape of Dirac materials and study a collection of strongly interacting spin-3/2
fermions in three dimensions that in the normal phase display a biquadratic touching of
Kramers degenerate valence and conduction bands at an isolated point in the Brillouin
zone. This system is also known as Luttinger semimetal [132}/133].

The non-interacting Luttinger semimetal (LSM) can be though of as a QCP between
electron and hole doped Fermi liquids, with the dynamical scaling exponent z = 2, re-
flecting the biquadratic nature of the band degeneracy point, see Fig. 4.1} The crossover
temperature as a function of chemical doping from critical Luttinger fermions to Fermi

liquid can be estimated as
) (4.1)

where m is the effective mass of the quasiparticles, £ is a characteristic length scale, |n|
is the carrier density, and we set kg = 1. T*(n) then describes the boundaries of the
quantum critical fan (the shaded region in Fig. , where the critical properties are
governed by the underlying QCP. For example, the specific heat scales as Cy ~ T°/2,
whereas the scaling of compressibility is k ~ v/T. Furthermore, the conductivity o ~ /T
or y/w (see Appendix . Therefore, even when the chemical doping is finite there
exists a wide quantum critical regime, where the scaling of thermodynamic and transport
quantities are essentially governed by z = 2 quasiparticles in d = 3. Indeed, in the
quantum critical fan, chemical potential only contributes subleading corrections to these
quantities. For more detailed analysis on the transport properties of LSM we refer the

reader to Appendix [B.2
The type of quasiparticle excitations described in the theory of the LSM can be found

45
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Figure 4.1: A schematic phase diagram of noninteracting Luttinger fermions. The red
dot represents the Luttinger semimetal fixed point separating electron- and hole-doped
Fermi liquid of spin-3/2 fermions. The shaded sector corresponds to the quantum critical
regime associated with the z = 2 fixed point in d = 3 (the red dot), controlling scaling
properties in this regime (see Appendix . Above a nonuniversal high energy cutoff
E) (red dashed line), spin-3/2 fermions lose their jurisdiction. The crossover temperature
T, (black dashed lines) above which critical Luttinger fermions are operative is given by
T, ~ |n|*/4, with z = 2 and d = 3, where n is the carrier density measured from the
biquadratic band touching point. Figure adapted from Ref. [119].

for example in HgTe [45], gray-Sn [47,/48|, 227 pyrochlore iridates (LnyIraO7, where Ln
is the lanthanide element) [35,/50-52}/134] and half-Heusler compounds (such as LnPtBi,
LnPdBi) [53-55]. Besides, biquadratic band touching has recently been observed in the
normal state of PryIroO7 [51] and NdaIraO7 [50] via angle resolved photo emission spec-

troscopy (ARPES).

4.1 Luttinger model

In this section we set the stage by introducing the noninteracting Luttinger Hamiltonian.
We discuss the operative symmetries, as well as the scaling of various appearing quantities

under the RG transformation.

4.1.1 Hamiltonian and Symmetries

The Luttinger model describes a biquadratic touching of Kramers degenerate valence

and conduction bands at an isolated point (here chosen to be the I' = (0,0, 0) point, for
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convenience) in the Brillouin zone. The Hamiltonian operator is given by [132,/133|

: d; (k) >~ d; (k)
hL(k) = —k? Z J Fj + Z 2]m2 Fj — uly, (42)
j=4

2m
j=1 7

where I'y is the four-dimensional identity matrix. Chemical potential ; and momenta k
are measured from the band touching point. Here, cAi(lAc) is a five-dimensional unit vector
that transforms under the | = 2 representation under the orbital SO(3) rotations. Hence
(;l(lgz) is constructed from the d-wave form factors or spherical harmonics Y, (6, ¢), as
shown in Appendix The corresponding four-component spinor basis is given by

T_
Uy = <Ck,+%>ck,+%7ck,*%’ckﬁ%) ) (4.3)

where ¢ ; is the fermionic annihilation operator with momenta k and spin projection

j = £3/2 and £1/2. The five mutually anti-commuting I" matrices are defined as

I'y = k3 ® 09, I'y = kg ® o1, I's = ko ® oy,

F4 = K1 & 09, F5 = K3 ® 03. (44)

Two sets of two dimensional Pauli matrices {k,} and {o,} respectively operate on the
sign (sgn[j]) and magnitude (|j] € {1/2,3/2}) of the spin projections, where v = 0, 1, 2, 3.
To close the Clifford algebra of all four-dimensional Hermitian matrices we also define ten
commutators according to I';, = [[';, T[] /(2i), with j > k and 5,k =1,--- ,5. All sixteen
four-dimensional matrices can be expressed in terms of the products of spin-3/2 matrices
(J), as also shown in Appendix [B.2.3|

The energy spectra for Luttinger fermions are given by +£FE,(k) — i, where for s = +1

L2 3. 5
E,(k) = >—,|cos?a Y d3(k)+sin*ay_di(k), (4.5)
j=1 j=4

2m

reflecting the quadratic band touching for ¢ = 0, which is protected by the cubic symme-
try. Here « is the mass anisotropy parameter, about which more in a moment.

Notice that the independence of F4(k) on s manifests the Kramers degeneracy of the
valence and conduction bands, ensured by (1) the time-reversal (7)) and (2) the parity or
inversion (P) symmetries. Specifically, under the reversal of time, kK — —k and Uy —
[ ['3¥_, and hence 7 = I';['3K, where K is the complex conjugation, yielding 72 = —1
(thereby reflecting Kramers degeneracy of bands). Under the inversion P : k — —k and
Ve — VU_g.

The “average" mass m and the mass anisotropy parameter « are respectively given

by 43|
m= T2 (ﬁ) | (1.6)
mi + mo ma
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Note that {CZJ} for j = 1,2,3 and j = 4,5 belong to the Ty, (three component) and E,
(two component) representations of the cubic or octahedral (Oy) point group, and m; and
mo are effective masses in these two orbitals, respectively. The mass anisotropy parameter
a allows us to smoothly interpolate between (1) the m; — oo limit when the dispersion
of the Ty, orbital becomes flat, yielding @ — 0 and (2) ms — oo when the E, orbital
becomes non-dispersive, leading to o — 7. For a = § or m; = mgy, the Luttinger model

enjoys an enlarged spherical symmetry. Any o # T captures a quadrupolar distortion

1
in the system (still preserving the cubic symmetry). In what follows, we treat o as a
non-thermal tuning parameter to explore the territory of interacting Luttinger fermions.

The connection between the spin projections (j = £3/2 and +1/2) and the bands can
be appreciated most economically by taking k = (0,0, k). For such a specific choice of

momentum axis, the Luttinger Hamiltonian takes a diagonal form, given by
. k2
hi(k2) = — Diag. [-1,1,1, —1] — p. 4.7
L(k2) = 5 ~Diag. | | —n (4.7)

From the above expression we can immediately infer that the pseudospin projections on

the valence and conduction bands are respectively |j| = 3/2 and 1/2.

4.1.2 Lagrangian and Scaling

The imaginary time (7) Euclidean action corresponding to the non-interacting Lut-

tinger model is given by
Sy = / drddr ' (r,x) by (k — —iV) U(1, 7), (4.8)

the invariance of which determines the scaling of space-(imaginary)time coordinates and

the fermionic field
[X] = _17 [7—] = —Z, [\Ij] = d/2a (49)

where z is the dynamic scaling exponent, measuring the relative scaling between energy
and momentum according to E(k) ~ |k|*. For Luttinger fermions z = 2. The scaling

dimensions of temperature (7') and chemical potential (1) are
[T] = [p] = 2. (4.10)

Throughout, we use the natural unit, in which A = kg = 1. Having the noninteract-
ing description in place, in the next section we proceed to incorporate local electronic

interactions.
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4.2 Electron-electron interactions

Next we address the effects of repulsive (at the bare level) electron-electron interactions in
a perturbative manner, using the RG analysis (following the outlined scheme in Sec. .
As mentioned earlier we will focus only on the local or short-range part of Coulomb
interaction and neglect its long-range tail. For the sake of concreteness we assume that
the local interactions are density-density in nature. Any generic local density-density
interaction (such as the ones appearing in an extended Hubbard model, for example) can

be captured by siz quartic terms and the corresponding interacting Hamiltonian reads

3 5
Hip = — {AWW + 20 (UT0) 4+ 00y (WD 0)° + A (1T 0)?
j=1 j=4
3

A (WIT;Ts®)” + A i i (@Trjkq/)ﬂ : (4.11)

j=1 J=1 k=4

In this notation A; > 0 corresponds to repulsive interaction. However, all four-fermion
interactions are not linearly independent due to the existence of Fierz identity among
sixteen four-dimensional Hermitian matrices, closing a U(4) Clifford algebra [see Ap-
pendix and Sec [11,/113,|118]. It turns out that any generic local interaction
can be expressed in terms of only three quartic terms, and we conveniently (without any
loss of generality) choose them to be A\g, A\; and Ay. Following the Fierz relations we can
express local quartic terms proportional to A3, Ay and A5 as linear combinations of above
three, see Eq. . Whenever we generate four-fermion interactions proportional to As,
Mg or \; during the coarse-graining (discussed in Sec. £.2.2), they can immediately be
expressed in terms of Ay, A1, and A9, and the interacting model defined in terms of Ay,
A1, and Ay [see Eq. below| always remains closed under the RG procedure to any
order in the perturbation theory.

The imaginary time Euclidean action for the interacting system is given by

3 5
Sint = So — / drdr [Ao(\lf*\If)Q FAD (T ) A Y (qﬁrj\y)ﬂ . (412)

j=1 j=4

where ¥ = U(r,r) and UT = Uf(r,r). Under the rescaling of space-time(imaginary)
coordinates and the fermionic fields, see Eq. (4.9), the local four-fermion interaction scales
as [\j] = 2z —d. For z = 2 and d = 3, [\;] = —1, and any weak local interaction
is an irrelevant perturbation and leaves the Luttinger fermions unaffected. Therefore,
any ordering sets in at an intermediate strength of coupling through a quantum phase
transition (QPT). In Sec. we demonstrate appearances of various broken symmetry
phases (BSPs) using a RG analysis, controlled via an e-expansion, where € = d — 2, about
the lower-critical two spatial dimension of this theory. Within the framework of the e

expansion, such QPTs take place at a critical interaction strength A7 ~ ¢, and in three
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spatial dimensions (d = 3) € = 1. Before carrying out the leading order RG analysis, to

further set the stage we review the possible broken symmetry phases.

4.2.1 Nambu doubling and Broken symmetry phases

Next we discuss possible BSPs in this system. As before, to address particle-hole and

particle-particle orders in a unified formalism, we introduce the eight-component Nambu

spinor basis (see Sec. [2.2.2.2]) according to

Yy

WNam = T 4.13
T o () )

Again, in the lower block of Wy, we absorb the unitary part of the time-reversal operator
T, ensuring that the eight-component Nambu spinor (Vya,,) transforms the same way
as the original four component spinor ¥y, [introduced in Eq. (£.3)] under the SU(2)
pseudospin rotation. In this basis the eight-dimensional Luttinger Hamiltonian takes

a simple form

A~

I (k) = s hi(k), (4.14)

and the time-reversal operator becomes Tyam = Mol'1I'sC. The newly introduced set of
Pauli matrices {n,} operates on the Nambu or particle-hole indices, with v = 0, 1,2, 3.
The interacting Hamiltonian [Eq. (4.11))] in the Nambu basis becomes

/

3 + 20
z]‘:1 <\I[Nam773rj\llNam)
2
1 Z?:4 <\Ij;r\lamn3rj\IjNam>
2 WL ol U )
Nam’0l 45 ¥ Nam
2
25:1 <\IILamT]0FjF45\IINam) )

0, (W)’
Z?:4 (\I/TPJ'\I/) i
(Vi)
> (Ui, W)”

(4.15)

\

where the factor of 1/2 takes care of the artificial Nambu doubling.
We introduce various possible excitonic and superconducting orders in the Nambu
basis (¥nam) in two subsequent sections. Finally, we discuss the reconstructed band

structure and emergent topology inside the ordered phases.

4.2.1.1 Particle-hole or excitonic orders

The effective single-particle Hamiltonian in the presence of all possible momentum-

independent or local or intra-unit cell excitonic orders is given by

His = [ (W iy Bm). (1.16)
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where
Nematic
Density 3 5 N
Pigear = Donslo  +m3 Z AT, + Z AIT; (4.17)
j=1 j=4
3 ‘ 3 5 ‘
+ 1m0 | Aslys + Z AlysT + Z Z Af—)krjk
Jj=1 Jj=1 k=4
Ma;;etic

The ordered phases can be classified according to their transformation under the cubic
(Op,) point group symmetry. Regular fermionic density (Ag) does not break any symmetry
(hence does not correspond to any ordering) and transforms under the trivial A;, represen-
tation. A three-component nematic order-parameter, constituted by A; = (Al A2 A3?),
transforms under the 75, representation. By contrast, a two-component nematic order
transforming under the E, representation is captured by A, = (A}, A3). Both of them
break only the cubic symmetry, but preserve time-reversal and inversion symmetries. The
ordered phase represents either a time-reversal invariant insulator or a Dirac semimetal
[see Sec.[7.1.1]. As we discuss in Chapter|[8] these phases are in fact higher order topological
in nature. Since five I' matrices transform as components of a rank-2 tensor under SO(3)
rotations, the two nematic phases represent quadrupolar orders, see Appendix [B.2.3]

All ordered phases shown in the second line of Eq. break time-reversal symmetry
and represent different magnetic orders. For example, A3 corresponds to an octupolar
order (since I'ys ~ J,J,J,), transforming under the singlet As,, representation. In a
pyrochlore lattice of 227 iridates such an ordered phase represents the “all-in all-out"
arrangement of electronic spin between two adjacent corner-shared tetrahedra [37,/134].
By contrast, “two-in two-out" or “spin-ice" magnetic orderings on a pyrochlore lattice are
represented by a three-component vector Ay = (A}, A2, A3%) (accounting for six possible
two-in two-out arrangements in a single tetrahedron). Since I'ysI'; ~ 7J; — 4J]3 such
an ordered phase contains a linear superposition of dipolar and octupolar moments, and
transforms under the T}, representation [43]. Finally, the six component vector AZ* with
j=1,2,3and k = 4, 5 represents coplanar ordering of spins in 227 iridates, and transforms

under the Ty, representation [135].

4.2.1.2 Particle-particle or superconducting orders

The effective single particle Hamiltonian in the presence of all possible momentum-

independent or local or intra-unit cell superconducting orders reads [122}|136-138|

g = [ (Vi B2 Bin). (418
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where
sS—wave 3 5
j, pair : P p.j p.j
hlocal - (771 cos ¢ T 72 S0 ¢) AAMFO - Z ATQgFj + Z AEQ Fj ’ (4'19)
j=1 j=4
d—‘v;ive

and ¢ is the global U(1) superconducting phase. Any pairing proportional to 7;(n2)
preserves (breaks) time-reversal symmetry (recall that the time-reversal operator in the
Nambu basis is Tyam = 10l'11'3K). Here, Ailg is the amplitude of the s-wave pairing,
transforming under the A;, representation. The s-wave pairing breaks only the global
U(1) symmetry, but preserves the cubic symmetry. On the other hand, Al}’jg captures the
amplitude of three d-wave pairings (for j = 1,2, 3) transforming under the 75, represen-
tation, and A%’j for j = 4,5 represents the amplitude of two d-wave pairings belonging
to the E, representation. Notice {I';, 7 = 1,---,5} can be expressed in terms of the
product of two spin-3/2 matrices, and all five d-wave pairings break the cubic symmetry,
while introducing a lattice distortion or electronic nematicity in the system. Hence, they
stand as representatives of quadrupolar nematic superconductors. Next we seek to investi-
gate the onset of different BSPs in the interacting Luttinger system and the competition

among them within the framework of an unbiased RG analysis.

4.2.2 Renormalization group analysis

In what follows we here restrict ourselves to the leading order in the € expansion, where
e = d — 2, and account for corrections to the bare interaction vertices (A;s) to quadratic
order in the coupling constants. Note that we will revisit the system of three-dimensional
Luttinger fermions at finite temperature (T') and chemical potential (1) in Chapter [7
Therefore, we here already consider the general case of T, > 0, and in this chapter we
simply take the limit 4 — 0 and 7" — 0 (in this order).
Our methodology for the perturbative RG analysis is as outlined in Sec. [2.2] and
demonstrated in Chapter [3] We start by introducing dimensionless variables, namely
A A? T o
9i = Wa, t= ” = o (4.20)
where €y = A?/(2m), g; is the dimensionless quartic coupling constant, while ¢ and /i are
respectively the dimensionless temperature and chemical doping. We again suppress the
tilde from the dimensionless chemical potential, and from here on we take i — p. The

RG flow equations of the coupling constants take the schematic form

/Bgi = —€g; + Z H](;g) (t7 H, Oé) 959k, (421>
ik
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for i = 0,1,2, where 8x = dX/dl, and the functions H;Z)(t,,u,a) for 4,7,k = 0,1,2
are shown in Appendix [B.2] Temperature and chemical potential also flow under coarse
graining as relevant perturbations with bare scaling dimensions [t] = [u] = z. Therefore,
their flow is described by Eq. , where z = 2 for the Luttinger system. The two flow

equations can then be solved, respectively yielding
t(0) = t(0) e*,  pu(0) = u(0) &*, (4.22)

where ¢(0) and £(0) are the bare values of temperature and chemical doping respectively
lalso see Eq. (2.36)]. We can therefore set ¢(0) = p(0) = 0, and take the corresponding
limit in the functions ij(t, i, @), to obtain the S-functions operative at zero temperature
and chemical doping.

While the divergence of at least one of the quartic couplings (i.e., g, — +00) under
coarse graining indicates the onset of a BSP, to unambiguously determine the pattern
of symmetry breaking we also account for the leading order RG flow of all source terms,
associated with different BSPs, discussed in Sec.[£.2.1] The effective action in the presence

of all symmetry allowed fermionic bilinears [see Eqs. (4.16)-(4.19)] is given by
S, = / ar &r Wl (A + B Uxam, (4.23)

=l

Nam

with Wl

Nam (1,7) and ¥nam = Unam (7, 7) as two independent Grassmann variables.

Relevant Feynman diagrams are shown in Fig. [2.2] The resulting RG flow equations take

the following schematic form

See Appendix for explicit form of these flow equations. The quantities appearing on
the right hand side of each equation, represent the scaling dimension of the corresponding
order-parameter. In possession of the RG flow equations 3, and fa;, we now continue
with a systematic analysis of the quantum critical behavior of the LSM, and the role of

the anisotropy parameter a therein.

4.2.3 Quantum criticality in Luttinger semimetal

The RG flow equations for 4 = 0 and ¢ = 0 can be derived by taking the limit ;4 — 0 and
then t — 0 in Eq. , suggesting that weak interactions are irrelevant perturbations
and any ordering takes place at finite coupling g, ~ € through a QPT. Next we discuss
the following three cases separately (i) isotropic Luttinger system (o = 7), large mass
for (ii) the T3, orbital (« — 7) and (iii) the E, orbital (a — 0). Note at t = p = 0,
the system is devoid of any natural infrared cutoff as ¢, ¢* — oo [for the definition of

0 0k see Egs. (2.38) and (2.39)]. Hence, we run the flows of quartic couplings up to a
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am g a0
QCP% QCP% BCPz QCP} QCP3 BCPq
g x10% | 2.24 1.49 —293 —-158| 1.95 —598 —5.60
g x10* | 2.03 147 =284 —-133 | 1.71 4.80  4.97

g: x 10° 2.03 1.26 3.76 5.54 1.94 587 —5.48

Coupling

Table 4.1: Locations of quantum critical points (QCPs) possessing one unstable direction
and bicritical points (BCPs) possessing two unstable directions for three specific choices
of the mass anisotropy parameter « [see Eq. ] Note for a = 7 the Luttinger model
possesses an emergent spherical symmetry, while for o — 0 (7) the band dispersion in
the Ey(Ty) orbitals becomes almost flat. For o = 7 the coupled RG flow equations

support only one QCP, denoted by QCP%, while for « — 7 and a — 0 we find two

QCPs, respectively denoted by QCP% and QCP% for j = 1,2, see also Ref. [139]. For
these two limiting cases the flow eqantions also support one BCP, respectively identified
as BCPz and BCPy. Existence of such BCP in the presence of two QCPs is necessary to
ensure the continuity of the RG flow trajectories and separate the basins of attraction of
two QCPs. All coupling constants at all fixed points are measured in units of €, where
€ = d — 2 measures the deviation from the lower critical two spatial dimensions, where
all local quartic interactions are marginal. Note that QCP%, QCP%, QCP} represent the
same QCP, only its location shifts as we tune . By contrast, QCP% and QCP3 are
solely introduced by mass anisotropy and bear no analog to the fixed poiilts found around
a = 7/4. Besides the above QCPs and the BCPs, there always exists a trivial Gaussian
fixed point, representing the non-interacting Luttinger semimetal, at (g7, g7, ;) = (0,0,0),
endowed with three stable directions. See Appendix for details.

sufficiently large fixed RG time (see Section [2.2), to determine the stability of LSM and

the flows of the source terms to pin the pattern of symmetry breaking.

4.2.3.1 Isotropic Luttinger semimetal (o = 7)

For o = 7 the coupled RG flow equations support only one QCP, reported in Table
and identified as QCP%, besides the trivial (and fully stable) Gaussian fixed point at
g¥ = g° = g; = 0 (representing the stable LSM). This QCP controls QPTs from LSM
to various BSPs (depending on the interaction channel). To gain insight into the nature
of the candidate competing BSPs, we compute the scaling dimensions for all fermion
bilinears at this QCP. The results are summarized in Table [£.2] Note that the s-wave
pairing has the largest scaling dimension at this QCP, while two nematic orders possess
degenerate but second largest (and positive) scaling dimensions. But, the rest of the
fermion bilinears possess negative scaling dimensions. Consequently, depending on the
nature of interactions, an isotropic Luttinger semimetal supports only these three phases
at zero temperature, see Fig. [4.2]
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Figure 4.2: Specific cuts of the global phase diagram of an interacting Luttinger semimetal
at zero temperature, obtained from an RG analysis [see Sec. . Here « is the mass
anisotropy parameter. For a = 7 the system possesses an enlarged spherical symmetry,
whereas for a = 0 (3) the E; (Ty,) orbital possess infinite mass [see Sec. . Here g, (g,)
captures the strength of repulsive interactions in the 75, (E,) nematic channels. Magnetic
interactions in the Ay, (71,) channel is denoted by g, (g,). Notice that even in the absence
of a Fermi surface, pure repulsive nematic interactions are conducive to s-wave pairing
among spin-3/2 fermions at zero temperature [see panels (a) and (b)]. In all the panels
the coupling constants are measured in units of €. The ordered states correspond to the
gray shaded regions, and its boundaries with the Luttinger semimetal (white regions),
occupied by distinct broken symmetry phases are identified by different colors. Figure
adapted from Ref. [119].

4.2.3.2 Anisotropic Luttinger semimetal: o — 7

Next we turn our focus to the vicinity of a = 7. The coupled flow equations then support
two QCPs [denoted by QCPIg and QCP%] and one bicritical point [denoted by BCPx],
see Table . The BCP possesses two unstable directions. Notice QCPlg is the same as
QCP%, only shifted toward weaker coupling, which can be verified from the fact that the
signs of the coupling constants and scaling dimensions for all fermion bilinears are identical
at these two QCPs [see Tables and . The dominant instability at QCP% is still the
s-wave pairing, but now, due to the cubic deformation, the 75, nematic channel (which
becomes “almost mass” in this limit) acquires the second largest anomalous dimension.

Correspondingly, the Luttinger semimetal in the o — 7 limit can support these two
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Source | o = T a=15 a=0.04
field QCPlg QCP% QCP% BCP% QCP%) QCP% BCPy
Ay 0 0 0 0 0 0 0

Ay 0.426 | 0.531 -0.238 0.378 | 0.353 0.614 0.656
Ay 0.426 | 0.275 0.825 0.678 | 0.56539 -0.153 -0.070
Aj -0.076 | -0.204 1.147 1.006 |-0.004 -0.024 -0.024
Ay -0.076 | -0.007 -0.021 -0.030 |-0.134 0.731 0.699
Aj -0.076 | -0.094 0.182  0.092 | -0.062 0.020 0.011
Ailg 0.551 | 0.545 -0.254 0.355 | 0.547 -0.166 -0.083
A%g -0.034 | -0.004 -0.011 -0.016 | -0.059 0.016 0.006
A%g -0.034 | -0.088 0.169 0.073 | -0.002 -0.012 -0.012

Table 4.2:  Scaling dimensions (in units of €) of various source (Sr) terms or fermion
bilinears at different fixed points (reported in Table , obtained by substituting fixed
point values of the coupling constants g*, g7 and g, on the right-hand side of the corre-
sponding flow equation [see Eq. ([£.24)] at t = 0 and p = 0. At each QCP the largest
scaling dimension is shown in bold, while the second largest ones are shown in italic.
At the two magnetic QCPs (QCP% and QCP2), the largest scaling dimensions for the

superconducting channel (namely d-wave pairings) are underlined.

ordered phases, see Fig. (a), (b), and (d), nucleating through QCP%.

On the other hand, QCP% is new and bears no resemblance to any fixed points we
found for a = 7. This QCP is induced by the mass anisotropy of Luttinger fermions.
At this QCP the Ay, magnetic (£, nematic) order possesses the largest (second largest)
scaling dimension, see Table 4.2l Among three possible local pairings the E, d-wave su-
perconductor possesses the largest (and positive) scaling dimension at this QCP. However,

at zero chemical doping we only observe nucleation of the A,, magnetic order through

this QCP, see Fig. [£.2{c).

4.2.3.3 Anisotropic Luttinger semimetal: o — 0

Finally, we approach the opposite limit, when the mass in the E, orbital becomes suffi-
ciently large, i.e. my > my or equivalently o — 0. In this regime the RG flow equations
support two QCPs [denoted by QCP} and QCPZ] and a BCP [denoted by BCPg, see
Table . Note that QCP} is similar to QCP%, only shifted toward weaker coupling.
Note that though the s-wave pairing still has the largest anomalous dimension at this
QCP, the second leading instability is now the E, nematic order (which becomes “almost
mass” in this limit). We can indeed observe these these two orders in the v — 0 limit,
see Fig.[1.2(a), (b), and (c), developing through this QCP.

By contrast, QCP2 is induced by the mass anisotropy. At this QCP, the T}, mag-

netic (75, nematic) order possesses the largest (second largest) scaling dimension, see
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Table [1.2] Correspondingly, we observe nucleation of 7}, magnetic ordering in this limit,
see Fig. [4.2(d). Also note that among three local pairings, the d-wave one transforming
under the T5, representation possesses the largest (and positive) scaling dimension.
Finally, we comment on the role of the BCPs possessing two unstable directions, see
Table Note that a BCP can only be found when there exists two QCPs in the three
dimensional coupling constant space (g,,9,,9,). The existence of a BCP separates the
basin of attraction of two QCPs and ensures continuity of the RG flow trajectories in

coupling constant space.

4.2.4 Universality class and critical exponents

All QCPs, listed in Table[4.I] are characterized by only one unstable direction or positive
eigenvalue of the corresponding stability matrix [see Appendix and Eq. (2.27))],

defined as J
Mij (gm g1vgz) = d_gjﬁgz .

To the leading order in the € expansion the positive eigenvalue at all QCPs is exactly e,

(4.25)

which in turn determines the correlation length exponent (v) according to
v =€+ 0 (€). (4.26)

For the physically relevant situation ¢ = 1 and we obtain ¥ = 1. As mentioned in
Sec. v being the same at all QCPs is, only an artifact of the leading order e-
expansion. Generically v is expected to be distinct at different QCPs, once we account
for higher order corrections in e.

Since to the leading order in the e-expansion, local interactions do not yield any
correction to fermion self-energy, the dynamic scaling exponent (z) at all interacting
QCPs is

z2=24+0(e). (4.27)

Together the correlation length and dynamic scaling exponents determine the universality
class of all continuous QPTs from a LSM to various BSPs. In the next section, we will
discuss the imprint of these two exponents on the scaling of the transition temperature

(t.) associated with the finite temperature order-disorder transitions.

4.2.5 Scaling of the transition temperature

Even though our RG analysis in the previous section was performed at zero tempera-
ture, one can still find the imprint of various interacting QCPs at finite temperatures. The
RG flow equations at finite temperature can be derived from Eqgs. and by
taking the p — 0 limit in H ](2 (t, 1, ) and F/(a,t, 1r). Recall that temperature introduces
a natural infrared cutoff for the flow equations ¢! [see Egs. and ] Physically
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Figure 4.3: Scaling of dimensionless transition temperature (t.) with the reduced distance
(6; = (g, —g;‘)/gj’,‘) from the quantum critical point, located at g, = g* for j = 1,2, 3,4, see
Sec. [4.2.5] The mass anisotropy parameter a and nature of the ordered phase for ¢; > 0
in each panel are quoted explicitly. Note that ¢, ~ 532» for 6 < 1, in agreement with field
theoretic prediction. The QCPs controlling the Luttinger semimetal to ordered states
quantum phase transitions at ¢ = 0 are also quoted in each panel. Red dots represent
numerically obtained transition temperature and the blue lines correspond to least-square
fit of t, ~ 67. Figure adapted from Ref. [119].

such an infrared cutoff corresponds to a scenario when the renormalized temperature ¢(¢)
becomes comparable to the ultraviolet energy e = A%/(2m) [see Fig. [4.1], beyond which
the notion of quadratically dispersing fermions becomes moot and the flow equations from
Eq. lose their validity.

To capture the effects of electronic interactions in a LSM at finite-t, we run three
quartic coupling constants up to a scale £ < /. Now depending on the bare strength of

interactions, two situations arise

(a) g(&) <¢ or (b) g(f1) >,

respectively representing a disordered LSM (without any long-range ordering) or onset of
a BSP at finite temperature. Here ( is a parameter in the RG analysis (see Sec. ,
and the universal properties of the system are insensitive to the exact value of it, so
long as ( ~ O(1). For a given strength of interaction g > g., where g, is the requisite
critical strength of interaction for a BSP at t = 0, we always find a temperature t. above
(below) which the BSP disappears (appears). We identify ¢. as the critical or transition
temperature. None of the coupling constants diverge for ¢ > t.. All ordered phases can
display true long-range order at finite ¢ in three dimensions and t.. corresponds to a genuine
transition temperature.

General scaling theory suggests that the transition temperature scales as [140,/141]
te ~ 0%, (4.28)

for § < 1, where § = (g — g«) /g« is the reduced distance from a QCP, located at g = g.
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(say). Hence, for interacting LSM, ¢, ~ ¢ for ¢ = 1 (i.e., the prediction from the leading
order e-expansion). The scaling of critical or transition temperature for various choices
of coupling constants and resulting BSPs, and different choices of the mass anisotropy
parameter «, are shown in Fig.[4.3] showing a fairly good agreement with the field theoretic
prediction ¢, ~ §2 around all QCPs, reported in Table {4.1]

4.3 Summary and discussion

To summarize we have presented an analysis at zero temperature on the role of electron-
electron interactions in a three-dimensional Luttinger semimetal, describing a biquadratic
touching of Kramers degenerate valence and conduction bands of effective spin-3 /2 fermions
at an isolated point in the Brillouin zone. This model can succinctly capture the low-
energy physics of HgTe [45], gray-Sn [47,/48|, 227 pyrochlore iridates [35,50-52,134] and
half-Heuslers [53-55]. For concreteness, we focused only on the short-range components
of the Coulomb interaction (such as the ones appearing in an extended Hubbard model),
and neglected its long-range tail. Furthermore, in this chapter we restricted ourselves
to zero temperature (mostly) and chemical doping, and focused on the quantum critical
properties of the Luttinger semimetal. In Chapter [7] we explore the phase diagram of this
system at finite temperature and chemical potential, where thermal fluctuations and the
extended Fermi surface profoundly affect the competition among ordered phases.

Due to the vanishing density of states, namely o(E) ~ VE, sufficiently weak, but
generic local four-fermion interactions are irrelevant perturbations in a system of Luttinger
fermions. Consequently, any ordering sets in at an intermediate coupling through quantum
phase transitions. We here address the instability of this system at finite coupling within
the framework of a renormalization group analysis, controlled by a “small" parameter e,
where € = d—2. Notice that in two spatial dimensions a biquadratic band touching (similar
to the situation in Bernal-stacked bilayer graphene) yields a constant density of states, and
local four-fermion interactions are marginal in d = 2. Hence, our renormalization group
analysis is performed about the lower-critical two spatial dimensions. In this framework
all quantum phase transitions from a disordered Luttinger semimetal to any ordered
phase take place at g~ ¢ where g, is the dimensionless coupling constant, and for three
dimensions € = 1. We here restrict ourselves to repulsive (at the bare level) electron-
electron interactions and compute the anomalous dimensions of various excitonic and
pairing order parameters at the occurring QCPs and BCPs, see Table [3.3] This allows
us to identify the dominant instabilities in the regions of the phase diagram controlled by
certain QCPs.

Using the renormalization group analysis, we show that in an isotropic system an s-
wave pairing and two nematic orders are the prominent candidates for a broken symmetry
phase, although at zero temperature the s-wave pairing is the dominant instability. While

the s-wave pairing only breaks the global U(1) symmetry and produces a uniform mass
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gap, two nematic orders, transforming under the 75, and E, representations, produce lat-
tice distortion along the (3, and Cy, axes, respectively. Such ordered phases can describe
either time-reversal symmetry preserving insulators or topological Dirac semimetals, host-
ing one-dimensional hinge-like surface modes, hence exhibiting higher order topology (see
Chapter . However, a collection of strongly correlated gapless spin-3/2 fermions do not
show any noticable propensity toward the nucleation of any magnetic order or d-wave
pairings in an isotropic system at least when ¢ = 0. This is so, because the magnetic
orders (d-wave pairings) produce gapless Weyl nodes (nodal loops) around which the den-
sity of states vanishes as o(E) ~ |E|*(|E|), while the former three orders support gapped
spectra. Hence, the magnetic orders and d-wave pairings are energetically inferior to s-
wave pairing and electronic nematicities in an isotropic LSM. A detailed discussion on
the energy-entropy competition in Luttinger (semi)metal and the role of the low-energy
density of states follows in Chapter [7]

We identify that the mass anisotropy («), measuring the quadrupolar distortion in the
Luttinger system, can be a useful non-thermal tuning parameter to further explore the
territory of strongly interacting spin-3/2 fermions [43,/139]. In particular, we find that
strong quadrupolar distortions can be conducive for various magnetic orderings even at
zero temperature. Specifically, when the electronic dispersion along the Cj, axes becomes
almost flat (realized as @ — 7) the singlet Ay, magnetic order stabilizes at ¢t = 0 via
QCP%. On the other hand, when Luttinger fermions are almost non-dispersive along the
Cyy axes (realized when a — 0), the system becomes susceptible toward the formation of
a triplet T}, magnetic order, the nucleation of which happens through QCPZ2. For these
two limiting scenarios the above two magnetic orders become (almost) mass, and their
nucleation becomes energetically beneficial even at zero temperature. For the anomalous
dimensions of order parameters for various values of o consult Table [3.3]

All quantum phase transitions from the Luttinger semimetal to broken symmetry
phases are continuous and controlled by various quantum critical points, see Sec. [1.2.3]
and Table To the leading order in the e-expansion, the universality class of these
transitions is characterized by the (a) correlation length exponent v~! = ¢ and (b) dynamic
scaling exponent z = 2 [see Sec. . The presence of such quantum critical points
manifests itself through the scaling of transition temperature t. ~ |§|**, yielding t. ~ |§|*
for d =3 or € = 1, see Fig. |4.3] where ¢ is the reduced distance from the critical point.

In Part [[] of this thesis we introduce finite temperature and chemical doping and
observe their effect on the competition among broken symmetry phases. Generally speak-
ing, thermal fluctuations allow for less energetically favorable, but more entropic phases
to nucleate. At the same time, chemical potential yields an extended Fermi surface in-
stead of the previously present Fermi point, which in turn promotes superconductivity via
enhanced carrier density. We follow a similar structure where we consider a few different
paradigmatic systems in two and three dimensions, displaying linear and quadratic band

degeneracy points in their dispersion.
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Competing orders and selection rules
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In Part [I] we investigated the quantum critical properties of different systems, with
special focus on the emergence of enlarged symmetries at various QCPs. Such multiband
electronic materials constitute a rich landscape harboring a plethora of competing phases,
such as charge- and spin-density-wave orders, or unconventional pairing phases. Indeed,
the global phase diagram of strongly correlated electronic materials, such as cuprates,
pnictides, iridates, ruthenates, and heavy-fermion compounds, displays a confluence of at
least some of these phases. In experiments, these phases can be realized as the tempera-
ture, pressure, and chemical doping is tuned in these systems.

Considering the zoo of possible interaction-induced orderings, the following question
arises. Can we establish a set of simple directives that ultimately select an ordered state
from a soup of incipient phases with respect to the nature of interactions? In the following
chapters we attempt to give an affirmative answer to this question. In Chapter |5 we
propose a set of selection rules that are based solely on the internal algebra of interaction
terms, order parameter bilinears and noninteracting Hamiltonian. To further delineate
these preselected phases, we then write down the organizing principle, that orders various
broken symmetry phases along the temperature axis, based on their condensation energy
and entropy gain. We then verify the validity of these rules in a diverse set of two- and
three-dimensional systems. In Chapter [6] we begin our discussion with monolayer and
Bernal bilayer graphene, constituted by two-dimensional honeycomb membranes of carbon
atoms, that respectively display linear and quadratic degeneracy points in the low-energy
band structure. In these systems, due to the low atomic number of carbon, the spin-orbit
coupling is negligibly small. Then, in Chapter [7] we turn our focus again to a three-
dimensional strong spin-orbit coupled Luttinger semimetal (introduced in Chapter {4)),
hosting a collection of quadratically dispersing effective spin-3/2 electrons, and anchor

our expectations in this significantly different system.



Chapter 5
Selection rules and organizing principle

Let us begin by spelling out our proposed set of rules, selecting from various symmetry-
allowed broken symmetry phases, and organizing them in the phase diagram of generic
multiband materials. Consider a band structure described by the Hamiltonian iL, contain-
ing Hermitian matrices H;. Besides, consider a local interaction channel and an arbitrary

but symmetry-allowed local order parameter schematically written as

9y Y _(WIM;U)* and Ao ) (VTOW),

7 k

respectively. Here g,, is the coupling constant, and Ao is the conjugate field to the fermion
bilinears. Moreover, we define the following quantities. Let Ay, and C), respectively be
the number of anticommuting and commuting matrix pairs between an order parameter
and a four fermion term. Also, let Ay and Cp respectively be the number of anticom-
muting and commuting matrix pairs between an order parameter and the single-particle

Hamiltonian. We can summarize these relations as [

AH : {Ok,Hl} = O, AM : {Okan} = 07
CH . [Ok,Hz] = 0, CM . [Ok,Mj] = 0. (51)

Then, various cuts of the global phase diagram in the presence of local interactions is

organized according to the following two rules.

(I) Among the available ordered phases, the interaction channel coupled by g,, maximally

boosts nucleation tendency of the ones satisfying
(a) O; = M; or (b) Ay = maximal. (5.2)

(IT) Among the phases selected by (I), an ordered phase is energetically (entropically)

I'We write all matrices as Kronecker products of Pauli matrices as Iy =0,®0,..., therefore any
two matrices either commute or anticommute.
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favorable if

Ay — Cy = maximal (minimal). (5.3)

We name the two “or” conditions in (I) selection rules. They are operative at zero as
well as at finite temperature and chemical potential, and only depend on h indirectly, in
the sense that the interaction terms by construction preserve the microscopic symmetries
of the noninteracting Hamiltonian. Of crucial importance is the fact that MLG and BLG
are endowed with the same microscopic symmetries. Therefore (I) cannot distinguish
between the two systems. But (II) can as we show for the extended honeycomb Hubbard
model in Sec. [6.4.

Besides (I) having exactly two ways [(a) and (b)| of boosting an ordered phase by a
given four-fermion interaction, it leads to the following consequence regarding the adjacent
or competing phases. Namely, two broken symmetry phases that reside next to each
other in a generic cut of the global phase diagram as we tune the interaction strength,

temperature or chemical doping, involving, say, the following two sets of matrices

oMy, k={1,... K},
(0P}, 1={1,....L},

that transform as vectors under O(K) and O(L) rotations, respectively, form composite

or supervector order parameters that transform as vectors under the group O(N), where
K, L<N<K+ L.

According to (I) it has to be that O,il) = M), and {01(2)7 My} = 0, or the other way around,
so that from the two sets of matrices {O,gl)} and {01(2)}7 one can always choose at most
N matrices that mutually anticommute.

On the other hand, we name the statement in (II) organizing principle. It arranges
the phases, selected by (I), along the temperature axis. Note Cy = 0 implies a fully
and isotropically gapped state, which causes maximal gain of the condensation energy
and is, therefore, favorable at the lowest temperature. On the other hand, Cy > 0
results in gapless states at low energies, which, hence is a configuration of higher entropy.
Therefore, such states are typically more prominent at higher temperatures. As such
(IT) is a generalized energy-entropy argument, that goes beyond the binary distinction of
whether an order is gapped or gapless, and capable of organizing more than one ordered
phases with Cy > 0, but varying Ay, as the temperature is varied in the system. A
schematic representation of the selection rules and the organizing principle is shown in
Fig.

Chemical potential plays an important role in promoting superconductivity from pure
repulsive interactions by enhancing carrier density. In the above outlined algebraic frame-
work, the chemical doping term [ anticommutes with all pairing orders. Therefore, for a

K-component superconducting order parameter Ay — Ay + K as h— h— 1 at finite dop-
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Figure 5.1: A schematic flowchart depicting the selection rules and organizing principle.
Consider a noninteracting system, described by the single-particle Hamiltonian H, con-
taining a set of Hermitian matrices { H;}, a four-fermion interaction with coupling g,, and
a fermionic order parameter coupled with the conjugate field Ay, all determined by the
symmetry of the system. Here M; and O; are Hermitian matrices of the same dimension as
H;. Then, an ordered phase is boosted by the interaction if (a) O; = M; or (b) these two
set of matrices maximally anticommute. The selected ordered phases are then arranged
along the temperature axis according to the organizing principle, quantified by Ay and
Cy, respectively counting the pairs of matrices from the sets {O;} and {H;} that mutually
anticommute and commute. Order parameter matrices O; that maximally anticommute
(commute) with H; yield gapped (gapless) quasiparticles inside the ordered phase and in-
habit comparatively lower (higher) temperatures, following the energy-entropy argument.
Finite chemical doping promotes superconductivity at the lowest temperature even from
repulsive electronic interactions, as the underlying Fermi surface can only be gapped by
them, also in agreement with the organizing principle. The nature of the nucleated paired
state also follows the selection rule. Figure adapted from Ref. [13].

ing. By contrast, all the excitonic orders commute with £ and thus for an L-component
excitonic order parameter Ay — Ay — L as h — h— jt. Therefore, at finite doping
pairing states get energetically favored at the lowest temperature, while excitonic orders
being more entropic are favored at higher temperature. Still, the competing excitonic and
pairing orders for a given interaction channel follow the selection rule (I).

Note that (I) and (IT) still leave room for degeneracy among the selected order parame-
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ters. For example, when two bilinears gap the quasiparticle spectra and fully anticommute
with the matrices in a given interaction channel, then temperature cannot distinguish
between them. If, however, one of them is a pairing phase, it will be favored at low tem-
peratures when p > 0, as it optimally gaps the underlying Fermi surface [selection rule
)

We now proceed to demonstrate the applicability of these rules in three different sys-
tems. We start by examining monolayer and Bernal bilayer graphene in tandem. Since
the symmetries of these systems are the same, this provides a unique opportunity to shed
light on the role of the normal state band structure, as any differentiation in the corre-
sponding phase diagrams must originate from there. We then move on to apply these
rules in a three-dimensional Luttinger semimetal. The Luttinger model has been used to
successfully describe the electronic structure of numerous compounds, most prominently
227 pyrochlore iridates and half-Heuslers, that also display significant correlations. Be-
sides, graphene-based layered materials have been in the center of huge interest in the
past decade. These systems are therefore good candidates for anchoring our methodology

and validity of the selection rules.



Chapter 6
Monolayer and bilayer graphene

In this chapter we examine the effects of electronic interactions on monolayer and Bernal
bilayer honeycomb membrane of carbon atoms, and verify the applicability of the selection
rules, outlined in the previous chapter. Monolayer and bilayer graphene (MLG and BLG
respectively) are endowed with identical microscopic symmetries, described by the group
D3 (see Fig. . However, while MLG hosts linearly dispersing Dirac fermions as its low-
energy excitations, BLG in comparison exhibits quadratically dispersing quasiparticles.
This provides a unique opportunity to separate the role of the normal state band structure
in the selection rules.

To briefly and schematically summarize our main findings, here we focus on generic
short-range or local, but repulsive four-fermion interactions and construct various cuts of
the phase diagram for MLG and BLG at zero and finite temperature and chemical doping
by performing an unbiased leading-order renormalization group analysis in the spirit of
appropriate ¢ expansions. Typically, these cuts show excitonic orders at zero chemical
doping, among which charge density wave, antiferromagnet, quantum anomalous and spin
Hall insulators, and various nematic and smectic liquids are the dominant ones. Often
insulators (such as, antiferromagnet) are realized at the lowest temperature, while their
nodal counterparts (such as, nematic and smectic orders) nucleate at a relatively higher
temperature. On the other hand, as the the chemical doping is tuned away from the band
touching points some pairing order sets in at the lowest temperature that maximally gaps
the underlying Fermi surface, following the spirit of the Kohn-Luttinger mechanism |72,
73|. These findings are in qualitative agreement with the proposed organizing principle.

To relate our findings to a more experimentally feasible scenario, we construct the
phase diagram of (un)doped MLG and BLG, when electrons therein interact with each
other only through on site, nearest neighbor, and next-nearest neighbor Hubbard repul-
sion. Specifically for on site repulsion our results are shown in Fig. [6.1], whereas a detailed
discussion follows in Sec. [6.4, At zero doping both systems support antiferromagnetic
ordering. However, at finite doping while a spin-singlet nematic pairing develops in MLG
at the lowest temperature, in doped BLG the paired state represents a translational

symmetry breaking spin-singlet Kekulé superconductor. It is an example of a commensu-
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monolayer —— E, Nematic SC bilayer —— Singlet Kekulé SC
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Figure 6.1: Phase diagrams of the Hubbard model, obtained from a RG analysis in (a)
MLG and (b) BLG for a fixed strength of onsite Hubbard repulsion (U) as a function
of temperature (¢) and chemical doping (), respectively measured from the linear and
biquadratic band touching points. All the quantities U, ¢ and p are dimensionless (see text
for definition). The white region represents disordered chiral Fermi liquid and semimetal
at finite and zero doping, respectively, and the gray region depicts an ordered state.
Along the phase boundary between them, the system supports an antiferromagnet at
and near, and a superconductor (SC) away from the half-filling (1 = 0). Nature of the
SC is mentioned in each panel. Realizations of distinct paired states in MLG and BLG
solely stem from the distinct normal state band structures in these two systems. Inside
the ordered state, one expects a regime of coexistence between antiferromagnet and the
adjacent SC, due to their internal O(5) symmetry, with pure phases on either side of it.
Our RG analysis, however, cannot capture such coexistence, which nevertheless can be
demonstrated from a standard mean-field analysis [142]|. Here, > 0 (u < 0) correspond
to electron (hole) doped systems. Figure adapted from Ref. [13].

rate Fulde-Ferrell-Larkin-Ovchinikov pairing [143}|144], also known as pair-density-wave.
These findings are in agreement with the proposed selection rules. Our predictions can
be experimentally tested on cold atomic systems, for example, where both MLG and
BLG have been engineered, and both doping and the strength of the on site Hubbard
repulsion can be tuned efficiently [145-148|. In addition, electronic BLG supports various
ordered phases near the half filling that include both insulating and gapless (possibly
nematic) states [149-154]. Therefore, increasing the carrier density by applying an exter-
nal gate voltage one can, at least in principle, induce superconductivity in such systems,
where our predictions can be tested directly. The present discussion provides new insight
into the global phase diagram of the extended honeycomb Hubbard model in (un)doped
MLG and BLG, that remained unnoticed despite the vast existing literature on this topic
[11,[12}|15L/17,/19,67,(70/155-203].

6.1 Lattice models

In this section we introduce single-particle tight binding descriptions of electrons on the

honeycomb monolayer and bilayer. Our model includes only NN hopping for MLG. But,



6.1. Lattice models 69

(d)

Figure 6.2: (a) Honeycomb monolayer, consisting of two interpenetrating triangular sub-
lattices, A and B. The primitive lattice vectors v; and v, span the a sites (belonging
to sublattice A). The b sites (belonging to sublattice B) are generated by linear com-
binations of &1, 82 and d3. (b) The BZ of MLG, a hexagonal structure rotated by 90
degrees compared to the real space lattice. Six Dirac points are located at its corners,
of which two sets are inequivalent, marked with blue and red circles. The representative
inequivalent valleys are chosen to be at K and —K, respectively. (c) Bernal stacked
honeycomb bilayer, with the subscript denoting the layer index ¢ = 1, 2 of the sites. Each
ay and by sites overlap. The eigenstates of the high energy split-off bands reside domi-
nantly on these overlapping dimer sites. (d) After integrating out the a; and b, sites, the
resulting structure is another honeycomb lattice, demonstrating the identical point group
symmetry of MLG and BLG. Figure adapted from Ref. [13].

in order to capture the coupling between two layers, we incorporate interlayer hopping
terms in BLG, besides the intralayer one. In what follows we restrict ourselves to carbon-
based honeycomb lattices, and as such will completely neglect spin-orbit coupling, which

is extremely small for carbon atoms [10].

6.1.1 Monolayer graphene

The simplest tight-binding Hamiltonian for an isolated sheet of graphene describes a
bipartite lattice consisting of two interpenetrating triangular sublattices A and B with
the NN hopping amplitude () as |89

Hyic =1t Y al(A)b(A+8;) + He, (6.1)
Aji

where a(A) are fermion annihilation operators on the A sublattice, generated by linear
combinations of the primitive lattice vectors v; = v/3a(1,0) and vy = a/2(v/3,3), with
a being the distance between neighboring atoms. On the other hand, b(B) are fermion
annihilation operators on the sites belonging to the B sublattice that are obtained as
B = A+4;, with 8, = a/2(—V/3, 1), 8, = a/2(V/3,—1) and &3 = a(0, 1), see Fig. [6.2(a).
The reciprocal vectors are given by q, = 27/a(1/v/3, —1/3) and q, = 47/a(0,1/3). The
BZ has the same hexagonal structure as the real space lattice, only rotated by 90 degrees.
For convenience we shift the origin of the BZ to the middle of the hexagon (the I" point),
see Fig. [6.2(b).
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The lack of the inversion symmetry of the honeycomb lattice about any given site [see
Fig. [6.2]a)] results in Fermi points in the band structure of Hyyc instead of an extended

Fermi surface, as obtained on a square lattice, for example. The spectra of Hyg read
MLG
= xt[f(k)], (6.2)

where

fk) =Y exp(k-6), (6.3)

i=1,2,3

and f(k) vanishes linearly at the six corners of the BZ [8]. Thus, e}'*“ supports six Dirac

points, around which the low energy dispersion is linear and isotropic [204]. However,
only two of these band touching points are inequivalent, which we take to be at £ K, with

K=+ 33? (1,0). The rest are connected to these two by primitive reciprocal vectors [9].

6.1.2 Bilayer graphene

One generates the Bernal stacked BLG by adding another graphene sheet on top of
Fig.[6.2a) and shifting it by e.g. —ds, see Fig.[6.2c). Due to the two layers the minimal
model has twice as many degrees of freedom when compared to MLG. We denote the layer
index (i) with a subscript on the annihilation (a; and b;) and creation (a! and b!) oper-
ators, where ¢ = 1,2. The tight-binding Hamiltonian including intralayer and interlayer

hopping terms is of the form [18,/19]
Hpre = H' + Hyp + Hiy + Hpp, (6.4)
where
Hl =y, Z [al )b (B;) + bl(A)a (B;)] +He.,
Hip=t, Z a; (A )+ H.c.,
HAA:tAAZal Jas(A —6;) + H.c.,

B

Here H!l describes the intralayer NN hopping, where B;t = A £+ §,;, while the remaining
terms encompass the interlayer ones. The terms Hy, and Hp 4 represent remote interlayer
hopping processes, which we will drop from now on. The direct hopping between the dimer

sites (a; and by) is captured by Hyg. After setting t4q = tpa = 0, the spectra of Hprg
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describe four bands with the dispersions

t2

B = £ (6.6)
1

B = £ s [ R+ + O f (k)1 (6.7

Since f(k) vanishes linearly at + K EEIL{G describes two quadratic band touchings, whereas
the two eEkG bands are gapped everywhere, also called the split-off bands. Note that
H3% , produces trigonal warping that splits each quadratic band touching into four Dirac
points [155]. In Sec. , we qualitatively discuss the role of trigonal warping on the phase
diagrams of interacting electrons in BLG.

In this chapter we study these two systems in terms of their low-energy effective
theories. As the continuum models are well established within the scientific literature [10],
in presenting the respective single particle descriptions we will only quote the cornerstones

of the derivations.

6.2 Low-energy effective theory

We formulate the effective continuum theories by retaining the low energy degrees

of freedom of both lattice models, Eqgs. and (6.5]). As the split-off bands in BLG
are at higher energies, and the eigenfunctions of egi(} are dominantly localized on the
overlapping a; and b, sites, we can project out these bands with relative ease [10,/18,(19].
After integrating out the a; and b, sites, the resulting lattice assumes another honeycomb
structure, see Fig. [6.2(d). As such, the effective BZ has the same structure as that of
MLG, with the important distinction that the band touching at the six corners are now
quadratic, in comparison to the linear band touching in MLG. Moreover, the microscopic
symmetries of these two models (reflections, translation, and time reversal) are identical,
about which more in a moment. Consequently, the part of the action describing local
electron-electron interactions takes identical form in these two systems, see Sec. [6.2.3]
This allows us to investigate the role of the normal state band structure in emergent
phases within the same symmetry group.

Due to the small atomic number of carbon atoms we neglect the spin-orbit coupling
in both MLG and BLG, and introduce the spin degree of freedom as a mere doubling
of the Hamiltonian. Besides spin, we will also introduce a particle-hole index using the
Nambu doubling, which facilitates the inclusion of both excitonic and superconducting
phases within a unified framework. Note that the split-off bands now being projected out,

the two effective models have the equal number of low energy degrees of freedom.
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6.2.1 Non-interacting models

Let us add a spin index to the fermionic degrees of freedom and expand the fields in

terms of their Fourier components as

dw ko: i(wr+k-r
TS(T,T) :/g/we( tk )Ts(w,k), (68)

where 7 and w are respectively imaginary time and frequency, » = a and b for electrons
on the A and B sublattices, respectively, with the spin orientation s =1, . We retain the
modes near the two inequivalent valleys at £K, and write 74(w, +K + k) = 15 (w, k).
The eight-component spinor in Fourier space is then structured according to

Uop = [, % e, CIK}T, where ¢! = [a?, 0], (6.9)
and r? are annihilation operators for fermions on the A and B sublattices with valley
index v = £ K, and spin projection s =1,]. Here T denotes transposition. Finally,

we introduce the particle-hole degree of freedom as the “outermost” index and write a

sixteen-component Nambu doubled spinors as

v,
\I}w,k — \IJNam - ;k 5 (610)
Lo, g

where in the lower block we absorbed the unitary part of the time reversal operator U =
I'a10 [see Sec. [6.2.2], so that U, and Uy, transform identically under all symmetries.
For the sake of brevity we suppress the subscript “Nam" from now on, and unless otherwise
mentioned, thus ¥ = Uy, and Uf = ol .

To capture the symmetry properties of MLG and BLG, and subsequently develop
the interacting models describing these two systems, we write the matrices acting on the
sixteen-dimensional spinors as ', = 7, ® 0, ® T\ ® o, where {a}, {7}, {o} and {n}
are four sets of Pauli matrices that operate on the sublattice or layer, valley, spin and
particle-hole degrees of freedom, respectively. Here, u, v, A\, p = 0,1,2, 3, and the index 0
always corresponds to the unit matrix. In Eq. (6.10), T's10 = 02 @71 ®ayp. Note that having
integrated out the overlapping a; and b, sites in BLG, the sublattice and layer description
is now redundant, as all the remaining a and b sites reside on layer 2 and 1, respectively.
Therefore, from now on we refer to this degree of freedom simply as sublattice. Also note
that by virtue of writing all sixteen-dimensional matrices in terms of Kronecker products
of Pauli matrices, any two such matrices either commute or anticommute.

The non-interacting effective low-energy theory of MLG is composed of linearly dis-
persing chiral relativistic Dirac fermions, that persist all the way up to a non-universal
ultraviolet momentum cutoff A ~ 1/a. In comparison, the corresponding effective theory

of BLG is constituted by quadratically dispersing chiral quasiparticles (also up to a ul-
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traviolet momentum cutoff A, determined by the energy of the split-off bands). We write
the Hamiltonians for MLG and BLG respectively as

hP(k) = v [F3031P1(k¢) - F3002p2(k¢)] — pL'3000, (6.11)

~ 1

hL(k) = m [F3001d1(k) - F3032652(’<3)] — 11I3000, (6.12)
where v = ta is the Fermi velocity and m = ¢,/ (2tﬁa2) is the effective mass. The

momentum-dependence is described by the p-wave and d-wave cubic harmonics, that are

related to the spherical harmonics Y;™ with [ =1 and [ = 2, respectively, such that

pi(k) = ks, p2(k) = Ky,
di(k) =k — k2, do(k) = 2k, k. (6.13)

We also introduced a chemical potential (x) term, which facilitates tuning the Fermi
energy to and away from the band touching points. Therefore, ;1 plays the analogous role
as the gate voltage. Here we only consider electron like doping (x> 0). All the conclusions
are equally germane for hole-doped (u < 0) systems. The chemical doping develops an
extended (one-dimensional) Fermi surface from the (zero-dimensional) Fermi points, and
increases the carrier density, which is conducive for the condensation of electrons into
Cooper pairs. In analogy with the three-dimensional system, the quadratic fermions
constituting the low-energy excitations of BLG are called Luttinger fermions.

The above models then constitutes the following non-interacting Euclidean (imaginary
time) action

S = [ aratr i) [0, + 10k > V)] w(r. ), (6.14)

with 5 =D and L respectively for MLG and BLG. Here d is the spatial dimensionality,
Ui(7,r) and ¥(7,r) are the inverse Fourier transform of the spinors ¥ and ¥, and 7 is

the imaginary time.

6.2.2 Symmetries and action

The microscopic symmetries of the honeycomb monolayer and bilayer are identical and
correspond to the D3y point group. Here we cast these symmetries in terms of reflections
and rotations, and show how they manifest in the low-energy theory. We augment the
point group symmetries with translation invariance, discrete time reversal symmetry, as
well as continuous spin SU(2) and pseudospin SU,(2) rotational invariances.

The two reflection symmetries of the honeycomb lattice are sublattice (S) and valley



74 Chapter 6. Monolayer and bilayer graphene

(T) reflections [11]. They respectively take the form

k, — k,
S = F0001 D s (615)
ky — —ky
and
k, — —k,
T = Too10 ® ' (6.16)
ky — ky,

Reflection S exchanges the sublattices A<+B, but leaves the valleys invariant. Whereas
under 7', K < —K, and hence it exchanges the Dirac points, but does not affect the
sublattice degree of freedom.

Both the linear and quadratic band touching points are rotationally invariant at low
energies. Let us denote the orbitals as v; = p; or d; for i = 1,2. Then, rotations by an angle
¢ in orbital space take the form R(6) = exp(iflgo33/2), and a rotation of the Hamiltonian

corresponds to an ordinary vector rotation of the two-component vector (v, 'UQ)T

ROWMR(B) & (COS@ _SM) <“1>. (6.17)

sinf  cos6 Vs

For example, under rotation by 6 = 7/2

R(x/2)W R~ (/2) : (“l> = <_”2> . (6.18)

The corresponding rotation of momentum axes by an angle § = —7/(2l) takes the form

ko cosf —sinf k.
— | . : (6.19)
k, sinf cos0 k,

where the angular momentum [ = 1 and 2 for p and d orbitals, respectively. The requisite
rotation by the angle § = —7/(2[) for the the invariance of the Hamiltonian indicates that
respectively the linear and biquadratic band touching represent momentum space vortices
of vorticity [, and the wave functions of the valence and conduction bands are eigenstates
of orbital angular momentum /.

Translation by a vector R acts on the electron fields as
ro(w, k) — e®Br (w, k). (6.20)

Therefore the matrix transforming the 16-component Nambu spinors under translation

has to pick up opposite signs at the valleys at =K. A translation of the spinor W is then
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written as
U(w, k) — BB Tooso ik Ry () ), (6.21)

with T'gg3p being the generator of translations. The above transformation in real space

reads
U(r,7r) — BRIy (7 1 R). (6.22)

The reversal of time is implemented by the antiunitary operator 7 = UK. Here
U = Ty210 is a unitary operator and K is complex conjugation. For spin-1/2 electrons, we
indeed find 72 = —1.

The Hamiltonian operators in Egs. and are manifestly invariant under
SU(2) spin rotations, generated by [gs0, with s = {1,2,3}. Finally, the pseudospin
SU,(2) transformations are generated by {I'so00, 1003, '2003}. Here I'igp3 and I'ggos r0-
tate between an excitonic (such as, charge density wave) and two (real and imaginary)
components of a paired state (such as, s-wave pairing). While the number operator I'sp09
rotates the U(1) superconducting phase [123]. See Tables[6.1]and [6.2] Having established
the non-interacting continuum model and the operative symmetries, in the next section

we build on this foundation and examine the effects of electron-electron interactions.

6.2.3 Electron-electron interactions

We incorporate short range or local electron-electron interactions by adding all symmetry-
allowed momentum-independent four fermion terms to the action Sj. The schematic form

of the interacting part of the action in the presence of such a local quartic term is
Sint = / drd®r Ly = / drdirg,,, (VT MU)(UTND), (6.23)

where ¥ = ¥, and Ul = ¥l M and N are 16 dimensional (in the Nambu doubled

T,7r)

basis) Hermitian matrices, and g,,, is the corresponding coupling constant. Note from
Eq. the scaling dimension of the spinors is U1 | = [¥.,] = d/2, such that S is
scale invariant for j =D and L. Consequently, a coupling constant of local quartic terms
scales as [g,,x] = z — d, where z is the dynamical scaling exponent, determining the
relative scaling between energy and momentum according to € ~ |k|?. Therefore z = 1
(2) in case of Dirac (Luttinger) fermions. Consequently, Sy remains scale invariant. As
d = 2, sufficiently weak short range electron-electron interactions among two-dimensional
Dirac fermions are irrelevant, and the Dirac cones remain stable up to a critical strength
of interactions, where, however, the system undergoes a quantum phase transition into
an ordered phase. On the other hand, in a two-dimensional system of Luttinger fermions

local quartic interactions are marginal, and the quadratic band touching point is unstable
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in the presence of infinitesimal interactions. In terms of the density of states (DoS), the
Dirac system exhibits linearly vanishing DoS, namely p(E) ~ |E|, while in the case of
Luttinger fermions the low-energy DoS is constant i.e., p(E) ~ constant. The scaling of
the DoS determines the (ir)relevance of local interactions.

Throughout we neglect the long range tail of the Coulomb interaction. In an undoped
Dirac liquid, the long range Coulomb interaction is a marginally irrelevant coupling (due
to the vanishing DoS), irrespective of its bare strength, that otherwise causes only a
logarithmic enhancement of the Fermi velocity |12[109}[112,[205-211]. On the other hand,
in undoped Luttinger liquid long range Coulomb interaction gets screened due to the
finite DoS, resulting in local density-density interaction, thus only renormalizing the bare
strength of the coupling ¢* [156] [see Eq. ] At finite temperature this approximation
is further justified due to the thermal screening [94], while at finite doping conventional
Thomas-Fermi screening sets in. Nevertheless, long-range Coulomb interaction can shift
the phase boundaries between the ordered and disordered phases, without altering the
nature of the former one, as has been shown for both two- and three-dimensional Dirac
liquids [111L[113].

All the local quartic terms appearing in the interacting Lagrangian must transform as
scalars under all operative symmetries introduced in Sec. which severely restricts
the number of couplings constants to 18. The interacting Lagrangian (L;,;) containing all
symmetry-allowed local quartic terms reads |11]

Lig = L8 4 LP (6.24)

int int

where

int

L8 = g (Ui T30000)% + g5 (U1 T0337)? + 9, [(\DTF?’OOl\D)Z * (\PTFSOBQW)Q]

+ gf(‘I’TFooso‘l’)2 + g;(\IjTFSOOZ&\D)Q +g; [(‘I’Troozzl‘l’)z + (‘I/Troooz‘l’)ﬂ

2
+3 {giw*rgmwf + 6 (U To0;2®)? + g3 [ (97 T30 0)? + (1T’ }

J=1
3

trip
Lint - E :

s=1

gf(‘I’TFOSOO‘I’)Q + gz(\I/TF3333\If)2 + gﬁ, [(‘I’TF0301‘I’)2 + (‘I’TF0532‘P)2]

+ QE(WTF3530‘1’)2 + gi(‘I’iF0303‘1’)2 + gé [(‘I’Tr3s31‘1’)2 + (\I/TF3802\II)2]

2
+ {gi(\lﬂrosﬂw + gt (UT3,,00)2 + g [(@TFOSJ-O@)? 1 (\wrwqfﬂ } . (6.25)

j=1

Visibly, Ly separates into spin singlet (L¢) and spin triplet (L{"’) parts, containing
the matrices oy and o, (with s = 1,2,3), acting on the spin index, respectively. The
sublattice and valley degrees of freedom (accompanied by a and 7 matrices, respectively)

repeat for the two irreducible representations of the SU(2) spin algebra, while the particle-
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hole index (1 matrix) is exactly the opposite between singlet and triplet channels. Since
there is only one operative SU(2) algebra in the spin sector, this suggests a redundancy in
the above expression of the interacting Lagrangian. This expectation can be verified using
the Fierz identity for eight-dimensional Hermitian matrices (note the particle-hole degree
of freedom in this sense is an artificial doubling), see Sec. . After Fierz reduction
there are only nine linearly independent four fermion terms, which we choose, without the
loss of generality, to be the spin singlet interactions (g°). For a detailed presentation of
the Fierz reduction see Appendix|[C.3.2] Throughout, here we focus on repulsive electron-
electron interactions, which in our notation corresponds to gi >0for p=1,...,9 and
j =s,t.

To shed light on the structure of the global phase diagram of interacting two-dimensional
Dirac and Luttinger fermions, we perform Wilsonian momentum shell RG analysis at zero,
as well as finite temperature (T') and chemical potential (u), following the steps outlined
in Sec. . We already established the scaling of the coupling constants to be [g/ﬂ = z—d,
which pins the lower critical dimension of the corresponding theories at d = z and facil-
itates an e expansion around the marginal dimensionality with e = d — 2z [103}/120,/121].
Notice that the physical values of € are 1 and 0 for two-dimensional Dirac and Luttinger
fermions, respectively. However, our conclusions are insensitive to the exact value of
€, except the nonuniversal locations of the phase boundaries between the ordered and
disordered phases.

We introduce the dimensionless temperature and chemical potential the usual way,
e.g. t = T/ex and i = p/ep, where €y is again the quasiparticle energy evaluated at
the ultraviolet cutoff A. These quantities respectively for Dirac (D) and Luttinger (L)

systems then read

tP =T/(Av), th = 2mT/A?,
AP = 1/ (Av), i = 2/ A2, (6.26)

From now on we omit the tilde and denote the dimensionless chemical potential by pu.
Furthermore, for brevity we suppress the D and L indices.

The scaling dimensions of these two relevant parameters are [t] = [u] = z, and their

RG flows are described by Egs. (2.35) and (2.36)). Furthermore, we again summarize the

flow equations of the coupling constants in the schematic way

dgs s S S I7Jt
==, +zk:gjgk et ). (6.27)
Js

The coupling constants appearing in the RG flow equations are also dimensionless, ob-
tained by taking g7A°/(4m) — g5. For the exact form of the functions H(t, 1) sece
Appendix [C.3.3] Eq. (6.27) implies that all orderings take place at critical couplings

g ~ €, which is consistent with our observation of local interactions being irrelevant
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IREP
SB Matrix (N) S T tl  R(5) TR SU2) SUL?2)
(Dsa)
Aig Ay 3000 + + + 0 + 0
A5, Ay L0033 — — o 0 — 0
g Eg Iso01, 3032 +,— +,— +,+ 1 +,+ 0
Al A Loo30 + - + 0 — 0
A3, Az 3003 — I + 0 + 0 I
E; Ey.  Toost, ooz +,— —+ +,+ 1 — = 0 II
Ay A Do lso21 +,+ +,— —,— 0 +, + 0
A3y, Agy, Looi2, Tooze —— +,— —,— 0 - = 0 VI
r r — - - = 1
B E, 3010, 1 3023 T, +, , +,+ 0 v
3013, 13020 —+ +,— —,— 1 =+, +
Alig Ay Loso0 + + + 0 — 1
A;g Aagy [3433 - — + 0 + 1 II
E; Eg Loso1, Los32 +,— +,— +,+ 1 - = 1 v
AL, A 3430 + - + 0 + 1
A5, Agy Loso3 = T + 0 — 1
E, Ey ['3s31, 35020 +,— —+ +,+ 1 +, + 1
Ay A Toan,Tosm ++ +,— — — 0 - 1 VII
Agk Ak L3512, 13522 —— +,— —,— 0 4+, + 1
r 510, r s y s R 1 R
E}; E, 0s10, L 0s23  + + .
Los13, Tos20 —+ +,— —,— 1 - =

Table 6.1: Symmetry properties of the local excitonic order parameters of the schematic
form Ax(UTNW) on the honeycomb lattice, where N is a sixteen-dimensional Hermitian
matrix with s = {1,2,3} and o = {1,2}. The first (second) nine rows correspond to
spin singlet (triplet) orders. The first three columns respectively display the symbol by
which an order is referred to in Figs. [6.3}6.6] the corresponding irreducible representation
of the D3, group, and the order parameter matrices N. Columns 4-10 display transfor-
mation properties of the fermion bilinears under sublattice (S) and valley (T") reflections,
translation (tl), orbital rotation [R(7/2)], time reversal (TR), and spin SU(2) and pseu-
dospin SU,(2) rotations, respectively. Here 4+ (—) means even (odd), whereas 0 (1) means
the bilinear transform as scalar (vector) under the given rotation. The order parameters
marked by the same roman numeral in the SU,(2) column are related to each other by
pseudospin SU,(2) rotations, which always relates an excitonic order to a pairing one,
see Table[6.2] Blue (yellow) coloring represent mass orders in MLG (BLG), while green
indicates orders that are gapped in both systems.

and marginal in MLG and BLG, respectively. Therefore, in a Dirac system all orderings
set in beyond a finite strength of the interactions, while a Luttinger system is conducive
for ordering even for sufficiently weak interactions. Our methodology of detecting phase
transitions follows Sec. [119,142,157,212]. In the next section we review the possible
broken symmetry phases in MLG and BLG.
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IREP '
Matrix (N) S T tl  Rx TR SU(2) SU,(2)
2
(Dsa)
AT, Ay T 000 + + + 0 + (—) 0 I
AR Ay Tosss — -+ 0 () 1
EY By Taor,laoz2 +— +— +H+ 1 +4+(=-) 0 11
AV Aq, T ws30 - — + 0 + () 1 I1
AL, Ag o003 — + + 0 + (=) 0
Eﬁ Eu FasSlarasOQ +)_ _7+ +7+ 1 +7+ <_’_) 1 IV
A% Ay Tau,Toomr ++ - —=— 0 +4+(—-) 0 VI
Agk A2k Fasl?a F04522 R +7 - T 0 +7 + <_7 _) 1 VII
Fa 7Fa +)_ +a_ Ty T 1 +7+ Ty T
B E 010, L '023 ( ) 0 v
Foo13, Fagzo —+ +— —— 1 4+, + (=)

Table 6.2: Symmetry properties of the local superconducting order parameters of the
schematic form Ay (UTNW¥) on the honeycomb lattice, where N is a sixteen-dimensional
Hermitian matrix with s = {1,2,3} and o = {1,2}. The notation is identical to that in
Tab.[6.1] In the TR column a symbol outside (within) parentheses corresponds to a =1
(2). The order parameters marked by the same roman numeral in the SU,(2) column are
related to each other by pseudospin SU,(2) rotations, which always relates an excitonic
order to a pairing one, see Table [6.1]

6.2.4 Broken symmetry phases

To identify the nature of the broken symmetry phase in an unbiased fashion we in-
troduce all symmetry-allowed local fermion bilinears to the action, which assume the
schematic form A, (UTM W), where Ay, is the corresponding conjugate field and M is
a sizteen-dimensional Hermitian matrix. The ordered state is characterized by the ex-
pectation value of the fermion bilinear (UMW) # 0. Note while the RG analysis of
the coupling constants g, can be performed using eight-dimensional matrices (without
invoking the Nambu doubling), one has to utilize the Nambu basis in the renormaliza-
tion of order parameter fields to account for the superconducting channels. The effective

single-particle Hamiltonian containing all symmetry allowed local orders reads
Hlocal - /ddr(hexc + hpair)a (628)

where hee = hS08 + AP with

exc exc ?

exc

BEE — ASWHTa000W + ASWTTo0ss W + AS (xpTr3001xI: n xI:Trg,Ongf) TNT A
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+ A5 Tgo0® + A (W Ton ¥ + W00 ¥ ) + 3 [A;@Trgoﬂqf + ASUTT 000

Jj=1

+ A (\Iﬁrgojoqf + w*rgojgxp)} , (6.29)

and

3
pie =3 {quﬁromqf + ATy + AL (WTo W + T2 W) + AW Ty0 0

exc
s=1

2
+ ALTTT 00 + Al (qﬁrgsglw + w*r3802x1/> +3 {A';\IIT Tosj1 T + ALTIT, o0

j=1

+ 2 (01T 00 + \I”Fons\Pﬂ } (6.30)

whereas

2
hpair = Y {Agaquraoooxp + A%, (\Iﬁ Cooot ¥ + U1 ra032m> + AL WTT 0050

a=1
2

3
+ Z [Ag’aWTFQle\Ij + Ag,a (‘I/Traojo\lf + \I/TFaojg\Ij>:| + Z |:Ag}aq/TFas33\I[

j=1 s=1

2
+ AL UTT 00 + AL, (qﬁrasglxp + \Iﬁrasoz\p) +> Agawrwﬁqf} } (6.31)

j=1

Here a = 1,2, A7} = Alcos¢, A}, = Alsing, and ¢ is the U(1) superconducting
phase. According to Hica, 27 order parameters are organized into three groups, each
containing nine entries. Namely 75" and AP contain nine spin singlet and nine spin
triplet excitonic bilinears, respectively, while hp,;, accommodates five singlet and four
triplet pairing orders. The nomenclature for the interaction terms and order parameters
is summarized in Tables [6.3]and [6.4], while physical properties of the fermion bilinears, e.g.
their irreducible point group representations, and transformations under various discrete
and continuous symmetries are displayed in Tables and [6.2]

Besides the 9 independent coupling constants g’ we also renormalize the 27 order
parameter fields from H,., and arrive at their S-functions taking the schematic form

_ dA .
B, = d—; —z=Y F,(tuwg, (6.32)
l

where 7 =D and L respectively for Dirac and Luttinger fermions in MLG and BLG.
Here we absorb the contribution from the scaling dimension (z) of the conjugate fields A
into its p-function. For the exact form of BJAk consult Appendix . In possession of
all relevant flow equations, we construct phase diagrams in various interaction channels
following the strategy outlined in Sec. [2.2.3] The phase diagrams constructed this way
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spin singlet spin triplet
SB Phase CC|CF| Fig. || SB Phase CC|CF | Fig.
fermion]
A3, j:llsoi:;c gAY - Af, | ferromagnet | gt |A7| -
quantum ; .
uantum spin
A3, | anomalous | g5 | A3 |/6.3(a) || A, 4 P gt | AL116.3(c)

Hall insulator
Hall insulator

S nematic; g5 | A3 ][6.4(a) | E; | spin-nematic; | g% | A} ||6.4(c)

chiral chiral

Aiu . gf Ai - Aiu gi Afl -
density ferromagnet
charge

A3, s 9> | Ag |[6.3(b) || Ay, | antiferromagnet | ¢! | AL {]6.3(d)

density-wave
Es nematicy g2 | Ag |[6.4(b) || E | spin-nematic, | g° | A§ |]6.4(d)

Kekulé valence spin-Kekulé

H S 1TAS([6.6(a) || Af ELAL116.6(c
th bond solid I ! (2) 1k solid I ! (<)
Kekulé spin-Kekulé
A3y, g | A% [[6.6(b) || Al g | A% |[6-6(d)
current current

smectic charge
E; I e | g flesfa) | B
density-wave

smectic spin
SO L ag [les()
density-wave

Table 6.3: Notation, nomenclature and list of figures regarding excitonic order parame-
ters on the honeycomb lattice. The left (right) block corresponds to spin singlet (triplet)
phases, and in each block the first two columns display the symbol (SB) by which the or-
dered phase is referred to in Figs. [6.3H6.6| and the physical nature of the phase. Coulumns
3 and 4 in each block respectively show the coupling constant (CC) of quartic interaction
formed as g, (UTNW)? and the conjugate field (CF) of the order parameter, while the
last last column “Fig.” references the figure of the corresponding phase diagram.

are displayed in Figs. 6.4} and [6.6] and the phase transitions occurring in various
interaction channels at zero and finite temperature and chemical potential are tabulated

in Tables. [6.5 and [6.6.

Notice that along some phase boundaries multiple order parameter fields diverge in a
degenerate fashion. However, as we cut the multi-dimensional space of couplings in a very
specific way (e.g. along the axes g/), this does not necessarily indicate an enlargement of
symmetry among these orders at the governing quantum critical point (as in Chapter ,
for example). Rather, this suggests that the respective order parameters simultaneously
diverge with a specific phase locking of the internal degrees of freedom. For example,
when the divergences of the conjugate fields for both s-wave and f-wave pairings are
degenerate, the ordered state is expected to support s 4+ if or f + is pairing [69], which

produces a maximal gap in the quasiparticle spectra.
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To facilitate further discussion on order selection in two-dimensional Dirac and Lut-
tinger fermions, let us briefly outline some properties of the available broken symmetry
phases. In this section we quote the symbol of the respective orderings, with which they
are referred to in the phase diagrams [Figs. . For the symbols and applied nota-
tion we refer the reader to Table [6.3] and [6.4] while the symmetry properties of fermion

bilinears are summarized in Tables [6.1] and [6.2]

6.2.4.1 Particle-hole or excitonic orders

Due to the neglected spin-orbit coupling the excitonic order parameters (just like the
interaction terms) fall into two distinct categories. Namely, for each spin singlet order,
where all matrices come with the oy matrix, there exists a spin triplet analogue appearing
with the o, matrices, where s = {1,2,3}, operating on the spin index. We indicate this
distinction by s (singlet) and ¢ (triplet) superscripts on the corresponding conjugate fields.
Since the Hamiltonians in Eqgs. and are oblivious to spin or invariant under
the rotation of the spin quantization axis, this distinction does not affect the emergent
fermionic quasiparticle spectra inside the ordered state. Note, however, that any triplet
ordering breaks SU(2) spin rotational symmetry and is hence accompanied by two massless
Goldstone modes.

The fermionic density and spin density (respectively denoted by Aj, and Al ;) do not
break any discrete lattice symmetries, while the chiral and spin-chiral chemical poten-

tial ( denoted by A5 and Aj

1w

respectively) break valley reflection symmetry (7). All
four orders commute with both the Dirac and Luttinger Hamiltonians, resulting in a
trivial renormalization of their conjugate fields at zero temperature, see Appendix [C.3.1]
Consequently, none of them is realized in the ordered phase at t = 0.

Both the Dirac and Luttinger systems altogether accommodate siz mass orders in the
particle-hole channel [19,213|. These phases introduce an isotropic gap in the quasipar-
ticle spectrum and are thus favorable at zero and low temperature. All of them fully
anticommute with the noninteracting Hamiltonian. The quantum Hall states break both
sublattice (S) and valley (T') reflection symmetries. The quantum anomalous Hall insu-
lator (QAHI), denoted by A3,
stored in its spin triplet counterpart, the quantum spin Hall insulator (QSHI), denoted by
Aj, [190,194,214]. The charge density wave (CDW) and antiferromagnet (AFM) order pa-
rameters break sublattice reflection, but preserve valley reflection symmetry [11,[12]. They

are respectively denoted by A5, and A%,. The QAHI, QSHI, CDW and AFM orderings

represent massive phases in both Dirac and Luttinger liquids. Both models accommodate

additionally breaks time reversal symmetry, while it is re-

two additional masses in the family of Kekulé orders.

The Kekulé orderings break translational symmetry of the honeycomb lattice and
result in the enlargement of the unit cell, while preserving the rotational invariance [17]. In
MLG, the Kekulé valence bond solid (KVBS) and spin-Kekulé solid (sKS) are fully gapped
phases, while the Kekulé current (KC) and spin-Kekulé current (sKC) order parameters
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SB Phase CF
Af, s-wave SC A}
AS, | fully gapless SC; | Aj
kP nematic SCy JAV
AY f-wave SC Al
AS | fully gapless SCy | AL
E? nematic SC AY
Al | singl. Kek. SC | AP
A%, | triplet Kekulé SC | AL

E? smectic SC JAVS

Table 6.4: Nomenclature regarding superconducting order parameters on the honeycomb
lattice. Notations are identical to those in Table [6.3]

fully commute with hP. Exactly the opposite is true in BLG, namely KC and sKC
represent spin singlet and spin triplet masses for Luttinger fermions, respectively, while
ht fully commutes with the KVBS and sKS order parameters [19]. The KVBS, sKS, KC
and sKC phases are respectively denoted by A5, A, A5, and AL,.

All rotational symmetry breaking phases are gapless, and due to the higher density
of states at low energies they are more entropically favorable than their gapped counter-
parts. Such orderings in MLG merely shift the location of the Dirac points, while in BLG
it splits each quadratic band touching into two linear Dirac cones [19]. Consequently, all
the nematic and spin nematic orders cause power-law suppression of the DoS for Luttinger
fermions, yielding p(F) ~ |E| at low energies. Four nematic phases, transforming under
the I, and F, representations of the D3z, point group, preserve translational invariance.
Two of them are spin singlets (denoted by Ej; and E?), while two spin-nematic order
parameters (denoted by Y} and E,) additionally breaks the spin-rotational invariance. In
addition to rotational invariance, translational symmetry is also broken in the two smectic
phases, the smectic charge density wave and smectic spin density wave orderings, respec-
tively denoted by Ef and Fi. The smectic phases also produce gapless, but anisotropic

Dirac points in the ordered phases.

6.2.4.2 Particle-particle or superconducting orders

When we add chemical doping to these nodal systems, instead of Fermi points, they
develop extended Fermi surfaces around the two independent band touching points. The
chemical potential term is of the form ul'3p09, which commutes with all excitonic orders,
therefore they cannot gap such resulting metallic systems. On the other hand, all pairing
orders include 7, = {n1,72} in the particle-hole sector, and hence they can conceivably

anticommute (at least partially) with h7(k) when p is finite. Therefore, low temperatures
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(when a gapped spectrum is favorable due to the gain of condensation energy) and finite
w1 are conducive for superconducting orders, as the increased carrier density is conducive
for the condensation of electrons into Cooper pairs.

The Nambu basis altogether accommodates nine local or momentum-independent pair-
ing orders, which we mark with a superscript p in Tables and [6.4 The singlet s-wave
(denoted by A7) and triplet f-wave (denoted by AY,) [70] superconductors (SCs) rep-
resent fully gapped phases in MLG and BLG. The singlet and triplet Kekulé SCs break
translational symmetry. The singlet Kekulé SC (denoted by A7,) represents a mass order
in the Luttinger system (BLG), but fully commutes with the Dirac Hamiltonian [19]. In
the exact opposite way, the triplet Kekulé SC (denoted by A%,) gaps a Dirac liquid, but
fully commutes with hL [67]. Two nematic superconductors, transforming under the £,
and E, representations of the D3z; group (denoted by EP and E¥, respectively), break
rotational symmetry and produce gapless quasiparticle spectra. Furthermore, the smectic
pairing (denoted by E¥) breaks rotational and translational invariance, and also leads to
gapless bands. While the nematic and smectic pairings produce point nodes in the spectra
of emergent Bogoliubov-de Gennes quasiparticles, the remaining two pairings transforming
under the Ay, and Ay, representations (denoted by A5, and Aj,, respectively) produces

Fermi surfaces inside the ordered phases.

6.3 Phase diagrams

In this section we scrutinize multiple cuts of the global phase diagram of interacting
fermions in MLG and BLG by systematically increasing the strength of interactions in
one channel at a time, both at zero and finite chemical potential. The fact that the
form of contact interactions in MLG and BLG is identical and they only differ in their
noninteracting Hamiltonians gives us an opportunity to further dissect the selection rules
outlined in Chapter [5| and assess the imprint of normal state band structure on the global
phase diagram. This is because selection rule (I) only depends on Si,, while (II) only
on Sp. Consequently, (I) cannot distinguish between MLG and BLG, and therefore any
deviation must be rooted in (II).

Each phase diagram is displayed in the (g/,,t) plane, where ¢, is a dimensionless
(bare) coupling constant with 4 = 1,...,9 and ¢ = singlet (s) and triplet (¢), and ¢ is
dimensionless temperature. We scan for the phase boundaries by keeping temperature
constant and increasing the bare interaction strength, and detect the phase boundary and
the nature of symmetry breaking between disordered and ordered phases (see Sec. ,
marked in the phase diagrams respectively as white and gray regions. Respectively, at
zero and finite doping the disordered phase represents chiral nodal Fermi liquids (with
point nodes) and regular Fermi liquids (with extended Fermi surface). Phase boundaries

from the disordered state into an excitonic (superconducting) order are indicated with



6.3. Phase diagrams 85

blue (red) lines. The RG procedure is strictly only equipped to detect the divergence of
some conjugate field that directly couples with a fermion bilinear, indicating onset of the
corresponding ordered state and hence a phase transition. But, it does not tell us about
potential regions of coexistence of adjacent phases deep inside the ordered phase. Also
note that the critical interaction strength and the transition temperature are non-universal
quantities, that depend on the parameter (, see Eq. .

Four cuts of the phase diagram for each interaction channel (for MLG and BLG,
at zero and finite chemical potential) are shown in Figs. All phase transitions
and the nature of the supervector order parameters of adjacent phases are summarized
in Tables [6.5 and [6.6] Notice that we always cut the global phase diagram along one
certain axis in the space of the coupling constants, which is generally not how a physical
system behaves. But, unless fine tuned, among multiple running couplings there will
always be one that diverges the fastest. The selection rules are then determined by
the strongest diverging coupling constant. However, effective quartic interactions in a
certain channel can in principle be tuned in Determinantal quantum Monte Carlo (DQMC)
simulations [215], obtained by integrating out bosonic order parameter fluctuations. For
brevity, when quoting a set of matrices we will use « = {1, 2} in the particle-hole or Nambu
sector of the Hilbert space, indicating off-diagonal or pairing orders, and s = {1,2,3} in
the spin sector, indicating a spin triplet order parameter. Next we summarize the findings

of the phase diagrams by tuning quartic interactions in different channels.

6.3.1 Quartic interactions: Mass channels

For quartic interactions in the four excitonic mass channels that are common across
the two systems, selection rule (Ia) is the decisive at p = 0, namely O; = M;, where
O; (M;) are the matrices involved in the order parameter of the broken symmetry phase
(four fermion term of the given interaction channel). At g > 0 and low temperatures, we

observe nucleation of “adjacent” superconducting phase(s).

1. For quartic interaction in the QAHI channel M = T'yp33, which fully commutes with
all superconducting masses. These orders are therefore not available to condense into.
Instead, in both systems we observe nucleation of the £, and E, nematic SCs (denoted
by nematic SC; and nematic SCsy, respectively, in Table and the smectic SC phases.
These pairing order parameters indeed fully anticommute with M [selection rule (Ib)].
The high temperature phase is the QAHI, in accordance with selection rule (Ia). The
multicomponent order parameters combining QAHI and various nematic and smectic SCs

in this case constitute the following supervectors

2 copies of O(3) vectors 4 copies of O(4) vectors
& P QAHL _ h
gatl

QAHI __
Vi =

a Y
F0:0017 Fa0327 F0033 ’ Fa8317 FasOQa I‘0033 )
— —

E? A3, E? A3,

u
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(a) Phase diagrams for the quartic interaction in the quantum anomalous Hall insulator or As, singlet
channel.
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(b) Phase diagrams for the quartic interactions in the charge density wave or As, singlet channel.
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(c) Phase diagrams for the quartic interaction in the quantum spin Hall insulator or As, triplet channel.
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(d) Phase diagrams for the quartic interaction in the antiferromagnet or Ay, triplet channel.

Figure 6.3: Cuts of the global phase diagram with quartic interactions in the mass channels
for both MLG and BLG at zero (1 = 0) and finite (11 > 0) chemical doping. The horizontal
[vertical| axis is bare interaction strength |[dimensionless temperature, see Eq. ([6.26)].
The value of the chemical doping is quoted in each panel. Multiple orders diverging in
a degenerate way is indicated by a “+” sign. For the labeling of ordered phases consult
Tables [6.3] and [6.4, The bilinears of adjacent phases form composite order parameters, as

shown in Tables (6.5 and See also Sec. [6.3.1] Figure adapted from Ref. [13].

4 copies of O(3) vectors

AHI - ~
V:? = ¢ 0010, 00205 0013, I'ao23, Looss ¢ - (6.33)

N ~ T N’

D s

Ek 2g

The corresponding cuts of the phase diagram are displayed in Fig. [6.3|a).

2. For quartic interaction in the CDW channel M = I'3q93, which fully anticommutes
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9, A7 k 200(4) 1| Ei |200(4) A7 k 290(4) 1g | Lk (4)

Table 6.5: Dominant instabilities in the presence of quartic interactions in the spin singlet
channels in MLG and BLG, at zero and finite chemical potential (1). The shaded cells
correspond to a second set of adjacent phases for interaction in the Ay singlet (g7) channel,
which hosts three different phase transition between disordered and ordered phases in
MLG for 1 = 0, see Fig. [6.6(b). The low and the high temperature phases are indicated
in each scenario, suggesting adjacent phases when the two orderings are different. We then
display the nature of the composite order parameters in columns “symm.”, where k@O (N)
indicates k copies of an O(N) algebra. The first column shows the coupling constant (CC)
of the interaction channel. See Tables [6.3] and [6.4] for notations. See Sec. [6.3] for detailed

discussion and Figs. 6.6| for various cuts of the phase diagrams.

with two superconducting masses [selection rule (Ib)], the singlet s-wave and triplet f-

wave pairings, which form following the composite order parameters with CDW

O(3) vector 2 copies of O(4) vectors
/_/%
VW =S Tooog: Dsoos, ¢ VPV = L0530, I'3003 : (6.34)
—— =~ ~—— =~

p S p s
A]_g AQU A]_u AQU

Indeed we observe degenerate nucleation of these two pairing phases at low temperatures
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in MLG and BLG, when g > 0. The adjacent excitonic ordering is the CDW [selection
rule (Ia)], which sets in at higher ¢ where superconductivity is destroyed, see Fig. [6.3(b).
The absence of order differentiation between Dirac and Luttinger systems with quartic
interaction in the CDW channel is due to the fact that all dominant order parameters
(one excitonic and two superconducting) fully anticommute with hP as well as with AL.
At zero doping, we only find CDW ordering in both MLG and BLG [selection rule (Ia)].
In Sec. we demonstrate the same result for NN repulsion.

3. For quartic interaction in the QSHI channel M = I'333, which fully anticommutes with
two superconducting order parameters. One of them, the s-wave pairing, is a mass order in
both systems, while the singlet Kekulé SC gaps only Luttinger fermions. Accordingly, in
the Dirac system at low temperatures and finite chemical potential only s-wave SC can be
observed. On the other hand, we find degenerate nucleation of s-wave and singlet Kekulé
pairings in BLG. The nucleating orders and their differentiation through the underlying
band structure follows from the selection rules (Ib) and (II), respectively. The high
temperature phase in either case is the adjacent QSHI order, which follows from selection
rule (Ta). The relevant cuts of the phase diagram are shown in Fig.[6.3|(c). The supervector

order parameters formed by adjacent phases read

O(5) vector 2 copies of O(5) vectors
— z %
VT = 8 Too00, Dasss ¢ VI = o011, Tao21, 333 : (6.35)
Ap At Ap At
1g 29 1k 29

At zero doping we always find QSHI in MLG and BLG, according to selection rule (Ia).

4. For quartic interaction in the AFM channel M = I',3, which fully anticommutes
with the F, nematic and singlet Kekulé SCs. Latter one represents a mass order for
Luttinger fermions, but fully commutes with the Dirac Hamiltonian. Therefore Kekulé SC
is not a viable candidate for Dirac fermions at low temperatures. Rather, the maximally
anticommuting pairing for the linearly dispersing Dirac electrons is the E,; nematic SC.

The composite order parameters in these two cases read

2 copies of O(5) vectors 2 copies of O(5) vectors
Vi — Too11, Taozt, Dosos S T o001, Taos2, Dosos . (6.36)

Therefore, at finite p the low temperature paring state in MLG (BLG) is singlet E,
nematic (Kekulé) SC, which follows from selection rule (Ib). The high temperature phase
at finite p in both systems is the AFM [selection rule (Ia)], see Fig.[6.3|(d). At zero doping
we always find AFM in both MLG and BLG. In Sec. [6.4) we again support this observation

in the phase diagram of the honeycomb Hubbard model with only on site repulsion.
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(d) Phase diagrams for the quartic interaction in the spin-nematicy or E,, triplet channel.

89

Figure 6.4: Cuts of the global phase diagram with quartic interactions in the nematic and
spin-nematic channels. The rest of the details are identical to those in Fig.|6.3] For the
constructions of composite order parameters from adjacent phases, see Sec. [6.3.2] Figure

adapted from Ref. [13].

6.3.2 Quartic interactions: Nematic channels

Nematic order parameters break rotational symmetry and they do not introduce a gap

in the Luttinger or Dirac spectrum. Therefore, other gapped phases might be more favor-

able at low temperatures when we tune the quartic interactions in the nematic channels,

especially if they satisfy the selection rule (Ib). Also note that in general spin fluctuations

may induce charge ordering, while the opposite process is comparatively suppressed. This

is because in the spin sector of the Hilbert space 0;0; (with 4,5 = 1,2, 3) can conceivably
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equal to oy when ¢ = j, but ogo¢ # o;. Here two Pauli matrices are appearing from the
interaction vertices, and their product results from the corresponding one-loop Feynman
diagrams [see Fig. . As a result, the spin singlet nematic interactions at zero chemical
doping or high temperatures follow selection rule (Ia). In contrast, the appearing exci-
tonic phases for interactions in their spin triplet counterparts follow selection rule (Ib).

Next we systematically discuss these outcomes.

1. For quartic interaction in the E; nematic (nematic;) channel M = (I'so01, '3032),
which fully anticommutes with the s-wave and f-wave pairings, and forms the following

supervector order parameters

O(4) vector 2 copies of O(5) vectors
ES Vo <% Y ES <% ~
V17 =< Laooos I'so01, 's032 ¢, V,’ = I s30, 13001, I'3032 . (6.37)
— — —— —
A, L oL B

These two pairing phases are fully gapped in both MLG and BLG, and indeed we observe
degenerate appearance of them with increased chemical doping in both systems [selection
rule (Ib)]. At g = 0 or at high temperatures we find nucleation of the E, nematic order
[selection rule (Ia)] in both systems, see Fig. [6.4](a).

2. For quartic interaction in the F, nematic (nematics) channel M = (Tgp31, Togo2). These
interaction matrices anticommute with the singlet Kekulé SC, which gaps the Luttinger
fermions, but not the Dirac fermions. Therefore, in BLG at low temperatures we observe
the singlet Kekulé SC together with the degenerate QSHI and AFM orders [selection rule
(Ib)]. Adding carrier density (@ > 0) favors the singlet Kekulé pairing at sufficiently low
temperatures. The high temperature phase is the E, nematic order, favored by the gain
in entropy, see Fig. (b) At the same time, in MLG we find only the E, nematic phase
to be the dominant broken symmetry phase for zero and finite yu [selection rule (Ia)|. The

adjacent phases then form the following composite order parameters

(2 copies of O(4) vector O(5) vector
ES 7 % Y ES 7 % Y
Vi = 9 Lao11, Dao21, Toosts Toooz ¢ V5" = 9 Iass3, Loost, Doooz ¢
\ ~ RN ~- \t/_/
L Al L, Asg L,
( O(5) vector
ES 7 N\ Y
V3™ = q Loso3, Loos1, Toooz ¢ - (6.38)
e ——

3. For quartic interaction in the E, spin-nematic (spin-nematic;) channel the interaction
matrices are M = (Tgs01, [os32). The maximally (but not fully) anticommuting pairing
mass is the f-wave pairing. Among the excitonic masses, the CDW and KC orders
fully anticommute with M. Note that KC is a mass order in BLG, but commutes with

the Dirac Hamiltonian. Accordingly, at ¢ = 0 or at sufficiently high temperature KC
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(b) Phase diagrams for the quartic interaction in the smectic spin-density-wave or Ej triplet channel.

Figure 6.5: Cuts of the global phase diagram with the quartic interactions in the smectic
and spin-smectic channels. The rest of the details are identical to those in Fig.|6.3] For the
constructions of composite order parameters from adjacent phases, see Sec.[6.3.3] Figure
adapted from Ref. [13].

and CDW appear together in BLG, whereas in MLG we only find CDW order in this
parameter regime. The f-wave pairing can be observed at g > 0 and low temperatures
in both MLG and BLG, while higher ¢ destroys the superconductivity and the system
instead enters into the respective excitonic phases, see Fig. [6.4c). Note that the E,
spin-nematic ordering is completely absent in our range of parameters, thus all appearing
broken symmetry phases follow selection rule (Ib). The corresponding composite order

parameters constructed from the adjacent phases read

2 copies of O(4) vector 2 copies of O(5) vectors
E! — E! - - ~
= I as30, 13003 ; 2 = L o530, Doot2; Loozz . (6.39)
=~ e ——
S

4. For quartic interaction in the F, spin-nematic (or spin-nematicy) channel M =
(T'3531, ['ss02). These interaction matrices fully anticommute with the s-wave pairing and
CDW orders, which indeed appear simultaneously on the phase diagram of MLG and
BLG at zero doping, see Fig. [6.4{(d). Furthermore, M also anticommutes with the KVBS
order parameter, which represents a massive phase for the Dirac fermions, but commutes
with the Luttinger Hamiltonian. Accordingly, KVBS accompanies CDW and s-wave pair-
ing in MLG, but not in BLG. As all these phases represent mass orders and they fully
anticommute with M, temperature does not lift the degeneracy among them. However,
by adding chemical potential we select the pairing phase: s-wave SC. As only selection
rule (Ib) is operative in these phase diagrams, we do not obtain any composite order

parameter.
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6.3.3 Quartic interactions: Smectic channels

Smectic orders break both rotational and translational symmetries, but they do not
support any mass gap. Selection rule (Ia) is, therefore, not conducive for a fully gapped
phase, and low temperature phases are typically inhabited by mass orders, obeying selec-
tion rule (Ib).

1. For quartic interaction in the smectic CDW channel M = (I'3010, 3020, ['3013, ['3023)-
The low temperature region of the phase diagrams in Fig. (a) is occupied by the massive
phases that fulfill selection rule (Ib): the s-wave SC and QSHI in both MLG and BLG.
While at zero doping they nucleate in a degenerate fashion, finite doping favors the s-wave
pairing at low temperatures. At high temperatures, we observe the smectic CDW phase
at both zero and finite p in MLG and BLG, following selection rule (Ia). The adjacent

phases then form the following supervector order parameters

2 copies of O(4) vector 2 copies of O(5) vectors
B3 Vs 7\ Y B3 Y %
V¥ =< Faooo, I'so10: I's020, I's013, T'3023 0, Vo =  I'ssss, sor0, I's020, I's013, T's003 -
v A ~ v N ~ <
p s t E
Alg Ek AQg Ek:

(6.40)

2. For quartic interaction in the smectic spin density wave (SDW) channel the four
fermion matrices are M = (T'gs10, Los20, Los13, Los23), which fully anticommutes with the
QAHI mass order. As such we observe nucleation of this phase in both systems at zero
chemical potential for low, as well as high ¢ [selection rule (Ib)]. On the other hand, there is
no fully anticommuting available pairing phase, and by elevating the chemical potential we
induce the only partially anticommuting smectic SC. Once superconductivity is destroyed,
in MLG the system goes back into the QAHI phase. However, in BLG it is the chiral
density order parameter that develops a finite expectation value at high ¢. This is possibly
due to the high chemical potential (1 = 0.95), required to induce superconductivity, which
causes the system to act like a metal, as opposed to a semimetal. The relevant cuts of
the global phase diagram are displayed in Fig. (b) The corresponding composite order

parameters are

4 copies of O(3) vector 4 copies of O(3) vector
Et Y % N Et Y % Y
V1% = 4 La010, P'a020, Tao13: Tao23, Looss, 0o Vo* = q Lao10, T'a0205 L'a013, 'ao23, Toosg
~ ~~ 7 N~ N ~~ 7 N~
S S
Eﬁ A2g Ei Alu

(6.41)
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Monolayer graphene (MLG) Bilayer graphene (BLG)
O uw=0 >0 pw=0 w>0
© | low | high low | high low | high low | high
symim. symim. symm. symm.
t t t t t t t t
AP 120(5)
gz At | At _ AP | At 1®O(5) At | At _ lg | At
29 29 g 29 29 29 Azlvk 29 2®O(5)
A5 | AS As, 12004
Al | A% Ay, | 200(5)
A | AS
9o || Alx | Alk B Alg Alg B AP | AP B Alg Alg B
AP | AP 1g 1g
1g lg
EY | Ef [400(3)
t s s P s s s k u
gt || A5, | As, - E. | E: |420(3) | A5, | A3, - .
7 2 2 k 2 2 B | AL | 200(5)
A5 | AS A | AS
t 2u 2u _ Ap Ap _ 2u 2u _ Ap Ap _
9s A}fg Azlug 1g 1g A}I)g Azlag 1g 1g
gl as, [ a5, | - B a4y, [400) |43, [ 43, | - | E2| 43, [420(3)

Table 6.6: Dominant instabilities in the presence of quartic interactions in spin triplet
channels in MLG and BLG, at zero and finite chemical potential (x). Notations are
identical to those used in Tab. [6.5] See Sec. for detailed discussion and Figs. [6.3}H6.6}

for various cuts of the phase diagrams.

6.3.4 Quartic interactions: Kekulé channels

Finally, we focus on the quartic interactions in the Kekulé channels. Note that all
Kekulé orders (including both bond and current) at least break the translational symme-
try, but preserve the rotational invariance.

1. For quartic interaction in the KVBS channel M = (I'3011, ['3021). The high temperature
phase in both systems is KVBS itself, fulfilling selection rule (Ia). Note that for the Dirac
fermions KVBS is a mass, therefore at 1 = 0 in MLG it persists all the way down to the
lowest temperature. However, the KVBS order parameter fully commutes with hY and
in BLG this phase is replaced by the competing massive phases, namely the CDW, AFM
and s-wave SC orderings at u = 0. Since M fully anticommutes with the s-wave pairing
order parameter, finite u selects this phase in MLG as well as BLG, see Fig. (a). The

corresponding supervectors are

O(4) vector O(3) vector
KVBS 5 ~ KVBS < ~ ™
Vi = 9 Lao0o; I's0115 I's021 ¢ Vo' = 9 003, I's011: I's021 ¢
— —— —~ ——

p s s s
Alg Alk Agu Alk
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(a) Phase diagrams for the quartic interaction in the Kekulé valence bond solid or A singlet channel.
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(b) Phase diagrams for the quartic interaction in the Kekulé current or Agy singlet channel.
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(c) Phase diagrams for the quartic interaction in the spin Kekulé solid or Ay triplet channel.
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(d) Phase diagrams for the quartic interaction in the spin Kekulé current or Agy triplet channel.

Figure 6.6: Cuts of the global phase diagram with the quartic interactions in the Kekulé
channels. The rest of the details are identical to those in Fig. [6.3] For the constructions
of composite order parameters from adjacent phases, see Sec. Figure adapted from

Ref. [13].

O(5) vector

Y

FOsOSa 1—‘30117 1—‘3021

N N———
t

A2u

(6.42)

KVBS
VS

s
1k

2. The quartic interaction in the KC channel displays analogous behavior to that in the
KVBS channel, but the mass nature of the phase is flipped between MLG and BLG.
Here M = (Too12, o022) and at high temperatures the dominant instability is KC in
both systems [selection rule (Ia)]. In BLG the KC is a massive phase and at p = 0

it persists down to the lowest temperature. In MLG at zero chemical doping the low
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temperature regime is occupied by phases that follow selection rule (Ib). At the lowest
temperature and pu = 0 we observe degenerate nucleation of CDW, AFM and f-wave
pairing states, all representing mass orders with C'y = 0. Increasing the temperature
the broken symmetry phase becomes the E; nematic, for which Cy = Ap. See section
for the definitions of Cy and Ay. As the KC order parameter fully commutes with
the Dirac Hamiltonian (Ay = 0), this ordering only occurs at high temperatures. The
onset of these orderings along the temperature axis is consistent with selection rule (II).
In both systems, finite chemical potential and low temperatures favor the adjacent f-wave
pairing, following selection rule (Ib). The corresponding cuts of the phase diagram are

displayed in Fig. [6.6[b), and the composite order parameters are

(

(2 copies of O(5) vector O(3) vector

Ve = Tws30, Loot2, Toozz ; V5 = ¢ Ta003, Tsoo1: D032 ¢ -
—— — = —~ ) —

(AL A [ A5, Eg

[ 0(5) vector (2 copies of O(5) vector
V5 =< Tosos, Dsoor, Tsos, ¢ Vi = ' as30, I's001, 's032 ;

\\t,./ ———— \\g./ —— ———

S S
\ AQU Eg \ Alu Eg
O(4) vector

VEC = ?3001, 3032, L'oo12, Togza ¢ - (6.43)

. B A3,

3. For quartic interaction in the spin Kekulé solid (KS) channel M = (T'gs11, [os21). At
zero chemical potential, following selection rule (Ib), we observe nucleation of the excitonic
CDW order in both MLG and BLG. For > 0 and low temperatures the Dirac, as well as
the Luttinger fermions condense into the smectic superconductor, whereas intermediate ¢
destroys the pairing phase and gives rise to the F, nematic ordering, for which Cy = Ap.
Furthermore, at even higher temperature BLG displays the spin KS phase, according to
selection rule (Ia), that maximally commutes with the Luttinger Hamiltonian, Ay = 0.
Once again, onset of these phases by increasing temperature is in accordance with selection
rule (II). For the phase diagrams in this interaction channel see Fig.[6.6{c). The composite

order parameters in these cases are

4 copies of O(3) vector 2 copies of O(5) vector
VS = { Top10, Ta020, Caots; Taozg, Toosis Covoz 5 V3 = Toos1; Toooz; Losi1, Tosor
EY 1 E; Ay
(6.44)

4. For quartic interaction in the spin KC channel M = (I's519, 's522), which fully anti-

commutes with the s-wave pairing and CDW order parameters. At pu = 0 we observe
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degenerate nucleation of these two phases for the entire range of temperature. Note that
for both order parameters {O;, M;} = 0 and Cy = 0 (i.e., they represent fully gapped
phases), and thus they are not distinguished by temperature. Only by setting p > 0 we
select the s-wave SC in both MLG and BLG, see Fig.[6.6(d). In the absence of an adjacent
high temperature phase we do not obtain composite order parameters in this case. Note
that this is due to the fact that only selection rule (Ib) is operative in this case for both
MLG and BLG.

6.4 Extended honeycomb Hubbard model

In the preceding sections we scrutinized the honeycomb monolayer and bilayer in the
presence of generic short range repulsive electron-electron interactions. We demonstrated
through numerous examples the validity of the selection rules and organizing principle
(see Chapter. , by tuning the strength of interactions in one specific channel at a time
at zero and finite temperature and chemical doping. However, the bare values of the
interaction couplings in a physically realistic microscopic model would in principle be
non-zero simultaneously in multiple interaction channels. To substantiate our findings, we
here consider one of the simplest, yet realistic microscopic models for correlated electrons
on the honeycomb lattice, the extended Hubbard model.

The Hamiltonian of the extended Hubbard model, describing electrons hopping on
a lattice and interacting via on site, nearest neighbor (NN), and next-nearest neighbor
(NNN) interactions, reads

H = Hy+ Hy + Hy, + Hy,. (6.45)

Here Hj describes a collection of noninteracting itinerant electrons on MLG and BLG,

where it respectively produces linear and quadratic band touchings, and

Z Z ng(R)ng: (R'). (6.46)

({R,R)) o,0'=1,)

Here n,(R) is the number operator on the site at R with spin projection o =1, . The
sites located at A (B) span the A (B) sublattice of the bipartite honeycomb lattice, while
(---) and ((---)) denote all pairs of NN and NNN sites respectively. Note in the case of
BLG these sites reside on the emergent honeycomb lattice, resulting after integrating out
the dimer sites. The terms Hy, Hy, and Hy, then respectively describe the on site, NN,
and NNN interactions with the interaction strengths U, V; and V5.
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Figure 6.7: Representative cuts of the phase diagram of the extended honeycomb Hubbard
model described by Egs. and , in the presence of only the on site repulsion
(U > 0). Each cut is shown in the (U, t) plane, where ¢ is dimensionless temperature and
U is the strength of on site repulsive interaction, for various fixed values of dimensionless
chemical potential i [see Eq. ] The shaded region corresponds to the ordered phase,
while colored lines indicate phase boundaries of second order phase transitions from the
disordered phase (white region), which at finite doping represents chiral Fermi liquids.
Along such phase boundaries the blue (red) lines represent excitonic (superconducting)
orders, whose nature we explicitly highlight in each panel. The effects of only U > 0 are
displayed in panels (a) and (b) for MLG and BLG, respectively. Here U parameterizes the
bare dimensionless onsite interaction strength. In both cases, the adjacent superconductor
(SC) and excitonic phases form composite O(5) order parameters, shown in Eq. (6.55)).
Figure adapted from Ref. [13].

In this section, we give a detailed walkthrough on how to translate between the Hub-
bard Hamiltonian, written in terms of a lattice model, and our effective low-energy de-
scription. The three distinct interaction terms (on site, NN and NNN repulsion) are
addressed separately in three subsequent sections. In Bernal BLG as the split-off bands
are dominantly localized on the a; and by sites and here we consider only density-density
interactions, one can integrate out fermionic density on these two sites to arrive at an
effective or renormalized extended honeycomb Hubbard model defined on the low-energy
sites, at the cost of renormalized strengths of the corresponding coupling constants [18|.

Such trivial renormalization is, however, omitted here.

6.4.1 On site repulsion (U)

To make a connection with Eq. (6.46)), we first make use of the Hamman decomposition
to rewrite Hy as [12,[216]

U

Hy = —
Y7 16

> { In(A) + n(A+8) + [n(A) ~ n(A + 6]

~ [m(A) + m(A + 8~ [m(A) ~m(A+8) ) (647)



98 Chapter 6. Monolayer and bilayer graphene

where n(R) = rl (R)r,(R) is the number operator, m = r!(R)0,o7, (R) is the mag-
netization, with r{(R) and r,(R) being fermionic creation and annihilation operators
with spin projection ¢ =7, ] on the site at R, and summation over repeated indices is
assumed. The first (second) term in the Hamman decomposition corresponds to the total
(staggered) density, while the third (fourth) term to the total (staggered) magnetization.
Recalling the Fourier expansion of the fermionic fields in Eq. and the spinor structure

in Eq. (6.9), they are written as

n(A) +n(B) = UiTs000¥ + cos(2K - 1)U 30100 + sin(2K - )T Tg000,  (6.48)
n(A) — n(B) = UTs03¥ 4 cos(2K - 1)U T3030 + sin(2K - )T Tg030,  (6.49)
ms(A) +my(B) = U300 + cos(2K - 7)UTs,0V + sin(2K - 7)UiT500¥,  (6.50)
ms(A) — my(B) = UT5,030 + cos(2K - 7)UTs30 4 sin(2K - 7) U T30,  (6.51)

where mg(R) is the s component of the magnetization (s = 1,2, 3) on the site at R.
Upon squaring the above quantities we neglect the oscillatory contributions, as any
position (and thus wave-number) dependent term will be less relevant in the RG sense (as
can be shown via power counting). Then the on site repulsion in the continuum theory
takes the form
_Uda?

1
Hy —1_6{(\11”-_‘3000\11)2 + (\DTFSOO?,\IJ)Q + 5 [(\Iﬁrsolo‘l’)2 + (\I’TF3020‘I’)2

+(\IJTF3013\D)2 + (\IJTF3025\II)2:| - (\IITFOSOO\IJ>2 - (\IITFOSOIS\IJ)Q

1
-3 [(qﬁroﬂoxp)Q + (T Ts20®)? + (TTou50)% + (\I/TFOS%\IJ)Q] } (6.52)

Hence the initial condition (or bare value) of the coupling constants as a function of U is

. . Ua? . 1Ua?
91(5—0) —95(£—O>——1—67 gg(€—0>——§ﬁ,
Ua? 1Ua?
gh(€=0) = gh(e = 0) = S, ghie=0) = 355 (6.:53)

We then use the Fierz constraints to rewrite the spin triplet four fermion terms as a linear
combinations of spin singlet terms, eliminating ¢¢, and subsequently rescale according to

Ua?/16 — U. Doing so we arrive at
1
gil=0)=-U,  g(l=0)=-U  g({=0) =—5U (6.54)

and all other linearly independent coupling constants g7 (¢ = 0) = 0 for i = 2,3,4,6,7,8.

To study the phase diagram of the honeycomb Hubbard model in the presence of on
site repulsion we apply the same methodology as in Sec. [6.3] But instead of scanning
along one certain axis in the space of coupling constants, we use Eq. and tune U
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until we detect a phase transition. The (U, t) cuts of the phase diagram for various values
of yu are displayed in Figs.[6.7/(a) and [6.7|(b) for MLG and BLG, respectively. At y=¢ =0
both the Dirac and Luttinger fermions display antiferromagnetic (AL,) ordering, which is
to be expected on a half-filled bipartite lattice in the presence of only repulsive Hubbard
interactions. For finite chemical doping the induced pairing phase for linearly dispersing
Dirac fermions is the E, nematic superconductor |Fig. [6.7(a)], while for the quadratic
Luttinger fermions it is the A, singlet Kekulé pairing [Fig. [6.7(b)]. Note, the adjacent
excitonic and pairing phases in both systems fully anticommute with each other and form

O(5) supervector order parameters given by

2 copies of O(5) vectors 2 copies of O(5) vectors
Ve =1{  Laoor.Taosz.Tows ¢ Ve =19 Lo, Loz Dosoy ¢ (6.55)

One can immediately recognize the pattern where two adjacent and fully (or par-
tially) anticommuting phases fulfill the selection rules (Ia) and (Ib). Selection rule (Ia) in
Eq. requires that the kernel of the interaction term and the bilinear order parameter
are the same. Since the quartic interactions are written in the particle-hole basis, the
four-fermion term in the AFM channel is the dominant interaction with U > 0. Indeed
the phase diagrams with finite repulsive Hubbard interactions accommodate the same or-
dered phases as those corresponding to the purely antiferromagnetic interaction channel
[Fig. (d)] Consequently, the resulting composite order parameters Vo and Vi, o
are the same as V3™ and V2™ in Eq. , respectively. As mentioned in Sec. ,
the different pairing orders arising in MLG and BLG are due to the fact that the singlet
Kekulé pairing is a gapped phase only in BLG, while in MLG the maximally anticom-
muting pairing order parameter is the £, nematic superconductor. Such a distinction in
the paired state at low temperature solely stems from the differences in the normal state

band structures in these two systems, in agreement with selection rule (II).

6.4.2 Nearest neighbor repulsion (1})

Next we turn our focus to the Hy, term in Eq. (6.46]), which models (with V7 > 0) a
finite ranged Coulomb repulsion between electrons on the NN sites. We derive the initial
conditions similarly to those for the on site repulsion. The Hamman decomposition in

this case reads

3

Hy, = %ZZT[H(A) —I—TZTL(A-’-(SZ‘)]Q. (6.56)

== =1
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Figure 6.8: Representative cuts of the phase diagram of the extended honeycomb Hubbard
model [see Egs. and ([6.46)] in the presence of only the nearest-neighbor (NN)
repulsion (V3 > 0). Each cut is shown in the (V},t) plane, for various fixed values of
chemical potential p. The effects of V; > 0 are shown in panels (a) and (b) for MLG and
BLG, respectively, where V| parametrizes the bare dimensionless NN interaction strength.
The adjacent s-wave and f-wave superconductors (SCs) and excitonic phases respectively
form O(3) and O(4) supervector order parameters, shown in Eq. (6.61). The rest of the
details are identical to the ones in Fig. 6.7, Figure adapted from Ref. [13].

In our basis the second term takes the form

3
3 3
Z n(A + 6,) = §\IITF3()00\I] — §\I/TF3003\I/, (657)

i=1
while the number operator on the A sites can be written as

cos(2K - x)
2

(\wrgm\p n \I!TF3023\II>. (6.58)

1
n(A) = 5 <\I/TF3000\I/ + \I/TP3003\II> -+

sin(2K - x)
=

<\I/TF3010\II + ‘I’TF3013‘I’>

We again neglect the oscillatory terms when taking the square of the density and the

staggered density, and arrive at the expression

Via?

Hy,

=3 [(‘I’TF3OOO‘I’)2 - (‘I’Trzooz‘l’ﬂ- (6.59)

After rescaling as 3Vja%/4 — V; we obtain for the bare values of the coupling constants
to be

910 =0) = =W, g0 =0) =V, (6.60)

and g7({ =0) =0 for i =2,3,4,6,7,8,9.
At =t = 0 we find the charge density wave (A3,) ordering in both MLG [Fig. [6.§|a)]
and BLG |[Fig. [6.8(b)], while setting p > 0 results in a degenerate nucleation of singlet



6.4. FExtended honeycomb Hubbard model 101

s-wave and triplet f-wave pairing phases. The corresponding composite order parameters

are
O(3) vector 2 copies of O(4) vectors
VYl = T‘looo, FQODO, Fgoog , V;/l - 1C‘ls?)Oa F25307 1—‘300; : (661)
—_— —_— K~
A A, A, A,

Following analogous logic to the on site repulsion case, we find that the quartic term in
the CDW channel is the dominant interaction that fulfills the selection rule (Ia), while
the adjacent pairing orders are the s-wave and f-wave superconductors, satisfying the
selection rule (Ib). This can be anchored by comparing V) and V'§* with Eq. , as
well as Figs. [6.8|(a) and [6.8(b) with Fig. [6.3(b). Note the appearing pairing phases fully
gap both systems, and therefore we do not see an order differentiation between MLG and
BLG, unlike the situation for the on site repulsion. Below the transition temperature, we
expect the pure superconducting state to display either s +if or f 4 is symmetry that

maximally gaps the underlying Fermi surface [69].

6.4.3 Next-nearest neighbor repulsion (%)

Finally, we examine the effect of the Hy, term in Eq. (6.46)), that describes NNN repulsion.
Each site on the honeycomb lattice has six NNNs, and the repulsion in this case acts
between sites belonging to the same sublattice. The six vectors separating NNNs are
+wv;, 1 = 1,2,3, where v, and vy are the primitive lattice vectors defined in Sec. [6.1.1},

and vy = vy — v [see Fig. . Once again we decompose the quartic terms and write

ZZ S [n(4) + m(B)] x [n(A+dw) + (B + o). (6.62

A B i=1 T \=%

The first factor of the product contains the density and staggered density, the form of
which we already derived in Egs. (6.48) and (6.49)), respectively, while the two terms in

the second factor can be written as

Z 3 [ (A+\v,) +n(B + )\'vl)] (6.63)

=1 A\=%
= 6050000 — 3cos(2K - 1)U T30 — 3sin(2K - 7) U090V,

23: 3 [ A+ ;) —n(B+ sz)] (6.64)

i=1 A=%
= G\PTF3003\P - 3COS(2K : ’I")\IJTF?,OB\I/ - 3sm(2K : ’I“)\I[TF3023\I/.
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— Quantum spin Hall insulator — Quantum spin Hall insulator

s—wave SC
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Figure 6.9: Representative cuts of the phase diagram of the extended honeycomb Hub-
bard model [see Eqs. and (6.46)] in the presence of only the next nearest-neighbor
(NNN) repulsion (V5 > 0). Each cut is shown in the (V4,t) plane, for various fixed values
of chemical potential . The effects of Vo > 0 are shown in panels (a) and (b) for MLG
and BLG, respectively, where V5 parametrizes the bare dimensionless NNN interaction
strength. The adjacent superconductor (SC) and excitonic phases form an O(5) super-
vector order parameter, shown in Eq. (6.67)). The rest of the details are identical to the
ones in Fig. and Figure adapted from Ref. [13].

When performing the multiplication we again neglect any oscillatory terms, and write the

continuum Hamiltonian as

2
Hy, = 372°

2

=3

{Q(qﬁrgoooqf)z 4 (U005 W) (6.65)
|

5 [(‘I’TF3010‘1’)2 + (UTT30130)% + (03020 W) + (‘PTF3023‘1’)2} }

Rescaling 3V5a?/4 — V5, the initial conditions of NNN repulsion in the continuum for-

malism read

1
gt =0)=g(t=0)=-2Va,  g5(t=0)= s (6.66)
and g;({ =0) =0 for i = 2,3,4,6,7,8.
At zero temperature and chemical potential we find quantum spin Hall insulator (Aj,)
phase in both MLG and BLG, see Figs.[6.9(a) and [6.9(b) respectively. At finite chemical
doping and sufficiently low temperatures, the adjacent pairing phase in both systems is

the s-wave superconductor. These phases constitute the composite order parameter

O(5) vector
VY2 =< Toooo, I
= { Laoog, L'ss3g ¢ (6.67)
Aly Ay

Note that both nucleating orders gap the Dirac, as well as the Luttinger fermions. The
dominant interaction channel in the presence of NNN repulsion is the QSHI, and indeed

the phase diagrams are analogous to Fig. [6.3{(c), while the composite order parameter
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VV2 ig the same as V?SHI in Eq. . Note, however, in contrast to the pure QSHI
interaction channel, repulsive NNN interactions do not support singlet Kekulé pairing in
BLG. This is likely due to the smectic charge density wave component in the corresponding
initial conditions (g7).

Notice, the phase diagrams of the extended Hubbard model share some common fea-
tures. For example, with increasing chemical doping (1) any ordering sets in at stronger
coupling, (2) the requisite strength for the repulsive interaction for the onset of any exci-
tonic order gets pushed toward stronger coupling, and (3) range of interaction over which

pairing phase is realized increases.

6.5 Summary and discussion

In this chapter we analyze a system of spinful fermions in monolayer and bilayer
graphene, interacting via short range (or momentum-independent) Coulomb repulsion.
We start by writing down the respective lattice models featuring tightly bound electrons
and systematically deriving the low-energy continuum theories, that describe two copies
of linear and biquadratic band touching, respectively. Retaining the Fourier components
in the vicinity of the band touching points, we arrive at analogous descriptions for MLG
and BLG, featuring the same number of degrees of freedom. Incorporating the contact
interactions then involves constructing all quartic terms allowed by symmetry. As the
point group describing the symmetry transformations of the lattice models is the same
D34 group for MLLG and BLG, the interacting Lagrangian in Eq. is identical in the
two systems. We address the effect of short range electronic interactions in a perturbative
fashion, via Wilsonian momentum-shell RG analysis and the € expansion scheme up to
the one-loop or leading order.

The central distinction in the continuum theories lies in the band structure, and the
fact that the band touching points are linear (quadratic) in MLG (BLG). The purely
linear (quadratic) dispersions result in the dynamic scaling exponent z = 1 (2) for Dirac
(Luttinger) fermions at the non-interacting fixed point, and hence e = d — z =1 (0) in

the € expansion. Since the coupling constants of contact interactions scale as
lg] =2z —d = —¢, (6.68)

such interactions are irrelevant (marginal) in MLG (BLG). However, this only sets the
physical value of € in the RG scheme and therefore the location of the phase boundaries.
More importantly, the k-linear functions (k, and k,) describing Dirac fermions in MLG are
odd under inversion and transform under the F, representation of the D3, point group. In
comparison, the d-wave harmonics (k2 — kg and 2k,k,) are even under inversion and thus
transform under the £, representation. To obtain an A;, quantity, they are multiplied

by matrices transforming under the same irreducible representation in the Hamiltonian.
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This algebraic difference is the origin of order differentiation between MLG and BLG, as
in the case for the purely on site Hubbard repulsion, which brings us to the main objective
of this chapter.

In Chapter [5| we outline a set of selection rules, and argue that while rules (Ia) and
(Ib) in Eq. allow for two distinct ways for an ordered phase to be promoted via a
certain contact interaction term, selection rule (II) in Eq. is a generalized energy-
entropy argument and organizes these phases along the temperature axis. The example of
MLG and BLG is specifically suited to demonstrate these principles, since only (II) relies
on the underlying band structure, while (I) is oblivious to it. Therefore, the ultimate
ordered phases for a given interaction can in principle be different in MLG and BLG. We
demonstrate the validity of the selection rules and organizing principle by increasing the
strength of interactions in the individual channels and identifying the nature of symmetry
breaking, see Tables [6.5] and [6.6] By adding chemical doping and forming an extended
Fermi surface, we also obtain superconductivity from repulsive electronic interactions.
We show that the nucleating pairing phases also obey the selection rules, and that the
adjacent excitonic and pairing phases consequently constitute composite order parameters,
that form an enlarged O(N) algebra. For example, for two such competing orders with
O(Ny) and O(Ny) symmetries, Ny, Ny < N < Ny + Ns.

Besides the individual interaction channels, we also consider a microscopic description
of interacting electrons on the honeycomb lattice, the extended Hubbard model, con-
taining the on site, the NN and the NNN components of the Coulomb repulsion. See
Figs. for the corresponding phase diagrams. Even though in this case we increase
the strength of interactions in multiple channels at once, the dominantly diverging chan-
nel plays the role of M in the selection rules (Ia) and (Ib). Then, our findings for the
extended Hubbard model are in complete agreement with the selection rules. Namely, for
repulsive Hubbard U at half filling (u = 0) we find antiferromagnetic orderings in both
systems, while chemical doping (x> 0) gives rise to E, nematic pairing in MLG and Ay
singlet Kekulé superconductor in BLG. Either of these two pairings forms O(5) composite
order parameter with the antiferromagnet [see Eq. ] In the presence of the NN
repulsion (V3 > 0), we find charge density wave ordering when p = 0 and simultaneous
nucleation of both s-wave and f-wave pairing for g > 0 in both systems. The s-wave and
f-wave pairings respectively form O(3) and O(4) composite order parameters with charge
density wave [see Eq. (6.61)]. On the other hand, with the NNN repulsion (V5 > 0), we
observe a quantum spin Hall insulator phase at ¢ = 0 and s-wave pairing for > 0 in
both systems, where these two phases maximally anticommute and form an O(5) vector
[see Eq. (6.67)].

This observation is in agreement with Ref. [14], where the authors carried out a non-
perturbative functional RG analysis for the NN repulsive interaction. Note that only the
f-wave pairing was found in this study, which, however, considered spinless fermions in

MLG that does not permit s-wave pairing, due to the requisite antisymmetry property of
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the electronic wave function. On the other hand, a quantum Monte Carlo study in Ref. |16]
found quantum spin Hall insulator and s-wave superconductor phases, respectively at zero
and finite doping. The dominant four-fermion interaction in this case is expected to be in
the QSHI channel after integrating out the bosonic degrees of freedom. See Fig. [6.3](c).

In light of these qualitative agreements with non-perturbative numerical results, and
considering their purely algebraic nature (based on (anti)commutation among matrices),
we believe that the validity of our proposed selection rules goes beyond one-loop RG
calculations. Nevertheless, in Appendix we show how they manifest in such a
one-loop calculation at zero and finite temperature and zero chemical doping. Possible
future investigations could target systems with existing experimental and/or numerical
results, e.g. twisted bilayer graphene [217-220], Weyl semimetals [117,/118,221], nodal-
loop semimetals [222223], to name a few.

In the next chapter we revisit a system we already analyzed at zero temperature and
chemical doping in Chapter [4] the three-dimensional Luttinger semimetal. Apart from
the spatial dimensionality, this model is also distinct from MLG and BLG as it describes
strongly spin-orbit coupled, effective spin-3/2 fermions. This gives us an opportunity to
anchor our proposed selection rules and organizing principle in a significantly different

system.






Chapter 7

Three dimensional Luttinger

(semi)metal

In this chapter we consider the three-dimensional Luttinger semimetal, a system we stud-
ied in Chapter 4| at zero temperature and chemical doping. However, in possession of
the selection rules and organizing principle, stated in Chapter [5| and verified so far in
monolayer and Bernal bilayer graphene (Chapter [6)), we now extend this analysis to finite
temperature and chemical potential, which profoundly affect the competition among or-
dered phases. On one hand, the effect of finite chemical doping in nodal Fermi liquids is an
enhanced carrier density via an extended Fermi surface, instead of the zero-dimensional
Fermi point. This in turn promotes the condensation of electrons into Cooper pairs at
low temperatures, since the corresponding superconducting order parameters can con-
ceivably gap such a Fermi liquid (at least partially). By contrast, the effect of thermal
fluctuations can promote ordered phases that are endowed with higher entropy, but are
less energetically favorable. Therefore, the rich landscape of the Luttinger (semi)metal
makes this system a good candidate for further anchoring the proposed selection rules
and generalized energy-entropy argument.

For the details of the Luttinger model we refer the reader to Chapter [ as well as
to Appendix For example, in Sec. we wrote down the symmetry appropriate
interacting Lagrangian in terms of four independent quartic terms. We then carried out
the Wilsonian RG analysis, following the spirit of € expansion about the lower critical two
spatial dimensions, already at finite temperature and chemical doping. While previously
we took the limit 1 — 0 and ¢ — 0 (in this order) in the RG flow equations (apart from
the analysis of the scaling of the critical temperature, where we only took p — 0), we here
keep both of these two parameters finite. Furthermore, as in Chapter [, we make use of
the mass anisotropy parameter «, which allows us to tune the relative masses in the T,
and E, sectors of the octahedral (Oy) point group. The construction of phase diagrams

follows in exactly the same way as outlined in Sec. 2.2.3
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7.1 Energy, entropy, and topology

Let us start by discussing the competition of energy and entropy [rule (II) in Chapter [5]
inside ordered phases from a slightly different angle, when compared to Chapter [6] In the
case of the honeycomb mono- and bilayer, we solely focused on the number of matrices
in an order parameter that anticommute or commute with the Hamiltonian (A or Cy
respectively). However, the energy-entropy competition can also be appreciated from the
scaling of the DoS or the stiffness (uniform or anisotropic) of the spectral gap. This
turns out to be equivalent to our previous approach, involving only matrix algebra, see
Sec. [7.1.2l In what follows we highlight the reconstructed band structure inside the
dominant ordered phases within a mean-field or Hartree-Fock approximation, which by
construction undermines the order parameter fluctuations. The emergent band topology
is computed by diagonalizing an effective single-particle Hamiltonian, composed of the
noninteracting Luttinger Hamiltonian and corresponding order parameter, see Sec. [7.1.1
for details.

At zero temperature strong electronic interactions favor the phases that produce the
largest spectral gap (Ay — Cy = maximal), as the onset of these ordered states offers
maximal gain of condensation energy. In a LSM there are three candidate BSPs that yield
fully gapped quasiparticle spectra: (a) an s-wave superconductor, producing a uniform
and isotropic gap, and (b) two nematic orders (belonging to the 75, and Ej representa-
tions), producing anisotropic gaps. As shown in Fig. , only these three phases can be
found in an isotropic and interacting LSM at zero temperature.

While the s-wave pairing (nematic orders) produce a uniform (anisotropic) gap, two
magnetic orders, belonging to the A,, and T}, representations, respectively produce
eight [37] and two [43] isolated simple Weyl nodes, around which the DoS vanishes as
o(E) ~ |EJ? for sufficienlty low energies. On the other hand, each copy of the d-wave
pairings accommodates two nodal loops for which the low-energy DoS scales as o(E) ~ |E)|
[see Sec. [122,|136}/137,[224}225]. Since we are interested in energy or temperature
scales much smaller than the ultraviolet cutoff or bandwidth (|E| < 1), the structure of
the spectral gap (isotropic or anisotropic) and power-law scaling of DoS carry sufficient
information to organize the ordered phases according to their contribution to condensa-
tion energy and entropy, summarized in Fig.[7.5] In brief, existence of more gapless points
(resulting in higher DoS near E = 0) yields larger entropy, while a more uniform gap leads
to higher gain in condensation energy. This conclusion is consistent with the organizing
principle [rule (II) in Chapter 5], as the low-energy DoS increases with increasing (de-
creasing) Cy (Ap), see Fig.[7.5] We can verify these expectations e.g., in various cuts of
the phase diagram in Fig.[7.8] at finite temperature but at zero chemical potential. Note,
since the DoS in a LSM scales as o(E) ~ v/E (maximal entropy), it can always be found
at sufficiently high (weak) enough temperature (interactions).

A similar conclusion can also be arrived at when the chemical potential is placed

away from the biquadratic band touching point. At finite chemical doping all particle-
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Figure 7.1:  (a) Four phase lockings (blue, red, green and black dots) of the three
component T, nematic order, see Eq. ([7.1)), that yield gapless phase (topological Dirac
semimetal) inside the ordered state. Corresponding locations of two Dirac points in
momentum space are shown in panel (b). For any other generic phase locking, the ordered
phase is a time-reversal symmetry preserving insulator. Dirac points are located along
the body-diagonals (Cs, axes in a cubic system). Figure adapted from Ref. [119].

hole (two nematic and two magnetic) orders produce a Fermi surface (according to the
Luttinger theorem [226]) and hence a finite DoS. By contrast, any superconducting order
at finite doping maximally gaps the Fermi surface. Therefore, at finite chemical doping
superconducting orders are energetically superior to the excitonic orders, and they can
be realized at sufficiently low temperature even in the presence of repulsive electronic
interactions. Concomitantly, the particle-hole orders are pushed to the higher temperature
and interaction regime, see Fig. [7.9]

Even though we gain valuable insights into the organization of various BSPs in the
global phase diagram of strongly interacting spin-3/2 fermions from the competition be-
tween energy and entropy inside the ordered phases (guided by emergent topology of re-
constructed band structure), the phase diagrams shown in Figs. and are obtained
from an unbiased RG analysis, which systematically accounts for quantum fluctuations
beyond the saddle point or mean-field approximation. To proceed, in the next section we

discuss the reconstructed band structure in various ordered phases.

7.1.1 Reconstructed band structure and emergent topology

We now consider the reconstructed band structure inside different BSPs which provides
valuable information regarding the emergent topology inside ordered phases. The onset of
any ordering discussed in Sec. destabilizes the biquadratic touching and gives rise to
either gapped or gapless quasiparticles (see below). Furthermore, this exercise will allow
us to appreciate the energy-entropy competition among different orderings [see Sec. ,
which ultimately plays a decisive role in the organization of various phases in the global
phase diagram of interacting Luttinger fermions.

1. T5, nematicity: The three component order-parameter for the 75, nematic phase



110 Chapter 7. Three dimensional Luttinger (semi)metal

gives birth to gapless quasiparticles for the following four configurations

Al = %{ ("h‘:f")a <_7 g7+)> (+7 ;7 _)v (_’j’ _) } (7.1)

These four phase lockings are respectively shown as blue, red, green and black points
in Fig. (a). The gapless phase corresponds to a topological Dirac semimetal (since
nematicity preserves the Kramers degeneracy of valence and conduction bands), similar
to the ones recently found in CdzAss [75] and NagBi [32]. The DoS in a Dirac semimetal
vanishes as o(E) ~ |E|?. The Dirac points are located along the body diagonals (the Cs,

axes) of a cubic system and respectively placed at

k= i—{ (1,1,1),(1,1,-1),(1,-1,1),(1, -1, —1) }ko, (7.2)

where kg = [2m14A,/ 3]1/ ?as shown in Fig. (b) For any other phase locking within
the Ty, sector the system becomes an insulator. The spectral gap in the insulating phase
is anisotropic and it is energetically superior over the gapless Dirac semimetal phase, at
least at low temperatures.
2. E, nematicity: The two component F, nematic order is most conveniently described
in terms of the following parametrization
Ay

A, = W (sin P, 5 COS ngg) , (7.3)

where qug is the internal angle in the order-parameter space. Only for

bp, = U_» 27/3, 4m/3 (7.4)
1 2 3

the quasi-particle spectra are gapless, as shown in Fig. (a), and the ordered phase
represents a topological Dirac semimetal. Specifically, for ngg = 0,27/3,47/3, the Dirac
points are respectively located on the k,, k, and k, axes (the Cy, axes), see Fig. [7.2(b),
and the separation of two Dirac points is given by 2kq, where kg = [szAQ / \/5] Y2 For
any other phase locking within the E, sector, the system becomes an insulator. Recently,
it was shown that the gapless phases in both T, and E, nematic phases correspond
to higher-order Dirac semimetals supporting one-dimensional hinge modes, whereas the
insulating phases accommodate a mized topology, see Ref. [227] and Chapter [§] for a
detailed discussion.

3. A,, magnet: In the presence of an octupolar A,, ordering, the two-fold degeneracy

of the valence and conduction band gets lifted and a pair of Kramers non-degenerate
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Figure 7.2: (a) Three possible phase lockings (shown by blue, black and red dots) of two-
component £, nematic order, see Eq. , that give rise to topological Dirac semimetal
inside the ordered phase. The corresponding Dirac points inside the E; nematic phase
are located on the k., k, and k, axes (Cy, axes in a cubic system), as shown in panel (b),
in contrast to the situation inside the T, nematic phase, see Fig. [7.1(b). For any other
phase locking the system is an insulator. Figure adapted from Ref. [119].

e ) k,
- " - T_
(a) (b)

Figure 7.3: (a) Location of eight Weyl nodes in the presence of Ay, octupolar order,
which in a pyrochlore lattice corresponds to the all-in all-out magnetic order. Here, red
and gray dots respectively correspond to the source (+) and sink (—) of Abelian Berry
curvature, with monopole charge +1. (b) Nodal structure in the presence of a uniaxial
Ty, order (when its moment points along 2), supporting two Weyl nodes separated along
k, (red and gray dots) and a nodal loop (dark yellow ring) in the k, — k, plane. When
the moment of the uniaxial T}, order points along  and ¢ direction, the Weyl nodes are
respectively separated along the k, and k, axes, and the nodal-loops are found in the
ky, — k. and k, — k. plane. By contrast, inside a triplet T}, phase, only two Weyl nodes
are found along one of the body diagonals. Figure adapted from Ref. [119].

bands touch each other at the following eight points in the Brillouin zone [see Fig. [7.3(a)]
k = (£1,£1,£1) ko, (7.5)

where ky = \/m They represent simple Weyl points, which act as source (4 of
them) and sink (4 of them) of Abelian Berry curvature of unit strength. However, due
to an octupolar arrangement of the Weyl nodes, the net Berry curvature through any
high-symmetry plane is precisely zero and this phase does not support any anomalous
Hall effect. The DoS at low energies then scales as o(E) ~ |E|? [37,43,134].
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4. Ty, magnet: For each component of T3, magnetic order (represented by the matrix
operator I'y;sI'; with j = 1,2,3) the ordered phase supports two Weyl nodes along one
of the (4, axes and a nodal-loop in the corresponding basal plane. For example, when
(UiT5T30) = A3 # 0 the left and right chiral Weyl nodes are located at (0,0, +kg), where
ko = v2myAy, and a nodal-loop is found in the k, — k, plane, as shown in Fig. [7.3(b).
Similarly, for j = 1 and 2 the Weyl nodes are separated along the k, and k, axes, and the
nodal-loops are respectively found in the k, — k. and k, — k. planes. Due to the presence
of two Weyl nodes, each configuration of two-in two-out magnetic order supports a finite
anomalous Hall effect in the plane perpendicular to the separation of the Weyl nodes.
However, any triplet magnetic order, represented by Ay = |Ay|(%1, 41, 41)/v/3, gets rid
of the nodal loop and supports only two Weyl nodes along one of the body-diagonals (Cj,
axes). Hence, triplet T}, magnetic orders are energetically favored over their uniaxial
counterparts [43]. []

5. A, or s-wave pairing: Notice that the matrix operator representing an s-wave
pairing fully anti-commutes with the Luttinger Hamiltonian (for any value of o) and thus
corresponds to a genuine mass for Luttinger fermions. The quasiparticle spectra inside
the paired state is fully gapped, but the phase is topologically trivial.

6. T4 pairing: Three d-wave pairings, proportional to I'y, I'; and I's matrices, belong to
the T5, representation and respectively possess the symmetry of d,., d,. and d,, pairings.
Each component supports two nodal loops in the ordered phase, as shown in the first
three rows of Table |7.1][122,/136|. Two nodal loops for the I's or d,, pairing are shown in
Fig. [7.4[(a). The two nodal loops for I'y or d,, and I'y or d,, pairings can respectively be
obtained by rotating the ones shown for d,, pairing by an angle 7, with respect to the £,
and k, axes.

7. E, pairing: E, pairings proportional to I'y and I's matrices respectively possess

the symmetry of d,2_,» and ds,2_,2 pairings and each of them supports two nodal loops,

~y
as shown in the last two rows of Table [122,/136]. Note that two nodal loops for
the d,>_,2 pairing can be realized by rotating the ones for the d,, pairing by an angle 7
about the k, axis. However, two nodal loops for the ds.2_,2 pairing, shown in Fig. [7.4|(b),
cannot be rotated into the ones for the d,2_,2 pairing. Therefore, despite the fact that the
d3,2_,2 and d,2_,2 pairings belong to the same E, representation, they are not energetically
degenerate [122,/228|. Since the radius of the nodal loops for the dz.2_,2 pairing is the

smallest, this paired state is the energetically most favorable among five d-wave pairings. E|

!The low energy DoS in the presence of a nodal loop and two point nodes (due to a uniaxial Ty,
order) is dominated by the former and scales as o(E) ~ |E|, while in a triplet 77, state the DoS scales
as o(E) ~ |E|* (due to the point nodes). Hence, formation of the triplet ordering causes power-law
suppression of the DoS and increases the condensation energy gain.

2Even though d + id type, such as dg2_y2 + idz,2_,2, pairing can eliminate nodal loops from the
quasiparticle spectra in favor of point nodes around which o(E) ~ |E|? in a single band Fermi liquid [22§],
the strong inter-band coupling causes inflation of such nodes in doped LSM and yields Fermi surface of
BdG quasiparticles, leading to a constant DoS at lowest energy, followed by o(E) ~ |E|?* a higher
energies [229]. Presently, it is not clear between (a) individual d-wave pairings and (b) d + id type
pairings, which one is energetically more advantageous. However, based on the power-law scaling of DoS,
we expect individual d-wave pairings to be energetically favored over d + id type pairings at least when
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Figure 7.4: Structure of two nodal loops in the presence of an underlying (a) d,, and (b)
ds,2_,2 pairings. These two pairings are respectively represented by I's and I's matrices for
the Luttinger fermions. Note that the nodal loops for d,.(I'1), dy.(I'2), dy2_,2(I'4) pairings
can be obtained by rotating the ones shown here for d,, pairing about suitable momentum
axes (see text). However, the two nodal loops for the dz.2_,2 pairing are disjoint from the
remaining ones (note these two nodal loops do not cross each other), see Sec. and
Table [7.1] Figure adapted from Ref. [119].

Pairing matrix IREP (Op,). Equations for nodal loops Symmetry
I, T, k24 k2 =2mA, k2 4+ k2 = 2mA dy-
Iy Ty, k2 + k2 =2mA, k2 + k2 = 2mA dy
s Ty, k24 k2 =2mA, k2 4+ k2 = 2mA ey
I E, k2 4+ k2 =2mA, k, = +k, dy2_y2
s E, k2 =4mA/3, k, = £k, /2 ds,2 2

Table 7.1:  The structure of two nodal loops in the presence of five individual d-wave
pairings, belonging to the T5, and E, representations, where k3 = k2 + k2. We display
the symmetry of each d-wave pairing in the proximity to the Fermi surface (realized on
the conduction or valence band) in the last column. Note that two nodal loops for d,,,
dy., dy, and d,2_,» parings can be rotated into each other, while those in the presence
of ds,2_,2 pairing are disconnected from the remaining ones, see Fig. [7.4. For the sake
of simplicity we here assume m; = my = m, for which the nodal loops are circular in
shape. For m; # ms, the nodal loops become elliptic. Here, A is the amplitude of d-wave
pairings.

7.1.2 Energy and Entropy Inside Ordered Phases

From the computation of the reconstructed band structure we can gain insight into
the condensation energy (Ap) and entropy (Ag) inside the ordered phases. While the
stiffness of the spectral gap measures the gain of condensation energy, the scaling of

the DoS at low-energies (due to gapless quasiparticles) measures the entropy. Recall

the inter-band coupling is strong, which is the case when pairing results from pure Hubbardlike repulsive
interactions. This conclusion is in accordance with the organizing principle discussed in Sec. IIB1 and
the energy-entropy argument, summarized in Fig. [7.5] The |E|-linear DoS for individual d-wave parings
(stemming from the underlying nodal loops) results in a T-linear scaling of the penetration depth, as
observed in YPtBi [58].
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that the s-wave pairing yields fully gapped spectra (isotropic), while the nematic orders
produce either an anisotropic gap or gapless quasiparticles. Hence, the former ordering is
associated with higher (lower) gain in condensation energy (entropy). On the other hand,
the DoS vanishes as o(F) ~ |E| and |E|? respectively in the presence of a nodal-loop and
Dirac or Weyl points. We found that the A,, magnetic order gives birth to eight Weyl
nodes, while only two Weyl nodes can be found inside the triplet 17, magnetic order.
By contrast, all five d-wave pairings are accompanied by two nodal loops (see Table .
Therefore, we can organize these ordered phases according to their contribution to (a)
condensation energy and (b) entropy gain, as shown in Fig. 7.5 The LSM, on the other
hand, accommodates the largest amount of gapless fermionic excitations near zero energy,
where the DoS vanishes as o(E) ~ v/E. Hence, the LSM is endowed with largest entropy.

This logic is consistent with the organizing principle, or selection rule (II) from Chap-
ter [f, which can be verified by counting the number of matrix pairs Ay (Cp) in an order

parameter that anticommute (commute) with the Luttinger Hamiltonian. Clearly, when

w=20
Ay +Cy =5. (7.6)

Then, for the s-wave pairing, two nematic orders, two magnetic orders and five d-wave

pairings Ay = 5,4,2,1, while Cy = 0, 1, 3, 4, respectively. Then for any ordered phase
Ap ~ Ay, Ag ~ Chy. (7.7)

Therefore, the analysis of the low-energy DoS in establishing a hierarchy of ordered phases
with respect to their energy (entropy) gain is equivalent to counting the pairs of matrices
Apg and Cpy, as we saw in Chapter @ Our analysis at fininte temperature (in the regime
where the dimensionless temperature ¢ = 2m7T/A? < 1) captures such energy-entropy
competition, which we discuss in Secs. [7.2.1] and [7.2.2]

The hierarchy of the energy and entropy gains inside the ordered phases changes when

the chemical potential is placed away from the band touching point (i.e., u # 0). Since any
pairing operator anticommutes with the number operator (N = n3T), superconducting
orders maximally gap (either fully by the s-wave pairing or partially by the individual
d-wave pairings) the Fermi surface. By contrast, any excitonic order always gives birth
to a Fermi surface, according to the Luttinger theorem [226|. Hence, at finite doping all
superconductors are energetically superior over the particle-hole orders, while excitonic
orders are accompanied by larger entropy (due to presence of a Fermi surface). The

energy-entropy competition at finite p is also captured by the RG analysis, discussed in

3Such an organization of ordered phases according to their contributions to the gain of condensation
energy and entropy is purely based on the power-law dependence of low-energy DoS or the stiffness
(isotropic or anisotropic) of the spectral gap. This procedure, however, cannot distinguish two phases
with similar scaling of the DoS, such as between As, and triplet T3, magnetic orders (producing Weyl
nodes), or the stiffness of the spectral gap, such as between T, and E; nematic orders (producing
anisotropic gaps). A more microscopic analysis is needed to resolve these situations.
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As
d-wave pairings: two line nodes
A =1, Cy =4, p(E) ~ |E|

Af

Figure 7.5: Hierarchy of various dominant orders in an interacting Luttinger semimetal
according to the gain of the condensation energy (Ap) and entropy (Ag) inside the ordered
phases. The condensation energy (entropy) gain increases in the direction of the Ap(Ag)
arrow. If an order-parameter matrix (M) anticommutes (commutes) with Ay (Cy) num-
ber of matrices appearing in the Luttinger model [see Eq. (1.2)], then Ap ~ Ay and
Ag ~ Cy (qualitatively), see Sec. for detailed discussion. At finite chemical doping
superconducting orders are always energetically superior over the excitonic ones. In the
global phase diagram, phases with higher gain in condensation energy (entropy) appear
at low (high) temperature, see for example Figs. and We also display the scaling
of density of states [o(E)| at low-energies in the presence of both point and line nodes.
Notice that with increasing Ay (Cy) the stiffness of the spectral gap (amount of gap-
less quasiparticles), determining the scaling of the DoS at low-energy, increases. Figure

adapted from Ref. [119].

Sec. leading to the phase diagrams shown in Figs. [7.9 and In the presence of
the chemical potential term in Eq. (4.2)), Ay — Ag+1 for pairing orders and Ay — Ay —1

for excitons, while Ay + Cy = 6 for each order parameter matrix [for the definition of

Ap and Cy see Eq. (5.1)].

7.2 Electron-electron interactions

Next we proceed to examine the dominant instabilities in various interaction channels
in the Luttinger model at finite temperature and chemical doping. Note, in Sec [£.2] we
already discussed the intricacies of the RG analysis in the Luttinger system. However, at
that point we took the limit u — 0, t — 0, and focused on the quantum critical properties
of the system, where only energetic considerations come into play. Here we address the
competition of various BSPs and the role of thermal fluctuations and an extended Fermi

surface therein.
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Figure 7.6: The Feynamn diagram contributing to the leading order bare susceptibility
(Xu), given in Eq. (7.§), for zero external momentum and frequency. The red dashed
(black solid) lines represent the order parameter (fermionic) fields. The two vertices (green
dots) are accompanied by the appropriate eight-dimensional Hermitian order-parameter
matrix M, appearing in the corresponding fermion bilinear \IJJ{\IamM WUnam- Figure adapted
from Ref. [119].

First, however, we revisit the anisotropy parameter « in a mean-field framework.
Note, by tuning a we can eliminate either the T5, or the E, sector from the Luttinger
Hamiltonian in a continuous fashion. As the pertinent Clifford algebra only allows for
5 four-dimensional, mutually anticommuting Hermitian matrices |already exhausted by
the Luttinger Hamiltoian, see Eq. ], this lets us affect the landscape of possible mass
orders in a meaningful way. For example, by decreasing the weight significantly in the £,
sector (by sending v — 0), we make the £, nematic order “almost mass”, while the same
can be achieved for the T, nematic order when sending o — 7/2. This ultimately effects

the hierarchy of ordered phases in terms of their condensation energy and entropy gain.

7.2.1 Mean-field susceptibility

To gain insights into the propensity toward the formation of various orderings, we first
compute the bare mean-field susceptibility (x,,) of all possible symmetry allowed fermionic
bilinears \Iler\TamM UNam, Where M is an eight dimensional Hermitian matrix (see Sec.|4.2.1)).

For simplicity we set = 0. For zero external momentum and frequency this quantity is

given by

W = [ s T MG MGl (73)

iwn,

" sign arises from the

The relevant Feynman diagram is shown in Fig. and the “—
fermion bubble. Here Gi(iw,,) is the fermionic Green’s function in the Nambu doubled
basis. The factor of 1/2 takes care of the artificial Nambu doubling. Results are displayed
in Fig.[7.7] Next we discuss the scaling of x,, in different channels for a few specific values

of the mass anisotropy parameter.

7.2.1.1 Isotropic Luttinger Semimetal (a = 7)

For o = 7, the effective masses for the Ty, and E, orbitals are equal (i.e. my; = my) and

the system enjoys an enlarged spherical symmetry. Since each one of the five ['-matrices
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(representing two nematic orders) anti-commutes with four matrices and commutes with
one matrix appearing in the Luttinger Hamiltonian, two nematic orders belonging to the
T, (red curve) and E, (orange curve) representations possess equal susceptibility. On the
other hand, all ten commutators (representing various magnetic orders) anti-commute
with three and commute with two matrices appearing in this model. Hence, magnetic
orders in the Ay, (purple curve) and T, (magenta curve) channels also possess equal
susceptibility. Two copies of the d-wave pairing, transforming under the T3, (dark green
curve) and E, (dark yellow curve) representations, have degenerate susceptibilities, as all
five d-wave pairing matrices commute with four matrices and anti-commute with only one
matrix appearing in the Luttinger model. As the s-wave pairing fully anti-commutes with
the Luttinger Hamiltonian, it always possesses the largest susceptibility (blue curve) for
any o.
Susceptibilities for different BSPs (characterized by the bilinear order parameter

il

f o MUyam) ~ Ap, the number of matrices in hAN*™(k) anti-commuting with M. This

simple correspondence is operative irrespective of the choice of a. Note that in an isotropic
system Ay = 5,4,3 and 1 for the s-wave pairing, nematicity, magnetic orders and d-wave

pairings, respectively, hence
us . .
X ar (a = Z) : s—wave > nematic > magnetic > d—wave.

Computation of the bare susceptibility suggests a strong propensity toward the formation
of s-wave pairing and two nematic orders in the world of interacting spin-3/2 fermions
with isotropic dispersion. The magnetic orders and d-wave pairings are expected to be
suppressed near a = 7, at least at zero temperature [see Figs and . We also note
that the gain in free-energy [see Sec. and the mean-field susceptibility follow the

same hierarchy Ap, x,, ~ Apn.

7.2.1.2 Anisotropic Luttinger Semimetal near a = 7

When the effective mass in the T3, orbital becomes sufficiently large, the Luttinger

model simplifies to
2 5

- k
lim Ay (k) = —n3 — » T;d;(k). 7.9
lny B0 = - 53 79
This Hamiltonian possesses an emergent SU(2)®@U(1) chiral symmetry, where {I's;s';}
with j = 1,2, 3 are the three generators of an SU(2) rotation, whereas a U(1) rotation is
generated by N = n3lg, the number operator. In this limit the Hamiltonian is similar to

the one for spinless fermions in Bernal-stacked bilayer graphene, which altogether supports
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Figure 7.7: Bare mean-field susceptibility [see Eq. ] for zero external momentum
and frequency [see Fig. for the relevant Feynman diagram| for various orderings at
zero temperature and chemical doping, as a function of « [parametrizing the anisotropy
between the mass parameters in the 75, and E, orbitals|. Here, x is measured in units
of mA. For o = T two nematic orders and two d-wave pairings (belonging to the 75,
and E, representations) possess equal susceptibilities, and so do two magnetic orders
(transforming under the Ay, and 7}, representations). The A;, s-wave pairing always
possesses the largest susceptibility (for any «) as it represents a mass for spin-3/2 fermions.
Susceptibilities for the s-wave pairing, T5, nematic and A,, magnetic orders display exact
degeneracy as a — 7, when all of them become mass [see Sec. . On the other hand,
as o — 0 the s-wave pairing and F, nematicity become mass and their bare susceptibilities
are degenerate and largest [see Sec. . For detailed discussion consult Sec. m
Figure adapted from Ref. [119].

six masses, given by

SO(5) vector

A

= {13 (L', T2, Ts), (11, 72) F;; Nol'as . (7.10)

S\

M

[ME]

Vo VT
Ty, nematic ~ S“Wave Ay, magnet

Note that three components of the 75, nematicity break the continuous SU(2) chiral
symmetry, while the s-wave pairing breaks the global U(1) symmetry. On the other hand,
the As, magnet transforms as a scalar under the chiral rotation and breaks only time-
reversal-symmetry. These three mass orders possess the largest and equal susceptibilities
as a — 7, see Fig. @ Therefore, repulsive interactions favor two excitonic masses for
zero [see Figs.[1.2)(a), (c), and (d)|, and s-wave pairing [see Fig. [7.10[(a)| for finite chemical
doping.

Also note that each member of the following vector

multiplet of SO(3) vectors
M/ = r773 <F47 F5) ) (7717 /’72) (F47 F5i . (711)

jus
2 N

vV vV
E, nematic  E, d-wave
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anti-commutes and commutes with one matrix appearing in lim,,z hYem(k). Hence, E,
nematicity and d-wave pairing have identical susceptibilities as o — 7, but Xpgr < Xnag -
As a result such an anisotropic system can accommodate an £, d-wave pairinfg at ﬁniie
chemical doping, see Fig. (c) However, 11, magnet and Ty, d-wave superconductor

have exactly zero susceptibility as they fully commute with lim,_,z i}Eam(k) Hence, onset

of these two orders is unlikely when o = 7.

7.2.1.3 Anisotropic Luttinger Semimetal near o« = 0

Finally, we compare the susceptibility for various orders when the mass of the F,

orbital becomes sufficiently large. The Luttinger Hamiltonian then takes the formF_f]
. 2 oS L
lim A (k) = —ns DT 2 I'jd; (k), (7.12)
j:

which possesses an emergent U(1)®@U(1) chiral symmetry, generated by 7['y5 and n3T.

The mass orders in this limiting scenario constitute the following vector

SO(4) vector
M, = 273 (I'y, F5)J (1, m2) FE/ : (7.13)

—
E, nematic SWave

and consequently the E, nematicity and s-wave pairing acquire an identical and the
largest susceptibility as o« — 0, see Fig. [7.7 Hence, a competition between these two
ordered phases can be anticipated near o = 0 [see Figs. [7.10[b) and [1.2(b)]. Any order

parameter from the following vector anti-commutes with two matrices and commutes with

one matrix appearing in Eq. ((7.12))

multiplet of SO(3) vectors
M6 == ;73 (Fla F2a F3) 1701_‘45 (F17 F27 F3Z 5 (714)

Y
/

T54 nematic T1, magnet

and they also possess degenerate susceptibilities, but Xa < Xy As a result, a com-
petition between 77, magnet and 75, nematicity can also be observed around a = 0, see
Fig. (d) On the other hand, the T5, d-wave pairing matrices anti-commute with one
matrix and commute with two matrices appearing in Eq. and its susceptibility is
smaller than the orders appearing in My and Mj. Nonetheless, when assisted by finite
chemical doping, the T5, d-wave pairing can be realized even for repulsive magnetic in-
teraction in the 77, channel, as shown in Fig. (d) Finally, we note that A,, magnet

4This Hamiltonian is quite similar to the one for three-dimensional massless Dirac fermions, with
the crucial difference that for the Dirac Hamiltonian d;(k) ~ k;, while for the Luttinger Hamiltonian
d;(k) ~ |€jim| ki km, where j,1,m =1,2,3.
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and E, d-wave pairing fully commute with lim,_ ﬁ(k) and possess zero susceptibility.
Hence, onset of these two orders around o = 0 is extremely unlikely.
Note that various matrices appearing in Mg, M, My, M can form composite
2

order-parameters and the enlarged symmetries among distinct orderings are displayed

in Eqgs. (7.10), (7.11)), (7.13), (7.14)). Such enlargement of order-parameter vectors plays

an important role in determining the confluence of competing orders, see selection rule

(I) in Chapter [5]

7.2.2 Renormalization group analysis

After gaining insight into the propensity toward various orderings in the Luttinger system,
next we seek to investigate the onset of different BSPs and the competition among them
within the framework of an unbiased RG analysis. This will allow us to go beyond the

mean-field analysis, presented in the last section, and systematically incorporate quantum

fluctuations. For this, we already set the stage in Secs. [4.2.2]and [4.2.3] where we unraveled

the fixed point structure of the Luttinger semimetal for various values of a. Besides,
in Secs. [£.2.4] and [£.2.5] we extracted the critical exponents of the second order phase

transitions, leading from LSM into various BSPs, under the tuning of the bare interaction

strength. What remains now is to address the role of temperature and chemical potential
in the competition of ordered phases, an analysis analogous to that in Secs and [6.4]
We start with reconstructing the phase diagrams at finite temperature but zero chemical
doping for the isotropic model. Finally, we examine the case where T, u > 0 for different

values of o.

7.2.2.1 Phase diagrams at finite temperature

Besides the scaling of the transition temperature, we also investigate the phase diagram
of an interacting LSM at finite temperature, allowing us to demonstrate the competition
between condensation energy gain and entropy. For concreteness we focus on the isotropic
system (a = %), where this competition is most pronounced. As argued in Sec. m, the
onset of s-wave pairing leads to the maximal gain in condensation energy, while the two
nematic orders produce higher entropy in comparison to the former. Two specific cuts
of the global phase diagram, Figs. [7.§a) and [7.§|b), show that while s-wave pairing is
realized at low temperature, nematicities set in at higher temperature as we increase the
strength of nematic interactions (g, and g,) in the system.

By contrast, when we tune the magnetic interactions (namely g, and g,), an isotropic
LSM becomes unstable in favor of two nematic orders at ¢ = 0. Such an outcome can
be substantiated from the simple picture of condensation energy gain, as As, and T,
magnetic orders accommodate Weyl nodes (yielding more entropy), while nematicities
produce anisotropic spectral gap (leading to higher gain of condensation energy), see
Sec.[7.1.2] As we tune the strength of the Ay, (T},) magnetic interaction, E, (T5,) nematic
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Figure 7.8: Various cuts of the finite temperature (¢) phase diagram of an interacting

isotropic Luttinger semimetal. The interaction couplings (g,) are measured in units of e.
However, the nature of the order states in all cuts of the phase diagram is independent
of the value of € > 0. Panels (a) and (b) respectively depict onset of T, and E, nematic
orders at higher temperatures as we tune interactions in these two channels. Recall while
the s-wave superconductor yields fully gapped spectra, both nematic phases produce
anisotropic gaps [see Sec. . Hence, the energy-entropy competition [see Sec.
favors s-wave pairing (nematic phases) at low (high) temperature. When we tune the
strength of (c¢) As, and (d) 73, magnetic interactions, E, and T, nematic orders set
in at low temperature, respectively, and corresponding magnetic orders nucleate only
at higher temperature, since both magnetic orders produce gapless Weyl fermions (less
gain of condensation energy, but higher entropy). The white regions represent Luttinger
semimetal without any ordering. The gray shaded region to the ordered phase, and its
boundaries with Luttinger semimetal, occupied by various ordered phases are shown in
different colors. Figure adapted from Ref. [119].

order sets in at lower and As, (71,) magnet at higher temperature, see Figs. (c) and
7).

The LSM is endowed with the largest entropy in the global phase diagram of inter-
acting spin-3/2 fermions, since o(E) ~ +/E, in comparison to any BSP. Consequently,
the requisite strength of interactions for any ordering increases with increasing tempera-
ture, irrespective of the nature of the BSP. Therefore, our RG analysis for an interacting
LSM at finite temperature corroborates the energy-entropy competition picture [selection

rule (II) in Chapter 5| and substantiates the following outcome: ordered phases providing



122 Chapter 7. Three dimensional Luttinger (semi)metal

larger condensation energy gain are found at lower temperature, while at higher tempera-
ture, phases with larger entropy are favored. This observation is also consistent with the
notion of reconstructed band structure and emergent topology, discussed in Sec. [7.1.0]
Therefore, the phase diagram of an interacting LSM at finite temperature is guided by
topological structure (gapped or nodal) of the competing BSPs.

We close this section by answering the following question: Why do we find two mag-
netic orders in an isotropic LSM at finite temperature, since this system supports only one
QCP, see Table , where all the magnetic orders bear negative scaling dimension (see
Table ? Note that any QCP can only be accessed at ¢t = 0, whereas finite-t introduces
an infrared cutoff 7% [see Egs. and ] for the RG flow of the quartic couplings,
and thus prohibits a direct access to any QCP. Hence, at finite-t, when magnetic interac-
tions are sufficiently strong, the system can bypass the basin of attraction of QCPI% and

nucleate magnetic phases at moderately high temperature.

7.2.3 RG analysis in Luttinger metal (u # 0)

Finally we proceed to the RG analysis when the chemical potential (u) is placed away
from the biquadratic band touching point. The chemical potential introduces yet another
infrared cutoff ¢# [see Egs. and ], suggesting that the RG flow equations of
the three quartic coupling constants should be stopped when the renormalized chemical
potential 1(¢) reaches the scale of the band-width Fy = A%/(2m). At finite temperature
and chemical doping, two infrared scales compete and the smaller one ¢, (say), determines
the ultimate infrared cutoff for the RG flow of g;. The construction of phase diagrams
is as outlined in Sec. 2.2.3] and applied e.g. in Sec. [6.3] The resulting phase diagrams
for various choices of chemical potential, temperature, coupling constants and the mass
anisotropy parameter («) are shown in Figs. [7.9H7.11]

We note that in an isotropic system and for strong enough nematic interactions an
s-wave pairing can be realized even for zero chemical doping [see Figs. [7.8[a) and [7.8|(b)].
With increasing doping the s-wave pairing occupies larger portion of the phase diagram,
while two nematic phases get pushed toward stronger coupling, see Fig. [7.9)(a) and [7.9|b).
However, the d-wave pairings do not set in for zero chemical doping. Nonetheless, when
the magnetic interactions in the Ay, and T}, channels are strong, the presence of a Fermi
surface is conducive to the nucleation of d-wave pairings, belonging to the E, and T,
representations, respectively, see Figs. [7.9(c) and [7.9(d).

Now we focus on the anisotropic system. We chose the mass anisotropy parameter
a such that at zero chemical doping the repulsive electronic interactions accommodate

s

either nematic or magnetic orders, see Fig. . Specifically for a = 1.5 (close to 7) the
system enters into the T, nematic [see Fig. [7.10(a)] or As, magnetic [see Fig. [7.10(c)]
phase, while for o = 0.1 (close to 0) we find £, nematic [see Fig.|7.10(b)] or T3, magnetic

[see Figs. [7.10[(d) and [7.11] order. For such specific choices of a, the QPTs into T, ne-
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Figure 7.9: Realization of various pairing orders with finite chemical potential (> 0).
Top row: realization of s-wave pairing at low temperatures for quartic interactions in the
(a) Ty, and (b) E, nematic channels. The high-temperature phase in both cases is the
corresponding nematic ordering. Bottom row: Onset of d-wave pairing belonging to the
(c) E, representation from magnetic interaction in the Ay, channel, and (d) T3, repre-
sentation from repulsive magnetic interaction in the T}, channel. Magnetic interactions
are therefore conducive for the nucleation of d-wave pairings in a correlated Luttinger
metal. The high temperature phase in both cases is the corresponding magnetic order.
Here coupling constants are measured in units of € and the gray shaded regions represent
ordered states. Note that the shape of the phase boundaries in (d) suggests that the
LSM-ordered phase transition at low temperatures and finite chemical doping is possibly
first-order in nature. Even though the RG methodology is tailored to capture continuous
transitions, the possibility of a first-order transition is extremely sparse. The boundaries
between Luttinger metal and various ordered phases are shown in different colors. Figure
adapted from Ref. [119].

matic, F/, nematic, Ay, magnetic and 77, magnetic orders are respectively controlled by
QCPg, QCPY, QCP% and QCPg [see Sec. [1.2.3/and Table . At QPTg and QPTY the

s-wave pairing possesses the largest scaling dimension among all possible local pairings

[see Table . Hence, in the presence of finite chemical doping, repulsive interactions
in the nematic channels become conducive to s-wave pairing, as shown in Figs. [7.10(a)
7.10(b). On the other hand, at QPT2g (QCP3), the d-wave pairing belonging to

the E, (1b,) representation possesses the largest scaling dimension. Therefore, repulsive

and

interactions in the Ay, (g,) and Ty, (g,) magnetic channels become conducive to the nu-
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Figure 7.10: Specific cuts of the phase diagram of an interacting, anisotropic Luttinger
metal (o # 7), showing the appearance of various superconducting phases at finite chemi-
cal doping (|| > 0) from repulsive electron-electron interactions, but only excitonic orders
for £ = 0. (a) and (b): appearance of a conventional s-wave pairing (blue lines) from
strong repulsive interaction in the 75, and E nematic channels for « = 1.5 and a = 0.1,
respectively [see also Figs. [4.2) - ) and - . The phase boundaries with the Luttlnger
(semi)metal are respectively denoted by red and orange lines. (c¢) and (d): nucleation of
topological d-wave pairings, belonging to the £, and T, representations (green and yellow
lines respectively), from strong repulsive magnetic interactions in the Ay, and 73, chan-
nels for « = 1.5 and a = 0.1 [see also Figs. [4.2(c) and (d)]. The phase boundaries of A,,
and T3, magnetic phases with Luttinger (semi)metal are shown in purple and magenta.
Due to a large separation of the interaction strength g, required for any ordering at pn =0
and |p| > 0, we display the u = 0 cut of the phase diagram from (d) in Fig. [7.11] The
region at weaker interaction and higher temperature is occupied by correlated Luttinger
metal (white regions), without any long-range ordering. In panels (a) and (b) 100 g, — g,
and in (c¢) 10 g, — g,. Throughout the coupling constants are measured in units of e
and the ordered states are displayed as the gray shaded regions. Figure adapted from
Ref. [119].

cleation of E, [for v = 1.5] and Ty, [for av = 0.1]| d-wave pairings, respectively, as shown in
Figs. [7.10] _ ) and |7 - . We therefore conclude that nematic and magnetic interactions
among spin-3/2 Luttinger fermions are respectively conducive to the s-wave and d-wave

pairings. Otherwise, at finite chemical doping the excitonic orderings set in only for
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Figure 7.11: The phase diagram of an interacting Luttinger semimetal for a = 0.1 and
i = 0, obtained by tuning the strength of the magnetic interaction in the 77, channel
(9,), measured in units of e. The shaded (white) region represents the ordered phase
(Luttinger semimetal). Figure adapted from Ref. [119].

stronger couplings. Such a generic feature is also consistent with the energy-entropy com-
petition picture as the superconducting phases maximally gap the Fermi surface (yielding
optimal gain of condensation energy), while exitonic orders are accompanied by a Fermi

surface with constant DoS (producing more entropy).

7.2.4 Selection rules: Examples

To close our discussion on the competing phases in the Luttinger system, and further
verify our proposed selection rules as it pertains to adjacent phases, let us point out some

prototypical examples.

1. The T5, nematic order (an O(3) order-parameter) and s-wave pairing (an O(2) order-
parameter) constitute an O(5) vector [see Eq. (7.10)], and these two ordered phases

reside next to each other, see Figs. [1.2)(a), [7.§(a), [7.9(a), and [7.10[a), when we tune

the strength of g,.

2. The Es, nematicity (an O(2) order-parameter) and s-wave pairing constitute an

O(4) composite order parameter see Eq. (7.13). Figures[1.2(b), [7.§(b) ,[7.9(b), and

7.10[(b) display a confluence of these two ordered phases, as one tunes the interaction

9o-

3. The E, nematicity and Ay, magnet (described by an O(1) or Z, order-parameter)
form an O(3) vector [see Fig.[7.12|(a)], and these two ordered phases often (in par-
ticular, when g, is tuned) reside next to each other, see Figs. [1.2(c) and [7.8(c).

4. One can construct multiple copies of O(3) composite order parameters by combining
the components of Tp, nematic and T3, (an O(3) order-parameter) magnetic orders
[see Fig.[7.12(b) and (c)|, and these two phases can be realized by tuning the quartic
interaction g,, see Figs |4.2(d) and [7.8(d).
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Figure 7.12: Schematic representations of SU(2) symmetry among (a) E, nematic and As,
magnetic orders, and (b)-(c) components of T, nematic and 73, magnetic orders (with
i #j#k=1,2,3). Three vertices of each triangle are occupied by the order parameter
matrices (in red), represented in the Nambu doubled basis [Wnam, see Eq. ] Three
arms of each triangle represent SU(2) rotations. The generators of SU(2) rotations (also
in Nambu doubled basis) are shown in blue. Figure adapted from Ref. [119).
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Figure 7.13: Schematic representation of SU(2) symmetry between the As, magnetic
order and d-wave pairing belonging to the £, representation. Notations are the same as

in Fig. [7.12| In panel (a) j = 1,2, whereas in panel (b) j = 4,5. Figure adapted from
Ref. [119].

5. Ay, magnetic order and E, d-wave pairing (an O(2) order-parameter) can be com-
bined to form O(3) vectors [see Fig.|7.13]. When the chemical potential is finite and

we tune the strength of g,, the system accommodates a paired (magnetic) state at

low (high) temperature, see Figs. [7.9(c) and [7.10|c).

6. Finally, note that multiple copies of an O(3) vector can be formed by combin-
ing the components of T3, magnetic order and T, d-wave pairing (an O(2) order-
parameter), see Fig. [7.14, These two phases reside next to each other at finite
chemical doping when we tune the quartic coupling g,, see Figs. [7.9(d) and [7.10]d).

From the matrix representations of all quartic interactions [see Eq. (£.15)] and order
parameters [see Eqgs. and (£.19)] the readers can convince themselves that the
above examples are in agreement with our proposed selection rule from Chapter [ It is
admitted that we arrive at the conclusion from a leading order RG analysis. However, the
selection rules themselves solely rely on the internal symmetry among competing orders.
We therefore believe that our proposed selection rule is ultimately non-perturbative in

nature, which can be tested at least in numerical experiments, for example.
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Figure 7.14: Schematic representation of SU(2) symmetry between the components of the
Ty, magnetic order and Th, d-wave pairing, with i # j # k = 1,2,3 [for (a), (b), (c)] and
m = 1,2 in (a) and (c). Notations are the same as in Fig. [7.12| Figure adapted from
Ref. [119].

7.3 Summary and Discussions

Here we revisit the interacting Luttinger (semi)metal, previously introduced in Chap-
ter[d] and examine it from the point of view of the selection rules and organizing principle,
pronounced in Chapter 5] We already established the dominant instabilities in this sys-
tem at zero temperature and chemical potential. We saw that in an isotropic system
an s-wave pairing and two nematic orders are the prominent candidates for a broken
symmetry phase. We also observed the absence of magnetic orders or d-wave pairing,
at least when ¢t = 0, which we explained with these orders being energetically inferior,
due to the gapless spectra inside the ordered phase. Now we allow for finite temperature
and chemical potential, and scrutinize various cuts of the global phase diagram. With
increasing temperature, one finds a smooth crossover from nematic to magnetic phases,
as shown in Fig.[7.8] This is an example of the organizing principle, or selection rule (II)
from Chapter [5]

We introduce (chemical) doping as a non-thermal tuning parameter to map out the
global phase diagram of an interacting Luttinger metal, see Sec.[7.2.3] Since paired states
maximally gap the Fermi surface, their appearance at the lowest temperature is quite
natural, at least when |u| > 0. By contrast, excitonic phases (insulators or semimet-
als) become metallike (possessing a finite density of states) at finite chemical doping,
according to the Luttinger theorem [226|. Therefore, particle-hole orders are accompa-
nied by higher entropy due to the presence of a Fermi surface (with a constant density of
states). To demonstrate the energy-entropy competition in a metallic system, we choose
the mass anisotropy parameter « such that at g = 0 the system only supports excitonic
orders. Upon raising (lowering) the chemical potential to the conduction (valence) band,
we observe that a superconducting order develops at low temperature and the excitonic
order gets pushed toward higher temperature and stronger interactions, see Figs. [7.9 and
Therefore, the overall structure of the global phase diagram is compatible with the
energy-entropy competition, dictated by the emergent band topology of competing broken
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symmetry phases.

As an immediate outcome of the selection rules (Chapter [5) we realize that while re-
pulsive interactions (short-range) in the nematic channels are conducive to s-wave pairing
[see Figs. [7.§(a) and (b), [7.9(a) and (b), [7.10[a) and (b)], magnetic interactions favor
nucleation of d-wave pairings [see Figs. [7.9)(c) and (d), [7.10[c) and (d)|] among effective
spin-3/2 Luttinger fermions.

A few specific cuts of the global phase diagram corroborate with the ones extracted
experimentally in LnslroO; [230] and half-Heusler compounds [57]. For exmaple, a fi-
nite temperature phase transition from As, or all-in all-out magnetic order to a Lut-
tinger semimetal has been observed in the majority of 227 pyrochlore iridates (except for
Ln=Pr) |230], and Fig. [7.8(c) qualitatively captures this phenomena (for strong enough
g,). By contrast, PryIroO7 supports a large anomalous Hall effect below 1.5K [4142}[231].
Note that a triplet T}, or 3-in 1-out magnetic order supports anomalous Hall effect due
to the presence of only two Weyl nodes in the ordered state (see Sec. and Ref. [43])
and the phase diagram from Fig. [7.8(d) shows the appearance of T}, magnetic order at
finite temperature for strong enough interaction (g,). It is worth recalling that ARPES
measurements strongly suggest that isotropic Luttinger semimetal describes the normal
states of both NdyIraO7 and PralraO7 [50451]. On the other hand, half-Heusler compounds
LnPdBi display a confluence of magnetic order and superconductivity [57], and the phase
diagrams shown in Figs. [7.9(c) and (d), and [7.10)(c) and (d) capture such competition (at
least qualitative). This connection can be further substantiated from a recent penetration
depth (AX) measurement in YPtBi [58], suggesting AX ~ T'/T, (roughly) at low enough
temperature, where T, = 0.78K is the superconducting transition temperature. Such a T-
linear dependence of the penetration depth can result from gapless BdG fermions yielding
o(F) ~ |E|. Any d-wave pairing, producing two nodal loops (see Table , is therefore a
natural candidate for the paired state in half-Heuslers (see also Refs. [122}|136,137,224]).
It is admitted that more microscopic analysis is needed to gain further insights into the
global phase diagram of strongly interacting spin-3/2 fermions in various materials, which

we leave for future investigation.
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In the previous chapters we examined the effects of electronic interactions in nodal
semimetals. The presence Fermi points that replace the extended Fermi surface of a
conventional Fermi liquid already has nontrivial consequences in terms of interaction
induced spontaneous symmetry breaking, for example the absence of Kohn-Luttinger
mechanism |72,/73] or the presence of interband scattering. In the following chapters, we
leave the realm of interaction physics and examine nodal semimetals from the point of
view of their topological properties. These two main themes of this thesis are, however,
not entirely disjoint. For example, as we see shortly, the band Hamiltonian we write
down in Chapter |8 can be seen as a description of the broken symmetry phase due to
nematic ordering in a Luttinger semimetal (see Chapters [4] and [7]), which ultimately
endows nontrivial band topology.

For the basic knowledge on topological semimetals, the topological invariants, the
bulk-boundary correspondence, surface states, etc. we refer the reader to the existing
literature [21,22)/77,[77.[78|/232,[233|. However, to facilitate the upcoming discussion we now
briefly review the notion of higher-order topological phases, which will be germane shortly.
Traditionally, the bulk-boundary correspondence in a d-dimensional topological system
refers to the boundary modes residing on a (d — 1)-dimensional surface, also characterized
by the codimension d. = d — (d — 1) = 1 [21,[22,[77.[78.[233] (see also Eq. [L.1)). These are
nowadays called first-order topological phases. This notion has since been generalized to
encompass boundary modes with d. > 1, e.g., pointlike corner (with d. = d) and one-
dimensional hinge (with d. = d — 1) modes, which led to the construction of insulating
(electric and thermal) and nodal higher-order topological phases |[79-83}[85,[227,[234-248].
Namely, an nth order topological phase hosts boundary modes of codimension d. = n. In
what follows we examine such systems from two different aspects.

In Chapter [§|we demonstrate a possible construction of higher-order topological phases
starting from the parent Luttinger semimetal (described in lengths in Chapters |4 and
7)), and applying uniaxial strain. Strain explicitely breaks discrete rotational symmetry
by favoring a direction (the direction of compressive or tensile strain), hence resulting in
nematic phases. In Sec. we outlined the reconstructed band structure inside nematic
phases of a three-dimensional Luttinger semimetal. The cubic point group allows for two
distinct types of deformation of the relevant d orbitals, splitting the previously five-fold
degenerate | = 2 states into the T, and E, sectors (three- and two-fold degenerate
respectively). In general, both nematic sectors are gapped. However, for certain specific
phase lockings the system exhibits a pair of topological Dirac nodes, see Figs. and [7.2]
We argue that these phases can be engineered by applying tensile or compressive strain
along certain high-symmetry directions, the Cs, and C4, axes for T, and FE, strain,
respectively. We also show that the resulting phase diagram hosts various topological
phases, including topological insulator of mixed topology and Dirac semimetal, as well as
higher-order topological Dirac semimetal.

In Chapter [9] we address the question of stability of three-dimensional second-order
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Dirac semimetal in the presence of random charge impurities. The phase diagrams of
first-order topological Weyl and Dirac semimetals have been studied extensively, and these
systems are generally believed to withstand weak enough disorder [24//89./90,(106|249-267].
However, at some critical disorder strength they undergo a quantum phase transition into
a diffusive metal phase. This phase transition falls outside the realm of the Anderson
metal-insulator transition, which happens at even stronger disorder for first-order Weyl
and Dirac semimetals. In this context, we have to mention the existence of debated,
exponentially small rare-region effects [268-270], that might suggest an avoided quantum
criticality in these systems. In spite of these first-order phases being stable against weak
enough disorder, nothing a priori guarantees similar stability of their higher-order coun-
terparts. Nevertheless, since any real-world material inherently contains impurities, an
important step towards the realization of gapless higher-order topological phases (strain
engineered or otherwise) is to study these systems in the presence of disorder. Note that,
in contrast, insulating higher-order topological phases are expected to possess immunity

against at least sufficiently weak disorder due to the presence of a finite band gap.






Chapter 8

Strain-engineered higher-order
topological phases in a Luttinger

semimetal

Let us start by first making a connection between our study of topology and broken sym-
metry phases. Though somewhat tangential, we already encountered such an example.
Namely, in Sec. we demonstrated that the organizing principle, ordering the avail-
able broken symmetry phases based on their condensation energy and entropy gains (see
Chapter [5)), can be appreciated from the point of view of the scaling of low-energy DoS,
a direct consequence of the emergent band topology inside the ordered phase. In this
section, however, we primarily focus on the surface states, appearing on the boundaries
as a result of the bulk band topology.

In the preceding chapters we assumed general local electronic interactions, and unrav-
eled the structure of a multidimensional flow of coupling constants under the RG trans-
formation, to capture the dominant ordering via spontaneous symmetry breaking. Here
we introduce an explicit braking of rotational symmetry via the application of external
strain, and assume this to represent the largest energy scale in the problem. Further-
more, we propose the Luttinger semimetal (LSM), consisting of spin-3/2 fermions with
a biquadratic touching of Kramers degenerate valence and conduction bands [132,/133]
(see Chapters [4] and [7), as a platform to strain engineer higher-order topological (HOT)
phases.

Strain-engineering is of intense interest, being instrumental for the identification of
nematic phases in correlated materials, such as cuprates, pnictides and heavy-fermion
compounds [271,272|. It also gives rise to exotic phenomena, such as axial magnetic
fields in two- and three-dimensional Dirac and Weyl materials, producing topologically
protected zeroth Landau levels [273,274], or a quantum phase transition between a topo-
logical Dirac semimetal (TDSM) and trivial band insulator [123,/146,275,276|, to name a
few.

We here show that strain in a three dimensional LSM can induce a variety of higher-
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Akstr

2nd order Dirac semimetal
(disjoint hinge modes)

-
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———— - — - - - = o
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Figure 8.1: Schematic phase diagram of a LSM (red dot), in the presence of an external
strain of magnitude |A|. Here sgn(A) = + (—) corresponds to tensile (compressive)
strain, which gives rise to a second order Dirac semimetal (topological insulator). The
momentum in the direction of the external strain is kg,, and in the semimetal phase two
Dirac points are separated along this axis, located at +k7, , where kJ, ~ m . Both
phases produce four hinge states of codimension d. = 2, along k., see blue lines in the
cubes (inset). In the insulating (Dirac semimetal) phase the hinge modes exist for any
kst (|kser] > EZ,). The insulator also supports edge modes (red lines) with d. = 1 on

str
the kg, = 0 plane (green dots), occupying two planes orthogonal to kg,. Hence, the

topological insulator accommodates a mixed topology. The white region (|ks.| < k%)

is devoid of any boundary mode. In practice, kg, is a high symmetry ([100] or [111])
direction. Figure adapted from Ref. [227].

order topological (HOT) phases [79], both gapless and insulating. When stress is applied
to a LSM along certain high-symmetry directions, such as the Cy, (x,y and z coordinate
axes) or (s, (four body diagonal or [111]) directions, the resulting strain induces either
a TDSM or a topological insulator, when the sign of the strain is positive or negative
(which we refer to as tensile or compressive, respectively). Both support four copies of
one-dimensional hinge modes (d. = 2) in the direction of the applied strain. In addi-
tion, the insulator supports edge modes that reside on two-dimensional surfaces (d. = 1)
perpendicular to the applied strain, thus exhibiting mixed topology. The resulting phase
diagram is schematically shown in Fig. Our results may be of experimental relevance
to HgTe [45], gray-Sn [47,48|, 227 pyrochlore iridates [50,51,(134] and half-Heuslers [53-55].
Experimentally, tunable compressive or tensile strain can be applied using piezoelectric-
based uniaxial stress aparatus [277] (by gluing the sample between the jaws of the uniaxial
pressure device [278]), or on thin films by growing them on a substrate with slightly dif-
ferent lattice constant [279]. Although high-quality 227 pyrochlore iridate crystals tend
to be small, methods to apply uniaxial stress to miniaturized samples are under active

development.
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8.1 Toy model

To set the stage, we first consider a model describing three-dimensional HOT phases
(both insulator and semimetal), constituted by spin-1/2 fermions. The corresponding
Hamiltonian can be decomposed as hgor(k) = h¥ + k¥, where [83]227.239, 246

9 2
j=1

j=1
R = AL(Cy — Co)a + D208y, (8.1)
C; = cos(kja), S; = sin(k;a), kjs are components of momenta, and a is the lattice

spacing, set to unity. Four-component 7 matrices satisfy the anticommuting Clifford
algebra {v;, v} = 20;x, for j,k =1,--- ,5. Even though the following discussion does not

depend on the representation of v matrices, for the sake of concreteness we choose
N=03QT, P=000T, =0T, Nu=010T7, PB=007. (82)

Two sets of Pauli matrices o and 7T respectively operate on spin and sublattice indices.
Expanding EHOT(k) around the I' = (0, 0, 0) point yields the effective low-energy model
for HOT phases

2
- t, . k3 1
hior(k) = vij v+ [_Ekz +A+ to% Btg Ay (k3 = k3) va+ Dg kaky s,
j=1

(8.3)

where A = m, —to, k1 = (k2 + k:;)l/ 2 and v = t bears the dimension of Fermi velocity.
For A; = 0 = A,, the system respectively describes a TDSM and a three-dimensional
quantum spin Hall insulator (3D-QSHI) for A > 0 and A < 0. In the former phase, the
Dirac points are located at k = (0,0, k), where kI = \/m The transition between
these two phases takes place at A = 0, where the low-energy density of states scales as
|E)?/% [24]. Both TDSM and 3D-QSHI can be constructed by stacking two-dimensional
quantum spin Hall insulators (2D-QSHIs) in momentum space along the k, direction
(maintaining the translational symmetry), and the corresponding band inversion takes
place at k% = [(t.k? — 2A)/tg]'/2. Hence, for ty,t, > 0, the band inversion occurs for any
k. when A < 0. By contrast, when A > 0 it takes place only for k, > k* and k, < —k,
while the two-dimensional insulators occupying the region |k.| < kI are topologically
trivial.

Both TDSM and 3D-QSHI support two copies of Fermi arc surface states, the loci
of the zero-energy modes, associated with the one-dimensional counter-propagating edge
states for opposite spin projections of the underlying 2D-QSHIs. Therefore, in the 3D-
QSHI phase the Fermi arc exists for any k., while two disjoint pieces of arc are found for

k. >k} and k, < —k} in the TDSM phase. In real space, such Fermi arcs occupy two-
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dimensional surfaces in the zz and yz planes, and hence are characterized by codimension
d. = 1. Thus, both the TDSM and 3D-QSHI represent first order topological phases.
Turning on iLlf generates a mass for the one-dimensional edge states of the underlying
2D-QSHIs, as {%‘, ﬁlf} = 0, Furthermore, this term hybridizes the edge modes for opposite
spin projections. As iLlf changes sign under a discrete four-fold rotation, it assumes the
profile of a domain wall. For Ay = 0, four states at precisely zero energy appear at the cor-
ner of such a system (according to a generalized Jackiw-Rebbi index theorem [280]) where
h¥ changes sign, for |k.| > k* when A > 0 or any k, when A < 0. The collection of such
corner localized zero-energy modes ultimately constitutes four copies of one-dimensional
hinge states, extended along the z direction, implying a second order topological phase.
Even when A, is finite, the hinge modes persist at half-filling, but now away from zero
energy due to the loss of the spectral symmetry with open boundaries. Next we proceed

to demonstrate these outcomes by diagonalizing Eq. (8.1)) on a cubic lattice.

8.2 Lattice models

In this section we demonstrate appearance of the two-dimensional ribbon-like and one-
dimensional hinge-like surface states for the Hamiltonian in Eq. (describing a three-
dimensional topological Dirac semimetal or insulator), which we diagonalize on a cubic
lattice. The global phase diagram of the above model displays a confluence of topological
(gapless as well as gapped) and trivial phases, which has been discussed in details in
Ref. [24]. Instead of delving into such discussion again, we here focus on a few specific
and relevant cases. For example, a first-order topological Dirac semimetal is realized for
t=1t, =to=1 m =0, and Ay = Ay = 0, and the Dirac points are then located
at (0,0,£7m/2). This phase supports doubly degenerate Fermi arc surface states [see
Fig. B.2(a)] that occupy the two-dimensional zz and yz surfaces, see Fig. [8.2(d). On
the other hand, a topological quantum spin Hall insulator is found for ¢t = t5 = 1,
t, =05 m, = —0.7, and A; = Ay = 0, for example. This phase also supports two-
dimensional Fermi arc surface states, as shown in Figs. 8.3|a) and [B.3|(d). The Fermi arcs
are characterized by codimension d. = 1, and these two topological phases are first order.
Finally, we note that since illo( contains only three mutually anticommuting matrices, it
can always be cast into a block diagonal form and each such block is two-dimensional.
Hence, Blg is described by effective spin-1/2 fermions.

Second order topological phases can now be constructed by systematically reducing the
dimensionality of Fermi arc surface states. If the crystal is cleaved such that the corners are
at (z,y) = (£L/2,£L/2) (for any z), this can be achieved by setting A; > 0 in Eq. (8.1
Since {h¥, hk} = 0, the above perturbation acts as a mass for the two dimensional Fermi
arc surface states. However, it changes sign under four-fold or C; rotation, and hence
the Fermi arcs get only partially gapped in their presence, yielding one-dimensional hinge

modes with d. = 2. The system then describes second order topological phases. The
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Figure 8.2: Energy spectra of first [second| order Dirac semimetals are shown in (a) [(b)
and (c)|]. Here, n is the index of energy eigenvalue F,. Various parameters, appearing in
Eq. , for the numerical simulation are shown in each panel. We diagonalize the tight
binding model on a cubic lattice of linear dimension L in all directions, where L = 30
for (a) and (b), and L = 20 for (c¢). The finite spectral gaps (E,,,) near zero energy in
panels (a) and (b) are solely due to finite system effects, which vanish as L — oo (see
insets). A similar gap also exists among four states (marked in red) in panel (c¢), which
also vanishes as L — oo (not shown here explicitly). Hence, the system always describes
a Dirac semimetal in the thermodynamic limit (L — o0). (d) Local density of states
(LDoS) associated with the Fermi arc surface states [see red dots in (a)], occupying the
two dimensional zz and yz surfaces (thus characterized by codimension d. = 1). LDoS
associated with four hinge modes of d. = 2 appearing in panels (b) and (c) are respectively
shown in (e) and (f). For finite Ay the energy spectra lose spectral symmetry about zero
energy, but we continue to find four hinge modes at half-filling. Figure adapted from

Ref. [227].

underlying mechanism of such systematic dimensional reduction of the topological surface
states is discussed in the Chapter [l Numerical demonstration of the hinge modes for a
second order Dirac semimetal and topological insulator are respectively shown in Figs.[8.2]
and [8.3 Note, when the crystal is cleaved in an orientation rotated by 45 degrees about
the z axis, the A; and A, terms in Eq. switch roles. In the next section we proceed to
demonstrate the emergence of HOT phases for spin-3/2 Luttinger fermions in the presence

of external strain.
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Figure 8.3: Energy spectra of first [second| order topological insulators are shown in (a)
[(b) and (c)|] with periodic (green) and open (blue) boundaries. Here, n is the index of
energy eigenvalue F,,. Various parameters appearing in Eq. , for the numerical simu-
lation are shown in each panel. We diagonalize the tight binding model on a cubic lattice
of linear dimension L = 20 in all directions. (d) Local density of states (LDoS) associated
with the Fermi arc surface states [see red dots in (a)], occupying the two dimensional xz
and yz surfaces (thus characterized by codimension d. = 1). LDoS associated with four
hinge modes of d. = 2, appearing in panels (b) and (c) [see the red dots| are shown in
(e) and (f) respectively. For finite Ay the energy spectra lose spectral symmetry about
zero energy, but we continue to find four hinge modes at half-filling. Figure adapted from
Ref. [227).

8.3 Luttinger model

Let us recall the Luttinger Hamiltonian from Eq. (4.2)), describing a biquadratic touching

of Kramers degenerate valence and conduction bands of spin-3/2 fermions

5

1
2y > di(k)Ty |,

j=1

~

hy. (k)

3
1
o > di(k)T; + (8.4)
j=1

where I's are four-dimensional mutually anticommuting Hermitian matrices, satisfying
the anticommuting Clifford algebra {I';,I'y} = 2d;%, for j,k =1,--- 5. The form of the

d-wave harmonics plays an important role in promoting higher-order topology. They are
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given by
dy (k) = V/3k,k., da(k) = 3k, k., ds(k) = V/3k,k,,
V3 1
da(k) = 7(’%2; —ky), d5(k) = 5(%3 —k; — k). (8.5)

Note d4(k) and d3(k) are analogous to the A; and A, terms in Eq. respectively. Mo-
menta k are measured from the band touching point, located at k = 0. Without the loss
of generality we set m; = my = m [which corresponds to setting o = 7/4 in Eq. (4.6)],
even though in a cubic environment m; # ms, and assume m > 0. This leads to the
familiar biquadratic band touching, described by the spectra +|k|?/(2m) for the conduc-
tion and valence bands respectively, both of which are two-fold degenerate. If we organize
the corresponding four-component spinor basis according to ¥, = (. 3,01, O 15 O 3 ),
where ¢k, is the fermion annihilation operator with momentum k and spin projection

my, then the I' matrices belong to the following representation
[V =ks®02, To=ks®o1, Ts=ko®0p, Ty=rk®0y, I's=r3®03 (8.6)

The Pauli matrices {«,} and {o,} for 4 =0,---, 3 respectively operate on the sign and
magnitude of mg. While such band touching is protected by cubic symmetry, the Kramers
degeneracy of the bands is ensured by time-reversal (7) and parity (P) or inversion
symmetries. Specifically, under the reversal of time k — —k and ¥, — I''/['3¥_,, and
T = I''['s K, where K is the complex conjugation, yielding 72 = —1, but under the
spatial inversion k — —k and Wy — W_,.

External strain modulates this unconventional band touching. While respecting the
P and T symmetries (thus maintaining the Kramers degeneracy of the bands), it reduces
the cubic symmetry of the system, and depending on its nature (compressive or tensile)
destabilizes the biquadratic band touching in favor of an insulating or a gapless phase. In
practice, strain is applied along high symmetry directions, such as Cy, and Cj, axes, and
according to the octahedral (Oy) point group is classified as E, and Tb, strains, respec-
tively [43]. We begin the following discussion with the former case, and systematically

unveil the topological properties of such time-reversal invariant strain-engineered phases.

8.4 L, strain

In Sec. we outlined some properties of the reconstructed band structure in (among
others) the nematic phases in a LSM. Since our goal is to elicit these phases by applying
strain, our previous analysis is directly applicable. Recall the parametrization of the
(two-component) £, nematic order parameter from Eq. . Analogously, the coupling

of a generic strain, transforming under the E, representation, with spin-3/2 Luttinger
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fermions is captured by the Hamiltonian

~

hgp, = A(sing I'y +cos ¢ T'5), (8.7)

g

where |A| is its amplitude and ¢ is the internal phase [119,]122]. An external strain
applied along the z direction is parametrized by ¢ = 0 (tensile) or 7 (compressive). On
the other hand, the tensile and compressive strain along the x (y) direction respectively
correspond to ¢ = 27/3 (4w/3) and 57/3 (7w/3). If we associate tensile strain with a
gapless phase (featuring Dirac points), ¢ = 0, 27/3, and 57/3 are consistent with the
same phase lockings of ¢g,, resulting in Dirac points along the 2z, z, and y directions
respectively, see Fig. [7.2] If we denote the Hamiltonian operator associated with strain

applied along the j direction as I%JLEQ, then

7 - A

hi, = |ADs sgn(A), by, = % [\/ﬁn — r5] sgn(A),

: A

hy, = —% [\/ﬁn + F5] sgn(A). (8.8)

In this notation, the tensile and compressive strain respectively correspond to sgn(A) = +
and —.

We first focus on strain applied along the z direction,

7z kz k2
hE’v: = vz[kxFQ + kyFl] + [—% + |A|sgn(A) + $:| F5

b [?(ki — K30y + \/§kmkyr3] : (8.9)

2m

which can be identified with hgor(k) (Eq. [8.3), with the following correspondence

1 - 3
B— f= 2y = —, A=A, A=A, Y3 (8.10)
m 2m
where v, = v/3k./(2m), and
1 =Dy, 72 =T, Y3 =1's, Ya =Ty, v = Is. (8.11)

The only (and important) difference is that v, vanishes for k, = 0. Otherwise, for any
finite k., the emergent topology of strained spin-3/2 Luttinger fermions directly follows
the previous discussion. For example, tensile strain along the z-direction produces a
TDSM with Dirac points located at (0,0, £k2), where k% = \/2m[A[, with compressive
strain yielding a topological insulator [43][119281}282|. We next focus on the k, = 0
plane to fully characterize the emergent topology and the resulting boundary modes of
these two phases.

In the k, = 0 plane, iLZEZ from Eq. can be cast (after suitable unitary rotation,
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see Appendix |D.4)) in a block-diagonal form H, & H_, where for o = +

2

H, = ||A] sen(A) + f—; = % (da(K)om + ds(k))] (8.12)
since it involves only three mutually anticommuting four-dimensional Hermitian matrices.
For sgn(A) = +, the k, = 0 plane hosts a trivial insulator (devoid of band inversion),
supporting no boundary modes. Therefore, the TDSM phase hosts one-dimensional hinge
modes with d. = 2 only for |k,| > kY, extended along the 2 direction, and is thus of
second-order in nature.

By contrast, when sgn(A) < 0, the k, = 0 plane is occupied by a 2D-QSHI, composed
of two superimposed copies of anomalous Hall insulators of Chern numbers C' = +2 for
opposite spin projections (0 = +), accommodating two copies of counter-propagating
edge modes for opposite spin projections that reside in the xz and yz planes. For any
finite k., on the other hand, the insulating phase supports only corner localized modes,
ultimately constituting four hinge states along the z direction. Hence, the resulting three-
dimensional topological insulator hosts both one-dimensional hinge modes (with d. = 2)
and two-dimensional edge modes (d. = 1), and thus supports mized topological boundary
modes.

We now show that irrespective of the direction of the applied strain, the effective single-
particle Hamiltonian always takes the form of iLZE;, see Eq. , after suitable relabeling of
the momentum axes and redefinitions of the mutually anticommuting I" matrices. Hence,
the above discussion is sufficient to capture the emergent topology of strain-engineered
phases in Luttinger systems. To explicitly demonstrate this in our present framework, we
continue with the F, strain, and construct the equivalent of the Hamiltonian in Eq.
for strain along the (symmetry equivalent) x direction. Introducing new sets of momenta
¢z = k., qy = ky, q¢. = k; such that g, is aligned along the z direction, and four-component

Hermitian matrices
fl == F3, fQ == FQ, Fg == Fl, f4 = <F4 + \/§F5)/2 f5 = (\/§F4 - F5)/2, (813)

such that they also satisfy the anticommuting Clifford algebra {T;, Ty} = 28, for j, k =
1,---,5, yields

~

5
S 1 _ _
1) + i, > ~5 3 (@)l + || T sen(4) (8.14)
J:

similar to iLzEE, see Eq. . Therefore, the resulting TDSM phase (for sgn(A) = +)
supports only four hinge modes along the z direction, while the insulator (for sgn(A) = —)
in addition accommodates edge mode residing on the xy and xz planes. Following similar
steps, the readers can convince themselves that the hinge modes in both TDSM and

insulating phases are aligned in the direction of external strain, when it is applied along
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the y direction, while the two-dimensional edge mode in the later phase live on the xy and
yz planes (see Appendix |D.4]). Next we proceed to discuss the effects of external strains,
applied along the Cj, or body diagonal or [111] directions, named T3, strain.

8.5 15, strain

Analogously, to the E, case, we can parametrize an external strain applied along a body
diagonal or Cs, axis just like the corresponding 75, nematic order parameter, see Eq.
and Fig.[7.1] The effective single-particle Hamiltonian capturing such a strain in a system
of spin-3/2 Luttinger fermions reads

- A
= u sgn(Al) Fl + sgn(Ag) F2 + SgH(A3) F3 s (815)

hry, NG

where |A| = /A2 + A2 + A2, with A; 53 the components of the strain along one of the

[111] direction in the z,y, 2z axes, respectively. In this notation, tensile and compres-

sive strain respectively correspond to sgn(A) = =+, where sgn(A) = H§:1 sgn(4;). To
demonstrate the effects of a T5, strain, we align it along one of the specific body diagonal,
the [1,1,1], direction, for which either (a) sgn(A;) = + (tensile) or (b) sgn(4A;) = —
(compressive), for j = 1,2,3. This yields (a) a pair of Dirac points along the [111]| body
diagonal at k = £k}, (1,1, 1), where kf}, ) = v/2m]A[/3, or (b) an insulator.

To address the emergent topology of these two phases, we introduce a new set of

momenta with ¢, || [1,1,1]

ky—ky ket ky — 2k, ket ky+ ke
qx \/5 ) Qy \/6 ’ q- \/g )

and define a new set of ' matrices satisfyig the Clifford algebra {T;,Tx} = 2§, for
j7 k=1 57

1 2 _ ry-I,—-2Iy
! 3\/§<1+ 2 3)+\/; 5]7 : \/6 7

. T —Ty+1y - T+ Ty —2I5 — V3l . T+ To+T;
3_—7 4_ ) 5_—
V3 3 V3

The resulting effective single particle Hamiltonian in the presence of an external strain

reads

. A _
h(k) + u sgn(A ZF — hr(q) + |ATs sgn(A), (8.16)

similar to ﬁZEZ, see Eq. . Hence, the resulting TDSM phase (for sgn(A) = +) hosts four
copies of hinge modes along the [111] direction. Besides such hinge modes, on the other
hand, the strain engineered insulator (for sgn(A) = —) supports edge modes localized

on two-dimensional surfaces perpendicular to the [111] direction. One arrives at similar
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conclusions when the external strain is applied along any other three body diagonal,
namely [1-1-1], [-11-1] and [-1-11], directions, see Appendix [D.4]

8.6 Summary and discussion

We find that the LSM can harbor HOT phases when it is subjected to external strains,
applied along certain high symmetry directions. Some well known members of this fam-
ily are HgTe [45], gray-Sn [47,/48|, 227 pyrochlore iridates [50,/51,/134] and half-Heusler
compounds [53H55]. In particular, we show that tensile strain gives rise to higher-order
(namely, second) topological Dirac semimetals, hosting only one-dimensional localized
hinge modes. On the other hand, compressive strain engineered topological insulat-
ing phases, besides the hinge modes also give rise to edge modes, residing on the two-
dimensional surfaces perpendicular to the direction of the applied strain. By contrast,
four hinge modes are always found in the direction of the applied strain. These boundary
modes can, at least in principle, be detected from ARPES and STM measurements, for
example. While application of strain along one of the Cj, axes, such as the z direction,
is promising in gray-Sn, for example, our findings in the presence of an external strain
along the body diagonal or [111] directions can be relevant for 227 pyrochlore iridates
(due to the natural growth of crystals in this direction) [279]. Note that the Ir d electrons
in the pyrochlore lattice are surrounded by an octahedron of O atoms, which is the dual
polyhedron of a cube. Therefore, deformations of this crystal structure have the same
splitting effect of the [ = 2 energy levels into 75, and E, orbitals.

A natural question that arises when one considers possible experimental realization of
such hinge modes, is whether the HOT phase proposed in this chapter proves stable in
the presence of disorder. This matter is clearly of high importance, as any real material
sample is inevitably littered with various impurities. In the next chapter we address this
question and examine the effects of random potential disorder or charge impurities, which

is the dominant source of elastic scattering in any real material, on a HOTDSM phase.






Chapter 9

Disordered higher-order Dirac

semimetal

In the previous chapter we proposed an experimentally feasible route to engineer a higher
order topological Dirac semimetal (HOTDSM) by applying uniaxial strain on a collection
of quadratically dispersing effective spin-3/2 fermions, constituting a three-dimensional
Luttinger semimetal. A question regarding the stability of HOT semimetals in the pres-
ence of interactions and/or disorder arises naturally. Due to a finite gap in the quasiparti-
cle spectra, while the HOT insulators are expected to be robust against sufficiently weak
interactions and disorder, their influence on gapless HOT phases demand more careful
analyses.

Here we focus on a three-dimensional HOTDSM introduced in Chapter [§, supporting
one-dimensional hinge modes in systems with open boundaries, and scrutinize its stability
when littered with pointlike quenched random charge impurities. From complementary
real space numerical analyses in periodic systems and field-theoretic momentum space
renormalization group calculation, we conclude that HOTDSM is a stable phase of matter
in the presence of sufficiently weak disorder. However, the system undergoes a continuous
quantum phase transition (QPT) into a trivial diffusive metal at finite disorder, where
the density of states (DoS) at zero energy is finite, while it vanishes in the HOTDSM. We
arrive at these conclusions from the scaling of the average DoS, computed using the kernel
polynomial method (KPM) [283] in periodic systems. The phase diagrams obtained from
these two complementary methods are shown in Figs. [9.(a) and [9.1(b), respectively,
which are in qualitative agreement. As a direct consequence of the bulk boundary corre-
spondence, the associated topological hinge modes in open boundary systems gradually
fade away with increasing randomness and completely melt into a trivial metallic bulk for
sufficiently strong disorder, as shown in Fig. [9.2] Therefore, sharp hinge localized topo-
logical modes in principle can be observed at least in weakly disordered HOTDSMs, via
angle-resolved photoemission spectroscopy (ARPES) and scanning tunneling microscope
(STM).

Moreover, numerically extracted values for the dynamical scaling exponent (DSE)
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Figure 9.1: Phase diagrams of a dirty HOTDSM extracted from (a) the scaling of DoS at
zero energy (numerically) in a lattice model [obtained from Eq. by taking A; = Ay =
t1], and (b) a leading-order RG analysis of the continuum model [Eq. (9.6)], which are in
qualitative agreement. A first-order DSM is realized along the red dashed lines (a) t; = 0
or (b) z = 0, where x = bA /v, with A(v) as the ultraviolet cutoff (Fermi velocity), and
v~ ta, b~ tia®, A ~a”! (ais the lattice spacing). When disorder W or g (dimensionless
disorder coupling in the continuum theory) is weak, HOT and first-order DSMs are stable.
But, at stronger disorder they undergo a QPT into a metallic phase, where DoS at zero
energy is finite. The blue dots in (a) are numerically obtained transition points between
DSM and metal, across which we find single-parameter scaling of DoS [Fig. . Figure
adapted from Ref. [284].

and correlation length exponent (CLE) across a broad range of parameters (that also
includes first-order DSMs) appear to be the same within the numerical accuracy [see
Table , and yield satisfactory single-parameter data collapses across the (HOT)DSM-
metal continuous QPT [see Fig.[9.3]. To this end we note that while a HOTDSM breaks
time-reversal (7)) and lattice four-fold (Cj) rotational symmetries, a first-order DSM
preserves them. Therefore, this observation in turn strongly promotes the notion of an
emergent superuniversality near a diffusive quantum critical point (QCP) in the entire
family of dirty DSMs, irrespective of their symmetries and the topological order. We

also substantiate these findings from a leading-order momentum space RG analysis, see

Sec. 0.3

9.1 Lattice model and symmetries

Our starting point is the tight-binding model for a three-dimensional HOTDSM, ob-
tained by stacking layers of 2D-QSHI along the k. axis in momentum space, exactly as
shown in Chapter . The Hamiltonian is the sum fLHOT(k) = ﬁ’g + ﬁ’f, where izlg and fL’f
are defined in Eq. . For the rest of this analysis we set m, = 0andt =ty =1t, =1 as
well as A; = Ay = t;. Then, t; = 0 again describes the first-order DSM, with the Dirac
points at k = (0,0,+%) = +K, yielding p(E) ~ |E|* scaling of DoS at low energies.
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(a) (b)

Figure 9.2: (a) Melting of topological hinge states of a HOTDSM with increasing disorder
(W) in an open boundary cubic system with linear dimension L = 18 in each direction,
obtained by averaging the local DoS over 300 independent disorder realizations. To recover
the particle-hole symmetry (on average), we switch off the I's term in the lattice model
[see Eq. ], which is not responsible for the hinge states when the crystal is cleaved
such that its four corners are at (:I:%7 i%) for any z. The critical disorder W, = 3.7£0.1 is
obtained from the scaling of average DoS in a periodic system of L = 200. The dissolution
of the hinges into the bulk sets in for W' < W, due to the finite size effects. (b) Scaling of
the hinge localization (wy,) of the topological hinge modes with increasing disorder (1),
confirming its gradual melting. Figure adapted from Ref. [284].

This system then supports ribbon like edge modes localized on the xz and yz planes [see
Fig.[8.2(d)], and two copies of Fermi arcs connecting the Dirac points on the k,k, or k,k,
plane. A first-order DSM preserves the time-reversal symmetry (TRS): T = 0y ® 70K,
where K is the complex conjugation, the parity (P) symmetry, under which r — —r and
P = 0y ® 73, as well as the (4 rotational symmetry, which sends k, — k,, k, — —k, and
is generated by R = 03 ® 73.

To achieve the 1D hinge modes, as before, we turn on the Wilson mass term ﬁ’f
by setting ¢; > 0, which results in zero-dimensional corner modes in the underlying
layers of 2D-QSHI. The collection of these states then forms the four hinges in the 3D
system, see Figs. 8.2(e) and [B.2ff). Note that the momentum-dependent mass breaks
TRS, as well as Cy rotational symmetry. Besides, the HOTDSM breaks the parity (P)
symmetry. We then define a pseudo time-reversal symmetry 7’ = PT, such that (77)? =
—1. The HOTDSM preserves such pseudo time-reversal symmetry, which in turn assures
the Kramers degeneracy of the valence and conduction bands [245]. Furthermore, the
composite CyT and C4P symmetries are also preserved by the HOTDSM. Note, however,
that the first- and second-order DSM are endowed with distinct symmetries.

As iAzlf vanishes quadratically with momentum around the Dirac points, it only re-
duces the DoS at sufficiently low energies without altering its overall p(E) ~ |E|? scaling
[Fig. [0.4(a)]. The subdominant influence of the Wilson mass on the DoS suggests that
the HOTDSM is possibly stable for sufficiently weak disorder, and enters into a metallic

phase via a QPT at finite disorder, qualitatively similar to the situation in first-order
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Figure 9.3: Top: Data collapses for p(F) in a system of L = 200. For clarity, we shift
the data sets for different values of ¢ according to log,[p(FE)|6|7"*#)] + Ay (quoted in
each panel). All data sets collapse on three branches. The semimetallic (lower) and
metallic (upper-left) branches meet inside the quantum critical regime (upper-right). For
the scaling of the DoS in these three regimes see Egs. , and respectively.
Bottom: Finite size data collapses for p(0)(= pg) inside the metallic phase. We vertically
shift the data sets for different values of ¢ according to poL?* + Ay. Figure adapted from

Ref. [284].

Dirac and Weyl semimetals [24,89,90,[106},[249-267], up to exponentially small, but de-
bated rare region effect [268-270]. Next we anchor these anticipations by implementing

the tight-binding model from Eq. on a cubic lattice with periodic boundary in each
direction and numerically computing the DoS using the KPM, and investigate the critical
properties of the HOTDSM-metal QPT. We consider pointlike charge impurities, which is
the dominant source of elastic scattering in any real material, distributed uniformly and
independently within the range [—1/2, /2] at each site of the cubic lattice. Numerically
obtained critical exponents are summarized in Table [9.1], which we use to perform a finite
energy (size) data collapse, shown in Fig. top (bottom).

9.2 Numerical analysis of density of states

To formulate the scaling theory for DoS, we concentrate around the dirty QCP at W =
W., and parametrize the reduced distance from it by 6 = (W — W.)/W,. The number of
states N(F, L) in a d-dimensional system of linear size L below some energy F is in general
a function of two dimensionless parameters, L/{ and E/E,. Here £ is the correlation
length, which diverges at the QCP as £ ~ §7%, and Fy ~ £ % is the corresponding energy
scale with v and z being the CLE and DSE respectively. Since the number of states is

proportional to L%, the functional form of N(E, L) ought to be [257

N(E,L) = (L/€)" F(E€, L[¢), (9.1)
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Figure 9.4: Scaling of DoS with (a) the Cy symmetry breaking Wilson mass (¢;), yielding
a HOTDSM, for fixed ¢ or Fermi velocity and (b) ¢ for fixed ¢; in the clean system of
L = 200 for W = 0.05. With increasing ¢; or ¢t the DoS decreases, without altering the
p(E) ~ |E|* scaling, leading to the enhancement of critical disorder strength (W) for
metallicity |[Fig. and Table 9.1]. Figure adapted from Ref. |284].

where F'(z,y) is an unknown, but universal function of its arguments. The DoS is then

given by
1 dN(E, L)

To investigate the scaling behavior of the universal function G, we consider the scaling

= 6@ G(|E|5~*, LV/*5). (9.2)

of p(F) at low energies inside the HOTDSM and metallic phases, as well as inside the
quantum critical regime around the QCP at W = W,.. For now we assume L to be
sufficiently large, such that the L-dependence of G can be neglected.

For linearly dispersing HOT Dirac fermions the DoS at low energies scales as p(E) ~
|E|%! (see Fig. [9.4) when 6 < 0 or W < W,, thus

p(E) ~ 82 (|BJo =)t = | B g b. (9.3)
By contrast, inside the metallic phase the DoS at zero energy is finite, leading to
p(E = 0) ~ §4=27(|E|672)° = §d=2), (9.4)

for & > 0 or W > W,. Lastly, at the critical point (§ = 0) the correlation length ¢

diverges, and therefore the ¢ independence of G implies
p(E) ~ 5102 (|B|5=) -2 = ||/ (95)

Since the DoS at zero energy vanishes for W < W, and becomes finite in a metal, one can
treat p(0) as a bonafide order-parameter in dirty HOTDSM to pin down the HOTDSM-
metal QPT.
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Figure 9.5: Scaling analysis of DOS in a HOTDSM (for fixed ¢; = 0.5). For fixed ¢y, as ¢
(or Fermi velocity) increases, W, increases. From Fig. [9.4| we note that for any fixed ¢ (or
Fermi velocity) as t; (determining the strength of the Cy symmetry breaking Wilson mass,
yielding the HOTDSM) increases, the DoS decreases at low energies, without altering
p(E) ~ |E|*. Concomitantly, for fixed ¢ the critical disorder W, for metallicity increases
with increasing t;. Figure adapted from Ref. .

We now proceed to extract the critical exponents, namely z and v, across the (HOT)DSM-
metal QPT by analyzing the scaling of DoS, computed using the KPM, in the following
way. We reconstruct the average DoS in a cubic system for various choices of ¢ and
t1. First, we identify the critical disorder strength W., where p(0) deviates from zero.
Subsequently, we compute (a) the DSE z from the scaling of p(F) around W = W, [see
Eq. (9.5)], and (b) the order-parameter exponent 3 = (d — z)v from the scaling of p(0)
inside the metallic phase [see Eq. (9.4)]. Finally, from the known values of z and f3, we
compute the CLE v. Below we outline the aforementioned steps of the numerical analysis
in details.

DoS. We reconstruct the DOS from the lattice model [see Eq. (8.1])] on a cubic lattice of

linear dimension L = 200 and with periodic boundaries in each direction, see first column
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of Fig. [] For each (t1,t) point in parameter space, where t; € {0,0.5,1.0,1.5,2.0}
and t € {0.5,0.75,1.0,1.25, 1.5}, we sample the disorder axis with a resolution AW = 0.1.
For convenience, we choose the disorder values such that W = nAW + 0.05, where n € Z
(integers).

Critical disorder. The first step in the analysis is to extract the critical disorder
strength W.., where the order parameter py = p(0) deviates from zero, see second column
of Fig. . In practice we find the closest value that satisfies W, = nAW, n € Z. The
shift between sampling W and determining W, ensures (without the loss of objectivity)
that no data set is exactly at § = (W — W..)/W, = 0, which would lead to divergences in
the finite energy data collapse.

Dynamic critical exponent. The dynamical critical exponent z is obtained by
directly fitting the low-energy DoS with the function p(E) ~ E¥*~! with d = 3. Again,
in practice we fit the two adjacent data sets for W = W, £ 0.05, then take the average of
the obtained values z_ and z,, which also serve as fitting error bars in the computation
of z, see third column of Fig.

Correlation length exponent. As the next step we extract the order parameter
critical exponent (3, by fitting the function py(d) ~ 6” in the metallic phase for 0 < § < 1,
where § = (W —W,)/W. is the reduced distance from the critical point and 5 = (d — z)v.
Finite size effects lead to po(W) > 0 already for W = W, resulting in py(J) not going to
exactly zero for 6 = 0, hence we introduce a non-zero intercept that is subject to fitting,
but bounded from above by the first p(d) data point, see fourth column of Fig. . Also,
we compute S4 for which the resulting curves envelope all data points that were used for
fitting. The correlation length exponent and its error bars are then computed using the
scaling relation v(4y = 8/(d—2(+)), where the final error is taken to be Av = max(v_, v;).

Across a wide range of hopping parameters (¢ and tl)H we find that z ~ 1.5 and
v = 1.0 in a periodic system with linear dimension L = 200 in each direction, which are
fairly close (within the numerical accuracy) to the ones found for first-order Dirac and
Weyl semimetals. The results of the numerical analysis are summarized in Table [9.1]
Furthermore, with the numerically extracted values of the critical exponents, we obtain
convincing data collapses by comparing p(E)|E|~*(9=2) vs E§~"# in a periodic system with
L = 200, see Fig. (top row). All data points collapse onto three curves, corresponding
to the DSM (lower ones), a metal (upper left ones) and the quantum critical regime (upper
right ones). Finally, from the same set of exponents (computed in a L = 200 periodic cubic
system) we obtain excellent finite size data collapses by comparing p(0)L9~* with L/¥§
inside the metallic phase for 100 < L < 200 [Fig. (bottom row)|. Therefore, within a
sufficiently wide range of system size 100 < L < 200 the critical exponents (v and z) do
not change within our numerical accuracy. All together our extensive numerical analyses
strongly suggest an emergent superuniversality across the DSM-metal QPT irrespective

of their symmetries and the topological order (first or second), which now we substantiate

'Due to its large volume we do not show the rest of the data sets in this work. However, they are
available from the author upon request.
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t t W. | AW, 15} Ap z Az v Av
0.50 | 2.8 | 0.1 1.47 | 0.03 | 1.50 | 0.059 | 0.98 | 0.05
0.75 134 | 0.1 148 | 0.02 | 1.52 | 0.053 | 1.00 | 0.05
0.0 1.00{39| 0.1 1.47 | 0.02 | 1.49 | 0.05 | 0.98 | 0.04
125144 | 0.1 1.43 0.02 1.50 | 0.044 | 0.95 0.04
1.50 | 4.8 | 0.1 1.41 | 0.03 | 1.50 | 0.027 | 0.94 | 0.03
0.50 | 3.0 | 0.1 1.49 | 0.02 | 1.55 | 0.025 | 1.03 | 0.03
0.75 3.6 | 0.1 1.35 | 0.02 | 1.50 | 0.057 | 0.90 | 0.05
05110041 0.1 1.37 | 0.02 1.50 | 0.048 | 0.91 0.04
1.25 145 | 0.1 1.36 0.02 1.51 | 0.048 | 0.91 0.04
1.50 | 5.0 | 0.1 1.40 | 0.02 | 1.51 | 0.061 | 0.94 | 0.05
0.50 | 3.3 | 0.1 1.63 | 0.03 | 1.50 | 0.008 | 1.08 | 0.02
0.75 139 | 0.1 1.48 | 0.02 | 1.51 | 0.046 | 0.99 | 0.04
1.0 1.00 44| 0.1 1.58 0.02 1.45 | 0.026 | 1.02 0.03
1.25 47| 0.1 1.53 0.03 1.48 | 0.022 | 1.00 0.03
1.50 | 5.2 | 0.1 1.55 | 0.04 | 1.48 | 0.008 | 1.02 | 0.03
0.50 | 3.6 | 0.1 1.63 | 0.03 | 1.51 | 0.004 | 1.09 | 0.02
0.75 4.1 0.1 1.62 | 0.03 | 1.50 | 0.002 | 1.08 | 0.02
1.5 11.00 | 46| 0.1 1.51 | 0.02 | 1.50 | 0.025 | 1.01 | 0.03
1.25 51| 0.1 1.46 | 0.02 | 1.51 | 0.021 | 0.98 | 0.03
1.50 | 5.5 | 0.1 1.55 | 0.04 | 1.50 | 0.017 | 1.03 | 0.04
0.50 139 0.1 1.66 | 0.04 | 1.50 | 0.021 | 1.11 | 0.04
0.75 44| 0.1 1.58 | 0.02 | 1.51 | 0.013 | 1.06 | 0.03
20]11.00{49| 0.1 1.47 | 0.03 | 1.51 | 0.016 | 0.99 | 0.03
125|154 ] 0.1 1.42 0.02 1.50 | 0.014 | 0.95 0.02
1.50 | 5.8 | 0.1 1.48 | 0.04 | 1.50 | 0.035 | 0.99 | 0.05
Average 1.496 | 0.026 | 1.500 | 0.030 | 0.997 | 0.036

Table 9.1: Summary of the scaling analysis for p(F) in a cubic system of linear dimension
L = 200 in each direction. Here ¢; = 0 (finite) corresponds to first- (second-)order DSM.
While the critical disorder (W,) for metallicity (a nonuniversal quantity) depends on the
hopping parameters, ¢ and ¢, [Eq. (8.1))], the critical exponents z and v are centered
around 1.5 and 1.0, respectively. This observation suggests that the universality class
of the DSM-metal QPT does not depend on the symmetry or topological order (first or
second), thereby yielding a superuniversality in the entire family of disordered DSM, in
qualitative agreement with the findings from the momentum space RG analysis. Here
AX is the fitting error of X, for X =z, 5, v.

from a leading-order momentum space RG analysis.

9.3 Renormalization group analysis

To perform the momentum space RG analysis in a dirty HOTDSM, we consider the
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following low-energy model

2 5
he(p) =v1 Y v £uspsys +b Y di(p)y, (9.6)

j=1 j=4

obtained by expanding BHOT(k) in Eq. around one of the Dirac points at +K with
p=—K + k. Here v, =ta, v3 =t,a, b=t,a*/2, and (dy,ds)(p) = (p? — p3,2p1p2). We
retain the relevant higher-order momentum terms (proportional to b), such that A (p) is
symmetry identical to the lattice models EHOT(k), and represents the correct low-energy
model for HOTDSM. The purpose of the following momentum space RG analysis is to
provide a supportive argument in favor of the numerically observed superuniversality,
resulting in (almost) identical values of the critical exponents v and z near the diffisive
QCP in the entire family of DSMs that includes both first-order (for b = 0) and higher-
order (for || > 0) DSMs.

Even though in the bare theory v3 = v, = v (for t = ¢, in the lattice model), in general
their RG flows are different when |b| > 0, as it breaks the rotational symmetry between
p, = (p1,p2) and ps. To incorporate the effects of disorder we consider the following

imaginary time (7) Eucledian action in d dimensions [24}254]

. 1
— d T o . d m
S /dT/dx\If[07+a§iha(p—> iV) @}\Iw—m d%z @ V", (9.7)

where ® is the disorder field that minimally couples to the four-component fermionic

fields (W) like a gauge field. The two-point correlator for the disorder fields in the real

and momentum space are respectively

A A

(®(2)0(y)) (®(q)®(0)) = —. (9.8)

I
As m — 0, we recover Gaussian white noise distribution. To motivate the form of this
correlation function, note that m — 0 yields a constant value in momentum space, which
corresponds to a Dirac delta function in real space, or uncorrelated disorder. The pertinent

representation of the Dirac delta function follows from the Riesz potential [285], and reads

d—a
§%(x — y) = lim (%) !

2 5 (o 2) o — [T (59)

where §%(zx) is the d-dimensional Dirac delta function. Comparing with Eq. yields
(®(x)P(y)) ~ 04(x — y) when m — 0 [254].

The scaling dimensions of momentum and frequency are [¢] = 1 and |[w] = z, re-
spectively. The scale invariance of S implies [V] = d/2, [v] = z — 1, [}] = z — 2,
and [®] = z + ne, where 7¢ is the anomalous dimension of the disorder field, yielding

[A] = 2(z +ne) — (d —m). At the clean HOTDSM fixed point z = 1 due to linearly

dispersing excitations at sufficiently low energies, and ne = 0 due to the gauge invariance
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Figure 9.6: (a) fermionic self energy and (b) vertex correction diagrams, contributing to
the leading-order RG analysis. Solid (dashed) lines represent fermion (disorder) fields.
Figure adapted from Ref. [284].

of S. Therefore [A] = m — 1 in d = 3, showing that (a) for Gaussian white noise distri-
bution (m = 0) disorder is an irrelevant perturbation at the HOTDSM fixed point (since
[A] = —1), and (b) the QPT to a metal at strong disorder can be addressed by performing
a controlled RG analysis in terms of a small parameter ¢ = 1 — m, about € = 0 for which
disorder is marginal, although ultimately we set ¢ = 1.

To derive the RG flow equations, we integrate out a thin momentum shell within
momentum Ae~* < |k| < A, where £(> 0) is the logarithm of the RG scale and A is the
ultraviolet momentum cutoff. The relevant Feynman diagrams are shown in Fig.[9.6] After

accounting for the quantum corrections up to the leading-order, the RG flow equations
read (see Appendix for details)

d’U3 —
a = gus 2fi(x) — f3(x)] = (2 — 1)vs,
%:g[—e+2(2—1)], j—:;:—:HO(xg),
3 (2) =9 () 1h) - e (910

where g = AA¢/(2m%v?) is the dimensionless disorder coupling, x = bA/v is also dimen-

sionless, and

1 [T sin @ T sin @ cos? @
R VL — [ as
fiz) 2/0 1+ 22510’ fa() /0 (1+ 22sin? 0)2’

1 /” desin39 (14 22%sin? )
0 (1+22sin*0)2

(9.11)

with Sp = sinf, Cy = cosf. Since we are interested in the leading-order RG analysis, (1)
quantum corrections are computed by setting v, = vz = v, and (2) only the engineering

dimension of x has been taken into account. The flow equation of v3 is fixed by its scaling
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dimension, yielding dynamic scaling exponent

z=1+g2fi(z) — fs(z)]. (9.12)

The flow equation for g then supports two fixed points: (1) an infrared stable one at
g = 0, describing a clean HOTDSM, and (2) an infrared unstable QCP at

9= 9. = €¢/[2(2/1(z) — f3(x))]. (9.13)

The latter one controls the QPT into a metal at finite disorder, where z =1+ ¢€/2 = 3/2
for Gaussian white noise distribution (e = 1) for any . The CLE at the dirty QCP reads

1 didg/a)

=€ 9.14
dg 9=9gx ( )

Note that (g.,z) determines the phase boundary between the DSMs and a metal [solid
blue line in Fig. [0.1[(b)|, which is symmetric about 2 = 0, as all the functions in Eq.
are symmetric under x — —x. One also obtains identical DSE z from the flow equation
of v; (see Appendix [E.5.1)).

Finally we note that the four-fold symmetry breaking Wilson mass (x) is always an
irrelevant parameter. Thus in the deep infrared regime (¢ — oo) x — 0, where f, (0) =
f3(0) = 2/3, and the velocity anisotropy becomes marginal. Consequently, the ratio v, /vs
ultimately flows to its bare value, set by the hopping parameters t and ¢,. Therefore, the
Wilson mass (z) despite breaking the TRS and C; symmetry only changes the location
of the dirty QCP (g.) without altering the universality class of the semimetal-metal QPT
(determined by v and z, see Table , giving rise to a superuniversality in the entire
family of dirty DSMs, that includes its first- and second-order cousins. Although not
guaranteed a priori, the irrelevance of x does not change even after we account for its
entire one-loop quantum correction (see Appendix [E.5.1)), which is in agreement with the
exact numerical findings that the universality class the HOTDSM-metal QPT remains
unchanged for ¢; > ¢ (Table [0.1]).

9.4 Summary and Discussion

Here we investigate the stability of a HOTDSM in the presence of quenched charge im-
purities, and identify a semimetal-metal QPT at finite disorder. While the topological
hinge modes gradually melt across this quantum phase transition in open boundary sys-
tems (Fig. [0.2)), similar to the Fermi arcs in dirty Weyl semimetals [286], we come to the
conclusion that the symmetry and topological order (first or second) does not affect its
universality class (Table , thus yielding a superuniversality in the entire family of dirty
DSMs. Since real materials are inherently dirty, the stability of HOTDSM is critical for

its experimental realization and observation of the hinge modes (via scanning tunneling
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microscopy, for example) in sufficiently clean systems. We also note that HOTDSM in
general is more stable than its first-order counterpart due to the suppression of DoS by
the Wilson mass (Fig. . In the future, it will be worthwhile to investigate the nature
of the critical wavefunctions in dirty HOTDSM, and search for measurable signatures of

the discrete Cy symmetry breaking.



Conclusions

Our main objective in the scope of this thesis was to shed light on the pattern of symmetry
breaking in nodal Fermi liquids, arising due to electronic interactions, and propose a few
simple directives that give us the correct intuition about the dominant instabilities therein.
We did this following a systematic analysis of some paradigmatic systems, featuring linear
and quadratic band touchings in two and three dimensions. For each model we wrote
down the appropriate interacting Lagrangian, containing all symmetry-allowed local four
fermion terms, and carried out a renormalization group (RG) analysis, controlled by a
suitable € expansion about the appropriate lower critical spatial dimension.

In Part [ we began with the study of emergent symmetries in various gapless fermionic
systems. In contrast to exact symmetries, emergent symmetries do not realize on all en-
ergy scales and may or may not be imposed in the Lagrangian at the bare or microscopic
level. In the context of this thesis they emerge at the infrared unstable fixed points or
quantum critical points of interaction couplings, accessed via the renormalization group
transformation. At the corresponding fixed point, order parameters that are connected by
the emergent symmetry form composite order parameters and acquire identical RG correc-
tions to the scaling dimension. In Chapter |3] we studied a collection of three-dimensional
chiral Dirac fermions, that in the noninteracting limit enjoy a global U(1)®SU(2) chiral
symmetry. Without imposing such chiral symmetry in the interacting theory, we observe
the partial or full restoration of it at various infrared unstable fixed points. Next, in
Chapter [4] we turned our attention to a three-dimensional Luttinger semimetal, where
full rotational symmetry manifests between the E, and T3, nematic phases of the corre-
sponding Oj, point group, for example, so long as we do not explicitly introduce cubic
deformations.

Besides emergent symmetries, the notion of composite order parameters also arose
with respect to adjacent competing phases, that reside next to each other in a phase
diagram, when tuning some control parameter such as the strength of interactions, tem-
perature, or chemical doping. In this context, we pronounced the selection rules and
organizing principle in Chapter [5l The selection rules tell us which local order parameters
are promoted given a dominant four fermion Hubbardlike interaction. To gain a more
symmetry-based formulation, one can restate this result in terms of order parameters of
adjacent phases forming composite order parameters, that transform under a symmetry

group that is larger than those of its constituents. However, the same symmetry en-
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largement in this case should not necessarily be attributed to the emergent symmetry of
the underlying quantum critical point. The phases preselected by the selection rules are
ordered along the temperature axis by the organizing principle, based on a generalized
energy-entropy argument. These rules manifest directly in a leading order renormalization
group calculation, as shown in Appendix[C.3.1] However, ultimately they only rely on the
exact symmetries of the system, which are independent of perturbation theory. While a
rigorous proof of the selection rules and organizing principle is lacking at the moment, in
this work we anchored their validity in several paradigmatic systems by comparing with
nonperturbative numerical works and experiments, which we mention here once again in
what follows.

To exemplify the selection rule and organizing principle, in Chapter [6] we studied in-
teracting electrons in monolayer and bilayer graphene in a parallel manner. Since these
two systems are endowed with identical microscopic symmetries, from the point of view
of the selection rules they are only distinguished by their noninteracting band struc-
ture. This gave us a unique opportunity to pin down the role of the normal state band
structure in determining the nature of the ordered phase. Besides examining each in-
teraction channel individually, we utilized the extended Hubbard model, containing on
site, nearest neighbor, and next-nearest neighbor interactions, to supply the renormaliza-
tion group analysis with microscopically motivated initial conditions. For zero chemical
doping, both monolayer and bilayer graphene support antiferromagnetic, charge-density-
wave, and quantum spin Hall insulator ordering for repulsive on site, nearest neighbor
and next-nearest neighbor interactions, respectively. For finite doping, we observed the
onset of s-wave pairing in both systems for repulsive nearest neighbor and next-nearest
neighbor interactions (accompanied by f-wave pairing for the first one). On the other
hand, due to the distinct band structure we observed the onset of £/, nematic pairing for
Dirac and singlet-Kekulé pairing for Luttinger fermions in the presence of on site repulsion
in monolayer and bilayer graphene, respectively. These phase diagrams are qualitatively
consistent with non-perturbative numerical results. Namely, a functional renormalization
group analysis in Ref. [14] found charge-density-wave and f-wave pairing for zero and
finite doping respectively, in the presence of nearest neighbor repulsion. Note that this
study considered spinless fermoins, which do not permit s-wave pairing due to the requi-
site antisymmetric electronic wave function. On the other hand, a quantum Monte Carlo
study in Ref. |16] found quantum spin Hall insulator and s-wave superconductor phases,
respectively at zero and finite doping.

In Chapter [7] we examined the effects of electronic interactions in a strong spin-orbit
coupled Luttinger semimetal, constituted by effective spin—% fermions and displaying bi-
quadratic band touching. Such model describes the normal state of several materials,
among which 227 pyrochlore iridates and half-Heusler compounds are known to exhibit
signatures of strong electronic correlations. Comparably strong spin-orbit coupling and

interactions result in interesting physical phenomena, including topological Mott insulator



and Weyl semimetal, making the Luttinger semimetal a worthwhile system of interest.
We applied our methodology of renormalization group analysis and € expansion, as well
as the proposed selection rules and organizing principle in this system. We confirmed that
Hubbardlike four fermion interactions can destabilize the quadratic band touching toward
magnetic phases, as observed in the pyrochlore iridates [39,41,42|. Besides, we successfully
captured the competition between magnetic orders and d-wave superconductivity when
tuning the chemical doping away from the band touching point in the presence of mag-
netic interactions. This observation is consistent with the phase diagram of half-Heusler
compounds [57,58|.

In the last two chapters of this thesis we deviated from interaction physics and explored
the emergent or engineered topology in nodal semimetals, as well as their stability in
the presence of disorder. In Chapter [§] we showed that eliciting nematic ordering in
a Luttinger semimetal by the application of uniaxial strain results in either a three-
dimensional topological insulator or Dirac semimetal. Tunable compressive and tensile
strain can be achieved experimentally by using a piezoelectric apparatus and gluing the
sample between the jaws of the pressure device. Alternatively, a thin film sample can be
grown on a substrate with slightly mismatched lattice constant. We argued that both
of these emergent phases host surface states residing on one-dimensional edges, which
are therefore higher-order topological in nature. In Chapter [9] we then demonstrated the
stability of the second-order Dirac semimetal phase in the presence of random potential
disorder and established that the critical exponents of the Dirac semimetal-diffusive metal
phase transition are independent of the order (first or second) of the underlying topological
system. Since the first and second order phases possess distinct symmetries, and the
corresponding surface states have different dimensionality, we called this phenomenon an
emergent superuniversality.

Topology is traditionally considered in the single particle description, where inter-
actions are often neglected. However, in contrast to topological insulators, semimetals
do not have the protection of a finite spectral gap against perturbations such as elec-
tronic interactions. A possible future direction of the work presented here is an attempt
at bringing these concepts closer together in nodal systems. The topological invariants,
though usually expressed using the band description, can be defined, for example, via
the fermionic Green’s function [287]. Interactions can leave their imprint on the Green’s
function via self energy corrections, opening the way for examining their effect on the
topological invariants. Another possible future outgrowth, following a similar spirit, is
studying the emergence of superconductivity from repulsive interactions in doped three-
dimensional topological systems. Interaction effects have been studied in Weyl and multi-
Weyl semimetals [4,/5/49//118,288-293], as well as nodal-loop semimetals [222,223294-296].
Presently, proximity effect and applied pressure represent a major avenue toward the re-
alization of superconductivity in noncentrosymmetric type II Weyl semimetals [297-300].

At the same time, there is intense search for pairing phases in nodal-loop semimetals,
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that seem to exhibit exotic phenomena, such as topological or anisotropic superconduc-
tivity [301H305]. This field is, however, still at its infancy. Moreover, our analysis of
emergent symmetries at infrared unstable quantum critical points can be directly ex-
tended to monolayer graphene. In such a system an emergent SO(5) symmetry at two
distinct quantum critical points connects the (i) antiferromagnet and Kekulé valence bond
solid and (ii) quantum spin Hall insulator and s-wave pairing orders [306]. In any case,
correlated multiband systems with nontrivial topology is a frontier of condensed matter
physics with many interesting possibilities, which can be systematically explored following

the methodology outlined in this thesis.
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The following appendices contain supplementary material to Chapters [3-9]

A.1 Three-dimensional chiral Dirac semimetal

This appendix includes complementary calculations for three-dimensional Dirac fermions
described in Chapter [3] interacting via local four-fermion terms. In the subsequent sec-
tions we present the symmetry classification of local four-fermion terms, as well as the

Fierz reduction of quartic terms for isotropic and anisotropic Dirac semimetal.

A.1.1 Symmetry classification of four-fermion interaction

Classifying the available local or density-density four-fermion terms is of crucial impor-
tance when constructing a interacting action that transforms as a scalar under all operative
symmetries. The momentum-independent four-fermion interactions for three-dimensional

Dirac fermions are captured by the quartic terms of the form
(UTT,, ) (VT 0), (15)

where 'y, = 7, ® 0, with p,v,p, A = 0,---,3. By imposing discrete parity (P), time-
reversal (7), and charge conjugation (C) symmetries, we reduce 136 possible interaction
terms to the ones where both \I/TFW\I/ and \I/TFp,\\I/ are either even or odd under P, T and
C separately, such that each quartic term is invariant under all three individual discrete
symmetries. The classification of sixteen fermion bilinears under these three discrete
symmetries is displayed in Table 2] As there are no two identical rows in this table,
there exists no interaction term that mixes any two different rows. Hence, the remaining

four-fermion terms that are invariant under P, 7 and C are

(U1, 0)? (16 of them), (16)
(T, 0) (V1T P) (12 of them), (17)

where 7 # k=1,2,3.

The number of quartic terms is further reduced when we invoke the spatial rotational
symmetry. First of all, all terms from Eq. get eliminated, as they do not transform as
scalars nor as vectors under the O(3) spatial rotations. Furthermore, rotational symmetry
organizes the terms in Eq. into four scalars (O(3) vectors) for I'o (I';), with j =

1,2, 3. Therefore, the eight symmetry allowed four-fermion terms are of the form
3
(PT,00)* and ) (UTT,,; ). (18)
j=1

In Eq. (3.8) the matrices I';9 and I'y; appear with couplings g%, g respectively. We

note that each component of I',g (I');) for 4 = 0,---,3 transforms as scalar (three-
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Table 2: Classification of 16 fermion bilinears under the discrete parity (P), time reversal
(T) and charge conjugation (C) symmetries. Here + (—) sign corresponds to even (odd)
transformation of the bilinear under a specific symmetry, and j = 1,2, 3. The fifth column
shows whether a fermion bilinear transform as a scalar (0) or a three-component vector
(1) under the spatial O(3) rotations, generated by {01, o2, Tos}-

component vector) under the spatial O(3) rotations, generated by {01, o2, los}. As
the O(3) group is isomorphic to SU(2), we can immediately conclude that the total
number of linearly independent quartic terms in an isotropic Dirac semimetal is four, the
dimensionality of the vectors I';,y and I',,;. Furthermore, we can choose four O(3) scalar
quartic terms (¥T,0¥)? as the linearly independent four-fermion interactions. Next we

explicitly demonstrate these outcomes using the Fierz identity.

A.1.2 Fierz reduction of four-fermion interaction

We perform the Fierz reduction, presented in a general manner in Sec. 2.2.1], in the
context of three-dimensional Dirac fermions. Setting D = 4 and = = y in Eq. (2.21)) we

obtain

1
(VT ) (VT ) = T (Tr T, Tl paTs) X (UIT W) (U, 50), (19)
a,B,7,0
where a, 8,7,06 = 0,---,3. In the following two subsections we reconstruct the Fierz

matrix F from Eq. (2.22)) for the isotropic and anisotropic DSM. Since these two systems
are bestowed with different symmetries, the explicit forms of the corresponding Fierz
matrices and the numbers of independent quartic terms are distinct, and are thus discussed

separately.
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A.1.2.1 Isotropic Dirac semimetal

For the isotropic Dirac semimetal there are eight symmetry allowed quartic terms, see
Eq. (3.8)), which can be organized into X according to

XT = [(\wrooxp)?, (TIT100)2, (TTTo0W)?, (U1T50)?, (20)
3 3 3 3
(U1, 0)2, S (W, )2, S (Wi, 0)2, (xwrgjqz)?] .

1 j 1

J

1 J

1 J

The corresponding eight-dimensional Fierz matrix reads as

51 1 1 1 1 11
15-1-11 1 -1-1
1-15-11-11 -1
1-1-15 1 -1-11
33 3 3 3 -1-1-1
33 -3-3-13 1 1
3-33 -3-11 3 1
3-3-33-111 3

Eso =

with R(Fiso) = 4. Therefore, the number of independent coupling constants is D(Fig,) —
R(Fiso) = 4, where D and R stand for dimension and rank respectively. Without any
loss of generality, we choose the four single-component quartic terms containing I',,9, each
of which transforms as a scalar under spatial O(3) rotations, as the independent ones,

see Eq. (3.9). The remaining four quartic terms containing I',;, which for any given p

IR
transform as a three-component vector under spatial O(3) rotations, can be expressed as

3
> (Ui 0)* = —2(U T W) — (PT100)? — (TTy W) — (TT50)?,
j=1

3
D (W, 0)° = —(PTgeW)* — 2(UT10W)* + (UTpW)* + (U0 0)?,

j=1

D (Ui 0)” = —(TTgeW) + (PT10W)> — 2(U Ty W)* + (U0 0)?,
j=1
3
Z(\Iﬁrgjxp)? = —(UITo0)? 4 (UTg0)? + (UTT5W0)? — 2(TTT40)2. (22)

j=1

Therefore, whenever we generate any one of these quartic terms through the quantum
loop corrections, it is expressed in terms of the four quartic terms appearing in Eq. .
Furthermore, the fact that an interacting isotropic chiral Dirac semimetal can be described
by only four linearly independent quartic terms is consistent with the existence of four
independent superconducting orders, tabulated in Table (last four rows).
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A.1.2.2 Anisotropic Dirac semimetals

When we introduce an anisotropy between the in-plane (v, and v,, with v, = v, = v,)
and the perpendicular or out of the plane (v,) components of the Fermi velocity, which is
germane in a tetragonal system, each three-component quartic term splits into two, with
the corresponding coupling constants splitting as gi — (gj, gi) for u =0,---,3, yielding

the interacting Lagrangian

3 2
[gJ‘Z (U7, )2 + gj(\wrﬂgxp)ﬂ. (23)

I
=0 7j=1

Lin = Zg (W'T,00)° +
pu=0 %
Hence the array (X) containing all the quartic terms reads

2
X" = |(UTel)?, (UTT100)%, (UTo0)?, (UT500)%, Y " (UT,0)%, (U1T50)?,

j=1
2 2 2
D (W), (UTT0)%, > (Wi ), (UTT9sW)%, > (Wi W)?, (UT5W)? (. (24)
7=1 7j=1 J=1

The twelve-dimensional Fierz matrix then reads

51 1 1 111111171
15-1-11 11 1-1-1-1-1
1-175-111-1-11 1 —-1-1
1-1-15 1 1-1-1-1-11 1
22 2 2 4-20-20-20 -2
Fani:1111_15_11_11_11 | (25)
22 -2-20-24-20 2 0 2
117 -1-1-11-151-11 -1
2-22-20-20 2 4-20 2
1-117 -1-11 1 -1-15 1 -1
2-2-22 0-20 2 0 2 4 =2
l1-1-11-11 1-11-1-15

and now R(F,,;) = 7. Therefore, we have five linearly independent quartic terms. The
additional coupling constant (besides g with g = 0,---,3) can be chosen to be g7, for

example, see Sec. The remaining seven quartic terms are then given by

2
D (Ui 0)” = = (WTW)* — (UiTW0)” — (WiTs5W)” + (Wi 130)7,

Jj=1

(UTTs¥)? = — (VT W)? — (T 100)? — (UIT30)2,

2
Z Ui, 0)? = — (UT00)2 — 2(TT 10 0)2 + (UiTo0)? + (VT3 0)? — (UIT130)?,
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i VT 0)? = — (UTeW)? — (U W)? 4 (UTT300)% — (UIT30)2
=1
j (T3 0)2 =(VTT 1 0)? — (UTTW)2 + (UIT30)2
22: VT3, 0)% = — (UToW)2 + (UiTyW)? — (UiT50W)? — (Ui 30)?,
_ (UTT330)% =(UTT1g0)? — (UTT3W)? + (UIT30)2, (26)

The fact that an interacting anisotropic (tetragonal) Dirac semimetal is described by five
linearly independent quartic terms can be justified from the fact that a Dirac system with
reduced in-plane rotational symmetry supports five independent local pairings, as the
three-component vector pairing Ab (see Table splits into the in-plane (with j = 1,2)
and out of plane (with j = 3) components. Similarly, one can show that in orthorom-
bic system (v, # v, # v,), an interacting Dirac semimetal is described by six linearly

independent local four-fermion interactions.

B.2 Three-dimensional Luttinger (semi)metal

This appendix contains supplementary information for the three-dimensional Luttinger
(semi)metal, described in Chapters [i] and [7] First we present computation of thermo-
dynamic and transport properties. Then, we provide additional details of the Luttinger
model, as well as show the Fierz reduction of quartic interactions explicitly. Details of

the RG flow equations and the fixed point analysis follow.

B.2.1 Specific heat and compressibility

Here we present the scaling of specific heat (Cy) and compressibility (k) in a three-
dimensional noninteracting Luttinger system, when the chemical potential (x) is placed
away from the band touching point. We begin with the expression for the free-energy

density in this system, given by (after setting kg = 1)
ET
2cosh | =X 27
=S [ G e (5] (27)

where ¢ is the degeneracy of the valence and conduction band, hence g = 2, and the

quasiparticle spectra is given by

k2
El = — + 28
K™ om TH ( )

The chemical potential and momentum (k) are measured from the band touching point.
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One can rewrite the above expression for the free energy density as

XX e (F) e

The first term is independent of temperature and not important for the thermodynamic

properties of the system. So we focus only on the second term. After proper rescaling of

variables the free-energy density becomes
9 3/2 o0 }
r=+ 70
(30)

leading to
3
f=1°? (4 §)2 [L15 (— e“/T) + Lis (—G_H/T)i| : (31)
T2

where i = /T, and Lis(2) represents the polylogarithm function of order s and argument

z. For i < 1 the free-energy density reads as

_ 52(27”)3/2 1 pt

where
¢= % (4 - \/§> ¢ (g) ~ 1.7344, b= (1 - \/5) ¢ <%> ~ 0.6049,
- = (1 NG ) (—5) ~ 0.00989. (33)

From the above expression of the free-energy density we arrive the expression for specific

heat and compressibility respectively as

O g (2m)? /ﬂ
OF [ i

From these two expressions we finally arrive at the following universal ratio

Cv/T 15(4-V2) ((5/2) _
e TR X 5y & 537611 (36)

This number is a characteristic of a z = 2 noninteracting scale invariant fixed point in

d=3.



B.2.  Three-dimensional Luttinger (semi)metal 169

25

20

Figure 7: Scaling of the universal function Fp,(x) with its argument x, appearing in the
expression for the Drude conductivity of Luttinger fermions, see Eq. . Figure adapted
from Ref. [119].

B.2.2 Dynamic conductivity

This section is devoted to disclosing some key steps of the computation of the dynamic
conductivity in a Luttinger system. We focus on an isotropic system (for the sake of
simplicity) and explicitly compute the z-component of the conductivity (o,,). Due to the
cubic symmetry 0,, = 0., = 0y, = 0 (say). To this end we use the Kubo formula and

compute the polarization bubble as a function of external (Matsubara) frequency
. e ~ . N . .
HZZ(an) = —E Z/ Tr |:72 GO (mey k) Jz X GO (me + W, k>:| ) (37>
— Jx

where e is the electronic charge, 3 is the inverse temperature and the current operator

along the z direction is given by

OHy (k, — AZ) .

1
0A a0 7T Tom [\/5 kyTy + V3 kaly + 2 k.Ts | (38)

In the spectral representation the noninteracting Greens function reads as

Go(iwmk):/“ de Ale k)

. )
oo 2T W, — €

where

A(G,k)Zﬂ'Z <1+TZchZj>5<w+,u—T%> (40)

T=%
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Components of d are shown in Eq. . After performing the analytic continuation to
real frequency 1w — w + in, we find the dynamic conductivity using the Kubo formula
S, (iw — w +in)

0..(w) = - : (41)

From the above expression we obtain both Drude and inter-band components of the

dynamic conductivity. They respectively read
2 ¢ (W H
oo, T) = €2 § (—) Vm T Fo, <T) , (42)
w+ 27
oW, T) = /m w Zi tanh< = “). (43)
The universal function Fp,(z) appearing in the expression of the Drude component is

32 [ 3/2 2 H
Fo.(z) 3 /0 du u TEi sech” (u + Tor ) (44)

The scaling of this function is shown in Fig.[7] Note, inter-band component of the optical

given by

conductivity og(w,T’) vanishes as /w as w — 0, and the LSM can be identified as a

power-law insulator.

B.2.3 Details of Luttinger model

Next we present some essential details of the Luttinger model, introduced in Sec. [1.1]
The components of a five-dimensional unit vector a(f{), appearing in the Luttinger Hamil-

tonian [see Eq. (4.2))], are given by

R R R I -
dy = ——F— = —sin20 = V3 kyk.,

1 NG 5 sin 26 sin ¢ V3 y
. Y] VB »
dy =+2—24 — “ gin20cosd = V3 kk.,

2 7 5 ¢
iy VB, -
ds = = — Osin2¢ = V3 kyk.,

3 7 5 sin? fsin 26 = V/3 Y

. Y, 2+ Y 329 =
d4:[—\/§}_§sm 0 cos2¢ = \é_ [ki—kﬂ,

. 17 o an .
d5:Y20:§(3c0s29—1):5[%3—1{5—@}, (45)

where Y = Y/™(6, ¢), d; = d;(k), and 6 and ¢ are the polar and azimuthal angles in the

momentum space, respectively. Five mutually anti-commuting I' matrices are

1 1
I‘1 - T{Jy7 <] } FQ - %{Jm JZ}? FS = ﬁ{JM Jy}a

22, Ty=i[o o, (46)

ry, = 5

m
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where {A, B} = AB + BA, and J are three spin-3/2 matrices [see also Eq. (4.4)]. The
above five I' matrices are the components of the rank-two symmetric traceless tensor

operator [122]

1 2
T,uz/ - ﬁ {Jw Jy} - g(s,uz/ J2 ; (47)

which transforms in the S = 2 representation of SU(2) under spin rotations. In the basis

specified in Sec. , the spin-3/2 matrices are defined as

0 V3 0 0 0 —V3 0 0
Sl v3 o2 0 S_ifv3a 0o =20
T2 0 2 0 31|’ Y2 0 2 0 -3 |
0 0 V3 0 0 0 V3 0
30 0 0
1lo1 0 o
J, = - 48
2100 -1 0 (48)
00 0 -3

Both d and T transform as vectors under the cubic point group (Oy), and their scalar
product yields the Luttinger Hamiltonian, an A;, quantity. On the other hand, ten
commutators I';, = [I';,T'x]/(2¢) with j > k can be expressed in terms of the products of

odd number of spin-3/2 matrices as follows

2 1 1
F45 = —% [JnyJZ + JZJny] 5 I_\12 = g [7Jz - 4‘]3} ) F13 = _g [7‘]1/ - 4‘]?5’} )
Tys = % (7J: =4}, Ta= —é (130, —4J%], Ty = {Jz, Ty =I5},
1 1 1

Ty = 12 187, =43 + S { T J; = 2}, Tu= [13Jy —4gy] =5 SUNENAS
F pr— 1 4: 3 X 2 )

15 4\/—[ 3J Jz} \/_{J Jy Z}

1

Doy = ——— [13J, — 4.3 J,, J? — . 49

25 4\/3 |: y y:| \/—{ Y)Yz x} ( )

The four-dimensional identity matrix can be written as Ty = ¢ (JZ + J;+ JZ).

B.2.4 Fierz Identity

In this section we present the Fierz reduction of the number of quartic terms for the
interacting Luttinger system. To perform this exercise for generic local density-density

interactions we introduce a siz component vector

3 5
X' { (TITow)?, > (WIT,0)% > (WD, 0)%, (U145 0)?, (50)
j=1 j=4
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3

3 5
D (WD Tus0)?, ) 0> (Wi, w) ]
j=1 Jj=1 k=4

constituted by the quartic terms appearing in Hiy, see Eq. (4.11). We recall Eq. (2.21))
and set D =4 and x = y. Then the Fierz matrix [Eq. (2.22])] reads

51 1 1 1 1
33 -33-11
2-24-220
11 -151-1
3—-13 3 3 -1
62 0—-6-24

The rank of F' is 3. Hence, the number of lienarly independent quartic terms is D(F') —
R(F) =6 — 3 = 3, where D and R are respectively the dimensionality and the rank. We
chose four-fermion interactions proportional to A\g, A\; and A3 as three linearly independent
quartic terms. The remaining three quartic terms can then be expressed in terms of linear

combinations of the above three according to

1 1 1
UIT0)? = ——(Uig)? - = UIrw)? 4 = VAAVAE
3 3 1 3 5
T 2 _ _ 2 wuta)2 - T 2 _ T 2
;(\1’ [iTysV)” = 2(\If W)=+ 5 ;(‘If L;W) ;(‘1’ L;0)%,

Therefore, during the RG analysis whenever we generate any one of the above three
quartic terms we can immediately express them in terms of the ones proportional to Ay,
A1 and Ay. Therefore, the interacting model [see Eq. (4.12))] remains closed under coarse

garining to any order in the perturbation theory.

B.2.5 Details of RG flow equations

The RG flow equations, displayed in Eq. (4.21]), are expressed in terms of the functions
H ,zm(oz, t, ), where j, k,;m = 0,1,2. For brevity we here drop the explicit dependence of
these functions on «,t and p. The functions appearing in the 8 function of g, are given
by

Hiy =2 |~ fo— Jo— 4, — 6fi] HY, =

fo—3fo—3f+3f), Hyy =

[—6]% —6f,+6f, —3ft+3ft} :

[6f0+6fg+6fg+18ft+12ﬁ] ,

= Ot | Ot
N N

0 _
HQQ_
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Y=o (2ot 50+ 30435, 4 3F] . Hh=3 [~fo—Fo— fy+ Jy— 24+ 27

(53)
The six functions appearing in the RG flow equation for g, are given by
Yy = 20+ o) 1y = 2(5h+ fo + 107, + 2, + 105, + 107,
Hhy = 2(fo— hot3fi+ ). Ha=2Ch—fo 80+ Fy— o)
Hy= U= Jy+ fim ), Ha=—2Gf+ fo= 7/~ Jy— 2. (54)
Finally, the flow equation for g, is expressed in terms of the following six functions
Hy = 2y Fy) M= 2(=30y 8o+ 3], + 8], + 3~ 37).
Hy = 280+ fot Afy + 45, 4 9f+3F), R = (-6 +6),  (59)

ng = g(QfO _f0+fg - fg - 3ft)7 H122 = ?(—fo - fg+fg+4ft +]Zt)

Note that in the above expression f; = f;(«,t, 1) and fj = fj(oz,t, w)s for j =0,t, g, and

ot = a0 3 fo (T2« o (572
1 2 1 f+ 2t f+
felont,p) = —é/dQCO;ta Z {Fsech2 ( 2;—”) — Ftanh( 2;—#)

T==%1

_ 1 sin’ a L[+t 2 f+u 2
fg(a>tv :u) - _5 /dQ ot Z |:F86Ch 2 - ﬁ tanh ( o :| : ?7
T=%1 Jj=4
2
fo(a,t,,u)——l/dQ ! Ztanh (f—i—ﬂt) T—i—ﬁ—QT (H) ] ,
20 (1) & 2t AN
_ 2 5
ft(aatau)_%/dg s @ Z tanh (f—gT'u) Y Z—j,
fu <1 - (9-‘)2> T=+1 t 1153
i 02 5 dz
F (ot ) /dQ LI, o FIOAY (fgw) +ESY o)
fPu (1 - (%)2) S— t M=
where d) = sin0dfde, f = f(a,0,¢) and
fla,0,0) = \/C082 o(d? + d% + d2) + sin® o(d2 + d2). (57)

The definition of d is already provided in Eq. 1)
In terms of f;s and fjs we can express the leading order RG flow equations for all



174

FPs (95,95, 93) x 103 EVs of SM

Gaussian (0,0,0) (—1,—1,—1)e

QCPL | (2.24,2.03,2.08)¢ | (1,-0.870,—0.704)c
QCPL | (149,1.47,1.26)¢ | (—1.075,1,—0.654)e
QCP% | (~2.93,-2.84,3.76) € | (~1.169,1, ~0.933)c
BCP% (—1.58,—-1.33,5.54) ¢ | (1.271,1,—0.527)¢
QCP} | (1.95,1.71,1.94)¢ | (1,—0.889, —0.642)e
QCP2 | (—5.98,4.80, —5.87) ¢ | (~1.131,1, —0.134)e
BCP, | (—5.60,4.97,—5.48)¢ | (—1.075,1,0.132)¢

Table 3: Three eigenvalues (EVs) of the stability matrix (SM) M (g,,9,,9,), defined in
Eq. at various fixed points (FPs) located at (g:, g5, g;), see Table . We highlighted
the +1 eigenvalue in bold font. The trivial Guassian fixed point is found for any arbitrary
value of a.

source terms [see Eq. (4.23)] as

dln AO

dl

dln A 5
T Lo2= 7 Fo = 2f5 = 1) (g0 = 591 = 292),

—92= _Z(fo + 2f5 +3f)(390 — 391 — 292),

dln A 5
2 9= —(fo = 3f)(g90 — 391 — 4g2),
dl 4
dln A 5
T 9= Z(fO —2f, +3f)(g0 + 391 — 292),
dln A 5
o 1o 1o+ 2f5 = fi)(g0 = g1+ 292),
dln A 5
= 2=+ fi)o0 +a0),
dln A% 5 . .
—t = 2= = (fo— 20y = 3£)(90 + 301 + 295),
dln A%, 5 - -
Tg —2= —Z(f() + 2fg + ft)(go — 01— 292)7
dIn A% 5 .~ .
y 4 9= —Z(fo + 3f¢)(g90 — 391). (58)

These flow equations are schematically shown in Eq. (4.24]).

B.2.6 Stability matrix analysis

To gain insight into the local structure of the RG flow trajectories in the close prox-

imity to any fixed point, we perform the stability analysis around them, as outlined in
Sec. [2.2.2.1] In the context of the 3D Luttinger semimetal, Eq. (2.27)) takes the explicit
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form
dﬂgo d/Bgl dlBQQ

d‘fé?o d‘fé?o d(fego
M (goa 915 gz) = dgglo dg911 dggf . (59)
dBg,  dBg,  dBg,

dg, dg, dg,

We classify the fixed points, located at (g, g, g), according to the number of positive
and negative eignevalues of M (g(’)", g, g;‘)

1. There exists only one fixed point at (g;‘, g%, g;) = (0,0,0) with three negative
eigenvalues (—1, —1, —1)e of the stability matrix. This fixed point, referred as Gaussian
in Table [3], is stable from all directions and represents the noninteracting stable LSM for
sufficiently weak but generic short-range interactions.

2. Fixed points possessing one positive and two negative eigenvalues for the stability
matrix are the QCPs. Such fixed points control continuous QPTs from LSM to BSPs.
Since such QPTs can be triggered by tuning only one parameter (the interaction strength
along the relevant direction, determined by the eigenvector associated with the positive
eigenvalue of the stability matrix), they are continuous in nature. Concomitantly, a single
parameter scaling emerges in the vicinity of all QCPs. The positive eigenvalue of the
stability matrix also determines the inverse of the correlation length exponent (v) at the
QCPs |[see also Sec. [4.2.4].

3. Fixed points with two positive and one negative eigenvalues for the stability matrix

are the BCPs. Typically BCPs are found when there exists more than one QCP in the

™

2
the coupled RG flow equations support two QCPs, there exists one BCP (respectively

denoted by BCPz and BCPy). Existence of such a BCP is necessary to ensure the
continuity of the RG flow trajectories. A BCP also separates the basin of attractions of

two QCPs.
A summary of the eigenvalues for the stability matrix is presented in Table 3] We

multi-dimensional coupling constant space. For example, only around o« = % and 0, when

did not find any fixed point with three positive eigenvalues of the corresponding stability

matrix.

C.3 Two-dimensional Dirac and Luttinger liquids

In what follows we present auxiliary calculations concerning the renormalization group
analysis of interacting electrons in monolayer and Bernal bilayer graphene. First, we
review the diagramatic contributions to order parameter fields. Then, we present the
Fierz reduction of quartic interaction terms. Finally, we show the explicit form of the RG

flow equations.
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C.3.1 Diagramatic contributions to order parameter fields

In this section, we review the possible one-loop contributions to the anomalous dimen-
sion of various order parameter or conjugate fields that couple to some fermion bilinear
as Ap(PTOW), in an interacting theory containing local four fermion interactions of the
schematic form g,, (UM W)2. The purpose of this exercise is to demonstrate the manifesta-
tion of the selection rules and organizing princple, introduced in Chapter [5| [see Egs. (5.2))
and ], in a one-loop perturbative calculation. We here consider one-component order
parameter and quartic interaction terms. In general, we can apply the following to multi-
component interactions and order parameters by adding the contributions from individual
pairs. In order to demonstrate the organizing principle, in this appendix we incorporate
finite temperature. However, we set chemical potential to zero. Note that the effect of
chemical doping is an increased propensity toward superconducting orders.

In the above outlined scenario there are two sources of one-loop correction to an order
parameter field, the bubble and vertex diagrams [see Fig. 2.2b) and (c) respectively],
denoted by B(t) and V(t), respectively, where ¢ is the dimensionless temperature [see
Eq. (6.26))]. The contribution from the bubble diagram reads

d
B(t) = =27 Tr Z / ¢k — [MG(iwn, k)OG (iw, k)]

n=—oo

ddk w? + g(k)
= 2T Tr Z / LT T ) “MO, (60)

n=—oo

where

+e2, i {0, H} =0,
g(k) =< -, if [0,H| =0, (61)
0, if Ay =Cuy,

where Ay (Cg) is the number of anticommuting (commuting) matrix pairs between the
order parameter and the Hamiltonian (H), w, = (2n+ 1)7T are the fermionic Matsubara
frequencies, G(iw,, k) = [iw, — H] ' is the fermionic Greens function and ¢, is the positive
eigenvalue of H (see Appendix [C.3.3). Due to the trace (Tr), B(t) is nonzero only if
O = M [selection rule (Ia), or Eq. (5.2h)].

Performing the Matsubara sum and integrating over the momentum shell Ae~* < |k| <

A, we obtain
fe(t), it {O,H} =0,

fs(t), if [0, H] =0, (62)
[fe(t) + fs(1)]/2, if Ag = Chy,

B(t) = dim(M)

2men
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L fE(t)
— fs(t)
N Lfe(t) + fs(t)]/2
OO 1 2 3

Figure 8: Functions of dimensionless temperature ¢ from Eq. , resulting from the loop
integrals at zero chemical doping. At low temperatures fg(t) dominates, while fg(t) is
small. Consequently, order parameters that fully commute with the Hamiltonian only get
renormalized through their engineering dimensions at zero temperature. Partially anti-
commuting order parameters acquire a one-loop correction proportional to the arithmetic
mean [fg(t) + fs(t)]/2. Figure adapted from Ref. [13].

[0,H]=0| {0,H} =0 | Ay=Cy=1
O=M 0 dim(M) — 1 | 3[dim(M) — 1]

= | {O,M}=0 0 1 1/2

e

S | [0,M]=0 0 -1 ~1/2

Table 4: Anomalous dimension to the one-loop order (see Fig. in units of 2mA¢ /ey
acquired by the order parameter Ap(¥TOW) in the presence of a four fermion interaction
term g,, (UVTMW)2 Here dim(M) is the dimension of the Hermitian matrix M and the
normal state band structure is described by the single-particle Hamiltonian H.

where dim(M) is the dimension of M, and

Fult) = tanh (l) O Fe(t) = Lsech? (2%) | (63)

2t 2t
The functions fp(t) and fs(t), as well as their arithmetic average are shown in Fig. [8]
Note that fg(0) = 1 and fg(0) = 0, and thus the energetically favorable fully gapped
phases dominate at low temperatures. On the other hand, at higher temperatures fg(t)
decreases and fs(t) increases, hence giving way to phases with higher entropy gain, a
manifestation of the organizing principle [rule (II) or Eq. (5.3))]. In this context recall that
while {O, H} = 0 leads to fully and isotropically gapped spectra in the ordered phase,
(O, H] = 0 yields gapless quasiparticles therein. A partially anticommuting (A = Cg)

order parameter acquires a contribution that is the average of the former two cases.
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The vertex correction yields the following contribution

V(t) = 2T i / K MG i, K)OG o, k) M)

Ak w? + g(k)
-2 Z / LTt ) ~MOM, (64)

n=—oo

where g(k) is defined in Eq. (61). After performing the Matsubara sum and the shell

integral this contribution reads
fe(t), if {O,H} =0,

V(t) =+ 1 fs(), if [0, H] =0, (65)
[fet) + fs(t)]/2, if Ay = Ch,

where the positive (negative) sign follows if O and M mutually anticommute (commute).

The above results at zero temperature can be summarized as follows.

(a) An order parameter O that fully commutes with the Hamiltonian acquires identically

zero anomalous dimension, irrespective of the interaction channel.

(b) An order parameter that fully anticommutes with the Hamiltonian acquires positive
anomalous dimension if it fulfills O = M or {O, M} = 0 [selection rules (Ia) and (Ib),
or Eqs. (5.2h) and (5.2b) respectively|, and negative anomalous dimension if it fulfills
[O, M] =0 but O # M.

(c) An order parameter that partially anticommutes with the Hamiltonian (here Ay =

Cg = 1) acquires anomalous dimension that is the average of cases (a) and (b).

These findings are also summarized in Table[dl Note since e, ~ |k|* the quantity A%/ey ~

A% = A°. Indeed at the lower critical dimension where ¢ = 0 the cutoff dependence
drops out from B(t) and V (¢).

C.3.2 Fierz reduction of local interaction terms

Here we present the Fierz reduction, outlined in Sec. [2.2.1] in the context of spinful
fermions in monolayer and bilayer graphene. There are altogether eighteen momentum-
independent quartic terms, that describe all the local quartic interactions. We report the
existence of nine linearly independent four fermion terms, which we choose, without the
loss of generality, to be the spin singlet interactions. Since we write all quartic terms in
the particle-hole basis, we here refrain from using the Nambu basis, and ¥ and W' are
eight-component spinors structured according to Eq. .

We start by organizing the interaction terms into an eighteen-component array as
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X = [XS,X"/}T, where
X° = {(\PTFOOO\I’>27 (UTT0330)%, (¥TT001 W) + (UTT032W)?, (¥TT0500)?, (U T030)2,

2 2 2 T
(PT0519)* + (UTo02¥)%, > (U050 0)%, > (WiT050)%, )~ ) (¥ rojk\pﬁ} . (66)
J=1 7j=1

7j=1 k=0,3

3 3 3
{Z \Il | Y 2,2 [y330) 2, Z [ ‘I’ Fsm‘l’ (‘I’TFOs:az‘I’)Z],

s=1 s=1 s=1
3 3 3 3 2
D (W ®)*, Y (UTes0)%, ) (U W) + (Wi ®)?, ) 0> (Wi, 0)?,
s=1 s=1 s=1 s=1 j=1
3 2 3 2 T
PBLAWR IS \Iﬁrsjk\p)?} : (67)
s=1 j=1 s=1 j=1 k=0,3

and X* and X’ contain the spin singlet and triplet quartic terms, respectively.
We now set D = 8 and = y in Eq. (2.21) and calculate the eighteen-dimensional
Fierz matrix F as defined in Eq. (2.22) to obtain

-9-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1-1
-1-91-171-11-1-11-1-11-1-11-1-11
-2 2-8-22 0-22 0-220-22 0-220
-1-1-17-9-1-1111-1-1-1-1-1-11 1 1
-1-17-1-9111-1-1-11-1-11 1 1 -1
-2 2 0-22 -82-20-220-2220 2-20

—2-2-22 2 2-80 0-2-2-22 2 20 0 0
—2-22 2 2 -20-80-2-22 2 2-200 0
4404 -4000-8-4404-400 0 0

F= (68)
~3-3-3-3-3-3-3-3-3-71 1 111111
~3-33-3-33-3-33 1-7-111-111-1
66 0-66 0-6602-2-82-202-20

-3-3-3-3-3-33 3 3 111-711--1-1-1
-3-33-3-33 3 3-311-11-7T-1-1-11
-6 6 0-66 06-602-202-2-8-22 0
-6-6-66 6 6 0 0 0 2 2 2-2-2-2-80 0
-6-66 6 6 60 00 2 2-2-2-22 0-8¢0
-1212 0 12-120 0 0 0 4 40 —44 0 0 0 -8

The number of independent quartic terms is given by D(F) — R(F) = 18 = 9 = 9,
where D and R indicate the dimensionality and the rank respectively. We can extract
the relevant equations by reordering the columns of F' and performing row reduction.

Choosing the spin singlet interactions as the independent ones we obtain nine equations
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for the triplet interactions which we can write compactly in matrix form as

311111111

13-111-111-1

2-22 2 -20 2 -20

11131 1-1-1-1
Xt:% 11 -11 3 -1-1-11 | X" (69)

2-20 2 -22-22 0

22 2 -2-2-22 0 0

22 -2-2-22 0 2 0

0 2

4-40-44 0 0

However, when nine linearly independent couplings are chosen in the spin singlet channels,
we do not generate any quartic term in the spin triplet channel via coarse grain. Nev-
ertheless, the above linear relations allow us to set the initial condition for any quartic
interaction in the spin triplet channel in the RG equations, even though they are expressed
in terms of the quartic interactions in the spin singlet channel (for example in case of the

Hubbard model), and that way construct various cuts of the phase diagrams shown in
Figs. [6.316.6]

C.3.3 Renormalization group (RG) flow equations

Here we provide further details to the RG analysis at finite temperature and chemical
doping. Finite temperature causes the previously continuous Matsubara frequency to take
on discrete values, w — w, = (2n + 1)7T', with n € Z (integers) for fermions, where T’
is the dimensionfull temperature. Using the compact notations Q0L = iw £ u, the four

distinct loop integrals read

dk 02 1 A¢
[w :T + = ——— —Jw t l
Z/ ey (B =P dme

[ dk Q.0 1 A9
L.=T § ’ 1Al
w ” / (2m)4 (2 —2)(Q2 — ) Ir e Jo(t, )i,

1k=TZ/(dk’ U

2m)d (Q2 — €2)2 4T ey

w
2

= i V; d _
T oy E g e (0

S — € 4 ep

where € = vi(k) +v3(k), with v;(k) = p;(k) and d;(k) for Dirac and Luttinger fermions,
respectively. For the definitions of these cubic harmonics see Sec. . Here €y = €j=a
is the given quasiparticle spectrum evaluated at the ultraviolet momentum cutoff A. The
functions of dimensionless temperature and chemical potential [see Eq. ] are of the
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form

sech?(H474)  tanh(E7#) ]

fulton) = 3 [ g

T==+
< 7tanh(Z74) (1 + 7 — 2p?)
Fultim) = T :
— (1 — p?)
1 sech?(1£74)  tanh(1174)
f) = - _ 2 2t }
: 1 —7tanh(X7) (1 — 7p)
f t H) =73 2L 71
Note, in the limit of zero chemical doping (but at finite temperature) they become
1 +: fE(t),
5 [fultn = 0) £ 26t = 0)] = (72)
- fS(t)v

where fg(t) and fs(t) are defined in Eq. and are shown in Fig.[8] On the other hand,
in the limit of both zero temperature and zero chemical doping the functions take on the

values

fot—=0,p—0)=1, fot—=0,up—0)=1,

frt = 0,0 —0) =, fr(t =0, —0)=—. (73)

N | —
N —

In the rest of this appendix we display the flow equations of various coupling constants
and order parameter conjugate fields, appearing in the theory of two-dimensional Dirac
and Luttinger semimetals. Let us recall the schematic form of them from Egs. (6.27) and

©-32),

dgs s s STl

T jzkgjngjk(t7u>7 (74)

dA 4

B, =0 SR (75)
l

To differentiate between the two systems, we use the notation Hj,(t, ) = M, (t, ) and
B;k(t, p) for MLG and BLG respectively. These functions are obtained by computing
the Feynman diagrams (c)-(f) in Fig. 2.1} All the terms that are not explicitly shown
are zero. In case of the conjugate fields we write out the full 3 functions, 5% (5%, ) for
MLG (BLG), which are obtained by computing the Feynman diagrams from Fig. . For
brevity, we suppress the ¢t and u dependence of the functions from Eq. .
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C.3.3.1 Monolayer graphene

The functions appearing in the RG flow equation for g in MLG are

M, = =24f, = 10f, — 2fu, Mgy =2f, —2fu, Mgy = 4f, —4fu, Miy =2f, —2f.,
M515 =2f,— 2fwa Mé(s =4f, — 4fw> M717 =4f, — 4fwa Msls =4f, — 4ﬁm

Mgy = 8f. — 8fu, My =8fc+4fy, Miy=16f; +8f,, M}, =8f, +4f.,

Mis = 8fi + 4fu, Mg =24f,+8f, — 8fi, M; = 16f; +8f,, Mls=16f; + 8.,
MY, = 32f, +16f.,, M = 8f, +8fp, Mi, =8f. —8f,, ML = 8f + 8fs,

MYy =16, + 16 f5, ML, = 16f, — 16f,.

The functions appearing in the RG flow equation for g5 in MLG are

M2, = 24f, — 12f,,, M2 = 4f, + 4f,, M2 = 4f, + 4f,, M2 = 8f., + 8.,

M7, = —8f + 8fu — 4, My =8fc+8fr, M3y =16f, — 8f,, M3y = —8fs +4f.,
M225 = =8k +4fu, M226 =24f, —8f, — 8fk7 M227 = —16fr + 8fu,

Myy = —16f; + 81, M3y =32f, — 16f., Mj, = 8f, + 8fx, M3 = 8fr — 8fx,

M = 4f, — 4fu, Mz =8f, —8f,, Mzy=16f, —16f,, Mg, = 16f; + 16 f.

The functions appearing in the RG flow equation for g7 in MLG are

M3, = —16f,,, M3 = Af, +Afn, M3 = 4f, +4f,, M, = 16f, + 16f;,

My =8f, — Afu, Miy=A4fi —4fe, Mis = 4fi+4fc, M3y =4f,, M3, = 4fi +4f,
M3 = 4y — Afe, M3y = 4f,, My = —Af,, M =16f, —16f, M3 =8f.,

M3, = —8f.,, M =4f, —Af,, M2 =4f,+4f,, M3 =8fr — 8f,

Mgy =8f, — 81.. Mgy = 8f, + 8 f.-

The functions appearing in the RG flow equation for g7 in MLG are

My = =241, —12f,, Mf; = Af, +4f0, Mg =4fu +4f0, Mgy =8f, +8f.,
My = 8f — 8fr, My = 8fi+8fy —4fu, Mgy =8fs+8fs, My =8fx+4f.,
Mys = 4f, — 4fu, Mgy = 16fi +8f,, Mg =8f, — 8f, My =8fx +4f.,

My = 24f, + 8f., — 8 fr, My, = =16, — 8., Mys = —16f; —8f.,

M} = =32fi — 16f,,, M2 = 8fy +8fp, M =16f, — 16f,, Mi = 16f, + 16f,.

The functions appearing in the RG flow equation for g in MLG are

M2, = 24f, — 12f.,, Moy = 8f., — 8fu, My =8fr + 8fx, My = —8f, +8f., — 4f.,
M3y = 8f1, — 8fp, My =4f, —4fu, My = —8f, +4f, M =16f, — 8f.,

(76)

(77)
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Mg = 8f, +8f.,, My = —8fx+4f, My =8fx +8fs, Mis=24f, —8f, — 8fk,
M2, = 16, — 8f.,, MZ = 16f, — 8f.,, MZ = —32f, + 16f,,, M3 = 8f,, + 8f.,,
M3y = 16f;, + 16 f, M3, = 16f, — 16f;.

The functions appearing in the RG flow equation for ¢g° in MLG are

M = 2f, — 2fp, MS, = 2fx — 2f, M = 8f, — 8fx, MY, = 2f, — 2f,

M5 = 2fi — 2fx, M = 8fi — 16f., — 8fr, Mf; = Afi —4fs, My = 4fi —4fs,
Mgy = 16f — 16 fx, My = Afi +4fe, My = 8f, —4fu, Mg = 4f,,

MS, = 4f, —Af,, MS =4f, +4f,, MS =Afy +4fp, MS =4f, MS = —4f,,
Mg = —8f,, M =8f.,, MS =8f,+8fr, M =S8f,+8f,, M =8Ff, —8f..

The functions appearing in the RG flow equation for g7 in MLG are

M7 =32f, — 16f,, M{; = —8fs +8f, — 4fu, Miy=8fi+8fr, Ml; = —8fi +4f.,
Mjg = 4f, — 4f,, Miy=8f, —8fr, Mi; = —8f, +8fu +8fr, My =8fx — 8,
Mgy =8f, — 8fu, Mi; =8fi+4fu, Miy=8fx —8fr, M =8fx —4f.,

Mgy = Afy + 40, My =8, +8fx, M = 24fx —8f, — 8fx, Mgy = 8/, + 8%,
M, = 8f., + 8f..

The functions appearing in the RG flow equation for g5 in MLG are

Mgy = =32, — 16f,, My =8/, +8f, — 4fu, My =8/, —8fy, M3 =4f, —4f,
Mgy = 8f, +4fu, My =8f,+8fi, Ms; =8f, —8fx, M= —8f —8f. +8fi,
My = 8f, + 80, M= —8fx +4f0, My =8fp +8fx, ME =4f, +4f,,

ME, = —8f, — Af,, M =8f, —8fy, M =8f +8fs, My =24fy +8f., — 8fs,
Mgg =8f, — 8fw-

The functions appearing in the RG flow equation for g7 in MLG are

Mgy = —16f,, M, = Afi +4fe, Mg =4fs — 4fx, Miy=8f, —4f.,
M, = Afy — Afu, My =Afu+4fi, Myy=Af,, M3 =Af, —4f.,

My = Afu +Af, M3y =16fi + 16fy, My = 4fy — Afy, M= Afx + 4fs,
My = 4fy, My = Afx+4fe, Mg = 4fi — Afx, My =8, — 4],

Mg7 =4f, + 4fw’ Mgs =4f, — 4fw7 Mgg =16f;. — 16fk-
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(81)

(82)

(83)

(84)

The RG flow equations for the conjugate fields associated with all the spin singlet
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excitonic orders in MLG are

BRy = —=2(7g; — g — 295 — g, — 9} — 295 — 295 — 29 — 4) (2 + f),
BRy = —2(g7 — 795 — 29 + g + g — 200 + 297 + 297 — 4g2) (2f — 1),

BR. =2(g: — g; — 89° + g — g + 297 — 20°) fur
BRZ =2(9°+ 95 +29; — 79+ 9> +29° — 290 — 2¢° — 49°) 2 fi + fo),
Bay = =209 + 95 — 295 + 9 — 79; — 29; — 297 = 290 + 49)) 2fx — L),

BRs = 2(9; — 95 + g; — 95 — 895 — 297 + 293) f,

BR: = =2(g; + g5 + 205 — g5 — ¢ — 297 — 892) (2f — fu),

BRy = 2097 + 95 — 295 — ¢} — g5 + 297 — 892) (2 + f),

BRs = 2(9; — 95 — 97 + 9. — 89;) fur (85)

The RG flow equations for the conjugate fields associated with all the spin triplet excitonic

orders in MLG are

BRe =29 + 65 + 207 + g5 + g5 + 207 + 297 + 207 + 467) (2 + L),

BR, = —2(g5 + g5 — 205 + 95 + &5 — 207 + 290 + 27 — 490) (2fi — 1),
BRy = 2(g} = 95 + 9} — ¢ + 29 — 26%) fo,
BRe =297 + g5 +29; + 97 + g5 + 297 — 2 — 297 — 4)(2f + fu),

BRe = —2(g5 + 95 — 205 + g} + 9 — 29; — 297 — 207 + 493) (2 — L),

BRe =209} = g5 + 9} — 9 — 295 + 262 foo,

Bar = =2(g; + g5 +29; — g; — 95 — 297)(2fi — L),

BR, = 20" + 95 — 20, — g} — 97 + 260 2fi + f),

By = 2(9; — g5 — 9; + 9) fo- (86)

The RG flow equations for the conjugate fields associated with all the local pairing orders
in MLG are

BRe = 2(97 — g5 +265 — g + g5 — 20 + 295 — 29 +495) (2 f — f.),
BRy = =29 — 9} — 205 — 9} + 6} + 297 + 297 — 29 — 4}) (2 + L),
BRe = =2(g5 + 95 — g, — ¢ + 292 + 29}) f

BK; =2(g° — g5 +2¢° — g° + g5 — 29" — 2g° +2¢° — 4g°) 2fx — ),
BRy = —=2(g] — g — 20} — g} + 6. + 29 — 207 + 29 +49)) 2fi + ),
BRe =2(—g; — g2 + g + g5 + 205 + g)) s

BRe = =29} — g5 + 2 + g} — 6% + 202 2 + fu),

BRy =200 — g — 205 + 95 — & — 200) 2 — Fo),
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BRe = =2(g; + 9, + ¢ + 9) fuo

C.3.3.2 Bilayer graphene

The functions appearing in the RG flow equation for g7 in BLG are

Bl = —24f, — 10f,, — 2f., Bl, =2f., —2f.,, Biy =4f, —4f,, B, =2f, —2f.,

B515 =2fu — wa Béﬁ =4f, — 4J;w7 B%? =4f, — 4fw7 Bés =4f, — 4fw7

By = 8fy — 8w, Bly =8fk+4fu, Bly=24fx+8f, +8fr, Bly=8fk+4f.,
Bls = 8fr +4f., Big=16f; +8f., Bi; = 16fx +8f,, Blg = 32f, + 16,
By = 8fi — 8fi. Big = 8fx+8f, Big=8fr —8fn, By =16f; + 16,

By = 16f;, — 16 f;..

The functions appearing in the RG flow equation for g5 in BLG are

B3y = 24, = 12f,, By =4f, +4fu, Bis = 4fu+4fu, Bly=8f.+8fs,

B}, = —8f +8f, — Afu, Bly=8fi —8fi, By =24f, —8f, + 8,

By, = —8fi+4f., B§5 = =8k +4/fu, B§6 = 16fr — 8fu, BS? = —16f; + 8.,
B228 = —16fx + 8 /., ng =32fr — 16 fs, Bis =4f, — 4fwv BZG =8fr — 8fk>
B2, = 8fi + 8f, B% =8f, —8f,, B% = 16f, — 16f, B2 = 16f, + 16f;.

The functions appearing in the RG flow equation for g; in BLG are

B}y =2fi+2fu, BY =2fu+2fc, Biy=8fu—16f, +8fr, Bl =2fu+2fi,
B3 = 2fy +2fi, B =8fr+ 8k, Bl =Afi+4fu, Bis=A4f, + 4fs,

Biy = 16fi + 16fx, By = 4fx — Afx, By = 8o — 4fu, Bys = 4fu, BY = 4f,
Bj = —4f., B =8f., Bl = —8f., Bl =4fc—4fs, Bl =4f,—4f.,

Bl =Af, +4f., Bl =8fi —8fy, By =8f, —8f., Bl =8Ff, +8f..

The functions appearing in the RG flow equation for g7 in BLG are

Bjy = —24f — 12f.,, Bl = 4fu+4fu, Bl = 4fu+4fu, By =81, + 8.,
By = 81, +8fu — 4fu, Bls=8fx+8fr, Byy = 8fx +4fu, Bis = 4fu — 4fs,
Bjs = 8fx — 8k, B3y = 24fi+8f.+8fc, Bz =8fc —8fx, Big =8f. — 8.,
Bjs = 8f, +4f.,, Big = 16fx +8f,, Bj, = —16f, —8f,, Bis = —16fr — 8f.,
Bjy = —32fy — 16f.,, Biy=16f, — 16y, Bay = 16f; + 16f;.

The functions appearing in the RG flow equation for ¢g° in BLG are

BS. = 24f, —12f.,, By =8f., —8f., Bl = —8f, +8f, —4f., B =8f, —8fx,

(88)

(89)

(91)
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B3, =Af, — 4f., Bhy = —8f, +4f., B3 =8fr +8fi By =8fr —8f,

Bl = 24f, — 8f., + 8k, B = 8f., +8f.,, Bl = —8fx +4f,, Bl =16f, — 8f.,

B2, =16, — 8f., B = 16, — 8f., B2 = —32f, + 16f., B3 = 8f., + 8f.,

B2y = 16, + 16 f, Bly = 16f; — 16f;. (92)

The functions appearing in the RG flow equation for g7 in BLG are

BS, = —16f,, BS. =4f, —Afy, BS = Afy —4f., BS, =16f, — 16fx, BS, = 4f, + 4fy,
B?s =4fk — 4fka 3?6 =8fuw— 4ng> BS4 =4f) — 4fka 3265 = 4fy +4fk7 Bg{; = 4f~w7

BS, = 4f, —4f.,, BS =4f, +4f,, BS, =16f, +16f,, BS =4f,, BS, = —4f,,

BS. = —8f,, BS =8f., BS% =S8fi+8f BS, =8f,+8f,, BS =8f, —8f.. (93)

The functions appearing in the RG flow equation for g7 in BLG are

B, = —32fi — 16f., Bl; = 8fi +8f, — 4fu, Big=8fu +8fr, By =8fi +4f.,

By =4fs —4fu, Bly=28fy—8fi Bl =24fi+8f, +8fi Bl =8fi—8f:,

Biy = 8f., = 8fu, Bi; = =8fv+4fu, Blg=28fs —8fk, Bl; = —8fx —4f.,

Bl =4f.+4f., Bly=8fi+8fs, Bl =—8fi—8f,—8fi Bis=8fi+8f,

Bly = 8f, +8f.. (94)

The functions appearing in the RG flow equation for g5 in BLG are

Bi = 32fi — 16, By = —8fi +8f., — Af., Bly =8fc —8fi, BS =4f, —4f.,

Bys = —8fi +4f.. BSy=8fi+8fs, B =8fi —8fu, Bis=24f, —8f, + 8/,

BS, = 8f., + 8f., B =8fx +4f,, BS =8f. +8f, BS =4f, +4f.,,

BS = 8f, — 4f., By =8fx —8fr, BY =8fx +8fk, By =—8fr+8f. — 8k,

By = 8f. — 8. (95)

The functions appearing in the RG flow equation for g; in BLG are

Bly = —16f., BY = 4fiu + 4fu, Bis = Afc — Afu, Bly=8f, —Af,, By =Afi —Af,
Byy = 4fp + 4fy, By = Af., B3, =4f, — Af., Bl =4f.+ Af., B3y =16, + 16 fy,
B}, = Afy — Afe, Bls =A4fu+4fi, Bly=4f,, BY =4fi +4fi, B =4fi — Afi,

By = 8fu = 4fu, Bl = 4fu+4fu, Bis =4fu —4fu, By = 16fr — 16 (96)

The RG flow equations for the conjugate fields associated with all the spin singlet

excitonic orders in BLG are

BRs = =22fs + £)(Tg; — g5 — 295 — g} — g — 29 — 295 — 297 — 4g),
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7,

= —2(2fk — fu)(9] — Tg; — 29, + 9] + g5 — 29° + 290 + 297 — 4g)),

Bi: = 2fu(g} — g5 — 89) + g5 — ¢ + 297 — 2g%),

BRs = 22fk + [ + 95 + 29 — Tg} + g5 + 297 — 297 — 297 — 4g7),

BRs = =22fx = f)(g] + 95 — 295 + g5 — 79 — 295 — 29 — 295 + 4g;),

Br; = 2ful9; — 95 + 9} — 9, — 8g; — 297 + 29),

Bks = 22fu + f)(08 + 95+ 295 — gF — g7 — 297 — 847,

By = —22fx — f)(g] + g5 — 29; — 9} — 65 + 29 — 843),

BRs = 2fulg} — 95 — 95 + 95 — 843 (97)

The RG flow equations for the conjugate fields associated with all the spin triplet excitonic

orders in BLG are

&,
%,
%,
&,
%,
%k,
B,
k.

ak,

=202fx + fu)(g) + g, +29] + g, + g +2g. + 297 + 297 + 4g,),

= —2(2fx — f)(g; +9; — 29, + g, + g — 2g; +2g; + 2g; — 4g;),

=2fu9; — 95 + 9, — 9, + 29 — 2g),

=2(2fx + fu)lg; + 9, +2g; +g; + 9. +29; —29] — 297 —4g)),

= —202fx — fu)(g; + 9, — 29, + g, + 9. — 29; — 29; — 2g; +4g;),

=2fu9; — 95 + 9, — 9, — 29 + 2g),

=2(2fx + fu)lg; + 9, +29; — g, — 9. — 2g.),

= =2(2fx — fu)(g; +9; — 29; — g; — g; + 29;),

=2ful9;, — 95 — 9, + 90)- (98)

The RG flow equations for the conjugate fields associated with all the local pairing orders

in BLG are

3,
3,
3,
3,
3,
3k,
3,
3k,

oL
Bk,

=202fx — f)(g° — 95 +29° — ¢ + ¢° — 2¢° + 2¢° — 2g° + 4g),

= =2(2fu + f)(g} — g5 — 290 — g + g0 + 297 + 27 — 297 — 4g7),

= —2f,(g0 + 9 — g5 — g + 290 +20),

=202fi — f)(0° — g5 + 200 — g5 + g7 — 297 — 297 + 297 — 4gp),

= =22fi+ L) (0" — g5 — 290 — g0 + g7 + 297 — 29 + 297 + 4g)),

= 2fu(—9; — 9} + 9 + 95 +29; + 290,

=202f5 — f) (g} — 9} +29; + 9} — g5 + 297),

= —22fx + f)(g} — 9 — 20} + g} — 9} — 29)),

= —=2fu(9} + 95 + 95 + 95)- (99)
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D.4 Strain-engineered higher order topology

In this appendix we provide auxiliary material to strain-engineered higher order topolog-
ical Dirac semimetal and insulator, described in Chapter [§] We demonstrate the effects
of strain applied along the y axis or a (111) direction, and show that it takes the same
form as strain applied along the z-direction, after suitable redefinition of the momentum
axes. Subsequently, we present the block-diagonalization of the Luttinger Hamiltonian in
the k, = 0 plane.

D.4.1 Effects of external strain along y axis and (111) directions

In Sec. we address the effects of £, strain applied along the z and x axes. Here,
we present some key details of analogous analysis, when the strain is applied along the y
axis, for which we introduce a new set of momentum ¢, = k,, g, = k., ¢. = ky, such that
. || [010]. Accordingly, we introduce a new set of mutually anticommuting I' matrices,

satisfying the anitcommuting Clifford algebra {T';,T[}} = 2d;; for j,k=1,---,5

_ _ _ _ 1 _ 1
Iy =T, =03, T3=0, I'y= §(F4 —V/3T), T5 = —5(\/§P4 +T5).

Under these transformations, the effective single particle Hamiltonian reads [see Eqgs. (8.4)
and (53)]

5
A

b (k) + by = —— ; 4T~ 15 [\/5 Ty + rg,} sen(A)
1 < _ _
=5 Z di(q)T; + | Al sgn(A)Ts, (100)
j=1

which takes the form of Eq. (obtained when strain is applied along the [001] direc-
tion).

In Sec. we also addressed the effects of external strain applied along one of the
specific (111) or C3, or body diagonal directions (the 75, strain), namely the [111] direc-
tion. We here display the key steps of the analogous analysis, when the strain is applied
along the other three body diagonals. First, we consider the strain applied along the
[111] direction. Then sgn(A;) = +(—), sgn(As) = —(+) and sgn(Asz) = —(+) for tensile
(compressive) strain, yielding sgn(A) = +(—) [see Eq. (8.15)]. We now introduce the

following set of momenta

ket ky k= ky+2k ke —k,— k.
qx \/§ 7Qy \/6 y 4z \/g )
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such that ¢. || [111], and a set of five mutually anticommuting I" matrices

_ 1 2 _ I +Ty—2Iy
h=—-|—0;—-TIy+4+2I +\/j1“ , Ig=———"—— 101
1 o (I'y 2 3) 3 5] 2 G (101)
o Ty4Te+Dy o D —Te+203—V30 o I -Ty-T;
F3 =, F4 - ) FB - =
V3 3 V3
such that they satisfy the anitcommuting Clifford algebra {[';, T} = 24,5 for j, k =
1,--+,5. Then the effective single particle Hamiltonian reads
A A 1 _ _
hi(k) + Wi I =Tz = Ty] sgn(A) = —o— Y di(@)T; +|A[ T5 sen(A), (102)

=1

which takes the form of Eq. .

Next we assume the Th, strain applied along the [111] direction, such that tensile
(compressive) strain corresponds to sgn(A;) = —(4), sgn(Aq) = +(—) and sgn(A;) =
—(+4), yielding sgn(A) = +(—) [see Eq. (8.5])]. We introduce the following set of momenta

ket ky, ke—k -2k —k otk —k
Qx \/5 7qy \/6 7QZ \/g )

such that ¢. || [111] and a new set of mutually anticommuting I' matrices according to

_ 1 2 _ I+ Ty + 200y
NHh=-|—%T;—-Ty—=2T —\/jl“ JTo=———"—— 103
1 372 (I'y 2 3) 3 5] 2 NG (103)
_ Dy —Te+Dy o I —Dy—203+V30 - D1 +Ty—T3
F3 = ) F4 = ) 1—\5 = )
V3 3 V3
such that they satisfy the anitcommuting Clifford algebra {[';, T} = 24, for j, k =
1,---,5. Then the effective single particle Hamiltonian reads
. A 1< _ _
hi(k) + 7 [=T1 + T = I's] sgn(A) = —o— ; dj(@)T; + [A] Ts sgn(A),  (104)

which takes the form of Eq. .

Finally, we consider the Ty, strain applied along the [111] direction, such that tensile
(compressive) strain corresponds to sgn(A;) = —(4), sgn(As) = —(+) and sgn(Aj) =
+(—), yielding sgn(A) = +(—) [see Eq. (8.5)]. We introduce the following set of momenta

7 T R ) T
qa:— \/§ aQy— \/6 7QZ— \/g 9
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such that ¢. || [111] and a new set of mutually anticommuting I’ matrices according to

_ _ I —Iy+2Iy

1 2
= — ﬁ(F1+F2+2F3)—\/;F5 R N
_ Ty 4T+, - T+, +25+V30 - Ty —Ty+ T4
F3: 3 I‘4: ) F5: 3
V3 3 V3

such that they satisfy the anitcommuting Clifford algebra {[';, T} = 24,5 for j, k =

(105)

1,---,5. Then the effective single particle Hamiltonian reads
hi(k) + 12l [T — Ty + T3] sgn(A) = _ L 25: d;j(q)T; + |A] T5 sgn(A) (106)
L \/g 1 2 3 - 2m J J 5 )

j=1

which again takes the form of Eq. .

Therefore, when the external strain is applied along any high symmetry (001) or (111)
directions, the effective single particle Hamiltonian can always be cast in the form of ﬁgz
[see Eq. (8.9)], capturing the effects of an external strain applied along the z or [001]
direction. Therefore, analysis of the emergent topology from ﬁzEz is sufficient to address

the effects of external strain, applied along any high symmetry direction.

D.4.2 Luttinger Hamiltonian in the k£, = 0 plane

The Luttinger Hamiltonian in the presence of an external strain in the z direction and on

the k., = 0 plane reads

2
i = 0) = ||8ken(d) + 5] 1 - L ors + o). on)
Recall that I's = ks ® 0¢, ['y = k1 ® 09 and I's = k3 ® 03. Since the above Hamiltonian
involves only three mutually anticommuting matrices, it can be cast in the block diagonal
form, where each block is two-dimensional. This can be accomplished by arranging the
four-component spinor basis according to ¥ = (ck%,ck’_ 1,0, %,ck,_%). Then we find
ilfg:(kz =0)=H, ® H_, where for 0 = +

2

k 1
H, = ||A| sgn(A) + ﬁ 0Ty — 3 [dy(k)m + d3(k)7s], (108)

identical to Eq. (8.12]).
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E.5 Disordered higher order topological Dirac semimetal

In this appendix we present the details of the RG analysis the context of disordered
HOTDSM.

E.5.1 Renormalization group analysis

Here we show the RG analysis of disordered HOTDSM from Sec. in details. In
what follows we focus on one of the Dirac points located at —K and take h(p) —
B(p) in Eq. for notational compactness. Such a simplification does not alter any
outcome as disorder does not couple two valleys and therefore they can be treated as
independent flavors. Moreover, the flavor number does not affect the RG flow equations
as the perturbative RG analysis does not involve any Feynman diagram that contains

fermion bubble or the flavor number [90]. The low energy Hamiltonian around the Dirac
point at —K reads [see the lattice model in Eq. (8.1))]

2
h(p) = v1 Z Lipj + vspsls + b(py — p1)Ta + b(2p1p2)Ts, (109)

j=1
where K = [0,0,7/2] and p = —K + k. Even though in the lattice model we set the
bare Fermi velocities to be equal, i.e. vh¢ = vba® (by setting t = t.), due to the C,
symmetry breaking terms (proportional to b) they receive different quantum corrections,

as the rotational symmetry between p; = (pi,p2) and ps is broken when b # 0. Recall
the Euclidean action in the presence of disorder from Eq. (9.7)). It reads as

. 1
S = /d7d3x\IIT [EL +h(p — —iV) — <1>] LRI /d3x<I>|V|m¢>, (110)

where VU is the fermion field and ® represents the (bosonic) disorder field. The fermionic

and disorder Green’s functions are respectively given by

iw + h(p) A
— d O(p)®(0)) = —.
w2+ v2p? + b2ph an (®(p)2(0)) Pl

Gliw,p) = (111)
While computing the leading order quantum corrections due to disorder, see Fig. we
set v| = v3 = v in the fermionic Green’s function.

In the Wilsonian RG procedure, we integrate out a thin momentum shell Ae™* < |k| <
A, with 0 < ¢ < 1, where A is the ultraviolet cutoff. Subsequently, we recast the action
(S) in its original form, but in terms of the renormalized or scale (¢) dependent quantities,
leading to their RG flow equations. We begin with determining the engineering dimen-
sions of various quantities in Eq. . Since momentum and frequency respectively scale
as [¢] = 1 and [w] = z, where z is the dynamic scaling exponent, the scaling dimensions
for their conjugate variables are respectively [z] = —1 and [r] = —z. The scale invariance
of the Euclidean action then implies [V] = d/2, [v] =z — 1 and [b] = z — 2.
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Note that the ® field appears in Eq. (110]) exactly as iw, consequently at the clean fixed
point it bears the same scaling dimension as 1/7, so [®] = z+ 1, where we introduced an
anomalous dimension of the disorder field 74, to allow for possible quantum corrections

arising at the disorder controlled fixed point. Imposing the above relations on the second
term of Eq. (110) we obtain

Al =2(z +ns) — (d—m). (112)

At the clean fixed point (describing a HOTDSM) z = 1 for linearly dispersing fermions at
sufficiently low energies, yielding ne = 0. Notice that the disorder field couples with the
fermionic field like a gauge field. Consequently, ne=0 always, due to the Ward identity, as
we demonstrate below for the leading-order RG analysis. In three dimensions [A] = m—1.
As seen in Eq. m = 0 corresponds to Gaussian white noise distribution, for which
disorder is irrelevant in the language of RG. On the other hand, for m = 1 disorder
becomes marginal, which motivates our € expansion in terms of a small parameter ¢ =

1 — m. Accordingly we define a dimensionless disorder coupling

AVAS

9= 553 (113)

which to leading order scales identically as A. Having established the scaling of various
quantities appearing in the action S, we proceed with evaluating the two relevant one-loop
Feynman diagrams in Fig. , namely the fermionic self energy (left) and the correction

to the fermion-disorder vertex (right).

E.5.1.1 Fermionic self energy

First we compute the contribution from the self energy diagram, given by

(i, k) A/ g Glico, ke — q)— (114)
iw, k) = ——G(iw, k —q)——.

(2m)? lq|™
Since to the leading-order the divergences in the spatial and temporal part of the self
energy are separated (no overlapping divergences), we evaluate ¥(iw,0) and (0, k) sep-
arately, and X(iw, k) = X(iw,0) + X(0, k). Let us write down the time-like component of

self-energy correction as

d’q g™
(2m)3 w2 + v2¢2 + b2¢* sin* O

S(iw, 0) = —A(iw) / (115)
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Since we compute this contribution within the Wilsonian momentum shell Ae=¢ < |k| < A,

we set w = 0 in the integrand, leading to

/Ae / e —(iw)glfi(z),  (116)

by 0)
(i, v2¢% + b2¢* sin g~

4772

where = Ab/v and fi(z) has been defined in Eq. (9.11).

Next we set w = 0 and evaluate 3(0, k), that to the k-linear order renormalizes the
Fermi velocities v; and w3, and to the quadratic order in momentum gives corrections to
b. By setting k = [k,,0,0], we collect the renormalization for both v, and b, while for
k =[0,0, k.| only vs gets renormalized. Hence, we evaluate (0, k) for these two choices

of k separately. Let us begin by taking k = [k, 0, 0] for which

-1

d3
¥(0,k) = —A/ (2733 [V*(k2 + ¢ — 2koqy) + 07 [(ky — ¢2)° — qj]Q + 46 (ky — qx)zqz]
kr —q:)'1 —q,I's — q.I’ bl(ky —qs)? — 2| Ty — 2b(ky — q,)q, T
XU[( q)T1 — g2 — q.I's] + [|(| @) — 2] Ty ( Gz)4y 5 (117)
qm

and expand the denominator up to (for now) the linear order in k,, yielding

1 2q. 263 + vk,

denom(k,) =
( ) ,U2q2 + b2qj{ ['UQQQ + b2qjl_]2

+ O(k2). (118)

Substituting the above expansion into Eq. (117)) and performing the ¢ integral yields

A (A ™ 1 vgr (v2 + 2b%¢?)
20 k) = —v, kT — dgq®> | dosine -t =
(0.k) ULzt 1 s /Aez 44 /0 i <v2q2+62q‘j (v2q% + b*q})?

= —v gl [fi(z) — fL(2)] Tk, (119)

where f| () is introduced in Eq. (9.11)).

Because of the b(k? — /f,f/) term in Eq. (109), we continue the above expansion to k2
order, which will yield quantum corrections or renormalization to b. For brevity we do not
write out the O(k?) term in the Taylor expansion, rather quote the (significantly simpler)

result after the ¢ integration, given by

A A i 1
— bkif‘4—2 dqqz/ df sin 0——
4 Ae—* 0 |q|m
(1 AP ) gt bl — (e~ 4gd)
V2% + b2t (V2@ + b2t )2 (V2@ + b2¢4)3
= —bgl [fi(z) = 2fL(x) + fu(x)] T4k2, (120)

where we introduce yet another function

1 1+ 3xtsin 0 — ( —4sin?*0)
== do 6. 121
folz) 2/0 (14 22sin* 0)3 S (121)
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If we now take k = [0, k;, 0], we obtain the above correction with an overall negative sign,

corresponding to the renormalization of b(k} — k7).

As the next step let us take k = [0, 0, k,], after which Eq. (114)) becomes

Bq v[—q.I1 — qls+ (k. — ¢.)T3] + (¢ — ¢®)Ty + 2bqq,Ts A
E(OJ{:)Z/ q3 = 12 2qy 22 : ) 31 2 <q 2 qu) 42 2 2q Gk , (122)
(2m) V(K2 + ¢* — 2k.q.) + V(g7 — q7)* + 4b°¢Zq; lq|™
and expand the denominator in k, to linear order as
1 202q. k.
denom(k,) = va + O(k?), (123)

vt 0L g + b2gl]

and like before, substitute it into ¥(0, k), which leads to

A A i 1 2032 1
¥(0,k) = —vsk, 'y — dgq® | dfsind — 2
( ) ) VU3 3 A2 /Aef qq /0 sin (quQ —l—bzqi (v2q2 +62qi)2) ’q’m
= —Uggl [fl(l') — fg(l')] ngz. (124)

Since k? does not appear in the action we have no reason to proceed to this order in the
Taylor expansion.
E.5.1.2 Vertex correction

Next we evaluate the vertex diagram, see Fig. (b) The leading divergence of this

diagram can be extracted by setting the external frequency to zero. Then the contribution

reads , X K
d Loh(k — q)Toh(k — q)T A
v(k:)=/ 4 _Loh(k—@)lohlk — @)l — 4 (125)
(2m)* [v2 (k — @)% + 02(k1 — q.)%]" la™
We now evaluate the integral for k = 0, and obtain
A dgdfq¢®sin6, _ '
V(0) = "= Ty = —%(iw, 0). 126
0 = 2 [ USEIL 17 = (oD = 2,0 (126

Therefore, the disorder field (®) does not receive any anomalous dimension (1) from
quantum corrections, according to the Ward identity. From the self-energy and vertex
diagrams, we now derive the RG flow equations for various parameters appearing in the

imaginary time Euclidean action.

E.5.1.3 RG flow equations

Let us write the dressed or renormalized fermion propagator as

G HNiw, k) = Gy (iw, k) + S(iw, k)
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2
— 7y [iw ~ Z, 00 Y Tyky = Zyvalaks — be<(k§ — )T, + zkxkyrg))], (127)
j=1

from where we read off the renormalization conditions as

Zy =1—gfi(z)l+ O£, (128)
2) = fs(@)) ] % 1+ g(201(2) - fo(@)) 0+ O(E2), (129)
| )= [o@)f] 214 9(201@) - fu@) 0+ 0@, (130)
2= 25 [1+ 9 (ulw) = 2f1(2) + fole) )]

~ 1+ g(201(2) — 2£1(2) + fola) )+ O(). (131)

Since ¢ appears in Eq. (109)) exactly the same way as iw, we can write analogously
Zy = 73" [1 - gfl(x)e} ~1. (132)

In other words, to the leading order g cancels from the renormalization of the disorder
field, and ne = 0. From Z, we can write down the renormalization condition for the

corresponding dimensionless quantity x = bA /v as
Ty =Ty In=1—1{+ g(?fl(x) —of i (x) + fb(a:))e +O(?), (133)

since Zy = (1 — (), as A — Ae~* under rescaling.

The RG flow equations are then given by

UL g (212) ~ 11(2)), (134)
L — g (200) - fs@)), (135)
T - B e (v - 1), (136)
% =gl—e+2(z—1)] (137)
=t [1+0(2h) — 202 + )] (138)

Since we are interested in the leading-order corrections to all variables, we only consider
the contribution of the first term in the flow equations of x, and neglect the quantum

corrections arising from disorder.

In Sec. [0.3] we analyzed the above flow equations by setting

dUg .
@ = (Z — 1)?]3. (139)
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Alternatively, we can choose

dd% = (z — .. (140)
Then
z=1+g[2fi(z) — fL(@)], (141)
and the dirty QCP is located at
9= 9. =¢€/[22f1(z) — fL(2))], (142)

where 2 = 1+¢€/2 and v~! = ¢. Therefore, only the location of the dirty QCP g, changes
(however, without altering its variation with x, qualitatively), which is a nonuniversal

quantity. But the universal critical exponents, z and v, are insensitive to these details.
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