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Abstract: We extend the scope of the unified factorization method to the solution of conditionally
and unconditionally exactly solvable models of quantum mechanics, proposed in a previous paper
[R.R. Nigmatullin, A.A. Khamzin, D. Baleanu, Results in Physics 41 (2022) 105945]. The possibilities of
applying the unified approach in the factorization method are demonstrated by calculating the energy
spectrum of a potential constructed in the form of a second-order polynomial in many of the linearly
independent functions. We analyze the solutions in detail when the potential is constructed from
two linearly independent functions. We show that in the general case, such kinds of potentials are
conditionally exactly solvable. To verify the novel approach, we consider several known potentials.
We show that the shape of the energy spectrum is invariant to the number of functions from which
the potential is formed and is determined by the type of differential equations that the potential-
generating functions obey.

Keywords: exactly solvable models; conditionally exactly solvable models; Schrodinger equation;
factorization method; superpotential

MSC: 81Qxx; 81Vxx

1. Introduction

Exactly solvable models play an important role in quantum mechanics. Firstly, they
are interesting in themselves as models of real physical systems. Secondly, exactly solvable
models serve as reliable zero approximations in constructing perturbation theory. However,
the number of currently known exactly solvable models is very limited [1-3], and the
possibilities of perturbation theory in quantum physics are also limited.

The exact solvability criteria are very strict and require obtaining the entire spectrum
of the Hamiltonian in closed form for all potential parameter values in closed form. This
requirement often leads to insurmountable difficulties in finding new exact solutions. In
this regard, recent research has focused on finding models for which the spectral problem
can be precisely solved—either for a small portion of the spectrum rather than the entire
spectrum or for specific values of potential parameters rather than all possible values. In
the first case, the models are called quasi-exactly solvable (QES) [4-7], and in the second
case, they are called conditionally exactly solvable (CES) [8-10]. Obviously, such models
are no less useful than exactly solvable ones. They can also be used to model real physical
situations as well as in perturbation theory.

The main approaches for solving Q(C)ES models in quantum mechanics are the
polynomial ansatz for the wave function [11,12], the canonical point transformation [13],
and the factorization method [14-17]. Note that there are types of QES potentials for which
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the Schrodinger equation is reduced to the Heun equation, whose analytical solutions
are expressed in terms of the Heun confluent functions. In this case, the spectrum can be
calculated numerically from the corresponding Wronsky determinant [18].

The most effective tool for finding solutions to exactly solvable and conditionally exactly
solvable models is the factorization method, which was introduced by Schrédinger [19-21]
and later developed by Infield and Hull [1]. The introduction of supersymmetric quantum
mechanics (SUSYQM) by Witten [22] and the concept of shape invariance by Genden-
stein [23] have greatly improved the method [24-26].

In a paper [27], a novel approach was proposed that led to the further development
of the factorization method to enable its improvement in the search for new exact and
conditional solutions of the Schrodinger equation. Within the framework of the new
approach, it becomes possible to largely unify and algorithmize the factorization method.
In [27], we demonstrated the possibilities of a new factorization method algorithm by
calculating the spectrum of exactly solvable and conditionally exactly solvable models with
potentials in the form of a single-function Laurent polynomial. We found the conditions
for the values of the coefficients of the potential and the form of the potential-generating
function under which it is possible to obtain an unconditionally exact solution.

In this study, we continued the development of a new factorization method algorithm
for solving the spectral problem of the Schrodinger equation and generalized it to the case
when the potential is constructed as a polynomial of several functions. The main idea
of the generalization is based on the previous one. The isospectral condition is imposed
on the family of partner Hamiltonians, which leads to a recurrent equation that relates
the superpotentials and energies of excited states to the ground state. The superpotential
of the ground state satisfies the Riccati equation, which relates it to the potential. The
superpotential is constructed as a linear combination of potential-generating functions,
one of which satisfies the Riccati equation, and the others satisfy the Bernoulli equation.
This again allowed us to obtain a closed system of difference equations for the parameters
of superpotentials and energy eigenvalues, which admits an exact solution. However, in
the general case, as will be shown, the spectral problem is conditionally exactly solvable.
This generalization of the algorithm significantly expands the possibilities of using the
factorization method in the search for new models that allow an exact solution.

2. Unification of the Factorization Method

Consider a one-dimensional problem and represent the Hamiltonian in the follow-

ing form:
m? d? h? x
H__2mdx2+2mx%q)<xo>' @

where the potential is represented through a dimensionless function ®(x/xg), X is the char-
acteristic length scale, and m is particle mass. It is convenient to represent the Hamiltonian
(1) in dimensionless form:

U H = — 7 + 0 (u), @)

where u = x/xg is the dimensionless coordinate.
The main idea of the factorization method is to represent the Hamiltonian in the
following form
h=a"a+e, 3)

where the operators a and a+, which are called ladder operators, have the following structure

1 eo(u), @)

d
+ _ 7 _
at = +eo(u), a=—

du
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The function @g(x), which is called the superpotential, satisfies the Riccati equation
—p(u) + @f(u) + o = P(u). )

The superpotential makes it possible to determine the wave function of the ground state

Wo(u) = Aexp(—/(po(u)du>, (6)

where A is the normalization constant. The next step in SUSYQM theory is the construction
of the partner Hamiltonian

~ 42

h = —W+¢'(u) =aa™t + ¢. (7)

The Hamiltonians partners / and h are related by the relationship ah = 71;&. This
relationship leads to the following connection of the partner potentials ®(u) and ®(u):

®(u) = D(u) + 290 (u). ®)

The SUSYQM procedure is iterated and generates a hierarchy of partner Hamiltonians.

M1 = aLlanH + ey =apa, +ey, n=0,1,2,... 9)
Here,
d d
ﬂ;f = _dT/l + (Pn(u)/ a, = du + (Pn(u) (10)

where the functions ¢, (1) are found from the following recurrent equation:

(@i F @R F P2 — P F e —en=0, n=0,12,.... (11)

Equation (11) is enough to determine the full spectrum of the Hamiltonian and the
desired superpotential.

In [27], we proposed a unified algorithm for applying the factorization method to
obtain the full spectrum of the Hamiltonian with a potential in the form of a Laurent
polynomial for a single function f(u)

2N

du)= Y weff(w), (12)

k=—2N

where wy, are the constant coefficients, and the function f(u) satisfies the Riccati equation
with constant coefficients

f/(u) = ko + ki f(u) + ko f>(u), (13)

where k;; (m = 1,2,3) are the constant coefficients. The algorithm is based on the representa-
tion of the superpotential ¢, (1) in the form of the following ansatz

N

en() = Y auff(u), (14)

k=—N

where oy, are the constant coefficients, n = 0,1,2,... The form of superpotential (14)
completely depends on the form of potential (12). Substituting superpotential (14) into
Equations (5) and (11), and potential (12) into Equation (5), considering (13), and then
equating the coefficients at the same powers of the function f leads to an algebraic system of
equations for the coefficients of the superpotentials (14) and energies of the eigenstates (see
Equation (45) in [27]). These systems of equations make it possible to find the full energy
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spectrum and coefficients of the superpotential for given values of N and the coefficients wy
(k=—-2N, ..., 2N), ky (m = 0,1,2). For arbitrary N, in the general case, as shown in [27], the
potential of the form (12) is conditionally exactly solvable, since the number of equations
for determining the coefficients of the superpotential exceeds the number of unknown
coefficients. Excessive equations lead to constraint conditions on the coefficients of potential
(12). However, in the case of N = 2, in special cases, for potential (12) it is possible to obtain
unconditional exact solutions [27], which coincide with all known, by now, exact solutions.
Note that the general form of the energy spectrum does not depend on the order N of the
Laurent polynomial in (12) but is determined by the form of the differential equation for
the potential generating function f(u).

In the following sections, we demonstrate that the method in [27] can also be gener-
alized to the case of a multiplicity of potential generating functions. This generalization
significantly expands the class of potentials, admitting an exact solution for the spectrum.

3. Generalization of the Unified Algorithm of the Factorization Method to the Case of
Two Potential-Generating Functions

We begin the generalization by constructing a unified calculation scheme for the
factorization method, which allows us to calculate the energy spectrum of the Hamiltonian
with the potential formed by two linearly independent functions fy(u) and f; (1),

@ (u) = wo + wor fo(u) + worf§ (u) + wiy fr(u) + winf7 () + go1 fo(u) f1 (u). (15)

Again, as in the scheme proposed by us in [27], let function fy(u) satisfy the Riccati
equation with constant coefficients

fo(u) = koo + ko1 fo(u) + ko2 fd (1), (16)

and the second function f; (1) satisfy the Bernoulli equation of the form

fi(u) = kq1f1(u) + ko ff (u) + Zor fo(u) fi (u), (17)

where K11, K12, o1 are the constant coefficients. Then, Equation (17) admits an exact analyti-
cal solution in quadratures

exp(kiru + Co1 [ fo(u)du)
C — xao [ exp (k1 + &o1 [ fo(u)du)du’

where constant C is found from the boundary conditions. Since function f(u) satisfies the
Riccati equation with constant coefficients (16), with an appropriate choice of dimensionless
coordinate, the following set of elementary functions for it becomes possible:

fi(u) = (18)

1 1
- — t . b 1
u, 0 exp(—u), tan(a-u+b), - (19)
When ¢y = 0, the function f1(u) has the form
—un g 0,
fi(u) = { Cexp(*Klllu)*Klz _1107& (20)
“kpurcr k=0

Table 1 presents possible types of function f1(u) obtained from Equation (18) for each
elementary function fo(u) from set (19).
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Table 1. Expressions for function f;(u) satisfying Equation (17) when choosing a function from
set (19).

f o(u)

f1w)

(Comtnmn o) e For(35))

F(u) is the Dawson function

ubore¥i (C 4 pl' (Go1 + 1, —xyu))
I'(a, u) is the incomplete gamma function

exp(—Core " + k11u) (C — kyo [ exp(—Gme " + Knu))fl

tan(au + b)

e 11" (cos(au+b)) 601/
C—xi2 [ eX11%(cos(au+b)) 01/ dy

_E”—q

u__ -1
(C exp(— (k11 + Go1/q)u)(e* — ‘I)gm/q + %zlﬂ(l/l + k11, 1+ K + 501/11,01_16”))
,F(a,b,c,z) is the hypergeometric function

Below, we show that, by generalizing the approach developed in [27] to the case of two lin-
early independent potential-generating functions satisfying differential Equations (16) and (17),
it is possible to construct an exact energy spectrum for new, nontrivial potentials (Table 1).

For potential (15), we accept the following ansatz for the superpotentials:

©n(u) = xofo + x1,nf1 + By- (21)

Assuming that the full set of functions { fo, f1, ¢, f7, fof1 } is linearly independent,
substituting the function ¢ (1) into Equation (5), and then equating the coefficients at the
same powers of the functions fy; and fj - f1, we find the following system of equations for
determining the coefficients of the superpotential and the energy of the ground state:

foi®: &0 =wo + xgokoo — B,

fo:  2a00Bo — xooko1 = Wo1,

fo &G — xookoz = woy, (22)
fi: 20q0Bp — oK1 = W1,

fi: ody— oqokin = wiy,

fo-fi: 20010 — 10801 = qo1-

To determine the eigenvalues and coefficients of the superpotential of the excited
states, we substitute ¢, (1) from (21) into Equation (11) and again equate the coefficients at
the same powers f(1 and fp - f1. Finally, after some algebraic manipulations, we obtain a
system of equations.

foi%t ent1 = en+ koo(@on + xo 1) — (B2 — Bh),

for —xor(eon + &ont1) +2(x0nt1Bus1 — %0,uBy) =0,

f& : 0‘(2),71+1 - o‘%n - KOZ(‘XO,n—H + “On) =0, (23)
fir —ku(oan + o1 1) +2(00,n41Brr1 — 1,0B,) =0,

f12 : o‘%,n+l - (X%n - Klz(“l,ﬂ+1 + ‘Xln) =0,

fo-fir —Cor(ean + o nt1) +2(on 10,0401 — X0n01,n) = 0.

Note that in the general case, the number of equations for determining the super-
potential parameters in Equations (22) and (23) exceeds the number of unknowns. This
leads to constraints on the potential parameters. Thus, the case of two independent
potential-forming functions, in the general case, leads to conditionally exactly solvable
potentials. However, in the special case, when ky; = k11 = 0, wo; = w13 =0, 3, =0,
the problem is reduced to an unconditionally exactly solvable. The system of difference
Equations (22) and (23) allows the exact analytical solution



Mathematics 2023, 11, 3822 60f 17

2
K K
o0 = 92 £\ 2 + W, &on = %o + Koz,
2
K K
o= 5 T\ Pt w, o= oo+ Kih, (24a)
7

1wy KW/ ko2 4 1 Koy
B, —{ 2, FKentan + 2 (Ko2m + &go), Koz # 0,
n — 1( w o
2 (7&1) + K01) + ko, kpz =0,

2 2
K K K K K 2 Wo1 — Ko1Wo2 / K
Wo — 1y W02 F 7 (*01 Wo2 — wOl) B ( %~ 00)('<02n+ cxop)? — i KRl 24,

K02 K02 42, K02 4(kgpn+ogg)
2
= Koo w w K oK
N wot KOO( 025102 - Kgi) a (K()]n toag T2~ ?30100) , ko2 =0, kot 20, ' (240)

2
w
wo — 74_“?012 + XpoKoo (271 + 1), ko1 =0, kg = 0.

constraint conditions :
K W1 — Kol Wop / K K, K
w4 (kion + o) “RSUEBEER 4 () — Kkqq)n 4 2L g — 1t 0610}, Koz, K12 # 0,

K12 K211+ oo Ko2 K12
) Bw+ (kin + o) | g — oo + kot + (2K01 — Kll)”}/ K12 7 0, ko2 = 0,
R T P KU LR 4 () — 2p1)n + 2 gy — Ku}, K12 =0, Koz # 0, / (240)
a9 (ko1 — k11)(2n +1) + %} ko2 =0, k12 =0,
qo1 = { % + (k2n + 0610){2%0 - %0610 + (2x02 — 501)7’!}, K12 # 0,
o10{2x00 — Go1 + 2(ko2 — Go1)n}, k12 =0.

Thus, in the case when the complete set of functions { fo, f1, f&, f2, fof1} is linearly
independent, there are two constraint conditions on the potential parameters. Although it
is not required, we selected possible parameters wq; and gg; as dependent ones.

As an example of applying the solutions obtained above, consider the mixed Hellman—
Morse potential

2  bet

o) =2+ 1(+1)

u2

£ A2 (ﬂ“ — zﬂ) + (25)
For this potential, we choose fo(u) = 1/u, f1(u) = exp(—u). Then, from (15), (16)
and (17), we obtain

wo =0, wyp = —2, wy = l(l + 1), w1 = *2?\2, w1y = }\2, qo1 = b,

, 26
Koo =0, ko1 = 0, kg2 = —1, k11 = =1, k12 =0, o1 = 0. (26)

We substitute the found parameters (26) into (24) and obtain expressions for the energy
spectrum, superpotential coefficients, and constraint conditions on the potential parameters

Xon = —1-1- n, «n= _A/ Bn = ﬁ/
_ 1
En = T . (27)

Constraint conditions : A = ﬁ +n+3, b=2A(n+1+1)

As can be seen from (27), the potential spectrum coincides with the spectrum of
the hydrogen-like potential and does not depend on the Yukawa and Morse potential
parameters given in (25). The reason for this, apparently, is the constraint conditions on the
parameters A and b (see (27))

Next, consider the case when the set of functions { fo, f1, f3, f2, fof1 } is not completely
linearly independent. In this case, the number of equations that impose constraint condi-
tions on the parameters of the potential can be reduced to one. We search for the linear
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relationship between these functions using the first integral of the system of differential
Equations (16) and (17):

1 o K k11 + o1 fo
AR 12 dfo, F= [ dfo,  (29)
f Koo + Kot fo + ko2 fE J Koo + Ko1fo + Ko2fE J

Table 2 shows possible cases leading to a linear relationship related to the selected set
of functions.

Table 2. Possible types of linear relationship between functions from a set { fo, f1, f3, f2, fof1 }-

Parameter Values Linear Dependence among Possible Choice for Possible Expressions
{fo- 1,fz,fz,f 1k Function fo(u) for the Function f1(u)
Koo = kg1 = K11 =0, fofi = &(koafo — x12f1) i T
Go1 =0 .
u —_
+
1 Zl b
K11 = Ko1,$01 = 2Kp2 ki2foft = Cfi — koo — Ko1fo — Koo fd EEu e
_ 1 o1
eliiq eui'»p
5 taln(au T b) tan(au+b)+p
koo = 0, K11 = MKy, m=2:xofoh = Cho - KOlfl.z o _m1 " eu_u
Eo1 = Koz, K12 =0 m = —1: fofy = C(xo1 + x02f0)"- et g €
m:l/z:flz:C(Kolf0+K02f5). ek, —el,l—ﬂ e /2, m
Ko1 = K11 = K12 =0, f = Clkoo + x02/3) tan(au +b) cos(a1u+b)
$o1 = Ko2
From Table 2, it can be seen that it is sufficient to consider only two cases of linear
dependence:
2 2
fi = ao +aifo+axfy, (29)
fofr =bo + bifo+ baf1, (30)
In the first case, the systems in Equations (22) and (23) are reduced to one equation
that takes the form
n=20
2
fo,1O : &g = wp + apwin + cgokeo — By — ﬂo(“%o — ®10K12),
for  2o00Bo — xpoko1 + al(o‘%o — &1oK12) = Wy = Wor + A1W12, (31a)
g ody — agokon + a2(0d) — aagKi2) = Why = Wop + A2wio,
fre 2000Bo — x10K11 = W1,
fo-fi: 2ap0c10 — ®1001 = qoi-
n>1
f01%: ens1 = en+ Koo(on + X0 ui1) — (B2 — B2) — ao(od 1 — &F, — K12(&X1n g1 + 010)),
fgi —2'<01(0¢0n 4; x0,n+1) +2(00n41Bn+1 — Oéoén Bu) + ﬂzl(“%,nﬂ — o, — Kk12(xX1 g1 + x14)) =0, (31b)
for oG — oG, — Koa(Xout1 + xon) +az(et g — f, — Ki2(ni1 + aan)) =0,
fir —kuloan + o ni1) +2(01nr1Bus1 — x1,uBn) =0,
fo-fir —Gor(oun + o nt1) +2(x0ur10,041 — X0n0,n) = 0.

Despite the complexity of the equation system, it is amenable to an exact analytical
solution.
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2 2
ﬁ<K52+4w62+\/( K%2+4w62) 716612L]61> \/K%Z +4w62i\/( K%2+4w62) 716a2q%1

— ko2
X0 ="+ 16+/a2401 ’
Qon = %o + Ko7,
2
a1, = o = jE\/ By ooy (kB gy )~ 16m03, (32a)
M - 84, ’
/ / 2
Ko1 (W —ko1Why / K2 — 0 (a1 — K012/ Ko2) )
ﬁn e 2K02 (K027’l + O(’OS) + 2(K0271+0(00) 4 K02 ?é 0’
Why +Ko1 X —A1 X,
S tEO S0 NN kg, ko =0,

en = wo + ag(wi2 — ody) + Kooooo + Koo (2007 + Kea1?) — B2 (32b)

Constraint condition :

/o / — 2 _
) 0‘10{K01(K02” + o) — (21 + D)kyg + (why — oWy, / Koz — oy (a1 — ka2 / Ko2) ) }, kop £ 0, (320)
1 —

K02 (K02n+060(])

/ 2
oty (W +Ko1 Xoo—a1 %)
200

+ 219 (Ko1 — K11)7 — &q0K11, Koz = 0.

When solving the system of equations, we set k1 = 0 (see Table 2).
As an example, consider a potential of the form

_usinh(u) — A

®) cosh?(u)

(33)
The exact solution for this potential is found in [3,24]. For this potential, we choose
the potential-generating functions fy = tanh(u), fi(u) =1/ cosh(u), which are related

by the dependence of the form (29): f2 =1 — f2. As a result, for potential (33) we obtain
the following values for the input parameters:

woy = —)\, w1 = 0, wWo2 = )\, w11 = 0, w1y = O, qu = U,
Koo =1, ko1 =0, ko2 = —1, k11 = 0,k12 =0, §o1 = -1, (34)
aozl,alzo,azz—l.

Substituting these parameters into solutions (32), we obtain

X0 = —%+}L\/2+87\+2\/16u2+ (4A +1)%,

O‘O,l’l = Xgo — 1,

A = 00 = — V2 =, (35)
\/1+4?\+\/16uz+(4)\+1)

Bn = O/

en =M — (oo — n)%

There are no constraints on the parameters of the potential, so potential (33) is uncon-
ditionally exactly solvable.
Next, consider case (30). The system of equations in this case is also solvable and has

the form
n=20
fo1%: €0 = wo + bogor + cxookoo — BE — 2booxgoar,
fo:  2000Bo — Xookor + 2b1xpox19 = W, = wo1 + biqot, (36a)

2. 2 _
fo: oGy — XooKo2 = Wo2,

. _ !
f12- 20261()[30 — aqoK11 + 2brxgo 1o = wyy = w11 + baqor,
fi:  oqg— XK1 = Wi,
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n>1
fo1%: enp1 = €n + koo(Xon + Xoui1) — (Baig — BR) — 2b0(X0n11X1,n41 — X0001),

for —xor(oon + o0 ui1) +2(X0,u1Bnr1 — %0,nBn) + 2b1(X0n11%1,041 — X0n01,n) =0, (36b)
foz : o‘%,nﬂ - O%n — ko2(@on41 + oon) =0, ’
fio —xa(oan +aug1) +2(x1n41Brs1 — ®1,uBu) +2b2(X0n4 100,041 — XouX1,n) =0,
Tooof, g — o, — k(g + o) = 0.
The system of Equation (36) again admits an exact solution that has the form
Ko2 Koo K1p K1
xpp = 2 £\ +Wo2, Xop = Xoo + Ko, 0 = 52 A\ 4+ W2, 1, = o0+ Koo,
—2b 01— /
B — by ((x?fioiu - “10) + %(Km" +0tg0) + TGRSR, kop # 0, (37a)
n 0t —2b
PRI - (koy — bikia)n, ko2 =0,
en = Wo + bogo1 + oo (Koo — 2box10) + 2( koo (o0 — bok12) — bocgkoz)1 + Koo (Koo — 2bokin)n® — B2, (37b)

Constraint conditions :
ko1 —2bq K wh. — KW/ K
h(oq:gol?z _ 0610) + (ko1—2b 12)(K02n+ o) + LKt/ K

K12

2K 2('</02"+0¢00)

K12

XK K11 —2bo K Wiy — K11 W12/ K12
:bz( 10K02 _0(00) +( n-2b 02)(K12”+0¢10)+ 11 Koo, K12 # O,

!
wi; + ko1 oo —2by xxpp 10

2(kpan+ocgg) 7

20

K12

K02

/
wo1 + Ko1 oo —2b1 xxgp 10

+ (kg1 — bikp)n =

2 xX00

= b2(M — cxoo) + (Kl%lbj'(m)(lqzn + ot0) + %m, Koz = 0,K12 # 0, (37¢)
= %(% + K11 — 252%0) + (k11 = bako2)n, ko2 7 0, k12 =0,
+ (ko1 — bikio)n = %(% + K11 — 2sz>¢00> + (k11 — bako2)n, ko2 =0, k12 =0,
As an example, consider the soft-core Coulomb potential in three dimensions
S L e Gt )} (38)

U u+p u?

The exact solution for this potential in terms of the wave -function ansatz is considered
in [12,28]. Here, we present results for this potential that are different from the results
given in these papers. For this potential, we choose fo = 1/u, f; =1/(u+ ), which are
connected by relationship: fof1 = (fo — f1)/B- For potential (38), we obtain the following
values for the input parameters

wo =0, w61 =A, ZU62 = l(l + 1), wﬁl = —u, wip =0,g90 =0,
Koo = 0, ko1 = 0, koo = —1, kK11 = 0, k12 = =1, §o1 =0, , (39)
bO = 0/ bl = Bilr b2 = _Billb3 =0.

We substitute parameters (39) into solutions (37) and obtain

oo =—(m+1+1), oy,=—(n+1),

By = smrtiay

n = 22n+i+2)’

£, = —p2 = ——=A , (40)
" n 4(2n+1+2)?"
constraint condition : f = 2(11:(171)-(:;1[1;:1—)7\((2::1[;2)

Comparing the results (40) with those [12] for potential (38), we see that there is a
difference in the constraint conditions for excited states. To determine the true constraint
condition, apparently, it is necessary to perform a numerical solution of the Schrodinger
equation. We note that in [15-17], using a numerical solution of the Schrodinger equation
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for some potentials, it was shown that the results of the wave-function ansatz method
used in [12] do not agree with the numerical results for all excited states, in contrast to the
superpotential ansatz method, which was used in this study.

Using the example of the soft-core Coulomb potential (38), we discuss the physical
meaning of the results obtained. Potential (38) was proposed in [29] for modeling Coulomb
screening in an atom. The authors of [29], using potential (38), within the framework of
nonperturbative analysis, found approximate values for the energies of atoms, which are in
excellent agreement with the experimental results.

Potential (38) at A = 2Z, p = 2Z’is a simple model of Coulomb screening with a
repulsive center. In this case, screening is provided by introducing an additional effective

charge equaling —Z'e
V4 z/

Here, E;, = h?/ ma% is a characteristic energy scale, u = r/ap, and A; = 1/p is a
screening parameter in dimensionless units. Figure 1 shows the graphs of potential (41)
for different values of the screening parameter As and the parameter is equal to 6§ = Z'/Z.
As can be seen in Figure 1b, potential (41) at Z’ > Z has a characteristic minimum at
ro = ag/As(v/0 — 1). The exact energy spectrum for potential (41) follows from (40):

(z-2')

Ey = —Ep—o—2)
& "on+ 1427

(42)

But, for certain values, for example, the Z’ parameter, which are found from the constraint
condition (see (40)),
Z(n+1)

I _ _

(43)

— W) for A =1 W(u) for 6=0.5

— Wu) for L =0.5 L5 - N(u) for 6=1.5
08 | - W(u) for 6=3
Mu) for 2 =0.01 ol V(u) for 6=5

6=0,9 A=0.5

V(u)E,Z
V(W)E,Z

u=rlay

(a) (b)

Figure 1. Coordinate dependences of the screened Coulomb potential (41) for different values of
screening parameter As (a) and parameter 6 = Z'/Z (b).

The text continues in Figure A1 and Table 2.
Therefore, for the ground state and the first excited state, from (42) and (43), we obtain

(z-2)?

. = Bz (44)

Eqo = —Ej,

2 2
_E, 2240

z-7'
Ey = _Eh( 16 )2

_ 7! _ 2, (45)
Ey = _Eh(ZZSZ) _ _Eh(Z 87\5)
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For s states, from (42) and (43), we obtain

7 2
Ewo = —Ej <n—|—1 —As(n+ 1)) ’ (46)

n=012, .., 10,=+2Z/A —1.

The results for the soft-core Coulomb potential (screened Coulomb potential) (42)-(46)
are required in plasma physics to compare the approximate values of energy levels obtained
for potential (41), for example, using perturbation theory with respect to the screening
parameter or an accurate estimate of the screening parameter from experimental data.

Note that it is required to include A = —2Z, p = —2Z' in (38) when modeling
screening in atoms having an attractive center. In this case, the exact solution is only feasible
for a negative screening parameter value, as is evident from the constraint condition in
(40). This difficulty can be overcome, for example, in case u << 3 = 1/A;, representing the
screened Coulomb potential (41) in the form

27
V(u) ~ E, (u +2Z's (1 — Astt + A§u2)>, (47)

where Ej, = m,c>a® = 27,211 eV is the Hartree energy, and « is the fine structure constant.

Potential (47) also admits an exact solution via the algorithm described in [27] with one
potential-generating function f(u) = u or via the algorithm presented in this article by
choosing fo(1) = 1/u and f1(#) = u. In this case, the problem is also conditionally exactly
solvable, and the energy spectrum and the constraint condition have the form

2
E, = —E, ((n—j—l—l)z — 20 Z' 4+ AsV/2AsZ! (41 + 21 +3)>,

) 272
Az = (n+1+1)2

/ (48)

Note that potentials (41) and (47) are special cases of a more general screened Coulomb
potential taken in the form

V(u) = —ZZL; Ei i a(Asu)F, (49)
k=0

which was proposed in [30] to analyze screening effects. As demonstrated in [27], the
spectral problem also enables one to obtain a conditionally exact solution within the unified
approach based on the factorization method if the series in (49) is approximated using a
finite polynomial.

4. Generalization of Unified Algorithm of Factorization Method to the Case of Many
Independent Potential-Generating Functions
The aforementioned approach for using the factorization method in the situation
of two independent potential-generating functions allows for the generalization to any
number of potential-generating functions. One of these generalizations is shown below.
Let the potential be formed from an arbitrary number of N + 1 independent functions
fx(u) (k=0,1,2,...,N) and has the form

N k—1
D(u) = wp + kz (wklfk(“) + wio fE (1) + Zo qufm(u)fk(u)>, (50)
-0 m=
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n>1:

and the functions fi (1) satisfy the system of differential equations of the form

fo(u) = koo + xo1fo(u) + koo fG (1),

k-1 , 51
i) = i) + xfi() + T Enifu)fi), k=128 O
=
The choice of differential equations in the form (51) is due to the possibility of an
exact analytical solution of system (51) in quadratures. Indeed, let us rewrite the system of
Equation (51) in the form

fi(u) = Seq(u) fie(u) + ke f (),

k=l , (52)
Sk,l(u) = K1 + Zoémkfm(u), k=1,2,...,N.
m=
Then, for each k (k =1, 2, ..., N), we have the Bernoulli equation, which admits a
solution in quadratures

Sk—1(u)d
fi(u) = exXp(J S (w)d) .k
Cr — ki [ exp( [ Sx—1(u)du)du
where Cy are constants, which are found from the boundary conditions.

In accordance with the algorithm described in the previous section, for the superpo-
tential, we take the following ansatz

=12,...,N, (53)

N
(Pn(”) = Z (xknfk(”) + By (54)
k=0

Finally, one can obtain the following system of equations for calculating the coefficients
of the superpotential and the energy spectrum by substituting the superpotential (54) into
Equations (5) and (11) and then equating the coefficients at the functions fi,  fufx (k,m =
0,1,2,...,N) under the assumption that the entire set of functions {fx, fmfx} (k,m =
0,1,2,...,N) is linearly independent

n=20:
—Kg10%0 + 200B0 = W1,
—Kp2Xgo + 0(%0 = W2, k=0,1,...,N, (553)

—Cmk %0 + 20%0%m0 = Gk, m=0,1,2,...,N—1, k>m,
g0 = Wo + Koooo — BF-

_Kkl(‘xk,n—&-l + (xk,n) + 2(0(k,n+1 BnJrl — &kn Bn) =0,
— k2 (X1 + ) + (oG, —g,) =0, k=01,...,N, , (55b)
)=0

~Cmk (1 + ) + 2( 0% 51 X1 — X O,

, m=20,1,2,...,N—1, k>m,

Ent+1 = &n+ KOO(O‘O,n+1 + 0‘0,11) - ([3314_1 - B%)

From the resulting system of Equation (55), it can be seen that, to determine N + 2
unknown parameters of the superpotential & ,,, 3, (k=0,1,2,..., N), for each n. we have
N(N +1)/2 + 2N + 2 equations. Therefore, in the general case, the number of equations
that impose constraints on the parameters of the potential is N(N + 1)/2 + N.

Before presenting the solution of the system in Equation (53) in the general case, let us
consider its solution in the particular case, when k;; = 0(k =0,1,2,...,N). In this case, as
it follows from (55), we obtain

Smk =0,
X = KXo = F/Wha, (56a)

1( w
Bn=12 (0733) + K01) + ko1n,
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1/ w 2

&n = Wo + Kooocoo(zn + 1) — ( (01 + K01> + K011’l> . (56b)
2\ a0

Constraint conditions :

b (2n+1) =W kp2n+1), k=12...,N,, (56¢)

Gk = 2000tmo, m=0,1,2,...,N, k>m.

Next, we present solutions to the system in Equation (55) in the general case

2
K K
o= 2T\ B twr, X =ogo+Ken k=0,1,2,...,N, (57)
_ Kol 1 (w1 —woaKoe1/ Kg2) ’
Brn = 2y (Koa?t + &00) + 2 = o)

2
K w K 1/« wWo1 — Wo2Koe1 /K
e, = wy + K00 (OCOO_ 02) L Ko (Koon+0(oo)2—( 01(K02n+%0)+( 01 — Wo2Ko1/ oz)) , (57b)

2 K02 2Kgp 4\ ko2 (ko2 + xqp)
Constraint conditions :
K (Wp Wi K1 /Kpp) _ K (wo1 —wo2 K01/ Ko2) _
Tg(Kkzn+ak0)+W—%(Koﬂ’l‘l‘“oo)‘*‘w, k—1,2,...,N, (57C)
Gk = ':":f:;"z + (o + Kkzn){Zocmo - i—’:’z‘ocko + (2K — ka)n}, m=20,1,2,...,N, k>m.

As it can be seen from (57b), the general shape of the energy spectrum coincides with
the shape of the spectra (24b).

The analytical expression for the energy spectrum of model systems allows one to
accurately investigate their thermodynamic properties (see Appendix A).

5. Conclusions

In this study, we continued to build a new strategy for using the factorization technique
suggested in [27] to obtain exact solutions. The simplicity of the approach and the potential
for algorithmizing the process of finding the exact solution to spectrum problems are its
key benefits. We extended the application of the new algorithm to obtain exact solutions for
potentials constructed from a set of functions. Such a generalization significantly expands
the possibilities of using the proposed algorithm and creates new opportunities for finding
exact solutions to more complex potentials.

This strategy is based on the representation of the superpotential as a second-order
polynomial in linearly independent functions that are solutions of coupled second-order
differential equations. The shape of the energy spectrum is governed by differential
equations and potential forms. As a comparison of the spectra for potentials constructed
from a single function and from a set of functions shows, the shape of the spectrum remains
unchanged. This finding led to the conclusion that the type of differential equation satisfied
by the basic generating function of the potential (in the case of many potential-generating
functions, this is the function f((1)) determines the shape of the spectrum.

The choice of potential-forming functions that satisfy Equation (51) and the form of
potentials (50) are not limitations of our approach. This technique can be used for potentials
constructed from functions that satisfy other types of differential equations. The method
can also be used in systems with two interacting particles because, for many potentials of
pair interactions, the problem can be reduced to a conditionally exactly solvable one for an
effective one-particle problem [31].

A direct generalization of the factorization approach and the concept of shape invari-
ance are impossible in the case of a many-particle quantum system that includes more
than two particles [31]. This is because, for more than two particles, the sum of pairwise
interactions other than harmonic or inverse square interactions is not central in the global
length variable.
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Appendix A. Thermodynamic Properties

An analysis of the spectra obtained in this work and in [27] for exactly resolvable and
conditionally exactly resolvable potentials leads to the most general form of the spectrum

- h2 o2

En_{A—B(n+q1)2— n=0,1,2,...,0m, (A1)

)
2m (n+q2)* |’
where the parameters o, A, B, C, 412, and 1, do not depend on n and are functions of the
potential parameters and, possibly, the orbital quantum number. The parameter 7, can tend
to infinity. The general form of the spectrum (A1), of course, as mentioned above, is written
only for the case when the potential-generating functions satisfy a Riccati-type differential
equation. The existence of an exact spectrum in a closed form allows the accurate study of
the thermodynamic properties of systems, which are described by model potentials that
admit exact consideration. The starting point for studying the thermodynamics of a system
is the calculation of the partition function

Z(B) = Zm e P, B =_——. (A2)
n=0

Substituting expression (A1) into Equation (A2), we obtain the following expression
for the partition function

Nm Bﬁz 0(2 0y C
Z(B) = exp(— A-Bn+q1)" ——— ¢ |- (A3)
n;O 2m (11 +42)°
Replacing summation by integration in (A3), we obtain
" Bﬁzocz 2 C
ZB):/ex - A-Bn+q)?— —— \)dn. (A4)
=L W ey

In closed form, the integral (A4) can be calculated only in the special case g1 = g2 = g

Z(p) = e P 22D, (B) + Dy, 1g(B) = D7 (B) = Dy (B) },
DF(B) = ei2ﬁ52§3erf[(§2n + %) \/ﬁ} , (A5)

& _ ARPK2 & _ ho/—B & _ ha/—C
1= “om 7 62 = Vom ! 3 = V2m
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Here, erf[z] is error function. To facilitate further calculations, we assume that n,, >> g;
then, considering the asymptotic behavior of the error function for large values of the
argument, erf(z) ~ 1 — exp(—z%)/z/7, then simplify the expression for the partition
function (A5)

45V/B | VTBGny q q

Here, erfc(z) = 1 — erf(z). Using the partition function (A6), it is possible to deter-
mine thermodynamic functions such as the average energy U(f3), heat capacity C(f3), and

Z(B) = e Bl VT {_ e amP + ¢2B%28erfc KCM + §3> \f] +€26§2§3€1’fc[(§2’7 - §3> \Fﬁ} } (A6)

entropy S(B):
C2p 28 2oq —(2a24e2q—2
A (Ganmt gy )e 2P 22 o~ (0 HETP Lo 20 (B)
U(B) — %IHZ(B) =7 — %_’_ F( 2652 ) 7§%nm2\[5/75 ,
Q4 (P) ) (A7)

Qs (B) = *PabsErte| (82 + £ ) v/B| + e 2P0bErtc (820 — £ ) V/B]

> _ 2
kBBZ(\/j (;:an+2[3§2nm e —Canm f5 2@2‘7 (ézq +§3q ﬁ+2€2€3Q7(B))

C(B) = —kpB*35U(B) =

( §2 m? [3))2
s e
2, 2
k [527\/71[53 (52”’”+4I5§32nm*3(§znm)3)9752nm B+2§2§3<\2/§7—€ Ci 1P 126,804 (B ))
"B ~Znm2p
7"\/%@2"#1 +Q+(B)
S(B) =InZ(p) + BU(B). (A9)

As a demonstration of the results obtained above, we analyze the thermodynamic
properties of the system described by the spectrum (46). Accepting in (A6)—(A9) the A =
2E,ZAs, B = Eh?\g, C=E, 72, we obtain the following expressions for the thermodynamic
quantities of the screened Coulomb potential

Z(p) = @\s\\/ﬁ%{e—%’fﬂszerfi [2\/5,1(57>\sz} - erﬁ[\/ETﬁ(As - Z)} - e—4ﬁEhAsZerﬁ[\/z—:Tﬁ(As + Z)} } (A10)

BEL(\s=2° A\ /B, 7B —\/EnAZ/ B+v/T2Ey Ao Zerfi[ VE B (As— 7))
_ 1 e s h h/\s h/\s h s
U(B) = —ap —4EWNZ 4 2 o a7 o B B2 et [y B B2 | 7 e[y B, BT 2] (A1)

< BE),(As+2)2 VEBAs—ePEASZ B BAZ42/TTE) B As Z€4BEhASZerﬁ[\/Eh7[_’,( Z)]>2
CB)=-3+ : : : +
n(erﬁ[Z\/ml7e4ﬁEh)‘SZerf1[\/m(?\57Z)]7erf1[\/m()\s+Z)]) , (A12)
(7e4ﬁEh>‘5Z\/Eh[57}\SZ(71+8EhﬁASZ)JreBEh()‘S*Z)zAS\/W(71+2E,,[5(7\52+4)\52sz))+16\/E(3ZE,,ZZ3/2)\52e4BEh7‘5Zerfi[\/m()\sfz)]
+ V(@2 B BAZ] T e By B (M Z)] —erfiEnB (A 2)])

Here, erfi[z] = —ierf[iz]. In Figure A1, for demonstration, the temperature depen-
dences of the heat capacity (A12) are shown for some parameter values Z u As.

Thus, the possibility of determining the exact spectrum of model systems makes it
possible to describe their thermodynamic properties with good accuracy.
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Figure A1l. Temperature dependences of the heat capacity of a system with a screened Coulomb potential
for various values of the charge number Z (a) and various values of the screening parameter (b).
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