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There has been considerable interest of late in the 
analyticity proper t ies of the scat ter ing ampl i tude on 
unphysica l sheets of the energy R i e m a n n surface. 
This analytici ty has been used in discussions of u n ­
stable part icles and the resul t ing scat ter ing reso­
nances , 1 } and a n o m a l o u s t h r e s h o l d s 2 ' 3 ' 4 ) . A general 
a p p r o a c h to the analyt ic proper t ies on the second Rie­
m a n n sheet will be discussed first. Then some 
pract ical appl icat ions of these proper t ies will be p re ­
sented. 

1. T H E U N P H Y S I C A L S H E E T S 

This work was carr ied ou t in co l labora t ion wi th 
M . Goldberger , S. M a c D o w e l l , and S. Tr ieman . 
Let us first consider the case of individual par t ia l 
waves, because the appl ica t ion of uni tar i ty is so simple 
in this case. We will fur ther restrict our a t ten t ion 
to the scattering of scalar part icles of mass p. I t is 
a " simple " ma t t e r to extend the discussion to m o r e 
interest ing cases. 

I t is possible to discuss the many-channe l p rob l em 
by utilizing the mat r ix fo rmula t ion of Bjorken 5 ) . W e 
will discuss the case of only one channel , bu t mos t 
of the equat ions we will develop are t rue in the m a n y 
channel case if they are looked u p o n as mat r ix 
equat ions . 

The analyt ic proper t ies of the par t ia l wave ampl i ­

tudes have been well discussed 6 ) . The result is tha t 

the funct ion 

It is immediate ly obvious tha t / / 2 ) ( v ) has the same 
analyticity region as / j ( 1 ) ( v ) plus any addi t iona l poles 
coming f rom the zeroes of the ^ -mat r ix , and the 
kinemat ic cuts coming from p. The Ith par t ia l cross 
section is easily seen to enjoy analytici ty in the v-plane 
cut a long the negative axis. T h e same s ta tement 
holds for the functions p Im j \ and Refx A n inter­
esting fact, which can be readily demons t ra t ed , is tha t 
the Re fx has exactly one-half the residue tha t fx has 
at its negative dynamic singularit ies. 

Let us now see whether or no t Sx has zeroes close 
to the physical region. T h e complex zeroes of Sx 

which might lead to scat ter ing resonances are strongly 
dependent u p o n dynamics and hence are difficult to 
discuss. W e will show tha t in general , Sx has at least 
one zero between v = 0 a n d (—M 2 / 4 ) for every other 
/. If there is no zero energy resonance or anoma lous 
threshold the 5-matr ix is uni ty at zero kinetic energy. 
As v approaches ( — M 2 / 4 ) , the singular pa r t of a 
Yukawa- type Born t e rm approaches 

potent ia l . The superscript one is to emphasize t ha t 
this equa t ion is defined on the physical sheet. 

Below the onset of inelastic channels , the phase 
shift is real a long the physical cut and the uni tar i ty 
relat ion takes the usual form. W e next r emark tha t 
by trivial manipu la t ion , 

where Sx is the S-matrix. The scat ter ing ampl i tude 
on the second sheet is in t roduced as the con t inua t ion 
across the positive axis in a counter-clockwise 
d i r ec t i on : 

is an analyt ic function of v (the square of the relative 
m o m e n t u m ) wi th a cut a long the entire positive real 
axis and a long the negative real axis f rom (—00) to 
( — M 2 / 4 ) , where l/M is the range of the effective 
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where 

T h u s if / is odd , the B o r n t e r m has the sign of the 
potent ia l , A, and approaches infinity, O n the o ther 
hand , if / is even, the sign is reversed. Since / , is 
b o u n d e d for ( - M 2 / 4 ) < v < 0 i f there is n o b o u n d 
state, t hen the funct ion St = l + lipfl^ mus t have a t 
least one zero for every o ther / in this range of v. 

One final r e m a r k is w o r t h mak ing . If one a t tempts 
to cont inue to the th i rd R i e m a n n sheet by avoiding 
the negative cuts associated with the points v = — / i 2 , 
a n d - M 2 / 4 , t hen / ( 3 ) = Thus there are only 
two sheets associated wi th the elastic pa r t of the 
physical cut . 

Let us n o w t u r n to a discussion of the scat ter ing 
ampl i tude wi thout expanding in par t ia l waves. 

In order to discuss the analyticity of the scattering 
ampl i tude at fixed angle we will assume tha t a Mande l -
s tam representa t ion holds in the physical sheet. T h u s , 
we wri te 

This az imutha l in tegra t ion is readi ly carr ied ou t and 
the result is 

T h e F r e d h o l m solut ion to this integral equa t ion can 
be readily examined. Since the regions of in tegrat ions 
are finite, it follows from s tandard a rguments tha t 
the analyticity d o m a i n of F^2\v,z) for physical z is at 
least as large as tha t of J F ( 1 ) ( v , z / ) for all physical z'. 
In addi t ion , however, there is the possibili ty of zeroes 
of the F r e d h o l m de te rminan t D(v), and the kinemat ic 
b ranch po in t v = —fi2 coming from the phase space 
factor p(v). The poles due to the vanishing of D(v) 
arise f rom the same source as in the par t ia l wave 
case. By using proper t ies of the eigenfunctions of 
the kernel , K, it can be shown tha t 

W h e n the preceding discussion is carr ied ou t for 
fixed m o m e n t u m transfer t < 0 , it is found t h a t F ( 2 ) ( v , / ) 
has complex singularities in v. T h e source of these 
singularities is to be found in the kernel K. If one 
i terates the equa t ion for Fi2\ the first i tera t ion does 
n o t have complex singularities b u t the higher order 
i tera t ions d o . 

F r o m these equat ions it is possible to discuss the 
analytici ty in z for fixed complex v. I n par t icular , 
we are interested in the possibility of mak ing a par t ia l 
wave expans ion of J F ( 2 ) ( V , Z ) . If the nearest singu­
larities in z are complex or real a n d a finite distance 
outside the interval ( — 1 , 1), it is possible to pass an 
ellipse t h r o u g h these po in t s enclosing the physical 
region. T h e n an expans ion in a Legendre series is 
possible within this region. 

The only p rope r ty of the weight functions A2 and A3 

tha t is needed, is tha t they are analyt ic functions of 
v, with a cut a long the posit ive real axis. Subt rac t ions 
will n o t affect our discussion, and are therefore 
suppressed. The uni tar i ty re la t ion is 

where x = z z / - [ ( l - z 2 ) ( l - z / 2 ) ] i cos . In the 
same manne r as before, the scat tering ampl i tude on 
the second sheet is in t roduced as 

It is a s imple ma t t e r t o t r ans form this in to a n o n -
singular in tegral equa t ion of the fo rm 
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The condi t ion tha t this s ingulari ty lies in the interval 
( — 1 , 1) is tha t v < — [i2/4. T h u s as long as v is not 
on the negative cut , a Legendre expansion is possible 
for F w . Similar results ho ld for I m F{v, z) as well. 

Fig. 2 Anomalous threshold behaviour. 

2 . A N O M A L O U S T H R E S H O L D S 

As a first appl icat ion of the previous results , consider 
the form factor for a scalar par t ic le of mass Ma 

which interacts wi th a scalar p h o t o n t h rough a pai r 
of particles of mass \x as i l lustrated in Fig. 1. F o r 
this discussion it will p rove convenient to follow the 
procedure developed by Mande l s t am 2 ) ins tead of the 
equivalent m e t h o d described by Blankenbecler and 
N a m b u 3 \ 

In these me thods , one is forced to cont inue cer ta in 
functions to the second R i e m a n n sheet, and it is this 
aspect of the p rob lem which is of interest here. Fo l ­
lowing Frazer and Fu lco 7 ) , the form factor in the 
no rma l case ( M small) can be wri t ten in the form 

Here a(t) is the discontinui ty across the negative cut 
in the par t ia l wave ampl i tude for the annihi la t ion 

process a n d A(s) is the usua l line integral over the 
relevant phase shift of pi-it scat tering. If one now 
continues in the external mass Ma, by giving it a small 
negative imaginary par t , the po in t a moves in a p a t h 
i l lustrated in Fig. 2. The line integral from (4ft2) to 
(oo) in F(s) mus t be deformed to avoid this p ro t rud ing 
branch cut . In order to per form these cont inuat ions 
one mus t write eA* = eAS"1(s) and also cont inue 
the factor exp [—A(t)] on to its second sheet as Ma 

reaches its anoma lous value, or a reaches 4 ^ 2 . The 
result after this con t inua t ion is 

One might superficially expect t ha t when the a n o m ­
alous threshold a reaches the po in t where S has a 
zero, the con t inua t ion would b reak d o w n in a manne r 
tha t could no t be discerned from pe r tu rba t ion theory. 
This is not the case, since f rom the integral over a(t), 
a factor of S miraculously appears to cancel any such 
pole . The final result is t ha t 

where 

F r o m the expression for the kernel K(z, z'; v) it is 
seen tha t for fixed v, there is analytici ty in z except 
when 

Fig. 1 Form factor graph. 
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The effect of a n a r r o w low energy resonance in 
p-p scat tering on the absorpt ive pa r t of the form 
factor is i l lustrated in Fig. 3. F o r a(t), the first order 
Born con t r ibu t ion with masses cor responding to the 
A in termedia te state in the I form factor has been 
assumed. The solid line is the lowest order contr i ­
bu t ion (A = 0) and the do t ted line includes the 
rescat tering. R. M a r r , L. Landovi tz and myself are 
looking in to the effect of a p ion-p ion resonance on 
the pe r tu rba t ion theoret ic calculat ions of the vector 
anoma lous m o m e n t of the I part icle . The effect 
does no t seem to be negligible. 

Results similar to the a n o m a l o u s form factor dis­
cussion hold also for the scat tering s i tuat ion depicted 
in Fig. 4. The absorpt ive pa r t of the scat tering 
matr ix G has the form 

where 

Fig. 3 Imaginary part of form factor. 

Fig. 4 Scattering graph. 

if Ma and Mb are small enough. Let us first consider 
the case where only Ma is large enough for an a n o m a ­
lous threshold . By s t andard procedures the scat tering 
ampl i tude G is found to be 

N o w if the mass Mb is increased unt i l b = a, which 
can obviously occur even if Hb(s) has a n o r m a l thresh­
old, then G becomes complex. The condi t ion b = a 
is jus t the condi t ion found in pe r tu rba t ion theory by 
Karp lus , Sommerfield and W i c h m a n n 8 ) for the 
" super " -anomalous case. The essential po in t here 
for ou r purposes is t ha t the superficially dangerous 
factor of S~l cancels. 

3. B O U N D S T A T E S 

A n o t h e r interest ing appl ica t ion of the analyt ic 
proper t ies of the scat tering ampl i tude on the second 
sheet is to be found in the p rob lem of b o u n d states. 
One may enter ta in the quest ion of whether the 
Mande l s t am p r o g r a m is complete enough to yield 
the masses and " coupl ing c o n s t a n t s " of b o u n d 
states, or whether one mus t pu t t hem in by hand . 
A physical example is to be found in nucleon-nucleon 
scattering in the tr iplet S s tate. If one applies the 
s t andard N/D p rocedure wi thout explicitly pu t t ing in 
the deu te ron pole , then it is reasonable to expect 
tha t D will develop a zero at the appropr ia te energy. 
This can even be r igorously demons t ra t ed in the case 

the imaginary pa r t of G is 
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of potent ia l scattering. However a new p rob l em 
arises in field theory . F o r example , the con t r ibu t ion 
to the physical cut f rom the N+P+n in termedia te 
state mus t somehow extend its th reshold from 
(IM+jj)2 to ( M d + / i ) 2 . By wha t mechan i sm is this 
cut extended ? We would like to show tha t by mak ing 
very plausible assumpt ions a b o u t the scat tering 
ampl i tude on the second sheet, the b o u n d state p r o b ­
lem can be handled in pr inciple within the Mande l -
s tam p r o g r a m . 

As an ext reme example consider a Fe rmi -Yang 9 ) 

model of nuc leon-nucleon scat ter ing in which b o t h 
the pions and deu te rons are assumed to be b o u n d 
S states. F o r example , the fundamenta l in teract ion 
could be considered to be of a four field na tu re , 
described by some coupl ing cons tan t which will be 
al lowed to vary. The process nucleon-nucleon scatter­
ing will be labeled process one , wi th energy s. The 
crossed processes, nuc leon-ant inucleon scattering wi th 
energies u and t, are labeled two and three . The 
Mande l s t am representa t ion , wi thou t subt rac t ions and 
with spin labels suppressed, has the form 

in the elastic region. 

The essential po in t is to recall n o w tha t if there are 
no b o u n d states and the eifective po ten t ia l is a t t rac­
tive, then S(x) has a zero for x be tween zero a n d 
AM2. As the coupl ing cons tan t increases, this po in t 
would seem to move towards AM2. Gu ided by wha t 
does occur in poten t ia l scat ter ing, we will assume 
tha t this zero moves in a p a t h i l lustrated in Fig. 5, 
and tha t the scattering ampl i tude is an analyt ic func­
t ion of the posi t ion of this zero . T h u s when the zero 

Fig. 5 Path of the zero of S. 

passes a r o u n d the poin t 4M2, the line integrals over x 
must be deformed to avoid this pole in Imf^x). This 
deformed p a t h can be sh runk to a small circle abou t 
the pole plus the con t r ibu t ion f rom 4M2 to infinity. 
The small circles yield poles in the scattering ampli­
tude of the form 

where the pole in Imfx has been placed at M\ and those 
in I m / 2 3 have been placed at ft2. This is the mechan­
ism by which the poles move from the second to the 
first sheet of the scattering ampl i tude as t rue b o u n d 
states are formed. 

We have no t yet achieved the correct representa t ion 
if fi2 is less t han M2

7 since there mus t be cuts in u and / 
beginning at 4ft2. A quali tat ive unders tand ing of 
the origin of these cuts can be achieved by examining 
the four nucleon in termedia te state depicted in Fig. 
6. The absorpt ive pa r t can be considered as a sum 
over the angular m o m e n t u m of each nucleon pair . 
F r o m this double sum we will restrict our a t tent ion 
to the configurat ion where b o t h of the pairs are in 
relative S s tates. I t is clear tha t when rescat tering is 
t aken in to account , the mat r ix e lement will have 

Fig. 6 Four-nucleon contribution to N—N scattering. 

where Gr conta ins the doub le dispersion integrals , 
subt rac ted in such a way tha t the absorpt ive pa r t of 
the S wave in all three channels is given by the single 
dispersion integrals a lone. As we have seen, these 
absorpt ive par t s are given by 
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factors such as exp [A(m2)], whe re m2 is t he (variable) 
mass of the ith pa i r . T h e absorp t ive p a r t will be a 
finite in tegra l over the masses mf of a funct ion which 
will con ta in factors of S~1{m2). 

W h e n the s t reng th of the coupl ing is increased, the 
in tegrals over the m2 (which s ta r t a t AM2) m u s t be 
de fo rmed to avoid the w a n d e r i n g pole of S ' 1 . T h e 
absorp t ive p a r t t hen p icks u p a cu t in / s ta r t ing a t Ap2 

a n d pass ing t h r o u g h the po in t 16M2 before revers ing 
d i rec t ion . T h e d ispers ion in tegra l over the a b s o r p ­
tive p a r t s tar ts a t 1 6 M 2 a n d it m u s t be de fo rmed to 
avoid this p r o t r u d i n g ou t . F inal ly , one achieves a 
d ispers ion in tegra l over t w i th a th resho ld a t Apt2. 
This type of c o n t i n u a t i o n is h ighly reminiscent of the 
a n o m a l o u s th resho ld case. 

In discussing the pa r t i a l waves for N-N scat ter ing, 
this type of c o n t i n u a t i o n is necessary in o rde r t o get 
the one p i o n exchange cuts , a n d there is n o difficulty 

in r ep roduc ing o u r p rev ious resul ts us ing the full 

r ep resen ta t ion . 

W e c a n n o w see t ha t if the po le of S ~ 1 crosses in to 
the physica l sheet , it m u s t m o v e as ind ica ted . If it 
m o v e d a finite d is tance away f r o m the rea l axis, t h e n 
f rom the higher o rde r inelast ic in te rmedia te s tates 
complex spikes w o u l d develop . These wou ld be in 
obvious con t rad ic t ion t o the un i ta r i ty cond i t i on in the 
physica l region . I t w o u l d be a m u s i n g if this type of 
con t inua t ion , wh ich uses un i ta r i ty so s t rongly, cou ld 
be used to p r o v e d ispers ion re la t ions for nuc leon-
nuc leon scat ter ing. T h a t is, one w o u l d n o t con t inue 
t o a n imag ina ry nuc l eon mass b u t ins tead p u t the 
p ion mass o n the second sheet. 

I t t h u s seems clear t h a t if t he ^ - m a t r i x ha s the 
r equ i r ed behav io r as a funct ion of the coup l ing 
s t rength , the b o u n d s ta te p r o b l e m is solvable in t e rms 
of the doub l e d ispers ion re la t ions a n d uni ta r i ty . 
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D I S C U S S I O N 

EDEN : I w o u l d like to ask w h e t h e r the a s s u m p t i o n 
t h a t the zero of the ^ - m a t r i x moves a r o u n d in to the 
u p p e r sheet has been p r o v e d for po ten t i a l scat ter ing. 

BLANKENBECLER : Yes . 

OPPENHEIMER : A r e t he zeros of h igh / f rom vi r tua l 
s tates p ro tec t ed by the centr ifugal ba r r i e r ? 

BLANKENBECLER: P r o b a b l y , b u t the exact con­
nec t ion is n o t c lear . 

OEHME : I w o u l d l ike to a d d a r e m a r k on the con­
t i n u a t i o n in to the first unphys ica l sheet of a pa r t i a l 
wave amp l i t ude . It is a s imple consequence of the 
un i ta r i ty cond i t ion t h a t the b r a n c h line f rom the 

th re sho ld of the elastic p rocess t o the th re sho ld of the 
first inelast ic process is a cu t wh ich connec t s j u s t t w o 
R i e m a n n sheets . So, if one w a n t s , o n e can wri te 
a d ispers ion re la t ion in b o t h sheets a n d e l iminate 
comple te ly the in tegra l over the elastic cut . In s t ead , 
one gets con t r ibu t ions f rom the second sheet . These 
a re the po le t e rms , an in tegra l over the left h a n d cu t 
a n d a n in tegra l over a b r a n c h line wh ich is re la ted 
t o inelast ic processes . 

OPPENHEIMER : F o r po ten t i a l sca t te r ing Peierls 
h a d d o n e th is . 

OEHME : T h a t is r ight , bu t it is t rue in genera l . It 
a lso ho lds for the ver tex func t ion a n d the p r o p a g a t o r , 
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BREIT : I n some respects , it is tr ivial b u t I t h ink n o t 
a l together trivial t h a t there is a connec t ion between 
this a n d the old G a m o w theory of radioact ive disinte­
gra t ion which led one to cons ider the scat ter ing ampl i ­
tude as a funct ion of a complex var iable . I t h ink the 
r e m a r k the c h a i r m a n m a d e is very close to the situ­
a t ion of po ten t i a l bar r ie rs in the G a m o w theory , bu t 
one can also follow this ou t in a m o r e systematic 
fashion by jus t cons ider ing w h a t h a p p e n s to the scat ter­
ing ampl i tudes as a funct ion of energy. T h a t has 
been done . If one assumes t h a t the imaginary p a r t 
is small , then one gets a fac tor izat ion for the cons tan t s 
which is c o m m o n in nuc lear reac t ion theory in approx i ­
ma te formulae . S o m e h o w I fail t o see in this presen­
ta t ion any evidence of this factor izat ion, a l t hough it 
p robab ly is there . T h e factor izat ion comes out 
ra ther na tura l ly in the o the r t r ea tmen t . I t follows 
very readi ly by br inging in the t ime. 

OPPENHEIMER : I t h i n k this was b r o u g h t ou t in 
Tay lo r ' s r emarks where the energy dependence has 
been explicitly exhibi ted for the case of a sha rp 
resonance . 

BREIT : I h a d this same ques t ion in m y m i n d then 
as to whe ther the fac tor iza t ion was present , a n d I 
d id no t unde r s t and whe the r it was present o r no t . 

J. G . TAYLOR : Yes , it is p resen t here . 

BREIT : So s o m e h o w it m u s t degenera te in to 
the case which is k n o w n wi thou t these formal 
man ipu la t ions in the complex p lane . 

J. G . TAYLOR : I t is difficult in this formal ism to 
discuss the t ime dependence of the ampl i tude . 

BREIT : T h a t ' s r ight , bu t if you do , then the case of 
a small d a m p i n g is very easily t rea ted . 

NEWTON : First , I w a n t to m a k e a remark a b o u t 
wha t Oppenhe imer said. T h e zeros in the o ther 
sheet of the R i e m a n n surface are no t necessarily con­
nected wi th the v i r tua l states in the sense of a centr i­
fugal bar r ie r . 

OPPENHEIMER : T h e zeros on the real axis for high / ? 

NEWTON : Yes , b u t they can occur even for / equals 
zero. 

OPPENHEIMER : Yes , b u t y o u will have them even 
for weak at t ract ive forces for high /. 

BLANKENBECLER : T h a t is r ight . 

NEWTON : In the case of po ten t i a l scat ter ing, if the 
po ten t ia l is cut off there m u s t be infinitely m a n y zeros 
in the w r o n g sheet, no t all o n the real axis, of course . 
I also w a n t e d t o ask Tay lo r a ques t ion . I h a d the 
impress ion t ha t when y o u wro te th ings d o w n for 
analyt ic con t inua t ion y o u acted as t h o u g h the complex 
conjugate of the funct ion was analyt ic . T h a t m u s t 
be a w r o n g impress ion. 

J. G . TAYLOR : I t h ink tha t w h e n you look at the 
absorpt ive p a r t as the p r o d u c t of, say, MM* where M* 
is the b o u n d a r y value o n the lower half of the cut , 
a n d M is the b o u n d a r y value on the uppe r half, t hen 
M is the one tha t you w a n t to con t inue across the cut 
in order t o go in to the unphys ica l sheet. M* is a u t o ­
mat ical ly cont inuable in to the lower half p lane be­
cause it is a l ready a b o u n d a r y value in the lower 
half p lane . 

OMNES : I should like to r e m a r k t h a t it is possible 
to p rove this p r o p e r t y of poles which go f rom the 
real axis in the lower sheet t o the o the r sheet by us ing 
the integral represen ta t ion of the Wigner i?-functions. 
I n the case of po ten t ia l scat ter ing o r in the Castillejo-
Da l i t z -Dyson cases, y o u c a n show tha t y o u have these 
proper t ies . I have t r ied to p rove it m o r e general ly 
bu t I did no t succeed. G r e a t difficulties arise w h e n 
you have non-t r ivia l crossing re la t ions . I t is a n 
interest ing ques t ion to k n o w if these proper t ies of 
poles r emain in m o r e genera l cases. 

EDEN : C o u l d I jus t m a k e a smal l c o m m e n t o n the 
ques t ion of the M a n d e l s t a m represen ta t ion in the 
first unphys ica l shee t? Tay lo r ob ta ined the resul t 
t ha t the represen ta t ion does n o t app ly because there 
are complex singularit ies on the physical sheet. If 
there a re curves of singularit ies o n the b o u n d a r y of 
the physical sheet, we k n o w t h a t they d o n o t connect 
the surfaces which run in to the physical sheet. There ­
fore, the surfaces mus t go in to the first non-physica l 
sheet. T h e fact t ha t there is a spect ra l funct ion a t all 
means t h a t you will no t have the M a n d e l s t a m repre­
senta t ion hold ing in the first unphys ica l sheet. 

J . G . TAYLOR : One migh t be able to wri te d o w n a 
m o r e compl ica ted represen ta t ion since we have lo­
cated the singularit ies in cos 0 explicitly. It might be 
possible t o wri te d o w n someth ing which is m o r e 
compl ica ted bu t which still m a y have some va lue . 
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I t should be a rather compact representat ion of the 
singularities in other sheets. 

BLANKENBECLER : One might also hope tha t if these 
curves of singularities actually lie in the physical 
sheet, there does not exist a sheet in which a Mandel -
stam representat ion holds. 

EDEN : On that point , if there are super anomalous 
thresholds so tha t the Mandels tam representat ion does 
no t apply in the physical sheet, then it is possible in 
fourth order tha t your remark is correct. 

BLANKENBECLER : I mean the generalized sheets in 
which you have ignored only those parts of the singu­
larities which have wound their way a round into the 
physical sheet. 

EDEN : I was going to say that in the higher order 
diagrams you do not have the same condit ions as in 
fourth order. By removing the anomaly from fourth 
order, you do not remove the anomaly from sixth 
order, so that at best you would have to have a 
very multiply-connected sheet. 

PERTURBATION THEORY 

K. N i s h i j i m a 

University of Illinois, Urbana, Illinois 

WITHOUT HAMILTON IAN (*} 

Various model approaches to the theory of ele­
mentary particles have so far been extensively dis­
cussed. In such an approach one specifies the funda­
menta l fields as well as the fundamental interactions, 
and then derives the mass levels of certain states which 
are conventionally referred to as elementary particles. 

We shall take an extreme opposite approach to this 
p roblem here, namely we do not distinguish between 
elementary and composite particles, nor do we specify 
the basic interactions whatsoever. Such a theory 
may be called a " phenomenological field theory." 

This is an S matr ix formulat ion of field theory 
and shares many features with dispersion theory, 
nevertheless there are also many impor tan t differences 
between the two approaches. Though the present 
approach is a kind of S matr ix formulat ion of re-
normalized field theories, we do no t confine ourselves 
to the S matr ix elements on the mass shell and take 
explicitly those matr ix elements which are off the mass 
shell. 

The basic idea of formulating field theories in this 
manner may be stated in the following way : suppose 
tha t the conventional renormalizable field theories 
offer, at least approximately, the correct description 
of the properties of fundamental part icles; then there 
should be an alternative approach to such a theory 
which explicitly avoids the occurrence of divergences 
in the course of calculation. 

This idea would be implemented by exhausting all 
possible relationships among renormalized finite 
expressions, and in what follows we try to carry out 
this p rogram. 

For this purpose we postulate two kinds of universal 
relationships in this formalism, namely the generalized 
unitari ty condit ion and the parametr ic dispersion re­
lations for Green ' s functions. After studying field 
theories satisfying bo th condit ions we find tha t what 
determines the dynamics of such a system are the as­
sumed number of subtractions in the parametr ic 
dispersion relations. Through this work it seems to 

(*> The essential part of this talk appeared in the author's article, Phys. Rev. 119, p. 485 (1960). 


