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Abstract: This study presents a theoretical investigation into the interference properties
of three photons in a six-port optical beam splitter, commonly referred to as a tritter. We
examine various configurations of the relative phase differences among the input photons.
Our findings reveal that fully constructive interference periodically occurs at a single
output port for specific constant phase differences, while fully destructive interference
simultaneously manifests at the remaining two output ports. These distinctive interference
patterns arise across a wide range of specific phase difference combinations among the input
photons. We suggest that these unique interference characteristics provide new insights
into the potential implementation of a three-party quantum key distribution protocol. Such
three-photon interference phenomena are crucial for facilitating symmetric secure key
distribution among three parties.

Keywords: quantum key distribution (QKD); coherent state; phase-coding QKD; three-
photon interference; three-party QKD; tritter

1. Introduction

Photon interference is a captivating phenomenon fundamental to both classical and
quantum mechanics. It plays a crucial role in practical technological applications and
continues to drive research that expands the understanding of quantum-based technolo-
gies. Numerous studies have explored this field, encompassing various aspects of photon
interference. These include two-photon interference [1,2], three-photon Hong—Ou-Mandel
interference at a three-port device [3], the behavior of a three-path photon interferome-
ter [4], three-photon bosonic interference in an integrated tritter [5], and the coalescence
phenomenon in three-photon quantum interferences [6].

Two-photon interference and single-photon interference phenomena have emerged
as cornerstone principles in numerous quantum-based technologies. In particular, these
phenomena play a pivotal role in the development of two-party quantum key distribution
(QKD) protocols. QKD systems generate symmetric encryption keys by leveraging the
quantum properties of photons, specifically their phases. Central to this process is the
interference of photons within a four-port beam splitter, which serves as a fundamental
mechanism in measurement-device-independent QKD (MDI-QKD) [7] and twin-field QKD
(TF-QKD) [8].

MDI-QKD [7] is a protocol that addresses all security loopholes on the detection side
by introducing an untrusted third party, e.g., Charlie, who performs a two-photon Bell-state
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measurement at an intermediate node. Since its inception, MDI-QKD has achieved numer-
ous theoretical and experimental breakthroughs [9-16]. TF-QKD [8] is an innovative protocol
considered a promising solution for long-distance QKD, capable of surpassing the repeaterless
bound using current technologies. In this protocol, an intermediate node, Charlie, measures the
first-order interference of two optical fields originating from Alice and Bob. The original TF-
QKD protocol has inspired numerous variants, including theoretical studies [11,17-21], practical
designs [11,17,22,23], and experimental demonstrations [23-27].

A three-party quantum secret sharing (QSS) protocol utilizing multipartite entan-
gled states—specifically Greenberger-Horne-Zeilinger (GHZ) entangled states—known
as QSS—was first introduced in ref. [28]. Following this pioneering paper, significant
advancements in QSS based on multipartite entanglement have led to the development
of numerous variants. These include innovations in both theory and experimental imple-
mentation, as demonstrated in recent studies [29-34], reflecting the growing interest and
progress in this field. Many QSS protocols utilizing GHZ entangled states require complex
GHZ or Bell state measurements, adding to the technical challenges of implementation.

Initially, TF-QKD protocols utilized a relatively simple measurement system based
on two-photon pulse interference in a 2 x 2 beam splitter. However, these protocols were
primarily limited to two-party systems. In contrast, QSS protocols were proposed for three-
party QKD systems but required complex measurements involving GHZ or Bell states.
These limitations have prompted the investigation in this paper into three-photon pulse
interference in a tritter, with a particular focus on varying input phase modulations. This ap-
proach shows promise as a simplified measurement device for three-photon QKD protocols.
To this end, we theoretically explore three-photon pulse interference in a three-dimensional
integrated six-port optical beam splitter (tritter). Our tritter design features independently
and continuously adjustable phase modulators at each input port. We model the tritter
as an ideal, lossless, and symmetric six-port beam splitter. By simultaneously injecting
indistinguishable weak coherent photon pulses of equal amplitude into all three input
ports, we demonstrate precise control over the output photon distribution probabilities
(i.e., one, two, or three photons per output port) through specific phase differences among
the input photons. A notable phenomenon observed in this system is periodic coalescence,
where, at specific phase differences, all photons converge into a single output port. This
unique interference pattern provides a promising foundation for a simplified measurement
system in three-party phase-coding QKD protocols.

2. Three Coherent Photons’ Interference at a Tritter
2.1. Unitary Matrices of the Tritter and Phase Modulator

A tritter [35,36] is a 3 x 3 integrated optical coupler that enables coherent splitting and
mixing of optical signals across three spatial modes, functioning as a three-mode analog of
a beam splitter. Its optical propagation dynamics are governed by specific coupling coeffi-
cients and phase relationships. Conventional approaches to multi-mode optical processing
rely on the Reck [37] and Clements [38] decomposition models, which decompose larger
unitary matrices into cascades of 2 x 2 transformations using beam splitters. While the Reck
model employs a stepwise diagonalization process, the Clements design optimizes spatial
arrangement for enhanced stability and loss tolerance. However, these decomposition-
based implementations demand numerous optical elements, constraining scalability. An
alternative approach involves the use of integrated optical devices such as the tritter, a
3 x 3 optical coupler that enables three-way photon splitting through evanescent wave
interactions in integrated waveguide structures [5,39,40]. The transformation matrix of a
tritter derives from coupled-mode equations, with coupling strength and propagation con-
stants determining photon distribution across output ports. Unlike beam splitter networks,
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tritters provide a compact and efficient platform for realizing higher-dimensional unitary
operations, substantially reducing hardware complexity while preserving coherence.

In this study, we focus on an ideal, symmetric tritter, modeled as a three-dimensional
integrated beam splitter. This device consists of a directional coupler in which three
waveguides are closely aligned and coupled through evanescent fields [5]. In a symmetric
tritter configuration, the coupling coefficients among the three waveguides are equal.
Consequently, a single photon entering any input port has an equal probability of exiting
from any of the three output ports.

Figure 1 depicts a tritter model with photon phase modulators integrated into each
input port, as analyzed in this paper. The unitary operator for the ideal, lossless, and
symmetric directional coupler-based tritter (six-port beam splitter) is given as follows [40]:
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The unitary operator for the phase modulator in Figure 1 is given as follows:

el 0 0
Up=| 0 2 0 |, )
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where ¢; is the relative phase shift at input port j with j = 1,2, or 3. We investigate the
interference pattern of weak coherent pulses in a tritter, equipped with phase modulators
on each input port, as a potential platform for three-party QKD.

phase
modulators tritter
- N
| | —
W)IN 2 2 |¢>OUT
; ;
_ A )
nput ports output ports

Figure 1. Schematic of the tritter model, a symmetric six-port beam splitter (tritter) with continuously
tunable phase modulators at each input port. The input coherent photon state and output state are
represented as |)y and |¢f) g1, respectively.

2.2. Input Photon States

Weak coherent pulses provide a balance between practicality and security, making
them a suitable choice for current QKD systems. Although single-photon sources hold the
potential to offer enhanced security, weak coherent pulses remain the dominant technology
due to their ease of implementation and cost-effectiveness.

A coherent state |«), also called Glauber state, is defined as an eigenstate of the
annihilation operator 4, satisfying 4|a) = ala) [41,42]. Here, & = |a|exp(ip) € Cis
a complex number and 4 is an annihilation operator. The phase ¢ in a describes the
wave aspect of the coherent state |«). The particle-like aspect of the coherent state can
be understood by expressing it as a superposition of Fock states with indefinite photon
numbers. Using the completeness relation of the Fock states |1), the coherent state |a) can
be written as

2 0 n
) =exp (=) & ), ®
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where |n) denotes the photon-number (Fock) state containing 1 photons. The statistical
model of the coherent state, as described by Equation (3), exhibits a Gaussian profile and
follows a Poisson distribution. Consequently, the probability of emitting n photons in a
coherent state is given by P(1) = e " /n!, where i = |a|* represents the average photon
number per pulse.

In Figure 1, the tritter model investigated in this study uses weak coherent photon
states (3) as inputs for each port. Thus, the input photon states for the tritter system can be
expressed as

[P)in = lar) |az) |as)

—HZexp( |a12>\/1| ni), @

i=1ln

where |a1), |az), and |a3) represent the coherent photon states (3) injected into input ports
1,2, and 3, respectively.
2.3. Output Photon States

When three coherent photons, as described in Equation (4), are injected into the ports
of the tritter system (illustrated in Figure 1), which is equipped with independent phase
modulators at each input port, the resulting output photon state can be determined by

[¥)our = Urly|$) N, )

where Ur and 1:14, represent the unitary matrices for the tritter (1) and the phase
modulator (2), respectively. |[¢);\ denotes the input coherent photon state given by
Equation (4). By solving Equation (5), one obtains the output photon state from the tritter as

OUT_HZQXP< &P )f' i) (6)

i=1n
where
1= }[lee_l@l + eiZT”(oaze_i"’2 + aze”'93)],
3
52 = 7[0(23_1472 + elT(alg_lq)l + “33_“]73)],
V3
1 . o . .
and (3= \ﬁ[o@z—“"3 + el%(ale_“*’l + ape'2)]. (7)

For the special case of indistinguishable input photons, the output photon state (6)
explicitly shows that three-photon interference in the tritter is governed exclusively by the
relative phase differences among the input photon states, denoted by ¢1, ¢2, and ¢s.

2.4. Probability Distribution Output Photons

As discussed in Section 2.1, our calculations employ a model of a lossless and sym-
metrical tritter, specifically examining the case where indistinguishable photon states are
injected into the input ports. Under these conditions, we calculated the probability distri-
bution of output photons as a function of the relative phase differences between the input
photon states, as shown in Figure 2, which presents three scenarios.
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Figure 2. Probability distribution of the output photons as a function of the relative phase differences
among the input photon states for the three distinct scenarios: (left) photons (red dots) are uniformly
distributed across all three output ports with equal probability; (middle) all three photons coalesce
into a single output port; and (right) when one output port registers no photons (crosses), the
remaining two ports exhibit an asymmetric distribution of the three photons.

We then proceed to calculate the probability for each photon distribution shown in
Figure 2. The output photon number state representation (6) can be expressed as a coherent
state with a Poisson distribution of photons. This can be mathematically formulated as

2, @®)

P[l’l17121’l3] = ‘<n1n2n3|¢>OUT

where n1, 1y, and n3 denote the number of photons detected at output ports 1, 2, and 3,
respectively. The values of n1, np, and n3 may be 0, 1, 2, or 3, subject to the conservation
condition 17 + 1y + n3 = 3. The probability of photons being equally distributed among
all three output ports was calculated and obtained as

Py = (1) our|” = exp( Z I ) I[1= il 3 )

i=1

The probability distributions for the photon state to be coalesced at one of the output
ports are given by

3 2

Pi3p0) = |<300|1/J>0Uﬂ2 =exp <— Z |€i|2> %, (10)
2 > |§2|

Pioso) = [{030[)our|” = exp Z; [<I 3 (11)
12

Prog) = |<003|¢>OUT}2 = eXP( Z |Ci] ) (12)

The photon distribution for the scenario where one of the output ports has no detected
photons, and the other two output ports detect three photons unequally, is characterized
by the probability of
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Po1g) = |<012|1P>0UT|2 =exp( — Y|l o (13)

Py = ’<021|¢>OUT|2 =exp (14)

Prigo) = ’<120|¢>OUT‘2 =exp| — ) 1¢ (16)

[<1 |§3|

1 (17)

Pro1) = ’<201|1P>OUT|2 =exp

[<1 |52|

51 (18)

SADE
(L)
3
Phog) = ’<102|¢>OUT‘2 =exp < ; |§zz> |§1|2|!§3| (15)
SADE
SADE =
1o ) LS

Ppa1) = ’<210|¢>OUT|2 =exp <— Z |Cil

with the parameters {; (i = 1,2,3) defined in Equation (7).

2.5. Interference Fringes

The analysis focuses on the coalescence condition where all three input photons merge
into a single output port. To visualize the probability of detecting output photons, we
plot Equations (10)—(12) using Mathematica (version 13.3) in Figure 3 which illustrates
the results corresponding to Equation (10), depicting the probability Pj3o) of detecting an
output photon at port 1. The probability is plotted as a function of the phase differences ¢
and ¢3 between the input photons at ports 2 and 3, respectively, over one complete period,
ranging from 0 to 27t rad. The phase difference ¢4 of the input photon at port 1 is fixed at
periodic values of 27t /3, 7,47t /3,57/3,0, and 7t/3 rad.

Figure 3. Detection probability of an output photon at port 1 (Pj3q) (10)) against the phase differences
@2 and @3 of input photons at ports 2 and 3, respectively, for various fixed phase difference ¢; values
of the input photon at port 1 as indicated. The average photon number per pulse (i) for all three
input ports was set to 0.2.

As shown in Figure 3, the observed interference patterns indicate that all photons
periodically converge to a single output port, contingent on the specific phase relationships
among the input photons. Table 1 summarizes these phase difference combinations for
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maximum probabilities of the ditribution P3op). Notably, the |111) input photon state
exclusively converges to output port 1 when photons at ports 2 and 3 share the same
relative phase. Similar probability distributions were obtained for output ports 2 and 3,
Prog] (11)and Ploog) (12), respectively (not shown).

Table 1. The phase differences combinations for maximum probabilities Author: Yes, this correct. at
output port 1 (Pjzgq) (10)), occurring for specific values of the relative phase differences ¢; of input

photons at port 1.
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Figure 4. Probability distribution of photons, Py (9), (10)—=(12) and (13)—(18) as a function of the
relative phase difference ¢1 (a), ¢ (b), and ¢3 (c) at fixed values of the other two relative phase
differences as indicated. The dashed horizontal line at Pmax = 0.0198 represents the maximum
detection probability of the non-empty pulse, calculated by summing all probability distributions (9),
(10)=(12) and (13)—(18). The average photon number per pulse (i) for all three input ports was set
to 0.2.

To further investigate the photon coalescence condition, where all photons converge into
a single output port with maximum probabilities of the distributions (10)—(12), we analyze all
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probability distributions including the distributions (9) and (13)~(18). Figure 4 shows the
probability distributions P;j; of photons as a function of the relative phase differences
@1 (Figure 4a), ¢, (Figure 4b), and ¢3 (Figure 4c), while keeping the other two relative
phase differences fixed. The results obtained demonstrate that all maximum peaks for all
coalescence conditions are tangent to the maximum probability line, further confirming
that under these conditions, all photons converge to a single output port.

Complete photon coalescence into a single output port— port 1 (Pj3gq)), port 2 (Pjg3)),
or port 3 (Pjgp3))—occurs only for specific relative input photon phase differences, as
detailed in Table 2. The maximum probability at port 1 (P3qq)) is achieved when phases ¢,
and @3 are synchronized and both lag behind ¢; by %7‘(. For port 2 (Pjp3q)), the probability
peaks when ¢; and @3 are in phase, lagging behind ¢, by %7‘[. Similarly, port 3 (Pjg3))
reaches maximum probability when ¢ and ¢, are synchronized, lagging behind ¢3 by
%7{. These results indicate that under conditions of complete constructive interference, the
photon probability distributions at port 1 (P3gq]), port 2 (Pjsq)), and port 3 (Pjgg3]) reach
their maximum values through a multitude of distinct phase combinations. This distinctive
interference pattern presents a promising approach for implementing symmetric distance
protocols in three-party QKD systems.

Table 2. Combination of the relative phase difference of the input photons to obtain the maximum
probability distribution at output port 1, 2, and 3.

Probability Phase 1 Phase @, Phase@s; Pnax ¥
Pp3gg) (¢i T+ 3 ¢i ¢i 1.98%
Ploso) ¢t 4+ ) ¢ 1.98%
Progg] o’ Pr (o +3)  1.98%

t The phases ¢;, b, and ¢y may be assigned arbitrary values in radians. f The probability maximum (Pmax) was
calculated with the average photon number per pulse (i) set to 0.2 for all three input ports.

3. Possible Applications for a Three-Party Quantum Key
Distribution Protocol

Drawing inspiration from the significant advancements in QKD protocols—MDI-QKD [7],
TF-QKD [8], and QSS [28]—we propose a novel approach for three-party QKD implementations.
The TE-QKD protocol establishes a two-party framework that leverages weak coherent pulse
interference to generate symmetric keys through a simplified measurement system. In contrast,
the QSS protocol extends to three parties but relies on relatively complex GHZ or Bell state
measurements to distribute symmetric keys. The current study focuses on the interference of
three-photon pulses in a tritter with precisely controlled input photon phases. This approach
aims to bridge the gap in developing three-party protocol configurations that maintain measure-
ment simplicity while expanding the participant capacity. By doing so, one seeks to enhance the
scalability and practicality of multi-party QKD systems.

Figure 5 presents a preliminary conceptual framework for a three-party QKD imple-
mentation, which requires further refinement to establish a complete and detailed protocol.
In this configuration, three parties—Alice, Bob, and Charlie—are each equipped with
identical weak coherent photon pulse generators and phase modulators at their respective
transmitter stations. These stations are positioned equidistant from a central measurement
station operated by Dave, which is equipped with a tritter and single-photon detectors.
We propose that photon interference within the tritter represents a promising candidate
for implementing a three-party QKD protocol, enabling secure key distribution through
interference pattern analysis. A potential scenario in which phase-dependent interference
in a tritter enables a three-party QKD protocol is outlined in the following key procedures.
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1.  Alice, Bob, and Charlie independently generate weak coherent states using their
respective laser sources (LSs), represented as ‘(xe(%)x>, ‘(xe(%)y» and ‘ae(%)z>,
respectively, where x,y,z € {0,1,2,..., N — 1} are randomly chosen by Alice, Bob,
and Charlie. Here, to ensure that the combined random phases adhere to the rule
outlined in Table 2, the phases chosen by Alice, Bob, and Charlie are discretized in
increments of 71/3N, where N is an integer.

2. Alice, Bob, and Charlie simultaneously send their quantum states to an untrusted
measurement station, Dave. Dave performs three-photon interference measurements
using a tritter (a six-port optical beam splitter) and single-photon detectors Dy, D,
and D;. For each trial, the following six outcomes are possible: “Only Dy clicks”,
“Only D clicks”, “Only D; clicks”, “All detectors click”, “Two detectors click”, and
“No detectors click”. By considering the cases where “All detectors click”, “Two
detectors click”, or “No detectors click” as “No clicks”, Dave announces one of four
possible outcomes.

3. Following the detection and announcement session, Alice, Bob, and Charlie can
identify the successful detection outcomes (“Only Dy clicks”, “Only D; clicks”, and
“Only D, clicks”,) that correlate with their randomly selected phase values x, y, and
z. These outcomes are classified according to the following conditions: “Only D
clicks” when y = z, “Only D clicks” when x = z, and “Only D, clicks” when x = y.
Based on these distinctive detection pattern characteristics in conjunction with their
random phase combinations, one expects that raw keys can be established through
further exploration.

Figure 5. The schematic of the main portion of the proposed initial framework of the three-party
quantum key distribution (QKD) protocol involves three laser source (LS) transmitters—Alice, Bob,
and Charlie (yellow area)—and a central measurement station operated by Dave (green area). Each
transmitter is equipped with identical weak photon pulse generators and phase modulators. Alice,
Bob, and Charlie individually prepare optical pulses with random phases ¢,, 3, and ¢, respectively,
which they encode and transmit through the quantum channel. Dave’s central station employs a
tritter to overlap the input pulses and measures them using single-photon detectors Dy, D1, and D5.
The peaks represent the coherent laser pulses, and the loops correspond to the adjustable optical
delay line enabling pulse synchronization at the tritter.

The QKD framework describes our initial exploration into a three-party quantum key
distribution protocol that utilizes a comparatively simple measurement system. While we
have established the foundational concept, substantial research remains necessary to refine
the protocol, including developing robust coding systems, formal security proofs, error
correction mechanisms, and privacy amplification techniques.

4. Conclusions

In conclusion, our study provides a theoretical investigation of three-photon interfer-
ence in a lossless, symmetrical tritter—a six-port beam splitter—equipped with continu-
ously and independently adjustable phase modulators at each input port. We introduced
indistinguishable photon states simultaneously and equally into all three input ports and
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identified a coalescence condition in which all photons converged at a single output port.
This interference phenomenon occurred when the relative phase difference between one
input photon and the others was precisely 27t/3 rad, while the remaining two phases
were equal. The observed interference patterns arise from a specific set of phase difference
combinations among the input photons. Building on this unique interference behavior, we
propose a potential application for a three-party quantum key distribution (QKD) protocol.
While this work establishes a foundational element for the three-party QKD framework,
further research is required to fully develop the protocol and address the practical im-
plementation challenges. This study lays the groundwork for future advancements in
multi-photon interference-based quantum communication systems.
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