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Hypercontractivity and Logarithmic
Sobolev Inequality for Non-primitive
Quantum Markov Semigroups and
Estimation of Decoherence Rates

Ivan Bardet and Cambyse Rouzé

Abstract. We generalize the concepts of weak quantum logarithmic Sobolev
inequality (LSI) and weak hypercontractivity (HC), introduced in the
quantum setting by Olkiewicz and Zegarlinski, to the case of non-primitive
quantum Markov semigroups (QMS). The originality of this work resides
in that this new notion of hypercontractivity is given in terms of the so-
called amalgamated L, norms introduced recently by Junge and Parcet
in the context of operator spaces theory. We make three main contribu-
tions. The first one is a version of Gross’ integration lemma: we prove that
(weak) HC implies (weak) LSI. Surprisingly, the converse implication dif-
fers from the primitive case as we show that LSI implies HC but with
a weak constant equal to the cardinal of the center of the decoherence-
free algebra. Building on the first implication, our second contribution is
the fact that strong LSI and therefore strong HC do not hold for non-
trivially primitive QMS. This implies that the amalgamated L, norms are
not uniformly convex for 1 < p < 2. As a third contribution, we derive
universal bounds on the (weak) logarithmic Sobolev constants for a QMS
on a finite dimensional Hilbert space, using a similar method as Diaco-
nis and Saloff-Coste in the case of classical primitive Markov chains, and
Temme, Pastawski and Kastoryano in the case of primitive QMS. This
leads to new bounds on the decoherence rates of decohering QMS. Addi-
tionally, we apply our results to the study of the tensorization of HC in
non-commutative spaces in terms of the completely bounded norms (CB
norms) recently introduced by Beigi and King for unital and trace pre-
serving QMS. We generalize their results to the case of a general primitive
QMS and provide estimates on the (weak) constants.
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1. Introduction

The study of open quantum systems originated from the observation that a
quantum system is never perfectly isolated and therefore undergoes dissipa-
tive effects induced by the environment. Such features, known as environment-
induced decoherence [75,76], impose strict practical restrictions on the devel-
opment of quantum information processing [52], since they result in the dy-
namical loss of the quantum correlations that these theories rely on [8,35,61].
Therefore, estimating the typical time of decoherence appears to be crucial
if one is interested in the construction of quantum computers and quantum
memories that keep quantum correlations over a long period of time [16,51,64].
As regards to foundations, decoherence is also believed by some to be a par-
tial solution to the measurement problem [35,75]. The study of the speed of
decoherence hence appears to be of crucial importance for both foundational
and practical reasons. The goal of this article is to develop tools coming from
functional analysis in order to tackle this task.

The first attempt to mathematically formalize the concept of decoherence
is due Blanchard and Olkiewicz in [8]. Under the Markovian approximation, the
evolution of an open quantum system can be modeled by a quantum Markov
semigroup (QMS). In the present literature, however, the study of the speed
of decoherence almost exclusively focuses on QMS in the primitive case, that
is whenever there exists a unique equilibrium state. In this case, characteristic
times of decoherence are usually referred to as mizing times. For typical sys-
tems such as finite dimensional many-body systems, one can actually hope to
get an exponentially fast convergence toward the equilibrium state, a property
called rapid-mizing. Rapid mixing has found many applications in the recent
theory of dissipative engineering, where the run time of various quantum al-
gorithms depends on the mixing time of a QMS [38,65,69,70]. In particular,
it was shown to imply robustness of dissipative state preparation against per-
turbations [18,39,63], area law [10] and exponential decay of correlations [39].
Generalizing these concepts to the non-primitive case, where the evolution
possesses more than one equilibrium state, could also potentially lead to more
applications in quantum error correction [2,45,67].

In the classical theory of continuous-time Markov chains, functional an-
alytic tools have been extensively developed and studied in order to prove
rapid-mixing and obtain estimates of the mixing time. The most well-known
ones are the spectral gap method, or Poincaré inequality (PI) [24,44], and
the (modified) logarithmic Sobolev inequality (LSI) and its equivalent notion
of hypercontractivity (HC) [9,31]. A systematic and comprehensive study of
these latter concepts for Markov chains on finite sets can be found in [22].
Largely inspired by this paper, our goal in this article is to develop the theory
of LST and HC for non-primitive QMS and its use in proving rapid decoherence.
Note that, due to the non-commutativity of quantum systems, typical quan-
tum features arise in this situation that are absent from the classical theory
(see [4] for a discussion of this point). In the following informal presentation,
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we shall highlight the key differences between the theory we develop and the
(quantum) primitive case.

Informal presentation: The theory of hypercontractivity for primitive QMS
was fully formalized in the article of Zegarlinski and Olkiewicz [53], using
Kosaki’s theory of non-commutative interpolating weighted L, spaces [42,47],
where the weights here are given in terms of the unique invariant state of the
evolution. This study was further pursued by different authors [11,66] and
applied to the problem of estimating mixing times in [40]. Here, we briefly
describe the main ideas of this last article.

Consider a quantum state modeled in the Schrodinger picture by an ini-
tial density matrix p and denote by (p¢);>0 the solution of a quantum master
equation

=N = E* ) = 9
dt Pt (Pt) pPo =P

where L, is the so-called Lindbladian in the Schrddinger picture (precise def-
initions will be given in the next section). Alternatively, one can model the
evolution of an initial observable X in the Heisenberg picture as the solution
(X1)i>0 of the differential equation

%thﬁ(Xt), Xo=X,
where L is the dual of L, for the Hilbert—Schmidt inner product. The solution
of the master equation gives a QMS ¢ — P,;(p) for a state p in the Schrodinger
picture and t +— P(X) for an observable X in the Heisenberg picture.
When the evolution is primitive, there exists a unique density matrix o
such that for any initial state:
pr — o. (1.1)

t——+o0

The mixing time is then defined as the first time p; comes to a distance € > 0
of ¢ in trace distance:

(&) =inf{t 2 0; pr—oll, <c Vp}.
Here, € is chosen arbitrarily but the choice of the l1-norm |-||; = Tr|- | is
primordial since it has the appropriate operational interpretation as a measure
of indistinguishability between two states for an external observer allowed to
perform any measurement on the system [28]. The first approach to obtain an

upper bound on this mixing time is through the spectral gap method, which
goes as follows:

loe = olly < [[X; = Tr[o X] Tl ,,
< [1Xl;,

Y s Py(Y) — Tro Y] ]IH

2—2,0
<Xy, e O (1.2)

1

where X, = 0~ 2p,; 0~ 2 (and Xy = X)) can be thought of as the relative density
of p; with respect to o, where Y — P;(Y) is the quantum Markov semigroup
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solution of the master equation for the relative density, with Lindbladian L,
and where |[|-[|, , is the weighted 2-norm mentioned above (precise definitions
will be given in Sect. 2.2). The first inequality was proved by Ruskai [59)]
and can be seen as the quantum generalization of the inequality between the
total-variation distance and the 2-norm in a probability space. The second
inequality is just the definition of the norm of an operator from one Banach
space to another. The third inequality is given by the spectral gap method:
A(L) is the spectral gap of the Lindbladian, that is the difference between the
eigenvalue 0 and the second largest eigenvalue of LJQF—L It is well known that
it is also given by the optimal constant appearing in the so-called Poincaré
inequality.

It is important to notice that || X|, < \/1/0min, Where opmi, is the
smallest eigenvalue of ¢. In most applicatibns 1/0min scales linearly with the
dimension of the system. This, in particular, is not enough to imply the rapid
mixing property in the case of many-body dynamics. It is known that this
method does not usually lead to the best estimate of the mixing time because
mixing can be much faster at short times. One idea that greatly improves this
estimate would be to use the contradiction of the 2 — oo norm due to the
QMS P, at some time s > 0 instead. More precisely, we will see in Sect. 6 that
the following chain of inequalities holds:

lptrs —allr < [[Xits — Trlo X120
Py

IN

X110 IY = Pu(Y) = Tr[oY] L2z,

—2,0

||P8||2~>oo, o e_k(ﬁ)t ’

IN

as one has || X|1, = 1. Here, Ps refers to the evolution in the Heisenberg
picture and is the dual of P, for the Hilbert—Schmidt inner product. Since Pj
is contractive for any p-norm with p > 1, and in view of the limit in (1.1), one
can hope to find a time s > 0 such that [|Ps|[, ., , < 2 (2 here is of course
arbitrary). However, even for classical Markov chains, || Ps||,_. . , is in practice
difficult to estimate. The concept of hypercontractivity hence provides a tool
to interpolate between this norm and the 2 — 2 norm given by the spectral
gap method, where one uses instead the 2 — p norm for p > 2. In this case,
the factor X[ ,, < (1 /O’min>% appears, which indeed interpolates between
the two previous methods. The great discovery of Gross was that finding a
time ¢ > 0 for which P; becomes a contractive operator from Ly to L, is an
equivalent problem to the one of optimizing the so-called logarithmic Sobolev
inequality. Exploiting this equivalence, Diaconis and Saloff-Coste were able to
find optimal or near to optimal upper bounds of the mixing time [21-23].

In practice, the Poincaré inequality (or spectral gap method) can lead to
an upper bound of the mixing time of order In1/omn, whereas hypercontrac-
tivity leads to an upper bound of order Inln1/0y,i,. Thus, hypercontractivity
improves on the Poincaré inequality by a logarithmic factor. Of course, the
hypercontractive property depends highly on the choice of the interpolating
family of L, norms. In particular, a QMS which is hypercontractive for Kosaki’s
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L, norms will be primitive, as it implies the existence of a spectral gap in the
spectrum of the generator [53]. The main contribution of the present work is
to study hypercontractivity with respect to a generalization of Kosaki’s norms,
called the amalgamated norms and defined by Junge and Parcet in [36]. Using
these norms, we will be able to reproduce the above steps for non-primitive
QMS.

One other motivation for considering non-primitive QMS is that they nat-
urally appear when considering the tensorization of the logarithmic Sobolev
inequality for primitive QMS. Indeed, one central property of the classical
LSI is that the LSI constant, i.e., the best constant that satisfies the inequal-
ity, is stable when considering several non-interacting systems: the global LSI
constant is equal to the smallest constant of the individual systems. For clas-
sical systems, this property follows directly from the multiplicativity of the
L, — L, norms and the equivalence between HC and LSI. However, this prop-
erty is strongly believed to be false for quantum channels with respect to the
usual quantum L, — L, norms. Several methods have been proposed in order
to lower bound the global LSI constant [50,66]. A promising approach was to
consider HC with respect to the completely bounded (CB) L, norms for which
the multiplicativity is restored [6]. When dealing with such norms, one has to
consider a “regularisation” of the primitive QMS, that is, one has to embed
the QMS into a bigger one for which primitivity does not hold any longer.

Our contribution

In this paper, we extend log-Sobolev inequalities and the related notion of hy-
percontractivity to the case of non-primitive QMS (P;):>0, based on the prop-
erties of the amalgamated L, norms. Among other properties, we shall provide
some elementary proofs of the following ones: these norms satisfy Holder’s in-
equality, are dual to each other and reduce to the usual weighted L, norms
when (P;):>0 is primitive, that is, when the algebra of effective observables is
trivial.

Following ideas from [6], we derive a formula for the differential of the
amalgamated L, norms (see Theorem 3.4), with respect to the index p. This
leads to the definition of the weak decoherence-free logarithmic Sobolev inequal-
ity (DF-wLSI) and the weak decoherence-free hypercontractivity (DF-wHC),
and allows us to extend Gross’ integration lemma to this setting (see Theo-
rem 2.4). A first difference compared to the primitive case is that LSI implies
HC but with a larger weak constant which depends on the structure of the
DF-algebra.

In the primitive case, the uniform convexity of the L, norms was used in
[53] to show that wLSI together with PI imply the so-called strong logarithmic
Sobolev inequality (sLSI). We show that a similar analysis can be performed
in our extended framework, in order to derive universal upper bounds on the
log-Sobolev constants (see Definition 2.3 and Corollary 2.8). We also prove
that, except in the primitive case, the strong LSI does not hold and therefore
neither does the related notion of strong hypercontractivity. This implies that
the uniform convexity no longer holds for the amalgamated L,-norms.
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We then show how the techniques introduced can be used to derive deco-
herence rates for non-primitive QMS, based on the method explained above.
Finally, our framework also allows for the definition of the weak completely
bounded hypercontractivity (CB-wHC) and log-Sobolev inequality (CB-wLSI)
for non-unital primitive QMS, which extends the framework of [6]. In par-
ticular, we prove Gross’ integration lemma (see Theorem 2.11), and derive
universal bounds on the weak CB log-Sobolev constants (see Definition 2.10
and Theorem 2.14).

Layout of the Paper

In Sect. 2, we provide the notations and basic tools that will be used through-
out this paper, namely quantum Markov semigroups and environment-induced
decoherence, and state our main results. In Sect. 3, we introduce the amalga-
mated L, norms and study their properties. The notions of decoherence-free
log-Sobolev inequality and hypercontractivity are studied in Sect. 4, where
we prove Gross’ integration Lemma as well as a universal upper bound on
the constants. In Sect. 5, we prove that the strong LSI fails for non-trivially
primitive QMS. Some applications of our framework to the derivation of de-
coherence rates are provided in Sect. 6. We highlight our result in a special
class of decohering QMS arising from Lie-group representation theory in Sect.
7. We conclude with the analysis of the CB case in Sect. 8.

2. Preliminaries and Statement of the Main Results

This part is organized as follows: in Sect. 2.1 we introduce our notations and
recall the definitions of quantum Markov semigroups, their decoherence-free
algebra and the notion of environment-induced decoherence. Section 2.2 is
devoted to the exposition of the weighted L, norms and the IL,, Dirichlet forms
associated to a quantum Markov semigroup. The main results of this article
are presented in Sect. 2.3, namely the equivalence between hypercontractivity
and logarithmic Sobolev inequality in the context of amalgamated L, spaces,
and the existence of universal constants. In Sect. 2.4, we apply our framework
to the estimation of decoherence rates. Finally, the study of hypercontractivity
for the CB-norms is presented in Sect. 2.5.

2.1. Quantum Markov Semigroups and Environment-Induced Decoherence

Let (H, (.].)) be a finite dimensional Hilbert space of dimension dy;. We denote
by B(H) the Banach space of bounded operators on H, by Bs,(H) the subspace
of self-adjoint operators on H, i.e., Bsa(H) = {X = B(H); X = X*}, and by
BX (H) the cone of positive semidefinite operators on H, where the adjoint of
an operator Y is written as Y*. The identity operator on H is denoted by I,
dropping the index H when it is unnecessary. In the case when H = CF, we
will also use the notation Iy for Ix. Similarly, we will denote by idyy, or simply
id, resp. idg, the identity super-operator on B(H), resp. B(CF). We denote by
D(H) the set of positive semidefinite, trace one operators on H, also called
density operators, and by Dy (H) the subset of full-rank density operators. In
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the following, we will often identify a density matrix p € D(H) and the state
it defines, that is the positive linear functional B(H) 2 X — Tr(p X).

The basic model for the evolution of an open system in the Markovian
regime is given by a quantum Markov semigroup (or QMS) (P;):>0 acting on
B(H). Such a semigroup is characterized by its generator, called the Lindbla-
dian £, which is defined on B(H) by £(X) = limy_q + (Py(X) — X) for all
X € B(H). Recall that by the GKLS Theorem [30,46], £ takes the form:

1
> [2LiXLy—(LyLx X+X LiLy)], forall X € B(H),
k=1

L(X) = i[H, X]+

N =

(2.1)

where H € Bg,(H), where the sum runs over a finite number of Lindblad
operators L € B(H), and where [,-] denotes the commutator defined as
[X,Y]:= XY — XY, VX,Y € B(H).

We denote by (P.t)i>0 the predual of the QMS (P;);>¢ for the Hilbert—
Schmidt inner product (A, B) := Tr(A*B), that is the unique trace-preserving
QMS such that for all X,Y € B(H) and all ¢ > 0,

Tr[Py(X) Y] = Tr[X Py (V)]
Its generator L, is the predual of £ and takes the form:

Li(p) = —ilH, pl + 5 p  [2LepLy — (LiLk p+ p LiLy)], for all p € B(R).
k=1

We shall always assume that (P;);>o admits an invariant state, that is a den-
sity operator ¢ in D(H) such that for all time ¢ > 0 and all X € B(H),
Tr(cP(X)) = Tr(cX). Equivalently, one has P.;(c) = o for all ¢ > 0. Fur-
thermore, we shall also assume that o is faithful, that is, 0 € D4 (H). Under
this condition, it was proved for instance in [13] that the maximal algebra on

which (P;);>0 acts as a x-automorphism is the decoherence-free subalgebra of
(Pt)i>0, defined by

N(P) = {X € B(H), Pi(X"X) = P,(X)" Pu(X) and (2.2)
PUXX*) = Py(X) Py(X)* Vit > o} .
Consequently, there exists a one-parameter group of unitary operators (U)ier
on H such that for any X € N(P) and all ¢t > 0:
Pu(X) =U XU, (2.3)

and N (P) is the largest subalgebra of B(H) such that this property holds.
In this case, the following result is known (we state it in a form more conve-
nient to our analysis). We recall that a conditional expectation between two

subalgebras M and N of B(H) is a completely positive unital contraction
Exn : M — N such that for any A, B € N and X € M [68],

Ex[AX B] = AEy|X]B. (2.4)
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We also denote be Ejr, the predual of this conditional expectation, defined as
the unique operator on B(H) such that for all X,Y € B(H),

Tr[Epn(X) Y] = Tr[X Ex[Y]].

Theorem 2.1 (Proposition 8 of [12], Theorem 19 of [13]). Assume that (Py)i>0
has a faithful invariant state o. Then, there exists a unique conditional expecta-
tion En from B(H) to N'(P) compatible with o, that is for which ¢ = En«(0),
and such that for all observables X € B(H),

Jim P: (X — Ex[X]) =0. (2.5)

Equivalently, the predual Enry of Enr is such that for all states p € D(H),
Jlim_Puy (p— Bx(p) = 0. (2.6)

Notice that consequently, since Es is a projection, the following decom-
position of B(H) takes place:

B(H) = N(P)® Ker Ey, where  lim Py(X) =0 YX € Ker Ey .

This is the so-called notion of environment-induced decoherence (EID). In what
follows, we simply call a QMS possessing a faithful invariant state a decohering
QMS. In the case of a primitive QMS, with associated unique invariant state
o, Ex[X] = Tr(0 X)I. When the QMS is not primitive, there necessarily exists
an infinity of invariant states and it will be relevant to pick one as a reference
state. We define:

P (fl::) . 2.7)

This choice appeared to be particularly relevant when defining analogues of
Poincaré’s- and the modified log-Sobolev- inequalities in [4]. This comes from
the fact that o1y is tracial on N'(P), that is, for all X € N(P) and all Y €
B(H),

Tr(or XY) = Tr(on, Y X).

A basic result from the theory of x-algebras on finite dimensional Hilbert
spaces states that N (P) can always be decomposed into a direct sum of sub-
parts where it restricts to a factor [37]. More precisely, up to a unitary trans-
formation, the Hilbert space H admits the following decomposition

H=PH K, (2.8)
=
such that A/(P) is unitarily isomorphic to the algebra
N(P) =P BH;:) @I, . (2.9)

i€l
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Finally, as proved in [19], there exists a family of density operators {7; : i € I}
such that for all p € D (H) and any X € B(H),

pn = Eni(p) = Y Trx, (PipP) @ 73 Ex[X] =Y Tre, (I, @ ) X P) @ I, ,
el el

(2.10)

where for each i, P; denotes the projection onto H; ®/C;, and Tr ., is the partial
trace with respect to /C;, defined as the unique operator from B(H; ® K;) to
B(H;) such that for all operators X € B(H; ® K;),

Tr [V Tr, [X]] = T [(Y @ Ik,) X| forallY € B(H,).

In particular,

1
= =N ey @7 2.11
oy dﬁ; il @, (2.11)

2.2. Non-commutative Weighted IL,, Spaces and IL,, Dirichlet Forms

For p > 1 and an operator X € B(H), we denote by | X||, := (Tr|X|p)% the
Schatten p-norm of X, embedding B(H) into a normed vector space S,(H).
In the study of non-commutative functional inequalities, a natural family of
L, spaces is given by the following weighted versions of the Schatten norms
[53]: Let (P¢)i>0 be a QMS with a faithful invariant state and denote by oy
the faithful density operator defined in Equation (2.7). The space B(H) is
naturally endowed with a complex Hilbert space structure with respect to oy,
with inner product defined for all X,Y € B(H) by:

(X,YV)pp =Tt o2 X o 2Y | . (2.12)
One can show that the conditional expectation Ejs is actually the orthogonal
projection on N (P) for this inner product (cf. [4]): for all X,Y € B(H):

(X, EN[Y])or, = (EN[X],Y)on, = (En[X], Ex[Y])om, (2.13)
which is one of the motivations behind the choice of o, as our reference state.
This implies the interesting relation:

1 1 1 1
o0d Exn[X] o3 = Env(0}, X0 ). (2.14)

The adjoint of the Lindbladian AE for this inner Rroduct is denoted by L. Tt is
the Lindbladian of the QMS (P,);>, such that P, is the adjoint of P, for all
t > 0 [26]. In particular, we have the relations

. 1 P ! . 1 P !
L= UTrz ‘C* (U%r ’ U’lz“r )UTI“Z ’ Pt = UTr2 ’P*t(a%r ’ U’lz“r )UTFZ . (215)
We now define the weighted norms ||-[|, ;. ~on B(H) for all p > 1 as
follows
1 1 |P 5
1X Ny, 1= T [Jone Xom % |]7 .

We denote the space B(H) endowed with this norm by L, (H, o), or Ly, (o)
for short, when it is clear what the underlying Hilbert space H is. Among
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other properties, these spaces are in natural duality with respect to the inner
product (-, ). More precisely, for all 1 < p < +oo with Holder conjugate
p =p/(p—1) and for all X € B(H):

1 X1 00, = sup (Y, X)
YeB(H), VI, =1

P 10-Tr:

OTr

(we refer the reader to [40,53] for more details). It will also be useful to denote
by Sﬁ'l (om) the set of positive definite operators on the sphere of radius 1 in
Li(o1y). The Ly(o1y) norms are connected to the usual Schatten norms as
follows: Define the map:
1 1 1 L L
Ty : X € B(H) — 02 X 02, sothat T (X) =02 XoZ . (2.16)
1 1
Then, one has || X||, ... = IT&. (X)|l,- Thus, each of the maps T'4,, defines an
isometry between the weighted L, (o, ) spaces and the Schatten spaces S,(H).
There is also a natural isometric map I, , : L,(or) — Ly(omy) for p,q > 1,
defined for all X € B(H) by:

1 1 2

Iop(X) =T (02, (X)|%) = o % |om? X o | oy 20, (2.17)
so that [|I, (X)), = X[}, Another quantity that is going to play

an important role is the IL,, Dirichlet form: for p > 1 of Holder conjugate ¢
(i.e., such that p~! + ¢~ = 1), and any X € B, (H),

p
Epr(X) = —————I,»(X), L(X)) o, - 2.18
£(X) 1=~ (), L) o, (218)
In the non-primitive case, the choice of oy in the definition of the Dirichlet
form is primordial. In the case p = 2, we recognize the Ly Dirichlet form:

52,[1(X) = _<X7£(X)>0Tr .

One can also define the L Dirichlet form for positive semidefinite X as the
limit when p — 1 of (2.18):

£1,£(X) = ~ S TH (T, (LX) (T, (X) ~ In(om)

Finally, we say that the QMS (P;)i>0 is reversible (or satisfies the detailed
balance property) with respect to oy, if £ is self-adjoint with respect to (-, ) g,
(or equivalently if P; is, for all ¢ > 0). That is, for any X,Y € B(H):

(X, L(Y))or, = (L(X),Y )y, (or equivalently

(X, Pe(Y))or, = (Pe(X), Y )or, VE20). (2.19)
We insist once more on the fact that we defined reversibility with respect to
the reference state o, and that this choice is primordial in our analysis. In

what follows, we will simply say that (P;);>0 is reversible, without mentioning
the state.
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Other definitions of the quantum detailed balance condition appear in
the literature, depending on the choice of the inner product. One particularly
relevant for us is with respect to the (1, oy )-inner product given by

(X,Y)1.0p, = Ttlor X*Y], X,Y € B(H). (2.20)

We say that (P:)i>o satisfies the or-DBC if £ is self-adjoint with respect
to this inner product (or equivalently if P; is, for all ¢ > 0). As proved for
instance in [15], this form of reversibility is stronger than (that is, implies)
the one defined by Equation (2.19). In particular, it implies that the QMS
commutes with the modular operator of or;:

ﬁoAgTr:A oL,

OTr

where Ay, (.) := o1y (.) o . A typical example of a QMS that satisfies the -
DBC is the A-decoherent QMS defined as follows. Let N be a x-subalgebra of
B(H) and let Er be any conditional expectation on it. Then, the A/-decoherent
QMS is the one with Lindbladian defined by:

Ly(X)=En[X]-X, VX € B(H).

We finish by listing some useful properties of the decoherent-free alge-
bra and the conditional expectations with respect to this family of IL,-spaces,
whose proofs can be found in [].

Lemma 2.2. Let P be a QMS on B(H) having a full-ranked invariant state,
with decoherence-free algebra N (P) and conditional expectation Exr. Then:

1. the conditional expectation commutes with the modular operator of ory:
ExnoAg, =0y, 0 En. (2.21)

2. Ex is the orthogonal projection on N (P) for the inner product (-, "),
(cf. [4]): for all XY € B(H):

(X, En[Y])or = (EN[X],Y)or, = (En[X], EN[Y])or, - (2.22)
This implies:

1 1 1 1
U%r EN[X] U%T = EN*(U%’I‘ XU%‘r) . (223)

3. Let U € N(P) be a unitary operator. Then, the L,(cr,)-norms are in-
variant by the unitary conjugation X — U*XU: for any 1 < p < +0
and any X € B(H),

10" XU|l, o, = [1X]] (2.24)

P,0Tx pP,oTr

2.3. DF-hypercontractivity and the Log-Sobolev Inequality

The main goal of this paper is to introduce a notion a hypercontractivity which
is relevant to the study of decoherence rates. Indeed, for finite dimensional
Hilbert spaces, hypercontractivity of the QMS with respect to the L, (o)
norms is equivalent to the primitivity of the QMS. One way to see this is
through the equivalence, in this finite dimensional case, between hypercontrac-
tivity and a spectral gap A > 0 in the spectrum of the Lindbladian between
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the eigenvalue 0 corresponding to the invariant state op, and the rest of the
spectrum [40], so that for all observables X,

1P(X) = Trfome X]ll2.0m, < € IX = Tr[on X]ll2.0m, -

In order to deal with non-primitive QMS, a possible choice of norms is the
so-called amalgamated norms introduced in [36]. These norms are defined as
follows: for 1 < ¢ < p < +o0 and % = % — %, define

X008 5= B0, g 14T o 1Bl o, [T+ (220
X=AYB
IAY Bl oo,
1Y), ar == sup . (2.26)

A,BEN(P) ||A||27‘,0'T,. ||BH2T,O'T1-

We shall prove that they are particularly well suited to study the hypercon-
tractivity of the QMS, namely:

o they reduce to the L,(0) norms when the QMS is primitive with unique
invariant state o;

e they reduce to the Ly(o1,) norms when evaluated on NV (P);

e the QMS is contractive with respect to these norms for all p,q > 1.
When differentiating this norm with respect to p, some natural quantities will
appear that we will connect with entropic notions in Lemma 3.3. Similarly
to [53], we thus introduce a decoherence-free generalization of the L, relative
entropies as follows: define the map

SP(X) = _past+syp(X)‘s:0a

referred to as operator valued relative entropy, where I, ;, is defined in Equation
(2.17). It can be computed explicitly: when X > 0,

11 1 1
Sp(X) = Log, Lo, (X) InTay, (X)] - %{X Jnom }.

We then define the DF-L,, relative entropy associated with the algebra N' =
. 1,1
N(P) as follows: for & + & =1,
Enty, xr(X) = (Ig,p(X), Sp (X))o,
1 s .

(O (P M BN TR COPL . 20)
In the case of a primitive QMS where oy is the unique invariant state of the
evolution, Ex[.] := Tr(o1y.)I and we get back the original definition of [39],
which is denoted by Ent,, o, (X). We shall see in Lemma 3.3 that Ent,, (X)) <

Ent, or, (X). In the important cases p = 1 and p = 2, Equation (2.27) reduces
to

Entl,N(X) ="Tr [FUTr(X) (IH T:E{:%ﬁ?()) N an-Tr):|
—Tr |:F0'Tr (X) ln %} ’

Ents, v (X) — Ty <[F§Tr (X)] ’ (m [réTr (X)}
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1 2
LBy [F;Tlr (FéT,.(X)) } - élnaﬁ)> . (2.28)
We can now introduce the main definitions.

Definition 2.3. We say that the QMS (P;);>¢ of generator L:

(1) satisfies a weak DF-g-log-Sobolev inequality with positive strong DF-g-
log-Sobolev constant ¢ > 0 and weak DF-g-log-Sobolev constant d > 0,
condition denoted by LSI, nr(c,d), if for all X > 0,

2d
Ent, p(X) <c & c(X) + " ||X||qﬁTr . (LSI,, ar(c, d))

(2) is weakly g-DF-hypercontractive for positive constants ¢ > 0 and d > 0,
condition denoted by HC, n(c,d), if

11
X < 2d | - — —= X
1P () @), < eXp{ (q p(t)>} -

for any function p : [0,4+00) — R such that for any t > 0, ¢ < p(t) <
14 (g —1) e?/e.

q,07Tr ) (HC(I7N(C7 d))

The first main result of this article is the following generalization of Gross’
integration lemma that establishes the equivalence between hypercontractivity
and the log-Sobolev inequality for a decohering QMS:

Theorem 2.4. Let (Py)i>0 be a decohering QMS on B(H) and let ¢ > 1, ¢ >0
and d > 0. Then,

(i) If HCy a(c, d) holds, then LSI, ar(c, d) holds.

(11) IfLSI; ar(c,d) holds for all § > q, then HC, ar(c, d+1n+/|I]) holds, where
|I| denotes the number of blocks of N'(P) in Eq. (2.9).

This theorem is quite surprising compared to the (classical and quantum)
primitive case, where there is an exact equivalence between hypercontractivity
and the logarithmic Sobolev inequality (i.e., with the same constant). In gen-
eral, this In || appearing here is not optimal (see Appendix C). Even if we do
not know if the equivalence holds with the same constants, we strongly believe
that it is not the case in general.

The case where NV (P) is a factor and where the QMS is unital and trace-
preserving was proved in [6], but only in the case d = 0. However, the authors
failed to give an example where the constant ¢ is finite. We shall actually
prove in Sect. 5 that this is impossible. More generally, we prove that, as soon
as the QMS is truly non-primitive and non-invertible (that is, not a unitary
evolution), necessarily ¢ < +oo implies d > 0.

Remark also that the last statement is weaker than in the classical case,
when one only needs to assume that the weak LSI holds for ¢ = ¢. This is
due to the fact that the following regularity condition always holds in the
commutative setting, which ensures that LSI; ar(c,d) implies LSI; ar(c, d) for
all ¢ > q. This condition needs to be assumed in the general quantum setting,
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even in the primitive case. A generator £ of a QMS (P;)¢>0 is called weakly
Lp-regular if there exists dy > 0 such that for all p > 1 and all X € B, (H),

- &, £(Iop(X)) — do|| X2, 1<p <2,
L =
: (p—1) (&2, £(L2p(X)) — do||X|2,.), p>2.

Moreover, L is said to be strongly L,-regular if there exists dy > 0 such that
for all p > 1 and all X € By, (H),

(w-Lyp(do))

P,0Tr

QoI X[y, + 5 Epe(X) = Er,2(L2p(X)). (5-Ly(do))
With these definitions, we can prove the following theorem.

Theorem 2.5. Assume that LSIy ar(c,d) holds. Then,

(1) If the generator L is strongly L,-regular for some dy > 0, then LSI, ar(c,d
+ cdp) holds for all ¢ > 1, so that HC ar(c,d + 1n \/m—i— cdp) holds.

(11) If the generator L is only weakly Ly-reqular for some dy > 0, then
LSI, ar(2¢,d + cdy) holds for all ¢ > 1, so that HCo n(2¢,d +1In+/|I| +
cdy) holds.

The last two theorems generalize Theorem 3.8 of [53] as well as Theorem
15 of [40]. Moreover, it was conjectured in [40] that primitive QMS are weakly
L,-regular with dp = 0, and that reversible QMS are strongly L,-regular,
again with dyp = 0. This second fact was recently shown to hold in [4] under
the condition of o,,-DBC and without the primitive assumption. For reversible
QMS, a straightforward extension of the proof of Proposition 5.2 of [53] implies
that the strong regularity of £ always holds, with dy = ||L|j2—2,00 + 1 :=
SUD|| x|, 4y =1 I1£(X)|l2, o4 + 1. These remarks motivate the following corollary
of Theorem 2.5:

Corollary 2.6. Assume that LSIy ar(c,d) holds. Then:

(1) If L is reversible, then HCy nr(c,d 4+ 1In+/|I| + ¢ (||L]|2—2, op + 1)) holds.
(11) If £ satisfies o1,-DBC, then HCy n(c,d + In+/|I]) holds.

We also prove that it is always possible to get a weak DF-2-log-Sobolev
inequality with a universal weak DF-2-log-Sobolev constant from any weak
DF-2-log-Sobolev inequality, hence extending Theorem 4.2 of [53] to the non-
primitive case. Recall that the spectral gap is defined as follows [4]:

Ea,0(X)

ML) := inf .
()= I X EvXIE.

Theorem 2.7. Assume that LS5 nr(c,d) holds and denote by A(L) the spectral
gap of L. Then, LSy nr(c+ %, d' =1n+/2) holds.

Finally, using the DF-hypercontractivity and complex interpolation meth-
ods, we derive the following universal DF-2-log-Sobolev constants:
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Corollary 2.8. Given a reversible QMS (Py)i>0 with spectral gap A(L), LSIy zr
(¢,In/2) holds, with

o < W0z o) +2
=720

2.4. Application to Decoherence Rates
Given a QMS (P;):>0, its decoherence time is defined as:

Tdeco(&) :=Inf {t > 0: ||Put (p — Enx(p)) |1 < e, Vo€ D(H)} .

The standard method to obtain estimates for 7(¢) in the primitive case is to
use Pinsker’s inequality to upper bound the trace distance in terms of the
relative entropy, which in the primitive case decay exponentially fast accord-
ing to the 1-log-Sobolev constant [22,40]. The second step is to bound this
constant by the strong 2-log-Sobolev constant, under the condition that the
weak constant is null. However, we prove in Sect. 5 that the weak constant is
null only for primitive and unitary evolution. In the case when there is only
access to a weak DF-log-Sobolev inequality, we can fortunately still derive
bounds on the decoherence times by extending a technique already used in
the classical case in [22,74], by combining Poincaré’s inequality and the weak
DF-hypercontractivity property of the semigroup.

Proposition 2.9. Assume that a QMS (P:)i>o satisfies HCa ar(c,d), and that

lom loo > €. Then, given t = £Inln|jog! ||oo + Xz >0

Vp € D(H), [Par (p = Excalpl) s < max /g, 147, (2.29)

where the dy, are the dimensions of the spaces 'H; occurring in the decomposi-
tion of N (P) given by (2.9). The above inequality provides the following bound
on the decoherence time of the QMS:

In (maxjer \/dy, ') +1+d
(L)

Taceo(€) < + 5 Inn flo oo -

Remark that the assumption on HUI_‘rl HOO is not restrictive: it means that
the lowest eigenvalue of o1, has to be smaller than 1/e. In particular, it always
holds when dy > 3.

We see that having a weak constant d = v/2 has in practice no effect on
the decoherence time. Remark also that the constant max;ec; \/dy, is again
a signature of the non-primitive case. We will see that in some interesting
examples it is polynomial in In(dy) and therefore is dominated by e " for
large enough ¢ in Equation (2.29).

2.5. CB Hypercontractivity and the Tensorization Property
For two finite dimensional Hilbert spaces H 4 and Hp and a full rank density
matrix o on Hp, Pisier defined the L (HZ‘—:, ]Lp(a)) norm for 1 < ¢ < p < 40
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as ([20,55)): given 1 = ’% 1

9

X = inf A B Y
| ”M(Tﬂu(ﬂ) A,BeB(Hlﬁ,YeB(HB) ” ”2r,HZ‘—Af‘ I ||2r,IZZ—Af‘ I pr‘f@o’
4 X=(AB )Y (BRI ) A
\l(z‘hX)MB)Y(IB<§<>1171c13)||q’i2¢7f;®[r
VI, (o, oy = s T
Lp(ﬁv%(")) A,BeB(HaA) l ”27,][717,4 I HQTHHiA
Ly »Td,

When o = H;‘—;, these reduce to the norms introduced in [6]. The norms defined
in Equations (2.25) and (2.26) reduce to the above norms in the particular
situation where H = Ha ® Hp, o = H%“ ®o and N = B(Ha) ®idy,,. It is
then immediate that for all X € B(H4 ® Hp) and all p,q > 1:

X =[x :
Wl =X, o)

This situation is particularly relevant when studying hypercontractivity for
the CB-norms. For an operator A : B(Hp) — B(Hp), its weighted completely
bounded norm ||Allq—p .cB,o is defined as follows:

Allg—p,cB,oc :=sup sup 1Gdses) ® AVl

dv, YEB(H) ||Y||q ;H—A(@a 7
v

(2.30)

where the supremum in (2.30) is over all dimensions dy, of H4 and all oper-
ators Y € B(H).

These norms are known to be multiplicative, as proved in [20]. As a result,
in order to define a notion of hypercontractivity and its associated log-Sobolev
inequality that satisfy the tensorization property, we embed a primitive QMS
(Py)i>0 on B(H) into the QMS (idy ® P;)i>0 on B(C* ® H), and study the
latter’s DF-hypercontractivity properties, for each integer k > 1. Let o be the
unique invariant state of (P;);>o. Then, N, := N (id, ® P) = B(C*) ® Iy and
oy = ]If ® o. We are led to the following definitions.

Definition 2.10. We say that (P;):>o:

(1) satisfies a weak CB-g-log-Sobolev inequality with positive strong CB-g-
log-Sobolev constant ¢ > 0 and weakCB-g-log-Sobolev constant d > 0,
which we denote by LSI, cr(c, d), if for all integer k£ > 1, LSI, n, (¢, d)
holds.

(2) is weakly g-CB-hypercontractive for positive constants ¢ > 0 and d > 0,
condition denoted by HC, cp(c, d), if for all ¢ > 0,

11
_ o < 2d | - — —= )
[Pellg—pr).c, eXp( (q p(t)>)

for any function p : [0,400) — R such that for any ¢ > 0, ¢ < p(t) <
1+ (q—1)et/e.
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The above definitions extend the ones in [6] to non-unital primitive QMS
and to weak LSI and weak HC. In the next theorem, we establish the equiva-
lence between the CB-log-Sobolev inequality and CB-hypercontractivity, hence
extending Theorem 4 of [6] to the cases mentioned above.

Theorem 2.11. Let (P)i>0 be a primitive QMS on B(H) with associated gen-
erator L, and let ¢ >1,d >0 and ¢ > 0. Then

(i) If HC, cB(c, d) holds, then LSI, cp(c, d) holds.

(11) If LSI; c(c, d) holds for all § > g, then HC, cg(c,d) holds.

A direct application of the definitions for L, regularity of Dirichlet forms
then leads to the following:

Theorem 2.12. Assume that L is the generator of a primitive QMS with unique
invariant state o, and that LSl c(c, d) holds. Then

(1) If the generator L is strongly L,-reqular for some dy > 0, then LSI, cg(c,d
+ cdyp) holds for all ¢ > 1, so that HCs cg(c,d + cdy) holds.

(i1) If the generator L is only weakly Ly-reqular for some dy > 0, then
LSI, cB(2¢,d + cdo) holds for all ¢ > 1, so that HCy cB(2¢,d + cdp)
holds.

As in the decoherence-free case, an application of Proposition 5.2 of [53]
together with Theorem 4 of [71] leads to the following corollary:

Corollary 2.13. Assume that L is the generator of a primitive QMS with unique
invariant state o, and that LSIs cg(c,d) holds.
(1) If L is reversible, then LSI, cB(c,d+c (||£|la—2, o +1)) holds for all g > 1
and consequently HCo cp(c,d + ¢ (||L]|2—2,+ + 1)) holds.
(i1) If L satisfies 0-DBC, then LS, cg(c,d) holds for all ¢ > 1 and conse-
quently HCy cp(c,d) holds.

Moreover, we derive universal bounds on the CB-log-Sobolev constants:

Theorem 2.14 (Universal bounds on the CB-log Sobolev constants). Let
(Pi)e=0 be a primitive reversible QMS, with unique invariant state o and spec-

tral gap \(L). Then, LSIy, cp(c,In\/2) holds, with

o mlo o2

D) (2.31)

3. The Weighted L,(N,L,(o1.)) Norms

Hypercontractivity is a statement concerning the contraction properties of a
certain family of norms under the action of a QMS (P;);>¢. Perhaps the main
contribution of this article is the study and use of such a family, specific to the
QMS and its decoherence-free algebra. The origin of these norms comes from
operator space theory; they were recently defined by Junge and Parcet in [36]
and can be seen as a generalization of the norms defined on non-commutative
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vector-valued L, spaces by Pisier in [55]. Recall that A/(P) is the decoherence-
free algebra of the QMS defined in Eq. (2.2) and that o7y is a refence invariant
and full-rank density matrix defined in Eq. (2.7). For 1 < ¢ < p < 400 and
L—=1_ 1" define

s q p
1 XN (g0, 4 = amen ™ s [Allor, oy 1Bllor, oy 1Y 1y o s (3:1)
X=AYB
IAY Bll, ;.
1Yl pg), == sup : (3.2)

A.BeN(P) [Allar or 1Blloy on,

For any 1 < ¢,p < 400, we denote the space B(H) endowed with the norms
1 X1 (q,p), & DY Lg(N, Ly (0ry)). We refer the reader to [36] for the proof that it
defines an interpolating family of spaces. In Sect. 3.1, we study the properties
of these norms and show the reason why they constitute good candidates for
the study of hypercontractivity of decohering QMS. In Sect. 3.2, we state one
of the main results of this article: a formulation of Gross’ integration Lemma.
We conclude in Sect. 3.3 with a result on the almost convexity of the norm
that will be essential in the next section.

3.1. Some Properties of the L, (N, L, (o1:)) Spaces

We first gather some properties of the Ly(N, Ly(ory)) spaces. First, we will
repeatedly use the crucial fact that they define a family of complex interpolat-
ing spaces [36]. We refer to the latter citation for a proof of this and for more
information about these norms.

Proposition 3.1. Let 1 < ¢q,p < +oo together with their Hélder conjugates
q,p, i.e., such that % + ; =1, and % + % = 1. Moreover, let N be a

subalgebra of B(H) with corresponding conditional expectation Ex and oy 1=
En.(I/dy). Then, the followings hold:

(i) Holder’s inequality: For any X € L,(N,Ly(o1)) and Y € Ly (N,Ly
(UTr))7
(XY ) ol < 1 X gy, MY (g7 9y, 7 -
(it) Duality: For any X € Ly(N,L,(o1y)),

1X 0 .00, 7 = 5D {{X, Yo | = 1Y (700, 4 = 1}
(i11) Relation with Ly(o1) norms: if ¢ < p, then for any X € L,(ory),
X g0 < 1 X005 < [ X]lp,or. (3-3)
X Ngom < 1XN .0y, 4 < (1 X]p,om - (3.4)

and, in both cases, equality holds for all X if p = q. This last statement
1s usually referred to as Fubini’s Theorem.

(iv) The hierarchy of norms: for 1 < q¢1 < qo,p1 < p2 < +00, and any
X € B(H),

1 X N egr,p0), & < 11X N (gapa), A -
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(v) When 1 < ¢ < p < +o0, the sup on the right hand side of Eq. (3.2)
may be restricted to the set of positive semidefinite operators A, B > 0.
Furthermore, for all positive semidefinite X,

1| = sup At x aver
(p.a), N AEN, A0, Al =1
(vi) Similarly, the inf on the right hand side of Eq. (3.1) may be restricted to

the set of positive semidefinite operators A, B > 0. Furthermore, for all
positive semidefinite X,

; (3.5)

q,01r

(3.6)

||XH(q,p),N = ‘A_1/2TXA_1/2T

inf ’
AeN, A>0, [|All1,om, =1

(vii) For all 1 < q < p < +00, [ X|(gp), & = I Xlg, 00, whenever X € N.

p,oTr

Proof. (i) Holder’s inequality follows directly from Holder’s inequality in the
case of the L, (o) norms (see [53]): without loss of generality, assume
that p < ¢, so that ¢’ < p’. Consider any decomposition of Y of the form
Y = AZB, with A,B € N and Z € B(H). Then,

|<X7Y><7Tr| = ‘<Xv AZB>O'Tr‘ = ‘<A*XB*’Z>O"I\'|
S NA X B lp.or 1215 o
< XN gp), A 11A Bllzror 2]l 0m -

We conclude by taking the infimum over the operators A, B and Z.
(ii) Assume without loss of generality that 1 < ¢ < p < 4o00. Then,

‘2T70Tr

1XNlp,a),~ = sup {|AXBllgon : [ All2r,on | Bll2ron <1}
A,BEN

= sup {{AXB, Z)or| : [ All2r,onllBll2ron < L1 Z]lg,0rn <1}
A,BeEN,ZeB(H)

< sup  {|(X, A"ZB")on | : | All2r,on [ Bllzr.or 1 Z]lg ,om < 1}
A,BEN,ZeB(H)
= sup {|<X7W>0'Tr|: WZA*ZB*:

A,BEN ,W,ZeB(H)
[ All2r.ox 1 Bll2r.o | Zllq .0n < 1}
< sup (X, Won|: (Wl ey, <1},

WeB(H)
where in the second line, we used the duality of L,(or,) norms, in the
third line we used that for A, B € N, [4,01] = [B,ory] = 0, and in
the last line we used that % = % — %. Using Holder’s inequality (i), the
condition ||[W || 4y, &r < 1 implies

(X W) o | <X [0, MW [0, 8 < 11X | prgy, -
Therefore, the supremum is attained. This shows that the Banach space
L, (N,Ly (o1y)) is the dual of L, (N, L, (or)). As these spaces are finite
dimensional, the converse holds.

(iii) The second inequality in (3.3) and the first inequality in (3.4) are obvious
by definition, by considering A = B = I} in both cases and Y = X in
the first case. The second inequality in (3.4) and the first inequality in
(3.3) are proved by a use of Holder’s inequality for the L, (o) norms.



3858 I. Bardet and C. Rouzé Ann. Henri Poincaré

(iv) By convexity of the inverse function, L = L — L > L L = 1 g
1 q1 P1 q2 P2 T2
that
||X||(q1,p1),/\/’ = A,BeN,YeiBn(%),X=AYB ||A||2m,aTr BHQm,JTr Y”pl,O‘Tr
S A,BeN,YGiBn(fH),X:AYB ||14||2r2,c7Tr B||2r2,chr ||p2,UTr

= [ X1l tg2,p2). >

where in the second line we used the hierarchy of the ||.||,, o, norms: for
P <D [ Xlpon < 1 Xl5,0m,-

(v) The first claim follows directly from invariance of N' under A — |A] =
VA*A, polar decomposition, as well as invariance of the L,(o1,) norms
under unitary transformations U € N. Assume now that X > 0. Then,
by Hélder’s inequality for the Schatten norms,

< flaxa

|AXB| I1BX Bl

q,0Tr q,0Tr q,0Tr

) H‘B)(‘B*”q,orrr } Y

q,07Tr

< max{||AXA*||

where we also used that Ty, (AXB*) = AT, (X)B* as A, B € N(P).
Moreover, equality holds when A = B. Since positive definite operators
are dense in the set of positive semidefinite operators, we conclude that
for all positive semidefinite X,

Xlggw= s v xave
(p.)) N AEN, A>0, ||All1,om =1

q,0Tr

(vi) This property is more difficult to prove than the previous one. We refer
to point (iv) of Proposition 4.1.5 in [73].

(vii) From the first inequality of (3.3), we only need to find A, B € N and Y €
B(H) such that X = AY B, and | X||g.0n. = | All2r.00 | Bll2r.ow|Y |p,ome -
This works by taking A = B = X3 and Y = X7, Indeed, in this case,

1 a
[All2ror, = [[Bllzr,or. = (Tr(om|X[7)) 2" = [|X]| /o ,
1 g
Y llp.ore = Tr(om|X[1)7 = [ X]|gor.

and the claim follows from the fact that 1 + % = %.

O

In the following proposition, we gather properties of L, (N, L,(ory)),
when A" = N (P) is the decoherence-free algebra of a decohering QMS (Py);>0,
that will be particularly useful throughout the paper:

Proposition 3.2. Fiz 1 < ¢ < p < 400 and let (P;)i>0 be a decohering QMS,
with N = N(P). Then, the following properties hold:

(i) (P:)i>0 is contractive with respect to ||.||(qp), A for all 1 < q,p < +o0.
(ii) For all X € N(P), [ Xl (g, ~ = 1 Xlg.on.-
(iii) Ordering of the norms: for fized ¢ > 1 and for g < py < pa, ||.l|(gp1), & <

||'||(q7pz)7/\f'
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(i) In the case when N = N(P) = CI and o1, = o is its unique invariant
state, equality holds in the second inequality of (3.3) as well as the first
inequality of (3.4).

Proof. (i) We first prove that (P;);>o is contractive for the ||-[|,, ,.. norm for
all p>1and all t > 0, i.e., for all X € B(H),

1P:(X) < [1xl

By Riesz—Thorin interpolation Theorem, it is enough to prove this for
p =1 and p = +o0o. The case p = +oo follows from the Russo-Dye
Theorem [60] and the fact that P, (Ix) = Iy for all ¢ > 0. The case
p = 1 then follows by duality as |P; : Li(om) — Li(om)| = [P :
Lo (01y) — Loo (o) ||, where P is the adjoint of P for the (2, oy )-inner
product. Indeed, P is again a unital QMS with the same invariant state
oy, see [40] for instance.

||p’UTr p,oTr

Assume now that 1 < ¢ < p < +4o00. We first prove that (Pt)tzo is
contractive for the |||/, q), 4~ norm. By definition,
1P X 9.y, v = sup [Pe(A)Pe(X)Pe(B)l| .0

A,BEN(P),
HAH%‘,HTr 7HB”27‘,0Tr =1

= sup [P:(AX B)llq,0m,
A,BEN(P),
I Allzr oy s B2, =1

< sup ”AXB”L],UTr = HX”(p,q),N’
A,BEN(P),
lAll2r,op, s Bll2roq, =1

where % = % — L. Here, the first line follows from the fact that (P;);>0
acts unitarily on N (P), the second line follows from Proposition 1(2) of
[19], and the third one from the contractivity of P; as a map from L (o)
to Ly (o1y). The case of ||.||(4,p), ar follows by duality (Proposition 3.1(ii))
and Holder’s inequality (Proposition (3.1)(i)):
1P g v = sup (Y, Pe(X))on,
1Yl (g pry,ar<1

= sup (Pu(Y), X)om,

1Y g7, pry ar <1

< sup NPy N I X g, A
1Y gty a1

where %—l— i =1and % + % = 1, and where P is the adjoint of P for the
oy -inner product defined in Eq. (2.15). We conclude by using the above
proof of DF-contractivity for 1 < p' < ¢ < 400, applied to the QMS
(Pt)i>0-

(ii) This is point (vii) of Proposition 3.1 for N' = N (P).

(iii) This is point (iv) of Proposition 3.1 for N' = N (P).

(iv) This is obvious since N (P) = CI.
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3.2. Differentiation of the Decoherence-Free Norms

As in the primitive case, the equivalence between hypercontractivity and the
log-Sobolev inequality relies on a formula for the differentiation of the
decoherence-free norms, commonly called Gross’ integration Lemma. In the
bipartite case, where N'(P) = B(H4) ® I, and the invariant state is the
maximally mixed state, this differentiation was done in [6]. Here, we gener-
alize this result to the case of the amalgamated L, norms associated to a
decohering QMS. The next lemma, which extends Lemma 5 of [40], provides
a physical interpretation of the DF-L,, relative entropies in terms of the quan-
tum relative entropy of a state and its projection onto the decoherence-free
subalgebra. Recall that the quantum relative entropy D(p||o) of two states
p,o € D(H) is given by
_ [ Tr(p(Inp—Inc)) supp(p) C supp(o),
Dpllo) := {—i—oo otherwise. (3.7)

Lemma 3.3. Let p € Dy (H) and X € B(H) positive definite. We denote by
on = En(p) the image of p by the conditional expectation. Then

(i) Enta, n(Ton! > (v/B)) = 3D (pllpn)-

(ii) Enty x(T7r, () = D(pllp)-
(iii) More generally, Ent%N(I‘_TEr(p%)) = %D(p”p/\/) for any ¢ > 1. In par-

ticular,
1

-5, 1 -1 1
Entg, x (o (p7)) < Enty,or, (Do (p7))
(i) If X € N(P) and any q > 1, Ent, A (X) = 0.
(v) Ent, ar(X) = %Entg,N(Ig,p(X)) for any p > 1.
Proof. (i) For X = T'52/*(\/p), Eq. (2.28) reduces to
1 1 1
Ents o (X) = §Tr(plnp) — §Tr (plnEN [F;Tlr (p)]) — §Tr(panTr). (3.8)

Now, Tr (pIn Ex [I'71 (p)]) = Tr (oo In Exr [T1 (p)] ). Using Eq. (2.23)
together with [or., Enr, (p)] = 0, we arrive at

Tr (pn In Ex [Cor, (p)]) = Dlpwllom) -
Substituting the above right hand side into (3.8), we finally arrive at (cf.

[4])

1 1 1
Enty p(Y) = §D(p||0'Tr) - §D(pN||0Tr) = §D(P||0N)- (3.9)

(ii) It is easy to verify that for X =T, ! (p):
{To0,1(X), S1(X)) o, — [IX

Lo [ X100 = D(pllot) -

Moreover, we proved in (i) that Tr (paIn Ex T2 (p)]) = D(pwllom).
We conclude from inserting the last two equations into the expression
of Enty n(T,.! (p)) and using once again that D(p|lpn) = D(pllor) —
D(pnllo).
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(iii) The first part follows similarly. The inequality is a consequence of the
relation

D(pllprr) = D(pllo:) — D(prllom),

proved in [4] Lemma 3.4.
(iv) This is a simple consequence of (iii) together with the fact that if X €
N(P),

P = Exa[Tian, (X)1] = Ena[Co, (X9)]

= Dy (BN[X1)) = Do (X9) = (D (X))

(v) It follows by direct computation.

p.

O

The proof of next theorem follows closely the one of Theorem 7 of [6],
and is discussed in Appendix A for sake of clarity. It can be seen as both a
generalization of the differentiation done in the primitive case in [53] to non-
primitive QMS (see also Lemma 14 of [40]), and the one carried out for the
CB-norm in [6] to the non-unital case.

Theorem 3.4. Let t — p(t) be a twice continuously differentiable increasing
function in a neighborhood of 0, with p(0) = q > 1. Also let t — Y (t) € B(H)
be an operator-valued twice continuously differentiable function, where Y (t) is
positive definite in a neighborhood of 0, and define Y := Y (0). Then,

d
%IIY(t)Hm,p(t)),N .

o <Entq,/\/(Y)+ g Tr({réTT(Y)]q1F§T7.(Y/(O))>>.

|y, ' (0)

We shall apply this theorem to different situations. Perhaps the most
relevant one is when Y (¢) models the evolution of an observable X € B(H)
under the QMS (P;);>0. We state it as a corollary.

Corollary 3.5. For any positive definite X € B(H),

_p'(0) 2(¢ - 1)
o T (Bt )= S ee0).

4,0 Tr

d
1P Xy, &

(3.10)

Remark 3.6. The situation where X (t) = X for all ¢t and p(t) = g+t provides
a functional analytic justification of the term entropy, as it yields:

1
= iyvpe-1
q||XHQ>UTr
We see here the tight relationship between the amalgamated L, norms and
entropic quantities that appear in quantum information theory. This link was

recently exploited in [29] to prove a generalization of the celebrated SSA in-
equality.

Ent, x(X). (3.11)

d
%HX”(q,p),/\/'

p=q
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3.3. Almost Uniform Convexity

In this subsection, we study a convexity inequality proved in the context of
weighted L,(c) norms in [53]. This will be an essential tool when proving
universal lower bounds on the weak DF-log-Sobolev constants. This inequality
states that for all X positive semidefinite, any full-rank state o, and all p €
[1,2],

X1y, > (0= 1) [ X = Te(a X)[[; , + Tr (0 X)*. (3.12)
For the Shattern norms, this inequality can be seen as an extension of Ball-
Carlen—Lieb convexity inequality [3]

p p
(HX HY [+ IX =Y

5 ) > | X[+ - DIYI,, X.YeBH) (313)

(see [57,58] for a discussion of this fact). It has many important applications
in the theory of non-commutative L, spaces, such as yielding the optimal con-
stant for Fermionic hypercontractivity [14]. We shall prove however in Sect.
5 that inequality (3.13) fails for the amalgamated L, spaces. Instead, in this
section we prove a weak form of inequality (3.12).

For X € B(H), Ae N(P)n Sﬂi(oTr) and p > 1, we define
prd
]p . (3.14)

O(X, A,p) = HP;UT(X) = Tr H AF X A

P
where we recall that 1/r = |1/2 — 1/p|. Remark that for all positive semidefi-
1

nite X € B(H) and all A € N (P) ﬂsﬂmm P(T5r, (X), 4,2) = Xy 4., - We

shall prove that a similar result as (3.12) holds for ®, which we subsequently
refer to as almost uniform convezity.

Lemma 3.7. The two following properties hold:

(i) For all X € BL,(H), Ac N(P)nS*

Ly (oe) and all 1 <p <2,

B(P 2y (X), A,p)? > (p— DTl (X — Ex[X]), A, p)?

+®(Lé, (Ex[X]), A, p)* . (3.15)
(ii) For all X € BY,(H) and A€ N(P)N S, .
9 1 0 1
(T2 (X), A, p)?| < —®(T2,, (X — Ex[X]), 4,p)°
op ( (X),4,p) J— dp ( ( X)) P) p=2
a 1
+ - O(ey, (En[X]), A, p)?
o (Tér (Ex[X]), A, p) -
+1X - Ex(X]I3,, - (3.16)

Proof. We follow the proof of Lemma 2.9 in [53] in order to prove the first
claim. We adopt the following notations. For 0 <t < 1, define

X(t) = Ex[X]+t (X — Ex[X]) ,
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1
p(t) = @(Tsr, (X (1)), A,p)%,
1 _1
h=T8, oI, (X — Ex[X]).
Then, Eq. (3.15) reduces to:
e(1) > (p— 1)) + ©(0). (3.17)
This inequality follows directly from:
L ¢'(0)=0;
2. ¢"(t) >2(p— 1) [|h]} forall 0 < ¢ < 1.

1 _1
We start by computing ¢'(¢). Writing Z(t) = T'5y, o', " (X(t)), we have by
integral representation that for all 0 <¢ <1

@' (t) = 2Tr [h Z(t)P~H Tr [Z(t)P)2/P7 1, (3.18)
o' (t) > 2% (Tr[h Z(t)P71)) Tx[Z(1)P)2/PL. (3.19)

We start by proving claim 1. First remark that, since elements of A/(P) com-
mute with oy,

Therefore, Tr[hZ(0)"""] = (X — Ex[X].B),, where B = T’
_1 p—1
(EN [FAT(X)} ) € N(P). By Eq. (2.22), we get that Tr[hZP~!] = 0

which results in ¢’(0) = 0. The proof of claim 2 is a direct copy of the proof
of Lemma 2.9 in [53] and we omit it. Hence, Eq. (3.15) holds.
In order to prove (ii), we rearrange the terms in Eq. (3.15) to get

(2= P)B(Téy, (X — Ex[X]), A,p)’
> (804,00, 4.2) 4 #(05,(X), 4,0) ) (904, (0, 4.2) = #(0%,,(X), A.9))
- (@(FETT(X — ENIX]), A,2) + (T, (X — Ex[X]), A,p)>
x (050X = ENIXD, 4,2) — BT, (X - BAIXD, A
- (2. (Bw[X).4.2) + 0T (ENXD. A1) )
x (@dn (BN XD, A, - (Ch, (Bw (XD A ) |
where we used that

B(02y, (X), 4,2)% = B(TZ,, (X — Ex[X]), 4,2)% + B(T2,, (Ex[X]), 4,2)°.

(3.16) follows by dividing this inequality by 2 — p and taking the limit p — 2.
O
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4. DF-Hypercontractivity and the Log-Sobolev Inequality

In this section, we state and prove the main results of this article. In Sect.
4.1, we prove the equivalence between hypercontractivity for the amalgamated
norms and the DF-log-Sobolev inequality. In Sect. 4.2, we prove that the weak
constants in the DF-log-Sobolev inequality can always be upper bounded by
a universal constant, namely In+/2. In Sect. 4.3, we show how to derive es-
timates on the log-Sobolev constants using interpolation techniques. Finally,
we combine these two last results in order to obtain generic bounds on both
constants.

4.1. Fundamental Equivalence Between Hypercontractivity and the
Log-Sobolev Inequality

Here, we state and prove the main result of this section, that is, the equivalence

between the DF-log-Sobolev inequality and DF-hypercontractivity.

Theorem 4.1. Let (Py)i>0 be a decohering QMS on B(H) with associated gen-
erator L, and let ¢ >1,d >0 an c > 0. Then,
(1) If HCy ar(c,d) holds, then LSI, ar(c,d) holds.
(i) IfLSIg n(c,d) holds for all G > q, then HCy, n (¢, d-+1n+/|I]) holds, where
|I| denotes the number of blocks in the decomposition of N'(P) as given
in Eq. (2.9).

Remark 4.2. For primitive evolution, |I| = 1 and this theorem states the equiv-
alence between hypercontractivity and the logarithmic Sobolev inequality. The
equivalence is also achieved in the more general situation where NV (P) is a fac-
tor, that is, in the situation of Sect. 2.5. However, we will discuss in Appendix
C why the term In |I| may not be optimal.

Proof. We first prove (i). For X > 0, define the function

F:[0,400) 2t eXp{ 2d (q - P()>} Pt (X))l (g,p(2)), A »

where p(t) := 1+ (¢ — 1)e?/¢. HC, ar(c,d) implies that In F(t) < In F(0) for
all £ > 0, with equality at ¢t = 0. Therefore,
dIn F(t) d

( )
dt =24

t=0+

<0.

t=0"+

0 ([P (X) || (g.p()), N

Using Eq. (3.10), the above 1nequality reduces to
—2d n 1
¢ N XNGon
which yields LSI,, ar(c, d).

To prove (ii), we proceed by contradiction, similarly to [6]. The main
difference resides in the replacement of the norm by an auxiliary quantity that
allows to control a remainder term that does not appear in the case where
N (P) is a factor. By Lemma 4.4, it is enough to consider the case where the
evolution on elements of the decoherence-free algebra is trivial. Indeed, one

(Enty /(X)) —c&y, 2(X)) <0,
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can replace the Lindbladian £ by £’ = £ —i[H, ], where H = H* € N(P) is
such that for all X € N(P) (following Eq. (2.3)),
Pu(X) = et X e HH
One can readily check that both QMS have the same decoherence-free algebra
which coincide with the fixed-point algebra of x(£’) and that oy is still an
invariant state of this “translate” QMS.
Next, assume that there exists an X € B(H) such that hypercontractivity
fails for this X. Following the same proof as Theorem 12 of [20], we can show

that it is sufficient to consider that X is a positive definite operator. Indeed,
for fixed ¢ < p, if there exists C' > 0 such that for any X positive definite,

1P (X))l g0y, & < ClIXIlg,0m, »

then the inequality remains true for any X € B(H). Without loss of generality,
we also assume that || X |0, = 1. Then, set p(t) = 1+ (¢ — 1)e?/¢ for ¢ > 0.
t — p(t) covers the whole set of § > ¢. Suppose that there exists some time
to > 0 such that

1 1
1P (gt v > €D {2<d+ I /7] ( - )} ‘

q p(to)
Define, for € > 0,

50 = P, ex0 { =20+ VT (5= o) b et

p(t)
where |[.[[[, ), o~ is defined in Appendix B. By definition, [P, (X)) p(t0)), A =
1Peo (X) Il (q,n( to))’/\/’ so that @(tg) > 1 for £ small enough. Define the set
U := {t € [0,to] : @(t) < 1}. Since Py = id and p(0) = ¢, we have
2(0) = [[X|lgors = 1, so that U # 0. Let u be the supremum of the set
U. By continuity of ¢ — [[Pe(X)|| ;. pc)), o (cf. Lemma B.4), & is continuous
and therefore u € U and u < tg. Now, by definition of u, for all ¢t € (u,to],
@(t) > 1 = @p(u). For t > 0, let A(t) be the unique minimizer of

NP)INSH 2 A |A=O2P (X)AO2|| 0 oo

as characterized in Lemma B.3, where S‘]; (om) is defined in Appendix B and

s(t) = % — m Define

p(t) == | A(u) > O2P (X)) Au) "D 0) 0,
1 1
xexpq —2(d+1In+/|1 (—)}—Et.
{ ( D q p(t)
Therefore, for all ¢t > u,

u(t) > inf “Afs(t)/ZPt()()1475(0/2”p(t)ﬁTr

AeN(PINSH ()

X eXp{—Q(d-l-ln VI ((1] - p(lt))} — et = @(t)
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and @(u) = p(u). Now, the derivative of u(t) at ¢ = u can be computed
using Eq. (A.2) with X(t) = Fl/p Do oPy(X) and A = A(u). Given M(t) :=
A(u)=*O/2P (X)) A(u) /2 one finds

0

ot [A(u) D2 Pu(X) A1) "D 2] 4y, o

t=u

- p(u)2||]\]z//((5))|;u(u)1 ( Tr (F;‘;)( (U))p(“>) InTr {F@(M(u))mu)}
p(t),om:

T |27 (@) T () | = v [ P27 (10 n )|

P 1 (07 gy =1 )~/
T [ (1) i)

{FT L(Pu(X)) — 27: ((Z))Q {Inom, T57 (Pu(X))}} A(u)*(u)/QD .

1
Defining p(u) := T&% (M (u))P™), the above simplifies into
0

S| AW OERO AW Oy,

t=u

- )2||A’;((“))||,,(u> - (D)1 Ex(p0)) = ep() Eypay, £ (M (w)
u u (t)7C"Tr

= Tr(p(u)) In Trp(u) + Tr (p(u) In Exv. (p(u))) = Tr (p(u) n ()

— Tr(p(u) In O'Tr))

- p(u)nz\%))”p(u {E“%),N(M (1)) — ¢ Epuy, (M (u))

p(t),0Tr

+ ]ﬁ (=Tr(p(u)) InTrp(u) + Tr (p(u) In Exc.(p(u)))

Ty (p(u) 1n21(u)) ~Tr (p(u) In (m)) } : (4.1)

where, in order to get the Dirichlet form, we also used that for any A € A and
X € B(H), Pi(AXA) = AP,(X)A — L(AXA) = AL(X)A, since we assume
the evolution to be trivial on M. Using the expression for fl(u) derived in Eq.
(B.5), which we recall here:

PEy [11 (A*l/%yji*l/?r)] P
PZA-P’L = )

P
|1|Tr[ (PgT (A-1/2ry A- 1/2r)> pl}

we have:

InA(u mZ PA(u
el
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=> "In P, A(u) P;
icl
= Z —In|I| P, — InTr(P; p(u) P;) —In PonP; + In P; Eny(p(u)) P
iel
=—In|l|—Inon, —InTr(p(u)) + In Exs(p(u)).
Using this expression, Eq. (4.1) simplifies into:

O v x s L

gi| A@ TP AW O ) o0,

__p'(u)/p(u) _ In |I] ()

- W(@W;—I{Emmww (W) = ¢Epuy, £(M(w) + 0 5 M@ .}
p(t),01r

Then, using the assumption that LSIy,) a(c,d) holds, we find that
() < —e.

Therefore, there exists 6 > 0 such that u + 0 < tg and p(u + ) < p(u). We
then have

P(u+6) < plu+0) < p(u) = ¢(u) <1,
which is in contradiction with the very definition of w. O

Remark 4.3. A legitimate question would be whether “LSI implies hypercon-
tractivity” with the same constants holds with the amalgamated norms re-
placed by [[-[l(, ;) n- This proposal raises different issues:

1. Proving that [|-[|., ) 18 a norm is a difficult task which is out of the
scope of this article.

2. A8 [| Al oy, < 1 implies || |
semidefinite X € B(H) that

1K1 2,009,807 < 12 MX M 2,00, a7 -

In view of the proof of Proposition 6.1, the gain we would get from using
a log-Sobolev inequality with |[|-[f, ,) » would be loss when computing
the corresponding decoherence time.

3. The amalgamated norms obey a nice “transference principle” which al-
lows to successfully transfer estimates about hypercontractivity of clas-
sical Markov semigroups to the quantum case [5].

4. In the bipartite case consider in Sect. 8, they reduce to the amalgamated
norms. This implies that, at least in this case, they do not obey strong
hypercontractivity as proved in Sect. 5.

<1 for A € N(P), we get for any

lomr

For those reasons, we chose not to further develop the theory in this direction.

Lemma 4.4. Let (Py)i>0 be a faithful QMS of generator L. Define the QMS
(P])t>0 with Lindbladian L' = L —i[H,"], where H = H* € N(P).

Then, HCy ar(c, d) holds for (Py)i>o if and only if it holds for (P}). Con-
sequently, LSIy nr(c,d) holds for (Py)i>o if and only if it holds for (P})i>o-
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Proof. The following holds for any X € B(H):
Pi(X) =e " HPy(X )

We prove that for all X € B(H) and all 1 < ¢ < p < oo, [|Py(X)|l(gp), N =
|P4(X)|l(g,p), - This is enough to conclude the first part of the proof.

Let X € B(H),t >0, e >0 and take A, B € N(P), Y € B(H) such that
PUX) = AYB and [Pe(X)igp & = [l on, [1Bllgr o, V1] oo — 2. We
have

Pi(X) =e " AYBe™
_ (e—itHAeitH) (e—itHYeitH) (e—itHBeitH) )

Furthermore, as H, A, B € N(P), (e AeH) (e~ Beitl) ¢ N(P) and
He—z‘tHZeitH for any s > 1 and Z = A, B,Y by invariance

‘S,G‘Tr = HZHSHUTr .
of the trace, as H € N(P) and therefore e commutes with or. It shows
that
Pi(X = inf Al
PH g =,
P(X)=A'Y'B’
< [lem A,

= [P (Xl (qp, v + &

B/HQ’I”, OTr HY/H

HQT’ oy P, 0Ty

e—thBeitH H
27, 0Ty

e—thYeitH ‘ ’
P, 0Tr

Thus, | P{(X) (g0, & < Pe(X)]l(g,p), Ar- The other inequality follows similarly,
by remarking that P;(X) = e 7 P/(X)e " for all X € B(H).

We now prove the statement concerning LSI. We only need to prove that
both ¢-Dirichlet forms are equal, i.e., &, » = &;, 2/. By the first part of the proof
the left-hand sides of Eq. (3.10) in Corollary 3.5 are equal when considering
P and P’ and therefore so are the right-hand sides. The result follows after
simplification. O

In the above theorem, one needs LSI; ar(c,d) to hold for any ¢ > ¢ in
order to conclude that HC, ar(c,d) holds. Under the assumption of regularity
of the Dirichlet forms, it is enough to assume that it holds for ¢ = 2 only.

Theorem 4.5. Assume that LSIy, n(c,d) holds. Then

(1) If the generator L is strongly L,-regular for some dy > 0, then LSI,
(¢,d+cdy) holds for all ¢ > 1, so that HCy, ar(c, d+1n \/m+cd0) holds.

(i1) If the generator L is only weakly Ly-reqular for some dy > 0, then
LSI, ar(2¢,d + cdy) holds for all ¢ > 1, so that HCo r(2¢,d + In+/|I| +
cdyp) holds.

Proof. (i) From Lemma 3.3(vi),
2
Entg ar(X) = = Ento ar(12,4(X))

<

LI NORSY

(052,£(I2,q(X)) +d ”IQ,Q(X)”g,UTr)
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q,071r 7

2
<&y o(X)+ p (d+cdo) | X2

where in the last line we used that & £(I2,4(X)) < & £(X)+dol| X |2 ..
by strong L,-regularity.
(ii) Follows similarly.
O

It was shown in [4] that any generator satisfying op,-DBC is strongly
regular with constant dy = 0. Furthermore, in the case when Eq. (2.19) is sat-
isfied, a straightforward extension of the proof of Proposition 5.2 of [53] to the
case of a non-primitive QMS implies that the strong IL,,-regularity of £ always
holds, with dy = ||£]|2—2, o1, + 1. The following corollary is a straightforward
consequence of these two facts.

Corollary 4.6. Assume that LSy ar(c,d) holds. Then:
(1) If L is reversible, then HCy nr(c,d 4+ In+/|I| + ¢ (||L]|2—2, op + 1)) holds.
(11) If L satisfies o1,-DBC, then HCy ar(c,d + In+/|I]) holds.

4.2. A Universal Upper Bound on the Weak Log-Sobolev Constant

Here and in the next section, we show how to get a DF log-Sobolev inequality
with universal constants in terms of the spectral gap of the QMS. Recall that
the spectral gap A(L) is defined as the largest constant A > 0 such that the
following DF-Poincaré inequality holds: for all X € By, (H):

A Vary(X) < &.0(X). (PI()

where Vary(X) := || X — Ex[X]||3,,, is the DF-variance of X. The first
step is to prove that the weak log-Sobolev inequality together with Poincaré’s
inequality imply a universal weak log-Sobolev constant.

Theorem 4.7. Assume that LS5 nr(c,d) holds and denote by A(L) the spectral
gap of L. Then, LSIy nr(c+ %, d' =1n+/2) holds.

It is a well-known result that one can obtain from the uniform convexity
(3.12) the following inequality (see [53])

Ents »(X) < Ents , (| X — Tr[o X]|2) + Var,(X), (4.2)

where Var, (X) = || X — Tr(0X)||3,, is the variance of X € Byq(H) under the
state o, and for any Z € By, (H),
1Z]5 =T, 2 P2 (2)].

Applying the Poincaré inequality to the variance in the right-hand side of
inequality (4.2), the strong form of the LSI holds if it holds for elements of
the form X — Tr [0 X] only. Therefore, for primitive QMS Theorem 4.7 holds
with d = 0. Here we prove a weaker form of inequality (4.2) which holds for
all amalgamated L, spaces. We do not know if the constant V2 that appears

is optimal or not. However, we prove in Sect. 5 that it is necessarily greater
than one.
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Proposition 4.8. For all X € B}, (H),

Enty ar(X) < Entyar(|X — Ex[X]]2) + Vary(X) 4+ Inv/2 ||XH§UT ,  (4.3)
where | X — Ex[X]|2 is defined as above with respect to oy.

Proof. We shall adopt the notations introduced in Sect. 3.3 and write for
7Z € Bso(H):

~ Ex[h2(2)]
=MLz,
12113 o,

Using Eq. (A.4) with ¢ = 2 as well as Lemma A.2 and Eq. (2.28), we find that

0 1
ap (I aTr(lz\ ), Ap)?| = Entzn(1Z]2) + 5 1213 6, D Ton (Z5) I T, (A))

p=2

where ® is defined in Eq. (3.14), and where we used I; 2(Z) = I 2(|Z]2) and
HZl2ll2, 0 = 1Z]l2, o
Consequently, by Eq. (3.16) we get that for all A € N (P)N ]L (o) A0

fo _IBN[XNIE ..,
X103 6,

Ento ar(X) < Ento ar (| X — En[X]]2) + Vara (X)

1 1 1 1 1
+ 51X = BNX]I3 ., D (0 (X = ExIX)xod, || o, Aok, )

)

Hwol=

1 1 1
+ 5 IBNIXIIE,,, D (ok (En[X)x o, llof, Ao
1 1 1 1 1
- 5 ||)(H§,crrpr D (0'%1, XN O—%r || U'f‘r Aa%r)
= Ento A (|X — Ex[X]|2) + Vara (X)

+IXIE,, x
x {pD (oh, (EN[X))w ot |04, Aok, ) + (1)
% D (o, (X = Ex[X))w o, |04, Aok, )
1 1 1
- D (0%, Xn i, llo, Aos,) }. (4.4)

since by definition Vary(X) = || X — EN[X]H;N and Enty a(En[X]) = 0,
and where we also used the fact that for any Z 6 Bsa(H), Zn = (|Z]2)n
Remark that, since (Ex[X])v = Ex[X]?/||Ex[X]|I3

En [oTrl/z |o

X113 .,

Ex [o;:”(aé&x(fé{“)%;:”}

1/4X01/4 |2 U;rl/z}

XN =
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Ex |03 (03! (x - EN[XHEN[XDa;{“)%—;S”

Ex [o3 (03] Ex(X]o 1{4>2o;:/2]
1XT3 ...
Ex [o0! (03 (X = Ex(X])ot 200, ?]

+
Ex [on /(X - Ex [Xno%i Ex{Xoy,""]
+
HXII%
Ex [on EnIX]ot?(X — Ex[X]))og, "]
" IXTE....
=p(Ex[X])v + (1 —=p) (X = Ex[X])N, (4.5)

where we used Pythagoras theorem || X5, = [|X — Ex[X]|5 ., + [[Ex[X]
13,6, » and where the last two terms in Eq. (4.5) can be shown to be equal to
zero using Eqs. (2.21) and (2.4), since

By [on /(X = Ex{X))oy*Ex{X]or""]
= Ex [0 (X = B [X)oi* Ex[X]og, Poi{"]

= Ex [0/ (X = Ex[X) Exlo ”2Xo;/2]a%44]

= o Ex [(X — En[X)Exloy* Xog, /%)) o/
= on/ Ex (X — Ex(X])] Exloy’ Xog, "oy
=0,

and similarly for the second term. Consequently, since (X — Ex[X])y = (| X —
En[X]|2)ar, and by a use of the almost convexity of the von Neumann entropy
(see Theorem 11.10 of [52]), the term between brackets in (4.4) can be upper
bounded by H((p,1—p)), where H denotes the binary Shannon entropy. This
is itself upper bounded by In 2, from which we get the result. O

We can now easily prove Theorem 4.7.

Proof of Theorem 4.7. This is a simple corollary of Proposition 4.8. Indeed,
LSIs ar(e, d) applied to | X — En[X]|2 gives

Ento pr(|X — Ex[X]|2) < ¢ &, £(|X — Ex[X]|2) 4+ d Vary (X)
<c & £(X)+dVary(X)

where we used that & (| X — Ex[X]|2) < &, (X — Ex[X]) = &, £(X)
(see Theorem 4.7 of [17]). Besides, the DF-Poincaré inequality PI()\) implies
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ML) Vary (X) < &, £(X). Consequently, we get by (4.3):

d+1
Ento ar(X) < (c + A(JFE)) & (X)) + Inv2 ||X||%’0Tr,

which is the desired result. O

4.3. Bounding Log-Sobolev Constants via Interpolation

The idea to use interpolation in order to obtain estimates of the log-Sobolev
constants goes back to Gross in [32]. The strategy can be summarized as
follows: assume a bound of the form ||Ptp H2—>p.z7 < M is known for some fixed
t, > 0 and p > 2, with M > 1. Then can one show by extrapolation from
this bound that hypercontractivity holds for all ¢ > 0?7 The answer is yes and
its proof uses the crucial fact that the L, norms used for the definition of
hypercontractivity form an interpolating family of norms.

Theorem 4.9. Let (P;)i>0 be a reversible QMS on B(H) and assume that for
some 2 < p < +oo, there exist t,, M, > 0 such that for all X positive semidef-

inite, | P, (X) |2y < M| X|2.0m, - Then LS xr (“P 2 In Mp) holds.

p—27

Proof. The proof follows closely the analogous statement for classical Markov
chains [22] and primitive QMS [66]. The complex time semigroup

(o] Zn
P. ::eZEZ 7‘6’”7 Z€C7
n!
n=0
defines an analytic family of operators. Define the time dilated complex semi-
group P, := Py .. Since Py is reversible, its spectral radius does not change
upon the replacement ¢ — it, and therefore, for any @ > 0 and X positive

semidefinite:
Hﬁia<X)||2,UTr S ||X||27‘7Tr .
Therefore,
1P14ia(X) 20,07 = 1P1 © Pia(X)ll2ip). 47 < M| Pia(X)|2.0m < Myl X [l2,0, -

Hence, by Stein-Weiss’ interpolation Theorem ([7,62]), for all 0 < s < 1, and
any X € B(H):

1Ps(X) 2900, 5 < M1 X |20,

for ps such that
1 s 1—s
+ .

Taking t = st,, and p(t) := ps, we get

L In

1P (Xl 2,p(0)), & < €7P
with equality at t = 0, where

p(t) =

MP
1 Xl2,05, » (4.6)

2pt,
(2 —p)t +ptp -
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Taking derivatives on both sides of (4.6) at 0,
In M,

d
Xy, + Py, v| <0 (47)
p t=0
Using Corollary 3.5, with p(0) = 2 and p/'(0) = 2(%—172),
d p—2 [ Pty
— || Pe(X = ————— |Ento p(X) — & r(X
7Pl 2p), T PO KT 2, N (X) o 2, £(X)
Hence, (4.7) can be rewritten as
p—2 In M,
2 Bty ¥ (X) < &, 6(X) 4 "2 X3 0, (48)
Plp p
which leads to the desired result. g

In the following corollary, we combine Theorem 2.7 and Theorem 4.9 to
further provide upper bounds on the log-Sobolev constants in terms of the
spectral gap of the QMS (P,);>0. As such, it can be seen as an extension of
Theorem 5 of [66] to the case of decohering reversible QMS.

Corollary 4.10. Given a reversible QMS (P;)i>o0 with spectral gap A(L), LSIs zr
(¢,In/2) holds, with

< (o) +2
=720

Proof. From Eq. (3.3), we get that for any X > 0,

tone < o 1L X 200,

where the last inequality is a well-known property of L, norms. Together with
the contractivity of (Py)i>0 (cf. (i) of Proposition 3.2), we find

1P (X 2,00, 8 < 1 X N2, 0 < Nopt 11X 2.,

We conclude with successive applications of Theorem 4.9 and Theorem 2.7,
taking the limit ¢4 — 0 and My = ||ail||ié4. O

1 Xl 2,), 7 < 1X]

5. Non-positivity of the Strong LSI Constant

In this section, we show that a strong DF-log-Sobolev inequality does not hold
for a non-trivially decohering QMS, that is a QMS that is neither primitive nor
unitary. We deduce from this that the amalgamated L, norms do not satisfy
the uniform convexity given by inequality (3.13) for 1 < p < 2 as soon as N/
is non-trivial, even if one replace p — 1 by another positive constant.

By comparison of Dirichlet forms, it is enough to consider the case of the
N-decoherent QMS defined by Ly := Ex — id, where N is any x-subalgebra
of B(H) and E)r is a conditional expectation on it. Indeed, if (P;)i>0 is any
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decohering QMS with DF-algebra N (P) = A and the same conditional ex-
pectation Ejr, then the following inequality holds [50]:

L+L
ML) Ea, £y (X) < &, £(X) < ||=—— &, (X)),

2—2, 07y

where £ is the conjugate of £ with respect to (., .)e, , and A(£L) is the spectral
gap of (P;);>0. From this inequality, we directly obtain that if LSIs ar(car, 0)
holds for L, then LSI5 ar(c, 0) holds for £ with:

ML) _ 1

<L ||ft£
cN c

0
= 2

2—2, 07y
Our goal is thus to show that if A is non-trivial and LSIy ar(car, 0) holds for
L, then cyr = +o0.

Theorem 5.1. Let N be any non-trivial *-subalgebra of B(H) (that is, N # CI
and N # B(H)) and consider the Lindbladian Ly = Ex — id, where Ex is
any conditional expectation on N. Define oqy, 1= E/\[*(d;(1 Iy). Assume that
there exists o > 0 such that for all positive semi-definite X € B(H),

a Ente pr(X) <& 2, (X). (5.1)
Then, a = 0.

Proof. Let a« > 0 be such that inequality (5.1) holds for all positive semi-
definite X € B(H). We shall construct a sequence (Zy)ren such that

&2, £ (Zk)

S2ENER) )
Enthv(Zk) k—o0

which directly implies that o« = 0. More precisely, we shall construct a sequence
_1
of density matrices (pg)r>1 such that Z, = I'v.2 (\/pr) and

—1/4 —1/4
827 L (aTr / \Y Pk Oy / ) _
D(pklloar) ko0

0, (5.2)

where ppr i := En«(pr). Now assume that H and N admit the decomposition
given by Eqs. (2.8) and (2.9). As N is non-trivial, we can assume that either
there exists ¢ € I such that dim H; > 1 and dim K; > 1, or |I] > 1. We shall
construct a sequence (py)r>1 in each case and then treat them simultaneously
to prove the limit in (5.2).

We start by considering the first case and, without loss of generality, we assume
that H = Ha ® Hp and that N = B(H4) ® idp, with dim Hp := dg > 1
and dim Ha4 = 2. One can recover the general case by adding zeros in the
corresponding entries of pg. Then, by Eq. (2.10), it means that there exists a
density matrix 7 € D(Hp) such that for all w € S;(H),

Eni(w)=Try,(w)@T.
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We define, in an orthonormal basis in which 7 is diagonal and in any orthonor-
mal basis of H4,

010 ---0
01 . . 1 9
L . : N
0o --- 0
—_—
dp

It is clear that En.(A) = 0. Next, define

. 0
1
1 0 0 0

€1 = 0 & : 5 €2 = 1 (24 )
0 0

so that (e;, Ae;) = 1 — 0;;. We also define Ay := k(e1,parper) and Ap =
k%(eg, PNk €2), which clearly do not depend on k. We now set, for ¢ > 0,

Pk = P./\/,k"‘EA,

so that Exry(pre) = par k- Since the ppr i are full-rank, the py, . are well-defined
density matrices for € small enough.

We now turn to the case where |I| > 1. Up to adding zero entries in the
matrices defining py, we can assume that |I| = 2. Denote by P; the orthogonal
projection on H; ® IC; for ¢ € I, and consider n; = di]i:;u ® 7;, where T; is
defined in Eq. (2.10). We also denote by e; € H; ® K; an eigenvector of 7; of
associated eigenvalue \; > 0. We then set

1 1
A=leeal +leakesl . owi =gt (1-3) m.

so that again Ex.(A) = 0 and (e;,; Ae;) = 1 — §;;. As before, we define
Pk = PNk +EA.
Remark that in both cases, we have Ex.(A) =0 and

A = |erXez| + |e2)e1], (ei, Aej) =1—0di5,

k (5.3)
A=k {er,paker), Ag 1= m<62”0N”“ es) .

This will be enough to treat both cases simultaneously. We shall now prove
that the limit in (5.2) holds with parx = lim._ pr .. The first step is to
obtain a limit for a fixed £k > 1 and ¢ — 0, that is, to obtain a continuous
extension of the quotient appearing in the limit at par . For this purpose, we
compute the Taylor expansion of both the numerator and the denominator. A
simple calculation using the integral representations of the logarithm and of
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the square root functions [33] shows that (see also the proofs of Theorem 16
in [40] and Lemma 3.5 in [4]):

o0 1 1
D :52/ Tr{A A }dt—kOsS
(pr.elloa k) ; T ove ST ona (e”)

_ _ 1 1
&, exlon ore o :W2€2/ \/ETr[ A A}
N( T T ) [0,00)2 t+p./\/’,k t+pN,k

1/4 1/4 —1/4 —1/4
g Oy A Oy :|:|

Oy Tr
t+pnvk T+ PNk

— r2e? / VstTr
[0,00)2

+ 0.

Using Eq. (5.3), we can compute explicitly these integrals. For instance, the

s+pnvke St PN

—1/4 —1/4
second integral in the second equation is null, since Exr ScerprN . A S‘erprN k] =0.

This can be checked directly using the fact that both e; and ey are eigenvectors
—1/4
of 2 and that Ex[le1)ea|] = En[|e2)e1|] = 0. We thus obtain:

S+PN k
1 1
Diprcllons) =<2 (3 20: (1= 1) %) Herlalea) + 0", (5.4)
_ _ 1 1
&, e (om M preom! /) = 2m* ¥ f (E A (1 - E) AQ) [(ex]Alez)” + O(?),
(5.5)
where
(Vz—/5)? i log(z)—log(y)  f .
flay) =4 er - ETAY gy LT e #y
i else o else.
(5.6)

For a fixed k£ > 1, we thus obtain that

—1/4 —1/4
527£N(O-Tr1/ \ Pk, UTrl/ ) N 27‘(‘2 f (% )\17 (1 - %)AQ)
D(pr.cllpnk) e—0 g (32, (1= DA2)
We just have to take the limit k¥ — +o00 to conclude. Indeed,

f(l/\lv(ll)&) — 1/Aqg,

k k k—+o00

1 1
o (j =) v

To conclude, let 2, be the largest ¢ such that p; . is a density matrix, let
e = min{éy, 1/k} and set py = pi,. We have proved Eq. (5.2). O

The above result implies the following straightforward corollary:
Corollary 5.2. There do not exist o, 3 > 0 such that for all X € B(H),
Enty v (X) < a Ento x (| X — Ex([X]2) + 8[| X = Ex[X]]l5,

1
where |Z|y := T'5 2|T2(Z)|. Consequently, the Ly (N,L,(oy)) spaces are not
uniformly convex (see [57,58]).
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6. Application to Decoherence Times

In this section, we apply the framework of DF-log-Sobolev inequalities in order
to find bounds on the decoherence rates of a non-primitive quantum Markov
semigroup. We recall that, for 0 < € < 1, the decoherence time of a reversible
QMS (Pt)i>0 is defined as

Taeeo(€) == inf {t > 0 [Prulp — piv)l1 <€} ,

where pyr = En(p). A classical technique to get rapid decoherence for all
times comes from looking at the spectral gap of a reversible QMS:

[P (X = Ex[X]) lloo
< llow &Pt (X = ENIX]) 20,
< llome ™ 1% e DX = Ex (X) 2.0,
In the dual Schrodinger picture, such a bound translates into
1Pei(p = pa)lh < flogt |32, (6.1)
However, already in the classical case, the spectral gap does not usually provide

tight enough bounds on the decoherence time of a Markov semigroup [22].

1
Moreover, in practice, the coefficient ||om, ~!||3 explodes exponentially fast
as the dimension of the system grows. If LSIs r(c,0) held with ¢ < oo, the
original techniques of [66] could be adapted to yield

[Pt = par)ls < (2 log o o) /2

improving significantly the bound (6.1) derived from the spectral gap method.
However, as discussed in the last section, a strong LSI never holds for non-
primitive QMS. This motivates the search for a technique that would deal with
the weak version of the log-Sobolev inequality. Fortunately, such a technique
already exists in the classical literature [22,48,74]: it consists in combining
hypercontractivity bounds at short times with the spectral gap at long times.
Using such a method, we can prove the exponential convergence in terms on
the oco-norm.

Proposition 6.1. Assume that a QMS (Py)i>0 satisfies HCo ar(c,d), and that
oy lloe > €. Then fort = £Inln|log || + 3z £>0, and all X € B(H)

1P (X = Ew(XD) o < (e V) o445 X (02

where dy, denote the dimensions of the spaces H; appearing in the decompo-
sition of N'(P) given by (2.9). By duality, we get the following similar bound:

¥p € D(H), [[Par (p = Envalp]) [l < max /e, e+ (6.3)

The above inequality provides a bound on the decoherence time of the QMS:

In (maxiel VA, 871) +14+d
A(L)

c _
7_dcco(E) S + 5 Inln ||0—Tr1HOO .
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Proof. Let t,s > 0. Then:
[Pets (X — Ex[X]) [l2,00), &

1
< lome ™ &l Peas (X = EXIXD 29,

< llom e oxw (24 (5 - 3 ) ) 17X - Elx)

2,01

2
1 1 1 —
< flom o oxp (24 (5= 3 ) ) X = ExlXlfa . e

1
< e flog 1% I1X = Ex[X]]l2.0m, ¢,

where the first inequality follows from (C.2) in Appendix C applied to P4 (X —
En[X]), the second inequality from HCy, ar(c, d) and the third one by definition
of the spectral gap. Since ||o7,' || > e, one can choose s := £ loglog [loq! [|sos
and p = p(s) = 1 +log ||og ||, SO that

1Pets (X = En[X]ll(2,00), &0 < [ X[loo €T,
where we use that || X — Ex[X]|2,00 < I XI5, < [[X[leo- The result follows
by applying the following norm estimate proved in Proposition C.5:
i < .
Al (2,00)— (00,00) , 4w < TEX V/d3y;
By duality, we get,

| P(t+s)*(p - pN)H1 = HXSHup<1’I‘r (P(t+s)*(p - EN*(p)) X)

= sup Tr (pP(t_s_s)(X — EN[X]))
X <1

< max+/dy, eltd=At,

icl

7. Illustration on a Class of Non-primitive QMS

All along this article, we highlighted key differences between the primitive and
the non-primitive settings. In particular, these differences appear as coefficients
in the hypercontractive constants. In this section, we wish to illustrate on a
class of non-primitive QMS how these coefficients naturally emerge from the
representation theory of Lie subgroups of the unitary group U,(C) on C".
Some particular instances of this class appear in the physical literature under
the name weakly and strongly collective decoherent QMS. They can also be
seen as particular cases of QMS having an essentially commutative dilation in
terms of Brownian noises (see [43]).

Let G be a sub-Lie group of dimension m > 1 of U, (C) for some positive
integer n > 1 and let (il, e ﬂm) be a basis of the corresponding Lie-algebra,
where Ly, ..., L, are viewed as (anti-self-adjoint) operators on M, (C). We
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write Ly, = iLj, which is a self-adjoint operator. Let (g¢)t>0 be the solution of
the following stochastic differential equation on U, (C):
1 m m
dgr = — SN Ligidt+ LigdBy, (7.1)
k=1 k=1
where B; = (B}, ..., B/*) is an m-dimensional Brownian process (we refer to
[49,54] for the technical details, such as existence and unicity of the solution
of this equation). A simple Itd computation shows that g; is indeed unitary
almost surely for all t > 0 and that g, € G for all ¢ > 0, since the generators Ly
belong to the Lie algebra of G. Thus, (g¢):>0 is a stochastic process in G. We
now embed this stochastic process in the unitary group of a finite dimensional
Hilbert space H by considering the unitary representation = : G — U(H) of G
on H and write Uy = m(g¢). Next, we define a QMS on B(H) as:

Pu(X) =E[U; X Uy, X e B(H), (7.2)

where the expectation is taken with respect to the probability law of the sto-
chastic process (g:)1>0. By the Hudson-Parthasarathy theory on quantum sto-
chastic calculus [49,54] and by a result by Frigerio [27], (U;);>0 is a cocycle so
that Eq. (7.2) defines a proper QMS on B(H).

Equation (7.1) is a special instance of quantum Langevin Equation where
the only quantum noises occurring in the equation are classical noises. In
the general theory of quantum Langevin Equations developed by Hudson and
Parthasarathy [34], more complex noises can occur which lead to a complete
dilation theory of QMS on finite dimensional Hilbert spaces. In [43], the au-
thors completely characterized the QMS that admit essentially commutative
dilations, which is equivalent to having a dilation in terms of the solution of a
quantum Langevin Equation with Brownian noises, as in Eq. (7.1), or Poisson
noises (see [1] for a discussion on this point).

Going back to the analysis of the QMS defined by Eq. (7.2), by [25] and
since the operators Ly form a basis of the Lie algebra of G, we have

Pt(X) - 7'('(9)* X 7T<g) MHaar(dg) ’ (73)
t—-+o0 el

where ..y, the Haar measure on G, is the unique probability measure on G
which is left and right translation invariant. Otherwise states,

Ex[X] = /G 7(9)* X (g) pstaae () -

In particular, the maximally mixed density matrix % is an invariant state of

(Pt)e>0 which is reversible with respect to it. Moreover, the DF algebra can
be easily identified using the decomposition of 7 in irreducible representations
(irreps). Write H = @qer E, @ F,, where E, are irreps of G. Then, N(P) is
the commutant of the x-algebra generated by m, i.e.,

N(P) = * —alg{n(g9)}/
=P 1e, ® B(F,)

yeT
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We see that the QMS is primitive if and only if the representation is irreducible
and if the representation is trivial, then the QMS is trivial, i.e., Py = I35 for
all t > 0.

We can now summarize our results for this class of QMS.

Proposition 7.1. Let (P, = e'*);>0 be a decohering QMS defined as above.
Then:

1. HCy, n(c,In (1/|T'|2) holds where

o< Indy + 2
S 25D

and where the number |T| of block in the decomposition (2.9) is the number
of irreducible sub-representations in .

2. For all p € S(H),

i (p) — < 1+In(y/IT[ vV2) =~ _¢ "
Pt (p) lell_glgg [v]e fort zlnlndn+/\(£),n>0,

(7.4)

where || is the multiplicity of the irreducible representation E,, v € T’
(that is, the dimension of F,).

In this article, the only estimates we obtained on the hypercontractive
constants ¢ and d are universal and in a sense reflect the properties of the
amalgamated IL,, norms. The above proposition shows that these constants also
naturally appear in some construction of decohering QMS based on representa-
tion theory. We leave to future works the study of the precise hypercontractive
constants for such QMS, as well as the study of their spectral gap.

We finish this section by focusing on the simplest case where the Lie
algebra of GG is one dimensional.

Ezample 7.2. The weakly collective decoherence (WCD) semigroup provides
a simple example of such decohering QMS. This evolution has been already
extensively studied. For example, it was shown in [41] that it is a good can-
didate for fault-tolerant universal quantum computation. In this case, take
G = {e"7=; § € R} where o, denotes the Pauli matrix on C:

(10
o= =\{q_1)-

We then take L = o, in Eq. (7.1) and consider the representation of G on
(C%H)®n n > 1, given by:

G3g—7(g) =g"".

Equation (7.2) then defines the WCD semigroup on n qubits, denoted by

pn +~0 and of associated generator £V given b
t > g g y

LWm .= ZUgi), where Ugi) = I[®(i_1) R0, ® H®(n—i)’
i=1
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and trivial Hamiltonian (H"'™ = 0). In this case, one can easily show that the
completely mixed state oy := I/2" is invariant, since £1"™(I) = 0. Moreover,
since L™ is self-adjoint, L"'" satisfies o1,-DBC with respect to 1/2". By
Theorem 2.1, (P;):>0 displays decoherence. In this simple situation, the group
G being abelian, each representation is trivial and it is easy to compute the
constants |I'| and || of Proposition 7.1:

'={-n,—n+2,..n—2,n}, IT| =n,

7|=(Z>, vy=n-2keTl.
Besides, we can compute the spectral gap of £""":
Proposition 7.3. For any n > 2, A\(L""") = 2.

Proof. In view of Corollary 2.8, it suffices to find the spectral gap of the gen-
erator EW{L. This is equivalent to finding the spectral gap of its matrix repre-
sentation LW (see, e.g., [72]):

5 1
L= LW LV = o (L) @ T+ e (L7)?).

One can easily check that LW:"|iy, ....i,) = S (=1)%iy...i,,) for any (iy, ...,

j=1
in) € {0,1}", so that
LYy in) @ |f1-.dn)
_ Z(_l)zk Z(_l)]k -3 Z (1)t — 3 Z (—1)7 49| Ji1 i) @ |g1.en)
k=1 k=1 k,l=1 k=1

= =2(|il = [i)?}i1--in) @ |j1---n),
where |i|, resp. |j|, denotes the number of 1’s in the string (i1, ...,%,), resp.

(1, s jn). Therefore, the spectral gap of £L""" is equal to 2. O

Looking at Eq. (7.4) and assuming that the logarithmic constant ¢ is of
order logn, we see that the dominating term in the decoherence time as a
function of n comes from the constant ||, that is,

Tdeco(€) = O(n) .
This can be computed using the Stirling formula and the fact that the maxi-

mum of <Z> is achieved for k ~ n/2.

8. CB-log-Sobolev Inequality and Hypercontractivity

In the classical setting, log-Sobolev inequalities satisfy the very useful ten-
sorization property, that is, given n primitive Markov semigroups (Pt(i))tzg
with generators L;, i = 1,...,n, if for each i, the semigroup (Pt(i))tzo satisfies
the log-Sobolev inequality LSI(c;,d;), then the product semigroup (P:)i>o
with P, = P!®---®P}", satisfies the log-Sobolev inequality LSI(max; ¢;, >, d;).
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This can be seen as a consequence of the multiplicativity of the classical
weighted L, norms. It is strongly believed that this latter property no longer
holds true in the quantum case, since quantum weighted IL,, norms are not
multiplicative. In [6], the authors proposed to define the hypercontractivity
property with respect to the CB-norm, which is known to be multiplicative
even in the noncommutative framework, and proved that it is equivalent to
the so-called notion of a CB-log-Sobolev inequality for primitive QMS with
invariant state I/ds;. This provides a way to recover the tensorization prop-
erty in the noncommutative framework. Here, we generalize their theory to
the case of any primitive QMS. In the next theorem, we establish the equiv-
alence between CB-log-Sobolev inequalities and CB hypercontractivity, hence
extending Theorem 4 of [6] to any primitive QMS.

Theorem 8.1. Let (P,);>0 be a primitive QMS on B(H) with associated gen-
erator L, and let ¢ > 1, d >0 an ¢ > 0. Then

(1) If HC, cB(c, d) holds, then LSI, cp(c, d) holds.

(11) If LSI; c(c, d) holds for all ¢ > g, then HC, cg(c,d) holds.

Proof. We first prove (i). If HCy cg(c, d) holds, then for any k and any X €
B(C* @ H),

. 1 1
i POy < ex0 (20 (2= ) ) 10,

that is HC, ar(c, d) holds for the QMS (idy ® P;)¢>0, for which N (idy @ Py) =

B(CF) @1y and o, = % ®o. The result then follows from a direct application
of Theorem 4.1(i). (ii) follows similarly from Theorem 4.1(ii). O

A direct application of the definitions for L, regularity of Dirichlet forms
then leads to the following:

Theorem 8.2. Assume that LSIy cp(c,d) holds. Then,

(1) If the generator L is strongly L,-regqular for some dy > 0, then LSI, cp(c,d
+ cdyp) holds for all ¢ > 1, so that HCs cp(c,d + cdy) holds.

(11) If the generator L is only weakly Ly-reqular for some dy > 0, then
LSI, cg(2¢,d + cdy) holds for all ¢ > 1, so that HCy cr(2¢,d + cdp)
holds.

As in the decoherence-free case, an application of Proposition 5.2 of [53]
together with Theorem 4 of [71] leads to the following corollary:

Corollary 8.3. Assume that LSIy cp(c,d) holds.
(1) If L is reversible, then LSI, c(c,d+c (||£|l2—2, o +1)) holds for all g > 1
and consequently HCo cp(c,d + ¢ (|| L]|2—2,» + 1)) holds.
(i1) If L satisfies 0-DBC, then LSI, cg(c,d) holds for all ¢ > 1 and conse-
quently HCy cp(c,d) holds.

Proof. The result follows directly from the fact that reversibility of £ w.r.t. o
implies reversibility of idy ® £ w.r.t. oy, for any k € N, so that Corollary 4.6
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applies. We conclude by noticing that for any k € N,

1 _1
||idk®£||2H2’ = |lidp® (T2 o0Lols2?)|a—0

@0
1 _1
= HF,? o ,C ] FU 2 H2—>2

= [I£]l2-2,0, (8.1)

where for any super-operator A : B(H) — B(H), [|All2—2 := supj x,=1 [[A(X)]l2
denotes the usual super-operator norm induced by the Schatten norm ||.||2, and
where we used Theorem 4 of [71] in Eq. (8.1). The second part follows simi-
larly to the one of Corollary 4.6. In both cases, hypercontractivity follows from
Theorem 8.1. O

Theorem 8.4 (Universal bounds on the CB-log Sobolev constants). Let (P;);>0
be a primitive reversible QMS, with unique invariant state o and spectral gap
A(L). Then, LSIy, cp(c,In\/2) holds, with

In|lo=Yo0 + 2

S TOND) (82)

Proof. First notice that for all k € N, and any X € B(CF @ H),
[ide @ Pe(X) 2,9, 80 < IX 2,0, 4 < Mlidll2—a, 08,0 1Kl 1, (8:3)

where the first inequality follows from (i) of Proposition 3.2. Then, by Eq.
(C.3):

1
lidll2—4,cB,0 < o™ 1% -

Now, an application of Theorem 4.9 and Theorem 4.7 to the QMS id; ® P
together with the fact that A(£) = A(idy ® £) for any k € N allow us to
conclude. O

Using the multiplicativity of CB norms, we directly get the tensorization
property of the CB-log-Sobolev inequality, hence extending Theorem 6 of [6]
to any primitive QMS.

Theorem 8.5. Suppose that for all i = 1,...,n the primitive QMS (P®));>¢ on
B(H;) generated by L; with invariant state o; satisfies LSL, cp(cq, d;). Then,
the QMS (Py)i>0 on B(@F_H;) generated by £ = 3" Qi " idy, ® L; ®
Qi1 1dsg, with invariant state Q;_, o; satisfies LSI, cp(c,d) with ¢ :=
max; ¢; and d =Y. d;.

Remark 8.6. The additivity of the weak CB-log Sobolev constant prevents one
from obtaining relevant estimates for a large number of tensorized primitive
QMS. In particular, estimating both constants separately as in Theorem 8.5
leads to weaker bounds than the ones found in [50,66]. This, however, does
not exclude the possibility of better controlling both constants simultaneously
when considering tensor products of QMS.
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9. Conclusion and Open Questions

In this paper, we defined and studied a new notion of hypercontractivity with
respect to the amalgamated L, norms, and the related notion of logarithmic
Sobolev inequality, in the setting of non-primitive QMS. The amalgamated
norms appear as appropriate weighted norms depending on the semigroup via
its algebra of effective observables N (P) as well as the invariant state o, which
acts as a trace on N(P). We extended some of the important results known
in the case of primitive semigroups to the decohering case, namely Gross’
integration lemma, as well as multiple bounds on the log-Sobolev constants.
This allowed us to derive bounds on decoherence rates from the framework
previously developed. Finally, we used these results to extend the recently
defined framework of CB-log-Sobolev inequalities for unital QMS [6] to the
general case of a primitive QMS.

In the decohering case, we proved that a weak log-Sobolev inequality
always holds in finite dimensions. We also showed that there is no way of
recovering a strong notion of LSI for non-primitive QMS. This is different
from [4] where the DF-modified log-Sobolev inequality was proved to hold in
some cases. Since this inequality can be interpreted as the limit p — 1 of the
family of LSI, ar(c,0), this raises the question of finding the range of p’s for
which one can find a non-primitive semigroup for which LSI, (e, 0) holds for
some ¢ > 0. Moreover, such a no-go result implies the impossibility for any
primitive QMS to satisfy LSI5 c¢B(c,0), as opposed to LSI; ¢g(c,0).

All these results rely heavily on the structure and the properties of the
amalgamated L, spaces. Further development will require better understand-
ing of these spaces, in particular as interpolating Banach spaces.

Acknowledgements

The authors would like to thank Eric Hanson, Mithuna Yoganathan and Angela
Capel Cuevas, as well as Marius Junge, Carlos Palazuelos and Javier Parcet, for
very helpful conversations. We are also indebted to Alexander Miiller-Hermes
and Daniel Sticlk Franga for pointing us toward Beigi and King’s article.

Funding Information Open Access funding enabled and organized by Projekt
DEAL.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from



Vol. 23 (2022) Hypercontractivity and logarithmic 3885

the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

A Proof of Theorem 3.4

Let t — X (t) € B(H) be an operator-valued twice continuously differentiable
function, where X (¢) > 0 for all ¢t € [—n,n], for some 1 > 0, as well as
an increasing twice continuously differentiable function R 3 ¢ — p(¢) with
p(0) = ¢ > 1. Define

1 1
s(t) 1= — — —— |
=
and for a positive definite operator A € N'(P), such that || A1, = 1,

M(t,A) = A—W/2X (1) A1/
Thus, M (t, A) is positive definite for any ¢ € [—n, n]. Define moreover
(X (1), A, p(t)) := M (E, A)lpce) - (A1)

The following proposition gathers straightforward generalization of results
proved in [6] which were used to prove the relation between hypercontrac-
tivity and the log-Sobolev inequality for the completely bounded norm. (cf.
lemmas 8, 9 of [6]). We recall that Sfl (or,) denotes the set of positive definite

Tr
operators on the sphere of radius one in L;(oy).

Proposition A.1. For a fived t € (—n,1), A — ®(X (), A, p(t))*® is convex
for 1 < q < p(t) < 2q and concave for 1 < p(t) < q. Moreover, the following
assertions hold true:

1 The function (t,A) — g—;@(X(t),A,p(t)) is continuous on (—n,n) X
N(P)N Sﬂ(m)'

2 The function A — ®(X(t), A, p(t)) is continuously differentiable for all

AeNP)NS (o)

3 For all Ae N(P)n Sﬂi(am) and t € (—n,n),

9 _P'(®)2(X(1), A, p(t) p(t p(t
Hr XA p(0) =7 G Ao (—Tr [M(t,A) “] InTr {M(t,A) <>]

+Tr [M(u AP I M, A)P“)} _Tr [M(t, APO 1 A}

p(t)? PO)—1 g —5(t)/2 37 1y A—5()/
+p,(t)Tr[M(t,A) LA==02X" (1) A 2D (A.2)
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In what follows, we fix a positive definite Y € B(H) and set X(t) =

29 (Y (t)), where t — Y (t) is some twice continuously differentiable matrix-
valued function with Y (0) = Y. Therefore,

/ 0 1
=B o, T (Y(O)) + T (10,

Cxw| =4

_—FﬁYt
G0 = GrE )

t=0

where we used that p(0) = ¢ and where {-,-} is the anticommutator. Thus,
1

using that M (0, A) = T'd., (Y (0)) and that ®(X(0), 4,q) = ||Y ||lg,01» Equation

(A.2) reduces to

0

D px (). A1) 7o)

=0 @Y |§on

e ([eh] i [rho] )
m(@%y} A) qmﬂmrmﬁg
(o)

In fact, in the case when Y (t) = Y € By, (H), and p(t) = g + t, one can
similarly show the following

0 1
7¢(F£Tr (Y)v A, p)

—IYlIg

I [[Y][§ o,

q,0Tr

(A.3)

1
:[m—wmmmmw

Op p=a ClYllion o
N q N q
+10 |k, )| mfrdu o]
1 q 1 q
—Tr < s, (V)| In A) < e, (V)| In O'Tr>:| . (A.4)

Now, define G(A) as the part in the parenthesis:

GA) = =Y [, ¥ T, +3 ([0, 0] 0[] )
—Tr ({Féﬁ (Y)] ' In A> —Tr ({Féﬂ (Y)] ' In aTr>
+J%n<ﬁ&ﬂﬂq?&ﬁww>, (4.5)

and let, for a given Y € B,o(H),

Next, we derive a formula that will be useful in what follows.
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Lemma A.2. With the above notations and for positive semidefinite Y € B(H),
G(A) = GOVx) = 1Y G 0n, PDTon (Ya)Tor (4)). (A.7)
Remark that G(A) — G(Y)r) does not depend on Y’(0) and therefore one

can check that the same result holds for Y € B, (H).

Proof. First note that

1

GA) —GYy)=Tr (FéTr(Y) (log Y — log A)) .
As Yy and A are in N(P), they commute with o1y, and therefore, we get

1
i (Y)

q,07Tr H

G(A) - GYn) =Yg (logTor, (Ya) —logToy, (A))

q7UTr

Now, as again Y, A € N(P), InY) and log A also belong to N (P) and we
get

G(A) - G(Ya) = IIYllg Ex[log Doy, (Yar) — logFaTr(A))])

= [IYllg

9,07y

@01 (||Y|ZUT

Enx ( |;T|r|q y)! ) (logFgTr(YN)logFUTr(A))>

9,071

= [IYllg

9,01y

Tr (Don, (Yar) (log Tor, (Yir) — log o, (4)))
which is the desired result. O

Theorem 3.4 follows from a direct adaptation of the proof of Theorem 7
of [6]. In a nutshell, all the lemmas used in [6] to prove it can be generalized
to our framework, when replacing the equation (25) of [6] by Eq. (A.7). In
particular, one can prove that

8D 1= (Y Ollgotonx = 1V laon) — S0P D

Y [1§.on.

converges to 0, which leads to the desired result. The details are provided for
sake of completeness.

Lemma A.3. There exist k > 0 and K < oo, such that for all t € [-1/2,n/2]
and A € 8(k) := N(P)N{B >0, [|Bl1orn =1, [IB=Ynl1on <k},

P (0)G(A
BOK). A,p00) = [V g, — 1 250 < 12
q,0Tr

where X (t) = T&5 (Y ().

Proof. The proof is similar to the one of Lemma 10 of [6]. Let ¢t € [-1/2,7n/2].
Since the set N (P) N {B >0, ||B|l1,0r, = 1} is open, there exists x > 0 such
that S(k) is a compact and a subset of N (P)N{B >0, ||B|/1.o =1}. By
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Proposition A.1, the function g—;@(X(t),A,p(t)) is continuous on (—n,7n) X
N(P)n Sfl (ony)- Hence, there exists K > oo such that

2
PHXW A _ o

ot?
for all t € [-n/2,n/2] and all A € S(k). Therefore, for any t € [-1/2,7n/2] and
A e S(k):

—2K <

’CIJ(X(t), A, p(t)) — (X (0), A, q) — t a‘1>(X(7~L8);f1,p(u))
u=0
_ /t(t B U)W@(X(;});A,p(v))dv‘ < Ke.
0 (v

Noting that ®(X(0),4,q) = ||Y|g0r. and using the definition of G(A), we
find that

‘ﬁﬂﬂ (»nmmﬁ¥%“<

for all t € [-1/2,n/2] and A € S(k). O

Kt?

)

Lemma A.4. With the notations of Lemma A.3, for any 0 < € < k, there exists
§ > 0 such that for all t € [=0,0] there is A(t) € N(P)N Sﬂ' (o) SOtisfying
1Y ())ll(q.pen, & = DX (2), A(£), p(1)), YN — A) 1,00 < €.

Proof. The proof is similar to the one of Lemma 11 of [6]. Given ¢ < &, choose

0" > 0 satisfying
n €2 (0) Y llgom
8" < min {2, —ikg
where K is defined in Lemma A.3. We have
S(e) cS(k) cN(P)N LI(UT)

and so the boundary of S(¢) is contained in N (P) N SH—Z (ome)- SUPPOse that A
is on the boundary of S(g), so that

Yy = Allon =€
By the quantum Pinsker inequality,

2

1
D(Cor, (YA ITor, (A)) = S IVa = All g, = 5 -

From Eq. (A.7), we deduce

G(4) 2 () + T o (A8)
Let us first consider the case where ¢ > 0. From Lemma A.3, we deduce that

DK A,p(0) 2 [Vl +1 50 — K2

(A.9)

q,0Tr
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Our choice of §’ implies that for all 0 < ¢ < ¢,

A O [V o,

2 ¢?
and hence, combining this with (A.8) and (A.9),
P'(0)G(Yy)
Y [[§ o,
Furthermore, from Lemma A.3, we also deduce that
/
Y,
IM + K2, (A11)
@Y |30
Combining (A.10) and (A.11), we find that
(I>(X(t)> YN7p<t>) < @(X(t), A,p(t)) .

Since this inequality holds for any A on the boundary of S(g), we conclude
that for all 0 < ¢ < ¢, the function A — ®(X(¢), 4, p(t)) has a local minimum
A(t) in the interior of S(g). We now choose 0 < §4 < ¢’ so that ¢ < p(t) < 2q
for all 0 < ¢ < 44 (the existence of 04 > 0 is guaranteed by the assumptions
that p(0) = ¢ > 1 and that ¢ — p(t) is increasing and differentiable). Applying
Proposition A.1, we conclude that, for all 0 < ¢ < §,, the local minimum of
the convex function A — ®(X (1), A, p(t))’® in the interior of S(¢) is in fact

a global minimum. Since A — ®(X(t), A,p(t)) and A — ®(X(t), A, p(t))P®)
share the same minimum A(t) € S(g), we conclude that

1Y Nl (qp(e, v = R(X (), A1), (1)), [YVar = AO)ll1,00, <€ -

We consider now the case t < 0. Using Lemma A.3 as well as inequality (A.8),
we deduce that

(I)(X(t)aAvp(t)) S ||Y||q70Tr +1

— Kt* > Kt?,
+ Kt2. (A.10)

(I)(X(t)’Avp(t)) > ||Y||q70'Tr +1

(X (1), Y, p(t) < Y [lg.om +1

FOGA) |

2 |V ||
'(0) G(Y, 2p'(0)[|Y

S ||~}/—||(170Tr +t p( ) EI_/I/-) +t € p( )”2 ||q~,‘7Tr +Kt2,
@Y g0 2q

where the second inequality follows from the fact that ¢ < 0. Now, for —¢’ <
t <0,

2,/ Y
t E°p (O) H |Q7UTr +Kt2 < *Kt27
2q?
and thus
Y /
GO O _ o
¢ Yl g.0m
Combining with the lower bound for F' obtained from Lemma A.3, we deduce
that

O(X(), A, p(t) <Y llgom +1 (A.12)

(X (1), Y, p(t)) > ®(X(1), A, p(t)),

for all A on the boundary of S(g). Thus, we conclude that for all 6" <t < 0, the
function A — ®(X(t), A,p(t)) has a local maximum in the interior of S(¢).
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Choose 0 < §_ < ¢ so that 1 < p(t) < 2 for all —=§_ < ¢ < 0. Applying
Proposition A.1, we conclude that the local maximum of the concave function
A — B(X(t), A, pt))P? in the interior of S(¢) is in fact a global maximum
for all —d_ < ¢ < 0. Finally, take § := min{d;,d_} to deduce that for all

t € [-9, 0] there exists A(t) € N(P)N Sﬂi (o) Satisfying:

Yl @pen.n = X (@), A), p(1), [V = A(B)[l1,0m <€

We are finally ready to prove Theorem 3.4.
Proof of Theorem 3.4. Recall from (A.5) that

1 q 1 q
G(¥a) = — V]2, 1n||Y||g,UT,+Tr([mﬂ<¥>} In [F;Tm] )

ST ([Féﬂ (Y)] "o YN)

1 q 2 1 =1 4
n ([rng] hloTr) T <[rgTr<Y>] r:a(f(o») .
p
(A.13)
Using the expression (A.6) for Yj, (A.13) reduces to

G(Yy) = ¢ ( {rjzﬂ (Y)} " [FET,.(Y)] q)

(s 2 (o))

Tr([réTxY)]qlnaTr) L2 Tr<[réTr<Y>]q1F§Tr<Y’<o>>> .

P'(0)

Define now
1 p'(0) G(Yn)

AW = 2 (Y@ gpn — 1V lon) - HEEED (519

2V TG

We next prove that A(t) — 0 as ¢t — 0. Let ¢ > 0 be such that
Amin (FU'Tr (YN)) }

2
where & is the parameter introduced in Lemma A.3 and Apin(Torp, (Yar)) is the
minimum eigenvalue of 'y, (V). According to Lemma A .4, there exists 6 > 0
such that for every 0 < ¢ < § there is an operator A(t) € N (P) DSHJ;I(UTF) such
that

0<e<min{x,n, (A.15)

1A(0) = Vvl on, < 2 < 5 IV Ol o, x = SX(0, AD), p(1)).
Then,
1 (0) GV
A(®) = 7 (@(X (A0, ) = 1Y lyn) = 5170
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(20X, 40,50 = 17 g, -
P'(0) (G(A[)) — G(Yw))
¢ |1 [[§.on. '
Since A(t) € S(¢), Lemma A.3 implies that
, P'0) G(A(t))
¢ Y1

, '(0) G(A(t))>
¢ | |30,

]@(X@),A() p(0) — [V larn, — <K (AI6)

Q7O'Tr

Furthermore, from Eq. (A.7) and using Lemma 14 of [6]:
G(A®)) = GYN)| = Y 1,05, D(Com, (Ya)[Tom, (A(2)))

T
/\min(ron (Ya))

2||Y||q,UTr c (A 17)
~ Amin(Lor, (YA))

Using (A.16) and (A.17), we obtain the bound
2p'(0) Y llg.o
o A18
Amin(Por, (Yiv)) ¢2 ( )
for all e satisfying (A.15) and all 0 < ¢ < 0. Therefore,

| P(0) [ oo
1 Alt I Al
i sup | “'*Amx Lo (U2 (A.19)

and since € may be arbitrarily small, we deduce that

limsup [A(¢)| = lim |A()] = 0.
t—0 t—0

|A(t)] < Kt +

B Toward the proof of Theorem 4.1(ii)

In this appendix, we define and study the properties of an object that turns
out to be useful in the derivation of Theorem 4.1(ii): first define the following
norm on operators A € B(H):

AN, o, == | max [P AP ]1, o, -

In what follows, we also denote by 5‘{1 (o) the set of positive definite operators

A of norm [[Al[, .. = 1. Now, given a positive semidefinite operator X and
1<g<p<oo,letl/r=1/qg—1/p and

H|X|||(q’p)’_/\/’ = inf HA—l/QT’XA—l/zr

AeN(P)mSL (o)

(B.1)

p;01r

The following lemma is straightforward:
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Lemma B.1. For all X positive semidefinite, and any 1 < q < p < o0,
WX g0y, 4 = 1 X l(g,p), &+ and equality holds whenever |I| = 1. Moreover, the

optimum in Eq. (B.1) is attained on the subset of positive definite operators
Ae N(P) such that ||Pl APZ‘”LUTr = ﬁ fo'r all1 € 1.

Proof. The second part of the lemma follows from the observation that for any
two positive semidefinite operators A € N'(P) and X € B(H),

JATY2r X ATV, o = |ATY2T TP (X)) ATV,
= |[CYP(X0))/2 A=Y [P (X)),

Since 1 = % — %
optimization in Eq. (B.1) occurs at the boundary of Sﬂ(aﬂ), that is for
P AP0 = |71‘ for all ¢ € I. The first part follows directly form the

latter fact, since it implies that || A1, op, = 1. O

< 1, z — z'/7 is operators monotone and therefore the

Theorem 4.1(ii) relies crucially on the below Lemmas B.3 and B.4, which
respectively generalize Lemmas 12 and 13 of [6] to the non unital case and for
|I| > 1. In order to prove these results, we first need to extend Lemmas A.3
A4 to the quantity defined in Eq. (B.1).

Proposition B.2. Let g > 1, [0,00) 3 t — p(t) by a twice continuously differen-
tiable increasing function with p(0) = q and [0,00) 3 Y (t) be a twice continuous
differentiable positive semidefinite matriz-valued function with Y (0) =Y, and

for any k > 0, define S(k) :== N (P)N{B > 0, B, 5p, = 1, H’B - f/,\/ml <
> OTr
K}, where
- P, Ex[I . (Y)] P,
T o NI
T || Tx[P, (D4, (V)1 P
Then, there exists & > 0 and K > 0 such that for allt > 0 and A € S(FL),
) , POGA) | -
(Lo, (Y(1), A,p(t) = 1Y lg.om W < Kt?, (B.2)
q,0Tr

where G(A) is defined in Eq. (A.5). Moreover, for any € < K, there exists
6 > 0 such that for all t € [0,0] there is A(t) € N(P)NS;" ) satisfying

Li(oTr

1Y g, = BEET V(1) A0, [ - A0 <2 B3)

H 17 OTr
Proof. The proof of (B.2) follows the exact same lines as the proof of Lemma

1 ~
A.3. Now, let X (t) := T2 (Y (¢))?®) and given & < &, choose &' > 0 satisfying

1
&2 minje; Tr(P; T, (Y)" Py) ' (0)
AR Y |40k,

o <
Then, we have

$(6) c8(R) c N(P)NSF

Li(ome)
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Suppose that A belongs to the boundary of S(£), so that
[[7e=4]), .., ==

1,00

Hence, as in the proof of Lemma A.2, we can show that

G(A) — G(Vy) = Tr (réTr(Y)q (In¥y —In A))

N (EN* [P,T4,, (V)? B](In Vi —In A)) .

iel
Now, define for any ¢ € I the states o; = |I| P; %2A01/2PZ and 7; =
1
|| P; Ul/zYNU%ZPZ, one can easily verify that Enr.[P; F;Tr (V)P =Te(P T,
(Y)? P;) n;, so that

G(A) ~ G(Vx) = 3 Te(Exu [P T (V)7 P (s — Inor))

el
1
= Te(P, T4y, (V)" P)D(nillos)
ieI
> ZTr Ty, (V) Py) i — il
161

T2 1 -
= S (AT, () P) P AP, ~ PV P o,

iel
I? Y

> T Pl“g Y)! P; P, AP, — P Yy B3

> - min r(P; T (Y) a);” N Pl o,
1

>7 q

o la

~2
> S min Te(P; T2, (V) P,
jerl

where we used Pinsker’s inequality on the third line above. Following the steps
of the proof of (A.10), we can show from (B.2) that for all 0 < ¢ < ',

'(0) G(Y; .
p2< 160 | g
1Y 118 o
This, together with another use of (B.2) applied to A = YN implies that
O(X (1), Yar, p(t)) < D(X(2), A, p(1)).-
The rest of the proof follows similarly to the proof of Lemma A.4. O

(X (1), 4, p(t)) > Y]

q,0Tr +

Lemma B.3. Let Y € B(H) positive definite and for 1 < ¢ < p < oo, let
1.=1_ 1%. Then, the function U(Y, ., p) : A s [[A7V/2ry A=127)

T q
strictly convex. Moreover, there exists a unique A € N(P )ﬁSﬂ' (oms) such that

(Y, A, p) = 1Yl g ), - (B.4)

OTr
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Moreover, the optimizer A of Eq. (B.4) satisfies the following constraint

] PEx [Ip(A2ry A1) P,
PAP, =

— - B (B.5)
|T| Tr [Pi (rg“(A—l/%YA—l/?r)) PZ}

Proof. Following the exact same steps as in the proof of Lemma 12 of [6], one
can show that the function

‘I)(Xv i p) : A = ||A71/2TXA71/2THP

1

is strictly convex. Let X = I'2, (Y). The first point then follows from the
observation that [A,or] = 0 for A € N(P), so that ¥(Y, A,p) = &(X, A4,p).
The fact that the infimum is achieved at a unique point A also follows from
the same lemma. Now, we prove Eq. (B.5). Let A € N(P) such that for all
iel, Te(PAP) = T}\ Moreover, let D € N(P) be a self-adjoint operator
such that Tr(om P;DP;) = 0 for all ¢« € I. Then, it follows that for any x € R
sufficiently small, A(x) := A + z D satisfies the same constraints as A. Let
B(z) == X2 A(z)~%/? and C(z) := A(x)*/? L A(x)=*/? € N(P), where s =
1/r. Then, the minimum is achieved at A if for any such D,

d

0:%

(X, A(z),p)”

=0

d RV
|, T IB@B@)]

= pTr [(B(0)"B(0))"~(B(0)* B(0)C(0) + C(0)*B(0)"B(0))]

=p (T, ((B(0)"B(0))"), (C(0) + C(0)"))or,

=p (Ex [T, ((B(0)"B(0))")], (C(0) + C(0)"))or,

=p(ATV2 Ex [T, ((B0)"B(0)")] A2, Aa(D))or, (B.6)

where D — Ay (D) := A2(C(0) + C(0)*)A2 maps the space of Hermitian
operators D in N(P) such that Tr[om P;DP;] = 0 for all block i € I onto
itself. Indeed, for any such D,

TI‘[O'Tr PZAA(D)PZ]
, d .
=2Troqn PAS?H —| (A(x)"/?)P,
dz|,_,
=2Troq PAY*T (—5/2) A=/271DP;
Moreover, the map D — A4 (D)~is onto. To show this, we extend the definition
of this map to a linear operator A 4 on the whole space of self-adjoint operators

in V(P) and prove that A 4 is onto. First, notice that D + D~%/2 is one-to-one
on the set of positive definite matrices in N (P), and hence its differential at
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A

d
D — A+axD)"%/? B.
de ( +z D) (B.7)

is onto on N(P) N By, (H). This dlrectly implies that A4 is onto, since it
derives from the map defined in Eq. (B.7) by multiplication with positive
definite operators. Hence, A4 is onto, which together with Eq. (B.6) implies
that for any D € N (P) N Bgo(H) satisfying Tr[oq, P;DP;] =0 for all 4 € I,

(A2 EN(TLL (B(0)*B(0)P)]A™Y2, D)oy, = 0. (B.8)
Thus, in each block i € I, P; AV/2EN ([T 1 ((B(0)*B(0))P)]A~Y/2 P, is a mul-
tiple of the identity:
P Ex(D5, (B(0)*B(0))P)] P; = ¢; P,AP;, ¢; € R.
Replacing B(0) by its definition we find
P, Ex L p(A™Y2"Y A=Y P = ¢; P,AP;. (B.9)

Finally, the multiplicative factors ¢; are found after tracing Eq. (B.9) against
oy, using the fact that Tr(om P AP;) = ﬁ for all i € I, and Eq. (B.5) follows
after rearranging the terms in Eq. (B.9). O

Lemma B.4. Given X € B(H) positive definite and q > 1, the function
0,00) 3 £ () = PVl gy = BX (), A, p(2))
is continuous on [0,00), for p(t) := 1+ (¢ — 1)e*/¢, where ® is the map
1

defined in Eq. (A.1), X(t) = T3 (P,(Y)) and A(t) is the optimizer obtained
in Lemma B.3.

Proof. From (B.2), there exist £ > 0 and K < 00, such that for all ¢ € [0, c0)
and A € §(R),

[@(X(t), A, p(t) = [[Y llgom | <

p'(0)G(4)
¢?||Y ||,

Moreover, from the second part of Proposition B.2 we know that, for suffi-
ciently small ¢, the optimizer A(t) is in S(&). Since ¢(0) = ||Y||¢,0r.,» the above
inequality implies

+ Kt?.

, POGAD) | oo

Y on
By definition, the map A — G(A) defined in Eq. (A.5) is continuous, and
hence uniformly bounded on S(#%). Hence, the continuity of ¢ at 0 follows. We

now prove the continuity of ¢ at tg > 0. For any 0 < a < tg < b, t € [a,b] and
sty=41 -1

a  p)
p(t) = (X (1), A1), p(t))
||/~1(t) s(t) /2X( )A( ) s(t) /2Hp(t)
> [|A®) ™D llpe) om, 1Pe(Y) )12
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> Aumin (1) Amin (A (£) 7O [P(V) 7212,
where Amin(A(t)) is the minimum eigenvalue of A(t). On the other hand,
p(t) = inf (X (1), A, p(t)) < (X (), L, p(t) = IX(D)llpry < 1Pe(Y)lp() o,
< Pe(Y) oo -

Together with the previous bound, we arrive at
Amin(A(0) ™ < Amin (A#) 7 < Ain (010) [Pe(Y) 7212 (1P (V)| oo

Above, we used that ¢t — s(t) increases, as well as the fact that )\min(;l(t)) <1,
since || A(t)||1.0n, = 1. By continuity of ¢ — P;(Y’), the right hand side of the
above chain of inequalities is uniformly bounded by some positive constant
C > 0 over the interval [a,b]. Therefore, A(t) belongs to the compact set
R :=NP)N{B > 0, |Blioy = 1, Amin(B) > C~V/5@} The function
(t,A) — ®(X(t), A, p(t)) restricted to the compact set [a,b] x R is uniformly
continuous, which means that for any € > 0, there exists 6 > 0 such that for
all t,¢ € [a,b] such that |t —¢'| <4, and any A € R,

[®(X (1), A, p(t) — @(t', A, p(t'))| < €.

Therefore,

o(t) = (X (1), A(t), p(t)) < B(X(t), A(t), p(t))
S OX(H), AM),p(t") +e=p(t') +e.

Conversely, p(t') < ¢(t) + €. Thus, |p(t) — p(t')| < e for all |t —t'| < §. We
established the continuity of ¢ on the interval [a,b], and hence at the point
t=1g € [a7 b] O

C Some norm estimates

In this appendix, we discuss how our results, in particular Theorem 4.1, can be
applied to obtain some estimations on the amalgamated L, norms. Consider
a subalgebra N of B(H) for some finite dimensional Hilbert space H and let
Ej be a conditional expectation from B(H) to N. We can define o1, by Eq.
(2.7) and subsequently the norms [[-[|, . - as in Egs. (2.25) and (2.26). In
Corollary 4.10, we use that for any p > 2:

||1d||(2,2) (2,p), N = < ||1d||24>p, oy Ho-;rl 2 (Cl)

Using the Riesz—Thorin interpolation Theorem and that id is contractive for
[l(2,4) > this implies the following estimate that we used in the proof of
Proposition 6.1:

Lemma C.1. For any 2 <p < q < o0,

1_1
||id||(2,p)—>(2,q),N < HUEJH:O e (C.2)
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In general, the bound given by (C.1) can be very bad. In the bipartite
scenario where H = Ha @ Hp, N = B(Ha) ®1y, and o1, = x—f‘ ® o for some
A
full-rank density matrix o, one can get the better bound

Lemma C.2. For any 2 < p < o0,
1

)||(2,2)~>(2,p),/\/’ < ||idB(HB)||2~>p,CB,o' < H071||zo_; . (03)

In particular, the outer bound does not depend on H 4.

[ids

Proof. The first inequality is obvious by definition of the weighted CB norms.
For the second inequality, it is enough to prove that for all H 4,

. ERRTE
ids oo [l 2.2)— 2,0, < 712 (C4)
Now, for any fixed H 4 and % = % _ 1%7
||idB(H)H(2 2)—(2p),N  Sup M
’ w XeBH(H) ||X|| ’HA 20
||(A ® HHB) ! X (A ® ]IHB)AHP j;HiA@U ||A||§ Iy
. Dy, T, D'y
= sup inf
X B (H) AEB(Ha) X1, g,
A
(A T,) ' X (A®Iny) ip 1 00 14113,
= sup inf ,
XeBh () AeB(Ha) | ®c

where we recall that BJ,(H) is the cone of positive semidefinite operators on
‘H. The fact that the supremum is achieved by an element of this cone is a
consequence of Theorem 12 in [20]. Assuming p = oo, the above right hand
side is bounded by

11X .00 7
X
xesh ) | ||2’fz7fT’;®”

~1/2 1 : 1 . )
= Omin sup inf A ® ]I’H X (A X HH A -
XeBL(H) ||X||2 AeB(Ha) It ») ( 2) " lloo 14112

—1/2
=0 sup ||X|| 2,
M B ||X|| (2o0)
< ot [id]|2— o0, cB
—-1/2
S Jmin

where [|X|(2,00) denotes the (unnormalized) (2,00) norm of Pisier [56], and
||./l2— 00, cB the corresponding CB norm. We conclude by interpolating for fixed
H . at the level of Eq. (C.4), since [[idgll2—2,00 = 1. O

One could hope to improve this bound by applying Theorem 4.1 to the
trivial QMS (Pt)tZ(] =id:
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Proposition C.3. (i) Assume that [[id|| 5 5y (2, & < C2~ % for some C >0
and for all p > 2. Then, D (p|| Ex«[p]) < logC for any density matriz
p € D(H).
(ii) Conversely, assume that there exists a C > 0 such that D (p|| En«[p]) <
log C' for all density matriz p € D(H). Then for any p > 2

. 11
Hld”(z,z)ﬂ(z,p),N <({1C)>">
where |I| is the number of blocks in the decomposition 2.9 of N .

Remark C.4. In the proposition, we ask that [[id||; ) (2, x < C* v for
all p > 2. This is actually not needed, as by the Riesz—Thorin interpolation
Theorem this is equivalent to

1idl(1,1)— (1,000, v = C-

We see here that it is central that the norms we use form an interpolating
family of norms.

The last proposition is not optimal, which indicates that point (ii) in
Theorem 4.1 may also not be, even for a non-trivial evolution. To see this,
consider the situation where N is the algebra of diagonal operators in some
orthonormal basis. In this case |I| is equal to the dimension dy; of the Hilbert
space H (the converse is also true: if | I| = dy; then A is commutative maximal).
In this case D (p || En«[p]) < logdy, with equality for the maximally coherent
state {2

1 &
Q=— eiNe;j|
7 2 el

where (€;)i=1,... 4,, is the orthonormal basis in which the operators in N are
diagonal. It means that Eq. (C.2) saturates and that the implication in Propo-
sition C.3 (i) becomes an equivalence.

So far we only focus on the norm [[id[|(, o), (5, - for different value of
p. In Sect. 6, however, we need the other kind of estimate, i.e., when the first
parameter varies. In this case, we can prove the following.

Proposition C.5. For all 1 < p < q, we have

1 1
il 0 = (e ) (C.5)

where the dy, are the dimensions of the spaces H; occurring in the decompo-
sition of N'(P) given by (2.9). For p =2 and q = oo, this yields

||1dH(2,oo)4>(oo,oo) N < I{léa]X V dHi : (06)
Proof. Because of the two following trivial norm estimates

[dll; 1 g, <1
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and by applying twice the Riesz—Thorin interpolation Theorem (one for the
first parameter and then one for the second), it is enough to prove

Hld”(l,DC)H(oo,oo) N S I?ngHi .

But by duality, this is the same as

||idH(1,1)H(oo’1) N < I?eaIXdHi .

Let X € B(H) be positive semi-definite and fix € > 0. Then, there exists a
positive definite A € NV'(P) with [|A]|, , =1 such that:

Xl ¢o0,1y, A7

< HA%XA% +e

1,00

= TT[AO’Tr X} +e€
<Al X1, 6y + 5

where in the last line we use Holder’s inequality. As A € A/(P) and according
to the decomposition of the algebra given in Eq. (2.9), it can be written as

A=Y A;®l,,
iel
with A; € B(H;). Then, we have

146l = D l14ill

el
<3 dn, A, e,
iel dny
< maxdy, ,
el

where in the last line we use that ||A||; , = 1. This concludes the proof. [
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