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Abstract
Quantum remote sensing utilizes quantum entanglement between the probe and the receiver to enhance the
capability to sense a remote target. Quantum illumination is considered as a promising protocol to realize such a
quantum technology in an environment of high loss and intense noise. However, the protocol requires an additional
on-demand quantummemory, the imperfect performance of which diminishes the quantum advantage and limits
the enhancement of sensing. In this paper, we propose a new protocol for quantum remote sensing based on
quantum illumination with atom-light entangled interface. Compared to conventional light-only quantum
illumination, the proposed protocol utilizes Raman coupling to create a long-lived atomic spin wave entangled with
a Stokes light. The atomic spin wave, automatically built-in memory via the Raman coupling, acts as a local reference.
The entangled Stokes light is used as a probe to irradiate a remote target. Meanwhile, the returned probe light from
target is detected through coupling again to the atomic spin wave. A joint measurement on the returned probe light
and spin wave is performed to discriminate the target. A 4 dB quantum enhancement over classical illumination is
estimated. The atom-light entangled interface naturally integrates the quantum source, quantummemory, and
quantum receiver in a single unit which exhibits great potential to develop highly compact and portable devices for
quantum-enhanced remote sensing.
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1 Introduction
Remote sensing is to measure the target without physi-
cal contact, which can be applied in many fields, such as
geography [1], land surveying [2], and Earth science [3].
To further improve performance, quantum remote sens-
ing has been developed by utilizing quantum resources
which attracts many attentions for decades [4–17]. How-
ever, inevitable losses and environmental noises diminish
the nonclassicality of quantum resources which limit the
application of most quantum remote sensing protocols in
practical scenarios. As a promising protocol, quantum il-
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lumination (QI) is proposed which can maintain the quan-
tum enhancement from entanglement under high levels of
loss and noise [6–17].

Conventional optical QI uses a quantum entangled
source to produce a pair of entangled probe and reference
beams, in which the probe illuminates a remote target with
low reflectivity embedded in a noisy environment, and the
reference retains locally. When the probe returns, a joint
measurement on the returned probe and reference beam
is performed to estimate the quantum correlation between
returned probe and reference so as to extract the informa-
tion of target. In this process, two requirements of refer-
ence beam are essentially needed [11]: (1) the reference
beam must be stored on demand to offset the time delay
of probe during the detection round-trip; (2) the loss of
reference beam should be avoided to protect the quan-
tum correlation between returned probe and reference.
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The first requirement can be achieved by storing the refer-
ence beam in a quantum memory like optical delay, atoms
[18–21] and quantum dots [22, 23]. However, the loss of
reference, dominantly induced by the imperfection of stor-
age and retrieving operations [18–23], results in an addi-
tional damage of quantum correlation which goes against
the second requirement.

Here we propose a more satisfactory protocol by di-
rectly entangling the light probe and on-demand quantum
memory with atom-light entangled interface. As one of the
widely-used atom-light entangled interface, Raman atom-
light interaction has achieved many creative achievements,
such as atom-light hybrid interferometer [24, 25] and high
performance quantum memory [26]. In this paper, a re-
mote sensing system is created based on Raman inter-
action in atomic ensemble which generates an entangled
Stokes light and atomic spin wave. The Stokes field is used
as a probe to illuminate the target. The atomic spin wave
acts as an entangled reference, build-in quantum memory,
and quantum receiver to perform joint measurement on
the returned Stokes light. Two receiving strategies are de-
veloped in our atom-light remote sensing system which is
known as phase conjugate (PC) and parametric amplifica-
tion (PA) receiver. Compared with classical illumination,
about 4 dB quantum enhancement can be achieved with
PA receiver. Furthermore, the scheme integrates the quan-
tum source, quantum memory and quantum receiver by
using atom-light interaction which significantly prevents
the quantum remote sensing system from the losses caused
by the storage process of reference mode, offering great po-
tential for reducing experiment flaws and showing larger
quantum advantages experimentally.

This paper is organized as follows. In Sect. 2, we briefly
introduce the basic protocol of QI with atom-light entan-
gled interface. In Sect. 3, we introduce the atom-light en-
tangled state based on Raman interaction. In Sect. 4, we
model the quantum sensing process and give the atom-
light state under each hypothesis. In Sect. 5, we design two
quantum receivers based on linear and nonlinear atom-
light interface, i.e. phase conjugate receiver and parametric
amplification receiver. The performance of our protocol is
also analyzed. Finally, it is summarized with discussion in
Sect. 6.

2 Quantum illumination with atom-light entangled
interface

Conventional optical quantum illumination protocol re-
quires three basic elements: a quantum source, an on-
demand quantum memory and a quantum receiver, as
shown in Fig. 1(a). Firstly, a quantum source generates a
pair of entangled probe and reference beam. Then, the
probe is used to sense the target in the noisy environ-
ment, we can model the sensing process as a linear mix-
ture of probe and thermal noise on a beam splitter which

has reflectivity κ . The reference is directly stored in an
on-demand quantum memory to wait for the joint mea-
surement with returned probe. Finally, the reference is re-
trieved from the quantum memory when the probe returns
from the target area. The quantum receiver performs a
joint measurement on the retrieved reference and the re-
turned probe to extract the information of the target. The-
oretically, with proper entangled quantum source [7] and
available receiver [9, 27], 3 dB quantum enhancement can
be achieved compared to classical coherent illumination.
Nevertheless, due to the loss of reference in the memory
process and system nonidealities, only 0.8 dB quantum im-
provement is realized experimentally [11]. In order to fully
exhibit the quantum advantage of quantum illumination, a
more concise quantum remote sensing system is needed.

In our atom-light remote sensing system, the three ba-
sic elements of quantum illumination can be integrated
into an atomic ensemble, as shown in Fig. 1(b). Firstly, a
parametric amplification process such as Raman process
[28, 29] and Faraday process [29, 30], is applied on the
atomic ensemble to generate a probe light and an entan-
gled atomic collective excitation. The atomic collective ex-
citation, also known as atomic spin wave, has a long co-
herence time and can be retrieved into a light field on de-
mand. The probe is sent to detect the target, the same as
conventional optical QI, while the atomic spin wave is re-
tained locally. When the atomic ensemble receives the re-
turned probe, another atom-light interaction happens to
interfere the probe with the spin wave. Then the output
light field and spin wave generated by the interaction are
measured to extract the quantum correlation, which can
be used to infer the target’s information. Therefore, the
generation of entanglement, on-demand quantum mem-
ory, and receiving of the target’s information are realized
in a single atomic ensemble. This compact and highly in-
tegrated structure avoids the loss induced by reference
storage and retrieving process, potentially realizing larger
quantum advantage experimentally.

3 Atom-light entangled state
To establish a down-to-earth atom-light remote sensing
system, we choose the Raman process in an ensemble of
�-type atoms as the atom-light entangled interface. The
energy levels of atoms are depicted in the inset of Fig. 1(b)
which consist of a pair of metastable lower states (|g〉 and
|m〉) and an excited state |e〉. The atoms are initially pre-
pared in state |g〉 without population in |m〉 and |e〉, which
corresponding to the vacuum state of spin wave operator
|0A〉 = |g〉⊗Na , where Na is the number of atoms. To gener-
ate the atom-light entangled state, a strong coherent pump
field couples the transition of atomic state |g〉 ↔ |e〉 with
large detuning �. Then the atoms in ground state |g〉 ab-
sorb the pump light and transit to the state |m〉 with the
emission of Stokes field âS . Due to the two photon reso-
nance condition of Raman process, the frequency of Stokes
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Figure 1 Schematics of (a) conventional quantum illumination which consists of three elements: quantum source, quantum memory and quantum
receiver, and (b) atom-light quantum remote sensing system which integrates these three elements by atom-light entangled interface. The target
can be modeled as a beam splitter with reflectivity of κ . Energy level in (b) shows one of the atom-light entangled interface based on Raman
amplification process which generates the entanglement between probe and spin wave. QS: quantum source; QM: quantummemory; QR: quantum
receiver

field ωS = ωP – ωmg , where ωmg is the frequency difference
between |m〉 and |g〉. Meanwhile, the transition of atoms
from |g〉 → |e〉 → |m〉 generates a coherence between the
two states which can be defined as a spin wave operator
Ŝa = 1√

Na

∑Na
k |g〉kk〈m| (see Appendix A).

With the definition of spin wave, the Hamiltonian of Ra-
man process in the interaction picture [28, 29] is

Ĥ = i�ηAPâ†
SŜ†

a – i�ηAPâSŜa, (1)

where η =
√

Nag2/� with the coupling coefficients g be-
tween the excited state and ground states. For simplic-
ity but without loss of generality, we neglect the phase of
pump field and set the pump field AP real.

With vacuum input of Stokes field, the generated atom-
light entangled state is

|ψAL〉 =
1

coshr
∑

n

(Ŝ†
aâ†

Stanhr)n

n!
|0〉A|0〉L, (2)

where r = |ηAP|t is the squeezing parameter, t is the
atom-light interaction time. Therefore, the atom-light
entangled state |ψAL〉 is a two mode squeezed vacuum
state, which belongs to the zero-mean Gaussian state. The
corresponding density matrix ρ̂AL = |ψAL〉〈ψAL| can be
completely characterized by its covariance matrix �AL =
〈[â†

SâSŜ†
aŜa]T [âSâ†

SŜaŜ†
a]〉, which is

�AL =

⎡

⎢
⎢
⎣

S 0 0 C
0 S C 0
0 C A 0
C 0 0 A

⎤

⎥
⎥
⎦ . (3)

Here S = 〈â†
SâS〉 = nS , A = 〈Ŝ†

aŜa〉 = nS and C = 〈âSŜa〉 =
〈â†

SŜ†
a〉 =

√
nS(nS + 1) where nS = sinh2r. Obviously, non-

zero squeezing parameter r > 0 makes the entanglement
metric ε = |〈ŜaâS〉|/

√
〈Ŝ†

aŜa〉〈â†
SâS〉 > 1 which means that

the Raman interaction can generate entanglement be-
tween Stokes light and atomic spin-wave.
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4 Quantum sensing with atom-light interface
To detect the target, the generated Stokes light is emitted
into the target area. While the atomic spin wave, whose
quadrature fluctuation is highly correlated with the one
of probe, can be durably maintained as a quantum mem-
ory. Under the hypothesis H0 (target absence), we get a re-
turned probe âR = âB where âB is the annihilation operator
of the thermal field in environment with large average pho-
ton number nB = 〈â†

BâB〉 � 1. Then the density matrix of
retained atomic spin wave and the returned probe can be
expressed by its covariance matrix

�
(H0)
R =

⎡

⎢
⎢
⎣

B 0 0 0
0 B 0 0
0 0 A 0
0 0 0 A

⎤

⎥
⎥
⎦ , (4)

where B = nB. Under the hypothesis H1 (target presence),
we can model the target as a beam splitter with reflectiv-
ity κ , as shown in Fig. 1. In this case, the returned probe
consists of a weak probe reflected by the target and a large
environmental noise field as âR =

√
κâS +

√
1 – κ âB. Con-

sidering the entire detection round-trip (including the loss
of signal light during propagation and the reflectivity of the
object), we set the total reflection coefficient κ 	 1. Then
the received atom-light state becomes

�
(H1)
R =

⎡

⎢
⎢
⎣

R 0 0
√

κC
0 R

√
κC 0

0
√

κC A 0√
κC 0 0 A

⎤

⎥
⎥
⎦ , (5)

where R = 〈â†
RâR〉 = κnS + (1 –κ)nB and

√
κC = 〈âRŜa〉. The

diagonal term R contains the target information κ , repre-
senting the intensity change of returned probe caused by
the target. The off-diagonal terms with

√
κ in �

(H1)
R rep-

resent the residue quantum correlation between the spin
wave and returned probe due to the entangled probe re-
flected by the target.

5 Atom-light interface as quantum receiver
To extract the target’s information, a joint measurement
is needed to estimate the covariance matrices. A receiver
that perform interference between returned probe and the
local spin wave can achieve the joint measurement. As
we know, there are two types of interference in Raman
atom-light interface: nonlinear interference based on Ra-
man amplification process [24, 29, 31–34] and linear inter-
ference based on Rabi-like Raman oscillation [25, 33, 34].
Based on the two types of interference, the parametric am-
plification (PA) and phase conjugate (PC) receiver are de-
signed.

5.1 Parametric amplification receiver
The PA strategy performs a Raman amplification process
on the returned probe and atomic spin wave together
(showing in Fig. 2) with the Hamiltonian

ĤPA = i�ηA′
PâRŜa – i�ηA′

Pâ†
RŜ†

a, (6)

which can achieve nonlinear interference. The outputs of
the nonlinear interference are

â(d)
S =

√
GâR –

√
G – 1Ŝ†

a, (7)

Ŝ(d)
a =

√
GŜa –

√
G – 1â†

R, (8)

where the receiving gain G = cosh2(|ηA′
P|t′) and t′ is inter-

action time. Also, we ignore the phase of pump field and
set A′

P real.
To obtain the target’s information, the spin wave Ŝ(d)

is read out to perform intensity measurement [9] which
gives the intensity of spin wave N1 = GA + (G – 1)(R + 1) –
2
√

G(G – 1)κC with variance σ 2
1 = N1(N1 + 1) under hy-

pothesis H1 and N0 = GA + (G – 1)(B + 1) with variance
σ 2

0 = N0(N0 + 1) under hypothesis H0.
We can discriminate between two hypotheses based on

the measurement results. Due to the quantum fluctua-
tion, the discrimination is not always correct. When these
two hypotheses are equally likely, a Signal-to-Noise Ra-
tio (SNR) SNR = (N0 – N1)2/[2(σ0 + σ1)2] [9, 27] is used to
judge the validity of the discrimination. Higher SNR means
lower error probability of discrimination and vice versa.

The SNR in our system using PA receiver is

SNRPA =
1
2

[
(G – 1)κ(nB – nS)

σ0 + σ1

+
2
√

G(G – 1)κnS(nS + 1)
σ0 + σ1

]2. (9)

The first term in the binomial of SNRPA is the contribution
of ‘passive signature’ while the second term represents the
contribution from residue quantum correlation between
returned probe and spin wave. Despite of the small change
of noise when introducing ‘passive signature’, the SNR of
our case is higher than the one reported in previous liter-
ature [9] due to the additional ‘passive signature’ term.

In order to further show the quantum advantage, the
SNR of classical illumination (CI) [7] should also be dis-
cussed. Considering the effect of ‘passive signature’ [35],
we can find that the optimal measurement strategy of CI
is a combination of photon counting and homodyne mea-
surement on the returned probe (see Appendix B). Due
to the impossibility of simultaneously performing these
two measurements, we always choose the measurement
method with higher SNR, i.e. SNRC = max{SNRphoton,
SNRhomo} as the performance of CI.
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Figure 2 The illustration of PA receiving strategy. The returned probe (pink pulse, right) is sent into the atomic ensemble together with a pump field
(blue pulse) to undergo a nonlinear interference with retained spin wave which generates an amplified Stokes field (pink pulse, left) and amplified
spin wave. After the nonlinear interference process, the spin wave is read out into a light pulse (brown pulse) by a read light (green pulse). A variable
beam splitter (VBS) is used to separate the amplified Stokes pulse (pink pulse, left) and the time-delayed read-out spin wave pulse (brown pulse). The
splitting ratio of VBS can be temporally controlled. It reflects the amplified Stokes pulse when it arrives while the read-out spin wave can transmit
through it later. Finally, The intensity measurement is performed on the read-out spin wave field (brown pulse). Inset: the energy level of the Raman
amplification process. PD: photon detector

Figure 3 Quantum improvement 10log10(SNRPA/SNRC) of
atom-light sensing system with PA receiver versus the probe intensity
nS and receiving gain G. Here the total reflection coefficient κ = 0.01,
the mean photon number of thermal noise nB = 20. The region
enclosed by dashed line with positive values is the quantum
advantage regime

Then we can obtain the quantum enhancement through
comparing the SNR of our protocol to the one of CI. The
theoretical simulation shows that the quantum advantage
of our system with PA receiver can reach about 4 dB com-
pared to the optimal CI, as shown in Fig. 3. An additional
1 dB improvement of quantum enhancement is achieved
by the passive signature in our system compared to the one
mentioned in previous literature [9, 17].

Moreover, in the limit of G � 1, κ 	 1, and nS 	 1 	
nB, we can eliminate G and G – 1 from the numerator and

the denominator of SNRPA and simplify it to

SNRPA ≈ 1
2

[
κ

2
+

√
κnS

nB

]2

. (10)

The quantum advantage is larger than SNRC as long as
nS < κnB/2. Correpsondingly, we can see that the quantum
enhancement of our system can still be maintained when
the receiving gain G � 1 in Fig. 3, unlike the previous work
which requires a small gain G – 1 → 0 [9].

5.2 Phase conjugate receiver
In PC type receiving strategy, the returned probe needs to
undergo phase conjugation [9] before it interferes with the
atomic spin wave. The phase conjugation can be realized
by a non-degenerate four-wave mixing (FWM) process

âC =
√

GâV +
√

G – 1â†
R. (11)

Here âV represents the annihilation operator of the vac-
uum input of the idler port in the FWM process. The fre-
quency of phase-conjugated returned probe âC is � detun-
ing to the transition |g〉 ↔ |e〉 as shown in Fig. 4.

Then the phase-conjugated returned probe âC is sent
back to the atomic ensemble where the initial entangle-
ment generates. Another pump field A′′

P coupling the tran-
sition |m〉 ↔ |e〉 with detuning � (as shown in Fig. 4) is
sent to the ensemble for the linear interference of âC and
Ŝa. The interaction is governed by the Hamiltonian

ĤPC = i�ηA′′
Pâ†

CŜa – i�η∗A′′∗
P âCŜ†

a. (12)
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Figure 4 The illustration of PC receiving strategy. The returned probe (pink pulse) is phase conjugated by a four-wave-mixing process. Then the
phase-conjugated probe (brown pulse, right) enters the atomic ensemble together with a pump field (green pulse, left) to undergo Rabi-like Raman
interference. This interference generates an output Anti-Stokes field â(d)AS (brown pulse, middle) and an output spin wave Ŝ(d)a which is read out by the
read light (green pulse, right) after the interference. The time-delayed read-out spin wave (brown pulse, left) is separated from the output
Anti-Stokes (brown pulse, middle) by a variable beam splitter (VBS). The intensity measurement is performed on both output Anti-Stokes mode
(brown pulse, middle) and read-out spin wave (brown pulse, left). Inset: the energy level of Rabi-like Raman oscillation process. PD: photon detector;
PC probe: phase-conjugated probe

Figure 5 Quantum improvement 10log10(SNRPC/SNRC) of atom-light sensing system with PC receiver versus the probe intensity nS and receiving
gain G. Here the total reflection coefficient κ = 0.01, the mean photon number of thermal noise nB = 20. The area enclosed by dashed line with
positive values is the quantum advantage regime

In order to extract the quantum correlation, the atom-light
interaction should act as a 50-50 beam splitter which re-
quires |ηA′′

P|t′′ = π/4. The outputs of this atom-light beam
splitter are

â(d)
AS = (âC + Ŝa)/

√
2, (13)

Ŝ(d)
a = (âC – Ŝa)/

√
2. (14)

Then we read out the spin wave Ŝ(d)
a after the linear re-

ceiving process and feed it into a unity-gain difference am-
plifier with â(d)

AS, the equivalent joint measurement quan-
tity is N̂ = N̂X – N̂Y where N̂X = â(d)†

AS â(d)
AS and N̂Y = Ŝ(d)†

a Ŝ(d)
a .

The joint measurement gives that under hypothesis H0 is
N0 = 0 with corresponding variance σ 2

0 = (G – 1)(2nSnB +
nS + nB + 1) + GnS while N1 = 2

√
(G – 1)κC with variance

σ 2
1 = (G –1)[(1–κ)nB(2nS +1)+nS(4κnS +3κ +1)+1]+GnS

under hypothesis H1. The SNR is therefore given by

SNRPC =
4(G – 1)κnS(nS + 1)

2(σ0 + σ1)2 , (15)

As we can see, only the quantum correlation term are con-
tained in the numerator of SNRPC while the ‘passive sig-
nature’ κnB only contribute to the variance. To further
show the advantage, difference of SNR between the atom-
light sensing system with PC receiver and CI are plotted
in Fig. 5. In low probe intensity regime nS < 0.05, the per-
formance of our protocol by using PC receiver is inferior
to the coherent sensor. This is because the signal N1 =
2
√

(G – 1)κC of our system only contains the contribution
of quantum correlation which is near 0 for nS → 0. While
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Figure 6 The region, where PA, PC or CI outperforms the others, is shown with various probe intensity nS and receiving gain G. The total
transmission coefficient κ = 0.01 and the mean photon number of thermal noise nB = 20. Yellow region: PA receiver; Red region: PC receiver; Blue
region: classical illumination

CI can still receive the target’s information by just measur-
ing the ‘passive signature’ even nS = 0. With the increase of
probe intensity nS , the quantum correlation brings a signif-
icant increase in SNRPC, which quickly beats the one of CI
and reaches 3 dB, the maximum quantum enhancement
using PC receiver. Then, the quantum enhancement starts
to decrease with the further increase of nS , in accordance
with previous works [7].

Further comparison between the performance of PA,
PC, and CI for target detection are respectively shown in
Fig. 6. we can see that the PC receiver (the red region in
Fig. 6) achieves quantum advantage in a larger range of nS ,
compared to the PA receiver (the yellow region). While PA
receiver can only operate under a very low nS regime to
achieve a quantum improvement for target detection, see
Fig. 6.

In addition, the area where our atom-light sensing sys-
tem outperforms CI is figured out which gives two limits.
When G � 1, nB � nS and κ 	 1, the maximum probe
intensity to get the quantum advantage by PC receiver ap-
proaches nS,max ≈ (–1 +

√
1 + 8κnB)/(4κ). When nS 	 1,

the receiving gain should be larger than a critical number
Gcrit ≈ 1 + nS/nB to get the quantum enhancement. With
these two limitations, we can optimize our atom-light re-
mote sensing system reasonably.

6 Conclusion and discussion
In conclusion, a remote sensing system is proposed based
on the Raman atom-light entangled interface. In this sys-
tem, the atom-light interface skillfully integrates the quan-
tum source, quantum memory and quantum receiver to-
gether, making the quantum sensing system more concise
and robust. Both parametric amplification receiver and
phase conjugate receiver are realized in this protocol with
4 dB quantum enhancement in target detection by consid-
ering the ‘passive signature’. Such an integrated structure
significantly prevents the losses caused by the storage pro-

cess of reference mode, offering great potential for robust
and high performance remote quantum sensing.

In this system, the decay of atomic spin wave may re-
strict the distance between quantum source and target.
For Raman process with geometrically wide optical modes,
the decoherence of spin wave in 87Rb atomic ensemble
at ∼ 75◦C is mainly due to the atom-atom and atom-
wall collisions caused by the thermal motion. The atom-
atom collision induces a spin exchange relaxations rate
γSE = 565.7 s–1 and the atom-wall collision induces a spin
destruction relaxations rate γSD = 0.2828 s–1, resulting in
a maximum memory time T ≈ 1.22 ms which guarantees
the quantum advantage. This enables the atom-light re-
mote sensing system to detect the target at nearly 183.7 km
away. A longer distance can be realized by using cells
with inert buffer gases and/or paraffin-coated cells which
further extend the coherence time. Furthermore, non-
dominant spin wave decoherence due to magnetic fields
can be effectively eliminated by placing the cell in a mag-
netic shield. When all these effects are restrained, the co-
herence time can reach ∼ 60 s [36].

Appendix A: Definition of pseudo-spin wave
operator Ŝa

By adiabatically elimiate the excited state |e〉 under Raman
condition, the remaining two ground states (|g〉 and |m〉)
can be conveniently represented by angular momentum
operators

Ĵ+ = Ĵx + iĴy =
Na∑

k

|g〉kk〈m|, (A.1)

Ĵ– = Ĵx – iĴy =
Na∑

k

|m〉kk〈g|, (A.2)
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Ĵz =
1
2

Na∑

k

(|g〉kk〈g| – |m〉kk〈m|), (A.3)

where k represents the k-th atom. The above angular
momentum operators obey the commutation relation
[J+, J–] = 2Jz . Under the limit of low excitation (〈Ĵ– Ĵ+〉 	
Na) and large number of atoms(Na � 1), we can replace
the Ĵz operator with its expectation value 〈Ĵz〉 ≈ Na/2. For
simplicity, a new pair of atomic collective creation and an-
nihilation operators [37, 38] can be defined as

Ŝa =
Ĵ+

√

2〈Ĵz〉
≈ 1√

Na

Na∑

k

|g〉kk〈m|, (A.4)

Ŝ†
a =

Ĵ–
√

2〈Ĵz〉
≈ 1√

Na

Na∑

k

|m〉kk〈g||. (A.5)

The above pseudo-spin wave operator Ŝa obeys the quasi-
bosonic canonical commutation relation [Ŝa, Ŝ†

a] � 1,
which is consistent with the conclusion of Holstein–
Primakoff transformation [39] in weak interation limit.

Appendix B: The optimal measurement strategy of
classical illumination

For classical illumination, the probe is the coherent state
ρ̂ = |α〉〈α|. The returned probe state from the target area
is then given by

ρ̂r = TrB
[
Ûκ ρ̂ ⊗ ρ̂BÛ†

κ

]

= TrB
[
ÛκD̂(α)Û†

κ · Ûκ |0〉〈0| ⊗ ρ̂BÛ†
κ

× ÛκD̂†(α)Ûκ
η

]
,

(B.1)

where ρ̂B is the density matrix of the thermal noise and Ûκ

is the evolution operator of signal-noise interaction mod-
eled as a beam splitter. The first and third term in above
equation can be expressed as two displacement operators
that acting on the signal and thermal channel, respectively.
i.e. ÛκD̂(α)Û†

κ = D̂S(
√

κα)D̂B(
√

1 – κα). The middle term
describes the linear mixing of vacuum state and the ther-
mal noise, which gives two modified thermal states in each
channel Ûκ |0〉〈0|⊗ ρ̂BÛ†

κ = ρ̂B′ ⊗ ρ̂B′′ . After tracing over the
thermal noise mode, one can conclude that the returned
probe of CI is in a displaced thermal state

ρ̂r = D̂S(
√

κα)ρ̂B′D̂†
S(

√
κα), (B.2)

where ρ̂B′ =
∑∞

n
nn

B′
(1+nB′ )1+n |n〉〈n| is the modified thermal

state with mean photon number nB′ = (1 – κ)nB. ρ̂r can be
reorganized into diagonalized form

ρ̂r =
∞∑

n
Tn|ψn〉〈ψn|, (B.3)

where Tn = (1 – κ)nnn
B/[1 + (1 – κ)nB]1+n and |ψn〉 =

D̂S(
√

κα)|n〉 is the diplaced Fock state with 〈ψn′ |ψn〉 = δn′ ,n.
The quantum Fisher information can then be given by

Fκ =
∞∑

n

∂κTn · ∂κTn

Tn
+ 4

∞∑

n
Tn Re

(〈∂κψn|∂κψn〉
)

– 8
∞∑

n,m

TnTm

Tn + Tm
Re

(〈∂κψm|ψn〉

× 〈ψn|∂κψm〉). (B.4)

Some relevant inner products can be evaluated

〈ψn|∂κψn〉 = 0, (B.5a)

〈ψn–1|∂κψn〉 = –
1
2

√
n
κ

α, (B.5b)

〈ψn|∂κψn–1〉 =
1
2

√
n
κ

α, (B.5c)

〈∂κψn|∂κψn〉 =
α2

4κ
(2n + 1) (B.5d)

and the derivative of Tn is

∂κTn = Tn
(1 – κ)nB – n

(1 – κ)[1 + (1 – κ)nB]
(B.6)

Substituting Eq. (B.5a)–(B.5d) and Eq. (B.6) into Eq.
(B.4), we obtain the quantum Fisher information

Fκ =
nB

(1 – κ)[1 + (1 – κ)nB]
+

α2

κ[1 + 2(1 – κ)nB]
(B.7)

For quantum single-parameter estimation, the optimal
estimating precision is bounded by quantum Cramer–
Rao bound. The eigenbasis of the symmetric logarithmic
derivative (SLD) indicates the optimal measurement strat-
egy that saturates the Cramer–Rao bound. The SLD is
given by

L̂κ =
∞∑

n

∂κTn

Tn
|ψn〉〈ψn|

+ 2
∞∑

n,m

Tn – Tm

Tn + Tm
〈ψm|∂κψn〉|ψm〉〈ψn|.

(B.8)

The optimal observable is Ôκ = L̂κ/Fκ . Substituting
Eq. (B.5a)–(B.5d) and (B.6) into Eq. (B.8), we have Ôκ ∝
k1â†â + k2(â† + â), where k1 and k2 are coefficients. There-
fore, the optimal measurement stragety for estimating κ

is a combination of photon counting and homodyne mea-
surement.
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