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Abstract

Implementing fault-tolerant quantum computing necessitates the realization of logical non-
Clifford gates, which requires the preparation of specific quantum states known as magic
states. However, IBM’s heavy-hexagon structure, which has limited qubit connectivity,
presents challenges in adapting quantum error correction codes such as the surface code.
Several methods have been proposed to address these challenges by adapting the surface
code to the heavy-hexagon architecture. In this study, we implement the magic state
injection process within two distinct implementations of surface codes (standard and
rotated methods) suitable for the heavy-hexagon structure and compare their logical error
rates. Furthermore, we propose initialization methods to enhance the performance of
magic state injection in the heavy-hexagon structure, thereby efficiently achieving logical
non-Clifford gates with reduced error rates.

Keywords: quantum computing; quantum error correction; magic state injection; fault-tolerant
quantum computing; heavy-hexagon structure; flag qubit

MSC: 81P68

1. Introduction

Recent progress in the fields of Quantum Computation and Quantum Information has
been remarkable [1,2]. It is based on practical development in quantum algorithms [3-8],
quantum communication, and quantum hardware [9,10]

In particular, within the field of quantum computation, recent experimental demonstra-
tions of quantum error correction have brought us closer to realizing practical fault-tolerant
quantum computing [11-21]. However, a critical challenge remains the implementation
of logical non-Clifford gates. While logical Clifford gates can be implemented relatively
simply through transversal operations, logical non-Clifford gates cannot. Currently, the
leading approach for implementing logical non-Clifford gates involves utilizing specific
states known as logical magic states [22-27]. The preparation of logical magic states, re-
ferred to as magic state injection, is therefore crucial. Developing efficient and low-error
methods for magic state injection is essential for achieving universal fault-tolerant quantum
computing [28-36].

One of the most promising quantum error correction codes, the surface code, re-
quires each qubit to interact with up to four neighboring qubits [37-42]. However, the
heavy-hexagon architecture used by IBM has limited qubit connectivity, making direct
adaptation of surface code-type quantum error correction challenging [43,44]. To address
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this limitation, several approaches for adapting the surface code to the heavy-hexagon
architecture have been proposed [45-54]. These various adaptations differ significantly in
their capabilities to detect and correct errors, consequently affecting the performance of the
magic state injection process.

In this study, we carry out the magic state injection process using two adaptations
of the surface code for the heavy-hexagon structure (standard and rotated methods),
comparing the resulting logical error rates [55-60]. Our results demonstrate that utilizing
the rotated method initially yields a higher success probability compared to the standard
method; however, we observed that the logical error rate becomes higher when the physical
error rate is reduced below a certain threshold. Additionally, we identified specific error
patterns responsible for this increased logical error rate and proposed methods to reduce
these errors. Through these efforts, we anticipate that it will be possible to reduce logical
errors during magic state injection in the heavy-hexagon structure, ultimately achieving
non-Clifford gates with lower error rates.

2. Surface Code on Heavy-Hexagon Structure

The heavy-hexagon structure features limited qubit connectivity of two or three,
which limits qubit interactions compared to standard lattice structures. Consequently,
implementing quantum error correction codes, such as the surface code, on this architecture
is significantly challenging. In this study, we investigate two specific adaptations of the
surface code designed for the heavy-hexagon structure.

2.1. Surface Code on Standard Heavy-Hexagon Structure (Standard Method)

The first method directly applies the surface code to the standard heavy-hexagon
structure (standard method). In this approach, one to three flag qubits are introduced
to connect data qubits with syndrome qubits (Figure 1). Errors occurring on data qubits
propagate through flag qubits to syndrome qubits, allowing detection of data qubit errors
by measuring the syndrome qubits. The flag qubits are shared across two distinct syndrome
measurement processes (X and Z), necessitating their execution in two separate subrounds.

During these measurement cycles, errors originating from flag qubits propagate dif-
ferently based on their type. Z-type errors on flag qubits propagate to syndrome qubits,
causing measurement errors, while X-type errors propagate to data qubits, resulting in
additional errors on the data qubits depending on the stabilizer type. To prevent the
propagation of these flag qubit errors into subsequent rounds, it is crucial to measure each
flag qubit at the end of every subround. Furthermore, the measurement results from the
flag qubits can be utilized in the decoding process, reducing the logical error rate.

<X stabilizer measurement> <Z stabilizer measurement>
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Figure 1. Adaptation of surface code to standard heavy-hexagon structure. The stabilizer measure-
ment circuit was constructed using 1 to 3 flag qubits to connect data qubits and syndrome qubits.
In the first subround, X stabilizers were measured, and in the second subround, Z stabilizers were
measured. By measuring each flag qubit, errors occurring on the flag qubits could be detected. The
red box indicates the unit stabilizer measurement. The gray, white, and green circles represent data
qubits, syndrome qubits, and flag qubits, respectively.
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2.2. Surface Code on Rotated Heavy-Hexagon Structure (Rotated Method)

The second method applies the surface code to a rotated heavy-hexagon structure
(rotated method). This method addresses the limited connectivity issue through a process
known as stabilizer folding. This method measures weight-4 stabilizer operators by di-
viding data qubits into pairs, checking parity separately for each pair, and merging this
information at syndrome qubits. This approach allows simultaneous measurement of
multiple weight-4 stabilizers using chains of data qubits with connectivity of two. Addi-
tionally, CNOT gates used for parity checking facilitate simultaneous folding of adjacent
X and Z stabilizers, increasing the efficiency of the measurement process. However, due
to connectivity constraints, stabilizers cannot all be measured simultaneously and thus
are divided into two subsets, each measured in separate subrounds. Due to the rotated
lattice structure, additional data qubits are required along the right and lower boundaries
compared to the standard surface code. To eliminate extra degrees of freedom introduced
by these additional data qubits, weight-1 stabilizer operators are employed. These bound-
ary data qubits are not entangled with other data qubits but are measured exclusively to
reduce the degrees of freedom, enabling the application of the surface code to the rotated
hexagonal lattice. To implement stabilizer folding, data qubits must be connected by CNOT
gates. However, applying this configuration to the heavy-hexagon architecture introduces
intermediate qubits between pairs of data qubits. Consequently, indirect CNOT operations
between data qubits are required, achieved through two distinct methods. The first method
utilizes SWAP gates implemented via intermediate bridge qubits, transferring the state of
data qubits indirectly; notably, the initial state of bridge qubits does not affect this operation.
The second method implements the flag approach by utilizing measurement operations:
intermediate flag qubits are prepared in specific states (0 or +) depending on the direction
of the desired CNOT operation, connected via CNOT gates, and subsequently measured
with proper basis to indirectly realize the required CNOT operation (Figure 2). Both SWAP
and flag approaches share identical arrangements of data and syndrome qubits, differing
only in their operational approach—the flag approach requires fewer CNOT gates but
includes additional measurements.
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Figure 2. Adaptation of surface Code to rotated heavy-hexagon structure. The stabilizer measurement
process was adapted to the rotated heavy-hexagon structure using the stabilizer folding method,
enabling stabilizer measurement despite limited connectivity. Depending on how CNOT gates
connecting data qubits were configured, two types of stabilizer circuits were employed: the SWAP-
based and flag-based methods. The SWAP-based method utilized additional qubits known as bridge
qubits, while the flag-based method used flag qubits. The full stabilizer operator was divided into two
groups and measured across two subrounds. The red box indicates the unit stabilizer measurement.
The gray, white, and green circles represent data qubits, syndrome qubits, and flag qubits, respectively.

2.3. Comparison of Two Methods

When applying the surface code to a rotated heavy-hexagon structure, one advantage
is the reduction in the required number of physical qubits and gates (see Table 1). However,
since this approach involves rotating the heavy-hexagon structure, it is impossible to
utilize all qubits when directly adapting it to existing IBM hardware. Consequently, when
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comparing the number of physical qubits required for error correction codes in the standard
heavy-hexagon structure, the difference in required qubits becomes smaller. For a surface
code with distance d, the standard method requires 104> — 84 — 1 physical qubits. In
the rotated method, the actual number of physical qubits used for the same distance is
5d% — 2d — 2, leading to a significant difference of approximately ~ 542. However, when
including the additional physical qubits present in the heavy-hexagon structure but not
actively used, the required physical qubits increase to 104> — 13d + 4. As a result, the
difference in the number of physical qubits required to implement a surface code of the
same distance in standard and rotated structures reduces to approximately ~ 5d. Thus,
we compare the two methods under the assumption that they require a similar number of
physical qubits for the same distance (Figure 3).
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Figure 3. Comparison of the number of qubits required to implement a distance-5 surface code using

the two methods. (Left) Standard method. (Right) Rotated method. The rotated method achieves
the same distance surface code with fewer physical qubits, but due to the rotated structure, some

physical qubits remain unused (black regions). As a result, the actual difference in the required qubit
patch size is relatively small (red regions). The gray, white, and green circles represent data qubits,
syndrome qubits, and flag qubits, respectively.

Table 1. Comparison of between the two surface code adaptation schemes. Since the rotated method
does not perfectly fit into the heavy-hexagon lattice, some physical qubits remain unused. The total
number of qubits, including these unused ones, is 104> — 13d + 4. The numbers of CNOT and readout
gates are based on distance d per round.

Method Stabilizer Measurement Number of Physical Qubits Number of CNOT Gates Number of Readout Gates
Standard Flag qubit 1042 — 84 — 1 32d% — 44d +12 144% — 184 + 4
Rotated (SWAP) Stabilizer folding 5d% —2d — 2 (10d> — 13d + 4) 30d2 — 72d + 42 242 — 2d

Rotated (flag) Stabilizer folding 5d% —2d — 2 (10d? — 13d + 4) 24d? — 58d + 34 14d% — 34d + 20

3. Magic State Injection
3.1. Injection Method

Magic state injection is the process of preparing a logical magic state, which is essential
for implementing non-Clifford gates. These magic states cannot be constructed using
only Clifford operations within the computational basis. Therefore, a method known as
magic state injection has been proposed, which involves preparing a magic state at the
physical qubit level and injecting it into a logical state. Magic state injection is performed
by preparing the physical qubits that constitute the logical qubit, initializing each qubit
into an appropriate quantum state, and then performing a projection measurement. To
achieve this, a specific physical qubit must be selected and prepared in the desired magic
state. The state preparation of this physical qubit and the stabilizers of the error correction
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code determine how the surrounding physical qubits are initialized. The magic state
injection process consists of two main stages. In the first stage, each physical qubit is
initialized appropriately, followed by a projection measurement. A post-selection process
then eliminates states that contain errors resulting from the projection process, allowing
the extraction of a logical magic state. However, as the logical state’s distance increases, the
probability of obtaining an error-free state through post-selection decreases. Therefore, in
the second stage, the logical state obtained in the first stage is expanded to a larger distance
logical state. The detailed procedure is described in Appendix A and Figure 4.

REGION Il REGION II REGION I
OO

REGION |
REGION |

REGION Il REGION IV REGION Il REGION IV

<STAGE I>

REGION Il

O : Data qubit O : Syndrome qubit O : Flag / Bridge qubit

. . : Boundary data qubit . . : Error detecting Syndrome qubit

Figure 4. Magic state injection process using two adaptation methods of surface codes for heavy-
hexagon structures. In both methods, the process consists of two stages. In the first stage, the state of
the data qubit is projected onto the eigenspace of the stabilizer. Errors occurring during the projection
process are checked, and if errors are detected, the state is discarded, and the preparation is repeated.
If no errors are detected, the process proceeds to the second stage, where the logical state’s distance
is increased. The gray, white, and green circles represent data qubits, syndrome qubits, and flag
qubits, respectively.

3.2. Injection Error

Errors in the magic state injection process that lead to logical errors can be categorized
into two types. The first type occurs when errors occur during quantum state preparation
or projection measurement and go undetected. The second type occurs during the process
of increasing the distance of the projected quantum state. If the error correction code is
sufficiently robust, the second type of error can be significantly reduced as the physical
error rate decreases. However, the first type of error is inherent to the magic state injection
process and cannot be completely eliminated.

The first type of error can originate from various sources. If an error occurs while
preparing the magic state on the physical qubit, it cannot be corrected. Additionally,
depending on the arrangement of the initial states of the data qubits, errors in certain data
qubits may become undetectable. In our previous study, we examined the impact of such
undetectable data qubits (blind qubits) on logical errors in the magic state injection process
using the standard method. One of the key factors influencing logical errors in the magic
state injection process is the initialization method. Figure 5 illustrates the initialization
strategies used in previous studies to mitigate such errors. In our previous study, four
different initialization methods were explored: down triangle, right triangle, down square,
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and right square. However, the square methods were not consistently applicable for
preparing boundary data qubits; thus, in this study, we focus only on the down triangle
and right triangle methods. We previously analyzed the effect of different initialization
methods on error rates in the standard heavy-hexagon structure. The results indicated
that the right triangle method generally yielded lower error rates due to the positioning
of blind qubits and the influence of flag qubits. However, in the rotated heavy-hexagon
structure, the effects of initialization differ due to its altered configuration. In the rotated
structure, certain errors introduced during stabilizer folding can simultaneously affect two
data qubits. These errors commute with all stabilizers measured in that subround, making
them undetectable within the same subround. Consequently, such errors must be detected
in the subsequent subround through another stabilizer that shares one of the defective data
qubits. In a usual error correction process, except for boundary data qubits, each data qubit
is associated with multiple stabilizers, allowing for error detection and correction. However,
during the magic state injection process, error detection relies on the assumption that all
data qubits forming a stabilizer are prepared in its eigenstate. Thus, depending on the
initialization states of other data qubits, there may be no additional stabilizer available to
detect errors. As a result, when specific types of errors occur at the initialization boundaries,
they may remain undetected. If such an error arises in the first subround and no stabilizer
in the second subround is available to detect it, the error propagates directly, contributing
to a logical error.

REGION I REGION IV

REGION

(a) right triangle (b) down triangle

REGION |
REGION |
REGION |

gl

REGION Ill
REGION il
REGION Ill

Figure 5. Initialization methods for performing magic state injection. (a) Right triangle method,
(b) Down triangle method. If more qubits are located in the right region, the right triangle method
is used; if more qubits are located in the lower region, the down triangle method is applied. Data
qubits in the blue-shaded region are initialized to |0), whereas those in the red-shaded region are
initialized to |+). Red and blue syndrome qubits represent those that can detect errors occurring in
data qubits. Yellow qubits represent blind qubits whose errors cannot be detected. Orange and light
blue qubits indicate weight-1 stabilizer data qubits. The gray, white, and green circles represent data
qubits, syndrome qubits, and flag qubits, respectively.

Even in the standard surface code, errors occurring on specific qubits can introduce
simultaneous errors in two data qubits. However, these errors can be detected through flag
qubit measurements. By incorporating flag qubit measurement results into the postselection
process, it is possible to identify such errors and discard erroneous states. In contrast, the
SWAP-based approach does not include measurements on bridge qubits, and the flag-
based method does not fully detect all two-qubit errors. As a result, it is challenging to
completely eliminate errors introduced during the injection process. The occurrence of
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undetected two-qubit errors depends on the initialization method. Since the initialization
method determines how each data qubit is prepared, appropriately setting the initialization
boundary enhances error detection. These undetected errors arise when an error in the first
subround remains undetected in the second subround. Therefore, reducing such errors
requires setting the initialization boundary so that fewer two-qubit errors occur in the first
subround. For example, the right triangle boundary results in more undetectable two-qubit
errors in the first subround. In contrast, the down triangle method shifts two-qubit errors to
the second subround, leading to a lower logical error rate (See Figure 6 and Appendix B).

REGION II REGION Il REGION II
oy

REGION |
REGION |

(a) right triangle (b) down triangle

Figure 6. Some errors occurring during the injection process remain undetected in the first stage
and contribute to logical errors. In the right triangle method, errors affecting two data qubits near
the initialization boundary go undetected. In contrast, in the down triangle method, undetected
errors are reduced because errors near the initialization boundary are not left undetected in the
first subround. The dashed circles indicate simultaneous errors occurring on two data qubits. The
gray, white, and green circles represent data qubits, syndrome qubits, and flag qubits, respectively.

4. Performance Comparison: Standard vs. Rotated Methods

We conducted simulations to compare the performance of magic state injection in
surface codes adapted to two types of heavy-hexagon structures. The physical error rate
range was set to 10~#~ 1072 to encompass the critical threshold region of the surface code
(approx. 1073~1072 [51,52]). Physical error rates exceeding 10~2 make effective error
correction unfeasible. Conversely, the lower bound of 10~ was selected to reflect the
operational limits of current quantum hardware capabilities. A logarithmic scale was
adopted to facilitate a detailed analysis of the logical error rate behavior in the deep error
suppression regime (See Appendix C for detailed experimental setup).

First, we performed magic state injection using two different initialization methods:
down triangle and right triangle. For each initialization method, we applied magic state
injection to a surface code with distance 3 and then gradually increased the distance in
steps of 2 up to distance 9, observing the changes in logical error rates in Figure 7. When
comparing the SWAP-based and flag-based approaches for implementing the rotated
method, we found that both methods exhibited nearly identical logical error rates. This is
likely because our error model assumes equal error rates for CNOT gates and measurement
operations. However, in terms of success probability, the flag-based approach demonstrated
a slightly higher success probability than the SWAP-based approach. Since the error
correction performance of these two methods depends on the specific gate error rates, their
performance may differ under different error models.

Figure 8 presents a performance comparison between the standard and rotated meth-
ods utilizing right triangle and down triangle initialization. Consistent with our previous
findings, the right triangle initialization yields a lower logical error rate for the standard
method. In contrast, our current results demonstrate that for the rotated method, the down
triangle initialization results in superior performance. This inversion is attributed to the
down triangle method’s ability to mitigate undetectable errors affecting two data qubits,
particularly near the boundary where the first subround lacks sufficient error-detecting
stabilizers (see Section 3.2).
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(a) right triangle (b) down triangle

v
Physical error rate Physic

Figure 7. Comparison of performance between the standard method and rotated method using
(a) right triangle and (b) down triangle initialization. The standard method exhibits a lower error rate
in the low physical error rate regime.
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Figure 8. Comparison of (a) logical error rate and (b) success probability for the initialization

methods using down triangle and right triangle. The rotated method showed a lower error rate with

down triangle initialization, whereas the standard method had a lower error rate with right triangle

initialization. Additionally, the success probability of the standard method was observed to be lower

than that of the rotated method.

Furthermore, we observe that in the low physical error rate regime (<1072), the
standard method exhibits a lower logical error rate than the rotated method. This difference
arises because the stabilizer folding technique in the rotated method increases the incidence
of simultaneous two-qubit errors, which are challenging to detect during the first injection
stage. These results demonstrate that in the physical error rate regime sufficiently below
the threshold, the standard method outperforms the rotated method despite its higher
overhead in physical qubits and gates. However, this advantage comes with a trade-off:
the success probability of the standard method is lower than that of the rotated method.
Consequently, selecting the optimal method necessitates a comprehensive evaluation of
physical qubit requirements, achievable logical error rates, and success probabilities.

5. Conclusions and Discussion

We conducted simulations to evaluate magic state injection in two adapted surface
code methods for the heavy-hexagon structure. The results indicate that the performance
depends on the physical error rate. Specifically, in the low physical error rate regime, the
standard method exhibits a lower logical error rate. However, in the high physical error
rate regime, the rotated method exhibits a lower logical error rate compared to the standard
method. Regarding the initialization method, the standard method achieves a lower error
rate with the right triangle initialization, whereas the rotated method performs better with
the down triangle initialization. Furthermore, the rotated method demonstrates a higher
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success probability compared to the standard method.

In the magic state injection process, not all stabilizers can detect errors, meaning that
errors can only be identified through a subset of stabilizers. However, because the rotated
method utilizes fewer physical qubits, there are cases where errors remain undetected
by the stabilizers used in magic state injection. This issue may be mitigated by adjusting
the initialization of data qubits. Additionally, further modifications to the initialization
process—such as optimizing the placement of the injection qubit or refining methods to
increase the distance—could enable magic state injection with an even lower logical error
rate in the rotated method.
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Appendix A. Magic State Injection Process

The magic state injection process was carried out in two stages. In the first stage, a
magic state was prepared on the top-left physical qubit, while all other physical qubits
were initialized in either the |0) or |+) state. The initialization method in our approach
determined how the data qubits were prepared in specific quantum states. In this study,
data qubits in the right region were initialized to |0), while those in the lower region were
initialized to |+). Previously, we investigated four initialization methods: down triangle,
right triangle, down square, and right square. However, for the rotated structure, applying
the square methods led to issues in preparing the initial states of boundary data qubits.
Therefore, in this study, we considered only the down triangle and right triangle methods.
In the first stage, data qubit initialization was followed by projection measurement. For
a distance-3 qubit patch, we divided the system into two regions (Region I and Region
II), where data qubits in Region I were initialized to |0), and those in Region II were
initialized to |+). The top-left data qubit, assigned for magic state preparation, did not
belong to either region. After state initialization, two rounds of stabilizer measurement
were performed. The first stabilizer measurement collapses the data qubit states into the
eigenspace of the stabilizers. Errors occurring during this process can be detected by
surrounding data qubits, which are already eigenstates of the relevant stabilizers. However,
this alone is insufficient for detecting all errors arising during injection. Thus, an additional
stabilizer measurement and parity comparison were performed to detect errors. Through
this injection process, we could detect errors. However, since the initial state was not a
logical state, error correction was not possible. Instead, we employed a post-selection
process, discarding erroneous states and proceeding only with states where no errors were
detected. The second stage involved expanding the logical magic state obtained in the
first stage to a larger-distance magic state. This was accomplished by defining Region
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III and Region IV using the same criteria as in the first stage. Data qubits in Region III
were initialized to |0), and those in Region IV were initialized to |+). After initialization,
stabilizer measurements were performed. Since we obtained a logical state in the first stage,
error correction could now be applied. After expansion, stabilizer measurements were
repeated for as many rounds as the extended distance. For comparison, we also performed
a number of rounds equal to the initial distance before expansion. To increase the distance
of the logical state, a larger stabilizer group that commutes with the stabilizers of the logical
state obtained in the first stage had to be constructed. In the standard heavy-hexagon
structure, as the distance increases, the expanded stabilizer group naturally includes the
stabilizer group of the smaller distance. However, in the rotated heavy-hexagon structure,
the weight-1 stabilizers located at the right and lower boundaries anti-commute with
the stabilizer group of the expanded code. These boundary data qubits remain in their
initially prepared states or states affected by Pauli errors without forming entanglement
with other data qubits. As a result, when increasing the distance of the magic state in
the rotated heavy-hexagon structure, the boundary data qubits from the previous stage
undergo projection measurement and collapse. This collapse process prevents the use of
some stabilizer measurement results from the previous stage. Nevertheless, by excluding
these weight-1 stabilizers, and considering only the remaining data qubits, it is still possible
to represent a specific logical state, allowing for distance expansion. Therefore, in our
method, we performed projection measurement in the second stage without including the
stabilizer measurement results of the boundary data qubits from the first stage into the
decoding process.

Appendix B. Error Detecting on Magic State Injection

In the first stage, stabilizer measurements project the prepared state onto the eigenspace
of a low-distance surface code. Various types of errors can occur in this process, but not
all of them can be detected and corrected. Since the magic state is prepared on a physical
qubit, errors in that qubit cannot be detected. Additionally, depending on the initialization
method, certain data qubits become blind qubits, making error detection impossible for
those qubits. When applying the surface code to low-connectivity architectures such as the
heavy-hexagon structure, stabilizer measurements cannot be performed simultaneously for
all stabilizers and must be divided into multiple subrounds. Consequently, some errors
occurring in the first subround can only be detected in the second subround. While such
error propagation does not impact error rates in conventional error correction for logical
states, it becomes problematic in magic state injection, where errors must be identified
within the first two measurement rounds. Certain errors occurring in the first subround
may only be detectable in the second subround, and if those stabilizers fail to detect errors,
they contribute to logical errors (Figure Al). Thus, we must analyze cases where errors
in the first subround remain undetected in the second subround. A representative case
occurs when a stabilizer meant to detect an error, specifically one occurring in the first
subround, has data qubits in non-eigenstates, leading to random syndrome measurement
outcomes. Fortunately, most data qubits are linked to two stabilizers, making it possible
to prevent undetectable errors through appropriate initialization. However, circuit-level
errors affecting two data qubits simultaneously may go undetected due to the greater
separation between their detecting stabilizers. In the standard method, such two-qubit
errors arise when X errors occur on flag qubits, which can be mitigated by including flag
qubit measurement results in the post-selection process. However, in the rotated method,
this additional detection is not always possible, leading to an increase in undetectable
errors during magic state injection.
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Figure A1. An example of undetectable two-qubit errors in the rotated method. In the rotated method,
specific types of errors can propagate simultaneously to two data qubits, as shown in the circuit on
the right. Since these errors are undetectable within the current subround, they must be identified
in subsequent subrounds. However, during magic state injection, certain stabilizers are utilized for
state projection; consequently, if such errors occur at the initialization boundary, they may remain
undetected and directly contribute to a logical error. The dashed circles indicate simultaneous errors
occurring on two data qubits. The gray, white, and green circles represent data qubits, syndrome
qubits, and flag qubits, respectively.

Appendix C. Experimental Setup

We performed circuit-level simulations to implement the magic state injection process.
For the simulations, we used the Stim code and employed the minimum weight perfect
matching algorithm for decoding. Each stabilizer measurement circuit was implemented
using CNOT, Hadamard, measurement, and reset gates. In the standard method, an
additional CZ gate was used for Z stabilizer construction. Using the Stim simulator, we
conducted 107 trials for logical X and Z errors in each experiment and calculated the logical
error rate using the following formula:

Etotar =1— (1 - Ex)(1 - Ez) (A1)

In these simulations, we assumed a depolarizing error channel. The error sources
included single-qubit errors, two-qubit errors, and readout errors, with reset errors treated
as single-qubit errors. The two-qubit error rate and readout error rate were assumed to be
equal, and this value was defined as the physical error rate parameter. Experiments were
performed by varying this parameter. The single-qubit error rate was assumed to be 1/20
of the physical error rate.
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