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Abstract

Black holes are very mysterious objects that can be studied mathematically in General
Relativity as they are solutions to Einstein equations, providing intriguing insights into the
nature of gravity and spacetime. Recent advancements in the observation of black holes,
including the detection of gravitational waves and the images of black holes, have not only
confirmed theoretical predictions but also opened new avenues for exploring novel physics.

In this thesis, we focus on different aspects of black holes. The first part is related
to the decay of false vacuum catalysed by black holes, while the second part studies the
scattering phenomena of plane monochromatic scalar waves impinging upon black holes.

False vacuum decay is a first-order phase transition that happened in the early universe
and plays an essential role in the metastability of the electroweak vacuum, baryogenesis
creates baryon anti-baryon asymmetry, modifies and sets the dark matter abundance, can
create a large abundance of primordial black holes, can create magnetic fields, and produce
a stochastic gravitational waves background.

Recent literature suggests that the presence of small black holes can drastically increase
the decay rate, while their Hawking radiation is significant enough to reheat the surrounding
plasma locally, forming hot spots that survive throughout their lifetime. We use the
temperature profile of such hot spots to calculate the decay rate of metastable vacua in
cosmology and apply the formalism to constrain the primordial black hole abundance. We
also investigate false vacuum decay catalysed by black holes under the influence of the
higher order Gauss-Bonnet term, studying both bubble nucleation and Hawking-Moss
types of phase transition in arbitrary dimensions. The signatures of higher derivative terms
can be captured through the tunnelling processes.

The second part of the thesis studies the problem of plane monochromatic scalar waves

impinging upon a Schwarzschild dirty black hole using the complex angular momentum



approach. We recap general results concerning the differential scattering cross-section in
the classical limit through a null geodesic analysis by exploring different configurations of
the shell. We compute the Regge pole spectrum for various shell configurations, providing
the complex angular momentum representation of the differential scattering cross-section,
and examine the role of the different Regge pole branches. Also, we show the critical
effects - orbiting, glory, grazing and rainbow scattering, and their impact on the differential

scattering cross-section.
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Chapter 1

Introduction

General Relativity (GR) and Quantum Field Theory (QFT) are the two most successful and
well-established theories in physics. GR describes gravity and the structure of spacetime
on large scales, while QFT, primarily applied in the realm of microphysics, explains
elementary particles as quantized excitations of underlying fields. Despite both theories
being experimentally verified to incredible precision, there are problems in each theory that
need to be carefully treated. It seems inevitable that spacetime singularities will form via
the description of classical GR, leading to a breakdown of infinite curvature. A major issue
in QFT is that one always encounters infinities in calculations; although renormalization
techniques can resolve some of these problems, they do not apply universally, which
endangers the consistency and completeness of QFT. Hence, the call for a consistent and
comprehensive theory that can address these existing problems is imminent.

The necessity of a deeper theory of quantum gravity also hides in the study of black hole
physics. Black holes have gained significant attention due to their fascinating properties
and simplicity since being predicted by GR. However, the blossoming of black hole
physics only came around with the establishment of black hole thermodynamics in the
1970s. Bekenstein [1] and Hawking [2] showed that black holes can radiate energy, with

their temperature and entropy'

K A

Th=5-. Spu=7z

> (1.1)

"'We use natural units of # = ¢ = 1, and the reduced Planck mass MIZ7 =1/8nG.
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are proportional to the surface gravity « and the area of the event horizon. Hawking made
the first attempt to incorporate quantum mechanical effects with classical black holes,
which led to Hawking radiation [2]. This description predicted black hole evaporation due
to the emission of thermal radiation with the same spectrum as a black body. A natural
suspicion from this is that quantum information encoded with the initial stages of black
holes may be destroyed, which yields the information paradox (see [3] for a review).

Over the past fifty years, many proposals and models have been suggested, with black
holes considered a good candidate for studying the microscopic structure of spacetime.
However, there is still a lack of consensus. Recent developments have shown that the direct
quantisation of GR is difficult. One is, therefore, motivated to seek alternatives which
facilitate more feasible constructions of a quantum theory of gravity.

One approach we can take is to consider the quantum effects in the presence of gravity.
This thesis focuses on the specific topic of false vacuum decay in the presence of gravity
and explores how the scenario is affected by the existence of black holes. False vacuum
decay involves the study of a system that is classically stable but becomes metastable
due to quantum fluctuations. One of the mysteries at the core of the conflict between
gravity and particle physics is the nature of the vacuum. Assumptions about the vacuum
underlie Hawking radiation and inflation. But how do we define the vacuum? The simplest
way is to say it is the state of “lowest energy”. However, this presupposes that there is
a lower bound and that we live in it! Measurement of Standard Model (SM) parameters,
particularly the Higgs and top quark masses, reveal the possibility of lower vacuum energy
in the effective potential of the SM Higgs field at high Higgs values [4—9]. This suggests
that our universe may be in a metastable vacuum that can undergo a phase transition from
our local minimum to a global minimum, which is the decay channel of interest. In a
sequence of papers by Coleman and collaborators [10, 11], they described the process of a
bubble of true vacuum nucleating in the ambient false vacuum, named bubble nucleation
(the presence of gravity can be found in [12]). This bubble nucleation is usually triggered
by impurities in our early Universe, with the simplest impurity being a black hole. Part of

this thesis will focus on vacuum decay seeded by black holes.
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Another focus of this thesis relates to the scattering of black holes with matter in
their vicinity. In recent years, we have developed observational techniques for testing
strong-field regions at the horizon scale of black holes. There are two main results that
show direct evidence of black holes: The first images of black holes by Event Horizon
Telescope [13], and the first gravitational wave detection by LIGO/Virgo collaboration
[14]. Governed by observational signatures of black holes, it is particularly interesting to
study black hole dynamics by analysing ambient test fields. Therefore, we investigate the
scattering and absorption of black holes. The physics of particle scattering from various
types of black holes has been one of the most active topics of strong gravitational fields
over the past few decades.

A black hole spacetime exhibits similar scattering phenomena of geometric optics,
such as glory, orbiting and rainbow, that happen in nature. These characteristic scattering
phenomena are associated with specific features of the deflection function. Ford and
Wheeler showed the connection between the classical deflection function and the quantum-
mechanical scattering amplitude through a semiclassical analysis in [15]. The study of
black hole scattering also provides a good tool for examining the tension between gravity
and quantum effects.

Recent measurements have placed black holes in a more realistic realm, showing
that black holes live in our matter-filled, inhomogeneous Universe. Therefore, we study
this topic by considering black holes not only as isolated objects but also within their
environment. We employ a toy model of plane monochromatic scalar waves impinging
upon a Schwarzschild dirty black hole - a Schwarzschild black hole surrounded by a
spherical thin shell.

The thesis is organized as follows: Chapters 1 and 2 give the general overview of
the key background to the presented work. In Chapter 2, we review the mathematical
and physical concepts of black holes, tracing their evolution from theoretical origins to
contemporary observational discoveries. Particularly, this chapter places emphasis on
black holes in modified gravity and introduces the definition of “dirty black holes” to build

the background for our research work.
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In Chapter 3, we briefly review the basic philosophy of instantons as a prelude to
Chapters 4 and 5. We start with quantum tunnelling in one-dimensional quantum mechanics.
A new method of calculating the tunnelling rate — Euclidean path integral — brought out the
knowledge of the instantons and bounces. We then extend these studies to quantum field
theory, where tunnelling from a local minimum to the global minimum of the potential is
referred to as false vacuum decay in the literature. Subsequently, we present the standard
Coleman de Luccia bubbles in curved spacetime and compute the decay rate. The main
goal of this chapter is to lay the groundwork for further research on the catalysis of vacuum
decay by black holes.

In Chapter 4, we apply the seeded false vacuum decay to light primordial black
holes, which is hard to observe by modern experimental data, as they have, in principle,
evaporated due to their strong Hawking radiation. We compare the decay rate with Hawking
evaporation rate, and check if the seeded decay happens before the black hole has totally
evaporated. We then add constraints to primordial black hole abundance based on our
results.

In Chapter 5, we investigate false vacuum decay catalysed by black holes under the
influence of the higher order Gauss-Bonnet term. We study both bubble nucleation and
Hawking-Moss types of phase transition in arbitrary dimensions. The equations of motion
of “bounce” solutions in which bubbles nucleate around arbitrary dimensional black holes
are found in the thin wall approximation, and the instanton action is computed.

In Chapter 6, we study the problem of plane monochromatic scalar waves impinging
upon a Schwarzschild dirty black hole. We show that dirty black hole spacetimes may
exhibit various critical effects for geometrical optics via a null geodesic description. We
then compute the Regge pole spectrum for various dirty black hole configurations and
show that it exhibits two or three distinct branches of poles. Also, we provide the complex
angular momentum representation of the differential scattering cross section and examine
the role of the different Regge pole branches.

We conclude the main research results of the presented work in Chapter 7 and outline

future research interests.
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Lastly, detailed calculations of the methodologies that we omitted throughout the text

are included in Appendices A and B, as supplementary materials to the thesis.



Chapter 2

Black holes

The work in this thesis is based on studies of different aspects of black holes. The first
part will show how light black holes can act as nucleation sites to seed false vacuum
decay (a quantum tunnelling process in quantum field theory) and investigate how the
higher curvature terms vary the tunnelling rate. In the second part, the scattering problem
involving black holes is visited. Hence, prior to diving into the actual research, we will

provide a brief overview of black holes, including their origins and modern developments.

2.1 History of Black holes

Black holes are regions with massive amounts of matter stored in a tiny volume in spacetime.
This concentrated mass creates strong gravity that overwhelms all other forces and leads
to everything being absorbed - even light cannot escape. The special properties of black
holes make them the best candidates to probe the nature of gravity mathematically and
experimentally.

Studies of black holes have provided among the most intriguing problems in physics
since their special features were proven. The first clue dates back to 1783, John Michell, a
British scientist, who did the first rigorous calculations of the size of a ‘dark star’ in terms
of the mass of the sun. The theoretical basis of black holes was established with the birth
of GR by Albert Einstein in 1915. In his theory, gravity is shown to be simply described by

an elegant mathematical structure — the differential geometry of the curved spacetime. The
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mathematical definitions of black holes are given by the solutions of Einstein’s equation,

which connects the change of curvature to the presence of matter and energy in spacetime:
1
Guw=Ry— ERg”V =8nGTyy (2.1)

The Einstein tensor, G, is a specific divergence free combination of the Ricci tensor
R, and the geometrical metric g, (R = g""R,,). On the right-hand side, T}, is the
energy-momentum tensor,where G is the Newtonian constant of gravitation.

A spherically symmetric vacuum solution to Einstein’s equation was derived by Karl
Schwarschild in 1916. Since we are in vacuo, taking 7}, = 0 in (2.1), then we get the

simplest solution, which is described by a Schwarzschild metric:

ds* = —(1 ~ ZCiM)dﬂ + (1 - ZGTM)_I dr* + r*dQ? (2.2)
It can be used for any spherically symmetric vacuum solution to (2.1). M functions as the
conventional “mass” of the black hole. Soon after, the Reissner-Nordstrom black hole was
found when the Maxwell field entered the energy-momentum tensor in (2.1). The first
stationary and axisymmetric solution parameterized by mass and angular momentum was
discovered by Roy Patrick Kerr around 50 years later, in 1963, which is a generalisation of
Schwarzschild. The two sets of solutions established the mathematical principles of black
holes. The study of black holes in nature is then a study of these mathematical solutions
that reveal fascinating physical phenomena.

It is worth mentioning that early physicists called these compact objects ‘dark stars’
or ‘collapsed stars’. Even though mathematical solutions were discovered in the early
twentieth century, they remained a mathematical curiosity until the 1960s, when their full
mathematical structure was understood and John Wheeler coined the term ‘Black Holes’
that we know nowadays.

Later on, the development of quantum mechanics introduced new categories for inves-
tigating black holes. Until 1974, black holes were considered completely black objects
that absorbed everything. However, this would conflict with classical thermodynamics

because potentially a black hole could swallow entropy. The discovery that black holes
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can radiate as black bodies has significantly changed our understanding. Black holes are
now considered thermodynamic objects; Bekenstein proposed that the entropy of black
holes is proportional to the surface area of its event horizon [1]. Stephen Hawking showed
that a black hole can evaporate in the context of quantum field theory, with virtual particles
jumping into existence and annihilating each other all the time. When this process occurs
around the event horizon, one of the paired particles and anti-particles can be captured by
gravity and fall into black holes while the other escapes to infinity. Hence, black holes
behave like a radiating black body, known as Hawking radiation[16]. The temperature
of the black hole is shown to be proportional to its surface gravity. Since then, studies
of black holes have entered a new era of being not only classical objects but also having

quantum mechanical characteristics.

2.2 Modern evidence of black holes

Even though the astrophysical existence of black holes had been predicted for over 100
years, the physical and mathematical studies of black holes had been popular for only
half of a century. Seeing a black hole directly is still impossible as it absorbs everything,
even light. However, there are some theoretical principles that favour finding hints of the
presence of black holes. We list three different detection methods that have only recently

borne fruit after many years of effort.

o Stellar motions: Tracking objects circulating around black holes. The strong gravita-
tional pull from black holes affects the movements of nearby objects. Visible objects
orbit around or move towards a dark area. The exact properties, like how heavy the

black hole is, can be analysed through analysis of the trajectories.

e Gravitational Waves: Hearing the “sound” of black hole mergers. The inspiral and
merger of a binary black hole and the ringdown of the resulting single black hole
create spacetime ripples, known as gravitational waves. The waveform predicted by
GR provides the basis for detecting gravitational wave signals at a certain frequency.
The detected waveform matches the predictions of the GR for the inspiral and merger

of a pair of black holes and the ringdown of the resulting single black hole.
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e Black Hole Shadow: Looking at the interstellar gas or dust falling into black holes.
Matter that drifts around black holes will accelerate at a very high speed and become
extremely hot when it approaches a black hole. The glowing brightness can be seen
as a ring with a dark area in the centre, which is a black hole shadow. The captured

light bent by the strong gravity is massive and favours experimental observations.

Based on these theories and predictions in GR, the existence of the black hole was
proved experimentally after nearly a century of studying and searching. The measurement
of stellar velocities in the innermost regions of the Milky Way revealed the existence of
a supermassive black hole in the centre of our galaxy [17]. The announcement of the
direct detection of gravitational waves from the steller-mass black holes merger by the
LIGO-Virgo collaborations [14] unveils the first mystery of the experimental proof of black
holes. They have announced nearly around 100 detections of gravitational wave signals
since then. Following the signals that we hear from the black hole mergers, the first image
of a supermassive black hole candidate in the centre of the giant elliptical galaxy M87 was
released in 2019 by EHT [13]. The observed image is consistent with expectations for the
shadow of a Kerr black hole as predicted by GR. In 2022, the EHT collaboration presented
the first direct visual evidence of Sagittarius A*, the black hole at the centre of the Milky
Way galaxy [18].

Another convincing evidence from astronomical and cosmological observations is
that = 85% of the matter that exists in our Universe is non-baryonic dark matter. One
possibility is that the dark matter might instead consist of black holes that were formed
before the epoch of Big Bang nucleosynthesis and with masses below the sensitivity range

of microlensing surveys.

2.3 Primordial black holes

Stellar mass and supermassive stars collapse to form black holes when their gravitational
pull dominates over other forces, however this does not account for all populations of
observed black holes. There is a particular interest in primordial black holes (PBHs) which

formed in hot and dense regions of the early Universe. Although PBHs have not been
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experimentally confirmed, studies of PBHs have been seriously considered in recent years
for multiple reasons.

The existence of PBHs is a natural result of many inflationary models [19-21] and can
help to remove the undesirable defects that existed in the early Universe [22, 23]. The
mass of PBHs can vary greatly depending on the time of formation, such that the Hawking
radiation is significant if the mass of PBH is sufficiently small. More importantly, PBHs
are popular for their ability to constitute part or even all of the dark matter [24-26]. The
coalescence events observed by the LIGO-Virgo collaboration [27-30] can be explained
by PBHs. Hence, the study of PBHs is crucial in further understanding the early Universe.

The mass and abundance of PBHs depend on the formation mechanisms and are closely
related to the underlying inflationary scenario and model. The main origin of PBHs is the
gravitational collapse of large curvature perturbations generated during inflation [31, 32].
The collapse of topological defects in the early Universe [33], the dynamics of scalar
condensates [34, 35] and collisions of bubble walls during a first-order phase transition
[36] are viable alternatives.

Many constraints on the PBH abundance have been discussed over the past decades
for different masses (see [25] for a review). However, most of the constraints are subject
to underlying assumptions that account for different results. This constraint will be
significantly weakened or even removed entirely if we remove those assumptions. Here in
this thesis, we focus on black hole evaporation in a certain mass range. The evaporation
time is related to its mass via Hawking radiation, #,,, = Mg - In principle, all black holes
that are lighter than 4.5 x 10'#g have evaporated by now. Therefore, it is hard to add
constraints from cosmological models or even observations. However, in later chapters,
we will discuss how the PBH abundance changes if the false vacuum decay seeded by a
black hole is accomplished before it evaporates completely. We add constraints to PBHs in
the energy fraction 8> 7 x 10780(M/g)3/? based on our results. The details will be shown

in Chapter 4.
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2.4 Other aspects of black holes

2.4.1 Black hole solution in modified gravity

General Relativity, together with quantum field theory, stands as a remarkable and revolu-
tionary theory that has unravelled numerous mysteries of the universe. However, the rapid
progress in observational telescopes has enabled the testing of fundamental physics on a
cosmic scale. The foundations of GR remain unchanged over a century but fail to explain
the present accumulation of astrophysical and cosmological data with its ordinary baryon
matter. GR encounters a significant challenge in explaining the invisible substance — the
so-called "Dark Sector" of the Universe. Dark energy is considered to drive the accelerating
expansion of the Universe, and dark matter was introduced to explain the stable dynamics
of galaxies and galaxy clusters. Cosmologists have determined the composition of the
universe is 4.9% ordinary matter, 26.8% dark matter and 68.3% dark energy based on a
combination of evidence from cosmological data, such as Supernova, Baryon Acoustic
Oscillations (BAO), Cosmic Microwave Background (CMB) and Large-scale Structure
(LSS). Such recent observations inspire investigations beyond Einstein’s theory for suitable
alternatives to describe the universe at large scales.

There is a vast range of different ways to modify gravity. For example, adding extra
scalar, vector or tensor fields in the gravitational sector [37—40] and introducing extra
spatial dimensions to go beyond the standard four-dimensional spacetime [41-45], or
replacing the Ricci scalar R with a more general function F(R) in the Einstein-Hilbert
action [46, 47] (refer to [48] for a thorough review of modified gravity). All of those
modifications are based on the general validity of Einstein equation. Solutions to the
modified Einstein equations can give rise to different black hole solutions that will exhibit
various properties.

Among the alternatives to GR, higher curvature theories have a uniquely privileged
position as they require no extra fundamental fields and can be motivated within a quantum
gravity setting. While adding an arbitrary higher derivative term to the gravitational action
can result in quartic (or higher) time derivatives, introducing additional degrees of freedom

that can lead to ghost instability. The Gauss-Bonnet (GB) term (the lowest order Lovelock
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contribution [44, 45]) is quadratic in curvature while retaining only second-order field
equations. As such, we will study the Einstein Gauss-Bonnet (EGB) gravity as a particular
interest to test how these higher curvature terms alter gravitational phenomenology in

Chapter 5.

2.4.2 Dirty black hole

Another aspect of black holes is that all black holes are not isolated objects in the Universe.
Exploration of black holes can not exclude exotic environments — surrounded by accel-
erating materials and generating intense radiation. The matter fields around black holes
will significantly change observational results from nowadays telescopes. The radiation
we receive might not only come from black holes but also originate from the surrounding
accelerating disks. Surrounding matter spirals into black holes when its angular momentum
reduces due to the dissipation. The gravitational energy converted into heat will eventually
leak in the form of radiation, which escapes the disks and follows its geodesics of curved
paths to reach our telescopes [49].

The picture from the shadow of the M87 supermassive black hole from the EHT
[13] provided the first direct observation of a black hole shadow. By providing the first
direct time and spatial signals from black holes, these measurements have taken black
holes from a purely theoretical realm into concrete physical objects in our matter-filled,
inhomogeneous Universe. This breakthrough highlights the importance of studying black
holes not only as isolated objects but also within their environment.

This is by no means a new consideration and there is extensive literature on the
study of black holes embedded into rich and varied environments (see for example the
review articles [50, 51], motivated by the detection of gravitational waves). A particular
emphasis was put on the impact of dark matter surrounding black holes and their imprint
of gravitational waveforms [52-54], (however see also, e.g., [55-57] for studies of the
interaction of black holes with dark energy). In this thesis, we consider the particular case
of what is referred to in the literature as a dirty black hole (DBH), that is, a black hole

surrounded by a thin-shell of matter. DBHs were introduced as practical toy models to
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investigate the impact of a local environment on black hole effects [58—60]. We will show

more about the scattering of the DBH in Chapter 6.



Chapter 3

Quantum tunnelling

Tunnelling is a fundamental phenomenon in quantum theory for which particles or fields
can transit under a barrier that is otherwise forbidden classically. In quantum field theory,
it occurs especially for a scalar field having multiple potential minimums, leading to a
transition from one higher potential minimum to a lower one, usually dobbed as false
vacuum decay (FVD). This phenomenon gives rise to a first-order phase transition (FOPT)
through the nucleation of a new phase (true vacuum) in an old phase (false vacuum). The
theoretical description of FVD has been developed by Coleman and collaborators in a
sequence of papers [10, 11] based on the path integral formulation of quantum theory. Their
method relies on instantons which are regular solutions of the Euclidean field equations of
motion. For false vacuum decay, the particular instanton is called bounce, which will be
discussed in more detail below.

FVD has far-reaching consequences in both cosmology and particle physics. For the
latter, the recent measurements of the Higgs mass and the top quark mass indicate the
existence of an additional potential minimum of the Higgs field lower than the electroweak
vacuum [4-9]. This suggests that our universe could be in a metastable vacuum that
can decay into the true vacuum corresponding to the lower Higgs potential minimum.
Theoretical consistency requires that the lifetime of the electroweak vacuum must be
longer than the age of the Universe, giving constraints of beyond the Standard Model

physics.
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Before we move to the technical aspects of FVD, we first review quantum tunnelling
in quantum mechanics focusing on the description based on path integrals. There, the
concepts of instantons and bounces will be introduced. Then we will generalise this
description to quantum field theory. Finally, we extend it to curved spacetime and discuss

the impact of gravity on false vacuum decay rates.

3.1 Tunnelling in quantum mechanics

Quantum tunnelling occurs when a particle has a lower energy than a potential barrier.
Consider a particle moving along the x axis with a potential as shown in Fig. 3.1. Assuming
that the particle has an energy E < U, then the particle is not allowed to enter the region
0 < x < a classically. Hence, if the particle is initially located at the left side of the potential

barrier, it can never reach the right side.

U(x)

A

Uo

VAV,

0 a ;

Fig. 3.1 A sketch of quantum tunnelling with potential U(x).

In quantum mechanics, there is a non-zero probability for a particle to transmit
over/through the potential barrier, known as quantum tunnelling. All the information
of the particle is encoded in its wave function, which is governed by the Schrédinger
equation

7 d>y

The kinetic term can be rewritten as

Yy 2m
dx2 12

[E-UWly (3.2)
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The probability of the particle tunnelling through the barrier is determined by the ratio of
the transmitted coefficients to the incident coefficients, which can be solved by applying
appropriate boundary conditions. The transmission rate can be calculated by using the

Wentzel-Kramers-Brillouin (WKB) approximation (details can be found in Appendix A),

1 a
I'~ —exp(—f k dx) (3.3)
h 0

with k = v2m(Up — E) and a is the width of the potential well. The probability of a particle

which obeys

tunnelling through the barrier is dominated by the exponential factor, which represents the

strength of the barrier.

3.2 Instanton and bounce

3.2.1 Euclidean path integral

In this section, we will introduce a new method for calculating tunnelling probability via
the Euclidean path integral. To this end, we consider a potential that will have a more
direct application in quantum field theory, shown in Fig. 3.2. We will also assume the

Lagrangian to be

2
1({dx

==|—=—] - U), 3.4
L=5 ( 2 t) (x) (3.4

which can be generalised to quantum field theory directly. Assume that a particle is initially
trapped around the minimum x;. This particle can still escape from the minimum x; to
the lower one x_ via quantum tunnelling. This is reflected by the fact that the ground state
energy of the particle at the minimum x; is actually complex [61], Eg = ReEg + iImE).
Since the state evolves as y(f) = Y(t;)e E0! = y(t;)eReEoleImE0! one can see that the state

can decay with the decay rate given by

I = —2ImE,. (3.5)
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The imaginary part of the ground state energy ImE( can be conveniently computed via
the Euclidean path integral. To see that, let us consider the following Euclidean transition

amplitude

(ol BTy = 7 = f ldxle™ (3.6)

where H is the Hamiltonian and S is the Euclidean action. Above, [dx] denotes the integral
measure over all paths x(7) with boundary conditions x(—-7/2) = x4 and x(T/2) = x.

Inserting a complete set of energy eigenstates |n) into the transition amplitude, one obtains
Crele™ MMy = 37 e BT ey b (3.7)
n

In the limit of large 7, (3.7) is dominated by the contribution of an eigenstate with the

lowest energy Ey, 1.e.,
(xole M x, )y = e BT M x, 0). (3.8)
Therefore, the decay rate can be expressed as
r-2 Im(InZ - In(x,[0)) = 2 Im(InZ) (3.9)
T " T ’ '

where we have used the fact that the second logarithmic term is real.
More generally, one can consider Euclidean transition amplitudes with arbitrary bound-

ary conditions

Geple™™ My = 3" e BT x )l (3.10)

n

The leading term for large 7" contains the information of the ground state energy and the
corresponding wave function.
The classical Euclidean action S can be simply obtained by the Wick rotation, t — —it,

and iS jy — —S (where S j/ is the Minkowksian action),

T M,
S[x]:f dr[imx +U(x)]. (3.11)

N
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Usually, the Euclidean path integral is computed with the method of steepest descent. In
this method, one expands the integral around the stationary points, which are solutions
to the classical equation of motion. Note that in the Euclidean action, the potential term
has the opposite flipped sign compared with the Minkowskian one. Therefore, a classical
Euclidean solution can be understood as a particle moving in the upside-down potential
with appropriate boundary conditions set up by the transition amplitude under study. Let’s

consider a specific stationary point X, satisfying

oS [x]

el —mE+U'(%) = 0. (3.12)

X=X

Expanding about this stationary point, x(7) = X(7) + dx(7), one obtains
2

o 528
S =S+ [ dn [dn s S8

Note that the term linear in 6x vanishes due to (3.12). The fluctuation operator can be read

from (3.11),

0x(t1)0x(1T2) + ... (3.13)

525 d2 o
m ) =0(t1—12) [—mg +U"(%)]. (3.14)

with 6(71 —13) = 0x(71)/6x(12). The Dirac delta function would be eliminated by one of

the integrals in (3.13). Then we have

2

S[x(D)] =S [x()] + 1 de5X(T) [—md— + U”()’c)] Ox(T) + ... (3.15)
2 dr?

To perform the path integral, we may find a basis for the functional space. A convenient

one is the basis {x,(7)} constituted by the eigenfunctions x,(7) of the fluctuation operator,

2
[—md—z + U”(i)] x,(T) = A,x(7). (3.16)
dr

The eigenfunctions must satisfy the following orthonormal and boundary conditions

3 T
I 47 Xy(T) X (T) = Sy, X, (ia) 0. (3.17)

(Sl
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On this basis, one can write

5x(7) = Z CnXn(7) (3.18)
and
dc,,
dx] =N , 3.19
[dx] ﬂ — (3.19)

where N is a normalisation factor that should be chosen properly. The integral becomes a

product of Gaussian integrals in the small-# limit, and we obtain
Ne SO 4, 211+ O] = NemSW/ M det(-0% + U7 (@)1 [1+0()]. (3.20)
n

Below, we will omit writing the factor of [1+O(%)]. In this formula, we naively assume all
the eigenvalues are positive. However, for the case of tunnelling, there are both negative
and zero eigenvalues, which must be dealt with with care, and will be discussed below.
Note that, (3.20) is only the contribution from the stationary point X under study to the
whole path integral. If there are multiple stationary points, which is generally true, one

must sum over all contributions from all the stationary points. Formally, one can write

Z:Zz,-zzm] (3.21)

with the subscript i labelling the stationary points. We have introduced a convenient
notation [X] to denote the contribution to the full path integral from the stationary point X.

In our case, there is a trivial stationary point X = x4, whose contribution is
[x,] = N[det(—02 + U" (x; )]/, (3.22)
Actually, properly choosing the normalisation factor N, one can have [62]

[x,] = (%)”2 4 (3.23)

such that it gives the the ground state energy Eg = %‘” and the wave function (x,|0)? =

1 . . .
(w/nh)2 when x, is a stable minimum.
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U(x)

U X,

Fig. 3.2 A potential for a particle tunnelling from a local, classically stable minimum to
the lower minimum separated by a barrier.

3.2.2 The double well and instantons

Above, we have shown the general idea of why the Euclidean path integral can be used
for computing the energy of the ground state near a minimum, including the decay rate
when this minimum is metastable. In this section, we apply the Euclidean method to
the double-well potential and carry out a detailed calculation of the ground state energy.
Through this, we will then introduce the concept of instantons.

The potential is shown in Fig. 3.3. We shall compute

(eple ™ Ty = (e BT /A ) (3.24)

and

—-HT/h

Cole Ty = (ayle™ Ty (3.25)

We shall compute these transition amplitudes using the Euclidean path integral and the
method of steepest descent. The first step is to find the Euclidean classical solutions, with
the boundary conditions consistent with the transition amplitudes.

It turns out that there are two elemental nontrivial classical solutions. All other solutions
can be constructed from them. To find these elementary solutions, we consider a particle
moving in the inverted potential, as shown in the left panel of Fig. 3.4. Then we can

consider a particle initially located at x_ in the distant past, rolls down to the valley and
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+ U(x)

>

X_ x+ X

Fig. 3.3 The potential U(x) with two degenerate minima at x..

reaches x; in the distant future. This solution can be found precisely and reads
Xinst(T) = vtanh(w(T —11)), (3.26)

where v = |x.| (assuming the potential to be symmetric under x — —x for simplicity) and,
w? = U"”(x,). 71 is a free parameter characterising the time-translation invariance of the
theory. The profile of this solution is shown on the right panel of Fig. 3.4. Such a solution
is called an instanton, initially named by ’t Hooft. The “On” implies that these kind
of solutions are very similar to solitons; particle-like solutions in classical field theories.
However, they are configurations in (Euclidean) time, thus the ‘instant’. Note that, however,
instanton solutions in quantum field theory are configurations on the four-dimensional
Euclidean space, not only on time.

The contribution to the full path integral from the instanton is

| (3.27)

[inst] = ¢SV [ det(~07 + U (Fins)
Now, there is actually one zero mode in the spectrum of the fluctuation operator —8% +
U” (Xinst))- The integral over the fluctuations in the zero-mode direction can be traded for
the integral over the collective coordinate 7 of the instanton [63], inducing an additional

factor of /S [Xinst]/27 for each zero mode [11]. Since for the present case we have only
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one zero mode, we therefore arrive at

- _STE S [Xinst] , "o -1/2
[ Xinst] =( f dﬂ)e S inal/ —27:; |det’ (=02 + U (Fins))| - (3.28)

where a prime on ‘“det” means that the zero mode is subtracted when evaluating the

functional determinant.

A —U(x) A

x_(=T/2) x,(T/2) x ﬁ

=
|

Fig. 3.4 Left: The inverted double well potential —U(x) . Right: Instanton trajectories for
the symmetric double well.

The other elementary solution is just the time-reversed solution of instanton, called
anti-instanton, which has the same action as the instanton. Actually, due to the symmetry,
the functional determinants for instanton and anti-instanton are also equal to each other.
Therefore, we have [Xinst] = [Xanti—inst]-

In the limit 7 — oo, a general solution is actually constituted by these two elementary
solutions:

X, ~ v(=1)"tanhw(r — 1) tanhw(t — 73) ... tanh w(t — 7,), (3.29)

and their “anti” ones, which differ by only a minus sign and will be denoted as Xj;. The
contribution from X, to the full path integral can be computed using the so-called dilute

instanton gas approximation. It gives [11]

[J_Cn]zj.7 dry fide---fj dTn[)_c+]([)_CinSt])
_% T1 Tn—-1 [X+]

_ ( w )l/zew_zj‘ (T_ne_nS[)_Cinst]/ﬁKn) , (330)

wh n!
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where
= yom oo -1/2
K = S [Xinst] (det (_67 +U (xinst))) (3.31)
2nh \ det(-82+ U"(x4)) ' '
From these, one can obtain
HT/h . w\2 o T S[Ril/hon
(x_le |x_) = Z [X.] = (_h) e? Z , inst/ K
even n even n n
— (ﬁ)l/ze%l(eKTeSlxinst]/h_'_e—KTeSlxinst]/h) (332)
nth 2
and
172, T" .
ole MMy = > (%l = (ﬂh) ety (—,e—nsmsd/hm)
odd n n odd n n:
( )1/2 le( KTeS[)_‘instj/ﬁ_e—KTeSlxinstl/ﬁ). (3.33)
2

Comparing to (3.10), one can see that we have two lowest-lying states with energyes

1
E. = —fiw+hKe S s/ (3.34)

[\.)

The wave functions |[{|x.)|? can also be read from the results in Egs. (3.32) and (3.33).
The result in (3.34) is of course well known. The l)"'za) is the ground state energy for a
harmonic potential U = —wz(x x1)?, which approximates well the local potential near
x+. The full double well potential presents two degenerate minima and one would naively
expect degenerate energies. However, quantum corrections break this degeneracy, causing
the splitting of the energy spectrum. This energy splitting is essentially a tunnelling effect;
a particle located in the left well can feel the existence of the right well via quantum
tunnelling, and vice versa. The exponential function exp(—S [Xj,s¢])/7% manifests the WKB
suppression of the tunnelling process. The new derivation based on the Euclidean path
integral clearly shows that how instantons describe such tunnelling effects. And we see

that the WKB suppression is simply given by the Eucldiean action of instantons.
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3.2.3 Unstable states and bounces

We can now extend the study to the decay of unstable states with the knowledge of
instantons. In this subsection, we focus on the so-called bounce solutions, which are
relevant to the decay process of metastable states. An example of a potential barrier that

connects two different minima is sketched in Fig. 3.5. The local minimum is considered

U(x) UCx)

v

v

Fig. 3.5 A potential barrier separates the local minimum, from a lower and broader
minimum and its converted potential.

unstable due to the existence of a lower minimum. In order to compute the decay rate
via the Euclidean path integral, we turn the potential upside down (converted potential is
shown in the right panel of Fig. 3.5). The ‘bounce’ is a solution in which a particle starts
at the top of the potential at x = 0 at time minus infinity, then reaches the turning point p
where another zero potential energy lives, and finally bounces back to the top of the hill
at time plus infinity'. The computation for the matrix element between turning points is
similar to the study of instanton in the context of a double-well potential. We choose x;

and x¢ in (3.10) to be 0
Z(T) = (xsle™Mx;) = (0le™T770) (3.35)

We can proceed as before and evaluate the path integrals by summing the contributions
from the stationary points and approximation stationary points of the action, including a

constant solution xy(7) = 0, bounce solutions x;(7), and all possible multibounce solutions,

"'We focus on the results for very large T, so we limit ourselves to such motions with infinite 7.
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which centres at the point dx/dt = 0. If there are n bounces, with their centres located
at 71,72,...,Ty, Where —T/2 <11 <1y <--- <1, < T/2. Taking the results from the last

subsection, we have

(o]

N _ Slxgl KT -n(S[xp]-S[xg)
A /D S e’ Z | ¢ !
n!
L = (3.36)

N _ Slxl (S [xp1-5 [x0])
=——————¢ 7 exp|KTe Z

VDet S [xo]

The decay rate can be computed by substituting (3.36) into (3.9), with its imaginary part,
is related to decay rate. Before proceeding, we must calculate K in (3.36).

The main difference in the computation when compared to instanton is that the bounce
has zero velocity at T = 0, therefore, dx;/dt has a node, thus cannot be the eigenvector
of S$”[xp] with the smallest eigenvalue. This implies that S”/[x;] has an eigenvector
with a negative eigenvalue, which is problematic for the determinant. The presence of a
negative eigenvalue means that x is not the minimum action among all possible paths but
a saddle point. To provide a clearer explanation, recall that the bounce solution involves
an integral over a path that starts from an initial point, reaches an equipotential surface
where U(x = 0) = U(x = p), and then returns to its original position. Negative modes arise
from paths that do not return to the equipotential surface, which relate to undershooting or
overshooting scenarios that are not stable. These negative modes correspond to alternative
paths that are to the Euclidean action rather than the bounce action.

To keep things simple, we now turn to the integral over some path in function space

parameterized by a real variable, z,

Jo 1 f " g e (3.37)
= ze .
V27Th —00

where S (z) is the action along the path. The integral is real and finite as long as the
potential energy has an absolute minimum in x = 0. It diverges for the region where a
lower minimum appears. To address the problem, following the steepest descent method,

we deform the contour of integration along the real z axis, and this gives J a constant
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imaginary part

ImJ=Im

1 fpﬂ"” 5@ 1 f+°° Cserin 1 s 1
dze h = dze 7 =—¢ n ——— (3.38)
\2rh Jp \2nh Jo 2 IS”(p)l

with §”(p) < 0, where the constant 1/2 arises from the integration of over half of the
Gaussian peak. This contour deformation for the negative mode has been more clearly
explained in [64, 65].

The value of K can be written as

i |S[xp]=S[xo] VDetS"[xo]

K =
2 2rtim IDet’ S’ [xp]]

(3.39)

We finally arrive at the central result of this chapter by using (3.9), which gives the decay

probability per unit time of the metastable state

2
I'==1ImIn Z(T)
T

Sbl=STxo]_VDetS”Ixol -Siwksih _ g (.40
2rhm - \IDet’ §7[x]
with
_ D 77 _
o [Sul=Shol VDeS7ol o Slwl=SboD o,

2nhm m ’ h

Note that the above formula is essentially the decay rate at the “one-loop”. One in

principle can compute higher-order corrections using the effective action formalism [66],
see e.g. [67].

So far, we have introduced the knowledge of instantons and bounces in one-dimensional

quantum mechanics. This is essential as the discussion can be easily generalized to their

analogues in quantum field theory, which is relevant to the main projects of the thesis.

3.3 Tunnelling in quantum field theory

False vacuum decay is a first-order phase transition in quantum field theory with a similar

picture to the classical transition from fluid to vapour, which describes the process of
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fields transitioning from the false vacuum (local minimum) to the true vacuum (absolute
minimum) of the potential. It is implemented by having a bubble of true vacuum nucleated
from the false vacuum background. Once the energy gained from the volume outweighs
the cost of forming a bubble wall, it becomes energetically favourable for the bubble to
expand until it fills the entire space or merges with other bubbles. Fig. 3.6 shows a visual

representation of the false vacuum decay. In this section, we aim to generalise the theory

false
true

true

true

(a) nucleation (b) expansion (c) collision

Fig. 3.6 Illustration of the three stages of false vacuum decay. (a) Bubble nucleation:
true vacuum bubbles fluctuate into existence in the false vacuum background. (b) Bubble
expansion: Bubbles grow and expand within the false vacuum. (c) Bubble collision:
Bubbles collide with each other, and the bubble wall coalesces.

of tunnelling in quantum mechanics to quantum field theory in a similar fashion, which
then describes the false vacuum decay. The Euclidean action of a single scalar field in

four-dimensional spacetime is
4 |1 2
Sg= | d'x 5(6@) +U(¢) (3.42)

where d*x is the Euclidean spacetime volume element, (6u¢)2 is the kinetic term, U(¢) is
the potential of the scalar field with two degenerate minima, ¢ and ¢_, as illustrated in
the left panel of Fig. 3.7. The true vacuum is the lowest energy state with ¢ = ¢_. The
state with ¢ = ¢ is also a classical equilibrium state, but it becomes unstable through
barrier penetration when considering quantum theory, referring to a false vacuum. For
simplicity, we renormalise the potential to ensure U(¢.) = 0. Recapping from the previous

section, the tunnelling rate can be calculated by finding a bounce solution to the equations
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of motion, which describes the decay of an unstable state. The decay rate can be written as

[=Ae B (3.43)

The coefficient B in the vacuum decay amplitude is the difference in Euclidean actions

between the two vacua

B=Sg(p)-Se(ds) (3.44)

The Euclidean equation of motion is

U(é) -U(#)

Fig. 3.7 Left: The potential of a scalar field. The local minimum of U(¢) is defined as the
false vacuum at ¢ = ¢, while the global minimum is a true vacuum at ¢ = ¢_. The black
dot at p is a turning point. Right: The inverted potential —U(¢).

’> du

— + V= — 3.45
( 502 )¢ o (3.45)
We start with finding the bounce solution to the equations of motion, denoted by ¢,. The

boundary condition

lim ¢y = ¢ (3.46)

T—+00

which implies the bounce rolls from the false vacuum state at time minus infinity to the
potential well and returns to the original vacuum at time plus infinity. The potential well is
obtained by flipping the potential upside down. The higher energy barrier, therefore, turns

into a potential well, as shown in the right panel of Fig. 3.7.
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Additionally, the bounce has zero velocity at 7 = 0, where the field arrives at another

Zero

% o =0 (3.47)
Note that in [11], it was argued that there always exists an O(4)-invariant bounce with lower
action compared to other bounces. Hence, we choose a O(4)-invariant bounce solution,

and the equation of motion depends only on the radial variable

d2¢ 3d¢
ﬁ /_)d_ ~U'(¢) = (3.48)

where p = V12 +x2. The boundary conditions can be rewritten as
lim ¢(p) =, —| =0 (3.49)
p—)OO

which ensures the solution is regular at the origin.

Following [10, 11], we interpret the field ¢(p) as the position of a classical particle and
p as time. The picture becomes that a particle moves in the flipped potential —U(¢), subject
to a damping force with a coefficient inversely proportional to the time p. The particle is
initially released at rest at time zero and reaches the false vacuum ¢, at time infinity. The
initial position should be properly chosen to avoid undershooting or overshooting. If the
released point is sufficiently close to ¢_, the overshooting happens and the particle ends
up passing ¢ at time infinity. If it is released far from the left of ¢_, the particle does not
have enough energy to climb the potential barrier and never reaches ¢... It is easy to show

undershooting because the viscous damping costs energy:

do 3 (dg)\*
i) -vwl=(5) < @50

For overshooting, we linearize the equation of motion around ¢_

dE
dp dp

& 3d
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where u?> = U”(¢). The solution of (3.3) is

(3.52)

1
6(0) - b = 2[$(0) — 6_] 1;“‘) )

where I1(x) = —iJ(ix), and J is first order solution of the Bessel differential equation

J{(x)+

J1(x) ( 1
+

1- —2)J1(x) =0. (3.53)
X

X

If the particle is released close to ¢_, it requires very large p. But we have the damping
force is proportional to 1/p, which can be neglected if p is large. Obviously, we conclude
that the particle overshoots in the absence of viscous damping. We justify the existence of
the O(4)-invariant bounce solution.

For a complete introduction to false vacuum decay, we need to compute the exponent
coefficient B explicitly via the thin wall approximation. As introduced before, for the
nucleated bubble to grow, we must ensure the energy cost for forming the bubble wall
should be less than the energy gain from transiting to the true vacuum. We define the
model parameters € as the energy density difference between the true and false vacua, and
o is associated with the surface energy density of the bubble wall. It can be approximately
expressed as, o = [dp \2(Uy—Uy,), in the thin-wall approximation. The action of the
bounce can be written as

2
Sp=-21R30+ %ERA' (3.54)

Any solution should be a stationary point of the action, which can be obtained via
d 253 ° 4 252 2_p3
6SE:ﬁ(—2ﬂR0'+?eR )=—-61"R°0+2n“eR° =0 (3.55)

This energy shift is stationary at R.,; = 307/& which corresponds to a calculation of

Euclidean field equations. The exponent part of the probability for the critical bubble as

Beyiy = 270%0 2630 (3.56)
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This gives the nucleation rate of bubbles at a given radius. One should note that the size of
the bubble depends on the competition between the wall tension and the energy difference.
A critical bubble is formed when the energy gained from tunnelling is just sufficient to

balance the wall tension.

3.4 Tunnelling in curved spacetime

The method of describing vacuum decay via the mathematical tool of analytical continua-
tion of imaginary (Euclidean) time has been discussed in the previous section. The intuitive
picture demonstrates that a spherical bubble of true vacuum fluctuates into existence from
the false vacuum. In this section, we summarize the studies of false vacuum decay in
curved spacetime by following Coleman and de Luccia (CDL), where the impact of gravity
was first considered in [12].

The studies of quantum tunnelling with gravity come naturally for two main reasons.
One is that the energy difference between false and true vacuum may have a different
gravitational signature as energy gravitates in curved spacetime. The other refers to the
necessity of incorporating quantum phenomena alongside gravitational effects to achieve
a more comprehensive understanding of quantum gravity. One might argue that vacuum
decay happens on scales with gravitational effects that can be completely neglected.
However, this is only a valid point when considering bubble nucleation. As shown in
Fig. 3.6, FVD will be completed in three steps: nucleation, expansion and collision. The
bubble grows and gains energy from transitioning to the true vacuum after being nucleated.
The radius of growing bubbles can eventually be comparable to the Schwarzschild radius
[12]. Therefore, it is of significant importance to study FVD under the impact of gravity.

The CDL procedure is to construct a bounce solution which interpolates between the
true and false vacuum across the wall, using the Israel conditions to calculate the wall
trajectory [68]. We consider the example of a false vacuum that has energy A = 81Ge in
de-Sitter (dS) spacetime, connecting to a true vacuum bubble in Minkowski spacetime.

The energy difference € between false and true vacuum is extremely small if we use
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thin-wall approximation. The length scale, £ = v3/8nGe, is fairly large, such that the dS
spacetime can be viewed as approximately flat. We seek a solution to Einstein’s equations
that precisely describe those properties in the thin wall limit by using the Israel junction
condition [68]. The bubble geometry has dS spacetime on the inside and Minkowski on

the outside:

) dp? + *sin*(p/0)dQ%  FV (dS)
ds* = (3.57)

dr? + r?dQ; TV (Minkowski)
One can stitch the boundary within dS spacetime to the boundary within Minkowski
spacetime. The wall is located at ry = €sin(pg/€) = R, with normal dp/dr. The induced
metric i, on each side are the same, and the wall extrinsic curvature on each side can be

written as

G h, FV (+)
Kap=-T¢, = (3.58)
w-hab TV (-)

The jump in extrinsic curvatures is related to the energy of the wall via the Israel equations

a

_1 R?
Kh-K, = —E(l — 41 —]ha,, = —42G oy (3.59)

The bubble radius can be solved as

ArlG

—_— 3.60
AnGE252 +1 ( )

Rpubbie =

where we define 0 = 27Go for the compactness of notation. The full Euclidean action of

the bubble geometry is composed as

Ry +2A. f R_+2A_ f f K. f K-
Sr = —_  + e + - 3.61
E, instanton ‘f]\‘/[ : 167G v 167G wallo- oM. G om. 8nG ( )

We do not need explicit formulations for the contribution from outside of the wall. Because

we are only interested in the action difference between the initial and final states, and the
two solutions exhibit identical behaviour at infinity, such that the action outside of the

bubble reduces to zero after the background subtraction. Only the inside and wall itself
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contribute to the final expression. Hence, the bubble action is computed by substituting the
bubble radius (3.60)

nf? 16540

G (1+46202)? (3.62)

Sbubble = SE, instanton — SE, fv=

3.5 Seeded tunnelling

The CDL bubbles we described in the last section are idealised with maximal symmetry and
no inhomogeneity, however, most first-order phase transitions are triggered by impurities.
Especially at the time when phase transition happens, the universe is not smooth and
featureless. Impurities may change the rate of bubble nucleation and, subsequently, the
growth of the bubble. Taking this idea on board, we look into the studies of seeded
tunnelling by impurities. The nature of the impurities varies from local overdensities [69,
70] to topological defects (like cosmic strings [71-73], domain walls [74] or monopoles
[75-78]). Here, we focus on the most symmetric example: black holes act as nucleation
sites seeding false vacuum decay [79-82]. Black holes are considered gravitational
impurities that break the maximal symmetry but retain enough symmetry to allow analytic

analysis (for the thin wall approximation).

3.5.1 Bubble dynamics and decay rate

The setup now becomes a black hole embedded in the false vacuum background. A bubble
grows in the vicinity of the black hole, with its interior region turning into a true vacuum
while the exterior region remains in a false vacuum. We will briefly summarize the result of
[79], where the instanton geometry becomes a thin wall solution interpolating between two
different Schwarzschild black holes with different cosmological constants. The problem of
finding the geometry of a wall in the presence of a bulk black hole reduces to a Birkhoff
theorem which was first generalised to arbitrary A and black hole curvature in [83], where
a domain wall was also included in the analysis. Integrability of the vacuum Einstein
equations shows that the general solution is comprised of two exact Schwarzschild (A/dS)

geometries are separated by a domain wall that follows a possibly dynamical trajectory



3.5. SEEDED TUNNELLING 54

R(A) centered with respect to the black holes. On each side of the wall, the geometry has

the form
ds* = fe(rdr? + ar —— +r%dQ3, (3.63)
f+( )
with
fe()=1- M _ % 2 (3.64)

It 1s straightforward to find solutions to the Israel equations, which relate the interior
region with mass M_ and cosmological constant A_ to the exterior with mass M, and
cosmological constant A;. The seeded tunnelling will remove some or all of the black
hole mass, leaving a remnant black hole or not, so we have A, > A_ and M, > M_. The

trajectory of the bubble is determined by following the Israel junction [68],

2 2
(AA) )R2 2G (M+AMAA)_(GAM) (3.65)

R=1- (&2 3 " lda0? R 2452 ) aR*G?
where AM = M, —M_ and 2M = M, + M_, with similar expressions for A. & is defined
for the compactness of notation, & = 271Go.

Now we turn to the calculations of the decay rate seeded by black holes. We show
the general methodology for computing the bounce action, although it is slightly distinct
depending on the sign of A”. The full Euclidean action of the composite system with a

thin wall is

1
SE:_16nt \/_(R++2A+)——f VE(R_ +2A_)

8nt VhK. - 8nt VB + f“\/;’

where M. represent interior/exterior regions of the thin wall, and M are the inner/outer

(3.66)

boundaries at the wall. The exponential part of the decay rate after subtracting the

background action is [79]:

Z_‘g - Z_[(;“L 41G dA{(2Rf. - R*f]) s - (2Rf-—R*f )| (3.67)

2Different value of A has different boundaries at infinity, while it does not affect the final result for the
instanton action as its contribution will be eliminated by background subtraction.
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This expression indicates the bounce action is the sum of entropy changes and the contri-
bution from the wall. It is independent of any choice of the Euclidean time as well as the
cosmological constant.

For a static solution, the action of these instantons is particularly simple, and (3.67)

becomes the entropy change in the geometry:

A, A
B="1_-- .
4G 4G (3.68)

which corresponds neatly to a Boltzmann suppression for tunnelling that decreases entropy.

Based on the result we obtained above, it is now easy to consider the seeded tunnelling
with a remnant black hole immersed in the true vacuum. There is an allowed range for M_
with the given vacuum energy differential for each seed mass M,. The unique M_ that
minimises this action, hence dominates the tunnelling amplitude. In [79], it was shown
that for small M this minimal M_ vanishes, hence these instantons are perturbed CDL
bubbles, whereas for larger M. there is a remnant black hole, with a mass determined by
M., A,y and A_.

A comparison of the decay rate between black hole-seeded vacuum decay and CDL
bounces can be found in [79, 80]. The main conclusion is that black holes could speed up

the decay, and the decay rate can be enhanced drastically for primordial black holes.

3.5.2 Hawking Moss transition

An alternate description of vacuum decay is given by Hawking Moss (HM) instanton,
which describes an up-tunnelling of the false vacuum to a local maximum of the potential,
allowing a roll-down to the true minimum [84]. The two tunnelling processes can be best
illustrated via the cartoon of a particle in a one-dimensional potential barrier, as shown in
Fig. 3.8.

The first order, or bubble nucleation, process corresponds to a particle transitioning
from the local minimum on one side of the barrier to the other side. In the HM transition
on the other hand, the particle “jumps” to the top of the potential, then rolls down to the

true minimum. This HM channel was shown to be relevant for potentials with a gently
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Fig. 3.8 The schematic plot of a one-dimensional potential that has two different minima,
with the higher (lower) representing false (true) vacuum, labelled as ¢y and ¢7y, respec-
tively. The top of the potential barrier is labelled as ¢7,,. A particle initially at the local
minimum can arrive at the global minimum by two mechanisms: (i) Bubble nucleation
(red) - quantum tunnelling to true vacuum or (i1) HM transition (blue) - climbing to the top
of the potential and then rolling down to the true vacuum.

varying barrier (the bound being on the second derivative of V(¢) at the local maximum).
The HM rate is given by
Tror~e™? (3.69)

where B is the difference in the Euclidean actions of the two vacuum de Sitter spacetimes:
T
IHM:IT—IF:SF—ST:E[E%—K%] (3.70)

which again is a Boltzmann factor related to the drop in entropy incurred by the cosmologi-
cal horizon area decreasing. The corresponding process for the Black-Hole-Hawking-Moss
(BHHM) instantons was considered in [85, 86], where the action includes the black hole
horizon:

Bror=Ir—Ir=[Scu+SBulr—[Scu+SBulr . (3.71)

where S cy and S py are the entropy defined at the cosmological horizon and event horizon,
correspondingly. In Schwarschild de-Sitter spacetime, the two horizons r.j coincide when

M runs to Nariali maximum,

[~

My = (3.72)

S

3
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such that there is an upper bound for the mass parameter. The BHHM transition action is

then totally determined by the areas of the horizons, which can be compactly expressed as
B=r|%( - )~ 30 cos(2br) + 32 cos(2br)] (3.73)
by using the reparametrisation

2 2 1 3V3GM
ro = —==Ccos(2-b), r,=—=~Ccos(2+b), b= —cos_l(—] (3.74)
¢ V3 (3 ) V3 (3 ) 3 £

in which ¢ and {7 are fixed by the potential, and the action difference is determined by
the masses of seed or remnant black hole. The full details can be found in [85, 86], with
an outcome broadly similar to the bubble nucleation process, namely, that black holes
enhance the probability of tunnelling.

It is important to highlight a crucial difference between bubble nucleation and HM
transitions. There can only be a remnant black hole if there is a black hole seed to nucleate
the decay for bubble nucleation. However, for HM transitions, it is possible to jump from
a pure de Sitter false vacuum to a Schwarzschild de Sitter configuration at the top of the
potential barrier.

Before concluding this chapter, it is worth noting that the classical analytical results
obtained above are within the thin wall approximation, in which the vacuum transitions
completely and instantaneously across the wall. The thin wall approximation, while excel-
lent for testing gravitational effects, is only a good approximation for vacuum transitions
in scalar fields when the potential barrier is sharp. In this thesis, we will stay with the thin
wall approximation. In the following chapter, we propose that a primordial black hole
lives in the ambient of the plasma heated by its Hawking radiation and reaches thermal
equilibrium before completely evaporating. Such a realistic environment validates the
Euclidean method as well as the thin wall approximation, despite not being in Hartle-
Hawking equilibrium. In Chapter 5, we are interested in the effect of higher curvature
gravitational terms on instantons in general. The Euclidean method extracts the impact
from gravitational fields very well. Therefore, it is appropriate to study the impacts from

extra dimensions as well as the additional Gauss-Bonnet term.



Chapter 4

False vacuum decay with primordial

black holes

This chapter is based on the article Primordial Black Holes Are True Vacuum Nurseries
published in Physics Letters B [87], in collaboration with Louis Hamaide, Lucien Heurtier

and Andrew Cheek.

4.1 Introduction

In the case of a black hole-seeded phase transition, one of the key comparisons is with
the rate of evaporation of the black hole. In this chapter, we apply the seeded false
vacuum decay to primordial black holes (PBHs) and compare the decay rate with Hawking
evaporation. It has been demonstrated in [79—-82] that the probability of tunnelling can be
drastically increased by a light PBH when it is evaporating or near the end of their life. Page
showed in [88] that a black hole can radiate energy and lose mass at a rate proportional to
1/M?. Any PBHs lighter than 4.5 x 10'#g at formation would have evaporated completely
long before the onset of Big Bang Nucleosynthesis (BBN). Due to the significantly high
evaporation rate for light PBHs, it is important to ensure that the seeded decay occurs
before the PBH completely evaporates.

The previous results are obtained by using the so-called Hartle-Hawking vacuum —

in which PBHs are in thermal equilibrium with their surrounding plasma [89]. However,

58
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light PBHs can be extremely hot for seeded tunnelling to be relevant with temperature
given by Ty = (87GM)~!, which would have a substantial impact on the local environment.
This can lead to controversy: PBHs rarely equilibrate with their surroundings and several
authors pointed out that the Unruh vacuum [90] — in which PBHs evaporate in an empty
Universe — should be used instead, largely mitigating the aforementioned result [79-82].
Moreover, thermal corrections were argued to increase the energy of true vacuum bubbles
for PBHs lighter than O(10%)g, effectively rescuing the electroweak-vacuum stability [91].
To address the problem, we propose that PBHs neither live in a vacuum nor are in thermal
equilibrium with their surroundings in reality. They deposit energy locally into the thermal
plasma via Hawking radiation, forming hot spots around them [92, 93]. Here we provide a
new avenue to calculate decay rates around PBHs, building on the results derived in [79—
82, 94], to show that the presence of such hot spots does indeed seed the formation of true

vacuum bubbles, circumventing the aforementioned criticisms.

4.2 Bubble action

We start this section by considering a homogeneous scalar field configuration ¢ living
in a metastable minimum of its potential V(¢). The decay rate of this configuration is
determined in curved spacetime by a saddle point “bounce” solution of the Euclidean
action. Around a Schwarzschild black hole living in a background plasma with arbitrary
constant temperature, one can write the Euclidean action of a time-independent scalar field

bubble configuration as in [79]

R

5 [a® vz(- I
IIT1=p f dx \/g( 1 67TG+28”¢6”¢+V(¢)). @4.1)

in which g is the determinant of the metric — assumed to be time-independent as well
—and B = 1/T denotes the Euclidean time periodicity. At first sight, because 8 appears
in this expression as an overall factor, it is tempting to conclude that a low plasma
temperature would lead to a large bubble action, hence suppressing the FVD rate I ~ ¢~ /ol7]

exponentially.
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However, one should note that there are two pieces missing in (4.1) [79]. First,
the gravitational background action should be subtracted to extract the actual energy
of the bubble, which is the change in action when nucleating the bubble. Second, if
the temperature entering the Euclidean action’s periodicity differs from the black hole’s
Hawking temperature, the system features a conical deficit at the horizon that needs to be
accounted for in the calculation. We present a method for calculating the conical deficit
contribution using a mathematical regularization process in Appendix B. We summarize
this by using the temperature profile interpolating over a scale € between a constant
temperature 7(r) = T for r—ry > €, and T'(ry) = Ty at the horizon, one can show that the
Ricci contribution to the action is of order

Ba-BA

1[T]> G

+0(e), 4.2)

in the € — 0 limit. In this equation (A stands for the black hole’s area and By = 1/Tq.
After summing up all the contributions, in the € — 0 limit, the S-dependency of the
total Euclidean action exactly cancels, leading to the seminal result of (3.68). Here we
rewrite it as
Ay A

biTl= 7= = 75 = blTHl, (4.3)

The bounce action only depends on the area of the black hole horizon before and after
bubble formation. This property was then generalised beyond the thin-wall approximation,
and in the presence of matter [80]. Despite its remarkable generality, this result was
only used in the Hartle-Hawking vacuum where PBHs are in thermal equilibrium with
temperature 7' = Ty to derive constraints on PBHs using the electroweak vacuum stability.

In what follows, we will show that in a realistic cosmological set-up, PBHs live in
a plasma with a temperature lower than their Hawking temperature, but also that the

mathematical smoothing used to derive (4.2) actually corresponds to a physical situation.
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4.3 Thermal profile around PBHs

Throughout cosmic history, PBHs are surrounded by two main sources of energy: (i) the
Hawking radiation, made of particles with energy E ~ Ty, and (ii) the ambient plasma,
populated with particles of energy E ~ T. Studies considering the Hartle-Hawking vacuum
assume that T = Ty and both energy sources are in perfect equilibrium. Instead, studies
working with the Unruh vacuum only consider the Hawking radiation, effectively working
in the limit where 7 — 0.

As a matter of fact, both pictures are incomplete. When PBHs form, the Universe’s
temperature may be much larger than their Hawking temperature. However, the end of
PBH evaporation typically takes place when the Universe is much colder than the initial
PBH Hawking temperature. Nevertheless, a big piece is missing in this discussion: in the
intermediate period, the quanta that form Hawking radiation unavoidably interact with the
surrounding plasma, heating up the surrounding plasma locally. This energy deposition
leads to an inhomogeneous temperature profile forming around PBHs that persists long
after they have completely evaporated, and can differ by orders of magnitude from the
average temperature in the Universe.

This temperature profile evolution was explored in [92, 93]. Assuming a universal
coupling constant « to encode particle interactions between Hawking radiation and the

plasma, in a recent study [93], it was demonstrated that for PBHs with masses

1

M > M,, where M, = O.Sg(%)_T , 4.4)

—_

the formation of a hot spot is quicker than the black hole evaporation. PBHs are thus

rapidly surrounded by an initial hot spot featuring a homogeneous temperature

) 2
_ a \3 g*(TH) }
T ~ 2x107*T (—) (—) : )
plateau H 0.1 g*(Tplateau)
over a distance
a \° gx(Ty) !
. ~ Tx10%r (—) (—) : 0
plateau "0 &x(Tpiateaun)
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where g, (T) denotes the number of relativistic degrees of freedom at temperature 7'. The
evaporation time

foy =173 4.7

with
Coy = |M/M| o< M™3 (4.8)

can be calculated from e.g.[95, 96], this temperature is constant. On larger distances,
diffusion dominates over energy deposition and the temperature decreases down to the
Universe’s temperature at infinity.

Later on, the PBH mass starts decreasing, its Hawking temperature increases, and so
does the plateau temperature, while its radius decreases. After the critical point at M = M,

the plateau temperature then saturates at [93]

19 -4 3
@ \3[&x(Tmax)\ 3(&x(TH)\®
Toax ~ 2% 10°G V(—) , 49
max “*\o1 ( 106.75 ) (106.75 (49)
over a radius
Tmax = Tplateau Ty=T, (4.10)

At this point, the black hole is not able to provide enough energy to reheat the hot spot
further.
To obtain these results, [93] assumed that Hawking radiation particles deposited their

energy at an average time

taep. = T(T) 7, [(T) ~ a*T +| T—TH (4.11)

However, we argue the approximation cannot remain valid near the horizon. Indeed, even
if the temperature within the hot spot was perfectly homogeneous, the energy deposition

probability of Hawking radiation,

dP ~T(T)e =t gy (4.12)
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Fig. 4.1 Sketch of the temperature profile around PBHs throughout the evaporation process.

is a decreasing function of the radius. In addition, the Hawking radiation energy density
also decreases like 2. Energy deposition is thus more efficient close to the horizon,
leading to a local increase of the temperature. This increase also corresponds to an
enhancement of I'(T). Therefore, the plasma temperature is likely to increase at the
horizon, interpolating between the Hawking temperature and the hot spot temperature
calculated on larger distances in (4.5) and (4.9). In Fig. 4.1, we sketch the qualitative

-1

temperature profile that must be present around PBHs at r < I,

when the hot spot core

-1

temperature is Tpjaean (upper panel), and at 7 STy,

when the plateau temperature saturates
at Tmax (lower panel). Note that by enforcing the smooth behaviour of the plasma 7' — Ty
as t — rg, we have introduced a physical realisation of the regularisation procedure used in
[79] to evaluate the conical deficit contribution to the action in (4.2). In full generality, one
would need to solve the heat equation around PBHs to obtain the exact temperature profile
and to evaluate the smoothing size & that is sent to zero to obtain (4.3). For simplicity, we
assume here that the typical size of this smoothing is negligible as compared to the size of

a true-vacuum bubble and leave a precise study of the profile geometry contribution for

future work.
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4.4 Bounce solution and nucleation rate

We consider a homogeneous scalar-field configuration ¢, living in a metastable minimum
of its potential where V(¢.) = 0 before tunnelling to the true vacuum, located at ¢_, for

which V(¢-) < 0. Following [94], we parametrise the metric as

2
d52 — fE(r)ez‘S(r)de + L + erQ% , (4.13)
Je(r)
with
2Gu(r
fetn =1~ 2240 (*.14)

where u(r) is the local mass parameter, and search for the classical solution ¢(r) satisfying

the equations of motion
fed” + fpd' + %fEsb’ +6' feg' = V'(#) =0
' = dnr? (% fed + v) (4.15)
& =4nGr¢’?

The boundary conditions at the horizon are

u(rg) =p-,  6(ru) =0
ruV' ($n) (4.16)

4 r — ,
P =17 872G, V()
and at r — oo are
lim ¢(r) = ¢4, My = lim u(r). 4.17)
r—o00 r—oo

Assuming that the energy of the bubble is entirely provided by the local mass variation
inside the bubble, and the black hole mass at infinity, M, remains unchanged during the
phase transition. In the near horizon limit, due to the presence of a negative cosmological

constant A_ = V(¢_), the mass parameter u_ = lim,_,,, u(r) slightly differs from the
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physical black hole mass inside the bubble, M_, such that
ri =2Gu- =2GM_+A_ry/3 (4.18)

With such a solution in hand, one can calculate the bounce action (4.1) numerically. As-
suming a local thermal equilibrium around PBHs with a temperature profile 7'(r) such that
lim,_,,, T(r) = Ty, the metric does not feature any conical singularity, but the contribution
of the effective conical deficit at infinity is entirely contained in its contribution to the Ricci
scalar. For simplicity, we will assume that the interpolation distance € is small enough
that the regularisation procedure described in Appendix B is sufficient, enabling us to use
(4.3).

Despite the powerful generality of (4.3), the FVD rate calculation was always restricted
to the Hartle-Hawking case [79-82, 94]. Using dimensional analysis to obtain the prefactor,
this rate was obtained by writing [80-82],

i =GM,)~

1/2
Ih[TH]
! (2—H) exp(—=I[TH]) . (4.19)
Vs
Because (GM,)~! ~ Ty, one can interpret this result as a thermal FVD rate evaluated at
T =Ty [97, 98]. By analogy, we propose to generalise this result to the case of a hot spot

with temperature 7' < Ty using instead

I'evp(T) =

T(Ib[zTH ])1/2 exp (= [Tx]) » (4.20)
where we used (4.3) such that Iy[Ty] = Iy[T] in this expression. Consequently, the
suppression of the rate in the case where T' < Ty is only linear, as the hot spot temperature
only appears in the overall prefactor. Before we use this result for phenomenological
purposes, let us discuss what value of 7" is reasonable to use in (4.20): before they evaporate,
PBHs with M > 0.8¢g are surrounded by a plasma with temperature Tpjaeau ~ 2 X 1074Ty.
This temperature remains constant throughout most of the PBH lifetime, enabling the use of
the Euclidean formalism. Therefore, one can safely use Tpjaeeau to calculate the nucleation

rate. However, this choice is extremely conservative. Indeed, PBHs heavier than M,
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Fig. 4.2 Evolution of I'ryp /T'ey with the PBH mass, using the initial plateau temperature
Tplateau (red curve). In the grey-shaded area, M < M, and in the red-shaded area, the ratio
is larger than unity.

are expected to evaporate and reach a point where M = M, and the hot spot temperature
reaches Tnax. Then, Tmax > Tplateau and Ip[Tyllpr=p1, < Ip[TH]|p>m, > leading to a much
larger FVD rate. A legitimate concern is whether the Euclidean formalism is reliable given
that the PBH and its environment is dynamical. To ensure this, we restrict ourselves to

cases where the characteristic timescales are much larger than the FVD, i.e. I'ryp/I'ey > 1.

4.5 The Electroweak Vacuum

Let us now apply our results to the case of the electroweak vacuum. To calculate ['ryp, we

parameterise the Higgs potential,

¢\ ¢\ 4
V(g) = /l*+b(lnﬁp) +C(lnﬁp) ](/) /4, 4.21)

where we determined the parameters (1,,b,c) = (=3.2x 1073, =1.497x 1076, 5.42 x 1073)

using updated top-quark mass measurements from CMS [99] with the package PyR @te
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3 [100, 101] to obtain the RG-improved Higgs potential at three loops. To this zero-
temperature potential, we added one-loop thermal corrections, AV(¢,T) = K2T§lasma¢2 ,
where k = 0.35 following [91]. Given these parameters, the electroweak vacuum appears
to be metastable, although its lifetime is much longer than the age of the Universe in the
absence of PBHs [102—-105]. In [94], the effect of PBHs on electroweak FVD was used

to derive constraints on PBH production in the early universe. Here, we propose to use

(4.20) to obtain more realistic results.

4.6 Primordial black hole bounds

In Fig. 4.2, we depict the evolution of I'ryp/I'ey With different mass M. As one can see,
I'rvp/Tey 2 1 for M, < M < 2g. However, ['ryp is exponentially suppressed for larger
masses. Remarkably, this ratio reaches 5x 107 > 1 at M = M,.. PBHs with large initial
masses — for which I'eyp(Tplateau) /T'ev < 1 — thus seed a much larger FVD rate once
M = M, and the FVD is a much faster process than the PBH evaporation at that point. For
PBHs with initial masses M < M, the hot spot does not have enough time to form in the
first place [93]. However, PBHs with initial masses larger than M, will eventually enter
this region when they evaporate. Then, such PBHs do not have enough energy to reheat
the hot spot, whose temperature remains constant at 7 = T« throughout the end of the
evaporation. In this region, we thus fixed 7" = Tax 1n the calculation.

In [91], the effects of thermal corrections were claimed to become sizeable for M < 103 g.
However, such effects only become relevant for M < 0.1g < M, in our case and do not
affect any of the conclusions. Indeed, because we consider the temperature Tpjateau ~
10~#Ty, the effect of thermal corrections is shifted to lower masses by a factor O(10™), in
agreement with our results. Note also that the bubble profiles we obtain always have radii
much smaller than rpjaean and rmax, validating the assumption of homogeneous plateau
temperature that we have used throughout this work. We also checked that by subtracting
to the action of (4.1) the background action and adding manually the conical deficit, we

recover exactly the result of (4.3).
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Assuming that the FVD rate calculation is valid over a time At, one can calculate
the FVD probability around a single PBH as Ppyp = 1 — ¢ TF¥DA’_ Since the hot spot
temperature remains constant at Tpjaeau during most of the PBH lifetime, one can use
At ~ ngl in that case. In that case, Pryp(M) =1 — e TFvD(Tplaeau) /Tev Depending on the
ratio ['ryp /T ey, this probability can vary over orders of magnitude. Once the black hole
starts evaporating and eventually reaches M = M, then I'ryp /ey = 5 X 10°. This ensures
that Pryp = 1 as long as one considers time scales Az < 1076 % ngl. Over such a short time,
the PBH mass variation is negligible, and the Euclidean formalism still holds.

Given these decay probabilities, we may now look at the ensuing bounds on the share
of the earlier universe energy which collapsed into PBHs Sppy = ppeH/ptor- At the earliest,
PBHs formed when an overdensity of size comparable to that of a Hubble patch collapsed
gravitationally. Assuming the Universe to be radiation-dominated then, oot = pyaq, and one

can calculate the Universe’s temperature at formation to be

5 M 1/2
Tr=|L 2 4.22)
dr \\ ngx(Ty) M
and obtain the value of the density fraction at formation
4 MNppuH? _ M \*?
BeeH = §s0—Tf0 ~2x10 80NPBH(M—) : (4.23)
*

where y = (1/ \/§)3 characterizes the gravitational collapse [106, 107], Nppy is the total
number of PBHs that, if stable, would be contained in a Hubble patch of size HL,
so ~ 2% 10738GeV? is the entropy density today, and Hy ~ 70 km~!s™'Mpc~! is the
Hubble constant.

Demanding that the electroweak vacuum has never decayed in our Hubble patch at

95% confidence level is equivalent to requesting that Npgy P; < 2.7, or, when P ~ 1, that

3/2
M
BreH < 5% 10780 (M—) . (4.24)

*

In Fig. 4.3, we depict the corresponding constraints when using Tpjateau and Tmax for the

hot spot temperature. Note that for M, < M < 88g (4g), the temperature Tpjaeau (T'max) 18
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Fig. 4.3 Constraints on the primodal black hole energy fraction at formation, B{,BH =
y2(g4(T1)/106.75)1/4Bppy. The orange(red)-shaded region corresponds to constraints
derived with T = Tmax (Tp]ateau)-

smaller than the plasma temperature at evaporation

90 1/4
Tew=|——— [eyM,. 4.25
ev (87T3g*(tev)) eviflp ( )

In this case, we slightly modified the result of (4.20), by substituting the prefactor T
by max{7,T.,}. In the regime where such constraints are relevant, we checked that
I'rvp/Tey > 1, guaranteeing the validity of the Euclidean formalism, and that thermal
corrections arising at Ty rather than Tpjateau OF Tmax still remain subdominant. For compar-
ison, we indicate other constraints from inflation, BBN, Cosmic Microwave Background

(CMB) distortion and y-rays [108].

4.7 Summary

In this work, we discussed the effect of primordial black holes on the stability of the

electroweak vacuum in the early Universe. We employed the results that small black
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holes can trigger Higgs vacuum decay, as we showed in Chapter 3. We responded to the
controversy of whether black holes can seed vacuum decay, in which, a series of papers
[91, 109-114] have argued that the thermal loop fluctuations could correct the Higgs
potential to be stabilized, and computation method — the Euclidean formalism — is not
valid.

We showed in our calculation that a hot spot with a temperature higher than the
Universe but colder than Hawking temperature is found to surround the PBH. The fact
that PBH lives within an equilibrium thermal plasma heated by its Hawking radiation
validates the methodology of Euclidean formalism. Also, we compared the ratio of the
decay rate and evaporation rate and found that the false vacuum decay occurred earlier
than it evaporated totally. We concluded that light PBHs, which have evaporated before
today and with an initial mass M; > 0.8g, will trigger vacuum decay.

We then refer to the conclusion that if the electroweak vacuum remains metastable
given current and future experimental measurements, such limits exclude any scenario
predicting a large abundance of evaporating PBHs in cosmology [115-146] and exclude
entirely the possibility that PBHs dominate the Universe before evaporating (above the
dotted line in Fig. 4.3). Such constraints are crucial for our understanding of the early
Universe dynamics and provide a new perspective on the PBHs in cosmic evolution.

Such PBH scenario should be confirmed by cosmological data, our results may indicate
that new physics is required to stabilise the electroweak vacuum throughout cosmic history.
Finally, we emphasize that the findings presented in this chapter can be applied to any
first-order phase transition taking place in cosmology, which is important in studying the

structure and evolution of the early Universe.



Chapter 5

Seeded Vacuum Decay with

Gauss-Bonnet

This chapter is based on the paper Seeded vacuum decay with Gauss-Bonnet published in
Journal of High Energy Physics [147] and the paper Testing Higher Derivative Gravity
through Tunnelling published in Particles [148], in collaboration with Ruth Gregory.

5.1 Introduction

In this chapter, we investigate false vacuum decay catalysed by black holes under the
influence of the Gauss-Bonnet term by studying both bubble nucleation and Hawking-Moss
types of phase transition in arbitrary dimensions (D > 4). The equations of motion of
“bounce” solutions in which bubbles nucleate around arbitrary dimensional black holes are
obtained in the thin wall approximation, and the instanton action is computed'.

Theories of modified gravity are developed to address some of the issues that exist in
GR, as well as provide a new arena for testing classical gravity in strong gravitational fields.
Among these alternatives to GR, higher curvature theories have a uniquely privileged
position as they require no extra fundamental fields and can be motivated within a quantum
gravity setting. Under the corrections of higher curvature terms, the behaviour of the

gravitational field at low energies is almost indistinguishable from what is predicted by GR,

! Although the thin wall approximation is an idealised description of bubble nucleated vacuum decay, it
will suffice for the exploration of the impact of the GB term.

71
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while the difference can be appreciable when considering strong gravity scenarios. As such,
it is of particular interest as a means of testing how higher curvature terms alter gravitational
phenomena through tunnelling. To establish the foundation for exploring vacuum decay

with GB, we begin with a brief overview of the Lovelock gravity [44, 45, 149]

S lovelock = dex \/§Z c¢ili, (5.1)
i

with

1

L SM12igVIV2 V2i-1V2i
Li= i Oy v RNIHZ . 'R,UZi—l,UZi (5.2)

where the subscript i runs from O to D/2, ¢; are a set of arbitrary constants, R‘V’pg are the
components of the Riemann tensor, and ¢, is the Kronecker delta. The Lagrangian is a
scalar built from the metric g,, and curvature tensor Ry,,,.-. For the first and second-order

derivatives, we can write

L1 =R
Lr=R*-4R: + R}, = Lcs,

(5.3)

corresponding to the usual Einstein-Hilbert and the Guass-Bonnet term [150-152] respec-
tively. Among the theories containing higher-order corrections, the GB term gives the
lowest order of Lovelock contribution and has been better explored.

Einstein-Gauss-Bonnet gravity was first introduced by Lanczos [150] and later gen-
eralized by Lovelock [44, 45]. The EGB action is given by adding the GB term to the
Einstein-Hilbert Lagrangian [153]

SEGE = — dPx+g(R-2A +aL;p) (5.4)

167G J

where « is a coeflicient with dimension (length)2 associated with the GB term (5.3).

The GB scalar is a topological invariant in four dimensions, which cannot give any
non-trivial gravitational dynamics. Therefore, the effective theory with a contribution from
the GB term only exists in higher dimensions. It may seem strange to consider a correction

that does not alter the dynamics of a system, however, when computing the probability of
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decay, it is the action of a process that is relevant, and the GB term can alter the action of a
solution, potentially affecting the tunnelling amplitude.

We note that there is a recent novel extension of EGB gravity in four dimensions,
known as 4DEGB gravity [154], in which Glavan and Lin have proposed to rescale the
coupling constant a by a factor of 1/(D —4) and then take the limit D — 4. However, there
are certain shortcomings in the validity of this method. For example, this process requires
the specification of the geometry to have extra dimensions before taking the reduction to
4D, and it also suffers from a lack of well-defined action and explicit symmetries [155-157].
To address the ambiguities, a new regularisation method introduced a counterterm to cancel
the divergence in the action, retaining the desired corrections in four dimensions without
the problematic dimensional reduction [158]. Another regularization procedure can be
obtained by performing the Kaluza-Klein reduction [159], in which the authors interpreted
the 4DEGB theory as a special case within the broader context of Horndeski theories. Both
methods ultimately relate this theory to scalar-tensor theories and have been a more widely
accepted way of capturing the essence of the GB term in four dimensions (for a detailed
discussion, see the review [160]). Those reinterpretations imply that the 4DEGB theory
can be more consistently understood within the framework of Horndeski gravity rather
than a novel extension of Einstein’s General Relativity. However, our research focuses
on extracting the impacts of the GB term in general dimensions by comparing it to the
corresponding results in Einstein gravity. Hence, we are not interested in the new solution
and restrict our investigation of EGB gravity in four-dimensional spacetime to the original
theory.

The black hole solutions in the higher dimensional spacetime exhibit richer and more
complex structures [161-163], effectively expanding our understanding of black holes

beyond GR. The general spherically symmetric vacuum solution is derived in [153, 161],

ds* = —f(r)de* + f~ (ndr* +r*dQ3 (5.5)
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where a’Q%)_2 gives the metric of the unit S =2 and we take the ‘Einstein’ branch solution

[163-165]:
7 8@A dap
f(r)_1+ﬁ[l_\/1+(D—1)(D—2)+rD—1 (5.6)

with @ = (D - 3)(D —4)a, and u related to the mass through the standard Myers-Perry

formula [161]:
16nGM

o . 5-7
D-2)7Ap -7

u

with Ap_, being the area of a unit (D —2)—sphere. Note that as @ — 0, we recover the
Schwarzschild solution. Note that the coupling constant is usually considered as a positive
value, because: 1) if @ < 0, there are régimes of parameter space where the argument of the
root in (5.6) becomes negative, hence the solution is unphysical. 2) From the perspective of
black hole thermodynamics, the positive a avoids the thermodynamic quantities becoming
unphysical [163], such as negative entropy that violates the second law. 3) In string theory,
a is related to the physical length scale of the string worldsheet action or the inverse string
tension, which has to be positive [152]. While what follows is independent of the sign of

a, we will focus on @ > 0 for the following discussion.

5.2 Bubble-nucleated decay

We first briefly review the procedure for finding the instanton, noting how the GB term
impacts the argument in general and deriving the action in the presence of the GB term.
Gauss-Bonnet instantons with O(D)—symmetry were explored in [166] in the context of
stability of the different branches of the EGB vacua, here we are looking for solutions with
a black hole, hence O(D — 1) symmetry.

A bubble separating false vacuum from true vacuum is expected to have SO(3) symme-
try, and a generalisation of the Birkhoff theorem in the presence of branes [83] shows that
the general bulk solution is Schwarzschild (A/dS) with the bubble surrounding the black
hole. This theorem was also demonstrated for GB gravity in [167-169], with the general
brane junction conditions derived in [170]. Following the steps we have introduced in

Chapter 3, we seek a Euclidean bubble solution R(1) separating two black hole spacetimes
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with exterior mass M, and false vacuum energy A, and an interior mass M_, and true
vacuum energy A_. The regions exterior and interior to the wall are given by (We Wick

rotate (5.5) by using ¢ = —i7)

ds? = fedt? + f7ldr? +2dQ3 (5.8)
where
r2 86’A+ 46’/.14-
r=14+—1-4/1+ = + —1, 5.9
fe 2a (D-1)(D=2) rP-1 (5:9)

with the boundary R(1) being given by the generalisation of the Israel prescription to EGB
gravity as we now describe.

The full action of the composite system is I = Ip,ix + Iprane, Where

1 D
%(‘f/;hd X g+[R+—2A++Q£EB]

+ fM dx~g~|R-—2A_ +a1;53])

Tpuik = —
(5.10)

represents the contribution from the spacetime away from the wall, and

Iorane = fw d’'xvVh (0’ + % (AK -20[2GAK™ - Aj])) (5.11)

represents the net contribution from the wall, including both the wall tension o, and
the geometrical Gibbons-Hawking terms from the boundary submanifolds on each side:
OM, =0M_ =W. Here, K_,, is the extrinsic curvature of the wall as determined from
the local embedding into M., G5, is the local intrinsic Einstein tensor of the wall, and 9

is a cubic extrinsic tensor (see [170-173]) :
1 c cd cd 2
Jab = §(21<1<€,CK o+ KeaK Koy — 2K o KK gy = K*Kap). (5.12)

5.2.1 The instanton solution

In order to find the instanton, we have to solve the equations of motion for the bubble wall,

found by varying (5.10) and (5.11). As described in [170], the generalised Israel equations
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are:

AKyp — AKhyy, +2a [3Aja;, — AT hyp - ZPacbdAKCd] = 87Gohy, (5.13)

with
Pavcd = Rabed + 2Rpichaya — 2Rarchap + Rharchap (5.14)

the divergence free part of the intrinsic Riemann tensor.
Because of the SO(3) symmetry of the bubble, these rather complex relations simplify a
little; we write the bubble wall as R(1), where A is the proper time of an observer comoving

with the wall:
52

£@®)

and choosing a normal always pointing towards increasing R for 7. > 0,

fe(R)T2+ 1, (5.15)

ny = (—Rdts +t.dry), (5.16)

gives, after some algebra, the junction condition as

87GoR
(D-2)’

~ ~ 2 ~
(Fots—f 1|14 28 _22R ]— 2a (- f2) = (5.17)

3R?

where o is the surface tension of the wall. Substituting fi7+ = v/ fx — R? from (5.15) leads

to a rather lengthy cubic Friedmann-like equation for X = (1 - R%)/R?,

0:d2X3+&X2(§_(S-2*_S%)2)

2 256a52
2 2 2 _¢2 2 _ 2 3_¢3
JX(; 383482 ($1-5H)B351-352+53-57) (5.18)
4 8 192452
+(8—353—35%—51—53)_(353—3S%+si—si)2_9&2
64 92163252 16

where & = 2nGo /(D — 2) economises on notation, and

_ 8aA. daps \/ a
Se= \/1+(D—1)(D—2)+ D1 - 1+ r2(1 f.E) (5.19)
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represents the geometry on each side of the wall and is related to the standard Einstein
potential fr = 1 —u/rP3 =2Ar?/(D—1)(D -2). Note that § ~ 1 +O(&), so as & — 0,
(5.18) reduces to

=0=

9 [X_a_z_(l—fE)_ (Afe)?

16 R? 1652R4

R* J&  (Afp)? g .
_Je  (AfE) —5'2+3;;4{3(f15— L@a fE)

R2 ™ R2  16R*52

+12R*G*(1 — fg) + 8R*G*
(5.20)
Here, fr = (fe— + fr+)/2 and Af = fe, — fe—. We can define the effective scale of R in

terms of parameters y, and a

1 2AA(1 -4ad?) 45,02
-2 -2 ~ =2 ele
52 =32(1-8a62/3) , — = = —Zee 521
e =0 o I 117 I AR Ll B 62D
and
2A_y? 2N @
2 e ~ =2 +
=1+ ¢ |1-4 - 5.22
(D-1(D- 2)[ YT D-HD-2) 622

Now defining R=aR/ v and A=al/ Ye, the equation of motion (5.20) takes the form

ALV A 2 N N
(d—lf) :1—(R+ AC ) —BA_ZC (5.23)
dl RD—Z RD—3

where

N a D=3 _ -9 4A& Au
B:(Z) [”(1_4‘”’ _<D—1><D—2>) 80252]
oo (g)D_z [(Aﬂ)(l —430%) mw_&e]

Ye 4, Au

(5.24)

We conclude this format is the same as for the Einstein case, although the coefficients are
corrected by @, thus the principle for solving the instanton equations is the same.

Since & = 0 for D = 4, we see that the EGB equations of motion for the wall indeed
reduce to the Einstein equations, as expected for a physical system. Therefore, in 4D, the
motion of the wall is as the Einstein case described in [79, 80]: for a given seed mass
M, there are a range of bubble solutions with remnant masses M_, however, we expect a
unique lowest action solution with specific mass M_ that we identify as the instanton with

a remnant black hole of mass M_.
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5.2.2 Computing the instanton action

In order to identify the lowest action solution (bearing in mind that even in 4D, the GB
term could contribute to the action), we must now compute the bulk and wall contributions

to the action, then subtract the background action of the initial state.

The background seed action

We start by computing the action for the background solution of mass M., and bare vacuum
energy oc A, ; this is simply a matter of computing the bulk term (5.10), bearing in mind
two key points. The first is that if we are in vacuum or AdS spacetime (A} < 0), then
we must truncate our bulk integral at some finite radius that we choose to label r.. For a
positive cosmological constant, r. will be the upper limit of integration at the cosmological
horizon. The second point is that we must perform the integration at arbitrary Euclidean
time periodicity 3, hence at an event horizon, there will, in general, be a conical deficit?,
thus we must generalise the argument of [79] to include the GB term.

Computing the integrand of (5.4) for the metric (5.5) we see that, on-shell, the bulk

integrand is a total derivative:

2(D-2
\/§[‘R-2A+C¥£GB]:—{FD_4f’[r + ED 4;a( —f)]} (5.25)

Giving a contribution of /. — Ij,, where

_ﬂﬂ021)4
“= TénG ¢

2(D 2)a

D—-2) — U= f(r c))) (5.26)

ool

at the upper r, limit and at the black hole horizon

(5.27)

g =202 ><4—7TrD_2(1+—2(D 2)“) B o

167G = By " (D-4)r2 ) Bn

2Although the presence of a conical deficit can be disconcerting, the singularity is mild, and can be
resolved by a process analogous to the discussion of the Dirac delta-distribution (as described in the appendix
of [79]). As discussed in [174], the horizon is a fixed point of the isometry of the metric — a “bolt” — which
has codimension 2, hence is not a boundary of the spacetime in the strict sense.
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the contribution is proportional to the entropy. Note we have replaced the derivative of f at
the horizon with f”(r,) = 47/By, an expression involving the critical horizon periodicity Sy,
for which there is no conical singularity at the horizon.

We now complete the computation by taking into account possible conical defects at a
horizon. Following the approach of Appendix B, we note that a conical deficit metric has
the local form dp? + A2p>d#?, where A # 1 and the periodicity of 6 is 2. The deficit angle

for this metric is 6 = 27(1 — 1). We write the black hole metric locally at the horizon as
ds* = AX(p)dt* +dp* + C*(p)dQ3, (5.28)

where p2 =4(r—ry)/f'(rp), and A’(0) = 27/B),. Comparing this with the canonical form
above (0 = 2nt/fB), we see that A = 3/, hence the conical deficit is
Br—=B

o0=2 . 5.29
g Bh (5:29)

To compute the contribution of the conical deficit to the action, we split our bulk integral
into an integral from a proper distance € from the horizon, and smooth out the cone inside
&, by having A smoothly interpolate between being regular at the origin, A’(0) = 27/, and
having the black hole geometry value A(g) = 27/ at p = . We then take the limit € — 0
to obtain the action with the conical singularity.

Computing the terms in the EGB Lagrangian for the metric (5.28):

~ A A'CT C” (1 _ CIZ)
R = —27—2(1)—2)( = —F)+(D—2)(D—3)T
~ N (l _ C/Z) A" (1 _ CIZ) A'CT C”
alcgp=—-4(D- 2)a[(D—4)C2 e + o2 ( 1C + C ) (5.30)
(1 _Cl2)2
Pt

and using C = r;, + O(p?), shows that near the horizon

26(D=2) p 4

CD—Z
-4

ACP2[R=2A +aLgp] ~ -2 (A’ ) +0(p) (5.31)
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hence

f " dpACP2[R-2A + L] ~2rP=2 (1 + M) [A"(e) - A"(0)] + O(£?)
0

(D-4)r;

4 2n(B—
_ _2( GSBH) (B —PBn) (5.32)

Ap-2 BB

Thus the full contribution to the bulk action including the conical deficit is
ﬂ - & Fe
3 dex \/§~LEGB _ lim’B D-2 f ACP2 L pcpdp +fVD_2-£EGBdr
167G e—0 167G 0 rn+O(e2) (5.33)
= ('B_ﬁh)SBH— ESBH_'_IC =1.—Spu
Bh B

The large r contribution from r, is treated differently depending on whether A > 0 or not.
For A > 0, we have a cosmological horizon, and must therefore take into account any
conical deficit as described above. This procedure follows through in much the same way
as for the black hole horizon, and (noting that /. < 0 for the cosmological horizon) for a de
Sitter seed we obtain

Iseea=—Scu—SBH (534)

thus, just as for Einstein gravity, the action of a black hole in de Sitter space for EGB
gravity is the sum of the entropies of the horizons.

If however we are in asymptotically flat or AdS spacetime =(A < 0 or A = 0), we place
a cut-off boundary at r., and compute the action at that cut-off. Strictly, this means we
have to also compute a Gibbons-Hawking boundary term for the artificial boundary r., as
well as perform a background subtraction to obtain a finite answer. However, in computing
the action of the instanton, we calculate the action of the bubble geometry and subtract
the action of the seed geometry; noting that the bubble and seed geometries are identical
outside the bubble wall, both the contribution from the bulk integral 7. (5.26) as well as
the Gibbons-Hawking term and any background subtractions will be the same. Thus we
do not need to explicitly compute these large r terms and simply note that both seed and

bubble geometries have an identical contribution at the large r cut-off, which we label I¢:

Lseed = Ic — S pu(M1,Ay) (5.35)
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The bubble geometry

For the bubble geometry, the main difference from the previous subsection is that we
have the bubble wall at R(1). If R varies with A, then the periodicity of the solution is set
by the periodicity of R. The previous subsection demonstrates how to compute the bulk
action, which is now composed of two parts, the interior and exterior of the bubble. Using
these results, we see that the bulk contribution to the bubble action, (5.10), reduces to the

boundary terms at rj, and r,, together with a contribution evaluated at the wall:

- Ap-2 D—4[ 1 . 2 2(D-2)a B
Tpuiew = 167G fd/lR [f+7-+ (R +—(D—4) (1 f+))

(5.36)
— (R + (- 1))
Turning to the wall integral (5.11), the trace of the Israel equations
(D-1)87Go = —(D-2)AK + 2a [g »AK — Aj] (5.37)
(D-3)17¢ '
gives the wall integral as
Ap-> f RP2 6a b
Iy = da AK —— 12G»AK - AT |]. 5.38
W %G (D-1) (D—3)(D—4)[ Gab J] (5:38)
It then proves useful to define
f'—2R ft (1-R?) R
Ko=K = , Ky =—, = , == 5.39
0=Ku="755 1= Po= "5 =y (5.39)

here, K is the angular part of the extrinsic curvature, and pg, p; appear in the intrinsic
Einstein tensor. The Israel conditions then give the following relation between the timelike

and spacelike extrinsic curvature differentials:
AK) = AKo+2|2poAKo - 2p1 AK| — A(KoKT) + AK} — 6poAKo ). (5.40)

Using these relations, after some algebra we find the wall integral can be reduced to
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2(D-2)a
. (5.41)
2(D-2)a(1 - 4D-2)aR
- fd/lRDzA |4 22200 J)) AD-2aR, |
87TG (D-4)R? (D-4) R
Noting that
v /. N R?
5 =1(ftKo+R) = 1-—|Ko+1R, (5.42)
we find that the combined bulk-term and wall integrals give
Ap-2 po.| 4D-2)ar
Lyan = dAR” AN ———F =
vl =87 G f (D-4) R
" _ (5.43)
(R )( 2(D—2)a(1—f))
+|[—=Ko—-TR||1+ .
f (D —-4)R?
Putting together, we see that the action of the bubble geometry is
Ipubble = Lwai +Ic — S pH(M-) (5.44)
hence the action for the tunnelling instanton is
Ig = Ipubbie — Iseea = S BH(M+) = S p(M-) + Lya- (5.45)

Therefore, we have shown that the amplitude for vacuum decay including the higher
derivative GB term in arbitrary dimensions has the same form as the decay rate computed
for vacuum decay in Einstein gravity in 4D. While we leave the numerical evaluation of
this action for arbitrary M, and M_ for future study, we note that the contribution from
the wall integral vanishes for static instantons, which are the relevant instantons for Higgs
vacuum decay [81, 82].

The central result of this section is therefore that, as with Einstein gravity, the probabil-

ity of decay seeded by a black hole in EGB gravity is simply the difference in entropy of



5.3. THE HAWKING-MOSS INSTANTON 83

the seed and remnant black holes:

P ~ exp[—(S seed =S remnant) /1] (5.46)

5.3 'The Hawking-Moss Instanton

In the previous section, we derived the bounce action as the difference in entropies between
the cosmological and event horizons. However, as we mention in Chapter 3, there is
another decay channel of an up-tunnelling transition — the Hawking Moss transition.

To see the impact of the GB term on the BHHM transition, we first change the notation
in (5.8) and (5.9) of “f.” to “fF/r” to correspond to the labellings of the false vacuum (F’)
and the top of the potential (7). These will be characterised by mass parameters yr/r, and
vacuum parameters {7, where 2 =(D-1)(D-2)/2A. The tunnelling rate is dominated
by the Boltzmann factor, as shown in (3.69). From (5.46), we see that the change in action
is the difference in the entropies, justifying the interpretation of the HM probability as a

Boltzmann suppression

Brv_rop =Ir—1Ir =[Scu+SBulr—[Scu +S BHlT. (5.47)

Thus, the form of the BHHM action is the same as for Einstein gravity, however the

entropies in the expressions are now determined by the EGB formula [163]:

5;= A2 riD_z(l + M] (5.48)

(D—4)r?

where the subscript i corresponds to the black hole or cosmological event horizon radius,
which in general is also modified by the GB term.

The likelihood of the BHHM instanton is obviously dependent on the details of the
seed black hole and the dimension of the spacetime, but some general trends can be
noted. For example, when a black hole is introduced, the total entropy drops (though note
the exception we will discuss for 5D presently), thus for a given seed mass the BHHM

transition will always prefer to jump to a pure de Sitter configuration, as this will maximise
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the negative contribution to the action. Similarly, introducing a seed black hole will also
lower the action, since the overall entropy in the false vacuum will drop. Thus, just as with
Einstein gravity, we expect that introducing seed black holes will also catalyse the HM
transition.

There is a limit however to how far we can drop the action, and this is determined by
the Cosmological Area Principle [86], that the area of the cosmological horizon must never
increase:

SclT < Sch (549)

As we saturate this bound, the HM action becomes the difference in entropy of the seed
and remnant black holes. Thus, we get broadly the same picture as for the Einstein case,
where the preferred instanton (the one with the lowest action) is a jump to a pure vacuum
solution at the higher vacuum energy (i.e. no remnant black hole) for lower seed masses.
As the seed mass increases, we hit the Cosmological Area Bound and the transition is to a
black hole geometry with the “top” vacuum energy (see Figs. 5.1, 5.2).

Therefore, broadly speaking the picture for the BHHM decay process looks qualitatively
very similar for the EGB case as for the pure Einstein case across arbitrary dimensions
with one interesting exception. Solving f(ry,) = 0 for the black hole horizon at ry, yields the

following expression for the mass:

(D-2Aps (D= Apor)(
M= "~ teic "7 ) 430

For D =5, we see that while smaller black hole horizons correspond to lower black hole
masses, it is not possible for M — 0 while maintaining a horizon. Indeed, inspecting the
expression for f(r) at the origin for D =5 yields f(0) =1 - \/m, which becomes positive
as u, hence M, becomes sufficiently small: GM < 3ra /4, indicating the loss of a horizon.
This is consistent with numerical studies of collapse [175, 176], which find that black
holes will not form dynamically if the total mass-energy content of the spacetime is below
a critical value in both asymptotically flat and asymptotically AdS spacetime. This mass
gap was also noted in [177] in an exploration of black hole formation during gravitational

collapse, and differences in thermodynamic phenomenology and gravitational collapse
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with GB corrections between five and higher dimensions were noted in [178, 179]. Thus,
the picture of the HM transition will be distinctive in 5 dimensions. We, therefore, present
results for D =5 separately and present the HM results for D = 6 as representative of higher

dimensions.

e 5D HM
Taking f(rp,r;) =0 and D =5 in (5.6) (noting & = 2a in 5D) the black hole and

cosmological event horizons can be obtained in a simple form:

1 1
. ol + 54 8GM£2 (24 ez s t_scuEY’
n = 0% , Te=|5+ at”+ 7 3 (5.51)

Recall that M,;; = 3Gra /4, is the critical minimum mass that allows for an event horizon
to exist, and the Nariai mass, My, where the black hole and cosmological horizons merge

Any solution with a mass parameter larger than My will not have the correct signature,
hence is considered unphysical, thus all EGB black hole solutions in 5D must satisfy
M.rir < M < Mp. Solutions with M < M_.,;; have no event horizon, but an examination of
the geometry near r = 0 shows that there is a solid angular deficit at the origin, which can
be regularised by a similar method to the conical deficit regularisation, which allows one
to integrate the Euclidean action, resulting in no additional contribution. The space of
massive particle solutions in SD EGB can therefore be thought of as analogous to AdS
solutions in 3D Einstein gravity, where there is a finite range of masses for which the
particle is a conical deficit, above which the solution becomes a BTZ black hole [182, 183].

We depict the constraints on the black hole mass parameter in Fig. 5.1 by plotting the
ratio of the BHHM instanton action to the pure HM instanton action, B/ By, as a function
of the seed black hole mass, Mr/My. Here, By denotes the pure HM instanton without
seed or remnant black holes, which only depends on the scale parameters of the initial and

final states. The blue solid lines represent different remnant black hole masses, ranging
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from 0.2My to My in increments of 0.2M from lower to higher, while the cyan line on
the bottom represents a transition with no remnant black hole. The black line shows the
lowest mass when a black hole horizon can exist. As with the Einstein case, the BHHM
action increases with the remnant mass, indicating larger remnant black holes slow down
the transition. Two vertical dashed lines denote the lower and upper bounds of the seed
mass for a black hole, which are constrained by mass gap and Nariai limits respectively.
The red curve shows the limiting constraint of the cosmological area conjecture. In all

cases, the Nariai limit is an upper bound on the seed mass.

T T T T T T T T T

2.5/

i

‘I.Oﬁ."

0.5/

0.0 0.2 0.4 0.6 0.8 1.0
MeIMy

Fig. 5.1 The ratios of tunnelling components B/Bpys change with the seed black hole
mass in 5D spacetime, Mr/My, for fixed values of {r =5, {7 =4.5, and @ = 0.2 where
the relative mass gap is M¢ =~ 0.06My. The blue solid lines represent remnant black
hole masses ranging from lower to higher as “0.2My, 0.4My, 0.6My, 0.8My, My",
respectively; while the black solid line represents a remnant critical mass M,,;. The
vertical dashed lines indicate the lower and upper bounds of the seed black hole mass. The
red curve corresponds to the cosmological equal area limit. The cyan line represents a
transition to a final de Sitter state without a remnant black hole, while the dots on the left
axis show the transitions from pure de Sitter to remnant masses. The dashed lines on the
left part of the graph, and the inset, represent a seed mass below the mass gap.

On the left hand side of Fig. 5.1, the dashed lines indicate the region where the seed

mass is smaller than M,.,;;, hence there is no black hole horizon. There is still a mass at
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the origin however, and the cosmological horizon area is reduced as a result of the seed
mass parameter, and linearly approaches the pure de Sitter area as M — 0. Note that as M
increases from M_,;;, there is a small uptick in the action, reflected in the detail of the inset.
This is due to the dependence of the entropies on AM = M — M,;;. The black hole horizon
entropy S py « VAM, whereas S cH ~ S ps —O(AM), thus the overall entropy of the seed
actually (temporarily) increases as a result of adding mass to the system. Meanwhile, at the
lower part of the plot along the red equal area line, the same phenomenon occurs, only this
time causing a small downtick as the action of the remnant increases as the mass creeps

above M, ;.

e 6D HM

Following the same procedure, Fig. 5.2 displays the ratio B/ By as a function of seed
black hole mass, M, for different remnant black hole masses, M7, in 6D. Unlike in 5D
there is no mass gap, and only the Nariai limit sets an upper bound on the size of black
holes. As before, the cosmological area conjecture gives a cut-off on the allowed parameter
space.

In Fig. 5.2, we see a plot qualitatively the same as for the Einstein BHHM transitions:
the action decreases as the seed mass increases, with the jump to a pure de Sitter spacetime
at the top of the potential shown in cyan. The cosmological area conjecture provides a
cutoff at larger seed masses, shown in red, where the transition now leaves a remnant
black hole. The generic BHHM transition with both seed and remnant is shown in blue,
where the remnant mass along a blue line is constant. The solid dots at the left depict
the transition from pure de Sitter spacetime to a spacetime with a remnant black hole,

especially, the cyan dot is the original HM transition.

5.4 Higher dimensions

In higher dimensions, the GB parameter will modify the wall trajectory, as well as the
action, so in order to extract the impact of the GB correction, we will explore how the
critical static bubble is impacted by the GB term. The critical static bubble is the instanton

with the lowest action for a given wall tension o . It connects the modified CDL branch,
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Fig. 5.2 The ratios of tunnelling exponents B/Byys as a function of seed mass in 6D
spacetime, M /My, shown for parameter values {F = 5,{7 = 4.5 and @ = 0.2. The dashed
vertical line marks the Nariai limit for the seed mass. Blue solid lines represent different
remnant black hole masses, ranging from 0.1 My to 0.7 My with steps of 0.1 My from lower
to higher. The red curve gives the equal horizon area constraint. The cyan line represents a
transition from a seed black hole to pure de Sitter spacetime. The dots represent a transition
from pure de Sitter spacetime to a spacetime with a remnant black hole.

which represents the preferred instanton at very low seed masses where the interior of the
bubble has no black hole to the static branch, where there is both a seed and remnant black
hole; the critical instanton is, therefore, static, but has no remnant, and the seed mass is
fully determined by the vacuum energies and wall tension.

For simplicity, we will explore tunnelling from a positive vacuum energy with seed
black hole to the Minkowski vacuum. Therefore, Au = 4 = 2f1, and AA = A, = 2A. Thus,

a =1, and the parameters in (5.24) simplify to

e (1 -4a5?)

=2C 5.53
25yP 2 59

B=
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thus the static instanton constraints read

A (2
1:(1§+ AC )
RD—Z

. (5.54)
. C C
0:2(R+A )(1—(D—2)A )
RD-2 RD-1
identical in form to the Einstein case. These are solved by
. (D-2)P2 . (D-2)
C=——F— R= 5.55
(D-1)P-1 (D-1) 6%
hence
45 yD—2 (D - 2)D—2
HMcrit = L (556)

(1-4aa?)(D-1)P-1
from which one can see that the critical instanton seed mass increases with @ by expanding

the expressions for the effective parameters 7, 7y,:

6 cri 8
Z rit _ 5@&2[1 +(D-2)(1-25y0)] (5.57)
0

where the subscript ‘0’ indicates the values of the various functions at @ = 0, and yg is the

critical mass at @ = 0O:
(45 te)P~1eD3 (p - 2)P-2

T (1+4522)P2 (D )P

1o (5.58)

However, the instanton action is determined by the entropy of the seed mass, which
in turn is determined by the horizon radius, which actually decreases as @ is switched on.
Thus the actual incremental change in the action is a combination of these effects, and
further complicated by the nature of the polynomial determining the horizon in the various
dimensions. Computing the incremental change in the horizon radius and critical mass, we

arrive at an expression for the entropy shift at small @ < /1(2)/ (D=3,

6S  (D-2)a(2roff(ro)  8upa? )
= 1+(D=-2)(1-25yp)] - 1 5.59
S0 Rfaro| D=4 3r(1)3—5[ +(D =21 -25y0)] (5.59)

The shift in entropy is proportional to & as expected; the other key dependence is on

€y, which in turn feeds into pg. As discussed in [80], 26y < 1, hence the critical mass
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becomes very strongly damped for low &-¢ at large D, hence the range of @ for which (5.59)

is relevant becomes small. This is reflected in the range for &5(2) in Fig. 5.3 and Fig. 5.4
Exploring the entropy change (5.59) for various D shows that the shift in entropy with

@ is positive. Thus, the GB term lowers the tunnelling amplitude for positive . The picture

for 5D is more nuanced however. In 5D, the horizon radius can be simply found as

— 1/2
+ M) (5.60)

0

Clearly, rj;, = 0 as u — @, i.e. at finite values of u.,;; hence &, and there is no horizon for
u < &. This corresponds to the interesting “mass gap” in the SDGB black hole, as we
introduced before. Spacetimes with u < @, i.e. mass below 3ra /4G, do not have a horizon
but instead have a solid angle deficit as r — 0. This makes 5D crucially different from
higher dimensions, in that while the entropy of the seed does initially increase with &,
for low ¢y we see that the entropy function (calculated exactly, rather than using (5.59))
turns over and decreases, eventually dropping to zero as this mass limit is hit. We therefore
expect that the semi-classical approximation should not be valid for small seed black holes.

In Fig. 5.3 and Fig. 5.4, we show the variation in entropy of the seed black hole (which
directly translates into the instanton action) as & is switched on for both 5 and 6 dimensions.
Although the generic picture is that the entropy increases as & increases, the one exception
is for D =5 and smaller . As discussed above, caution should be used in pushing to too

low 7.

5.5 Four dimensions

Having derived results for vacuum decay with higher derivative gravity in general dimen-
sions, we now restrict to D = 4 to explore whether there is an impact from the modification
of the action — we have already confirmed that the bubble solutions are identical to Einstein
gravity as expected in Sec. 5.2, therefore it only remains to compute the effect of the GB

term on the action.
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Fig. 5.3 The shift in entropy of the critical instanton in 5D as a function of &/¢> for the
given bubble wall tensions indicated, o = 0.1,0.125,0.15,0.175, respectively.
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Fig. 5.4 The shift in entropy of the critical instanton in 6D as a function of &/¢? for the
given bubble wall tensions indicated, o = 0.1,0.125,0.15,0.175, respectively.

5.5.1 Bubble nucleated vacuum transitions

Recall that the general instanton is (Euclidean) time-dependent and has both seed and

remnant black holes with action given by (5.45) and the equation of motion:

Rzzl—(&2+§ <AA)2)R2_2_G(— AMAA) (GAMY

+ —
3 144572 R 2452 452R4
(5.61)

AM \?
:fi_(wiR'i'ﬁ) =F(R)
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where

AA
W+ = m Fo (562)

and f. = 1-2M./r— A.r*/3 is the Schwarzschild potential.
First, note that it is not possible to nucleate a bubble with a remnant black hole unless

there is a seed. To see this, note that (5.61) implies that

%
(e)

AM

T+ = W R+ 5.63
fiti = wy 2GR ( )
If we have no black hole seed, then f. =1— Air? /3, and AM = —M_. The equation of
motion, R? = F(R), must have two zeros of F(R) (unless the solution is static, F(R) = 0).

However,

F'(R) = f = 2(wsR+ 2 ) (w, - 2 ) = 28R _o(f,7,) (ws +255) <0 (5.64)

hence F(R) is a monotonically decreasing function of R and cannot have two zeros. We
therefore conclude that vacuum decay by bubble nucleation either is a CDL bubble, or is
seeded decay with an initial seed black hole, which will nucleate a bubble that may, or may
not, have a remnant black hole.

Turning to the computation of the action for the bubble, there are two parts: the
difference in black hole entropies, and the contribution from the bubble wall, which is not
obviously vanishing. Dealing with this latter term, the o dependent part of the contribution

) - _
18 Lyalle = I(W,a - I(W’a, where

I:T’Ma:%yfd/l[( f+ )(1 - 2RRK] (5.65)

Here, Ko, were defined in (5.39), and for the wall trajectory (5.61) are

AM

AM
() _

K =w -
o 26R3

+ 0’R3 ) K(i) :(Ui‘i'

( (5.66)
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we therefore see that the « contribution to the wall action is:

=+ 20’ + f+T+
Ly, = e fd/l (Ka——)(l f)— 2RRK]
2a [ KiR*-RRKY | .
== |4 0 = L _KZR®-RRK?® (5.67)
_2a 12 d R AM d(RR
¢ [ B (0R AM | ARR) AM g2 i)
| fedA\ R 26RR? a1 25 R3

But now we note that the middle term vanishes due to the periodicity of R, the final term is
the same on each side of the wall which will therefore cancel. Turning to the first term,

this can be rewritten using the equation of motion for the wall:

+R AM +_R2 . . +
weR | AM N R ey ([ -1 (5.68)
R 20RR2 R R

thus the first part of the integral in (5.67) becomes:

e N [fe _
fmgn(R)fTE( ——l)d/l—fmgn(R)arctan( 3 1]0,’/1 (5.69)

due to the periodicity of the solution R(1), the arctan function is symmetric around the

turning points of the solution, whereas R changes sign, thus this integral vanishes and there
is no a dependent contribution from the wall.

Examining the contribution of the entropies to the action reveals the presence of an
a—dependent, but constant, contribution from each black hole horizon in (5.45). The

entropy term, S g is

2
4
San =22 (1422, (5.70)
G\ 2

From the perspective of black hole thermodynamics, this constant shift is irrelevant [184],
but for our action, it is potentially important. If we have both a seed and remnant black
hole, these constant terms will cancel, but if we have a seed black hole that is wiped out by
bubble nucleation, then there will be a residual « term in action.

We therefore arrive at the result that the bubble action in 4D is identical to the Einstein

action if there is either both a seed and remnant black hole or neither a seed nor remnant
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black hole. However, if we have a seed black hole and no remnant, then the GB term leaves

an imprint on the action:
2

nr dra
Ig Nk = ?++?+Iwall (5.71)

Thus, for bubble nucleated decay, the GB term either has no impact or actually sup-
presses tunnelling (/g is increased for positive @), in the case that the decay removes the
black hole altogether. This is perhaps not surprising, once one considers the fact that the
GB term is a topological invariant in 4D, thus it should only impact on topology changing

transitions. Perhaps more surprising is that the GB term inhibits topology changing decay.

5.5.2 Hawking-Moss Tunnelling

Armed with the results of the previous subsection, we can now easily deduce how the
GB term impacts 4D HM transitions. If there is no topology change, there is no change
in the action: i.e. for the pure HM instanton and for a transition with a seed black hole
to a remnant black hole geometry, which corresponds to the (red) Cosmological Area
Principle boundary. However, for the HM transitions that jump from a Schwarzschild de
Sitter (SAS) spacetime to a pure de Sitter spacetime, there is an @—dependent contribution
that suppresses this topology changing transition. We have the bizarre situation that the
universe preferentially jumps to an SdS solution with a vanishingly small mass — this will
have the same topology as the initial SdS state, but the tiny black hole will presumably
instantaneously evaporate leaving effectively pure de Sitter at the top of the potential.
Whether or not such a Planckian sized black hole should be included in a semi-classical
description is a very good question! Finally, unlike the bubble nucleation, it is possible for
a HM transition to occur from pure de Sitter false vacuum to an SdS spacetime at the top
of the potential. For these (topology changing) configurations the action is now lowered
by 61 ~ 4a/G —2nfM relative to the pure HM transition, thus again there is a preferred

transition to a vanishingly small mass black hole universe.
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5.6 Summary

We studied the impact of higher order terms in the gravitational action, focusing on
the Gauss-Bonnet invariant to maintain well-posedness of the equations of motion. We
considered both first order, tunnelling, vacuum decay transitions as well as Hawking-Moss
jumps. For bubble nucleation, we derived the general equations of motion for a bubble,
including the GB term in arbitrary dimension, and found that the general result of [79], that
larger black holes catalysed a static instanton with the action determined by the entropy
difference between the seed and remnant black hole remains true with the GB term, and
in all dimensions. The HM transitions were algebraically easier to explore, with results
qualitatively similar to the Einstein process.

In 4D, the fact that the GB term is a topological invariant means that it will not impact
on instantons that have both seed and remnant black holes, however, when there is a
transition from a seed black hole with no remnant, the GB term suppresses the transition
(for positive @). For a situation with no seed black hole, only the HM transition can
result in a geometry with a remnant black hole, and here the GB term enhances the decay,
although the lack of continuity of the action as a function of black hole mass means that an
arbitrarily small mass black hole would have the lowest action, likely taking the spacetime
outside of the semi-classical regime. The special case of 5D, with its mass gap for a > 0,
led to some interesting additional features in the transition amplitudes, and this case may
merit further examination.

In general, what we have learned is that Lovelock terms appear to give a very similar
picture to the black hole catalysed decay as the Einstein case, albeit with greatly more

convoluted algebra!



Chapter 6

Scattering by dirty black holes

The other work in this thesis explores the quantum effects of black holes from a different
aspect, specifically the scattering and absorption of black holes. In essence, black holes can
act like media that affect the scattering of waves with a non-constant index of refraction, in
which the curvature of spacetime not only changes the boundary conditions but also enters
the equations describing the propagation of the various wave fields. We are interested in
the scattering problems involving dirty black holes in this chapter. We use natural units
(c =G =h=1) in this chapter.

This chapter is based on the article Regge pole description of scattering by dirty black
holes published in Physical Review D [185], in collaboration with Theo Torres, Mohamed
Ould El Hadj and Ruth Gregory.

6.1 Introduction

The absorption/scattering problem in geometric optics is a very appealing natural phe-
nomenon. Sunlight is reflected and refracted by water droplets, creating rainbows and
glories! in the sky at a particular angle. Physically, it is a complex phenomenon involv-
ing various aspects of scattering. Similar phenomena have been observed in numerous

physical systems, such as atoms, molecules, and nuclei. In addition, physicists and cosmol-

'Rainbow and glory are optical phenomena caused by the interaction of light with water droplets.
Rainbow arises from the refraction and reflection of light, resulting in a semicircular arc in the sky. Glory
occurs when light is scattered nearly in the backward direction, resembling a concentric rainbow halo around
the shadow of the observer’s head.

96
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ogists have a broad interest in investigating its counterpart with massive objects. Among
these massive objects, a particular interest was put on the absorption and scattering of
planar waves that impinge upon black holes in vacuum [186]. The topic has become
more popular in recent years as it shares features with phenomenological observations,
like the scattering of light by black holes that may form a shadow, that resulted in the
first pictures of black holes [13]. The absorption/scattering problem has been extensively
investigated in many black hole scenarios, such as isolated Schwarzschild [187, 188],
Reissner-Nordstrom [189, 190], and Kerr black holes [191]. We extend the study to black
holes with surrounding matter, known as a dirty black hole, as introduced in Chapter 2.4.2.

Studies of black holes surrounded by matter have focused on two directions: 1) the
environmental impact on the inspirals of compact objects [52, 192, 193] and ii) the
ringdown emission [194-196]. The consensus on the latter was that while the resonance
spectrum of black holes surrounded with extra structures could be widely different from
that of isolated black holes, the modifications were somehow irrelevant for practical
considerations and could not be seen. Interestingly, this conclusion is being revisited with
the recent identification and characterisation of the so-called quasinormal mode (QNM)
spectral instability [197, 198].

In the present study, we consider the particular simple model where a DBH is sur-
rounded by a spherical thin-shell. Surprisingly and despite the many prospects offered
by gravitational wave astronomy, the QNM of DBHs has received very limited attention.
Generic properties of the QNM spectrum were discussed in [199, 200] and the concrete
case of a DBH was considered by Leung et al. [201, 202]. In their study, Leung et al.
adopted a perturbative approach which allowed for an analytical investigation but restricted
their conclusion to DBH spacetimes where the shell had a limited impact. Similar DBH
configurations (that is, with the shell having a limited impact on the scattering) were
investigated recently and the impact of the shell on both the absorption and scattering cross
section were computed [203, 204].

These recent studies, as well as the need for concrete resonance calculations beyond
the perturbative regime are the main motivations for this study. There are two main goals

of this paper: First, to investigate wave scattering by DBHs beyond the perturbative cases
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found in the literature. We therefore consider physical DBH configurations where the
shell has a substantial effect on the scattering of waves, leaving an imprint on measurable
quantities. Second, to compute the spectrum of resonances of DBHs from the Regge pole
(RP) paradigm. RPs and the associated complex angular momentum (CAM) technique
are the counterparts to QNMs. While QNMs have a real angular momentum and a
complex frequency, the RPs have a real frequency and a complex angular momentum. This
paradigm allows for a different interpretation of resonances in a system. The RP and CAM
approaches have shed new light on many different domains of physics involving resonant
scattering theory, notably in quantum mechanics, electromagnetism, optics, nuclear physics,
seismology and high-energy physics (see, for example, [205-216] and references therein),
and have been successfully extended to black hole physics [217-223]. As an illustration of
the power of the CAM approach, we note that it provides a unifying framework describing

the glory and orbiting effects of black hole scattering [222, 223].

6.2 Dirty Black Hole spacetime

We review the derivation of the DBH spacetime and show that the static configurations are
fully characterized by the mass of the thin shell and its equation of state in this section.
We first briefly review the Israel formalism [68] applied to our case where there are two

distinct Schwarzschild geometries:

2
ds? = fund - _ 2402 6.1)

fe(r)

where dQ? = d6* + sin® 9d¢2 is the line element on a unit sphere, f.(r) =1-2M./r is
the Schwarzschild potential for each side of the shell, and we have already applied the
knowledge that the shell is at a given radius r = Ry(7), which implies that the angular and
radial coordinates are the same on each side. At this point, we are not assuming the wall is
static, hence there is a different local time coordinate on each side of the shell, which has,
in general, a time dependent trajectory given by (7.(7), Ry(7)) with 7 the proper time on the

shell: fuf2 —R2/fy=1.
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The Israel junction conditions are
AK,, — AKhy, = 81S 4p = Eugup — P (hgp — ugup) (6.2)

where hg, = gap +ngnp is the induced metric on the shell (with n§ = (R,,1) an outward
pointing unit normal on each side of the shell), AK,, = K, — K is the jump in extrinsic
curvature across the shell, and S, = f_ " T,y is the energy momentum of the wall, here
assumed to take a perfect fluid form.

Inputting the form of the geometry into the Israel equations results in two independent

“cosmological” equations

My +M)  (M,—M.)

R>+1=(4nE)YR?> + ,
* (rEyRS Ry (87E)2R*

A (6.3)
E+21Tsx(E+P) =0.

N

A static shell requires both R, and R to be zero, which places constraints between
the values of the mass and shell energy-momentum. As is conventional, we assume an

equation of state for the shell

L0

P=wE, = E = W (64)
S
which then gives
_Aw(L+2w)Ry — (1 +4w)’ M.
T FeRo)(1 +4w)? ’ 65
) _ AR QwRs = (1 +4w)M.)? '
Fo F(R)(1+4w)?

For a given equation of state, the minimum value of Ry is when the shell has vanishing

energy (and M, = M_ trivially)

1 +4w
Rs,min = gM% (6.6)
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Infinity

Fig. 6.1 Schematic diagram of a black hole surrounded by a thin shell (the thickness of the
shell is ignored) located at r = R;.

As Rj; increases, the shell gradually contributes more mass to the spacetime, leading to
a larger disparity between M, and M_. (If R; < R nin, M+ < M_, and the energy of the
shell is negative.)

An important feature of a black hole spacetime of relevance to QNM’s and RP’s is
the light ring, or the unstable null circular geodesic orbit at » = 3M. We now see three
different possibilities for the shell location depending on where it is situated with respect
to the light-rings of the interior and exterior Schwarzschild masses (3M..).

(1) Ry <3M_: If w> 1/2, i.e. the equation of state is stiffer than radiation, then (6.6)
shows that it is possible for the shell to lie ‘inside’ the light-ring of the black hole. Since
the local Schwarzschild mass is M. outside the shell, this means that the 3M_ light-ring
no longer exists, and the spacetime will have only one light-ring at r = 3M.,.. Conversely,
if w < 1/2, then (6.6) shows that the shell can never lie inside the inner light-ring.

(1) 3M_ < Ry <3M,: This configuration, where the shell lies between the light-rings,
is possible for equations of state with w € (@, 1], and the spacetime will have both
light-rings present.

(i11) Ry > 3M.: If the shell lies outside the light-ring of the exterior geometry, then
again there is only one light-ring in the spacetime, although it is now inside the shell

at 3M_. Demanding positivity of Ry —3M, for Ry > Rj i, shows that this requires the

equation of state parameter w < 1/2.
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Having derived all the possible configurations of the shell, we conclude this section by
altering our notation slightly to align with that of Macedo et al. [203], in which a global

coordinate system (z,r,6, ¢) is used:

ds® = A(r)dt> — B(r)"'dr? — r*dQ>. (6.7)

Note, we did not begin with this global system as it is not possible to define a global
time coordinate unless the shell is static, and we wanted to derive all possible consistent
static configurations commensurate with physical equations of state. Replacing M_ = My,

and M, = M, these metric functions are:

a(l =2My,/r), r <R
A(r) =
1-2My /7, r> R,
(6.8)
1-2My,/r, r<Rg
B(r) =
1-2Ms/r, r>R;,

where « is inserted to ensure the induced metric on the shell is well defined from each side

R, —2M,,

_ N Mo 6.
Y= R, —2M,, 6.9

and B contains a jump at the shell to represent the discontinuity in the extrinsic curvature.

A cartoon of the spacetime geometry is given in Fig. 6.1.

6.3 Geodesic motion on a dirty black hole spacetime

DBH spacetimes can exhibit critical effects of geometrical optics. We will see later
that this rich geodesic structure can be used to understand features in the scattering of
waves. The important notion emerging from the geodesic motion relevant to the study of
resonances is the light-ring or photon sphere. It corresponds to a local maximum and an
unstable equilibrium point of the effective geodesic potential and offers an intuitive link to

QNMs [224]. It is, therefore, natural to ask about the structure of the light-rings in DBH
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spacetimes. We note that the link between QNMs and light-rings is however not exact
[225] and a simple geodesic analysis is not always sufficient to characterise the resonances
of a system, as we will see later.

Geodesic motion on static DBH spacetimes has been studied in, e.g., [203], hence
we simply note the key steps of the calculation. The Lagrangian of a stream of particles

propagating along null geodesics in DBH spacetime is

_l _ 2 L.z 242\ _
L—z( AP+ g 417 )_o (6.10)

in which the overdot indicates a derivative with respect to the affine parameter of the curve.
By a judicious choice of affine parameter, the equation of motion of a null geodesic takes
the form

f2+B(r)(L—2—L) =i?+ Uy(r) =0 (6.11)

r2 A(r)

where without loss of generality, the geodesic is taken to lie in the equatorial plane, A and B
were given in (6.8), and L = .L/0¢ = r>¢ is a conserved (not necessarily integer) quantity
along the geodesic related to the angular momentum (the affine parameter is chosen so that
E=-0L]0ft=Af=1).

The discontinuity of B across the shell means this potential is also discontinuous,
however the interpretation of the level of the potential as a “kinetic” energy remains, and
we can use the graph of U.(r) to not only interpret geodesic motion, but also to infer
more general scattering phenomena. The main feature of the potential, resulting from the
discontinuity, is the possible existence of two local maxima.

A further interesting feature of these geometries is the possibility of geodesics that
remain trapped between the light-rings. While these obviously will not be visible from far
away, we might expect the existence of these resonant trajectories to correspond to some
imprint in the scattering cross sections. Indeed, even for the case of a single light-ring,
when that is located inside the shell, we see the sharp discontinuity in the potential at the

shell location gives rise to a sharp “dip” in the potential (see Fig. 6.2). While this dip

results in a change of direction for the light ray, it does not ‘trap’ the (classical) geodesic,
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Fig. 6.2 Illustration of the geodesic potential for the two configurations of DBH studied
later on with M = 1.5Mgy and Rg = 4Mpy (blue curve) or Ry = SMgy (red curve). In the
latter case, the shell is located outside of the outer light-ring (OLR) and therefore only
exhibits a single light-ring structure. The former has the shell between the OLR and inner
light-ring (ILR) and exhibits the two light-rings structure. (Features of the potential have
been exaggerated to better illustrate the structure.)

however a quantum mechanical system would display an effect. The scattering of scalar
waves of the dirty black hole might therefore be expected to detect this dip.

As we will see in section 6.5, the properties of the local maxima of the geodesic
potential can be seen in the resonance spectrum leading to two separated branches. We
also identify a third branch related precisely to the dip referred to above - indicative of
quasibound states trapped between the light-ring and the shell.

Before turning our attention to the spectrum of resonances of DBH, we first anticipate
the effects expected to be present in the scattering based on the geodesic structure presented
above. The link between geodesic motion and scattering effect is best seen through the

deflection angle which we now discuss.

6.3.1 Deflection angle and classical scattering

The deflection angle is an important geometrical quantity that allows us to analyze in the
classical limit the differential scattering cross section. In the case of DBH, the classical

scattering cross section for null geodesics can be defined as [15] (see also [226])
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Fig. 6.3 Illustration of the various critical effects in a dirty black hole spacetime. Here we
have chosen the configuration where the shell lies outside the light-ring of the exterior
geometry, i.e., R = SMpy and M, = 1.5Mpy. In all pictures, the black disc represents
the inner black hole with mass Mpy, the dashed green circle represents the location of
the shell at r = Rg and the dashed black circle depicts the inner light-ring at » = 3Mpy. a)
The picture depicts glory scattering. In this case, the defection angle function ®(b) passes
smoothly through 7, i.e., geodesics are scattered in the backward direction. b) The picture
illustrates rainbow scattering. In this case, a congruence of geodesics centred around the
rainbow impact parameter b = b, is presented (solid red curves). The rainbow ray (black
solid curve) defines an extremal angle, called the rainbow angle, beyond which rays cannot
be deflected locally. c¢) The picture depicts the orbiting phenomenon. In this case, the
deflection angle is divergent for a critical impact parameter b = b, and a particle orbits
indefinitely at r = 3Mgy around the light-ring. d) The picture represents grazing rays. A
congruence of rays centred around the grazing impact parameter b = bg, is shown (solid
red curves). The grazing ray (solid black curve) sets the boundary of the so-called edge
region.
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do b 1

10 sin(0) 1d0e®)| 6.12
dQ sin(@)'d@)ie;(b)‘ (6.12)
and the geodesic deflection angle is given by
-1/2
o 1-Awb2u?]
Ogeo(b) =2 du| B(u)————5— -7, 6.13
eo() fo u[ =y N 613

where u = 1/r and ug = 1/rg with ry being a turning point.
In (6.12) and (6.13), the geodesic deflection angle is related to the scattering angle 6
by
Q) +2nmr = +6 (6.14)

with n € N such that 8 remains in “its interval of definition”, i.e. [0,7] and b is the impact
parameter of the scattered null geodesic.

There are four main scattering effects, each associated with a specific property of the
deflection angle that we briefly review for the reader before qualitatively describing the
scattering of waves in DBH spacetimes. They can be cast into two classes: the divergent

class or the interference class.

The divergent class: glories and rainbows

- The glory: If the deflection function passes smoothly through O or 7, i.e. if geodesics
are scattered in the forward or backward direction, then the semi-classical cross section
contributions from these geodesics will diverge. Expanding the deflection function around
the glory point to linear order, one can cure this singularity and obtain a semi-classical
expression for the glory in terms of Bessel functions [227]. The typical behaviour associ-
ated with the glory is therefore an increase of the scattering amplitude in the forward or
backward direction. The glory effect is well known in black hole physics and also appears
in these DBH spacetimes. Fig. 6.3 a) shows one backscattered ray contributing to the glory
effect in the case of a DBH studied in the following.

- Rainbow scattering: From (6.12), we can see that do-/d€2 can diverge for 6 # 0 or &

if d®g,/db = 0. An impact parameter b,, for which the deflection function is stationary
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defines an extremal angle, called the rainbow angle 8,. For b ~ b,, no rays can be deflected
beyond 6,. This will result in interferences on one side of the rainbow angle (known as the
illuminated side) and to exponential decay on the other (known as the dark side). Similarly
to the glory, one can expand the deflection function to second order in the vicinity of the
rainbow point to obtain a semi-classical description built on the Airy function. The typical
behaviour of rainbow scattering is an enhanced amplitude near the rainbow angle with
oscillations on one side of the rainbow and exponential decay on the other side. This effect
was shown to appear in astrophysical settings [228] as well as in gravitational analogues

[229]. Fig. 6.3 b) shows rainbow rays in the case of a DBH studied in the following.

The interference class: orbiting and grazing

- Orbiting: Orbiting belongs to the interference class of critical effects and is associated
with a critical impact parameter b, for which the deflection angle diverges lim;,_,j, ©g,, = c0.
This implies that geodesics with an impact parameter close to b, can be deflected with
arbitrary angles. In other words, they orbit around the scatterer. This divergence also
implies that there will be infinitely many geodesics deflected at any angles, causing
interference at arbitrary angles. Orbiting is well known in black hole physics and is
associated with the existence of the light-ring previously mentioned [230]. Fig. 6.3¢)
shows the orbiting of geodesics in a DBH spacetime. Since orbiting allows geodesics to
be deflected to arbitrary angles, it is naturally linked to the glory effect. Indeed it was
shown, using the CAM approach, that the two effects can be incorporated in a unified
semi-classical formula built around the properties of surface waves propagating on the
light-ring [223].

- Grazing: Grazing is another critical effect belonging to the interference class. Grazing
(also known as edge effects) appears when the scatterer exhibits a discontinuity [231, 232].
The discontinuity of the scatterer will lead to a singular point in the deflection function
which defines an extremal angle beyond which rays cannot be deflected. This is similar to
the rainbow effect with the main difference being the fact that the deflection function is

not stationary at the grazing angle. Therefore, grazing will lead to interferences but does
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Fig. 6.4 Deflection angle as a function of the impact parameter obtained from (6.13).
Here we assume M, = 1.5Mpg, and the shell position Ry = 4Mpy. The deflection angle
diverges at both critical parameters b, = 3 V3Mgy/ Va and by, =3 V3M.,, associated
with a light-ring at r,_ = 3Mpy and r,, = 3M, respectively. There is also a stationary point
in the deflection angle, i.e. ®'geo(b,) = 0, leading to the rainbow effect.

not necessarily imply an increase in the scattering amplitude as was the case in rainbow

scattering. Fig. 6.3 d) shows grazing rays in a DBH spacetime studied in the following.

6.3.2 Critical effects in DBH spacetimes

Equipped with the terminology and intuition from the semi-classical description of critical
effects, we now turn our attention to scattering in DBH spacetimes.

As we noted in the previous section, there are three main geometric cases classified by
the location of the shell relative to the light-ring radii of the inner and outer masses.
Case 1: Rs < 3Mpy. In this case, the shell is located inside the inner light-ring and
therefore cannot be probed by geodesics escaping to infinity. From the point of view of
geodesics, this case is therefore similar to the one of an isolated black hole.

Case 2: 3Mpy < Rs < 3M.. If the shell lies between the light-rings, then there is the
possibility for geodesics to probe each light-ring separately. Each light-ring is associated
with a divergence of the deflection angle, leading to orbiting. In the case where both
light-rings are accessible to geodesics, we expect two such divergences to be present,
associated with orbiting around the inner and outer light-rings. Hence we further anticipate

that there exists a value of by < b < by, such that the deflection angle is extremal. This
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Fig. 6.5 Deflection angle as a function of the impact parameter obtained from (6.13). Here
we assume Mo, = 1.5Mpy, and the shell position Ry = SMpy. The deflection angle diverges
at a critical parameter by =3 V3Mpy/ va associated with a light-ring at r,_ = 3Mgy.

There is also a stationary point in the deflection angle, i.e. G):geo(b,) = 0, leading to the

rainbow effect. A local maximum occurring at b = bg_ = \/Rg /(Rs —2M) is also present,

leading to grazing. A congruence of geodesics in this specific DBH configuration is
represented in Fig. 6.6.

implies the presence of a fold caustic and leads to rainbow scattering [15]. The deflection
angle revealing these critical effects is represented in Fig. 6.4 for the configuration where
the shell is located between the two light-rings. In this configuration, and for the choice of
parameters Ry = 4Mpy and M, = 1.5Mpy, the rainbow angle 6, ~ 35.8° and is associated
with the impact parameter b,. The presence of rainbow scattering in DBH spacetimes
was noted in [204] but its characteristic amplification was not clearly observed in their
simulation due to the specific choice of DBH configurations.

Case 3: Ry > 3M,. If the shell lies outside 3M,, a single light-ring is present in
the geometry, which is now located inside the shell. In this case, the orbiting effect is
qualitatively the same as for an isolated black hole and is associated with the critical
impact parameter b = 3 V3Mgy/ va. In this configuration, a second local maximum of
the potential is present. Contrary to the previous case, this maximum is not associated
with the second light-ring but rather to the presence of the shell (see Fig. 6.2). Since this
second local maximum is not an (unstable) equilibrium point, it will not be associated

with a divergence of the deflection angle but rather with a singular point (i.e. the deflection
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X/Mpn

Fig. 6.6 Null geodesics scattered by a DBH. In this case, we assume M, = 1.5Mpy and
Ry = 5Mpy and the incident geodesics are equally spaced. The impact parameter varies
between 0.95b, < b < 1.35b, with a fixed step size Ab = 0.04b.. The red solid line is
the rainbow ray and has an impact parameter (b = b, = 1.1677b.) and, we can see a high
concentration of rays in this direction leading to the characteristic amplification of the
rainbow effect. The olive curve represents the grazing ray.

function is not differentiable). It is important to note that the singular point occurring

ath =bg, = \/Rg /(Rs —2M,) is a local maximum of the deflection angle, but does not
satisfy the condition d®g,,/db = 0, which implies that it is not associated to rainbow
scattering as stated in [204]. Instead, this singular point will lead to grazing as discussed
previously. Similar to the previous case, there is an impact parameter associated to rainbow
scattering between the orbiting impact parameter and the grazing one. In this configuration,
and for the choice of parameters Ry = SMpy and M., = 1.5Mpy, the rainbow angle
0, ~ 157.8°. Fig. 6.5 depicts the deflection function of such a configuration and Fig. 6.6
depicts a congruence of geodesics in this DBH set-up. The red and dark green rays in Fig.
6.6 represent the rainbow and grazing ray respectively and are both associated with an
extremal angle. Note the qualitative difference between the rainbow and grazing ray which

resides in the concentration of geodesics around each critical trajectory.



6.4. WAVES ON A DIRTY BLACK HOLE SPACETIME 110

6.4 Waves on a dirty black hole spacetime

We consider a scalar field, ®(x), propagating on the DBH spacetime, governed by the

Klein-Gordon equation

1
o0 = ——0d,( V—-g¢"0,®)=0 (6.15)
Lo, (vza,0)
where g*” is the inverse metric and g is the metric determinant. Performing a standard

separation of variables,

1 .
® = > bur() Ym0 )™ (6.16)

wlm

leads to a radial equation of the form

d2
[d—z +w? - vf(r)] bowr =0, (6.17)

%

where V¢(r) is the effective potential which is given by

(E+1) 2
Ver) = A & ; )+ = (My®(Ry = 1)+ Mo®(r = Ry)|

(6.18)

with ® being the Heaviside step function, and r, denotes the fortoise coordinate defined by

dar. 1
A — (6.19)
dr  +\JA(r)B(r)
ViZ.
— r+MBH1n(L—1) +K Mpu<r<R;,
(01 MBH
r«(r) = (6.20)

F+2Moln| —— — 1 R,
Mo

where the constant « is fixed so that r.(r) is continuous.
In the following, we introduce the modes ¢B€ which are solutions of (6.17) and are

defined by their behaviour at the horizon r = 2My, (i.e., for r, — —o0) and at spatial infinity
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r — +oo (i.e., for r, — +00):

e (ry = —o0),

P () ~

Aé_)(w)e_i“”* +A§,+)(a))e+i“”* (ry = +00).
6.21)

Here, the coefficients Ag,_)(w) and Agfr)(w) appearing in (6.21) are complex amplitudes and

allow us to define the scattering S -matrix elements,

(+)
AP ()

_ it+r
Sew)=-e A(_)(w).
4

(6.22)
It should be noted that, due to the choice of coordinates (keeping r as the areal radius
on both sides of the shell) the transverse metric is discontinuous at the shell meaning that

we have to also place a boundary condition on the eigenfunctions ¢, at the shell [203]:

| VBQR) (Rs6,/(Rs) = $ue(Ry)) |, = [ VBR,) (Rl (Ry) — dur(Ry)) | (6.23)

6.5 Resonances of the dirty black holes

6.5.1 Quasinormal modes and Regge poles

Resonant modes are characteristic solutions of the wave equation, (6.17), satisfying purely
ingoing/outgoing boundary conditions at the horizon/infinity. Their spectrum is the set of
zeros of the scattering matrix S ¢(w) (6.22), i.e., a simple pole of Ai,_)(w). It can be seen
as a set of frequencies wy, in the complex-w plane at which the scattering matrix S /(w)
has a simple pole for £ € N and wyg, € C (the so-called quasinormal mode spectrum), or a
set of angular momenta 4,(w) = €, + 1/2 in the complex-A plane at which the scattering
matrix has a simple pole for w € R and 4,(w) € C (the so-called Regge pole spectrum).
Here n = 1,2,3,... labels the different elements of the spectrum and is referred to as the

overtone number.
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The quasinormal mode spectrum of DBHs has been investigated for configurations
where Mo, — My, < 1 using perturbative techniques [201, 202]. We shall now consider, for

the first time, the Regge poles of generic DBHs.

6.5.2 Numerical method

To compute the QNM/Regge pole spectrum of dirty black holes, we follow the method of
Ould El Hadj et al. [233] who calculated the Regge pole spectrum of scalar and gravitational
waves (in the axial sector) for a gravitating compact body. Their method is an extension of
the original continued fraction method developed originally by Leaver [234, 235].

The method involves writing the solution to the wave equation (6.17) as a power series

around a point b located outside the shell,

¢wz(r)—e’“”*(’)z (1—9) : (6.24)

where the coeflicients a, obey a four-term recurrence relation:

AnAp+1 + Bnan + Ynap-1 +0pa,-2 =0, Vn>2, (6.25)

where
2M
a, =n(n+ 1)(1 - T), (6.26a)
6M
Bn=n [( b Z)n + 2ibw] , (6.26b)
6M 2M
7n:(1— 5 )n(n—l)—T—€(€+1), (6.26¢)
2M,
Op = ( )(n— 1) (6.26d)
The initialisation coefficients, ag and a1, are found directly from (6.24),
ag = e Oy, (b), (6.27)
a1 = be—iwr*(b)( G 2M 2 b)) (6.28)
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In practise, the coefficients ag and a; are found numerically by integrating (6.17) from the
horizon up to r = b > R;.
In order to apply Leaver’s method, we first perform a Gaussian elimination step in

order to reduce the 4-term recurrence relation to a 3-term recurrence relation:

Anps +,énan +¥nan-1 =0, (6.29)

where we have defined the new coefficients for n > 2:

Qy = ap, (6.30a)

A 1)

Bn =PBn— &n_17——, and (6.30b)
Yn—-1

N - On

Yn=Yn—Bun-17—- (6.30¢)
Yn-1

The series expansion (6.24) is convergent outside the shell provided that a,, is a minimal
solution to the recurrence relation and b/2 < Ry < b [236]. The existence of a minimal

solution implies that the following continued fraction holds:

ar _ =71 %201 7342

ao _,31— Br— Ba—

(6.31)

The above relation (or any of its inversions) is the equation, written in the standard form of
continued fractions, we are solving in order to find the RP/QNM spectrum. In practise, we
fix w (equivalently ), and define a function f(£ € C) (equivalently f(w € C)), which gives
the difference between the left-hand side and right-hand side of the condition (6.31). We

then find the zeros of the function f starting from an initial guess.
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An alternative method to the continued fraction expression is to use the Hill determi-

nant [237], where one looks for the zeros of the following determinant

Bo a0 O O 0
Y . a1 O 0
0 v2 P a O
D=|: -~ -~ -~ - . . .|=0 (6.32)
On-1 Yn-1 Pn-1 Qn-1

On Yn ,Bn ay

By assuming D,

Dy, =BuDp—1 = Yn@p-1Dp_2 + 0pan_1ap_2D,_3, (6.33)

to be the determinant of the n X n submatrix of D with the initial conditions

Dy = Bo,
D1 = B1Bo —v1ao, (6.34)

D> = Bo(B1B2 — a1y2) — ap(@162 — y152).

the Regge poles (QNM frequencies) are found by solving numerically the roots 4, (w,) of
D,.
We note that in order to confirm our results, we have used both methods and they give

the same results, up to the numerical precision.

6.5.3 Results: The Regge pole spectrum

In order to check the robustness of our numerical code, we first compute the QNM spectrum
for a configuration of DBH considered by Leung et al. [201, 202], i.e., for Mo, = 1.02My,,
Ry =2,52My,, and assuming My, = 1/2.
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Fig. 6.7 The (¢ = 1,n =1,...,10) quasinormal modes of the scalar field. We assume
2My, = 1.

In Fig. 6.7, we show the QNM spectrum corresponding to the DBH configuration
studied by Leung et al. for (¢ = 1,n=1,...,10). We see that it agrees with Fig. 4 of [202].
The data for quasinormal frequencies wyj, is listed in Table 6.1.

In Figs 6.8, 6.9 and 6.10, we present the numerical results for the Regge pole spectrum
of DBH’s in two configurations: (i) a DBH where the shell is located between the inner and
outer light-rings (3My,; < Ry < 3M,), so that both light-rings are present in the geometry,
and (i1) a DBH where the shell is located outside the outer light-ring (R; > 3M.,), so that
only a single light-ring is present in the geometry, but this is inside the shell. The Regge
poles for each configuration are presented for various frequencies.

Fig. 6.8 shows the Regge pole spectrum for the first configuration with parameters
My = 1.5My, and Ry = 4My, for two different frequencies 2Msw = 3 and 6. For both
frequencies, the Regge pole spectrum exhibits two branches, represented in blue and red.
For low overtones, the two branches merge, with the distinction becoming clear at higher
overtones. Note that the splitting occurs for smaller values of n as one increases the
frequency. We can identify the origin of both branches as coming from the existence of

two light-rings if 3Mpy < Rs < 3M, or from the inner-ring and the shell if Rg > 3M.
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Table 6.1 A sample of the first quasinormal frequencies w¢, of the scalar field. The
radius of the thin shell is Ry = 2.52M;,; and the ADM mass is Mo, = 1.02Mpy. We assume
2Mpy = 1/2.

2M o wypp,

0.586628 —0.190512i
0.538645 —0.601030:
0.478474 —1.064024i
0.435656 — 1.555056i
0.408698 —2.055042i
0.392365 —2.556656i
0.381985 —3.058495i
0.376255 —3.559562i
0.372953 - 4.060316i
0.372266 —4.560224i

—
— 00NNk W~ | 3

)

This can be seen from the low overtone origin of the branches. Indeed for the fundamental
modes, their Regge poles can be estimated from the critical impact parameters b, = by, or
be = by, i.e., Re(1,(w)) ~ wb, [238] with by, = 3V3M, by =3V3M,,/ \a and b, =
\/Rg /(Rs —2M). For example, for the configuration with Mo, = 1.5My,, Rg = SM, and

2Msw = 32, and we find that the real part of the fundamental Regge pole associated with
the inner photon sphere and the shell are approximately 66.88 and 84.33 respectively which
agree remarkably well with the numerical values presented in Table 6.3.

Fig. 6.9 shows the spectrum of the Regge pole also for the first configuration with the
same parameters but for two different high frequencies 2Ms,w = 16 and 32. We can see
that the structure of the spectrum remains the same, however for very high frequencies
(lower panel), we can see the emergence of a new branch (purple triangles) between the
two branches associated with the inner and outer light-rings.

Fig. 6.10 shows the Regge pole spectrum for 2M,w = 16 and 32 and this for the second
configuration (R; > 3M,) with parameters Mo, = 1.5My, and Ry = 5SM,,. The structure
remains the same for both frequencies but the number of poles in the middle branch has
increased with frequency.

The Regge poles fall into three distinct classes. We can see that they are relatively

similar to the Regge pole spectrum studied in the case of compact objects (see [233]).
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Fig. 6.8 The Regge poles A,(w) for the scalar field in a DBH spacetime with parameters
My = 1.5MpH, Rs = 4Mpy and for frequencies 2Msw = 3 (upper panel) and 2Mw = 6
(lower panel). (We take 2M,;,; = 1 to produce these plots). In both panels, the blue circle
and red square branches correspond to the outer and inner surface waves for the DBH
spacetime while the black diamond branch is the one for an isolated black hole of mass

MBH'

Therefore, we will adopt the terminology already introduced by these authors (see, also,

Nussenzveig [239] for the origin of this terminology). We have thus :

1. Broad resonances: poles with a relatively constant imaginary part which is therefore

parallel to the real axis with an approximately uniform spacing. They are sensitive to

the position of the shell and to its internal structure (r < Ry), i.e., its matter content.

2. Inner surface waves: strongly damped modes and their behaviour are also entirely

determined by the geometry of the object. The lowest modes can be associated

with waves propagating on the light-ring r,. = 3My,, i.e., with the impact parameter

b =3V3M,,/ Va.
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Fig. 6.9 The Regge poles A4,(w) for the scalar field in the DBH spacetime with parameters
My = 1.5Mgpy and R = 4Mpy at frequencies 2M . w = 16 (upper panel) and 2M o w = 32
(lower panel). We assume 2My,, = 1. In both panels, the blue circle and red square branches
correspond to the outer and inner surface waves for the DBH spacetime while the black
diamond branch is the one for an isolated black hole. The purple triangles in the lower
panel depict the third branch of broad resonances.

3. Outer surface waves: modes that depend essentially on the geometry of the object.

They are highly damped and the lowest modes can be associated with:

(1) the surface waves propagating on the outer light ring ry, = 3M.,, i.e. with the

impact parameter by, =3 V3M,, for the configuration where the shell is located

between the two light-rings (3Mpg < Ry < 3M,).

(i1) the creeping modes propagating along the shell surface at r = R, with impact

3
parameter bg, = \/&—RWM for the configuration where the shell is outside
3Ms. They are generated by the edge rays (or grazing rays) in the edge region.
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Fig. 6.10 The Regge poles A,(w) for the scalar field in the DBH spacetime with parameters
My = 1.5Mgpy and Ry = SMpy at frequencies 2Mw = 16 (upper panel) and 2M o w = 32
(lower panel). We assume 2My,, = 1. In both panels, the blue circle and red square branches
correspond to the outer (creeping modes) and inner surface waves for the DBH spacetime
while the black diamond branch is the one for an isolated black hole. The purple triangles
depict the third branch of broad resonances. As the frequency increases the surface wave
branches move away and more broad resonances appear in between them.

In Figs 6.8, 6.9 and 6.10 the outer surface waves (surface waves and/or creeping modes),
broad resonances and inner surface waves are shown as red squares, purple triangles, and
blue circles, respectively. The black diamonds represent the Regge poles of the isolated
Schwarzschild black hole of mass Mj,,.

The lowest Regge poles are listed in (i) Table 6.2 for DBH with parameters My, =
1.5M;,, and Ry = 4M,,, and for 2M.w = 3, 6, 16 and 32, and (ii) Table 6.3 for DBH with
parameters Mo, = 1.5My, and Ry = SMy, and for 2M,,w = 16 and 32.
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Table 6.2 The lowest Regge poles 4,(w) for the scalar field. The radius of the thin shell is
R, = 4Mpy and the ADM mass is Mo = 1.5Mpy.

0-S-W)!
A5 W(w)

-S-W)2
A5 Ww)

3
A8 (w)

2Mow R

3 1 7.539449 + 0.223849i 7.095909 + 1.687068i /

2 7.134677 +0.790874i 7.022852 + 3.3708566i /

3 6.956727 +2.438228i 6.980154 + 5.790685i /

4 6.934368 +4.114637i 7.049810+ 7.549115i /

5 7.154584 +5.016518i 7.063185+9.371734i /

6  7.390189+6.5269387i 7.066195 + 11.160583: /

7 7.652774 +7.865429i 7.067851 +12.940759i /

8 8.001365+9.087813i 7.062229 +14.719719i /

9  8.362859+10.289717i 7.051567 +16.502463i /

10 8.715833+11.441810;  7.039533 + 18.290428i /

6 1 15.370841 +0.179585; 14.611707 + 1.414356i /

2 14.548787+0.528288;  14.209917 + 3.071463i /

3 14.255707+1.927388;  13.820181 +4.931434 /

4 14.075994 +3.476095; 13.520911 + 6.640027i /

5  14.169925+4.925956i  13.303758 + 8.406231i /

6 14.352709+6.542016i 13.132015+10.207303i /

7 14.572460+ 8.082838; 12.995979 + 12.028643i /

8 14.832787+9.558134i 12.889802 + 13.859215i /

9 15.124109+10.975998; 12.808015+15.691713i /

10 15437413+ 12.345040; 12.745238 +17.521595i /

16 1 41.670935+0.046352i  39.308955+0.526143i /

2 40.757178 +0.815017;  39.123982 + 0.945890i /

3 39.944801+2.350849; 38.477482 +2.002715i /

4  39.562328 +4.058189;  37.936546 + 3.242729i /

5 39.354113+5.746829;  37.428640+4.601256i /

6  39.253632+7.417623i 36.946769 + 6.047137i /

7  39.231469 +9.068162i 36.487997 +7.562487i /

8 39.269947 +10.696820: 36.051294 +9.134979i /

9 39.357086 +12.302735i 35.636215+10.755451: /

10 39.484150+ 13.885587i 35.242599 +12.416733i /
32 1 83.931483+0.001076i 78.343315+0.569228; 78.717561 + 0.863328i
2 82.718881+0.302994; 77.708251 + 1.655406i 80.826502 + 1.279706i

3 81.765639+1.257533i  77.049161 +2.705208i /

4 80.934661 +2.942484i  76.407917 +3.858777i /

5 80.484718+4.574505i  75.788245 +5.093969i /

6 80.144197+6.211451i  75.189451 + 6.395209: /

7 79.887645+7.854207i  74.609971 +7.751822i /

8  79.697425+9.498636i 74.048266 +9.156061: /

9 79.561618 +11.141534i 73.503036 + 10.602050: /

10 79.471725+12.780560i 72.973244 +12.085172i /

1' 0-S-W : Outer surface waves
2 [-S-W : Inner surface waves
3 B-R : Broad resonances
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Table 6.3 The lowest Regge poles 1,,(w) for the scalar field. The radius of the thin shell is
R, = SMpy and the ADM mass is Mo, = 1.5Mpy.

5

£V

AR w)

2Mow n

16 1  41.860118+1.784810i 33.945579+0.477813i 35.086529 + 1.294345i
2 42.120571+3.964122i 33.695542+1.278693i 37.393437 + 1.734247i
3 42.451238+6.041693; 33.057993 +2.190304i /
4  42.818104 +8.030389; 32.399192 +3.251233; /
5 43.205922+9.949368; 31.759081 + 4.409909i /
6 43.608414+11.811534i 31.143492 +5.647996i /
7 44.022224 +13.625389i 30.554809 + 6.952932i /
8 44.445123+15.396893; 29.994263 + 8.315144i /
9  44.875425+17.130499; 29.462624 +9.726841i /
10 45.311767 +18.829705; 28.960402 + 11.181362i /

32 1 84.123387+2.204783i  67.582661 + 1.284484i 68.724166 + 1.194667i
2 84.576124 +4.572500i 66.893567 +2.072605; 70.375698 + 1.488244
3 85.005575+6.802744i 66.166349+2.972146i 72.419573+1.755117i
4 85428874 +8.940819;/ 65.438785+3.951276i 74.941664 +2.039113i
5 85.849013+11.011312i 64.718695+4.996764i 78.206962 + 2.394064i
6 86.267934+13.029013i 64.009870 + 6.099179i /
7 86.687058 +15.003322i 63.314252+7.251465i /
8 87.107350+16.940586i 62.632891 + 8.448162i /
9 87.529435 +18.845339i 61.966385 +9.684914i /
10 87.953689 +20.720964i 61.315094 +10.958141: /

1 0-S-W : Outer surface waves (creeping modes)
2 1-S-W : Inner surface waves
3 B-R : Broad resonances
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6.5.4 The WKB approximation

In order to gain insight into the physical origin of the broad resonances identified in

Figs. 6.9 and 6.10, we now turn to the WKB approximation.

Propagation of WKB modes

We begin by constructing the WKB solution to (6.17) by assuming that solutions are

rapidly oscillating functions with slowly varying amplitudes:
Ge(r.) = A(r)e [P0, (6.35)

Inserting this ansatz into the wave equation, and assuming that [p’| < [p?| and |A’| <
|pA|, we get that
pr)*+V(r) =0, A=alp|™"?, (6.36)

where a is a constant coefficient, V = V; — w?, and we suppress w and ¢ indices for clarity.
The first of the above equations is quadratic in p, thus it will admit two solutions that
can be interpreted as waves travelling radially inward and outward. Taking into account
contributions from both modes, we can write the following WKB solution to the wave
equation:

00 = IpI7 2 (ae 10 g gl | pdr*). (6.37)

We see from the above expression that, in regions where the WKB approximation holds,
the only change to the amplitudes of the modes comes from the variation of the function
p. It is also clear that the WKB approximation breaks down at those points which satisfy
V(r.) =0, since it implies that p = 0, leading to an infinite amplitude of the WKB modes.
The points satisfying V(r,) = 0, are called turning points and one can write a WKB solution
on both sides of the turning points, with different coefficients (a™,a®") on each side. One
then relates the WKB modal coeflicients on each side of the turning points by applying
connection formulae (see [240]). Between turning points, the WKB modes do not mix and

their propagation between two points r.; and r.; is captured by the following propagation
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matrices:
aqut aqut
=Pl ) (6.38)
(aﬁ”) N ( ar
where
e S0
Pij= when  p*(r. <r.<r.)>0, (6.39)
0 eiSii
or
0 e Si
Pij= when  p2(r. <r.<r) <0, (6.40)

In the above formula, §;; is the WKB action between the points r,; and r,; and is given by

r*j
Sij= f |p(r)ldr. (6.41)

Combining the propagation matrix for modes below the potential barrier and the connection
matrices across isolated turning points, we define the tunneling matrix, 7’15, which connects

WKB modes on the outside of two turning points 7., and r,:

1/7 —-R/T,
Ty = , (6.42)

R IT 1/T*.

where R and 7~ are the local reflection and transmission coefficients across the potential

barrier and are given by:

1-e2512/4
R = —f———— 6.43
T+e50/4 (6:43)
e 6.4
 1+e2512/4 (644)

WKB modes across the shell

In order to construct the full WKB solution across the entire radial range, we also need
to connect WKB modes on both sides of the shell. Since we are only interested in

the qualitative behaviour of the WKB modes in order to interpret the broad resonance,
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we assume here that the jump discontinuity in the potential is much smaller than the
frequencies of the WKB modes, w, and that this frequency does not vary significantly near
the shell. Within this framework, we write the WKB solution for r ~ R as:

ay"e™’ + ale~" " for r, <R,

P, i(ri) = (6.45)

out ,iwry in ,—iwrs *
ag'e ™ +age for r, > R5.

From the junction condition at the shell given in (6.23), we can define the connection
matrix, C, which connects the WKB modal coeflicients on the left and right sides of the

shell:

1 _ €_2inS ZA
C= “l, (6.46)
p2iwR; A 1

2iw

where A = M. Note that A is not the discontinuity of the potential but rather
the coeflicient entering in the discontinuity of the field’s derivative. From the connection

matrix, we can also define a reflection coeflicient across the shell:
Ry = —. (6.47)

Note here that the reflection across the discontinuity is of order O(w™). This is due to
the fact that the metric itself is discontinuous at the shell and is in contrast with the case
of a compact object which usually has a continuous metric and for which the reflection

coeflicient at the surface of the object is at least of order O(w‘2) [241, 242].

WKB estimate of the broad resonances

We now have all the necessary quantities to relate the modal coefficient at r, — —co to the
one at r, — +oco. This is done by combining the propagating, tunnelling and connection

matrix as follows (see Fig. 6.11 for illustration):

in in
—00 [eS)

aou afut
( _oo) =P_co1 XT12 X Pop X C X PRSOO( o ) (6.48)
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Fig. 6.11 Illustration of the connection formula (6.48) obtained by combining the prop-
agating, tunnelling and connection matrix to relate the WKB modal coefficient across
the turning points and the shell. The oscillating (growing/decaying) lines represent the
propagation of WKB modes with real (imaginary) momenta p.

Solving the above system for outgoing boundary conditions, that is a“, = a = 0,

leads to the following condition:
72w 2R = RR,. (6.49)

We now anticipate that broad resonances will be slowly damped and therefore the real
part of their RPs will be much greater than their imaginary part. We write A = Ag +il’, with

I' <« A,. The real and imaginary parts of the above condition give

In(JRR;!)

(6.50)
2(9/1S 2Rs

sin(SzRS(/lR)+sz—g):O and T = —
AR
Hence the location of the shell sets the real part of the broad resonances part of the RP
spectrum while its matter content sets their imaginary part. Contrary to the other branches
of the RP spectrum, the above systems admit a finite number of solutions. In particular,
we must have the turning points located between the outer light-ring and the shell, which

limits the range of Ag.
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Solving the above condition numerically for the shell parameters of Fig. 6.9, we find that

A~ 356946+ 1.79675i and 12, = 38.2285 + 2.8487i,

there are only two solutions, WKB WKB

which differ from the values found numerically by 2.2% and 3.7%, respectively.

6.6 Wave Scattering by a dirty black hole

In this section, we compute the differential scattering cross sections do/d€) for plane
monochromatic scalar waves impinging upon a DBH using the partial wave expansion, and
we compare with the results constructed by CAM representations of these cross sections

by means of the Sommerfeld-Watson transform and Cauchy theorem [206-208].

6.6.1 The differential scattering cross section: Partial waves expan-
sion

The differential scattering cross section for a scalar field is given by [186]

d
- = \f@.or 6.51)
where
1 (o]
flw,6)= > 2(25 + D[S (w) — 11P¢(cos6) (6.52)
=0

denotes the scattering amplitude. In (6.52), the functions P¢(cos#) are the Legendre

polynomials [243] and the S -matrix elements S /(w) were given by (6.22).

6.6.2 CAM representation of the scattering amplitude

Following the steps in [222], we construct the CAM representation of f(¢) using a
Sommerfeld-Watson transformation [207, 208, 206]

Z(—l)fF(f):é fc g FA-12) (6.53)
=0

cos(nd) ’
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where F'(-) is any function without singularities on the real axis 4. By means of (6.53), we
replace the discrete sum over the ordinary angular momentum ¢ in (6.52) with a contour
integral in the complex A plane (i.e., in the complex £-plane with A = ¢+ 1/2). By noting

that Py(cos8) = (—1)! Py(—cos @), we obtain

1 A
f(w,0) = % fcd/l cos(T) X [S 1-1/2(w) = 1] Pp—1/2(—cos 6). (6.54)

It should be noted that, in (6.53) and (6.54), the integration contour encircles counter-
clockwise the positive real axis of the complex A-plane, and P,_1,2(z) denotes the analytic
extension of the Legendre polynomials Py(z) which is defined in terms of hypergeometric

functions by [243]
Pi_12()=F[1/2-4,1/2+2;1;(1 -2)/2]. (6.55)

Here, S 1-1/2(w) is given by [see (6.22)]

(+)
(412 Al p@) (6.56)

=)
A pw)

Sriplw)=e

and denotes “the” analytic extension of S /(w) where the complex amplitudes A(f_)l /2(“))
are defined from the analytic extension of the modes ¢, i.e., from the function ¢, 1-1/2.

It is also important to recall that the Regge poles A,(w) of § 1-1/2(w) lie in the first and
third quadrants, symmetrically distributed with respect to the origin O, and are defined as

the zeros of the coeflicient A(A__)l /z(w) [see (6.56)]

A o1 p@) =0, (6.57)

with n =1,2,3,...., and the associated residues at the poles 1 = 4,(w) are defined by [see

(6.56)]

()
. AV p(w)
ralw) = M@l 2 (6.58)
4y

A 12(@) ] A=)
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In order to collect the Regge pole contributions, we deform the contour C in (6.54)

while using the Cauchy theorem to obtain

f(w,0) = ff(w,0) + [ (w,H) (6.59)

where

(w,0) = fP%(w,0) + f*™(w,0) (6.60a)

is a background integral contribution with

1
P (w, 0) = ﬂ_a)j; dAAS 1—1/2(w)0-1/2(cos 6 +i0) (6.60b)
and
1 0
f 5w, 0) = o (f dA [S 1-1/2(W)Pp—1/2(—cosb)
w +ioo
— S /z(w)ein(/Hl/Z)P/l_] /2(COS 9)] COS(ﬂ/l)) . (6.60c)
The second term in (6.59)
. too
b in Ap(w)r,(w)
,0)=—— > ———=XP _1/2(—cos#6), 6.61
/7 (w,0) Z oSl (@)] X P, (w)-1/2(—cos6) (6.61)

w
n=1

is a sum over the Regge poles lying in the first quadrant of the CAM plane. Of course,
the CAM representation of the scattering amplitude f(w,6) for the scalar field given by
(6.59) and (6.60) is equivalent to the initial partial wave expansion (6.52). From this
CAM representation, we extract the contribution f**(w, ) given by (6.61) which is only an
approximation of f(w,68), and which provides us with a corresponding approximation of

the differential scattering cross section via (6.51).

6.6.3 Computational methods

In order to construct the scattering amplitude (6.52), and the Regge pole contribution

(6.61), it is necessary first to obtain the function qbw (1), the coefficients A;i)(w), and the
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S -matrix elements S ¢(w) by solving (6.17) with conditions (6.21), and second to compute
the Regge poles 1,(w) of (6.57) and the associated residues (6.58). To do this, we use the
numerical methods of [222, 223] (see Secs. III B and IVA of these papers). It is important
to note that, the scattering amplitude (6.52) suffers a lack of convergence due to the long
range nature of the field propagating on the Schwarzschild spacetime (outside the thin
shell) and to accelerate the convergence of this sum, we have used the method described in

the Appendix of [222]. All numerical calculations were performed using Mathematica.

6.6.4 Numerical Results and comments: Scattering cross sections
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Fig. 6.12 The scalar cross section of DBH for 2M w = 6, Ry = 4My,; and Mo, = 1.5Myy
and its Regge pole approximation. The plots show the effect of including successively
more Regge poles.

We present in Figs 6.12, 6.13 and 6.14 various scattering cross sections constructed
from the CAM approach, and compare with results obtained from the partial wave expan-
sion method. As in section 6.5, we focus on two configurations of the DBH: (i) a DBH
with 3My,; < Ry < 3M, and (ii) DBH with Ry > 3M.

Fig. 6.12 shows the scattering cross section constructed from the CAM approach at

2Msw = 6 for a shell configuration with My, = 1.5My,, and Ry = 4M,,, i.e. for a DBH
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Fig. 6.13 The scalar cross section of DBH for 2Mw = 16, Ry = 4My, and Mo = 1.5Myy,
and its Regge pole approximation. The plots show the effect of including successively
more Regge poles.
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Fig. 6.14 The scalar cross section of DBH for 2Mw = 16, Ry = SMyy,; and Mo = 1.5Myy,
and its Regge pole approximation. The plots show the effect of including successively
more Regge poles.
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configuration with 3M, < Ry < 3M.,. We can see that it gets progressively closer to the
scattering cross section constructed from partial wave expansion by including increasingly
more Regge poles in the sum (6.61). Indeed, the sum over only the first two Regge poles
in equation (6.61) does not reproduce the cross section, however, summing over 54 Regge
poles, but without including the background integral, the agreement is perfect with that

constructed from the partial wave expansion for 6 > 20°. Fig. 6.13 illustrates, for the same
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Fig. 6.15 The scalar cross section of DBH for 2Mw = 16, and M, = 1.5My,. a) We
compare Ry = SM,, to Ry = 4My,. We can see that the scattering amplitude is enhanced by
the rainbow effect for Ry = 5Mjy, at the rainbow angle 6, ~ 157.8° (blue dotdashed line).
b) We compare Ry = SMy, to Ry = 5.7My,. We can see that the scattering amplitude is
enhanced at 6, ~ 115.3° (red line) for Ry = SM,, and at 0, ~ 157.8° (blue dotdashed line).

DBH configuration, the scattering cross section at high frequency 2M.,w = 16. In this case,
with just 18 Regge poles the glory and the orbiting oscillations are very well reproduced.

With 59 Regge poles and without adding the background integral the result obtained from
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the CAM approach is again indistinguishable from partial wave expansion for 6 > 30° on
the plot.

Fig. 6.14 shows the scattering cross section for a DBH configuration with Ry > 3M, at
2Msw = 16. Here, we have the shell configuration with Mo, = 1.5M,; and Ry = SMyy,. In
this case, to construct the result from CAM approach, we sum over three different branches
and with 17 Regge poles the glory as well as the orbiting oscillations are captured. By
including 48 Regge poles, but no background integral, the agreement is excellent with the

partial wave expansion result for 6 > 30°.
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Fig. 6.16 The scalar cross section of DBH for 2M w = 16, and M, = 1.5My,. a) We
compare Ry = S5My, to Ry = 4My,. We can see that the scattering amplitude is enhanced by
the rainbow effect for Ry = 5 My, at the rainbow angle 6, ~ 157.8° (blue dotdashed line).
b) We compare Ry = SM;y, to Ry = 5.7M,,. We can see that the scattering amplitude is
enhanced at 6, ~ 115.3° (red line) for Ry = SM,;, and at 0, ~ 157.8° (blue dotdashed line).
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Through Figs. 6.12, 6.13 and 6.14, we have shown that the scattering cross section
can be described and understood in terms of the Regge Poles, i.e., in terms of various
contributions from different types of resonances. In particular, we have identified different
branches associated with the properties of the light-rings and the shell position and/or its
matter content. To conclude our description of the differential scattering cross section, we
return to the discussion of critical effects associated with geodesic motion described in
section 6.3. We can indeed understand qualitatively the observed scattering cross sections
from the various critical effects. As in the case of the isolated black hole, the orbiting
effect and the glory (associated with a single light-ring) will result in oscillations in the
scattering cross section as well as an increase for 8 ~ 180°. In DBH spacetimes, we have
shown that we may expect modulations due to the rainbow effect and to grazing (creeping
modes) or secondary orbiting. The rainbow effect will lead to a local amplification of the
scattering cross section around the rainbow angle. Grazing, i.e., the edge rays (creeping
modes) or second orbiting will lead to further oscillations and global modulations of the
scattering cross section. This is illustrated in Fig. 6.15. Note the qualitative difference that
for configurations where the shell is outside the outer light-ring, the scattering cross is
mainly modulated around the rainbow angle while for the case where the shell lies between
the two light-rings the scattering cross sections exhibit noticeable modulation at all angles.
Isolating and identifying quantitatively the different contributions of each the critical effect
would require asymptotic formulae from the RPs and their residues which are beyond the

scope of this work.

6.7 Summary

We investigated the scattering of planar waves incident on a dirty black hole spacetime.
We showed that different DBH configurations depends on the shell position exhibited
different scattering phenomena relevant to optical scattering. We recalled general results
concerning the differential scattering cross section in the classical limit through a null
geodesic analysis by exploring different configurations of the shell. In particular, we show

that dirty black hole spacetimes may exhibit various critical effects for geometrical optics.
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We computed the Regge pole spectrum for various shell configurations and found that
it exhibits two or three distinct branches of poles, labelled inner surface waves, broad
resonances and outer surface waves. In the latter, two subfamilies were identified, the
surface waves associated with the outer light-ring and the creeping modes associated with
the surface of the shell. We applied WKB analysis and found that the position of the shell
sets the real part of the broad resonances while its energy-momentum and the discontinuity
of the potential at the shell’s surface set their imaginary part.

We provided the complex angular momentum representation of the differential scatter-
ing cross section and examined the role of the different Regge pole branches. We computed
the differential scattering cross section for various configurations at several frequencies
and showed a very good agreement with the partial-wave calculations.

Finally, we highlighted the role of the critical effects, i.e., orbiting, glory, grazing, and

rainbow scattering, and their impact on the differential scattering cross section.



Chapter 7

Conclusion and outlook

This thesis explored various aspects of black holes and the vacuum. In Chapter 1, we
presented the motivation for our research and outlined the structure of the thesis. In Chapter
2, We reviewed the historical background of black holes, contemporary observational
results, and different black hole models to provide an overview of the background for the
presented research. Chapter 3, covered instanton and bounce solutions in one-dimensional
quantum mechanics and generalized these concepts to the studies of false vacuum decay
in quantum field theory, including the effects of gravity. Chapters 1, 2, and 3 formed
the introductory part of this thesis, laying out the groundwork for the technical research
presented in the subsequent chapters.

The key research conclusions of this thesis can be divided into two main topics. The
first topic focused on black holes seeded vacuum decay in different scenarios, as explored in
Chapters 4 and 5. The second topic involved the study of black hole scattering represented
by Regge Poles, as detailed in Chapter 6. The conclusions drawn from these individual

research studies will be discussed separately.

7.1 Black hole catalysed vacuum decay

7.1.1 Vacuum metastability with primordial black holes

In Chapter 4, we studied the electroweak vacuum phase transition catalysed by primordial

black holes using the Euclidean path integral. We proposed that PBHs live in a thermal

135



7.1. BLACK HOLE CATALYSED VACUUM DECAY 136

plasma that is originally heated by Hawking radiation, which reaches a thermal equilibrium
and remains till the end of the PBH’s life. The temperature of the ambient plasma was much
hotter than the surrounding Universe at that time but colder than Hawking temperature. This
scenario provides an ideal mechanism for calculating the decay rate using the Euclidean
methodology. We showed that PBHs, indeed, favour bubble nucleation within such a
realistic environment. We compared the false vacuum decay rate I'ryp with Hawking
evaporation rate I',, and found that the ratio of I'ryp/I,, is larger than one for the mass
range of PBH we cared. This implied that false vacuum decay occurred before the PBH
completely evaporated, further ensuring the reliability of our method.

Given the results of PBH favouring the false vacuum decay that occurred in our early
Universe, we inferred the light PBH abundance that formed in the early Universe, which
lacks observational results. We derived the most stringent constraints on the abundance
of light PBHs and invalided most known results from different cosmological models that

have predicted the existence of light PBHs with 0.8g < M; < 5x 10!4g.

7.1.2 Seeded vacuum decay with Gauss-Bonnet

In Chapter 5, we studied the impact of Guass-Bonnet terms on the false vacuum decay via
two types of false vacuum decay — bubble nucleation and Hawking Moss instanton. We
derived the general equations of motion for a bubble and calculated the decay rate using the
Euclidean saddle point approximation, with the inclusion of the additional Gauss-Bonnet
term in the gravitational action. The GB black holes are found to considerably enhance the
probability of vacuum decay and these findings remain consistent even when considering
extra dimensions. We also studied the Hawking-Moss transition and found a picture similar
to the Einstein case, with one curious five-dimensional exception (due to a mass gap).
Note that the study of bubble nucleation in EGB gravity was presented using the thin
wall approximation, in which the vacuum transitions completely and instantaneously across
the wall. The thin wall approximation is only a good approximation when the potential
barrier is sharp (which might not always be the case in reality, we will discuss it later.).

However, it is still applicable to our research as the aim was to investigate the gravitational
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aspects of the problem, and we do not expect such higher derivative terms to significantly
change the discussion for scalar field decay.

In four dimensions, we found as expected that the Gauss-Bonnet term only impacts
topology-changing transitions. For example, in bubble nucleation, the GB term does not
impact instantons that have both seed and remnant black holes. However, the GB term
suppresses the transition (for positive @) when vacuum decay removes the seed black hole
altogether. The other possible way is in a transition where a black hole is created. We
concluded that only HM transition can result in a geometry with a remnant black hole, and
here, the GB term enhances the decay, although the lack of continuity of the action as a
function of black hole mass means that an arbitrarily small mass black hole would have
the lowest action, likely taking the spacetime outside of the semi-classical regime.

Interestingly, there are problems with generic higher order curvature terms in the action.
Without the well-posedness of these Lovelock terms, the higher order derivatives mean that
singular instantons cannot be regularised in a well-defined and rigorous manner without
UV completion. It is also likely the case that the generalised Birkhoff theorems which
specify the form of bubble transitions are no longer applicable in the presence of such

terms [244, 245].

7.1.3 The controversy on black hole seeded false vacuum decay

As previously mentioned, the main results related to false vacuum decay in this thesis
are under the thin wall approximation. However, for vacuum energy sourced by a scalar
field, there is a region around the “wall” where the scalar rolls to its vacuum value and
for the important physical application of Higgs vacuum decay, the “wall” is a rather
broad scalar distribution around the black hole. On top of this, Strumia [91] has raised
a controversial argument on whether black holes can seed vacuum decay. There have
been several studies on this problem [109—-114], exploring whether thermal fluctuations
might stabilize the Higgs potential and thus preclude decay. Qualitative arguments might
indicate that tunnelling would be suppressed or removed due to the thermal corrections,

however, this is not the full story. Precisely computing the thermal effects, however, is a
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challenging task as it requires going beyond the saddle point and including not only field
theory corrections, but also considering the gravitational aspects of the problem.

Alternately, studies using a Euclidean approach or in lower dimensions, leave a more
mixed picture. One problem is that the thermal corrections to the Higgs potential are
only part of the question; one has to consider the cosmological setting more holistically
to get a physically complete picture. In Chapter 4, we studied vacuum decay within an
interstellar medium impacted by the radiation from an evaporating black hole. A hot spot
forms, surrounding the primordial black hole, and provides an equilibrium temperature
higher than the Universe but lower than the Hawking temperature of the black hole. This
gives rise to thermal corrections that tend to suppress decay. Meanwhile, we considered
the gravitational aspect, where the conical deficits near the event horizon give an extra
contribution to the bubble action. Through our study, we justified the suppression from
the thermal corrections is not a complete picture, the importance of how the decay rate
changes also depends on the realistic environment as well as the gravitational effects from
black holes.

We also reviewed the controversy in the work presented in Chapter 5, although the
primary focus is to extract the impact of higher derivative terms. Moving to the higher
dimensions and higher curvature gravity, we found interestingly the GB term lowers the
temperature of a black hole of a given mass relative to its Einstein value. This would further
mitigate any thermal corrections to the Higgs potential, hence lessening the relevance of
such corrections. We also note that if there are any couplings of the Higgs to the GB term,
then even in 4D, the GB will now acquire some dynamical input into the different decay
channels — this is an interesting and open question.

We concluded that there is still a lack of consensus on the precise magnitude of any
suppression. The problems are mainly about the choice of vacuum for the Higgs, as
well as the validity of calculational methods. In essence, the problem centres around
how to correctly incorporate gravity in non-perturbative processes that do not even have

experimental verification in the absence of gravity.
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7.2 Scattering of dirty black holes

In Chapter 6, we studied the scattering of planar waves incident on a dirty black hole
spacetime, that is, a black hole surrounded by a thin shell of matter. There are three different
shell configurations with one or two light rings exist in the spacetime, which account for
various critical scattering phenomena similar to optical scatterings. We considered cases
where the shell contributes substantially to the scattering, thereby complementing the
analyses presented in [203, 204]. We focused our attention on the spectrum of resonances
of DBHs and calculated the Regge pole spectrum of different DBH configurations.

We identified two key properties of the RP spectrum of DBHs: 1) the existence of two
branches and ii) the possible existence of a third branch with a nearly constant imaginary
part. The first two branches are associated with the inner light-ring and with either the
outer light-ring or the shell, depending on the DBH configuration. It appears that the two
branches emerge from the original isolated black hole spectrum. The separation from the
original branch to the two distinct ones appears first for large overtone numbers while
the two branches may overlap for low overtone. The separation is also more prominent
for high frequencies and for DBH configuration where the shell contributes significantly.
The existence of the two branches results in modulation of the scattering cross section.
Such modulations were not seen in previous studies due to the specific DBH configuration
considered by the authors.

In addition to these two branches, we have identified a third branch corresponding to
broad resonances trapped between the inner light-ring and the thin shell. This interpretation
was supported by a WKB analysis of the RP spectrum and is reminiscent of the resonances
obtained for compact objects [233, 242, 246].

Building on the identification of the RP spectrum, we constructed the complex angular
momentum representation of the scattering. We showed that the RP spectrum and their
associated residues accurately describe the scattering cross section, including the modula-
tions and deviations from the case of an isolated black hole. The accurate reconstruction of
the scattering cross-section also confirms that the resonances have been correctly identified

and further validates our results.
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7.3 Future work

As we have studied different aspects of black holes, future research interests can also
be divided into two distinct avenues. First, we consider future directions for seeded
false vacuum decay. FVD can be triggered by impurities in the early Universe. A black
hole is a good candidate as it provides the simplest model, allowing for symmetric and
spherical geometries we can play with. However, other defects in the early Universe that
act as nucleation sites have their own significance and merit further investigation. The
study on domain walls in [74] proposed the possible two-step transition of seeded false
vacuum decay: The early stage is the formation of domain walls, which can then act as
nucleation sites for the second step of bubble nucleation. They concluded that a seeded
phase transition is generically faster than the standard homogeneous rate, and it ultimately
determines the way the phase transition is completed.

This seeded phase transition mechanism can be applied to other defects in the same
manner, such as monopoles. In monopole-catalysed tunnelling, the first step involves
the production of metastable monopoles, followed by the expansion in its core, which
resembles the lower energy vacuum state. The number density of monopoles is a key
parameter that determines the significance of this decay mechanism. A recent study showed
that PBH evaporation heats up the ambient plasma, creating an optimal thermal milieu
for intriguing physical processes. Within this hot plasma, monopoles produced via the
Kibble-Zurek mechanism are significant [92]. Therefore, we expect that the strategy may
be similarly applied to the scenario involving monopoles, which may lead to potentially
observable gravitational wave signals.

Another well-motivated and important idea we learned from previous works is to look
at the controversy on black hole seeding, as we mentioned in 7.1.3. The decay rate of
transition was perceived through the solutions of Euclidean field equations. The semi-
analytical description requires the field profiles to have the O(3) or O(4) symmetry. It is
difficult to be generalised to its physical application of Higgs decay, where the transition
occurs dynamically in a thick-wall region.

The decay rate formula shown in this thesis is essentially calculated at the “one-loop”.

One in principle can compute higher-order corrections for more precise results. Recently,
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a new method using the effective action formalism to obtain higher-order corrections
to the decay rate has been developed in [67]. This provides a promising approach to
further investigate the significance of the first-order phase transitions in the early Universe.
Additionally, incorporating these results with the thermal corrections to the Higgs potential
as well as the gravitational field offers an intriguing direction for future exploration.

Regarding the studies of the scattering of dirty black holes. Our study fits into the
general goal of modelling and understanding black holes within their environments. We
have considered here a toy model of a black hole surrounded by a static and spherically
symmetric thin shell of matter. In order to account for even more realistic scenarios, we
need to account for asymmetric distributions of matter and take into account the dynamical
evolution of the environment. The thin shell model provides only a practical toy model
for the latter as the dynamics of the shell can be found exactly. It would be an interesting
extension of our work to investigate the resonances of dynamical dirty black holes. Indeed,
some literature about resonances of dynamical black holes mostly relies on numerical that
still lack a complete theoretical description [247, 248]. The ultimate goal is to apply our
toy model to explore the resonances of dynamical dirty black holes. It is a promising and
interesting direction for future research.

Another interesting avenue to explore would be the impact of the environment and its
dynamics on the resonance spectrum to mimic gravitational effects using condensed matter
platforms. This field of research, known as analogue gravity [249], has allowed us to ob-
serve and better understand several effects predicted from field theory in curved spacetimes.
Recently, analogue simulators have investigated experimentally the ringdown phase of
analogue black holes [250], and more experiments are being developed within the Quantum
Simulators for Fundamental Physics research programme (https://www.qsimfp.org/). In
analogue experiments, environmental and dynamical effects will inherently be present
and accurate modelling of their impact will be necessary. These simulators will provide

valuable insights to build the necessary tools to describe dynamic dirty black holes.
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Appendix A

WKB approximation

The WKB method is a practical means of approximating solutions to the Schrodinger
equation and is excellent as a conceptual framework for understanding quantum tunnelling
problems. In this appendix, we show how to compute the tunnelling rate by using the
Wentzel-Kramers-Brillouin (WKB) approximation. We refer to [251] for more detailed
derivation. Considering a particle moving in a potential barrier with width a, as sketched in
Fig. A.1. The particle has total energy E and potential energy U(x), the time-independent
Schrodinger equation is
W d*y

The wave function solution of the Schrédinger equation can be written as
Y(x) = Aet* (A.2)

where w(x) = V2m[E - U(x)].
Let’s consider the first case with E > U(x), both w is real. We propose a generic wave

function that takes the form of ¥(x) = A(x)e*™, we have

dz(p 12 YA 77 N2
—5 = [A" +2iA"¢ +iA¢” - A($)"]. (A.3)
dx
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»
!

O classical region a X
Fig. A.1 Classical region of a particle is moving in a one dimension potential with E > U(x).

where the prime denotes the derivative with respect to x. Substituting this into (A.1), such
that

2
A"+ 2UA' ¢ +iAd" — Ad? = —%A (A.4)

where the real part is A” = A(¢’2 — w?/#?) can be solved if we assume A”” ~ 0 (we assume
that the amplitude A varies slowly), then ¢'> — w?/H* = 0 = ¢(x) = J_r% f w dx. The
imaginary part 24’¢’ + A¢”’ = 0 gives the exact form of A = C/ +/¢’, with C is a constant.
Recall that we start with ¢ (x) = A(x)e*™, we then have the WKB approximation of the

wave function is

V) = af(x)ei%fwm “ (A5)

We call this the “classical" region as the particle’s motion is only allowed in this region,
0 < x < a. There are two turning points defined by U(x) = E, which are x =0 or x = a.
In contrast, for £ < U(x), the region where 0 < x < a is non-classical. In this case, the

tunnelling is switched on, and the corresponding result is

ei%fk(x) dx (A6)

Y(x) = o



159

U(x)
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R T
0 a x

Fig. A.2 Scattering from a rectangular barrier with a bumpy top

and the kinetic energy will be imaginary. Considering a rectangular barrier with a bumpy

top of Fig. A.2, we have

Y(x <0)= [e!* + Re™iwX

YO0<x<a)= Cre*+Cre ™ (A7)

Y(x>a)= Te'wx

where we assume the particle is moving from the left to the right of the potential. The

probability that a particle tunnels through the barrier is given by

TP

= W (A.8)

If the barrier is very high and/or very wide (which is to say, if the probability of tunnelling
is small), then the coeflicient of the exponentially increasing term C; must be small
or even zero for infinitely broad barriers. The relative amplitudes of the incident and

transmitted waves are determined essentially by the total decrease of the exponential over

7| L[
m = exp(—%f(; |k(x)| dx) (A.9)

the nonclassical region,

and

l a
F=e?, with y= - f k()| dx (A.10)
0



Appendix B

Conical deficit

For the seeded vacuum decay, one may encounter a conical singularity at the centre of
Euclidean space r = r;, when the periodicity S differs from the natural periodicity of the
black hole geometry, 5o = 47/ f(rp). In this appendix, we provided a detailed computation

of a conical deficit action. We consider the following metric
ds* = dp? + A% (p)dx* + C*(0)dQn?, (B.1)

where we assume the conical deficit in a 2-plane, parametrized by local cylindrical coordi-
nates {p, x}, with a conical singularity residues at p — 0. H is the transverse space, which
is independent of these coordinates, such that we have C’(0) = 0.

We integrate from a proper distance & from the horizon and take A’(0) =1, A’(¢) =
(1 -9), where A and ¢ are defined as the area of the conical deficit and the deficit angle
respectively. We then smooth out the conical deficit in the proper distance p < & from the

horizon. The Ricci scalar is calculated by substituting the metric (B.1) as

7 Pl 1 _ 2
A (AC —C—)+2—(1 ) (B.2)

R=-2"——4
A AC C C?

Taking the limit of &€ — 0, only the A”/A term contributes to the integral as A” =
O((A’(e)—A’(0)) /e). The overall contribution of the conical deficit can be given by

f d*x Vg R~ A[A(0)-A'(e)] = 4n6A (B.3)
p<e
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To get the contribution from the Gibbons-Hawking boundary term, we compute the

extrinsic curvature K = —A’/A —4C’/C, which gives the following contribution
f dydQuAC?’K - 21 AA’(€) = -2 A - 6) (B.4)
p=¢€

Note that we neglect higher orders of ¢ as it is small.

Finally, we conclude that the contribution from the conical deficit cancels out, and the

overall action is

1 1 A
Ig=—-——— | d* — | Pxk=-= B.
57 " 16nG dx\@R*gntdx 4G (B-5)



