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“I’m 27 years old. I’ve no money and no prospects. I’m already a burden to my parents. And I’m

frightened.”

Charlotte Lucas, Pride and Prejudice (2005)



ii

Acknowledgements

I would like to thank David Wiltshire for his guidance and advice throughout my PhD. In

particular, I would like to thank him for his trust and patience throughout my off-shore start

during the COVID pandemic. His experience and insights have fundamentally changed the

way I view physics, for which I am incredibly grateful, and I have enjoyed our many debates.

As much as it pains me to say this, the work in this thesis would not have been possible with-

out the constant pestering of Marco Galoppo. I reluctantly thank him for our seemingly endless

discussions on physics, philosophy, and food - of which he still has lots to learn. I would like

to thank Zachary Lane, without whom half of my code would not run and I have greatly ben-

efitted from his knowledge of observational astronomy. I wish to thank Pierre Mourier for

diligently reading my thesis and providing many useful comments that have greatly improved

the work, as well as for his general advice and intuition. I would also like to thank the many

people who have influenced and aided the process of completing this thesis, including: Ryan

Ridden-Harper, John Forbes, Chris Stevens, Orlon Petterson, Jenny Wagner, Pavel Kroupa, and

the UC Gravity group.

The last few years have been made significantly more enjoyable thanks to the solidarity in

suffering of those in the fifth floor offices, particularly Morag Hills, Shreyas Tiruvaskar, Emma

Johnson, Marco Galoppo, Zachary Lane, Michael Williams, Manon Van Zyl, and Rudeep Gaur

(who I consider an honorary member along with Sylvie and Jess).

I wish to thank those who have housed me over the last few months: Shreyas Tiruvaskar

and Nora Michels, Alice Carter-Champion, Lizzy Harvey-Hawes, and those at Athol Terrace.

In particular, Nicolas Davey and Keiko Rayner, who have put up with me throughout my

time in Aotearoa New Zealand. Finally, I would like to thank Levi Evans, and the postdocs

in the Royal Holloway University of London physics offices for enabling my trespassing and

encouraging me to keep writing mid-spiral.



iii

Abstract

In this thesis, we use strong gravitational lensing to investigate the underlying assumptions

of the standard model of cosmology: the spatially flat Friedmann-Lemaître-Robertson-Walker

background, dark energy, and dark matter. Strong gravitational lens catalogues are typically

used to constrain a combination of cosmological and empirical power-law lens mass model pa-

rameters, often introducing additional empirical parameters and constraints from high resolu-

tion imagery. We investigate these lens models using Bayesian methods through a novel alter-

native that treats spatial curvature via the non-Friedmann-Lemaître-Robertson-Walker

timescape cosmology. We apply Markov Chain Monte Carlo methods using a catalogue of

161 lens systems in order to constrain both lens and cosmological parameters for: (i) the stan-

dard ΛCDM model with zero spatial curvature; and (ii) the timescape model. We then generate

large mock data sets to further investigate the choice of cosmology on fitting simple power-law

lens models. In agreement with previous results, we find that without additional informa-

tion from follow-up high resolution imagery or introducing further free parameters to fit, no

combination of lens and cosmological model return reliable physical estimates of cosmological

parameters. Regardless of cosmology, unphysical distance ratios are given from power-law

lens models resulting in a poor goodness of fit. We extend this work to systems with additional

time-delay data as an exploratory analysis and find the further constraints were still unable to

produce physical cosmological parameters. However, individually fitting lens models to a se-

lect number of systems - from the H0LiCOW program - returns realistic parameter values and

finds timescape statistically indistinguishable from the standard model of cosmology. With

larger datasets soon available, separation of cosmology and lens models must be addressed.

The parametrisation of lens models best fit to observations not only informs on the nature

of dark matter, but also enables investigations of alternative theories of gravity. In this regard,

disc galaxies represent a promising laboratory for the study of gravitational physics, includ-

ing alternatives to dark matter, owing to the possibility of coupling rotation curves’ dynamical

data with strong gravitational lensing observations. In particular, Euclid, DES and LSST are

predicted to observe hundreds of thousands of gravitational lenses. In chapter 5, we investi-

gate disc galaxy strong gravitational lensing in the MOND framework. We employ the concept

of equivalent Newtonian systems within the quasi-linear MOND formulation to make use of

the standard lensing formalism. We derive the phantom dark matter distribution predicted

for realistic disc galaxy models and study the impact of morphological and mass parameters
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on the expected lensing. We find purely MONDian effects dominate the lensing and generate

non-trivial correlations between the lens parameters and the lensing cross section. Moreover,

we show that the standard realisation of MOND predicts a number count of disc galaxy lenses

of one order of magnitude higher than the dark matter-driven predictions, making it distin-

guishable from the latter in upcoming surveys. Thus, we propose future work to predict the

number of disc galaxy lenses using dark matter lens profiles and in MOND, in anticipation of

the vast amounts of data expected to arrive from upcoming and ongoing surveys such as the

Vera Rubin Legacy Survey of Space and Time, Euclid, and the Dark Energy Survey. Finally, we

show that disc galaxy gravitational lensing can be used to strongly constrain the interpolating

function of MOND.
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Chapter 1

Cosmology

At the time of writing, the field of cosmology is entering the most exciting period in its history.

The standard model of cosmology, the Λ Cold Dark Matter (ΛCDM) model or “concordance"

cosmology, has prevailed for two and a half decades as a relatively simple model based on the

tenets of: (i) cosmic inflation in the very early universe (t < 10−9s), (ii) dark matter, (iii) dark

energy, and (iv) a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) background.

However, as the precision of our cosmological measurements has steadily improved, tensions

within the standard model have grown. Many of these tensions are now irreconcilable at be-

yond a 5σ disagreement, signalling a possible requirement of new physics and a revisiting of

our fundamental assumptions [1].

Previously, cosmological analyses investigating these tensions and alternative models have

been severely limited by the lack of observational data. However, in the next few years we

are expecting a dramatic increase in the quantity of high quality data through surveys such as

Euclid [2], Vera Rubin (LSST) [3], Dark Energy Spectroscopic Instrument (DESI) [4, 5], Dark Energy

Survey (DES) [6, 7], and many more. Additionally, space telescopes such as the James Webb [8]

and Nancy Grace Roman projects [9] will enable extreme precision in high-resolution follow-up

imagery. This vast amount of data will enable detailed analyses of the standard model and

give us the opportunity to make comparisons otherwise not possible. Furthermore, we are

now in the era of multimessenger astronomy, enabled by gravitational wave detectors such

as the Laser Interferometer Gravitational-wave Observatory (LIGO) [10], Virgo [11, 12], and

KAmioka GRAvitational-wave detector (KAGRA) [13], as well as neutrino detectors such as

the IceCube Observatory [14] and Super-Kamiokande detector (Super-K) [15]. These programs,

amongst others, allow us to combine data from a range of different signals to tightly constrain

astrophysics and cosmology.
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In this chapter, we review the foundations of ΛCDM, describe the distance measures it pro-

duces, and discuss various extensions and alternatives to the standard paradigm.

1.1 The Λ Cold Dark Matter Model

1.1.1 The Cosmological Principle

The cosmological principle is one of the foundational assumptions from which modern cos-

mology is built upon. Whilst the precise definition is often debated, the generally accepted

interpretation is that the Universe is both statistically homogeneous and isotropic over large

scale averages. This statement is obviously false when only considering the local universe on

scales1 below ≲ 100 h−1 Mpc, where it is defined by a cosmic web of over-dense filaments

– which are themselves comprised of galaxy groups and clusters – and under-dense voids.

However, if we look to larger scales, we can identify a scale of statistical homogeneity (SSH). For

averages over large enough domains, the Universe does look the same in all directions on the

sky. Hence, we say the universe is isotropic.

According to the Copernican principle, there should be no privileged positions within the

universe. Thus, if all typical observers see a statistically isotropic universe, this implies statis-

tical homogeneity and each observer will see a universe with the same average matter density

beyond the SSH.

However, what constitutes the “large scales” required for the cosmological principle to hold?

The SSH is generally found to be at least beyond 60 - 80 h−1 Mpc using the 2-point galaxy

correlation function [16–19], though the scale at which statistical homogeneity emerges varies

significantly depending on the tracers used to determine it. In fact, studies of the SDSS quasar

and luminous red galaxy samples find the SSH to be 150 h−1 Mpc and 230 h−1 Mpc, respectively

[20]. Furthermore, empirically obtained scales often disagree with ΛCDM simulations, which

find an upper limit of ∼260 h−1 Mpc for the SSH [21]. Upcoming galaxy surveys with large

sky coverage will enable a refinement of this scale determined empirically from two-point (or

N-point) galaxy correlations.

1where h is the dimensionless reduced Hubble constant, related to the Hubble constant by, H0 =

100 h kms−1Mpc−1.
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1.1.2 The FLRW Solution

The Einstein field equations provide the leading theory that describes space-time and gravity,

given with a cosmological constant Λ as

Gµν = Rµν −
1
2

R gµν + Λgµν =
8πG

c4 Tµν . (1.1)

The ΛCDM cosmology is built upon the Friedmann-Lemaître-Robertson-Walker (FLRW) met-

ric, a class of highly symmetric solutions to Eq. (1.1), given by

ds2 = −c2dt2 + a(t)2
[

dr2

1 − k r2 + r2(dθ2 + sin θ2dϕ2)

]
, (1.2)

where k gives the background constant spatial curvature and a(t) is the scale factor from which

we derive the global expansion rate2 H(t),

H(t) ≡ ȧ(t)
a(t)

, (1.3)

known as the Hubble parameter, and the Hubble constant is given as the present epoch3 value

H0 = H(t0). The FLRW metrics are exact solutions of the Einstein field equations that, by

construction, enforce the cosmological principle, for an observer comoving with the fluid in-

troduced by the energy-momentum tensor. The FLRW solutions provide a powerful tool to

perform cosmology with limited cosmological data. Observations that are only carried out on

a small patch of the sky can be used to infer physical descriptions of the entire Universe.

On scales larger than the SSH, the small deviations from average FLRW expansion are treated

perturbatively. Below the SSH, the formation of local small-scale structures enters the non-

linear regime. This requires numerical simulations (typically Newtonian N-body) to effectively

model within the standard framework [22, 23]. Fully general relativistic simulations have been

developed over the past decade, and have the advantage of being directly able to constrain

parameters such as the regional spatial curvature that the classical Newtonian approximations

can only infer [24–26].

2Throughout this thesis, I adopt the convention that dotted characters indicate time derivatives with cosmic time
t, or later Buchert average time.

3The subscript x0 indicates the present epoch value of a parameter x throughout this thesis.
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Although there are many observational and theoretical challenges to the cosmological prin-

ciple (discussed in section 1.3), this foundational assertion is generally well supported by ob-

servations. This is particularly true in the early universe, where the Cosmic Microwave Back-

ground (CMB) radiation exhibits only minor deviations from isotropy. Temperature fluctua-

tions around a near perfect blackbody spectrum of T = 2.726 K [27] are small and once the

leading dipole component is removed – conventionally attributed to kinematics and our rela-

tive motion with respect to the CMB – the fluctuations are of order δT/T ≃ 10−3 with further

secondary perturbations of order ∼ 10−5 [28]. These relatively small variations from isotropy

in the early universe are taken as strong evidence for the cosmological principle. However,

observational constraints on the cosmological principle are much more nuanced in the late uni-

verse.

Assuming an FLRW metric with pressureless dust, additional radiation, and a cosmological

constant Λ, the Einstein equations reduce to the Friedmann and Raychaudhuri equations(
ȧ
a

)2

+
k c2

a2 =
8π

3
G ρ , (1.4)

2
ä
a
+

(
ȧ
a

)2

+
k c2

a2 = −8π

c2 G p , (1.5)

where ρ and p giving the total matter density and pressure, respectively. Eq. (1.5) can then be

recast as the sum rule,

ΩM + ΩR + Ωk + ΩΛ = 1 , (1.6)

where the energy fractions of the universe are broken down into its constituent parts, ΩM, ΩR,

Ωk, and ΩΛ. These parametrise the fraction of the total energy contribution given by pressure-

less matter (both baryonic and dark matter), radiation, spatial curvature and the cosmological

constant (interpreted as dark energy), respectively,

ΩM =
8π G ρM

3H2 , (1.7)

ΩR =
8π G ρR

3H2 , (1.8)

Ωk = − k c2

a2 H2 , (1.9)

ΩΛ =
Λ c2

3H2 . (1.10)

When fit to the Planck CMB data, the ΛCDM model returns a spatial curvature parameter,

k ≈ 0, very close to flatness. The present day energy distribution is then given by ΩM0 =
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0.3153 ± 0.0073 and ΩΛ = 0.6847 ± 0.0073, with negligible contributions from radiation and

curvature [28].

We can then define the critical density,

ρc =
8π G
3 H2 , (1.11)

where the Hubble parameter can be expressed in terms of energy density, as

H = H0
√

ΩR0 a−4 + ΩM0 a−3 + Ωk0 a−2 + ΩΛ . (1.12)

This critical density outlines the future expansion of the universe. If the overall density is

greater than ρc, i.e. for Λ = 0 with k > 0, then the universe would collapse back in on itself

and undergo the Big Crunch. Alternatively, if the overall density is less than the critical value,

we get eternal expansion, k ≤ 0.

1.1.3 Dark Matter

Of the present day energy budget of the Universe, only around 4% is contributed by baryonic

matter [29]. The remaining ∼26% of matter is referred to as ’dark’ as it does not interact via

electromagnetic radiation. Since it has not been convincingly directly detected4, there is as yet

only indirect evidence for its existence, e.g., through the kinematics of luminous material in the

universe.

One of the largest sources of evidence for dark matter5 came through the rotation curves of

disc galaxies [32–34]. Accounting for only the visible mass of stars and gas within a galaxy, and

applying Newtonian approximations of a weak field limit of GR, is not sufficient to explain the

flattening of the rotation curves observed. With purely baryonic matter, the expected quasi-

Keplerian fall-off in the rotation with large radii suggest an additional source of gravity - thus

dark matter was postulated. At present, dark matter has become a pillar of modern cosmology,

with a large number of astrophysical phenomena requiring supplementary mass for a feasible

explanation within the standard model, and non-relativistic (cold) dark matter essential for

structure formation in ΛCDM [35].

4The DAMA collaboration claims to have made direct detections of dark matter particles [30]. However, this is
yet to be confirmed with other experiments and detectors.

5The first evidence coming from the dynamics of galaxies and the application of the virial theorem to the Coma
cluster, which Zwicky determined required dark matter [31].
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The majority consensus within the scientific community has settled on dark matter as a so-

lution to the missing mass problem, despite no viable candidate having been observed6, so much

so that the determination of the nature of dark matter has evolved into its own sector of high

energy physics and cosmology.

Over recent decades, a plethora of dark matter candidates have been proposed that have

had varying degrees of success in matching observations. In this section, I will give a brief

description of some of the more notable classes of candidates:

• MACHOs - Massive compact halo objects were one of the first proposals to explain the

missing mass problem. Essentially, the MACHO solution is that there exists a large num-

ber of ordinary mass objects which are faint enough not to meaningfully contribute to the

luminous material we observe. MACHOs include brown dwarfs, faint stars, and stellar

remnants, and are appealing because they do not require any additional exotic matter

beyond the standard model of particle physics. However, microlensing along with other

investigations have shown that MACHOs could not exist in an abundance high enough

to explain the dynamics we observe in galaxies, and have been effectively ruled out as vi-

able candidates [36, 37]. Alongside this, the relative abundances of light elements in the

early universe are heavily dependent on the baryon to photon ratio at that epoch. Thus,

for MACHOs to solely explain the mass discrepancy, there would have to be a far larger

energy contribution of baryons around the epoch of Big Bang Nucleosynthesis. This is

constrained by the ratio of light elements abundances in the oldest stars and by relative

epochs of helium and hydrogen recombination in the early universe. Not only are the

effects of MACHOs considered negligible, but baryonic matter cannot explain the miss-

ing mass problem without the modification of our law of gravitation / implementation

of general relativity [38].

• WIMPs - Weakly interacting massive particles are natural candidates from particle physics

[39]. WIMPs explain the dark matter phenomenon as thermal relics from the early uni-

verse. Interacting only weakly (via the weak force), these particles decoupled from ther-

mal equilibrium in the early universe, which effectively fixes their relative abundance

assuming minimal non-gravitational self-interaction [40]. There are many ongoing direct

and indirect detection experiments being carried out, although so far there have been

6In section 1.6, an alternative of modified Newtonian dynamics is discussed, which attempts to explain the
missing mass problem without dark matter.
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no detection events. These tests have placed strong constraints on the WIMP-nucleon

interaction cross-sections and have pushed searches towards lighter mass particles and

alternative candidates such as axions [41–43].

• Axions - Axions are, at present, considered one of the most promising candidates for

dark matter. They are an artefact of the Peccei-Quinn solution to the strong CP prob-

lem in quantum chromodynamics (QCD). Consquently, they are predicted to have small

masses on the µeV - meV scale, but can be extended as low as 10−22 eV as ultralight dark

matter [44–46]. Their main detection method is proposed to be through haloscopes and

their bounds constrained by astrophysical observations. However, these bounds are con-

tinually getting tighter and no Axion signal has ever been detected.

There are, of course, many more candidates that are not mentioned here, including: boson-

condensate stars, Kaluza-Klein particles, supersymmetric particles, etc., none of which have

been directly observed.

1.1.4 Dark Energy

The general redshift of extragalactic objects observed (now known as just other galaxies) led to

the understanding that the universe is expanding and the local linear relationship between the

distance to an object and its recession velocity via Hubble law [47]. However, the universe is

not only expanding, but that expansion appears to be accelerating, as inferred independently

by the High-z Supernovae Search Team [48] and Supernovae Cosmology Project [49] from the

analysis of type Ia Supernova in the late 20th century.

Now, the cosmological constant Λ, originally intended to balance the attractive effects of

gravity to ensure a static universe [50], is reintroduced to explain the accelerating expansion.

The extra geometric degree of freedom, given by the addition of the cosmological constant,

can be interpreted as an effective energy contribution to the right-hand side of Eq. (1.1). As

the name suggests, the corresponding effective density ρΛ is a constant and requires negative

pressure to overcome gravitational collapse, such that the effective equation of state parameter

is given as w = −pΛ/ρΛ = −1. Alternative explanations for the acceleration beyond ΛCDM

often give different parametrisations for this equation of state, but we broadly refer to the
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energy driving cosmic expansion as ’dark energy’ regardless of whether it is motivated by

the cosmological constant or not.

If one does not assume a cosmological constant, then it is possible to construct a crude es-

timate for the vacuum energy density required from particle physics to provide an explana-

tion for the accelerated expansion. However, these are massively discrepant with cosmological

constraints, which predict a density 52 orders of magnitude smaller than the theoretical value

[51], dubbed the cosmological constant problem. An explanation for the small but non-zero value

for the energy density of dark energy has eluded the community, so much so that many are

satisfied to simply leave its value up to the anthropic principle [52] – that if the dark energy

contributions were larger, no structures could form, or smaller and there would be no expan-

sion.

A plethora of studies have since made attempts to constrain the equation of state of dark

energy w, which confirm the apparent accelerating expansion of the universe. Over the past

two decades, survey precision and depth has improved greatly, such that high precision mea-

surements of w are now possible. Examples of surveys that attempt this, include: the Equation

of State Supernova Cosmic Expansion survey (ESSENCE) [53, 54], the Pantheon+ supernova

survey [55], the Dark Energy Survey (DES) [56], the Supernova Legacy Survey (SNLS) [57],

the Sloan Digital Sky Survey (SDSS) [58], and the Pan-STARRS Medium deep survey [59]. The

most recent surveys are now capable of producing strong constraints on the evolution of the

equation of state with redshift [4]. These advancements enable investigations into this modifi-

cation of ΛCDM, named wCDM, which is discussed in section 1.4.1.

1.2 Distances in the Standard Model

Distances in cosmology are not directly observable. The majority of distances inferred to an

object within the universe are derived from the physical properties of the electromagnetic ra-

diation observed – e.g., from the spectra, intensity or periodicity of light – and a cosmological

model. Whilst an exact metric distance between objects can be derived in any given spacetime,

it is of no practical use in observational astronomy. This distinction is important, as the basis

for cosmological tensions within ΛCDM is founded on our definitions and calibrations of dis-

tances. In astronomy, our estimates for cosmological distances are calibrated with previous,

more local measurements i.e, parallax distances are used to calibrate the luminosity distances



Chapter 1. Cosmology 9

to nearby stars or Cepheid variables to supernova type Ia [60]. This technique for establish-

ing the distance-redshift relation is known as the cosmic distance ladder, as each ’step’ on the

ladder is used to calibrate the next.

What follows is a brief discussion of some of the standard distance measures used in modern

cosmology.

1.2.1 Cosmological Redshift

We define the redshift of an object as the difference in the wavelength of light between emission

and when it is observed, which can be written generally as

1 + zobs =
λobs

λem
=

Eem

Eobs
=

−Uem · k
−Uobs · k

=
Uµ

em kµ

Uν
obs kν

, (1.13)

where λ and E are the respective wavelength and energies measured in the local frames of the

observer and emitter, identified by the corresponding subscript, with associated 4-velocites U,

and k represents the 4-momentum of the photon.

In the local universe, it is assumed that the observer and emitter are sufficiently close to one

another for the effects of the geometric background to be neglected and only special relativistic

effects applied. Then the observed redshift can be attributed solely to a radial Lorentz boost

with relative velocity v between the observer and emitter

1 + zobs =

√
c + v
c − v

≈ 1 +
v
c
+O

(
v2

c2

)
. (1.14)

Whilst we know that general relativity is even relevant on scales as small as the solar system,

this special relativistic formulation is used throughout modern cosmology as the basis for the

Hubble–Lemaître law.

We can further split the general redshift relation of Eq. (1.13) into 3 parts via local Lorentz

transformations at observer and source positions as

1 + zobs =
UA · k

Uobs · k
UB · k
UA · k

Uem · k
UB · k

(1.15)

= (1 + zpec, obs)
gµν Uµ

B kν|xB

gαβ Uα
A kβ|xA

(1 + zpec,src) . (1.16)

Here, the first and third terms give the redshift that corresponds to the relative peculiar veloci-

ties for an ideal model observer in the frame of measurement and the frame of earlier emission

respectively. These can further be broken up into components corresponding to the motions
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of the Earth relative to the Sun, the solar system relative to our galaxy and our galaxy rela-

tive to the barycentre of the local group, if one chooses. The second factor corresponds to the

cosmological term, which for ideal observers at rest (i.e., in comoving coordinates), gives

1 + zcos =
gµν Uµ

B kν|xB

gαβ Uα
A kβ|xA

=
g00 U0

B k0|xB

g00 U0
A k0|xA

. (1.17)

This cosmological term can be split further into

(1 + zcos) = (1 + zϕ,A) (1 + z̄) (1 + zϕ,B) , (1.18)

where (1+ zϕ,A) ≡ 1/(−g00U0
A)|xA and (1+ zϕ,B) ≡ 1/(−g00U0

B)|xB are interpreted as the grav-

itational redshifts with respect to the background expansion, which has its own corresponding

redshift contribution

(1 + z̄) ≡ k0(xB)

k0(xA)
. (1.19)

In the ΛCDM model, with enforced homogeneity and isotropy through an FLRW background,

the corresponding 4-momentum associated to the expansion gives k0 = 1/a(t). Therefore, we

recover the typical cosmological redshift expected in the standard model,

1 + z̄ =
a(tA)

a(tB)
, (1.20)

where the scale factor is often normalised to a(tA) ≡ 1 for an observer at the present cosmic

time. The gravitational redshift components are often overlooked in conventional cosmology.

However, even small gravitational redshifts can have a noticeable impact on the best-fit cos-

mological parameters [61, 62].

1.2.2 Proper and Comoving Distance

By applying the corresponding scaling relations Eqs. (1.7)–(1.10) for the various energy density

contributions in ΛCDM, from Eqs. (1.11), (1.12) the Hubble parameter can be written as

H(z) = H0

√
ΩR0 (1 + z)4 + ΩM0 (1 + z)3 + Ωk0 (1 + z)2 + ΩΛ . (1.21)

Often in the literature, the dimensionless parameter E(z) is defined for convenience by

H(z) ≡ H0 E(z)1/2 . (1.22)
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Starting with the initial FLRW metric, Eq. (1.2), the proper distance between two comoving

observers connected by radial geodesics relative to an observer at the origin, is obtained by

integrating

ds2 = a2(t)
dr2

1 − k r2 , (1.23)

so that

s =
∫ s

0
ds′ = a(t)

∫ r

0

dr√
1 − k r2

. (1.24)

The solutions to Eq. (1.24), are dependent on the choice of spatial curvature in our FLRW model,

as

s(t) = a(t)


|k|−1/2 sinh−1√|k| r if k < 0 ,

r if k = 0 ,

|k|−1/2 sin−1
√
|k| r if k > 0 ,

≡ a(t) χ , (1.25)

where χ is the respective comoving distance for various choices of k, and r is the coordinate

distance. The proper distance s describes the physical distance in an expanding FLRW space-

time at any given instant in cosmic time and will therefore vary with cosmic expansion, as

determined by the scale factor, a(t).

1.2.3 Parallax Distance

For very local measurements within our own galaxy, parallax is an effective tool for establishing

the distance to nearby objects. The parallax distance is the displacement of an object’s angular

position on the sky relative to very distant ‘fixed’ sources, arising from the variations of the

relative positions of the observer and object. This is most easily understood in day-to-day life

as the slight variation in position with respect to the background when looking at a nearby

object, such as an outstretched thumb, with each of your eyes alternately. This technique is

analogously applied to determine the distance to nearby luminous objects, by comparing their

apparent deviation in position against the background of distant stars and galaxies, when ob-

served at different points of the Earth’s orbit around the Sun, reaching a maximum every 6

months.

Traditionally, parallax distances have been used as the first rung on the cosmic distance lad-

der to calibrate the empirical period–luminosity relation of Cepheid variable stars, which are

observed in galaxies out to greater distances at which parallaxes are no longer detectable. The

Cepheid variables have then been used to calibrate other distance indicators, building up the
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distance ladder. Naturally a recalibration of any rung of the ladder can have a major impact.

The recent Gaia-ESO survey has had a major impact in not only vastly improving the precision

and volume of parallax distances within our galaxy, but also radial velocities as well as other

data products [63].

1.2.4 Luminosity Distance

In a static universe with Euclidean geometry, the luminosity distance is defined to satisfy the

relation

DL =

(
L

4π F

)1/2

, (1.26)

with absolute bolometric luminosity L and measured bolometric flux F. This can be generalised

to an FLRW universe as

DL =
c (1 + z)

H0
√
|Ωk0|

Sk

(√
|Ωk0|

∫ z

0

dz′

E(z′)

)
, (1.27)

where

Sk(x) =


sin(x) for k > 0 ,

x for k = 0 ,

sinh(x) for k < 0 .

(1.28)

Unlike angular diameter distances, which require standard rulers, the luminosity distance

needs standard candles with known luminosity for calibration. In astronomy, the apparent mag-

nitude m of an object’s brightness is the observable quantity measured and can be related to

the absolute magnitude M through an empirical relation via the luminosity distance. This ex-

pression is known as the distance modulus

µ ≡ m − M = 5 log10

(
DL

Mpc

)
+ 25 . (1.29)

In practice, there are no true standard candles in astronomy but standardisable candles. SNe Ia –

whose standarisation is based on empirical relations first discovered in the 1990s [64] – make

up some of the most precise luminosity distance indicators in cosmology, and are well sampled

out to redshifts z ≃ 1, and somewhat beyond.
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1.2.5 Angular Diameter Distance

This measure of distance is based on the idea of a standard ruler, where the object’s proper

length is known, in Euclidean space. The angular diameter distance, DA, is then defined as the

ratio of an object’s physical (proper) size, ℓθ , to the angular size, δ on the sky as it appears to an

observer

DA ≡ ℓθ/δ , (1.30)

which for an FLRW universe can be rewritten as

DA(z) =
c√

|Ωk0| H0 (1 + z)
Sk

(√
|Ωk0|

∫ z

0

dz′

E(z)1/2

)
. (1.31)

We can then relate angular diameter distances to luminosity distances via the Etherington reci-

procity relation [65],

DL = (1 + z)2 DA . (1.32)

Possibly the best known examples of objects of fixed proper length are optical water masers

in the accretion discs of near edge on active galactic nuclei. Their Keplerian orbital parameters

can be used to define an absolute proper length scale of the accretion disc, which can be com-

pared to the angle subtended on the sky. The best known example is NGC4258 which is used as

an anchor to calibrate the distance ladder [66], which bypasses parallax distances. NGC4258 is

not gravitationally bound to our Local Group, but is relatively close in the filament at a distance

D = 7.58 ± 0.11 Mpc [67].

In Euclidean space more distant objects of fixed proper size will always appear smaller. How-

ever, in an expanding spacetime the angle an object subtends on the sky eventually reaches a

minimum value, corresponding to the maximum angular diameter distance. Thus, the angu-

lar diameter distance is not continuously increasing with redshift/lookback time. This can be

explained via

δ =
ℓθ

DA
=

(1 + z)2 ℓθ

DL
, (1.33)

where as DL generally increases, the angle subtended by the object decreases, until (1 + z)2

begins to grow faster than DL. The redshift of this turning point corresponds to an object’s

maximum DA or minimum apparent diameter δ. Therefore, objects beyond this scale counter-

intuitively appear larger on the sky. Consequently, angular diameter distances do not neces-

sarily sum simply, i.e., Dol
A + Dls

A ̸= Dos
A , as the distance inferred is related to the proper size
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of the object when the light observed was emitted. Angular diameter distances are used fre-

quently in gravitational lensing analysis, therefore, it is important to have an expression for the

distance between lens and source objects, Dls
A. Using Eq. (1.31), the distance7 between the lens

and source objects can be expressed, for Ωk ≥ 0, as

Dls
A =

1
1 + zs

[
(1 + zs) Dos

A

√
1 + Ωk (1 + zl)2 Dol

A
2 − (1 + zl) Dol

A

√
1 + Ωk (1 + zs)2 Dos

A
2
]

(1.34)

The Baryon Acoustic Oscillation (BAO) scale represents a completely different type of stan-

dard ruler, since its source is not a fixed proper length. Rather, it corresponds to a slight excess

of galaxies generated from the first acoustic peak in the spectrum of primordial density pertur-

bations, which remained frozen in when the electromagnetic pressure support among baryons

dissipated at recombination. The absolute BAO scale is still growing with cosmic expansion.

Hence, the combination of CMB anisotropies and the BAO scale determined from late epoch

galaxy clustering statistics, provides an incredibly powerful constraint on the expansion his-

tory of the universe.

1.3 Challenges to the Standard Paradigm

1.3.1 The Hubble Tension

The present value for the expansion rate H0 provides the most discussed tension in modern

cosmology [68]. This tension arises when estimates of H0 inferred from early universe mea-

surements of the CMB anisotropies by the Planck collaboration89 are compared to late universe,

low redshift probes. Fig. 1.1, from the large collaboration and review of Abdalla et al. [1], shows

the many H0 estimates from a plethora of different direct and indirect probes. As the preci-

sion of our cosmological measurements has improved, the statistical significance of this late

and early universe disagreement has increased. Most notably, the Cepheid calibrated super-

nova type Ia differ by more than 5σ from their Planck CMB inferred counterparts [28]. Other

independent estimates such as the tip of the red giant branch method [71–73], gravitational

7Often throughout this thesis, when later discussing gravitational lensing, we drop the subscript A unless when
dealing with multiple types of distance measures simultaneously.

8There are other teams and experiments that constrain H0 from CMB measurements, such as the Atacama Cosmol-
ogy Telescope [69] and the South Pole Telescope [70]. However, the Planck satellite measurements are widely considered
to be the ultimate standard in cosmological measurements.

9It is important to once again acknowledge what is being measured here, as the Planck CMB power spectrum is
measured with a high level of precision but the constraints on cosmology inferred are model-dependent. Indeed,
often a fiducial ΛCDM cosmology with set parameter values is assumed in the analysis when reducing data but
before fitting for cosmology. This is equally true of late universe probes, where the measurement is typically of
spectroscopic redshifts and a cosmological model is applied to determine H0.
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wave standard sirens [74–76], galaxy-clustering [77, 78], masers [79], X-ray observations of the

Sunyaev-Zeldovich effect in clusters [80–83], Balmer line L-σ relation of HII galaxies [84–86],

and many more, fail to solve this discrepancy. Some of these estimates, such as those from

gravitational waves, return values in agreement with both high and low redshift data [87].

However, this is suspected to only be due to the large uncertainties associated with their mea-

surement, and crucially cannot explain why the tension persists in the remaining probes.

This begs the question: can systematics resolve this tension alone or are new physical theories

required? Systematic error may easily build up in the cosmic distance ladder. Whilst any

systematic errors shared between early and late-epoch calibrations could in principle resolve

the Hubble tension, the increasing precision and volume of data coupled with the growing

significance of the discrepancy motivates new physics and the reevaluation of fundamental

assumptions. Furthermore, direct distance measurements which avoid the distance ladder are

of incredible value. This is one of the major advantages of strong gravitational lensing, later

discussed in chapter 2.

1.3.2 S8 Tension

Another notable tension within the ΛCDM model is the S8 tension [1]. This arises in the clus-

tering of matter within the universe, parametrised by S8 = σ8
√

ΩM0/0.3, where σ8 is the root-

mean-square of the amplitude of matter perturbations, smoothed over 8 h−1 Mpc scales. The

tension in the S8 parameter, much like the Hubble tension, is caused by a mismatch in ob-

servations of low redshift data compared with the expectation from the evolution of structure

determined from high redshift measurements and the CMB perturbations. Low redshift mea-

surements determining the distribution of matter and galaxy clustering in the late universe

(z ≤ 0.5–1) show a much “smoother" distribution, and therefore a lower S8 value, than com-

pared with the standard ΛCDM evolution of CMB fluctuations [88].

A large number of low redshift estimates for S8 are presented by Abdalla et al [1] in Fig. 1.2.

These include probes from weak lensing [78, 89–92], galaxy-clustering [93–96], galaxy clusters

[97], CMB lensing tomography [98–101], and the combination and joint analysis of each [56,

102–104]. The magnitude of the tension from these measurements gives a 2-3 σ disagreement

from model predictions.
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https://ars.els-cdn.com/content/image/1-s2.0-S2214404822000179-gr002_lrg.jpg 1/1Figure 1.1: The 68% confidence level regions on H0 constraints from numerous dif-
ferent cosmological probes. The original figure and reference therein are compiled

in [1].
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Figure 1.2: The 68% confidence level regions on S8 constraints from numerous dif-
ferent cosmological probes. The original figure and reference therein are compiled

in [1].
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1.3.3 Dipoles and Anisotropies in Cosmic Source Populations

Once the galactic plane of the CMB is removed, there is a remaining dipole that, when at-

tributed purely to a special relativistic boost, is understood as a result of the Sun’s velocity

of v = 369.82 ± 0.11km s−1 with respect to the CMB rest frame, towards RA = 168◦, DEC =

−7◦ [105]. This relative motion may also be inferred from the modulation and aberration ef-

fects in high-redshift (z > 1) radio galaxy counts, as noted by Ellis and Baldwin [106]. The

Ellis–Baldwin test is incredibly valuable, as it provides a simple model-independent consis-

tency check of FLRW cosmologies [107]. The size of current surveys is already large enough to

enable this test. The analysis of combined surveys of the NRAO VLA Sky Survey (NVSS) [108]

and the Sydney University Molongo Sky Survey [109, 110] catalogues by Colin et al. [111] yields

an estimate of the relative velocity of v = 1729 ± 187km s−1, towards RA = 149◦ ± 2◦, DEC =

−17◦ ± 12◦. Whilst this dipole is roughly aligned with that of the CMB, it is substantially larger

than expected. Such a large dipole seems to rule out local clustering as an explanation and

presents a challenge to the cosmological principle [112].

Furthermore, it is not just radio galaxies that can be used as tracers. In recent years, the

CatWISE survey released their all-sky quasar dataset which, after masking out the galactic

plane and poor quality data, has a final count of over 1.3 million sources10 [114]. Analysis of this

catalogue also yields a deviation from the expected dipole at 4.9σ [115], and when combined

with the NVSS catalogue, one may reject a kinematic dipole at 5.1σ [116]. In Fig. 1.3 from Aluri

et al. [112], we show the various directions of anisotropy inferred on the sky from multiple

different sources.

1.4 Resolving Tensions with New Physics

In the following, I briefly describe some of the alterations to ΛCDM that are considered poten-

tial solutions to cosmological tensions. In general, no proposed solution exists (to the author’s

knowledge) that satisfactorily solves all the cosmological tensions between early and late uni-

verse measurements and includes dark energy of some kind, without introducing new tensions

in different areas of cosmology [117].

10The Zwicky Transient Facility has recently released a catalogue of over 5 million quasars [113]. However, the
associated kinematic dipole has yet to be calculated from this sample.
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Figure 1.3: The various directions of anisotropies in the Universe, as compiled in
Aluri et al. [112] with references therein.

1.4.1 wCDM and Dynamical Dark Energy

In general, we refer to any perfect fluid that violates the strong energy condition as dark en-

ergy. For an equation of state, −1 ≤ w ≤ −1/3, the fluid will obey the dominant energy

condition but not the strong energy condition – which is required for gravitational attraction to

allow matter to coalesce into structures [118]. Allowing the equation of state parameter of dark

energy to be a free parameter fit to cosmological data, such that w ̸= −1, is one of the imme-

diate potential solutions to the Hubble tension, and has the appeal of being a simple extension

to ΛCDM by an additional free constant. Beyond this, there are more nuanced (yet often ad

hoc) parametrisations of the equation of state parameter that vary with cosmic time/redshift,

w(z) [119]. These classes of solutions are known as dynamical dark energy models; the most

commonly investigated being given by the Chevallier–Polarski–Linder (CPL) [120, 121] form:

w(z) = w0 + wa
z

1 + z
. (1.35)

Whilst Eq. (1.35) does not fall out of a more fundamental theory, the choice of parametrisation

is well motivated in the local universe. The CPL form neatly breaks down into the present

equation of state parameter w0 and its time evolution wa, so if ΛCDM or wCDM is correct,

either can be returned as a limit of the CPL parametrisation through best fit parameters of

w(z) = −1 or wa = 0, respectively.
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Due to the cosmological tensions previously discussed, the nature of dark energy is a subject

of ongoing investigation. The Union 3 joint analysis of supernovae Ia, BAO, and CMB data

show an agreement of wCDM and ΛCDM with w ≈ −1 [122]. However, this same analysis

found 1.7–2.6 σ evidence in favour of a thawing dark energy as compared to ΛCDM. The most

recent DESI BAO results have also shown a preference for the CPL dark energy parametrisa-

tion over “vanilla" ΛCDM or wCDM. In doing so, the equation of state parameter crosses the

‘phantom’ line, as shown in Fig. 1.4 (originally compiled by the DESI collaboration [5]). This

violates the dominant energy condition for a perfect fluid and can lead to conventionally un-

physical phenomena such as faster-than-light mass-energy flows [119, 123]. Given how recent

this latest result is, its confirmation from upcoming surveys such as Euclid and LSST are ea-

gerly awaited with the expectation that they may confirm a deviation from dark energy driven

by a cosmological constant, in favour of dynamical dark energy.
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Figure 1.4: Left Panel: 1σ and 2σ marginalised posterior constraints in the spa-
tially flat w0waCDM from a combination of DESI BAO and CMB or supernova
datasets. Right Panel: 1σ and 2σ marginalised posterior constraints in the spatially
flat w0waCDM from a combination of DESI BAO, CMB and supernova data. For
the Pantheon+, Union3 and DES Y5 datasets a significant tension with ΛCDM was
found at 2.5σ, 3.5σ and 3.9σ respectively. Both of these plots were originally com-

piled by the DESI collaboration [5].

1.4.2 Early Dark Energy

Early dark energy behaves like the cosmological constant Λ at high redshifts, z ≳ 3000, and

then decays away at lower redshifts, faster than the energy density of radiation [124]. This

class of models addresses the Hubble tension by reducing the scale of the sound horizon at the

time of decoupling, thus a larger H0 expansion rate is inferred from the CMB which may match

estimates from late-universe probes. There are many forms of early dark energy theorised [1],
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typically involving scalar fields and associated ad hoc potentials11.

However, it has been shown that early dark energy is not capable of relieving both H0 and S8

tensions simultaneously [125]. This is due, in part, to the large degeneracies present between

the value of H0 inferred and the dark matter density contribution to ΩM0 required to explain

the CMB acoustic peak heights [126]. Nonetheless, there is a slight preference for early dark

energy in the recent analysis of ACT and SPT ground based data [127–130].

1.4.3 Interacting Dark Energy

Interacting dark energy models are a class in which dark energy and dark matter are coupled

so as to share interactions that are not exclusively gravitational [1]. These models introduce an

additional free parameter ξ that mediates the flow of energy from dark matter to dark energy

and vice versa. When assuming an equation of state, w = −1, corresponding to a cosmological

constant a strong preference is found for a non-zero dark energy – dark matter interaction at 5σ

significance, when fit to Planck CMB data [131]. This is capable of resolving the Hubble tension

between estimates from early and late-universe measurements to less than 1σ. However, when

combined with other probes in a joint analysis such as Planck+Pantheon or Planck+BAO, the

results weaken and no-longer are capable of resolving the Hubble tension [132–134].

There are other realisations of interacting dark energy – namely, models with w < −1 where

there is a flow of energy from dark energy to dark matter, and those with w > −1 in which

energy flows from dark matter to dark energy. Indeed, this form has shown promise in the

possibility of resolving the S8 tension, without affecting the current tension in H0 [135].

1.4.4 Modified Theories of Gravity

The inclusion of dark energy and dark matter in the standard model of cosmology is only

a requirement, given the cosmological principle and the implementation of general relativity

on different scales. The ΛCDM model adds dark matter to make gravitational interactions

stronger on smaller scales and dark energy to make gravity weaker on large scales, in order

to explain the accelerated cosmic expansion. Alternatively, rather than the inclusion of mys-

terious mass/energy contributions, one might seek to retain the cosmological principle while

modifying the Einstein–Hilbert action of general relativity.

11There is often a ‘two birds and one stone’ approach to early dark energy models, as they often also attempt to
explain the initial inflation of the universe.
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There are a large number of modified gravity models in which the features of gravity vary

with scale, in an attempt to resolve the Hubble tension with varying degrees of success (for a

review of many prominent theories, see Clifton et al [136]). Some examples of which are: emer-

gent gravity [137, 138], f (R) gravities [139], fractional gravity [140, 141], Lanczos–Lovelock

gravity [142], modified gravity (MoG) [143, 144], postquantum classical gravity [145, 146], and

rainbow gravity [147]. One of the more successful theories in predicting astrophysical phenom-

ena, Modified Newtonian Dynamics (MOND), is discussed in section 1.6.

1.5 Inhomogeneous Cosmology

Modelling the inhomogeneous distribution of matter on scales smaller than the SSH is im-

portant not only for correctly understanding the astrophysics of matter sources, but also for

foundational questions in general relativity related to the emergence of statistical isotropy and

homogeneity. Many of these questions are summarised in the fitting problem [148, 149]: given

the non-linear nature of the Einstein equations the problem of fitting one geometry inside other

another described by an effective dust or perfect fluid source is non-trivial. Related mathemat-

ical and theoretical issues have a history going back to the 1930s, and are discussed extensively

in related monographs [150, 151] and texts [152].

1.5.1 Exact Inhomogeneous Solutions of Einstein’s equations

Exact solutions of Einstein’s equations for irrotational pressureless dust sources12 with fewer

symmetries than the FLRW models have been investigated as model cosmologies beginning

with the pioneering spherically symmetric solutions of Lemaître [155] and Tolman [156] in

the 1930s. The properties of these models and their geodesics were further investigated in

detail by Bondi in 1947 [157], and are consequently known as either the Lemaître–Tolman or

Lemaître–Tolman–Bondi (LTB) solutions. They are used in a variety of circumstances in gen-

eral relativity, including the problem of gravitational collapse. As toy models of the universe

having a preferred centre they violate the Copernican principle – that there is no special observer

with a privileged position in the universe. They are therefore difficult to reconcile with phys-

ical models for the early universe and are not regarded as serious contenders to the FLRW

12We focus on dust sources here, but there exists inhomogeneous perfect fluid solutions as well [153, 154].
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solutions. Nonetheless, since they exhibit the phenomenon of non-kinematic differential ex-

pansion13, they provide a simple alternative for the modelling of cosmic dipoles as compared

to FLRW models plus local special relativistic boosts.

Large Void Lemaître-Tolman-Bondi Solutions – Although spherically symmetric LTB models

with a central overdense hump provide a good fit to some cosmological datasets [158], typical

LTB constructions involve a large central underdense void surrounded by an overdense shell

that with an appropriate choice of functions asymptotes to an FLRW background. Cosmic

dipoles are then generated for off-centre observers along an axis joining them to the void centre.

The LTB line element can be written as14

ds2 = −dt2 + B2(t, r)dr2 + R2(t, r)(dθ2 + sin2 θdϕ2) , (1.36)

where the functions B(t, r) and R(t, r) are arbitrary functions that have both spatial and tem-

poral dependence and are assumed positive. The FLRW limiting case is found via letting

B(t, r) −→ a(t)√
1 − kr2

, R(t, r) −→ r a(t) . (1.37)

Whilst this choice of model is clearly an unreasonable one upon which to build a fully realistic

cosmological model, the LTB solutions exhibit relativistic effects that FLRW solutions cannot

and may prove to be useful tools in modelling small scale structure. A notable feature is that

the ‘bang time’ – cosmic time from the big bang to the present – is not universal for positions

in space. This does not mean the universe started at different times for different observers,

but that time runs faster for observers in underdense regions so that they measure a universe

much older than an observer in an overdense region. This is in stark contrast with the always

synchronous observers of an FLRW universe.

Szekeres Solutions - The Szekeres solutions [159, 160] are Petrov type-D solutions with in-

trinsically built-in inhomogeneities. In the general case, whilst the metric has a particular form

which enables the construction of exact solutions, the Szekeres models have no global symme-

try groups generated by Killing vectors. The Szekeres class of solutions are seen to generalise

not only the LTB models, but also other exact solutions: the homogeneous but anisotropic

Kantowski–Sachs solution [161] and the planar symmetric Eardley–Liang–Sachs models [162].

One advantage of the Szekeres models is that they can be used to construct spacetimes which

13For generic, off-centre observers.
14In this section, unless otherwise stated, we work in natural units with c = 1 and G = 1.
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are asymptotically FLRW at large distances but with strong inhomogeneities for expanding

regions close to the observer. In the general case, the line element in spherical coordinates is

given as

ds2 = −dt2 +
1

ϵ − K

[
R′ +

R
S
(S′ cos θ + N sin θ)

]2

dr2 + R2(dθ2 + sin2 θdϕ2)

+

(
R
S

)2 {
[S′ sin θ + N(1 − cos θ)]2 + [(∂ϕN)(1 − cos θ)]2

}
dr2

− 2
(

R
S

)2

[SS′ sin θ + SN(1 − cos θ)]drdθ + 2
(

R
S

)2

(∂ϕN) S sin θ (1 − cos θ)drdϕ , (1.38)

where N(r, ϕ) ≡ P′ cos ϕ + Q′ sin ϕ, ϵ = 0,±1, and S, P, Q, R, and K are arbitrary functions

of r with K(r) ≤ ϵ [163]. Here, the prime index denotes the partial derivative ′ ≡ ∂/∂r. The

choice of ϵ determines the type of solution implemented: (ϵ = 0) quasi-planar, (ϵ = −1) quasi-

hyperbolic, or the most often employed for cosmology the (ϵ = +1) quasi-spherical solution.

The quasi-spherical solution can be thought of a series of non-concentric shells with a density

dipole formed between them due to the relative shifting and rotation between the shells.

Bianchi Solutions - The Bianchi exact solutions are homogeneous but not necessarily isotropic

due to differential expansion. The simplest type, Type I [164], are a generalisation of the FLRW

solutions with coordinate-specific scale factors as

ds2 = −dt2 + ax(t)2 dx2 + ay(t)2 dy2 + az(t)2 dz2 . (1.39)

These solutions can be used to attempt to model the local anisotropic expansion of the universe

due to nearby structures. However, numerical studies applying Bianchi models to investigate

the effects of Laniakea, the local supercluster the Milky Way is contained within, have not been

able to resolve the Hubble tension [134].

1.5.2 Coarse-graining and Backreaction

Many of the tensions already discussed, such as the Hubble tension, cannot be resolved by

simple extensions to the ΛCDM model without incurring new tensions in cosmological pa-

rameters or heightening preexisting ones. The cosmological principle states that the universe

is statistically homogeneous and isotropic when dealing with large scale averages, and assumes

one particular notion of such averages — that of an FLRW geometry. Combining the Coper-

nican principle and the isotropy of the observed mean CMB temperature, we find that at the
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epoch of last scattering the early universe must be close to FLRW to a high precision. How-

ever, the application of a single global FLRW metric from last scattering until the present epoch

potentially neglects important non-linear effects of local structures and inhomogeneities. At

redshifts z ≲ 0.7 the distribution of galaxies begins to trace an increasingly complex cosmic

web. The fact that the onset of this complexity coincides roughly with apparent onset of cosmic

acceleration in the standard cosmology, (c.f., [165], Fig. 8), has led a number of cosmologists to

question [166] whether this coincidence may replace the standard cosmic coincidence problem

of FLRW models. The latter is usually phrased as: “why is the magnitude of the cosmological

constant, Λ, such that the expansion of the universe was decelerating for much of its history

and only began accelerating in the relatively recent past?”. In standard cosmology, some theo-

rists favour a dynamical solution to this coincidence [167], rather than appealing to anthropic

arguments [52].

One potential explanation for the requirement of dark energy within the standard frame-

work is an improper accounting for the average effects of inhomogeneities on the expansion

of the universe. However, the manner in which we take cosmological averages is not a trivial

question. In the FLRW universe, we implicitly coarse-grain over structures and remove their

corresponding degrees of freedom in order to construct the fluid description utilised in the

standard cosmology. Coarse-graining in this manner is a standard practice in many areas of

physics and up until the scale of galaxies with stellar systems as dust particles, it is considered

appropriate and highly effective depending on what you are investigating. For example, it is

not considered important to have a description of every atom of a football to be able to predict

how it rolls along a field.

In the standard cosmology we coarse-grain over a hierarchy of structures choosing the do-

main to be of the SSH scale, but as a consequence, lose the subtleties of the long-range, non-

linear gravitational interaction between objects below this scale. Furthermore, we assume that

there must exist a well-defined global average that is itself an exact solution to the Einstein field

equations with averaged sources — this is the FLRW solution,

⟨gµν⟩ = gFLRW
µν , (1.40)

where angle brackets ⟨ ⟩ indicate an unspecified averaging procedure. However, this assump-

tion is not necessarily true, there need not be an average solution that satisfies the Einstein

equations, nor does it necessarily have to be FLRW in nature.
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More generally, is possible to represent the metric gµν of a general inhomogeneous universe

as an average metric ⟨gµν⟩ (potentially ̸= gFLRW
µν ) plus a term describing the deviations from

homogeneity,

gµν = ḡµν + δgµν , (1.41)

where the bar denotes averaged quantities as ḡµν ≡ ⟨gµν⟩. Using solely the average metric

component of the general metric, we can construct a connection Γ̄λ
µν ≡ Γλ

µν(⟨gµν⟩), curvature

tensor R̄µ
νλρ ≡ Rµ

νλρ(⟨gµν⟩), and Ricci tensor R̄µν ≡ Rµν(⟨gµν⟩). The differences in the connec-

tion and curvature tensors between general and averaged geometries define backreaction terms

that represent the effect of inhomogeneities on the average geometry

δΓλ
µν ≡ ⟨Γλ

µν(gµν)⟩ − Γ̄λ
µν , (1.42)

δRµ
λνρ ≡ ⟨Rµ

λνρ(gµν)⟩ − R̄µ
λνρ , (1.43)

δRµν ≡ ⟨Rµν(gµν)⟩ − R̄µν . (1.44)

Similarly, an Einstein tensor Ḡµν can be constructed for the average metric which will not in

general be equivalent to the average Einstein tensor of the inhomogeneous metric,

⟨Gµν(gµν)⟩ ̸= Ḡµν. The Einstein field equations can then be written in terms of the average

and backreaction Einstein tensors, as

Ḡµν + δGµν =
8πG

c4 ⟨Tµν⟩ , (1.45)

showing how the Einstein tensor of the homogeneous (average) metric is not sourced only by

the averaged energy-momentum.

Backreaction is then defined as the difference between the evolution of the average metric

(most often assumed to be FLRW) and the average evolution of a general inhomogeneous met-

ric. The impact of backreaction in cosmology is still a subject of broad debate. In the standard

cosmology, the global FLRW metric is assumed to apply to averages on all spatial scales larger

than the SSH, with perturbations remaining small, namely in the linear regime of perturbation

theory. These assumptions work to the extent that ΛCDM successfully passes many indepen-

dent observational tests, with the provison that it now faces the increasing challenges outlined

in section 1.3. Perturbation theory must then break down on scales somewhat below the SSH,

where we enter the non-linear regime of structure formation. However, it remains possible that

such non-linear effects below the SSH feed back on the large-scale average evolution due to the
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coupling of scales in non-linear dynamics, causing the average to deviate from the expected

FLRW evolution. Some models—including the timescape cosmology discussed later in this

section—result in an order-unity relative deviation with respect to the FLRW evolution associ-

ated with the averaged sources; they are accordingly called ‘strong backreaction’ models. Such

a description must be background-free, i.e., it should not assume a priori a global FLRW back-

ground. Other, so-called ‘weak backreaction’ models produce deviations from the average FLRW

evolution which are large enough to affect cosmological observables but only at the level of a

few percent relative to their FLRW-inferred values. However, even small backreaction terms

of this magnitude can have a meaningful impact on the expansion history of the universe [168,

169].

1.5.3 Buchert’s Averaging Scheme

There are many different formalisms developed for constructing cosmological averages (for

a review see [168]), but the approach developed by Thomas Buchert [170–173] is the most

well studied. Rather than averaging tensorial quantities—which is not uniquely defined and

requires extra mathematical structures—the Buchert formalism takes spatial averages of the

scalar quantities associated with the Einstein equations arising from the fluid flow within a spe-

cific domain, including its density ρ, expansion θ, and shear scalar σ. The averages are taken

over a fluid-comoving domain D on global spatial hypersurfaces Σ within a 3+1 Arnowitt–

Deser–Misner (ADM) [174, 175] spacetime foliation, choosing synchronous coordinates and a

restriction to irrotational and pressureless flows15. Angle brackets now denote the spatial vol-

ume average of a scalar, e.g., for any scalar quantity Ψ,

⟨Ψ⟩ ≡ 1
V(t)

∫
D

d3x
√

det(3g) Ψ(t, x⃗) , (1.46)

with V(t) ≡
∫
D d3x

√
det(3g) being the volume of the domain D contained on the hypersur-

face Σ with spatial metric 3g. The domain propagation between consecutive spatial slices is

specified by requiring it to be comoving with the fluid flow. This ensures that there is no trans-

fer of mass or of fluid elements across the boundaries of the averaging domain, and thus that

the total rest mass within it is preserved over its evolution.

15A generalisation of the averaging formalism to include vorticity scalars and dynamical backreaction terms was
introduced in 2019 by Buchert, Mourier and Roy [172]. However, Buchert’s original 2000 scheme [170], which we
present here, already contains the terms relevant to the timescape cosmology phenomenology.
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Scalar projections of the Einstein equations can then be averaged to give the Buchert equiva-

lent of the Friedmann, Raychaudhuri, and continuity equations:

3
˙̄a2

ā2 = 8πG⟨ρ⟩ − 1
2

c2⟨R⟩ − 1
2
Q , (1.47)

3
¨̄a
ā
= −4πG⟨ρ⟩+Q , (1.48)

∂⟨ρ⟩
∂t

+ 3
˙̄a
ā
⟨ρ⟩ = 0 , (1.49)

where the overdot represents a derivative with respect to the coordinate time16 t, and Q is the

kinematical backreaction given by

Q ≡ 2
3
⟨(θ − ⟨θ⟩)2⟩ − 2⟨σ2⟩ = 2

3
(⟨θ2⟩ − ⟨θ⟩2)− 2⟨σ2⟩ , (1.50)

where θ is the trace of the expansion tensor Θij of the fluid flow, and the shear scalar σ is

written in terms of σij, the trace-free symmetric shear tensor, as σ2 = 1
2 σijσij. The scale factor ā

in Eqs. (1.47)–(1.49) is not given by a particular choice of underlying geometry. It is an average

quantity defined by the ratio of the domain volume at a given time to its initial volume,

ā(t) ≡
( V(t)
V(ti)

)1/3

. (1.51)

Analogously to the FLRW equivalent, the Hubble parameter can be expressed in terms of the

volume-averaged expansion scalar,

H̄(t) ≡
˙̄a
ā
=

1
3
⟨θ⟩ . (1.52)

The first Buchert equation, Eq. (1.47), for a two component fluid with matter density, ρM, and

radiation density, ρR, may then be rewritten analogously to the ΛCDM sum rule, Eq. (1.6), as

ΩM + Ωk + ΩR + ΩQ = 1 (1.53)

where17 ΩM = 8πG⟨ρM⟩/(3H̄2), ΩR = 8πG⟨ρR⟩/(3H̄2), Ωk = −c2⟨R⟩/(6H̄2) and ΩQ =

−Q/(6H̄2).

Finally, the non-commutativity of Buchert’s averaging procedure with evolution in time is

expressed precisely by

∂t⟨Ψ⟩ − ⟨Ψ̇⟩ = ⟨Ψ θ⟩ − ⟨θ⟩⟨Ψ⟩ (1.54)

16Later referred to as the volume-averaged time in the context of the timescape model.
17Since we include an explicit radiation source we denote the average curvature term Ωk rather than ΩR to avoid

potential confusion.
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for any scalar Ψ. For an in-depth description of the derivation and applications of the Buchert’s

averaging scheme, we encourage the reader to see [168, 170–172].

The magnitude and relevance of backreaction in cosmology has been the subject of much

debate for the past two decades, beginning with early debates on the effects of structures as

perturbations about an FLRW background [148], with proponents for [176] and against [177]

the effects being important. Particular criticisms of the Buchert scheme were made by Ishibashi

and Wald [178], who questioned (i) the magnitude of the backreaction term, ΩQ; (ii) the physi-

cal interpretation of the time parameter in the Buchert equations; and (iii) the relationship of its

statistical quantities to physical observables. The Buchert equations are underdetermined and

one additional integrability condition is required for their closure. Different implementations

of the closure condition are associated with different possible physical interpretations of the

statistical averages. Wiltshire proposed the timescape cosmology in 2007 to directly address

the criticisms of Ishibashi and Wald.

In 2010, Green and Wald proposed an alternative backreaction formalism [179], which dif-

fers fundamentally from that of Buchert by assuming that the global average evolution is well

described by an exact solution of Einstein’s equations at any scale of averaging. In the Green–

Wald scheme the backreaction terms yield a small effective traceless energy-momentum ten-

sor term representing a gravitational wave background. The Green-Wald scheme provides a

mathematical self-consistency check on the standard ΛCDM cosmology [180], but has been re-

futed as not mathematically general enough to capture the essential nonlinear effects found in

averages of the Einstein equations [181]. This conclusion has been further explicitly demon-

strated thorough studies of exact solutions to the EFE for inhomogeneous dust-filled cosmolo-

gies [182]. Whereas Buchert’s averaging scheme is found to give a faithful way of interpreting

the large-scale expansion of space and its deviations from the FLRW geometry, the Green–Wald

formalism does not appear to yield any information about the large-scale properties of a given

inhomogeneous spacetimes but is entirely dependent on the choice of a background which is

not uniquely specified for any given inhomogeneous spacetime. This would appear to limit

the applicability of the Green–Wald formalism to the real universe [182].

1.5.4 Timescape

The timescape model of cosmology is a two scale solution to the Buchert averaged Einstein

field equations, sourced by irrotational, shearless dust, that seeks to explain the accelerated
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expansion of the universe as an apparent effect, without the need for dark energy. Here, we

present a brief description of the foundations of the model. For original details see [183–185]

and for a review see [166].

The basic setup is that the present epoch horizon volume consists of a statistical ensemble of

wall and void regions given by exact solutions of the EFEs, of which we later take the Buchert

average. Assuming that null geodesics follow those of the statistical volume average Buchert

geometry, they are then conformally matched to null geodesics of the local regional geometry

on the timelike bounding surface of the wall regions, finite infinity, fi. Finite infinity is defined

by the time evolution of the critical density scale from last scattering to the present epoch: its

geometry is that of the spatially flat FLRW model. Unlike standard FLRW models which take

this to be the global geometry for the whole universe, in timescape the kw = 0 FLRW metric

prescribes the local asymptotic geometry for realistic sources and observers. Since all known

astrophysical sources formed from initial perturbations that were greater than critical density,

finite infinity demarcates between gravitationally bound overdense structures and underdense

expanding space.

In the timescape model, the domain of coarse-graining in the Buchert averaging scheme is

taken to match the SSH of 100 h−1 Mpc, so that the flow of energy and matter between coarse-

grained cells can be neglected. The void and wall regions are each defined by locally homoge-

neous and isotropic FLRW solutions with their own respective scale factors av and aw, which

are combined as a disjoint union to form the Buchert volume-average scale factor,

ā = fvi a3
v + fwi a3

w , (1.55)

where fvi and fwi correspond to the initial fraction of void and wall regions by volume in the

universe. Note that,

fwi = 1 − fvi , (1.56)

fv(t) + fw(t) = 1 , (1.57)

where fw(t) = fwi a3
w/ā3 and fv(t) = fvi a3

v/ā3 are the wall and void volume fractions, respec-

tively. The volume averaged (or bare) Hubble parameter can then be defined as

H̄ ≡
˙̄a
ā
= fwHw + fvHv , (1.58)
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θ<0Collapsing Expanding

Finite infinity <θ>=0

<θ>=0 θ>0

θ>0

Virialized

Figure 1.5: A finite infinity region is one over which the average expansion is zero
[183]. It contains virialized subregions which are not expanding, surrounded by a
region collapsing inward. The finite infinity boundary lies in the expanding region
outside, containing some expanding regions which balance out the collapsing re-

gions in the average.

where Hw ≡ ȧw/aw is the wall Hubble parameter and Hv ≡ ȧv/av is the void Hubble parameter

as determined by a volume-average observer.

Walls are required to be spatially flat when averaged, ⟨R⟩w = 0 and kw = 0, so that ⟨θ⟩w =

0. Since there are always flows of matter into gravitationally bound structures, i.e., regions

within walls for which θ < 0, this means that finite infinity surface itself expands outwards

encompassing regions with θ > 0 that bound the collapsing regions so that the net regional

average is zero. such that they are non-expanding: see Fig. 1.5. The void regions have negative

average spatial curvature ⟨R⟩v = 6kv/a2
v where kv < 0. The total volume average curvature

can then be written as

⟨R⟩ = 6kv fv

a2
v

. (1.59)

Although Buchert’s formalism allows for more complexity, Wiltshire’s 2007 timescape con-

struction assumes no kinematical backreaction within walls and voids through Eq. (1.50), as

their homogeneous and isotropic construction enforces ⟨σ2⟩ = 0 and ⟨θ2⟩ = ⟨θ⟩2. However,

the ensemble of their solutions will produce backreaction, given as

Q =
2 ḟ 2

v
3 fv(1 − fv)

. (1.60)

The Buchert equations, Eqs. (1.47) and (1.48), can be now written as

˙̄a2

ā2 +
ḟ 2
v

9 fv(1 − fv)
+

kv f 2/3
vi f 1/3

v

ā2 =
8πG

3

(
ρ̄M0

ā3
0

ā3 + ρ̄R0
ā4

0
ā4

)
, (1.61)

f̈v +
ḟ 2
v (2 fv − 1)

2 fv (1 − fv)
+ 3

˙̄a
ā

ḟv +
3kv f 2/3

vi f 1/3
v (1 − fv)

2ā2 = 0 , (1.62)

after solving the continuity equation, Eq. (1.49), with ⟨ρM⟩ = ρM0 ā3
0/ā3 and ⟨ρR⟩ = ρR0 ā4

0/ā4.
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The sum rule, Eq. (1.53), for bare quantities now applies where

Ω̄M =
8πG ρ̄M0 ā3

0
3H̄2 ā3 , (1.63)

Ω̄R =
8πG ρ̄R0 ā4

0
3H̄2 ā4 , (1.64)

Ω̄k =
−kv fv

a2
v H̄2 , (1.65)

Ω̄Q =
− ḟ 2

v
9 fv (1 − fv) H̄2 , (1.66)

and the overbar indicates an average over the present epoch particle horizon volume. Of course

it is also possible to include a cosmological constant Λ in the Einstein field equations and derive

its corresponding bare density parameter Ω̄Λ = Λ/(3H̄2). However, as an aim of the timescape

model is to explain the accelerated expansion of the universe without dark energy, we exclude

this term.

The statistical ensemble of wall and void regions is not the full description of the timescape

model. This volume-averaged statistical geometry, for which we can assume the spherically

symmetric form as an ansatz,

ds̄2 = −c2dt2 + ā2(t)dη̄2 +A(η̄, t)dΩ2 , (1.67)

is matched to the local wall geometry, where A satisfies
∫ ηH

0 dη̄ A(η̄, t) = ā2(t)Vi(ηH)/(4π).

The wall geometry is itself comprised of a collective of finite infinity regions used to describe

bound structures with the local average metric,

ds2
fi = −c2dτ2

w + a2
w(τw)[dη2

w + η2
w dΩ2

2] . (1.68)

Void regions are described by the negatively curved k = −1 (open) FLRW geometry

ds2
v = −c2dτ2

v + a2
v(τv)[dη2

v + sinh2(ηv)dΩ2
2] . (1.69)

The key ingredient in the timescape model is its physical interpretation of the closure relation

in the Buchert scheme. This arises from a generalisation of the Strong Equivalence Principle to

cosmological averages in the form of a Cosmological Equivalence Principle [186]. On scales

at which regionally isotropic motion of comoving particles at rest in an expanding space is

operationally indistinguishable from the equivalent isotropic motion of particles in an empty

space the regional metric is the k = 0 FLRW metric. This applies at the finite infinity scale in
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wall regions and on scales much smaller than the curvature radius within voids. One can then

define a notion of uniformity of expansion deep within the non-linear regime at the expense

of recalibrating rulers and clocks in the presence of spatial curvature gradients. The voids and

walls are combined in the Buchert averages by the quasi-local uniform bare Hubble flow condition,

H̄ =
1

aw

daw

dτw
=

1
av

dav

dτv
, (1.70)

so that the regional Hubble parameters with walls and voids are equal to the volume averaged

parameter.

We rewrite Eq. (1.67) in terms of the wall time using the lapse function

γ̄w =
dt

dτw
(1.71)

so that

ds̄2 = −γ̄2
w(τw)c2dτ2

w + ā(τw)dη̄2 +A(η̄, τw)dΩ2
2 . (1.72)

Then, we conformally match radial null geodesics between Eq. (1.68) and (1.72) to obtain the

relation

dηw =
f 1/3
wi dη̄

γ̄w (1 − fv)1/3 (1.73)

Using this relation and its integral, the local finite infinity geometry of Eq. (1.68) can be ex-

tended to obtain the dressed statistical metric

ds2 = −c2dτ2
w + a2(τw)[dη̄2 + r2

w(η̄, t)dΩ2
2] , (1.74)

with

rw ≡ γ̄w (1 − fv)
1/3 f−1/3

wi ηw(η̄, τw) , (1.75)

and a ≡ γ̄−1
w ā. This metric in Eq. (1.74) represents an extension of the local regional geometry

to cosmological scales parametrized by the volume-average conformal time η̄. It is spherically

symmetric, but since it is not a global exact solution of the EFE, it is not a LTB geometry.

The timescape interpretation is that when we fit a global spherically symmetric metric to

cosmological observations on scales larger than the SSH, Eqs. (1.74) and (1.75) are the effective

metric we apply, with wall time τw being close to our own proper time. It is then this dressed

geometry that is used when making comparisons between timescape and the ΛCDM cosmol-

ogy as cosmological parameters we infer beyond the SSH will not be the volume average bare



Chapter 1. Cosmology 34

parameters as we are not observers with clocks corresponding to the volume-average time.18

Beyond the SSH we instead infer the dressed parameters,

H ≡ 1
a

da
dτw

=
1
ā

dā
dτw

− 1
γ̄w

dγ̄w

dτw
= γ̄wH̄ − dγ̄w

dt
(1.76)

and

ΩM = γ̄3
w Ω̄M . (1.77)

Whilst full numerical simulations and the inclusion of a radiation fluid are required to fully

describe the radiation dominated epoch (see [185] for the addition of radiation), during the

matter dominated era an exact solution of the Buchert equations can be found [184] which

approaches a ‘tracker’ limit. This is typically applied to give a simple analytic form for cosmo-

logical distances that is very accurate on scales z < 10 and is considered valid up to z ≈ 40. The

tracker solution corresponds to walls expanding an Einstein-de Sitter model in volume-average

time, with aw = aw0 t2/3, and voids as empty Milne universes, av = av0 t, so that

hr =
Hw

Hv
=

2
3

. (1.78)

The tracker solution to the Buchert equations is then given by

ā =
ā0 (3H̄0 t)2/3

2 + fv0
[3 fv0 H̄0 t + (1 − fv0)(2 + fv0)]

1/3 (1.79)

=
ā0 (3H̄0 t)

2 + fv0

(
fv0

fv

)1/3

, (1.80)

where

fv(t) =
3 fv0 H̄0 t

3 fv0 H̄0 t + (1 − fv0)(2 + fv0)
. (1.81)

The present void fraction fv gives a method of writing typical defining cosmological parame-

ters in simple forms as [187]

H̄ =
(2 + fv)

3t
, (1.82)

Ω̄M =
4(1 − fv)

(2 + fv)2 , (1.83)

γ̄w =
1
2
(2 + fv) . (1.84)

18The volume-average time, t, represents a local proper time only for those observers whose local spatial curva-
ture matches that of the Buchert average over the entire present particle horizon volume. Such a location is in a
void but not the void centres, where the local proper time is τv.
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From Eq. (1.82) the volume-average age of the universe is given by

t0 =
2 + fv0

3H̄0
, (1.85)

although the age inferred for an ideal isotropic observer19 will depend on their local cosmolog-

ical environment, i.e., within a wall or void. The relation between the wall time and volume-

average time is given by

τw =
2
3

t +
4ΩM0

27 fv0H̄0
ln
(

1 +
9 fv0H̄0t
4ΩM0

)
, (1.86)

which, due to the substantial difference in present epoch clock rates, leads to a universe in

which a wall observer will infer an age of the universe billions of years younger than a volume-

average or void observer. However, a large cumulative variance in clock rates only applies

where gradients in the kinetic energy of expansion are large: between bound structures and

extremely underdense voids. For wall regions within non-expanding gravitationally bound

clusters of galaxies, as long as gravitational fields are weak, it is assumed that the clock rates of

ideal observers will not differ significantly from those at the finite infinity boundaries.

An effective bare deceleration parameter q̄ ≡ −ä/(H̄2 ā) can be assigned to a volume-average

isotropic observer. In the tracker solution, this then becomes

q̄ =
2(1 − fv)2

(2 + fv)2 , (1.87)

which decreases monotonically from an initial Einstein–de Sitter value q̄ ≃ 1
2 as the void frac-

tion grows from the initial fv ≃ 0, but is always positive and thus, no cosmic acceleration

will be inferred. However, a physical observer is a wall observer who measures the dressed

deceleration parameter [184],

q = − 1
H2a

d2a
dτ2

w
= − (1 − fv)(8 f 3

v + 39 f 2
v − 12 fv − 8)

(4 + fv + 4 f 2
v )

2 . (1.88)

where the dressed Hubble parameter, H, is related to the bare Hubble parameter by

H = H̄(4 + fv + 4 f 2
v )/[2(2 + fv)] for the tracker solution. The dressed deceleration parameter

again starts out at q ≃ 1
2 when fv ≃ 0, but becomes negative when the void fraction reaches

fv ≃ 0.587, at a zero of the cubic term in Eq. (1.88). This occurs at a relatively late epoch when

voids have grown to dominate the universe by volume.

19For this purpose an ideal observer at any location is one who measures a CMB temperature with the greatest
degree of isotropy, modulated only by the primordial anisotropies and structure dipoles from local inhomogeneities
on scales of the order of the SSH.



Chapter 1. Cosmology 36

The accelerated expansion of space is now interpreted as an apparent effect, which is ex-

plained as a consequence of the cumulative difference in clock rates between wall and volume-

average observers. This neatly solves the cosmic coincidence problem as the epoch of void

dominance coincides with the emergence of large structures in the cosmic web [165]. There-

fore, there is no requirement for dark energy in the timescape model.

The dressed deceleration parameter has a global minimum value qmin ≃ −0.043 at fv ≃
0.774, and in the far future q → 0 as fv → 1. Thus in contrast to the ΛCDM model, with a

deceleration parameter qΛCDM = 3
2 (1− ΩΛ)− 1 ≃ −0.53, in the timescape model the apparent

acceleration has a much smaller amplitude and its future is close to that of a global Milne

universe, rather than ever continuing acceleration of cosmic expansion.

Distances in the Timescape Model

Using the tracker solution described above, relations for equivalents of the standard distance

measures used in cosmology can be derived which will be parametrised by the present void

fraction fv0 and H̄0. The dressed luminosity distance relation is given as

dL = a0(1 + z)rw , (1.89)

where the effective comoving distance rw is given by

rw = γ̄w(1 − fv)
1/3

∫ t0

t

c dt′

γ̄w(t′)(1 − fv(t′))1/3 ā(t′)
. (1.90)

The cosmological redshift relation satisfies,

z + 1 =
ā0 γ̄w

āγ̄w0
=

(2 + fv) f 1/3
v

3 f 1/3
v0 H̄0 t

=
24/3 t1/3(t + b)

f 1/3
v0 H̄0 t (2t + 3b)4/3

. (1.91)

where

b =
2(1 − fv0)(2 + fv0)

9 fv0 H̄0
. (1.92)

The integral in Eq. (1.91) can be used to express angular diameter distance dA as

dA = c t2/3
∫ t0

t

2 dt′

(2 + fv(t′)) (t′)2/3 , (1.93)

= c t2/3 (F (t0)−F (t)) , (1.94)
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where

F (t) = 2t1/3 +
b1/3

6
ln
(

(t1/3 + b1/3)2

t2/3 − b1/3 t1/3 + b2/3

)
+

b1/3
√

3
tan−1

(
2t1/3 − b1/3
√

3 b1/3

)
. (1.95)

This gives the tools required to make cosmological inferences comparable to ΛCDM. If one

takes a spatially flat FLRW model with negligible contributions from radiation to the energy

fraction in the late universe, then both the ΛCDM and timescape expansion histories can be

parametrised by two parameters - ΩM0 and H0 in ΛCDM, and fv0 and H̄0 in timescape. This

makes them ideal for statistical comparisons, the nuances of which are discussed in Chapter 3.

1.6 Modified Newtonian Dynamics

MOdified Newtonian dynamics (MOND) presents an alternative solution to the missing mass

problem on galactic scales, in which the Newtonian description of gravity or inertia is altered,

rather than requiring additional mass in the form of dark matter. Originally motivated by

the failure of Newtonian physics to explain the galactic rotation curves of spiral galaxies with

purely luminous matter, Milgrom postulated a modification to Newton’s second law for very

small accelerations such that the flattened rotation curves could be explained [188–190]. In

doing this, the MOND paradigm introduces a new fundamental constant in the acceleration

scale a0 ≈ 1.2 × 10−10 ms−1, below which MONDian effects dominate20. This is the central

tenet of all MOND formulations.

For large accelerations, standard Newtonian dynamics are returned as

a ≫ a0 , a = aN = −∇ϕN , (1.96)

where a is the true (or MONDian) gravitational acceleration and aN is the standard accelera-

tion as calculated in the Newtonian regime with the potential, ϕN . However, for accelerations

smaller than the acceleration scale, the deep-MOND (dMOND) limit applies

a ≪ a0 , a =
√
|aN | a0 , (1.97)

It is then trivial to show how the dMOND limit returns flat rotation curves as, in the weak

acceleration limit for circular orbits,

v2

r
= aN =

GM
r2 , (1.98)

20Depending on context, it can be useful to define a MOND length scale, l0, as a proxy for the acceleration scale,
l0 ≡ c2/a0, and a MOND mass M0 ≡ c4/(a0 G).
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therefore in the dMOND limit,

v2 =
√

a0 G M , (1.99)

which is independent of radius so asymptotes to a constant value. Note that, Eq. (1.99) is the

MOND equivalent of the empirical Tully-Fisher relation between the mass of a galaxy (derived

from its luminosity) and its asymptotic rotation velocity.

Although there is no agreed upon, final theory of MOND [191], all formulations developed

are based on the nonrelativistic tenets described above. How each MOND formulation transi-

tions between the Newtonian and dMOND limits is dependent upon the choice of formulation

and of its interpolating function, µ. Milgrom’s law can be written as follows:

µ

(
a
a0

)
a = aN (1.100)

where the interpolating function has the limits

µ(x) −→


1 , for x ≫ 1 ,

x , for x ≪ 1 ,
(1.101)

and where x = a/a0. Alternatively, Eq. (1.100) is often inverted to be written as

a = ν

(
aN

a0

)
aN (1.102)

with

ν(y) −→


1 , for y ≫ 1 ,

y−1/2 , for x ≪ 1 ,
(1.103)

where y = aN/a0, which is often more convenient.

The choice of interpolating function is somewhat ad hoc, and for the majority of observations

inconsequential as astrophysical phenomena often comfortably fit entirely within the Newto-

nian or dMOND limits. This is partially why only limitted progress has been made distin-

guishing between the many MOND formulations. Two major non-relativistic formulations,

the AQUAadratic Lagrangian (AQUAL) and QUasi-linear MOND (QUMOND) descriptions

of MOND, are discussed in the introduction of Chapter 5. As yet none of the non-relativistic

theories have been found as a limit of GR and the artificial nature of the choice of interpolating

function implemented, leads many to view MOND as an effective empirical theory for many

astrophysical phenomena rather than something more fundamental. In fact, the definition of a
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universal acceleration scale breaks the strong equivalence principle of GR by implying an abso-

lute inertial frame; bringing further questions as to whether there exists a fundamental MOND

theory.

Relativistic theories incorporating MOND have been developed with varying success. Rather

than modifying the Poisson equation in the Newtonian case, these extensions modify the

Einstein-Hilbert action such as the Tensor-Vector-Scalar (TeVeS) formulation of Bekenstein [192]

and then Generalised TeVeS theory [193], Bimetric MOND [194–196], or MOND adaptions of

Einstein-Aether theories [197].

Despite the absence of an appropriate theoretical framework, MOND has been incredibly

successful in making predictions at the galactic scale. Not only has MOND been able to well-

constrain a large number of rotation curves [191, 198, 199], but is effective at constraining the

kinematics of galaxies [191, 200], dynamics of wide binary stars [201, 202], radial acceleration

relation of galaxies [RAR, 203, 204], orbital velocity of interacting galaxy pairs [205], early-

universe galaxy and cluster formation [206], and galaxy-scale gravitational lensing [207, 208].

However, MOND fails at modelling larger structures such as on the galaxy cluster scale [209,

210] where some dark matter is still required to explain the observed mass to temperature

relation for intra-cluster gas.
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Chapter 2

Lensing Overview

2.1 A Very Brief History of Gravitational Lensing

Gravitational lensing refers to the deflection of the path of light rays due to their passage

through a gravitational field. Whilst conventional wisdom understands this effect through

the theory of general relativity, gravitational lensing was first conceptualised well in advance

of Einstein’s theories. Sir Isaac Newton considered the deflection of light due to gravity in

’Opticks’ 1704. In this work he assumes a corpuscular theory of light with photons of a discrete

(but small) mass, resulting in the deflection angle α being given as

α̂ =
2G M
c2 ξ

, (2.1)

where G, M, c and ξ indicate Newtons gravitational constant, the mass of the lens object, the

speed of light, and the impact parameter respectively. It turns out Eq. (2.1) returns precisely

half the value for the deflection angle as predicted by Einstein through GR,

α̂ =
4G M
c2 ξ

. (2.2)

This difference between the Newtonian deflection angle of Eq. (2.1) and that of GR, Eq. (2.2),

provided an early test for Einstein’s theories.

In 1919, the first experimental test of a prediction of general relativity – the lensing effect –

was made on Eddington’s expedition to observe the deflection of starlight by the Sun during

a solar eclipse. This pioneering observation confirmed the deviation from a Newtonian deflec-

tion angle to Eq. (2.2) and was the first step in developing the astrophysical tool used today.

Following Eddington’s expedition, the theory and formalism of gravitational lensing was
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expanded. Soon after, the formation of multiple images, rings, and magnifications was theo-

rized (although initially still focused on the lensing of stars). It was not until 1937, that Zwicky

proposed that the mass of extragalactic nebulae, which we now know as other galaxies, could

be determined using gravitational lensing. Then around another 30 years until Refsdal and

Shapiro, individually but in the same year, consider the time-delay between the multiple im-

ages produced by strong gravitational lensing of supernovae as a potential way to infer the

Hubble constant, H0.

The first detection of a multiply imaged gravitational lensing candidate was made in 1979

by D. Walsh et al.[211] of the doubly imaged quasar system 0957+561 from a radio survey.

Some time later, due to the variable name of QSOs, the first time-delay between images was

determined for 0957+561. This was the first real confirmation of Refsdal and Shapiro’s predic-

tion [212, 213] that gravitational lensing could be used for cosmology, and provided the first

stepping stone on the way to the current high precision research ongoing to date.

At the time of writing, several thousand strong gravitational galaxy-galaxy scale lenses have

been discovered and hundreds of them have corresponding follow-up imagery [2, 214, 215].

We now have multiple lensed supernova, some of which are sufficiently well constrained in

order to provide precise estimates of H0, in SN Refsdal [216], SN H0pe [217], SN Encore [218]

and more. Cosmology from strong gravitational lensing has traditionally been limited by the

quantity and quality of available data. However, with the next generation of surveys and space

telescopes being launched, this is expected to change over the next few years.

2.2 Lensing Formalism

In this section, we provide a brief description of the standard lensing formalism of geometric

optics used for gravitational lensing. There are many textbooks and reviews that lay out this

approach, see any of the following for more comprehensive detail [219–225].

2.2.1 Deflection Angle

In order to derive the standard lensing formalism, we make various assumptions. Firstly, we

assume weak fields, |Φ|/c2 ≪ 1, and that the motion of the lens is small with respect to the

system of the observer and source. We also neglect the expansion of space as the region of space

in which we consider deflection by a Newtonian perturbation is considered small enough that
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it will not be affected by the expansion. Thus, we begin to describe the deflection caused by a

lens by assuming a Minkowski metric1

ds2 = ηµνdxµdxν , (2.3)

= −c2dt2 + dx2 , (2.4)

which is then perturbed by the Newtonian potential of our lens as

ds2 = −c2
(

1 +
2Φ
c2

)
dt2 +

(
1 − 2Φ

c2

)
dx2 . (2.5)

When we consider null geodesics, with ds2 = 0, we can write the effective coordinate velocity

of light in the gravitational field of the lens as

c′ =
|dx|
dt

= c
√

1 + 2Φ/c2
√

1 − 2Φ/c2
≈ c

(
1 +

2Φ
c2

)
, (2.6)

taking a first-order Taylor expansion by our original assumption of Φ/c2 ≪ 1. By treating the

gravitational lenses in the same manner as in conventional optics, we can define an effective

refractive index n as

n =
c
c′

= 1 − 2Φ
c2 , (2.7)

and see that, for Φ ≤ 0 such that n ≥ 1, the effective speed of light c′ diminishes in the presence

of the lens’ gravitational field.

By applying Fermat’s principle which states that the path a light ray follows is extremal

between two fixed points, A and B, so that it takes the path corresponding to the least travel

time

δτ = δ
∫ B

A
n[x(l)]dl = 0 , (2.8)

where l parametrises the position along the curved path [227]. We can reparametrise dl with a

curve parameter λ as

dl =
∣∣∣∣ dx
dλ

∣∣∣∣dλ , (2.9)

such that we can define the Lagrangian

L( ˙x, x, λ) ≡ n[x(λ)]
∣∣∣∣ dx
dλ

∣∣∣∣ . (2.10)

1It is possible to derive the lens equation and associated expressions, starting with an FLRW metric [226] or
Schwarschild solution [219] of the Einstein field equations. However, for simplicity, the following argument will
suffice.
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By solving the resulting Euler-Lagrange equations, we find the total deflection angle to the

gradient of the potential perpendicular to the light ray, integrated across the path as

α̂αα = − 2
c2

∫
∇⊥Φ dλ . (2.11)

Note that as ∇⊥Φ points away from the centre of the lens, the deflection angle, α, does also.

Since we have implemented the weak field assumption, we can also expect the deflection

angles to be small. Indeed, typical deflection angles are of the order of arc seconds. Therefore,

we apply the Born approximation where the light path can be approximated by straight lines,

with the entire deflection happening in the lens’s plane. For a point mass M at the origin,

Φ = −GM/r, where r =
√

x2 + y2 + z2. If the light ray propagates along the z-axis passing

the lens with an impact parameter ξ =
√

x2 + y2, then the deflection angle is written as

α̂ =
4GM
ξ2 b

. (2.12)

2.2.2 Lens Equation

We also approximate the lens mass distribution as projected onto a plane, this is because the

lens width is thin in comparison to the large distances involved in the system. If we take the

thin lens approximation, then we can derive the lens equation from geometric arguments. From

Fig. 2.1, it is easily shown using small angle approximations that

ηηη =
Ds

Dl
ξξξ − Dls α̂(ξξξ) , (2.13)

which can be transformed using ηηη = Ds βββ, and ξξξ = Dl θθθ as

βββ = θθθ − Dls

Ds
α̂αα(Dlθθθ) , (2.14)

where Ds, Dl , and Dls, denote the angular diameter distances from the source to observer, lens

to observer, and source to lens, respectively. We can then define the reduced or scaled deflection

angle ααα as

ααα ≡ Dls

Ds
α̂αα , (2.15)

so that the lens equation is now written simply as

βββ = θθθ − ααα . (2.16)
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Figure 2.1: The set-up for the standard strong gravitational lensing formalism is
shown, where β is the angular position of the source, θ is the angular position of the
corresponding image, and α̂ is the deflection angle. Light is emitted from a point on
the source plane with position η where it intersects with the lens plane at position ξ,

before being deflected to the observer.
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For a true source position with angular coordinates β, an observer will see images produced

with angular coordinates θ that satisfy the lens equation. For strong lensing, the lens equa-

tion can be multivalued, producing many images for one source position. We can express the

reduced deflection angle as

ααα = ∇⊥

[
2
c2

Dls

Ds

∫
Φdz

]
. (2.17)

If we rewrite the perpedicular gradient in terms of a gradient in θ, the reduced delection angle

is expressed as in terms of a 2D lensing potential on the lens plane

ααα = ∇θ ψ , (2.18)

where

ψ =
2
c2

Dls

Ds Dl

∫
Φ dz . (2.19)

2.2.3 Convergence

If we further take the divergence of Eq. (2.18) and insert Possions equation for the resulting

Laplacian, we find

∇2ψ =
8πG

c2
Dl Dls

Ds
Σ , (2.20)

where Σ is the projected surface mass density of the lens on the lens plane,

Σ(x, y) ≡
∫

ρ(x, y, z)dz . (2.21)

The projected mass density can be related to a dimensionless surface mass density or conver-

gence, κ,

κ(θθθ) =
Σ(Dlθθθ)

Σcrit
with Σcrit =

c2

4πG
Ds

Dl Dls
, (2.22)

where Σcrit is the critical surface mass density. Σcrit is the minimum mass required for strong

lensing to produce multiple images; a mass distribution with Σ ≥ Σcrit or equivalently κ ≥ 1

exhibits the strong lensing.

We can rewrite Eq. (2.20) as2

∇2
θ ψ = 2κ . (2.23)

2After this point, we drop the subscript θ on the gradient.
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Therefore, we can now express both the scaled deflection angle and lensing potential in terms

of the convergence as

ααα(θθθ) =
1
π

∫
d2θ′ κ(θ′θ′θ′)

θθθ − θ′θ′θ′

|θθθ − θ′θ′θ′|2
, (2.24)

ψ(θθθ) =
1
π

∫
d2θ′ κ(θ′θ′θ′) ln

∣∣θθθ − θ′θ′θ′
∣∣ . (2.25)

It will also be useful to define the Fermat potential

τ(θθθ; βββ) =
1
2
(θθθ − βββ)2 − ψ(θθθ) , (2.26)

for which we can write an equivalent expression for the lens equation

∇τ(θθθ; βββ) = 0 . (2.27)

The Fermat potential is incredibly useful in the classification of multiple images and quantify-

ing the delay in the arrival time of light between different lensed images, A and B, as

∆t =
D∆t

c
[τ(θθθA)− τ(θθθB)] , (2.28)

where D∆t is the ‘time-delay distance’ defined as

D∆t ≡ (1 + zl)
Dl Ds

Dls
. (2.29)

This is useful for time-delay cosmography as each constituent angular diameter distance is in-

versely proportional to the Hubble constant, thus D∆t ∝ H−1
0 . However, in practice, no lens

is completely isolated and the effects of external structures along the line of sight will influ-

ence the inferred time-delay distance. Thus, we typically parametrise the effects of external

structures by fitting an external convergence κext parameter when attempting to constrain cos-

mological parameters as

D∆t =
Dmodel

∆t
1 − κext

. (2.30)

2.2.4 Einstein Radius

If one considers a point mass at the origin, its convergence may be expressed as

κ(θθθ) = π θ2
E δ(θθθ) , (2.31)
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Figure 2.2: An example of an Einstein ring formed by an elliptical galaxy NGC 6505,
found by the Euclid telescope. Its Einstein radius is θE = 2.5′′ [228].

where θE is an as yet undefined constant. For this mass distribution, the lens equation is then

given as

βββ =

(
1 − θ2

E

|θ|2

)
θθθ . (2.32)

If a source lies directly along the line of sight, such that β = 0, we find that

|θθθ| = θE , (2.33)

and the image produced will be stretched out into a ring - the Einstein ring - with an angular

radius θE - the Einstein radius. A recent example found by the Euclid telescope, presented in

Fig. 2.2, shows a near perfect Einstein ring formed by the lowest redshift lens galaxy detected

so far in NGC 6505 at z = 0.042 [228].

We can extend this definition to more general mass distributions, where the Einstein radius

defines a region in which the mean enclosed convergence is κ = 1. The corresponding mass for

this convergence is π θ2
E Σcrit, so by applying Eq. (2.22) we find

θ2
E =

4GM
c2

Dls

Ds Dl
, (2.34)

or alternatively

θE =
4GM
c2ξ

Dls

Ds
. (2.35)
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2.2.5 Magnification and Distortion

For point sources, the images locations are determined by the solutions of θ to the lens equation.

However, for extended sources, such as the host galaxies of the lensed quasars, the images

produced will be distorted and magnified as there is differential deflection between light rays

propagating from different regions of the source. Therefore, the shape and position of the

images produced involves solving the lens equation for all points within the extended source.

However, if we are dealing with a source much smaller than the scale of the deflection angle,

then the angular separation from the centre to the edge of the source, δβββ, can be approximated

by a first-order Taylor expansion of the lens equation,

δβββ ≈ A δθθθ . (2.36)

Here, A is the Jacobian matrix that describes the lens mapping and distortion of images

A(θθθ) =
∂βββ

∂θθθ
=

(
δij −

∂2ψ(θθθ)

∂θi ∂θj

)
=

1 − κ − γ1 −γ2

−γ2 1 − κ + γ1

 , (2.37)

where γ1 and γ2 are the components of shear γ ≡ γ1 + i γ2. These components can be expressed

through derivatives of the lensing potential as

γ1 =
1
2
(ψ,11 − ψ,22) , γ2 = ψ,12 , (2.38)

where the x,12 subscript indicates a partial derivative with respect to the following indices. It

can be convenient to write the Jacobian as

A = (1 − κ)

1 0

0 1

− |γ|

cos 2φ sin 2φ

sin 2φ cos 2φ

 , (2.39)

where the first term, dependent on the convergence, only modifies the size of the image and

the second shear term quantifies the change of shape. However, as the original image shape is

not typically observed, it is useful to invert the Jacobian to transform from image coordinates

to source coordinates3,

A−1 =
1

detA

1 − κ + γ1 γ2

γ2 1 − κ − γ1

 . (2.40)

3Often the inverse Jacobian is referred to as the magnification tensor M(θθθ).
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We can then define the magnification, µ, from the ratio of fluxes of the lensed and unlensed

source, which corresponds to the prefactor in Eq. (2.40) as

µ =
1

detA =
1

(1 − κ)2 − γ2 . (2.41)

2.2.6 Critical and Caustics Curves

Critical curves are closed, smooth curves on which the determinant of the Jacobian equals zero,

detA = 0. Caustic curves correspond to the mapping of critical curves back onto the source

plane via the lens equation; these curves are not necessarily smooth and may exhibit various

types of cusped features. To show this, if we parametrise the critical curve as θθθ(λ) and the

corresponding caustic as βββ(λ), we can then write the derivative along the caustic as

dβββ(θθθ(λ))

dλ
=

∂βββ

∂θθθ

dθθθ

dλ
= A(θθθ(λ))

dθθθ

dλ
. (2.42)

Therefore, the tangent vector along the caustic will vanish if the tangent vector to the critical

curve is parallel to the non-zero eigenvector of A. In this case, the caustic curve is not smooth

but displays a cusp.

The position of a source object relative to these caustic curves will determine the lensed

properties of the images produced, such as their multiplicity and magnification. A naïve in-

terpretation of the magnification would be that a source object situated directly on a caustic

curve, would experience infinite magnification as µ diverges. However, this is of course not

physically possible, as there are no point sources in reality. As the size of a source object be-

comes increasingly close to being point like, the geometric optics description used to build the

lensing formalism breaks down, and we must apply wave optics instead. Despite this, very

high magnifications are still possible for sources positioned very close to caustic lines.

A source crossing a caustic curve either creates or destroys 2 images, depending on the di-

rection of crossing. We label the side with a high multiplicity of images, the inner side, and the

two images produced when crossing over in this direction will appear on either side of the cor-

responding critical line. These critical curves split the lens plane into regions of magnification

(µ > 0) and demagnification (µ < 0), so one image produced will always be magnified whilst

the other is demagnified.
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Figure 2.3: Contour plots of the fermat potential τ, varying the source position βββ but
keeping a constant lensing potential ψ. Image positions that correspond to maxima,
minima and saddle points are marked in green, light-blue and pink, respectively.

The figure was originally compiled by Saha et al. [222]

2.2.7 Image Types

The images we observe are conveniently classified by the types of stationary points of the Fer-

mat potential τ(θθθ; βββ), which defines 2D arrival time surface. Images are produced at θθθ which

correspond to the source object lying on either a minimum, maximum or saddle point value

of τ. As we can write the Jacobian as the hessian of the Fermat potential, we can determine

which type of stationary point an image corresponds to by the two eigenvalues, the determi-

nant and/or trace of A.

• Minimum point: Both eigenvalues of the Jacobian are positive. Therefore, the determi-

nant and trace are both positive as well, detA > 0 and Tr(A) > 0.

• Maximum point: Both eigenvalues of the Jacobian are negative. Therefore, the determi-

nant is positive but the trace is negative, so detA > 0 and Tr(A) < 0.

• Saddle point: The eigenvalues have alternate signs, so that detA < 0.

As the trace of the Jacobian is dependent on the convergence of the lens,

Tr(A) = 2(1 − κ) , (2.43)

then the maxima will correspond to image positions where κ > 1 and the minima where κ < 1.

Fig. 2.3 and Fig. 2.4, originally compiled by Saha et al. [222], displays the three types of images

that can be produced by varying the source position for a fixed lensing potential of a psuedo-

isothermal ellipitcal mass distribution.

Therefore, strong gravitational lenses are often defined as a lens in which κ > 1 for any point

θθθ. The logic being that any image corresponding to the point where κ(θθθ) > 1, will be a maxima
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point and thus, at least one additional image must appear at the corresponding minima point.

However, a more complete criterion for the requirement of multiply images sources is that

there must exist a point θθθ where detA < 0, as if a lens has an image corresponding to a saddle

point, then according to the Odd-number theorem [229], there must be at least two more images

corresponding to the minima and maxima of the Fermat potential.

2.2.8 The Mass-Sheet Degeneracy

One of the major complications with using gravitational lensing (particularly strong gravita-

tional lensing) for cosmology is the mass-sheet degeneracy. As the lensing properties of an object

with a given lensing potential are defined by gradients of the surface density and potential,

we can transform many of the standard lensing expressions by a multiplicative factor of λ.

This rescaling is equivalent to adding a sheet of mass into the lens plane that will affect the

time-delays measured, but will leave all other observables unchanged. If we transform the

convergence as,

κλ(θθθ) = (1 − λ) + λκ(θθθ) , (2.44)

then the first term corresponds to adding a sheet of dimensionless surface mass density to the

lens mass distribution and then the λ coefficient on the second term will describe the rescal-

ing of the original mass distribution. From henceforth, the subscript λ indicates the scaled

parameters.

The lens equation will now read as

βββ = θθθ − αααλ(θθθ) , (2.45)

where

αααλ(θθθ) = (1 − λ) θθθ + λ ααα(θθθ) . (2.46)

The lensing potential is also scaled as

ψλ(θθθ) =
1 − λ

2
|θθθ|2 + λ ψ(θθθ) , (2.47)

which allows the lens equation to be expressed as

βββ

λ
= θθθ − ααα(θθθ) , (2.48)
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Figure 2.4: Lens and Image properties for a psuedo-isothermal elliptical mass dis-
tribution. The upper left panel displays the convergence and lensing potential with
solid and dotted curves respectively. The upper middle panel shows the caustic
and critical curves, solid and dotted respectively. The upper right panel denotes the
source positions relative to the caustic lines, corresponding to each of the image con-
figurations in the middle and lower panels. In each of the other panels, the dotted
curves indicate the critical curves and the coloured markers show mamima (green),
minima (light-blue), and saddle points (pink). This figure is originally compiled by

Saha et al. [222].
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which is just the original lens equation of Eq. (2.16) but with a 1/λ coefficient. Following this,

the Jacobian and magnification can be described as

Aλ = λA , and µλ =
µ

λ2 . (2.49)

It is important to note that whilst the Jacobian is rescaled, the reduced shear and thus the el-

lipticity of the images produced are unaffected. As the original brightness of a source is not

typically known, it is not possible to use the magnification to constrain the mass-sheet degen-

eracy either. Crucially, the critical and caustic lines corresponding to κ = 1, remain unchanged,

thus the image positions are also unaffected by the transformation. The only difference to an

observable is in the Fermat potential, which transforms as

τλ(θθθ; βββ) =
1
2
(θθθ − βββ)2 − ψλ(θθθ) = λ τ(θθθ; βββ/λ) + C(β) , (2.50)

where C(β) is a constant depending on β. Due to the nature of the mass-sheet degeneracy only

affecting the time-delay between images, it adds a layer of complexity when attempting to fit

a lens model to observations in order to constrain cosmology. However, if one assume a value

of H0, then the degeneracy is broken, and it is possible to determine the absolute surface mass

density of the lens. In order to break the mass-sheet degeneracy for cosmological purposes,

further information about the lens mass distribution must be gathered alongside strong lensing

observables, such as the velocity dispersion of the lens [230].

2.3 Strong Lensing - a Series of Acronyms

As previously discussed, strong gravitational lensing is classified by the producing of multiple

images, arcs, or rings, of a background source object due to the intermediary gravitational field

of a lens object. In this section, we provide a summary of the major applications of strong

lensing and discuss ongoing projects in the field.

2.3.1 Cluster Scale Lensing

Throughout the work in this thesis, we focus on galaxy scale lens objects, mostly due to their

simplicity to model. However, cluster lenses have a great potential for cosmological appli-

cations. Clusters act as a cosmic magnifying glasses, enabling us to observe high-redshift,

low-luminosity objects that might not otherwise have been possible [231]. This makes them
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incredibly useful for the study of the evolution of astrophysical objects, and ongoing projects

include:

• The Hubble space telescope Frontier Fields program (HFF) - This is a deep-field imag-

ing campaign using the Hubble telescope to obtain observations of six strong lensing

clusters to detect and study faint high redshift galaxies and provide insights into their

evolution [232, 233]. This is built upon its predecessor, the Cluster Lensing And Super-

nova survey with Hubble (CLASH) [234]. The six cluster lenses observed by the HFF are:

Abell 370, MACS J0717.5+3745, MACS J0416.1-2403, Abell S1063, Abell 2744, and MACS

J1149.5+2223 [235]. These clusters cover a redshift range of 0.3 < z < 0.55 and will allow

detection of galaxies up to redshift z ∼ 9 [233].

• The REionization LensIng CLuster Survey (RELICS) is a survey using Hubble and Spitzer

space telescope observations of 41 massive galaxy clusters [236]. From these clusters,

over 300 lensed galaxies have been discovered in the redshift range 6 < z < 8 [237]. The

RELICS survey expects to confirm lensed candidates at redshift z ∼ 10 with follow-up

imagery from JWST [238].

• The Beyond Ultra-deep Frontier Fields And Legacy Observations (BUFFALO) project is

an extension of the HFF survey designed to learn about early galaxy assembly and pre-

pare targets for JWST imagery [239].

Cluster lenses are difficult to model as their mass distributions are complex. However, one

galaxy cluster can have numerous background source objects that it lenses. Therefore, there is

a large amount of data that can be used to constrain the lens model, in contrast to galaxy scale

lenses. Effective lens modelling is one of the greatest challenges for using strong gravitational

lensing for cosmology. Cosmological parameters we infer are heavily dependent on the choice

of parametrisation used, thus simpler objects such as elliptical galaxies are preferred for time-

delay cosmography.

2.3.2 Time-Delay Cosmography

Probably the most well-known use of strong gravitational lensing is to estimate the Hubble

constant H0 from the time-delay between images caused by the different path lengths and

gravitational potentials traversed for each image. To do this, one needs accurate lens models to

describe the lensing potential and precise measurements of the time-delay between transient

images.
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Supernova present ideal candidates for this technique, as measuring a time-delay between

multiply imaged type Ia or type II supernova is relatively simple due to their well-defined light

curve peaks. This was originally suggested by Refsdal [212], hence the first lensed supernova

is named “SN Refsdal” [240, 241]. Since this first detection, only a handful of further lensed

supernova have been detected [242, 243]. Lensed Type Ia supernova have been detected in

SN H0pe and SN Encore, which are well constrained enough to enable the first estimates of H0

from these lenses [216, 217, 244, 245]. Whilst these objects are incredibly powerful astrophysical

tools, they are heavily limited by the amount of data available. However, the next generation

of surveys predict to see hundreds of lensed supernova from LSST [3]. The Highly Optimised

Lensing Investigations of Supernovae, Microlensing Objects, and Kinematics of Ellipticals and

Spirals (HOLISMOKES) collaboration, besides having the best acronym of any group in astro-

physics, investigates the use of lensed supernova for cosmological purposes [246].

A far more abundant transient source is that of quasars or quasi-stellar objects (QSOs Quasars

are close to an ideal source for lensing observations as in general they have a high luminosity,

making them easily detectable, and their intrinsic variability makes time-delay cosmography

possible. However, measuring the time-delay between images is far more laborious than for

supernova as quasar light curves are far more complex. The COSmological MOnitoring of

GRAvItational Lenses (COSMOGRAIL) program [247] is a campaign aiming to precisely mea-

sure the time-delays between lensed quasars to a minimum of 3% accuracy in order to provide

tight constraints on H0. This is a time-consuming process, and the most recent measurements

of 18 lensed quasars required up to 15 years of monitoring in order to return well constrained

time-delays [248]. Whilst this process is improving, it does provide a heavy limiting factor to

cosmological analysis from our sample of lensed quasars.

COSMOGRAIL has expanding into further projects in the ’H0 Lenses in COsmograil’s Well-

spring’ (H0LiCOW) [249–253] and the ’Strong Lensing Insights into the Dark Energy Survey’

(STRIDES) programs [254]. The H0LiCOW collaboration has found a value of H0 consistent

with other late-universe estimates of H0 = 73.3+1.7
−1.8 kms−1Mpc−1, when combining measure-

ments from six quasars and assuming a spatially flat ΛCDM model and a choice of lens mass

model [249]. STRIDES added another quasar which finds a Hubble value in agreement with the

H0LiCOW result [255] of H0 = 74.2+2.7
−3.0 kms−1Mpc−1. These projects fall under the umbrella

collaboration of the Time-Delay COSMOgraphy (TDCOSMO) organisation which investigates

the systematic effects present with lensing analyses [256–259].
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2.3.3 Dark Matter Haloes

Instead of choosing a lens model and fitting for cosmology, one can fix the parameters of the

standard ΛCDM model to be inline with other late-universe probes and investigate the mass

distribution of the lens. The Strong-lensing High Angular Resolution Programme (SHARP)

aims to study the nature of dark matter via strong gravitational lensing using adaptive optics

imaging [252, 260]. The improved imaging precision adaptive optics demonstrates allows for

the analysis of small-separation lenses that otherwise could not be resolved. The determina-

tion of the mass distribution of the dark matter halo of lens objects, informs not only on the

evolution of the lens object itself, but the nature of dark matter and large scale structure for-

mation. Project Dinos attempts to investigate the mass distribution of elliptical type galaxies

specifically, and find they are consistent with a power-law profiles [261].

There are many parametrisations of dark matter halo used to model lens galaxies effectively.

Typical choices include the singular isothermal ellipsoid [262], elliptical power-law models

[215], and the combination Navarro-Frenk-White (NFW) profile [263, 264] and luminous mat-

ter description (e.g. a Sérsic profile mapped with a mass to luminosity ratio). However, there is

a seemingly endless list of different lens models one can choose from - each with their own

accronym - that can be confusing to those unfamiliar with the field. The python package

LENSTRONOMY provides a list of many lens models and their respective lensing potentials

[265]. Overall, there is no major preference between power-law models and NFW profiles when

fitting to data [257], but the NFW profiles are motivated by cold dark matter simulations in a

ΛCDM universe, whereas power-law models are chosen as an empirical model with enough

freedom to effectively describe lensing systems.

Note that the density profiles for the singular isothermal sphere

ρ(r) =
σv

2πG
1
r2 , (2.51)

the Navarro-Frenk-White profile

ρ(r) =
ρs

(r/rs)(1 + r/rs)2 , (2.52)

and general power-law models

ρ(r) ∝ r−γ , (2.53)
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display a central density divergence or cusp in their density profile4 as r → 0. These halos

are inline with cosmological N-body simulations but differ from the types of profiles inferred

in lower mass galaxies, such as those required to match rotation curves in disc galaxies - like

the Burkert profile [266, 267]. This is known as the core-cusp problem, and whilst there are

already several proposed solutions - including baryonic feedback or self-interacting dark mat-

ter - strong gravitational lensing provides another avenue to investigate this. The Sloan WFC

Edge-on Late-type Lens Survey (SWELLS) catalogues low mass spiral galaxies and finds at

least 16 lenses of this type [223, 268, 269].

4Here, σv is the velocity dispersion of the lens, rs and ρs are the characteristic scale and density of the dark matter
halo, and γ is a free parameter that defines the density profile.
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Chapter 3

Power-law lens models for strong

lensing in cosmology

This chapter has been published as ’Revisiting the effect of lens mass models in cosmological

applications of strong gravitational lensing’ by Christopher Harvey-Hawes and David L. Wilt-

shire in the Monthly Notices of the Royal Astronomical Society, Volume 534, Issue 4, November

2024, Pages 3364–3376, DOI: 10.1093/mnras/stae2306.

3.1 Introduction

Strong gravitational lensing (SGL) occurs when the light path from a distant source is warped

around an intermediary lens body on its way to an observer, producing several images, arcs

or rings. Over the last couple of decades, strong gravitational lenses have been observed with

an increased number. The current largest compilation of all strong gravitational lenses which

can be used viably for constraining lens properties and cosmological parameters consists of

161 systems [215]. The number of such strong gravitational lenses is set to increase by orders of

magnitude over the coming decade: the Rubin Observatory Large Synoptic Survey Telescope

(LSST) and Euclid are projected to observe 1.2 × 106 and 1.7 × 106 galaxy-galaxy scale lenses

respectively [270]. Since the standard cosmology faces increasing challenges [112, 271, 272] it is

important to understand the interplay of lens models and cosmological models. In this paper,

we will test such assumptions using the existing catalogue of Chen et al. [215].

It is possible to constrain the properties of the lens galaxies given an assumed background

cosmology, typically using the standard spatially flat Λ Cold Dark Matter (ΛCDM) model with

Planck value parameters [28]. Alternatively, one can constrain the parameters of the assumed
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cosmological model given a particular choice of lens mass density profile. Attempts to simul-

taneously fit both the lens density profile and cosmological parameters have been conducted

[215, 273], inevitably running into degeneracies that require further observational data to re-

solve.

There are several different methods to perform statistical cosmological analysis with strong

gravitational lenses. Time-delay cosmography as pioneered by Refsdal [212] is the most sensi-

tive to cosmological parameters and deals with each system individually rather than trying to

deal with an ‘average’ ideal lens model. This method is particularly useful in determining the

Hubble constant, H0 ≡ H(t0), as the measured time-delay between multiply imaged events

can be used to determine their different path lengths, and thereby a value for the Hubble ex-

pansion [249, 256]. Despite time-delay cosmography being a powerful technique, only a small

fraction of the observed lensing systems have well-defined time-delays, thus limiting the po-

tential application of this approach. The vast increase in available lens systems from the next

generation of telescopes is now set to overcome this hurdle.

To date most observed galaxy-scale lensing systems involve distant quasars sources. As

compared to observations of smaller numbers of lensed Sne Ia, the uncertainties in time-delay

measurements of quasars are significantly larger. Given the paucity of data available for accu-

rate time-delay cosmography, alternate approaches should be considered to make full use of

the observed lens systems.

This paper will focus in particular on the distance ratio

dls

ds
=
√

1 − k d2
l −

dl

ds

√
1 − k d2

s , (3.1)

introduced in the distance sum rule test of Räsänen et al.[274]. Here ds, dl and dls denote the

dimensionless comoving distances, d(zl , zs), from the source to observer, lens to observer and

source to lens respectively. The comoving distance is related to the angular diameter distances,

DA, and dimensionless luminosity distance, DL by

d =
H0

c
DA(1 + z) =

H0

c
DL

1 + z
(3.2)

=
1√
Ωk0

sinh
√

Ωk0

∫ 1+z

1

dx√
ΩΛ0 + Ωk0 x2 + ΩM0 x3

, (3.3)

where Ωk0 = −kc2/H2
0 = 1 − ΩM0 − ΩΛ0, and ΩM0 and ΩΛ0 are the present epoch matter and

cosmological constant density parameters. In this paper, we will focus on spatially flat FLRW
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models where Ωk0 = 0 and thus Eq. (3.3) becomes

d =
∫ 1+z

1

dx√
(1 − ΩM0) + ΩM0 x3

. (3.4)

and the distance ratio is given as

D ≡ dls

ds
=

ds − dl

ds
. (3.5)

The relation Eq. (3.1) provides an exact expression for the ratio of two observed angular

distances in the case of a FLRW metric with constant spatial curvature k. It is then typically

used as a self-consistency check of the standard FLRW cosmology, or to constrain the global

spatial curvature of some assumed FLRW universe [275, 276]. However, any cosmological

model – whether FLRW or not – can be substituted on the r.h.s. of Eq. (3.1) provided the model

has a suitable definition of the distance ratio in terms of its underlying parameters.

For a specific lensing system, it is also possible to compute its respective distance ratio purely

from a given lens model and its corresponding observables and parameter values, independent

of cosmology. Therefore, we can compare values for the distance ratio derived from cosmo-

logical angular diameter distance measurements to values determined from an assumed lens

model, thus, allowing for constraints on both lens and cosmological parameters. This can be

extended to a comparison of different cosmological models through Bayesian inference [277].

Such Bayesian analysis might involve two FLRW models with different priors on cosmologi-

cal parameters, or alternatively an FLRW model compared to a non-FLRW model such as the

timescape [187].

The distance ratio is independent of the Hubble parameter, and therefore sidesteps the issue

of its current epoch value H0 = H(t0). This is a major advantages of this technique, as the

Hubble tension continues to pose a significant challenge to the ΛCDM model [278]. Further-

more, since SGL bypasses the cosmic distance ladder, it directly allows us to infer cosmological

parameters without relying on other astronomical distance measures and the systematics they

depend upon.

While the distance ratio has been used to test the self-consistency of FLRW models, to date

it has not been applied to non-FLRW metrics. This paper will fill that gap by revisiting the

analysis of Chen et al. [215] and extending it to include the timescape model. We will perform

a Bayesian comparison between the spatially flat FLRW model and the timescape model, and

determine the corresponding best fit cosmological parameters. In addition, we investigate three
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different parametrisations of the lens galaxies mass profile and their effect on cosmological

fits. Strong gravitational lensing is heavily dependent on the choice of lens model, as well

as the background cosmology the systems are embedded within. Therefore, it is vital that lens

galaxies are well modelled in advance of new observations by the next generation of telescopes.

An overview of the paper is as follows. In section 3.2, we will briefly review the timescape

model. In section 3.3 we will discuss the different lens models used in this paper, as well

as provide a description of the catalogue of lensing systems, identifying the uncertainties in-

volved and model biases. Section 5.4 outlines the methodology for determining cosmological

parameters within a given lens model and gives the results of the fitting procedure. Section

3.5 presents the results of simulations of mock data generated from the catalogue data with

randomly added noise. In section 5.5 we discuss our results and the conclusions that can be

drawn.

3.2 Timescape Model Overview

Standard ΛCDM cosmology, and indeed all FLRW models, are based upon the cosmological

principle that on average the universe is both spatially homogeneous and isotropic. While

some notion of spatial homogeneity and isotropy certainly holds for whole sky averages of

very distant objects, the universe is inhomogeneous on scales < 100 h−1 Mpc [17, 279, 280]

where it is dominated by a cosmic web of over-dense filaments and under-dense voids. The

standard cosmology has been incredibly successful. Nonetheless, challenges to the ΛCDM

model remain unresolved despite of the growth of available data and increased observational

precision ([112, 271, 272]).

The timescape model assumes that cosmology should not invoke a single global reference

background with a unique split of space and time [183, 184, 281]. To model the universe effec-

tively, we have to account for backreaction of inhomogeneities, namely deviations from average

FLRW evolution at the present epoch. This is due to structure formation of filaments and voids

and the resulting cosmic web, which grows in complexity in the late universe. Timescape

makes use of Buchert spatial averages [171] to provide the average evolution of the Einstein

equations with backreaction.

The interpretation of Buchert’s formalism has been much debated; critics pointed out that as

a fraction of the averaged energy density, a term Buchert denotes the “kinematical backreac-

tion” Ω̄Q, should be small [178]. A universal feature of all viable backreaction proposals is that,
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unlike FLRW, average spatial curvature does not scale as a simple power of the average cos-

mic scale factor ā, Ω̄K ̸= −k/(ā2H̄2), where k is constant and H̄ an average expansion rate. In

the timescape model, in particular, Ω̄K ∝ f 1/3
v /(ā2H̄2), where the variable void volume fraction,

fv → 0 at early times but is significant in the late epoch universe. This means that conclusions

about spatial curvature derived from CMB data in FLRW models are not relevant for backreac-

tion models: when fit to the angular diameter distance of the CMB (with Λ = 0) it is curvature,

Ω̄K, that dominates in the late epoch universe, [185, Fig. 1]. Furthermore, while the average

energy-density parameters for matter, radiation, curvature and kinematical backreaction sat-

isfy a simple sum rule

Ω̄M + Ω̄R + Ω̄K + Ω̄Q = 1 , (3.6)

the quantities appearing in Eq. (3.6) are statistical volume average quantities, not directly re-

lated to local observables. Consequently, conclusions about apparent cosmic acceleration do

not follow simply from determining the magnitude of Ω̄Q. The timescape ansatz fixes the re-

lationship of these quantities to local observables, resulting in a viable phenomenology with

Ω̄K ∼ 0.86, Ω̄M ∼ 0.17, Ω̄Q ∼ −0.03 at present, z = 0.

Since the local geometry varies dramatically depending on the position of an observer in the

cosmic web, local geometry is generally very different to the global volume average. Local

structure not only affects the average evolution of the Einstein equations, but also the calibra-

tion of distance and time measures relative to the volume average1 observer. Timescape allows

for variation of the calibration of regional clocks relative to one another due to the gravitational

energy cost of the gradients in spatial curvature between filaments and voids. Ideal observers,

who see a close to isotropic CMB, in different local environments would age differently, hence

the name timescape.

The accelerated expansion of the universe is now an apparent effect derived from fitting

an FLRW model with constant spatial curvature and global cosmic time to an inhomogeneous

non-FLRW universe. An ideal void observer not gravitationally bound to any structure will not

infer a cosmic acceleration at all, whereas an observer in a bound structure such as galaxy will

use a different time parameter and will infer an accelerated expansion at late cosmic epochs.

The timescape model can eliminate the need for dark energy entirely and does so without in-

troducing new ad hoc scalar fields or modifications to the gravitational action; rather it revisits
1A volume average observer in the timescape model represents an observer whose local spatial curvature coin-

cides with that of the largest spatial averages. Such an observer is necessarily at an average position by volume -
in a void - and systematically different from observers in bound structures. A typical location by volume is not a
typical location by mass.
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averaging procedures that build upon Einstein’s general relativity.

Since the ΛCDM has been so successful in diverse cosmological tests, any phenomenologi-

cally viable model must yield similar predictions, particularly with regard to large scale aver-

ages for distances beyond the scale of inhomogeneity. For over a decade, timescape has con-

sistently given fits to type Ia supernovae which are essentially statistically indistinguishable

from ΛCDM by Bayesian comparison [282–284]. The most recent analysis of the Pantheon+

catalogue shows, furthermore, that timescape predictions for cosmic expansion below ∼ 100

scales are consistent with observations in a manner which may provide a self-consistent res-

olution of the Hubble tension [285]. The difference between the distance–redshift relations

of the timescape model and those of some ΛCDM model with fixed ΩM0, ΩΛ0, is only 1–3%

over a small range of redshifts, but timescape effectively interpolates between ΛCDM models

with different parameters over larger redshift ranges – which is why it can resolve the Hub-

ble tension in a natural fashion. Of course, this must be tested with completely independent

cosmological tests.

Among the many different definitions of distance in the timescape model, here we focus on

the matter dominated era, where a simple ‘tracking solution’ is found to apply. Instead of the

parameters ΩM0 in a spatially flat FLRW model, distances are instead parameterised in terms

of the present epoch void fraction fv0. The effective comoving distances directly comparable to

those in the distance sum rule Eq. (3.1) are2
ds = H0t2/3

s [F (t0)−F (ts)](1 + zs)

dl = H0t2/3
l [F (t0)−F (tl)](1 + zl)

dls = H0t2/3
s [F (tl)−F (ts)](1 + zs)

(3.7)

where

F (t) = 2 t1/3 +
b1/3

6
ln
(

(t1/3 + b1/3)2

t2/3 − b1/3 t1/3 + b2/3

)
+

b1/3
√

3
arctan

(
2t1/3 − b1/3
√

3 b1/3

)
, (3.8)

b =
2 (1 − fv0)(2 + fv0)

9 fv0 H̄0
, (3.9)

2Care must be taken with choices of units. With an explicit factor c, b and F must have dimensions of t and t1/3

respectively, which is different to a convention often assumed for timescape [166].



Chapter 3. Power-law lens models for strong lensing in cosmology 64

and H0 and H̄0 are the dressed and bare Hubble constants respectively.3 The Buchert volume av-

eraged time parameter t has been interpreted in different ways in different backreaction mod-

els. For the timescape tracker solution, observers in gravitationally bound systems measure a

time parameter related to volume-average time according to

τ =
2
3

t +
2(1 − fv0)(2 + fv0)

27 fv0H̄0
ln
[

1 +
9 fv0H̄0

2(1 − fv0)(2 + fv0)

]
. (3.10)

The volume-average time parameter is related to our observed redshift by

z + 1 =
24/3 t1/3 (t + b)

f 1/3
v0 H̄0 t (2t + 3b)4/3

, (3.11)

[286]. The distance ratio is then given as

DTime ≡ dls

ds
=

F (tl)−F (ts)

F (t0)−F (ts)
. (3.12)

Further details on the motivation and derivation of these equations is given by [166, 187]. It

is now simple to make comparisons between timescape and spatially flat FLRW models, as

they have the same number of free parameters: fv0 and ΩM0 are direct analogues due to their

effect on distance measurements. Any dependence on the dressed or bare Hubble constant is

cancelled due to the nature of the distance ratio, hence there is only one defining cosmological

parameter for each model.

3.3 Catalogue, Observables and Lens Models

3.3.1 Catalogue Data

The data set used in this investigation is taken from the catalogue of 161 strongly lensed sys-

tems of Chen et al. [215]. It is the largest catalogue compiled to date, and is itself built upon a

previous catalogue of 118 systems from Cao et al. [273]. This catalogue is a compilation of mul-

tiple surveys consisting of the LSD [287–290], SL2S [291–294], SLACS [295–297], S4TM [298,

299], BELLS [300] and BELLS Gallery surveys [301, 302]. From these surveys, the following

3The bare or volume average Hubble parameter is defined by the average volume expansion - not a global scale
factor - and uses a time parameter relative to an idealised volume average observer. This time parameter differs
systematically from that of observers in bound systems. The bare Hubble parameter is found to be related to the
dressed Hubble parameter by

H(t) =
[4 f 2

v (t) + fv(t) + 4]H̄(t)
2(2 + fv(t))

.

and fv0 ≡ fv(t0) etc denote present epoch values.
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observables are listed: spectroscopic lens and source redshift zl and zs, Einstein radius θE, half-

light radius of the lens galaxy θeff, aperture radius θap and the central velocity dispersion of the

lens galaxy σap. Spectroscopic measurements are provided by Sloan Digital Sky Survey (SDSS),

W. M. Keck-II Telescope and Baryon Oscillation Spectroscopic Survey (BOSS) spectroscopic in-

struments depending on survey. Follow-up imagery from the Hubble Space Telescope (HST)

Advanced Camera for Surveys is then used for the determination of θE and θeff.

Each of these surveys has differing instrumental parameters and thus has different uncer-

tainties in the measurement of the central velocity dispersions4 of the lens galaxies, which

contributes the largest portion of the uncertainty in this method. Velocity dispersions of lens

galaxies are measured spectroscopically within a given aperture radius θap. However, the shape

and size of the aperture used in each survey differs and thus an aperture correction formula is

applied so that velocity dispersions are determined as if they were found with a normalized

typical circular aperture σ0 [303]. To transform rectangular apertures into an equivalent circular

aperture for comparison, the following formula is used,

θap ≈ 1.025

√
θxθy

π
, (3.13)

where θx and θy are the width and height of the rectangular aperture respectively. Since aper-

ture radii vary even within the class of circular apertures, the following normalization is also

applied along the line of sight,

σ∥ ≡ σ0 = σap

(
θeff

2θap

)η

, (3.14)

where θeff corresponds to the half-light radius of the lens galaxy as θeff = Reff/Dl . The value

of η is taken from Cappellari et al. [304] of η = −0.066 ± 0.035 is found empirically via fitting

to individual galaxy profiles and is in agreement with other values determined by Jorgensen et

al. [303] and Mehlert et al. [305] of η = −0.04 and η = −0.06 respectively.

The uncertainty in η is the greatest source of uncertainty in the distance ratio inferred from

gravitational lensing. In addition, Eq. (3.14) contains a statistical error in σap as quoted in the

surveys, and a further systematic error source. The latter is understood as the effect of interfer-

ing matter along the line of sight and whilst the surveys are restricted to isolated systems, the

sytematic error is estimated at 3% in all cases [306]. The combined total error budget is then

4This is obtained by converting the redshift dispersion from spectroscopic measurements around the galaxy
using the radial special relativistic formula z =

√
(c + v)/(c − v)− 1.



Chapter 3. Power-law lens models for strong lensing in cosmology 66

given by,

∆σtot
0 =

√
(∆σ

η
0 )

2 + (∆σ
sys
0 )2 + (∆σstat

0 )2 . (3.15)

No uncertainty in the Einstein radius or associated redshifts is quoted within the catalogue data

set. Thus, it is assumed these uncertainties are included within the systematic uncertainty of

σ0, although this is most likely an underestimation of the errors present in the data. A uniform

error could be applied across the data set to θE, but is omitted to stay consistent with the work

of Chen et al. We find that changing the magnitude of the errors present in our parameters does

not significantly effect our conclusions throughout this paper.

Further cuts were also applied in compiling the catalogue. Not only did systems have to be

isolated and have no significant substructure, but lens galaxies must also be early-type galaxies,

either elliptical (E) or lenticular (S0).

3.3.2 Lens Models

When modelling lens mass distributions individually for use in time-delay cosmography, one

of two descriptions are used: (i) power-law models that take into account both baryonic and

dark matter simultaneously; and (ii) a combination of a luminous baryonic mass profile with a

Navarro-Frank-White dark matter halo [307, 308]. Constraints on the value of H0 from either

class of model are very similar and statistically consistent with one another [256]. However,

to model a statistically average lens galaxy within large catalogues, more general power-law

models are used [309].

In this section, we review the three power-law models applied to the Chen et al. catalogue,

commonly used to model the matter distribution of elliptical lens galaxies: Extended Power-

Law (EPL), Spherical Power-Law (SPL) and Singular Isothermal Sphere (SIS).

All three lens models discussed in this paper rely upon the assumption that while galaxies

may differ in shape, when taking averages the dominant component of the matter density is

spherically symmetric. However, the angular structure of a lens galaxies mass distribution is

very significant to the image separation produced. In fact, quadruply imaged sources are not

possible with spherically symmetric mass distributions. Since the luminous matter in individ-

ual galaxies is not spherically symmetric, whether the angular component of all matter in each

lens galaxy can be averaged out in this fashion is an assumption which can be tested in future.
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Solving the radial Jeans equation, following the procedure given in Appendix 3.6, the dis-

tance ratio for the most general Extended Power Law (EPL) model is found to be

Dobs ≡ dls

ds
=

c2θE

2
√

πσ2
0

(
θeff

2θE

)2−γ

F(γ, δ, βs) , (3.16)

where θE is the Einstein radius of the system. F(γ, δ, βs) depends on the total mass density

slope, γ, the luminous matter denisty slope, δ, and the stellar orbital anisotropy, βs.

In deriving Eq. (3.16) several physical assumptions have been made, viz.:

1. The creation, destruction and collisions of stars are neglected.

2. The thin lens approximation applies as the distances from observer to lens and lens to

source are far larger than the width of the lens object itself. A projected mass density can

then be defined in the lens plane that is responsible for the deflection of light.

3. The system is stationary, i.e., ∂t = 0. The properties of the lens galaxy vary insignificantly

over the short periods in which lensed images are observed.

4. The weak field limit of general relativity applies (linearized gravity) with an asymptot-

ically flat (Minkowski) background. For the vast majority of lensing scenarios one as-

sumes Φ/c2 ≪ 1.

5. Angles of deflection due to gravitational lensing are small, so that the small angles ap-

proximation is invoked.

6. The Born approximation applies as the deflection angle is small. The gravitational poten-

tial along the deflected and undeflected light paths can be considered to be approximately

the same.

Extended Power-Law Model

For the EPL model [309], the most nuanced and complex model considered in this paper, the

function F in Eq. (3.16) takes the form

F(γ, δ, βs) =
3 − δ

(ξ − 2βs)(3 − ξ)
×
Γ
(

ξ−1
2

)
Γ
(

ξ
2

) − βs

Γ
(

ξ+1
2

)
Γ
(

ξ+2
2

)
 Γ

(γ
2

)
Γ
(

δ
2

)
Γ
(

γ−1
2

)
Γ
(

δ−1
2

)
 , (3.17)

where ξ = γ + δ − 2.

Through a specific choice of γ, δ and βs, which parameterise the total mass density profile ρ,

the luminous mass density profile ν and the stellar orbital anisotropy βs,
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ρ(r) = ρ0(r/r0)
−γ , (3.18)

ν(r) = ν0(r/r0)
−δ , (3.19)

βs = 1 − σ2
θ /σ2

r , (3.20)

simpler models are recovered. Both γ = γ0 and

γ = γ0 + γzzl + γs log Σ̃ (3.21)

parameterisations are considered for the total matter density profile where the normalised sur-

face mass density Σ̃ ∝ σ2
0 /Reff.

Spherical Power-Law Model

If both δ = 2 and βs = 0 are fixed, the SPL model is obtained. In this spherically symmetric

model, the only free parameter is the total mass density (dark matter halo) profile, γ, and

F := F(γ, 2, 0) =
1√
π

1
γ(3 − γ)

. (3.22)

The SPL model is often generalized further to allow for the variation of γ with redshift or sur-

face brightness density of the lens galaxy. For our investigation, we limit γ to a constant value,

γ0. However, Chen et al.[215] explore different parametrizations of γ, which are discussed in

section 3.4.1.

Singular Isothermal Sphere Model

The SIS model is the simplest discussed, where γ = δ = 2, βs = 0, and

F := F(2, 2, 0) =
1

2
√

π
. (3.23)

It assumes that the halo mass of the lens galaxy is in isothermal equilibrium, with gravitational

attraction balanced entirely by the pressure associated with the constituent stars’ interactions.

The total mass density relation is then

ρ(r) =
σ2

2πGr2 , (3.24)
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which leads to the distance ratio,
dls

ds
=

c2θE

4πσ2
0

. (3.25)

3.4 Parameter Determination and Model Preference Results

From Eqs. (3.4) and (3.5), or Eq. (3.12), with Eq. (3.16) we find a value of σ0 that depends purely

on model parameters, redshifts zs and zl , and the Einstein radius θE. We can then compare

these values with the observationally determined ones via an MCMC sampling procedure, to

constrain the defining parameters of both lens and cosmological models.

The likelihood of the combined lens and cosmological models is determined via

χ2 =
161

∑
i=1

(
σ0 − σmodel

0 (zl , zs, θE, p)
)2

∆σ2
0

, (3.26)

where p are the defining parameters for a specific lens model i.e., γ, δ and βs as well as cosmo-

logical parameters ΩM0 and fv0. σmodel
0 is given by the combination of lens and cosmological

models.

We initially take wide uniform priors for all parameters to avoid biases in the values deter-

mined.The stellar orbital anisotropy βs of all lens galaxies in the catalogue is not measured, so

we assume a 2σ Gaussian prior βs = 0.18 ± 0.26, established from a study of nearby ellipti-

cal galaxies and adopted by Chen et al.[215]. A full list of the priors involved in our MCMC

sampling is given in table 3.4.

To obtain the results given in Figs. 3.1 and 3.2, the MCMC sampler ran for 50,000 steps with

32 walkers and a burn-in phase discarding the first 20% of the samples. These were created

using the EMCEE PYTHON package.

To distinguish between the spatially flat FLRW and timescape models, which have the same

number of free parameters, a straightforward Bayes factor, B, can be calculated by integrat-

ing the likelihoods L ∼ e−χ2/2 over the 2σ priors fv0 ∈ (0.5, 0.799), ΩM0 ∈ (0.143, 0.487)

[284, 310]and corresponding lens model parameters. The cosmological parameter priors are

determined using non-parametric fits of the Planck CMB data [311] constrained by estimates

of the angular BAO scale from the BOSS survey data and Lyman alpha forest statistics [312,

313]. Following Dam et al.[284] we use wide priors for both models so as not to unfairly

disadvantage ΛCDM. The priors usually adopted for ΛCDM, including a precise estimate
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Bayes Factors (B)

Lens Model B |ln B|
EPL 0.4928 0.7077

SPL 9.38 × 10−7 13.9

SIS 3.28 × 10−3 5.72

Table 3.1: Bayes factors Eq. (3.27), where B < 1 favours the spatially flat FLRW
model.

ΩM0 = 0.315 ± 0.007 [28], arise from constraints on perturbation theory on an FLRW back-

ground. A timescape equivalent has yet to be developed to constrain the equivalent free pa-

rameter, fv0. We take the luminosity density profile δ to have priors informed by profiles fitted

to Hubble Space Telescope imagery, giving 2.003 < δ < 2.343. The full list of priors used for

Bayesian comparison are given in table 3.5.

We adopt the Jeffrey’s scale for the Bayes factor

B =

∫
Ltimescape d fv0 dγ dδ dβs∫
LFLRW dΩM0 dγ dδ dβs

(3.27)

so that values of B > 1 will indicate preference for timescape and B < 1 for FLRW. By the

standard interpretation, evidence with | ln B| < 1 is ‘not worth more than a bare mention’ or

‘inconclusive’, while 1 ≤ | ln B| < 3, 3 ≤ | ln B| < 5 and | ln B| ≥ 5 indicate ‘positive’, ‘strong’

and ‘very strong’ evidences respectively [314, 315].

3.4.1 Discussion of Results

The Bayes factors favour a spatially flat FLRW model over the timescape model in all cases but

with varying degrees of strength, as shown in table 3.1. For the SIS and SPL lens models, the

preference is a strong. However, both FLRW and timescape have a minimum χ2 per degree

of freedom ∼ 2, which shows in both cases the fit could be improved, specifically within the

choice and parametrisation of the lens model. It is important to note that the Bayes factors of

table 3.1 should not be interpreted naïvely, as lower χ2 for FLRW models comes at the expense

of an unphysical matter density at the extremes ΩM0 ≃ 0 or ΩM0 ≃ 1. By contrast, the values

of fv0 predicted are within the 2σ priors fv0 ∈ (0.5, 0.799) for timescape and remain physically

plausible for the majority of lens model parametrisations.

Chen et al. [215] already noted that ΩM0 ≃ 0 for specific lens models. However, by consider-

ing
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Figure 3.1: Parameter probability distributions of the EPL lens model for both
spatially flat FLRW and timescape models, constrained using 161 lensing systems.

Dashed lines representing the 2σ bounds and median value of MCMC samples.
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Figure 3.2: Parameter probability distributions of the fully extended EPL lens model
for both spatially flat FLRW and timescape models, constrained using 161 lensing

systems.
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1. an alternate parametrisation of γ to include a dependency on redshift and normalised sur-

face mass density of each lens galaxy, γ = γ0 + γzzl + γs log Σ̃; and

2. δ as an observable for each lens galaxy

more realistic values of ΩM0 are inferred. One can only fit δ given high-resolution imagery of a

lens galaxy; for the Chen et al.[215] catalogue this reduces the sample of lensing systems from

161 to 130. Future surveys are predicted to observe several orders of magnitude more lensing

systems. The requirement of follow up high resolution imaging will therefore face significantly

greater challenges on account of the vast increase of data volume. When fitting a global value

for δ in the EPL model, we find values consistent with 2σ priors informed by HST imagery of

2.003 < δ < 2.343 as shown in Figs. 3.1 and 3.2.

Physically plausible values of ΩM0 for FLRW have only been found when steps (i) and (ii)

are applied to the further parametrised EPL model. If δ is not constrained for each system

in the EPL model, then ΩM0 ≃ 1, the other unphysical extreme. Timescape also returns the

physically implausible extreme value for fv0 ≃ 0 which corresponds exactly to the Einstein

de Sitter universe (ΩM0 = 1) for the full paramaterisation of γ.

3.5 Mock Catalogues and Parameter Fitting

3.5.1 Methodology

The unphysical cosmological parameter values found through MCMC sampling, in particular

of ΩM0, motivate further investigation. Thus, we generate mock catalogues to gauge how sen-

sitive the fitting procedure is on cosmological parameters. We generate mock catalogues using

the following procedure:

1. Using the catalogue data for the 161 lensing systems, we apply the relation for the sim-

plest case lens model SIS, Eq. (3.25), in combination with distance ratios found from cos-

mology (see Eqs. (3.4) and (3.5) or Eq. (3.12)) to find the model ideal values of σ0. This

requires an initial seed value of ΩM0 or fv0, which we hope to later recover when fitting.

2. Gaussian noise is then added to σ0 for each of the 161 lens galaxies.

3. We then use Eq. (3.25) with the catalogue data and the velocity dispersion, with added

noise, to find a new value of the distance ratio dls/ds.
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4. The mock distance ratio and the value determined from either the timescape or spatially-

flat FLRW models can then be compared through the χ2 test

χ2 =
161

∑
i=1

(
Dmodel

i (q)−Dmock
i (qseed)

∆Di

)2

, (3.28)

where q = {ΩM0, fv0} depending on cosmology.

5. The ΩM0 and fv0 parameters are varied, the best fit values corresponding to the mini-

mized χ2 value.

6. We repeat this for 104 mock samples, with the best fit parameters for each cosmology

being binned into a histogram for each individual mock. We then determine whether the

original seed parameters of ΩM0 and fv0 are recovered from the fitting procedure.

A wide variety of seed values are chosen with parameters in the range ΩM0 ∈ {0.1, 0.9} for

spatially flat FLRW, and similarly fv0 ∈ {0.1, 0.9} for timescape. We find that regardless of

the initial input values of the cosmological parameters, this procedure always lowers ΩM0 sig-

nificantly for FLRW. For timescape, a value of fv0 ≃ 0.73 is returned irrespective of the input

value.

3.5.2 Simulation Results and Discussion

The histograms produced from the mock data provide interesting results, shown in Fig 3.3.

Naïvely, one would assume that if the cosmological model plays a significant role in the pipeline

then the generated cosmological parameters would match the input values. However, this is

only the case when the uncertainty in the velocity dispersion is set artificially low.

The timescape fit finds values of fv0 ≈ 0.73 which are consistent with the model expectation

based on constraints from Sne Ia distances, CMB, etc [185]. In fact, this is still true for timescape

fits of the FLRW mocks. The FLRW mocks have a significantly wider cosmological parameter

spread, as shown in Fig. 3.4.a as compared to Fig. 3.4.b. Furthermore, the FLRW model yields

an ΩM0 more in-line with the expected value of ΩM0 from the Planck CMB data [28] when it

is fit against data generated with the timescape model. For FLRW the maximum likelihood of

ΩM0 is found to increase as the input ΩM0 is lowered, resulting in an overall maximum likeli-

hood ΩM0 → 0, corresponding to an unphysical Milne universe. For timescape the maximum

likelihood increases for seed values close to fv0 ≃ 0.73.

Both the data and mock catalogues produce some outlying unphysical distance ratios D > 1
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Figure 3.3: Kernel density estimate plots of the best fit parameters for: (a) timescape
fit to timescape data, (b) FLRW fit to timescape data, (c) FLRW fit to FLRW data
and (d) timescape fit to FLRW data. The dashed vertical red line indicates the initial
parameter value used to generate the mock data, fv0 = 0.76 and ΩM0 = 0.315 for

timescape and FLRW models respectively.



Chapter 3. Power-law lens models for strong lensing in cosmology 77

0.0 0.2 0.4 0.6 0.8 1.0
M0

0

5

10

15

20

D
en

si
ty

M0 = 0.1
M0 = 0.315
M0 = 0.6
M0 = 0.9

(a) FLRW

0.0 0.2 0.4 0.6 0.8 1.0
fv0

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

D
en

si
ty

fv0 = 0.1
fv0 = 0.4
fv0 = 0.76
fv0 = 0.9

(b) Timescape

Figure 3.4: Kernel density estimate plots showing the best fit cosmological param-
eters for both FLRW (a) and timescape (b) models fit against data generated with

varying initial parameter values.
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with closer source than lens to observer (see Fig. 3.5). This is an artefact of choosing a global

power-law lens model and fitting to a data set with high variations in the observed velocity

dispersions. Some systems are not well described by the lens model choice, and thus produce

abnormally high distance ratios that skew the distribution. Fitting any curve D(σ) to the data

of Fig. 3.5 will be skewed by the unphysical values.

The implications can by understood by considering Fig. 3.6.a and Fig. 3.6.b where distance

ratios DFLRW and DTime are shown for particular fixed source and lens redshifts, zs and zl .

Varying zs and zl we see that while the distance ratio generally increases with increasing zs, the

maximum is always found at ΩM0 ≃ 0 for FLRW and fv0 ≃ 0.73 for timescape. With a high

enough uncertainty in the velocity dispersion, much larger distance ratios are possible in the

simulations. Therefore, the fitting of cosmological parameters is forced towards the values that

enable the highest possible distance ratios.

Whilst our simulations were performed using a SIS lens model, the entire class of lens models

in our investigation return unphysical distance ratios, D ≥ 1, when using the ideal parame-

ters determined by MCMC sampling. Even the EPL model with the full parametrisation, Eq.

(3.21), which enables a slight variation of the power law model between systems, often yields

unphysical distance ratios.

3.6 Conclusions

In order to increase the goodness of fit of power-law lens models, additional empirical param-

eters are often added to the lens models along with constraints from high resolution imagery.

The simplest parametrisations of these models, in combination with the standard spatially flat

FLRW cosmology, have already been shown to produce poor fits to data without additional ob-

servationally determined luminosity density profiles [215]. We find that all choices of power-

law model investigated naïvely prefer a spatially flat FLRW cosmology, but as a consequence

delegate all the mass along the line of sight to the lens galaxy, resulting in ΩM0 ≃ 0. For the full

parametrisation, Eq. (3.21), of the EPL model the fits return an Einstein de Sitter universe with

ΩM0 = 1, which is also clearly unphysical.

The timescape cosmology gives void fraction values of 0.68 ≤ fv0 ≤ 0.74 consistent with

constraints from independent tests [185, 285] in all cases except that of Eq. (3.21) when it also

returns the same unphysical Einstein de Sitter universe ( fv0 = 0). Simulations with a fixed SIS

lens model consistently return values of fv0 ≃ 0.73, regardless of the input seed value. Our
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Figure 3.5: Distance ratios against velocity dispersion (kms−1) for a Single Isother-
mal Sphere lens model using catalogue data for 161 systems.
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(a) FLRW

(b) Timescape

Figure 3.6: Distance ratios for fixed lens and source redshifts in both spatially flat
FLRW and timescape models with varying ΩM0 and fv0 respectively.
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results highlight the imperative of exploring alternatives to the standard ΛCDM cosmology.

Even if any particular non-FLRW cosmology is incorrect, such comparisons may give insight

into breaking the many degeneracies present in SGL analyses to date.

It is clear that either

1. power-law models cannot be applied globally to large surveys of lensing systems as they

make unphysical predictions of the distance ratios, or,

2. our measurements of the velocity dispersions of lens galaxies are not currently at a high

enough accuracy and precision to enable this kind of analysis.

Navarro-Frenk-White profiles are generally taken as the standard for modelling the dark

matter haloes of elliptical galaxies, rather than the power-law models used here for large SGL

catalogues. The use of a general lens model across all systems in the catalogue, assuming

that on average they will be well-defined, is evidently not the case. Many lens galaxies have

large uncertainties in their respective velocity dispersion measurements, leading to unphysical

distance ratios for many lensing systems regardless of the choice of power-law used.

Systems that deviate from these power-law models negatively skew the distribution of dis-

tance ratios, leading to biasing in the determination of cosmological parameters. In fact, even

an individualised EPL model, with the full parametrisation of γ, fails to produce physically

plausible distance ratios for all systems. What results is that the ‘best fit’ cosmological pa-

rameters found are those which can produce the highest possible distance ratios to match the

unphysical predictions of the lens models.

Without additional imaging data, the technique of using distance ratios as a test statistic is

weak at constraining cosmological parameters. However, it has the advantage of a far larger

dataset than that of using time-delay distances. With the next generation of telescopes (JWST,

Euclid, LSST etc) predicted to observe even more lensing systems, it is of paramount impor-

tance that appropriate lens models are determined in advance of the upcoming catalogues if

one aims to use strong lensing for robust statistical constraints in cosmology.

Time-delay cosmography is able to constrain the lens mass distribution with far greater pre-

cision than the distance sum rule test. This arises from the extra constraints given by the mag-

nification and time-delay between each of the images. In addition, time-delay cosmography

models lensing systems individually, whereas the distance ratio technique fits global lens mod-

els to large catalogues of highly variable systems. At present, despite the smaller number of
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systems available, time-delay cosmography may present the only viable way to use strong

gravitational lensing to constrain both cosmological models and lens matter models with the

precision of measurements available in ongoing surveys.

Appendix

Priors

The priors used for the MCMC sampling procedure and Bayesian analysis are listed in table

3.4 and table 3.5.

Model derivation and explanation of parameters

In this section we will discuss the various assumptions that go into the extended power-law

model of Koopmans [309] for elliptical galaxies as gravitational lenses. The extended power-

law model, as well as variants SPL and SIS, are derived from the radial Jeans equation here

given in spherical coordinates (r, θ, ϕ):

d
dr

[ν(r) σ2
r ] +

2βs

r
ν(r) σ2

r = −ν(r)
dΦ
dr

, (3.29)

where
dΦ
dr

=
GM(r)

r2 (3.30)

Here, the velocity dispersion σr is defined as follows with f being the distribution function of

the stars within the galaxy.

σ2
r =

1
ν

∫
vr f d3v (3.31)

The Jeans equation looks at the average motion of the distribution of stars defined by the lumi-

nous matter density distribution ν(r) within a Newtonian gravitational potential created by the

total matter density ρ(r), including dark matter. The parameter βs(r) denotes the anisotropy

of the stellar velocity dispersion and is also known as the stellar orbital anisotropy. These are

parametrised as such for the extended power-law,

ρ(r) = ρ0(r/r0)
−γ (3.32)

ν(r) = ν0(r/r0)
−δ (3.33)

βs(r) = 1 − σ2
θ /σ2

r , (3.34)
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where σθ and σr are the tangential and radial velocity dispersions respectively. With βs(r) ̸= 0,

we can account the average orbits of stars deviating from circular paths, however the total mass

density will remain spherical - it does not disrupt the spherical dark matter halo of the galaxy.

In order to solve the Jeans equation, numerous assumptions are made:

• the system is static i.e., ∂t = 0. This feels like a reasonable assumption to make as the

structure of the elliptical galaxy should not be expected to change over the course of

lensing measurements.

• the stress tensor σij is diagonal, such that
〈
vivj

〉
= 0 if i ̸= j.

• spherical symmetry applies such that σ2
rϕ = σ2

rθ = 0 and ρ and ν only depend on r with

no angular component.

• collisionless matter. The Jeans equation is originally derived from the collisionless Boltz-

man equation and as such does not permit interactions between the constituent stars

within galaxies.

After making these assumptions, the radial Jeans equation can be solved for the radial velocity

dispersion in terms of the luminous matter distribution and the total mass inside a sphere of

radius r,

σ2
r (r) =

G
∫ ∞

r dr′r′2βs−2 ν(r′)M(r′)
r2βs ν(r)

. (3.35)

We can then define the mass contained within a cylinder of radius RE, the Einstein radius,

which quantifies the mass of the lens galaxy,

ME =
∫ RE

0
dR 2πR′Σ(R′) , (3.36)

where Σ(R) is the mass density projected into the lens plane,

Σ(R) =
∫ ∞

−∞
dZ ρ(r) =

∫ ∞

−∞
dZ ρ0 rγ

0 (Z2 + R2)−γ/2 , (3.37)

Σ(R) =
√

π R1−γ Γ((γ − 1)/2)
Γ(γ/2)

ρ0 rγ
0 . (3.38)

Here R is the radius of the galaxy in the lens plane and Z is the distance along the line of sight

perpendicular to the lens plane, r is the spherical radius as previous such that r2 = R2 + Z2.

The mass contained inside the Einstein radius is therefore,

ME = 2π3/2 R3−γ
E

3 − γ

Γ((γ − 1)/2)
Γ(γ/2)

ρ0 rγ
0 . (3.39)
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The total mass within a sphere of radius r can also be calculated,

M(r) =
∫ r

0
dr′4π r′2 ρ(r′) = 4π ρ0 rγ

0
r3−γ

3 − γ
(3.40)

which can be written in terms of the mass ME contained within the cyclinder as

σ2
r (r) =

2√
π

GME

RE

1
ξ − 2βs

Γ((γ − 1)/2)
Γ(γ/2)

(
r

RE

)2−γ

(3.41)

where ξ = γ + δ − 2. The velocity dispersion from observation is the component of the lumi-

nosity weighted average along the line of sight and pver the effective spectroscopic aperture

RA. This can be written as:

σ2
∥(≤ RA) =

∫ RA
0

∫ ∞
−∞ dR dZ 2πR σ2

r (r)
(

1 − βs
R2

r2

)
ν(r)∫ RA

0

∫ ∞
−∞ dR dZ 2π R ν(r)

. (3.42)

By substituting in the expression for σ2
r and the power-law of ν(r) we arrive at

σ2
∥(≤ RA) =

2√
π

GME

RE

3 − δ

(ξ − 2βs) (3 − ξ)

Γ
(

ξ−1
2

)
Γ
(

ξ
2

) − βs

Γ
(

ξ+1
2

)
Γ
(

ξ+2
2

)


× Γ
(γ

2

)
Γ
(

δ
2

)
Γ
(

γ−1
2

)
Γ
(

δ−1
2

) (RA

RE

)2−γ

. (3.43)

Using the deflecting mass found from the lensing equation

ME =
c2 θE

4G
Ds Dl

Dls
, (3.44)

RA = DlθA and RE = θEDl we get,

σ2
∥(≤ RA) =

2√
π

Ds θE c2

Dls

3 − δ

(ξ − 2βs)(3 − ξ)

Γ
(

ξ−1
2

)
Γ
(

ξ
2

) − βs

Γ
(

ξ+1
2

)
Γ
(

ξ+2
2

)


× Γ
(γ

2

)
Γ
(

δ
2

)
Γ
(

γ−1
2

)
Γ
(

δ−1
2

) ( θA

θE

)2−γ

, (3.45)

which is the expression we call the extended power-law. The use of the lens equation also is

built upon several assumptions:

• the weak field limit of general relativity applies and that Φ/c2 ≪ 1,

• small deflection angles,

• the Born approximation applies.
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Chapter 4

Time Delay Lensing as a Test of

Cosmological model

This chapter contains the natural extension to chapter 3, attempting to use strong gravitational

lensing for statistical cosmology with additional time-delay data.

4.1 Introduction

The inconsistency in the current expansion rate of the universe, H0, inferred from early and

late universe measurements, known as the Hubble tension, presents one of modern cosmol-

ogy’s greatest challenges. Late-universe results from the SH0ES collaboration of H0 = 73.04 ±
1.04 km s−1Mpc−1 are in a ≈ 5σ tension with values inferred from the Planck CMB data of

H0 = 67.4 ± 0.5 km s−1Mpc−1 [28, 68]. This disagreement has motivated research to deter-

mine the value of H0 from a variety of different astrophysical phenomena [73]. Ultimately, the

tension has only grown greater in magnitude as the precision of data has increased and the

systematic and statistical uncertainty has reduced. This does not mean there cannot be an un-

derlying systematic common to each early or late universe measurement that is unaccounted

for, nor does it rule out a series of unaccounted systematics. However, the tendency for cosmo-

logical tensions to increase in recent years provides motivation for new physics or the revisiting

of fundamental assumptions in cosmology [316].

Strong gravitational lensing (SGL) presents a relatively recent (at least in cosmological terms!)

alternative method to determine H0 and constrain cosmological models. Requiring a specific

configuration of lens and source object (e.g. an elliptical galaxy and quasar source, respec-

tively), SGL results in multiple images being produced of the source object. For transient

sources, with generally different travel times for emitted light to the observer, an associated
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time-delay distance difference can be inferred, from which an estimate of H0 can be calculated

[212]. This technique is known as time-delay cosmography. Despite the vast increase in the

number of observed lensing systems, only around 30 have precise time-delay measurements

[248, 317]. Regardless, a value for H0 can be inferred for each individual system, assuming a

sufficiently accurate lens model. Hence, only a few systems are enough to achieve comparable

precision to analyses of thousands of supernovae [249].

A major advantage of time-delay cosmography is that it is independent of the cosmic dis-

tance ladder and thus, has an entirely separate set of systematics to other methods of estimat-

ing H0 [256]. This one-step method provides an important tool for cross-checking other local

distance measures and investigating their systematics. The H0LiCOW collaboration has suc-

cessfully constrained the Hubble constant to 2.4% precision using time-delay cosmography,

finding H0 = 73.3+1.7
−1.8 km s−1Mpc−1, in agreement with other late universe probes and in a 3.1σ

tension with the Planck values [249], depending on the lens model used. This result further con-

tributes to the tension, elevating it to 5.3σ when applied in combination with distance ladder

results.

In chapter 3 we performed statistical cosmological analyses built upon the relations derived

from the distance ratio between lens and source objects alone. These studies show that with-

out additional observational data or without fitting an individual lens model to each distinct

system, the use of spherically symmetric power-law lens models cannot accurately constrain

cosmological parameters in population level statistical analyses. The further inclusion of time-

delay data adds additional constraints on the lens models, with the aim of returning physically

plausible values when fitting for cosmology.

Here, we first perform an initial assessment of whether the application of spherically sym-

metric lens models with the inclusion of additional time-delay data can effectively constrain

cosmological parameters. We then complete an exploratory analysis of the timescape cosmol-

ogy by extending the work of the H0LiCOW collaboration [249]. This more refined analysis

involves individually fitting more nuanced lens models to each system and, therefore, does not

‘wash out’ the information lost by assuming spherically symmetric lens models. However, it

has the limitation of a much smaller dataset.

In this chapter, section 4.2.1 describes the formalism of TD cosmography and gives the

methodology used to fit for cosmological parameters. Section 4.2.2 gives the data set used

and the method for generating mock data where required. Section 4.2.3 provide the results
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of the analysis of the entire time delay catalogue. The H0LiCOW lens sample is described in

section 4.3.1 and the corresponding lens modelling and analysis in sections 4.3.2 and 4.3.3, re-

spectively. In section 4.3.4 we discuss the results of this analysis. In section 4.4, we discuss our

conclusions.

4.2 Population Statistics

4.2.1 Methodology

Time-delay Formalism

We follow the typical formalism described by Schneider, Kochanek and Wambsganss [219]. For

a given lens mass distribution and image configuration, the time of arrival of a particular image

can be expressed as

t(θ, β) =
D∆t

c

[
(θ − β)2

2
− ψ(θ)

]
, (4.1)

where θ, β, and ψ, are the image position, source position, and lensing potential, respectively.

D∆t is defined as a ratio of angular diameter distances referred to as the time-delay distance,

D∆t ≡ (1 + zl)
Dl Ds

Dls
, (4.2)

where zl is the spectroscopic lens redshift. The time-delay between two images, θi and θj, of

the same source is then simply expressed by the difference of arrival times,

∆tij =
D∆t

c

[
(θi − β)2

2
− (θj − β)2

2
− ψ(θi) + ψ(θj)

]
, (4.3)

where the values of θ are determined empirically from observations to a high degree of pre-

cision. However, the lensing potential, ψ, is dependent on the choice of lens model and is

necessary in order to solve the lens equation to determine the unperturbed source position, β.

In this work, we assume spherical symmetry on average. Any effect due to the ellipticity of the

elliptical galaxies is assumed to average out with a large enough sample size, and thus can be

ignored [215, 273]. Whilst chapter 3 brings this assumption into question, we now investigate

whether the addition of time-delay constraints enables the use of these lens models in this man-

ner. For spherically symmetric power-law lenses, the lensing potential can be well described

by[317–319]

ψ(θ) =
θ2

E
3 − γ

(
θ

θE

)3−γ

, (4.4)
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where θE is the Einstein radius. The case of γ = 2 returns the familiar singular isothermal

sphere result,

ψ(θ) = θ θE . (4.5)

Combining Eqs. (4.3) and (4.5), and by applying (θi + θj)/2 = θE, leads to an expression for

the time-delay between the two images for the singular isothermal sphere model

∆tij =
D∆t

2c
(θ2

i − θ2
j ) . (4.6)

For generic spherical power-law models an equivalent relation is found using the deflection

angle and lens equation for a two-image configuration of a power-law lens [320],

∆tij =
D∆t

c
θ2

E

[
1
2

{(
θE

θi

)2γ−4

−
(

θE

θj

)2γ−4
}
+

1
3 − γ

{(
θE

θj

)γ−3

−
(

θE

θi

)γ−3
}]

, (4.7)

where

θ
γ−1
E =

θi + θj

θ
2−γ
i + θ

2−γ
j

. (4.8)

For systems with accurate velocity dispersion and luminosity density profile measurements,

a further extension to the EPL lens model is possible. However, for the majority of lens galaxies

in our sample this data was not available. A future extension would be to assume that the time-

delay lenses are a subset of the wider lens population (and elliptical galaxy population more

generally), and thus share the correlations between velocity dispersion, half-light radius, and

luminosity density profile motivated by the empirical fundamental plane relation.

MCMC Set Up

In our analysis we assume wide priors as not to unfairly bias the MCMC sampling in favour

of the timescape model. If the narrow range in uncertainty in H0 and ΩM0 taken from Planck

CMB data were used as uniform priors, it would unfairly weight the Bayes factor comparison

in favour of timescape as the equivalent precise parametric fits to CMB data have not yet been

developed in the timescape cosmology. Thus, we take wide uniform priors as 0 < ΩM0 < 1 and

0 < fv0 < 1 in cosmological parameters. For our initial analysis, we assume a value of the Hub-

ble constant (or dressed Hubble constant in the timescape model) of H0 = 70 km s−1Mpc−1.

Priors on lens model parameters are chosen as in chapter 3, with the density profile exponent

γ between 1.2 < γ < 2.8. To carry out the MCMC analysis, we utilise the PYTHON package

PYMULTINEST [321].
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4.2.2 Data

Each lensing system consists of a multiply-imaged quasar being lensed by an elliptical galaxy.

The catalogue of 31 lensing systems used in this chapter was compiled by Melia et al. [317]

from a number of different surveys, predominantly made up of the COSMOGRAIL time-delay

lensing sample [248]. COSMOGRAIL represents a 15-year-long effort to constrain the time-

delays of transient light curves specifically for the purpose of time-delay cosmography. From

this catalogue, spectroscopic redshifts of the lens and source zl and zs, image positions θi and

θj, and time-delays |∆tij| are obtained and given in table 4.1.

System zl zs θi ( ′′ ) θj ( ′′ ) |∆tij| (days)

FBQ0951+2635 0.26 1.246 0.886 ± 0.004 0.228 ± 0.008 16.0 ± 2.0

SDSS J1442+4055 0.284 2.593 1.385 ± 0.049 0.771 ± 0.028 25.0 ± 1.5

RXJ1131-1231 0.295 0.657 1.898 ± 0.015 1.922 ± 0.023 1.6 ± 0.7

PG1115+080 0.311 1.722 1.120 ± 0.014 0.950 ± 0.016 8.3 ± 1.5

QJ0158-4325 0.317 1.290 0.814 ± 0.038 0.410 ± 0.020 22.7 ± 3.6

Q0957+561 0.360 1.413 5.220 ± 0.006 1.036 ± 0.110 417.1 ± 0.1

HS0818+1227 0.390 3.113 2.219 ± 0.009 0.615 ± 0.003 153.8 ± 13.9

SDSS J0924+0219 0.393 1.523 0.878 ± 0.021 0.977 ± 0.072 2.4 ± 3.8

SDSS J1620+1203 0.398 1.158 2.277 ± 0.037 0.494 ± 0.010 171.5 ± 8.7

DES2325-5229 0.400 2.740 1.230 ± 0.050 1.790 ± 0.050 43.8 ± 4.3

HE0047-1756 0.407 1.678 0.894 ± 0.043 0.553 ± 0.027 10.4 ± 3.5

B1600+434 0.414 1.589 1.140 ± 0.075 0.250 ± 0.074 51.0 ± 4.0

J1001+5027 0.415 1.838 1.980 ± 0.080 0.930 ± 0.190 119.3 ± 3.3

SDSS J1335+0118 0.440 1.570 1.079 ± 0.031 0.489 ± 0.014 56.0 ± 5.9

WG0214-2105 0.450 3.240 1.018 ± 0.225 1.246 ± 0.275 7.5 ± 2.8

HE0435-1223 0.454 1.693 1.298 ± 0.008 1.168 ± 0.014 9.0 ± 0.8

Q0142-100 0.491 2.730 1.855 ± 0.002 0.383 ± 0.005 97.0 ± 15.8

SDSS J1650+4251 0.577 1.547 0.872 ± 0.027 0.357 ± 0.042 49.5 ± 1.9

DES J0408-5354 0.597 2.375 3.626 ± 0.342 3.053 ± 0.361 112.1 ± 2.1

HE2149-2745 0.603 2.033 1.354 ± 0.008 0.344 ± 0.012 72.6 ± 17.0

SDSS J1339+1310 0.609 2.231 0.580 ± 0.041 1.234 ± 0.106 47.0 ± 5.5

SDSS J0832+0404 0.659 1.116 1.560 ± 0.024 0.435 ± 0.008 125.3 ± 18.2

B0218+357 0.685 0.944 0.057 ± 0.004 0.280 ± 0.008 11.3 ± 0.2

Q1355-2257 0.702 1.370 0.959 ± 0.081 0.267 ± 0.023 81.5 ± 11.6

SBS1520+530 0.717 1.855 1.207 ± 0.004 0.386 ± 0.008 130.0 ± 3.0

HE1104-1805 0.729 2.319 1.099 ± 0.004 2.095 ± 0.008 152.2 ± 3.0

SDSS J1206+4332 0.742 2.054 1.676 ± 0.104 0.313 ± 0.019 210.2 ± 5.6

SDSS J1515+1511 0.748 1.789 1.870 ± 0.088 1.278 ± 0.097 111.0 ± 3.0

SBS0909+532 0.830 1.377 0.415 ± 0.126 0.756 ± 0.152 50.0 ± 3.0
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System zl zs θi ( ′′ ) θj ( ′′ ) |∆tij| (days)

PKS1830-211 0.890 2.507 0.670 ± 0.080 0.320 ± 0.080 26.0 ± 5.0

WFI J2026-4536 1.040 2.230 0.673 ± 0.156 0.801 ± 0.184 18.7 ± 4.8

Table 4.1: The spectroscopic redshifts of the foreground deflector galaxy and back-
ground quasar source, image positions, and respective time delays are given for
each system used in our time-delay analysis. The data for this table was originally

compiled by Melia et al. [317].

4.2.3 Results and Discussion

We use the relation given by Eq. (4.7) to perform an MCMC sampling procedure with the likelihoods of

the combined lens and cosmological models. These are generated with a simple χ2 statistic,

χ2 =
31

∑
i=1

(Dlens
i − Dcosmo

i )2

∆D2
i

, (4.9)

where the likelihood is L ∝ eχ2/2 and where ∆Di is the uncertainty in the distance estimate. The original

intention was to once again use the Jeffery’s scale and evaluate the Bayes factor between timescape and

FLRW models. However, as previously discussed in chapter 3, it is naïve to consider the Bayes factor

when model parameters are constrained to unphysical values. We find that physically plausible values

for cosmological parameters are not recovered regardless of the cosmological model used, and thus do

not consider the Bayes factors between the models, which wildly swing between strong preferences for

spatially flat FLRW models and timescape depending on the lens model parametrisation applied.

In Fig. 4.1, we see that with the inclusion of time-delay data, applying the SPL lens model, unphysical

values of ΩM0 and fv0 are still recovered for the spatially flat FLRW and timescape models respectively.

Specifically, fitting an FLRW model supports a matter dominated universe with ΩM0 → 1, whereas

timescape supports a void dominated universe at the present epoch with fv0 → 1. This differs to the

results of the SPL model in chapter 3, where the FRLW model prefers an ‘empty’ universe. However,

both analyses show that the same skewing of the lens model fits to observational data is occurring, as the

distances are not being well-constrained by additional time-delay data. When fitting either cosmology,

we find the density profile exponent γ to be lower than expected, inconsistent with average observations

of γ ≳ 2 [322].

4.3 H0LiCOW-style analysis

Whilst the use of SGL for statistical cosmology has been unable to accurately constrain cosmological

parameters to physical values in the case of a global fit with a single spherical model, time-delay cos-

mography has been very successful in constraining the value of H0 to around 2.4% precision within the

standard ΛCDM paradigm by individually fitting a lens model to each lensing system studied [249].
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Figure 4.1: MCMC sampling results for a spatially flat FLRW cosmology (upper
panel) and the timescape model (lower panel) using a spherical power-law lens

model in Eq. (4.7).
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This work has been expanded to include alternatives to ΛCDM, though consistently within cosmolog-

ical models that assume a fixed global FLRW background [249]. Therefore, we use the same 6 lensing

systems analysed by the H0LiCOW collaboration to constrain the equivalent H0 in the timescape model,

determine the dressed Hubble constant, and compare the BIC with previously studied ΛCDM variants.

In this section, the distance posterior chains for each of the lenses are combined in the exact same joint

analysis as in the work of Wong et al. [249] (referred to as H0LiCOW XIII henceforth), but with angular

diameter distances given by the tracker solution of the timescape cosmology.

4.3.1 Lens sample

In line with the work of H0LiCOW XIII, the lens sample consists of 6 multiply imaged quasars by ellip-

tical galaxies. The original 4 quad lenses are used from H0LiCOW I [250], with additional lenses SDSS

1206+4332 and PG 1115+080. Images of the lens sample used are presented in Fig. 4.2, taken directly

from H0LiCOW XIII.

More recent studies such as in the TDCOSMO collaboration [257] include an additional lens to the

H0LiCOW sample, DES 0408-5354. However, as H0LiCOW XIII provides the strongest constraints on

H0 and their analysis was easiest to adapt to include an equivalent timescape fit, we only consider the

H0LiCOW sample. A further analysis for timescape including all known well-constrained time-delay

lenses is warranted, but for this proof of concept, the 6 lenses given by H0LiCOW will be sufficient.

B1608+656

This is the first lensing system to have accurate time delays measured between each of the images to a

high precision [323, 324]. It is the only lens in the H0LiCOW XIII sample with time delays measured

independently of the COSMOGRAIL project. B1608+656 was discovered in the Cosmic Lens All-Sky

Survey (CLASS) and is composed of two interacting lens galaxies [325]. The redshifts of the lens and

source are zl = 0.6304 and zs = 1.394, respectively [326, 327]. The system shows a clear Einstein ring

of the AGN host galaxy and whilst the individual images may not be apparent in the colour images

produced in the optical and near-infrared observations from HST, they are clearly separable in the radio

band. The two closely spaced images suggest that the strong lensing effect is due to the source object

being positioned near a fold caustic, resulting in the observed quad configuration. The posterior distri-

bution for the angular diameter distance to the lens galaxy are taken from Suyu et al. [325] and Jee et

al. [328].

HE0435-1223

Wisotzki et al. [329] originally selected this system as a likely lensed quasar candidate from the Ham-

burg/ESO survey. The source quasar host galaxy aligns incredibly close to the line of sight through

the lens object to give the familiar Einstein cross configuration, characteristic of (non-spherical) strong
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Figure 4.2: Images of the six lensed quasars used in the H0LiCOW XIII analysis
[249]. Images are created from observations from HST in the optical and near-
infrared bands and/or with ground based adaptive optics data. The quad image
configurations of B1608+656, HE0435-1223, RXJ1131-1231, and WFI2033-4723 are

from the original H0LiCOW I sample [250].

gravitational lensing, where a clear elliptical ring is produced from the lensed quasar host galaxy. The

lens and source objects are at redshifts zl = 0.454 and zs = 1.693, respectively [330, 331]. The distance

posterior fit is given by Chen et al. [252] and Wong et al. [249].

PG1115+080

Originally discovered by Weymann et al. [332] as the second ever lensing system observed, follow-up

observations with adaptive optics imaging from the Keck telescope and high resolution imagery from

HST have been completed through the Strong lensing at High Angular Resolution Program (SHARP) so

it could be included into later H0LiCOW analysis [252]. PG1115+080 is a quad lens system, exhibiting

a fold configuration due to the image pair lying near the critical curve. The foreground lens is part of a

galaxy group, with an individual redshift of zl = 0.3098 [333]. The background source quasar and host
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galaxy are at redshift zs = 1.722 [333, 334]. The distance posterior distribution is taken from the work of

Chen et al. [252] in the SHARP collaboration.

RXJ1131-1231

This system shows very clear multiply imaged quasars accompanying arclets of the lens host galaxy.

The quad configuration observed from HST imagery displays a cusp configuration, identifiable from

the three quasar images formed in close proximity. This system was first found by Sluse et al. [335] and

the redshifts for lens and source objects identified as zl = 0.295 and zs = 0.654, respectively [335, 336].

Further studies of this system using adaptive optics were carried out to obtain the distance posteriors

we use here from Chen et al. [252] and Suyu et al. [337].

SDSS 1206+4332

Oguri et al. [338] discovered this system in 2005. Through adaptive optics imagery using NIRC2 at

the Keck Observatory, it was possible to constrain the lens to be a doubly-imaged quasar with a near-

perfect Einstein ring. The redshift of the deflector galaxy was obtained via Keck-DEIMOS spectroscopy

as zl = 0.745 and the source quasar redshift as zs = 1.789 [338, 339]. The distance posterior is given by

Birrer et al. [253].

WFI2033-4723

This quad system was discovered by Morgan et al. [340] through a European Southern Observatory

optical survey. The two images lying close to one another in the HST imagery indicate this is a fold

lensing configuration. Multiple lens galaxies are found to be in the vicinity of the system, thus its lensing

potential would be influenced by their presence. This is accounted for when considering the lens mass

model of the foreground deflector galaxy, which is found at zl = 0.661 [330]. The source quasar and

associated host galaxy is found at redshift zs = 1.662 [340]. The posterior distribution for the angular

diameter distance is given by Chen et al. [252] and Rusu et al. [251].

4.3.2 Lens Modelling

The lens modeling identically follows the approach outlined in H0LiCOW XIII [249]. To fit the lens po-

tential for each system, two parameterizations are used: the singular elliptical power-law model and a

composite model. In the composite model, the dark matter halo is represented by an elliptical NFW pro-

file, while the baryonic matter is mapped using the galaxy’s luminosity profile and a mass-to-light ratio.

The main codes implemented for lens modelling are GLEE [320], used for the majority of H0LiCOW

lenses, and LENSTRONOMY for SDSS 1206+4332 [265].

The effect of line-of-sight perturbers on lensing is assessed using the "flexion shift” [341] influenced

by mass, angular proximity to the lens, and redshift. For this reason, the analysis in H0LiCOW XIII
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focuses on bright nearby galaxies found in spectroscopic surveys as contributing most to the external

convergence affecting the lensing. Measurements of these perturbing galaxies’ velocity dispersions are

used to set priors on their associated Einstein radii. Alternatively, priors can be found from luminosity

scaling. The spectroscopic data used in H0LiCOW XIII provides accurate redshifts for hundreds of

galaxies spanning a wide area around the target lens object. This data is of additional use to determine

galaxies’ group and cluster membership, and define the effects from large significant structures along

the line of sight (which are modelled as spherical NFW haloes). The galaxy number counts are compared

with control surveys and ray tracing in the Millennium simulation [22, 342] to build a probability density

function (PDF) of the external convergence. However, for the joint likelihood inference for the combined

lens sample, non-cosmological parameters are marginalised as nuisance parameters.

4.3.3 Analysis

The posterior probability density function on model parameters is obtained by the product of the joint

likelihood function and parameter priors. Using Bayes’ theorem, we have

P(ξ|dimg , ∆t, σ, dlos, A) ∝ P(dimg , ∆t, σ, dlos|ξ, A) P(ξ|A) , (4.10)

where ξ, dimg , ∆t, σ, and dlos are the model parameters, imaging data, time delays, velocity dispersion,

and line-of-sight information, respectively. ξ can be further broken down into cosmological parameters,

π, lens model parameters, ν, and further nuisance parameters of the external convergence, κext, and the

anisotropic radius for stellar orbits, τani. A represents the different modelling assumptions made in the

set-up of the lens modelling, such as the precision of the reconstruction grid and the choice of deflector

lensing potentials. These assumptions are varied to see their effect on ξ, which is then incorporated into

the weighting of different lens models in their inference.

The nuisance parameters are then marginalised over to give the posterior distribution of cosmological

parameters alone,

P(π|dimg , ∆t, σ, dlos) =
∫

dν dκext dτani P(ξ|dimg , ∆t, σ, dlos) . (4.11)

MCMC sampling is done to return the posterior distribution for each cosmological parameter with 32

walkers and 20000 samples. A full discussion of the analysis is given in the original H0LiCOW XIII

article [249].

To compare cosmological models, we then find the maximum likelihood of the posterior distribution

for each choice of cosmological parametrisation to compare with a Bayesian Information Criterion (BIC)

as a test statistic,

BIC = −2 lnLmax + k ln n . (4.12)

Here, Lmax is the maximum likelihood, k is the number of model parameters, and n is the sample size,
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which in our case is the number of lenses. The cosmologies investigated are listed in table 4.2 with their

corresponding priors and BIC results.

Cosmology Description Priors BIC |∆BIC|
FΛCDM Standard spatially flat ΛCDM H0 ∈ (0, 150)

ΩM0 ∈ (0.05, 0.5)
135.39 2.32

Timescape Timescape H0 ∈ (0, 150)
fv0 ∈ (0.5, 0.99)

135.18 2.11

oΛCDM Open ΛCDM H0 ∈ (0, 150)
ΩM0 ∈ (0.05, 0.5)
Ωk0 ∈ (−0.5, 0.5)

134.15 1.08

FwCDM Spatially flat wCDM H0 ∈ (0, 150)
ΩM0 ∈ (0.05, 0.5)
w ∈ (−2.5, 0.5)

133.07 –

UΛCDM ΛCDM with fixed ΩM0 H0 ∈ (0, 150) 133.40 0.33
w0waCDM Spatially flat w0waCDM

w(z) = w0 + wa
z

1+z

H0 ∈ (0, 150)
ΩM0 ∈ (0.05, 0.5)
w0 ∈ (−2.5, 0.5)
wa ∈ (−2, 2)

134.77 1.70

Table 4.2: The BIC results and associated priors are presented for various cosmo-
logical models when fitting to the H0LiCOW dataset, following their analysis. In
order, the cosmological models investigated are: spatially flat ΛCDM, timescape,
open ΛCDM, spatially flat wCDM, spatially flat ΛCDM with a fixed ΩM0 = 0.3 and
dynamical dark energy w0waCDM. The difference between BIC values and the best

fit cosmology, FwCDM, are given in the furthest column right.

4.3.4 H0LiCOW results

When fitting a lens model individually to each system, taking into account the nuances of each sys-

tem and the environment it is within, we find that physically plausible values of H0 are found for both

ΛCDM and timescape. In Fig. 4.3, we find the dressed Hubble parameter of the timescape model to

be H0 = 76.9+2.9
−4.6 kms−1Mpc−1; which is consistent with other late-universe probes within the standard

cosmological paradigm. Nevertheless, comparisons between the two models based on parameters val-

ues are naïve, as whilst the dressed Hubble parameter is defined in such a way to emulate the ΛCDM

counterpart, these parameters are not the same.

As seen in [249], the systems RXJ1131-1231 and PG 1115+080 give a higher probability to large H0

values. However, it is difficult to make statements as to why with such a small sample size. In the

original analysis, Bayes factors are found between each lens system in the sample by comparing their

respective overlap in D∆t posteriors for a common set of cosmological parameters. It is found that the

systems are consistent with one another and support the underlying hypothesis that they correspond to

a realisation of the same set of cosmological parameters. We find that fitting solely a monopole in H0

on the sky using these lenses is preferred to the addition of a dipole component. However, this is not

statistically significant, with a |∆BIC| = 1.245 in favour of the monopole fit. We would expect that local

structure would cause variation in Hubble constant estimates across the sky though, as recent work
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Figure 4.3: The dressed H0 posterior distributions in the timescape model for each
lensing system individually (the shaded and coloured regions), and combined as
shown by the black line. Wide priors of H0 ∈ [0, 150] and fv0 ∈ [0.0, 1.0] were

applied.

from Williams et al. suggests [343], and it is interesting to note that the resulting dipole direction found

is in line with many other cosmic dipoles, at (278.7 ± 24.9, 21.6 ± 16.6) in galactic coordinates, (l,b). A

full exploration of the variation of H0 across the sky would require further well-constrained lenses with

corresponding H0 estimates to be able to understand the significance of the dipole (and quadrupole)

derived from the distribution.

We compare the BIC between ΛCDM, timescape and other ΛCDM variants, which are listed in table

4.2. We see that spatially flat ΛCDM and timescape are statistically indistinguishable from one another,

but, there is a weak preference for ΛCDM variants such as the spatially flat wCDM model (FwCDM),

which gives the best fit to data. The best fit parameters of the FwCDM cosmology constrained by the

H0LiCOW analysis are w = −1.90+0.56
−0.41 and H0 = 81.6+4.9

−5.3 kms−1Mpc−1 from time-delay cosmography

alone; the full list of best parameter values is given in Table 6 of H0LiCOW XIII [249]. Other models have

small |∆BIC| values compared to FwCDM, indicating no strong preference for one model over another.

Higher precision data and a larger sample of lenses would be needed to statistically distinguish between

them.
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4.4 Conclusions

It is plain to see that fitting a global lens model to the entire catalogue of lensing systems leads to un-

physical cosmological results that cannot be resolved by the extra inclusion of time-delay data. Whilst

the number of systems with additional time-delay data is relatively small, the analysis presented in this

chapter already shows clear convergence to unphysical cosmological parameters. Further extending the

time-delay lens catalogue with more observed systems would likely not be sufficient to return plau-

sible values, without addressing the implementation of the lens models across the variety of systems.

Therefore, we find that it is not possible to use this technique to distinguish cosmological models and

it cannot be applied to give evidence for one model over another in a self-consistent manner. Despite

this, many studies apply globally fit spherically symmetric power-law lens models to entire catalogues

of systems in their analyses [215, 273, 274, 276, 317, 344–351]. This is problematic as whilst these lens

models may appropriately describe the average elliptical galaxies mass distribution, it is not necessarily

true they represent the average lensing effects. Each individual galaxy will exhibit lensing properties

that deviate dramatically from those of the average model, due to their ellipticity. For example, the

quad image configuration of an Einstein cross cannot be produced by a spherically symmetric lens mass

distribution alone.

However, TD cosmography has been very successful in constraining the value of H0 to around 2.4%

precision within the standard ΛCDM paradigm by individually fitting a lens model to each lensing

system studied [249]. We find a more nuanced analysis of a select number of lens systems, with high

resolution imagery, can well constrain the dressed Hubble parameter in the timescape cosmology, giving

a value of H0 = 76.9+2.9
−4.6 km s−1Mpc−1. The maximum likelihood corresponding to the best fit cosmo-

logical parameters is used in a BIC comparison between multiple different cosmologies. The preferred

cosmology is wCDM, the standard spatially flat FLRW background but with an equation of state param-

eter for dark energy w ̸= −1. In fact, the preferred value found for the equation of state parameter is

w = −1.90+0.56
−0.41 which crosses the phantom line.

The preference for wCDM is weak compared to other cosmologies studied. The timescape cosmology

is found to be statistically indistinguishable from the standard spatially flat ΛCDM model. Given both

lens and source objects are far beyond the scale of statistical homogeneity, it is unsurprising that both

models return very similar results (see the Bayes factor comparison at different redshift cuts for the

Pantheon+ supernova analysis [352]). Due to the small differences between timescape and ΛCDM,

more data is required in order to separate them. However, we have shown that strong gravitational

lensing has the potential to distinguish between cosmological models, when individually fitting the

lens potential, rather than applying a global lens model across a catalogue of systems. Although this

is more labour-intensive, it is necessary that each lens system has follow-up high resolution imagery

and accurate time-delay measurements, in order to be used appropriately for cosmological purposes.

Upcoming surveys (such as JWST and Roman) could soon make this a viable cosmological test in future.
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Chapter 5

Gravitational Lensing By Disc Galaxies

in MOND

The work in this chapter has been submitted to the Astrophysical Journal as ’A Novel Test for MOND:

Gravitational Lensing by Disc Gaalxies’ by Christopher Harvey-Hawes and Marco Galoppo.

5.1 Introduction to Spiral Galaxy Lensing

The dark matter (DM) hypothesis is an essential element of the standard cosmological model, Λ Cold

Dark Matter (ΛCDM) [see e.g., 28]. DM was originally introduced to explain the observed rotation

curves of disc galaxies [32–34]: both the lack of the expected quasi-Keplerian fall-off in the rotational

velocity curve at large distances and the rotational velocity amplitudes pointed to an additional but

invisible source of gravity, i.e., DM.

DM can successfully explain a plethora of astrophysical and cosmological observations, such as the

cosmic microwave background power spectrum [29] and gravitational lensing by galaxies and galaxy

clusters [see e.g., 223, 353]. In particular, DM halos are believed to dominate strong gravitational lensing

(SGL) by galaxies [219].

However, the results of the many experiments aimed at the direct detection of DM particles are, to

date, inconclusive [see, e.g., 354–356]. Furthermore, in the past two decades, the very nature of DM has

become a point of strong debate within the scientific community [357, 358].

Various alternative explanations of astrophysical observations have been proposed in the form of

novel theories of gravity: modified gravity [MoG, 143, 144], fractional gravity [140, 141], rainbow gravity

[147], emergent gravity [137, 138], postquantum classical gravity [145, 146], f (R) gravities [139], among

others, as well as general relativistic models of disc galaxies [359–362].

Any viable alternative to DM must explain the phenomena naturally understood within the standard

DM paradigm. Furthermore, observational procedures must be designed to differentiate between the

many theories now present in the literature, and rule out those which do not match the observations. In
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this regard, disc galaxies represent an ideal laboratory to design tests to investigate DM, and differentiate

it from its alternatives. Indeed, we recall that in recent years the coupling of dynamics and SGL data

in massive disc galaxies has already been used, on the few systems observed, to accurately probe the

nature of DM [268, 320, 363].

In this work, we investigate inclination effects in disc galaxy SGL in the MOdified Newtonian Dynam-

ics [MOND, 190] scenario (see e.g., [191], and [364] for reviews). To date, MOND represents the most

widely studied alternative to the DM paradigm as it has been shown to successfully explain a plethora

of astrophysical observations, such as kinematics of galaxies [191, 200], dynamics of wide binary stars

[201, 202], radial acceleration relation of galaxies [RAR, 203, 204], orbital velocity of interacting galaxy

pairs [205], early-universe galaxy and cluster formation [206], and galaxy-scale gravitational lensing

[207, 208].

In the Lagrangian formulation of MOND by Bekenstein [365], referred to as AQUAL, the linear Pois-

son equation linking the Newtonian gravitational potential, ΦN, to the matter density, ρ, i.e.,

∆ΦN = 4πGρ , (5.1)

is replaced by the non-linear partial differential equation (PDE)

∇ · (µ(x)∇ΦM) = 4πGρ , (5.2)

where x = ||∇ΦM||/a0, a0 ≈ 1.2 × 10−13 km/s2 is the MOND universal acceleration scale [191], ΦM is

the Milgromian gravitational potential and µ(x) is the MOND interpolating function, with the asymp-

totic limit behaviours

µ(x) ≈


1, x ≫ 1,

x, x ≪ 1.
(5.3)

Eqn. (5.3) then implies that for ||∇ΦM|| ≫ a0, Eqn. (5.2) reduces to (5.1), and MOND recovers the

standard Newtonian regime, whilst for ||∇ΦM|| ≪ a0 one obtains the deep MOND (dMOND) regime,

practically defined by

∇ · (||∇ΦM||∇ΦM) = 4πGρ a0 . (5.4)

The extent to which MOND effects dominate an astrophysical system can be roughly gauged by evalu-

ating [191, 364]

κ =
GM
r2

c a0
, (5.5)

where M is the system mass and rc is the typical scale length of the system. When κ ≫ 1 the system is

in a Newtonian regime, whilst for κ ≪ 1 dMOND applies. In particular, we recall that for disc galaxies

κ ≈ 1, so that these require the full use of Eqn. (5.2) to be described within the MOND scenario.

We note that for every astrophysical system modelled through MOND, it is possible to construct
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the equivalent Newtonian system (ENS), i.e., a system with the same baryonic matter density, ρB, sup-

plemented by an additional halo of phantom dark matter (PDM), with density profile ρph, such that

ΦN = ΦM throughout the physical system. In the AQUAL formulation of MOND, the construction of

an ENS is a complex task due to the highly non-linear nature of Eqn. (5.2).

However, [366] constructed a different formulation of MOND which allows for a more direct ap-

proach to building ENS, i.e., quasi-linear MOND (hereafter QUMOND). QUMOND essentially relies

on an approximation of Eqn. (5.2) in which ΦM is replaced by ΦN. By this approach QUMOND in-

volves only the solution of linear PDEs, with only non-linear algebraic steps. Indeed, in QUMOND, the

Milgromian gravitational potential now solves for

∆ΦM = 4πG
[
ρB + ρph

]
, (5.6)

where ρph is given by

ρph =
1

4πG
∇ · [ν̃(y)∇ΦN] , (5.7)

where y = ||∇ΦN||/ a0, and ν̃(y) has as asymptotic limiting behaviour

ν̃(y) ≈


0, y ≫ 1,

y−1/2, y ≪ 1.
(5.8)

Therefore, within the QUMOND approach, given ρB, the ENS is straightforwardly built by (i) first

solving the classical Poisson equation for the baryonic matter, which becomes the source of ρph via a

non-linear algebraic procedure involving ν̃; (ii) then by solving once more the Poisson equation for

ρ = ρB + ρph.

Here, we stress that the PDM is not constituted by real particles, and thus does not lead to dynamical

dissipation or friction [191, 367, 368]. Furthermore, we note that the PDM density can become negative

locally and, although it will respect the symmetries of the baryonic distribution, it can present shifts

in its concentration peaks w.r.t. the former. In particular, for flattened matter distributions such as disc

galaxies, the local positivity of ρph is not assured, nor is the correspondence between the peak of bary-

onic density and of PDM [369–373]. Through the use of the ENS, one can study lensing of disc galaxies

in MOND, whilst utilising the tools constructed for classical SGL within the ΛCDM paradigm. This

allows us to bypass a series of difficulties in the study of SGL within MOND, e.g., the definition of the

thin lens approximation, commonly employed for galaxy-scale SGL [374]. Furthermore, the ENS allows

us to probe the Newtonian limit and “transition” regime of MOND in SGL, whilst naturally accounting

for the impossibility of SGL in the dMOND limit [see e.g., 375].

In this paper, we investigate inclination effects on the observables of SGL for disc galaxies, e.g., SGL

cross section, within the MOND scenario. We draw comparison to known results on disc galaxy lensing

in ΛCDM, and we show that: (i) the number count of disc galaxy lenses predicted by MOND exceeds
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the one expected in the DM scenario, and (ii) in MOND disc galaxy lensing the inclination effects are

enhanced w.r.t. the DM halo paradigm. With the upcoming optical surveys, LSST, DES and Euclid, these

differences in the inclination effects and overall lens number counts will become statistically detectable

in SGL of disc galaxies, as these surveys are predicted to observe hundreds of thousands of galaxy-scale

lenses [270, 376]. Thus, we propose that, in the next decade, statistical studies on the inclination and

number of disc galaxy lenses will lead to an important direct test to differentiate cold DM from MOND.

Here, we focus on disc galaxies as isolated systems, assuming no interfering matter along the line of

sight. This is a typical practice in studies of SGL on galaxy scales, where matter contributing to the lens

effect from outside the lens galaxy is modelled by fitting an external convergence parameter, often in

combination with weak lensing measurements [see e.g., 377, 378]. However, we note that due to external

field effects (EFE) in the MOND paradigm the assumption of an isolated system is ultimately a stronger

requirement than in the DM scenario [191, 364]. Indeed, due to the non-linear nature of the MOND field

equation (cf., Eqs. (5.2) and (5.6)), the presence of external matter non-trivially influences the internal

gravitational field of the lens itself. Therefore, our study will be directly applicable to highly isolated

disc galaxies, whilst case-by-case corrections for EFE will have to be considered for SGL within clusters

and more nuanced environments.

Throughout this paper, we assume a spatially flat ΛCDM cosmology, with matter density ΩM0 =

0.3 and Hubble constant H0 = 70 km s−1Mpc−1, as a background cosmological model, with lens and

source placed at redshift zL = 0.5 and zS = 2.0, respectively. We note that assuming a spatially flat

ΛCDM cosmology is not at odds with a MOND description of disc galaxies. Indeed, even if MOND

were to be ultimately correct, its relativistic extension would have to closely match the cosmological

evolution predicted by the highly tested ΛCDM model. Therefore, employing ΛCDM as a cosmological

model within a MOND scenario at the galactic scales can be directly understood as a good first-order

approximation to the possible choice of a correct, and yet unknown, MOND cosmology [191, 364].

The rest of the paper is structured as follows. In Section 5.2 we recall the SGL fundamentals and

derive the observables used to probe inclination effects in disc galaxy SGL. In Section 5.3 we define

the analytic baryon density distribution for the disc galaxy models, and we derive the respective PDM

distribution for realistic templates of such galaxies. In Section 5.4 we report our results, focusing on the

effect of disc galaxy inclination on SGL cross sections and draw comparison to the DM scenario. Finally,

Section 5.5 is dedicated to conclusions and future perspectives.
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5.2 Strong Gravitational Lensing

For a given density distribution, in the weak-field limit of gravitational fields, the deflection angle of a

light ray propagating perpendicular to the plane of the lens, ⃗̂α, is defined as1

⃗̂α(ξ1, ξ2) :=
2
c2

∫ ∞

−∞
dξ3 a⃗⊥(ξ⃗) . (5.9)

Here, a⃗⊥ denotes the acceleration due to the gravitational potential of the lens object along the lens

plane, i.e.,

a⃗⊥ = −∇⃗⊥ΦN , (5.10)

with

ΦN(ξ⃗) = G
∫∫∫

ρ(⃗r)
|⃗ξ − r⃗|

d3⃗r . (5.11)

It is important to stress that the lens plane lies orthogonal to the line of sight from the observer to the lens

and thus, it is not dependent on the inclination of the lens itself (see Fig. 5.1). Therefore, the inclination of

a disc galaxy will have a large impact on its lensing, which is derived from the projection of its baryonic

matter content onto the lens plane. Here, we note that in the presence of (almost) spherical DM halos,

the inclination effects of disc lenses, although still clearly present, are partially suppressed by the role

played by the DM in the lensing phenomena [379]. However, we do not expect such a situation in

MOND, where no DM halos are present and the lensing is driven solely by the baryonic disc.

We note that by employing Eqns (5.9)-(5.11) coupled to the ENS of the disc galaxy’s gravitational

potential, SGL in MOND is then easily integrated into the usual lensing formalism, with ΦM in place of

the classical Newtonian potential ΦN.

We can now follow the standard lensing formalism [see e.g., 219, 221] to define the lens equation

β⃗ = θ⃗ − DLS
DS

⃗̂α (⃗θ) = θ⃗ − α⃗(⃗θ) , (5.12)

where β⃗ and θ⃗, respectively, describe the angular position w.r.t. to the lens centre of the source object

and of the lensed images. Moreover, DLS and DS represent the angular diameter distances from the lens

to the source and from the observer to the source. Fig. 5.1 depicts the lensing configuration under study.

Then, from (5.12) we can define the Jacobian matrix A,

A =
∂β⃗

∂⃗θ
= 1 −∇α⃗ . (5.13)

The critical curves for the lens configuration are defined as the positions where the magnification, µ :=

1/ detA, is formally infinite (for a point source). We note that it is, however, generally convenient to

determine critical curves directly from the condition detA = 0. Then, we can use the lens equation

1Employing (5.9) implies a restriction on the possible choice of the a priori unknown relativistic MOND exten-
sion. Indeed, we are assuming that the lensing potential is twice the Newtonian potential in the weak-field regime,
as in general relativity. See, e.g., [192] for such a theory.
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Figure 5.1: Lensing configuration for SGL by a disc galaxy. We report source, lens
and observer positions, as well as the relevant angles and coordinate systems. Here,
α is the deflection angle, β is the angular source position and θ is the angular image

position.

(5.12) to project the critical curves back onto caustic curves on the source plane.

The position of a source object with respect to the caustic lines determines the number of images

produced and their respective positions. Objects within caustic lines will produce multiple images, and

thus, the area enclosed by caustic lines on the source plane defines the lensing cross section σ [219,

221]. We note that whilst the lensing cross section is a survey-independent quantity, the likelihood of

observing SGL is not. The latter, although directly proportional to the former, will be influenced by

the specific observations carried out [270, 380]. Therefore, to characterise the inclination effects of disc

galaxies in MOND we only consider σ as an indirect measure of SGL likelihood and do not specialise to

any specific surveys.

Finally, in this paper, we focus on point sources. Extended sources will have higher lensing likelihood,

but for the purposes of determining the differences between lensing effects for different disc galaxy mass

profiles and inclination effects, considering point-like sources is sufficient.

5.3 Matter density profiles

To describe the baryonic component of disc galaxies, we couple a thick exponential disc to a spherical

bulge, such that ρB = ρb + ρd, where ρb and ρd are the densities of the bulge and the disc, respectively.
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5.3.1 Analytical baryonic matter density modelling

The spherical bulge component is well described by the Plummer density profile [381]

ρb(r) =
3r2

bMb

4π
(
r2 + r2

b

)5/2 , (5.14)

where r is the spherical radius, rb is the scale parameter of the bulge and Mb is the total bulge mass.

The baryonic disc matter distribution is conventionally taken as ρd(R, z) = Σ(R) Z(z), where R is the

cylindrical radius and z is the axial coordinate. Then, the surface density of the disc is well approximated

by the exponential profile [see e.g., 382]

Σ(R) =
Md

2πR2
d

e−R/Rd , (5.15)

where Md is the total disc mass and Rd is the scale length in the radial direction for the galactic disc.

The distribution along z, such that
∫

Z(z)dz = 1, can be defined as [382]

Z(z) =
1

2zd
e−|z|/zd , (5.16)

where zd is the thickness scale length of the disc galaxy. In separating the density profile in this way,

we have assumed that the disc has a scale height that is constant with radius, as is observed in the

photometry of local edge-on disc galaxies [383, 384]. Thus, we have

ρd(R, z) =
Md

2πR2
dzd

e−R/Rd e−|z|/zd . (5.17)

We recall that in the pioneering work of [379] on SGL by disc galaxies within the ΛCDM paradigm,

the baryonic disc component was approximated either by Mestel [385] or Kuzmin discs [386] within a

softened, oblate isothermal DM halo2. Moreover, similar chameleon profiles were employed to combine

dynamical and SGL data for disc galaxies in the more recent studies by [268] and [320], as well as in

the first consideration of non-spherical lenses in MOND [389]. These profiles have been preferred to

fully exponential mass distributions for the disc component due to their analytical properties in SGL

computation [268, 320, 379, 389].

In MOND the lensing is entirely defined by the baryonic components of the galaxies, as no DM is

required. Thus the morphological characteristics of the baryons in disc galaxies are more important in

MOND than for cold DM scenarios. Furthermore, as already discussed by [379], Mestel and Kuzmin

discs represent a poor fit for the vertical component of the baryonic disc and can only be a first approx-

imation for the exponential radial profile. Hence, to avoid biases in the inclination effects in MOND,

we chose to maintain a closer match to observational data for the mass density profile modelling of disc

galaxies and implement a realistic exponential disc profile coupled to a spherical bulge.

2We note that in the papers by [387] and [388], uniform discs were considered for modelling the lens effect of a
disc galaxy. However, due to the uniform assumption, and as noted by [379], these cannot produce realistic rotation
curves and do not depict actual three-dimensional density profiles of disc galaxies.
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5.3.2 Realistic disc galaxy model parameters

Once the baryonic mass profile has been defined, we have to pick meaningful values for the parameters

so that the resulting disc galaxy models can be understood to be a good representation of observational

data.

Following [379] we consider a massive spiral galaxy with a maximal disc, such that DM (or MOND)

effects play a major role only in the outer kinematics of the galaxy. We therefore select a massive disc

galaxy with Md = 1011 M⊙, and Rd = 3.5 kpc. We then consider three possible values for zd, namely

zd ∈ {0.35, 0.105, 0.035} kpc, so that the ratio zd/Rd ∈ {0.1, 0.03, 0.01} as chosen by [379], thus facilitat-

ing comparisons.

We must also select appropriate values for Mb and rb. We note that correlations between Mb, rb and

the disc parameters have been established in the literature [see, e.g., 390–392]. However, these are better

understood for low-mass spirals and, given the plethora of disc galaxy morphologies, these correlations

produce only weak constraints on the bulge parameters once the disc has been selected. Therefore, in

our analysis, we selected Mb/Md ∈ {0.01, 0.1, 0.2} and rb/Rd ∈ {0.03, 0.1, 0.2}.

Finally, we point out that our choice of following [379] in studying SGL by disc galaxies only in

massive spirals is well justified by noting that the likelihood of SGL increases with the mass. Therefore,

the low-mass spirals are not expected to significantly contribute to the population of disc galaxy lenses,

even in the upcoming optical surveys.

5.3.3 Equivalent Newtonian system

To build the ENS corresponding to our choice of ρB = ρd + ρb we exploit the linearity of Poisson equa-

tion, so that

ΦN = ΦN,d + ΦN,b , (5.18)

where ΦN,d and ΦN,b are the Newtonian gravitational potentials generated by the exponential disc and

the spherical bulge, respectively. We can directly calculate the two potentials by solving Eq. (5.1) with

(5.14) and (5.17) as sources. We then obtain

ΦN,d(R, z) = −GMd

∫ ∞

0
dk

J0(Rk)
(

e−|z|k − zdke−|z|/zd

)
(
1 + R2

d k2
)3/2 (1 − z2

dk2
) , (5.19)

ΦN,b(r) =
GMb

rb

1 − rb√
r2

b + r2

 , (5.20)

where J0 is the Bessel function of the first kind. We can now directly calculate ∇ΦN and exploit Eq. (5.7)

to obtain ρph once we have chosen a functional form for the interpolating function ν̃. In this work, we
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implement the same functional form used in the Phantom of Ramses code for N-body and hydrody-

namical simulations in the MOND scenario3[393, 394], i.e.,

ν̃(y) = −1
2
+

√
1
4
+

1
y

. (5.21)

Here, it is important to note that whilst studies of disc galaxy rotation curves are quite robust w.r.t. the

choice of interpolating function (due to the onset of the dMOND regime), in SGL this choice is highly

non-trivial. Indeed, SGL effects probe the full spectrum of applicability of MOND and thus will be

affected by the choice of ν̃4. In this paper, we have chosen the widely adopted form of interpolating

function of Eqn. (5.21) as it has been proven to give a MOND realisation able to pass a variety of ob-

servational tests [191], and it is widely employed in the study of in-galaxy dynamics within the MOND

scenario [see e.g., 397, 398]. However, we caution that the results may change with different choices of

the interpolating function, as already noted in previous SGL MOND studies [see, e.g., 399].

In Fig. 5.2 we show as an example, the distribution of PDM from an edge-on and face-on point of

view for a disc galaxy with Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc.

For the same galaxy, in Fig. 5.3 we show the ratio of the baryon density to the PDM density, ρB/ρph,

along the radial direction on the equatorial plane, and the corresponding two-dimensional distribution

in the x − z plane within a scale height of the galactic disc. From Fig. 5.2 we note that the resulting

PDM distribution follows the same symmetries of the underlying baryonic matter, as we should expect

from Eqn. (5.7). We find it to be always positive definite and with no peak shift in its concentration w.r.t.

the baryons. Moreover, we recover the superimposed disc-halo PDM morphology shown in previous

studies [see e.g., 394].

Finally, from Fig. 5.3 we see that the PDM overtakes the baryonic matter as the dominant “matter”,

component within the very core of the galaxy (below the parsec level) and at large distances from the

galactic centre (i.e., approximately at 15 kpc), precisely where we would expect MOND (or DM) effects

to dominate the dynamics for this type of galaxy. The excess of the PDM over the baryons within the

centre of the disc galaxy indicates the presence of a cusp in the PDM distribution. We note that such

behaviour is not related to the specific choice of interpolating function, as the centre of the galaxy is in a

dMOND regime, but relates to the interplay of the latter with the baryon density profile. This is can be

shown analytically for the Plummer model of the bulge. From Eq. (5.21), we write

lim
r→0

ν̃ ≈ y−1/2 =

( |∂rΦN,b|
a0

)−1/2

, (5.22)

3Here, we have implemented an original routine to derive the PDM distribution and the SGL effect of the disc
galaxies. The codes implemented are available at https://github.com/chrisharhaw/MOND_lensing.git. Moreover,
we give a description of these codes in Appendix A.

4To test the dependence of our results on the choice of interpolating function, in Appendix B we show a compar-
ison of our main results with those obtained with the RAR interpolating function [see e.g., 395, 396]. We find only
marginal differences w.r.t. the results obtained for ν̃ given in Eq. (5.21).

https://github.com/chrisharhaw/MOND_lensing.git
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Figure 5.2: PDM density distribution on the x − z plane (upper panel) and on the
x − y plane (lower panel) for a disc galaxy with Md = 1011 M⊙, Rd = 3.5 kpc, zd =
0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc. A log-scale is used for the density to

highlight the morphology of the PDM distribution.

and from Eq. (5.20),

|∂rΦN,b||r→0 ≈
(

GMb

r3
b

)
r . (5.23)

Therefore, by expanding Eq. (5.7) we find

ρph,b(r) =
1

4πG
dν̃

dy

(
∇⃗y · ∇⃗ΦN,b

)
+ ν̃(y)ρb(r) , (5.24)

ρph,b(0) ≈ − 1
8πG

y−3/2
(
∇⃗y · ∇⃗ΦN,b

)
+ y−1/2ρb(0) (5.25)

= − 1
8π

√
r

(
a0Mb

Gr3
b

)1/2

+
3

4π
√

r

(
a0Mb

Gr3
b

)1/2

(5.26)

=
5

8π

(
a0Mb

Gr3
b

)1/2 (
1√
r

)
|r→0

−→ +∞ , (5.27)

taking r ≈ 0 and employing Eq. (5.14). Thus, we see a central cusp in the PDM distribution which is a

feature shared by any interpolating function which correctly encodes the dMOND limit.

5.4 Results

In Fig. 5.4 we show an example of the deflection angle magnitude, α, the magnification, µ, and the

shear, γ, for the example of a massive disc galaxy with Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc,
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Figure 5.3: Ratio of the baryon density to the PDM density, ρB/ρph, along the
radial direction on the equatorial plane (top panel), and the corresponding two-
dimensional distribution in the x − z plane within a scale height of the galactic disc
(bottom panel) for a disc galaxy with Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc,
Mb = 109 M⊙, and rb = 0.7 kpc. The purple dashed line in the top panel highlights

the point at which the two densities have the same value.

Mb = 109 M⊙, rb = 0.7 kpc and i = 0◦, 90◦. As expected, in the face-on case the geometry of the lensing

agrees with that of an axisymmetric lens, and moreover gives physically plausible deflection angles.

This is consistent throughout the array of inclination angles, as can be seen for the edge-on case, in

which the maximum value of α approximately doubles w.r.t. to the face-on scenario. For i = 90◦, the

breaking of the circular symmetry of the projected matter density on the lens plane drastically changes

the geometry of the lensing effects, already showing the importance of inclination for disc galaxy lensing

in MOND.

In Fig. 5.5, for a fixed source position and lens parameters, we see that a wide variety of image con-

figurations can be obtained by changing the inclination angle of the lens w.r.t. the observer. Indeed, we

recover familiar image configurations – such as the Einstein cross quad-image configuration – already

found in the previous studies on similar lensing systems. Here, we note that the tangential caustic

curves of the lens do not develop butterfly features, even at high inclinations. This is in agreement with

the results of [379] for disc galaxies within the DM paradigm, and differs from the findings of [387] and

[388]. However, the density modelling employed by these studies presents unphysical features which

might then influence the morphology of the tangential caustic curves. (See [400] for a discussion on

exotic caustic curve morphologies.)

We find that changing the lens parameters, when restricted to realistic disc galaxy models, does not
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(a) Deflection angle, i = 0. (b) Deflection angle, i = π/2.

(c) Magnification, i = 0. (d) Magnification, i = π/2.

(e) Shear, i = 0. (f) Shear, i = π/2.

Figure 5.4: Examples of intrinsic lensing properties, namely the deflection angle (α),
the magnification (µ), and the shear (γ), for a disc galaxy of inclinations i = 0 (left)
and i = π/2 (right). The disc galaxy model is obtained by fixing Md = 1011 M⊙,

Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc.
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significantly influence the shape of critical or caustic curves produced. However, varying the lens mor-

phology and mass distribution in this way led to direct changes in the overall caustic area, as is shown

in Fig. 5.6 and Fig. 5.7.

In Figs. 5.6-5.8 we show the lensing cross section with varying inclination angle and an ensemble

of disc galaxy parameters. In these plots, due to the nature of calculating the SGL cross section via

numerical methods on a grid, we assume a Poissonian error over the pixel count contained within the

tangential caustic curves, i.e., the square root of the number of pixels (multiplied by the single-pixel area

value).

Fig. 5.6 shows the effects of varying the disc thickness, zd, on the lensing cross section. Interestingly,

no clear trend w.r.t. the disc thickness emerges, already indicating the non-trivial interplay between non-

linear MONDian effects and lens parameters. Indeed, an increased lensing likelihood for more diffuse

disc masses differs to the standard lensing expectations. In the weak-field limit of general relativity a

more concentrated mass would produce stronger lensing effects.

In Fig. 5.7 the non-linear, non-Newtonian effects of MOND are more clearly captured. We see that

an increased bulge mass negatively correlates with SGL cross section, within the mass range explored.

Such a behaviour is in stark contrast to expectations from the standard weak-field SGL of disc galaxy

[379]. This trend can be understood by noting that SGL encompasses the full breadth of MOND effects,

as it probes the Newtonian limit, the dMOND regime and, most importantly, the transition acceleration

scales. Therefore, an increased mass in the bulge, whilst increasing the Newtonian lensing effects, it is

found to decrease the MONDian contribution to lensing (which is ultimately dominant in this case). In-

deed, a greater mass induces larger Newtonian acceleration and hence decreases the onset of MONDian

effects.

Finally, in Fig. 5.8 we present a comparison between the SGL cross section predictions for the same

lens disc galaxy in the MOND scenario and the standard DM paradigm. The DM halo is assumed to be

a conventional Non-Singular Isothermal Sphere [NSIS, see e.g., 262]

ρNSIS(r) =
ρ0r2

0(
r2 + r2

0
) , (5.28)

with parameters taken to be ρ0 = 6.36 · 107 M⊙/kpc3, and r0 = 3.44 kpc, for the template disc galaxy

with Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc. The DM halo

parameters are obtained by fitting the Newtonian rotation curve of the dark matter-baryon system to the

MOND-derived rotation curve. In particular, we are “normalising” the DM model to obtain a rotation

curve matching the MOND prediction. Here, to extrapolate the MONDian rotation curve on the galactic

plane, vROT, we directly employ the known algebraic MOND formula [401], i.e.,

vROT(R, 0) =
√

R [1 + ν̃ (y(R, 0))] |∂RΦN(R, 0)| , (5.29)

Fig. 5.9 shows respectively, the MONDian rotation curve and the best fit for the chosen DM halo model,
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Figure 5.5: Example image configurations, caustic curves and critical curves for spi-
ral galaxy MOND lenses with varying inclination and point source objects placed
at a constant position relative to the lens centre. The solid black line, dotted red
line and dashed-dotted red-line indicate the critical curve, radial caustic curve and
tangential caustic curves respectively. The blue star represent the source image and
black dots show the corresponding lensed images. The parameters of the lens galaxy
are fixed to be Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and
rb = 0.7 kpc. The lens and source are placed at redshift zL = 0.5 and zS = 2.0, re-

spectively.
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whilst Fig. 5.10 shows their corresponding cumulative mass functions. Fig. 5.8 shows the clear difference

between the predictions of the two frameworks, with MOND SGL cross sections being distinctly larger

than the DM alternative. Whilst in the DM paradigm inclination effects are present, these are increased

in the MOND scenario, as we could expect from the presence of a “phantom dark disc” in the PDM

distribution (see Fig. 5.2). Here we note that, a priori, a different choice of halo model, e.g., either the

Navarro–Frenk–White profile [263, 264], or a Burkert halo [267, 402–404] could produce a different SGL

effect. However, we find that changing the DM halo profile does not affect the lensing cross section

significantly if we maintain a “normalisation” of the DM halo w.r.t. the expected MONDian rotation

curve. Therefore, we conclude that disc galaxy SGL is able to differentiate between the two paradigms.
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Figure 5.6: Impact of disc thickness zd on lensing cross section σ with varying in-
clination angle within the MOND scenario. The other corresponding lens galaxy
parameters are Md = 1011 M⊙, Rd = 3.5 kpc, Mb = 109 M⊙, and rb = 0.7 kpc. The
lens and source are placed at redshift zL = 0.5 and zS = 2.0, respectively. The shaded
areas represent the one standard deviation uncertainties around the obtained SGL

cross section curves.

5.5 Conclusions

The dark matter framework has been highly successful in describing a plethora of phenomena, ranging

from astrophysical to cosmological observations. Nonetheless, the nature of dark matter still eludes the

community and currently represents one of the greatest mysteries in physics. As such, alternatives to

the dark matter paradigm, which are able to match a wide-variety of observations, warrant investiga-

tion. Within the landscape of alternatives to dark matter, MOND is often considered empirically as the

strongest contender to the dark matter scenario. Indeed, MOND has passed numerous observational

tests and also produced a variety of now confirmed predictions.
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Figure 5.7: Impact of bulge mass Mb on lensing cross section σ with varying in-
clination angle within the MOND scenario. The other corresponding lens galaxy
parameters are Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, and rb = 0.7 kpc. The
lens and source are placed at redshift zL = 0.5 and zS = 2.0, respectively. The shaded
areas represent the one standard deviation uncertainties around the obtained SGL

cross section curves.
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Figure 5.8: A comparison of lensing cross sections predictions with varying inclina-
tion angle for the same disc galaxy in MOND and the conventional DM scenario.
The disc galaxy parameters are Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, and
Mb = 109 M⊙, and rb = 0.7 kpc. The DM halo is taken as a NSIS profile with param-
eters ρ0 = 6.36 · 107 M⊙/kpc3, and r0 = 3.44 kpc. The lens and source are placed
at redshift zL = 0.5 and zS = 2.0, respectively. The shaded areas represent the one

standard deviation uncertainties around the obtained SGL cross section curves.
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Figure 5.9: A comparison of MONDian rotation curve predictions with the best fit
DM alternative. The solid blue line shows the MONDian rotation curve prediction
for a disc galaxy with parameters: Md = 1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc,
and Mb = 109 M⊙, and rb = 0.7 kpc. The dashed red line show the corresponding
Newtonian fit of a DM halo, which is taken as a NSIS profile with parameters ρ0 =

6.36 · 107 M⊙/kpc3, and r0 = 3.44 kpc
.
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Figure 5.10: Corresponding cummulative mass profiles with radius r along the
equatorial plane for a MONDian PDM distribution and DM alternative found from

fitting rotation curves shown in Fig. 5.9 .
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Strong gravitational lensing by galaxies is capable of investigation in both regions of high, and low

Newtonian accelerations. Therefore, in principle, it represents a valuable probe for MONDian effects

over the full range of the acceleration scales within galaxies. In particular, studies of disc galaxies would

enable a coupling of rotation curve dynamics and strong gravitational lensing. Hence, these represent a

great laboratory for investigating gravitational physics.

In this paper, we have derived the strong gravitational lensing effects of disc galaxies in MOND. In

the QUMOND formulation of MOND we have employed the concept of equivalent Newtonian systems

to apply the standard lensing formalism to MOND. Within this framework, we obtained the highly

non-trivial distribution of phantom dark matter for disc galaxies and probed its characteristics.

We have found that disc galaxy lensing in MOND produces physically plausible values of deflection

angle, magnification and shear. Furthermore, we have shown that the inclination of the disc galaxy

lens w.r.t. the observer highly influences the lensing geometry. We have seen that within the MOND

paradigm, the classical caustic curves’ morphology and number of lensed images expected for disc

lenses is readily recovered. Moreover, we have probed the impact of lens morphological and mass

parameters on the strong lensing cross section and found non-trivial, and even counter-intuitive, corre-

lations due to the onset of purely MONDian effects.

Furthermore, we have drawn comparisons between inclination effects on the lensing cross section

predicted in MOND and the dark matter framework. We have found that MOND non-linearities dom-

inate over standard Newtonian lensing effects, resulting in: (i) steeper inclination effects (correlated to

the non-spherical phantom dark matter density profile); and (ii) overall larger lensing cross sections. In

particular, it is noteworthy that a difference in the cross section of the obtained magnitude (which di-

rectly correlates to lensing likelihood) will still clearly impact the number of disc galaxy lenses predicted

to be observed in upcoming optical surveys such as Euclid and LSST. Therefore, these future surveys

will be able to distinguish the MOND and dark matter paradigms purely by disc galaxy gravitational

lensing number counts.

Our results might still need careful consideration, as they are ultimately dependent on the choice of in-

terpolating function of MOND. In this paper, we have focused on the widely used form of interpolating

function in Eqn. (5.21), which has given a realisation of MOND able to pass a plethora of observational

tests. We have also employed the alternative radial acceleration relation interpolating function (see Ap-

pendix B) to check the robustness of our results. We find that these interpolating functions produce

similar lensing signatures, and both are distinct from the dark matter predictions. Therefore, although a

different choice of interpolating function could ultimately produce different lensing effects, we believe

our results will generalise to a broad range of choices. It is then exactly this (limited) dependence on the

interpolating function that makes strong gravitational lensing by disc galaxies an exciting astrophysical

tool to probe and constrain the full applicability of MOND.
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Appendix

Code Routine

The code routine developed to obtain the results in this work is available at the GitHub repository –

https://github.com/chrisharhaw/MOND_lensing.git. Here, we give a brief explanation of the logic

implemented in the three main codes of the routine, i.e., density_grid.py, alpha_rad_tang.py, and

caustic_area.py.

density_grid.py routine

This code generates the baryonic and PDM distribution on a (R, z) grid associated with a choice of disc

galaxy parameters, and of grid boundaries and step. To calculate the PDM we implement the following

steps

1. Define the Newtonian potentials for the exponential disc and the spherical Plummer bulge ac-

cording to Eqs. (5.19) and (5.20).

2. Define the gradients in cylindrical coordinates of the potentials, namely

∇⃗ΦN,d = GMd

([∫ ∞

0
dk

J1(Rk)k
(1 + R2

dk2)3/2
Z(z, k)

]
R̂ + ẑ

[
−
∫ ∞

0
dk

J0(Rk)
(1 + R2

dk2)3/2
dZ
dz

])
, (5.30)

∇⃗ΦN,b =
MbG

(r2
b + R2)3/2

(RR̂ + zẑ) , (5.31)

where J0 and J1 are Bessel functions, and we have introduced the function

Z(z, k) :=
e−|z|k − zdke−|z|/zd

1 − z2
dk2

. (5.32)

3. Compute the gradient of the total Newtonian potential by direct sum of ∇⃗ΦN,d, and ∇⃗ΦN,b, i.e.,

∇⃗ΦN = ∇⃗ΦN,d + ∇⃗ΦN,b.

4. Employ the definition of the PDM from Eq. (5.7) in the following equivalent form

ρph,b =
1

4πG
dν̃

dy

(
∇⃗y · ∇⃗ΦN

)
+ ν̃(y)ρB , (5.33)

where we compute ∇⃗y directly in terms of the norm of ∇⃗ΦN. Here, ν̃ and its derivative are

computed once a functional form is given.

Finally, as an output the code returns the sum of the baryon and PDM densities, multiplied by a weight

factor R – accounting for part of the volume element contribution to the calculation of the deflection

angle in alpha_rad_tang.py, and thus compensating for divergences in the PDM close to the symmetry

axis. All integration of non-standard integrals is carried out using the quad, and quad_vec functions

of the python package integrate [405]. Fig. 5.11 shows the comparsion between the PDM density

https://github.com/chrisharhaw/MOND_lensing.git
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obtained with our code for a Plummer profile (with Mb = 109 M⊙, and rb = 0.7 kpc), and the respective

analytical prediction for the interpolating function of Eq. (5.21). We find the two to be in good agreement.

Figure 5.11: A comparison between the numerically obtained PDM (black line) and
analytical prediction (dashed purple line) for a Plummer profile with M⊙, and rb =
0.7 kpc. The MOND interpolating function selected is the one displayed in Eq. (5.21).

alpha_rad_tang.py routine

This code loads the output of density_grid.py and computes the deflection angles’ components. To do

so, we exploit an interesting formulation of the deflection angle. From Eqs. (5.9)-(5.11) we can write

⃗̂α(ξ1, ξ2) =
2G
c2

∫ ∞

−∞
dξ3

∫∫∫
ρ(⃗r)
|⃗ξ − r⃗|

d3⃗r . (5.34)

Noting that the dependence on ξ3 within the integral is present exclusively in the geometric term of the

integrand (namely, the denominator), we swap the integration order to obtain

⃗̂α(ξ1, ξ2) =
2G
c2

∫∫∫
ρ(⃗r)d3⃗r

∫ ∞

−∞

dξ3

|⃗ξ − r⃗|
. (5.35)

The second integral in Eq. (5.35) is readily computed to obtain the two components of the deflection

angle

αξ1 =
2G
c2

∫∫∫ ( 2 (z sin λ + x cos λ − ξ1)

ξ2
1 + (y − ξ2)2 + (z sin λ + x cos λ)2 − 2ξ1(z sin λ + x cos λ)

)
ρ(⃗r)d3⃗r , (5.36)

αξ1 =
2G
c2

∫∫∫ ( y − ξ2

ξ2
1 + (y − ξ2)2 + (z sin λ + x cos λ)2 − 2ξ1(z sin λ + x cos λ)

)
ρ(⃗r)d3⃗r , (5.37)

where λ defines the angle between ξ3 and the z axis of the coordinate system adapted to the disc galaxy

mass distribution. Then, in this code we employ Eqs. (5.36) and (5.37) to define the components of the

deflection angle. We compute these integrals by direct discretisation on a grid, whose precision can
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be specified. From the deflection angle components, the code also computes the inverse magnification

matrix and extracts its radial and tangential eigenvalues.

caustic_area.py routine

This code loads the outputs of alpha_rad_tang.py, i.e., the deflection angle components, and the tan-

gential and radial eigenvalues of the inverse magnification matrix, λt
r
. The radial and tangential critical

curves can then be computed by determining the corresponding contours where λt
r
= 0, which are

traced back into caustic lines using the lens equation (5.12). Once the tangential caustic contours have

been found (if they exist), the area within them is calculated. We do this for each density and inclination

being investigated, then finally output these values as a numpy array for plotting.

The RAR interpolating function

To check the robustness of our result w.r.t. the change of the interpolating function, we consider a com-

parison with the RAR function [395, 396],

ν̃RAR(y) :=
e−

√
y

1 − e−
√

y . (5.38)

We computed the RAR PDM distribution for the template disc galaxy model – namely, Md = 1011 M⊙,

Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc – and find that the obtained PDM distribu-

tion is overall compatible with the one derived with the interpolating function of Eq. (5.21), henceforth

referred to as ρph-RAR, and ρph-S, respectively. In Fig. 5.12 we show the face-on view, and side view of

the PDM densities ratios, i.e., ρph-RAR/ρph-S, for the chosen template galaxy. We see that although the

two PDM densities display differences, these give relative corrections only of O(1). Furthermore, the

ratios between the two PDM densities display non-trivial morphological features, charting the different

behaviour of two interpolating functions.

Finally, we have computed the SGL expected for the template galaxy whilst employing the RAR

interpolation function. Fig. 5.13 shows a comparison between the inclination effects on the SGL cross

section produced for the interpolating function used throughout this work, the RAR function, and the

DM halo alternative. As we could expect from the ratios obtained between the two PDM distributions,

the SGL effects for the two choices of interpolating functions are almost identical, and distinguishable

from the DM alternative.
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Figure 5.12: PDM densities ratio, ρph-RAR/ρph-S on the z − x plane (left panel) and
on the x − y plane (right panel), respectively, for a disc galaxy with Md = 1011 M⊙,

Rd = 3.5 kpc, zd = 0.35 kpc, Mb = 109 M⊙, and rb = 0.7 kpc.
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Figure 5.13: A comparison of the effects of varying inclination on the SGL cross sec-
tion produced for the interpolating function used throughout this work, the RAR
function, and the DM halo alternative. The disc galaxy parameters are Md =
1011 M⊙, Rd = 3.5 kpc, zd = 0.35 kpc, and Mb = 109 M⊙, and rb = 0.7 kpc. The
DM halo is taken as a NSIS profile with parameters ρ0 = 6.36 · 107 M⊙/kpc3, and
r0 = 3.44 kpc. The lens and source are placed at redshift zL = 0.5 and zS = 2.0,
respectively. The shaded areas represent the one standard deviation uncertainties

around the obtained SGL cross section curves.
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Chapter 6

Conclusions

The ΛCDM model is extremely successful and has been considered the standard cosmology for over two

decades. Despite the confirmation of many ΛCDM predictions, there are underlying tensions whose sta-

tistical significance has grown as the precision and volume of cosmological data has increased. In order

to investigate sources of systematic error, cosmic distance ladder independent probes are of the up-

most importance. Strong gravitational lensing provides a cosmic distance ladder independent technique

which can be applied to investigate the acceleration of cosmic expansion the cosmological principle, al-

ternative cosmological models, and the nature of dark matter and dark energy. The recent advances in

strong lensing observations have started to enable statistical analyses for cosmological purposes, with

vastly more data expected to arrive in the next decade.

In this thesis, we have explored many of these various applications in cosmology. In Chapter 3, we

investigate the use of strong lensing for statistical cosmology, using the largest catalogue of galaxy-scale

lensing systems compiled to date [215]. We applied a global fit of many power-law lens models to this

sample in order to perform a Bayesian comparison of the expansion histories of the standard ΛCDM

and timescape cosmologies using the H0 independent method derived from the distance ratios within

each system. We found that the assumption of average spherical symmetry applied in these lens models,

produced unphysical cosmological parameters in the ΛCDM model. Certain image configurations, such

as quadruply imaged sources, cannot be produced with perfectly spherical mass distributions. Thus,

the lens effect of the assumed average spherical lens model does not equate to the average lens effect

of a collection of randomly orientated elliptical galaxies. Whilst this technique has been shown to find

physical cosmological values with the addition of constraints on the luminosity density profile of lens

galaxies from high resolution follow-up imagery [215], our results bring into question the global use of

spherically symmetric lens models applied.

In Chapter 4, we have extended the work in the previous chapter to include time-delay systems to

see if the additional constraints placed upon on the lens model would produce physical cosmological

parameters. However, the inclusion of time-delay data alone was found insufficient to constrain cos-

mology. Despite this, time-delay cosmography using only a few lensing systems with individually fit



Chapter 6. Conclusions 123

lens models, is capable of returning precise constraints on the Hubble constant H0, as shown by the

H0LiCOW collaboration [249], amongst others [254]. In this chapter, we have performed the first anal-

ysis of the dressed Hubble constant in the timescape model using time-delay cosmography, and found

that the timescape model is statistically indistinguishable from ΛCDM with this limited data set.

Further research on the differences between fitting a lens model with average ellipticity, against the

assumed averaged spherical symmetry, or individually fit lens models to each system is warranted from

the work done in these chapters. The next generation of surveys predicts over 100,000 observed strong

lensing systems [270]. Therefore, improving analyses that can constrain cosmology, without the need

for high-resolution imagery, is of incredible use. Alternatively, time-delay cosmography has already

proved able to provide powerful constraints with only a small number of systems. With the amount of

data we expect to receive and the improved precision on velocity dispersions measured using adaptive

optics, time delay cosmography may be able to statistically distinguish between cosmological models

in the near future. Furthermore, an extension of chapter 4 and of current applications of time-delay

cosmography, will be to directly test for anisotropy in the Hubble constant. A first step would be to

utilise mock catalogues to determine how many lens systems are required to distinguish a non-kinematic

dipole from a pure monopole in H0.

The discussion of spherical symmetry in Chapters 3 and 4, inspired the investigation of Chapter 5

into the inclination effects of strong lensing by disc galaxies with both standard DM halos in the ΛCDM

paradigm, and MOND. Whilst our results are dependent on the choice of interpolating function and

formulation of MOND, we have shown that MOND is capable of producing similar lens effects in the

shape of critical and caustic curves to that of DM haloes. However, MOND predicts a caustic area much

larger than the DM alternative. Hence, the formulation of MOND investigated would predict far more

spiral galaxies to be observed than in the standard DM paradigm. We have also found counterintuitive

correlations between the effect of the disc thickness and bulge radius on the caustic area and the likeli-

hood of strong lensing. Thus, there is a balance between Newtonian and MONDian effects that naïvely

one might not expect. We conclude that the strong lensing of spiral galaxies gives an opportunity to test

and compare modified theories of gravity against Newtonian physics and dark matter.

Further work to predict the number of disc galaxies lenses and their corresponding inclination distri-

bution for the MOND and DM paradigm is ongoing. These predictions can be compared to the number

of lenses observed in upcoming surveys such as LSST, in order to distinguish one theory of gravity over

another or to constrain the dark matter halo profiles of spiral galaxies and the interpolating function of

MOND. The combination of spiral galaxy rotation curves with lensing observations provides a power-

ful tool for constraining our theories of gravity. This makes searches for low mass late-type galaxies as

strong gravitational lenses in the next generation of surveys incredibly exciting, as the data needed for

our predictions is expected to be available over the coming decade.

Overall, this thesis highlights issues in using strong lensing for statistical cosmology and proposes
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new tests of ΛCDM and MOND, in anticipation of the next decade of numerous and precise observa-

tions.
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