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Abstract: An excellent estimate of the lensing signal is expected from the availability of
deep and high-resolution polarization data in the near future. This is most important to
allow for efficient delensing, needed to detect the primordial B-mode power and with it the
famous tensor-to-scalar ratio. Here we discuss in a joint manner estimators of the rotation
of polarization, of the second order lensing field rotation, and standard gradient lensing
reconstruction. All are most efficient when able to probe the EB power created locally, have
comparable reconstruction noise in this regime, and can benefit substantially from delensing.
We discuss several ongoing and planned CMB experiments. We determine their noise for
lensing field rotation and polarization rotation and discuss their prospects for measuring
these effects. There is an on-going controversy on whether the lensing field rotation also
rotates the polarization — if so this will be observed at high significance soon with already
on going observations of the South Pole Telescope, SPT-3G, in cross-correlation with tracers
of large scale structure, as we show in this paper.
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1 Introduction

The cosmic microwave background (CMB) is the most precise cosmological dataset. It has led
to the determination of the basic parameters in our Universe with percent and sub-percent
precision [1–3]. With present (SPT-3G [4, 5], ACT [6, 7] e.g.) and near future observations of
the CMB, especially with the Simon’s Observatory, SO [8], but also with LiteBird [9, 10] and
ultimately with the CMB-S4 experiment [11, 12], especially its deepest patch, CMB-S4-deep,
the precision of CMB observations will be significantly boosted. In particular, the CMB
polarization will be mapped to much higher precision on both large and small angular scales.
By 2026, observations of SPT-3G on its main survey should reach enough co-added sensitivity
to resolve each and every ΛCDM B-mode in this area to ℓ ∼ 1100 with signal to noise larger
than unity. On-going design efforts for CMB-S4 plan sensitivities in the deepest areas still
higher than that by a large factor, resolving the B-mode map to ℓ ∼ 2500 and more. Such
a deep data set will not only allow us to put tight constraints on the tensor to scalar ratio
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r to the small value of about 5 · 10−4 but also to measure the lensing potential spectrum
and other signals with very high precision.

In this paper we study whether a new second order lensing effect can be measured: at
second order, the coupling of weak gravitational lensing at different redshifts generates not
only a contribution to the scalar lensing potential, but the deflection angle also acquires a
curl component [13, 14]. We investigate whether this curl component can be measured either
with future CMB experiments alone or when combining CMB experiments with tracers of
the large scale structure (LSS) of the Universe.

In the literature there is a controversy whether this curl component leads to a significant
rotation of the polarization direction or not. While refs. [15–17] argue that there is (nearly)
no rotation (proportional to the deflection angle squared, hence negligible), refs. [18–20] argue
to the contrary (proportional to the shear squared). In this paper we do not enter in this
controversy, but we shall show that observations can actually decide about it by comparing
the effect of the lensing angle curl on the CMB spectra with and without polarization rotation.

We shall consider the lensing deflection angle α with its curl component ω = −1
2ϵ
ab∇aαb

and a polarization rotation angle β. For the theoretical developments we keep β arbitrary
but we shall consider numerical results setting β = −ω as claimed in refs. [18–20]. In this
case, in the signal to noise ratios we calculate, β is therefore not an additional parameter but
it is determined by ω. We shall find that in this case, the chances to measure the lensing curl
are much better than without the polarization rotation effect: adding polarization rotation,
CMB-S4 deep alone will measure ω with a signal-to-noise (SNR) of about 3.9. If we include
a template for ω from large scale structure observation, this SNR can be boosted to about
35 and even SPT-3G after its nominal observation time (2019–2026, labeled as SPT-3G-7y
in what follows) will achieve SNR ∼ 7.

This paper is structured as follows: in the next section we introduce the effect of first
and second order lensing on the CMB power spectra without and with rotation of the
polarization. In section 3 we derive a quadratic estimator for the lensing curl from the CMB
alone and determine its signal-to-noise (SNR) for different CMB experiments. We concentrate
especially on the difference of whether polarization is rotated or not. In section 4 we discuss
the prospects for detection of lensing rotation, especially in subsection 4.3 we study the
improvement that can be gained when a lensing curl template from an LSS tracer is used.
In section 5 we discuss our results and conclude.

Assuming that there is no polarization rotation, the prospects of measuring the curl of
the deflection angle have already been studied in [21]. For easy comparison with these results,
we shall use the same LSS tracers that have been used in this pioneering paper. This also
helps to better study the effect of a possible rotation of the polarization.

Notation

We consider a flat Friedmann Universe with scalar perturbations. The linearly perturbed
metric in longitudinal gauge is given by

ds2 = a2(t)
[
−(1 + 2A)dt2 + (1 − 2B)δijdxidxj

]
. (1.1)
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The coordinate t denotes conformal time. Here A(x, t) and B(x, t) are the Bardeen po-
tentials and

Φ(x, t) = 1
2[A(x, t) +B(x, t)] (1.2)

is the Weyl potential that enters the geodesic motion of photons. An overdot denotes the
derivative w.r.t. conformal time such that ȧ/a = H is the conformal Hubble parameter
while ȧ/a2 = H is the physical Hubble parameter. We work in units such that the speed
of light is unity.

Since the sign conventions for lensing vary in the literature which can lead to confusion, let
us give our conventions here in some detail. We first write them in complex notation for tensor
fields on the sphere, where ð± denotes the spin raising and lowering operator, see e.g. [22]

α(n̂) = −ð+(ψ(n̂) + iΩ(n̂)) (1.3)

κ(n̂) + iω(n̂) = 1
2ð

−α(n̂) (1.4)

γ1(n̂) + iγ2(n̂) = 1
2ð

+α(n̂) . (1.5)

Here ψ is the lensing potential and Ω is the curl potential for the deflection angle α = αϑ+iαφ
that is defined via

n̂′ = n̂+ α , (1.6)

where n̂ is the (lensed) observation direction and n̂′ is the unlensed direction. In the flat
sky approximation, we may use

ð+ = −(∂1 + i∂2) ð− = −(∂1 − i∂2). (1.7)

This can be thought of placing ourselves at the equator, with the first direction pointing
south along eϑ, the second east along eφ, and neglecting sky curvature. The flat sky relations
between the above quantities then become

α(n̂) = ∇ψ(n̂) − ∇ × Ω(n̂) =
(
∂1ψ − ∂2Ω
∂2ψ + ∂1Ω

)
(1.8)

κ(n̂) = −1
2∇ · α(n̂) = −1

2∂iαi(n̂) = −1
2∆ψ (1.9)

ω(n̂) = −1
2∇ × α(n̂) = −1

2ϵ
ij∂iαj(n̂) = −1

2∆Ω (1.10)

γ1(n̂) = −1
2(∂1α1(n̂) − ∂2α2(n̂)) (1.11)

γ2(n̂) = −1
2(∂1α2(n̂) + ∂2α1(n̂)) (1.12)

(ϵij) =
(

0 1
−1 0

)
. (1.13)
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Note that the 2d curl of the (pseudo) scalar Ω can be obtained from the 3d curl assuming
that Ω represents a vector in 3-direction or simply via (∇ × Ω)i = ϵij∂jΩ. These conventions
give the magnification matrix(

δij + ∂αi
∂nj

)
=
(

1 − κ− γ1 −γ2 + ω

−γ2 − ω 1 − κ+ γ1

)
. (1.14)

These conventions imply that in the presence of a positive ω, an image appears to the observer
rotated clockwise by this angle.1 This is the opposite sign (of ω and Ω) to that adopted
by the pioneering paper [23] or the well-known CMB lensing review [24], as well as many
subsequent works in the flat-sky approximation. Our conventions are, however, consistent for
example to Planck and to widespread CMB software [25, 26], where the gradient (G) and
curl (C) modes of a vector field are expanded in vector spherical harmonics as

α(n̂) = −
∑
ℓm

(Gℓm + iCℓm) 1Yℓm(n̂), (1.15)

where in our case Gℓm =
√
ℓ(ℓ+ 1)ψℓm and Cℓm =

√
ℓ(ℓ+ 1)Ωℓm. Also the polarization,

which is parallel transported along the light ray can get rotated due to a rotation of the
local reference frame on the screen. The complex polarization, P (n̂) = Q(n̂) + iU(n̂) given
in terms of the Stokes parameters Q and U , is a spin-2 field. A rotation by an angle β(n̂)
rotates the polarization into P (n̂) → e−2iβ(n̂)P (n̂). In our conventions, opposite to the IAU
polarization conventions owing to e1 = eθ pointing south instead of north, a positive β is
seen as a counter-clockwise rotation for the observer.

2 CMB lensing at second order

In the presence of purely scalar perturbation, the foreground gravitational field deflects CMB
photons. At first order the deflection angle is given by (see, e.g. [24])

α
(1)
i (n̂, z∗) = ∇iψ(n̂) = −2∇i

∫ r∗

0
dr
r∗ − r

r∗r
Φ(rn̂, t0 − r) . (2.1)

Here ψ(n̂) is the lensing potential for the CMB, r∗ = r(z∗) is the comoving distance out to
the CMB redshift z∗ and Φ(x, t) is the Weyl potential. The derivative ∇i is a 2d derivative
on the sphere.

At first order, eq. (2.1), the deflection angle is determined along the unperturbed,
background geodesic, (t0 − r, n̂r), the Born approximation, while at the next order, the first
order deflection of the path due to foreground lensing is included,

α
(2)
i (n̂, z∗) = −2

∫ r∗

0
dr
r∗ − r

r∗r
∇j∇iΦ(rn̂, t0 − r)α(1)

j (n̂, z(r))

= 4
∫ r∗

0
dr
r∗ − r

r∗r
∇j∇iΦ(rn̂, t0 − r)

∫ r

0
dr′ r − r′

rr′ ∇jΦ(r′n̂, t0 − r′) . (2.2)

On the second line we have introduced the lowest post-Born contribution for the deflection
angle. There are also other second order contributions to the deflection angle, but the

1Careful: seen from inside the sphere, the standard polar basis vectors e1 = eϑ, e2 = eφ forms a left-handed
coordinate system.
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Figure 1. A parity-invariant, pure E-mode pattern, after a clockwise image rotation by a small
(positive) angle ω, keeping the polarization directions at each point fixed (center panel), or after a
counter-clockwise polarization rotation by the same small angle β, keeping the points of the image
fixed (right panel). The curliness (B-mode) of the resulting patterns is clearly of the same sign. Hence
a constant clockwise image rotation generates the same B-polarization as a constant counter-clockwise
polarization rotation. Large-scale magnification never creates any B-modes but only affects the
E-mode. The case of large shearing lenses is discussed in appendix C.

post-Born effect dominates by far, see [19]. This is the approximation we shall use in this
paper. Due to contributions from different distances, r ̸= r′ the second order term contributes
also a curl component to the deflection angle, see [15, 18, 27]

ω(n̂) = −1
2ϵ

ij∇iαj = 2ϵij
∫ r∗

0
dr
r∗ − r

r∗r
∇i∇kΦ(rn̂, t0 − r)

∫ r

0
dr′ r − r′

rr′ ∇j∇kΦ(r′n̂, t0 − r′) .
(2.3)

Note that in two dimensions the curl is a pseudo-scalar quantity.
In refs. [15, 16] it is argued that while this curl does lead to a rotation of images, i.e. it

affects weak lensing, it does not influence the polarization. In refs. [18–20] it is argued to
the contrary that a rotation of polarization can only be defined w.r.t. directions of images
and hence this rotation also affects polarization, rotating it by an angle2 β = −ω. An
illustration how image rotation by a constant angle ω is equivalent to polarization rotation
by β = −ω is presented in figure 1. We do not want to take a stand here, but we simply
study whether such a rotation, if present in the polarization, could be detected. In figure 2,
the angular power spectrum, Cω, of ω is shown as the lower black line (for standard Planck
cosmological parameters). It peaks at L ∼ 200 and its maximum is about 5 orders of
magnitude smaller than the one of the convergence power spectrum, CκL which is shown
as the upper black line in the figure.

3 Quadratic estimators for polarization rotation and lensing curl

3.1 Generalities

In this section we derive a quadratic estimator (QE) for the rotation β of the polarization.
We then study how well this can be measured with near future CMB experiment if β = −ω.
Quadratic estimators for the CMB lensing potential have been introduced in [28, 29]. More
recent developments can be found in [30]. A quadratic estimator for polarization rotation

2While in ref. [19] the polarization rotation angle was defined as it is here, in ref. [20] it is defined with the
opposite sign which leads to β = ω.
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Figure 2. Left panel: map-level reconstruction noise N (0)
L for the polarization rotation estimator

(β̂ blue) and lensing curl mode estimator (ω̂, orange), for a configuration approaching that of the
CMB-S4 deep configuration. This configuration can provide the lowest reconstruction noise owing
to its ability to delens almost 90% of the dominant gradient lensing B-power on the relevant scales
(results without delensing are shown as the dashed lines). Also shown for comparison is the case of the
lensing gradient mode (κ̂, green). The lensing curves have a slight scale-dependence at low L owing
to information from the shear. Grey dashed lines show the analytical low-L behavior as discussed
in details in the main text. Solid black are the κ spectrum and our fiducial post-Born lensing curl
spectrum.

Right panel: (Negative of) the cross-correlation coefficient of the EB polarization and lensing
rotation estimators (they are of the same parity and signal will leak from one to the other). The
degeneracy for the dipole is perfect and broken for L ≥ 2 by the information from the lensing shear
curl-mode.

was first derived in [31] within the flat sky approximation. In [32] this is generalized to
the curved sky. For completeness, we discuss here how these estimators are obtained. In
this paper we use the ‘General Minimum Variance’ (GMV) estimators [30], which are more
optimal than the original ones by up to 10% in the case of lensing, but much less than
that for polarization rotation.

Optimally-weighted quadratic estimators are often most concisely written in configuration
space. This is also the case for polarization rotation. The quickest way towards the result is
to make use of the general fact that the optimal estimator (optimal in the statistical sense)
of a source of anisotropy is always given by the gradient of the likelihood with respect to
that source.3 Since the effect of polarization rotation is particularly simple in configuration
space, construction of the likelihood gradient is simple, and the only task remaining is to
calculate the response of the estimator to the source, which is then used to normalize the

3This is a very general result that holds for the reconstruction of any parameter, which can be used to devise
efficient data compression schemes [33, 34]: by construction, likelihood gradients have minimum variance,
because they saturate the Fisher information content of the data (this is in fact how Fisher information is
defined).
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gradient. Furthermore, in harmonic space optimal quadratic estimator weights are given by
the bispectrum between the source of interest and the fields used to reconstruct it. This
is reviewed for the case of lensing in [35, appendix C], and we follow their notation here.
According to our conventions, the effect of a position dependent rotation on the CMB Stokes
intensity and polarization fields, which have spin s = 0 or s = 2, is

sX(n̂) → e−isβ(n̂)
sX(n̂). (3.1)

Hence, the gradient of the CMB map with respect to β(n̂) is simply −is sX(n̂). The CMB
likelihood weighs pairs of observed CMB maps by the inverse data covariance Cdat. We can
define the inverse-covariance weighted maps in harmonic space as

X̄ℓm =
[
Cdat
ℓ

]−1

XY
Y dat
ℓm (3.2)

where in harmonic space X = T,E,B. Further, the ‘Wiener-filtered’ CMB maps are given by

TWF
ℓm = CTTℓ T̄ℓm + CTEℓ Ēℓm, EWF

ℓm = CEEℓ Ēℓm + CTEℓ T̄ℓm, BWF
ℓm = 0. (3.3)

The likelihood gradient (our quadratic estimator for β) becomes

β̄(n̂) = 1
2
∑
s=±2

−sX̄(n̂) (−is)sXWF(n̂) ≡
∑
LM

β̄LM YLM (n̂) , (3.4)

where

2X̄(n̂) = −
∑
ℓm

(Ēℓm + iB̄ℓm)2Yℓm(n̂) , −2X̄(n̂) = −
∑
ℓm

(Ēℓm − iB̄ℓm)−2Yℓm(n̂) . (3.5)

The harmonic space weights can be obtained directly transforming the first equation
to harmonic space. Doing so, it is convenient to introduce

sF
±
ℓ1ℓ2L

= 1
2

[(
ℓ1 ℓ2 L

−s s 0

)
±
(
ℓ1 ℓ2 L

s −s 0

)]
, where

(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
(3.6)

are the Wigner 3j symbols. These factors contain the relevant ‘trigonometric’ weighting: sF
+

has even parity, and includes a cosine of s times the angle between ℓ1 and ℓ2 in the flat-sky
limit [35], and sF

− has odd parity, including a sine of that angle. One obtains

β̄LM = (−1)M

2
∑

ℓ1m2ℓ2m2

(
ℓ1 ℓ2 L

m1 m2 −M

)√
(2ℓ1 + 1)(2ℓ2 + 1)(2L+ 1)

4π

× (−4)
[

2F
+
ℓ1ℓ2L

B̄ℓ1m1 + i 2F
−
ℓ1ℓ2L

Ēℓ1m1

]
EWF
ℓ2m2 . (3.7)

The Wiener-filtered E-mode is given by (3.3). These weights can also be obtained by a
brute-force minimum variance calculation for the optimal weights. For practical purposes,
the position-space version, eq. (3.4), is more straightforward, since allowing evaluation of
β̄ with just a few harmonic transforms.
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The lensing estimators (likelihood gradients with respect to the deflection vector field)
are given in very similar notation by [2]

1ᾱ(n̂) = −
∑

s=0,±2

−sX̄(n̂)
2 − δs0

ð+
sX

WF(n̂) ≡ −
∑
LM

(
ψ̄LM + iΩ̄LM√

L(L+ 1)

)
1YLM (n̂) . (3.8)

See [36] or [35, appendix C] for the lensing curl harmonic space weights. The gradients
with respect to κ and ω relate to those of ψ and Ω according to the chain rule and the
definitions κ = −∆ψ/2, ω = −∆Ω/2,

κ̄LM = 2
L(L+ 1) ψ̄LM , (3.9)

ω̄LM = 2
L(L+ 1)Ω̄LM . (3.10)

For a signal entering both fields β and ω, the optimal estimator for that signal can again be
computed by the chain rule as the corresponding weighted sum of β̄LM and ω̄LM .

3.2 Squeezed limits and B-mode powers

The lensing post-Born curl mode peaks at L ∼ 200, and many sources of interest for
polarization rotation are relevant on even larger scales. For example, a constant bi-refringence
angle enters the monopole L = 0 of the polarization rotation estimator. Hence, it is worthwhile
discussing the squeezed limits of these estimators and of their (co-)variance. We write generally
Rxy
L for the response of the estimator optimized for anisotropy source x to a possibly different

anisotropy source y. The leading (Gaussian) reconstruction noise (usually called N
(0)
L ) of

these estimators is equal to the inverse response

N
xx(0)
L = 1

Rxx
L

(3.11)

We defer to appendix C for some details of this section.
On large angular scales (small L), quadratic estimators measure the change in the local

isotropic power spectrum (⟨Xℓ1Xℓ2⟩ with −ℓ1 ∼ ℓ2) caused by the long mode of the anisotropy
source. The long mode can be treated as constant locally, and the spectrum response can
be obtained simply through the flat-sky approximation.

The linear response of the CEBℓ spectrum to a rotation β is −2βCEEℓ and that of CTBℓ
is −2βCTEℓ . Hence (see appendix C), the estimator responses at low L will be given by
the Fisher-like trace (up to (L/ℓ)2 corrections). Neglecting any primordial BB spectrum
and non-perturbative corrections we obtain

Rββ,EB
L ∼

∑
ℓ

2ℓ+ 1
4π

−2CEEℓ
CEEℓ +NEE

ℓ

−2CEEℓ
CBBℓ +NBB

ℓ

, (3.12)

Rββ,TB
L ∼

∑
ℓ

2ℓ+ 1
4π

−2CTEℓ
CTTℓ +NTT

ℓ

−2CTEℓ
CBBℓ +NBB

ℓ

. (3.13)

The summands are the contribution of each local small scale mode to the large scale result.
The TB estimator is not competitive compared to EB; for deep polarization experiments
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these equations show that the TB response is smaller by a factor ρ2
ℓ ∼ 1/10 compared to

EB, where ρℓ = CTEℓ

/√
CTTℓ CEEℓ is the small scale cross-correlation coefficient between

T and E. As soon as NBB
ℓ goes below the lensing B-power, it is clear that delensing can

bring significant gains, with the reconstruction noise scaling linearly with the residual lensing
power in this regime.

On the other hand, a locally constant rotation, as it has odd parity, does not change
CEEℓ nor CTEℓ , so that TE and EE will not provide any information on large scale modes
(we have at low L Rββ,TE

L ∼ O(L/ℓ)2, Rββ,EE
L ∼ O(L/ℓ)2); EB is the only relevant piece

for large-scale polarization rotation reconstruction.
Now, a locally constant lensing rotation mode ω has the same effect on the local CMB

power spectra as a rotation of polarization (in particular the change in CEBℓ is −2ωCEEℓ ): so
that there will be degeneracies between the lensing curl and polarization rotation estimators.
This degeneracy will be broken (for L > 1) to some degree by the information provided by
the local lensing shear B-mode sourced by the global ω.

The responses for the lensing curl mode estimator will therefore look similar. We have
in fact (again, up to (L/ℓ)2 corrections)

Rωω,EB
L ∼ Rββ,EB

L ×
(

1 + 1
2

(L− 1)(L+ 2)
L(L+ 1)

)
. (3.14)

The second factor in the parenthesis is the information coming from the shear, and gives
some scale-dependence at the very lowest multipoles. This factor can be understood as
follows: (L − 1)(L + 2)/L(L + 1) is the factor relating the harmonic modes of the curved
sky shear B term (γ1 + iγ2 = − i

2ð
+ð+Ω) to that of ω = −1

2ð
−ð+Ω. Furthermore, there

is a factor 1/2 reduction of the response (or factor of 2 increase in noise), since there are
now two independent shear components. The response of the lensing curl is larger by 3/2
at sufficiently large L but still respecting the squeezed limit.

In figure 2 we show reconstruction noise curves together with the limiting behavior just
discussed, for the deepest CMB configuration we consider in the this paper, CMB-S4 deep,
as described in appendix A. The delensing is predicted following the spectrum-level analytic
iterative procedure first proposed for the EB-estimator in [37]: starting from the standard
lensing quadratic estimator noise level, one assumes the corresponding amount of lensing
power can effectively be removed from the map, providing new maps with less lensing power.
One then iterates this calculation until convergence. This procedure and other variants using
the full polarized data has been shown to match accurately detailed map-level delensing work
on simulated CMB-S4 maps [12, 38]. Also shown for comparison are the noise curves for the
dominant lensing gradient mode. In this case, since a locally constant magnification does
not generate any EB signal, the response is that of the shear-piece only,

Rκκ,EB
L ∼ Rββ,EB

L

1
2

(L− 1)(L+ 2)
L(L+ 1) (3.15)

with Rββ,EB
L from eq. (3.12).

As already advertised, a β or ω signal will leak into both estimators. The low-L
cross-responses are identical to (3.12),

Rωβ,EB
L ∼ Rβω,EB

L ∼ Rββ,EB
L . (3.16)
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The cross-correlation coefficient of the two estimators is shown on the right panel of figure 2.
The dashed line indicates

√
2/3 ∼ 0.82, obtained in the squeezed limit but away from the

dipole using our results from this section. On the other hand, from parity arguments the
two estimators have no linear responses to κ.

Let us briefly discuss limits on polarization rotation by a constant angle β̄. Let an adequate
survey window be W (n̂). After quadratic or iterative reconstruction of the polarization
rotation map β̂(n̂), the monopole may be inferred from the average

ˆ̄β = 1
A

∫
d2n̂ β̂(n̂)W (n̂) = 1

A

∑
LM

β̂LMW
∗
LM (3.17)

where A =
∫
d2nW (n̂) is the effective area of the patch used to infer the monopole. The

reconstruction noise variance of β̂LM is approximately given by Nββ(0)
L . Taking the variance

of this equation, one obtains in the absence of a signal

σ2
β̄

≡
〈( ˆ̄β − β̄

)2〉
= 1
A2

∑
L

N
ββ(0)
L

L∑
M=−L

|WLM |2. (3.18)

Since N (0)
L is very flat on large scales where the window is relevant (see figure 2), we can take

N
(0)
L out of the L sum. The sum of the squared window harmonics can then be written as

the sky integral of the squared window. The result then simplifies to

σ2
β̄

∼ N
ββ(0)
L∼0

4πfsky
, (3.19)

where 1/(4πfsky) is short-hand notation for
∫
d2n̂ W 2(n̂)/(

∫
d2n̂ W (n̂))2 (for a tophat win-

dow this simply becomes 1/
∫
d2n̂ W (n̂) = 1/A = 1/4πfsky). The standard deviations σβ̄

corresponding to the configurations looked at in this work are listed in the last column of
table 1. As one sees there, e.g. for S4-deep a constant polarization rotation angle is detected
at 5σ if β̄ > 0.5 arcmin. For PICO even β̄ > 0.4 arcmin are detected at 5σ and even SPT-3G
can announce a 5σ detection if β̄ > 1.9 arcmin.

Since β̂ has a non-zero response to ω, there is contamination from the guaranteed post-
Born field rotation in the monopole angle. The β̂ estimator normalization (1/Rββ

L ), cancels
perfectly at low-L the cross-response Rβω

L ∼ Rββ
L , such that ω enters just as

ˆ̄β ∋ 1
A

∑
LM

ωLMW
∗
LM . (3.20)

This is of course negligible since CωωL is so small compared to Nββ(0)
L .

Let us also qualitatively estimate how delensing reduces the reconstruction noise: the
reconstruction noise N (0) scales (in the case of EB) with one power of the data total E
power and one of the total B power. Seen as a function of the small scale instrumental
noise level nlev, we have thus the limiting behaviours

N (0) ∝ n4
lev (for nlev ≫ CEE) while N (0) ∝ n0

lev (for nlev ≪ CBB,lensing, no delensing).
(3.21)
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100 · fsky β ω β = −ω κ σβ̄ [arcmin]
LiteBird 60 63 0.44
SO-baseline (P-only) 40 82 0.51
SO-goal (P-only) 40 0.1 0.1 0.1 117 0.35
SPT-3G-7y 3.6 0.2 0.2 0.2 91 0.38
PICO 60 1.4 1.6 1.7 475 0.06
S4-wide 40 1.3 1.0 1.5 379 0.08
S4-deep 3.6 3.5 2.6 3.9 232 0.1

Table 1. SNR on internal auto-spectrum detection, computed from (4.1), and using polarization data
only. All numbers include internal iterative delensing self-consistently. Columns 3 and 4 treat ω and
β independently (and having the same power spectrum) while in column 5 we set β = −ω. In column
6 we show the gradient-mode lensing SNR for comparison (which is signal dominated on a wide range
of scales, hence the S4-wide survey is most efficient) and in the last column we present the 1σ error
on a constant polarization rotation angle β.

In the more relevant intermediate regime, (CEE ≫ nlev ≫ CBB) the noise is N (0) ∝ n2
lev.

Delensing helps moving down somewhat the E threshold by lowering the damping tail, but
mostly by removing the B threshold. For very deep experiments, the residual lensing B

power scales essentially with the noise level, restoring the scaling

N (0) ∝ n1
lev (for nlev ≪ CBB,lensing, with delensing), (3.22)

with in practice still slightly super-linear behavior in the cases of interest in this paper.
The SNR on the spectrum of noise-dominated fields scales inversely asN (0)

L

/√
fsky(2L+ 1),

with fsky(2L+ 1) the effective number of modes available. Linear scaling of N (0)
L with nlev

implies that for fixed observing time, the error on the spectrum is independent of sky fraction,
since nlev ∝

√
fsky. Hence, the super-linear behaviour of N (0) has the consequence that in

order to constrain the spectra of β and ω (or small-scale κ), it is better to observe the same
small patch for longer than observing a larger area. To constrain a constant birefringence
angle, the situation is different: σβ̄ scales now according to

√
N (0)/fsky, making wider

experiments generally better (in the absence of any other considerations of course).
The estimator power spectra obtain additional contributions besides N (0)

L . The most
relevant one is a signal term from secondary trispectra contractions, called N (1)

L [2, 39], which
can be expressed using 6j Wigner symbols [40, 41]. In the case of standard gradient lensing,
these additional biases are typically significantly smaller that the primary signal CψψL , except
on small scales. It is also known that the N (1)

L signal induced by birefringence can affect
lensing spectrum reconstruction to some extent [42, 43]. However since CψψL is so much larger
than β or ω, the guaranteed lensing-induced N (1) on the rotation and curl estimation are
very substantial. We review this bias in appendix D, and obtain there also a useful handy
approximation at low L. In figure 3, we show the ψ-induced bias for polarization rotation
for the CMB-S4 deep configuration. The blue lines show the QE case, comparing N (0) to
N (1). Interestingly, N (1) is only about a factor 2 smaller than N (0). The calculations of N (1)

are performed using the flat-sky expressions from [2], but we show as a check in dashed grey
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Figure 3. Left panel: lensing potential ψ-induced N
(1)
L bias, calculated using the flat-sky approx-

imation, entering the spectrum of the polarization rotation (β) reconstruction, before (blue, the
quadratic estimator case) and after delensing (orange, dot-dashed shows negative values) and in
comparison to the leading Gaussian N

(0)
L biases (solid lines). Dashed grey line is the curved-sky

analytic approximation to the large-scale N (1) obtained in the appendix. This is for the deepest
configuration tested in this work. In the QE case, N (1)

L is a very significant contribution on large
scales, half the size of the leading bias. Delensing is highly efficient at removing this bias, by two
orders of magnitude. N (1)

L biases induced by the lensing curl ω or β itself are much smaller and not
shown here. The ψ-induced lensing curl N (1)

L bias behaves very similarly. Right panel: contributions of
lenses L′ to the large scale N (1)

L∼0 of the left panel. The blue line shows the exact result in curved-sky
geometry, and orange the same after delensing. The dashed grey the squeezed approximation. This
shows that the very good agreement on the left panel is to some part coincidental.

the analytic, curved-sky geometry approximation we obtain in the appendix:

n
(1)ββ
L =

∑
L′

n
(1)ββ
LL′ where for small L and L′

n
(1)ββ
LL′ ∼

(2L′ + 1
4π

)
CκκL′

1
2

(L′ − 1)(L′ + 2)
L′(L′ + 1)

∑
2ℓ≥L′,L

2ℓ+ 1
4π

(
−2CEEℓ

CEEℓ +NEE
ℓ

−2CEEℓ
CBBℓ +NBB

ℓ

)2

.

(3.23)

The first factor is half the variance of the shear field E-mode. The second collects the response
of the small scale EB power in the same way than the estimator responses, eq. (3.12), and
generalizes easily to any quadratic estimator. Note that for large L′ this approximation is not
valid and n

(1)ββ
LL′ can even become negative, see figure 3 (even n

(1)ββ
L can become negative,

after the broad-band CκκL′ has been removed by delensing). We have also confirmed these
predictions by generating full-sky CMB simulations and comparing the power spectrum
of the quadratic estimate to the predictions, finding excellent agreement. The ψ-induced
lensing N (1) biases behave in a very similar manner: at low L, the N (1) terms of the EB
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quadratic estimators obey

n
(1)ωω
L ∼ n

(1)ββ
L ×

(
1 + 1

2
(L− 1)(L+ 2)
L(L+ 1)

)
(3.24)

n
(1)βω
L ∼ n

(1)ββ
L

n
(1)κκ
L ∼ n

(1)ββ
L ×

(1
2

(L− 1)(L+ 2)
L(L+ 1)

)
n

(1)κβ
L ∼ n

(1)κω
L ∼ 0

where n
(1)ββ
L is given by (3.23). Again, these prefactors can be understood by simply

distinguishing local shear versus convergence information, together with parity arguments.
The factors are the same as for the estimator responses. Hence, the relative importance of
the N (1) to N (0) biases at low-L is exactly the same for the three β, ω and κ estimators.

In the delensed case, where most of the lensing power has been removed, the squeezed
analytic approximation is not expected to hold, and we use the same flat-sky expressions but
with the partially delensed spectra and delensed CψψL as input. These are shown in orange on
figure 3. As can be expected, the relevance of the N (1) term is significantly reduced compared
to the QE case. Now the N (1) bias is more than an order of magnitude smaller than N (0).
This shows the power of delensing. Hence we neglect the N (1) biases from now on.

A high-resolution B-mode map is key for best reconstruction performance. For orientation,
we show in figure 4 various contributions to the B-mode power. The standard ΛCDM gradient
lensing term of ∼ 5µKarcmin is shown as the black line. The grey line shows the residual
effective noise according to our modelling of the CMB-S4 deep patch Large Aperture Telescope
(LAT). This is obtained with an internal linear harmonic combination of the six frequency
channels, using a parametric synchrotron and polarized dust foreground model that follows
the BICEP/Keck implementation and constraints [12, 44]. Our experimental configurations
are discussed in more detail in appendix A.

The dashed black line shows the residual lensing power achievable after delensing in
this configuration. The amount of delensing is scale-dependent, with residual lensing power
approximately 5% for ℓ < 500, increasing to 15% at ℓ = 2000 (where LAT noise starts to
dominate) and 70% at 4000 respectively.

The blue line shows the B-mode power induced by the lensing rotation field ω. The green
line is that induced from polarization rotation, assuming β is a Gaussian field with spectrum
identical to CωωL . If β is in fact equal to −ω, there is also a cross-term induced by CβωL . This
contribution is shown as the red line, boosting slightly the power around the peak (all these
curves were obtained using the full-sky correlation function approach [24, 45]). They are
in good agreement with previous results [20]. The total sum of these three contributions
remains well below the residual effective noise + delensed power, and we have neglected
all of them when building quadratic estimator reconstruction noise spectra. The B-modes
produced by the polarization rotation β and the lensing curl ω are somewhat correlated on
all scales, but this is mostly true for those produced by the largest scale rotation modes.
The colored dashed lines show the contribution coming from L ≤ 200; these B-modes have
a cross-correlation coefficient of −0.8 inducing a significant degeneracy between β and ω

reconstruction on these scales.
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Figure 4. Comparison of various B-mode power spectra. Black solid is the standard, gradient lensing
contribution, and dashed black after delensing. (Delensing is shown here for CMB-S4 deep, with
residual effective noise and foreground spectrum shown by the grey line.) Delensing is performed
iteratively as described in the main text, achieving a removal of 95% to 85% on the scales relevant
for the reconstructions of the lensing field rotation and polarization rotation. The blue line shows
the contribution from lensing field rotation (ω, blue), and the green line the effect of a polarization
rotation (β), in the model where its spectrum is equal to that of ω. If the polarization rotation is equal
to −ω, the power gets an additional contribution shown as the red line. These are the contributions
to B-polarization from lensing rotation as obtained in ref. [20]. Neither the lensing contribution ω not
the cross term ω × β have a significant impact on the quality of the reconstructions, which take most
of the signal from a broad kernel ∼ 500 ≤ ℓ ≤ 2000, where the effective number of modes is highest.
(There are bispectrum-sourced terms at the same order, but these are even smaller on the scales
relevant here and are not shown.) The dashed colored lines show the contributions to the B-modes of
the large scale rotation modes exclusively (L ≤ 200), as relevant for the reconstruction on these scales.

4 Prospects for detection

4.1 CMB internal spectrum reconstruction

Next we discuss prospects for purely internal reconstruction. We compute signal to noise
ratios for power spectrum reconstruction, assuming Gaussian statistics,

(S/N)2 = 1
2fsky

∑
L≥30

(2L+ 1)
(

CωωL

CωωL +N
(0)
L

)2

. (4.1)

The numbers are given in table 1, for different experiments. More details on the
configurations are found in appendix A. All results are for polarization only and use iterative
internal delensing as described in the previous section, making the deep configuration much
better for both angles. The first two columns after the vertical double line (β and ω) treat
the two fields as independent but assume the same signal spectral shape CωωL , and the
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100 · fsky ω β β = −ω
LiteBird 60 2.1 2.9 3.3
SO-baseline (P-only) 40 6.1 11.5 12.3
SO-baseline (GMV) 40 9.9 11.4 14.5
SO-goal (P-only) 40 9.1 16.8 18.1
SO-goal (GMV) 40 12.1 16.8 19.7
SPT-3G-7y 3.6 8.0 14.0 14.9
PICO 60 44.8 62.6 68.5
S4-wide 40 37.0 64.2 68.5
S4-deep 3.6 33.4 58.9 62.3

Table 2. The S/N ratio is shown for an ideal exact lensing rotation template. In the third column,
‘ω’, we consider only image rotation as done in ref. [21]. In the fourth column, ‘β’, we consider only
polarization rotation assuming both, ω and β have the same spectrum. Finally in the fifth column,
‘β = −ω’, we consider both and set β = −ω as advocated in refs. [18–20].

third assumes β = −ω. In this case, for the deep configuration, there is less information
for L ≤ 700, but the signal is boosted above that, increasing overall slightly the expected
significance since there are more modes there. In this deep configuration such a signal is
potentially detectable at 3.9σ. A similar result has found by an order-of-magnitude estimate
presented in [46]. In the last column we also show the 1σ error on a constant polarization
rotation. For this S4-wide and especially PICO are best due to their large sky coverage
which helps in detecting the monopole of β.

4.2 External rotation templates

Since the lensing curl arises from multiple (nonaligned) lenses, we can leverage cross-correlation
with large-scale structure tracers, which provide a better redshift resolution and reduced
noise relative to the CMB auto-correlation. Considering an external template for lensing
rotation ω, we can significantly improve the signal-to-noise ratio. Before investigating the
optimal choice of LSS tracers to build a rotation template, we determine the signal-to-noise
ratio in the ideal case of having a perfect lensing rotation template. Assuming Gaussian
statistics, the signal-to-noise ratio is given by

(S/N)2 = fsky

Lmax∑
L≥30

(2L+ 1) CωωL

2CωωL +N
(0)
L

. (4.2)

From table 2 we see that having an exact ideal lensing rotation template would lead to a
detection already with the SO baseline, and even earlier with SPT-3G, which is taking data
right now. Taking into account the polarization rotation with β = −ω the S/N ratio was
roughly doubled for any configuration considered here. In this ideal case, all configurations
except LiteBird would detect such a signal with S/N > 12. However, such an improvement
requires us to reach scales much smaller than L ∼ 1000. Indeed, as we see in figure 5, the
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Figure 5. We show the cumulative S/N ratio (left) and the S/N square per mode (right) for CMB
S4-deep (fsky = 0.036) in an ideal case, i.e. with a perfect ω template, as a function of Lmax for image
rotation (blue), polarization rotation (green) and both of them with β = −ω (red).

presence of the polarization rotation with β = −ω reduces S/N somewhat to scales L ≲ 1000.
This is due to the negative contribution of Cωβℓ to CBBℓ . Looking at the signal-to-noise
ratio per mode, we see that with ω only, it peaks around L ∼ 500, while including also the
polarization rotation β it peaks at much smaller scales around L ∼ 2000.

4.3 Templates for the lensing curl from LSS

We have seen that, with a perfect rotation template the lensing rotation can be detected with
upcoming surveys. In this section we aim to build a rotation template from LSS tracers. The
goal is to obtain a template which is as much correlated as possible with the true lensing
rotation. Indeed in the presence of a non-perfect template the signal to noise is degraded to

(S/N)2 = fsky

Lmax∑
L≥30

(2L+ 1) CωωL(
CωωL +N

(0)
L

)
F−1
L + CωωL

(4.3)

where
√
FL denotes the correlation coefficient between the template and the true rotation

field. With FL = 1 we recover the ideal signal-to-noise ratio eq. (4.2). The generic value
of FL is introduced below.
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Following ref. [21], we determine a rotation estimator template ω̂, normalized such that it
has minimal variance and is unbiased. We introduce a general weighted quadratic estimator4

ω̂ (L) = F−1
L

2

∫
d2L1
2π Gij (L,L1) âi (L1) âj (L − L1) (4.4)

for a set of LSS tracers
{
âi
}
. The weights Gij (L,L1) and the normalization constant FL

are set such that

⟨ω̂ (L)ω (L1)⟩ = δD (L + L1)CωωL , (4.5)
⟨ω̂ (L) ω̂ (L1)⟩ = δD (L + L1)CωωL F−1

L . (4.6)

The first condition guarantees that ω̂ is unbiased, while the second leads to minimal vari-
ance [21]. Eq. (4.5) implies

FL = 1
2CωωL

∫
d2L′

(2π)2Gij
(
L,L′) bωij−L,L′,L−L′ , (4.7)

where we have introduced the bispectrum between the lensing curl ω and the LSS tracers

⟨ω (L) ai (L1) aj (L2)⟩ = 1
2πδD (L + L1 + L2) bωijLL1L2

. (4.8)

Eq. (4.6) leads to

CωωL FL = 1
4

∫
d2L′

(2π)2Gij
(
L,L′) [Gpq (−L,−L′)CipL′C

jq
|L−L′| +Gpq

(
−L,L′ − L

)
CiqL′C

jp
|L−L′|

]
,

(4.9)

where CijL denote the spectra of the LSS tracers,

⟨ai (L) aj
(
L′)⟩ = δD

(
L + L′)CijL . (4.10)

Combining equations (4.7) and (4.9) we obtain

bωij−L,L′,L−L′ = Gpq
(
−L,−L′)CipL′C

jq
|L−L′| (4.11)

and
FL = 1

2CωωL

∫
d2L1

(2π)2 b
ωij
−L,L1,L2

bωpq−L,L1,L2

(
C−1

LSS

)ip
L1

(
C−1

LSS

)jq
L2
, (4.12)

with L2 = L − L1. The curl estimator in terms of the bispectrum is then given by

ω̂ (L) = F−1
L

2

∫
d2L1
2π bωij−L,L1,L2

(
C−1

LSSâ
)i

L1

(
C−1

LSSâ
)j

L2
, (4.13)

where in the inverse covariance we include also the noise N ij
L of the LSS tracers:

(CLSS)ijL = CijL +N ij
L . (4.14)

In appendix B.4, we compute the bispectrum between the lensing curl and the LSS
probes, finding

bωij(−L)L1L2
= 2L1 × L2

L2
1L

2
2

(L1 · L2)
[
M ij (L1, L2) −M ji (L2, L1)

]
.

where the coefficients M ij (L1, L2) are defined in eq. (B.15).
4We use flat-sky approximation only to derive the correlation coefficient FL. As shown in ref. [47], this

approximation provides a reliable comparison with full-sky numerical simulations.
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In our analysis we consider 3 different LSS tracers: the CMB lensing convergence κ,
galaxy clustering g and the cosmic infrared background I. These tracers

{
ai
}

are related
to the density fluctuation δ through the line-of-sight integral

ai (L) =
∫
drWi (r) δ (L, r)

where the window functions W i are given by

Wκ(r) = 3ΩMH
2
0

2a(r) r2 r∗ − r

rr∗
, (4.15)

Wg(r) = b1(r)n(r)H(r) , (4.16)

WI(r) = Aν
r2

(1 + z(r))2 exp
(

−(z − zc)2

2σ2
z

)
fν(1+z) . (4.17)

More details about these LSS tracers which agree with the ones used in [21] can be found
in appendix B.

Evaluating the bispectrum between the lensing curl and the LSS tracers, we obtain the
correlation coefficient FL. The square root of FL determines the correlation coefficients of
the different LSS templates with a perfect lensing rotation template. In figure 6 we show
the correlation coefficients

√
FL as a function of the multipoles L for different LSS tracers.

Using these correlation coefficients, we have computed the signal to noise ratio to detect the
lensing curl through LSS cross-correlations. The results are shown in tables 3–4. In table 3,
we assume that the image is rotated, but not the polarization. Under this assumption, our
results are consistent with ref. [21] when using the same survey specifications. In this case we
find that an initial detection (SNR ∼ 5) is forecasted with SPT-3G by optimally combining a
LSS template with lensing convergence κ, galaxy clustering, and CIB. With PICO or S4 (wide
and deep), lensing rotation can be detected at high significance whenever a galaxy clustering
template for ω is used. S/N is between 12 and 24 depending on the LSS tracer used.

Finally in table 4 we consider that both the image and the polarization are rotated
with β = −ω. For this case, we will reach SNR ∼ 7 already with SPT-3G, while the next
generation of surveys (PICO and S4) will detect the lensing curl with a very good accuracy.

5 Conclusion

Very precise CMB polarization measurements allow excellent lensing reconstruction as well
as delensing. This makes very deep experiments rather than wide area surveys in principle
the best places to look for small signals limited by lensing sampling variance.

We have looked in some details on the prospects for the measurement of lensing field
rotation as well as polarization rotation, which both up to now usually serve as diagnostic of
systematics. Lensing and polarization rotation quadratic estimators behave very similarly in
this regime, and we have discussed in details their reconstruction noise and degeneracies (on
large-scales purely rotating (‘non-shearing’) lenses cannot be told apart from a polarization
rotation). The PICO and CMB-S4 experiments can constrain a constant rotation angle
to about 20 arcseconds at 5σ. This small number is not quite enough to extract from the
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Figure 6. Left panel: cross-correlation coefficients
√
FL of curl lensing templates from LSS are plotted

for different CMB experiments. The LSS templates are constructed using CMB lensing convergence,
galaxy clustering, and CIB. CMB-S4 deep shows the highest correlation with a perfect curl template,
reaching approximately 0.8 at large scales and maintaining high correlation on small scales longer than
any other survey. Right panel: the different contributions to the correlation coefficient

√
FL for the

curl lensing template from the same LSS tracers are plotted for SPT-3G-7y. Most of the correlation
is driven by the combination of lensing convergence and galaxy clustering, with CIB contributing
only marginally.

100 · fsky ω[κ, g] ω[κ, I] ω[g, I] ω[κ, g, I]
LiteBird 60 0.7 0.1 0.9 1.1
SO-baseline (P-only) 40 1.8 0.4 2.5 2.9
SO-baseline (GMV) 40 3.4 0.6 3.7 4.6
SO-goal (P-only) 40 3.3 0.6 3.6 4.5
SO-goal (GMV) 40 4.7 0.8 4.6 6.0
SPT-3G-7y 3.6 4.5 0.8 3.2 4.9
PICO 60 29.5 5.6 18.6 31.2
S4-wide 40 22.4 4.1 14.8 23.9
S4-deep 3.6 24.0 4.2 13.3 24.9

Table 3. We show the S/N ratio for the cross-correlation between CMB reconstructed field rotation ω̂
and different LSS rotation templates ω̂template. Here we assume only the image but not the polarization
is rotated. This corresponds to column 3 of table 2 but with realistic lensing rotation templates.

CMB alone the guaranteed post-born lensing field rotation signal with great significance, in
agreement with previous work [21]. If the polarization rotation angle induced by large-scale
structure is similar to that of lensing rotation, as recent works claim [14, 18, 20], then
the reconstruction noise is larger on the largest scales due to the partial cancellation of
B-modes produced by large lenses and large-scale polarization rotations. However, the total
SNR on a detection of the spectrum is boosted owing to the more efficient production of
B-modes by small scale polarization rotation. Internal detection remains challenging, with
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100 · fsky β = −ω[κ, g] β = −ω[κ, I] β = −ω[g, I] β = −ω[κ, g, I]
LiteBird 60 0.9 0.2 1.4 1.6
SO-baseline (P-only) 40 2.6 0.4 4.1 4.6
SO-baseline (GMV) 40 4.3 0.6 4.9 6.0
SO-goal (P-only) 40 4.7 0.7 6.0 7.0
SO-goal (GMV) 40 6.3 0.9 6.6 8.3
SPT-3G-7y 3.6 6.4 0.8 5.0 7.1
PICO 60 36.6 5.7 25.0 39.4
S4-wide 40 32.0 4.1 22.7 34.7
S4-deep 3.6 37.3 5.1 20.4 38.3

Table 4. We show the S/N ratio for the cross-correlation between CMB reconstructed field rotation
ω̂ and β̂ and different LSS rotation templates ω̂template. Here we consider both image rotation and
polarization rotation with β = −ω in the CMB. This corresponds to column 5 of table 2 but with
realistic lensing rotation templates.

a forecast detection of about 3.9σ when including state-of-the-art delensing. In practice,
this ‘delensing’ can be achieved for example by joint Maximum A Posteriori reconstruction
of κ, ω and/or β, which automatically removes the κ-induced variance from the rotation
estimates. (See [38] for joint κ-ω reconstructions which achieve expectations. The case of
β is similar and will be presented elsewhere.)

On the other hand, cross-correlating of the rotation signal with templates for the field
rotation ω from large scale structure observations lead to a detection with S/N up to 39 for
PICO and 38 for CMB-S4 deep. Interestingly, already SPT-3G-7y has S/N = 7 for the case
of a rotation of both, the lensing image and polarization which is very promising.

Even if workers in the field cannot agree whether image rotation equivalently generates
a polarization rotation or not, near future data can tell. See figure 7.

Polarization rotation can also be induced by other physical effects than lensing. E.g.
by Faraday rotation in the presence of an external magnetic field [48] or by coupling to a
spatially constant or varying axion field.

The B-mode polarization spectrum induced by a magnetic field peaks at much smaller
scales, namely ℓ ≃ 13000, see [48], than the one induced by lensing rotation. Furthermore,
as the Faraday rotation angle is frequency dependent, behaving as 1/ν2, a detailed study of
limits on magnetic fields from this effect for different CMB experiments, will also depend
on the frequencies observed with the experiments under consideration and not only on the
magnetic field spectrum.

Constraints on a scale invariant rotation angle spectrum by future CMB experiments have
been derived in [49, 50], and [49] also quotes limits on a constant polarization rotation angle.

Finally, it is interesting to note that a constant polarization rotation of β0 = (0.342 ±
0.094)◦ is tentatively detected in the Planck and WMAP data, see [51] and refs. therein.
Provided the very difficult systematics can be managed, this can be confirmed (or rejected)
at extremely high significance as the error on β0 will be of the order of ∆β0 ∼ 4.8′′ ≃ 0.0013◦

for the CMB-S4 and even ∆β0 ∼ 3.6′′ ≃ 0.001◦ for PICO.
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Figure 7. Forecast 1σ and 2σ contours on a joint measurement of the amplitude of the lensing
curl mode power and of the polarization rotation power, under two different scenarios. On the
right, the Universe has β = −ω, as predicted by refs. [18–20], and both signals are clearly jointly
detected. If β is much smaller, as predicted by refs. [15–17] (effectively undetectable), then the
expected output of the same measurement procedure is the ellipse on the left. In both cases this
considers the cross-correlations of the β and ω estimates from SPT-3G CMB to the best templates
considered in this work (‘κ, g, I’). The degeneracy (here a cross-correlation coefficient of ≈ − 0.27 for
both ellipses) is set by the overlap of the β and ω reconstruction noise at small and moderate L (see
figure 2, right panel). The ellipses are essentially identical, since the different β signal has only a tiny
effect on the variances and covariance, all dominated by Gaussian reconstruction noise.
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A The CMB experiments considered in this work

The Simons Observatory (SO) noise curves are the official baseline and goal noise curves
taken from5 [8]. For the other experiments, we use tables of white noise levels, and of ℓknee
and exponents for the non-white part for each frequency from public sources. The numbers
are taken from [5] (SPT-3G main survey), [52] (PICO), [9] (LiteBird), [38] (CMB-S4 deep),
[12] (CMB-S4 wide). For the deepest configuration in polarization we further include at each
frequency galactic polarized synchrotron and galactic dust foreground emission, using the
same parametric model and fiducial values as detailed in the appendix of [12] which are based

5https://github.com/simonsobs/so_noise_models
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on BICEP/Keck observations [44]. This does not play an essential role however since we focus
on small enough scales. In temperature, we use multipoles below ℓ = 3000, in which case
the impact of foregrounds can probably be mitigated. We combine the frequency channels
using a minimum variance internal linear combination to produce a single noise curve from
which we compute reconstruction noise levels with and without delensing etc.

B LSS tracers

In this appendix, we summarize the specifications of the LSS tracers used in the analysis.
To facilitate a direct comparison with the results of ref. [21], we adopt the same choice
of LSS tracers.

In the S/N ratio we need to evaluate the angular power spectrum of the LSS tracers.
In terms of generic LSS tracer window functions Wi, using the Limber approximation (see
e.g. [22]) the angular power spectrum is given by

CijL =
∫
dr
Wi(r)Wj(r)

r2 Pδδ

(
L

r
, z(r)

)
, (B.1)

where we adopt Halofit [53] for the matter power spectrum. In computing the bispectrum
with the curl lensing potential, we also need to evaluate the angular power spectrum between
the lensing convergence κ and the LSS tracers at different comoving distance r

CκiL = 3ΩMH
2
0

2

∫ r

0
dr′ r − r′

rr′
Wi(r′)
a(r′) Pδδ

(
L

r′ , z(r
′)
)
. (B.2)

For this we use κ = −1
2∆ψ and the Poisson equation relating −k2Φ = 4πGρma2δ.

B.1 CMB lensing convergence

For CMB lensing convergence we consider different upcoming surveys, summarized in tables 1–
4. In forecasting the signal to noise to detect ω and/or β we consider the same CMB
experiment for the lensing curl rotation and κ as a LSS probe. Beyond the window function,
see eq. (4.15), we simply need the noise curves N (0)

L , shown in figure 8.

B.2 Galaxy clustering

The second LSS probe we consider is galaxy clustering. Given that the lensing kernel is quite
broad, we do not gain significant benefits from using spectroscopic surveys. Instead, we can
take advantage of the very low shot noise provided by photometric surveys such as the Vera
Rubin Observatory (formerly LSST) [54]. For a broad redshift bin we can neglect redshift
space distortions and describe galaxy clustering with help of the window function defined
in eq. (4.16). The linear bias parameter is modelled as

b(z) = 1 + 0.84z , (B.3)

while the galaxy redshift distribution is

dN

dz
= 1

2z0

(
z

z0

)2
e−z/z0 (B.4)
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Figure 8. Lensing convergence reconstruction noise levels N (0)
L for the CMB configurations used

in this work. The black line is the fiducial lensing power spectrum. Curves for Simons Observatory
combine temperature and polarization information, the others use polarization only.

with z0 = 0.311 and n(z) is the corresponding normalized (to unity) distribution. The noise
is dominated by shot-noise, determined by the number of galaxy per steradian

Nshot = 1
40

(
π

60 × 180

)2
≃ 2.1 × 10−9 . (B.5)

B.3 Cosmic infrared background

For CIB radiation we consider the signal spectral energy distribution model, see ref. [55]. The
function fν which characterize the window function WI , see eq. (4.17), describes a graybody
spectrum, where the exponential decline is replaced with a power-law

fν =


[
exp

(
hν
kBT

)
− 1

]−1
νβ+3 (ν ≪ ν ′)[

exp
(
hν′

kBT

)
− 1

]−1
ν ′β+3 ( ν

ν′
)−α (ν > ν ′)

(B.6)

where ν ′ is defined such that the two functions match at ν ′ with a smooth gradient. In our
analysis we fix the parameters of WI to zc = σz = β = α = 2, T = 34 K and ν ′ = 353 GHz.
For the CIB noise we consider two components: shot-noise and galactic dust emission,

N I
L = N I

shot +N I
dust(L) (B.7)

with N I
shot = 225.6 × 10−12 MJy2 sr−1 and N I

dust(L) =
(
3 × 10−4)L−2.17 MJy2 sr−1.
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B.4 Bispectrum of ω with LSS tracers

Here we derive the bispectrum between the lensing curl and the LSS probes in some detail.
The Fourier transform of the lensing curl ω is, see eq. (2.3),

ω (L) = 2
∫
d2L1
2π L1 × L (L1 · (L − L1))

×
∫ r∗

0
dr
r∗ − r

r∗r

∫ r

0
dr′ r − r′

rr′ Φ (L1, t0 − r) Φ
(
L − L1, t0 − r′) . (B.8)

We consider LSS tracers of the form

aj (L) =
∫
drWj (r) δ (L, r) (B.9)

where Wj(r) is the window function for the tracer. We compute

⟨ω (−L) ai (L1) aj (L2)⟩

= 2
∫
d2L′

2π L′ × L
(
L′ ·

(
L + L′)) ∫ r∗

0
dr
r∗ − r

r∗r

∫ r

0
dr′ r − r′

rr′

∫
dr1Wi(r1)

∫
dr2Wj(r2)

×⟨Φ
(
L′, t0 − r

)
Φ
(
−L − L′, t0 − r′) δ (L1, r1) δ (L2, r2)⟩

= −2
(

−3
2ΩMH

2
0

)∫
d2L′

2π
L′ × L

(L′)2 |L + L′|2
(
L′ ·

(
L + L′)) ∫ r∗

0
dr
r∗ − r

r∗r

r2

a (t0 − r)

×
∫
dr1Wi(r1)

∫
dr2Wj(r2)⟨δ

(
L′, r

)
κ
(
−L − L′, r

)
δ (L1, r1) δ (L2, r2)⟩

= 2
2π

(
−3

2ΩMH
2
0

)
δD (−L + L1 + L2) L × L1

L2
1L

2
2

(L1 · L2)

×
∫ r∗

0
dr
r∗ − r

r∗r

r2

a (t0 − r)C
κj
L2

(r)CδiL1(r)

+ 2
2π

(
−3

2ΩMH
2
0

)
δD (−L + L1 + L2) L × L2

L2
1L

2
2

(L1 · L2)

×
∫ r∗

0
dr
r∗ − r

r∗r

r2

a (t0 − r)C
δj
L2

(r)CκiL1(r)

= 2
2π

(
−3

2ΩMH
2
0

)
δD (−L + L1 + L2) L2 × L1

L2
1L

2
2

(L1 · L2)

×
∫ r∗

0
dr
r∗ − r

r∗r

r2

a (t0 − r)
[
CκjL2

(r)CδiL1(r) − CδjL2
(r)CκiL1(r)

]
≃ − 2

2π

(
−3

2ΩMH
2
0

)
δD (−L + L1 + L2) L1 × L2

L2
1L

2
2

(L1 · L2)

×
∫ r∗

0
dr
r∗ − r

rr∗

1
a (t0 − r)

[
CκjL2

(r)Wi(r)Pδδ
(
L1
r
, r

)
− CκiL1(r)Wj(r)Pδδ

(
L2
r
, r

)]
(B.10)

where we have used

κ (L, r) = −L2
∫ r

0
dr′ r − r′

rr′ Φ
(
L, t0 − r′) (B.11)
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and the Poisson equation within the Limber approximation,

Φ (L, r) = −3ΩMH
2
0

2L2
r2

a
δ (L, r) . (B.12)

We have also introduced the cross spectra of the tracers i with the convergence κ and the
density field δ,∫

dr′Wi(r′)⟨κ (L1, r) δ
(
L2, r

′)⟩ = δD (L1 + L2)CκiL1 (r) (B.13)∫
dr′Wi(r′)⟨δ (L1, r) δ

(
L2, r

′)⟩ = δD (L1 + L2)CδiL1 (r)

≃ δD (L1 + L2) Wi(r)
r2 Pδδ

(
L1
r
, r

)
. (B.14)

As in ref. [21], we introduce

M ij (L1, L2) = 3
2ΩMH

2
0

∫ r∗

0
dr
r∗ − r

rr∗

1
a (t0 − r)C

κj
L2

(r)Wi(r)Pδδ
(
L1
r
, r

)
(B.15)

which yields

bωij(−L)L1L2
= 2L1 × L2

L2
1L

2
2

(L1 · L2)
[
M ij (L1, L2) −M ji (L2, L1)

]
. (B.16)

C Details on squeezed limits

We justify here some statements made in the main text in section 3.2, in particular on the
squeezed (low-L) limits, and on the B-modes and EB spectrum created by polarization
and lensing rotation.

To obtain squeezed limits of a quadratic estimator in curved-sky geometry it is possible
to start with the expressions for the quadratic estimators, compute their reconstruction
noise, and expand systematically in ℓ/L. For example, ref. [35] did proceed in this way
and the low-L limits (accurate up to order (ℓ/L)2) of all lensing quadratic estimators are
listed there (appendix D). That appendix also argues that all such limits can be obtained
easily from flat-sky calculations of the linear change of the local power spectrum C(ℓ) in
the presence of a larger mode of the anisotropy source, up to prefactors for spin-weighted
fields (like the lensing shear) that are easy to compute. We only review here for completeness
the response of the CMB fields under a locally constant rotation and a locally constant
lensing magnification matrix.

For polarization rotation (±2P → e∓2iβ
±2P ), and according to our flat-sky conventions,

the linear change in E and B mode is given by

δ(E(ℓ) ± iB(ℓ)) = ∓2iβ(E(ℓ) ± iB(ℓ)). (C.1)

The B-modes created by this rotation are δB(ℓ) = −2βE(ℓ). The linear response of the
spectra to β is given by

δCEBℓ ∼ −2β(CEEℓ − CBBℓ ), δCTBℓ ∼ −2βCTEℓ , (C.2)

and zero for the other spectra.
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With the notation defined in the introduction, the relation between the observed (n̂) and
unlensed (n̂′) angles under a locally constant magnification matrix is given by

n̂ =
(

1 + κ+ γ1 γ2 − ω

γ2 + ω 1 + κ− γ1

)
n̂′ ≡ Mn̂′. (C.3)

The modes of the polarization fields will be given by

−(E(ℓ) ± iB(ℓ)) =
∫
d2n̂ ±sP (M−1n̂)e−iℓ·n̂∓isϕℓ . (C.4)

Expanding, and using Dij = δij −Mij , the change to the modes to first order is given by

−δ(E(ℓ) ± iB(ℓ)) =
∫
d2n̂ [Dijn̂j∂ni ±sP (n̂)] e−iℓ·n̂∓isϕℓ . (C.5)

After some simple manipulations, one can write

δ(E(ℓ) ± iB(ℓ)) =
[
2κ− ℓ ·D∇ℓ + e±isϕℓℓ ·D∇ℓe

∓isϕℓ

]
(E(ℓ) ± iB(ℓ)), (C.6)

Following our conventions for the magnification matrix, and introducing γ1 + iγ2 = γei2ϕγ ,
we can write

−ℓ ·D∇ℓ = [κ+ γ cos(2(ϕγ − ϕℓ))] ℓ∂ℓ − [ω − γ sin(2(ϕγ − ϕℓ))] ∂ϕℓ
. (C.7)

In particular, this implies that the B modes created from a pure E pattern are given by

δB(ℓ) = [−2ω + 2γ sin(2(ϕγ − ϕℓ))]E(ℓ), (from lensing rotation and shear). (C.8)

Clearly, when ϕγ = ϕℓ no B-mode is generated from shear (bottom left panel in figure 9)
while for ϕγ − ϕℓ = ±π/4, the B-mode generation is maximal and equal to that of rotation
with ω = ∓γ (right panels in figure 9). The contribution from lensing rotation has the same
sign in these conventions as for polarization rotation. The changes to the spectra are easily
obtained from eqs. (C.6) and (C.7). The auto-spectra for example obey

δCXXℓ = CXXℓ

[
κ
d ln ℓ2CXXℓ

d ln ℓ + γ cos(2(ϕγ − ϕℓ))
d lnCXXℓ

d ln ℓ

]
(C.9)

for X ∈ T,E,B. The EB and TB spectra become

δCEBℓ = −(CEEℓ − CBBℓ ) (2ω − 2γ sin(2(ϕγ − ϕℓ))) , (C.10)
δCTBℓ = −CTEℓ (2ω − 2γ sin(2(ϕγ − ϕℓ))) . (C.11)

All the squeezed limits given in this paper follow from the recipe of [35] appendix D in
combination with the formulae for the linear spectral responses. This is consistent with a
similar calculation in [56] (after accounting for the different sign convention in κ and γ).
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B 6= 0

shear γ2

Figure 9. B-modes from large shearing lenses: the upper left panel shows a pure E polarization
pattern, formed by a single E-mode E(ℓ) with ℓ here along the horizontal axis. This results in pure
Q, oscillating pattern. The polarization sticks are either horizontal (Q > 0) or vertical (Q < 0), with
strength |Q| (the sticks length). A large-scale shearing lens introduces in it a B-mode when their
respective angles are sufficiently misaligned (here, 45 degrees for γ2, bottom right): in this case the
polarization strength also varies at a 45 degrees angle with respect to the sticks. In this maximal
case the B pattern created is the same (or opposite) as that of a large-scale image rotation of the
same amplitude (top right, for which ω = −γ2). None is produced when their angles are aligned
(bottom left, γ1).

D Curved-sky QE responses and biases

In this appendix we review briefly the relevant QE responses (RL) and biases (N (0), N (1)) in
the curved sky. We mostly follow [57], with a more general discussion of the curved-sky N (1)

L .
The curved-sky TT lensing N (1) is also discussed in [41], and more generally the structure
of statistically isotropic CMB trispectra has been worked out from first principles in [40].
We also obtain a simple (‘squeezed’) approximation for the low-L N (1).

Our starting point is the generic linear response of the CMB spectra to a source of
anisotropy ϕLM , once the relevant symmetries have been extracted

∆ ⟨Xl1m2Yl2m2⟩ =
∑
LM

(−1)M
(
ℓ1 ℓ2 L

m1 m2 −M

)
fϕXYℓ1ℓ2L

ϕLM , (D.1)

where X and Y are either T , E or B. The isotropic response functions fϕXY are either purely
imaginary for a parity-odd combination of fields (for example ϕEB, if ϕ is the lensing gradient
potential), in which case f is non-zero for ℓ1 +ℓ2 +L an odd number, and real for a parity-even
combination, with ℓ1 + ℓ2 +L and even number (for example for ΩEB, if Ω is the lensing curl
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potential). The following relations are useful, fXYℓ1ℓ2L
= (−1)L+ℓ1+ℓ2fY Xℓ2ℓ1L = (−1)L+ℓ1+ℓ2fXY,∗ℓ1ℓ2L

and follow directly from (D.1).
A generic quadratic estimator targeting a statistically isotropic anisotropy source may

be written as

x̄LM [X,Y ] = 1
2

∑
ℓ1m1ℓ2m2

(−1)M
(
ℓ1 ℓ2 L

m1 m2 −M

)
gxXYℓ1ℓ2LXℓ1m1Yℓ2m2 . (D.2)

Ref. [57] defines QE acting on the inverse-variance filtered CMB maps X̄ instead while we
define them here acting on the maps X themselves. The former is indeed more natural, but
the latter spares us to introduce additional notation in this appendix.

The linear response of x̄LM to ϕL′M ′ is obtained by plugging (D.1) into (D.2). The
orthogonality of the Wigner 3j symbols forces L = L′ and M = M ′. The result is

Rxϕ
L = 1

2(2L+ 1)
∑
ℓ1ℓ2

gxXYℓ1ℓ2Lf
ϕXY
ℓ1ℓ2L

. (D.3)

Here the sum goes over the values ℓ1 and ℓ2 which satisfy the triangle equality, |ℓ1 − ℓ2| ≤
L ≤ ℓ1 + ℓ2. The normalized estimator x̄LM/Rxϕ

L provides then an estimate of ϕ.
The covariance of quadratic estimators contains disconnected contractions of the four

CMB fields: ⟨XY ZW ⟩ − ⟨XY ⟩ ⟨ZW ⟩ ≡ ⟨XZ⟩ ⟨YW ⟩ + ⟨XW ⟩ ⟨Y Z⟩ + connected term. The
disconnected piece can be calculated simply using the orthogonality relations of the Wigner
3j symbols. Let x̄[X,Y ] and ȳ[Z,W ] be two QE’s. Then their covariance will contain

⟨x̄LM ȳ∗
L′M ′⟩ − ⟨x̄LM ⟩ ⟨ȳ∗

L′M ′⟩

∋ δLL′δMM ′

4(2L+ 1)
∑
ℓ1ℓ2

gxXYLℓ1ℓ2

[
gyZW,∗Lℓ1ℓ2

CXZℓ1 CYWℓ2 + (−1)ℓ1+ℓ2+LgyZW,∗Lℓ2ℓ1
CXWℓ1 CY Zℓ2

]
≡ δLL′δMM ′n

(0)
L,xy (+ connected 4-point), (D.4)

(the phase in the second term comes from switching the first two columns of the relevant
Wigner symbol). The spectra that enter this equation are the total CMB spectra, including
noise and the effect of the anisotropy sources. Physically, this represents the reconstruction
noise sourced by the total fluctuations of the CMB fields. The usual N (0) bias is then that
of the normalized estimators

N
(0)ϕ
L,xy ≡

n
(0)
L,xy

Rxϕ
L Ryϕ

L

. (D.5)

We now turn to the connected piece entering such a cross-spectrum. To leading ‘explicit order’
in the anisotropy source spectrum CϕϕL , we only need to consider the linear response (D.1)
(naively, one might consider crossing the second order response on one of the estimators to
the zeroth order on the second. This is however a disconnected piece, part of the change in
the isotropic spectra from the anisotropy source, already accounted for by n(0)

L ). There are 3
ways to produce two factors (D.1) from the four fields formed by a pair of QE’s: one way is
having the CMB contract on each QE separately (∆ ⟨XY ⟩ ∆ ⟨ZW ⟩, ‘primary’ contractions),
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and the other two contracting across the two QEs (∆ ⟨XZ⟩ ∆ ⟨YW ⟩ and ∆ ⟨XW ⟩ ∆ ⟨Y Z⟩,
‘secondary’ contractions). The primary term is the most natural term: the normalized x̄ and
ȳ were built precisely to form an estimate of ϕ, hence we ought to find a term proportional
to CϕϕL . The two other terms are called n(1), or N (1) after normalization of the estimators.

As a warm-up for the n(1) terms, the explicit calculation of the primary term gives indeed
the expected result (suppressing summation indices)

⟨x̄LM ȳ∗
L′M ⟩ (primary contractions)

= 1
4
∑

gxXYℓ1ℓ2Lg
yZW∗
ℓ3ℓ4L′ (−1)M−M ′

fϕXYℓ1ℓ2ℓ2
fϕZW∗
ℓ3ℓ4ℓ3

(−1)M2+M3
〈
ϕL2M2ϕ

∗
L3M3

〉
×
(
ℓ1 ℓ2 L

m1 m2 −M

)(
ℓ3 ℓ4 L′

m3 m4 −M ′

)(
ℓ1 ℓ2 L2
m1 m2 −M2

)(
ℓ3 ℓ4 L3
m3 m4 −M3

)

= δLL′δMM ′

4(2L+ 1)2

∑
gxXYℓ1ℓ2Lg

yZW∗
ℓ3ℓ4L

fϕXYℓ1ℓ2L
fϕZW∗
ℓ3ℓ4L

= δLL′δMM ′Rϕx̄
L Rϕȳ∗

L CϕϕL . (D.6)

We have used the orthogonality of the 3j symbols, when summing over m1, m2 and m3,
m4. The secondary terms (n(1)) are more complicated. The structure is the same as on
this equation, but the second pair of 3j’s originating from the responses will couple now ℓ1
and ℓ2 to ℓ3 and ℓ4 and vice-versa. The resulting pattern is precisely that of a 6j Wigner
symbol [40, 41, 58]. After tedious matching of various signs, one obtains the result

n
(1)
L,xy = (−1)P 1

4(2L+ 1)
∑

ℓ1ℓ2ℓ3ℓ4L′

(−1)L−L′
gxXYℓ1ℓ2Lg

yZW
ℓ3ℓ4L

CϕϕL′

×
[
fϕXWℓ1ℓ4L′f

ϕY Z
ℓ2ℓ3L′

{
ℓ1 ℓ2 L

ℓ3 ℓ4 L
′

}
+ fϕXZℓ1ℓ3L′f

ϕYW
ℓ2ℓ4L′

{
ℓ1 ℓ2 L

ℓ4 ℓ3 L
′

}]
(D.7)

where we extracted an overall sign (−1)P = (−1)ℓ2+ℓ3+L′ , the parity of ϕY Z.
Numerical evaluation of the curved-sky formula is tedious, and we have used the corre-

sponding flat-sky expressions for numerical work, available for example in [2, 30]. For spin-0
estimators (like polarization rotation), we can however compute the low-L n

(1)
L without too

much trouble: for L = 0 we use [58]{
ℓ1 ℓ2 0
ℓ3 ℓ4 L

′

}
= (−1)ℓ1+ℓ4+L′ δℓ1ℓ2δℓ3ℓ4√

2ℓ1 + 1
√

2ℓ3 + 1
. (D.8)

After some rearranging of the terms, we find

n
(1)
L=0,xy = 1

4
∑
ℓ1ℓ2L′

(
(−1)ℓ1gxXYℓ1ℓ10√

2ℓ1 + 1

)(−1)ℓ2gyZWℓ2ℓ20√
2ℓ2 + 1

CϕϕL′

×
[
(−1)P fϕXWℓ1ℓ2L′f

ϕY Z
ℓ1ℓ2L′ + (−1)P ′

fϕXZℓ1ℓ2L′f
ϕYW
ℓ1ℓ2L′

]
(D.9)

where the constant signs (−1)P and (−1)P ′ are the parity of ϕY Z and ϕXZ respectively. On
one hand, this may be evaluated very efficiently in position-space in the exact same manner as
usual for response calculations. This is a special case of a more general result valid when both
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L and L′ are small compared to the ‘small scale mode’ 2ℓ+ 1 ≡ (ℓ1 + ℓ2 + ℓ3 + ℓ4)/2, which we
discuss next. Wigner 6j symbols have a well-known useful graphical representation through
tetrahedra and their value closely follows their inverse volume [59] when momenta are large.
From this, one can infer [58] that forcing L and L′ to be somewhat small forces in the first
term 4q ≡ ℓ1 + ℓ3 − (ℓ2 + ℓ4) = 0 to dominate. (And similarly 4q′ ≡ ℓ1 + ℓ4 − (ℓ2 + ℓ3) = 0
in the second term.) Non-zero values of q are then suppressed by a factor of (2ℓ + 1)|4q|.
This results eventually in

n
(1)
LL′ ∼ 1

4(2L+ 1)C
ϕϕ
L′

∑
ℓ1ℓ2ℓ3ℓ4

gXYℓ1ℓ2Lg
ZW
ℓ3ℓ4L

2ℓ+ 1
[
δq0(−1)P fXWℓ1ℓ4L′fZYℓ3ℓ2L′ + δq′0(−1)P ′

fXZℓ1ℓ3L′fWY
ℓ4ℓ2L′

]
(D.10)

where n(1)
LL′ is the contribution per L′ to n(1)

L . Eqs. (D.9) and (D.10) sums a term which has
a similar formal structure as the standard QE response RL′ , but using modified weights.
Since all bispectra f and g at small L and L′ and large CMB ℓ’s captures the response of the
small scale spectrum to the anisotropy source, one can derive a similarly handy formula in
this limit. For example in this way: the polarization-rotation n

(1)
Lββ induced by the lensing

potential ψ will be dominated at low L by the parity even βEB ((D.9) explicitly enforces
xXY and yZW to be parity-even). Hence X = Z = E and Y = W = B, and we can also
drop the second term, since the lensing ψBB linear response is negligible. The relevant
set of weights and responses are thus

gβEBℓ1ℓ2L
= −2

√
(2ℓ1 +1)(2ℓ2 +1)(2′ +1)

4π
2CEEℓ1

CEE,dat
ℓ CBB,dat

ℓ

2F
+
ℓ1ℓ2L

, (D.11)

fψEBℓ1ℓ2L′ = i

4

√
(2ℓ1 +1)(2ℓ2 +1)(2L′ +1)

4π (2CEEℓ1 )2F
−
ℓ1ℓ2L′

(
L′(L′ +1)+ℓ1(ℓ1 +1)−ℓ2(ℓ2 +1)

)
.

(D.12)

We may then proceed following [35] by defining M′ = ℓ1 − ℓ2 and ℓ = (ℓ1 + ℓ2)/2 and work
to O((L/ℓ)2). In that order, it helps to notice that M′ is constrained to |M′| ≤ L′ from the
triangle conditions, that products of smooth functions v like vℓ1vℓ2 are equivalent to v2

ℓ , and
that ℓ2(ℓ1 + 1) − ℓ1(ℓ1 + 1) = M′(2ℓ+ 1). [35] gives the squeezed limit of the trigonometric
2F kernels as function of M′, and the resulting M′-average can be performed using the same
methods as in that reference. The end result for the ψ-induced n(1) is

n
(1)
LL′,ββ ∼

(2L′ + 1
4π CκκL′

1
2

(L′ − 1)(L′ + 2)
L′(L′ + 1)

) ∑
2ℓ≥L,L′

2ℓ+ 1
4π

(
−2CEEℓ
CEE,dat
ℓ

−2CEEℓ
CBB,dat
ℓ

)2

,

(D.13)

where CκκL = L2(L + 1)2CψψL /4. The left-most factor is the variance of κ, constrained to
L′ ≤ 2ℓ by the triangle conditions on ℓ1, ℓ2, L′. The multiplicative factor (L− 1)(L+ 2)/L/
(L+ 1)/2 ∼ 1/2 in the sum is the ‘shear’ factor, accounting for the fact that the EB-response
only relates to the shear-part of the lensing field (a large scale (de-)magnifying lens does not
change the pure-E nature of a pure-E primordial polarization). This approximation to n(1)

does not appear useful in the delensed case, since delensing removes most of the large-scale
lensing power, making contributions from large L′ most significant.
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