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Abstract
Facultad de Ciencias Exactas

Departamento de Ciencias Físicas

Doctor of Philosophy

Kounterterms in Einstein Gravity and in Higher-Derivative Theories of
Gravity

by Georgios Anastasiou

The aim of this thesis is two-fold. It consists mainly in gaining better intu-
ition on the mechanism of cancellation of IR divergences in Einstein gravity with
negative cosmological constant, using a new regularization scheme, namely the
Kounterterms. Exploiting its properties and its connection with topological in-
variance, we gain insight both in Conformal and Critical Gravity, which are
higher-derivative theories defined in 4D.

The Kounterterms stand as an alternative regularization scheme to Holo-
graphic Renormalization and corresponds to the addition of surface terms that
depend on intrinsic and extrinsic quantities of the boundary on top of the Einstein-
Hilbert action, rendering the action evaluated on Anti de-Sitter spacetimes, fi-
nite. Unlike the counterterms in the standard Holographic Renormalization,
they admit a closed form in any dimension. We compare two regularization
schemes in Asymptotically Conformally Flat spaces, and conclude their equiva-
lence for terms up to cubic order in the curvature O

(
R3).

Because of the connection between the Kounterterms and topological invari-
ants in even-dimensional spacetimes, the renormalized Einstein-AdS action ad-
mits a closed form, expressed as a polynomial of the on-shell Weyl tensor. This
feature is crucial when dealing with higher-curvature gravity theories with an
Einstein branch of solutions. In Conformal Gravity it allows us to prove explic-
itly the equivalence between Einstein and Conformal Gravity, previously stated
by Maldacena.

In Critical Gravity, using the Noether-Wald method we prove, in a non-
perturbative way, the trivial character of the Einstein modes of the theory. In-
deed, the only non-trivial information is coming from the non-Einstein modes
represented by the Bach tensor. Based on this result, we introduce a new series of
counterterms, which depend explicitly on the extrinsic curvature and its deriva-
tives, and provide a shortcut in the derivation of the holographic correlations
functions living in the boundary Conformal Field Theory.
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Chapter 1

Introduction

The AdS/CFT correspondence constitutes a concrete realization of holography
with many applications in various areas of Physics. It expresses the duality
between the dynamical fields propagating in the bulk AdSd+1 spacetime and
the operators of the CFTd that live in one dimension lower, at the conformal
boundary of the AdS spacetime [1]. Assuming a classical gravity theory, namely
weakly coupled, and its strongly coupled CFT dual, then the following equiv-
alence between the generating functional of the boundary CFT and the bulk
on-shell action is valid:

Son−shell

(
ϕ(0)

)
= −WCFT

(
ϕ(0)

)
, (1.1)

where WCFT is the quantum effective action of the CFT, Son−shell is the on-shell
bulk action and ϕ(0) is the value at the conformal boundary of the bulk propagat-
ing field ϕ [2]. The above relation allows us to compute the correlation functions
of the gauge operators living on the boundary, using the on-shell bulk action.

The asymptotic conformal structure of AdS spacetimes induces a series ex-
pansion of the bulk fields around the conformal boundary, where ϕ(0) is the
leading contribution and plays the role of the source of the dual operator. Solv-
ing the equations of motion order by order, one determines several terms of
the asymptotic expansion as functions of the source. Thus, defining Dirichlet
boundary conditions for the source ϕ(0), one can reconstruct the bulk field par-
tially up to the deep interior.

A concrete realization of this construction is the FG expansion of the bulk
metric Gij [3]. In this case the conformal boundary metric g(0)ij is the source
that couples to the boundary stress-energy tensor

〈
Tij
〉
, which is the dual oper-

ator. The presence of a pole of second order in this class of spacetimes, called
ALAdS spacetimes, induces a conformal structure in asymptotic infinity that in-
troduces infinities at the action. In the context of AdS/CFT correspondence, AL-
AdS spacetimes are of wide interest, as the form of the boundary metric, which
corresponds to the CFT background metric, is totally unconstrained.

As a consequence, the on-shell action of the gravitational action diverges,
reflecting the infinity of the bulk volume. In the context of holography, the bulk
divergences are seen as the UV divergences arising in the dual field theory. This
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feature is actually an aspect of the duality between the radial coordinate in the
bulk and the energy scale in the boundary.

In order to cancel the divergences, requiring the action to be well-defined,
a series of Dirichlet surface terms has to be added, namely the counterterms.
This means that the counterterms depend only on intrinsic quantities of the
codimension-1 hypersurface at constant radius,I.e., the metric of the hypersur-
face, the intrinsic curvature and derivatives of the curvature. Based on these
considerations the HR was introduced in [4]–[6], as a systematic regularization
scheme of the bulk action.

Even though the HR provides a systematic way to render the action finite,
the complexity of the counterterms grows as we go to higher dimensions. More-
over, the Dirichlet variational problem for the full boundary metric hij is not well
defined, as it diverges at spatial infinity. A consistent choice is the fixing of the
background metric of the CFT, namely g(0)ij. These two features motivated the
discussion for alternative regularization schemes.

In [7] it was proposed a different prescription for the cancellation of the di-
vergences. This new scheme is based on the addition of a unique surface term
that depends both on intrinsic (R) and extrinsic (K) curvatures with a fixed
coupling constant (cd). This new proposal, which is characterized by its com-
pactness and its profound connection to geometry, is called Kounterterms. Its
general form for AdSd+1 reads

Ĩren = IEH + cd

∫
∂M

ddx
√
−hBd (h, K,R) . (1.2)

For even dimensions the surface term arises as the boundary correction to the
Euler theorem for non-compact manifolds with a boundary. As a consequence
there is an underlying relation between the regularization of the action and the
addition of topological invariants of the Euler class. This concept is called Topo-
logical Regularization.

Despite the absence of topological invariants in odd-dimensional manifolds,
an analogous regularizing scheme had been introduced, generalizing the con-
cept of Kounterterms [8]. In this case the geometrical interpretation is different,
as the term arises as a boundary correction to the Transgression form of the AdS
group.

In chapter 2, we compare the two regularizing schemes, namely the Koun-
terterms and the standard counterterm series Lct (h). In order for the two for-
mulas to coincide, we add and subtract the Gibbons-Hawking term in Eq. (1.2).
The main obstacle, is the transition from the extrinsic counterterms to intrinsic
ones. The problem is circumvented by considering that the extrinsic curvature
Kij can be expanded asymptotically as a function of intrinsic quantities of the
conformal boundary.

It is shown their full accordance up to eighth order derivative terms, which
arise in the boundary of ten and eleven dimensions. Based on this equivalence,
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we show that the off-shell form of the standard counterterm can be written in
a compact form and a general recursive formula for (2p)-order counterterm is
proposed, common for both even and odd-dimensional manifolds.

In chapter 3 of this thesis, we provide an explicit proof of the equivalence be-
tween Einstein and CG based on Topological Regularization in 4D [9]. From the
derivation of the field equations we realize that Einstein spacetimes constitute a
specific branch in the broader class of solutions of the theory. Based on this, we
decompose the curvature into an Einstein and a NE part, which can be extended
at the level of the action and the variation of it, respectively. It is shown that the
vanishing of the Bach tensor is a sufficient condition in order to recover Einstein
gravity with a negative cosmological constant.

Finally, a direct consequence of this result is presented in chapter 4, in the
context of CrG. It is explained the triviality of the theory when the Einstein
branch is considered [10]. We show that the only non-trivial contribution is
coming from a function quadratic in the Bach tensor [11]. The presence of NE
modes in the theory demands a modified asymptotic behavior that switches on
a new source on the boundary theory. Furthermore, the finiteness of the action
is analyzed and a new series of counterterms is proposed depending explicitly
on the extrinsic curvature and its derivatives. As a final step, the holographic
correlation functions are computed and the boundary theory is identified as a
LCFT.
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Chapter 2

Asymptotic analysis of AdS
spacetimes

2.1 Introduction

The holographic principle is based on the conjecture about the duality between
a gravity theory living in the (D = d + 1)-dimensional bulk manifold and a
d-dimensional field theory residing on the boundary. In a more concrete way,
the duality states that the bulk propagating fields determine the observables of
the boundary field theory. A concrete realization of the holographic principle is
given by the AdS/CFT correspondence, where on the one side we have fields
on a gravitational background equipped with a negative cosmological constant
(Λ < 0) and on the other side, gauge invariant operators in the boundary CFT
[1]. This one to one correspondence between the fields is a direct consequence
of the identification of the partition functions of the two theories, which reads

ZSUGRA

(
ϕ(0)

)
= ZCFT

(
ϕ(0)

)
, (2.1)

where ZSUGRA (ϕ0) is the partition function in the low energy regime of string
theory (Supergravity), expressed as a function of the boundary values of the
bulk fields, and ZCFT is the partition function of the strongly coupled CFT [2].
In the saddle-point approximation, ZSUGRA ' e−Ion−shell and the Eq. (2.1) can
equivalently be written as

Ion−shell

(
ϕ(0)

)
= −WCFT

(
ϕ(0)

)
, (2.2)

implying the equivalence between the on-shell gravitational action and the CFT
generating functional. The generating functional determines the n-point func-
tions of the theory. In particular, one-point function reads

〈O (x)〉 = −
δWCFT

(
ϕ(0) (x)

)
δϕ(0) (x)

, (2.3)
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where ϕ(0) is the value of the the bulk field (scalar, gauge field or the gravi-
tational field) at the conformal boundary. Here ϕ(0) plays also the role of the
source that couples to the dual operator O (x).

Following the AdS/CFT dictionary, the Eq. (2.3) reads

〈O (x)〉 =
δIon−shell

(
ϕ(0)

)
δϕ(0)

. (2.4)

Hence, one determines the operators and the correlations functions of the strongly
coupled CFT by calculating the on-shell action of the weakly coupled gravita-
tional counterpart.

In the analysis below, we are focusing on gravity. In this case, the dual to the
bulk metric Gµν is the stress-energy tensor

〈
Tij (x)

〉
of the CFTd, which is written

as 1-point function

〈
Tij (x)

〉
=

2√−g(0)

δIon−shell

(
g(0)
)

δgij
(0) (x)

. (2.5)

Here, g(0)ij is the background metric of the boundary CFT which is also the
source that couples to the stress-energy tensor. In the gravitational context, it
corresponds to the value of the bulk metric Gij when evaluated at the bound-
ary and defines the Dirichlet boundary conditions of the theory. It is evident
that the study of the asymptotic structure of AdS spacetimes is crucial for the
understanding of holography.

Following the Refs.[12], [13], the class of spacetimes which are asymptoti-
cally exact AdS, they are called AAdS spacetimes. This means that the bulk
Riemann tensor in the asymptotic region obtains the form

Rαβ
µν = − 1

`2 δ
[αβ]
[µν]

(2.6)

where δ
[αβ]
[µν]

= δα
µδ

β
ν − δα

ν δ
β
µ is the generalized antisymmetric delta. The following

metric

ds2 =
`2

z2

(
dz2 + dxµdxµ

)
(2.7)

represents AdS in Poincare coordinates and satisfies the condition (2.6). We re-
alize that at the AdS boundary, which is located at z = 0, the spacetime (2.7) is
singular due to the second order pole. This means that no boundary metric is
induced from the bulk. In order to overcome the boundary singularity we em-
ploy Penrose’s conformal compactification technique. Considering a function
z(x), which is positive in the bulk and has a first order pole at the boundary, one
defines the metric
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G̃ = z2G , (2.8)

which is conformally related to Gij and regular at the whole space. This means
that the new metric can be smoothly extended to the boundary without the pres-
ence of any singularities. Indeed, the boundary metric, given by

g(0) = z2Gz=0 , (2.9)

is regular but can only be determined up to the choice of the function z(x). Ac-
tually, every defining function of the same conformal class with z(x) is valid. As
a consequence, the boundary metric g0 is determined up to a conformal factor.
Hence, the bulk metric G induces a conformal structure at the boundary. In the
pure AdS case (2.7), the induced metric at the boundary is Minkowski and be-
longs to the same conformal class with the Einstein static universe metric which
is topologically R× Sd−1. This is a crucial feature of the AAdS spacetimes.

The above considerations were generalized for a generic (pseudo) Rieman-
nian metric G with a second order pole, similar to the one seen in the pure AdS
case. If there is a defining function z which is positive definite in the bulk and
satisfies the conditions z(∂M) = 0,dz(∂M) 6= 0 at the boundary of a manifold
M, then G is a conformally compact metric as G̃ = z2G is smooth with a reg-
ular boundary metric g(0) = z2G|∂M

. The choice of the defining function is not
unique, leading to many different compactifications of the bulk metric. There-
fore, the bulk metric induces a conformal structure at the boundary, located in
z = 0, defined by the conformal class of the boundary metric [g0].

When G is a solution of the Einstein equations then it represents a confor-
mally compact Einstein manifold whose Riemann curvature reads

Rαβ
µν = − 1

`2 δ
[αβ]
[µν]

+O
(

z−3
)

. (2.10)

We realize that the Riemann tensor of the conformally compact Einstein mani-
folds approaches asymptotically the pure AdS form given in (2.6), justifying the
name AlAdS spaces. The key point here is that there is no restriction on the
conformal structure and the topology of the boundary, unlike the AAdS case
where the boundary metric is conformal to R× Sd−1. As a consequence, the AL-
AdS spacetimes correspond to more generic asymptotics than AAdS spaces, in
accordance with the non-restrictive form of the source of the dual CFT. In [3],
it was introduced a coordinate system representing the conformal structure in-
duced at infinity. More specifically, considering that the defining function z(x)
plays the roles of the radial coordinate in a Gauss-normal frame emanating from
the boundary, the bulk metric reads

ds2 =
1
z2

(
dz2 + gij (z, x) dxidxj

)
. (2.11)
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As it was shown in (2.8), the metric gij (z, x) is regular at the asymptotic limit
z → 0. Thus endows a Taylor-like expansion around the conformal boundary
z = 0, which casts the form

gij (z, x) = g(0)ij (x) + zg(1)ij (x) + z2g(2)ij (x) + . . .

. . . +zdg(d)ij (x) + zdh(d)ij log z2 . (2.12)

In Einstein gravity, all the odd-power coefficients vanish, when solving Ein-
stein’s equations in this frame. It is convenient to rewrite the FG expansion
considering the coordinate transformation ρ = z2. In this case the bulk metric in
FG coordinates obtains the form

ds2 =
`2

4ρ2 dρ2 + hij(x, ρ)dxidxj , (2.13)

where hij (x, ρ) = 1
ρ gij (x, ρ) is the induced metric on the ρ = const hypersurface

and gij (x, ρ) expresses the series expansion around the boundary ρ = 0

gij (ρ, x) = g(0)ij (x) + ρg(2)ij (x) + ρ2g(4)ij (x) + ρ3g(6)ij (x) + . . .

. . . +ρ
d
2 g(d)ij (x) + ρ

d
2 h(d)ij log ρ . (2.14)

The logarithmic term arises only in the case of an even-dimensional boundary,
and its coefficient determines the variation of the conformal anomaly with re-
spect to the metric. Considering that the indices are raised and lowered by the
metric g(0)ij, the contravariant form of the expansion (2.14) now reads

gij (ρ, x) = gij
(0) − ρgij

(2) + ρ2
[

gik
(2)g

j
(2)k − gij

(4)

]
− (2.15)

−ρ3
[

gi
(2)kgk

(2)mgmj
(2) + gij

(6) − 2gi
(2)kgkj

(4)

]
+O

(
ρ4
)

.

Actually, the fixing of the leading order term defines the Dirichlet boundary
conditions in the gravitational context. Namely, given g(0)ij (x), one determines
partially the bulk metric up to the deep interior, but not to all orders, by solving
the Einstein equations order by order in this frame. This is a consequence of
the fact that additional boundary data is needed in order to be able to compute
the divergenceless and traceless part of g(d)ij. In the following section, we will
compute the first terms of the FG expansion and show that they are functions of
the intrinsic curvature of g(0).
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2.2 Einstein equations in the FG frame and the asymp-
totic fall-off of the Weyl tensor

2.2.1 Determining the FG coefficients

The EOM of Einstein-AdS gravity, meaning the EH action equipped with a neg-
ative cosmological constant, in a (d + 1)-dimensional manifold M is given by

Rµ
ν −

1
2

Rδ
µ
ν −

d (d− 1)
`2 δ

µ
ν = 0 . (2.16)

Taking the trace of the EOM, one gets that

Rµ
ν = − d

`2 δ
µ
ν , (2.17)

which defines the class of Einstein spaces. The Weyl tensor, on the other hand,
is defined by

Wαβ
µν = Rαβ

µν − Sα
µδ

β
ν + Sβ

µδα
ν + Sα

νδ
β
µ − Sβ

ν δα
µ , (2.18)

where

Sµ
ν =

1
d− 1

(
Rµ

ν −
1

2d
Rδ

µ
ν

)
, (2.19)

is the Schouten tensor of the bulk. The Weyl tensor is traceless (Wa
bad) and is

subject to the properties of the Riemann tensor, namely

Wabcd = −Wbacd = −Wabdc

Wabcd = Wcdab

Wabcd + Wacdb + Wadbc = 0 .

When evaluated on Einstein spacetimes, the Schouten and the Weyl tensors ob-
tain the form

Sµ
ν = − 1

2`2 δ
µ
ν , (2.20)

Wαβ
µν = Rαβ

µν +
1
`2 δ

[αβ]
[µν]

. (2.21)

Considering the tracelessness of the on-shell Weyl tensor, one recovers the Ein-
stein’s EOM, because

Wµα
να = Rµ

ν +
d
`2 δ

µ
ν = 0 . (2.22)
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In what follows the Greek indices indicate spacetime indices, while the Latin
ones indicate boundary indices. Working in Gauss-normal coordinates for the
radial foliation of the bulk metric

ds2 = N2 (ρ) dρ2 + hij (x, ρ) dxidxj , (2.23)

where N is the lapse function, the extrinsic curvature is defined by

Kij = −
1

2N
∂ρhij (x, ρ) . (2.24)

In general, the extrinsic curvature expresses the embedding of a submanifold in
a manifold and depends on the particular foliation. In our case, the Eq.(2.24)
represents the embedding of the constant radius hypersurfaces with induced
metric hij into the bulk metric. Furthermore, the non vanishing components of
the Christoffel symbols are given by

Γρ
ρρ =

Ṅ
N

, Γρ
ij =

1
N

Kij ,

Γi
ρj = −NKi

j , Γi
jk = Γi

jk (h) , (2.25)

where the dot indicates the radial derivative. The Christoffel symbols of the
radial foliation will be extremely useful later, in the derivation of the field equa-
tions and the surface terms of the CG. When the extrinsic curvature (2.24) is
expressed in FG coordinates, then it adopts the following expansion

Ki
j = Ki

(0)j + ρKi
(2)j + ρ2Ki

(4)j + ρ3Ki
(6)j

=
1
`

δi
j −

ρ

`
gi
(2)j +

ρ2

`

(
gi
(2)kgk

(2)j − 2gi
(4)j

)
−

− ρ3

`

(
gi
(2)kgk

(2)mgm
(2)j + 3gi

(6)j − 3gi
(2)kgk

(4)j

)
+O

(
ρ4
)

. (2.26)

For a general radial foliation, the spacetime Weyl tensor is decomposed in three
independent tensors (W ij

kl, Ei
j, W ij

k ). Once the GC relations [14], for the radial
foliations, are applied in Eq.(2.21), one gets for the different Weyl components
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W ij
kl = Rij

kl − Ki
kK j

l + Ki
lK

j
k +

1
`2 δ

ij
kl , (2.27)

Ei
j = W iρ

jρ =
1
N

K̇i
j − Ki

kKk
j +

1
`2 δi

j , (2.28)

W i
jk = W iρ

jk =
1
N

(
DjKi

k − DkKi
j

)
, (2.29)

W ij
k = W ij

kρ = −N
(

DiK j
k − DjKi

k

)
. (2.30)

Hence, in this frame, the Einstein’s equations become

W ik
jk + Ei

j = 0 , (2.31)

Ei
i = 0 , (2.32)

W ij
j = 0 . (2.33)

Substituting the FG expansion in (2.31, 2.32, 2.33), one obtains a series of alge-
braic equations that determine all the coefficients g(n)ij, for n < d, plus the trace
and the divergence of g(d)ij as functions of intrinsic quantities of the conformal
boundary metric g(0)ij. In what follows, we will try to determine the first few
coefficients and the relations between the traces of the extrinsic curvature terms.
The Riemann tensor is expanded in the vicinity of the boundary as

Rij
kl (g) = Rij

(0)kl +R
ij
(1)kl

(
g(0)
)
+Rij

(2)kl

(
g(0)
)
+ . . . , (2.34)

Rij
kl (h) = ρRij

kl (g) . (2.35)

Using the definitionRik
jk = R

i
j, we find the Ricci tensor

Ri
j (h) = ρRi

j (g) = ρRi
(0)j

(
g(0)
)
+ ρ2Ri

(1)j

(
g(0)
)
+ ρ3Ri

(2)j

(
g(0)
)
+ . . . .

(2.36)
Substituting Eqs.(2.27) and (2.28), the first EOM in Eq.(2.31) can equivalently be
written as

Ri
j (h)− KKi

j + Ki
lK

l
j +

d− 1
`2 δi

j = −Ei
j . (2.37)

The RHS of the above equation, is identified as the electric part of the Weyl ten-
sor, previously defined in Eq. (2.28), and represents a symmetric and traceless
spatial tensor. This tensor results after projecting two of the indices of the Weyl
tensor at the normal (radial) direction. In the FG frame, where the Eq.(2.26) is
considered, becomes
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Ei
j =

2ρ

`

(
Ki
(2)j + 2ρKi

(4)j + 3ρ2Ki
(6)j

)
− 1

`2 δi
j −

2ρ

`
Ki
(2)j

− ρ2

`

(
2Ki

(4)j + `Ki
(2)lK

l
(2)j

)
− 2ρ3

`

(
Ki
(6)j + `Ki

(2)lK
l
(4)j

)
+

1
`2 δi

j

=
ρ2

`

(
2Ki

(4)j − `Ki
(2)lK

l
(2)j

)
+

2ρ3

`

(
2Ki

(6)j − `Ki
(2)lK

l
(4)j

)
. (2.38)

Notice that the O (ρ) term is identically zero.
Inserting the intrinsic and the extrinsic curvatures from Eqs.(2.36) and (2.26),

respectively, in the EOM (2.37), leads to the following expression

ρ

`

[
`Ri

(0)j − (d− 2)Ki
(2)j − K(2)δ

i
j

]
+

+
ρ2

`

[
`Ri

(1)j − (d− 2)Ki
(4)j − K(4)δ

i
j + `Ki

(2)lK
l
(2)j − `Ki

(2)jK(2)

]
+

ρ3

`

[
`Ri

(2)j − (d− 2)Ki
(6)j − K(6)δ

i
j − `K(2)K

i
(4)j − `K(4)K

i
(2)j + 2`Ki

(2)lK
l
(4)j

]
=

= −ρ2Ei
(4)j − ρ3Ei

(6)j . (2.39)

The Ei
(n)j are terms that represent the expansion of the electric part of the Weyl

tensor. From the Eq. (2.38), the first two terms are identified by

Ei
(4)j =

1
`

(
2Ki

(4)j − `Ki
(2)lK

l
(2)j

)
, (2.40)

Ei
(6)j =

2
`

(
2Ki

(6)j − `Ki
(2)lK

l
(4)j

)
. (2.41)

Solving the Eq.(2.39) order by order, we determine the coefficients of the FG
expansion of the metric. Starting from the O (ρ) term, we get

`Ri
(0)j − (d− 2)Ki

(2)j − K(2)δ
i
j = 0 . (2.42)

The trace of this equation implies that

K(2) =
`

2(d− 1)
R(0) . (2.43)

Thus, when inserted into the O (ρ) EOM, the next to the leading order term of
the extrinsic curvature expansion is determined by,

Ki
(2)j =

`

d− 2

[
Ri

(0)j −
1

2(d− 1)
R(0)δ

i
j

]
= `S i

(0)j , (2.44)
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where S i
(0)j is the Schouten tensor of the conformal boundary metric g(0)ij. Fur-

thermore, the expansion in Eq.(2.26) allows us to identify the equivalence

Ki
(2)j = −

1
`

gi
(2)j , (2.45)

and determine the next to the leading order term of the metric in the FG frame
as

gi
(2)j = −`

2S i
(0)j . (2.46)

Going to the O
(
ρ2) term, the EOM read

Ri
(1)j − `−1 (d− 2)Ki

(4)j − `−1K(4)δ
i
j + Ki

(2)lK
l
(2)j − Ki

(2)jK(2) = −Ei
(4)j . (2.47)

Taking the trace, we get

K(4) =
`

2(d− 1)

(
R(1) − δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

)
, (2.48)

and substituting it back into the EOM, we find

Ki
(4)j =

`

d− 4

[
Ri

(1)j − K(2)K
i
(2)j + Ki

(2)lK
l
(2)j−

− 1
2(d− 1)

(
R(1) − δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

)
δi

j

]
. (2.49)

From (2.26), Ki
(4)j is identified as

Ki
(4)j =

1
`

[
gi
(2)kgk

(2)j − 2gi
(4)j

]
, (2.50)

and considering the Eqs.(2.46) and (2.49), the g(4)ij reads

gi
(4)j =

`2

2(d− 4)

[
(d− 5)Ki

(2)kKk
(2)j + Ki

(2)jK(2) −Ri
(1)j+

+
1

2(d− 1)

(
R(1) − δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

)
δi

j

]
. (2.51)

Focusing on the O
(
ρ3) order, the EOM have the form

Ri
(2)j − `−1 (d− 2)Ki

(6)j − `−1K(6)δ
i
j − K(2)K

i
(4)j−

−K(4)K
i
(2)j + 2Ki

(2)lK
l
(4)j = −Ei

(6)j . (2.52)
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Taking the trace, the RHS piece vanishes, and gives

K(6) =
`

2(d− 1)

(
R(2) − 2δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

)
. (2.53)

Putting this result back in the EOM, one gets

Ki
(6)j =

`

d− 6

[
Ri

(2)j − K(2)K
i
(4)j − K(4)K

i
(2)j−

− 1
2(d− 1)

(
R(2) − 2δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

)
δi

j

]
. (2.54)

As a last step, we show that the tracelessness of the electric part of the Weyl
tensor, seen in Eq.(2.32), determines the following relations

K(4) =
`

2
Tr
(

K2
(2)

)
, (2.55)

K(6) =
`

2
Tr
(

K(2)K(4)

)
. (2.56)

Solving the Einstein’s equations in the FG frame, allows us to determine the
asymptotic behavior of the extrinsic curvature. Notice that it is a radial expan-
sion of intrinsic curvature invariants whose number of derivatives is analogous
to the power of the radial coordinate. This property will be crucial for the deriva-
tion of the standard counterterm series starting from an expression that has an
explicit dependence on the extrinsic curvature, namely, the Kounterterms.

2.2.2 Asymptotic fall-off of the Weyl tensor

The main objective of the first part of the thesis, is the comparison between two
regularization schemes, which is translated at the level of their respective sur-
face terms, the standard counterterms and the Kounterterms. The analysis in
the most general case is cumbersome, but we can simplify the problem by im-
posing specific boundary conditions associated to the fall-off of the Weyl tensor.
In what follows we define a specific class of spacetimes, called asymptotically
conformally flat spaces, which correspond to the terrain of our analysis.

Starting from the second Bianchi indentity for the Weyl tensor, one gets

∇[αWµν

βγ]
≡ ∇αWµν

βγ +∇βWµν
γα +∇γWµν

αβ = 0 . (2.57)

Using the GC relations [14], a series of differential equations for the independent
components of the Weyl tensor is found, which cast the Bianchi identity in the
form
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Ẇ ij
kl = DlW

ij
k − DkW ij

l − Ki
mWmj

kl + K j
mWmi

kl

+Ki
kEj

l − K j
kEi

l − Ki
lE

j
k + K j

l E
i
k ,

Ẇ k
ij = −DiEk

j + DjEk
i + KilWkl

j − KjlWkl
i − Kk

l W l
ij ,

0 = D[mW ij
kl] − Ki

[mW j
kl] + K j

[mW i
kl] ,

0 = D[lW
k

ij] − KimWkm
jl + KjmWkm

il − KlmWkm
ij , (2.58)

where Dm is the covariant derivative of the boundary metric hij.
It is evident that in order to determine the fall-off, the previous equations

have to be solved asymptotically, assuming the asymptotic expansion of the ex-
trinsic curvature (2.26). We are keeping only the first two terms, namely

Ki
j (h) '

1
`

δi
j + `ρS i

(0)j '
1
`

δi
j + `S i

j (h) . (2.59)

Moreover, considering the second order pole of the ALAdS spacetimes, the fall-
off of the metric hij is of order O

(
ρ−1) when expressed in FG coordinates or

hij = O
(
e2r/`) when written in Schwarzschild coordinates. For the curvatures,

on the other hand, we get the following asymptotic behavior

Rij
kl (h) = ρRij

kl (g) = O
(

e−2r/`
)

,

S i
j (h) = ρS i

j (g) = O
(

e−2r/`
)

.

Taking into account only the leading order contribution from (2.59), the differ-
ential equations in (2.58) can be rewritten as

Ẇ ij
kl ' DlW

ij
k − DkW ij

l −
2
`

W ij
kl +

1
`

(
δi

kEj
l − δ

j
kEi

l − δi
l E

j
k + δ

j
l E

i
k

)
, (2.60)

Ẇ k
ij ' −DiEk

j + DjEk
i +

1
`

(
Wk

ij −Wk
ji −W k

ij

)
, (2.61)

D[mW ij
kl] '

1
`

(
δi
[mW j

kl] − δ
j
[mW i

kl]

)
, (2.62)

D[iW
k

jl] '
1
`

Wk
[ijl] . (2.63)

Taking the trace of the Eq.(2.60) and substituting the EOM (2.31), we obtain the
following relation that gives us the fall-off of the electric part of the Weyl tensor.
More specifically, one gets that

Ėi
k +

d
`

Ei
k ' −DjW

ij
k . (2.64)



16 Chapter 2. Asymptotic analysis of AdS spacetimes

Restricting the asymptotic expansion of Kij to the leading order, we get that

DjW
ij

k = O
(

e−
n r
`

)
, n > d , (2.65)

namely, the differential equation (2.64) is homogeneous. Hence the asymptotic
behavior of Ei

j is

Ei
j ' Ei

(0)je
−dr/` = O

(
ρd/2

)
. (2.66)

This condition defines the ACF spaces, that is of particular interest for the dis-
cussion below.

2.3 Counterterms and the EOM in ACF spaces

The asymptotic behavior of the bulk Weyl tensor in ACF spaces is given by the
fall-off of its electric part, thus, Ei

j = O
(
e−dr/`). As a consequence, the EOM we

obtain in section 2.2.1 have to be modified. In this case, the Eq.(2.31) becomes

W ik
jk = O

(
e−dr/`

)
, (2.67)

or equivalently

Ri
j (h)− KKi

j + Ki
kKk

j +
d− 1
`2 δi

j = O
(

e−dr/`
)

. (2.68)

In what follows we consider the covariant expansion of the extrinsic curvature
as a function of the induced metric hij instead of g(0)ij. The reason behind this
choice is the fact that the covariant coefficients of the expansion of K, represent
the eigenvectors of the dilatation operator.

It is known from [15], that the (2p)-derivative terms of the standard coun-
terterm series are proportional to the relevant (2p)-derivative term of the radial
canonical momentum expansion, given by

Lct(2p) =
2

d− 2p
π(2p) . (2.69)

Based on the Hamiltonian formulation for the AdS bulk dynamics, the radial co-
ordinate plays the role of time of the standard ADM formalism. In this context,
the canonical momentum is the conjugate to the induced metric hij and acquires
the form

πij =
1

2κ2

√
−h
(

Khij − Kij
)

. (2.70)

Using the Hamilton-Jacobi formalism [16], it was proven that the counterterms
series expansion are eigenfunctions of the dilatation operator
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δD = 2
∫

ddxhij
δ

δhij
. (2.71)

On the same footing, the canonical momentum can be expanded asymptotically,
where each term is acted by the dilatation operator as follows

δDπ
ij
(2p) = −2 (p + 1)π

ij
(2p) . (2.72)

As a consequence, the extrinsic curvature admits the expansion

Ki
j =

∞

∑
p=0

Ki
(2p)j = Ki

(0)j (h) + Ki
(2)j (h) + Ki

(4)j (h) + Ki
(6)j (h) + . . .

= Ki
(0)j + ρKi

(2)j (g) + ρ2Ki
(4)j (g) + ρ3Ki

(6)j (g) + . . . , (2.73)

due to the action of δD.
Applying this into Eq.(2.68), we get a similar expression to the one derived

before (section 2.2.1), considering that in ACF spaces the electric part of the Weyl
tensor vanishes. On top of that, by inverting the series the terms R(1),R(2) of
the Riemann and Ricci tensor expansion are absent, and the new formula for the
EOM is written as

ρ

`

[
`Ri

j (g)− (d− 2)Ki
(2)j − K(2)δ

i
j

]
+

+
ρ2

`

[
`Ki

(2)lK
l
(2)j − `Ki

(2)jK(2) − (d− 2)Ki
(4)j − K(4)δ

i
j

]
+

ρ3

`

[
− (d− 2)Ki

(6)j − K(6)δ
i
j − `K(2)K

i
(4)j − `K(4)K

i
(2)j

+ 2`Ki
(2)lK

l
(4)j

]
= 0 . (2.74)

Solving order by order, the various terms of the extrinsic curvature expansion
become

Ki
(0)j =

1
`

δi
j , (2.75)

Ki
(2)j = `S i

j (g) , (2.76)

Ki
(4)j =

`

d− 2

[
Ki
(2)kKk

(2)j − K(2)K
i
(2)j +

1
2(d− 1)

δi
jδ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

]
=

`3

d− 2

[
S i

kS
k
j − SS i

j −
1

2 (d− 1)

(
Sk

l S
l
k − S

2
)

δi
j

]
, (2.77)
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Ki
(6)j =

`

d− 2

[
Ki
(2)kKk

(4)j + Ki
(4)kKk

(2)j − K(2)K
i
(4)j − K(4)K

i
(2)j +

+
1

d− 1
δi

jδ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

]
. (2.78)

Furthermore, taking the trace of (2.74), the following relations between traces
are valid

K(4) = − `

2(d− 1)
δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

, (2.79)

K(6) = − `

(d− 1)
δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

. (2.80)

One can generalize this prescription and determine all the coefficients of the
extrinsic curvature expansion to arbitrary order. Plugging the recursive relation
(2.73) into the Eq.(2.68), one extends the Eq.(2.74), which now reads

∞

∑
p=0

∞

∑
l=0

ρpδ
[ik]
[mn]K

m
(2p−2l)kKn

(2l)j + ρ
[
(d− 2) S i

j (g) + S (g) δi
j

]
+

+
d− 1
`2 δi

j = O
(

ρd/2
)

, (2.81)

where the definition of the Schouten tensor of the boundary was taken into ac-
count. Evaluating for lower order p’s we obtain the results shown in (2.75-2.78).
Furthermore, for 1 ≤ 2p ≤ d, the Eq.(2.81) can be written as

(d− 2)Ki
(2p)j + K(2p)δ

i
j = `

p−1

∑
l=1

δ
[ik]
[mn]K

m
(2l)kKn

(2p−2l)j . (2.82)

Taking the trace we get

K(2p) = −
`

2(d− 1)

p−1

∑
l=1

δ
[ik]
[mn]K

m
(2l)iK

n
(2p−2l)k , (2.83)

or in the matrix representation

K(2p) = −
`

2 (d− 1)

p−1

∑
l=1

〈
K(2l)K(2p−2l)

〉
. (2.84)

For p = 2, 3 we recover the traces in Eqs. (2.79-2.80). Hence, the generic recur-
sive formula that determines the coefficients of the extrinsic curvature expansion
to arbitrary order, adopts the form
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Ki
(2p)j =

`

d− 2

p−1

∑
l=1

(
δik

mn Km
(2l)kKn

(2p−2l)j +
δi

j

2 (d− 1)

〈
K(2l)K(2p−2l)

〉)

=
`

d− 2

p−1

∑
l=1

(
Ki
(2l)kKk

(2p−2l)j − Kn
(2p−2l)j K(2l) +

δi
j

2 (d− 1)

〈
K(2l)K(2p−2l)

〉)
. (2.85)

From the Eqs.(2.69) and (2.70), we realize that the counterterm series is propor-
tional to the trace of the extrinsic curvature of the relevant order. In this context,
one of the main goals of the study is to certify the consistency of the Kountert-
erms with the aforementioned condition. The Eq.(2.85) is the key in this deriva-
tion, as it relates each term of the extrinsic curvature expansion and its trace, as
a linear combination of the lower order terms.
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Chapter 3

Kounterterms

3.1 Introduction

The EH action, when evaluated for a solution of the Einstein’s equations, it is
proportional to the volume of the corresponding spacetime. In case of a space-
time equipped with a negative cosmological constant, its volume tends to infin-
ity, leading the on-shell action to diverge. The reason behind this behavior is the
presence of the pole at the AdS boundary, expressed by the divergent confor-
mal factor in the asymptotic sector in Eq.(2.13). Thus, as ρ → 0, a series of IR
divergences arise at the on-shell action.

Considering, that ALAdS spacetimes correspond to manifolds with a bound-
ary, the EH action is augmented with a surface term that allows to obtain a well-
defined variational principle considering Dirichlet boundary conditions for the
metric hij. Hence, the action reads

Iren =
1

16πG

∫
M

dd+1x
√
G(R (G)− 2Λ)− 1

8πG

∫
∂M

ddx
√

hK , (3.1)

where K = Ki
i is the trace of the extrinsic curvature, corresponding to the folia-

tion of the spacetime. The surface term is called the GH term. We can actually
track-down the divergent pieces by evaluating the asymptotic solutions, given
by the FG coefficients up to order ρd/2, previously derived at the section 2.2.1 .
Furthermore, a radial cut-off scale is introduced in order to regulate the action,
such that the bulk piece is evaluated for ρ ≥ ε, where ε > 0, and the boundary
term for ρ = ε. Hence, the regulated action casts the form

Sreg

(
g(0)
)
=
∫

ddx
√
−g(0)

(
ε−d/2α0 + ε−d/2+1α1 + . . . + ε−1αd−2 − αd−2 log ε

)
+O

(
ε0) .

Here, the αn coefficients correspond to covariant expressions of the metric g(0).
Notice the various order poles of the cut-off scale ε plus the logarithmic term
that make the on-shell action divergent. Rendering the action finite corresponds
to the cancellation of the divergences by adding proper surface terms, which are
consistent with the diffeomorphism invariance of the theory. The general form
of the renormalized action, reads
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Sren

(
g(0)
)
= lim

ε→0

1
16πG

[
Sreg

(
g(0)
)
−
∫

ddx
√
−g(0)

(
ε−d/2α0 + ε−d/2+1α1 + . . .

. . . +ε−1αd−2 − αd−2 log ε
)
+O

(
ε0
)]

.

In [4], it was introduced a background-independent method for the elimination
of the IR divergences. This regularizing scheme is called HR and is based on the
addition of local covariant counterterms, namely surface terms which are func-
tions of intrinsic quantities of the boundary, such as, the metric hij, the Riemann

curvature Rij
kl and its covariant derivatives. With this choice, we secure that the

variational principle is well-defined considering Dirichlet boundary conditions
for the metric hij.

In this prescription the general form of the renormalized AdS action reads

Iren =
1

16πG

∫
M

dd+1x
√
G(R (G) + 2Λ)− 1

8πG

∫
∂M

ddx
√

hK+

+
∫

∂M
Lct (h,R, DR) , (3.2)

where D is the covariant derivative with respect to the boundary connection.
The leading order terms of the standard counterterm series can be written as

Lct (h,R, DR) =
√
−h

8πG

[
d− 1
`

+
`

2 (d− 2)
R+

+
`3

2 (d− 2)2 (d− 4)

(
RijRij − d

4 (d− 1)
R2
)
+ . . .

]
. (3.3)

Even though it appears as a series of increasing in power Riemann curvature
invariants of the boundary, Lct corresponds to an expansion whose parameter
is the radial coordinate ρ. This relation is manifest when considering that in the
FG frame, the relation Rij

kl (h) = ρRij
kl (g) holds. Thus, making higher power

curvature invariants have faster fall-off than the lower power ones.
The counterterms Lct are getting more complex going to higher order in R

and to higher dimensions and their form is everything but compact. Moreover,
the presence of a divergent conformal factor in hij, makes its variation not well

defined
(

δhij =
1
ρ δg(0)ij

)
. What it really makes sense, in a mathematically rigor-

ous way, is the fixing of either the conformal class [h] or the source g(0)ij.
On top of that, the (2p)-derivative term in the counterterms L(2p) is propor-

tional to the trace of the canonical momentum πij, as shown in [15]. For the
radial foliation, the canonical momentum is a function of the extrinsic curvature
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πij =
1

2κ2

√
−h
(

Kij − Khij
)

. (3.4)

Thus, L(2p) is actually proportional to the trace of the corresponding order of
the extrinsic curvature expansion. This fact opens the possibility for alterna-
tive regularization schemes to HR, that have an explicit dependence on the ex-
trinsic curvature of the boundary. In general, the presence of Ki

j is considered
ill-defined from the point of view of the Dirichlet problem of hij, as variations
of the first derivative of the metric arise. This is no longer true when different
boundary conditions is considered.

A new regularizing scheme based on so called Kounterterms, was firstly in-
troduced in [7]. It consists on the addition, on top of the Einstein-Hilbert ac-
tion, of a surface term that is a given polynomial of both intrinsic and extrinsic
curvatures. This new regularizing scheme provides a compact form for the can-
cellation of the divergences and its origin can be found on the Euler theorem
itself. Despite the fact that the topological invariants can be found only on even-
dimensional manifolds, the Kounterterms are generalized to odd dimensions as
well [8].

Comparing the two regularizing schemes, we show that there is full agree-
ment up to quartic order in the curvature for ACF manifolds. This equivalence
allows us to introduce a closed recursive formula for the general counterterms
series of order 2p, common for both odd- and even-dimensional manifolds.

3.2 Kounterterms in ACF even-dimensional manifolds

From the previous discussion it is evident that the counterterms are proportional
to the traces of the respective terms of the extrinsic curvature expansion Ki

(2p)j.
This can be shown very easily, starting from Eq. (2.69) and substituting (2.70).
Hence, the proportionality between the two expansion coefficients is obtained
from the relation

Lct (2p) =

√
−h

8πG
d− 1

d− 2p
Tr K(2p) . (3.5)

The same expression was derived in [16] considering a Hamiltonian approach to
HR. It has to be noted that the expansion of the extrinsic curvature K(2p) repre-
sents different objects. On the one hand, in Eq. (3.5), it expresses the asymptotic
expansion of Kij, given in Eq.(2.26), while in [16] corresponds to the eigenval-
ues of the dilatation operator, previously seen in Eq.(2.73). The two objects are
diferent, but there is 1-1 correspondence between them.

This feature combined with the fact that the variational problem for the in-
duced metric hij is not well-defined, opens the discussion for alternative regu-
larizing schemes.
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In fact, the Kounterterms are an alternative counterterm series whose main
characteristic is its explicit dependence on both intrinsic and extrinsic curvature
of the boundary.

For a D-dimensional manifold M (D = d + 1), the new formulation has the
form

Ĩren = IEH + cd

∫
∂M

ddx
√
−hBd (h, K,R) , (3.6)

where cd is a coupling constant fixed by demanding either a well-defined vari-
ational principle, or the cancellation of the divergences of the Euclidean action
for ALAdS spacetimes or the finiteness of the Noether charges. In any case, the
specific value of cd deals with these issues at once.

In the specific case of an even-dimensional manifold (D = 2n), the surface
term B2n−1 that is added has the form

B2n−1 (h, K,R) = 2n
√

h
∫ 1

0
dtδ[i1...i2n−1]

[j1... j2n−1]
K j1

i1

(
1
2
Rj2 j3

i2i3
(h)− t2K j2

i2
K j3

i3

)
× . . .

. . .×
(

1
2
Rj2n−2 j2n−1

i2n−2i2n−1
(h)− t2K j2n−2

i2n−2
K j2n−1

i2n−1

)
, (3.7)

where the corresponding coupling constant is

c2n−1 =
1

16πG
(−1)n `2n−2

n (2n− 2)!
. (3.8)

The value of the coupling constant is fixed demanding either a finite Euclidean
action, or finite Noether charges or a well-defined variational principle. In any
case, this specific value of cd solves all the three problems at once.

The obvious advantage of the Kounterterms, in comparison to HR, is its com-
pact format. Besides that, there is an even more fundamental reason, associated
to the link between Kounterterms and topology. In order to make manifest the
connection with topology, it is important to introduce the appropriate mathe-
matical tools.

3.2.1 Topological origin of the Kounterterms

The Kounterterms are related to a gauge invariant extension of the CS forms,
called transgression forms. The CS form C2n+1 (A) is a differential form de-
pending on a single connection A, whose exterior derivative defines a polyno-
mial P (F) in 2n + 2 dimensions, which is invariant under the action of the Lie
group G on a vector space V.
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In a more concrete way, considering the gauge connection A = AI
µTIdxµ of

the fibre bundle G×V with generators TI , and its corresponding curvature two-
form

F = dA + A ∧ A =
1
2

FI
µνTIdxµdxν , (3.9)

the invariant polynomial P (F) reads

P (F) 〈Fn+1〉 . (3.10)

The symbol 〈. . .〉 expresses the totally symmetric invariant trace in the Lie alge-
bra. At this point, the Chern-Weil theorem provides two interesting properties
for the invariant polynomial. Firstly, it is a closed form, namely dP (F) = 0, and
thus locally exact

P (F) = dC2n+1 (A, F) , (3.11)

where C2n+1 (A, F) is the CS density, that obtains the form

C2n+1 (A, F) ≡ (n + 1)
∫ 1

0
du〈AFn

u 〉 . (3.12)

Here Au = uA and Fu = dAu + Au ∧ Au, where u is an interpolating parameter.
The CS densities are not truly invariant quantities under finite gauge transfor-
mations of the group G, as their variation results a non-vanishing surface term.
A gauge-invariant extension of the CS forms is provided by the second prop-
erty of the Chern-Weil theorem. According to this, the difference P (F̄)− P (F),
where F and F′ are curvatures corresponding to different gauge potentials A
and Ā of the same homotopy class, is exact. Thus, the introduction of a second
gauge potential is the key for the construction of a gauge-invariant quantity. In
this case we get that

〈Fn+1〉 − 〈F̄n+1〉 = dT2n+1 (A, Ā) , (3.13)

where T2n+1 (A, Ā) is the transgression form, what is written as

T2n+1 (A, Ā) ≡ (n + 1)
∫ 1

0
dt〈(A− Ā) Fn

t 〉 . (3.14)

Here

At = tA + (1− t) Ā , (3.15)

is the interpolating gauge potential, and Ft = dAt + At ∧ At is the corresponding
curvature. The transgression form is a gauge-invariant quantity but it comes
with a price,namely, the presence of a second connection Ā.
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For the Lorentz Group in four dimensions SO(3, 1), the two gauge connec-
tions are A = 1

2 ωAB JAB and A = 1
2 ω̄AB JAB, while the invariant tensor con-

structed from the generators is JAB JCD = εABCD. Here A, B are tangent space in-
dices with a range 0, 1, . . . , D− 1, where D is the spacetime dimension. Hence,
the invariant polynomial of the Lorentz group is the Gauss-Bonnet (GB) term
E4 = εABCDRABRCD, which is a topological invariant. The interpolating gauge
connections obtains the form

At =
1
2

ωAB
t JAB =

1
2

(
ω̄AB + tθAB

)
JAB , (3.16)

where θAB = ωAB − ω̄AB is the SFF. Hence, the curvature casts the form

Ft =
1
2

RAB
t JAB =

1
2

(
R̄AB + tD̄θAB + t2θA

C θBC
)

JAB , (3.17)

where R̄AB and D̄ are the curvature and the covariant derivative of the referen-
tial spin connection ω̄AB = ω̄AB

µ dxµ, where µ = ρ, i are spacetime indices. As a
result, the Eqs.(3.13,3.14) give

E4(R)− Ē4(R̄) = 2d
∫ 1

0
dtεABCDθAB

(
R̄CD + tD̄θCD + t2θC

MθMD
)

. (3.18)

For the radial foliation of the form (2.23), the tangent space indices can be split as
A(1, a), where a denotes boundary indices and 1 expresses the radial direction.
Thus, the vierbein can be written as

e1 = Ndρ , ea = ea
i dxi . (3.19)

For a Riemannian manifold, the spin connection is determined by the vierbein
from the relation

ωAB
µ = −eBν∇µeA

ν . (3.20)

Hence, for Gauss-normal coordinates, one gets

ω1a
µ = −Ka = Ka

i dxi . (3.21)

The spin connection of the boundary ωab has been omitted because it is not a
Lorentz vector and lacks representation in the tensorial formalism. The problem
is commonly solved [17] by introducing a second spin connection that corre-
sponds to a fixed,locally product metric which is cobordant to the dynamical
one. It casts the form

ds2 = N2(ρ)dρ2 + h̄ij(x)dxidxj . (3.22)

In this case, the connection coefficients ω̄AB read
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ω̄1a = 0 , ω̄ab = ωab . (3.23)

As a consequence, the SFF of the two cobordant metrics becomes

θ1a = −Ka , θab = 0 . (3.24)

Indeed, the introduction of the second spin connection, associated to a fixed
product metric, leads to the construction of Lorentz covariant tensors. Actually,
the presence of the SFF, instead of the spin connection itself, is compatible with
Lorentz covariance.

Based on these considerations, it is straightforward to show that the Koun-
terterms B3 in D = 4 dimensions, given by Eq. (3.7) for (n=2), can be written in
a Lorentz covariant way as

B3 = 2εABCDθAB
[

RCD + t2
(

θ2
)CD

]
. (3.25)

Moreover, taking into account the matching conditions between the dynamical
and the product metric, the second term in the lhs and the second term in the
RHS of the Eq.(3.18) vanish, while R̄ = R. As a consequence, one recovers the
term B3 what is now identified as the Transgression form of the Lorentz group
SO(3, 1). Here, B3 is alternatively called the second Chern form.

Furthermore, the significance of the second Chern form in a four-dimensional
manifold is going even further. The Euler theorem for a manifold without a
boundary states that

∫
M4

E4 =
∫

M4

d4x
√
−G

(
Rαβ

µνRµν
αβ − 4Rµ

ν Rν
µ + R2

)
= 32π2χ(M4) , (3.26)

where χ(M4) is the Euler characteristic of the manifold, a number that is a
topological invariant and doesn’t change under continuous deformations of the
space. This is the reason why the GB term E4, does not affect the dynamics of a
four-dimensional spacetime. When a manifold with a boundary is considered,
a boundary correction arises, which is identified as the the second Chern form
B3. More specifically, the Euler theorem now obtains the form∫

M4

E4 = 32π2χ(M4) +
∫

∂M4

B3. (3.27)

Thus, B3 is equivalent to the GB up to the Euler characteristic. The Euler theorem
can be generalized to an arbitrary, non-compact D = 2n-dimensional manifold,
which states that∫

M2n

d2nxE2n = (4π)n n!χ (M) +
∫

∂M2n

d2n−1xB2n−1 . (3.28)
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In complete analogy with the 4D case, B2n−1 is the transgression form of the
Lorentz group SO (2n− 1, 1), namely the n-th Chern form, and it is equivalent
to the Euler term of the corresponding dimension.

This result makes manifest the deep connection between the Kounterterms
and topological invariance. This formulation introduces the concept of topolog-
ical regularization, and shows that the elimination of the divergences is not a
trivial procedure but it is equivalent to the addition of a topological invariant of
the Euler class on top of the EH-AdS action. As a consequence, one may rewrite
the renormalized action (3.6) as

Ĩren =
1

16πG

∫
M

d2nx
√

g[R− 2Λ + α2nδ
[ν1...ν2n]

[µ1...µ2n ]
Rµ1µ2

ν1ν2 . . . Rµ2n−1µ2n
ν2n−1ν2n ] , (3.29)

where the coupling constant reads

α2n = (−1)n `2n−2

2nn (2n− 2)!
. (3.30)

The two formulas (3.29) and (3.6) are equivalent up to the Euler characteristic.
Moreover, notice that the coupling constants α2n and c2n−1 are equal up to a
numerical factor 1/2n due to the antisymmetric properties of the Riemann cur-
vature and the use of the generalized delta. Hence, the coupling constant of the
topological invariant is not arbitrary but obtains a fixed value, defined by the
finiteness of the Euclidean action, the finiteness of the Noether charges or by
demanding a well-defined variational principle.

3.2.2 Explicit calculation of the counterterms

Unlike the standard counterterm series Lct (h), which depend on intrinsic quan-
tities of the boundary (3.2), the n-th Chern form presents an explicit dependence
on the extrinsic curvature of the boundary Kij. Even if this difference seems dif-
ficult to circumvent, the asymptotic expansion of Kij in Eq.(2.75-2.78), is the key
that allows to compare the two regularizing schemes.

The first step towards this derivation, is by adding and subtracting the GH
term in (3.6), in order to be able to compare with the standard holographic renor-
malization action Iren given in Eq.(3.2). The renormalized action adopts the form

Ĩren = IEH −
1

8πG

∫
∂M

d2n−1x
√
−hK +

∫
∂M

d2n−1xL̃ct (h, K,R) , (3.31)

where the counterterms are identified as

L̃ct (h, K,R) = c2n−1B2n−1 +
1

8πG

√
−hK +O (1) . (3.32)
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Moreover, the finite terms that arise in Eq.(3.78), are scheme dependent and they
do not affect the holographic information on the boundary.

Our main purpose is to determine the coefficients of L̃ct (h, K,R) and com-
pare it with the standard counterterm series Lct (h,R, DR). Substituting the
exact expression of the n-th Chern form (3.7) in (3.32), the counterterms obtain
the form

L̃ct (h, K,R) = (−1)n `2n−2
√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

K j1
i1

∫ 1

0
dt

[(
1
2
Rj2 j3

i2i3
− t2K j2

i2
K j3

i3

)
× . . .

. . .×
(

1
2
Rj2n−2 j2n−1

i2n−2i2n−1
− t2K j2n−2

i2n−2
K j2n−1

i2n−1

)
+

(−1)n

`2n−2 δ
j2
i2

. . . δ
j2n−1
i2n−1

]
. (3.33)

One can reformulate this expression by introducing the bulk Weyl tensor from
the equation (2.27), as

L̃ct (h, K,R) = (−1)n `2n−2
√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

K j1
i1

∫ 1

0
dt

{[
1
2

W j2 j3
i2i3

+
(

1− t2
)

K j2
i2

K j3
i3
− 1

`2 δ
j2
i2

δ
j3
i3

]
×

. . .×
[

1
2

W j2n−2 j2n−1
i2n−2i2n−1

+
(

1− t2
)

K j2n−2
i2n−2

K j2n−1
i2n−1
− 1

`2 δ
j2n−2
i2n−2

δ
j2n−1
i2n−1

]
+

+
(−1)n

`2n−2 δ
j2
i2

. . . δ
j2n−1
i2n−1

}
. (3.34)

In order to generate the standard counterterm series, we have to expand L̃ct in
powers of the radial coordinate ρ or in powers of the boundary intrinsic curva-
ture. For this reason, we are, initially, restricting ourselves to the ACF case (2.66),
a constraint that allows us to simplify the derivation by dropping the emerging
Weyl tensor W ij

kl.
After substituting the asymptotic expansion of the extrinsic curvature and

considering the lowest-order approximation of the binomial expansion in the
(n− 1) parentheses (Appendix C), the final form of the Kounterterm Lagrangian
adopts the following form

L̃ct (h, K,R) =
`2n−2

√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

(
K j1
(0)i1

+ ρK j1
(2)i1

+ ρ2K j1
(4)i1

+ ρ3K j1
(6)i1

)
×

1∫
0

dt
[(

1− t2n−2
)

M0 + ρΠ2 + ρ2Π4 + ρ3Π6

]
. (3.35)
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Starting from (3.35) we identify the lowest order terms in the curvature and we
compare them with the standard counterterms. A key feature in the comparison
is the property (3.5), expressing the proportionality between the (2p)-derivative
terms of the counterterms series and the extrinsic curvature coefficients.

The leading order contribution reads,

L̃ct(0) =
`2n−2

√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
(

1− t2n−2
)

K j1
(0)i1

M0

=

√
−h

8πG` (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
(

1− t2n−2
)

δ
j1
i1

. . . δ
j2n−1
i2n−1

=

√
−h

8πG
2n− 2

`
= Lct(0) , (3.36)

and we see that the expressions (3.33) and (3.3) are really equivalent. Similarly,
the next to the leading order term is written as

L̃ct(2) = ρ
`2n−2

√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
[(

1− t2n−2
)

K j1
(2)i1

M0 + K j1
(0)i1

Π2

]

= ρ
`2n−2

√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
[
2 (n− 1) t2n−4 − (2n− 1) t2n−2 + 1

]
K j1
(2)i1

M0

=

√
−h

8πG
2n− 2
2n− 3

K(2) (h) = Lct(2) . (3.37)

Here, the equivalence seen in the leading order term, is extended to terms that
they are linear in K(2), namely the Schouten tensor. The equivalence is man-
ifest when taking into account the expansion seen in Eq.(3.5) for the standard
counterterms. Writing the second derivative term as a function of the intrinsic
curvature we get that

L̃ct(2) =
`
√
−h

8πG
1

2(2n− 3)
R (h) . (3.38)

Summing the contributions which are quadratic order in the curvature, one gets
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L̃ct(4) = ρ2 `2n−2
√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
[
K j1
(0)i1

Π4 + K j1
(2)i1

Π2 +
(

1− t2n−2
)

K j1
(4)i1

M0

]
=

√
−h

8πG
1

2n− 3

[
(2n− 2)K(4) (h)−

`

2n− 5
δ
[i1i2]
[j1 j2]

K j1
(2)i1

(h)K j2
(2)i2

(h)
]

. (3.39)

In the section 2.2.3 we showed that the EOM provide relations between traces of
the various terms of the extrinsic curvature expansion. Thus, taking into account
the Eq.(2.79), the four-derivative counterterm is proportional to the trace of K(4)ij
and adopts the form

L̃ct(4) =

√
−h

8πG
2n− 2
2n− 5

K(4) = Lct(4) , (3.40)

which is the correct result. This formula when reexpressed in terms of the
boundary curvature from Eq.(2.77), reads

L̃ct(4) =

√
−h

8πG
`3

2 (2n− 3)2 (2n− 5)

(
Ri

jR
j
i −

2n− 1
4 (2n− 2)

R2
)

. (3.41)

Going to higher orders, the terms that contribute are cubic in curvature, as it is
shown below

L̃ct(6) = ρ3 `2n−2
√
−h

8πG (2n− 2)!
δ
[i1...i2n−1]
[j1...j2n−1]

∫ 1

0
dt
[
K j1
(0)i1

Π6 + K j1
(2)i1

Π4+

+ K j1
(4)i1

Π2 +
(

1− t2n−2
)

K j1
(6)i1

M0

]
. (3.42)

Evaluating the parametric integrals we obtain the following symmetric traces in
the expression

L̃ct(6) =

√
−h

8πG
1

2n− 3

[
(2n− 2)K(6) −

2
2n− 5

`δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

+

+
`2

(2n− 5) (2n− 7)
δ
[i1i2i3]
[j1 j2 j3]

K j1
(2)i1

K j2
(2)i2

K j3
(2)i3

]
. (3.43)

We already know from Eq.(2.80), that the second term in L̃ct(6) is proportional
to the trace of K(6). In order to see if there is an analogous relation for the third
term, we multiply Ki

(2)j with Eq.(2.77), which can be written as
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K j
(2)iK

i
(4)j =

`

d− 2

[
K j
(2)iK

i
(2)kKk

(2)j − K j
(2)iK(2)K

i
(2)j+

+
1

2(d− 1)
K(2)δ

[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

]
. (3.44)

The trace of K(6) can equivalently be expressed as

K(6) = − `

d− 1
δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

= − `

d− 1

(
K(2)K(4) − Ki

(2)jK
j
(4)i

)
=

`2

2(d− 1) (d− 2)
(K3

(2) + 2K j
(2)iK

i
(2)kKk

(2)j − 3K(2)K
j
(2)iK

i
(2)j)

=
`2

2(d− 1) (d− 2)
δ
[i1i2i3]
[j1 j2 j3]

K j1
(2)i1

K j2
(2)i2

K j3
(2)i3

, (3.45)

where Eqs.(3.44) and (2.79) used passing from the first to the second line. Hence,
all the terms of Eq.(3.43) are proportional to the trace of K(6), and the final values
of the cubic in curvature counterterms reads

L̃ct(6) =

√
−h

8πG
2n− 2
2n− 7

K(6) = Lct(6) . (3.46)

Note that the proportionality between the Kounterterms L̃ct and the coefficients
of the extrinsic curvature expansion holds at least up to cubic order in the cur-
vature. An extension of this feature to arbitrary order will allow us determine
the counterterms to all orders due to the compact form of the Chern form.

The cubic order counterterms can be rewritten as a function of intrinsic quan-
tities of the boundary, as follows

L̃ct(6) =

√
−h

8πG
`5

(2n− 3)4 (2n− 7)

[
Rk

jR
j
iR

i
k −

3 (2n− 1)
8 (n− 1)

RRi
jR

j
i+

+
4n2 + 4n− 7

64 (n− 1)2 R
3

]
. (3.47)

From this highly non-trivial derivation, we conclude that at least up to the sixth-
derivative terms the two regularizing schemes are equivalent, that is,

Ĩren = Iren +O
(

R4
)

. (3.48)
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3.2.3 Towards a general formula for the counterterms

Going to higher-order in the standard HR is a really complicated procedure.
As we have already seen, going to higher dimensions, where the higher order
counterterms are becoming relevant, increases the complexity of the expressions
even in the simplified ACF case.

The equivalence with the Kounterterms for terms up to cubic order in the
curvature, opens the possibility of extending the matching beyond the six-derivative
terms and obtain a systematic formula for the derivation of the counterterms. In-
deed, below we propose a general formulation for the counterterms of order 2p,
when p > 2.

The first step towards this derivation is through the matrix representation of
the counterterms. In this case, the Eq. (3.34) adopts the form

L̃ct = −
√
−h

8πG

(−`2)n−1

(2n− 2)!

〈
K

1∫
0

dt
(

1
2

W +
(

1− t2
)

K2 − 1
`2 I2

)n−1
〉
− 〈K〉

 . (3.49)

For ACF spaces, the Weyl tensor is dropped and the general formula now reads

L̃ct = −
√
−h

8πG

 1
(2n− 2)!

1∫
0

dt

〈
K

(
I2 − `2 (1− t2)K2

)n−1
〉
− 〈K〉

 . (3.50)

The polynomial expansion that appears, can now be written in its most general
form as

〈
K

(
I2 − `2

(
1− t2

)
K2
)n−1

〉

= (n− 1)!
n−1

∑
k=0

(
−`2)k

(2n− 2k− 2)!
(n− 1− k)!k!

(
1− t2

)k 〈
K2k+1

〉
. (3.51)

The first terms of this expansion is shown in the Eq.(C.3). Here, the symbol
〈. . .〉 indicates the presence of symmetric traces of the extrinsic curvature. As
completely symmetric traces are defined products of matrices whose indices are
saturated by the generalized Cronecker delta. Thus, if A =

[
Ai

j

]
is a d × d

matrix, the symmetric trace of the tensorial product of p matrices A is given by

δ
[j1...jp]
[i1...ip]

Ai1
j1

. . . Aip
jp
= 〈Ap〉 . (3.52)

A really interesting property of Eq.(3.51) is that the k = 0 term of the polyno-
mial expansion cancels completely the contribution coming from the GH term,
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namely, the linear term in the extrinsic curvature given in L̃ct. Thus, performing
the parametric integration, the series reads

L̃ct = −
√
−h

8πG
(n− 1)!
(2n− 2)!

n−1

∑
k=1

(
−4`2)k k! (2n− 2k− 2)!
(n− 1− k)! (2k + 1)!

〈
K2k+1

〉
. (3.53)

Once more, the key step is the asymptotic expansion of the extrinsic curvature.
Unlike the last subsection, where we performed the expansion to the lowest
order, here we consider the general binomial expansion of K2k+1, which can be
written as

〈
K2k+1

〉
=
(

K(0) + K∗
)2k+1

=
2k+1

∑
m0=0

(
2k + 1

m0

)〈
K

2k+1−m0
(0) K

m0∗
〉

=
2k+1

∑
m0=0

m0

∑
m1=0

m0−m1

∑
m2=0

· · ·
m0−(m1+···+mp−1)

∑
mp=0

(
2k + 1

m0

)(
m0

m1

)(
m0 −m1

m2

)(
m0 −m1 −m2

m3

)
· · ·

· · ·
(

m0 −m1 −m2 − · · · −mp−1

mp

)〈
K

2k+1−m0
(0) K

m1
(2)K

m2
(4) · · ·K

mp
(2p)

〉
. (3.54)

The integers appearing in the expansion are subjected to the following con-
straints,

m0 = m1 + m2 + . . . + mp ,
p = m1 + 2m2 + . . . + pmp , (3.55)

while the binomial coefficients can be further simplified as

(
2k + 1

m0

)(
m0

m1

)(
m0 −m1

m2

)(
m0 −m1 −m2

m3

)
· · ·

· · ·
(

m0 −m1 −m2 − · · · −mp−1

mp

)
=

(2k + 1)!
(2k + 1−m0)!m1! · · ·mp!

. (3.56)

Summing all these contributions, the symmetric trace product of the extrinsic
curvature is expressed as a function of its asymptotic expansion coefficients, and
acquires the form

〈
K2k+1

〉
(2p)

= ∑
{mi}

(2k + 1)!
(2k + 1−m0)!m1! · · ·mp!

〈
K

2k+1−m0
(0) K

m1
(2)K

m2
(4) · · ·K

mp

(2p)

〉
. (3.57)

Substituting this result into (3.53), we get that
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L̃ct (2p) =

√
−h

8πG ∑
{mi}

`m0−1C(2n−1)
m1,...,mp

m1! · · ·mp!

〈
K

m1
(2)K

m2
(4) · · ·K

mp
(2p)

〉
, (3.58)

where the coefficients read

C(2n−1)
m1,...,mp =

n−1

∑
k=1

(−4)k (n− 1)! (2n− 1−m0)!k!
(2n− 2)! (n− 1− k)! (2k)! (2k + 1−m0)!

. (3.59)

Hence, exploiting the properties of the Kounterterms we have shown that there
is a generic and closed expression for the (2p)-order terms of the counterterm
series.

For the two schemes to match, the following relation hold to arbitrary order〈
K

m1
(2)K

m2
(4) · · ·K

mp
(2p)

〉
∝
〈

K(2p)

〉
. (3.60)

For 0 ≤ p ≤ 3, we recover the counterterms L̃ct up to sixth order, previously
derived in section 3.3.1, where it has been shown that the matching is valid.

In the case of p = 4, which defines the 8th-derivative counterterm, the Eq.
(3.58) is written as

L̃ct(8) =

√
−h

8πG
1

d− 2

[
(d− 1)

〈
K(8)

〉
− 2`

d− 4

〈
K(2)K(6)

〉
− `

d− 4

〈
K2

(4)

〉
+

3`2

(d− 4) (d− 6)

〈
K2

(2)K(4)

〉
− `3

(d− 4) (d− 6) (d− 8)

〈
K4

(2)

〉]
, (3.61)

where d = 2n − 1. Considering the recursive relation in Eq.(2.83), the trace of
K(8) reads 〈

K(8)

〉
= − `

2 (d− 1)

(
2
〈

K(2)K(6)

〉
+
〈

K2
(4)

〉)
, (3.62)

leading to the simplification of the above relation

L̃ct(8) =

√
−h

8πG
1

d− 4

[
(d− 1)

〈
K(8)

〉
+

+
`2

(d− 2) (d− 6)

(
3
〈

K2
(2)K(4)

〉
− `

d− 8

〈
K4

(2)

〉)]
. (3.63)

Multiplying the Eq.(2.78) by Ki
(2)j and the Eq.(2.77) by Ki

(2)j and Ki
(4)j, we derive

the traces
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Tr
(

K(2)K(6)

)
=

`

d− 2

〈
K2

(2)K(4)

〉
+
〈

K(2)

〉 〈
K(6)

〉
,

Tr
(

K2
(2)K(4)

)
= − `

6 (d− 2)

〈
K4

(2)

〉
+

2 (d− 1)
`

〈
K(4)

〉2
+
〈

K(2)

〉2 〈
K(4)

〉
+

d− 1
3`

〈
K(2)

〉 〈
K(6)

〉
,

Tr
(

K2
(4)

)
=

`

2 (d− 2)

〈
K2

(2)K(4)

〉
+
〈

K(4)

〉2
. (3.64)

Combining (3.62) with (3.64), we arrive to〈
K2

(2)K(4)

〉
=

4 (d− 1) (d− 2)
5`2

〈
K(8)

〉
, (3.65)

while the rest of the traces derived allow us to calculate

〈
K4

(2)

〉
= 12 (d− 1) (d− 2)

[〈
K(2)

〉4
− 1

3`2

〈
K(2)

〉 〈
K(6)

〉
− d− 2

`3

〈
K(8)

〉]
. (3.66)

Hence, the 8th derivative term on the counterterm series acquires the following
form

L̃ct(8) =

√
−h

8πG
d− 1
d− 4

[
5d2 + 2d + 24

5 (d− 6) (d− 8)

〈
K(8)

〉
+

+
12`3

(d− 6) (d− 8)

(
1

3`2

〈
K(2)

〉 〈
K(6)

〉
−
〈

K(2)

〉4
)]

. (3.67)

The second line turns out not to be proportional to
〈

K(8)

〉
. This fact indicates a

mismatch between the standard holographic renormalization and the Kountert-
erms in ACF spaces of ten dimensions and higher.

3.3 Kounterterms in ACF odd-dimensional manifolds

Generalizing the previous prescription to odd-dimensional bulk spacetimes is
not a straightforward process. As we saw in the section 3.2, the Kounterterms
are actually obtained using topological invariants of the Euler class, which in
odd dimensions do not exist. Nevertheless, in section 3.2.1 it is shown that the
surface term (3.7) is identified as the transgression form of the Lorentz group
SO(2n− 1, 1), which is not restricted by the parity of the dimensionality of the
manifold.
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Based on this feature a regularizing technique, similar to the one proposed
in even-dimensions, was formulated for odd-dimensional manifolds. It is used
for first time in CS-AdS gravity and is generalized later to Einstein-AdS gravity.
It consists on the addition of the surface term

B2n = 2n
√
−h

∫ 1

0
dt
∫ t

0
dsδ

[i1...i2n]
[j1...j2n]

K j1
i1

δ
j2
i2

(
1
2
Rj3 j4

i3i4
− t2K j3

i3
K j4

i4
+

s2

`2 δ
j3
i3

δ
j4
i4

)
× . . .

. . .×
(

1
2
Rj2n−1 j2n

i2n−1i2n
− t2K j2n−1

i2n−1
K j2n

i2n
+

s2

`2 δ
j2n−1
i2n−1

δ
j2n
i2n

)
, (3.68)

multiplied by a coupling constant

c2n =
1

16πG
(−1)n `2n−2

22n−2n (n− 1)!2
. (3.69)

The value of c2n is fixed, leading to a finite value for the Euclidean action and
the Noether charges, and a well-defined variational principle. This boundary
term cancels the IR divergences and regularizes the EH action. The formulation
is consistent with the generic Kounterterms prescription given in Eq.(3.6), due
to the explicit dependence of B2n from the extrinsic curvature.

The main difference with respect to even bulk dimensions is the presence
of a double parametric integration in Eq.(3.68). This fact indicates the different
geometric structure of the boundary, which is evident from the presence of the
logarithmic term in the FG expansion, in Eq.(2.14), for even-dimensional bound-
aries.

Furthermore, the geometrical character of the cancellation of divergences,
that becomes manifest when applying the Kounterterms scheme in even-dimensional
manifolds, is still valid. The difference can be spotted in the presence of CS den-
sities instead of topological invariants. The connection of the boundary term B2n
with geometry is given with more details in the next section.

3.3.1 Geometrical origin of the Kounterterms in odd-dimensions

The key in the geometrical interpretation of the Kounterterms is the nature of
the transgression forms. As we already saw in section 3.2.1, the introduction of
a second gauge connection was the price we had to pay in order to construct a
gauge-invariant extension of the CS densities,i.e., the transgression forms. The
presence of the parametric integration and the restriction of the gauge connec-
tions to be parts of the same homotopy class, indicate the action of the Cartan
homotopy operator.

Starting from the definition of the interpolating gauge potentials given in
Eq.(3.15) and the respective curvature Ft = dAt + At ∧ At, the action of the
Cartan homotopy operator k01 in a polynomial S (Ft, At) is given by
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k01S (Ft, At) =
∫ 1

0
dt`tS (Ft, At) , (3.70)

where

`t At = 0 , `tFt = A− Ā , (3.71)

indicate the action of the operator `t. Moreover, integrating the following rela-
tion from 0 to 1

(d`t + `td) S (Ft, At) =
∂

∂t
S (Ft, At) , (3.72)

one gets the Cartan’s homotopy formula, which acquires the form

(dk01 + k01d) S (Ft, At) = S (F, A)− S (F̄, Ā) . (3.73)

It is straightforward to show that for S (F, A) = P(F), the second term in the
LHS of Eq.(3.73) vanishes, because the invariant polynomial is a closed form,
thus recovering the Eq.(3.13). As a result, the first term in the LHS corresponds
to the transgression form that, when evaluated for the Lorentz group, one recov-
ers the Kounterterms for even-dimensional manifolds B2n−1. Hence, k01P(F) =
B2n−1 when Aµ = ωAB

µ .
The question that arises at this point is the possibility to generalize the afore-

mentioned scheme, considering that the Kounterterms are interpreted as the ac-
tion of the Cartan homotopy operator on the Lorentz invariant polynomial, to
polynomials of different type that would allow to extend the Kounterterms to
odd dimensions.

Indeed, in case S (F, A) = C2n+1, the second term in the LHS of Eq.(3.73)
gives the action of the homotopy operator on the corresponding invariant poly-
nomial, due to Eq.(3.11). From the previous discussion, the action of k01 on the
invariant polynomial is identified as the transgression form. Thus, the Eq. (3.73)
when evaluated for the CS density gives

T2n+1 = C2n+1 (A, F)− C̄2n+1 (Ā, F̄) + dΞ2n (A, F, Ā, F̄) . (3.74)

One identifies the surface term Ξ2n as the action of the homotopy operator on
the CS density, which reads

Ξ2n (A, F, Ā, F̄) ≡ k01C2n+1 = n (n + 1)
∫ 1

0
ds
∫ 1

0
dts〈At (A− Ā) Fn−1

st 〉 , (3.75)

where Fst = sFt + s (s− 1) A2
t .

The connection of the AdS group SO(d− 1, 2) obtains the form

A =
1
2

ωAB JAB +
ea

`
PA , (3.76)



3.3. Kounterterms in ACF odd-dimensional manifolds 39

where Jab correspond to Lorentz rotations and Pa to AdS translations. The cor-
responding curvature reads

F =
1
2

(
Rab +

eaeb

`2

)
Jab + TaPa , (3.77)

where Ta = Dea is the torsion two-form. For Riemannian manifolds, the torsion
vanishes.

In [18] it was shown that Ξ2n matches B2n in Eq.(3.68) when evaluated for the
AdS group and written in tensorial form. In order to do so, the introduction of
a cobordant, locally product metric with matching conditions of the form (3.24)
for the SFF, is required. In this case, the surface term cancels the IR divergences
arising in CS-AdS gravity.

Surprisingly enough, the same boundary term eliminates the divergences
appearing at the asymptotic sector of EH-AdS gravity, as it is going to be shown
explicitly in the next section. What is really interesting here, is that the cancel-
lation of the divergences is coming from terms that are directly related to the
action of the Cartan homotopy operator. That is, the reason why the Kountert-
erms have a profound geometrical character.

3.3.2 Explicit calculation of the counterterms

A derivation of the counterterms is no different from the one used in the even-
dimensional case. More specifically, starting from the EH-AdS action for a (2n + 1)-
dimensional manifold, we add and subtract the GH term. Hence, the countert-
erm series coming from the Kounterterms B2n, is written as

L̃ct (h, K,R) = c2nB2n +
1

8πG

√
−hK +O (1) . (3.78)

After plugging in the formula (3.68) in Eq.(3.78) and replacing the Riemann ten-
sor of the boundary by the bulk Weyl tensor, the above relation becomes

L̃ct (h, K,R) =
√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

K j1
i1

{ 1∫
0

dt
t∫

0

ds
[1

2
W j2 j3

i2i3
+
(

1− t2
)

K j2
i2

K j3
i3
+

+
s2 − 1
`2 δ

j2
i2

δ
j3
i3

]n−1
+

(−1)n 22n−2 (n− 1)!2

`2n−2 (2n− 1)!
δ

j2
i2

. . . δ
j2n−1
i2n−1

}
. (3.79)

Because of the vanishing of the bulk Weyl tensor in the ACF case and consider-
ing the expansion of the extrinsic curvature up to cubic order (2.73), the lowest
order approximation for the binomial expansion (Appendix C), gives
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L̃ct (h, K,R) =
√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

(
K j1
(0)i1

+ ρK j1
(2)i1

+ ρ2K j1
(4)i1

+ ρ3K j1
(6)i1

)
×{∫ 1

0
dt
∫ t

0
ds
[(

s2 − t2
)n−1

M0 + ρΣ2 + ρ2Σ4 + ρ3Σ6

]
+

+
(−1)n `2n−2 (n− 1)!2

(2n− 1)!
M0

}
. (3.80)

Below, we expand the series (3.80) using power-counting arguments, and eval-
uating the parametric integrals (Appendix D), we derive the relevant order of
counterterms.

Starting from the 0-th order term, we obtain

L̃ct(0) =

√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

∫ 1

0
dt
∫ t

0
ds
[(

s2 − t2
)n−1

+

+
(−1)n 22n−2 (n− 1)!2

(2n− 1)!

]
K j1
(0)i1

M0

=

√
−h

8πG
2n− 1

`
=

√
−h

8πG
2n− 1

2n
K(0) = Lct(0) . (3.81)

Thus, we recover the leading order term of the standard counterterms as given
in Eqs.(3.3) and (3.5).

Going to the second order counterterms, only terms linear in the curvature
contribute. Thus,

L̃ct(2) = ρ

√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

∫ 1

0
dt
∫ t

0
ds
[(

s2 − t2
)n−1

+

+ 2 (n− 1)
(

1− t2
) (

s2 − t2
)n−2

+
(−1)n 22n−2 (n− 1)!2

(2n− 1)!

]
K j1
(0)i1

M2,0

=

√
−h

8πG
2n− 1
2n− 2

K(2) = Lct(2) . (3.82)

As a consequence, the equivalence between the Kounterterms in odd-dimensional
manifolds and the standard counterterm series are extended to term linear in
the curvature. When expressed in terms of the intrinsic curvature, the L̃ct(2)
becomes

L̃ct(2) =
`
√
−h

8πG
1

2 (2n− 2)
R . (3.83)

Summing up the contributions for the fourth order term, we find
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L̃ct(4) = ρ2
√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

∫ 1

0
dt
∫ t

0
ds
{

K j1
(0)i1

Σ4 + K j1
(2)i1

Σ2+

+

[(
s2 − t2

)n−1
+

(−1)n 22n−2 (n− 1)!2

(2n− 1)!

]
K j1
(4)i1

M0

}
=

√
−h

8πG
1

2n− 2

[
(2n− 1)K(4) −

`

2n− 4
δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(2)i2

]
. (3.84)

Using the relation between the symmetric traces of the extrinsic curvature coeffi-
cients given in Eq.(2.79) on a d = 2n boundary, the counterterm can be rewritten
as

L̃ct(4) =

√
−h

8πG
2n− 1
2n− 4

K(4) = Lct(4) , (3.85)

providing the correct result. Its form can be alternatively expressed as

L̃ct(4) =

√
−h

8πG
`3

2 (2n− 2)2 (2n− 4)

(
Ri

jR
j
i −

n
2 (2n− 1)

R2
)

. (3.86)

For the sixth order, we get

L̃ct(6) = ρ3
√
−h

8πG
(−1)n `2n−2

22n−2 (n− 1)!2
δ
[i1...i2n−1]
[j1...j2n−1]

1∫
0

dt
t∫

0

ds
{

K j1
(0)i1

Σ6 + K j1
(2)i1

Σ4

+ K j1
(4)i1

Σ2 +

[(
s2 − t2

)n−1
+

(−1)n 22n−2 (n− 1)!2

(2n− 1)!

]
K j1
(6)i1

M0

}
=

√
−h

8πG
1

2n− 2

[
(2n− 1)K(6) −

2`
2n− 4

δ
[i1i2]
[j1 j2]

K j1
(2)i1

K j2
(4)i2

+
`2

(2n− 4) (2n− 6)
δ
[i1i2i3]
[j1 j2 j3]

K j1
(2)i1

K j2
(2)i2

K j3
(2)i3

]
. (3.87)

Replacing the traces from the Eqs.(2.80) and (3.45), the counterterms become

L̃ct(6) =

√
−h

8πG
2n− 1
2n− 6

K(6) = Lct(6) . (3.88)

This result makes manifest the proportionality between Lct(6) and the trace K(6),
with the correct coefficient as given by the Eq.(3.5).

In terms of the boundary curvature, it is given by
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L̃ct(6) =

√
−h

8πG
`5

(2n− 2)4 (2n− 6)

[
Rk

jR
j
iR

i
k −

3n
2(2n− 1)

RRi
jR

j
i

+
n2 + 2n− 1

16n2 R3
]

. (3.89)

Hence, even though B2n was originally used to renormalize CS-AdS gravity, it
is proved to match the standard counterterm series for Einstein-AdS gravity, at
least up to the cubic order in the curvature, extending the equivalence between
the Kounterterms and the HR to the odd-dimensional case.

3.3.3 Towards a general formula for the counterterms

Following the derivation in the even-dimensional case, we are seeking for the
possibility to construct a closed formula for the counterterms, that would al-
low us to compute explicitly terms of arbitrary order 2p. In order to do so, it
is useful to apply the matrix representation. The counterterms in Eq.(3.79) are
represented in this formulation as

L̃ct = −
√
−h

8πG

 1
22n−2(n− 1)!2

1∫
0

dt
t∫

0

ds

〈
KI

( (
1− s2) I2−

(
1− t2) `2K2

)n−1
〉
− 〈K〉

+O (1)

where the bulk Weyl tensor has been dropped. Here we define the parametric
integral

Jk =

1∫
0

dt
t∫

0

ds
(

t2 − 1
)k (

t2 − s2
)n−1−k

= (−1)k 22n−2k−3k! (n− 1− k)!3

n!(2n− 2k− 1)!
, (3.90)

which allows us to simplify many of the expressions that will appear below.
Applying the binomial expansion

〈
KI

( (
1− s2) I2−

(
1− t2) `2K2

)n−1
〉

= (n− 1)!
n−1

∑
k=0

(
t2 − 1

)k (t2 − s2)n−1−k

k! (n− 1− k)!

〈
I2n−2k−1K

(
`2K2 − I2)k

〉
, (3.91)

and plugging it into the counterterms integral, we obtain



3.3. Kounterterms in ACF odd-dimensional manifolds 43

L̃ct = −
√
−h

8πG

[
1

n!(n− 1)!

n−1

∑
k=1

(−1)k (n− 1− k)!2

22k+1(2n− 2k− 1)!

〈
I2n−2k−1K

(
`2K2 − I2

)k
〉

− 2n− 1
2n

〈K〉
]

. (3.92)

This expression can be simplified even further. Indeed, knowing that the terms
appearing in the integral satisfy the relation

〈
I2n−2k−1K

(
`2K2 − I2

)k
〉

=
k

∑
l=0

(−1)k−l k! `2l

l! (k− l)!

〈
I2n−2l−1K2l+1

〉
, (3.93)

and evaluating Eq.(3.57), a new simplified formula for the counterterms arises

L̃ct (2p) =

√
−h

8πG ∑
{mi}

`m0−1C(2n)
m1,...,mp

m1! · · ·mp!

〈
K

m1
(2)K

m2
(4) · · ·K

mp
(2p)

〉
, (3.94)

where the constraints in Eq.(3.55) are still valid and the coefficient acquires the
value

C(2n)
m1,...,mp =

n−1

∑
k=1

k

∑
l=0

(−1)l k! (n− 1− k)!2 (2l + 1)! (2n−m0)!
22k+1n!(n− 1)!(2n− 2k− 1)!l! (k− l)! (2l + 1−m0)!

−2n− 1
2n

δ1mp . (3.95)

A quick check shows that we reproduce correctly the counterterms of the last
section, namely up to sixth order. Having this closed formula at hand, we can
go beyond that order and check the compatibility between the Kounterterms
and Holographic Renormalization. Applying the integral (3.94) for p = 4, gives
rise to

L̃ct (8) = −
√
−γ

8πG
1

d− 2

[
(d− 1)

〈
K(8)

〉
− 2`

d− 4

〈
K(2)K(6)

〉
− `

d− 4

〈
K2

(4)

〉
+

3`2

(d− 4)(d− 6)

〈
K2

(2)K(4)

〉
− `3

(d− 4)(d− 6)(d− 8)

〈
K4

(2)

〉]
, (3.96)

where d = 2n.
This result is the same as in the even-dimensional case and an impossibil-

ity to be written uniquely in terms of 〈K(8)〉 confirms the mismatch of the two



44 Chapter 3. Kounterterms

regularizing schemes when we go to quartic order in the curvature, in the odd-
dimensional case as well.

3.4 Comments on the Kounterterms

Even though the n-th Chern form in even dimensions and transgression form in
odd dimensions are quantities that correspond to distinct geometrical structures,
it was proved that they are in agreement with the standard counterterms at least
up to sixth order in the expansion. This feature led us to construct a closed
recursive formula that calculates the counterterms to all orders and depends
explicitly on the symmetric traces of the various terms of the extrinsic curvature
expansion. I expect that this formula will match the standard counterterms to
all orders.

The mismatch that arises at the 8th order can possibly be explained as an
incompleteness of the ACF condition. Indeed, for the derivation of the ACF
condition considers only the leading order term of the extrinsic curvature expan-
sion whereas for the derivation of the Kounterterms the next to the leading or-
der term is becoming relevant, which would induce new constraints among the
extrinsic curvature components and possibly lead to proportionality of Koun-
terterms L̃ct(2p) to 〈K2p〉. Taking into account the linear term in the curvature
corresponds to a modified asymptotic behavior of the Weyl tensor, leading the
ACF approximation not to be sufficient after a specific order.

One evidence that supports this claim is that conserved charges obtained
from Lct or L̃ct are the same,i.e., a difference between them is not observable.
Similar arguments hold for other observable quantities, such as holographic
anomalies and Entanglement Entropy.
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Chapter 4

Conformal Gravity

4.1 Introduction

EH gravity, since its introduction from A. Einstein in 1915, has been the main
paradigm for the description of gravity and constitutes one of the main corner-
stones of Modern Physics. In the next decades, its compatibility with quantum
mechanics was put in question, and a quest for a quantum theory of gravity be-
gan. It was proved later Ref.[19], that GR is a two-loop divergent theory and
does not exhibit the desirable features of quantum gravity.

String theory, on the other hand. is a finite theory and in its low-energy limit
arise non-linear terms in the curvature, indicating that higher-order extensions
of GR may be plausible. Indeed, higher-curvature gravity theories proved to be
renormalizable [20], [21] provided a non-divergent ultraviolet (UV) behavior.

Due to the fact that renormalizability is considered a prerequisite for quan-
tum gravity, higher-derivative theories of gravity were extensively studied dur-
ing the last decades. Some candidates are massive gravity theories, F (R), etc.
For instance, in three dimensions we meet NMG [22] and TMG [23]. In four di-
mensions, there are two main examples: i) CG and ii) CrG [24]. The case of CrG
be studied further in the next chapter and here we focus on CG.

CG is a special case in the class of higher-derivative theories of gravity. It
is a quadratic-curvature theory of gravity that is renormalizable Ref.[25], but
the presence of higher-derivatives terms in the EOM lead to ghosts (modes of
negative norm), contrary to EH gravity. Its action acquires the form

ICG = αCG

∫
M

d4x
√
−gWαβµνWαβµν

=
αCG

4

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Wµ1µ2
ν1ν2 Wµ3µ4

ν3ν4 , (4.1)

where Wαβ
µν is the Weyl tensor (2.18).

CG in four dimensions is invariant under local Weyl rescalings of the metric
gµν → Ω2 (x) gµν , namely a transformation that preserves the angles but not the
distances. Furthermore, the coupling constant, αCG, is a positive dimensionless
parameter, making the theory scale-invariant.
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The theory is a recurrent topic in the literature for various reasons. Phe-
nomenologically, earlier works [26]–[29] suggest CG as an alternative candidate
to dark matter, due to its ability to describe the galactic rotation curves. At a
more fundamental level, the action (4.1) emerges from twistor string theory [30].

Recently, Maldacena showed in Ref. [31] the equivalence between EH gravity
with a cosmological constant and four-dimensional CG at tree level, considering
specific Neumann boundary conditions. Based on the concept of topological
regularization, previously discussed in section 2.3, it was shown in [32] that the
regularized action for Einstein-AdS gravity is on-shell equivalent to the action
of CG for the specific value of the coupling constant αCG = `2/64πG.

In what follows we try to prove the equivalence starting from the CG action
based on the separability of the curvature into two distinct parts: Einstein and
NE, respectively. The reason behind this decomposition is the fact that CG pos-
sesses a broad class of solutions, in which Einstein spaces constitute a particular
subset. With this in mind, we isolate the Einstein part of the CG action from the
higher-curvature contributions and provide an explicit proof of the equivalence
between CG and Einstein gravity.

4.2 Derivation of the field equations and surface terms

4.2.1 Field equations

Starting from the CG action (4.1) in a four-dimensional manifold M, we proceed
firstly with the variation of it. The variation consist of two terms,

δICG =
αCG

4

∫
M

d4xδ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
δ
√
−gWµ1µ2

ν1ν2 Wµ3µ4
ν3ν4 + 2

√
−gδWµ1µ2

ν1ν2 Wµ3µ4
ν3ν4

]
=

αCG

4

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
1
2

Wµ1µ2
ν1ν2 Wµ3µ4

ν3ν4

(
g−1δg

)
+ 2δWµ1µ2

ν1ν2 Wµ3µ4
ν3ν4

]
, (4.2)

where gµν is the bulk metric. To simplify it, we identify particular terms as

I1 =
1
2

δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Wµ1µ2
ν1ν2 Wµ3µ4

ν3ν4

(
g−1δg

)
, (4.3)

I2 = 2δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

δWµ1µ2
ν1ν2 Wµ3µ4

ν3ν4 . (4.4)

The second term can be equivalently written as
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I2 = δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

δWµ1µ2
ν1ν2 Wµ3µ4

ν3ν4

= δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

δ
(

gµ2κWµ1
κν1ν2

)
Wµ3µ4

ν3ν4

= δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(
δgµ2κWµ1

κν1ν2 + gµ2κδWµ1
κν1ν2

)
Wµ3µ4

ν3ν4 .

After some algebraic manipulation, the first part of I2 reads

δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

δgµ2κWµ1
κν1ν2Wµ3µ4

ν3ν4 = −δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(
g−1δg

)µ2

ν5
δν5

µ5Wµ1µ5
ν1ν2 Wµ3µ4

ν3ν4 .

For the second part, and taking into account the definition of the Weyl in Eq.(2.18),
we get

δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδWµ1
κν1ν2Wµ3µ4

ν3ν4 =

= δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδ
[
Rµ1

κν1ν2 −
(
Sµ1

ν1 gκν2 − Sµ1
ν2 gκν1 − Sκν1δ

µ1
ν2 + Sκν2δ

µ1
ν1

)]
Wµ3µ4

ν3ν4

= δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
gµ2κδRµ1

κν1ν2Wµ3µ4
ν3ν4 − 2gµ2κδ

(
Sµ1

ν1 gκν2

)
Wµ3µ4

ν3ν4

]
− 2δ

[ν1ν2ν3]
[µ1µ2µ3]

gµ1κδSκν1Wµ2µ3
ν2ν3 ,

where the last term vanishes due to the appearance of traces of the Weyl. Here,
Sµ

ν is the Schouten tensor of the bulk (2.19), which in four dimensions reads

Sα
µ =

1
2
(Rα

µ −
1
6

Rδα
µ) . (4.5)

The second term involving δSµ1
ν1 is analyzed as follows,

δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδ
(
Sµ1

ν1 gκν2

)
Wµ3µ4

ν3ν4 = δ
[ν1ν2ν3]
[µ1µ2µ3]

δSµ1
ν1 Wµ2µ3

ν2ν3 + δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Sµ1
ν1 Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4
,

receiving contributions only from the last term. Summing up all the contribu-
tions in Eq.(4.2), we get

δICG =
αCG

4

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[1
2

δν5
µ5Wµ1µ2

ν1ν2 Wµ3µ4
ν3ν4

(
g−1δg

)µ5

ν5
− 2δν5

µ5Wµ1µ5
ν1ν2 Wµ3µ4

ν3ν4

(
g−1δg

)µ2

ν5

− 4Sµ1
ν1 Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4
+ 2gµ2κδRµ1

κν1ν2Wµ3µ4
ν3ν4

]
.

The first line in the variation can be simplified using the expansion of the anti-
symmetric delta as
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1
2

δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

δν5
µ5

[
Wµ1µ2

ν1ν2 Wµ3µ4
ν3ν4

(
g−1δg

)µ5

ν5
− 4Wµ1µ5

ν1ν2 Wµ3µ4
ν3ν4

(
g−1δg

)µ2

ν5

]
=

=
1
2

δ
[ν1ν2ν3ν4ν5]
[µ1µ2µ3µ4µ5]

Wµ1µ2
ν1ν2 Wµ3µ4

ν3ν4

(
g−1δg

)µ5

ν5
. (4.6)

In D = 4 this term vanishes, with the surviving contributions in the variation of
the CG action to be

δICG =
αCG

2

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
gµ2κδRµ1

κν1ν2Wµ3µ4
ν3ν4 − 2Sµ1

ν1 Wµ2µ3
ν2ν3

(
g−1δg

)µ4

ν4

]
.(4.7)

Once more, we rename the two terms as

I3 =
∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδRµ1
κν1ν2Wµ3µ4

ν3ν4 ,

I4 = 2δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Sµ1
ν1 Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4
,

in order to simplify the derivation below. Considering the variation of the Rie-
mann tensor

δRµ1
κν1ν2 = ∇ν1δΓµ1

κν2 −∇ν2δΓµ1
κν1 ,

δΓµ1
κν2 =

1
2

gµ1σ (∇κδgσν2 +∇ν2δgκσ −∇σδgκν2) ,

the contribution coming from I3 is expressed as

I3 =
∫

M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδRµ1
κν1ν2Wµ3µ4

ν3ν4

= 2
∫

M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κ∇ν1δΓµ1
κν2Wµ3µ4

ν3ν4

= −2
∫

M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κδΓµ1
κν2∇ν1Wµ3µ4

ν3ν4

+ 2
∫

∂M
d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1 gµ2κδΓµ1
κν2Wµ3µ4

ν3ν4 , (4.8)

where integration by parts was applied to pass from second to third line. Here,
∇µ = ∇µ (Γ) is the affine covariant derivative in the bulk.

The bulk term contributes to the EOM and, when expanded, acquires the
form
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−
∫

M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

gµ2κgµ1σ (∇κδgσν2 +∇ν2δgκσ −∇σδgκν2)∇ν1Wµ3µ4
ν3ν4 =

= 2
∫

M
d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

∇µ1
(

g−1δg
)µ2

ν2
∇ν1Wµ3µ4

ν3ν4

= −2δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(∫
M

d4x
√
−g∇µ1∇ν1Wµ2µ3

ν2ν3 −
∫

∂M
d3x
√
−hnµ1∇ν1Wµ2µ3

ν2ν3

)(
g−1δg

)µ4

ν4
,

where the middle term of the first line vanishes due to antisymmetry in the
indices (κσ). Furthermore, for the I4 term we obtain

2δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Sµ1
ν1 Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4
= δ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Rµ1
ν1 Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4
.

Summing all the contributions, the variation of the action adopts the form

δICG = αCG

∫
M

d4x
√
−gBν

µ

(
g−1δg

)µ

ν
+ αCG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
nν1δΓµ1

κν2 gµ2κWµ3µ4
ν3ν4 +

+ nµ1∇ν1Wµ2µ3
ν2ν3

(
g−1δg

)µ4

ν4

]
, (4.9)

where nµ is normal to the boundary, and Bν
µ is written as

Bν
µ = −δ

[νν1ν2ν3]
[µµ1µ2µ3]

(
∇µ1∇ν1Wµ2µ3

ν2ν3 +
1
2

Rµ1
ν1 Wµ2µ3

ν2ν3

)
= −4

(
∇α∇βWβν

αµ +
1
2

Rα
βWβν

αµ

)
. (4.10)

The result is a four-derivative, traceless and covariantly conserved tensor in four
dimensions, called the Bach tensor.

The EOM of CG, which are defined by the vanishing of the bulk term in (4.9),
are satisfied by Bach flat solutions,i.e., Bµν = 0. This class of solutions consists
of two main families of spacetimes: i) locally conformal Einstein spaces, and ii)
self-dual or anti-self-dual spaces. Einstein spacetimes are Bach flat as well, as it
can be confirmed by plugging in the relation (2.17) into (4.10), and they form a
trivial subset of the whole family of solutions.

The presence of a higher-derivative tensor in the field equations leads to both
massless and massive propagating modes with opposite norms. This means
that, except from the normal ones, there are ghosts as well, namely, modes with
negative kinetic energy. Recently, there have been works [33] on realizations of
the theory where the ghosts are absent and unitarity is restored.
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Another interesting feature arising in CG is associated to the presence of mas-
sive modes, is known as the phenomenon of partial masslessness [34], [35]. This
phenomenon occurs when the scalar component of the massive mode is absent
and the only non-vanishing contributions of the decomposition are the ones cor-
responding to spin 2 and spin 1 modes.

4.2.2 Surface terms

In this subsection we proceed with a more detailed analysis of the surface terms
derived from the first variation of the CG action

δIsur f = αCG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
nν1δΓµ1

κν2 gµ2κWµ3µ4
ν3ν4 +

+ nµ1∇ν1Wµ2µ3
ν2ν3

(
g−1δg

)µ4

ν4

]
. (4.11)

In what follows, we are assuming a radial foliation of the spacetime of the form
given in Eq.(2.23), while we decompose the surface term in two parts,

δI1 =
∫

∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1δΓµ1
κν2 gµ2κWµ3µ4

ν3ν4 , (4.12)

δI2 =
∫

∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nµ1∇ν1Wµ2µ3
ν2ν3

(
g−1δg

)µ4

ν4
. (4.13)

Writing the first surface term in the radial foliation, we get

δI1 =
∫

∂M
d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1δΓµ1
κν2 gµ2κWµ3µ4

ν3ν4

=
∫

∂M
d3x
√
−hNδ

[i1i2i3]
[j1 j2 j3]

(
δΓρ

κi1
gj1κW j2 j3

i2i3
− δΓj1

κi1
gρκW j2 j3

i2i3
− 2δΓj1

κi1
gj2κW j3ρ

i2i3

)
=

∫
∂M

d3x
√
−hNδ

[i1i2i3]
[j1 j2 j3]

(
1
N

δKκi1 hj1κW j2 j3
i2i3

+
1
N

δK j1
i1

W j2 j3
i2i3
− 2δΓj1

κi1
hj2κW j3ρ

i2i3

)
=

∫
∂M

d3x
√
−hNδ

[i1i2i3]
[j1 j2 j3]

[
1
N

(
2δK j1

i1
+ Km

i1

(
h−1δh

)j1

m

)
W j2 j3

i2i3
− 2δΓj1

κi1
hj2κW j3ρ

i2i3

]
,

where the decomposition of the Christoffel symbol in the radial foliation (2.25)
was taken into account. The third term can be further expanded as



4.2. Derivation of the field equations and surface terms 51

2N
∫

∂M
d3x
√
−hδ

[i1i2i3]
[j1 j2 j3]

δΓj1
κi1

hj2κW j3ρ
i2i3

=

= 2N
∫

∂M
d3x
√
−hδ

[i1i2i3]
[j1 j2 j3]

1
2

hj1mhj2κ
(

Dκδhmi1 + Di1δhκm − Dmδhκi1
)

W j3ρ
i2i3

= 2N
∫

∂M
d3x
√
−hδ

[i1i2i3]
[j1 j2 j3]

Dj2
(

h−1δh
)j1

i1
W j3ρ

i2i3
,

where Di = Di

(
Γj

kl(h)
)

is the covariant derivative of the boundary. As we have
seen before, the middle term in the second line vanishes due to antisymmetry.
Thus, we get

δI1 =
∫

∂M
d3x
√
−hδ

[i1i2i3]
[j1 j2 j3]

{[
2δK j1

i1
+ Km

i1

(
h−1δh

)j1

m

]
W j2 j3

i2i3
+

+ 2NDj2W j3ρ
i2i3

(
h−1δh

)j1

i1

}
. (4.14)

Going to the second surface term of the variation of the action, one gets

δI2 =
∫

∂M
d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nµ1∇ν1Wµ2µ3
ν2ν3

(
g−1δg

)µ4

ν4

=
∫

∂M
d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nµ1∇ν1

(
Rµ2µ3

ν2ν3 − 4Sµ2
ν2 δ

µ3
ν3

) (
g−1δg

)µ4

ν4

= −4
∫

∂M
d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

nµ1∇ν1Sµ2
ν2

(
g−1δg

)µ3

ν3
.

To pass from the second to the third line, the Bianchi identity was taken into
account. Actually, this term is proportional to the Cotton tensor of the bulk,
which is defined as

Cα
µν = ∇µSα

ν −∇νSα
µ . (4.15)

Not all the components of the Cotton tensor contribute to δI2. Applying the
radial foliation, we find

δI2 =
∫

∂M
d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

nµ1∇ν1Sµ2
ν2

(
g−1δg

)µ3

ν3

=
1
N

∫
∂M

d3x
√
−hδ

[i1i2]
[j1 j2]

[
∇ρSj1

i1

(
h−1δh

)j2

i2
−∇i1Sj1

ρ

(
h−1δh

)j2

i2
+∇i1Sj2

i2

(
h−1δh

)j3

ρ

]
=

1
N

∫
∂M

d3x
√
−hδ

[i1i2]
[j1 j2]

(
∇ρSj1

i1
−∇i1Sj1

ρ

) (
h−1δh

)j2

i2
.
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Thus, summing up all the contributions, the total surface term of the CG action
reads

δIsur f = αCG

∫
∂M

d3x
√
−h
{

δ
[i1i2i3]
[j1 j2 j3]

[(
2δK j1

i1
+ Km

i1

(
h−1δh

)j1

m

)
W j2 j3

i2i3
+ 2NDj1W j2ρ

i1i2

(
h−1δh

)j3

i3

]
− 4

N
δ
[i1i2]
[j1 j2]

(
∇ρSj1

i1
−∇i1Sj1

ρ

) (
h−1δh

)j2

i2

}
, (4.16)

or in terms of the Cotton tensor

δIsur f = αCG

∫
∂M

d3x
√
−h
{

δ
[i1i2i3]
[j1 j2 j3]

[(
2δK j1

i1
+ Km

i1

(
h−1δh

)j1

m

)
W j2 j3

i2i3
+ 2NDj1W j2ρ

i1i2

(
h−1δh

)j3

i3

]
− 4

N
δ
[i1i2]
[j1 j2]

Cj1
ρi1

(
h−1δh

)j2

i2

}
. (4.17)

This derivation of the surface terms for a Weyl squared action will be extremely
useful in the study of the equivalence between Conformal and Einstein-AdS
gravity below.

4.3 Topological Regularization and the variational prob-
lem in 4D Einstein-AdS gravity

One of the key steps towards the derivation of the equivalence between the two
theories is the introduction of the topological regularization. In the last chapter,
we showed that the Kounterterms provides a successful prescription for the can-
cellation of divergences in Einstein gravity and equivalent to the Holographic
Renormalization, at least up to eleven dimensions. For even-dimensional bulk,
the addition of the n-th Chern form is equivalent to the addition of a topological
invariant of the Euler class for the corresponding dimension (3.28). Hence, the
addition of a topological invariant with a fixed coupling constant on top of the
Einstein Hilbert action renders the action finite, introducing in this way, topo-
logical regularization. The explicit form of the renormalized action is given in
Eq.(3.29).

The first hint towards this new scheme was given in Ref.[32], in the case of
four dimensions. The corresponding topological invariant is the GB term and
the renormalized action acquires the form

I(E)
ren =

1
16πG

∫
M

d4x
√
−g
(

R− 2Λ +
`2

16
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Rµ1µ2
ν1ν2 Rµ3µ4

ν3ν4

)
, (4.18)
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where, from now on, the index (E) indicates quantities associated to EH gravity.
In four dimensions the Euler theorem reads∫

M
d4xGB = 32π2χ(M) +

∫
∂M

d3xB3 ,

where

B3 = 4
√
−hδ

[i1i2i3]
[j1 j2 j3]

K j1
i1

(
1
2
Rj2 j3

i2i3
− 1

3
K j2

i2
K j3

i3

)
.

The boundary dynamics cannot distinguish between the Chern form and the
GB, as they are locally equivalent. Hence, the GB term can be replaced by the
second Chern form, expressed in terms of intrinsic and extrinsic curvatures of
the boundary [7],

I(E)
ren =

1
16πG

∫
M

d4x
√
−g (R− 2Λ) +

`2

16πG

∫
∂M

d3x
√
−hδ

[j1 j2 j3]
[i1i2i3]

Ki1
j1

(
1
2
Ri2i3

j2 j3
− 1

3
Ki2

j2
Ki3

j3

)
.(4.19)

Of course, at the level of the Euclidean action there is a finite shift proportional
to the Euler characteristic. Here, hij is the three-dimensional boundary metric.

By adding and subtracting the Gibbons-Hawking term we bring the action
I(E)
ren in the form (3.2), where the counterterms become

L̃ct =
`2

16πG

√
−hδ

[i1i2i3]
[j1 j2 j3]

K j1
i1
(

1
2
Rj2 j3

i2i3
(h)− 1

3
K j2

i2
K j3

i3
+

1
`2 δ

j2
i2

δ
j3
i3
) .

As we saw in chapter 1, the key ingredient is the fact that the asymptotic solu-
tion of the Einstein equations, previously seen in subsection 2.2.1, induces the
expansion of the extrinsic curvature in terms of intrinsic quantities of the bound-
ary given in (2.26). Plugging this expansion into L̃ct, we pass from the extrinsic
to the intrinsic counterterms which, after some algebraic manipulation, gener-
ates the standard counterterms

Lct =
1

8πG

√
−h
(

2
`
+

`

2
R(h)

)
+ . . . ,

previously seen in Ref.[36]. This derivation presents a concrete realization of
the discussion of Chapter 1, in the case of four dimensions, and expresses the
equivalence between Topological Regularization and HR.

The addition of a bulk topological invariant implies that the renormalized
action (4.18) obtains the form [32]

IMM =
`2

256πG

∫
M

d4x
√
−gδ

[κλµν]
[αβγδ]

(Rαβ
κλ +

1
`2 δ

[αβ]
[κλ]

)(Rγδ
µν +

1
`2 δ

[γδ]
[µν]

) ,
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what is the MacDowell-Mansouri action of the AdS group. This remarkable
feature of topological regularization plays a significant role for the derivation
below.

Furthermore, we realize that the Weyl tensor evaluated for Einstein spaces
(Rµν = −(3/`2)gµν) coincides with the AdS curvature,

Wµ1µ2
(E)ν1ν2

= Rµ1µ2
ν1ν2 +

1
`2 δ

[µ1µ2]
[ν1ν2]

. (4.20)

This relation can be easily derived by plugging in the on-shell form of the Schouten
tensor (2.20) into the Weyl (2.18). Thus, in Einstein gravity the AdS curvature is
replaced by the on-shell Weyl tensor and the renormalized AdS action can be
written as

IMM =
`2

256πG

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Wµ1µ2
(E)ν1ν2

Wµ3µ4
(E)ν3ν4

. (4.21)

This is actually the CG action when evaluated in Einstein spacetimes.
The Eq.(4.21), shows the equivalence between the Einstein-AdS gravity and

CG for Einstein spacetimes, starting from the EH gravity side. In the next sub-
section, we will follow the inverse path, namely trying to obtain the equiva-
lence starting from the CG side. Moreover, the identification of the renormal-
ized action as Weyl squared has a profound geometrical origin, as it expresses
the renormalized volume for AdS spacetimes, given in Ref.[37], and provides a
hint for the connection between the renormalized action and the renormalized
volume.

Finally, due to the quadratic in Weyl form of the renormalized AdS action,
its variation is given by the surface term (4.11), where the Weyl tensor is now
replaced by its on-shell form (4.20). In this case, the derivative term vanishes
due to the Bianchi identity and the remaining contribution reads

δIMM =
`2

64πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1δΓµ1
κν2 gµ2(Rµ3µ4

ν3ν4 +
1
`2 δ

[µ3µ4]
[ν3ν4]

)

=
`2

64πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1δΓµ1
κν2 gµ2κWµ3µ4

(E)ν3ν4
, (4.22)

when the EOM hold.
In section 3.2.2 we showed (4.14) that, when IMM is written in Gauss-normal

coordinates, can be put in the form

δIMM =
∫

∂M
d3x
√
−hδ

[i1i2i3]
[j1 j2 j3]

{[
2δK j1

i1
+ Km

i1

(
h−1δh

)j1

m

]
W j2 j3

(E)i2i3

+ 2NDj2W j3ρ

(E)i2i3

(
h−1δh

)j1

i1

}
. (4.23)
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The presence of the variation of the extrinsic curvature δK makes it not possible
to have a well-defined Dirichlet problem for the metric hij, making the definition
of the quasilocal tensor a cumbersome problem to solve.

However, considering the FG expansion of the metric, we find the asymptotic
behavior of the following quantities,

√
−h =

√g(0)
ρ3/2 +O

(
ρ−1/2

)
, (4.24)(

h−1δh
)j

`
=

(
g−1
(0)δg(0)

)j

`
+O(ρ) , (4.25)

Ki
j (h) =

1
`

δi
j − `ρSi

j

(
g(0)
)
+O(ρ3/2) , (4.26)

whereas for the fall-off of the components of the Weyl tensor we get

W iρ
jk = O

(
ρ2
)

, (4.27)

W ik
jm = O (ρ) . (4.28)

Summing up all the above quantities, we realize that the first and the third terms
in (4.23) are subdominant, as their fall-off is of orderO (ρ), and they do not con-
tribute at the conformal boundary. Thus, the only finite contribution is coming
from the second term, which provides a well-defined variational problem for
the conformal boundary metric g(0)ij. This feature makes the topological regu-
larization compatible with holography, as g(0)ij corresponds to the background
metric of the boundary CFT.

Both the renormalized action for Einstein AdS gravity (4.21) and its corre-
sponding variation (4.22) will play a crucial role in the analysis below, where we
will show the equivalence of CG and EH gravity.

4.4 From Conformal to Einstein Gravity

EW gravity is described by the action

I(EW) =
1

16πG

∫
M

d4x
√
−g
[
(R− 2Λ) + γWαβ

µν Wµν
αβ

]
, (4.29)

where γ is a constant proportional to the CG coupling which reads γ = 16πGαCG.
By construction, the theory consists of two distinct parts, which are reflected in
the EOM

Gν
µ − γBν

µ = 0 , (4.30)

where
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Gµ
ν = Rν

µ −
1
2

Rδν
µ −

3
`2 δν

µ = −1
4

δ
[ναβ]
[µγδ]

(
Rγδ

αβ +
1
`2 δ

[γδ]
[αβ]

)
, (4.31)

is the Einstein tensor.
For the discussion below, it is useful to define what we call Einstein space-

times. The direct response would be that Einstein spaces are the ones defining a
vanishing Einstein tensor. But there is an even more generic definition that in-
volves the Ricci tensor itself. As Einstein are called spaces whose traceless Ricci
tensor vanishes, i.e.,

RT
µν = Rµν −

1
D

Rgµν = 0 , (4.32)

where D corresponds to the spacetime dimension. Indeed, in D = 4 EH gravity,
RT

µν = 0, leading to the following relation for the Ricci tensor: Rµν = − 3
`2 gµν.

Taking the trace of the EW EOM in Eq.(4.30), the Ricci tensor becomes

Rµν = − 3
`2 gµν + γBµν . (4.33)

This relation indicates that the class of solutions of the theory consists of a broader
set of spacetimes than the Einstein ones. The deviation from the Einstein branch
is expressed from the term linear in the Bach tensor. Thus, the presence of
quadratic-curvature terms in the action enlarges the solution space.

We have to stress out that arbitrary quadratic couplings in the curvature
would lead to a possibility to produce multiple AdS vacua. It is the specific
value of the couplings which correspond to the Weyl squared term that do not
modify the asymptotic behavior and maintain a unique AdS vacuum.

Based on the previous discussion for EW gravity, and considering that Ein-
stein spacetimes is a subset of the CG solutions, we assume that the most generic
solution to CG is a deviation from the Einstein branch. Thus, we conjecture that
the higher-derivative contributions in the CG action are captured by the Bach
tensor in Eq.(4.33). The separation at the level of the curvature is translated into
a decomposition of the Weyl tensor into an Einstein and a non-Einstein part of
the form W = W(E) + W(NE).

More specifically, substituting the Ricci decomposition (4.33) into the Schouten
tensor (2.19), one gets

Sα
µ = −1

2

(
1
`2 δα

µ − γBα
µ

)
. (4.34)

Plugging this expression into the Weyl tensor (2.18), we identify the Einstein
part as the one given by the Eq.(4.20), while the NE part is described as the
skew-symmetric product of the Bach tensor and the metric

Wαβ

(NE)µν
= −γ

2
(Bα

µδ
β
ν − Bβ

µδα
ν − Bα

ν δ
β
µ + Bβ

ν δα
µ) . (4.35)
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Hence, using the Weyl decomposition in the CG action (4.1), it adopts the form

ICG =
αCG

4

∫
M

d4x
√
−gδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

(
Wµ1µ2

(E)ν1ν2
Wµ3µ4

(E)ν3ν4
+ 2Wµ1µ2

(E)ν1ν2
Wµ3µ4

(NE)ν3ν4

+Wµ1µ2
(NE)ν1ν2

Wµ3µ4
(NE)ν3ν4

)
. (4.36)

Would the coupling be chosen as αCG = `2/64πG, the first term would be identi-
fied as the MacDowell-Mansouri form of the renormalized Einstein-AdS action.
Expanding different parts of the decomposition, the CG action equivalently can
be written as

ICG = IMM −
`2

16πG
γ
∫

M
d4x
√
−gδ

[ν1ν2]
[µ1µ2]

(Gµ1
ν1 −

γ

2
Bµ1

ν1 )Bµ2
ν2 , (4.37)

where Eq.(4.21) was taken into account and γ = `2/4.
It is evident from this formulation that, for Einstein spacetimes, namely van-

ishing Bach spacetimes, only the contribution from IMM survives, expressing the
equivalence between Einstein-AdS and CG. At this point, it is useful to comment
that the vanishing of the Bach tensor extends the validity of the equivalence be-
tween the two actions to more generic spacetimes than the Einstein ones, i.e.,
Bach-flat spaces. Further restrictions are imposed when we pass at the level of
the variation of the action.

Indeed, when the EOM for CG hold and the decomposition of the Weyl ten-
sor is included, the surface term in Eq.(4.9) becomes

δICG = αCG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

[
nν1δΓµ1

λν2
gµ2λ

(
Wµ3µ4

(E)ν3ν4
+ Wµ3µ4

(NE)ν3ν4

)
+nµ1∇ν1Wµ2µ3

ν2ν3

(
g−1δg

)µ4

ν4

]
, (4.38)

where we used the Bianchi identity in order to eliminate the W(E) part in the
covariant derivative. Inserting the explicit form of the non-Einstein part of the
Weyl tensor (4.35), the surface term becomes

δICG = αCG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

nν1 δΓµ1
λν2

gµ2λWµ3µ4
(E)ν3ν4

−

−2αCGγ
∫

∂M
d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

[
nν1 δΓµ1

λν2
gµ2λBµ3

ν3 + nµ1∇ν1 Bµ2
ν2

(
g−1δg

)µ3

ν3

]
. (4.39)

For the same value of the CG coupling constant as before,I.e., αCG = `2/64πG,
the first term can be identified as the variation of the renormalized AdS action
in Eq.(4.22). Thus, the surface term that results from the CG action (4.39), adopts
the form
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δICG = δIMM −
`4

128πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

[
nν1δΓµ1

κν2 gµ2κBµ3
ν3 +

+nµ1∇ν1 Bµ2
ν2

(
g−1δg

)µ3

ν3

]
. (4.40)

It has to be noted that, in general, δΓ in the first term of (4.39) contains non-
Einstein contributions from the metric, such that it cannot be matched to the
Eq.(4.22) without imposing further restrictions on the boundary conditions of
the theory. In the holographic context, these contributions are recognized as
new sources on the conformal boundary and arise as additional terms in the FG
expansion.

More specifically, in the FG gauge, an ALAdS spacetime is foliated as

ds2 =
`2

z2 dz2 +
1
z2 gij(z, x)dxidxj , (4.41)

with the power series of the metric near the conformal boundary z = 0 written
as

gij(z, x) = g(0)ij + zg(1)ij + z2g(2)ij + z3g(3)ij + ... . (4.42)

The term linear in z would be absent in case of Einstein gravity, because the odd
powers of z are eliminated by the EOM. In CG this is no longer the case and
the presence of the term zg(1) represents the non-Einstein branch of the theory.
Maldacena’s argument [31], consists on switching off the non-Einstein modes by
imposing proper Neumann boundary conditions, i.e.,∂zgij (z, x) = 0, recovering
the Einstein branch of solutions.

Instead, in our formulation, constraining in the Einstein subset of CG so-
lutions implies both a vanishing Bach tensor and proper Neumann boundary
conditions that removes the non-Einstein modes. Based on this, our derivation
provides an explicit proof of the equivalence between Einstein gravity with a
cosmological constant and CG, both at the level of the action and the variation
of it.
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Chapter 5

Critical Gravity

5.1 Introduction

CrG is the second main paradigm of a higher-curvature theory of gravity in four
dimensions, after CG, which was studied extensively in the last chapter. As it
was clearly stated, the main advantage of these models is that they manage to
solve the problem of renormalizability [20], [25], that arises in GR [19], providing
a finite UV behavior and a possibly consistent theory of quantum gravity. Thus,
these toy models reveal many interesting aspects of a quantum theory of gravity.

More specifically, CrG is a special case of a class of theories characterized by
the presence of quadratic curvature terms added to the EH action. The most
general form of this class of theories in 4D is given by

I =
1

16πG

∫
M

d4x
√
−g
(

R− 2Λ + αRµνRµν + βR2
)

, (5.1)

where α and β are arbitrary couplings and Λ = −3/`2 is the cosmological con-
stant. No Riemann squared term appears in the above expression, as it can
always be expresses in terms of the GB topological invariant and the above
quadratic curvature terms. The GB in 4D is a topological invariant, namely it
doesn’t affect the EOM, but it modifies the boundary dynamics.

The presence of quadratic-curvature terms lead to four-derivative EOM, that
correspond to a spectrum that consists of massless spin-2, massive spin-2 and
massive scalar modes [20], [38], [39]. The massive graviton is actually a ghost
mode (it has negative energy), as known from a generic higher-derivative theory
[38], rendering the theory non-unitary.

The problem of the ghost mode can be circumvented by flipping the conven-
tional sign of the EH term, but in this case the mass of the Schwarzschild-AdS
turns negative. The inconsistency coming from the opposite signs of the black
hole mass and the energy of the perturbations makes the model unphysical.
Similar behavior has been reported in the case of 3D massive gravity theories
(NMG,TMG) [22], [23]. They possess features that can be extended to higher
dimensions and overcome the pathologies of the theory.
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The property that is of major interest for the construction of a physically
consistent theory, is criticality. This phenomenon arises in specific points in the
parametric space of the coupling constants where the linearized EOM are de-
generate. At these specific points, the scalar modes vanish while the massive
gravitons turn to massless. Moreover, both the energy of the propagating exci-
tations and the black hole mass are zero, leading to a model which is unitary
and without ghosts. The concept of criticality when extended in 4D and applied
in the quadratic-curvature gravity action (5.1) gives rise to Critical Gravity [24].

New modes arise at the critical point, which have a logarithmic dependence
in the radial coordinate near the boundary. In general, imposing the standard
AdS boundary conditions, the logarithmic modes can be discarded from the
spectrum of the theory as they have a faster fall-off. The resulting theory is some-
what trivial, in the sense that both the massless excitations and the Schwarzschild-
AdS black hole have zero energy [10], [24]. The triviality of the theory is justi-
fied by the on-shell equivalence between Einstein-AdS and CG when the non-
Einstein modes are absent [9], [31]. We discuss this issue below.

The structure of CrG gets richer when a relaxed set of AdS boundary condi-
tions is taken into account [40]–[42], as the presence of the logarithmic modes
modify not only the spectrum but also the asymptotic structure of the theory.
The spacetime is no longer asymptotically AdS and a standard holographic de-
scription breaks down. This is evident from the presence of logarithmic terms
in the relaxed FG expansion.

The modification of the asymptotics is expressed as a function of the coef-
ficient of the leading order logarithmic term,i.e, b(0)ij. In order to maintain a
valid holographic description in the presence of logarithmic modes, the asymp-
totic region has to be modified minimally from the ALAdS fall-off. In order to
circumvent the problem, we assume that b(0)ij is small. The presence of new
modes switches on a new source in the boundary. Indeed, the leading order
logarithmic coefficient plays the role of the source of an operator living on the
boundary CFT, which is a LCFT instead of a CFT.

LCFTs are characterised by the logarithmic terms that arise in the operator
product expansion (OPE), preserving the conformal invariance [43]. The log-
arithmic operators correspond to a generalization of the primary operators for
non-diagonalizable matrices and they appear as conjugate to zero norm primary
states with degenerate scaling dimensions [44]. As a consequence, the Hamilto-
nian of these states in non-Hermitian, describing systems where unitarity fails.

CrG gives us insight and the appropriate tools to study further the proper-
ties of LCFTs, in a holographic context. In this chapter, we take advantage of
the equivalence between Einstein-AdS gravity and CG and derive a new on-
shell formula for CrG. Based on this new formulation we propose a new set of
counterterms that cancels the divergences coming from the non-Einstein modes,
simplifying the derivation of the holographic correlation functions.
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5.2 Critical Gravity action

CrG is defined in a unique point in the parametric space of a generic quadratic-
curvature action. The corresponding coupling constants lead to degenerate EOM,
in a way that all the massive excitations of the theory vanish. Thus, the identifi-
cation of the critical coupling constants in (5.1) requires to write the EOM in the
linearized form around a background, in order to determine the dynamics of the
propagating excitations. The linearization procedure [24] requires the presence
of a perturbation hµν, propagating in the background g̃µν, such that the metric
of the spacetime is given by gµν = g̃µν + hµν.

The field equations at first order in the perturbation hµν are

δ
(
Gµν + Eµν

)
= [1 + 2Λ (α + 4β)] GL

µν + α

[(
�̄− 2Λ

3

)
GL

µν −
2Λ
3

RL ḡµν

]
+

+ (α + 2β)
[
−∇̄µ∇̄ν + ḡµν�̄+ Λḡµν

]
RL = 0 , (5.2)

where GL
µν and RL are the linearized versions of the Einstein tensor and the Ricci

scalar, given by

GL
µν = RL

µν −
1
2

RL ḡµν −Λhµν , (5.3)

RL
µν = ∇̄µ∇̄(νhν)λ −

1
2
�̄hµν −

1
2
∇̄µ∇̄νh , (5.4)

RL = ∇̄µ∇̄νhµν − �̄h−Λh . (5.5)

Here Eµν quantifies all the four-derivative contributions of the EOM. Taking the
trace and considering the gauge condition ∇̄hµν = ∇̄νh , we obtain

gµνδ
(
Gµν + Eµν

)
= 0 = Λ [h− 2 (α + 3β) �̄h] , (5.6)

which corresponds to the EOM of the propagating scalar mode. We note that
the choice α = −3β eliminates the massive scalar mode and is equivalent to the
imposition of the traceless condition h = 0. Hence, the field equations for the
excitations, in the absence of massive scalar modes, acquire the form(

�̄− 2Λ
3

)(
�̄− 2Λ

3
− 2Λβ + 1

3β

)
hµν = 0 . (5.7)

These EOM provide the spectrum of the theory, which consists of a massless
graviton in an AdS background, represented by the first parentheses, and a
massive spin-2 field, if 2Λβ + 1 6= 0, represented by the second. Notice that,
for β = −1/2Λ the massive graviton turns massless and the EOM (5.7) are de-
generate.
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Hence, the critical coupling constants correspond to the values α = −3β and
β = −1/2Λ. Indeed, for this value the EOM acquire the form(

�̄− 2Λ
3

)2

hµν = 0 , (5.8)

representing only massless and logarithmic modes. The second class
With the critical couplings at hand, the CrG action in 4D becomes

Icritical =
1

16πG

∫
M

d4x
√
−g
[

R− 2Λ +
3

2Λ

(
RµνRµν − 1

3
R2
)]

, (5.9)

where Λ = −3/`2 is the cosmological constant.
Alternatively, considering that the specific quadratic-curvature combination

corresponds to the difference between the Weyl squared and GB term E4, the
CrG action can be equivalently written off-shell as

Icritical =
1

16πG

∫
M

d4x
√
−g
[(

R +
6
`2

)
+

`2

4

(
E4 −WµναβWαβµν

)]
. (5.10)

The GB term does not modify the bulk EOM but it does affect the boundary
dynamics. Here, the coupling constant of the GB term is the appropriate one
to generate the MacDowell-Mansouri action IMM, when summed up to the EH
action, as discussed in Chapter 4. Thus, the CrG action is split in two parts,

Icritical = IMM −
`2

64πG

∫
M

d4x
√
−gWαβµνWαβµν , (5.11)

previously seen in [9], [45]. In what follows, we will refer to the Weyl squared
term of the action in (5.11) as CG, even though the coupling is fixed,

ICG =
`2

256πG
δ
[ν1ν2ν3ν4]
[µ1µ2µ3µ4]

Wµ1µ2
ν1ν2 Wµ3µ4

ν3ν4 . (5.12)

Note that the coupling in front of the CG action has the correct value to realize
the equivalence between CG and the Einstein-AdS gravity when evaluated for
Einstein spacetimes, as discussed in the last chapter.

Eqs.(5.11) and (5.12) make manifest the vanishing of Icritical for Einstein space-
times, where Wµν

αβ = 0, as it was shown in [9], [45], explaining the triviality of
the theory for this branch of solutions.
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5.3 Field equations and the on-shell action

The CrG action has three contributions, the CG term (5.12), the EH action and
the GB topological invariant that does not modify the EOM. It is a special case of
the EW gravity, seen in the last chapter, with fixed coupling constant γ = −`2/4
and the field equations given by

Gµ
ν +

`2

4
Bµ

ν = 0 , (5.13)

where Gµ
ν is the Einstein tensor with negative cosmological constant (4.31) and

Bµ
ν is the Bach tensor (4.10).

Taking the trace of (5.13), the contribution of the Bach is zero and the Ricci
scalar recovers its value from General Relativity (R = −12/`2) and there is a
unique AdS vacuum in the theory. The absence of multiple AdS vacua shows
that the Weyl squared term corresponds to the unique quadratic-curvature com-
bination that does not produce the degeneracy of the vacuum.

Substituting the Ricci scalar into the EOM, we get

Rµν = − 3
`2 gµν −

`2

4
Bµν . (5.14)

As previously mentioned, the above relation expresses the deviation of a general
solution of CrG from Einstein spaces. The term that introduces the NE branch
of the theory is linear in the Bach tensor.

The curvature decomposition Eq.(5.14) leads to a splitting of the Weyl tensor
in two parts: i) Einstein part Wαβ

(E)µν
(4.20) and ii) non-Einstein piece Wαβ

(NE)µν
,

which reads

Wαβ

(NE)µν
=

`2

8

(
Bα

µδ
β
ν − Bβ

µδα
ν − Bα

ν δ
β
µ + Bβ

ν δα
µ

)
, (5.15)

after plugging in the value of γ into Eq.(4.35). Thus, the total Weyl tensor can be
written as

Wαβ
µν = Wαβ

(E)µν
+ Wαβ

(NE)µν
. (5.16)

As we told before, the coupling constant of the CG term has the right value that
allows us to rewrite the action as a function of the renormalized Einstein-AdS ac-
tion and higher-derivative contributions, given by Eq.(4.37). As a consequence,
the first term of the CG action cancels the I(E)

ren part of CrG (5.11) and the remain-
ing piece is

Icritical = −
`4

64πG

∫
M

d4x
√
−gδ

[κλ]
[µν]

(
`2

8
Bµ

κ + Gµ
κ

)
Bν

λ . (5.17)
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Taking into consideration that the EOM (5.13) hold, the CrG action can be cast
into the form

Icritical =
`6

512πG

∫
M

d4x
√
−gδ

[κλ]
[µν]

Bµ
κ Bν

λ

= − `6

512πG

∫
M

d4x
√
−gBµ

κ Bκ
µ . (5.18)

Hence, we conclude that the Einstein spaces have vanishing contribution in the
on-shell CrG action. The only non-vanishing contribution is coming from the
non-Einstein spaces with a term that is quadratic in the Bach tensor. Due to the
fact that Einstein spaces are Bach flat, the Icritical is zero. As a consequence both
the mass and the entropy of the Schwarzschild-AdS black hole is 0, making this
sector trivial.

5.4 Noether-Wald charges in Critical Gravity

A different path for the calculation of energy in CrG, based on non-perturbative
arguments, is presented below. Unlike the Deser-Tekin [46], [47] prescription,
based on the analysis in linearized limit, we define the conserved charges of the
theory using the Noether-Wald method [48], [49].

Starting from a Lagrangian of the form L
(

gµν, Rµναβ

)
whose dynamics de-

scribes geometries such that their isometries given by a set of Killing vectors
{ξµ}, the Noether current associated to diffeomorphisms δxµ = ξµ reads√

−gJµ = Θµ
(
δξ g
)
+ Θµ

(
δξΓ
)
+
√
−gLξµ . (5.19)

Here, Θµ is the surface term resulting from the on-shell variation of the La-
grangian. The fact that the manifold, endowed with a metric gµν, possesses
isometries is expressed by the Killing equation, δξ gµ = ∇µξν +∇νξµ = 0. In
consequence, the first term in (5.19) vanishes and the Noether current is written
down as

Jµ = 2Eµν
αβ

(
∇ν∇αξβ + Rαβ

νσξσ
)
+ Lξµ , (5.20)

where Eµν
αβ is the functional derivative of the Lagrangian with respect to the Rie-

mann tensor, i.e.,

Eµν
αβ =

δL
δRαβ

µν

. (5.21)
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Note that Eµν
αβ has the same symmetries as the Riemann tensor. When evaluated

on-shell, the last two terms of Eq.(5.20) vanish, because they construct the EOM
contracted by the Killing field, and the surviving part can be equivalently be
written as

Jµ = 2∇ν

(
Eµν

αβ∇
αξβ
)

, (5.22)

where the Bianchi identity was taken into account. The conserved current is now
a total derivative, what allows to write the conserved charge as a codimension-2
surface integral. In this case, the conserved charge of the theory is given by

Qµ [ξ] = 2
∫
Σ

dSνEµν
αβ∇

αξβ , (5.23)

where Σ is the codimension-2 surface corresponding to r = const and t = const.
Applying the Noether construction in CrG requires the computation of the

tensor Eµν
αβ. The derivation is much simplified when using the alternative form

of the action (5.11), containing two separate parts, a MacDowell-Mansouri term
[50] and a Weyl-squared term, respectively. Each term contributes separately to
the functional derivative of the Riemann tensor as

Eµν
αβ =

(
Eµν

αβ

)MM
+
(

Eµν
αβ

)CG

=
`2

128πG
δ
[µνσλ]
[αβγδ]

[(
Rγδ

σλ +
1
`2 δ

[γδ]
[σλ]

)
−Wγδ

σλ

]
. (5.24)

Plugging this result into the Noether-Wald formula (5.23) gives

Qµ [ξ] =
`2

64πG

∫
Σ

dSνδ
[µνσλ]
[αβγδ]

∇αξβ

[(
Rγδ

σλ +
1
`2 δ

[γδ]
[σλ]

)
−Wγδ

σλ

]
. (5.25)

Due to the fact that Weyl tensor for Einstein spaces, given by Eq.(4.20), is equiv-
alent to the AdS curvature, namely the parentheses in (5.25), the conserved
charges in CrG are identically zero.

Hence, we showed the triviality of CrG when we are constrained in the Ein-
stein branch of the theory. This result, previously seen in [10], confirms that
non-trivial contribution to the charges is coming from the non-Einstein modes
of the theory, as we have shown in the last section and in Ref.[9].
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5.5 Surface terms

In what follows, we are computing the surface terms arising from the variation
of the CrG action with a goal to be used in the derivation of the derivation of
the holographic correlation functions, considering the expressions already de-
rived for the CG case. We have shown that the renormalized Einstein-AdS ac-
tion, defined by plugging the GB term on top of the EH action, is written as
the MacDowell-Mansouri action for the AdS group (4.21) while the variation of
the action is given by (4.22). Furthermore, for the exact value of the coupling
constant in front of the Weyl2 term in the CrG action, we have shown that the
variation of the CG action is given by Eq.(4.40). Once more, the contributions
coming from the renormalized Einstein action are canceled giving rise only to
the terms that depend on the Bach tensor, as it is shown below,

δIcritical = δI(E)
ren − δICG

= − `4

128πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

[
nν1 δΓµ1

κν2 gµ2κBµ3
ν3 + nµ1∇ν1 Bµ2

ν2

(
g−1δg

)µ3

ν3

]
. (5.26)

We realize that the variation of the CrG action is linear in the Bach tensor and
vanishes for Einstein spacetimes. This fact actually explains the vanishing en-
ergy for Einstein spacetimes, including the energy of the massless excitations,
previously seen in Refs.[24], [39], [51].

Furthermore, using the EOM, the action variation (5.26) can be put in the
equivalent form

δIcritical =
`2

32πG

∫
∂M

d3x
√
−hδ

[ν1ν2ν3]
[µ1µ2µ3]

[
nν1δΓµ1

κν2 gκµ2 Gµ3
ν3 +

+ nµ1∇ν1 Gµ2
ν2

(
g−1δg

)µ3

ν3

]
. (5.27)

The variation of the CrG action plays crucial role in the holographic description,
as it is the quantity that determines the dual stress-energy tensor. What the form
(5.27) shows us, is that all the non-vanishing contributions are coming from the
non-Einstein spacetimes, namely solutions with a non-vanishing Einstein tensor.
A more general proof that Einstein spacetimes have zero energy can be made by
using Noether-Wald charges [10].

The next step towards the derivation of the holographic correlation functions
is to express the surface term (5.27) in the radial foliation with the help of Gaus-
sian coordinates

ds2 = N2 (ρ) dρ2 + hij (ρ, x) dxidxj . (5.28)
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Starting from the first term of Eq.(5.27), we get

δ
[ν1ν2ν3]
[µ1µ2µ3]

nν1 δΓµ1
κν2 gκµ2 Gµ3

ν3 = Nδ
[ij]
[k`]

(
δΓρ

mih
mkG`

j − δΓk
ρig

ρρG`
j + δΓk

mih
m`Gρ

j

)
, (5.29)

where the first two terms become

Nδ
[ij]
[k`]

[
δ

(
1
N

Kmi

)
hkmG`

j − δΓk
ρig

ρρG`
j

]
= δ

[ij]
[k`][K

m
i

(
h−1δh

)k

m
+ 2δKk

i ]G
`
j , (5.30)

and the last one is

∫
∂M

d3x
√
−hNδ

[ij]
[k`]δΓk

mih
`mGρ

j = −
∫

∂M

d3x
√
−hNδ

[ij]
[k`]

(
h−1δh

)k

i
D`Gρ

j . (5.31)

Taking into account these contributions, the first term of the variation of the
action is written in the radial foliation as

δ
[ν1ν2ν3]
[µ1µ2µ3]

nν1δΓµ1
κν2 gκµ2 Gµ3

ν3 = δ
[ij]
[k`]

[(
Km

i

(
h−1δh

)k

m
+ 2δKk

i

)
G`

j−

− NDkGρ
i

(
h−1δh

)`
j

]
. (5.32)

For the second term in the variation (5.27), we get

δ
[ν1ν2ν3]
[µ1µ2µ3]

nµ1∇ν1 Gµ2
ν2

(
g−1δg

)µ3

ν3
= δ

[ij]
[k`]

1
N

(
∇ρGk

i −∇iGk
ρ

) (
h−1δh

)`
j

. (5.33)

Hence, the variation of the CrG action in Gauss-normal coordinates becomes

δIcritical =
`2

32πG

∫
∂M

d3x
√
−hδ

[ij]
[k`]

[(
2δKk

i + Km
i

(
h−1δh

)k

m

)
G`

j

+
1
N

(
∇ρGk

i −∇iGk
ρ − N2DkGρ

i

) (
h−1δh

)`
j

]
. (5.34)

Note that the variation of the CrG consists of terms which are linear in the Ein-
stein tensor. It is the asymptotic behavior of the various components of the
Einstein tensor that will determine the finiteness of the holographic correlation
functions, which are determined from the functional derivative of (5.34) with
respect to the sources.
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5.6 Holographic Renormalization in Critical Gravity

Due to the degeneracy of the linearized EOM in CrG, the spectrum of the theory
contains new modes which have logarithmic dependence in the radial coordi-
nate. The logarithmic modes have a slower fall-off than the standard AAdS
spacetimes and choosing suitable boundary conditions they can be discarded.
In this case, the AdS/CFT dictionary is still valid, because the Einstein modes
become the only surviving modes in the spectrum, and they become the sources
at the boundary coupled to CFT operators.

By relaxing the boundary conditions, one switches-on new independent sources
associated with the propagating logarithmic modes. The new sources corre-
spond to a LCFT, instead of the CFT, providing an intuition on aspects of the
AdS/LCFT, such as the computation of the holographic correlation functions.

In Ref.[40], [52] it was proposed a relaxed set of AdS boundary conditions
which is consistent with the logarithmic branch of the theory. For the radial fo-
liation (5.28), with the lapse N = `

2ρ , which correspond to an asymptotic bound-
ary located at ρ = 0, the expansion of the boundary metric has the form

hij (ρ, x) =
1
ρ

g̃ij (ρ, x) , (5.35)

g̃ij (ρ, x) = g(0)ij + b(0)ij log ρ + ρ
(

g(2)ij + b(2)ij log ρ
)
+

+ρ3/2
(

g(3)ij + b(3)ij log ρ
)
+ . . . . (5.36)

The leading order terms of the series, g(0)ij and b(0)ij, respectively, are sources of
the dual theory and each one is defining a stress-energy tensor. The coefficient
of b(0)ij has to be treated perturbatively, in order for the holographic description
to be valid.

5.6.1 Generic boundary geometry

For simplicity, in what follows we choose the unit AdS radius (` = 1). The
inverse boundary metric can be expanded as

g̃ij (ρ, x) = gij
(0) − bij

(0) log ρ + ρg̃ij
(2) + ρ3/2 g̃ij

(3) + . . . , (5.37)

where

g̃ij
(2) = −gij

(2) − bij
(2) log ρ + 2

(
b(0)g(2)

)ij
log ρ + 2

(
b(0)b(2)

)ij
log2 ρ ,

g̃ij
(3) = −gij

(3) − bij
(3) log ρ + 2

(
b(0)g(3)

)ij
log ρ + 2

(
b(0)b(3)

)ij
log2 ρ .
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Here we have to mention, that on the boundary manifold, gij
(0) and g(0)ij, are

raising and lowering the boundary indices, indicated by Latin letters. In the
radial foliation, the extrinsic curvature is defined by the formula Kij = − 1

2N ∂ρhij,
so the asymptotic expansion of Ki

j = hikKkj in the chosen frame has the form

Ki
j = δi

j − bi
(0)j + ρKi

(2)j + ρ3/2Ki
(3)j + . . . , (5.38)

where the coefficients of the expansion are given by

Ki
(2)j = −bi

(2)j − gi
(2)j − bi

(2)j log ρ +
(

b(0)g(2)
)i

j
+ 2

(
b(0)b(2)

)i

j
log ρ+

+
(

b(0)g(2)
)i

j
log ρ +

(
b(0)b(2)

)
,

Ki
(3)j = −bi

(3)j −
3
2

gi
(3)j −

3
2

bi
(3)j log ρ +

(
b(0)g(3)

)i

j
+ 2

(
b(0)b(3)

)i

j
log ρ+

+
3
2

(
b(0)g(3)

)i

j
log ρ +

3
2

(
b(0)b(3)

)i

j
log2 ρ .

We note that, in contrast to the standard FG expansion (2.13), the relaxed fall-
off prevents δKi

j from vanishing at the leading order, due to the presence of the
logarithmic terms. The finiteness of δK at the boundary indicates the presence
of a new independent source, b(0)ij, apart from the conformal boundary metric,
g(0)ij. Moreover, the asymptotic structure of the manifold is modified, as it is
shown from the asymptotic expansion of the curvature

Riρ
jρ = −δi

j + 2bi
(0)j +O (ρ) ,

Riρ
jk = 2ρ

(
Dkbi

(0)j − Djbi
(0)k

)
+O

(
ρ2
)

,

Rij
kl = −δ

[ij]
[kl] + bi

(0)kδ
j
l − bi

(0)lδ
j
k − bj

(0)kδi
l + bj

(0)lδ
i
k +O (ρ) .

The modification of the conformal structure at asymptotic infinity leads the
holographic description to break down and the usual AdS/CFT correspondence
is no more valid but should be modified, too. Nevertheless, working perturba-
tively in b(0)ij, in the limit that is non-vanishing and sufficiently small, one re-
covers the asymptotic behavior of AAdS spacetimes. We are interested in the
perturbative limit. The dual operator that couples to the new source is the log-
arithmic stress energy tensor tij, which is an irrelevant operator that belongs
to the LCFT living on the boundary. Namely, the magnitude of tij decreases
when undergoes an RG transformation and as a result is not an observable in
the macroscopic scale.

In what follows, we proceed with the explicit calculation of the holographic
correlation functions, identified as the tensors coupled to two sources, δg(0)ij and
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δb(0)ij, by evaluating Eq.(5.34) in the relaxed FG frame (5.36).

5.6.2 Vanishing log source (b(0)ij = 0)

First we derive the energy-momentum tensor of the boundary CFT assuming
that the leading order logarithmic term vanishes, for simplicity. As a first step,
we are solving the EOM (2.37) in the asymptotic limit using the method of suc-
cessive approximations and determine the FG coefficients as functions of the
intrinsic curvature of the boundary.

Taking the trace of the equation of motion, whose expansion gives (R =
−12), we get

Trg(3) = Trb(3) = 0 = Trb(2) , (5.39)

4Trg(2) + R
(

g(0)
)
= 0 . (5.40)

The (ρi) component of the EOM leads to

∇jb
j
(3)i = ∇jg

j
(3)i = ∇jb

j
(2)i = 0 , (5.41)

∇iTrg(2) −∇jg
j
(2)i = 0 . (5.42)

For the (ij) part of the EOM, we obtain

gi
(2)j − Trg(2)δ

i
j + Ri

j

(
g(0)
)
− 1

2
R
(

g(0)
)

δi
j = 0 , (5.43)

bi
(2)j = 0 . (5.44)

We conclude that the vanishing of b(0)ij turns b(2)ij to zero in (5.36) but leaves
b(3)ij unaffected.

Actually, the absence of the source b(0)ij corresponds to a vanishing logarith-
mic energy-momentum tensor tij. Taking into account the above relations, the
extrinsic curvature obtains the form

Ki
j = δi

j − ρgi
(2)j + ρ3/2

(
bi
(3)j −

3
2

gi
(3)j −

3
2

bi
(3)j log ρ

)
+ . . . . (5.45)

Calculating different contributions of the variation of the action (5.34), we find
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δ
[ij]
[k`]K

m
i G`

j = 3ρ3/2bm
(3)k, (5.46)

1
N

δ
[ij]
[k`]

(
∇ρGk

i −∇iGk
ρ

)
= 6ρ3/2bj

(3)` , (5.47)

Nδ
[ij]
[k`]D

kGρ
i = 0 . (5.48)

Additionally, due to the absence of the logarithmic source b(0), the leading con-
tribution in the variation of the extrinsic curvature is of order O (ρ). Using the
asymptotic expansion of the boundary metric hij, we determine the fall-off of
the following quantities,

(
h−1δh

)i

j
=
(

g̃−1δg̃
)i

j
=
(

g−1
(0)δg(0)

)i

j
+O (ρ) (5.49)

√
−h =

√
−g̃

ρ3/2 =

√−g(0)
ρ3/2 +O

(
ρ−1/2

)
. (5.50)

Note that the variation of Ki
j is subdominant with respect to the variation of the

metric, as it should be in standard AAdS spacetimes. Therefore, the contribution
of δKi

j vanishes at the conformal boundary. Summing all the contributions, the
variation of the CrG action (5.34) acquires the form

δIcritical =
9

32πG

∫
∂M

d3x
√
−g(0)b

i
(3)j

(
g−1
(0)δg(0)

)j

i
. (5.51)

We note that the result is finite and the variational principle is well defined for
the Dirichlet boundary condition, δg(0)ij = 0. Hence, the CrG action (5.9) is finite
and no additional counterterms are needed, in the absence of the logarithmic
source.

According to the Ref.[2], the holographic stress tensor is defined as the func-
tional variation of the regular part of the surface term with respect to the source,

〈Tij〉 = −
2√−g(0)

δI

δgij
(0)

, (5.52)

which applied in (5.51), becomes

〈Tij〉 =
9

16πG
b(3)ij . (5.53)

This formula is in agreement with the result in Ref.[53], generalized for an ar-
bitrary form of the boundary geometry. When Einstein spaces are taken into
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account, the logarithmic contribution b(3) vanishes and
〈

T(ij)

〉
turns to zero, re-

covering the results of Ref.[24].

5.7 Linearized analysis (b(0)ij 6= 0)

Switching on the logarithmic source makes the calculation of the holographic
correlation functions cumbersome. In order to simplify the derivation, we are
working perturbatively around AdS4 [53]–[55].

In the linearization limit, the on-shell action contains terms up to quadratic
order in the perturbation, what is sufficient for the derivation of the two-point
correlation functions at the boundary. In this section, starting from the new
formulation of the CrG action (5.18), we evaluate the linearized AdS4 metric
and regularize the action introducing proper counterterms.

In order to technically simplify the derivation of the correlation functions,
we consider a flat boundary metric. Thus, we are evaluating the linearized La-
grangian (5.34) in Gauss-normal coordinates (5.28), where the regular boundary
metric gij (ρ, x) is written as a deviation cij (ρ, x) of the Minkowski background,

hij (ρ, x) =
1
ρ

g̃ij =
1
ρ

(
ηij + cij (ρ, x)

)
. (5.54)

The perturbation cij (ρ, x) is a regular function on the boundary, so it admits a
series expansion around the flat background of the form

cij = h(0)ij + b(0)ij log ρ + ρ
(

g(2)ij + b(2)ij log ρ
)
+

+ρ3/2
(

g(3)ij + b(3)ij log ρ
)
+ . . . , (5.55)

where h(0)ij corresponds to the source of CFT stress-energy tensor
〈

Tij
〉

and b(0)ij
is the logarithmic source dual to another stress tensor

〈
tij
〉
.

As a first step, we determine the relations between the FG coeeficients by
solving the EOM (2.37) in the FG frame.

From the Ricci scalar R = −12, we obtain

Trb(0) = Trb(3) = Trg(3) = 0 , (5.56)

4Trb(2) + ∂i∂jb
ij
(0) = 0 , (5.57)

4Trg(2) + ∂i∂jh
ij
(0) − ∂m∂mTrh(0) = 0 . (5.58)

For the (ρρ) component of the EOM (2.37), one gets
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4Trb(2) − ∂i∂jb
ij
(0) = 0 , (5.59)

while the tracelessness of the Bach tensor gives

2Trb(2) −
7
2

∂i∂jb
ij
(0) = 0 . (5.60)

Combining these relations with Eq. (5.57), leads to

Trb(2) = ∂i∂jb
ij
(0) = 0 . (5.61)

For the (ρi) components of the EOM terms we get

∂jb
j
(0)i = ∂jb

j
(2)i = ∂jb

j
(3)i = 0 , (5.62)

4∂jg
j
(2)i + ∂i∂m∂khmk

(0) − ∂i∂
m∂mTrh(0) = 0 . (5.63)

Finally, the (ij) part of the EOM reads

∂m∂mbi
(0)j = 2bi

(2)j , (5.64)(
D2h(0)

)i

j
= 2gi

(2)j + 2δi
jTrg(2) − 8bi

(2)j , (5.65)

where

(
D2g(n)

)
ij
= ∂i∂j

(
Trg(n)

)
+ ∂m∂mg(n)ij −

(
∂i∂kgk

(n)j + ∂j∂kgk
(n)i

)
, (5.66)

corresponds to the D2 operator, introduced in Ref.[53]. Here, the covariant
derivatives have been exchanged to partial ones as they are defined with respect
to the background Minkowski metric ηij.

In what follows, we determine different terms in the variation of the action
(5.34) by evaluating the AdS4 metric through its asymptotic expansion given in
(5.54) and (5.55), respectively.

First, the determinant and the variation of the metric are expanded as

√
−h =

√
−g̃

ρ3/2 =
1

ρ3/2

(
1 +

1
2

Trc
)

, (5.67)(
h−1δh

)i

j
=

(
g̃−1δg̃

)i

j
=
(

ηim − cim
)

δcmj . (5.68)

Furthermore, the coefficient of δK in (5.34) is expanded as
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δ
[ij]
[k`]G

`
j = −3bi

(0)k − 3ρbi
(2)k + 3ρ3/2bi

(3)k . (5.69)

The second part refers to the coefficients of the variation of the metric, which
contains contributions from the following quantities,

δ
[ij]
[k`]K

m
i G`

j = −3bm
(0)k + 3ρ

[
2
(

b(0)b(2)
)m

k
− bm

(2)k +
(

b(0)g(2)
)m

k
+
(

b(0)b(2)
)m

k
log ρ

]
+ 3ρ3/2

[
bm
(3)k +

3
2

(
b(0)g(3)

)m

k
+

3
2

(
b(0)b(3)

)m

k
log ρ

]
,

and

δ
[ij]
[k`]

1
N

(
∇ρGk

i −∇iGk
ρ

)
= 3bj

(0)` + 3ρδI(2)critical +
9
2

ρ3/2δI(3)critical , (5.70)

where

δI(2)critical = −2
(

b(0)b(2)
)j

`
− bj

(2)` −
(

b(0)g(2)
)j

`
+

+δ
j
`

(
2Trb(0)b(2) + Trb(0)g(2) + Trb(0)b(2) log ρ

)
−
(

b(0)b(2)
)j

`
log ρ ,

and

δI(3)critical =
4
3

bj
(3)` + δ

j
`Trb(0)g(3) −

(
b(0)g(3)

)j

`
−
(

b(0)b(3)
)j

`
log ρ + Trb(0)b(3)δ

j
` log ρ .

The term DkGρ
i of (5.34) vanishes in the linearization limit. Here, the terms

b(0)b(2), b(0)g(2), b(0)b(3) and b(0)g(3) are of order O
(
c2) and they are dropped

from the derivation, as they contribute to three-point correlation functions that
are not included in our study.

The terms that contribute up to quadratic order in cij in Eq.(5.34) adopt the
form

δIcritical =
1

32πG

∫
∂M

d3x
(

6ρ−3/2b(0)ijδbij
(0) − 6b(3)ijδbij

(0)+

+ 9b(3)ij log ρδbij
(0) + 9b(3)ijδhij

(0)

)
, (5.71)

where the order O
(
ρ−1/2) divergences have been dropped as well, as they are

linear in b(2)ij, which are total derivatives, as shown in the field equations (5.64).
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Note that the variation of the action contains divergent terms, which cor-
respond to the logarithmic stress energy tensor. On the other hand, the holo-
graphic conjugate of the Einstein source h(0)ij is finite. As a consequence, no
divergences should be considered when the Einstein modes are taken into ac-
count. Rendering the action finite is equivalent to regularizing the non-Einstein
branch of the theory.

Towards this objective, we track down the divergences associated to the log-
arithmic part at the level of the action, using HR. The first step towards the
regularization of the CrG action (5.18), is to evaluate it on-shell, acquiring the
form

Icritical = −
1

32πG

∫
M

d4x
√
−gGµ

ν Gν
µ . (5.72)

Considering the linearized EOM (5.56-5.65) and after some algebraic manipula-
tion, the square of the Einstein tensor is written as

Gµ
ν Gν

µ = 9Trb2
(0) + 18ρTrb(0)b(2) − 18ρ3/2Trb(0)b(3) . (5.73)

We are introducing a cutoff scale at finite radius ρ = ε, in order to track down
the divergences. In this case, the action (5.72) can be cast in the form,

Icritical = − 1
64πG

∫
d3x

∫
ρ=ε

dρ

√
−g̃

ρ3/2+1 Gµ
ν Gν

µ

= − 9
64πG

∫
d3x

∫
ρ=ε

dρ

√
−g̃

ρ3/2+1

(
Trb2

(0) + 2ρTrb(0)b(2) − 2ρ3/2Trb(0)b(3)
)

=
9

32πG

∫
∂M

d3x
(

Trb(0)b(3) log ε +
1
3

ε−3/2Trb2
(0) + 2ε−1/2Trb(0)b(2)

)
. (5.74)

It is evident that all the terms tend to infinity when evaluated at the conformal
boundary (ε = 0), giving rise to the infinities encountered before at the level of
the variation of the action.

5.8 Counterterms

Rendering the action finite requires the addition of proper surface terms, called
counterterms, on top of the CrG action. The terms (5.74) must be added to the
action with the opposite sign to cancel divergences and constitute the countert-
erms when expressed in terms of boundary quantities such that the variational
problem is well-defined. There are two criteria that have to be satisfied by the
varied action: i) finiteness, and ii) Dirichlet boundary condition of the sources.

As a first step towards the derivation of the counterterms, we invert the series
given by Eq.(5.55) as follows
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b(0)ij = ρ∂ρcij − ρ
(

b(2)ij + g(2)ij + b(2)ij log ρ
)
− ρ3/2

(
g(3)ij + b(3)ij log ρ

)
.

The following combination

1
3

ρ1/2∂ρcij∂ρcij =
2
3

Trb(0)b(3) + Trb(0)g(3) + Trb(0)b(3) log ρ +
1
3

ρ−3/2Trb2
(0)

+
2
3

ρ−1/2
(

Trb(0)b(2) + Trb(0)g(2) + Trb(0)b(2) log ρ
)

, (5.75)

recovers the terms in (5.74) but introduces new infinities of order O
(
ρ−1/2) up

to a finite contribution. The trace of the subdominant term b(0)g(2) can be rewrit-
ten as

Trb(0)g(2) = bij
(0)g(2)ij =

1
2

bij
(0)

(
D2h(0)

)
ij
− Trb(0)Trg(2) + 4bij

(0)b(2)ij

=
1
2

hij
(0)∂

m∂mb(0)ij + 4Trb(0)b(2)
= Trh(0)b(2) + 4Trb(0)b(2) , (5.76)

where the Eqs.(5.64) and (5.65) were taken into account. For the transition from
the second to the third line, integration by parts was considered. Moreover, the
following expressions are valid

cij∂m∂m∂ρcij = 2ρ−1
(

Trh(0)b(2) + Trb(0)b(2) log ρ
)
+O

(
ρ0
)

, (5.77)

∂ρcij∂m∂m∂ρcij = 2ρ−2Trb(0)b(2) +O
(

ρ−1
)

, (5.78)

after inverting the series. Here, we note that there is a specific linear combination
of the Eqs.(5.75)- (5.78) of the form

1
3

ρ1/2
(

∂ρcij∂ρcij − cij∂m∂m∂ρcij − 2ρ∂ρcij∂m∂m∂ρcij

)
=

= Trb(0)b(3) log ρ + 2ρ−1/2Trb(0)b(2) +
1
3

ρ−3/2Trb2
(0) +

2
3

Trb(0)b(3) + Trb(0)g(3) ,

that recovers all the terms of Eq.(5.74) up to finite terms. Hence, after fixing the
coupling constant, the counterterms acquire the form

Ict = −
3

32πG

∫
∂M

d3xρ1/2
(

∂ρcij∂ρcij − cij∂m∂m∂ρcij − 2ρ∂ρcij∂m∂m∂ρcij

)
. (5.79)
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Finally, in order to have a covariant form of counterterms the proper rescaling
of the boundary metric have to be considered, namely hij =

(
ηij + cij

)
/ρ. Ad-

ditionally, the extrinsic curvature is given by Kij =
1
ρ ηi

j − κij , where κij = ∂ρcij.
Applying the respective rescalings, the covariant form of the counterterms ac-
tion read

Ict =
3

32πG

∫
∂M

d3x
√
−h
(

2K− KijKij +
1
N

Kij�Kij −
1

2N
�K− 3

)
. (5.80)

Unlike the counterterms in Ref.[53], in our formulation there is an explicit de-
pendence on extrinsic counterterms. The difference stems from the different
boundary conditions that are imposed in the problem. In the latter reference,
Dirichlet boundary conditions for the induced boundary metric hij was used,
instead of the conformal boundary metric g(0)ij. Another interesting property is
that Ict cancels only the divergences coming from non-Einstein part of the action,
as the Einstein modes are renormalized thanks to the presence of the topological
invariant (GB) in the CrG action (5.10).

5.9 Properties of Logarithmic CFTs

In this section we review some of the main properties of the LCFTs, which will
play a significant role in the analysis of the next section.

Even though the presence of logarithms in CFTs was not considered in the
seminal papers of CFT during the 80’s, it was shown in [56] that the presence of
logarithms does not violate neither the scale nor the conformal invariance. Later
[43], it was introduced the concept of logarithmic operators that generalizes pri-
mary operators in the case of Jordan block matrices. This new class of operators
reproduces the logarithmic structure of the theory that can be recognized even
at the level of the Virasoro algebra.

In general there are a lot of condensed matter systems that is believed to be
described by LCFTs. They usually to CFTs with a central charge equal to zero.
They are encountered in disordered systems [44], percolation, polymers [57],
[58], turbulence [59], the Quantum Hall effect [60], string theory [61] etc.

Using the state/operator map, it is convenient to discuss initially for the be-
havior of the logarithmic states under the action of the Virasoro operators. Log-
arithmic states are annihilated by all Ln with n > 0, but contrary to the common
primary states, L0 is not a diagonalizable matrix. More explicitly,

L0|C〉 = h|C〉, L0|D〉 = h|D〉+ |C〉 . (5.81)

Notice the Jordan block structure of L0. The state |C〉 looks like a primary state
but this is no longer true for |D〉. In this configuration |D〉 is considered as the
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logarithmic partner of |C〉. Considering that L0 is associated to the Hamiltonian,
as it corresponds to the time translation generator, the non-diagonalizability
means that it is no longer an Hermitian matrix, leading to non-unitary theories.

Using the state/operator map, we can define the operators T(z) and t(z) for
the states |C〉 and |D〉, respectively. Demanding global conformal invariance,
we define uniquely the form of the two-point correlation functions as

〈T(z1)T(z2)〉 = 0 , (5.82)

〈T(z1)t(z2)〉 = 〈t(z1)T(z2)〉 =
B

(z1 − z2)
2h , (5.83)

〈t(z1)t(z2)〉 =
−2B ln (z1 − z2) + a

(z1 − z2)
2h . (5.84)

Notice the presence of the logarithm in the two-point function of the operator
D(z), justifying its name as a logarithmic operator. Moreover, the values of the
constants a and b cannot be fixed by the conformal invariance, leaving a degree
of arbitrariness in the determination of D(z) in Eq.(5.81). Actually, the constant
a can be removed by imposing a field redefinition of D → D + γC, where γ is an
arbitrary constant. Finally, it is shown that in LCFTs the primary countertpart of
the logarithmic operator is has zero norm, as it can be seen form the two-point
function of C(z).

Logarithmic operators origin can be found in the operator product expan-
sion (OPE) of a certain class of primary operators. Indeed, in case of primary
operators that belong to the Kac table emerge logarithmic singularities in the
differential equation satisfied by the four point function. As shown in [62], for a
primary operator A(z) with a four point function

〈A(z1)A(z2)A(z3)A(z4)〉 =
1

(z1 − z3)
2h (z2 − z4)

2h F (x) , (5.85)

where h is the conformal dimension and x reads

x =
(z1 − z2) (z3 − z4)

(z1 − z3) (z2 − z4)
. (5.86)

The aforementioned logarithmic singularities that arise in F(x) can be explained
when logarithmic terms are implemented in the OPE of A(z) such that

A(z)A(0) ∼ zα (C(0) ln z + D(0)) + . . . , (5.87)

where α is the leading order power in the logarithmic singularity of F(x) as
shown below

F(x) ∼ xα ln x . (5.88)
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The pair of operators C and D that arise in the OPE, obtain the same two-point
functions structure as in Eqs.(5.84). As a results they correspond to a logarithmic
pair where C is the primary operator and D is the logarithmic counterpart. The
reason behind this behavior, is the degeneracy of the conformal dimension as
seen in 5.87.

The power α denotes the conformal dimension of the primary operators aris-
ing in the RHS of the OPE expansion, i.e., δ = α + 2h. The presence of two
operators with coinciding conformal dimension is the reason that gives rise to
the logarithms.

In the following section we are seeking for the consequences of the degen-
eracies arising in the context of the Critical Gravity, as massive modes turn to
massless, in the boundary CFT and its possibility to be classified as an LCFT.

5.10 Holographic correlation functions

Having defined a new set of counterterms, we ensured the finiteness of the ac-
tion and we are now able to compute the correlation functions at the boundary
CFTs.

First we have to compute the variation of the total action Itot = ICrG + Ict. It
consists of two parts. The first part corresponds to the variation of the linearized
version of the CrG action δICrG, given in Eq.(5.71), while the second part refers
to the variation of the counterterms δIct, which have the form

δIct = − 3
32πG

∫
∂M

d3xρ1/2
[
−∂m∂m∂ρcijδcij +

(
2∂ρcij − ∂m∂mcij − 4ρ∂m∂m∂ρcij

)
δ
(

∂ρcij
)]

= − 3
16πG

∫
∂M

d3xρ1/2∂ρcijδ
(

∂ρcij
)

. (5.89)

The total derivative terms have been dropped because ∂M is without boundary.
Summing up these two contributions, we get

δItotal =
1

32πG

∫
∂M

d3x
(

6ρ−3/2b(0)ijδbij
(0) − 6b(3)ijδbij

(0) + 9b(3)ij log ρδbij
(0) + 9b(3)ijδhij

(0)

−6ρ−3/2b(0)ijδbij
(0) − 6b(3)ijδbij

(0) − 9b(3)ij log ρδbij
(0) − 9g(3)ijδbij

(0)

)
=

1
32πG

∫
∂M

d3x
(
−12b(3)ijδbij

(0) − 9g(3)ijδbij
(0) + 9b(3)ijδhij

(0)

)
. (5.90)
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Now the derivation of the holographic stress energy tensor, defined as the func-
tional derivative in the sources, is straightforward. The one-point function, dual
to the source h(0)ij, reads

〈Tij〉 = 2
δItotal

δhij
(0)

=
9

16πG
b(3)ij , (5.91)

while the dual to the source b(0)ij is given by

〈tij〉 = 2
δItotal

δbij
(0)

= − 3
16πG

(
4b(3)ij + 3g(3)ij

)
. (5.92)

The two-point correlation functions are defined as the variations of the above
correlators with respect to the sources. More specifically, taking into account the
presence of two sources, the following correlators can be defined

〈Tij (x) Tkl
(

x′
)
〉 = −2i

δ

δhkl
(0) (x′)

〈Tij (x)〉 = − 9i
8πG

δb(3)ij (x)

δhkl
(0) (x′)

= 0 , (5.93)

〈Tij (x) tkl
(

x′
)
〉 = −2i

δ

δbkl
(0) (x′)

〈Tij (x)〉 = −2i
δ

δhkl
(0) (x′)

〈tij (x)〉

= − 9i
8πG

δb(3)ij (x)

δbkl
(0) (x′)

=
9i

8πG
δg(3)ij (x)

δhkl
(0) (x′)

, (5.94)

〈tij (x) tkl
(

x′
)
〉 = −2i

δ

δbkl
(0) (x′)

〈tij (x)〉 = 3i
8πG

(
4

δb(3)ij (x)

δbkl
(0) (x′)

+ 3
δg(3)ij (x)

δbkl
(0) (x′)

)
. (5.95)

The i factor in the two-point point functions arises due to Lorentzian signature
of spacetime. The origin of the factor can be found in the relation between the
generating functional of the boundary CFT and the bulk on-shell action, which
for the Lorentzian signature can be written as WL ∼ iIL. This choice yields the
formulas displayed above [55].

For the explicit derivation of the two-point correlation functions a detailed
analysis of the mode structure of the theory is needed. The mode analysis of
CrG has been given in Ref.[53], where it is clear that all the logarithmic modes
are independent of the source h(0)ij. As a consequence the norm of the standard
stress-energy tensor Tij is zero, in accordance to the correlators structure in a
LCFT.

The inverse is not true, as there are non-logarithmic modes whose source
is b(0)ij. This is a property that can be deduced directly from the EOM (5.56-

5.62). There it is shown that b(3)ij is a transverse (∂jb
j
(3)i = 0) and traceless mode

whereas g(3)ij it is just traceless. This feature of g(3)ij is not valid in Einstein
gravity, where it is both transverse and traceless and determines the holographic
stress-energy tensor. The deviation of g(3)ij from traversality in CrG, indicates
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the presence of non-Einstein modes and expresses the deviation from the Ein-
stein branch of the theory. Hence, g(3)ij depends explicitly on b(0)ij, which is the
source of the non-Einstein modes. As a consequence of its richer structure, g(3)
is decomposed to irreducible components as

g(3)ij = ∇iV
(3)
j +∇jV

(3)
i + gTT

(3)ij +

(
∇i∇j −

1
3

ηij∇2
)

S(3) . (5.96)

Different parts of this decomposition are decoupled in the EOM and contribute
independently in the one-point function tij which consists of: i) a transverse vec-
tor Vi, ii) a transverse traceless part tTT

ij , which is the logarithmic conjugate of Tij,
iii) and a scalar S. Here, tTT

ij is the logarithmic conjugate of Tij and corresponds
to the logarithmic stress-energy tensor of the LCFT.

Considering the Eq.(5.92), the three operators can be cast in the form:

〈tTT
ij 〉 = − 3

16πG

(
4b(3)ij + 3gTT

(3)ij

)
, (5.97)

〈Vi〉 = − 9
16πG

V(3)
i , (5.98)

〈S〉 = − 9
16πG

S(3) . (5.99)

Due to its transverse traceless (TT) property, the b(3)ij mode contributes only to
the tTT

ij operator, leading to an explicit dependence of both the vector and the
scalar operator from g(3)ij.

Having computed all the operators defining the one-point functions of the
theory, we are able to continue with the computation of the two-point correla-
tors. It is useful to mention that the EOM indicate that not only b(3)ij but also the
logarithmic source b(0)ij is transverse and traceless. Thus, the following decom-
position is valid

δg(3)ij
δbkl

(0)

=

(
δg(3)ij
δbkl

(0)

)
V

+

(
δg(3)ij
δbkl

(0)

)
S

+

(
δg(3)ij
δbkl

(0)

)
TT

. (5.100)

where
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(
δg(3)ij
δbkl

(0)

)
V

=
2i

9|p| p(iΘj)(l pk) ,(
δg(3)ij
δbkl

(0)

)
TT

= (C− 2 log |p|)
δg(3)ij
δhkl

(0)

,(
δg(3)ij
δbkl

(0)

)
S

= − i
12|p|

(
pi pj −

p2

3
ηij

)(
pk pl −

p2

3
ηkl

)
.

Here, pi is the momentum of the propagating mode, C is a numerical constant
and Θ = ηij p2 − pi pj.

Indeed, the only non-vanishing mixed correlator in Eq.(5.94) is the one be-
tween the two stress-energy tensors. Deriving with respect to b(0)ij means that
only operators with a TT component can survive. Given the mode dependence
on the sources in [53], we obtain that

〈Tij (x) tTT
kl (0)〉 = − 1

2π3
3

2G
∆̂ij,kl

1
|x2| , (5.101)

where we defined the differential operator

∆̂ij,kl =
1
2
(
Θ̂ikΘ̂jl + Θ̂ilΘ̂jk − Θ̂ijΘ̂kl

)
, (5.102)

Θ̂ij = ∂i∂j − ηij� , (5.103)

with Θ̂ij being the Fourier transform of Θij. Finally, for the tt correlators (5.95),
using the non-vanishing functional derivatives (5.100) and the mode analysis
in Ref.[53], we get three independent correlators, corresponding to the vector,
scalar and TT operators.

The former ones, when computed, give

〈Vi (x)Vj (0)〉 =
9i

8πG

(
δg(3)ij (x)

δbkl
(0) (0)

)
V

=
1

2π3
9i

8πG

∫
d3peipx

(
δg(3)ij
δbkl

(0)

(p)

)
V

= − 1
2π3

1
4G

Θ̂ij
1
|x2| , (5.104)

and
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〈S (x) S (0)〉 =
9i

8πG

(
δg(3)ij (x)

δbkl
(0) (0)

)
S

=
1

2π3
9i

8πG

∫
d3peipx

(
δg(3)ij
δbkl

(0)

(p)

)
S

=
1

2π3
3

8G
1
|x2| . (5.105)

The latter two-point function is the one corresponding to the logarithmic stress-
energy tensors. It receives contributions from the TT part of both b(3) and g(3).
An equivalent form of the Eq.(5.95) is

〈tTT
ij (x) tTT

kl
(
x′
)
〉 = −4

3
〈Tij (x) tTT

kl
(
x′
)
〉+ 9i

8πG

(
δg(3)ij (x)

δbkl
(0) (x′)

)
TT

. (5.106)

In this case the correlator acquires the form

〈tTT
ij (x) tTT

kl (0)〉 = −4
3
〈Tij (x) tTT

kl (0)〉+ 1
2π3

9i
8πG

∫
d3peipx

(
δg(3)ij
δbkl

(0)

(p)

)
TT

= − 1
2π3

3
2G

∆̂ij,kl
log |x2|+ C + 4γ− 4/3

|x2| , (5.107)

where C is a real constant. Generally speaking, the logarithmic stress tensor is
defined up to addition of a multiple of 〈Tij〉. Therefore, taking advantage of
this freedom, we redefine tTT

ij as tTT
ij → − (C/4 + γ− 1/3) Tij, canceling all the

numerical constants appearing in the numerator.
The final result for the two point correlation function of the logarithmic stress

energy tensor is

〈tTT
ij (x) tTT

kl (0)〉 = − 1
2π3

3
2G

∆̂ij,kl
log |x2|
|x2| . (5.108)

The vanishing norm of the stress-energy tensor Tij and the logarithmic depen-
dence arising in the norm of its logarithmic conjugate tij, is a characteristic prop-
erty of the LCFTs. In general, the correlation functions derived recover the struc-
ture of the norm states in LCFT, demonstrating the validity of the new formula-
tion of CrG.
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Chapter 6

Conclusions

In this thesis, we explored consequences of a new regularization scheme, called
the Kounterterms, gaining an important insight about the properties and holo-
graphic applications of higher-derivative theories of gravity in 4D. Starting in
Chapter 2, we compare the Kounterterms with the standard counterterms series,
introduced in Holographic Renormalization, showing that there is full match-
ing between the two schemes up to 8th-derivative terms in the boundary, for
ACF spaces. The equivalence is highly non-trivial, considering the fact that
the Kounterterms depend on the extrinsic curvature while the counterterms are
functions of intrinsic quantities of the boundary. We derived a closed and re-
cursive formula for the counterterms which turned out to be common for both
even- and odd-dimensional manifolds. For even-dimensional manifolds, the
Kounterterms can be obtained from a topological invariant of the Euler class of
the corresponding dimension, demonstrating that the addition of a topological
invariant with a fixed coupling constant is equivalent to the Holographic Renor-
malization.

The corresponding topological invariant in 4D is the Gauss-Bonnet term and
when added to the Einstein-Hilbert action, the total action acquires the form of
the MacDowell-Mansouri action for the AdS4 group. In Chapter 3, we showed
its equivalence with CG for Bach-flat spacetimes, when the CG coupling con-
stant is fixed. The argument consists in switching on the trace-free part of the
Ricci tensor, corresponding to a more generic class of spacetimes than the Ein-
stein ones. The decomposition splits the Weyl tensor in two parts, whose non-
Einstein part is identified by terms linear in the Bach tensor. Switching off the
non-Einstein modes requires the vanishing of the Bach tensor and imposing ad-
equate Neumann boundary conditions. This argumentation provides an explicit
proof on the equivalence between CG and Einstein gravity with a negative cos-
mological constant.

The curvature decomposition discussed above allows us to identify the non-
Einstein modes in Critical Gravity. We have shown that the Critical Gravity
action is quadratic in the Bach tensor, explaining the vanishing mass for the
black holes and the gravitons, when constrained in the Einstein branch of the
theory. Moreover, using the Noether-Wald method, we showed that the con-
served charges are zero when evaluated for Einstein spacetimes, making this
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sector trivial. Thus, the only non-vanishing contribution is coming from non-
Einstein spacetimes.

This formulation plays a crucial role when going to the computation of the
holographic correlation functions in Critical Gravity, as it provides a shortcut in
their derivation. Indeed, the new formulation indicates that the variation of the
action is partially renormalized by the presence of the GB term, which is implicit
in the Critical Gravity action. Switching on the logarithmic source at the bound-
ary, additional counterterms depending on extrinsic curvature and its covariant
derivatives were proposed. The new set of counterterms is not compatible with
a Dirichlet boundary condition for hij. Nevertheless, the variation of the action
is finite and the variational principle is well-posed by fixing the sources of the
holographic duals at the boundary. Thus, the boundary conditions we impose
are consistent with the holographic interpretation of the theory considering a
relaxed AdS fall-off.

It is worth mentioning that mimicking the Topological Regularization scheme
in the presence of a logarithmic source at the boundary is not a trivial issue, even
if the presence of extrinsic counterterm would be a hint of a possible connection.
The reason is that fine tuning the GB term considering the relaxed asymptotic
behavior of the curvature tensor is highly non-trivial, as the source b(0)ij is nei-
ther a parameter nor a covariant field in the Lagrangian.

In the last section there were calculated the one- and two-point correlation
functions of the boundary theory, recovering a structure that corresponds to a
LCFT, as expected.
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Appendix A

Completely symmetric traces and
symmetric polynomials

We introduce the d× d matrices A =
[

Ai
j

]
, the tensor W = [W ij

kl] antisymmet-
ric in the pairs of indices and the completely symmetric traces 〈· · · 〉 defined in
terms of the generalized Kronecker delta δ

j1···jp
i1···ip

. The trace that acts on the tenso-
rial product of the p (0 ≤ p ≤ d) matrices. In this notation, we write

δi
j → I ,

Ki
j → K ,

S i
j → S ,

W ij
kl → W ,

δ
j1···jp
i1···ip

→ 〈· · · 〉 . (A.1)

In this notation, all tensors commute within the symmetric trace 〈· · · 〉. We also
drop writing ⊗ in the tensorial product for the sake of simplicity (e.g., A⊗B ≡
AB). Useful symmetric traces are〈

I2n−1
〉

= (2n− 1)! ,〈
I2n−2A

〉
= (2n− 2)! 〈A〉 ,

〈IpA〉 = p! 〈A〉 ,
〈IAp〉 = (d− p) 〈Ap〉 ,〈

Id−pAp
〉

= (d− p)! 〈Ap〉 . (A.2)



88 Appendix A. Completely symmetric traces and symmetric polynomials

Symmetric traces 〈· · · 〉 can be expanded in terms of the usual traces Tr(· · · )
which act on square matrices only, for example

〈1〉 = 1 ,
〈A〉 = Tr A ,〈
A2
〉

= (Tr A)2 − Tr A2 ,

...〈
Ad
〉

= d! det A , (A.3)

or in case of tensorial product of matrices,

〈A〉 = Tr A ,
〈AB〉 = Tr ATr B− Tr (AB) ,〈

A2
〉

= (Tr A)2 − TrA2 ,

〈ABC〉 = Tr A Tr B Tr C + 2Tr (ABC)− Tr A Tr (BC)− Tr B Tr (AC)− Tr C Tr (AB) ,〈
A2B

〉
= (Tr A)2 Tr B + 2Tr

(
A2B

)
− 2Tr A Tr (AB)− Tr A2 Tr B ,〈

A3
〉

= (Tr A)3 + 2Tr A3 − 3Tr A Tr A2 ,〈
A4
〉

= (Tr A)4 + 8Tr A Tr A3 − 6 (Tr A)2 Tr A2 + 3
(

Tr A2
)2
− 6Tr A4 . (A.4)

Note that the relation between the symmetric and standard traces is ‘1− 1’, so
that we can also write the inverse of the previous relation,

Tr A = 〈A〉 ,
Tr (AB) = 〈A〉 〈B〉 − 〈AB〉 ,

Tr
(

A2
)

= 〈A〉2 −
〈

A2
〉

,

Tr (ABC) = 〈A〉 〈B〉 〈C〉+ 1
2
(〈ABC〉 − 〈A〉 〈BC〉 − 〈B〉 〈AC〉 − 〈C〉 〈AB〉) ,

Tr
(

A2B
)

= 〈A〉2 〈B〉 − 〈A〉 〈AB〉+ 1
2

(〈
A2B

〉
−
〈

A2
〉
〈B〉

)
,

Tr
(

A3
)

= 〈A〉3 + 1
2

(〈
A3
〉
− 3 〈A〉

〈
A2
〉)

,

Tr
(

A4
)

= 〈A〉4 − 1
6

〈
A4
〉
+

2
3
〈A〉

〈
A3
〉
− 2 〈A〉2

〈
A2
〉
+

1
2

〈
A2
〉2

. (A.5)
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It is also useful to make a relation with the symmetric polynomials Pp(A) of
order p,

P0(A) = 1 ,
P1(A) = Tr A ,

P2(A) =
1
2

[
(Tr A)2 − Tr A2

]
,

...
Pd(A) = det A , (A.6)

which are conveniently defined by

det (I + u A) = eTr ln(I+u A) =
d

∑
p=0

upPp(A) . (A.7)

A relation between the polynomials and the traces is

Pp(A) =
1
p!
〈Ap〉 = 1

(d− p)!p!

〈
ApId−p

〉
. (A.8)
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Appendix B

Compilation of useful identities

The sums that appear in the counterterms in even dimensions have the form

Ξp =
n−1

∑
k=1

(−4)k k!
(n− 1− k)! (2k + 1− p)!

. (B.1)

The can be expressed in terms of the hypergeometric function. First few values
are

Ξ0 = − 2
(2n− 1) (n− 2)!

,

Ξ1 = − 2
(2n− 3) (n− 2)!

,

Ξ2 =
4

(2n− 3) (2n− 5) (n− 2)!
,

Ξ3 = − 12
(2n− 5) (2n− 7) (n− 2)!

,

Ξ4 =
96

(2n− 5) (2n− 7) (2n− 9) (n− 3)!
. (B.2)

We also need the sum

n−1

∑
k=1

(n− 1− k)!2

22k+1(2n− 2k− 1)!
= − 1

22n−1 +
(n− 1) (n− 1)!2

4 (2n− 3)!
. (B.3)

Useful integral used in the text is

1∫
0

du
(

1− u2
)k

=
22kk!2

(2k + 1)!
. (B.4)
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In odd dimensions, the following coefficients are also useful,

ak =
k! (n− 1− k)!2

n!(n− 1)!22k+1(2n− 2k− 1)!
,

bkl =
(−1)l (2l + 1)!

l! (k− l)!
, (B.5)

whose first few values are

a0 =
1

2n(2n− 1)!
,

a1 =
1

2n(2n− 2)(2n− 2)!
,

a2 =
1

n (2n− 2)2 (2n− 4)2 (2n− 5)!
. (B.6)

Defining the sums

Θkm0 =
k

∑
l=0

bkl

(2l + 1−m0)!
, k ≥ 1 . (B.7)

we have, in particular,

Θk1 = −2δk1 ,
Θk2 = −6δk1 + 4δk2 , (B.8)

and only Θkm0 (k ≤ m0) are non-vanishing because Θkm0 = 0 (k > m0).
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Lowest-order approximation of the
binomial expansion

The following notation is useful

K j1
(n)i1

. . . K jp
(n)ip

=
(

K j1
(n)i1

)p
, (C.1)

for the product of the coefficients of the extrinsic curvature.
In order to simplify the formulas of Chapter 2, we introduce a series of aux-

iliary variables

M0 =
(

K j2
(0)i2

)2n−2
, M2,0 = K j2

(2)i2

(
K j3
(0)i3

)2n−3
,

M4,0 = K j2
(4)i2

(
K j3
(0)i3

)2n−3
, M2,2 =

(
K j2
(2)i2

)2 (
K j3
(0)i3

)2n−4
,

M6,0 = K j2
(6)i2

(
K j3
(0)i3

)2n−3
, M2,2,2 =

(
K j2
(2)i2

)3 (
K j3
(0)i3

)2n−5
,

M2,4 = K j2
(2)i2

K j3
(4)i3

(
K j3
(0)i3

)2n−4
.

In even-dimensional counterterms we define

Π2 = 2 (n− 1) t2n−4
(

1− t2
)

M2,0 ,

Π4 = (n− 1) t2n−6
(

1− t2
) [

2t2M4,0 −
(

2 (n− 2)− (2n− 3) t2
)

M2,2

]
,

Π6 = 2 (n− 1) t2n−8
(

1− t2
) [

t4M6,0 + (n− 2) (n− 1)
(

2n
3

(
1− t2

)
− 1
)

M2,2,2+

+ t2
(
(2n− 5) t2 − 2 (n− 2)

)
M2,4

]
,

while in the odd dimensions, we use



94 Appendix C. Lowest-order approximation of the binomial expansion

Σ2 = 2 (n− 1)
(

1− t2
) (

s2 − t2
)n−2

M2,0 ,

Σ4 = (n− 1)
(

1− t2
) (

s2 − t2
)n−3 [

2
(

s2 − t2
)

M4,0 +
(

s2 − (2n− 3) t2 + 2 (n− 2)
)

M2,2

]
,

Σ6 = 2 (n− 1)
(

1− t2
) (

s2 − t2
)n−4 [(

s2 − t2
)

M6,0 +
(

s2 − t2
) (

s2 − (2n− 3) t2 + 2 (n− 2)
)

M2,4

+ (n− 2)
(

1− t2
)(

s2 − (2n− 3) t2 +
2
3
(n− 3)

)
M2,2,2

]
, (C.2)

in order to shorten the expressions. Moreover, we replace the product of the

(n− 1) parentheses, with the expression
[

1
2W j2 j3

i2i3
+
(
1− t2)K j2

i2
K j3

i3
− 1

`2 δ
j2
i2

δ
j3
i3

]n−1

.
Thus, the lowest-order approximation of the binomial expansion in even-

dimensions gives

[
−t2

(
K j2
(0)i2

)2
+ 2ρ

(
1− t2)K j2

(0)i2
K j3
(2)i3

+ ρ2 (1− t2) ((K j2
(2)i2

)2
+ 2K j2

(0)i2
K j3
(4)i3

)

+ 2ρ3 (1− t2) (K j2
(0)i2

K j3
(6)i3

+ K j2
(2)i2

K j3
(4)i3

) ]n−1

= (−1)n (−t2n−2M0 + ρΠ2 + ρ2Π4 + ρ3Π6
)

.

When applied in the odd-dimensional case we get

[(
s2 − t2

)
K j2
(0)i2

K j3
(0)i3

+ 2ρ
(

1− t2
)

K j2
(0)i2

K j3
(2)i3

+ ρ2
(

1− t2
) (

K j2
(2)i2

K j3
(2)i3

+ 2K j2
(0)i2

K j3
(4)i3

)
+ 2ρ3

(
1− t2

)
(K j2

(2)i2
K j3
(4)i3

+ K j2
(0)i2

K j3
(6)i3

)
]n−1

=
(

s2 − t2
)n−1

M0 + ρΣ2 + ρ2Σ4 + ρ3Σ6 .
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Parametric Integrations

The following integral is proved useful for the calculation of the parametric in-
tegrations that follow

1∫
0

du
(

1− u2
)k

=
22kk!2

(2k + 1)!
⇔ (D.1)

⇔
k

∑
i=0

(
k
i

)
(−1)k−i

2i + 1
= (−1)−k 22kk!2

(2k + 1)!
. (D.2)

Based on this, we derive the parametric integrations below that are used in the
derivation of the odd-dimensional Kounterterms.

1∫
0

dt
t∫

0

ds
(

s2 − t2
)n−1

=

1∫
0

dt
t∫

0

ds
n−1

∑
i=0

(
n− 1

i

)
s2i (−1)n−1−i t2(n−1−i)

=
(−1)−n+1 22n−2 (n− 1)!2

(2n)!
,

1∫
0

dt
t∫

0

ds 2 (n− 1)
(

1− t2
) (

s2 − t2
)n−2

=
(−1)−n+2

n
22n−4 (n− 2)!2

(2n− 3)!
,



96 Appendix D. Parametric Integrations

1∫
0

dt
t∫

0

ds
(

1− t2
)2 (

s2 − t2
)n−3

=
(−1)−n+3 22n−6 (n− 3)!2

n (n− 1) (n− 2) (2n− 5)!
,

1∫
0

dt
t∫

0

ds
(

2− 3t2
) (

s2 − t2
)n−2

=
(−1)−n+1 22n−4 (n− 3) (n− 2)!2

n (2n− 2)!
,

1
4

1∫
0

dt
t∫

0

ds
(

s2 − t2
)n−1

=
(−1)−n+1 22n−4 (n− 1)!2

(2n)!
,

1∫
0

dt
t∫

0

ds
(

s2 − t2
)n−2

t2 =
(−1)−n+2 22n−4 (n− 2)!2

2n (2n− 3)!
,

1∫
0

dt
t∫

0

ds
(

1− t2
) (

s2 − t2
)n−3

=
(−1)−n+3 22n−6 (n− 3)!2

(n− 1) (2n− 4)!
,

1∫
0

dt
t∫

0

ds
(

1− t2
)3 (

s2 − t2
)n−4

=
(−1)−n+4 3

n (n− 1) (n− 2) (n− 3)
22n−8 (n− 4)!2

(2n− 7)!
,

1∫
0

dt
t∫

0

ds
(

1− t2
)

t2
(

s2 − t2
)n−3

=
(−1)−n+3 22n−7 (n− 3)!2

n (n− 1) (2n− 5)!
.
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