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The structure of excited states in the neutron-rich nucleus 31Mg, which is in the region of the “island 
of inversion” associated with the neutron magic number N = 20, is studied by β–γ spectroscopy of 
spin-polarized 31Na. Among the 31Mg levels below the one neutron separation energy of 2.3 MeV, the 
spin values of all five positive-parity levels are unambiguously determined by observing the anisotropic 
β decay. Two rotational bands with Kπ = 1/2+ and 1/2− are proposed based on the spins and energies 
of the levels. Comparison on a level-by-level basis is performed between the experimental results and 
theoretical calculations by the antisymmetrized molecular dynamics (AMD) plus generator coordinate 
method (GCM). It is found that various nuclear structures coexist in the low excitation energy region 
in 31Mg.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
One of the long-standing subjects of nuclear physics is the shell 
evolution of nuclei located far from the β-stability line. In partic-
ular, neutron-rich Ne, Na, and Mg isotopes with neutron number 
close to the neutron magic number N = 20 have attracted much 
attention for several decades. In this region of the nuclear chart, it 
has been suggested by a number of investigations that the ground 
states of these nuclei are rather deformed, although conventional 
shell models with a model space of the sd-shell below the N = 20
shell gap predicted spherical shapes [1–9]. Typical evidences were 
such exotic features as anomalous binding energy in Ne [2], Na 
[3], and Mg [4] isotopes, the low excitation energy of the 2+

1
states of 32Mg [5], 34Mg [6], 30Ne [7], and the significantly large 
B(E2; g.s. → 2+

1 ) value in 32Mg [8] (the results of subsequent mea-
surements are summarized in Ref. [9]). In the shell model calcula-
tions which also take into account the pf -shell, it was suggested 
that the two-particle–two-hole (2p2h) configurations, which are 
the results of excitations across the N = 20 shell gap, are domi-
nant in the ground state [10–12]. Accordingly, this region in the 
nuclear chart is known as the “island of inversion” [12]. Such new 
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features of magic numbers for nuclei far from the β-stability line 
are reviewed in Ref. [13].

A recent large-scale shell-model calculation [14] predicted that 
not only deformation in the ground states but also shape coex-
istence — different shapes coexisting in the low excitation en-
ergy region — appear in the excited states, as the result of the 
competition between the spherical mean field which favors the 
0p0h configuration and the nuclear correlation which favors the 
deformed multi-particle–multi-hole (npnh) configurations. The co-
existence of various structures was also predicted by the theoreti-
cal framework of antisymmetrized molecular dynamics (AMD) plus 
generator coordinate method (GCM), which assumes neither defor-
mation nor mean field [15,16]. The shape coexistence is intensively 
investigated in several regions of the nuclear chart [17]. The shape 
coexistence in nuclei is closely related with the quantum phase 
transition in a finite system, which is under intensive discussion 
for heavier mass region [18,19].

Up to now, the experimental information on the excited states 
has been inadequate to address the question of shape coexis-
tence in most nuclei in the N = 20 island of inversion. The level 
structure, such as spin-parity and excitation energy, in the odd-
mass nucleus 31Mg is one of the most sensitive probes of shape 
coexistence, because the last neutron orbit, which governs the 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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spin-parity of the level, is significantly affected by the degree of 
nuclear deformation. In this letter, detailed data are presented on 
the exited states in 31Mg, including spins and parities, obtained in 
the β decay of spin-polarized 31Na.

After the half-life [5] and the mass [4] of 31Mg were first 
measured, a long time passed before the magnetic moment [μ =
−0.88355μN] and the spin [1/2] of the ground state were mea-
sured in the combined measurements of hyperfine structure and 
β-NMR, and the positive parity was proposed in comparison with 
the theoretical predictions [20]. It was suggested that the ground 
state of 31Mg is deformed to a large extent with a nearly pure 
2p2h configuration [20], although this nucleus had been consid-
ered to be outside of the “island of inversion” [12]. The assignment 
of (3/2+) for the first excited state at 0.050 MeV was performed 
in Ref. [20] based on the M1 assignment for the 50-keV γ ray [21]
and the 1/2+ assignment for the ground state. Experimental in-
formation on other excited states of 31Mg is still limited, although 
many experiments have been performed, such as the β decay [21,
22], the β-delayed one-neutron decay [21–24], the β-delayed two-
neutron decay [25], the neutron knockout reaction [26], the proton 
knockout reaction [27], the Coulomb excitation [28], and the pro-
ton resonant elastic scattering [29], as summarized in Refs. [30,
31]. The spins and parities of the 31Mg states have been proposed 
in some of the experiments; the levels at 0.221 MeV [(3/2−)] 
[23], 0.461 MeV [(7/2−)] [23], 0.673 MeV [3/2+] [27], 2.015 MeV 
[5/2+] [27], and 0.945 MeV [5/2+] [28].

In the latest Nuclear Data Sheet [32], 13 levels in 31Mg are 
listed, including the ground state. Most of their spins and parities 
are adopted with parenthesis, except for the ground-state spin. In 
order to discuss the coexistence of various structures predicted by 
the theoretical calculations [14,15], the detailed properties, includ-
ing the spins and parities, are needed for the level-by-level basis 
comparison.

We apply a unique method [33–36] for the spin-parity assign-
ment using the anisotropic β decay of the spin-polarized parent 
nucleus in the allowed transitions. The angular distribution of β
rays is expressed as W (θ) ∼ 1 + A P cos θ , where A, P and θ are the 
asymmetry parameter for each β transition, the spin polarization, 
and the emission angle of β rays with respect to the polarization 
direction, respectively. The essential point is that the asymmetry 
parameter A takes very discrete values depending on the spin val-
ues of both the parent and the daughter states: In the case of 
allowed decay of 31Na (Iπ = 3/2+ [37]), the asymmetry param-
eter equals either −1.0 or −0.4 or +0.6 for the possible daughter 
state in 31Mg with spin-parity of 1/2+ or 3/2+ or 5/2+ , respec-
tively. Therefore, from the experimental A value and the allowed 
nature of the β transitions, accurate spin-parity assignments can 
be performed.

The A P values are obtained, as follows, by the β-ray counts 
in coincidence with the γ transition deexciting the 31Mg state 
which is the daughter state of the β decay. The β-ray counts in 
the detectors placed at θ = 0◦ and θ = 180◦ are expressed as 
N+

0 ∝ ε0(1 + A P ) and N+
180 ∝ ε180(1 − A P ), where ε0 and ε180 are 

the efficiency of β-ray detection in each detector. The superscript 
+ denotes the polarization direction. If the direction of polariza-
tion is reversed by 180 degrees, the β-ray counts are expressed 
as N−

0 ∝ ε0(1 − A P ) and N−
180 ∝ ε180(1 + A P ). In order to can-

cel out the instrumental asymmetry due to detector efficiency, we 
take the ratios of the four β counts as R = (N+

0 /N+
180)/(N−

0 /N−
180). 

Then, we obtain the A P value free of the spurious asymmetry as 
A P = (

√
R − 1)/(

√
R + 1). The polarization P is common for all 

the β transitions and can be evaluated by comparing A P values, 
as will be discussed later. The experimental asymmetry parame-
ters deduced in this way are affected by the β transitions to the 
Fig. 1. Experimental setup.

higher states. However, this effect is corrected for by using the in-
tensities of the associated β and γ transitions [35].

The experiment was performed at the Isotope Separator and Ac-
celerator (ISAC) facility in TRIUMF, where highly spin-polarized ra-
dioactive Na beams are available. The parent nucleus 31Na (T1/2 =
17.35 ms [32], Iπ = 3/2+) was produced in the target fragmenta-
tion reaction with the 500-MeV 10 μA proton beam on a uranium 
carbide target. The 31Na+ ions with an energy of 28 keV were sep-
arated by the high resolution mass separator and were delivered to 
the polarized beam line [38–40]. A high polarization was achieved 
by simultaneously pumping both atomic ground-state levels with 
two laser frequencies, and the polarized 31Na beam was trans-
ported to the Osaka beam line, where the experimental apparatus 
for the decay spectroscopy was placed. The direction of the polar-
ization was perpendicular to the beam axis in the horizontal plane.

Fig. 1 shows the experimental setup. The polarized 31Na beam 
delivered from the left-side was stopped in an annealed Pt foil 
(20 μm thick) in vacuum. In order to preserve the polarization, 
a static magnetic field of 0.53 T was applied by a pair of perma-
nent magnets along the polarization direction. The spin orientation 
was flipped every 100 seconds by changing the direction of the 
circular polarization of the laser. The β rays and successive γ rays 
associated with the 31Na β decay were measured by 8 detector-
telescopes, each consisting of a high-purity coaxial Ge detector 
and 1.5 mm thick plastic scintillator(s) in front of the Ge detec-
tor. Such a detector configuration was effective in identifying the 
β rays and the γ rays. The β-decay asymmetry was measured 
by two telescopes placed at 0◦ and 180◦ with respect to the po-
larization direction. Six other telescopes were placed in a plane 
perpendicular to the polarization direction. The β ray detection ef-
ficiency was ∼16% for the left and right telescopes and ∼32% for 
all 8 telescopes. The total efficiency of γ -ray detection was 2.9% at 
1.33 MeV. The intensity of 31Na beam at the Pt foil was ∼200 pps. 
The accumulated total β–γ coincidence counts were 1.4 × 107.

Fig. 2 shows the partial γ -ray coincidence spectrum gated 
by the most intense 50-keV transition which depopulates the 
0.050-MeV level in 31Mg. Because of much higher statistics than 
in the previous works [21,22], many γ -ray peaks are newly ob-
served as transitions in 31Mg. From careful analyses of the two 
doublets of 892–894 keV and 808–808 keV and the detailed co-
incidence relations between the γ rays, new levels at 0.942 and 
1.436 MeV are found. The proposal of 3.760- and 3.815-MeV levels 
by Ref. [21] is rejected, because the 3538- and 3710-keV transi-
tions are not found as shown in the inset of Fig. 2. The 1571-keV 
transition, which was proposed as the transition 3.815 → 2.244
[21], is revised as the one 2.244 → 0.673.
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Fig. 2. (Color online.) Partial γ -ray energy spectrum gated by the 50-keV γ ray. The γ peaks labeled with ∗ (shown in red) and • (blue) are those newly found as transitions 
in 31Mg and those observed in the β decay for the first time, respectively. In the inset, the dashed line shows the expected peaks of the 3538- and 3710-keV γ rays based 
on the intensities reported in Ref. [21].

Fig. 3. (Color online.) Revised decay scheme of 31Na β→ 31Mg in the present work. The β and γ transitions, levels, and spins and parities labeled with ∗ are newly found in 
the present work. The spin-parity assignments labeled by † and ‡ were first proposed by Refs. [27] and [28], respectively, and are confirmed in the present work. The levels 
and transitions labeled with • are those observed in the β decay for the first time. The β-decay intensity Iβ and their log f t values are also shown (see text).
Before going into the detailed discussion of the level scheme, 
we show here the revised decay scheme of 31Na 

β→ 31Mg in Fig. 3. 
The β and γ transitions, levels, and spins and parities shown in 
red are newly found (labeled with ∗) or confirmed († and ‡) in 
the present work. The levels and transitions shown in blue (•) are 
those observed in the β decay for the first time. It should be noted 
that 11 γ -ray transitions and 2 levels are found for the first time, 
and spins of all five positive-parity excited levels are firmly as-
signed. Furthermore, the spins of three negative-parity states are 
proposed.

The procedure of the spin-parity assignments is discussed in 
the following. At first, in order to evaluate the polarization P
of the parent nucleus, we focus on two β transitions leading to 
the levels at 2.244 and 0.673 MeV, whose log f t values are small 
and γ feedings from higher levels are negligible. Their experimen-
tal A P -values, which are obtained from the β-ray counts gated 
by the 2244- and 673-keV γ rays, are A2.244 P = −0.33(1) and 
A0.673 P = −0.11(1), respectively. The ratio of A values is deduced 
as A2.244 P/A0.673 P = A2.244/A0.673 = 3.0(3). Since the A value 
takes either −1.0 or −0.4 or +0.6 for the daughter-state spin-parity 
of 1/2+ or 3/2+ or 5/2+ , respectively, there are 7 possible values 
for the ratio. Among them the experimental ratio is only consis-
tent with the value of A(1/2+)/A(3/2+) = 2.5 within two sigma 
accuracy. Thus, the 2.244- and 0.673-MeV levels are assigned as 
1/2+ and 3/2+ , respectively. Then, by using A2.244 = −1.0 and 
A0.673 = −0.4, the polarization P is determined to be P = 0.32(1).

Fig. 4 shows the experimental A values for the levels at 0.050, 
0.673, 0.944, 2.015, and 2.244 MeV, which are associated with 
small log f t values. It is clearly seen that the experimental val-
ues are consistent with one of the expected values, hence the 
spin-parity assignments are firmly performed as 1/2+ for the 
2.244-MeV level, 3/2+ for the 0.050- and 0.673-MeV levels, and 
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Fig. 4. Experimental asymmetry parameters (A) for the levels at 0.050, 0.673, 0.944, 
2.015, and 2.244 MeV in 31Mg. The dashed horizontal lines show the expected A
values of −1.0, −0.4, and +0.6 for 1/2+ , 3/2+ , and 5/2+ , respectively.

5/2+ for the 0.944- and 2.015-MeV levels. It should be emphasized 
here that the spin-parity of the first excited state at 0.050 MeV, 
which has not been assigned for a long time, is unambiguously 
determined to be 3/2+ in the present work.

The 0.942-, 1.029-, and 1.436-MeV levels are most likely 
negative-parity states because of their large log f t values, which 
will be discussed later. In order to estimate the spin of the 
1.029-MeV level, the γ -transition intensities are compared for the 
transitions of 1215 keV [2.244(1/2+) → 1.029] and the 2244 keV 
[2.244(1/2+) → g.s.(1/2+)]. The ratio I1215/I2244 = 0.13(3) is con-
sistent with the Weisskopf estimate assuming E1 and M1 transi-
tions for the former and latter transitions, respectively. Thus the 
spin-parity of the 1.029-MeV level previously assigned as (1/2 to 
5/2, or 7/2−) [32] is limited to either 1/2− or 3/2− in the present 
work. In a similar way, both of the 0.942- and 1.436-MeV levels are 
assigned as 1/2− or 3/2− .

The absolute γ -ray intensities are deduced by referring to the 
reported 50-keV γ -ray intensity per 100 β decays [Iγ = 19.5(39)]
[21]. The β-decay intensities Iβ and their log f t values are deter-
mined by the γ -ray intensities and the neutron-decay probabili-
ties [Pn = 37(5)% and P2n = 0.9(2)%] [22]. The intensity of the β
transition to the ground state is estimated to be Iβ = 27(8) and 
log f t = 4.9(1), which are in good agreement with the reported 
values [21]. The β transition to the level at 0.461 MeV, whose 
spin-parity was suggested to be (7/2−) based on the half-life mea-
surement [23], shows a very large log f t in the present work, and 
it is consistent with the first forbidden transition. The half-life for 
the 0.050-MeV level is measured in the time spectrum between 
the β ray (plastic scintillator) and the 50-keV γ ray (Ge detector) 
by using the centroid shift method [41]. The obtained half-life in 
the present work is T1/2 = 11.8(4) ns, the accuracy of which is im-
proved compared to the previous report [T1/2 = 16.0(28) ns] [21]. 
This indicates an M1 nature of the 50-keV transition. It is consis-
tent with the spin-parity assignment of 3/2+ for the 0.050-MeV 
level.

In Fig. 5(a), the experimental levels are displayed in three 
groups, together with the levels not observed in the present work 
(displayed by dotted lines). The 1.155-MeV level was observed in 
the proton-knockout reaction from an 32Al beam and the (7/2+) 
assignment was proposed by Ref. [27]. The sequence and spac-
ing of the levels in the left group of Fig. 5(a) are consistent with 
those of a K π = 1/2+ rotational band with a decoupling param-
eter a = −0.8. As for the levels in the middle group of Fig. 5(a), 
the 1.390-MeV level was observed in the β-delayed neutron decay 
of 32Na, and the ≥ 3/2(−) assignment was proposed by Ref. [21]. 
We propose here an assignment of 11/2− tentatively, so that the 
levels in the middle group are in good agreement with mem-
bers of a K π = 1/2− rotational band with a decoupling param-
eter a = −4.5. Note that similar bands of K π = 1/2+ and 1/2−
Fig. 5. Comparison between the 31Mg levels of (a) the experimental results and 
(b) the AMD+GCM calculations. The dominant configurations are shown in the shell 
model picture, such as 2p3h, 1p2h, 3p4h, and 0p1h, with notation relative to the 
N = 20 shell closure.

are known in the higher energy region of 25Mg with decoupling 
parameters a = −0.5 and −3.5, respectively [42]. Since the decou-
pling parameter is sensitive to the orbit occupied by the unpaired 
neutron, the closeness of the decoupling parameters in 31Mg and 
25Mg suggests the same orbits in the Nilsson diagram. Therefore, 
we propose that the positive-parity levels [1/2+ 0 MeV, 3/2+
0.050, 5/2+ 0.944, (7/2+) 1.155] and negative-parity levels [(3/2−)

0.221, (7/2−) 0.461, (1/2−) 1.029, (11/2−) 1.390] are members of 
the K π = 1/2+ and 1/2− rotational bands with the configurations 
of [200 1/2+] and [330 1/2−], respectively.

In order to get more insight into the rotational bands in 31Mg, 
the configurations of the unpaired neutron are considered based 
on the neutron single-particle orbits in the Woods–Saxon potential 
as a function of the deformation parameter β [43]. In the Nilsson 
diagram, it is suggested that the deformation parameters β are in a 
range of +0.40 < β < +0.55 and +0.30 < β < +0.40, respectively, 
so that the last neutron occupies the [200 1/2+] and [330 1/2−]
configurations.

Fig. 5(b) shows the results of the AMD+GCM calculations [15]. 
The levels with four different shapes are predicted at a similar ex-
citation energy region. It is seen that the experimental levels of 
the K π = 1/2+ and K π = 1/2− rotational bands are in good agree-
ment with the AMD+GCM calculations, except for the 1.390-MeV 
(11/2−) level. Note that both the [200 1/2+] and [330 1/2−]
configurations and the deformation parameters are reasonably re-
produced. The AMD+GCM calculations also predict the K π =
3/2− rotational band with larger deformation. The experimental 
0.942-MeV level is probably the 3/2− level of the band-head of 
the K π = 3/2− rotational band. The experimental 3/2+

2 level at 
0.673 MeV and the 5/2+

2 level at 2.015 MeV show good corre-
spondence with predicted spherical levels at 0.81 and 1.85 MeV, 
respectively, taking into account the level energies, spins and pari-
ties, and log f t values.

In the recent shell model calculations for 31Mg [14], the lev-
els with three different configurations of 0p0h, 1p1h, and 2p2h 
(hereafter 0p1h, 1p2h, and 2p3h with the notation relative to the 
N = 20 shell closure, respectively) are predicted below 1 MeV. The 
theoretical positive- and negative-parity bands built on the 1/2+
1
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and the 3/2−
1 states are in good agreement with the experimen-

tal K π = 1/2+ and 1/2− bands, respectively. The shell model also 
predicts a 3/2+ level with the 0p1h configuration at ∼0.4 MeV, 
and this level shows a good correspondence with the experimen-
tal 3/2+ level. The AMD+GCM calculations also predict a spherical 
nature for this level.

The 2.244-MeV 1/2+ level with the large β-branching ratio 
cannot be explained by the AMD+GCM calculations. The large 
β-branching ratio indicates a large overlap of the wave functions 
between the 2.244-MeV level and the ground state of 31Na, which 
is largely deformed [37]. Thus the 2.244-MeV level must have a 
large collectivity. Also, it is found that the γ -transition intensity 
from this level to the 0.673-MeV 3/2+ level with a spherical con-
figuration is much smaller than that to the ground state 1/2+
or the 0.050-MeV 3/2+ level with deformed shapes. These facts 
strongly suggest that the 2.244-MeV level has a large collectivity 
and has a similar configuration to those of 1/2+

1 and 3/2+
1 states. 

A new theoretical approach is awaited to explain this 1/2+
2 state 

at 2.244 MeV.
In summary, the β-delayed γ spectroscopy of spin-polarized 

31Na has been very successful in firmly assigning the spins and 
parities of most of the 31Mg states below the neutron threshold 
and in revealing very detailed spectroscopic information. By com-
paring experimental properties of each state with the AMD+GCM 
calculations on a level-by-level basis, clear evidence was obtained 
for shape coexistence in the low excitation energy region of 31Mg, 
such as 7 states which are the members of three types of largely 
deformed rotational bands and two states with a spherical nature. 
The 2.244-MeV 1/2+ level with a very small log f t value cannot 
be explained by theoretical models at present. The present work 
demonstrates that the β-delayed decay spectroscopy using spin-
polarized radioactive beam is a very promising means to explore 
the shape coexistence in a wide region of the nuclear chart.
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