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Abstract: Energy-momentum localization for the four-dimensional static and spherically symmetric,
regular Simpson–Visser black hole solution is studied by use of the Einstein and Møller energy-
momentum complexes. According to the particular values of the parameter of the metric, the static
Simpson–Visser solution can possibly describe the Schwarzschild black hole solution, a regular black
hole solution with a one-way spacelike throat, a one-way wormhole solution with an extremal null
throat, or a traversable wormhole solution of the Morris–Thorne type. In both prescriptions it is
found that all the momenta vanish, and the energy distribution depends on the mass m, the radial
coordinate r, and the parameter a of the Simpson–Visser metric. Several limiting cases of the results
obtained are discussed, while the possibility of astrophysically relevant applications to gravitational
lensing issues is pointed out.

Keywords: Simpson–Visser black hole; energy-momentum localization; Møller energy-momentum;
Einstein energy-momentum

1. Introduction

The question of the gravitational field’s energy-momentum localization remains one
of the deepest and still open problems in classical general relativity. Essentially, the prob-
lem consists in the absence of an appropriate definition of the gravitational field energy
density for a given space-time geometry. Already in 1915, Einstein presented the first
attempt to tackle the problem ([1], and also [2]) by introducing an energy-momentum
complex represented by a pseudo-tensorial quantity for which a local conservation law
holds. A number of various similar pseudo-tensorial definitions, most notably the com-
plexes of Landau and Lifshitz [3], Papapetrou [4], Bergmann and Thomson [5], Møller [6],
and Weinberg [7], followed Einstein’s prescription. A common feature characterizing
all these energy-momentum complexes, except Møller’s pseudo-tensorial definition, is a
problem inherent in their construction, namely their coordinate dependence. Thus, their
application requires the use of Cartesian or quasi-Cartesian coordinates, while particularly
for the Møller prescription any coordinate system can be utilized for a given gravitational
background. Despite the cavil raised by the aforementioned coordinate dependence (see,
e.g., [8,9]), the last three decades have known a reinstatement of the energy-momentum
complexes justified by a number of physically reasonable and compelling results for various
(d + 1)-dimensional space-time geometries, where d = 1, 2, 3 [10–24], obtained by different
localization prescriptions. In fact, it should be pointed out that different complexes have
given the same energy-momentum distribution for any metric belonging to the Kerr-Schild
class and for more general metrics [25–27]. In particular, the Møller prescription, the only
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suitable for any coordinate system, has also provided several physically intriguing results
for various gravitational backgrounds [24,28,29].

The problem of energy-momentum localization has been also investigated by use of
other approaches, notably the superenergy tensors [30–32] and the quasi-local mass [33–36].
Indeed, results obtained by using the aforementioned Einstein, Landau–Lifshitz, Papa-
petrou, Bergmann–Thomson, Weinberg, and Møller prescriptions agree with those derived
by the application of the quasi-local mass definition. Further, one should notice the ap-
proaches based on the notion of a quasi-local energy-momentum with respect to a closed
2-surface that bounds a 3-volume in space-time . In this context, the notion of quasi-local
energy introduced by Wang and Yau (Wang-Yau quasi-local energy) is of great signifi-
cance. Additionally, efforts to reinvigorate the concept of energy-momentum complex
have steered, quite recently, the research on pseudo-tensors and quasi-local formulations
towards the covariant Hamiltonian approach, whereby a Minkowski reference geometry
is isometrically matched on the 2-surface boundary. In this approach, it is found that
quasi-local superpotentials associated with different energy-momentum complexes accord,
linearly, with the Freud superpotential, thus leading to the same quasi-local energy for any
closed 2-surface (for more details, see [37,38]).

Finally, it should be mentioned that the strive to avoid the coordinate dependence of
the energy-momentum complexes has led to alternative calculation methods put in the
context of the teleparallel equivalent of general relativity (TEGR) or in some modifications
of this theory, whereby a number of outcomes similar to the general-relativistic energy-
momentum localization results have been obtained (see, e.g., [39–47]).

The structure of this paper is the following: The geometry of the static, regular
Simpson–Visser space-time considered is introduced, presenting the line element of the
metric and the metric functions in Section 2. Section 3 contains the definitions and the
basic properties of the energy-momentum complexes used, while the formulae for the
computation of the energy and momentum distributions are obtained. Then, in Section 4,
the calculated superpotentials, energies, and momenta are provided for both prescriptions,
while figures showing the behavior of the energies with the radial coordinate for various
values of the parameter of the metric are presented. The final Section 5 accommodates a
discussion of the results, including some comments on their possible astrophysical applica-
bility. Also, we have inserted more figures that present the behavior of the energies with
the radial coordinate for various values of the parameter of the metric. Furthermore, the en-
ergies obtained for some limiting values of the metric parameter and the radial coordinate
are given. Geometrized units (c = G = 1) have been adopted and the metric signature reads
(+, −, −, −). For the Einstein prescription, Schwarzschild Cartesian coordinates (t, x, y, z)
are used, while for the Møller prescription we have utilized Schwarzschild coordinates (t,
r, θ,φ). Greek indices run from 0 to 3, while Latin indices range from 1 to 3.

2. The Simpson–Visser Space-Time

In this section we introduce the Simpson–Visser gravitational background that is very
important in the studies performed to understand the gravitational lensing of light rays
reflected by a photon sphere of black holes and wormholes [48–50]. The Simpson–Visser
space-time contains a parameter a > 0 that is responsible for the regularisation of the
central singularity and m ≥ 0 which is the ADM mass. The static Simpson–Visser solution
considered is characterized by a four-fold advantage. Depending on the value of the
single positive parameter entering the metric, a > 0, we have the following aspects: (a) a
Schwarzschild metric for a = 0 and m 6= 0, (b) a non-singular black hole metric for a < 2m,
in this case the singularity is replaced by a bounce to a different universe, e.g., a “black-
bounce” or a “hidden wormhole”. The solution portrays a regular black hole space-time
that does not belong to the traditional family of regular black hole solutions, while it yields
the ordinary Schwarzschild solution as a special case, (c) a one-way traversable wormhole
metric with a null throat for a = 2m, (d) a two-way traversable wormhole metric space-time
of the Morris–Thorne type for a > 2m, and (e) an Ellis–Bronnikov wormhole metric for
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a 6= 0 and m = 0. A comment concerning the zero mass is deemed necessary at this point.
The massless Ellis–Bronnikov wormhole solution refers to an exact solution with zero
ADM mass but with a positive “Wheelerian mass” (as introduced by J.A. Wheeler for his
geon, see e.g., [51]) responsible for the gravitational reaction of this wormhole. Indeed,
despite the zero ADM mass, these massless wormholes can be sourced by other (rather
exotic) fields, such as a ghost scalar field (having negative energy density) or a dilaton
field, that can attribute a non-zero mass to the wormhole and thus equip it with a strong
lensing behavior (see, e.g., [52,53]). The regular black holes and traversable wormholes are
distinct and interesting scenarios, and have been the subject of various studies. Finally,
despite the apparent pure theoretical motivation while aiming at a first step toward a
unified handling of regular black holes and wormholes that led to the Simpson–Visser
metric but also stimulated our study of its energy, it seems that the formulation of simple
phenomenological models in this context may possibly gain from this solution as well.

The Simpson–Visser static and spherically symmetric geometry is given by the line
element of the form

ds2 = B(r)dt2 − A(r)dr2 − (r2 + a2)(dθ2 + sin2 θdφ2), (1)

with B(r) = f (r), A(r) = 1
f (r) , while the metric function has the expression

f (r) = 1− 2m
(r2 + a2)1/2 . (2)

Note that the r coordinate can take positive as well as negative real values r ∈ (−∞,+∞).
However, in this work, as we consider a classical spherically symmetric black hole, it is
physically plausible to restrict our study to only positive-definite values of the r coordinate,
starting with the value r = 0 at the centre of the black hole.

Furthermore, in a recent paper Mazza, Franzin, and Liberati [54] elaborated a novel
family of rotating black hole mimickers and developed a proposal for a spinning gen-
eralisation of the Simpson–Visser metric that can be used for comparisons with future
observational data on strong-field gravitational lensing [55]. To construct this spinning
generalisation of the Simpson–Visser metric the authors have employed the Newman-Janis
procedure. The rotating Simpson–Visser metric reduces to the Simpson–Visser metric for a
vanishing value of the parameter l = 0 and to the Kerr metric for a = 0.

3. Einstein and Møller Prescriptions

For a (3 + 1) dimensional space-time the Einstein energy-momentum complex [1] has
the expression

θ
µ
ν =

1
16π

hµλ
ν, λ. (3)

In Equation (3) hµλ
ν are the superpotentials given by

hµλ
ν =

1√−g
gνσ

[
−g(gµσgλκ − gλσgµκ)

]
,κ

. (4)

The superpotentials hµλ
ν satisfy the antisymmetric property

hµλ
ν = −hλµ

ν . (5)

The Einstein pseudotensor respects the local conservation law:

θ
µ
ν, µ = 0. (6)
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To calculate the energy and momentum we use the expression

Pµ =
∫∫∫

θ0
µ dx1dx2dx3, (7)

where θ0
0 and θ0

i are the energy and momentum density components, respectively.
Making use of Gauss’ theorem, the energy-momentum can be expressed by

Pµ =
1

16π

∫∫
h0i

µ nidS, (8)

with ni the outward unit normal vector over the surface element dS. In Equation (8) P0
represents the energy.

In the Møller prescription [6] we have

J µ
ν =

1
8π

Mµλ
ν , λ, (9)

with the Møller superpotentials Mµλ
ν

Mµλ
ν =

√
−g
(

∂gνσ

∂xκ
− ∂gνκ

∂xσ

)
gµκ gλσ. (10)

The Møller superpotentials Mµλ
ν are also antisymmetric:

Mµλ
ν = −Mλµ

ν . (11)

In the Møller prescription the local conservation law holds:

∂J µ
ν

∂xµ = 0. (12)

while, the energy and momentum distributions are given by

Pµ =
∫∫∫

J 0
µ dx1dx2dx3. (13)

In Equation (13) J 0
0 represents the energy density and J 0

i are the momentum den-
sity components.

The energy distribution is evaluated with

E =
∫∫∫

J 0
0 dx1dx2dx3. (14)

Using Gauss’ theorem one obtains for the energy-momentum

Pµ =
1

8π

∫∫
M0i

µ nidS. (15)

4. Energy-Momentum Distribution of the Simpson–Visser Space-Time

In the case of the Einstein prescription, in order to calculate the energy-momentum the
metric given by (1) has to be converted into Schwarzschild Cartesian coordinates using the
coordinate transformation x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ. Then, the metric
(1) becomes

ds2 = B(r)dt2 − (dx2 + dy2 + dz2)− A(r)− 1
r2 (xdx + ydy + zdz)2. (16)
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The components of the superpotential h0i
µ (needed for the calculation of (8)) for

µ = 0, 1, 2, 3 and i = 1, 2, 3 in quasi-Cartesian coordinates vanish

h01
1 = h02

1 = h03
1 = 0,

h01
2 = h02

2 = h03
2 = 0,

h01
3 = h02

3 = h03
3 = 0.

(17)

The non-vanishing components of the superpotential have the expressions

h01
0 =

2x
r4 [(1−

2m
(r2 + a2)1/2 )(a2 − r2) + r2], (18)

h02
0 =

2y
r4 [(1−

2m
(r2 + a2)1/2 )(a2 − r2) + r2], (19)

h03
0 =

2z
r4 [(1−

2m
(r2 + a2)1/2 )(a2 − r2) + r2]. (20)

Now, using the Equations (8), (16), and (18)–(20), we get for the energy distribution in
the Einstein prescription for the Simpson–Visser space-time

EE =
[(1− 2m

(r2+a2)1/2 )(a2 − r2) + r2]

2r
. (21)

Applying Equations (8) and (17) we obtain that all the momentum components vanish:

Px = Py = Pz = 0. (22)

Figure 1 shows the energy distribution in the Einstein prescription (21) as a function
of r for m = 1 and five different values of the parameter a.

In Figure 2, using the same five values of the parameter a with m = 1, we have plotted
the Einstein energy distribution as a function of r near the origin.

To apply the Møller prescription, the Schwarzschild coordinates {t, r, θ, φ} have to be
used for the line element (1) and the metric function given by (2). After performing the
calculations, we find only one non-vanishing component of the Møller superpotential (10),
namely

M01
0 =

2mr
(r2 + a2)1/2 sin θ, (23)

while all the other components vanish.
Combining the expression given by Equation (23) for the Møller superpotential with

Equation (15), we find the energy distribution in the Møller prescription:

EM =
mr

(r2 + a2)1/2 . (24)

The vanishing of the spatial components of the Møller superpotential leads, as it is
expected, to the vanishing of all momentum components. So, we have:

Pr = Pθ = Pφ = 0. (25)

In Figure 3, we plot the energy distribution in the Møller prescription for m = 1 and
for five different values of the parameter a. Figure 4 exhibits the behavior of the Møller
energy near the origin also for m = 1 and for five different values of the parameter a.
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Figure 1. Einstein energy vs. r for m = 1 and a = 0, a = 1, a = 2, a = 3 and a = 4.

Figure 2. Einstein energy near the origin vs. r for m = 1 and a = 0, a = 1, a = 2, a = 3 and a = 4.
The corresponding values on the energy axis for a = 0 and a = 2 are less than the energy values
corresponding to a = 1, a = 3 and a = 4 and are therefore not distinguishable from the x-axis.

Figure 3. Møller energy vs. r for m = 1 and a = 0, a = 1, a = 2, a = 3 and a = 4.
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Figure 4. Møller energy near the origin vs. r for m = 1 and a = 0, a = 1, a = 2, a = 3 and a = 4.

5. Discussion and Concluding Remarks

In this work, we have investigated the energy-momentum distribution for the static
Simpson–Visser space-time. In order to study the energy distribution and the momenta
we resorted to the use of the Einstein and Møller prescriptions. From the calculations we
found zero values for all the momenta in both pseudotensorial prescriptions. Regarding
the results obtained for the energy distributions, we found well-defined expressions, a fact
highlighting a dependence on the mass m, the positive metric parameter a, and on the
radial coordinate r.

In addition, we studied the limiting behavior of the energy distribution for r → 0 and
r → ∞, and for the particular case a = 0 respectively. Both energies acquire the same value
being equal to the ADM mass M (ADM mass) for r → ∞ or for a = 0. Table 1 shows the
physically meaningful results for these limiting and particular cases.

Table 1. Einstein energy EE and Møller energy EM for some limiting and particular cases.

Energy a = 0 r → 0, a > 0 r → ∞, a > 0

EE M 0 (a = 2m) M
EM M 0 M

Based on the limiting and particular cases from Table 1 we conclude that the energy
in the prescriptions of Einstein and Møller vanishes near the origin r → 0 (the energy in
the Einstein prescription vanishes in the case r tends toward zero for a = 2m), while for
either r → ∞ or a = 0 both energy distributions acquire the same value M which is the
ADM mass. This result agrees with the result obtained by Virbhadra for the energy of the
Schwarzschild black hole [26].

In Figure 5 we plot the energy distribution in the Einstein prescription in the particular
case of the Ellis–Bronnikov wormhole metric for a 6= 0 and m = 0. Indeed, in this case the
Einstein energy (21) is not zero, but it is positive and equals a2/2r. Figure 6 presents the
behavior of the Einstein energy distribution as a function of r for the same particular case
of the Ellis–Bronnikov wormhole metric with a 6= 0 and m = 0 near the origin. Note that in
this case the energy (24) in the Møller prescription is equal to zero.
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Figure 5. Einstein energy vs. r for m = 0 and a = 1, a = 2, a = 3 and a = 4.

Figure 6. Einstein energy near the origin vs. r for m = 0 and a = 1, a = 2, a = 3 and a = 4.

Figure 7 shows the behavior of the Einstein and Møller energy in the case m = 1 and
a = 3. In Figure 8 we present the Einstein and Moller energy near the origin for m = 1 and
a = 3. At this point in the discussion we have to emphasize that the behavior of the energy
for the Simpson–Visser solution is very interesting and is clearly influenced by the value of
the parameter a. For a = 0 and m 6= 0 the Simpson–Visser space-time corresponds to the
Schwarzschild metric and the energy in both the Einstein and Møller prescriptions is equal
to the ADM mass M, i.e., EE = M and EM = M, respectively. In the case of the regular
black hole metric obtained for a < 2m, the energy in the Einstein prescription exhibits
a small region of negativity beyond which it becomes an increasing positive function of
r until it reaches a maximum value. After taking this maximum, the energy decreases
to the ADM mass M. For a one-way traversable wormhole metric with a null throat for
a = 2m, the Einstein energy takes only positive values and after increasing and taking
a maximum it tends toward the ADM mass M. In the case of a two-way traversable
wormhole metric space-time of the Morris–Thorne type for a > 2m, the energy in the
Einstein prescription is everywhere positive and decreases from a maximum value to the
ADM mass M. For the energy in the Møller prescription we conclude that for m 6= 0 and
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for any value of the parameter a > 0 the energy is a positive and increasing function of r
and reaches a maximum value which is the ADM mass for r tending toward infinity. In the
case a = 0 and m 6= 0, which corresponds to the Schwarzschild metric, the energy in the
Møller prescription is equal to the ADM mass M.

Figure 7. Einstein (red) and Møller (green) energy vs. r for m = 1 and a = 3.

Figure 8. Einstein (red) and Møller (green) energy near the origin vs. r for m = 1 and a = 3.

The obtained results for the Einstein energy EE and the Møller energy EM come to
support the use of the Einstein and Møller prescriptions for the evaluation of the energy
of a gravitational background, specifying that the positive energy regions can serve as a
convergent gravitational lens, while the negative one can serve as a divergent gravitational
lens [56]. In fact, the Simpson–Visser metric and its generalizations appear to be extremely
advantageous for a deeper understanding of strong-field gravitational lensing of light
reflected by a photon sphere of black holes and wormholes [55,57–59]. Further, the small
region of negativity in the expressions of the Einstein energy EE in the case a < 2m indicates
some difficulty in the physically meaningful interpretation of the energy in certain regions
of a specific space-time.

As a perspective for future work, the application of other energy-momentum prescrip-
tions and the comparison of the relevant results is planned for the metric considered in the
present paper.
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