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Abstract: A novel method for finding the eigenvalues of a Sturm-Liouville problem is developed.
Following the minimalist approach, the problem is transformed to a single first-order differential
equation with appropriate boundary conditions. Although the resulting equation is nonlinear, its
form allows us to find the general solution by adding a second part to a particular solution. This
splitting of the general solution into two parts involves the Schwarzian derivative: hence, the name of
the approach. The eigenvalues that correspond to acceptable solutions can be found by requiring the
second part to correct the asymptotically diverging behavior of the particular solution. The method
can be applied to many different areas of physics, such as the Schrodinger equation in quantum
mechanics and stability problems in fluid dynamics. Examples are presented.

Keywords: differential equations; Sturm-Liouville problem; analytical methods; mathematical
physics; instabilities; fluid dynamics; hydrodynamics; magnetohydrodynamics

1. Introduction

Sturm-Liouville theory is of fundamental importance in many areas of physics and
mathematics and has important applications in a variety of physical phenomena: quantum
mechanics and stability problems in fluid mechanics, to name but two. Simple examples
have become standard knowledge of a physicist, mathematician, or engineer and are
taught at the undergraduate level, while more complicated cases are the subject of current
research. Standard methods to find solutions have been developed, e.g., [1,2], but there
is always room for improvement and better efficiency in finding the eigenvalues and the
corresponding eigenfunctions.

A Sturm-Liouville problem corresponds to a second-order differential equation of
the form

(pf") +af =0, 1)

where p and g are functions of the independent variable x (a prime denotes a derivative with
respect to x), together with appropriate boundary conditions that the unknown function f
must obey. These boundary conditions involve only the ratios f'/ f at the extreme values
of x enclosing the region of interest on the x axis. (Depending on the problem, this could be
the whole axis —c0 < x < 00, a semi-infinite interval X, < X < 00 0or —00 < X < Xmax, OF @
finite portion Xmin < ¥ < Xmax.) Note that the classical Sturm-Liouville problem is written
as (pf')' +qf = —Awf, where w is a function of x, and A is the eigenvalue. However, we
can include the right-hand side inside the last term of the left-hand side and write the
equation as in (1). Our purpose anyway is to study the more general Sturm-Liouville
problem in which the eigenvalue appears in a nonlinear way inside both g and p. This
is the form arising from the linearization of equations describing stability problems in
hydrodynamics and ideal magnetohydrodynamics; see, e.g., [3,4]. Motivated by the need
to find an efficient way to solve these problems, trying to identify which factors determine
their dispersion relation, and exploring ways to express the boundary conditions, we
arrive at the novel approach presented in this paper, which applies to all kinds of Sturm-—
Liouville problems.
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In Section 2, we extend the minimalist approach developed in Ref. [5] to any Sturm—
Liouville problem. This provides a more economical way to solve the problem by trans-
forming Equation (1) to a single first-order equation. In Section 3, we present a new method
to split the solution into two parts and use them to conveniently express the boundary
conditions corresponding to non-diverging solutions asymptotically. We dub the approach
“Schwarzian” since the Schwarzian derivative and the fact that it remains unchanged under
Mobius transformations are key ingredients of the developed method. In Section 4, we
apply the method to examples from quantum mechanics. In Section 5, we discuss linear sta-
bility problems and present their Sturm-Liouville forms. An example for the stability of an
astrophysical jet is presented in Section 6; we also use the new method developed in Ref. [5]
for solving the complex equation resulting from the boundary conditions. Conclusions
follow in Section 7.

2. The Minimalist Approach

Since Equation (1) is linear in f and the boundary conditions involve only the values
of the ratios f'/ f at the extreme values of x, we can reformulate the problem, following
the minimalist approach of [5], using as unknown the ratio of f with its derivative or,
equivalently, the function

P=tL 2

¥ (2)

It is straightforward to show that Equation (1) is transformed to a first-order differential

equation for F
/

F ; q. 3)

The formulation significantly simplifies the problem of finding the eigenvalues since it

transforms the second-order original Sturm-Liouville equation to first-order. The new

equation is non-linear, but this does not complicate things if one uses a shooting method

to satisfy the boundary conditions; it only makes the procedure simpler by reducing the

number of first-order differential equations by half (the original second-order equation can
be thought as two first-order equations).

In some cases, especially when we integrate problems in real space, possible oscilla-
tions in f lead to F varying from infinity to infinity and back. One way to treat these cases

P
and smoothly pass infinities at points where f = 0 is to substitute F(x) = cot ;x) . More

generally, we can write

F(x) = Fi(x) + Fa(x) cot ¢;x> 4)

with the F;(x) and F(x) of our choice. In this way, the zeros of f correspond simply to
® being an even multiple of 77, and the solutions can be found without any numerical
difficulty by integrating the differential equation

_2BAph o PATPRAFR-F o pitpR+R+E

@/
pE 23 pE

®)
The boundary conditions for F are translated to boundary conditions for ®, and they
are satisfied for the eigenvalues of the problem. Having found an eigenvalue, one could
/
F
return to the original equation or, simply, to Equation (2), which gives £ —, and by inte-
gration find f. (Although F and & are uniquely defined for a particular eigenvalue, there is
a free multiplication constant in the eigenfunction f, which is related to the normalization).



Symmetry 2024, 16, 648

3o0f21

3. The Schwarzian Approach
3.1. The Schwarzian g Approach

We can once more reformulate the problem and write its general solution using the
Schwarzian derivative. As will become clear later, this is particularly useful in cases where the
problem extends to asymptotic regions, as the new approach is linked to conveniently satisfy-
ing the boundary conditions there by automatically choosing the non-diverging solution.

It is straightforward to show that Equation (1) can be transformed to a “variable
frequency oscillator”

(fvp)" +(fyp) =0 (6)

7N\ 2 N\
2_q9_ (PN _ (P
Ty <2P> <2P) ' @)

As explained in Appendix A, we can write its general solution as

with

CGig+C
f=1=, ®)
P8

where g is a particular solution of the Schwarz equation

_8" 38\ e
{g/x} - g/ 2 g/ =2k / (9)

involving the Schwarzian derivative {g, x}.

We can transform the latter to a system of first-order differential equations by writing
/

pf_ ps" p 74

the expression for F = =~ = T 2 + 1 GC/G (which is the general solution of

Equation (3), since Equation (8) is the general solution of Equation (1)) as

6_2A

F=F _,
Aoy

(10)

1 /
Z‘i’) ;= % and e~2" = pg’. The last two equations together with Equation (9)

give the system

where F, = —

F? I p—2A
Fi/?:_l_q' AN=="L, o= (11)
p p p
The solution of the Sturm-Liouville equation is
Ci1g+ G
fZAf%x—; (12)

we remind the reader, though, that to find the eigenvalues, only F is needed.

Interestingly, the first from Equation (11) is the same as the original Equation (3),
meaning that F), is a particular solution of that equation and does not necessarily satisfy
the boundary conditions. These conditions should be satisfied by the total F given by
Equation (10), which consists of two parts. Its second part can be found using the second
and third from Equation (11). We emphasize that only a particular solution is needed: the
initial values of F,, A, and g at some initial point of integration are completely free. For
any choice of these conditions, we find F and apply the two boundary conditions at the
ends of the region of interest. One of them specifies the free constant C, /C; appearing in
Equation (10), and the other gives the eigenvalues.
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3.2. The Schwarzian & Approach

An alternative way to solve the problem—particularly useful if there are points where
f = 0 (so F becomes infinity), but in general, with some potential connection to the phase

C
of oscillations of the function f—is to replace g + C—z with tan
1

Substituting g in the expressions above and using the chain rule (A7) with {g, ®} = %, we

(and constant C).

conclude that the general solution of the “variable frequency oscillator” is

1 . &+C
fo g (13)

and @ is a particular solution of

d+C o 3q)ll2 CI)IZ
{tan 5 ,x}:qy—w‘i‘z:ZKz. (14)

We can transform the latter to a system of first-order differential equations by writing
pff_ _p® L p¥ [ PHC

the expression for F = T T 2 + > cot 5y as
d+C
F =F + Fcot ; , (15)
(D// / q)/
where F; = — }; o % and F, = pT The last two equations together with Equation (14)

give the system

2 P2 2F F 2F
F=2_"1_4 p=_-=12 g2 (16)
p p p p

The solution of the Sturm-Liouville equation is (with D a normalization constant)

D . ®o+C
ﬁSIHT. (17)

(We again remind the reader that to find the eigenvalues, only F is needed.) (Some caution
is needed when one calculates the square root 1/F, in Equation (17). Since the constant D is
arbitrary, we are free to chose, e.g., the principal square root. In cases, however, in which,
as x varies, the Arg[F,] crosses the value 77, we should change the branch to avoid a false
discontinuity in S[v/F].)

The equations of the Schwarzian & approach are, of course, equivalent to the ones
C P+C  ,H\

=tan———, ¢ =

Cy 2
C. Note also that tan o+C

f

of the g approach; they correspond to the substitutions g +
I3

c052¢+C,
2

transformation of e~

o
and F, = F; — K tan i can be seen as a Mobius

. C . . .
i and the substitutions g+ C—z = ¢ i® _piC o720 — _2iF,e~i® and
1
F, = F; +iF, lead also to the equations of the Schwarzian ® approach.
It is interesting to note the connection of the Schwarzian ® approach with the one
described at the end of Section 2. If in that approach we substitute ® — ® + C and
require the @' as given by Equation (5) to be independent of ® (i.e., choose F; and

F, such that the coefficients of sin ® and cos ® are zero), we arrive at the Schwarzian
—2A

® approach. Similarly, the substitution F = F, + ¢ in Equation (3) gives ¢’ =
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e 2A

2
_oA! & / i gz
+ | 2N+ ’ g+ |g9+F+ p T The replacement ¢ — ¢+ C»/Cy, and

most importantly, the requirement that ¢’ be independent of g, leads to the Schwarzian g
approach and Equation (11).

3.3. Non-Diverging Asymptotic Solutions

Besides offering a way to express the general solution of a Sturm-Liouville problem,
the Schwarzian approach can be used to choose the non-diverging asymptotically solution
of a physical problem. In the g approach, this is achieved through the minimalist approach
(solve the solution for F) and the splitting of F into two parts, as shown in Equation (10).

Suppose that we examine the behavior of the solution near x = +oco. The two indepen-
7€:ti;<oox —

dent solutions of Equation (1), or equivalently, of Equation (6), behave as
(e}

L eTiRKeox
NS

the general solution. This is the case for the part F,, of the solution that by itself satisfies the
original Equation (3); see the first from Equation (11). The diverging solution corresponds
to a positive real part of F,/p, and thus, e~ 2" decreases exponentially according to the
middle from Equation (11). Although e~/ vanishes asymptotically, the freedom to choose
the additive constant C,/C; in Equation (10)—essentially, the fact that the Schwarzian
derivative remains the same under Mobius transformations—allows us to make the sec/:\ond

[&3 . . . . . . . .
et %X One of them is diverging and dominates any linear combination in

part of the solution important. By choosing g + C2/C; — 0, this second part

g§+C/Cy
0 e : : —2A e 20
becomes o and by applying L'Hopital’s rule, we find that it equals ; = —2F,.
e—2A
Th 1ti foll tly th -di ing branch since F, + ————— — —F).
e resulting sum follows exactly the non-diverging branch since F, + T+ GG — —F

It is instructive to exactly solve the case where p = 1 and g is a constant, corresponding
to an oscillator with complex constant “frequency” x = ,/g. Without loss of generality,
we can choose the root with a positive Sx. A particular solution of Equation (11) is
oA 1 _ tan(kx) ]

_ . . i .
Fy = —xtan(kx), e *" = o (xx)’ §=—1 Asymptotically, xl_l)r_{_loo §= Choosing
. —2A
the additive constant such that i + % =0,wefind F = F, + ﬁ = ix. We see that
1 —
although the random combination of the independent solutions corresponds to F, and the
!/
diverging solution F, = PJJ: = f =exp ( / dex> o cos(xx), the solution corresponding
! .
toF = ikis F = pj: = f = exp( / Fdx) « ¢ and has the physically acceptable
behavior 1_1)111 f = 0. (The general solution of Equation (11) is F, = —xtan(xx + Dy),
X <)
D t D
e = m, g= Dzan(#—i_l) + Ds. Repeating the process, we again find

F = ix, confirming that only a particular solution is needed, not the general solution.)
The above can be applied to other asymptotic regimes, e.g., to x — —co. They can also

be applied in the asymptotic regimes @ — co and @ — 0 in cylindrical coordinates.
Similarly to the Schwarzian g approach in the ® approach, Equation (15) can be written

2iF,

(18)

and this can be seen as a way to split the solution into two parts. The first part, F; + iF,,

satisfies by itself the original Equation (3) if Equations (16) hold and corresponds to the
2iF

el(@+C) _1q

non-diverging solution by choosing the constant C such that ¢/(®+C)

diverging solution asymptotically. The second part, , can be used to find the

= 1 asymptotically.
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Had we chosen the Schwarzian ® approach to solve the oscillator problem (with
constant p = 1,q = x%, and S« > 0), starting the integration from some point with arbitrary
conditions, the solution would behave asymptotically as ¢ ~ De?** 4 Dy, F| ~ —ix,

‘ D
F, ~ ikDe?**. (The general solution is cot 5 3 = D; cot(kx + Dy).) The resulting
. ) ) De2ikx 4+ D C . .
F = —ix + ixDe?** cot %, for Dy + C = 0, would have given the physically

acceptable solution F = ix.

3.4. The Quantization Condition

Suppose we follow the Schwarzian ® approach (the steps are trivially similar if we
follow the Schwarzian g approach). Solving Equation (14) with arbitrary initial conditions,
we find a sort of background for the solution for F. (We remind the reader that to find
a particular solution is enough: there is no need to find the general solution.) This is
because the expression for F given by Equation (15) depends on the free constant C, so
by appropriately choosing this constant, we can satisfy one of the boundary conditions of
the problem.

There is always a second boundary condition to satisfy, and this can be done with the
shooting method, i.e., change the eigenvalue until the second condition is also satisfied (for
each eigenvalue, the constant C is found from the first boundary condition).

It is of particular importance to discuss the case where one (or both) boundary is at
infinity. As already discussed, the second-order differential Equation (1) has two asymptotic
solutions: one diverging and unphysical and another finite and physically acceptable. Their
superposition is diverging, and for this reason, it is nontrivial to find the acceptable solution.
The Schwarzian approach solves the problem by splitting the solution F into two parts;
see Equation (15). The part F; is dominated by the asymptotically diverging behavior.

The inclusion of the second part of the solution F; cot

is the way to correct things

and have the sum follow the physically acceptable, finite solution. Although F, vanishes
asymptotically (if F; = pf]/f1, we get F, « 1/ f from the middle from Equation (16), and

. . . . . e d+C
thus, if f; diverges, F, vanishes), this is achieved by requiring infinite cot L, ie., have
a “quantization” condition of ® + C being equal to an even multiple of 7t asymptotically.
From a different point of view related to causality, if we want the two boundary
conditions to “communicate”, the term in Equation (15) that includes C, which contains the
information of the first boundary condition, should remain present at the location of the

second boundary condition. If ®’ vanishes, this is possible only if cot diverges.
Another way to reach the same result is by observing Equations (13) or (17). If @'

to be zero

vanishes asymptotically, the only way to have finite f is by requiring sin
as well.

Lastly, looking Equation (6), the second part remains important and corrects the
diverging behavior of the first if, asymptotically, ¢/(®+C) = 1.

For all these reasons, the related boundary condition is:

if @~ = 0 then ®pc + C = 2nm,n € Z. (19)

If the two boundaries are at +-0c0, then the quantization condition is that ® + C is equal to
an even multiple of 7t at both ends, so the difference is also an even multiple of 7. Instead of
both conditions, the eigenvalues can be found using the following single quantization condition:

if ®|1, =0 then ®|, — P|; =2nm,n € Z. (20)
The corresponding quantization conditions in the Schwarzian g approach are:

if ggc = 0 then gpc + C2/C; =0, (21)
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if g1, = Othen gl — g1 = 0. (22)

The quantization conditions, and the Schwarzian approaches in general, offer a con-
venient way to solve the problem exactly in cases where the regime of interest extends to
asymptotic regions where all functions approach constant values. This applies to x = Fo0
in Cartesian geometry, but it also applies to @ — 0,00 in cylindrical geometry and to
r — 0, 00 in spherical geometry (with @ and r the cylindrical and spherical radius, respec-
tively). When the regime of interest does not include asymptotic regions, it is sufficient to
follow the minimalist approach of Section 2. Of course Schwarzian approaches still can
be used, but the boundary conditions are F|; , = Fgc|1 2 at the two extreme values of the
independent variable (x or @ or r) and not the quantization conditions.

4. Examples in Quantum Mechanics
4.1. Quantum Morse Potential

2
The Schrodinger equation fzh—m‘lf’ "+ (V — E)¥ = 0is a Sturm-Liouville problem,
and with proper normalization, the Morse potential corresponds to the choice p = 1,
g=¢e¢—A(1- e”‘)z (the origin has been transferred to the minimum of the potential).
The eigenvalues can be easily found following the Scharzian ® approach, i.e., integrating

Equation (16) starting from x = 0, moving toward positive and negative x, and requiring

Dl — P

the difference to be an integer.

Figure 1 shows tﬁie numerical results for A = 5. Integration in the region —7 < x <15
is sufficient to give the eigenvalues (we need to resolve the region in which F, remains
practically nonzero and not the whole x axis). The results agree with the known expression
for the eigenvalues £ = p - (A—n-— 1/2)2 withn =0,1,2,... and positive A —n —1/2
(corresponding to bound states with energy less than V.); see, e.g., [6]. The quantum

. Dl — DI
number n corresponds to the integer w -1
s
(D(Xmax)_ (D(Xmin)
271 2
2m
_ ®(18.75)(x)
3f 2mn

2f S(10)(x)
27
't D(25)(x)

“NwhO
T T T T

F=F+F2 Cot( 25
F(18.75)(x)
4 10 E ----- F(18.74)(x)
2 / — F \5 K - F(18.76)(x)
: 1 2 3 4 57 F2 1 1 \2-,.;&_:;4_“5 X V=q(x)
-10

Figure 1. Solution for the Morse potential with A = 5 for initial conditions ®(0) = 0, F;(0) =0,

F(0) = \/q(0). Top left panel: the value of W as a function of ¢ (integer values corre-
spond to the accepted eigenvalues). Top right panel: typical behavior of ®(x) (shown for various
values of the eigenvalue ¢). Bottom left panel: the functions F; and F, for the third eigenvalue
& = 18.75 (corresponding to n = 2). Bottom right panel: the function F for the eigenvalue ¢ = 18.75
and two neighboring values of €. The function F approaches asymptotically one of the £,/—¢g, which
are also shown. At large x, the blue curve follows the acceptable branch with f'/f ~ —/—q(x),
while the red and green curves follow the unphysical branch with f'/f ~ \/—q(x).
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The bottom right panel of Figure 1 shows the function F. Asymptotically, according to
Equation (3), we expect the function F to approach either +,/—pg or —/—pgq. As x — o,
these correspond to positive/negative f'/ f, i.e., an exponentially increasing/decreasing
f, respectively. Any superposition of the two solutions of the second-order differential
Equation (1) is dominated by the exponentially increasing part and is unacceptable as
a physical solution of the problem. The acceptable solution corresponds to cases where
the exponentially increasing part is absent, and this is what happens for the eigenvalues.
Indeed, as shown in the figure, the blue curve, which corresponds to the eigenvalue
n = 2, follows the acceptable branch F — —,/—g, while the red and green curves, which
correspond to slightly smaller and larger values of ¢, respectively, follow the unphysical
branch F — +,/—g. Similarly, we understand the behavior of F in the asymptotic regime
X — —oo.

The bottom left panel of Figure 1 shows the functions F; and F,. The former corre-

sponds to a superposition that includes the unphysical branch and behaves asymptotically
as ~ —l—%./— pq, while the latter approaches zero at x — Foo. Nevertheless, its contri-

bution is crucial and results in F = F; + F, cot < following the physically acceptable

2
branch if ¢ is an eigenvalue.

The eigenvalues do not depend on the initial conditions at x = 0. Our choice in
Figure 1 was F;(0) = 0, F,(0) = 1/¢(0) such as F;(0) = 0, and thus, the value of &' remains
as close to a constant as possible ,since ®”(0) = 0 and ®"’(0) = 0. In the general case, the

choice ®” = 0, " = 0 at the initial point is possible and corresponds to initial values
/

F=- p—, F, = px. This is not necessary, but it is a convenient choice as it avoids as much
as possible oscillations in the functions F; 5. In the shown case, the oscillations in F are
solely due to the tan function. On the contrary, Figure 2 shows the numerical results for
different initial conditions, and we see that Fj » oscillate. The end result in the function F
and the eigenvalues are the same, as expected, and are independent on the initial conditions
of the integration. Since F is the same as in Figure 1, we show in the bottom right panel of
Figure 2 the eigenfunction f (with arbitrary normalization). The blue curve corresponds to
the eigenvalue, while the red and green curves correspond to two neighboring values of e
(clearly, f diverges at x — £o0 if € is not an eigenvalue).

(D(Xmax) -o (Xmin)

2 L
2m
_ ®(18.75)(x)
3t 27
St 2¢ @(10)().
4+ 2
3t Tr ®(25)(x)
2+ ) ) ) ) ) Lox 27
L 2 1 2 3 4
. £
5 10 15 20 25 —J‘1 r

f= «/L—z Sin(“’;“’“‘)
04
. — f(18.75)(x)
N . o2e/N f(18.74)(x)

-15

Figure 2. Same as Figure 1 but for a boundary condition F,(0) = 1. The functions ®(x), F(x),
F,(x) are affected by the choices of the conditions at x = 0, but the difference ®| o — P|_co and
the function F(x) are the same for the same eigenvalue e. The eigenfunction f(x) (with arbitrary
normalization) for the eigenvalue ¢ = 18.75 and two neighboring values of ¢ is shown in the bottom
right panel.
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The same results can be found using the Schwarzian g approach. The problem of the
oscillations that make F infinity at points where f = 0 can be circumvented by working
in the complex domain. Figure 3 shows the results of the integration of Equation (11) in
the interval —7 < x < 15 with initial conditions g(0) = 0, A(0) = 0, and F,(0) = i1/4(0).
The resulting F, given by Equation (10) with C;/C; = —g| -, is the same as the one found
using the ® approach. The eigenfunction f (given by Equation (12)) is also the same, apart
from a complex multiplication constant.

9(Xmax)—9(Xmin)

-10

Figure 3. Solution for the Morse potential using the Schwarzian g approach. In all panels, the real
part of the functions are shown with blue lines, and the imaginary parts are shown with orange lines.
The eigenvalues for which ¢| e — g/ = 0 (practically, g(¥max) — §(Xmin) = 0 with xpin = =7,
X¥max = 15) can be seen in the top left panel. The other panels correspond to the solution for the third
eigenvalue ¢ = 18.75.

4.2. Quantum Harmonic Oscillator

The Schrodinger equation for a harmonic potential corresponds to the choice p =1,

q = 2¢ — x? (with proper normalization). Following the Schwarzian ® approach, integrating

P00 — P| oo

Equation (16) starting from x = 0 and requiring the difference to be an

T
integer, we find the expected eigenvalues ¢ = n + 1/2 as shown in Figure 4.
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® (Xmax) -® (xmin)
27 F=Fi+F, Cot[“’;&]
. PER F(2.5)(x)
L \if | o
Al AN “2 l‘ :', F(2.49)(x)
3l [,f\\ \ \ / F(2.51)(x)
‘ AN S . NUE N SR
2+ -4/: -2\ \ \z\<: 4 N —q[x]
1+ J E*‘ -21\
L L L s Log P ﬂ _4_:\ \ - v—q[X]
1 2 3 4 5 Wt
D100 — P
Figure 4. Solution for the quantum harmonic oscillator. Left panel: the value of Plioo = Pl asa

function of the eigenvalue. Right panel: the function F for the eigenvalue ¢ = 2.5 (in bh71Te) and two
neighboring values (in red and green). The function F approaches asymptotically one of the £,/—¢,
which are also shown. The blue curve follows the acceptable branch with f'/ f &~ —x at large |x|,
while the red and green curves follow the unphysical branch with f'/ f = x.

4.3. Paine Problem

This is a test spectral problem corresponding top = 1,9 = A — (x—i—101)2 with

boundary conditions f(0) = f(7r) = 0; see Ref. [2]. Since the region of interest does
not contain asymptotic regimes, it is sufficient to use the minimalist approach (and not
the Schwarzian). To avoid infinities at possible points where f = 0, especially since
we work in real space, it is better to use the method described at the end of Section 2.
The boundary conditions are F(0) = F(7r) = co. Adopting the simplest possible choice

q)éo) " &0

can be integrated in the interval x € [0, 77] starting with ®(0) = 0. The second condition
corresponds to ®(7r) = 2n7 with integer n: a condition that gives the eigenvalues. The
numerical results are shown in Figure 5. The eigenvalues are A ~ 1.51987, 4.94331, 10.2847,
17.5599, 26.7828, 37.9643, 51.1131, 66.2361, 83.3385, 102.424, 123.497, 146.558, 171.611,
198.657, ...

Fi(x) =0, F(x) = 1, the boundary conditions are cot

= 0. Equation (5)

D[]
27
8} 2r
7+ 10F
6f 8l — A=10
5L
al 6f 50
3k 4 100
2+ ol
1
1 1 1 1 1 1 /\ L L L L L X
10 20 30 40 50 60 05 10 15 20 25 30

D(7)

21
of ®(x) (shown for various values of the eigenvalue A).

Figure 5. Left panel: the value of

as a function of the eigenvalue. Right panel: typical behavior

5. Stability Problems

The stability problems in fluid or plasma dynamics can be formulated using two
functions: y, related to the Lagrangian displacement of fluid elements, and 15, related to
the perturbation of the total pressure. The corresponding system of differential equations
can be found, e.g., in Equation (27) of Ref. [4]

d yl) 1<711 ]:12)<]/1>
do ( y2 D\ Fa J y2 @3
This applies to non-relativistic and relativistic ideal magnetohydrodynamic cases in cylin-
drical geometry in which the unperturbed state depends only on the cylindrical radius
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[ Fii+ Fan
1!
yl + D
[ Fi+ Fn
/!
yZ + D

J12
D

2
D

@; a similar system of equations exists in other geometries as well, e.g., in Cartesian ge-
ometry with the unperturbed state depending on x (actually, the equations of [4] can be
directly simplified to that case if we ignore terms that depend on the curvature of the
coordinate system).

Instead of system (23) of the two first-order differential equations for y; and y», it is
equivalent to work with one second-order differential equation for either y; or y», i.e., use
either Equations (32) or (33) of [4]:

DN\, [ FuFo—FoFa  FolFu) Dy + Fuwn

— Zi2 (21 = = ZhT/un 24
(ﬂz) _y1+ I D? D <712) _yl 0, w2 F12 ’ @)

D\, [FuFo—FuFu Fu(Fn)] Dy + Fny

— —_— — p— = — . 2
(}—21> _y2+ I D? D (7'—21) _y2 oon Fai )

As shown in Appendix B, these can be written as a Sturm-Liouville problem and solved
using a Schwarzian approach.

There are two essential differences compared to the classical Sturm-Liouville prob-
lems, of e.g., quantum mechanics, for the examples examined so far. The first is that the
eigenvalue enters nonlinearly in the problem and in both functions p and 4. The second
is that we work in the complex domain, i.e., all known and unknown functions are com-
plex. This is unavoidable if we are interested in finding unstable modes, in which case the
eigenvalue is a complex number. (One can follow either a temporal or a spatial approach,
which correspond to a real wavevector and a complex frequency or a real frequency and a
complex wavevector, respectively). The methods remain the same though.

There are many variants of the procedure: working with y; and the Schwarzian g
approach, with y; and the Schwarzian ® approach, with y, and the Schwarzian g approach,
or with y» and the Schwarzian ® approach. All are equivalent to each other. One could think
that the Schwarzian ® approaches describe more naturally oscillations of the eigenfunctions,
but this is not the case. In the complex domain, the oscillations do not lead to zeros
of the unknown complex function, since this requires its real and imaginary parts to
vanish simultaneously. On the contrary, g approaches are slightly preferable because the
corresponding differential equations are simpler and, more importantly, the quantization
condition does not involve a trigonometric function (as a result, it does not contain an
arbitrary integer). In real space, as in most examples presented so far, the g approach
is problematic because the function F becomes infinite at some points. In the complex
domain though, this happens only at poles, which are automatically circumvented during
the numerical integration. (When we integrate a differential equation in the complex
domain, we need infinite accuracy to hit a pole: something impossible numerically. For
this reason, the integration passes without problem close to poles. See a related discussion
in Appendix C of [5].)

As explained in [5], only the ratio Y = N

=— is involved in the boundary conditions that

determine the dispersion relation of a stabili]{; problem, not the functions vy, y2 separately.
The function Y is always continuous, even at interfaces (discontinuities) of the unperturbed
state. For this reason, if we choose the Sturm-Liouville for v, it is advantageous to replace
v} /y1 with the continuous function Y using the second from Equation (24). Similarly, if we
choose the Sturm-Liouville for y, it is advantageous to replace y5 /y» with the continuous
function Y using the second from Equation (25). Essentially, we follow the minimalist
approach of Ref. [5] and work with Y alone by integrating the equation
dY _ Fon F12

For — Fn
w Dt Y - (26)
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The Schwarzian approach splits the Y function in two parts and helps with expressing the
asymptotic boundary conditions in a convenient way.

Details and all the needed equations for all variants can be found in Appendix B.
The asymptotic behavior near the axis is discussed in Appendix C. According to this, the
formulation with y; should be avoided in the case m = 0 when the quantization condition
is applied on the axis. All other variants are equivalently applicable.

Here, we summarize the procedure for two variants in order to use them in an
example case.

5.1. Formulation with y, and the Schwarzian ® Approach
In this case, the ratio Y and the eigenfunctions are given by

1 @, +C 1 . P +C 1
y = Y4~ Yscot———, y W= sin———, =y, @)
3¢€

where @1, )3, and ), are a particular solution (with arbitrary initial conditions) of the
system of Equations

Fo Fao—Fun F12 Fio  Fu—Fx» F12

y4——7—7y4+(y4 ys) ’ y3_2y3y47+ D V3, 2y3

D (28)

The application to each problem with specific boundary conditions is obvious:

* Suppose we have a jet in 0 < @ < ®@; with known Ypc at (i.?lJr We integrate
Equation (28) starting from w; with arbitrary conditions for 1, J5, Vs, and the free
additive constant C chosen as Y|, = Ypc is satisfied, with Y|, given by the first from

Equation (27). The eigenvalues are found from the quantization condition on the axis

n Prais +€ = 0 (the condition Y3 — 0 on the axis will be automatically satisfied by

the solution of the differential equations). Note that in case of internal discontinuities
of the unperturbed state inside the jet, we keep integrating the equations passing each
of them while keeping &1, V3, V4 continuous.

*  Suppose we want to find numerically the solution for 0 < @ < oo. We integrate
Equation (28) starting from an arbitrary point with arbitrary conditions for &1, Vs,
Y4 toward both directions, i.e., toward @ = 0 and toward @ = co. The quantization

condition sin w = 0 gives the eigenvalues. If we additionally need to
find the eigenfunctions, we specify the constant C from either sin Do £C _ 0 or
n Dygyis +C =0.
2
5.2. Formulation with y, and the Schwarzian g Approach
In this case, the ratio Y and the eigenfunctions are given by
1 e s g1 +C/C 1
=Y, - == 2
Y Vi a+C/C’ e Vit Aut72 4o Y2 =y @9)
where )y, V3, and g1 are a particular solution (with arbitrary initial conditions) of the
Equations
F Jor — F J J Jor — F JFi2
Vi= - - TRt Vi, V= T T, = e (60)

The application to each problem with specific boundary conditions can be done
following the same steps as in the ® approach, with the boundary conditions on the axis
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and at infinity replaced by g1,vis + C2/C1 = 0, and g10 + C2/C1 = 0, respectively. (If both
apply, the eigenvalues can be found by the single condition 16 — §14xis = 0.)

6. An Example for the Stability of Astrophysical Jets

In this section, we apply the Schwarzian approach to the stability of a particular
non-relativistic jet model considered by Cohn in Ref. [7]. The reason behind this choice
is mostly connected to the fact that there are analytical solutions for some choices of the
parameters, and we can use them to test the results of the new method.

In the unperturbed state, we assume that there is a uniform cylindrical jet of radius
@; consisting of a hydrodynamic fluid with constant polytropic index I' = 5/3, density p;,
P ‘ng

sound velocity ¢, and pressure P; = moving with bulk velocity V;Z = Mc;;Z (Z is the
symmetry axis, and we use cylindrical coordinates @, ¢, z). The environment of the jet is

assumed to be a cold, static, ideal, magnetized plasma with constant density p, = 77p; and

. o I g
an azimuthal magnetic field B = 54) with constant I. This field corresponds to a surface
current at the interface @ = @; whose value is connected to the internal pressure through
12

the pressure balance P; = 2l

We use units for which lengths are measured in @;, wavelengths in 1/®;, velocities in

Csjr frequencies and growth rates in Csj / @j, and densities in 0js and a factor /47t is absorbed
in the magnetic field (Lorentz-Heaviside units). The expressions of the various F;;/D
needed for this non-relativistic ideal magnetohydrodynamic stability problem can be found
in Section 5.6 of Ref. [4] and are summarized in Appendix D.

The dimensionless parameters that fully determine the unperturbed state are the Mach
number M in the jet (velocity of the jet in units of the sound velocity in the jet) and the
density ratio 7 (density of the environment over the density of the jet). We assume in the
following M =1 and n = 0.01.

Suppose we follow the temporal approach and need to find the eigenvalues and
eigenfunctions of unstable modes (e e!("# k2@ with Sw > 0) corresponding to wave-
length k = 71, m = 0. Applying the Schwarzian g approach, we start the integration of
Equation (30) from the jet surface toward smaller and larger @. The eigenvalues w are
the roots of the quantization condition g1, — g14xis = 0. Following the method presented
in Section 3 of Ref. [5], the roots of this complex function can be found through the iso-
contours of ¥ = Arg[¢1c0 — Q1axis) In the w plane: the so-called Spectral Web. This term
was introduced by [3] for a similar map showing “solution paths” and “conjugate paths”,
which correspond to particular isocontours of ¥, and was generalized by [5] to the map
of ¥ in which the roots can be distinguished from poles. The roots are seen as positive
line charges in this map, i.e., points of discontinuities around which the ¥ increases as we
move counterclockwise. Poles of the complex function are also seen in the map as negative
line charges, and they can be distinguished from the roots because around poles, the ¥
decreases as we move counterclockwise.

The left upper panel of Figure 6 shows the resulting Spectral Web. Evidently, there is
one root w = 3.08 4 i1.97. (Note that any choice of initial conditions at the starting point
of the integration leads to the same result for the roots, i.e., the eigenvalues, although the
Spectral Web and the positions of poles—if they exist—in general differ).

The left middle panel of Figure 6 shows the Spectral Web resulting from the boundary
condition Y| __ + — Y|,_,- = 0, which is simply the continuity of Y at the jet surface,
using the analytlical expreslsions that exist for this particular model. (The analytical
solution for the jet interior @ < @; corresponding to the finite eigenfunction on the axis

A@ A@ .

— I ), where A = \/w?/cZ, — k?, and wy = w — kV;. For the environment
; A@)

pjwg Jo

@ > @j, the solution that represents an outgoing wave with a decreasing amplitude has

isY=—
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@t 22U - —iw e
Y = 7| Goou+zaujaz 1| ,wherez = W(D and U(a, b, z) is Tricomi’s
: : e . dfu du
(confluent hypergeometric) function satisfying the Kummer equation s +(b—-2z2) P
k2|11/ \/pe
al = 0 witha = % + i%, and b = 3. In addition to Ref. [7], details for the interior

and exterior solutions, respectively, can be found in Sections 5.1 and 5.4.2 of [4] (adapting
these results to the non-relativistic present case).) The resulting eigenvalue is identical to
the one found using the Schwarzian approach.

Re[y1]
Arg [g1 =01 axis] 08r
0.6

0.4+

0.2}

05 10 15 20 25 30

Im[y1]
Al'g [Y1+ - Y1_]

-0.01F

-0.02

-0.03

-0.04 -

Ref[yz]

25 3.0
—02F
_04Ff

-0.6
-0.8¢

-1.0¢

Im[y2]
0.004

o.ooz'—/\
. et

05 1.0 15 ¢ 25 3.0
-0.002 F

-0.004
-0.006 F
-0.008

Figure 6. Left column, upper panel: the Spectral Web for the Schwarzian g approach starting the
integration from the jet surface with initial conditions g|p=1 = 0, V3|0=1 = 0, V4|w=1 = 0. Left
column, middle panel: the Spectral Web using the analytical expressions of Y inside and outside
the jet. Left column, lower panel: the Spectral Web for the Schwarzian ® approach starting the
integration from the jet surface with initial conditions ®1|,-1 = 0, V3]|0=1 = 1, V4|w=1 = 0. Right
column: the eigenfunctions for the eigenvalue w ~ 3.08 + i1.97 with arbitrary normalization (we
can freely multiply both y; = Ry; +iSy; and yp = Ry, + iSyp with the same arbitrary complex
constant—their ratio Y is uniquely defined).

The eigenfunction can be directly found from Equation (29) by knowing the eigenvalue
and choosing C/Cy = —g14xis- The result is shown in the right column of Figure 6.
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Note that in both asymptotic regimes, near the axis and at large distances, the function
e~ vanishes and the eigenfunctions approach constant values. Thus, it is sufficient to
perform the integration in the region where these functions vary significantly. For the case
shown in Figure 6, it was done in the interval 0.01 < @ < 10.

Applying also the Schwarzian ® approach, the eigenvalues w are the roots of the

<I>1c>o — q>1axis

quantization condition sin = 0. The bottom left panel of Figure 6 shows the

corresponding Spectral Web. Apart from the root at w ~ 3.08 4-i1.97, in this case, there are
two poles and some curves of discontinuities that correspond to crossing of poles during
the integration. The existence and the positions of the poles and the curves of discontinuity
depend on the initial conditions, but the root is always the same.

The eigenfunction Y corresponding to a particular eigenvalue is the same no matter
which approach we use to find it. The eigenfunction y; is also the same apart from a
multiplication complex constant, which is free due to the linearity of the problem. The
same multiplication constant appears in y,: in agreement with the ratio Y = y; /v, being
uniquely determined.

Repeating the process for other values of k, we find the dispersion relation shown in
the left panel of Figure 7.

m=0 m=z%1

10 10}

5 5t

1 e Rel[w]
0.50 / 0.50 Im[w]
0.10 0.10} /

0.05 0.05¢} ¢
k k
0.1 05 1 5 10 0.1 05 1 5 10
v
Figure 7. The dispersion relation for the model with M = C—] =1,7n= % = 0.01, and m = 0 (left)
s i

and m = *£1 (right).

Using the Schwarzian approach, we can extend the results in the parametric space
to values for which no analytical solutions exist. It is beyond the scope of this paper to
carry out this interesting task and analyze the physics of the solutions; we only show the
dispersion relation for the m = %1 non-axisymmetric modes in the right panel of Figure 7
(the result is independent of the sign of m in this particular case).

7. Conclusions

In this work, we develop a novel way to solve Sturm-Liouville problems by following
the minimalist/Schwarzian approach, which is particularly useful when the boundaries
are at asymptotic distances. The minimalist approach is a first step toward economy
and efficiency since it reduces the differential equation to first-order. The second step is
the Schwarzian approach. Although the resulting differential equation is nonlinear, the
properties of the Schwarzian derivatives allow us to split its general solution into two parts.
The first part is any particular solution, and the form of the second part can be used to
explore under which conditions the sum is non-diverging asymptotically.

Essentially, the Schwarzian approach finds the non-diverging solution from any partic-
ular solution and, simultaneously, the eigenvalues for which this is possible. It can be seen
as an alternative to other methods to choose the non-diverging solution of a second-order
linear differential equation, e.g., the termination of series found using the Frobenius method
in quantum mechanics, which, however, can be applied to simple cases only. The new
approach can be applied to any case and to stability problems as well, in which the eigen-
value enters nonlinearly in both functions p and g. The application of the method requires
numerical integration of ordinary differential equations; in cases where the boundaries are
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at asymptotic distances, it is sufficient to continue the integration as long as the resulting
unknown functions vary significantly.

Two Schwarzian approaches are presented, the g and @, that correspond to different
ways to split the general solution into two parts. Although they are mathematically
equivalent, they have some practical differences. The g approach is simpler, but it cannot
trivially handle the infinities in f’/f when the function f is real and oscillates, as in
the examples presented in relation to the Schrodinger equation in quantum mechanics.
Nevertheless, as we saw in the example for the quantum Morse potential, it can still be
used by working in the complex domain, even though the eigenvalues are real. When f is a
complex function, as in stability problems, there is no problem with infinities, since zero for
a denominator (pole of f'/ f) requires fine-tuning to make both parts, real and imaginary,
vanish simultaneously.

The ® approach can be seen as a transformation of the g approach, but it successfully
handles the mentioned infinities in f’/ f when the function f is real and oscillates. One

could think that the function @ is connected with the phase of the oscillations. This is true in
some cases, but not always. The form of the corresponding eigenfunction o \% sin %
represents the superposition of two oppositely moving waves, but in general, thtze amplitude
is highly variable, so the result is not a standing wave in general. It is an open question
if other Schwarzian approaches, corresponding to different transformations and different
ways of splitting the general solution into two, can be more closely related to the oscillations
of the eigenfunctions, especially in stability problems. Another interesting question is
related to the freedom to choose the initial condition that determines the particular solution.
Is there an optimal choice?

Besides questions related to the deeper understanding of the symmetries behind the
quantization condition and the somewhat unexpected existence of the method itself, its
practical use is obvious. It helps with solving difficult problems with relative ease without
needing to work the asymptotic behaviors, e.g., near the symmetry axis and near infinity in
cylindrical jet problems, and without the need to integrate the equations at very small and
very large distances.
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Appendix A. Properties of the Schwarzian Derivative

The Schwarzian derivative of a function g(x)—in general, complex and with a complex

argument—is defined as
2
_ g/// 3 g//
{g,x}:?fi 7)) (A1)
where prime denotes the derivative with respect to x.
An important property of this derivative is that if G; and Gy are two linearly indepen-
dent solutions of
G"+x’G=0 (A2)

with « a function of x, then their quotient g = G—l satisfies the Schwarz equation
2

{g,x} =2k2. (A3)
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1 1
Conversely, if ¢ is a solution of {g, x} = 2«2, then G; « ———— and G, x —= are two
(1/g) Ve

independent solutions of G + x>G = 0. Thus, the general solution of Equation (A2) is

_ Clg—l-Cz
Ve

The proof can be done as in Ref. [8]. Direct substitution shows that G ; are solutions of
Equation (A2). Also, by substitution, we find that their Wronskian G Gé -Gy G{ is constant,
so they are indeed linearly independent.

In fact, every second-order linear differential equation can be written in the form of
Equation (1) and can be transformed to a “variable frequency oscillator” in the form of
Equation (6), and its general solution can be written through a particular solution of the
equation involving the Schwarzian, as in Equation (8).

Some other useful properties follow (g, b, ¢, d are complex constants):

G (A4)

ax+b
{cx+d’x}_0' (A5)
ag+b _
{cg—i—d'x} ={g x} (A6)
(a Mobius transformation leaves the Schwarzian unchanged);
Ao\ ?
fgrr={zg@}( %) +{ox (A7)

(can be thought as a chain rule for {g o ®, x});

B ax+b) (ad — bc)?
{82} = {g' cx + d} (cx+d)* (A8)
(the chain rule for ® = ax -+ b).
cx+d

Appendix B. Sturm-Liouville Formulation for Stability Problems

In the next two subsections of this Appendix, we analyze the Sturm-Liouville for-
mulation for the functions y; and y, separately. These are thought of as functions of the
cylindrical radius @, and a prime denotes the derivative with respect to that variable.

Appendix B.1. Formulation with v,

Equation (24) is equivalent to a Sturm-Liouville problem for y;:

!
W 27y + biys = 0. (e 2d0yp ) el 21d0pyy, — 0, (A9)
 TFn+Fn  Fu (DY  FnFn—FoFa  Fio(Fn)
'“_2D+2D<f12)’ W=t R B
and the expression for y, (as function of y,) is
D _7u (A11)

Y2 = *]_—Tz% ]_—uyl-

The corresponding “variable frequency oscillator” is

S "
(e.f 'Yldwyl) + K% (gf ’Yldwyl) = 0/ K% = bl — ’)/% — ’)//1 . (AlZ)
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Its solution in the Schwarzian g approach is
Cior +C mog ool 2
n-—8E8  ge) =St (8) —2d. )
\/ ' DI, 81 81
Six_¢ P
F12
R 1 Y2 D y’l ]:11
Writing — = == = ——>= — ——as
Y " n Fry T
1 e=2s
oy Al4
Y N 1+ C/C (A14)
we end up with the following system:
F: Fo —F F; F Fo —F F
Vi= 5 Tt BV = -0 T, g = e (A15)
Similarly, in the Schwarzian & approach,
1 ] ch + C qDIII 3¢//2 ¢/2
N« —meeeee—sin—5—, G- oopt 5 =24, (AlO)
\/q)/ 7(3] HTZZd@ 1 1
1 Fi
. 1 Y2 D }/1 f]]
and by writing — = == = ———=— — —— as
Y 5Y " Foy Jn
1 ®; 4+ C
Y= Yy — Y3 cot > (A17)
we end up with the following system:
Fu  Fu—Fu 2 2\ /12 Fi2 | Fu—F» F12
/r_ v v vl _ v 12 I 12 JI11 — /22 I J12
Vi=-2 SV (V-08) T, =2 TRy, o =2t (A1)
Appendix B.2. Formulation with y
Equation (25) is equivalent to a Sturm-Liouville problem for y5:
!/
Y8 + 272y + bayp = 0 (e 220y ) el 2madopy, o, (A19)
 TFn+Fn  Fal DY  FnFn—FoFa | Fa(Fn\
72_2@*29(;21)' b2 = D2 o\ \E ) A0
and the expression for y; (as function of y7) is
D, Jx»
— Y — =Y. A21
n Fnl? " Fn ' (A2D
The corresponding “variable frequency oscillator” is
n
(ef Vzdwy2> + %3 (ef deyz) =0, K=by—9 —7,. (A22)

Its solution in the Schwarzian g approach is

Cion 4+ C WY 2

TN T
\/, [ Futie 4o &  2\&

82]: e P

21
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V; =

/
Writing Y = n_ _Dbun_ @ as
Y2 Fay2  Fa
Y e A24
BRGTECV a2
we end up with the following system:
W=ty Ay, Ty 0 e dn g T, (A25)
Similarly, in the Schwarzian ® approach
1 . P+ C DY 392 DF )
s sin , == — + —= = 2k5, A26
: Jo Do 2w eyt (A20
25"
n__ Dy Fx
and by writing Y = =— = ———=% — ——= as
Y & v Fava Fa
o
Y=Y Vot 21C (A27)
we end up with the following system:
F: Fn —F F F: Fo —F F
(-1 F+ 250 -2, v+ 2y, ep—ap . (a2g)

The formulations with y; and y, are, of course, equivalent. Actually, by replacing
P - P -
Y1 = —Ysin 1T2, Y, = Ycos 1T2 in Equation (A27), we find Equation (A17),

O — @y 1 &

1 —®
with )3 = — sin , V4 = — cos % (this corresponds to a Mobius transforma-

tion that leaves the Schwarzian unaffected).
So both formulations are equivalent with the following symmetrical expressions:

. P+ C . D+ C
sin—— Dsin >
Y=V—%"=, = ;1 =Yy, (A29)
. D+ C —
sm ZT \/ef %d@y sin w
Finl . P1—® Fo1y, 0 P1— P2
P - -
= Fa y2 5’:12 cos =P Fn—Fn . (A31)
2 D
Asymptotically, sin 1= P — 0, and the quantization condition is sin 1 FC — 0 (the

D, +C
2+ — 0 is not accurate in cases with m = 0 when the

seemingly equivalent sin

quantization condition is applied on the axis, as discussed in Appendix C).

Appendix C. The Stability Problem near the Symmetry Axis @ = 0

D
of [4]), and the relations dy, = —dq1, d%l + dipdy; = m? hold.

e  Form # (O near the axis, all limits d;; = lirrb are constants (given in Appendix B
@—
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Using these, we can find approximate expressions for the functions given by

1 1
Equation (A10) @y, =~ 5 @%by ~ —m?, @*? ~ - —m? The solutions of
Equations (A13) and (A16) behave as g} o @2lml-1, D) @2I"=1; approaching zero as
@ — 0. The approximate solution of Equation (A18) is &1 ~ P15 + Cowz‘ml, V3 =~

C0|Tl’l| |m| 7d11 1 C0|m| (Dlaxis‘|‘c+c0w2|m‘

2lm| V. A d o~ 2[m| oo
—® thus, - ~ ———®
ha Vi dp TS Y T T4, 2
|m|d;ll. For all values of ®1,,;s + C that do not satisfy the quantization condition,
12
d
the result is the unphysical branch v |m|d711 For @145 + C = 2nm though, the
12

|m| +d11
_ d12
Similarly, we can find approximate expressions for the functions given by Equation (A20):

resulting % R — is the acceptable solution (see Equation (5) in [5]).

1 1
ey @%by &~ —m?, @*K3 ~ 1 m?. The solutions of Equations (A23) and (A26)

behave as gy « @?"~1, @} o @2/"|~1: approaching zero as @ — 0.

Fi1 F
For m = 0, near the axis, the constant limits are b;; = hm —=, bp = lim —= 12
-0 @D’ @—0 @D’

@F: Fn
by = lim0 TZl by = hm —= (see Appendix B of [4]).
@0—
Using these, we can ﬁnd approxnnate expressions for the functions given by
1 3
Equation (A10) @y =~ 5 b1 = —Dbyby, CDZK% ~ 1 and for the solutions of

Equations (A13) and (A16): ¢} « @, @] o @ (approaching zero as @ — 0). The approx-

0
b71 y4 ~ _bzl lnw/
12

1 2
and for ®q,,;; + Cp = 2n7, the resulting — Y —-—— is the acceptable solution (see

b12a>2
Equation (6) in [5]).
Similarly, we can find approximate expressions for the functions given by

imate solution of Equation (A18) is ®1 ~ Pq,ys + Co@?, V3 ~

1 1
Equation (A20): @y, ~ 5 by ~ —bypby1 + 2by», C’DZK% ~ T However, in this case, the

solution of Equation (A23) g5 o @~ ! does not approach zero as @ — 0. So this method
should be avoided when using the quantization condition on the axis.

Appendix D. The Stability Problem for Non-relativistic Cylindrical Jets

If the unperturbed sate has density po (@), pressure Py(w@), bulk velocity Vy(@)Z, and

magnetic field By = By, (®@)Z + By ()¢ satisfying the equilibrium condition

the

252
dpy d (B3, 1 d [@Bg
0z - = A32
dw+dw<2 Tordo\ 2 =0 (A32)
linearization of the ideal magnetohydrodynamic equations lead to system (23) with

Fu  BpR® +2Bogk(Bogk — Bozm/®@) £,  Fyy

—@ = y ==, (A33)
D pow?, — (keo - BO)Z D D

F12 #2@? Fn 5 2 B%(p B(2)¢ i —4Bozk(keo - Bo)

(DT = > 5 —@ D = p()CUCO — (kCO . B()) + > > 5 , (A34)
PoWeo — (kCO : BO) @ PoWeo — (kco : BO)
4
OoWey 5 I'Py Lm .

= —kiy,, cs=4]—, kco=ki+—¢, wWeo=w-—-kVp. (A35)

(pocg + B(z))wgo — C%(kco . BO) co s 00 co (,’04) co 0
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