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Abstract We examine the Hawking radiation sparsity and
quasinormal mode (QNM) spectra of a Schwarzschild black
hole surrounded by the King dark matter distribution. The
modified metric, derived from the King density profile, yields
altered expressions for the lapse function, mass, and Hawk-
ing temperature. The presence of dark matter reduces the
Hawking temperature, indicating suppressed thermal emis-
sion. Analysis of radiation sparsity reveals its dependence
on the horizon radius, with larger scale radius R and central
density ρ0 enhancing sparsity compared to the constant value
in the Schwarzschild case. The photon sphere and shadow
radius increase with R and ρ0, suggesting enlarged black
hole shadows under dark matter influence. Hawking emis-
sion rates exhibit a downward shift in both peak intensity and
frequency. The QNM spectra, obtained via the Mashhoon
and 3rd-order Wentzel–Kramers–Brillouin (WKB) meth-
ods, show that both the oscillation frequencies and damp-
ing or decay rate decrease with the dark matter parameter
α = 8πρ0R2. This study also examines how King dark mat-
ter halo affects periodic particle motion around a black hole,
showing that it alters orbital stability and enhances preces-
sion, leading to transitions from bound to unbound motion.
These results collectively demonstrate that King dark mat-
ter substantially modifies the thermodynamic and dynami-
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cal properties of black holes, offering potential observational
imprints in black hole shadow and gravitational wave studies.

1 Introduction

In the realm of cosmology, a pivotal area of exploration is
the study of black holes and the complex interactions of the
surrounding matter [1–4]. The concept of dark matter has
its roots in early 20th-century astrophysics, beginning with
Fritz Zwicky’s observations of the Coma Cluster in 1933.
He noted that the visible mass of galaxies could not account
for the high velocities of galaxies within the cluster, suggest-
ing the presence of unseen mass[5,6]. This idea was largely
overlooked for several decades, until Vera Rubin’s ground-
breaking work in the 1970 s on galactic rotation curves pro-
vided compelling evidence for dark matter’s existence [7,8].
Rubin’s findings indicated that the outer regions of galaxies
were rotating at speeds that could not be explained solely by
the visible matter present.

Throughout the latter half of the 20th century, the accep-
tance of dark matter grew as more observational evidence
emerged, including studies of gravitational lensing and cos-
mic microwave background radiation [9–11]. Despite the
strong evidence supporting its existence, the precise nature of
dark matter remains elusive, leading to ongoing research and
theoretical developments in the field [12–14]. The historical
journey of dark matter reflects the evolving understanding
of the universe and highlights the complexities involved in
unraveling its mysteries [15].
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The concept of QNMs has emerged as a cornerstone in
the study of black hole perturbation theory and gravitational
wave astrophysics. QNMs refer to a discrete set of com-
plex frequencies that characterize the damped oscillations of
perturbed compact objects, such as black holes and neutron
stars, under external or internal disturbances [16–18]. When
a black hole is perturbed – by, for instance, an infalling par-
ticle or a surrounding field – the resulting perturbations do
not persist indefinitely. Instead, they decay over time through
the emission of gravitational waves, the spectral properties
of which are encoded in the QNM frequencies. The real part
of the frequency corresponds to the oscillation frequency of
the emitted wave, whereas the imaginary part determines the
damping rate or decay timescale of the oscillation.

From a physical perspective, QNMs act as the “finger-
prints” of black holes, since their frequencies depend solely
on the intrinsic parameters of the background spacetime –
namely the mass, charge, and angular momentum – and are
independent of the initial perturbation [18]. This property
renders QNMs a powerful diagnostic tool for testing the no-
hair theorem and probing the nature of gravity in strong-field
regimes. In recent years, with the direct detection of gravi-
tational waves by the LIGO–Virgo collaboration, the study
of QNMs has gained renewed importance as it allows one to
extract fundamental information about astrophysical black
holes and to constrain deviations from General Relativity.

Numerous investigations have been carried out by using
different methods to understand how quasinormal spectra
are modified in various extended and alternative theories of
gravity [19–39]. For instance, in Lorentz-violating frame-
works such as Bumblebee gravity, the influence of symme-
try breaking on QNM frequencies has been systematically
explored [40], revealing that Lorentz violation can lead to
shifts in both the oscillation and damping rates. QNMs of
d-dimensional regular black holes have been investigated in
Ref. [41]. QNMs of black holes embedded in halos of mat-
ter have been investigated in Ref. [42]. These investigations
show that QNMs play a very important role in understand-
ing the characteristics of a black hole spacetime in different
theories of gravity in different environments.

Beyond their theoretical elegance, QNMs also serve as a
crucial link between black hole thermodynamics, quantum
gravity effects, and observational astrophysics. The spec-
tral structure of QNMs encodes information about hori-
zon dynamics, potential barriers, and the causal structure of
spacetime, while their damping behavior reflects the irre-
versible nature of black hole relaxation processes. There-
fore, an in-depth analysis of QNMs not only enhances our
understanding of black hole physics but also provides an
effective framework for probing dark matter interactions,
horizon-scale modifications, and emergent quantum gravi-
tational phenomena in the strong-field regime.

Extreme mass–ratio inspirals are essential for future
gravitational wave astronomy, particularly with space-based
detectors [43,44]. The unique properties of periodic orbits
generated in strong gravitational fields can be used to dis-
tinguish different spacetimes, which has made them attract
considerable attention in recent years. A periodic orbit refers
to the orbit in which the particle can exactly go back to its ini-
tial position after a finite amount of time. In the strong grav-
itational field, the particles in a periodic orbit will zoom in a
quasi-elliptical orbit near the black hole and loop it several
times before quickly moving away, forming the zoom-whirl
patterns [45–48]. A characteristic number p— defined as the
ratio of the average angular frequency to the radial frequency
per radial cycle— can be used to describe this unique strong-
field feature [49]. Hence, a rational p implies that the particle
will exactly revisit its starting location after a finite period
and trace a perfect periodic orbit. Conversely, when p is irra-
tional, the particle follows a precessing orbit; however, such
an orbit can be closely approximated by a nearby periodic
one, as rational numbers are dense in the real number field. So
far, the periodic orbits around the Schwarzschild black hole
[49], the Kerr black hole [50–55], black holes surrounded by
dark matters [56,57], and other black holes [58–83] or binary
black holes [84,85] have been thoroughly studied.

In this study, we delve into the properties of the
Schwarzschild black hole, specifically focusing on its inter-
action with King dark matter. We begin in Sect. 2 by introduc-
ing the black hole metric and examining the characteristics of
Hawking radiation, particularly its sparsity. Following this,
Sect. 3 is dedicated to a detailed analysis of the emission rate
associated with this black hole. In Sect. 4, we explore QNMs
through two distinct methodologies, providing a comprehen-
sive comparison of the results. Section 5 shifts our focus to
the time-domain profile, offering insights into its dynamic
behavior. Subsequently, in Sect. 6, we calculate the grey-
body factors and partial absorption cross section, emphasiz-
ing their significance in the context of black hole thermo-
dynamics. Section 7 investigates periodic motion, shedding
light on the stability and oscillatory patterns of the system.
Finally, in Sect. 8, we present a synthesis of our findings,
highlighting the implications of our research and potential
avenues for future exploration.

2 Hawking radiation sparsity of a Schwarzschild black
hole influenced by King dark matter

In this work, we utilize the solution of the black hole elegantly
derived in Ref. [86]. The authors considered a spherically
symmetric geometry

ds2 = − f (r)dt2 + dr2

f (r)
+ h(r)(dθ2 + sin2 θdφ2), (1)
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Fig. 1 The illustration of f (r) as function of r/M for R/M = 0.3

surrounded by King dark matter distribution with a density
described by [87]

ρ(r) = ρ0

(
1 +

( r

R

)2
)−3/2

. (2)

where R and ρ0 refer to the scale radius and the central den-
sity, respectively. The computed the lapse function as follows
[86]

f (r)=1 − 2M

r
+ 8πρ0R

3√
r2 + R2

+ 8πρ0R
3

r
ln

(√
r2+R2 −r

R

)
,

h(r) = r2. (3)

When R or ρ0 tends zero, this function reduces to the lapse
function of Schwarzschild black hole. At horizon, this func-
tion becomes zero f (rh) = 0, where rh represents horizon
radius. Figure 1 demonstrates the variation of f (r) in terms
of radius considering R/M = 0.3.

As shown, this function has only one root. Mass of the
black hole as function of horizon radius is obtained from
f (rh) = 0 and reads

M(rh) = rh
2

+ 4πρ0rh R
3√

r2
h + R2

+ 4πρ0R
3 ln

⎛
⎝

√
r2
h + R2 − rh

R

⎞
⎠ .

(4)

When the parameters R or ρ0 tend toward zero, mass of the
black hole in the presence of King dark matter of Eq. (4),
approaches that of the Schwarzschild black hole.

Hawking temperature employing Eqs. (3) and (4) is given
by [88,89]

TH = 1

4πrh
− 2ρ0rh R3

(
r2
h + R2

)3/2 , (5)

In the limit as R → 0 or ρ0 → 0, the second term in the
Eq. (5) disappears, causing the Hawking temperature of the

black hole influenced by King dark matter converge to the
Hawking temperature of the Schwarzschild black hole.

2.1 Sparsity of Hawking radiation

Black hole radiation is not a continuous stream but a highly
discrete and infrequent process, and because of it, we intro-
duce a quantity named sparsity to describe its intense grav-
itational pull and energy. It describes how the emission of
individual particles from a black hole is rare and widely sep-
arated in time compared to their characteristic wavelength or
frequency. For understanding how information and energy
are released from a black hole, it is crucial to know the spar-
sity in both quantum gravity and black hole thermodynamics.
Sparsity has applications in the study of black hole evapora-
tion, quantum field theory in curved spacetime. By analyzing
the sparse nature of black hole emissions, it is understand-
able how microphysics governs event horizons and the pos-
sible quantum structure of spacetime itself. This quantity is
obtained from [90–92]

η = C

g̃

(
λ2
t

Aeff

)
, λt = 2π

TH
. (6)

where the term Aeff = (27/4)ABH indicates the effective
area of the black hole and equals Aeff = 27πr2

h , and C
and g̃ are dimensionless constant and the degeneracy factor,
respectively. Thus Eq. (6) can be rewritten as

η = 64π3
(
r2
h + R2

)3

27
((
r2
h + R2

)3/2 − 8πρ0r2
h R

3
)2 . (7)

The above expression converges to 64π3/27 as R (ρ0)

approaches zero, which corresponds to the sparsity of the
Schwarzschild black hole. Figure 2 illustrates the variations
of sparsity as a function of the horizon radius for different
parameters.

The sparsity of the Schwarzschild black hole does not
depend on the horizon radius; however, the presence of King
dark matter modifies this quantity to become dependent on
the horizon radius. Increasing the parameter R (ρ0) results
in an increase in the size of the sparsity. At a fixed horizon
and R (ρ0), increasing the parameter ρ0 (R) also leads to
an increase in sparsity size. As the horizon radius increases,
the influence of the King dark matter parameters on sparsity
diminishes, and for large horizon radii, the sparsity of the
black hole in the presence of dark matter approaches that of
the Schwarzschild black hole.
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Fig. 2 Sparsity of Hawking radiation by varying rh

3 Emission rate of a Schwarzschild black hole in
presence of King dark matter

3.1 Photon sphere and shadow

For the spherically symmetric and static metric of form Eq.
(1), the motion of massless particles can be described by
using the LagrangianL = (1/2)gμν ẋμ ẋν which is expressed
as [93–95]

L(x, ẋ) = 1

2

(
− f (r)ṫ2 + ṙ2

f (r)
+ h(r)(θ̇2 + sin2 θφ̇2)

)
.

(8)

In the equatorial plane θ = π/2. The motion of light is
obtained by applying the Euler–Lagrange equation which is
defined as [96]

d

dλ

(
∂L
∂ ẋμ

)
− ∂L

∂xμ
= 0, (9)

to the Lagrangian of Eq. (8). For null geodesics, and by defin-
ing two constants of motion as

ε = f (r)ṫ, � = h(r)φ̇, (10)

and doing some calculations, the orbit equation for lightlight
geodesics is obtained as(

dr

dφ

)2

= h(r) f (r)

(
h(r)

f (r)

ε2

�2 − 1

)
. (11)

Considering the above equation, similar to the energy con-
servation law, an effective potential can be defined which is
calculated from (dr/dφ)2 + Veff(r) = 0. The circular orbits
of this potential can be found by solving [97]

Veff(r) = 0, and ∂r Veff(r) = 0. (12)

The photon sphere of the black hole, which represents a crit-
ical region where light can orbit the black hole is located at
the solutions of the above equation. Thus one can obtained
that the photon spheres are located at [98]

∂r
f (r)

h(r)

∣∣∣∣
r=rph

= 0. (13)

Also, the shadow of the black hole, which indicates the region
which no light can escape for the asymptotically flat metric
of form Eq. (1) is given by [89,99]

rsh = rph√
f (rph)

=
r3/2
ph

4
√
R2 + r2

ph√
−2M

√
R2 + r2

ph + rph
(

8πρ0R3 +
√
R2 + r2

ph

)
+ 8πρ0R3

√
R2 + r2

ph

(
log

(√
R2 + r2

ph − rph
)

− log(R)
) .

(14)

Figure 3 displays the photon radius and shadow of the black
hole versus Rs/M for three cases of ρ0M2.

As previously mentioned, in the limit of small R and ρ0,
Eq. (3) converges to the lapse function of the Schwarzschild
black hole. This is also evident in Fig. 3. As R and ρ0

approach zero, the size of the photon sphere and the shadow
of the black hole become equal to those of the Schwarzschild
black hole. Furthermore, increasing the parameters R and ρ0

leads to a corresponding increase in the sizes of these radii.
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Fig. 3 Left panel: photon radius by varying R/M . Right panel: shadow radius as function of R/M

3.2 Emission rate

The rate of emission energy in black hole physics is a fun-
damental concept that describes how energy escapes from
a black hole through quantum processes. This phenomenon
primarily arises from quantum fluctuations in the spacetime
surrounding the black hole, leading to the creation and anni-
hilation of virtual particle pairs. When these pairs form near
the event horizon, one particle may fall into the black hole
while the other escapes, resulting in a net loss of energy from
the black hole. This quantity is computed from [100]

d2E

dωdt
= 2π2σω3

exp(ω/TH) − 1
, (15)

where ω refers to the photon frequency, TH represents Hawk-
ing temperature and σ indicates the cross section area in
employing Eq. (14) is obtained from σ = πr2

sh [101].
The variations of energy emission rate as a function of fre-
quency is illustrated in Fig. 4 for different parameter values.

It is observed that the emission rate reaches its maxi-
mum with increasing frequency, after which it declines and
approaches zero at higher frequencies. The Schwarzschild
black hole exhibits a higher energy emission rate compared
to the Schwarzschild black hole in the presence of King dark
matter. Additionally, increasing the size of the parameters R
and ρ0 results in a decrease in the emission rate shifting its
maximum to a lower frequency.

4 The quasi-normal modes analysis of the black hole
spacetime

This section explores the dynamics of massless scalar per-
turbations within the regular black hole spacetime defined
by the metric function derived from the King dark matter
density profile.

Assuming negligible back-reaction on the background
geometry, we treat the spacetime as a fixed arena for pertur-
bation analysis, enabling a focus on the stability and oscilla-
tory behavior of the black hole. The evolution of the massless
scalar field is governed by a Schrödinger-like wave equation
of the Klein–Gordon type, expressed in the tortoise coordi-
nate r∗ (where dr∗

dr = f (r)) as

∂2
r∗ψ(r∗)sl + ω2ψ(r∗)sl = Vs(r)ψ(r∗)sl ,

with the effective potential [102,103]

Vs(r) = f (r)

(
l(l + 1)

r2 + 1

r

d

dr
f (r)

)
, (16)

where l is the multipole moment and ω the complex fre-
quency encoding oscillation and damping of the ring-down
gravitational waves. Using numerical results of the QNMs,
this investigation tries to reveal how the dark matter parame-
ter α = 8πρ0R2 modifies the QNM spectrum due to the poly-
homogeneous spacetime structure. The maximum of Vs(r),
located where ∂

∂r Vs(r)
∣∣
r=rpeak

= 0, determines the barrier
height influencing QNM stability, offering insights into the
black hole’s response to scalar perturbations and its potential
role in gravitational wave signatures.

We have shown the variation of the scalar potential in Fig.
5. The plots suggest that the dark matter significantly affects
the potential structure. An increase in the parameter α, on
the right panel of the Fig. 5, results in a decrease of the size
of the potential shape and a shift of the peak of the potential
towards the right or higher r/R values.

To investigate the QNMs of the black hole spacetime under
consideration, we employ two distinct methods: the analyt-
ical Mashhoon method [104,105] and the semi-analytical
3rd-order Wentzel–Kramers–Brillouin WKB approxima-
tion. These approaches allow us to compute the QNM fre-
quencies associated with scalar field perturbations in a mod-
ified gravity background with a mass-to-length scale param-
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Fig. 4 The behavior of emission rate considering M = 1. Left panel: ρ0 = 0.5. Right panel: R = 0.3

Fig. 5 Variation of potential for scalar perturbation

eter ratio M/R = 1. The Mashhoon method provides an
elegant analytical estimate, while the WKB method offers
higher precision for a broader range of modes. Below, we
describe the methodologies and present a comparison of their
results.

4.1 Mashhoon method

The Mashhoon method is an analytical technique that approx-
imates the effective potential of perturbations by matching it
to a solvable potential, specifically the Pöschl–Teller poten-
tial, defined as:

VPT(r∗) = V0

cosh2 [a(r∗ − r∗0)]
, (17)

where V0 is the maximum height of the potential, a encodes
its curvature at the peak location r∗0, and r∗ is the tortoise
coordinate. This approximation is particularly effective near
the potential’s maximum, where the effective potential for
black hole perturbations often resembles the Pöschl–Teller
form due to its smooth, bell-shaped profile.

To apply the Mashhoon method, we first derive the effec-
tive potential Vs(r) for scalar perturbations in the black hole
spacetime. We identify the peak of Vs(r), evaluate its value
(V0) and second derivative at the peak to determine a, and
then compute the QNM frequencies using the analytical
expression for the Pöschl–Teller potential:

ω = ωR + iωI =
√
V0 − a2

4
− ia

(
n + 1

2

)
, (18)
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Table 1 QNMs using Mashhoon method with M/R = 1

α(= 8πρ0R2) l n ω

0.3 3 0 0.758717 − 0.0787689i

0.3 3 1 0.758717 − 0.236307i

0.3 4 0 0.758717 − 0.0787689i

0.3 4 1 0.758717 − 0.236307i

0.5 3 0 0.688837 − 0.0688453i

0.5 3 1 0.688837 − 0.206536i

0.5 4 0 0.688837 − 0.0688453i

0.5 4 1 0.688837 − 0.206536i

where n is the overtone number, and ωR and ωI are the real
and imaginary parts of the QNM frequency, respectively.
This method is particularly efficient for fundamental modes
(n = 0) and large angular momentum numbers (l), provid-
ing qualitative insights into the QNM spectrum with minimal
computational cost.

Table 1 presents the QNM frequencies calculated using the
Mashhoon method for α = 0.3 and α = 0.5, with l = 3, 4
and n = 0, 1. The results show the characteristic behavior of
QNMs, where the real part of ω remains constant for a given
α and l, while the imaginary part increases in magnitude with
the overtone number n.

4.2 Comparison with 3rd-order WKB method

To complement the Mashhoon method, we also compute
QNM frequencies using the 3rd-order WKB approximation,
which provides higher accuracy for a wider range of modes
by incorporating higher-order corrections to the effective
potential. The WKB method is particularly suited for numeri-
cal computations of QNMs [106–117], capturing subtle vari-
ations in the potential that may be oversimplified in the Mash-
hoon approach.

Table 2 compares the QNM frequencies for α = 0.1,
n = 0, and l = 1 to 8, calculated using both the Mashhoon
and 3rd-order WKB methods. The table includes the absolute
differences in the real and imaginary parts of the frequencies
to quantify the agreement between the two methods. The
results are rounded to 5 decimal places for clarity.

The results in Table 1 demonstrate that the Mashhoon
method yields consistent QNM frequencies for fixed α and
l, with the imaginary part of ω scaling linearly with n+ 1/2,
as expected from the Pöschl–Teller approximation. For α =
0.3, the real part of the QNM frequency is approximately
0.758717 for l = 3, 4, while for α = 0.5, it decreases to
0.688837, reflecting the influence of the modified gravity
parameter α.

Table 2 reveals that the 3rd-order WKB method and the
Mashhoon method produce QNM frequencies that are in
close agreement for α = 0.1, particularly for higher l. The

absolute differences in the real and imaginary parts decrease
as l increases, with the smallest differences observed for
l = 8 (0.00111 for the real part and 0.00089 for the imag-
inary part). This trend suggests that the Mashhoon method
becomes increasingly accurate for larger l, where the effec-
tive potential is better approximated by the Pöschl–Teller
form. However, for lower l (e.g., l = 1), the differences are
more significant (0.00701 for the real part and 0.00150 for
the imaginary part), indicating that the WKB method cap-
tures additional corrections not accounted for in the Mash-
hoon approximation. Another point to mention here is that
the accuracy of the WKB method increases with an increase
in the values of l − n. As l is close to n, the method provides
more error. So, this also may be the discrepancy observed in
the QNMs for lower l values.

The Mashhoon method’s simplicity makes it a valuable
tool for qualitative insights, however, the WKB method
provides more accurate results, especially for fundamental
modes (n = 0) and large l. Together, these methods offer
complementary perspectives on the QNM spectrum, con-
firming the robustness of the calculated frequencies in the
modified gravity background.

The plots shown in Figs. 6 and 7 illustrate the variation of
QNMs with respect to the model parameter α = 8πρ0R2 for
scalar perturbations, calculated using the Mashhoon method,
for a regular black hole solution derived from the King dark
matter density profile. Figure 6 shows the real and absolute
of imaginary parts of the QNMs decreasing with increas-
ing α, indicating a decrease in damping of oscillations and a
reduction in the oscillation frequency as the density param-
eter grows, which reflects the influence of the dark matter
halo on the black hole’s perturbation dynamics. Figure 7
presents a contour plot highlighting the continuous transi-
tion of QNMs, suggesting a smooth dependence on α. Phys-
ically, this behaviour implies that the regular black hole, char-
acterised by a non-singular metric function f (r), exhibits
modified stability properties compared to the Schwarzschild
solution, with the dark matter contribution potentially affect-
ing the spacetime against perturbations, especially for α > 0.
Our investigation implies that in the presence of King’s dark
matter, the oscillation frequency of ring-down gravitational
waves decreases, and along with that, the possibility of detec-
tion also increases as the presence of dark matter slows down
the decay rate of QNMs.

5 Evolution of perturbations: time domain profiles

In the preceding section, we numerically computed the
QNMs and analyzed their behavior with respect to the model
parameters using the 3rd-order Wentzel–Kramers–Brillouin
(WKB) approximation and the Mashhoon method. In this
section, we focus on the time domain evolution of mass-
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Table 2 Comparison of QNM frequencies for α (= 8πρ0R2) = 0.1, n = 0 and M/R = 1.

l ωWKB ωMashhoon |Re(ωWKB) − Re(ωMashhoon)| |Im(ωWKB) − Im(ωMashhoon)|
1 0.27845 − 0.09188i 0.28546 − 0.09338i 0.00701 0.00150

2 0.46225 − 0.09082i 0.46621 − 0.09085i 0.00396 0.00003

3 0.64598 − 0.09057i 0.64875 − 0.09011i 0.00277 0.00046

4 0.82985 − 0.09047i 0.83197 − 0.08980i 0.00212 0.00067

5 1.01380 − 0.09042i 1.01553 − 0.08965i 0.00173 0.00077

6 1.19780 − 0.09039i 1.19926 − 0.08956i 0.00146 0.00083

7 1.38185 − 0.09037i 1.38311 − 0.08950i 0.00126 0.00087

8 1.56591 − 0.09036i 1.56702 − 0.08946i 0.00111 0.00089

Fig. 6 Variation of QNMs with respect to model parameter α = 8πρ0R2 for scalar perturbation

less scalar perturbations, providing a detailed examination
of their temporal profiles. The numerical methodology for
obtaining time domain profiles was first introduced by Gund-
lach et al. [118]. Here, we adopt the time domain integration
formalism outlined in [119] to compute the evolution of the
scalar field.

To model the time evolution, we define the scalar field as
ψ(r∗, t) = ψ(i�r∗, j�t) = ψi, j , where r∗ is the tortoise
coordinate and t is time, with i and j indexing the spatial
and temporal grids, respectively. The effective potential is
denoted as V (r(r∗)) = V (r∗, t) = Vi, j . The wave equation
governing the scalar perturbation is discretized as

ψi+1, j − 2ψi, j + ψi−1, j

�r2∗
− ψi, j+1 − 2ψi, j + ψi, j−1

�t2

− Viψi, j = 0. (19)

We impose the initial condition ψ(r∗, t) = exp
[
− (r∗−k1)

2

2σ 2

]
at t = 0, representing a Gaussian wave packet with median

Fig. 7 Contour with variation of model parameter α = 8πρ0R2 for
scalar perturbation
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Fig. 8 Time domain profiles for fundamental scalar perturbations with M/R = 1. The left panel shows the evolution for multipole numbers
l = 1, 2, 3 with fixed α = 0.2. The right panel shows the evolution for varying α with fixed l = 2

k1 and width σ , and set ψ(r∗, t) = 0 for t < 0. The time
evolution of the scalar field is computed using the iterative
scheme

ψi, j+1 = −ψi, j−1 +
(

�t

�r∗

)2

(ψi+1, j+ψi−1, j )

+
(

2 − 2

(
�t

�r∗

)2

− Vi�t2

)
ψi, j . (20)

To ensure numerical stability, we maintain the ratio �t
�r∗ < 1,

satisfying the Von Neumann stability condition. This scheme
allows us to compute the temporal profile of ψ(r∗, t) for a
fixed grid resolution.

The time domain profiles of the massless scalar perturba-
tions are illustrated in Fig. 8. The first panel depicts the evo-
lution of the scalar field for different values of the multipole
number l = 1, 2, 3, with a fixed model parameter α = 0.2
and mass-to-radius ratio M/R = 1. The second panel illus-
trates the effect of varying the model parameter α, with a
fixed multipole number l = 2. In the first panel, for a fixed
α = 0.2, the scalar field’s amplitude increases over time, with
the rate of increase varying significantly with l. Lower values
of l (e.g., l = 1) exhibit a slower rise in amplitude compared
to higher values (e.g., l = 3), indicating that higher multipole
moments lead to faster growth in the perturbation amplitude.
This behavior is consistent with the physical expectation that
higher angular momentum modes, associated with larger l,
couple more strongly to the background geometry, resulting
in more rapid dynamical evolution.

In the second panel, for a fixed l = 2, varying α alters the
temporal evolution of the scalar field. Smaller values of α

result in a steeper increase in the amplitude, suggesting that

the model parameter α modulates the strength of the interac-
tion between the scalar field and the effective potential. As α

increases, the growth rate diminishes, indicating a stabiliz-
ing effect on the perturbation dynamics. This suggests that α

plays a critical role in regulating the energy transfer within
the system, potentially affecting the decay or amplification
of perturbations.

6 Greybody bounds, emitted power, and partial
absorption cross section

Greybody bounds refer to the frequency-dependent factors
that characterize the radiation emitted by black holes in
the context of Hawking radiation [120–122]. This factor
accounts for the influence of potential barriers surrounding
the black hole, which filter the emitted radiation and using
Eq. (3) is computed from [123,124]

Tl(ω) ≥ sech2
(

1

2ω

∫ ∞

rh
Veff(r)

dr

f (r)

)
, (21)

where ω indicates the frequency, l represents the multipole
quantum number, and Veff(r) is an effective potential that
influence the escape of radiation and is presented in Eq. (16)
Figure 9 illustrates the curve of greybody bounds for the
mode l = 1 and various selections of other parameters.

It is evident that, unlike the full radiation of a black
body, which is independent of frequency, greybody bounds
is dependent on frequency variations. Additionally, it is
observed that for the Schwarzschild black hole, the value
of greybody bound at a fixed frequency is lower compared
to that of a black hole in the presence of King dark matter.
Furthermore, increasing the parameter R (ρ0) while keep-
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Fig. 9 Greybody bounds as function of frequency considering M = 1 and l = 1 for left panel: R = 0.3, and right panel: ρ0 = 1

Fig. 10 Variations in emitted power in terms of ω considering M = 1 and l = 1 for left panel: ρ0 = 1 and right panel: R = 0.3

ing other parameters constant results in a larger value of
greybody bound. At high frequencies, the greybody fac-
tor approaches unity, allowing energetic particles to pass
through the black hole’s potential barrier easily. In this case,
most incoming particles can enter the black hole. However,
at lower frequencies, the barrier becomes more significant.
Our findings show that increasing the scale radius R raises
the chances of particle transmission, suggesting that dark
matter alters the potential in a way that helps particles pass
through. Higher density parameters ρ0 also reduce the bar-
rier’s impact, making it easier for particles to propagate.

Another quantity related to the greybody bound is the
emitted power by black hole and is defined as [91,125,126]

Pl(ω) = A

8π2 Tl(ω)
ω3

exp(ω/TH) − 1
, (22)

that A represents to the horizon surface and TH refers to the
Hawking temperature. Figure 10 displays the emitted power
curve for various parameter selections as a function of fre-
quency.

The emitted power increases with rising frequency, reach-
ing a maximum and then gradually decreasing toward zero.

The maximum value of this quantity for the Schwarzschild
black hole is greater than that for a black hole in the presence
of King dark matter. As R or ρ0 increases, the peak of the
emission spectrum shifts to lower frequencies, resulting in a
redder spectrum. The peak height also decreases, meaning a
black hole surrounded by dark matter radiates less efficiently
than an isolated one. The dark matter halo lowers the Hawk-
ing temperature, causing the black hole to emit like a cooler
body with less power, further shifting the emission peak to
lower frequencies.

The partial absorption cross section of a black hole mea-
sures its ability to capture various types of incoming radia-
tion, such as scalar, electromagnetic, and gravitational waves
and is defined as the effective area that quantifies the prob-
ability of a specific mode of radiation being absorbed by a
black hole and considering Eq. (21) is given by [127,128]

σ l
abs(ω) = π(2l + 1)

ω2 |Tl(ω)|2. (23)

Figure 11 shows the behavior of absorption cross section for
various parameter selections as a function of frequency.
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Fig. 11 The behavior of partial absorption cross section is terms of frequency where M = 1 and l = 1 for left panel ρ0 = 1 and for right panel
R = 0.3

At low frequencies, the wavelength of the radiation is
larger than the black hole itself, causing it to behave as a
point-like object. In this regime, only the spherically symmet-
ric monopole mode plays a significant role, leading to a cross
section that approximates the area of the black hole’s hori-
zon. It is clear that increasing frequency leads to an increase
in absorption, which reaches its maximum value and then
at high frequencies, where the wavelength is much smaller
than the horizon, radiation acts more like classical particles
and gradually decreases. Here, the absorption characteris-
tics are governed by the dynamics near the photon sphere,
resulting in oscillations around a geometrical optics limit.
When King dark matter is present, these dynamics change.
At low frequencies, the halo increases the effective horizon
radius, which enlarges the absorption cross section compared
to an isolated Schwarzschild black hole. This increase is
more pronounced with greater halo density or scale radius.
At high frequencies, the halo alters the position of the pho-
ton sphere, which in turn reduces the efficiency of captur-
ing high-frequency radiation and shifts the oscillatory peaks
to lower frequencies. Thus, dark matter significantly influ-
ences the absorption properties of black holes across different
frequency ranges. It is observed that, for the Schwarzschild
black hole at a fixed frequency, the absorption value is lower
compared to that of a black hole in the presence of King dark
matter. Moreover, increasing R (ρ0) not only increases the
absorption value but also results in the maximum occurring
at a lower frequency.

7 The periodic motion of a particle around the black
hole in King dark matter halo

The Lagrangian of a timelike test particle moving freely
around the black hole in King dark matter halo can be written
as

2L = − f (r)ṫ2 + f −1(r)ṙ2 + h(r)ϕ̇2 = −1, (24)

where assuming its motions are confined in the equatorial
plane θ = π/2 and the dot in this expression indicates the dif-
ferentiation with respect to the proper time. Then, the motions
of particle have two constants which are related to the energy
and angular momentum of the particle, respectively, and can
be expressed as

E = f (r)ṫ, (25)

L = h(r)ϕ̇. (26)

Based on this two constants, the equation of radial motion of
particles can be written as

ṙ2 = E2 − Veff , (27)

where Veff is the effective potential and can be defined as

Veff = f (r)

[
1 + L2

h(r)

]
. (28)

For a given energy E and angular momentum L , the bound
orbit of a timelike test particle moving around the black hole
in King dark matter halo can be described by a simple, num-
ber p as [49]

p = �ϕ

2π
− 1, (29)

with the accumulated azimuth �ϕ between successive peri-
astrons during a radial period calculated as

�ϕ = 2
∫ r+

r−

dϕ

dr
dr = 2

∫ r+

r−

L

h(r)

√
1

E2 − Veff
dr, (30)

where Eqs. (26) and (27) are be used and r± are two turning
points of the bound orbit, i.e., the roots of ṙ2 = 0. We can
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Fig. 12 Some examples of bound orbits around the black hole in King
dark matter halo with angular momentum l = L/M = 3.98, where
(X, Y ) = (x cos ϕ, x sin ϕ), x = r/M and the unique p is denoted in
each panel. Each row shares the same energy E . The particular periodic
orbits are set in the first column with the dimensionless central den-

sity ν = ρ0M2 = 0 and the length scale parameter α̃ = R/M = 0.
The notation of “N. A.” means that no bound orbit exists in the panel
with particular energy E , angular momentum l, dimensionless central
density ν and length scale parameter α̃
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Fig. 13 Some examples of bound orbits around the black hole in
King dark matter halo with energy E = 0.986, where (X, Y ) =
(x cos ϕ, x sin ϕ), x = r/M and the unique p is denoted in each panel.
Each row shares the same angular momentum l = L/M . The particular
periodic orbits are set in the first column with the dimensionless central

density ν = ρ0M2 = 0 and the length scale parameter α̃ = R/M = 0.
The notation of “N. A.” means that no bound orbit exists in the panel
with particular energy E , angular momentum l, dimensionless central
density ν and length scale parameter α̃
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see that Eq. (29) indicate for a rational value of p, the test
particle returns to its starting point after a finite period, form-
ing a periodic orbit. Conversely, an irrational p results in a
precessing orbit around the black hole in King dark matter
halo.

Unlike the near-elliptical trajectories of precessing orbits,
these periodic orbits exhibit a diverse range of patterns. This
diversity necessitates expressing the rational number p as a
set of three integers (z, w, v) as [49]

p = w + v

z
, (31)

where z is the zoom number, denoting the number of leaves
in the orbit; w is the whirl number, representing the number
of near-circular revolutions around the periastron per leaf; v

is the vertex number, indicating the sequence in which the z
leaves are formed.

To illustrate the characteristics of periodic motions of
particles around a black hole in King dark matter halo,
we have plotted multiple bound orbits with a fixed angu-
lar momentum l = L/M = 3.98 but varying energies
E near this celestial object, as shown in Fig. 12, where
(X,Y ) = (x cos ϕ, x sin ϕ) and x = r/M . Each row of the
figure corresponds to a fixed energy value E , and the dimen-
sionless central density ν and the dimensionless length scale
parameter α̃ of each panel increases from left to right, denot-
ing as ν = ρ0M2 and α̃ = R/M , respectively. The first col-
umn shows periodic orbits with a specific value of p under
the condition ν = 0 and α̃ = 0, which corresponds to the
classical Schwarzschild black hole. The remaining columns
display particle trajectories near the black hole in King dark
matter halo, with the respective value of p indicated in each
panel. As can be seen from the figure, the value of p in each
row increases with the growth of both the dimensionless cen-
tral density ν and the length scale parameter α̃. This indicates
that the presence of dark matter halo leads to a larger value
of p for particle motion around the black hole compared
to the Schwarzschild case. For particles with higher energy,
an increase in the dimensionless central density ν and the
length scale parameter α̃ can cause their orbits to transition
from bound to unbound one, such as (6a) to (6e) in Fig. 12,
which could be one of the key features that distinguish this
black hole from the classical Schwarzschild black hole. Fur-
thermore, the presence of dark matter halo also causes the
periodic orbits of particles around this black hole to exhibit
the same characteristics as those around a Schwarzschild
black hole. For instance, both the subfigures (2e) and (3a)
in Fig. 12 present a periodic orbit with p = 5/6 but with a
different energy.

Figure 13 also depicts bound orbits around the black hole
in King dark matter halo for a fixed energy of E = 0.986.
Each row corresponds to a specific value of the rescaled angu-

Fig. 14 The range of energy and angular momentum required for par-
ticles to form bound orbits around the black hole in King dark matter
halo is shown by the shaded area in the figure

lar momentum l, and the overall layout is similar to that of
Fig. 12. Similarly, the figure shows that for a given angular
momentum, the value of p for particle bound orbits increases
with the dimensionless central density ν and the length scale
parameter α̃. When the angular momentum l of the particle is
sufficiently small, the presence of the dark matter halo may
cause its orbit to transition from bound to unbound, such as
the (5a) to (5e) of the Fig. 13. Furthermore, under such con-
ditions, variations in the dimensionless central density ν and
length scale parameters α̃ can also lead to particles with dif-
ferent angular momenta l forming identical periodic orbits,
as shown by (2d) → (4a) and (4c) → (5a) of the Fig. 13.
Fig. 14 shows the range of energy and angular momentum
values for which particles can form bound orbits around a
black hole embedded in a King dark matter halo.

8 Conclusion

In this study, we investigated the Schwarzschild black hole
surrounded by King dark matter. We analyzed the sparsity
of Hawking radiation and observed that an increase in the
parameters of dark matter leads to heightened sparsity. How-
ever, this effect diminishes at larger values of rh .

We explored the impact of King dark matter on the emis-
sion rate, finding that as the influence of the dark matter
parameters increases, the emission rate decreases at constant
frequencies, while the maximum emission rate shifts to lower
frequencies.

In addition to the thermodynamic and emission analyses,
a detailed examination of the QNMs was conducted to inves-
tigate the dynamical stability of the Schwarzschild black hole
surrounded by King dark matter. The QNM spectra, obtained
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using both the analytical Mashhoon method and the semi –
analytical 3rd – order WKB approximation, exhibit remark-
able consistency, especially for higher multipole numbers.
The comparison between the two approaches demonstrates
that the differences in the real and imaginary parts of the fre-
quencies diminish with increasing l, confirming the robust-
ness of the results. The analysis revealed that the real part of
the QNM frequencies decreases with increasing dark matter
parameter α, indicating a suppression in the oscillation fre-
quency of the scalar perturbations. Concurrently, the magni-
tude of the imaginary part also decreases, signifying a slower
decay rate of the ring-down phase. Physically, this behavior
suggests that the presence of King dark matter enhances the
effective stability of the black hole spacetime, making per-
turbations more persistent over time.

Furthermore, the variation of the effective potential Vs(r)
illustrates that the inclusion of the dark matter parameter
α leads to a reduction in the potential barrier height and a
shift of its peak toward larger r/R. This structural change in
the potential profile directly influences the QNM spectrum,
lowering both the oscillation and damping frequencies. Such
an effect implies that dark matter modifies the gravitational
wave signatures of black holes by altering the frequency and
damping characteristics of their ring-down modes. The con-
tour plots of QNM evolution reinforce this interpretation by
showing a smooth and continuous dependence of the fre-
quencies on α, suggesting that the transition from vacuum
to dark-matter-dominated configurations occurs without any
abrupt dynamical instabilities. These findings highlight a cru-
cial role of the surrounding dark matter in modulating black
hole perturbations, potentially leading to observable imprints
in future gravitational wave observations.

Complementing the frequency-domain analysis, the time-
domain evolution of massless scalar perturbations was exam-
ined to provide a comprehensive understanding of the black
hole’s dynamical response. The time-domain profiles reveal
that, for a fixed dark matter parameter, higher multipole
moments (l) correspond to faster oscillations and more rapid
decay of the perturbation amplitude. Conversely, increasing
the dark matter parameter α leads to a reduction in the damp-
ing rate and amplitude of perturbations, underscoring its sta-
bilizing influence on the system. This behavior is consistent
with the QNM results, wherein larger α values correspond
to smaller damping rates and lower oscillation frequencies.
Together, these results confirm that the presence of King
dark matter induces a suppression of scalar perturbations
and enhances the longevity of ring-down oscillations, thus
contributing to a more stable dynamical configuration.

In essence, the combined frequency and time – domain
analyses indicate that King dark matter not only alters the
thermodynamic and emission characteristics of the black
hole but also leaves a distinct signature on its dynamical sta-
bility and gravitational wave spectrum. The reduced damp-

ing rate and frequency shift in QNMs point toward a possi-
ble observational window into the influence of dark matter
on compact objects, particularly in the late-time ring-down
phase of gravitational wave signals. These findings provide a
foundation for future studies aimed at constraining dark mat-
ter profiles through black hole spectroscopy and open new
avenues for probing the interplay between astrophysical dark
matter environments and black hole dynamics.

Subsequently, we examined the grey body factor of the
Schwarzschild black hole in the presence of King dark mat-
ter. Our findings indicate that although, at high frequencies,
the grey body factor approaches that of black body radiation,
at lower frequencies, the enhanced effect of King dark mat-
ter parameters results in an increased grey body factor. Fur-
thermore, we observed the emitted power, which decreases
with greater influence from the dark matter parameters, with
its maximum occurring at lower frequencies. Additionally,
the partial absorption cross section increases as the effect of
the dark matter parameters intensifies, with its peak shift-
ing to lower frequencies. The investigation of periodic par-
ticle motion around the black hole immersed in the King
dark matter halo further elucidates the dynamical influence
of the surrounding dark matter distribution. The analysis
of the effective potential and the resulting orbital structures
demonstrates that the presence of dark matter significantly
alters the morphology and stability of bound trajectories.
Both the dimensionless central density ν = ρ0M2 and the
scale parameter α̃ = R/M increase the characteristic param-
eter p = �ϕ/2π − 1, leading to enhanced orbital preces-
sion compared to the Schwarzschild case. For higher par-
ticle energies or lower angular momenta, the dark matter
halo can induce transitions from bound to unbound motion,
highlighting its impact on the effective gravitational confine-
ment. Moreover, distinct combinations of ν and α̃ may pro-
duce identical periodic configurations for different angular
momenta, implying a form of orbital degeneracy not present
in the classic Schwarzschild spacetime. These results indi-
cate that the King dark matter halo not only modulates the
frequency and precession rate of bound orbits but also intro-
duces new dynamical signatures that could, in principle, be
reflected in the quasi-periodic oscillations and accretion disk
structures around galactic black holes.
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