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INTRODUCTION

Dans le discours de cloture de P. G. Bergmann, a la fin du volume,
on trouvera un essai de classification des contributions au Colloque de
Royaumont. Nous nous contenterons donc ici d’une breve mention des
principaux sujets abordés :

Pseudo-tenseur d’impulsiowénergie, probléme de l’énergie gravita-
tionnelle, lois de conservation, conditions de coordonnées, équations du
mouvement : Anderson, Brill, Deser, Dirac, Fock, Géhéniau, Goldberg,
Myfiller, Pirani, Synge, Trautman.

Questions diverses de formalisme : Géhéniau, Kilmister, Penrose,
Stephenson, Synge, C. de Witt.

Recherche de solutions des équations : Ehlers, Hoffmann, Taub,
Scarf.

I’roblémes divers: Y. Bruhat (fluides chargés), Pham Mau Quan
(Principe de Fer-mat), Taub (petits mouvements isentropiques) Weyssen-
hoff (particules a spin).

Principe de Mach, Cosmologie : Mlle Fabricius, Mc Vittie.
Radiation gravitationnelle non quantifie’e : Bel, Bonnor, Brill, Dirac,

Fock, Kundt, Lichnerowicz, Papapetrou, Petrov, Pérés-Rosen.
Quantification du champ gravitationnel, observables : Anderson, Be-

linfante, Bergmann, Deser, Droz-Vincent, Finkelstein, Misner, Ivanenko.
Phénome’nologie de la radiation gravitationnelle : Bondi, Ivanenko,

Weber, B. de Witt.
Theories unitaires cl-assiques : Y. Thiry, M. A. Tonnelat, Droz-Vin-

cent.
Suggestions pour de futures theories unitaires : Kursunoglu, Sou-

riau, Costa de Beauregard.

l
p!

Quelques communications, on 1e voit, figurent sous plusieurs rubri-
ques. D’autres classifications eussent certes été possibles. Nous espérons
que celle-ci, utilisée conjointement avec la table des exposés figurant en
téte, permettra au lecteur de s’orienter utilement.





THE ENERGY-MOMENTUM COMPLEX
IN GENERAL RELATIVITY
AND RELATED PROBLEMS

by Prof. C. M¢LLER
Universitetels Institut for Teoretisk FysiIc

and Nordita-Nordisk Institut for Teoretisk Atomfysik, Copenhagen (Denmark)

RESUME
tic present rapport est un comptc rcndu exact dc illLl communication

an colloquc (le Boynunmnt on 1959. I! confirm une discussion (i=3 la question
(la la localisation {inns un champ clc gravitation ainsi que rlu prolilénlc dc
ltlf‘lir't‘ l‘cxistcncc :lu quantum il'action Lie Planck en harmonic avec lcs
principcs dc la relativitc generate. Au sujct dc la premiere question, llL"
récents dd-vcloppenicnts on! conduit i: tine revision des vucs exprimécs rians
le present article. Pour ces dernicrs (lévcloppcmcnts Ic- lectcur est prii- tlL‘
sc- rapportcr a un ménioire plans les .lmmis of Physics, 12 (1961). p. llB-IBS,
ct {=1 lll'i :tutre mémnir‘e ii purailre clans lcs .lInt. Fys, .lleiid. Dtm. l's'd, Sets/c.

Within the framework of EINSTEIN’s theory of gravitation it is
possible to define a large number of algebraic functions of the field
variables and their space-time derivatives which satisfy « conservation
laws >>, and the problem arises how to determine which of these functions
represent quantities with a physical meaning. The solution of this
problem obviously necessitates criteria other than mere conservation,
and one of them may always be the requirement that the quantity in
question should define a useful integral of the motion [1]. However,
for the determination of the correct expression for the energy or the
energy density of gravitational fields, this utilitarian criterion in unne-
cessary. Actually, as has been shown in a number of recent papers [2, 3,
4], the said expression follows uniquely from the requirement that the
energy density of gravitational fields should have as many properties
as possible in common with the energy density of other physical fields.
This is an inniortnnt point, which after l'm-ty years of uncertainty
and discussion — is pi-i-tmps lint yet generally recognized. i shall there-
fore give a brief survey of the arguments leading to this result.
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Our starting point is the requirement that the experimentally well-
founded laws of the special theory of relativity must appear as special

cases of, or rather as certain approximations to, the more comprehensive

laws of the general theory of relativity. In the special theory the conser-

vation laws of energy and momentum, in any system of inertia where

the space-time coordinates may be chosen so as to make the components

gm of the metric tensor constant, are described by the equations (1)

(V—gTik)7,-Ea:k (\/——gT,-k):0, (1)

Here T3 is the energy-momentum tensor of matter, and for a, closed

system it follows from (1) that the quantities

PF: \LZJ T; 41:121-d dayg : {13,—E/c} (2)

are constants in time which are transformed as covariant components

of a 4-vector in linear coordinate transformations. These properties of

the energy-momentum vector Pi embody the famous and now experimen—

tally well-founded law of the equivalence of energy and mass, as is

easily seen if we first consider the << rest system >>, in which the total

linear momentum is zero, and then perform a Lorentz transformation

to an arbitrary other system of inertia. Consequently we must preserve

these properties in the general theory of relativity.
According to [2], the total energy is of the form of an integral

over the threedimensional physical space of , the system of reference

concerned, i.e.

E:—j\/—gT44dw1dafidm3. (3)

But also if the integration is restricted to a finite region V of space,

the integral E has the physically well-defined meaning of the energy

content of the region V. This interpretation is only possible because

\ :Tfi is transformed as :1 srulnr density in arbitrary. purely spatial

trunsformalions. fur it must in: :illim‘aisle t0 inirodurwl. for instant-e.

polar rmmlinates for the point»: in our system of referent-e without :1

(-onsi-qm-izl change of tlu- value of thi- energy E in V. This is another

essential property of ilie energy density in special relativity. which must

luv preserve-ll in the general tin-rary if there is: in lie any sense :11 all ill

talking of energy density.
For the P, of (2) to be a 47V'ect0r in linear transformations it is

necessary that \/——gT,-’”‘ behaves like :I iensor density mt the weight

one) in such transformations. Further it is essential that the left-hand

side of (1) is a sum of partial differentials and that the l‘lglli‘ilflllll

side is zero. For a noneclosed system, i.e. :1 system interacting with

another system, the right-hand side is not zero and P1 accordingly not

(1) Latin indices are running from 1 t0 4, Greek indices from 1 to 3 only.
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a 4-vect0r. We have a special case of a non—closed system if we take
into account the gravitational field created by the matter. This is seen
at once when equation (1) is written in the generally covariant form
of the general theory of relativity. Here, we can expect the above-men-
tioned properties of closed systems to hold only if we consider the
total system of matter plus gravitational field. From the arguments
presented above we must assume that the conservation laws of energy
and momentum for this total system can be written in the form

T331: 2 0 , (4)
where the energy-momentum complex T! is an affine tensor density
(of the weight one) consisting of a matter part and a gravitational part

Tik = FEW” + ti")- (5)
For a closed system, where we can introduce quasi-Galilean coordinates
for which the gm tend sufficiently rapidly to become constants at spa-
tial infinity, we then conclude from (4) that the quantities :

a1
P1; = —/ T44 (1.171 div? (hr3 (6)

c
are constant in time and are transformed as a 4-vector in linear trans-
formations. The latter property, a consequence of the assumption that
Ti" is an affine tensor density, allows us consistently to interpret P,-
as the total energy-momentum vector of the closed system. On the other
hand, Ti" obviously cannot be a tensor density with respect to arbitrary
space-time transformations, for in that case equation (4) would be
covariant only if Ti" were indentically zero for arbitrary systems, which
would deprive the said conservation law of any physical content.

Another peculiar feature of the gravitational field must be men-
tioned here. Since the matter part in (5) is the very quantity appearing
as the source of the gravitational field in Einstein’s field equation

1
Rik — — 5,-7‘ R: — M. Tik (7)9

we can always eliminate Tik entirely and express Ti" as algebraic
functions of the gi" and their derivatives. Thus, in order to preserve
the above-mentioned properties of the energy and the energy density
we must require that

1. T3“ is an affine tensor density depending algebraically on the
gm and their space-time derivatives and satisfying the relation

Tic I 0 (8)
identically;

2. T44 is a scalar density with respect to the group of purely spatial
transformations

Ezra"), EH4; (9)
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3. for a closed system at rest in our system of reference, i.e. a
system for which at spatial infinities the 9m are of the form of the

Schwarzschild solution, we have

E : — /T44 (1931 dwz (la/‘3 : M0 02, (10)

where MO is the Newtonian mass which at large distances gives the
same scalar gravitational potential as the field described by the
Schwarzschild solution.

EINSTEIN’s well-known expression for the energy-momentum com-
plex, which may be written

8,,“ : 71$“);

. gm , . _ t
W :’—— [(g .9) (WWW—51’” {film (11)

2 7. V— g
satisfies the conditions 1 and 3, although the validity of equation (10)
is restricted to the case where quasi-Galilean space-time coordinates are
used. On the other hand, 2 is not satisfied, i.e. 644 is not a three-scalar

density, and thus it is physically meaningless to interpret 044 as energy
density. This is most strikingly demonstrated by the example considered
by BAUER [5], [2], according to which, in a system of inertia, a mere
transformation from Cartesian space-coordinates to polar coordinates
transforms 644 from an overall zero value in the former system of coor»
dinates to a non—vanishing value in the latter system. This fact led to
the conclusion that no physically well-defined meaning could be atta-
ched to the localization of the energy in gravitational fields.

However, in reference [2] it was shown that the following simple
expression for the energyemomentum complex satisfies the conditions
1-3 .'

Ttk : ZiHJ

\/ #g (12)
(gimm — g'imnlt 9km III"klm

Xi A
X.

The use of this expression disposes of all the above difficulties. T44
remains zero in a transition to polar coordinates in the case considered
by Bauer. For a closed system the total energy *J‘d‘ do:1 (1.12 (if is

given correctly whether we use quasiCartesian coordinates or not, and
the integral over a finite part of space

EV : 7 / T44 (111 dwz den3 (13)
vV

is unaffected by a change of the names of the points in our system of
reference.

Moreover it can be shown that the expression (12) for T} is uni-
quely determined by the conditions 1-3. This was done in reference [3]
under the further assumption that Tik does not contain the first-order
derivatives of the gm. in powers higher than the second. In a paper by
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M. MAGNUSSON [6] it is shown that this restriction is superfluous, so
that there is only one expression for Ti" which preserves all the desirable
properties of the energy and energy density mentioned in the intro-
duction to this report.

Finally it appears from a series of papers [4], [7] that the expres-
sion (12) for Ti" may also be derived by application of the << method of
infinitesimal space—time transformations >> to the curvature scalar den-
sity V : \/—g R entering as integrant in the invariant variational
principle of the gravitational field equations. In fact, if we consider
an arbitrary infinitesimal space-time transformation

50’; : 501' + 51(3)) , (14)
the transformation property of the curvature scalar density is expressed
by the equation

5V + (Vain = 0 (15)
— 5" T5717”. : () (16)

which for constant at : 5" takes the form
with T‘s" given by I12). Thus. also this merhod leads uniquely (apart
from an arbitrary consmur factor} to the expression (12). The energy
density and Ihc energy current density must therefore be given by the
quantifies —T;' and ——cT_fi_. which are transformed. in the transfor-
mations (9), as a scalar density and a vector density respectively. They
are connected by the conservation law

a T44 + a
6:04 am”

which is the analogue of Poynting’s law in electrodynamics.
It should be noted that the energy density —T44, or rather the

Tg- = 0 (17)

gravitational part —\/— g 1544, is not positive definite. This marks an
essential difference between gravitational and other physical fields,
connected with the fact that gravitational fields can be locally trans-
formed away by introduction of suitable systems of coordinates. In
turn, this characteristic of gravitational fields is intimately connected
with the non-tensorial character of T47“.

For the determination of the general transformation properties as
well as the geometrical interpretation of the energy-momentum complex
we have employed a method suggested by investigations of KOMAR’s [8].
Consider an arbitrary 4-vector field a(x) with the contravariant compo-
nent ai(w). Form the antisymmetrical tensor-field density :

T“ {a} = \/—_!I W‘k— a"")
= V—g (“mm — aw.) 9“" g’” = V—g Curl "' {a} (18)

and the vector density :

at" {a} = a“, l = \/—_gDiv" (Curl {w}> ' (19)



57" {a} is a nonlinear function of the vector field a,(.r). Now, a
definite system of coordinates S with the coordinates (xi) and the metric
tensor gm (.2?) may be characterized by four definite vector fields €(U(a')),
viz. the fields of basis vectors. At a given point the contravariant com—
ponents of the vector cm in the system S are :

(9m, : 54'] (20)
and the covariant components :

(Umb- : gkm aim : 91m; : ga- (21)
are equal to the components of the metric tensor. Hence, by (12), (21),
(18), and (19) we have :

w / ___ 1 w / _. g

Xi“ : g (911»e 91mm) 91”” .91” : i 3"“ {em} : Curl M {0m}
7. x K

(22)
and

\/——g
‘

1 . t
T; : m” : _ 5% {cm} : Divk (Cur-153”») . (23)

7.

Thus the energy-momentum complex T,’”’ is the vector density field func»
tion 3"" corresponding to the vector field a, : em/x.

Now consider a transformation from S to S’ with the coordinates
ayi Here the basis vectors on) and 0’”) in S and S’ are connected by
the vector relations

309’”
800”

Therefore, if 53'” {a} were a linear function of the vector field a,
satisfying the relations

W {0+ 1)} : 37’“ {a} + W {b}
3""{10} :1 37k {a}

)\: Mm) being an arbitrary function of the coordinates (301'), then Ti"
would be transformed as a tensor density. However, 57’” {a} is a non—
linear function of (1 since the equations (25) hold only for constant 7k;
therefore T5" is a tensor density only with respect to linear transfor-

{Bk

8 I, are constants. For more general
w 7/

space»time transformations only the upper index It has tensor character
(in contrast to the case of the complex-8,1“, Where both indices are trans-
formed in a complicated way). The explicit transformation formula was
given in reference [4].

In the same paper it was emphasized that not every geodesic system
of coordinates deserves the name of a local system of inertia, since ti"
depends also on second-order derivatives of the metric tensor and there—
fore will generally not vanish in an arbitrary geodesic system. However,
it was shown that if we use Riemann normal coordinates in the sur-
roundings of a given spacetime point where there is no matter. both TH”

(fin) : 6m - (24)

(25)

mations in which the coefficients
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and its first-order derivatives will vanish at that point. This result was
generalized by )l. MAGXITSSON [is]. who was able to Show That T” can
be transformed away along an arbitrary geodesic line in empty space.
Thus, for a planet like ihe eai'ih. moving in The field of rhe sun. it is
always possible to introduce :1 genecntric sysicm of coordinates in which
any trace of the gravitational field of the sun has disappeared in a
<< small» region about the centre of the planet.

In recent years, the old question whether a system of accelerated
masses is constantly losing energy through emission of gravitational
waves has been taken up anew. While some investigators deny the
occurrence of energy-carrying gravitational waves, others take it for
granted that such waves, analogous to the electromagnetic waves emitted
by accelerated, electrically charged matter, exist. Without expressing
any definite opinion on this question I should like to point out that all
investigations on the emission of gravitational waves have been based
on the linear weak-field approximation to the gravitational-field equa-
tions, the use of which approximation may seriously distort the picture.
Take for instance the case of empty space, where the first-order wave
equation in the said approximation procedure is well known to have a
plane—wave solution. As shown in reference [3], the second-order approxi-
mation then contains terms that increase quadratically with the phase
of the first-order wave. Approximations of higher orders contain even
higher powers of the phase. Thus, when employing the weak-field ap-
proximation for the calculation of the energy radiated by a system of
moving masses, one must make sure that the use of the approximation
method is justified. Further, since the motion of the sources is deter-
mined by the field equations themselves, it is essential to consider at
each step of the approximation procedure the influence of the n’ th
approximation of the field on the motion of the source determining the
(n + 1) th approximation. Therefore, at the moment, I still regard the
question of the existence of energy-carrying gravitational radiation as
undecided.

The last problem I shall touch upon is that of the quantization of
gravitational fielsd. During the last ten years, this very difficult ques-
tion has been treated in a large number of important papers whose aim
has been to perform the quantization on the lines of the usual quantum
mechanics of fields. To my knowledge, however, no one has as yet suc-
ceeded in carrying through this programme consistently for the exact
non-linear gravitational-field equations. Only on substitution of the
linear approximations for the exact equations has it been possible to
perform the quantization in a simple way according to the usual rules
of quantum mechanics, and in this way we are led to the notion of
gravitons on the analogy of photons and mesons in the case of electro-
magnetic and nuclear fields. However, as already mentioned above, the
linear theory is an entirely different theory in which characteristic
features of the general theory of relativity are lost.
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On the other hand, we cannot resign ourselves to the situation in

the classical theory of relativity with the argument that gravitational
quantum effects would anyway be unmeasurably small. Somehow we
must account for the simultaneous existence of Planck’s quantum of
action and gravitational fields in our universe. But on account of the
characteristic differences between gravitational fields and other fields
mentioned above, I’LANCK’s quantum may very well have to be introduced
here in quite a different way. In this connection it may be useful to
call to mind the experimental facts of the interplay of gravitational
fields and atomic systems, which facts may be stated in short as follows:

(1) Individual atoms are acted upon by external gravitational fields
so that the energy levels are changed in accordance with Einstein’s red»
shift formula.

b) The gravitational field created by a large number of atoms
forming a. macroscopic body is given by Einstein’s gravitational-field
equations.

These statements represent necessary demands on the theory, but
of course we cannot know at the moment whether they are sufficient.
However, the quantization of the linear theory mentioned above shows
that. owing to the smallness of the gravitational constant, processes
involving gravitons — if at all existing — must be so rare as to hardly
ever be observed. To account for the experimental facts (1) and b) it is
obviously unnecessary to regard the gravitational-field variables as
operators. In view of the peculiar properties of the gravitational field
embodied in the principle of equivalence, it even seems natural in prin-
ciple to treat the components of the metric tensor Ila-(x) as onumber
functions of the arbitrary space-time variables (mi), and in the following
we propose a formalism on this basis. This means that the g”, are not
regarded as dynamical observables in the sense of ordinary quantum
mechanics. but rather as geometrical quantities connected with the
particular way of assigning names (501') to the different events in space-
time.

Now let Q" (1*) be a number of field variables labelled with an index
a describing the matter field in an arbitrary system of spacetime coor-
dinates (ad). The said field may be an electromagnetic field, a meson
field or any other kind of matter field. The Lagrangian density E of
matter will then be a function of the q~number functions Q“, their first-
order derivatives Q“, i and the c-number functions gikm) :

I3 : L" (Q", Q?“ 9””) . (25)
The matter will be treated in accordance with the usual rules of quan-
tum-field theory, the only difference formally being that the Lagran-
gian density depends also on the functions 9”. Thus we form the canoe
nically conjugate momenta:

1613n _ 27)c 6% (
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and the Hamiltonian density :

5e : "Ta Q?4_ B : SC (Qa' QGJJ “Ta; gik) ' (28)
The total Hamiltonian

H :fae dml dm2 (1:23 (29)

is then a definite functional of the canonical variables and the g‘Wm).
Further we have the equations of motion

dF(w)_ 7:dt — ; [mm-)1, (30)
where F(a:) is any of the variables Q“ or 7:0, or time-independent alge-
braic functions of these variables, and the commutation relations

'h'
A " b I" :— 7’ ('3) L_ ’L[wa(w,t),Q (w ,t)] i Eu 8 (a: a: ) (31)

[we 15), MW”, 15)] = [Q“ (00‘, t); WW”, 75)] = 0
3

Here 3(3)(wL—w") :7: Mai—w“) is the three-dimensional 8-functi0n
L=l

and at first sight the relations (31) do not appear to be covariant. A
closer investigation shows, however, that these relations hold in any
system of space-time coordinates if they are true in one system. Consi-
dering a scalar meson field, for instance, one easily sees that the rela-
tions (31) in an arbitrary system of coordinates imply the validity of
the commutation relations of special relativity in any local system of
inertia, true to the principle of equivalence. In this case the equation
of motion (30) is simply the Klein—Gordon equation written in curvi-
linear space-time coordinates, and in a local system of inertia it is
reduced to the usual form of the Klein-Gordon equation of special
relativity.

Equations (26)-(31) obviously conform to the requirement (1) above,
since the Hamiltonian (29) depends on the gi" so as to give the right
dependence of the eigenvalues of H on the field variables 9““ of an exter-
nal gravitational field. The next question is how an individual atomic
system will influence the metric, and we make the somewhat drastic
assumption that this Will depend on the quantal state of the matter.
The energy-momentum tensor of the matter
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is of course a q-number. Now consider a definite state of the matter
in the Heisenberg picture and the expectation value < T,»" > of the
matter tensor which is a definite c-number function of the space-time
coordinates ((1%). Then we assume that the metric is in its turn deter-
mined by EINs'rEIN’s field equations With the said expectation value as
source of the field, i.e. by the equations

Tik = Til kl : — 2 M (32)g g
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H

BikR:'—X<Tik>. (33i

It is clear that (33) is in accordance with the requirement 1)), for
in the case of a system consisting of a. large number of atoms, the fluc-
tuations of Ti" will be negligible; but the idea is that (33) should be
valid also for individual atoms. The formalism contained in equations
(215)-(33) somewhat resembles the self-consistent way of treating the
interaction between charged particles known as the Hartree-Fock
method, which is only an approximation to the exact theory of quantum
mechanics. It remains to be seen whether equations (flit-(33) are simi-
larly an approximation only or, as suggested above, may be regarded
as the exact equations describing the interplay of gravitational fields
and atomic systems. The latter point of view, which is supported by
the recognized singular role attributed to the gravitational fields
through the basic principles of the general theory of relativity, would
imply that the ordinary laws of quantum mechanics were only approxi-
mately true. However. due to the smallness of the gravitational con»
stant 7., it is clear that the deviations from ordinary quantum mechanics
following from the proposed formalism will be unmeasurably small for
all effects which are finite already in the usual special-relativity treat-
ment of the matter field.

The only problems to which the present formalism might give an
entirely different answer are those which in the special-relativity treat—
ment lead to divergences, for only in such cases can we expect an
appreciable deviation of the metric from the metric of a system of
inertia. In this connection it is worth remembering that the gravita-
tional contribution to the energy is not positive definite, which might
have the effect of reducing or even eliminating the divergences of the
self-energies obtained in the special-relativity field theories. This has
been shown to be the case in special instances.

As an example. consider the static self-energy of a << nucleon >> in

interaction with a neutral scalar meson field. For simplicity, we treat
the nucleon as «infinitely heavy >> so that we may consider a static,
spherically symmetric state in which the nucleon is at rest at a certain
point. The static self-energy is then described by a c-number scalar-field
function Mr) which is a function of the distance 7' satisfying the
Yukawa equation as written in terms of the metric characteristic of
the problem. In the case considered we may use coordinates r, 6, q), t
such that the metric takes the form

(182 : atr) (172 + r2 d62 + 73 sin2 0 dcp2 — Mr) 02 dt2 , (34)

where a0") and b (7') are functions determined by the set of equations (33)
of which only two are independent in this case. Thus we have three
equations which determine the three functions Mr), (1»(7‘), b(r) subject
to the following boundary conditions at large distances :
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fl.
W)—> , «um—>1, b(r)—>1 for r—>oo.

’I‘

The details of the calculation will be given in a forthcoming paper, while
we shall here give only the main results. The matter energy

—f\/— g T: dwl d$2 (1.733

corresponding to the solution in question turns out to be only logarith-
mically divergent for small r, in contrast to the special-relativity treat-
ment in which the self-energy is linearly divergent. Now, in the general-
1'elativity treatment the matter energy alone does not give the full
self-energy. The quantity which has a. physical meaning and determines
the mass of the particle is the sum of the matter energy and the gravi-
tational energy, i.e. the quantity

— I T44 (1.1‘1 d1? (11‘3

which turns out to have a finite value in the present case. This result
is due to the fact that the gravitational energy is here negative and
cancels the logarithmic divergence of the « matter energy ». Thus the
theory gives in this case a finite value for the static self-energy without
the introduction of an indefinite metric in Hilbert space. It may very
well be that this result holds more generally, i.e. that the metric adjusts
itself in such a way as to make the self-energies finite; but of course
this is not in itself sufiicient for a solution of the problems of elemen-
tary-particle physics, for in that field we need a « cut off >> at distances
much larger than those at which we can expect an appreciable deviation
of the metric from the special-relativity metric.
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DISCUSSION

Intervention (in Prof. Fock
On dit quelquefois que le tenseur d’énergie-impulsion n’est pas unique

méme dans la théorie de Relativité restreinte. Que pensez-vous sur ce
sujet ‘3
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Réponse du Prof. Moller
Je crois qu’il sufTit d’exiger que le tenseur T” soit symétrique.

Réponse du Prof. Fock
La condition de symétrie n’est pas suffisante. Mais on peut exiger que

les composantes du tenseur sont des fonctions de l’état du systéme, c’est—a-
dire, fonctions des variables cpl, ¢,., dont les valeurs initiales suffisent pour
formuler le probleme de CAUCHY. Il va sans dire que les quantités T” doi—
vent former un tenseur qui est symétrique. Avec ces conditions le tenseur
est unique.

Mais je voudrais soulever une autre question. Lorsqu’une expression
n’est pas tensorielle, il faut absolument qu’on fixe le systeme de coor—
donnees. Dans quel systeme de coordonnées vos expressions pour le ten-
seur d’énergie—impulsion sont—elles valables ? Est»ce que ce sont les coor—
données liarmoniques ?

Réponse du Prof. Moller

Non, les conditions pour les coordonnees harmoniques ne sont pas
utilisees.

Intervention du Prof. Ivanenko
Les resultats de la discussion fort interessante du l’rofesseur )161.I.ER

concernant la Vieille controverse relative au tenseur d’impulsion-énergie
du champ gravitationnel peuvent étre obtenus d’une autI‘e maniere. Il
semble souvent plus satisfaisatn d’obtenir les expressions du tenseur d’im—
pulsion—energie non seulement par construction a partir de certaines condi—
tions (comme le fait le Prof. M6LLER), mais aussi a partir d’un principe
variationnel et de propriétés d’invariance. Partant du lagrangien invariant
E : \/—gR on etablit une forlne symetrique bien connue du tenseur Tuv
de LORENTZ et LEVI—CIVITA qui s’annule en vertu des equations d’EINSTEIN.
Mais l’on peut aussi former un tenseur canonique Tuv qui differe du pre-
cedent par un terme décrivant ce qu’on est en droit d’appeler la partici—
pation du spin dans l’impulsion—energie. Ceci fut récemment developpe
par N. MITsKEVIc (Annalen der Physik, 1, 319, 1958). Avec N. MITSKEVIC,
nous avons récemment remarqué que la partie relative au spin du ten—
seur atfine d’impulsion—énergie gravitationnel (non total) coincide exac—
tement avec l’expression changee de signe du 22%" de MoLLER (pour lc
champ gravitationnel et la matiere conjointement). Il parait tres satisfai—
sant que cette nouvelle expression douée de propriétés physiques interes—
santes puisse etre obtenue d’une maniere tres générale a partir d’un
lagrangien scalaire.

Réponse du Prof. Moller
J’ai oublié de mentionner que j’ai obtenu aussi l’expression de ‘23? en

considérant la variation de la densité de la courbure scalaire (Math. Fys.
Medd. Dan. Vid. Selsk., 31, 14, 1959) et que M. LAURENT, dans un recent
article du Nuovo Cimento, a obtenu le meme résultat par une méthode plus
elegante.

Intervention du Prof. John Boardmun
Vous avez dit qu’a l’approximation lineaire les ondes gravitationnelles

planes ne sont physiquement intéressantes que dans un volume lirnité de
l’espacertemps. Cela vaut—il aussi pour les ondes sphe'riques, qui n’ont pas
un front d’onde indéfiniment etendu ?
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Réponse du Prof. Moller
Oui. Du reste, aussi bien pour les ondes sphériques que pour les ondes

planes, on a montré que les approximations suivantes conduisent a des
conclusmns sans signification physique.

Intervention du Docteur Fletcher
Comm-cut pouvez—x‘nus dire que rut-re expression Tt“ fournit une énergie

(gate 2'1 In massr «:le Sctm-arzsehild pour l‘cspzn‘c décrit par la me'trique
(It: Schwarzsr‘hiltl. étant (itmné qu'ii est bien runnu que dans cet espace
one métriquu lg“ : in“: pent {-irt- clmisir of: la densité d’énergie est
pzirtmzt nullc ‘.’

Réponse du Prof. Moller
3/“ nc punt (‘tre egalé it ‘0“ que gram“ {1 i'intmtiuctmn tl‘un cxn‘icux

H‘fi-rentic] mobilv :zwc au centre unc singulaa'ile t-ssentiellu In: densité
d'énergix} n'cst alwrs pas nullr partont. nmis indéterminéc nu point singuiier‘
Dans {out systemic rte t-nux'riulinéL-s Hi1 1;: tnétriquc a i'infini spatial a la
fount- [Iv Schwarzsrhiid. m: qui correspond = ’ymptotiqucn’wnt 2': un champ
nc‘wtcmicn, ts. fnurnit [me t-nergii- RI“ {" “1‘: M” (-51 L2 Hmsse nmvtunienrzc.

Intervention du Prof. Belinfante

—X < T.V"> = B."—2—bt’ R

alors uue reduction du paquet d’ondes change < Tt“ >, en sorte que gfi doit
aussi dépendre de l’état, et alors ne peut pas étre un «nombre c >>. Com-
ment pouvez-vous concilier ceci avec votre théorie ?

Réponse du Prof. Moller
Quand je dis que les gu‘ sont traités comme des nombres c je veux

seulement dire qu’ils ne sont pas (les opérateurs mais des fonctions ordi-
naires des coordonnées spatio-temporelles. Si nous considérons un autre
état du systéme matériel ces fonctions seront aussi différentes.

‘ Intervention (1n Docteur J. L. Anderson
1

1. L’équation R."—;b¢" R = < TH”) conduit a un g.“(‘I’) on ‘1’ est

une fonctionnelle. L’équation d’évolution, qui dépend de gm, devient ainsi
fortement non-linéaire en ‘1'. D’ou pas de principe de superposition, etc.

2. Une expression pour le tenseur d’impulsion-énergie est nécessaire
seulement pour les approximations. Dans le cas de solutions exactes nous
saurions sans elle comment se meuvent les particules, comme en théorie
électromagnétique.

Réponse dn Prof. Moller a la question 1 :
D’accord, mais étant donnée la petitesse de la constante (1e gravitation,

je pense que la ditférencc avec la théorie quantique covariante au sens
restreint n’apparaitra que dans les domaines 01‘1 cette théorie donne des
résultats divergents.

Intervention du Docteur A. Komar
Dans le cas ou i1 y a réduction du paquet d’ondes, 1e tenseur métrique,

ohéissant a une nouvelle equation d’ondes, va changer. Il semble donc que
par une mesure purement classique du tenseur métrique ou pourra violer
les relations d’indétermination (a la BOHR-BOSENFELD).
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Réponse (Iu Prof. Moller
Ceci peut etre vrai s’il existe réellement ties ondcs gravitatiuunelles

transportant de l’énergie, question qui reste cu suspens. I! se pent mt "
que la méeanique quantique usuelle soit settlement unu appruximaiion. L
trémement bonne en raison de la petiteSSL' des ett‘ets gravitationnels.

Intervention du Docteur 0. Costa de Beauregard
Toucham Ivs interventions (k- MII. BELINFANTE. Axumzsnx cl Kmmn.

je pcnsc (luv to» mots description il'intvraction ct description {1 la Hers ’
BERG nievruient (Etrc pronunct-K, Le fail meme que l‘i-quntion tt'Eins‘u-in SL-Il
eeri‘u- :H'H' 1m S{‘('()t‘.ll nzumbre prouve {It}?! tr Champ gravitationncl est
évrit en ruprrwz1tatinn :"1 In Heisenberg. ee qui exciut I‘udicailcmcn! Mule
especc de transition quantixgue en cc qui le concerns.

.‘xtuiilhsnaut 1'1 taut aussi e::rnsidérer les mutuallc-s interactions (11‘s
champs autres que lo champ gravitationnel. Mais, que celles—ei soient dé—
crites en representation d’interaction on a la HEISENBERG, 1a valeur moyenne
du < Ti”> total est conservative, et i1 n’y a done pas non plus de diffi—
cultés.

Je voudrais signaler ([ue dans une breve Note (1111‘ Comptes Rendux
(243, 939, 1956), M. R. POTIER esquisse trés clairement un programme
extrémement voisin de eelui du Prof. MoLLER.

Intervention (in Docteur C. Misner
Lu pz-iuvipnit— objection at l'txpt'essimn dc- MULLER pour l'al-m-rgie chi

son nzzmqm- (t'unirité. Elle r19 tiépuunt pas settlement «in vimix (le l'hypcr-
surfuvv n M til‘ l'é—tat r311 Champ sm‘ cello-Ci. inais aussi (ill (‘hoix ut‘bitruirc
d‘un L". snr n. Pour ublenir new \‘:419t‘ unique do l'eliergie tnmle am (Emit
C(‘Ampléter witn- («pr h‘iihfl par lIl'lL‘ ennditim} do coordonm-es tc-HL- ([t-
xeutt- subsistc 121 lihm‘te ti'une tr;m.~<f:n‘mr1tiun rte LuaEx‘rz.

Intervention (in Prof. Belinfante
t.‘¢3rwr_g:v (iv MISNEH est (“c (Inc Jappellm‘ais l‘L‘JpérutL-ur Immilinnit-n

ric l’c‘quntmu xh- SL'JH‘i'nliugt-r. .h- Itis-q-Lzlurai (le sect Iiuux 1mm expose lie
u-mtrmti. Mat» j‘nimvraiw’ t'etmu'nguer' qu‘en \‘CFtU (l‘z'u'qumcnts dc ctn‘miam'e
la a \‘aleuz‘ . (ti) (,‘L‘i n,p1,:eruteur doit Gta'e- :rirn. Il‘cxprt‘ssinu .\1 r" til: MOLLEH
est une joliw rmpt‘i'xhtull qu‘nn dppgflti' énez'gie. mats jc m- suis pus {out it
fait stir lie; sun mug:- veritable.

Intervention 1111 Prof. P. G. Bergmann
I. L‘exprvssinn tic l'énergie Eh! PFHfL'SMfllI‘ MOLLEH est un c115 parti-

cuticr do l'cxpressizm generate :10a par A. Kmnlz, qui est t'tfl'fil'tiillti'
mats ttéprntl tie l'inh'uduetiou Ii‘tm champ vectoriel tappele a par t-c Prof.
3161.143“. Champ qui represente la transformation infinitésimale cuyeedrée
par 10 champ cimisi 1“”“' Eu rtvnsite wetnrit-Ite (i'Enct~g§{- . . -711 tut Chump
existe nutzumnunt Si 1:] géulnet-te umtienL um thump (It FALLING. puint qnc
Tuarruxsx m rertatuomen‘r IraEEL-r dung 5:1 conlnmnieutiun. Si Ruth unms
un systeme isolé du type envisage par le Professeur MoLLER, 1e mouve-
iuenl (In (-rntv‘t- ill; gravité pmn‘ru dormer asymptotiquemuni a} I'intini (mats
nun pus lm-almncntl :11} tel thump til: directions: 1;; nulssu tutale 1:1! repus
scru 3101's unc quantiti— rm‘nzermtjw. bien que- la (tensile t1: muse locale
m- soil 111M n-umriaalh- via-{His {its transformations perluises (tr-s enor—
données‘ lilL‘itlL". .I(- mum-«Jun:- rtum- qu‘ime tléi‘mitiuu cumplétcment satis-
faiszmte «iv !:: «BL-mite (tenet-gig n'est poisihh- c{n'neeusionnellemeut, suimnt
In nature physique lie; 1:: situation vuusi-rtt'rs‘u.

2. Le schema de quantification proposé par le Professeur MoLLER
sera probablement sujet aux objections de BOHR et ROSENFELD contre 1e
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mariage entre sources quantifiées et champs de « nombres 0 >> dans le cas
de l’électromagnétisme. Méme si 185 ondes gravitationnelles ne possédent
pas de densité d’énergie (et ce point dépend du choix de l’expression de
la densité d’énergie) elles seront probablement sources de composantes du
champ gravitationnel autres que celle en (00). Il s’ensuit que l’argument
des non-linéarités mutuellement engrenées devra recevoir sa réponse 5! un
niveau beaucoup plus profond.





CONSERVATION LAWS AND EQUATIONS
OF MOTION

by Dr. J. N. GOLDBERG
Aeronautical Research Laboratory

RESUME

On se propose d’analyser l’obtention des equations du mouvement en
Relativité générale sans faire appel a une méthode d’approximation.

1. — Introduction

In general relativity, the motion of the field sources cannot be
specified arbitrarily. Certain restrictions on the motion are imposed
by the field equations themselves. This fact has been recognized for a
long time [1, 2], although the explicit determination of two body equa-
tions of motion was comparatively recent [3, 4]. This work, however,
is based on approximation methods. The purpose of this paper is to
examine a particular approach to the equations of motion, the use of
surface integral relations, without reference to an approximation
method.

Basically there are three different approaches to the equations of
motion. One is by explicit use of the matter tensor [4, 5, 6] the second
considers certain two-dimensional surface integrals [3, 7, 8] while the
third makes explicit use of coordinate conditions [2, 9, 10, 11].

When considering the matter tensor, which we shall denote by PM.
one observes that the gravitational field equations satisfy four diffe-
rential identities [12]:

GWWEO. (1.1)
the contracted Bianchi identities. Since in the presence of matter the
field equations are

GI" : —— 8w. P1”, (1.2)
it follows that for consistency P!” cannot be arbitrary, but must satisfy
four differential relations

PWW: 0. (1.3)
Note that because the covariant divergence is involved, éq. (1.3) cannot
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be satisfied unless the metric is known. Therefore (1.2) and (1.3) form
a coupled set of equations which must be solved by a self—consistent
approximation method. In practice one has either performed a power
series expansion [4, 5, 6] thereby obtaining linearized equations which
can then be solved in a stepwise fashion, or one has sought equations
of motion test particles in a given Riemannian manifold [13, 14]. This
method, in principle, does not seem to be applicable without use of
an approximation method.

The method of surface integrals also leans heavily on the Bianchi
identities. It is well known that eq. (1.1) can be rewritten as an ordi-
nary divergence if we introduce the Einstein pseudo-tensor t} [15]. “We
define the quantity Tuv by

defTuv : tuv ! 9 @5q

(55)}: \/~—gGu". (1.4)

Then the Bianchi identities become simply
Tum E 0. (1.5)

It follows that T." itself is the divergence of an antisymmetric quantity
[16, 17]

Tu" : Unify . (1.6)

As a result, the field equations may be written as

265,} : tuvfl Unity). (1.7)

Forming the two-dimensional surface integral over (5.5“, we have that [7]

I [mutual] mots : 0, (1.8)
whenever the free field equations are satisfied on the surface of inte-
gration. These surface integrals are to represent the equations of motion
for matter enclosed by the surface. In the EINSTEIN, INFELD, and HOFF-
MANN approximation method [3], these surface integrals do indeed lead
to the equations of motion. However, it is not clear whether these inte—
grals have any significance without use of an approximation method.
Once the field equations have been satisfied, the integrals are empty.
The question is whether the integrals have any significance before all
of the field equations have been satisfied. The investigation of this
question is the major part of this paper and will not be discussed
further at this time.

The restrictions on matter result from the fact that the field equa»
tions satisfy four differential identities. If we could modify the field
equations so that they did not satisfy the identities, the sources of the
modified field would no longer be restricted. The coordinate covariance
of general relativity allows us to set coordinate conditions which
restrict the variety of (physically identical) solutions. This procedure
has two advantages : 1) the field equations are modified so that they
no longer satisfy differential identities and 2) a proper CAITCHYJKOWA-
LEVVSKI problem results [18]. In principle it should be possible to find
a solution of the modified equations which depends on a number of
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parameters. The ultimate imposition of the coordinate condition should
restrict the parameters and hence yield the equations of motion. This
method has been successfully applied to the two body problem in an
approximation procedure using the harmonic coordinate conditions
gum: 0 [11]. It can be shown, in this case, to be equivalent to the
approach using the matter tensor explicitly.

In the following, we shall study further the relationship between
the conservation laws (the differential identities satisfied by the field
equations) and the surface integral approach to the problem of motion.
The possible forms of the conservation laws has grown enormously [19,
22]. The various forms have been related to the generators of the inva-
riant infinitesimal transformations of the theory [20]. Each generator
has an associated differential identity and, hence, a surface integral
« representing restrictions >>. The implication here is that an infinite
number of restrictions exist. In order to remove this implication, we
formulate a criterion for a « restriction >>. We shall find that the cri-
terion is so stringent that a restriction in our sense exists only when
the space admits a Killing vector. No alternative approach is considered,
but the possibility of being able to characterize the field sources by
means of surface integrals is offered.

In the following section, we examine the relationship between
invariant transformations and conservation laws; in Section 3, we for—
mulate the surface integrals in a general formalism, maintaining com-
plete covariance at all times; Section 4 relates these results to gravita-
tional theory.

2. — Strong Conservation Laws

We consider a theory whose field equations are derivable from the
variation of an invariant action integral. The scaler density lagrangian
L is assumed to depend only on the field variables yA and their first and
second derivatives :

L = L(1/A,yi,p,yi.pa) . (2.1)
With respect to an arbitrary infinitesimal coordinate transformation

XI" = X1l + E" , (2.2)
where the descriptors E" are arbitrary functions of the coordinates, the
field variables are assumed to transform according to the linear law

n: “HA" E", v — y“ E",
“uAv (lg—f FABuV yB - (23)

The 14“;a are constants which satisfy certain algebraic relations in
order to assure the group property of the transformation [23]. Since L
is a scalar density constructed out of the field variables and its deri-
vatives alone, it follows that as a function of its arguments it is
unchanged by the transformation (2.3). Hence [8, 24]

a' L = EL _ aA L 5y. — an L 53,” — am LE“... 2 0. (2.4)
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For a scalar density we have

BLze—aéoa (2m
and (2.4) becomes

LAEyA—CVVVEO
10v “2 w E" + Uu‘C’ Eu,” + (3 311969.17 + Kr: E“) ,p (2-6)

where [19]
deM%LJEW—®mLmdfl—QWLMMJ

+ [6“ L — (8MP L).D] 3A,,”
2

Uflvp "é umv 3A9 L + 2mg,” am L # aApv L y“ a E Nubia + Kw ,
def_ ANu?" — HuAv aApo 11 “11A? a VG L ,

defKai/p : [Buv aApo L _ Sup aAvu L] yA,a’ .

By equating to zero the various differential orders of E" in (2.6) we
obtain :

LA 3”,” + tfl‘fiv E O (2.70)

m * um LA “2 Tu” E U“ w,” (2.71;)
”ML" aApu L + "MAP ao L + 1&q aAvp L E 0_ (27C)

The Bianchi identities result from (2.70, b) :

(my LA). + LA .11“ E 0. (2.701)
We now make the further assumption that aAWL depends only on

the yA. Hence, an equivalent lagrangien (not scalar density, but free
of second derivatives) can be defined :

f5 : L — (6‘19“ L my)». (2.8)
In terms of this function we find

tuv : — Euv E + a“ E yAJL (2-9)
and, hence, is also free of second derivatives as is Um". Under these
conditions, BERGMANN and SCHILLER [8] have shown that :

C : J- CP Hp (11(3) (2.10)

generates the invariant transformations of the theory provided CF up
does not contain second derivatives in any direction leading off the
hypersurface defined by no d:0. We shall refer to derivatives in
such directions as « time >> derivatives.

CV can be modified by the addition of a term Z139 without affecting
the identity (2.6). If we choose :

1Z‘LV :——3—NHUUE”,a—KM’J’ Eu (2.11)

then :

Ev : tuv Eu + UN Elm, (2.12)
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is free of all second derivatives. This choice of generating density is
made in BERGMANN and SCHILLER [8] and BERGMANN [20]. From (2.6) it
follows that wheenver the field equations are satisfied, LA : 0, CV satis-
fies the weak conservation laW :

0v,v = 0. (2.13)
Since for E" : constant, C" : tu", the usual canonical pseudotensor, it
is clear that the conservation laws (2.13) have something to do with
conservation of energy and momentum. Now, however, we have an
infinite number of such conservation laws since any choice of E“ leads
to (2.13).

Because of the BIANCHI identities, we have :

LA 5 yA = (41...; LA 511). (2.14)
Hence, from Eqs. (2.6), 2.71)), (2.12), for each weak conservation law
(2.13), there exists a corresponding strong law :

D”, u (2.15)
D" : (UniU E“).a.

The strong conservation laws are derived only from the geometrical
structure of the theory. The weak conservation laws result from the
strong laws when the dynamics of the theory, the field equations, are
employed.

Before attempting to construct the surface integral relations from
the strong law, let us discuss briefly the transformation properties of C".
In general, C" will not be a geometrical object. In~ fact, in general
relativity it is well known that the canonical pseudo-tensor will lead
to reasonable results for the energy of the gravitational field only if
quasi-Galilean coordinates are used. We can use the freedom in choice
of Cv to correct this shortcoming [21, 22]. By subtracting D" of (2.15)
from C" (2.12), we obtain :

Ev = an; LA 5». (2.16)
This expression contains second derivatives of the field variables, but
from (2.7b), it is easy to see that 5" It, does not contain second « time »
derivatives and, hence, is suitable as a generating density. This identi-
fication for the field conservation law was made by LORENTZ [25].

It has the serious drawback that the energy and momentum asso-
ciated with the field vanishes wherever the field equations are satisfied.
However, suppose that a tensor density of rank four exists which is
anti-symmetric in each of its index pairs : H1993. Such quantities are
easy to construct [19]. Clearly,

UIU = H!) E,“ EN, (2.17)
is an anti-symmetric tensor density of rank two. (We have assumed the
existence of a metric tensor so that indices may be raised and lowered.)A .

galn, T" : Upv’v (2.18)

with :
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will be a vector density satisfying the strong conservation law :
TH,“ E 0. (2.19)

T“ n,l is clearly free of second «time » derivatives if HMJPV" depends
only on the yA. Hence,

gu “2‘ Tu # my LA an (2.20)
is again a suitable generating density.

5: 8“ Up. (17(3) (2.21)

is now invariant under all three space transformations and, in fact,
under all coordinate transformations. The physical significance of 8 will
determine whether U't” is a useful quantity. In general relativity it is
possible to choose 8” so that it yields the same result as the canonical
pseudo—tensor for the energy in the Schwarzschild field [21, 22].

3. —— The Surface Integrals

In this Section we shall write :
uvA in g Lv E w. —5v (3.1)

without necessarily implying that we must use the covariant generating
density. Any of the generating densities and associated strong conser-
vation laws is suitable for most of what we shall do here.

In order to maintain the covariance of all our expressions, it is
convenient to introduce a parametrization of our coordinate system.
The parametrization need not cover the entire four-dimensional mani-
fold, but only a region R4 which contains a portion of a world tube in
which the field equations no longer hold. We use the notation of
BERGMANN and BRFNINGS [26] :

X“ : X“(u3, t) . (3.2)
Within R4, we assume we can solve (3.2) for the parameters in terms
of the coordinates. We take the tangent vector V“: aXu/at to be
timelike. The surfaces 15 : constant are defined by :

nrp dXP : 0, up : tvp. (3.3)
Hence,

n). V“ : 1 . (3.4)
We assume that 11,3 : constant defines a hypersurface which completely
encloses the sigular tube in R4. This hypersurface is generated by the
paths of V“. Now we consider a domain D4 in R4 bounded by the hyper-
surfaces :

21 I t : 0,

22 : t : At > 0, (3.5)
23 : 1L3 : a : constant.

Form the integral over I); of the strong conservation law :
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f q'uJ} (11(4) E 0 (3.6)
DI

and apply Stokes’ theorem [27] :

f q'“ nv (11(3) +f UMVW, my (11(3) 50 ;22—21 23
nvz'qm, myznmyznusfl; (3.7)

1; is a scalar density of weight — 1 defined so that :
d1(4): 11 (11(2) (141,3 dt

where (11(2) is the intrinsic extension constructed from u1 and uz. This
staremcnt is still Trivial us it contains no dynamical. only gmmeti-iml.
information. However. the field equations 13.1) are to be satisfied on :3.
but not on 3;. or 33. Therefore. we can substiturv 8" info The integral
.m-r 13,1mt we apply Stokes' Theorem once again to the integral over
:1 and E: :

1 1
7 UMAW (11(2) _ )5v (11(3) 2 0,
.4 82—81 l 3

Am, : nu my —— nu m,l . (3.8)
One can show that on E3 :

my (17(3) 2 Aw V“ (11(2) dt (3.9)
where the orientation of (17(2) is so chosen that it is equal to (117(2) on
Sl and Sz when t = 0 and t : At respectively.

Then (3.9) becoes :
At ’-

UII-V Any dT(2) —f dt f [5” V” —- 5" VM] Am; dT(2) : 0. (3.10)
1 0 S3

If we divide by At and pass to the limit At—> 0, we obtain :

. s__s

d f U.” Auv (11(2) _ 95‘ [gq_8VVII] Auyd1(2):0. (3.11)dt s1 s1
When X4223, then “1:85;, ”#28: and (3.11) reduce precisely to
BERGMANN’s [20] Eq. (3.5).

Carrying out the difierentiation explicity, we obtain :

(f [(UEJ’ Va). — qv w, — UP: V50] A,” (11(2)

—2 f 8" ‘TV Am) (11(2) : 0 (3.12)

where we have used the fact that the geometrical quantity Aw, is defined
by dragging along over VI and hence its Lie derivative [28] vanishes.
Since :

fIFIuVP17‘; All” dT(2) : 0 ,
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we may throw over the derivative on the last two terms in the first
integral and finally obtain :

3) [Lu VV _ Lv VP] A... dug, : 0 (3.13)
L“ defined by Eq. (3.1). We could have written this integral down

immediately, but then its relationship to the conservation laws would
not have been evident.

First of all, it is obvious that these surface integrals are trivially
satisfied once the field equations have been solved. Therefore, if they
are to yield restrictions on the motion of the sources of the field, it
must be possible to satisfy them when some, but not all of the field
equations are satisfied. Furthermore, if these integrals are to give us
information about the sources alone, then the integrals should be inde-
pendent of the two-dimensional surface. The condition for surface inde-
pendence is simply :

[Lu VV — Lv V“]_,, n,‘ : 0 (3.14)
outside the world tube. If we allow :

Lu nu : 0 , (3.15)
the conditions is :

LVV v : 0 (3.16)
since n“ is integrable. Using the Bianchi identities (2.7d), we find that
(3.16) reduces to :

LAEyA : 0. (3.17)
Since this result is to be independent of the detailed structure of the
theory, the condition is simply :

3y, : o . (3.18)
Under these conditions the weak law itself is a strong law and, hence,
the surface integrals in the form of (3.13) will be trivially satisfied.
However, in the form of (3.11), it may still give us useful information.
From Eq. (3.16) it follows that :

Lu : Zuv'v . (3.19)
Therefore, if in Eq. (3.1) we choose U” : Z'", we have 8" : 0. Equation
(3.11) then becomes :

dU
dt F )

I: : [my A... dag, . (3.20)
Since LPl is, in general, a vector density, UE," will be tensor density.
Therefore, U is an invariant. Furthermore, it is independent of the
twordimensional surface in 21, if Lunl1 : 0 and, therefore, it describes
properties of the field sources alone. This result was first obtained for
the gravitational field by KOMAR [29].
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Although this result is interesting, it is also somewhat disappoint-
ing. It tells us that unless we have a constant of the motion, we cannot
determine anything about the structure of the sources without knowing
everything about the field. On the other hand, the result is not suprising
if we admit radiation. In the event that radiation can occur, the state
of the source cannot be determined by sampling the field on a space-like
surface. The entire past history of the field must be known. The parti-
cular set of field equations we allow to be satisfied, Eq. (3.15), do not
contain second << time >> derivatives and, therefore, carry no information
about the time development of the field.

4. — General Relativity

All of the previous results are, of course, valid if we consider the
gravitational field alone. It is of some interest, however, to see whether
the explicit structure of the theory yields further information. In this
case :

Lv : 2 65,.” E" (4.1)
and (3.17) becomes :

65!“ (aunt—i. E’vui) : 0 ' (4.2)

This condition is obviously satisfied if E” is a Killing vector, in agree-
ment with (3.18). However, if we satisfy one more equation,

6 : gm" @396 : 0 , (4.3)

then we obtain the generators of conformal transformations as possible
choices of E" :

Euzv+ EV;u:°‘guv- (4-4)
The requirement that the five field equations, 6 = O and 65”” m = 0 be
satisfied in order to obtain restrictions appears to be reasonable. In
the linearized theory, the problem of motion, without restriction to slow
motion, can be formulated in terms of the surface integrals [30] because
there exist ten Killings vectors corresponding to the Lorentz transfor-
mations. There we find that solving G44 : 0 allows us to evaluate :

a

fG‘iSmsdszo
but G48 : 0 and G” : 0 must be solved before we can evaluate :

f Gr’3 ms dS

The angular momentum integrals were not considered as only spheri-
cally symmetric particles were treated. TRAUTMAN [31] gives the de-
scriptors for the conformal transformations, but these, too, have not
been examined.

From the detailed structure of the gravitational field equations,
it may be possible to extract other conditions from (4.2) which do not
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depend on the details of the solution. However, the complexity of the
field equations and our experience with the gauge group of electrodyna-
mics seems to preclude this possibility.

The super-potential defined in Eq. (2.6) is :
1

[7q : —— 9W [(— 9) (9” 11‘“ # 9"“ g“)],v- {4-5)
V *9

Clearly, this quantity is not a tensor density, and therefore does not
lead to a covariant conservation law. However, from (4.5) it is also
clear that there exists a tensor density with the appropriate symmetry

properties for the construction of a covariant conservation law in the

manner of Eq. (2.17). Let 2

He 3" : \/— 9(1)“?!1” * y” 9"?) ,- {4-6)

Uw:2caa:2V—gewu—eo em
satisfies a covariant conservation law. This result was first obtained
by KOMAR [22] who also showed that for E” : ”this law is the same
as that constructed by MQSILER [21]. Therefore, for the energy in the
Schwarzschild field, it gives the same result as (4.5) in quasi-Galilean
coordinates.
or a descriptor for a conformal transformation,

It is an easy matter to show [32] that when E” is :1 Killing vector

UeV, . : 2 V# g R'“ E. (4.8)
where a in Eq. (4.4) is a constant. Since we assume R : 0, this result
is sufficient for Uh" to give us information about the source according
to Eqs. (3.19) and (3.20). Indeed, since E” : 61; is the time~like Killing
vector for the Schwarzschild solution, we know that it correctly gives
the mass, in that case. However, it should be possible to find a super-
potential which is suitable for all conformal transformations, although
we have not yet succeeded in its construction.

Now, let us consider :

then :

U : j UWAmdrm . (4.9)

Although the surface integrals (3.11) will not, in general, yield infor-
mation about the sources, we can choose appropriate E“ so that (4.9)
will characterize the sources. U in (4.9) will be independent of the
surface, and hence, characterize the source if :

Ub‘fiv n,l : 0. (4.10)
Explicit use of (4.7) yields :

(seesawm:0. am)
This equation is just the covariant form of Maxwell’s equation div E : 0.

The surface integral (4.9) will yield the << charge >> associated with
the descriptor field. Therefore, the possibility exists for characterizing
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the various multipoles of the sources in an invariant manner. This
result may be seen in another way. Having found a descriptor field
which satisfies (4.11), it follows from (3.1) and (4.1) that a” nu=0.
Therefore, the «energy >> associated with the gravitational field, by
means of these descriptors, will be zero. The surface integral can give,
therefore, only information about the source.

In the linearized theory, the Killing vectors define energy, momen—
tum, and angular momentum of the source and these are constants of
the motion, in agreement with SACHS and BERGMANN [33]. Now, however,
we also have the possibility of defining the quadrupole moment through

H : kept, m? :0“, (4.12)
and the higher poles in a similar fashion. Of course, the quadrupole
moment and the higher multipoles will not be constants of the motion.

In the full theory, however, it is not as easy to identify the various
multipole moments. To achieve any understanding, the solutions of
Eq. (4.11) must be studied.

5. — Conclusion

We have reviewed the construction of conservation laws in covariant
field theories and formulated, in a covariant manner, the two-dimen-
sional surface integrals which lead to the equations of motion in the
linearized theory. These surface integrals yield significant information
only when a constant of the motion associated with the sources exists.
In particular, a constant of the motion exists when the field admits
a Killing vector or a conformal transformation. This difficulty we have
attributed to the possibility that the sources may radiate energy.

However, there is another possibility. By means of coordinate
transformations the form of any solution of the field equations may be
altered and, in fact, the physical information carried by the individual
field variables may be varied. It follows that not only will the form of
the equations of motion be altered by arbitrary coordinate transfor-
mations, but also the field components which enter the equations of
motion may be altered. Therefore, for a particular choice of coordinate
conditions it may be possible to satisfy Eq. (3.16) knowing only
65'” m: 0 and 65 : 0. For example, in electrodynamics, if one wishes
to compute the electric charge by Gauss’ law, in general one must know
all components of the vector potential. However if one uses the radia-
tion gauge Asls : 0, then knowledge of A4 alone is sufficient to deter-
mine the charge. Indeed, for the linearized gravitational field equations
one can formulate << radiation >> coordinate conditions. In this case the
surface integrals do yield the equations of motion as indicated follo-
wing Eq. (4.4) [30].

One can go further and say that without imposing coordinate
conditions, the equations of motion can not be determined. Since the



form of the equations may be altered by means of coordinate trans-
formations, fixing the motion restricts the allowable coordinate trans—
formations. In effect thenJ fixing the motion in advance is equivalent
to the imposition of coordinate conditions. Thus without additional
information about the coordinate system, one can not expect the sur-
face integrals to yield significant information.

It is perhaps worth pointing out that second « time >> derivatives
do not appear in the equation for the descriptors defining the multi-
poles. Also, we have stressed the fact that our results were obtained
when only 05'” m: 0 and (B : 0. The latter equation can be removed
if a superpotential is found, to replace the Komar one, which satisfies
the criterion of Eq. (3.19) for a Killing vector. Then, having formulated
initial values for the field variables, on a space-like hypersurface, con-
sistent with the field equations independent of second «time» deri-
vatives, one can find solutions of (4.11) and examine the multipole
structure of the field in terms of the initial data alone.
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DISCUSSION

Intervention de Mc Vittie

Yomlriez-vom nous dire 1a I'aison do re travail ‘? Est—i] congn commc
un exercicc :l'analyse on pout-i1 jetcr une lumiére sur (les probiémc-s speci-
fiquenient physiqucs ’2 [’ur cxcmple, rend-i1 13 solution dn probléme (les
deux corps plus aisée ‘? Si c‘est trop dill‘icile. pourrait-on dc cc-ttc nmniérc
avoir plus do renseignements sur [E mouvement «file la planéte Mercurc, que
l‘on pent obienir par tine solution rlirecle ‘?

Intervention de P. G. Bergmann

Le but d’une théorie du mouvement en Relativité générale n’est pas
d’obtenir la precession du périhélie plus efficacement, ou avec plus de
précision, mais d’explorer jusqu’a quel point la théorie de la Relativité
générale contient ces prévisions. I] y a un certain nombre de questions
fondamentales dans la théorie du mouvement qui ne sont pas encore entié-
rement éclaircies. Sfirement, pour rattacher une observation ou une expe-
rience donnée a la théorie, et vice versa, nous devons nous demander, encore
et encore, a quel point la théorie prédit le mouvement des corps matériels
dans le champ gravitationnel.

Accidentellement je pourrais signaler que l’hypothése primitive, selon
laquelle les corps se meuvent sur les géodésiques, n’est pas suffisante pour
établir une théorie satisfaisante des systémes d’étoiles doubles (qui a été
faite par Robertson en se basant sur la théorie d’EIH), ou pour donner une
théorie correcte du systéme Terre-Lune qui tienne compte de fagon cor-
recte des effets de marée.





THE EXPRESSION OF FIELD EQUATIONS
IN TERMS OF FLUX FROM SOURCES

by C. W. KILMISTER
King’s College, London *

RESUME

L'ne analyse attentive [in concepl tie champ nous penile: lie (ionner
unc nnuvelle deduction (I135 equations :10 la Relalix'ilé générale. Cellc—ci
four-nil tics tcrmes supplenlcntaires, qui pourtant n’ont pas présentemenl cl:-
cunsequences observables. (Les nmn'eaux lermes pourraienl C-lre significatifs
el «lans la lhéurie (les nudes gravitationnelles, et dans la quantification ciu
Champ dc gravitation.

1. — Introduction

This paper presents a modified form of the field equations of general
relativity, and also a new way of looking at them. These have arisen
in the course of a more general investigation [1], [2], [3], [4], [6], [7]
of the role of certain algebraic structures in physical theories, but the
present paper is independent of the results of this investigation. Instead
it is based on a detailed analysis of the idea of a field, and on the problem
of formulating the field equations in the form of integral relations
between the flux of field over a closed surface and the total source
strength within the surface. Such formulations are familiar to us for
the Newtonian gravitational field, and for the electrostatic field, and
many people (at least in England) find such a formulation very helpful
in understanding the properties of the field.

2. — The idea of a field

2.1 Classically a << field » is a derived concept which we introduce
to explain the primary experimental result that bits of the physical
world affect each other in various ways. Not only would the analysis

* This work was assisted in part by Wright ADC, ARDC, USAF, through its
European office.
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of a set of n particles, each producing accelerations in all the others,
be very complex; it would also be very difficult to write in a Lorentz
covariant way. So we analyse the system into particles, which act as
sources for fields, which in turn act on other particles. The fields act
on the other particles according to the equations of motion; and they
are related to their sources by the field equations. Historically the
oldest such system is Newtonian gravitation, in which the equation of
motion is, in a familiar notation,

m i" : F ,
and the field equations are

curlF:0, diVF:——47r§p. (1)
The first field equation expresses the conservation of energy, and the
second is equivalent to the flux theorem :

F'dS:—4l d1 2j; Tgfip ()
This result enables us to think about the field in terms of tubes of
force. etc.

2.2 It is well known that these results can be more conveniently
expressed in an algebraic form by using Hamilton’s quaternions. If 61,
63, 83 are the quaternion units, so that

Ci Cj :—eij+ 51715615, (1:,j,k:1,...73),

We define the field quaternion F : Fm,- (summed over i), the surface
element

(18 : ((32 dye-3 (12' + 63(18'91dm + ()1 dar-cg dy)
: 03 dy dz + ...,

and the volume element

(It : el day-02 (lg/~63 (12.
If now we write

a
a~ ’

_ a a
V#31 8.7; +62 ay +63

so that
VF : — div F + (‘url F ,

the fields equations become simply
VF:4wgp, (3)

and the flux theorem is

dF— / drVF:——47rgfdrp. (4)
Although this simple example is not Lorentz invariant it contains two
important lessons. The field equation (3) now contains both the origi~
nal equations, one of which is usually included by the device of intro-
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ducing a potential. Also the equation (3) suggests a generalisation in
which 9, F are replaced by general quaternions :

P + a‘i 6i) <P + F
The field equations (3) then state :

div F : ——41tg,p, grad <p + curl F : 4fig a. (5)

2.3. The field at a point is known, via the equations of motion, by
the behaviour of test-particles (that is, particles not affecting the field
to be measured). Therefore two cases arise :

(i) the change of motion of the test particle is independent both
of the nature of the particle and of its motion;

or (ii) this independence does not hold.
In the first cust- We can by making mensnrmncnis at one poini only

find nmhing WilfllPVH’ about tlu- field. since all the Test-pnriicles are
acted on similarly. This is. Of course, just the Case of the principle of
equivalencc for the gravitational field. This field only has significance
for Iwn points: historically the two points chosen were a m'lurcc-l'ioini
and a field-point ins when unr- discusses the orbits of 1110 planets and
uses tlu- sun as origin}. An alternative approach. which has the :ltiVIlll-
Tage of {)I'esci'ving the analysis into fields and particles existing K9113-
rnivly. is to consider two nearby points in the field Hill: -:I; rqnuiion of
geodesic ‘-'213‘i:!il011>> methmll, In any case ill‘ least two [miiii‘x' musi iw
specified to make a meaningful statement about the field; we call such
fields two-fields.

In case (ii) it is possible to determine‘something about the field
by using different test-particles at one point. It may not be possible
to determine the field completely in this way (e. g. a combined electro-
magnetic and gravitational field), but we distinguish a << pure case >>
in which this is so, and call such a field a one-field. Although the two-
field is in some ways conceptually simpler, our ideas of a classical field
have mostly been developed with the electromagnetic field, which is a
one-field. It is therefore easiest to begin with the analysis of Lorentz-
invariant one-fields. (A typical non-relativistic one-field is simply that
described in § 2.2, and there is no more to be said).

3. — The theory of Lorentz-invariant one-fields

3.1. The appropriate algebra to describe the Lorentz-invariant test-
particle is well-known to be the direct square of quaternions, that is
the algebra of Dirac matrices or of Eddington’s E-numbers. If we
define 4 generators Eu (0: : 1, ..., 4) such that :

Ea EB + EB Ea : 2nd87 ) (6)
Ex EB — EB E... = 213.3, j
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the whole basis of 16 elements consists of :
1, Eu, E5, E115, Egg,

where :
E5 : E1 E2 E3 E4.

[Here mm is the metric tensor of Minkowski coordinates,
nag : diag (— 1, — 1, —1, 1)].

Writing :
Eu. : no.3 EB) ,

we have also :
E5 : E1E2E3E4:—E5.

The velocity of a particle can be written :

dw"
ds

so that V2 : 1, and the equation of motion for a test—particle must be

of at least the second order (to allow for starting conditions corres-

ponding to arbitrary position and velocity). Hence we assume it to be
of the form :

v : Ea : Eavu,

dVg —E u 7

ds -9— “g, ()
where 9; depends both on the field and on the particle.

Since V2 : 1 we have at once 2
Va g“ : 0

so that g depends on V. The two forms :

gm : Huovp, 9“: <8$#V“Vo H",
where H“? —{— H0“ : 0 are completely equivalent
(e. g. one may write :

H,ll : H,“ V", H,” : H“ V» — Hy V”)
and quite general if H“, H!” are allowed to depend on V.

The two simplest cases to consider are :
(i) Fields of type I, where g“: H”? Vp and HW is independent

of V ;
(ii) Fields of type II, where g“ : (B&;\'“ Y”) H!1 and H“ is inde-

pendent of Y.
A field which falls into neither class may be called of type III, but

we shall not consider these here.

3.2 The quantities HW, H11 are not the field quantities, since they
depend on the test-particle (although, in types I & II, not on its velo
city). To determine their connexion with the field quantities we need
a further assumption about the sources of the field. Since the test-
particle is here specified completely by its velocity V we shall suppose
that the sources of the field are made up of numbers of such particles.
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The source term in the algebra must then be constructed in an invariant
manner from a four-vector :

J“ = 9 V“,
where p is a scalar specifying the number of particles in the source.
If we limit ourselves to the 16-fold algebra the most general source-term
is then :

J : 1’ + Ea Jay
where <p is a scalar function of Ja J“. (For the only invariant functions
of Ja are its magnitude, and J‘1 itself. More complex invariants, e. g.
J“ J5, are not expressible in the 16-fold algebra).

The flux equations is now easily proved to be [6] :

fd3sfd4mDF, (8)

d3 a: 2 E2 E3 E4 (1:02 (1563 dw“ —|— .....
: — (E15 (la/‘2 (1:03 dw“ + ..... ),

d4 a? : E1 E2 E3 E4 (1501 dmz dm3 d4,
: E5 (1031 dcvz dw3 d504,

where :

and :

a
D = E" .

35'7"
Hence the field equations are :

DF : 47:: J. (9)
Since :

D2F 2 [FF 2 411DJ,
we have a solution [9] (subject to appropriate conditions at infinity)

5 1

F = A’ / DJ’dw’+(1——A’) / DJ”d¢o” (10)
I N' ‘ N”

where A’ is arbitrary and the integrations are over the past and future
null cones. Hence :

FZDA, A=¢+EaA“,
since A has the same form as J.

3.3. Now we notice that the field splits up, in a Lorentz invariant
fashion, into a true scalar potential 4), and a vector-potential A“. Simi-
larly F splits into :

FM : an 4’: (11)
l 1

F0 + 31'1”" EM 2 —‘au A” + 7(au Av—av A») El“-

We cannot, in an invariant fashion, derive a field of type I for an (iso-
tropic) particle from the scalar field; neither can we derive a field of
type II from the vector field. (The proofs of these statements is imme-
diate).



Let us first consider fields of type I and suppose accordingly that
they are to be derived from the vector-potential field alone. In the
special Lorentz frame in which the particle is at rest the six-vectors
H”, Fm, form pairs of three-vectors H1, H2, F1, F2. We have a functional
dependence :

Huv : gm! (FM)-

First suppose that F1, F2 are not parallel. Then we can certainly write:

H1 : 0‘11 F1 ‘1' 0‘12 F2 + 0513 F1 /\ F2,

H2 : 0‘21 F1 + 0522 F2 + 0‘23 F1 /\ F2,

where the a.) may depend on the magnitudes of F1 & F2. But, paying
attention to the Lorentz invariance, we must have an : 0:23 : 0, and :

H,” : 0515‘,W —{— SFfi‘v, (12)
where a, B depend only on the invariants of FM. In the case when the
effects of two fields on a single particle are additive, a, 8 must be
constants. If F1, F2 are parallel then Fug : {F33 so that Fag cannot be
real; but in any case the same form results for HM.

We can give these equations several interpretations, according to
values of a, [5.

(i) If as : 1, l5: 0 always we have a model of a special relativistic
theory of gravitation (since a: : 1 implies the principle of equivalence).
Such a field is then unobservable at one point, but if we consider the
source as well we can solve many problems. For example it is this
field which gives the frequently—quoted result of an advance of perihe-
lion of Mercury of 1/6 of the observed value (see e. g. [8]).

(ii) If {5: 0 but a varies for different particles and is independent
of FM, we have a theory almost identical with the usual Maxwell elec-
trodynamics7 and a is the charge-mass ratio. The field equations
become :

an 3/*"W : 0,

an 31‘” + av yo : 4r J“, (13)
where :

31w : an Av " av ALL, (14)
and :

3/0 : — an A”-
The usual Maxwell theory imposes conservation of sources in the form :

all J“ : 0.

This results in the present theory if the Lorentz gauge condition is
imposed on A“, but not otherwise. In general, we have instead :

4w aw : ~52 (aim),
so that :

J“ + 4; :12 A“ (15)
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is the conserved vector. These equations represent a modification of
Maxwell’s which allow for creation of charge. Another such modifica-
tion was suggested recently by LYTTLETON & BONDI [5], but the present
one differs from theirs in still allowing the description of the field in
terms of flux from sources.

(iii) If [5%0 we have a Maxwell-type theory in which also free
poles are allowed.

3.4. For fields of type II we must have :

Huzo‘Fuzaauq’;
where a may depend on the magnitude of F“ but in the simplest case
does not. Hence :

dV”
ds

This is most easily interpreted by writing :
d

—(m V") :maF" (17)
ds

where m 2 m0 6“”. The 4» is then visualized as potential energy, which
increases the mass m accordingly. The field equations are :

auF“:47r<p, aa—avFuZO.
If a = 1 always we have another candidate for a special relativistic

theory of gravitation; this one gives about 1/3 of the observed perihe-
lion advance. ([8], p. 71).

= a (F"— vu V. F”). (16)

3.5. The conclusion of this paragraph, and also of § 2.2, is that
once the algebraic structure of the fields has been specified, and if we
think of a field in terms of the flux from its sources, there is not much
latitude in the choice of field equations. Moreover the structure appro-
priate to Newtonian (non-relativistic) gravitation is quaternion algebra,
and that to electrodynamics is the 16«fold algebra. This algebra is also
appropriate to certain Lorentz invariant gravitation theories. Since
a two-field is to be observed by using two test-particles, one may guess
that the appropriate algebraic structure for its description the direct
product of two such algebras.

4. — The theory of two-fields

4.1. Our definition of a two-field implies that at each point there
exists a coordinate-system relative to which any particles at the point
are unaccelerated. Locally the geometry in such a coordinate-system
is Minkowski, and so we can define the same algebraic structure as
in § 3.1. But unless the two-field is zero such a coordinate-system is
only possible locally; virtually the only possible geometry for the whole
domain is the Riemannian one, and the E. at each point can be repre-
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sented as local orthogonal components of functions 65,; of position, satis~
fying :

65“ «5.; + 5:» 5,; : 29m,
6;. 6y — 65v (’3‘; : 26“».

We can then define the contravariant 65” and the affine connexion
by :

(18)

6“ : g“v 5V, 6;“, V : IKE, $17, (19)

with FEV : l‘fi’v . It follows that PE.) is the Christoffel bracket connexion.
If :

A : (5,; A“,
then 2

A,” : 6” All,” , (20)

Where a comma denotes ordinary difierentiation, and a semi-colon cova-
riant differentiation.

4.2. In most discussions of relativity on these lines it is usual to
assume now the geodesic postulate as a generalisation of Newton’s first
law. We do not do this yet. Instead consider two nearby orbits of
test—particles from a field of such orbits defining everywhere in a domain
the unit tangent t:t‘1 65.1. If y:ya (23a is the infinitesimal vector
orthogonal to one orbit and intersecting the other, we have as usual :

dy
d8 * y (1)“)

Where :
Btu
88

We expect an equation of motion of the second order, since we can

<1». : tfl# t. (21)

d
choose an arbitrary starting point and value of Ty ; and we easily

8

calculate :
d2y
ds2

: # é“ Rum) tv 3/" t0 + 3/“ Ag, (22)

where :
AU: (opp—Wm) t9t+v,U—2vgv, (23)

and : dt
1, _

d8 I
(Of course if v : 0 we get the usual equation of geodesic variation).

4.3. We should expect to get more terms than the usual equation
of geodesic variation because if any one-field is present, it is again
represented (as its derivative) as a two-field. We can however recognise

2d ythe part of
ds2

which represents the reducible two-fields produced in

this way, since it will depend on the curvature of the original path,
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and not merely on its direction. This is the part represented by A, ;
now we can prove that a necessary and sufficient condition for Ag : 0
is that v = 0, which implies that the original orbits are geodesics.
Such a condition is obviously sufficient. To prove the necessity take a
scalar product with t :

0 : t9 (Up;a-— 170m) + to. page,
(since t“ Um : 0). Hence, in particular,

80.,
0't :0

88 ’
so that :

at“
'68

But 17., cannot be null, since it is orthogonal to a timelike vector, which
proves the result 1: : 0.

Thus if we can ignore the effect of one-fields we have the usual
equation of geodesic variation, and it follows that the appropriate
quantities to describe the two-field are the Riemann symbols aap.

4.4. In terms of the 256-f01d algebra such a field can be written :
R : Ruvgp 6”!" X 669 . (24:)

It is then possible to write the equation of motion (22) algebraically,
but as it is rather complex there is no advantage in doing so. Since
Rum, : Ronny, it does not matter which set of (‘5‘; is used to describe
the coordinates, columes &c. We accordingly postulate the field equa-
tions by equating the flux of R across a closed surface to the total
source within it, i. e. :

[d3wR :fd4w J

: «14$ DR, (25)
o

1)., 21730020.

where :
(13$ : (62 63 64 da:2 (1403 dm“ ....) X 1 ,
(14.1: 2 ($5 dwl dzv2 daz3 dw“) X 1 ,

D : (65“ act) X 1 .
The field equations are then :

DR : J, (26)
which reduce to :

Ruwow = J'Wa; Ruv (1mm) : 0 - (27)
The second equation is of course an identity, and simply implies that
the source J is not in fact so complex as it might be (as in the electro-
magnetic case, where there are no free poles).

Using the second equation in the first gives at once that
Bony—Raw”. : Jul/a" ,
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which makes it clear that, in the absence of sources (JuW20), any
solution of the field equations of general relativity is also a solution
of the present equations. But it also follows, as was shown by LICHNERO-
wrcz, that any solution of

Rgu;v—Rgv;u:0, (28)
which satisfies the condition Rm, : 0 on some hypersurface, also satisfies
RM: 0 everywhere. It follows that in the source-free case the equa—
tions (28) give identical results to the usual equations for all problems
in which we assume flatness at infinity; and this includes all the present
experimental checks on general relativity. An experimental differen-
tiation between the two theories will only be possible for a solution
which is not flat at infinity.

4.5 The nature of the source term J”"° has not yet been fully inves-
tigated. It has 20 independent components, since Sui/0p JW’E 0, and
these are further restricted by 6 << conservation >> identities

JIM”: 0. (29)
These identities are at first sight severe ones, whereas the corresponding
identity in electromagnetic theory was simply the equation of continuity
for charge. Thus if we imagined a medium made up of a large number
of point-sources, of density p, with << charge-current >> vector J“, we
would have

(PJu);v#(PJv);u:0.
But in fact such sources are not the appropriate ones to consider; and
if we write down (e. g.) a Schwarzschild interior solution, the resultant
source term must certainly satisfy (29) identically. The investigation
of these sources is continuing.

5. — Conclusion

5.]. It has been shown that Newtonian gravitation, various special
relativistic << gravitational» theories, Maxwell’s electrodynamics (inclu-
ding one possibility of creation of charge) and general relativity (in a
suitably modified form) all have field equations of the form

I as F: I eF
in a suitable algebra. Moreover fixing the algebra goes a long way to
fixing the actual field equations.

In particular the field equations proposed for general relativity
are differential equations for the local gravitational field variables,
instead of algebraic equations. They have the form used by LICHNERO—
WICZ for quantising the gravitational field; and they may have impor-
tant solutions, not flat at infinity, which are not solutions of the usual
field equations.
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5.2. Some of the work of § 3 and in particular the realisation that
an algebraic structure enables us to extend the flux theorem to Max-
well’s electrodynamics is due to my colleague D. J. NEWMAN. I Wish to
express my gratitude to him for a number of helpful discussions.
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DISCUSSION

Intervention de A. J. Coleman

A. J. COLEMAN. — Vourdiez-vous expliciter, en l’absence des sources, les
liens qui existent entre vos equations et celles de la Relativité générale,
dans un sens comme dans l’autre ?

C. W. KILMISTER. — Les équations qui sont en l’absence des sources :

:3“m = 0 t (1)
Rflvmw) = 0 Y

peuvent s’écrire : '
Rpw— Rm” = 0 .

Aussi: (i) toute solution de la Relativité générale ;
R“, = 0 cu Ag”

verifiera egalcnacnt t1), mais la réciproque n’est pas vraie. Cependant (ii)
Lichnermvicz a montré que si R”: 0 sur une quelconque hypersurface
initiate e: si égaiemcnt :

Ruvw—sv = 0
alors Rm, = 0 partout. Par suite, toute solution de (1) qui est telle qu’il existe
une hypersurface sur laquelle R”, = 0 c.ad. toute solution de (1) qui est
«plate » a l’infini et a tout instant) est égalernent une solution de la Bela-
tivité générale.





MODELES RELATIVISTES DE PARTICULES A SPIN
ET LIGNES D’UNIVERS ISOTROPES

par JEAN WEYSSENHOFF,
Université Jagellon, Krakéw (Pologne)

SOMMAIRE

En théorie de l’électron de Dirac la quantité de mouvement de l’électro‘n
cesse d’étre paralléle é sa vitesse. Le méme phénoméne apparait en méca-
nique relativiste généralise’e, mais non-quantique d’Einstein-Mathisson (et
successeurs) et conduit 51 l’apparition dans les equations du mouvement de
dérivées d’ordre supérieur au second. Mais pour accentuer la correspon-
dance entre la théorie quantique et les « modéles relativistes » de particules
£1 spin, i1 faut en outre tenir compte du fait que chez Dirac la vitesse en
cause est égale :31 la vitesse de la lumiére; on doit donc considérer des singu-
larités du champ gravitationnel qui sont des lignes d’Univers isotropes et
cesser de considérer ces singularités comme représentant des particules
matérielles (d’apr‘es la conception d’Einstein), mais leur faire jouer en
méme temps 1e role d’une sorte de mouvement interne de la particule
<< en son entier >>.

L’algorithme tensoriel des lignes isotropes présente quelques differences
par rapport é l’algorithme habituel et facilite l’établissement d’une corres-
pondance avec le formalisme de Dirac.

\Depuis que DIRAC a trouvé l’équation d’ondes de l’électron a spin,
on considere généralement le spin comme un phénoméne purement
quantique. Cependant les travaux de MATHISSON et de ses continuateurs
ont montré que le traitement correctement relativiste non quantique des
particules a spin comme singularités du champ gravifique conduit :21.
d’autres équations de mouvement qu’en théorie primitive d’EINs'rEIN, et
que sous différents rapports les particules, obéissant a ces équations,
ont un comportement curieusement semblable é, celui des électrons de
Dirac. L’affinité (les deux points de vue se manifeste trés clairement
par exemple dans l’indépendance des notions de vitesse et d’impulsion,
conformément a une expression de SCHR6D1NGER. 11 me semble juste
d’attacher de l’importance a ces coincidences, car elles découlent des
principes les plus fondamentaux de la théorie de la relativité avec un
minimum d’hypothéses, qui de plus s’imposent tout naturellement comme
les plus simples possibles.



Les travaux qu’on pourrait grouper sous le titre de traitement rela-
tiviste classique (non—quantique) du phénoméne du spin sont déja tres
nombreux, mais forment jusqu’a présent un tout tres incoherent. J’en
ai donné récemment un apercu incomplet et subjectif, dans un article
de la Planck-Festschrift. En particulier l’Ecole de Paris est arrivée a
des résultats trés intéressants dans une voie fort rapprochée, plus encore
peut-étre qu’on pourrait le croire a premiere vue. Mais ici je me propose
de parler d’une autre possibilité, qui me parait la plus rationnelle et
la moins arbitraire, pour passer des fondements de la théorie de la
relativité jusqu’a quelque chose de tres ressemblant a une particule
élémentaire a structure interne.

Pour faciliter le language je vais me permettre d’introduire un
néologisme, et d’appeler << picophysique >> la physique des plus petites
dimensions, celle de la structure interne des particules élémentaires ou,
ce qui revient presque au meme, des phénoménes non localisables; la
longueur élémentaire y jouera probablement un r61e décisif, et ne pourra
pas étre négligée comme en macrophysique (ni en microphysique, do-
maine de la théorie contemporaine des quanta).

11 me semble que la difference essentielle entre picophysique et
macrophysique consiste dans le role tout-a—fait different joué dans les
deux domaines par les observateurs. CeuX—ci peuvent etre considérés
comme << observateurspoints >> cn macrophysique, et a plus forte raison
en cosmophysique, mais non en picophysique 011, an contraire, les obser-
vateurs deviennent pratiquement infiniment grands, ou peut-etre pour
mieux dire, 01‘1 les observateurs se trouvent toujours pratiquement a
l’infini. De ce point de vue la plupart des théories actuelles des phéno-
menes picophysiques apparaissent comme grossierement macroscopiques.
S’il en était vraiment ainsi, le schéma spatio-temporel habituel cesserait
de s’appliquer en picophysique et la théorie de la relativité serait confi—
née a la macrophysique, conformément au caractére clairement macro»
scopique de ses origines. Alors la question se poserait de savoir com-
ment s’effectue le passage de la picophysique a la macrophysique. Juste-
ment les théories — encore strictement relativistes — dont je me propose
de parler semblent indiquer une certaine possibilité de résoudre ce
probleme.

Pour aborder maintenant notre sujet propre, revenons par la pensée
£1 l’année 1927, au courant d’idées bien connu, inauguré par EINSTEIN
et GROMMER ainsi que par DARMOIS. Les théories dont je veux vous
parler pour commencer peuvent étre considérées a juste titre comme le
développement logique et inévitable de ce programme. Ensuite, je vais
introduire une certaine modification de ces theories qui semble s’impo-
ser. Nous savons tous que les particules de matiere y sont considérées
comme des singularités quadridimensionnellement filiformes du champ
gravifique. Des le début il était clair que pour obtenir les équations du
mouvement habituelles, c’est-a-dire les équations des lignes géodésiques,
il fallait associer 51 la singularité des propriétés spéciales quoique tres
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simples. EINSTEIN s’intéressait spécialement a retrouver les equations
des géodésiques, et c’est MATHISSON qui le premier se posa 1a question
de ce que seraient les équations de mouvement de singularités plus com-
plexes que la singularité a symétrie sphérique d’Einstein. Au lieu d’ad-
mettre que le champ gravifique propre de la particule dans son voisinage
immédiat est statique, et a symétrie sphérique dans chaque hyperplan
orthogonal a sa ligne d’Univers, MATHISSON a représenté ce champ par
une série de multipoles gravifiques. Il serait arrivé a la solution la plus
générale des équations du mouvement d’une particule uni-dipolaire, s’il
n’avait pas égalé a zéro un quadrivecteur apparaissant dans ses calculs.
Les travaux de MATHISSON démontrent définitivement que pour étre
strict on ne devrait pas dire, comme on 1e fait souvent, que les équations
de mouvement des particules matérielles découlent des équations diffé-
rentielles du champ gravifique, mais de ces équations et en méme temps
(les propriétés des singularités considérées.

Jc ne peux pas entrer ici dans les détails des théories de MATHISSON
et de ses continuateurs. Je voudrais dire seulement que je suis d’avis de
prendre le programme d’EINSTEIN et GROMMER tout a fait au sérieux; si
par exemple on obtient pour une certaine sorte de singularités des equa-
tions de mouvement du troisiéme ordre, et si l’on soupgonne cette sin-
gularité d’avoir un sens physique, la question qui se pose n’est pas
d’expliquer son comportement en partant des lois de la mécanique de
second degré de Newton—Einstein, mais de tacher de comprendre com-
ment il se fait qu’en macrophysique nous n’observons pas directement
la << pico-particule >>, comme je me permettrai dés maintenant d’appeler
la singularité, mais seulement une sorte de moyenne, une « macroparti-
cule >>, qui, elle , obéit a des équations différentielles de second degré.
De méme si une picoparticule se déplace en l’absence d’un champ exté-
rieur, d’apres ses propres lois de mouvement, sur un cercle, on ne doit
pas se demander ce qui l’attire au centre du cercle, pas plus qu’on ne
demande en mécanique de Newton pourquoi une particule libre suit une
trajectoire rectiligne avec une vitesse constante.

Dans les derniéres phrases, en parlant de picoparticules, j’ai com-
mencé a passer a un autre mode de poser le probléme, que je voudrai
maintenant reprendre d’une maniére plus systématique. Je pense que
méme la plus simple et la mieux connue des particules de Mathisson, la
particule uni-dipolaire (avec la condition 11(4) ci-aprés) ne peut pas
représ'enter une particule véritable, méme approximativement. En effet,
une telle particule libre se meut (dans un repére inertial approprié) sur
un cercle, dont le rayon peut atteindre des dimensions macroscopiques.
Rien de pareil ne se passe en réalité : on n’a jamais observé jusqu’a pré-
sent de particules a trajectoires courbes dans une chambre de Wilson
sans champ magnétique. Il est facile de lever cette difficulté. Il suffit,
on se laissant guider par l’analogie avec l’électron de Dirac, de passer
au cas 01‘1 la singularité a spin se déplace a la vitesse de la lumiére. Si
l‘on fait ce passage d’une maniére correcte, 1e rayon du cercle devient
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constant et de dimensions submacroscopiques. Je propose des lors, com-
me je l’ai déja dit, de nommer la singularité elle-méme « picoparticule >>,
et de ne pas la considérer comme représentant l’électron (ou toute autre
particule élémentaire). C’est seulement sa position moyenne, son mou-
vement en entier, qui \‘ient jouer le role de la << macroparticule». Je
dois avouer qu’en fin de compte ce n’est qu’une fagon de parler, qui
revient presqu’au meme que d’envisager une «particule non-localisa-
ble >>, mais je vais me permettre de me servir aujourd’hui de cette fagon
de parler. La distinction entre les deux genres de particules, tres nette
en l’absence de forces extérieurcs, perd pen a pen son sens précis pour
des macroparticules dans un champ extérieur de plus en plus intense,
ce qui fait naitre d’ailleurs différents espoirs, encore trop vagues cepen-
dant pour qu’on puisse en parler en public.

Revenons donc au passage des particules de Mathisson aux pico-
particules qui se déplacent a la Vitesse de la lumiere. Dans la suite, je
vais poser cette Vitesse dans le Vide comme égale a 1, et je vais distin»
guer les deuX cas envisages simplement par V < 1 et 1; _ 1. 0n peut
passer des formules du premier cas a celles du second «par tatonne-
ment» (on l’a déja fait). Mais on peut le faire aussi d’une maniere
tout-a-fait systématique. En tout cas cette sorte de passage :21 1a limite
ne peut étre exécutée autrement que d’une maniére for-melle, parce qu’en
réalité il est impossible d’accélérer une particle 12 < 1 (a masse propre
constante) de maniére que sa vitesse devienne strictement égale a la
Vitesse de la lumiere. 11 y a, comme nous le savons tous, entre la vitesse
de la lumiere et toute vitesse inférieure une difference essentielle, une
difference de qualité et non de quantité. L’Xpression << approximative-
ment égale >> a la Vitesse de la lumiere n’a aucun sens absolu; tout ce
qui se meut a la Vitesse de la lumiere doit le faire —— pareillement a une
onde plane monochromatique — depuis toujours et pour toujours. Cette
circonstance aussi plaide en faveur de l’hypothese de picoparticules
communes a toutes les particules élémentaires.

Le passage en question s’effectue alors en deux pas : on commence
par introduire dans les formules valables pour le cas L‘ <1 un para-
metre arbitraire a: au lieu du temps propre T, apres quoi 0n déforme la
ligne d’Univers de la particule de facon a la rendre tangente partout
aux c6nes élémentaires correspondants. Cette ligne devient alors isotrope,
en général curviligne, il n’y a plus de repere propre de la particule; le
temps propre de la particulc cesse de couler et sa quadrivitesse d’eXister.
Au lieu dc celle-ci on peut définir un « quasivecteur d’espacetemps >>
1;“ : dell/d: qui est un << vecteur dépendant de la paramétrisation >> et
verifie l’équation :

(171;) : w 1;” : 0.
Le formalisme quadridimensionnel qu’on obtient alors est écrit au moyen
10 de << quasitenseurs d’ordre zéro >>, c’est-adire de tenseurs quadri-
dimensionnels ordinaires, 2° de << quasitenseurs d’ordre ] >>, comme v“,
a composantes proportionnelles aux composantes de tenseurs ordinaires
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et 3° de « quasitenseurs d’ordres supérieurs », qui en général ne sont
pas méme proportionnels a des tenseurs ordinaires. D’une fagon plus
précise, on peut dire que les quasitenseurs de we“ ordre se transfor—
ment comme les dérivées n-em de tenseurs ordinaires par rapport a un
paramétre arbitraire.

J’appellerai << formalisme homogéne >> le formalisme auquel on abou-
tit de cette maniére. Il s’applique a tout changement régulier, monotone,
non nécessairement linéaire du parametre arbitraire. S’il en est ainsi,
nous pouvons convenir d’effectuer une transformation de 7: avec chaque
transformation de Lorentz, de fagon a faire 7: = t dans chaque référen-
tiel inertial. C’est dans ce « formalisme homogéne restreint » que j’ai
écrit une partie des formules ci-dessous. (L’index G se rapporte au
référentiel inertial dans lequel é : 0).

J’arrive maintenant a la remarque principale que je voulais sou-
mettre a votre attention. 11 me semble que la correspondance entre
l’équation de l’électron de Dirac et les équations relativistes non-quan-
tiques se rapporte justement aux équations du formalisme homogéne
restreint mieux qu’au formalisme quadridimensionnel habituel. Je vais
tacher de m’eXpliquer en passant en revue les formules que j’ai rassem-
blées ici en cinq groupes, les trois derniers se rapportant spécialement
au formalisme homogéne.

Dans le premier groupe il n’est pas encore question de vitesse ni
de ligne d’univers. Le quadrivecteur G” qui y apparait est le vecteur
d’impulsion-énergie d’un systéme quelconque, punctiforme 01‘1 étendu. On
peut dire que l’impulsion et l’énergie n’y sont pas encore localisées.
D’une maniére tout-a-fait formelle on peut introduire une «macrovi-
tesse >> {7 et une « macroquadrivitesse >> U“, mais ces vitesses, elles aussi,
ne sont pas localisées. Remarquons que c’est l’équation encadrée 1(5)
de ce groupe que Dirac a, linéarisée. Si l’on considére l’impulsion et la
vitesse comme deux grandeurs initialement indépendantes, on peut dire
que cette linéarisation fait apparaitre a la fois 1a vitesse et le spin,
et il n’y a pas de raison pour la vitesse de surgir paralléle a l’impulsion.
(‘e n’est qu’en posant sup : 0 qu’on identifie les directions de ces deux
grandeurs.

Dans le groupe II (v < 1) qui se rapporte a une particule uni-dipo—
laire de Mathisson, figure l’équation encadrée II (50,) qui, d’aprés BREIT
(1928), répond par correspondance a l’équation de Dirac (aprés linéari-
sation). La présence de l’expression \/1——v_§ y parait suspecte, puis-
qu’elle devrait étre égale a zéro d’aprés la théorie de Dirac. Rien ne
semble aussi indiquer qu’il faille interpreter le 122 dans cette équation
comme égal a GZ/Mz.

Les équations des groupes III-V concernent 1e cas v : 1; celles du
troisiéme groupe correspondent une a une aux equations du second
groupe; celles du quatriéme sont spécifiques pour le cas v = 1; et le
groupe V contient quelques formules du formalisme hamiltonien homo-
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gene pour une particule a spin. Evidemment, la picoparticule ne peut
pas avoir de masse propre différente de zéro, mais il est aussi incorrect
de dire que sa masse propre disparait. En Vérité le scalaire mo du cas
v < 1 se transforme en 1111 << scalaire dependant de la paramétrisa-
tion >> 111, et c’est ce quasiscalaire m qui figure dans l’équation encadrée
111(50), qui semble mieux correspondre 2‘1 l’équation de Dirac que
l’équation 11 (5a). Je Il’ai pas écrit QC pour )1, car c’est justement une
question 1 discuter, puisqu’en formalisme homogéne il n’y a pas, comme
on le sait bien, de fonction de, Hamilton unique 36. C’est seulement
l’équation 36:0 qui a un sens précis, et chaque fonction réguliére
de 96 et de nouveau une fonction 36.

Il est intéressant que ce soit justement la << quasimasse >> In de la
picoparticule qui joue le r61e de la fonction de Lagrange dans le forma-
lisme d’Ostrogradzky homogenisé (a fonction de Lagrange dependant
de dérivées d’ordre supérieur au premier) (1). Si l’on admet que l’inté-
grale [E d it, 011 13 est fonction des 1:” : 2mm) et des aJ‘ : 'v’”, doit étre
invariante relativiste et indépendante de la paramétrisation, on demon»
tre, sans difficulté que E doit étre proportionnelle a m. En ei‘fet, a, partir
des deux quasivecteurs susdits, on ne peut construire que trois quasi-
scalaires (ou invariants relatifs) indépendants (vv), (va‘) et (3a); mais
dans notre cas les deux premiers disparaissent et i] ne reste que le troi-
sieme. ll faut en tirer la racine quatrieme pour obtenir un quasiscalaire
de premiere espece, qui multiplié par (In donne un scalaire. Mais d’aprés
IV (13) m est justement proportionnel a [— (ad/HI”.

Sans pouvoir ici discutcr les details, j’ai inscrit au groupe V quel«
ques formules se rapportant au principe de Hamilton et au formalisme
canonique généralisé. En terminant, je voudrais encore remarquer que
ce principe se distingue de tous ceux qu’on a proposes jusqu’a présent
pour déduire les equations du mouvement d’une particule a spin ou
d’un fluide 51 spin7 par le fait qu’on n’introduit dans la fonction de
Lagrange aucune grandeur spéciale se rapportant au spin, mais que le
spin apparait automatiquement.

Ma conference serait incomplete si je ne pouvais ajouter quelques
remarques sur les rapports tres intimes qui semblent exister entre les
picoparticules et le champ électromagnétique. 0n peut craindre que le
calcul exact du rayonnement émis par une charge animée de la vitesse
de la lumiere présente de graves difficultés. Mais de simples raisonne-
ments approchés peuvent éclaircir déja beaucoup la situation. 0n peut
calculer facilement qu’une charge électrique ponctuelle, se déplacant
2‘1 la vitesse de la lumiere sur un cercle de diamétre rG : sG/MG (011 MG
est la masse au repos de l’électron} perdrait par rayonnement la moitié
de son énergie en une dizaine de tours. Mais tout change si l’on admet
que notre picoparticule porte en plus de sa charge un moment magné—
tique (perpendiculaire a la direction de son mouvement). U11 dipole

(1) J. “'EYSSENHOFF, Acta Phys. P010n., 9, 49 (1951).
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fziilrles \‘iU‘SSeS r.
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FORMULAIRE

«is2 : — (dwl)2 — (da32)2 — (d4173)2 + (dw4)2, c
(ab)Eaub", p.,v...:1,2,3,4.

H 1 V

I. — Les quadrivecteurs << impulsion >> at << macro-vitesse >>
(Fun systémc matériel (ponctuel ou étendu).

Gu E {(3, M}
MG E \/(GG) (1) Uu E GM/M (2)
x7 : é/M (3) M = MG/x/l —V2 (4)

H2 = M2 = Mzc-I— G2 (5)

II. — La, particule d, spin « mono-dipole >> d6 Mathisson (v < 1).

N V; I” N t A rl V I“ d
— E 1—1;2x_1/2d1 ; dt 1 '1' ( )



64

<< pico-quadrivitesse >> :

3 E {323. 831. 812}, q E {814, 824, S34},

. @:
(u u) ; 1 (1) G” : 0 { (2)

J
M’ : 0

{ Q : (3 A
3““ : G” u" 7 G" u“ —~‘ G(I

(IZUAS
SWIM: 0 { ~> -> (4)

q -17:()

1 1 MGa—E-W)
7IIOE(G1I), {)nu:~{(M—L"G):————— (5)

(1 17-) (1 —V )

H:M:Ré+t—? (m
d0 (4) :

smwd:0. {L§:0 (m
mawug:

G:T(m01‘+~{(;,\;)
G : m u s Vuv —. —. 7u 0 u+ u {)IZYOno—YG'Q) ()

d6 (4), (2) et (7) :
mo : const. (8)

d6 (3) ct (4):

3“ 3M : const., {8 '-’ — q 2 : consf. E .903 (9)
. l

l

111. (7mg 17 : 1 : formulas analogues a cellos d/u, cas II‘

~ —~MH—ih 1:
/—

\ H .x H 2 t A a. .x \- ll

Quasiquadrivitesse :

17“ E 5’” : {17, 1} (v, picovitesse)
a,“ E 1),” : 2",“ :{117 0}

4 ¥_ 0‘ 4 2 h, _ 0

8 : {8‘37 8317 31 }~ q : {814) 8‘47 834} y

1(1717) : 0 , 127? : (1)

er : ,
G,“ : 0 { (2)



q;
and M

Q‘
Q; > e

¢

8"”: G" vV—GVV" {

SHIV/171120 {

Quasiscalaire :

I K .6
J

l

Q
LQ

J 3:
c
>

'
('1:

al
l

_ Mal—17??)mE(Gv), {m=M—Eé

s[lflP]:0',

mvl‘+s""azu=0

Esuv-si‘vzo, {sz—q220.

IV. —— Gas 1; :1 : formules particuliéres d cc cars

{E-a": 0
{E'gT—O,

gz—J/Cq.

pour (vG’)=0

m=\/Mn\4/—(aa):\/Mgsgw‘/ 0,2

é‘a—M—v —vl —> —>
< #1) Au) :GAD

a2 ,

(000:0,

l 5W9] : 0

MG 8.; : const.

V. — Gas 17 = 1 :
principe de Hamilton ct formalisme canonique généralisé

affidwzo,

B=A\4/—(aa,):2(G’v)=2m=2(na) =

A=const.:2\/MG Se,
1

n” = ——9- A(— (1,0,)‘3/4 a”
.1

%E(Gv)+(na,)—EEO.

E=E(z’, 2”) 213(1), (1)
A2

2\/'—(nn‘)"
(”D n) I 07

(3)

(4)

(5)

(5 a)

(6)

(7)

(9)

(10)

(11)

(12)
(13)
(14)
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DISCUSSION

Intervention du Professeur B. esunoglov
Il est parfaitement choquant de penser que la Relativite ge’nérale en

tant que theorie classique ait quoi qui: ce soit a faire avec le spin. Pcrsonne
n’a montré que le groupe continu (les transformations de coordonne’es
générales possede une representation spinorielle commb le groupe de
Lorentz. En tous cas vous ne pouvez prétendre tirer de la Relativité gene—
rale, et des bosons, et des fermions, nénie 5i vons admettez la possibilité

de la quantifier. Par ailleurs, écrire l’équation de Dirac en forme covariante
riemaniennc n’est rien de plus qu’une fantaisie académique ct n’a rien a
voir avec quelque relation que ce soit entre le spin et la Relativité gene—
rale. Ceci est une fausse piste.

Intervention du Prof. Moller
Dans mon Vieux papier sur le centre de gravité auquel le Docteur VIGIER

s’est référe, je considerais un systéme fermé arbitraire sans passer a la
limite d’extensions infiniment petites. Pour des systemes fermés sans forces
extérieures on obtient des equations tout a fait semblables a celles de WEYS—
SENHOF. Cependant, dans le cas on il y a des forces extérieures, je ren»
contrai des difl'icultés, et je demande si ces difficultés ont été surmontées
dans des recherches ultérieures ‘?

Intervention (in Prof. Papepetrov
Les equations du mouvement de la particule Inono-dipolairc ont eté

dérivées par HoNL et moi—meme de tres bonne heure (Zeits. f. Phys., 1938—39)
et les analogies avec l’électron de Dirac ont été signalées. Je ne suis pas
certain que la condition suv vv de WEYSSENHOFF conduise a un approfondis-
sement de cette analyse.

Intervention du Prof. Ivanenko
1. Je voudrais demander si la pure et simple application de la mé—

thode d’EINSTEIN—INFELD-H0FFMANN ou de celle de FOCK (qui sont subs-
tantiellement identiques, mis a part 1e role des conditions harmoniques,
qui a moi conime a d’autres semble inessentiel, quoique tres utile pour
beaucoup d’applications) conduit au résultat établi par le Professeur VVEYS—
SENHOFF, qui differe de celui de la Relativité générale.

2. Quant a la possibilité de tirer la valeur 1/2 du spin et les fermions
de la Relativité générale non quantifiée, puis—je exprimer l’opinion, que je
partage avec beaucoup de collegues, que: «les plus belles equations de
France et du Monde ne penvent donner plus que ce qu’elles contiennent >>.

Intervention du Prof. Papapetrozl
Les equations (in mouvement de la particule mono—dipolaire peuvent

étre deduites en Relativite generale des equations du champ d’EINSTEIN et
l’ont été effectivement par la méthode de FOCK-PAPAPETROU (Proc. Roy.
Soc, 1951).



QUELQUES REMARQUES SUR LES EQUATIONS
DU MOUVEMENT ET LES CONDITIONS POUR

LES COORDONNEES

Professeur V. FOCK
Université de Léningrad

RESUME

On discute de la nécessité des conditions de coordonnées pour l’obten-
tion des equations du mouvement en Relativité générale.

1. Les remarques que je vais faire sont d’une nature tout a fait
élémentaire, mais elles me semblent nécessaires, parce que on trouve
dans la littérature, surtout dans 1es travaux d’EINsTEIN et INFELD, un
point de vue sur ce sujet qui n’est pas correct.

Les equations du mouvement ne peuvent avoir un sens physique
que lorsqu’elles sont 1iées a un systéme de coordonnées bien défini. Cela
veut dire que le degré d’indétermination du systéme de coordonnées
doit correspondre au groupe de transformations pour 1es équations.
Dans le cas général des équations pour 1es masses 9. dimensions finies
(FOCK) ainsi que dans le cas-limite du mouvement des singularités'
(EINSTEIN, INFELD) 1es équations n’admettent que le groupe de LORENTZ.
La démonstration en est particuliérement simple dans le cas 01‘1 1’on
peut écrire 1a fonction de LAGRANGE. On vérifie aisément qu’aprés une
transformation infinitésimale de LORENTZ pour 1es coordonnées des
masses comme fonctions du temps, 1a nouvelle fonction de LAGRANGE
ne différe de la fonction primitive que par la dérivée totale par rapport
au temps d’une certaine expression facile a écrire. Comme 1es équations
du mouvement n’admettent que le groupe de LORENTZ, une transfor-
mation de LORENTZ seulement peut rester arbitraire pour le systéme
de coordonnées.

Dans 1a méthode de FOCK, 1es conditions pour 1es coordonnées
(harmonicité) sont telles que le systéme de coordonnées est défini d’une
maniére unique (21 une transformation de LORENTZ pres), ce qui est en
accord avec le groupe admis par 1es equations du mouvement.
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Dans 1a méthode d’EINSTEIN et INFELD, les equations du mouve—
ment sont les memes, mais on prétend quelquefois qu’elles sont valables
dans des systemes de coordonnées arbitraires non-harmoniques, ce qui
est une contradiction.

Dans ma communication, je veux montrer comment se leve cette
difficulté.

2. Dans le probleme considéré on suppose que 1e systeme de masses
est isolé et que l’espace est euclidien a l’infini. C’est précisément 1e
cas 011 ii existe un systeme de coordonnées qui est défini a une trans.
formation de LORENTZ pres. C’est 1e systeme harmonique ou isotherme
Ce systeme est défini par les equations

aguv

:0; g“V:V—gg“v (1)
3%:

et par les conditions aux limites. Avec 070 : t, on trouve, comme dans
mon Mémoire de 1939, les expressions suivantes pour les g1” :

goo _ i 41 + 48
c3 05

4L} 4S)-
— 03 05

4S“.-
03g” :—03tk+

Ici, U est le potentiel newtonien :

#V PU"f__yr—w| dV (3)

et Ui est le potentiel—vecteur :

U# ——W dV 41" )r—wy H
Les formules (2) montrent que 1’on a :

00 1— 1 . 01; 1 . “C 1 "
Q —?—0 g ,g :0 g ,g.+08ik:0 0—3 (a)

Dans la suite, les équations (5) seront nommées conditions pour les
coordonnées d’ordre zéro.

On pent préciser ces conditions en écrivant :
0014U_1_m,4U,-01

g 0 03—05”; 037(23
. 1

gm}: + 05% : 0 (23—)

on les quantités U et U) sont définies par (3) et (4); elles satisfont a
1’équation :
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8U 8U— + ’ : 0. (7)
at awh-

Les equations (6) seront nommées dans la suite conditions do premiere
approwimation ou d’ordre un.

Les conditions d’ordre zéro et un pour les coordonnées harmoniques
sont équivalentes a celles utilisées par EINSTEIN et INFELD. Ces auteurs
posent mo : ct et introduisent les quantités Yup par les équations :

1
gl-W : CI; 51,“)(1 —; 6a Ynez) + Yul! (8)

avec co : 1 ; 61 = 62 : egz—l. En comparant (2) et (8) on trouve,
aprés quelques calculs purement algébriques :

4U 48 — 6U2
02 c4

4Ui 4 Si — 8UUi
(:3 c5

2U2 48m
an; ‘—04 (:4

D’autre part, EINSTEIN et INFELD supposent que les quantités “(m
sont développables en puissance d’un certain paramétre )\ (on peut pren-
dre )\ : 1/0). Ces séries sont de la forme :

700 : 12:00 -|— 14100 —|— 16 670., —|—

Yai : 13 ‘3fm' + 15 fat + (10)

Yik : X4 Zoe + 70311;“. +

You:—

(9)Yo'i:

Tu: =

D’aprés EINSTEIN et INFELD, les séries pour You et ‘m ne contiennent
que les puissances paires et les séries pour 701- He contiennent que les
puissances impaires de l. Cette supposition est difficilement justifiable,
car elle correspond a l’hypothése qu’un systéme de masses n’émet pas
de radiation gravitationnelle. Cependant, les premiers termes des séries
sont certainement de la forme (10) et correspondent justement aux
expressions (2). Done, I’absence des termes en 1/0 dans g"i et gi" est
algébriquement équivalente a l’absence des termes en )\ dans Yo; et en 12
dans wk. Cela prouve que les conditions pour les coordonnées d’ordre
zéro, acceptées par EINSTEIN et INFELD, sont justement les conditions
pour les coordonnées harmoniques.

11 en est de méme pour les conditions de premier ordre. En effet,
pour formuler ces conditions i1 suffit de fixer les valeurs de U et de Ui.
Mais c’est précisément ce que font EINSTEIN et INFELD qui donnent
pour les quantités :

E” : _ 4U ; g” : 4Ui (11)
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des expressions explicites (dans un systeme de coordonnées qui satisfait
aux conditions d’ordre zéro). Ces expressions satisfont a l’équation :

1 a a
K? (W ’ am.

c’est-a-dire, a notre équation (7) pour les potentiels newtoniens.
On voit que, dans les Mémoires d’EINSTEIN et INBELD, les conditions

pour les coordonnées d’ordre zéro et de premier ordre sonT les mémes
que pour les coordonnées harmoniques. Ces conditions sont d’ailleurs
obtenues par le meme raisonnement que dans notre Mémoire de 1939, a
savoir, en considérant les valeurs approchées des composantes du ten-
seur énergie-impulsion.

(Yoi) : 0 (12)
3

3. Nous allons maintenant trouver le systéme de coordonnées le
plus général compatible avec les conditions d’ordre zéro et de premier
0rdre.

Pour une transformation infinitésimale :

07,0; : 07a + 7]“ (€110 m1 332 373) (13)
on a pour la variation de la forme fonctionnelle de gm, :

an” an” a59‘" : 9”“ — + g“## (gm 71“ 14
awn! awe! 697a ) ( )

Avec les expressions approches des gm, qui satisfont aux conditions d’or-
dre zéro on trouve :

1 an” anl 7]aw:# —— 0 —g c<at am>+ (03>
» 372° 1 ani "n

8 m:— — 0 —

,, 672’“ 871’" an" 8711 T1 “
Elk:— —— #— —— 57f 0 —- .,g c<ami +awk>+c<at +8301) k+ (03) (la)

Les conditions d’ordre zéro fixent les valeurs des g‘“ jusqu’a l’ordre
1/03. 011 a donc, a cet ordre, 8g!” : 0; dans ces equations on peut

d’ailleurs négliger les quantités 0 (—02). Les equations peuvent étre

mises sous la forme :
am am

8v + awn
: 0 (16)

avec :
1

710:?710 ; a—m- (17)

La solution de (16) s’écrit :
Vlu : ("Hub + 03m 97a (0);“; + (”W : 0) (18)

les mm; étant des constantes antisymétriques par rapport aux indices.
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Cette solution correspond a une transformation infinitésimale de L0-
rentz. La partie non-lorentzienne de la transformation compatible avec
les conditions d’ordre zéro est donc de la forme :

b0 bit’:t+—' m’izwi+— (19)c
I)“ et bi étant des fonctions des coordonnées et du temps. Il est évident
qu’une transformation de la forme (19) ne peut avoir aucune influence
sur les équations de mouvement en approximation newtonienne.

Pour les conditions de. premier ordre, on trouve d’une maniére tout
a fait analogue 1a transformation :

0 a7;a
t’:t—|—T; m’izwi—i-j (20)c c

(t, .72) désignant comme toujours les coordonnées harmoniques. C’est la
transformation non-lorentzienne la plus générale compatible avec les
conditions de premier ordre. Il est évident qu’une transformation de la
forme (20) ne peut avoir aucune influence sur les equations de mouve-
ment en premiere approximation aprés—newtonienne (la seule considérée
dans la littérature).

11 en résulte que la consideration des conditions du deuxiéme ordre
pour les coordonnées devient inutile. (Dependant, pour avoir des formules
tout a fait explicites, on peut trouver les valeurs des quantités a”, a,"
qui figurent dans (20) pour les différentes conditions de deuxieme ordre
utilisées par EINSTEIN et INFELD. Avec les conditions :

i am _ am- _ 0 _ i am _ am
0 at 8504; _ 7 0 at — 3%

on trouve pour (Lo et a} les équations de Poisson :

awe a<UUa
at +8? M

am
35%

(21)

—Aa/’: 6

—Aai :2

Avec les conditions :

1 aYoo am _ _ am _
?at_aw¢_’ awk—

l’équation pour a," reste la méme, tandis que l’équation pour ai doit étre
remplacée par :

0 (24)

a (U2) a—— 4
2 3%; + at

I] va sans dire que pour les coordonnées harmoniques on a pour la
partie non-lorentzienne :

—Aafl : (25)

a“ = O ; a} : 0. (26)
Ces raisonnements prouvent incidemment, d’une maniere tout a
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fait rigoureuse, que les coordonnées harmoniques sont uniques (a une
transformation de Lorentz pres) tant qu’on peut considérer le probleme
du mouvement des masses comme un probleme purement mécanique,
c’esta-dire, tant qu’on peut négliger la 'adiation gravitationnelle. Dans
le cas general, pour prouver l’unicité des coordonnées, on doit tenir
compte du caractere hyperbolique des equations d’EINsTEIN; le point
de depart est alors lc théoréme d’unicite pour l’équation de d'ALEMBERT
généraliséc.

4. Dans plusieurs )Iémoires d’EINSTEIN, lNI‘EIJ) et d’autres savants
on trouve des affirmations selon lesquelles les conditions d’harmonicité
et les conditions pour les coordonnées en general n’auraient rien a faire
avcc les equations de mouvement. Les raisonnements précédents mon-
trent cependant que ces affirmations sont tout a, fait incorrectes.

En effet. nous pouvons faire les constatations suivantes :
a) Les conditions d’ordre zéro d’EINSTEIN sont justement des condi—

tions pour les coordonnées; ricn ne change si on les appelle, d’aprés
EINSTEIN, << méthode d’approximation >>, puisque cette Inéthode consiste
dans l’emploi des coordonnées qui sont a pen pres harmoniques.

1)) Les conditions do premier ordre d’EINSTEIN sont, elles aussi, des
conditions d’harmonicité.

0) Les coordonnées employees par EINSTEIN sont en réalité des
coordonnées harmoniques; plus exactement, elles ne different des coor-
données harmoniques que par des termes de sixieme ordre en 1/0 pour
le temps et de quatrieme ordre en l/c pour les coordonnées spaciales
(equation 20).

d) EINSTEIN et ses disciples ont cntrepris des calculs, souvent tres
compliqués, pour Verifier que les formes différentes des conditions du
deuxiéme ordre ne changent pas les equations du mouvement dans la
premiere approximation apresinewtonienne. Or, ces calculs sont inutiles,
le I'ésultat étant une consequence immediate des formules (20).

l'ne question so pose d’elle»méme. Pourquoi artion prétendu que les
equations de mouvement sont valables dans un systeme de coordonnées
arbitraire non-harmonique ‘3 Quelle est la cause de cette erreur ‘3 11 me
semble que la réponse est unique. C’est l’emploi illégitime de la notion
«relativité générale». (‘ette notion, qui n’a pas de sens bien défini,
conduit cependant a croire qu’il est impossible d’introduire d’une ma»
niere rationnelle des systemes de coordonnées privilégiés. C’est pour-
quoi on a, tant insisté sur l’indépendance des equations du mouvement
des conditions de deuXieme ordre pour les coordonnées. Pour la méme
raison on a voulu éViter, pour l’ordre zéro, le terme meme << condition
pour les coordonnées >> et on l’a remplacé par le terme << méthode d’ap-
proximation >>. C’est enfin la cause pour laquelle on n’a pas remarqué
ni le fait que les equations du mouvement obtenues sont invariantes
par rapport au groupe de Lorentz (et pour cc groupe seulement)7 ni le
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fait que le systéme de coordonnées employé dans les calculs est, avec
toute 1a precision nécessaire, un systéme harmonique.

Je crois que l’éclaircissement du probléme des coordonnées dans le
cas considéré pent en meme temps éclairer 1e sens physique de la théorie
de gravitation d’EINSTEIN, dite << théorie de relativité générale >>.
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DISCUSSION

Intervention du Prof. A. Trautman

Les coordonnées isothermes sont tres commodes dans les calculs; elles
sont aussi convenahles que les potentiels électromagnétiques qui satisfont
it in condition (is Lorentz.

Néanmoins, les coordonnées isothermes ne constituent pas une bonne-
généralisafion dcs coordonnées m'thonormées qu’on eulploie en Relativi’ré
restrcinte. Le tenseur métl‘ique d‘un espace pseudo-euclidicn posséde une
forme trés simple dans des coordonnées orihonormécs. 0t cotte former est
invariante par rapport aux transformalions dc Lorentz. Autrement (iii, le
groupe tie Lorentz est ie groups d’ismnétries de l‘espuce dc Minkowski.
Les transformations linéaires intmduites par For}; no jouissent pas de ceite
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propriété: la forme du tenseur métrique change d’un systeme de coor-
données isothermes a l’autre. Il s’ensuit qu’il est difl‘icile d’attacher une
signification physique aux coordonnées harmoniques.

Intervention de MW Hennequin

Est-ce que la question de l’unicité d’un systéme de coordonnées iso-
thermes, galiléen a l’infini, a été résolu par une méthode n’utilisant pas le
procédé d’approximations successives ‘2

Réponse du Prof. Fock
Je l’ignore.

Intervention de P. G. Bergmann
(Faisant suite aux remarques de Lichnerowicz et de Trautmann) :

1) Meme dans les cas on les coordonnées harmoniques existent glo-
balement (et l’on ne sait pas si c’est généralement 1e cas), les transfor-
mations préservant cette condition ne forment pas un groupe, et par suite
ne sont pas isomorphes au groupe de Lorentz.

2) Meme avec le systeme de coordonnées restreint par la condition
d'harmonicité (De Donder), 1e mouvement des corps matériels ne sera pas
entiérement determine a moins que nous ne possédions aussi quelque con-
naissance concernant leur structure interne, c’est-a-dire les quadrupoles et
les moments de masse d’ordre supérieur.



TENSORIAL INTEGRAL CONSERVATION LAWS IN
GENERAL RELATIVITY

by J. L. SYNGE
School of Theoretical Physics

Dublin Institute for Advanced Studies

RESUME

On propose de nouvelles lois intégrales de conservation ayant 1e carac—
tére tensoriel et obtenues grace a l’emploi : 1) du théoréme généralisé de
Stokes, 2) de l’invariant d’univers Q attaché a deux points.

1. — Introduction

The pseudotensor is a mysterious quantity. To obtain integral con-
servation laws, EINSTEIN (1) abandoned strictly tensorial methods and
introduced the pseudotensor ti,- by the formula

1 .

X t”) = 7 5‘19“” Ma 1‘52 — 9” P.3d 1‘53, (1.1)
in order to obtain the equation

a
acct

Where T3 is the energy tensor; from this one obtains at once a vanishing
integral over a closed 3-space, and that is What is required for a conser-
vation law (2).

But I”) is not a tensor. At any chosen event we can make k vanish
by a mere transformation of coordinates, and then 752- vanishes. We can
do this, not at a single event only, but along an arbitrary curve, and

(753' + Ti) 2 0 7 (1.2)

(1) A. EINSTEIN, Ann. d. Phys., 49, 769 (1916).
(2) For the pseudotensor, see P. G. BERGMANN, Introduction to the Theory of

Relativity (New York, Prentice-Hall, 1942), p. 196; C. M¢LLER, The Theory of Rela—
tivity (Oxford, Clarendon Press, 1952) p. 338; W. PAULI, Theory of Relativity
(London, Pergamon Press, 1958), pp. 70, 215. For a symmetrical pseudotensor,
yielding conservation of angular momentum as well as conservation of linear
momentum and energy, see L. LANDAU and E. LIFSHITZ, The Classical Theory of
Fields (Cambridge, Mass., Addison-Wesley, 1951), _p. 318.
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even, under certain circumstances, on a locus of higher dimensionality (3’.
It is therefore impossible to attach any pointwise physical meaning to tij;
that is the mystery which surrounds the pseudotensor.

In the present paper I offer integral conservation laws which do
not suffer from this defect, because the integrands are tensors. I was
led to these formulae through the generalized form of Stokes’ theorem (4),
but for brevity I shall here use only the more familiar Green’s (or Gauss’)
theorem in space-time.

The essential feature of a tensorial conservation law is that we
should have a tensorial integrand which vanishes when we integrate it
over a closed 3-space in space—time. In Sect. 2 I define such an integrand,
involving a tensor W” which is arbitrary for the time being; this tensor
need have no particular symmetry, but only the skew-symmetric part
contributes. We have then a source of conservation laws, the particular
law depending on our choice of W,,-. It appears that the most suitable
choice is one which involves a certain 2-point invariant function used
by H. S. Ruse, and accordingly Sect. 3 is devoted to developing the
essential properties of this invariant function. The tensorial conser-
vation laws of 4-momentum and angular momentum are set out in
Sect. 4, and their significance for weak fields is explored in Sect. 6,
Sect. 5 having been devoted to an important identity involving the dual
of the RIEMANN tensor.

2. — A tensorial integral which vanishes identically when taken
over any closed 3-space in space-time

Let Vg be a closed 3—space in space—time. Let n” be the outward unit
normal to V3 and let 5(n) be the indicator of n”, chosen equal to i 1
so as to make 5(n) npnl’ : 1. Let dgv be the invariant element of 3—volume
of V3. Let W,,- be a tensor field with continuous derivatives in the domain
V4 which consists of Vg and its interior; the second derivatives of W”-
are at least piecewise continuous in V4. Let

1—r (2.1)W” I (i 9) 2 Emma:
Where the e-symbol is the numerical permutation symbol (this n»symbol
is a contravariant tensor).

Then (5)

f “Vij‘k ‘Qiflm 77p 5‘71!) (137” : O . (2.2)
. V3

(3) E. Flinn], Alti Acc. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat, 31, 21, 52
(1922); L. O. RAIFEARTAIGH, Proc. Roy. Irish Acad., 59 A, 15 (1958).

(4) J. A. SCHOUTEN, Ricci Calculus (2nd Edn., Berlin, Springer, 1954), p. 97;
W. PAULI, op. cit., p. 55; J. L. SYNGE and A. SCHILD, Tensor Calculus (Toronto Uni-
versity Press, 1956), p. 274.

(5) Latin suffixes have the range 1, 2, 3, 4 with the summation convention,
and covariant derivatives are indicated by a vertical stroke.
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To prove this, we appeal to Green’s theorem, which tells us that this
integral is equal to

.. 1 ..
j; W” 7‘9 "Wk" ‘14” 2 7,/i' WW; I kp — We I pic) ‘4’” d4 12. (23)

Now by the RICCI identity (‘5), we have
W;,- I In: — a I pic 2 Wu,- Ramp + Wm Ram: 7 (2-4)

where the R-symbols are the components of the mixed RIEMANN tensor.
From the cyclic identity satisfied by this tensor, combined with the
skew-symmetry of the n-symbol, it follows that the integrand in (2.3)
vanishes, and so (2.2) is proved.

3. — The world function

Since it contains implicitly in integrated form all the properties of
curved space-time, I give the name world function to the 2—point inva-
riant distance-function introduced into geometry by H. S. RUSE (7). To
within a constant factor, the world function 9(P’P) is the square of
the geodesic separation between two points P’, P in space-time. It is
defined by

Q (P'P) = 71)— eL2, (3.1)

where L is the geodesic separation P’P and e the indicator (i 1) of
PP. The formulae connected with the world function apply to the case
where P’ P is a null geodesic, but for brevity we shall not refer to that
case in this discussion.

It is important to note that Q is a. function of two points, and we
might use different systems of coordinates for the two points, a)” for P’
and 40" for P. The function 0 is an invariant with respect to transfor-
mations of either system of coordinates.

In taking covariant derivatives of 9 (we shall denote them by sub-
scripts without any special sign), we can take them with respect to
either point. Thus we have to consider such symbols as the following :

Q", 9i; Qi'i': 9w, Qii’; 9v, Qiika Quinn (32}
Each primed suffix has tensor significance with respect to transformation
of the coordinates of P’, and similarly for unprimed suffixes and P. As
far as P is concerned, a primed suflix has no tensor significance —— it is
merely a label. Thus, 9,," is a set of four covariant vectors with respect
to P’; it is not a tensor of the second rank.

(6) Cf. 0. VEBLEN, Invariants of Quadratic Differential Forms (Cambridge
University Press, 1927), p. 42; there is a difference in sign because the present
paper follows the notation of SYNGE and SCHILD, op. cit., p. 83.

(7) H. S. Russ, Proc. London Math. Soc., 32, 87 (1931); Quart. J. Math., 2, 190
(1931). See also J. L. SYNGE, Proc. London Math. Soc., 32, 241 (1931). This function
had been used by J. HADAMARD, Lectures on Cauchy’s problem in linear partial
differential equations (Dover, New York, 1952).
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It is easy to show that it is permissible to interchange primed and
unprimed subscripts, provided the order of each set is preserved. Thus

Qijk’ : 9:7" : Qj'c, Qik’j : 91m, - (3.3)

We note that Q, : 81,, Q, : —S7w , (3.4)

where N" and N" are the unit tangent vectors to the joining geodesic at
P and P’, respectively, drawn in the sense P'P. Thus, when considered
as functions of P for fixed P’, — 0*" are the usual normal coordinates (8)
of P relative to P’.

Enough has now been said about the world function to explain
the meaning of the conservation laws of Sect. 4. However we need
something more for the interpretation of those laws in Sect. 6. Accor—
dingly we have to consider the world function in the case of weak fields,
i.e. fields in which the RIEMANN tensor is small.

Let us look first at flat spacetime. Then there exist coordinate sys-
tems (the same for P and P’) such that

1
Q : T 9” (mir mi) (mj— my), gij : m1" : diag (1)1715‘ 1)' (3-5)

We have 91' : Qty-($5 _ 977"), (2,, : _ 9,].(371' _ 93:”),

Qii : 9w; 9o" : j’ : — 9m Qi’i’ : 9i; 7 (3-6)
while all covariant derivatives of Q of order 3 or higher vanish. The
equations Q”. : 9w; QM : 0, k' : 0 (3.7)

are tensor equations in the full sense (i.e. with respect to independent
transformations of the coordinates at P’ and P); they hold in flat space—
time for all coordinate systems.

The equations (3.7) are not true in curved space—time. But if the
curvature is small, they are approximately true, and we can write

(2,,- : 90 + 01; 9m: : 01; Qijk’ : 01; (3-8)
where 01 indicates expressions of the first order in the RIEMANN tensor.

It is possible to evaluate these error terms as integrals involving the
RIEMANN tensor, but that will not be done here.

We note further that, if the curvature is small, then by (3.6) there
exists a system of coordinates, covering both P’ and P, such that

yo : m; + 01, 91'1" : — 71w + 01, Q? : fl 53' + 01- (3-9)

4. —— The conservation laws

We left the conservation law in suspense in (2.2), awaiting a choice
of the tensor Wij. It is best to consider now the integral over an open V3:

I(V3) :1 qlk 71”“ n8 5(a) d3 1*. (4.1)
v3

Equation (2.2) tells us that this integral vanishes if V3 is closed.

(8) Cf. VEBLEN, op. cit, pp. 39, 85.



As a preliminary step, we take :
Wm : 0"” Rm” , (4.2)

where 0"" is an arbitrary tensor. When we substitute this in (4.1), we
might expect to find a term involving the covariant derivative of the
Riemann tensor. However (and this is important) this term disappears
by virtue of the Bianchi identity and the skew—symmetry of the n-symbol.
Thus we get :

1(V3) :/V 0"" 1,. Rm. 71m n8 5(n) d3 17. (4.3)
Let P’ be any selected reference point in space-time, and let (2 be

the world function of P' and the current point P. Consider the expres-
sion :

10.7" = Z x‘1 11mm)...- 9,. (4.4)
Remembering that the subscript a’ is a mere label as far as P is con-
cerned, we may substitute (4.4) for 0"" in (4.3) without spoiling tensor
character. We get an expression which we may write :

Ma. (V3, P’) : g 1—1fl (QM~ (2,) [k 11”” Rm“ 11q” n, 5(n) d3 1:. (4.5)

We now introduce theadual Riemann tensor (9), defined by :
fiejka : % niirm Rm“ nqs, (4.6)

and (4.5) reads :

M... (V3, P’) = 1—1 /v (Q...- (2,.) [k farm n. e (n) (is 1;. (4.7)
Here the integrand is an invariant under P—transformations and a
covariant vector under P’-transformations; M“. is a covariant vector
under P’-transf0rmations.

We shall call Ma»(V3, P’) the flaw of 4-momentum across the open
3-space V3, relative to the reference point P’. Then (2.2) tells us that
the flaw of eoment-um across any closed 3-spaee is zero. This is our
first conservation law.

To deal with angular momentum, we go back to (4.3) and substitute
for C” the expression :

1
5."; : Z 1—1 nmfi (Qari Q,- Qb' —Qb'1‘, Qj Qa' — Q Q,“ Qb'i); (4-8)

which is a skew-symmetric contravariant tensor under P-transforma-
tions and a skew-symmetric covariant tensor under P’ transformations.
We get the integral :

(9) This is the double dual in the terminology of C. LAcos, Ann. of Math,39, 842 (1938); he uses a double asterisk to denote it, instead of a tilde.
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Hu'br(V3, P’) : xl/‘(QM Qj Qbr — QM 91-90.! 9 Q,“- vj) [k Rim n3 5 (n) d3 1:.
v3 (49)

We call this the flux of angular momentum across the open 3—space V3,
relative to the reference point P’. It is an invariant under P-transfor»
mations and a skew»symmetric covariant tensor under P’-transforma-
tions. By (2.2) the flue} of angular momentum across any closed 3-space
is zero. This is our second conservation law.

From the Newtonian analogue, we expect a reference point to be
involved in the conservation law for angular momentum; but now a
reference point is involved in the conservation of both 4-momentum and
angular momentum.

The above expressions for Ma, and Hwy are exact, and so are the
conservation laws based on them. In Sect. 6 approximate evaluations
for weak fields are given.

5. —— Identity connecting the Einstein tensor
and the contracted dual Riemann tensor (10)

The expressions (4.7) and (4.9) do not look like the integrals which
we would expect to find occurring in conservation laws because the
Einstein tensor G”- (or equivalently the energy tensor Tij) does not
appear in them. The identity which follows will enable us to establish
the connection in the next section.

By lowering and raising suffixes, we may write (4.6) in the form :
~.-- 1 ,,

R3,“, : — —5”"" R31," 517117“: , (0.1)

where the 5’s are numerical permutation symbols. Contracting with
s = i, we get :

~ .. 1
R.”m : —4— EMU" 6,1]c R??rm

: 1872;313s
1 , 1 _ 1 .: 7 5,; a; syR??m+ T) 8;, a; 5;," R’Z‘Zm + 7 8:, 5,: 5,3” Rl’9m. (5.2)

The Ricci tensor, the curvature invariant, and the Einstein tensor are
defined by :

133: R137,” R : Rg, G3 : R3——2— 83R (5.3)

(10) This identity can also be established by using an identity given by
LANCZOS, Ioc. cit; he uses a definition of the Ricci tensor which differs in sign
from that used here.
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(some authors use the opposite sign in defining the Ricci tensor), and
(5.2) gives :

iii“: Gt, (5.4)
which is the required result.

6. — Interpretation of the conservation laws for a weak field

We recall that when the curvature of space-time is small (equiva—
lently, when the gravitational field is weak, as it is in all known phy-
sical situations), then the covariant derivatives of the characteristic
function satisfy (3.8) for arbitrary coordinate systems. Then the inte-
gral (4.7) for the flux of 4-momentum is small of the first order, and
we have :

7. Ma' (V3, P’) If Qa’igjk fiijks ”a 501) d3 ’1) + 02
v8

:f 0.552%.a 5(n) dav + 02, (6.1)
v3

or, by (5.4),

7. Ma. (V3, P’) = [V Q“..- G; n8 5(n) d3 40 + 02, (6.2)

or, in contravariant form, t a

7. M‘V (V3, P’) :1; Q?’ G: W9 5(n) d3 12 + 02. (6.3)

This integral is an invariant under P-transformations and a con-
travariant vector under P’-transformations. To complete the interpre-
tation, we now use those coordinates for which (3.9) hold. This destroys
tensor character, but gives :

Ma' (V3, P’) = — x—lj G; n3 5(n) d3 1) + 02, (6.4)
v3

in which the integral will be recognized as a flux of 4-momentum as
usually understood.

As for angular momentum, (4.9) gives, for a weak field with arbi-
trary coordinates,

7- Ha'b’ (V3, PI) :fi' (Qa'i gm 90’ + Qa'i Qj Qb'k

— 9:. 9,7. 9... — £2 s2,- s2
— 9,. 9.... 9w) fwr n. am) at. v + 02. (6.5)

The terms in Q,- and 9;; give the expression :

9'” QW 9" (fiim _ Em # Rim) 2 _ 9w 9w 91: (fwks + Rik” + gm”):
(6.6)
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and this vanishes since the dual Riemann tensor has the same symmetry
properties as the Riemann tensor itself. Thus (6.5) reduces to :

7' Ha'b’ (V73, 1),) : ’_— /; (an Qb’i ’# Qb’ Qa'i) fig-Rf ns 507!) d3 ’17 + 02

:#j (on. owfl 9,. or”) G; 713 5(n) d3 1) + 02. (6.7)
v3

or, in contravariant form,

x H“"" (V3, P’) : I] (90' (23' — 9V (2?) G: n8 5(71) (1;; 7‘ + 02. (6.8)
V3

As already noted,
50' : — [2" (6.9)

are the usual normal coordinates of P relative to P’; thus we have :

7. II‘V'" (V3, P’) :f (E Q? — E” Q?) G: n8 5(n) d3 17 + 02. (6.10)
V3

Finally, using coordinates for which (3.9) holds, and abandoning tensor
form, we get :

4

Haibi(v3’Pl):Iflj (EQVGZ#WGZWSEWdr31>+02, (6.11)
Y3

in which we recognize the expected form for an integral of angular
momentum.

It must be emphasized that this section has dealt with the justi—
fication for the definitions of flux of 4—m0mentum and flux of angular
momentum by seeing what they reduce to for weak fields. In all accurate
discussions we should go back to (4.7) and (4.9).

7. —— The localization of 4—momentum and angular momentum

Inspection of (4.7) and (4.9) suggests that we should speak of
localized densities of 4-momentum and angular momentum at the point
P, given respectively by :

)Ias’ : 771(5)!” Qj) )k RU” (7-1)
and 2

H; 1,, : rl (QM Q) 9,, # QM Q,- 9,, — Q QM- QM) Mira“. (7.2)
Actually these are functions of two points, the current point P and
the reference point P’. They are both contravariant vectors under
P—transformations; under P’-transformations they are respectively a
covariant vector and a skewsymmetric covariant tensor.

It follows from Sect. 6 that these densities are of the second order
in empty space-time. In order to calculate them to the second order
inclusive, it is enough to calculate the Q-terms to the first order inclu»
sive. The fact that these densities are of the second order shows us how
incomplete a linear approximation is.
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DISCUSSION

Intervention du Prof. Me Vittie

Voudriez-vous expliquer quels éclaircissements apporte votre théoréme
sur le problem-e de l’énergie dont on a beaucoup parlé ce matin ?

Intervention du Prof. B. De Witt
En réponse £1 Scarf. je dirais que le choix d’un point est au moins plus

simple que. par exemple, le choir; d‘une famille de lignes de temps. Je suis
tout ix fait de l‘avis du professeur Synge qui insiste sur le fait que ces fonc-
tions do deux points 59 xuonlremnt trés importantes dans le futur déve-
loppement de la théorie de la relativité générale. Mais j’aurais plus a dire
sur ce point, vendredi, dans la discussion sur les fonctions de Green cova-
variantes.

J’aimerais demander au professeur Synge, pourquoi i1 appelle fonction
de Ruse, la fonction de deux points 9 qui est égale a la moitié du carré de
la distance géodésique entre les deux points. Cette fonction a été utilisée
pendant plusieurs années par des mathématiciens. En particulier, Hadamard,
dans ses conferences de Yale (environ 1923) utilisait cette fonction, ainsi
que ses dérivées, dans la discussion du problem-e de Cauchy, dans la théorie
des equations aux dérivées partielles du second ordre, hyperboliques.





GAUSS’S THEOREM AND GRAVITIONAL ENERGY

by Dr. F. A. E. PIRANI **
King’s College, London

Institute of Field Physics, University of North Carolina, Chapel Hill, N. C.

RESUME

L’expression donnée par Komar de la densité de flux d’énergie gravi-
tationnelle est déduite du théoréme de Gauss pour une masse gravifique
dans un systéme de référence arbitraire. Une nouvelle condition est obtenue
permettant de lever certaines difl'icultés rencontrées par la méthode de
Komar.

1. — Introduction

In general relativity theory, one should always try to work with
a generally covariant formalism. However, in some parts of the theory,
only fragments of covariant formalism exist, and one is forced to work
in a special coordinate system or class of coordinate systems. To inter-
pret results, one usually has to imagine that these coordinate systems
correspond somehow to Minkowskian or Newtonian inertial systems.
Unfortunately, the physical significance of the coordinate conditions
which define the special coordinate systems is seldom clear enough to
justify this, and consequently it becomes very difficult to give physical
meaning to results obtained in this way.

It is often possible to achieve formal covariance by bringing in the
Vierbein formalism, which amounts to introducing a special non-holo-
nomic coordinate system with a straightforward physical interpreta-
tion. If one accepts the awkwardness of non-holonomicity, this is
sometimes a convenient way to work, but the non-holonomic coordinates
can be very troublesome, and it would be better if one could get cova—
riance without resorting to them.

* Supported in part by the National Science Foundation, Contract No. NSF-G-
4356, and the Ofi'ice of Naval Research, Contract No. Nonr-855 (07).

“Present and permanent address: Department of Mathematics, University
of London Kings College, Strand, London, W.C. 2.
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A common feature of the non-covariant parts of general relativity
is that the time coordinate is picked out for special treatment. This
suggests that one might sometimes be able to write the theory in cova—
riant form without introducing the whole Vierbein field. If one intro—
duces only the timelike vector field of the Vierbein and requires it to
be normal (hypersurface—orthogonal), this is equivalent to introducing
a preferred (holonomic) time coordinate, without any special choice of
space coordinates.

Such a vector field has a natural physical interpretation. It is the
tangent field to a congruence (space-filling family) of timelike curves
which may be regarded as the world-lines of a selected family of hypo-
thetical observers. The vector field is just the 4-Velocity field of these
observers, and the world-lines constitute a system of reference in the
sense used in Moller’s book (1952) : namely, they define a standard of
rest to which other motions may be referred. The 4»velocity field being
chosen to be normal, as is usually convenient, the observers move irro—
tationally, and the orthogonal surfaces provide them with a common
time coordinate.

To give further physical significance to these ideas, one attributes
to the system of reference some of the properties which in flat space—
time are attributed to inertial systems. Of course, the invariance of flat
spacetime to translations picks out these naturally preferred systems
of reference, but in a general space~time the choice involves markedly
arbitrary elements. It may for example be intrinsic-local (like Komar’s
coordinates defined in terms of Riemann scalars), or intrinsic-global
(like harmonic coordinates, with adequate boundary conditions), or it
may not be intrinsic at all. In space-times with special symmetry pro—
perties, such as cosmical models or static space-times, the symmetry
properties themselves naturally select a particular system of reference.

The introduction of a system of reference which resembles Minkows-
kian inertial systems kinematically rather than dynamically amounts
to the partial undoing of the geometrization of the gravitational field.
The world-lines of such a system will not be geodesics; the observers will
regard themselves as << at rest >> and describe their 4-accelerations (i.e.
departures from geodesic motion) as the effects of the gravitational field.
For example, in the usual system of reference used in Schwarzschild
space-time, the observers are at rest, relative to one another and to the
central body, as measured by optical or radar methods, and have out—
ward 4eaccelerations to balance the inward pull of the central body.

2. — Relative gravitational fields and Gauss’s theorem

Let us develop the consequences of introducing a system of reference
into a, given space-time. Let gm” be the metric tensor (1), and let the

(1) Latin letters m, n, range and sum over 1, 2, 3, 4. The metric tensor has
signature + 2, and c :1.



87

system of reference be defined by a normal timelike unit vector field a”,
the 4-ve10city field of the selected observers (2) :

um um : — 1 , (1)
“(mm W] = 0- (2)

If the family of space-like 3-surfaces to which am is normal have

equations <p(.v) : const., then umzL These 3-surfaces are
(9” 9r <P,s)1/2 -

the common time surfaces of the selected observers. They will be called
reference surfaces.

The congruence of world—lines to which a” is tangent are given by
day“
K

where (18 denotes the proper-time element : ds2 : — gm dw'” dd)".

: u“, (3)

The 4-acceleration of any observer is given by the absolute derivative
of his 4-velocity :

am 811/" 4
u — as , ( )

this is the acceleration which he must maintain to stary at rest in the
chosen system of reference (i.e., to move along a nm-line). This accele-
ration just cancels the gravitational acceleration relative to this system
of reference. Accordingly, the relative gravitational field strength may
be defined to be

E’" : — it“. (5)
The analogue of Gauss’s law may be constructed from this idea of

gravitational field strength relative to a system of reference. In a refe-
rence surface <p(a) : const., choose any closed 2-surface S bounding a
3-volume a of the reference surface. Let nr be the outward unit normal
to S, lying in the reference surface. Then the relative gravitational mass
inside S is defined to be

M(S) : —(4fi)_1j:"E n, d2 s. (6)
Here d2 S is the proper area element on S. The minus sign is appropriate
because the gravitational force is attractive, and therefore points inwards
When the surface contains a positive mass.

This integral may be converted into a 3-volume integral : Substi-
tuting for E’ from its definition (5) yields

(2) A semi-colon denotes covariant differentiation, a comma, partial differen—
tiation. Square brackets around indices denote the antisymmetric part :

1
AEmn] : 2— (Amn _ Anm), etc.



fun” ur um d2S
r 8

ms) : (41:)1fil’nrd2s : (“)7I

: (4w)1f(u“m—um”) um n, d2 S.

The added term contributes nothing, because u’" is a unit vector field.
Green’s theorem in three dimensions may now be applied (cf. Synge
1960) and gives

M(S) : (41:)“1f(u’;m—um;’);,umd3c (7)

where d3 c: is the element of proper 3-volume.
The integrand in the last equation is a multiple of Komar’s << gene-

ralized energyfiux vector >> p” (Komar, 1959), which will be called here
the relative energy-flags vector associated with the vector field u’" :

Pm:2(um;r_ur;m);r (8)

In terms of this relative energy flux vector,

M(S) :—(8w)’1 ] Pmum (135 (9)

This result gives an additional significance to Komar’s work. Komar,
making covariant an idea of Moller’s (1958), gave quite other reasons
for relating P” to the distribution ef energy in space-time. In Komar’s
work, um is the generator of an infinitesimal coordinate transformation,
but stripped of all elegance it may be regarded simply as an arbitrary
vector field. The essential difference between that situation and the
present argument is that the physical interpretation of u” as a 4—velocity
vector naturally requires that it be a unit vector. In Komar’s case, one
may always choose a” to be a gradient vector, which makes 1”": 0
whatever the distribution of matter (Komar clearly recognized this diffi-
culty). However, a unit vector field cannot be a gradient field unless
the system of reference is geodesic, in which case the relative gravita—
tional field vanishes. This is physically understandable a) in flat space-
time, and b) in a homogeneous and isotropic cosmological model, where
the relative gravitational field vanishes by symmetry.

From the definition (8) of P’" it follows that

Pm ; m : 0 a (10)

and it is therefore possible to construct a covariant conservation law
for the relative energy flux : Consider a spacetime region R; bounded
by spacelike regions 61 and (72 of two surfaces of reference and by a
timelike 3»surface :70 with outward normal v,. The 2~surfaces bounding
61 and 62 are denoted Sl and S2, and the rest of the notation is as before.
Integrating (10) through the region R; and applying Green’s theorem
in four dimensions (Synge 1960) gives
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0:fP"‘;md4V:m1lmd36—/‘Pmumdsc—mvmd3a
R4 52 c "1 "0

)(‘omparing this with (9 gives
n

M(Sg):M(Sl)—(8n)—1j Pmumd3c (11)
“o

This is the law of conservation of gravitational mass. If the relative
gravitational field strength vanishes rapidly enough as 0'0 is moved off
to infinity, then the relative gravitational mass will be constant. Other-
wise, the integral in (11) gives the rate of outflow of gravitational energy.
It would be of some interest to connect this integral with the various
conditions for the existence of gravitational radiation which have been
proposed, but the author has not yet found a satisfactory way of doing
this.

R4

6°

W

u

3. — The energy density

f

Changing the order of difierentiation in the second term of P'” yields

Pm : 2 [“mrn— (“r;r);m + Rmr “'1- (12)
Considering for simplicity a distribution of matter momentarily at rest
in the system of reference and moving under negligible stress, one finds
from Einstein’s field equations Gr,8 :—>cT,8 (x is Einstein’s gravita-
tional constant) that 2R” ru’N xpu’", where p is the density of matter.
This is the contribution from this term to P’". The corresponding contri-
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bution to M(S) is (87:)’1f~/.pd3 c. The other terms may be interpreted
as the contributions of the gravitational field itself. The second term
is just the gradient of the expansion M” of the world-lines which define
the system of reference. This term vanishes if the surfaces of reference
are chosen to be maximal. The first term contributes to the gravitational
mass density an amount

— (47:)‘1 um um"), :(411)_1 um” um” : (4w)’1 [8,, 8’3 # 72, 13’],
where

Srs : urn; ‘t— 12r us : (arm ‘i‘ “r um) (33” + ”s H") “mm
is the projection of um, on the reference surface. Thus 8,, s” is positive
semi—definite and — 72,127 is negative semi»definite. In a static space-time,
only ~12, 12’ survives in vacuo, representing the fact that the gravita»
tional << Coulomb >> energy is negative definite.

4. — Discussion

It is a manifestation of the principle of equivalence that no tensor
quantities can be formed from the first derivatives of the metric tensor.
All the difficulties in the canonical and other formulations, in which
the metric tensor is identified as gravitational potential, stem partly
from this and partly from the necessarily non-linear character of all
tensor quantities formed from first and second derivatives together. The
variation on a Vierbein theme played here is intended as a preliminary
to the discussion of energy, and whatever other quantities one is accus»
tomed in field theories to form from first derivatives of the potentials,
without loss of covariance. It has all the limitations which come with the
introduction of additional arbitrary elements into a theory, but there are
no more additional elements than are anyhow hidden in a special choice
of time coordinate. The present approach is not likely to be very useful
unless it can be linked up with other methods of defining energy in the
gravitational field.
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DISCUSSION

Intervention de Papapetrou
Il est presque trivial de s’échaufl'er contre des résultats attrayants au

sujet de la distribution détaillée de l’énergie gravitationnelle basée trop
sérieusement sur l’emploi d’une forme quelconque de loi de conservation.
La méme remarque peut étre faite ici en relation avec le signe négatif de
l’énergie gravitationnelle. J’aimerais mentionner que la discussion des
champs de gravitation qui dépendent périodiquement du temps conduit
directement, sans l’emploi d’une forme quelconque de la loi de conservation,
au résultat que dans ce .cas l’énergie gravitationnelle est positive.





RADIATIONS EN RELATIVITE GENERALE

par M. le Professeur ANDRE LICHNEROWICZ
College de France, Paris

RESUME

Etude parallele des fronts d’onde et radiations électromagnétiques et
gravitationnels en relativité générale. Relations différentielles correspondant
a la propriété des rayons. Identités de conservation pour une radiation
totale. Tenseur de Bel. Propagateurs et quantification des champs en relati-
vité générale.

\Cet exposé sera consacré a un rapport, fait de mon point de vue
personnel, sur la question des radiations gravitationnelles pures. Cer-
tains des résultats proviennent des travaux de BONDI, PETRov, PIRANI,
STELLMACHER et TRAUTMAN, d’autres de mes propres travaux et de ceux
de mes éleves BEL, LE et MARIOT. Je veux dire ici tout ce que ce rapport
doit a ces différents savants.

Le probleme de la definition des radiations pent étre envisage soit
d’un point de vue local, soit d’un point de vue global. Les considérations
globales développées au cours des vingt derniéres années ou bien ne
peuvent encore étre mises sous une forme satisfaisante par les mathe-
maticiens ou bien supposent sur la variété espace—temps l’existence de
coordonnées globales privilégiées jouissant relativement 2‘1 la métrique
de propriétés tres particuliéres. En accord avec un point de vue adopté
depuis longtemps par PIRANI et moi-meme, je me limiterai ici a des
considérations locales basées essentiellement sur 1e tenscur de courburc.
Entre les deux points de vue, i1 existe bien entendu, comme l’a montré
TRAUTMAN, des relations intéressantes.

Une théorie satisfaisante des ondes et radiations électromagnéti—
ques a pu étre élaborée. Dans une introduction, je rappellerai brieve-
ment l’essentiel de cette théorie dans le cadre de la relativité générale.
(Vest elle qui nous servira de modéle pour l’étude du cas gravitationnel.
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I. 7 CHAMP ELECTROMAGNETIQUE

l. # Généralités.

Dans toute théorie relativiste de la gravitation, l’élément primitif
est constitué par une variété differentiable de dimension 4, 1a variété
espacetemps V4. Par hypothese, sa structure differentiable est (C2, 0“
par morceaux). V4 est munie d’une Inétrique riemanienne de type hyper»
bolique normal :

(ls2 : gag dd)“ (1.735 (a, 3, : 0, l, 2, 3)
qui est de classe (Cl, C3 par morceaux). Toute precision supplémentaire
de la structure differentiable de la variété et de la métrique est dépour—
vue de sens physique.

Nous définissons dans V4 un champ éleetromagnétique par une
2—forme FQB supposée (CO, C2 par morceaux) et satisfaisant les equations
de Maxwell :

SVV Fag : 0 , V3 F5“ : Ju (1-1)
on V désigne la derivation covariante, S la sommation apres permuta-
tion circulaire sur 0:, (5, 7 et Ju le veeteur-courant-éleetrique. Si u“ est
un veeteur unitaire définissant une direction de temps, les veeteurs
champ électrique et champ magnétique définis par Fag relativement £1
cette direction de temps sont les vecteurs d’espace (veeteurs orthogonaux

2‘1 7:) :
EB : FuB ua , H5 : — F‘“IB um (1.2)

on FMB est le 2-tenseur :idjoint de FuB relativement 51 V4 supposée orien-
tée.

2. a Notion de 2-forme singuliere.

Sur une variété riemanienne V" admettant une métrique hyperbo-
lique normale, eonsidérons une 2~forme F 7é 0 telle qu’il existe un vec-
teur lpar lequel :

S la F37 : 0 , lu Fag : 0. (2.1)

S’il en est ainsi, F est dite singuliére et fun vecteur fondcomental de
F; l est néeessairement isotrope: sinon nous pourrions introduire un
repere orthonormé tel que 1 soit l’un des veeteurs du repere et (2.1) in)»
plique alors F : 0; il en résulte aussi que l est bien défini :1 un facteur
scalaire prés.

Supposons maintenant 71.:4. Soit ”(1),7b(2) deux vecteurs ortho—
gonaux de carrés A l, situes (lans le Eliplan tangent au eéne isotrope le
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long de l. L’espace vectoriel des 2-formes singulieres de vecteur fonda-
mental is’écrit :

Fag : E 0,,- (lmngi) — l5 n2“) (5 = 1, 2) (2.2)

011 les ai sont des scalaires arbitraires ; (2.2) traduit la polarisation de F.
Si F et l sont donnés, les 04 sont invariants par la transformation
n(‘)—>1?(i)+ k(‘)fet définissent un vecteur par rapport aux rotations

du couple (71,“), 7112)) dans leur 2-p1an.
Pour :

ba 2 Z} on: TLC?
l

i1 existe un vecteur bu, orthogonal a la, tel que :
FaB : la be — l5 bu (2.3)

Ce vecteur est défini a la transformation ba——> be: + la la pres. Le
scalaire positif :

61: = — ba ba : 2 (a4)2 (2.4)

dépend seulement de F et du choix de l:

3. — Discontinuités des dérivées du champ électromagnétique.

a) Considérons un champ électromagnétique satisfaisant des equa-
tions de Maxwell avec courtmt électmique confirm; Fag étant supposé
(CO, C2 par morceaux), étudions les hypersurfaces S a la traversée des-
quelles les dérivées premieres du champ sont discontinues, ainsi que la
structure de ces discontinuités. Si flan“) : 0 est l’équation locale de S,
nous posons la : a“ f (lag : 6/650“); 1e symbole [...] représente la dis-
continuité d’une quantité a travers S. Des conditions de HADAMARD, i1
résulte qu’il existe aux points de S un tenseur antisymétrique q; tel que :

[V7 FaB] = $01617 (31)

Les équations de Maxwell montrent que «.p est une 2-forme singuliere

de vecteur fondamental f; fétant ainsi nécessairement isotrope, S satis-
fait :

A1f=gaflaafaaf=0
c’est-a-dire est tangente, en chacun de ses points, an cone isotrope en
ce point. De plus, de VB la —— Va l3 2 0, on déduit :

153 V3 la : l‘3 (VB la— Va l3) : 0.

Les trajectoires du champ i de S sont des géodésiques isotropes.
Nous avons ainsi obtenu dans V4 les fronts d’onde et rayons électro-
magnétiques.
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b) Supposons J“:0. Sous cette hypothese, on peut déduire des
equations de Maxwell que les discontinuités du tenseur dérivé du champ
électromagnétique et les discontinuités du tenseur de courbure relatives

51 S satisfont les relations différentielles :

Zl" Vp [Vy Fatal + (Vp 1") [Vy FaBl —2l" Fa“ [Rm/.118] : 0- (3-2)
Si le tenseur de courbure de V4 est continu a la traversée de S, (3.2)

se réduit a :
ZIP W M + (VP l?) M = 0- (3-3)

Ces relations mettent en évidence la propagation des discontinuités
le long des géodésiques de S. Si Que = 0 en un point w de S, il en est de
Inéme en tous les points de la géodésique isotrope de S issue de .00. Les
relations (3.3) peuvent étre traduites de la maniére suivante : si bu est

un vecteur orthogonal ‘1, la tel que QaB : la b3 — lg bu, on a bu : VEEVH
(ed, : # bu ba) 011 Va est normé; (3.3) exprime que pour un choix conve-
nable de bu) :

1°) Ya est transporté par parallélisme le long de la géodésique;
2°) 64, satisfait l’identité de conservation :

V9 (6.1) l?) : 0. (3.4)

Si F est donné, l est défini a un facteur scalaire pres k, constante

19 long de la géodésique; si f—> 7» ialors (3¢—> )f“ 64,; (3.4) exprime que
le tenseur symétrique d’ordre 4 He dependant que de F :

[ 1 y ‘Asia: at 1., 15 A In:7 ( [Va F91] [VB Fa] +[va F91] warm)
est conservatif.

Va Aéfpl‘lu : 0. (3.6)

4. 7 Radiation électromagnétique pure:

0) Si Tag est le tenseur de Maxwell, le vecteur de Poynting associé a

la direction de temps 11 est donné par :
1),, : (gg— u” up) TaB ufl

Pour que Pp soit nul, il faut et il suffit que 1: soit vecteur propre
de Tag par rapport a gag. L’étude algébrique montre que deux cas se
présentent : si F est non singuliére, was admet par rapport a gaB des
vecteurs propres orientés dans le temps, de valeur propre k telle que
k2 : A2 + B2, 01‘1 A et B sont les invariants classiques du champ élec-
tromagnétique. Si F est singulte‘re, les vecteurs propres sont les vecteurs

tangents au cOne isotrope le long de let :

Tug : en: la lg (6F : — b‘1 ba > 0). (4.1)
I] n’est pas possible d’annuler Pp et l’on peut considerer qu’il y a radia—
tion intrinseque d’énergie.
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Une radiation électromagnétique pure peut ainsi étre définie en
relativité générale comme un champ electromagnetique satisfaisant aux
équations de Maxwell du vide (J“: 0) et jouissant de 1’une des pro-
riétés suivantes tontes éqnivalentes.

I. F est défini par une 2-forme singnliére.
II. Le vectem' de Poynting n’est nnl dans ancune direction tem-

porelle.
III. Les invariants (ici A et B) du champ sont nuls.

Les propriétés analogfies pour 1e cas gravitationnel ne sont plus
équivalentes, comme 1e montre dans son exposé M. BEL.

Des conditions de conservation Va 1“,; : 0, i1 résulte :

Va (6F la) lB + 6F la Va lfl : 0. (4.2)

Les trajectoires du champ des vecteurs Isont autoparalléles, c’est-
a-dire sont des géodésiques isotropes. On peut toujours choisir 1e champ

I de fagon que :
la" Va 13 = 0- (4.3)

Avec ce choix, (4.2) est équivalent a (4.3) et :

Vp (6F 1") = 0. (4.4)

b) F étant fermée et l- satisfaisant l‘1 Fulfil-0, on voit que F est
invariant par la transformation infinitésimale définie par 1e champ des

vecteurs 7. Ainsi :

19 V0 F1113 ”— Va lo F89 —' VB lo Fpa = 0- (4-5)

De (4.4) on (4.5) résulte que si F est nulle en un point at de V4, i1
en est de méme en tous les points du « rayon >> issu de at.

De S ly Fag : 0, i1 suit par dérivation :

VD (lF F413) + V0 la FBP + Vp ls FPO. : 0. (4.6)

Par addition on peut obtenir :

219 v0 Fae + (V919) Fae + C F513 : 0. (4.7)
011 C est défini a partir du tenseur antisymétrique 1* adjoint de l par :

S 17 (Va la — Va la) 2 — 012m. (4.8)
Pour que 0 = 0, i1 faut et i1 suffit que la radiation soit de type inté—

grarble, c’est-a-dire qu’on puisse adopter pour champ Iun champ de gra-
dient; une telle radiation jouit d’une propriété de permanence sur la—
quelle nous 11’i11sister0ns pas ici; dans le cas C : 0, (4.7) exprime, compte
tenu de (4.4), que la direction du vecteur ba est transportée par parallé-
lisme 1e long de chaque rayon.



II. — FRONTS D’ONDE GRAVITATIONNELS

o. — Double 2-forme singuliere.

J’appellerai double 2—forme symétue un tenseur Hag,” admettant
les propriétés d’antisymétrie.

Has. MA : — Hamw : — Hasm
et tel ue :

q HuB, Au : Hku, a3

a) Supposons que pour la double 2-f0rme symétrique H 75 0, i1 existe
un vecteur l tel que

S l'y Hag, x“ : 0 (S permutation circulaire sur 0:, (5, y) (5.1)
t

e l“ HaBu. : 0 (5.2)
1 et g; étant fixes, 1e 2-forme au point av :

1
HM; : {)— HaB, Au. (1.?“ A d.’BB

sont singuliéres et admettent f comme vecteur principal. Ainsi ? est
nécessairement isotrope—H est appelé une double 2—forme symétrique sin-
guliére si (5.1) et (5.2) sont satisfaits.

Par contraction de (5.1) on obtient :

la HBv,au : 18 H711 — 17 HM-
De ”.2 'l résulte:(0 ) 1 H... : 111113. (5.3)
Inversement (5.1) et (5.3) entrainent (5.2).

1)) Si nous introduisons les vecteurs (n(13,n(2)) associés a l, nous
obtenons pour les 2-formes singuliéres HM (X, p. fixés)

HaBJu : 2 “(U Mu (lt! fig) — l3 ”(f7 ) -

Des propriétés de symétrie de H il résulte que dam. (i : 1, 2) définit une
2-f0rme singuliére de vecteur fondamental I et :

awn: : EQUUA "237% (u ”({7} (i; j : 1: L)-
1;]

Nous obtenons ainsi pour une double 2-forme symétrique singuliere
l’expression :

Has)“ : 2 (14,-0.1 ”EU — [B n(;)) (ll ”C,” — In mt”) (“ii : a’ji) (5-4)
7-0.7.

Les a,” définissent une forme quadratique la «forme quadratique de
polarisation >> dont 1a trace est :

(111+0/22I—T-
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0) Si nous posons :
bu). : i2; 0,.) Mai) n41"). (5.5)

nous voyons que :
Haw.“ : bu). ls l,‘ + 1913“ la l); —— ban ls l}. — b3). la 1,. (5.6)

\
011

but 1* = 0 . (5.7)
I] existe ainsi des quantités bu). symétriques satisfaisant (5.7) et telles
que H s’exprime par (5.6). Les quantités sont définies a la transforma-
tion pres :

bu). —> bark + ta l); + tk la (5.8)

011 ta est un vecteur arbitraire orthogonal a l“. Le scalaire :
en : I)“ beg);

ne dépend que du tenseur H et du vecteur l: c’est-a-dire est invariant
par (5.8). Pour (5.5) nous avons :

6H 2 2014,92 > 0 .
14-:

A toute double 2-forme symétrique H associons 1e tenseur d’ordre 4 :
1

BEBM = K (H901. 6)» HpB,<m +Hpa,°u H98 0A) (5-9)

symétrique en a, (5 en 1, p. et symétrique par rapport aux couples. Si H
est singuliére :

BEBM = 611 la ls l). l“, .

6. —— Discontinuités du tenseur de courbure.

a) Considérons un champ gravitationnel satisfaisant aux équations
d’EINSTEIN avec tensem' d’impulsionrénergie confirm. La métrique étant
(Cl, 03 par morceaux), étudions les hypersurfaces S pour lesquelles 1e
tenseur de courbure est discontinu, ainsi que la structure de ces dis-
continuités. Avec des notations semblables a celles du cas électromagné-
tique, nous avons :

[Rag] = 0. (6-1)
Des conditions de HADAMARD, i1 résulte qu’il existe, aux points de S,
des quantités uni; telles que, en coordonnées locales :

[an 1‘39] : “218 [a (10: : 6a f) -
Les expressions des composantes du tenseur de courbure donnent :

[Retain] : ”:28 la — Mia ls - (6-2)
De (6.2) on déduit :

S lv [Edam] : 0 (6'3)
(6.1) et (6.3) montrent que [Rag_).,.] définissent aux points de S une double
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2-formc symétrique singuliére; l est isotrope et nous obtenons ainsi les

ondes et les rayons gravitationnels.

Les expressions (5.4) et (5.6) sont valables pour [Ragyw] avec :

an —)— (122 : 0 ba“ :

Ces expressions sont équivalentes a celle indiquée en termes de matrice

par PIRANI.

b) Supposons que le champ gravitationnel satisfasse aux equations

d’EINSTEIN :
Rag : 0 .

Sous cette hypothese la discontinuité du tenseur de courbure a travers

S satisfait les relations différentielles (LICHNEROWICZ, TRAUTMAN).

21“ Va [Rumu] + (W l?) [Baum] : 0- (6-4)
Ces relations peuvent étre traduites de la maniere suivante :

1°) Le scalaire em] : but3 bag > 0 satisfait l’identité de conservation:

Wham 1") : 0 (6.5)
2") 0n peut choisir :

9m]— _ (1 (1)# (2 (2baB— 2 (nu)nB nu)”5))

ou les vecteurs 7W) sont inva/riants par transport par pa/rallélisme le long

des rayons, trajectoires de l: La relation (6.5) exprime que le tenseur

BEE?“ qui ne dépend que du tenseur de courbure est conservatif :

Va BW‘IBM : 0. (6.6)

c) Supposons qu’il existe dans V4 un champ électromagnétique

satisfaisant aux equations de MAXWELL du vide et relié au champ gra-

vitationnel par les equations d’EINSTEIN

Rag : X Tag (17115 tenseur de Maxwell).

A la traversée de S les discontinuités du tenseur de courbure satisfont a:

2L0 VP[RQB,M1] ‘i‘ (V9 p) [RUB,M] : X 1%[Va TBu— VB Tau]

”X lulvu TBK— VB 70%]

et celles du tenseur dérivé du champ électromagnétique a (3.2). De ces

relations on peut déduire

VP {(eiR] + X 6019}: 0.

[R] [VF]
BaBM + X AOLBM

Le tenseur d’ordre 4

est conservatif.
Des résultats de STELLMACHER, il résulte que la déviation par

rapport au transport parallele des directions spatiales associées aux

discontinuités du tenseur de courbure est essentiellement régie par le

vecteur 10 FP".
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III. — RADIATION GRAVITATIONNELLE PURE

7. -—— Radiation totale pure.

a) Nous sommes ainsi conduits a envisager 1es métriques pour les—
quelles 1e tenseur de courbure définit une double 2-forme singuliére. Il
existe un vecteur l tel que :

S l‘y R0151)“; = 0, 1“ Rug)“; 2 0 (7.1)

fest isotrope et le tenseur de RICCI — ou le tenseur d’EINs'rEIN —— a la

form I Rafl = 1: la 1,3. (7.2)
Si T aé 0, nous dirons que la métrique correspond 2‘1 un état de radiation
totale pare; si de plus Rafi = 0 nous dirons que nous avons un état de
radiation gravitationnelle pure.

b) De l’identité de BIANCHI :

Va RaBJnu + Va RBoAu + VB Roam: : 0

i1 résulte par multiplication par 0’ que, pour un état de radiation totale
pure.

lg V0 Raflflxu — Va lo R59,” — VB lo RpaAu = 0 {7-3)

qui est analogue a (4.5).
Dans un domaine 011 Ram est différent de zéro, il est Clair que 1es

trajectoires du champ isont des géodésiques isotropes: cela est une
conséquence du caractere conservatif du tenseur d’EINs'rEIN; de (7.3)
on déduit aisément que ce résultat est général. Considérons 1e tenseur :

PaBAM :- 19 Va Rafiflxu -
Il résulte de (7.3)

S lv Pas)“. : 0 l7L Pas,” : 0 .
1. IL. v

Ainsi Pug,“l est une double 2-forme singuliére. Si nous posons lp Vp la :
ma, 0n déduit de (7.1) par dérivation :

S ma RELM + S la PBV,>\M = 0 - 7”“ RaBAu + Z“ PaB,ML : 0-

Rmm est singulier pour le vecteun principal m qui est nécessairement

colinéaire 2‘). l et 1es trajectoires sont des géodésiques. Nous pouvons tou—

jours supposer {choisi de fagon que :
19 V0 la : 0, (7.4)

8. — Exemple de radiation.

11 est aisé de construire des exemples de radiation. Considérons
l’espace numérique R4 avec 1es coordonnées :



t:m° m:a'1 y:.n2 2:053
et posons u : t — a), ‘1; : t + a: La métrique

dsz : WW2 — (1502) — (“n2 613/2 + Z2 dz2) : gag dw“ dacB
on d), n > 0, E > O sont des fonctions de la seule variable it, représente
une radiation totale pure. Avec cette métrique considérons 1e potentiel-
vecteur Qa défini par :

io:¢1:¢2:0, 93:44“)-
Le champ électromagnétique correspondant définit une radiation électro-
magnétique pure.

Si nous écrivons que : correspond a I’énergie du champ électro—
magnétique, nous obtenons une relation entre d), q) et 77, t. En effectuant
un changement de coordonnées dfi a BONDI, on obtient par exemple 1a
métrique :

ds2 : dado—((13;2 + dz?) —2 B'(u) (y dy—zdzi

7J2 + 22 1
> 4a

011 3(a) et (Nu) sont des fonctions arbitraires de classe 02 au moins,
telles que 5’ et 9’ no soient différents do zéro que pour it 2 no > 0. Nous
obtenons ainsi un exemple de radiation pure << unitaire >>. Pour 9’20,
nous avons une radiation gravitationnelle pure (BONDI) qui est non
triviale par a 2 no.

2y2—z du) du
u

0‘25“” 9’2 (u) du2A#3’2(u)uvdu2—(vfi
\ a

f). — Identités de conservation.

Considérons une radiation totals pure; on a :
Rag, M : ba)‘ 1;; lu + b5,l 10‘ h — b1m l5 lx — 1);» la 1,; (bum lA : 0) (9.1)

t8 Bug : 11.115 (1 : bu“) (9.2)
on Io champ Zest supposé satisfaire (7.4). De (7.4) et du caractére conser-
vatif du tenseur d’EINSTEIN résulte :

Vp(1: ZP) : 0. (93)
En reportant (9.1) dans (7.3) et en utilisant les identités de Bianchi

on peut établir :
VD (63 l?) : 1: 19 89 T

Or d’aprés (9.3) :

VD (7219):”:l‘oap'r—i’ TVD(TZP) :TlpaoT
Ainsi :

VD {(eR— :2) l9} : 0. (9.4)
T : — ("'11 ‘i’ 0’22) 9R # 72 : 2 {(012)2 — (1'11 022}

Ainsi, pour uno radiation totale pure, 163 down invariants de la
formo do polarisation satisfont relativement an champ fa des équations
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de continuité; (9.4) exprime que le tenseur d’ordre 4 qui ne dépend que
de la métrique :

BEBMJ. — Rafi RAM,

est conservatif. Dans le cas d’une radiation gravitationnelle pure 7 : 0,

V0 (6B lg) : 0 (9.5)
et le tenseur Baflxp, est conservatif.

10. — Formules relatives 5 une métrique satisfaisant aux équations
d’Einstein du vide.

Considérons une métrique arbitraire satisfaisant aux équations
d’Einste/m du m'de :

Rafi : 0 (cu RaB = Xgaa) (10.1)
Au tenseur de courbure associons 1e tenseur :

1
R23. 76 = 3 WW RP" vs (10.2)

Sous l’hypothése (10.1), ce tenseur définit une double 2-forme symétr'ique
(REA-,5 = Rifi'aB) et You a la relation :

1Rufinfl» R043 w = I a"; Rafi. v5 RaB,16 (10.3)

Etant donné un vecteur unitaire u associons au tenseur de courbure
les deux tenseurs symétriques :

Egg («2) : Rm” up u“ Has (1—1:) : — R33, pa up u“
qui satisfont manifestement a :

EaB MB : 0 Has ’LLB : 0.
La donnée de ces deuX tenseurs détermine completement 1e tenseur

de courbure, exactement comme les vecteurs d’espace champ électrique
et champ magnétique déterminent 1e tenseur champ électromagnétigue.

Dans un repére orthonormé tel que a, = 1:, Rm,so : E,3 (r, s, : 1, 2, 3),
les composantes Rm“, sont fournies par H et les composantes Rm,” par
E. En particulier':

A = E Rut" *5 RaB,76 =E" Ers — H” Hrs (10-4)

Nous nous servirons dans un instant de ces différentes for-mules.

11. — Relation difiérenfielle relative in une radiation gravitationnelle
pure.

Etant donnée une radiation gravitationnelle pure (Rag : 0), 0n
déduit de S l'y RaB'xu = 0 par derivation contractée 1a relation :

VP (lp RHB.>\H) ‘1' VP la R593.“ + Vp l8 Rpaflxu : 0- (1L1)
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qui joue ici 1e rOIe de (4.6) En ajoutant membre 2‘1 membre avec (7.3) on
pent établir la relation différentielle :

ZIP Vp Rag)“ + (VD l?) Ram“ + C Régn : 0. (11.2)
on C est toujours fourni par (4.8). Si O : 0, c’est~a-dire si la radiation
est de type integrable, (11.2) exprime que l’on pent prendre 2

. GR
— (1) (1)_# (2) (2)bag —\, 2 (n‘1 nB nu nB )

01‘1 les n”) sont invariants par transport par parallélisme le long des
rayons et on eR satisfait (9.5).

12. — Le tenseur de superénergie.

Pour une métrique arbitraire satisfaisant aux equations d’Einstein
du vide (10.1), le tenseur Bil/3,7,. satisfait, en vertu des identités de
Bianchi, 91 1a relation :

4: V0! BRuBV MI. : VB (RPU'TA Rpgv 1—“). (12.1)

Nous appellerons tensenr de supere’nergie le tenseur ayant les mé—
Ines symétries que BR :

1
THEM : Bgflfiu _‘ E A 9015 9M

011 A est défini par (10.4). 11 résulte de (10.3) et (12.1) que T satisfait
aux identités de conservation :

Va Tug, Au : 0.

11 en est de méme pour le tenseur U completement symétrique dé-
duit de T. Pour une radiation gravitationnelle pure, T et U se réduisent
bien entendu 51 BR. Ce tenseur de superénergie que je crois intéressant

a été étudié par BEL qui reviendra sur lui. Si n est un vecteur unitaire,
le scalaire :

T (In) : Tug, M u” u5 nA n“

s’exprime a partir des tenseurs E et H correspondant :1 to par :
a 1

T(u) : 7 (EN Em + H” Hrs) > 0

TU?) est strictement positif et n’est nul que si le tenseur de cour-
bure est nut; T semble ainsi généraliser 1e tenseur de Maxwell. 11 lui
correspond un << vecteur de Poynting >> ne dependant que de U :

PDQ) : (g: — u“ up) Tag, M n5 n}- n”.
Le Than Phong a établi que ce vecteur coineidatt avec le vecteur

de Poynting correspondent an tenseur tag de Pirani déduit du pseudo-
tenseur d’impulsion-énergie.
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13. — Remarques sur la quantification.

a) Supposons 1e champ électromagnétique satisfaisant, dans l’es-
pace-temps de la relativité restreinte, aux equations de Maxwell du
vide :

(dF)a = S Va F57 = 0 (5F)B : — Va F“); = 0.

J’ai montré qu’en coordonnées curvilignes arbitraires les conditions
do crochet du champ quantifié peuvent s’écrire :

h
[Fafl (5'7); FML' 1'77,” = 7 (tak' at? aw ‘1‘ WW Ba 3N

— tau.’ as aw — t3» an; aw) D(w, 40’) (13.1)
011 40 et w’ sont deuX points do l’espace temps, D (w,a/) le propagateur
de Jordan-Pauli et 011 tax' est le bi-l—tenseur (vecteur en ac et vecteur
en 10’):

1
tax 2 It -2— 8a 87v, 82.

Plus généralement, B. de WITT et moi-meme avons montré par des
méthodes différentes l’eXistence locale, sur l’espace-temps de la relati-
vité générale, de propagateurs Gm) (w,w’), (31$? (50,50’) antisymétriques
en :0 et a." satisfaisant :

AG(°)=0, AG(1):0,
01‘1 A est le laplacien (d8+ 8d) et reliés par la relation :

BE. G“) : dw Gm).
Avec le propagateur GU) dont le support est dans ou sur le cono‘ide

caractéristique, on peut quantifier 1e champ électromagnétique dans un
espace-temps donné par :

h
[F ($)7 F(w,)] = ’._ dz dz" GU) (13.1,)

t

qui se réduit a (13.1) si l’espace-temps est plat.

b) J’ai été aussi conduit :1 considerer comme « vrai champ de gra-
vitation >> en relativité générale 1e champ décrit par un tenseur Ham.“
jouissant des memes propriétés algébriques que le tenseur de courbure,
les équations de champ envisagées étant :

S Va HBy'Au : 0 ; Va Haiku : 0 (13.2)

011 les premieres correspondent aux identités de Bianchi et les secondes
sont des conséquences des equations d’Einstein Rafi : 0. Inversement les
équations Has : 0 sont pour une solution de (13.2) de simples conditions
initiales.

On est ainsi conduit 21 adopter un point de vue << semi-classique >> et
5). chercher a quantifier pour une métrique donnée, les équations (13.2).
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(‘ette quantification a pu étre effectuée pour un espacertemps a courbure
constante grace a I’introduction d’nn nouveau propagateur tensom'el
(tenseur d’ordre 2 symétrique en m et tenseur d’ordre 2 symétrique en 92’).

DISCUSSION

Intervention du Prof. A. Papapetrou

Le cas considéré par 19 Prof. Lichnerowicz correspond physiquement
a one onde élémentaire, du fait qu’elle a un vecteur de propagation In bien
défini. I] faut s’attendre a ce que des ondes plus compliquées existent égale-
ment; mais i1 y a de bonnes raisons d’espérer qu’il sera plus facile de
determiner un exemple concret d’onde élémentaire.

Intervention du Prof. G. C. Mc Vittie
L’introduction des ondes électromagnétiques est—elle nécessaire a votre

etude ‘2 N’ai—je pas raison de supposer qu’elle aurait p11 étre faite d’une
maniére tout a fait indépendante dans le cas gravitationnel ‘2

Quelle est la vitesse de propagation de vos ondes ‘2 Ne pourrait-on pas
voir apparaitre des ondes gravitationelles avec des vitesses absolument arbi-
traires ‘2

Intervention de M. Droz-Vincent

Lu. condition Rn. : (I. qui s‘impose Iorsque R‘m est la ienseur dc cour-
IJLH'L', est-Hie compatible avec les relations (16 commutation postulées lors
do 13 quoniiiicaiion ‘? Ii est possible. 51 Tappi‘oximation linéaire, dc rem—
placer R1” par un auire fienseur rm quatriéme ordre qui n‘csi pas 1a pantie
principaic (in tensuur dc- courbure. qui jouii do propriétés analogues mm—
modes pour UHC‘CEUL‘I‘ la quantificalion, maix nu \‘érifiv pas la condition
suppiémenmire.



CLASSIFICATION INVARIANTE
DES CHAMPS DE GRAVITATION

par le Prof. A. Z. PETROV,
Université de Kazan (U.R.S.S.)

RESUME

On propose une classification des champs de gravitation, fondée sur
l’étude algébrique du tenseur de courbure dans les cas oil a) Rug :Kgag;
b) Rag—339w : )cTa‘a et en indique une formulation des conditions aux

limites.

Lorsque nous essayons d’étudier 1a théorie de la gravitation (1"EIN-
STEIN ou n’importe quelle théorie des champs unie dans toutes les théo-
ries de ce genre se pose 1e probléme de la classification des champs dans
la théorie donnée.

Nous pouvons faire une telle classification par différents moyens
et elle doit étre liée a l’étude de tenseur des champs donnés-

1. 11 nous semble essentiel d’étudier d’abord la classification des
champs de gravitation dont les équations sont celles

J’ws—éagas: lTaB,

étant donné que toute théorie unitaire des champs est construite
comme généralisation de la théorie de la gravitation. O’ws— est le tenseur
de RICCI, 02, est la courbure d’espace scalaire, TaB- est le tenseur d’énergie-
impulsion, )\ une constante. Pour que la classification puisse avoir un
sens physique elle doit étre invariante, c’est-a-dire, qu’elle ne doit pas
dépendre du systeme de coordinnée choisi. A part cela ce probléme doit
étre considéré comme un probléme local — c’est—a-dire un probléme en
un point de l’espace-temps. Dans ce cas la classification des champs
de gravitation peut étre reliée a l’étude de la structure algébrique des
tenseurs déterminant 1e champ de gravitation.
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2. Avant d‘étudier le cas general des equations dc champs de gra-
vitation (:1) il est utile d’observer le cas particulier, si

Tag : v gag (2)

on v est un champ scalaire, gag # le tenseur métrique (l’espaceitemps,
Dans ce cas lcs equations de champs deviennent

(Kala : JC 9118
011 JC * est une constante. L'étude de ce cas spécial est intéressant en
luiimeme ct e11 outrc la resolution du probleme général se réduit ‘1 celle
de ce cas particulier.

Pour les equations (2) les tenseurs 1 partir desquels on construit
les equations du champ, sont le tenseur métrique gag et le tenseur de
courbure Ram/5.

Par consequent, la classification rcvient a l’étude de la structure
algébrique de ces deux tenseurs. Le tenseur de courbure Rams a les par-
ticularités suivantes :

1) le nombre des index est pair ;
2) les index sont partagés en paircs antisymétriques.
Nous appellerons bitenseurs tous les tenseurs présentant cette par-

ticularité.
Remplagant chaque paire antisymétrique par un seul index, nous

utiliserons la numération :
14-1, "24-2, 3 -3, 234, 31-55, 12-6.

On peut en chaque point donné de l’espaccitemps rapporter l’espace
1 six dimensions ('ariété centro-at‘t’ine). Cette representation définit
l'isomorphisme pour l‘addition la soustraction et la multiplication (sans
contraction) des bitenseurs. Dans l'espace E1; ((1, b : l, (5) les tenseurs
symétriques correspondant au tenseur de courbure et au tenseur :

gay 9135 #9115 {IM-
Si on prend gab pour tenseur métrique E1,- nous aurons donné une

métrique a l’espace a 6 dimensions (‘gab‘ # 0). Considérons alors, la ma-
trice :

(Rab—1911b) [3

((1., b :1, 6).
Mettons cette matrice sous forme canonique a l’aide de transforma-

tions réelles nous aurons une classification dcs champs de gravitation.
Il faut remarqucr que dans E nous pourrons utiliser seulcment les

transformations réelles linéaires de coordonnées obtenues ‘1 partir de
transformations de Lorentz au point donné de l’espacetemps. Nous pou-
vons mettrc cette matrice sous forme canonique par dit'férents moyens.
Par exemple, il est possible dc représenter E dans un espace complexc a
trois dimensions. Donnons 1e résultat sans nous arreter ‘1 la demonstra-
tion mathematique.
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D’ou 1e théoréme : du point de vue de la structure algébrique du
tenseur de courbure, il existe trois et seulement trois types de champs
de gravitation (Rafi : KgaB) avec la signature (——— +) ; pour chacun
de ces trois types de champs possibles nous pouvons déterminer uni-
voquement un repére orthonormé dans lequel les composantes du

M - Ntenseur de courbures seront déterminées par la matrice (Rab) :(N’ M)

0111 M et N auront l’aspect suivant pour chacun des types possibles : I
0‘1 > (31 Zzizk

T1 : “-3 ,N: 82
a3, (53 ’23120

on] 0 0 ‘ 31 0 1‘ a1+2a92K'1‘2 : 0 «2+1 0 .1: 0 {52 1 , ‘
0 0 052—1 0 0 (52 (514-26220
0' 1 0‘ .u 0 —0 KT3 M: 1 a 0 ..\‘—,(n 0 0),a:— (4)
0 0 a .Vu _1 0 3

01) 18: cast {(58 sont les bases des diviseurs élémentaires (3) et par
conséquent elles sont invariantes pour n’importe quelle transformation
affine au point considéré de l’espace-temps.

D’ou, en supposant que dans (4) K20 nous aurons la forme
canonique — des composantes du tenseur de courbure dans le cas de
l’espace libre.

J’ai démontré ce théoréme en 1949 [1]. En 1954 j’ai donne une
deuxiéme démonstration de ce théoréme [2], il a été aussi démontré par
A. NORDEN [3]. En 1957, une quatriéme variante de la demonstration
a été prouvée par le professeur GEHENIAU [4] (par K : 0).

Ce résultat a trouvé peu a peu des applications physiques. Ainsi, i1
faut remarquer la théorie élégante de la radiation gravitationnelle du
professeur PIRANI [5], ainsi que la théorie de BEL [6, 7] puis l’idée
trés intéressante de JOSEPH [8] et d’autres travaux.

3. Considérons maintenant 1e cas général lorsque nous avons l’équa-
tion du champl(1). Notons tout d’abord que les formes canoniques (4)
sont obtenues en utilisant uniquement les conditions :

Rafi (76) = Rmfl) 75 : Ra [876] I 0, Rafi : KgaB (5)

remarquons encore que la condition K : constant n’a pas été utilisée.
Par consequent, pour n’importe quel tenseur quadrivalent vérifiant
les conditions (5) on peut trouver de fagon univoque un tel repére cano-
nique orthonormé dans lequel nous aurons des formules analogues a (4).

Dans le cas général, lorsque Tex/3 7&n il est impossible de baser
la classification sur l’étude de la structure algébrique du seul tenseur
de courbure de l’espace. I1 faut construire un tenseur tel que pour
Tali —> 69:18 on aie la formule (4) et en outre il doit dépendre du tenseur
d’énergie - impulsion TaB.
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Nous appellerons ce nouvel objet géométrique tenrsezn‘ d’espacc-
temps-matters, notons 1e Pafiya et nous 1e définirons 2‘1 l’aide de :

Pam : Rum + X (gaiaTyi B + QBisi a) + dgaiégns- (6)
Ce tenseur a les particularités suivantes :
1°) i1 résulte directement de (6) et de (1) que 2

PtaBné : P018 (75) : PHIBYIS] : 07 13018 E 1”c : (0.9018- (7)
c’est»z‘1~dire qu’il a toutes les propriétés de (5).

2") Si 1’on se donne la repartition et le mouvement de 111 matiére,
c’est~2‘1—dire, 1e tenseur d’énergie-impulsion Tag et le tenseur Palm, nous
aurons 3101’s 121 courbure de l’espace.

3°) Si 1’0n se donne 1e tenseur métrique et tenseur P411375 nous pour-
rons obtenir univoquement 1e tenseur d’énergie-impulsion.

4°) Si 1e tenseur T4113 : 0, c: 0, i1 définit 121 courbure dc l‘espaceA
temps libre. Il est nécessaire de fixer 121 définition du scalaire (1) expriiné
linéairement 1‘1 Paide de R et du scalaire 6. Grace 2‘1 (7) et ‘1 111 reniar~
que faite ci-dessus nous obtenons automatiquement 1e théoréme suivant
qui résoud 1e probleme de la classification iles chumps «lu- gravitations
dans 1e 02 s general : il existe du point de vue de la structure algébri-
que du tenseur d’espace-temps-matériel, trots et seulement trois
types de champs de gravitation; pour chacun des trois types de champs
possibles on peut définir univoquement un repere orthonormé tel que
(Pub) ((1, b : 1. 6) est défini par la, formule (4) si l’on effectue 121
substitution . Rab _> Pub, K _> (1).

Si nun»- suppomns que Tm, —_ vying. nuns (H'l‘ivel'uns‘ an 1:21.: particu-
licr 'lnul nous m‘ons il-éjz‘i purlé (in. Xmammcnt. si T115 : U. nous uurons
3101's in classification Cics champs rle‘ gl'ilVliziilOIiS [inns l‘cspacc lllli‘t).

Uzi (mus. lllPIl Nill' eitemucr Linc classification plus (létuilltf-eg par
example en (iinilinnl l9 ms «l1» ravines multiples ou le ms (it? rzu-incs
réelles. Le choix du scalaire a doit étre relié ~‘1 dcs considérations phy-
siques.

4. La classification générale des champs de gravitations trouvée,
nous pouvons obtenir quelques consequences physiques :

(1) i1 resiiiic Illl‘EL'TliLll‘llT 11v 111 construction du tenseur P115715 et
de (4) que lt,‘ C‘flS «i=1 l'espm-u lilvi-e- est obtenu dans le cats on Tag-9 0 et
représente l1} ms limii'c lnrsquu l‘effet de 121 repartition dans l’espuce-
tempsmaticrc commit-lice £1 iliililir ;

b) 111 plupart des espaces d’Einstein connus dans la littérature
appartiennent 2‘1 l’espace du premier type (T11. l.c [Ilns simple example
d’espace T1 sera l’espace de )Iinkovski, li- I’Hfluil‘i’ exunple connn ilc
champ T2 et 121 solution d’Einstein et RUSPH :H'm- ()llilt‘S cylilulriqucs.
On peut faire montrer que toute solution il‘Finsiein ct Busch si-rn suit
1e champ T1, soit le champ T2.
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EINSTEIN et ROSEN n’ont pas intégré les équations du champ dans
le cas des ondes cylindriques. On peut indiquer autant de solutions que
l’on veut dépendant de fonctions arbitraires. Le cas le plus simple de
solutions du deuxiéme type sera celui qui définira 1a métrique :

d82 : Zola/*1 dm“ — Sin2 :1?“ dwzz — Sh,2 374 dw32 (8)
C’est l’espace T2 qui admet un groupe de mouvement G6 d’ordre maxima
pour les champs de gravitation T2.

b) pour calculer l’intégrale des équations du champ et rechercher
les équations de mouvement on suppose tres souvent que dans l’infini
spécial, a mesure que l’on s’éloigne de la source de gravitation, les
potentiels du champ gag(m) seront aussi pres que l’on veut des poten-
tiels ga6($) qui déterminent l’espace de Minkovski.

Par exemple, dans la solution bien connue de Schwartzchild qui
détermine 1e champ statique, a symétrie centrale, en coordonnées sphé-
riques, lorsque l’on s’éloigne du point singulier, 1e long du rayon
(r——> 00) la métrique tend vers la métrique de l’espace de Minkovski.

Cependant, on peut montrer rigoureusement que si nous excluons
les points 011 la métrique ds2 = 9.1360) dwd dayB dégénere, c’est—a-dire si
l’on exige que 1911303) | 75 0 alors dans ce cas quel que soit a?“ la métri-
que du champ de gravitation T2 et T3 ne peut tendre vers la métrique
de Minkovski. Nous pouvons facilement nous en convaincre a l’aide de
l’exemple du champ défini par la métrique (8). Ce fait est fort intéres-
sant car 11 nous conduit aux alternatives : 1) on bien pour T2 et T3 il
est indispensable de donner d’autres conditions limitées que pour T1
ou bien 2) les champs de gravitation T2 et T3 ne pourront avoir lieu
que pour des régions refermées sur elles-mémes; alors les conditions aux
limites deviennent inutiles. Ce probléme des conditions a l’infini en
plus exactement de conditions (may limites (la 01‘1 l’action de matiére
devient plus faible) qui avait déja troublé EINSTEIN doit étre I‘ésolu
naturellement en partant de l’hypothése (1). Dans ce cas, il semble que
le principe d’application de conditions aux limites le plus natuI-el est
le suivant. Soit le champ de gravitation Tia: 1,2,3) donné; alors
dans les régions oil l’action de la matiére devient plus faible, la
métrique difiére aussi peu que l’on veut de la métrique de l’espace
déterminé par des conditions: (a), c’est un espace du meme type Ti
et ((5) permet le groupe de mouvement d’ordre maxima possible pour
Ti (13: 1,2,3). Et alors pour T1 l’espace de mouvement maxima sera
l’espace de Minkovski avec pour groupe de mouvement G10, pour T2 ce
sera l’espace de métrique (8) admettant le groupe G6.

11 est évident que ces considerations demandent que l’on poursuive
les recherches et exigent une interprétation physique des champs de
gravitation T2 et T3.
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DISCUSSION

Intervention de J. Géhéniau

IJ my wm‘ntc qne {tans 5a classification dcs uspaces de la Relativité
«Inns 10 0225 general, M. Pctrov utilise essentiallcment Ie tenseur de “‘eyl.
Cciui-Ci est {-gal an tensenr do Riemann pour [es espaces d’Einslein PW : D.
On cumpt‘c-ntl ainsi quc 1a classification dt' M. Petrm' ales espaces (I'Einstein
(at aussi de veux pour lesqut-Is Em; : Iggy est egaIc-ment val-able dens It
cas general. '

Cette classification peut étre précisée par celle des tenseurs RaB on
B

S” : RHB— gag j, c’est—a—dire des quadriques Bus :01 x5 : 0 on SaB xu x5 : 0

dans l’espace Cayléyen reel dont 1a quadriqne fondamentale a pour equa—
tion (350)27 (331)2— (fly; (x3)2 : 0.

Intervention de G. C. Mc Vl'ttie

alle est la signification physique de l’asymétrie dans les deux diret‘,
tions perpendiculaires a la direction de propagation dans le cas de l’onde
plane ‘2 I'm pareitk- perturbation a—t-elle jamais été observée dans la nature ‘2



SUR LES LOIS DE CONSERVATION
DANS LES ESPACES DE RIEMANN

par Dr. A. TRAUTMAN
Institut de Physique de I’Universite’ de Varsovie (Pologne)

RESUME

A chaque groupe d’isométries correspondent une loi de conservation
et une integrals premiere (ICS equations (In nlfilt‘lllHlL L'nhscnvc do $31119—
tries de I‘cspacc—temps cxclut l‘t-xislem-e dc his dc CUIML-I'aion unaifrgucs
a celles rlo la rc-ktlivité I'c-streintr. En partiruiicr. on théoric- cinslciniennt-
de la gravitation. aucunc L‘nlité :1 IICUX imlivca HE pent Mn- I'11-Ilsiclér'ét-
comme 1'1écrivant 1:1 dcnsiir [i'iznpulsinnrenovate.

La notion de l’énergie et les lois de conservation en Relativité
Générale ont été récemment le sujet de nombreux travaux. Le but de
cette communication est de rappeler un point important qui se rattache
a la notion de l’énergie. L’idée essentiefle dont i1 s’agit peut étre résumée
en une seule phrase : ce sont les symétries de l’espace-temps qui assurent
l’existence des lois de conservation de l’énergie-impulsion et du moment
angulairc. P1112: précisémem, 113$ 101$ (19 cons::rr;111m1 1:1:n~1'espunde11t aux
isnmétrius (h: I'csjmcc-tcmps. Dans 19$ Ihéorim hulmuel'les .1”- champs.
£1 c‘t‘mquc solmim] do l‘équminu 111* KILLIICI: on 1:911? assmfler mu: densité
Vevinl'ienk dont 111 divergence L‘ST 1111110. )ifliiu‘“Trillh‘iflnelfl 1m cspm-t :Ie
Rimuxx on général n’a‘tdmct [111s dc grouper; d'imInétI-ies, ("p-Ci 1351 Tori-
gine des difficultés avec les lois de conservation en Relativité Générale.

La liaison des lois de conservation aux symétries est connue depuis
longtemps grace aux travaux du groupe de Gottingen (F. ENGEL,
F. KLEIN, E. NOETHER, E. BESSEL—HAGEN; cf. HILL [1] pour la biblio-
graphic). SCHWINGER [2], FOCK [3] et PIRANI ont attiré l’attention sur
le role que joue l’équation de KILLING dans la construction des quan-
tités qui se conservent. Ces idées ont été développées par l’auteur de
cette communication [4], [5].

Nous présenterons les idées essentielles dans la notation de BERG-
MANN [6]. Soient yA(a:) (A = 1 N) les fonctions décrivant les champs,
y compris 1e champ métrique. Ces fonctions satisfont aux équations des
champs

LA : 0 (1)
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qu’on obtient d’un principe variationnel
5 W : 0

\
011

“Y : /L(yA, yA,D) dw .

Le lagrangien L est la meme fonction de ses variables yA et y“ clans
tous les systemes de coordonnées. Soit Emu“) un champ de vecteurs; on
peut y associer une transformation de coordonnées infinitésimale, définie
par

1"“ : a7” + 531(0)) .
Introduisons la << variation totale >> (on << substantielle >>) du champ yA

MA : hm 5’1 [MAW H 31A (1‘)]
s—vO

En mathématiques 0n appelle # SyA la dérivée de Lie de yA par rapport
a E. Une condition suffisante pour que les equations de champ LA : 0
écrites dans des systémes de coordonnées différents soient compatibles
est qu’il existe dcs fonctions LP telles que

‘SL 2 — L3,, . (2)
Cette condition est évidemment satisfaite si L est une densité scalaire
(LP : LE9). Elle est aussi satisfaite dans le cas de la Relativité Générale,
quand on prend pour L le lagrangien gravitationnel quadratique dans
les symboles de Christoffel. Si les equations de champ (1) sont satisfaites
l’équation (2) devient

' aL _ \ _(12+ 5%) :0. (3)
Bylaw vp

Ce sont des lois de conservation faibles; le champ E étant arbitraire il
en existe une infinite. Pour obtenir une loi bien définie il faut choisir
un champ E. On peut le faire d’une fagon satisfaisante seulement en spé-
cifiant le caractere géométrique (physique) du E. Autrement dit, le vec—
teur E doit étre lié aux propriétés géométriques ou physiques de l’espace-
temps. Par exemple, s’il y a des observateurs privilégiés dans la théorie
on peut prendre pour E leur vitesse. Le choiX pour E d’un vecteur qui
n’a pas de signification intrinseque semble contredire les principes de
la Relativité Générale.

Un choiX evident consiste a prendre pour E un champ de Killing.
C’est ainsi qu’on arrive en Relativité Restreinte aux lois canoniques
pour l’énergie, l’impulsion et le moment angulaire.

Dans le cas 01‘1 il existe un groupe d’isométries on peut obtenir une
quantité qui se conserve et qui se rapporte a la matiére seule, c’est»a-
dire qui s’annule en l’absence de matiere. Pour étudier ce cas dénotons
par (13a les variables décrivant la matiere (champ électromagnétique, flui-
des, etc.). On a alors yA : (guy, 42”), (a : 1, ..., N— 10). Soit

E : £09m ”my: 9111/)
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1e lagrangien de la matiére. Supposons que 13 est une densité scalaire,
i1 vient alors

_ _ 1 _05813—141359)» Efa8¢a+—2—T“flayas+(fiép+ an
a,p

we)» (4)
011 T“5 est le tenseur métrique d’énergie-impulsion du champ 4). Si E
engendre une isométrie,

5 gas 2 0 (5)
et si les équations du mouvement de 4;

I3“ = 0
sont satisfaites, on obtient une loi « canonique » de conservation

I9_p:(flgp+ 813 5%) :0 (6)
'9(1,9

19 est une densité vectorielle et l’intégrale

I : j 19 up dc
calculée sur une hypersurface a orientée dans l’espace est un scalaire
qui se conserve. Si E est partout orienté dans le temps (V4 stationnaire)
on peut interpréter I comme représentant l’énergie.

Des considerations analogues peuvent étre appliquées au cas des
particules ponctuelles [5].

Dans le cas 011 T3}: 0 on peut affaiblir l’équation (5) en la rem-
plagant par l’équation de transformations conformes

8—9“; : X gas (1 : scalaire) (7)
C’est ainsi qu’on obtient quinze lois de conservation pour 1e champ
électi'omagnétique en Relativité Restreinte. Le pseudotenseur d’énergie-
impulsion introduit par EINSTEIN peut aussi étre obtenu a partir de (3),
avec le lagrangien gravitationnel pour L. Ce pseudotenseur a des pro—
priétés de transformation bizarres et il est douteux qu’il puisse décrire
dans le cas général quelque chose qu’on pourrait nommer l’énergie. La
meme I‘emarque s’applique aux nombreuses modifications du pseudo-
tenseur d’EINSTEIN, notamment a celle de M¢LLER [7]. A l’aide du pseudo—
tenseur on peut définir l’énergie totale d’un systéme qui produit un
champ gravitationnel a comportement asymptotique euclidien [8], [9].
11 est aussi possible de formuler des lois de conservation approximatives,
par exemple dans le cadre de la méthode d’EINSTEIN, INFELD et HOFF-
MANN.

Pour montrer que le pseudotenseur ne peut pas étre appliqué dans
le cas général d’un champ gravitationnel prenons 1a métrique de ROBIN-
SON [10]

ds2 : 2dzc° dx3 — ((13292 — (do/02)2 — 2H (dm°)2, H : H(w°, £121, .272). (8)
Cette forme métrique comprend comme un cas particulier les ondes
planes gravitationnelles. Par un choiX approprié de la fonction H on
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peut obtenir de (8) les ondes planes gravitationnelles et éléetromagné»
tiques. Il est intéressant de noter que (8) satisfait aux conditions d’har»

monieité définissant les coordonnées isothermiques (\/—gg”")y.,:0.
Le pseudotenseur d’EINSTEIN tuv calculé a partir de (8) est simplement
égal a zéro. 11 en est de meme pour l’objet 5%" introduit par MylLLnn.
Cela montre aussi que l’emploi des coordonnées harmoniques n’est pas
suffisant pour I-ésoudre les difficultés liées a la notion de l’énergie en
Relativité Générale. Etant donnée l’analogie tres poussée qui existe
entre les ondes planes gravitationnelles et les ondes en théorie de Max—
well on serait surpris s’il fallait attribuer aux ondes gravitationnelles
une densité d’énergie nulle.

Les notions de l’énergie, de l’impulsion et du moment angulaire total
sont liées au caractere euclidien de l’espacetemps. On peut les appliquer
en Relativité Générale seulement dans les cas 01‘1 l’espace riemannien
en question ne différe pas trop de l’espace plan.
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DISCUSSION

Intervention dv Prof. Moller

In connection with the statement that the energy momentum complex
:Cfi“ vanishes in the. awe of the metric considered lay Ti'antumn I want first
of all to ask if the system of coordinates corresponds to a physically
allowed system of reference. By a physically allowed system of reference
I understand a system in which the relorities of the reference points with
respect to a local system of inertia are always smaller then r. Although other
systems of coordinates where g“ 3 H are mathematically conceivable they
have no physical meaning and llierefore also the physical quantity ‘5'“ has
no meaning in such a system. 011 the other hand I do not want to exclude
any of the physically acceptable systems of coordinates since this would be
against the spirit of the general theory of relativity. In particular I would
not like to forbid the use of systems where in. = 6“. It is true that in such
systems :3? 7 (I. in particular the energy density 2?: and therefore also the
total energy of the system is zero. This is however just what one should
expect physically. for the system of reference in question is one in which
all the reference points are falling freely under the influence of the gravi—
tational field. Therefore a test particle originally at rest in the frame of
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reference will remain at rest at the same reference point. By introducing
such a system of reference we have thus transformed away all the dyna—
mical properties of the gravitational field; an observer which makes expe-
riments only with test particles will therefore not be able to discover the
matter present. It is therefore also quite natural that the total energy which
is a dynamical quantity should vanish in this particular type of systems
of reference. As regards dynamics an observer in such systems will have
the impression that he is in a system of inertia where the energy density
57: (in contrast to Einstein’s of) is always zero. Of course if he has made
geometrical measurements with standard measuring rods in the system of
reference he will discover that he is not in a system of inertia since the
metric is not Euclidean. In general the spatial metric is even time depen-
dent.

The above remarks apply only to the case where the introduction of
time-orthogonal coordinates with g” : must. does not introduce any singu-
larities in the metric. If singularities are introduced the energy density is
simply not defined in the singular points and we cannot say anything about
the value of the total energy. Then the expression for the energy momentum
complex can be applied to those regions of space only where the metric is
regular. For instance if we start with the usual static Schwarzschild solu-
tion and, following Lemaitre and Synge, introduce a system of coordinates
the energy density is then only well-defined and zero outside this point
for which 9.4 = — 644 the metric tensor has a singularity at the origin and
where ti: becomes of the form oo times 0, i.e. indeterminate.

It should also be emphasised that the energy of a physical system also
in the special theory of relativity is a relative quantity which changes when
one passes over from one system of coordinates to another. This is natu-
rally even more so in the general theory where we have a much larger
group of transformations at our disposal. Clearly we must expect that fami-
liar features will turn up in strangely moving frames of references but in
principle I think we should allow the use of all physically acceptable sys-
tems of reference.

Intervention du docteur Fletcher

En ce qui concerne l’emploi dans les espaces a comportement asympto-
tique euclidien, je voudrais faire la remarque suivante: Je pense avoir
démontré que si dans un tel espace, l’impulsion-énergie totale évaluée sur
une hypersurface est unique, i. e., indépendante des transformations de
coordonnées, alors cette impulsion-énergie est nécessairement conservée.
C’est le théoréme réciproque de celui cité de Landau et Lifschitz.

C’est un résultat qui n’est pas modifié par l’imposition des conditions
de coordonnées. Ce résultat ne contredit en rien 1e travail du docteur Traut-
man, puisque j’ai supposé que le calcul de l’impulsion-énergie peut étre
effectué sur une hypersurface quelconque et non, comme c’est 1e cas dans
le travail du docteur Trautman, seulement sur une hypersurface appartenant
a un ensemble restreint.





LA RADIATION GRAVITATIONNELLE

par M. BEL
Attaché de Recherches au C.N.R.S.

Service de Théories Physiques du Collége de France

RESUME
Introduction d’un tenseur T du quatriéme ordre qui joue pour le

champ de gravitation 1e méme role que le tenseur de Maxwell pour le
champ électromagnétique, le premier étant décrit par le tenseur de courbure.

Etude des trois définitions possibles d’un état de radiation gravitation-
nelle intrinséque; justification de ces definitions et étude des rayons gravi-
tationnels.

1. — Définitions et propriétés générales

a) Soit ds2 2 gap dd?“ (1.205 (a, B : 0, 1, 2, 3) 1a métrique de type hyper-
bolique normal, 2‘). un carré positif et trois carrés négatifs, définie sur
l’Espace—Temps V4 de la Relativité Générale. Au tenseur de courbure R,
on peut associer le tenseur :

*

Rafi. M1 : 7 WWW RY6.M
.1

011 T] est le tenseur élément de volume. Pour que l’on ait
* *

Rafi. ML : RM, 0:13

i1 faut et i1 suffit que le tenseur de Ricci soit proportionnel au tenseur
métrique : Rag :. 1 gas. Je supposerai dans tout cet exposé que

Rafi : 0
*

R sera donc symétrique par rapport aux couples d’indices.

b) Je me servirai aussi des quatre scalaires
1 1

A:—R°5 RAH“ D :-—‘Ru‘5 RA” (TROUO!8 ,M . B 16 ,ML ,0 , B

1 * 1 x-
B : E R1163“). Rlu'afl E : E RuB'M Rlumd R904)“;

Tous les autres scalaires du méme type qu’on peut former coincident
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soit exactement, soit an signe pres avee 1es quatre écrits Ci-dessus. J’ap-
pellerai ces quatre scalaires, les scalaires fondamentaux.

0) Du tenseur de courbure et de tout vecteur u unitaire et orienté
dans le temps, c’est-z‘idire de carré + 1, on déduit les deux tenseurs
manifestement symétriques

—» —v *

you : [yak : Rag, M u3 u" 30;) : 3m : ! Rmm ”B an
Ces deux tenseurs sont des tenseurs d’espaee dans ce sens qu’ils

admettent tous les deuX 1e vecteur 1; comme vecteur propre correspon-
dant 2‘; 1a valeur propre zéro. 11 en résulte que le carré spatio-temporel
de chacun d’eux n’est nul que si ]e tenseur correspondant est Du] et
dans le cas contraire il est strictement positif.

Quel que soit 7:, on peut exprimer les quatre scalaires fondamentaux

en termes de ‘30:) et 50:) sous la forme que voici :

A:‘M%‘BE—%§3§ DZ‘BE‘ME‘ME 3%?33:
B:—2‘}Jé‘53 E=3§§EEZ—35§‘EJS‘MZ

(1) Le tenseur de courbure peut étre considéré comme un tenseur
d’ordre 2 de 1’espace des tenseurs antisymétriques T3”). Soit H : {H} )
(I, J : 1, 2, 3, 4, 5, 6) 1a matrice des eomposantes mixtes de ce tenseur.
T3”) étant rapporté 51 la base

E11: 621/\ 03} E21: 03! /\ 61', EM : C1] /\ 62[

E4} : 61‘ /\ 6m Es‘ : C2[ /\ 00[ Est : 03] /\ 60]

on ea| est Ilne base de 1’espace vectoriel tangent au point .19, on a pour

tout repel-e orthonormé tel que g0, : z: :
Y} Z} _ _

H : , -. (1)] : 1727 3)Z;13
D’apres ce resultat, il est evident que si Y et Z sont nuls, 1e tenseur

de courbuI-e Iui-Inéme est nul.

2. — Le tenseur THBJ“

a) Considérons les identités de Bianchi :

S V01 RVB, M1 : 0
[1,141

on S indique sommation des tel-Ines obtenus par permutation circu»
ILL};

laire sur les trois indices 1, 7\ et pt et V est 1’opérateur de derivation
eovariante dans la connexion riemanienne. Puisque RaB:0, de ces
identités 1'] Vient :

Va RuB.>\u:o
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D’autre part 7] étant 51 dérivée covariante nulle on a aussi :
* at-

S Va R73,Xu=0 Va RuB,>\u=0
(1.7“:

b) Le tenseur T :
Tafilu : Til): (R119, A6 RBp'uo + fine, Ad 12:60. "(7)

qui possederait les propriétés de symétrie :
TuBAu : Tflalu : T116111 : TMmB

pour des équations du vide avec constante cosmologique Raazlgap,
devient completement symétrique dés que 1 = 0. Nous devons cette re-
marque sur la complete symétrie a M. ROBINSON.

Le tenseur Tad“ obtenu par contraction est nul. En outre le ten-
seur T est conservatif :

Va Tufllu = 0.

La démonstration qui est trés simple fait intervenir essentiellement les
relations rappelées dans a, ainsi que les deux formules :

l in
RGBALL Rail" : 2A9; Rag)“; Rap,“ : — 9A9};

3. —— Le scalaire V02)

Soit u un vecteur de carré + 1 et considérons 1e scalaire :

V(u) : V : Tam" ua Mg m m;
Des relations de definition des tenseurs, Y, Z et T i1 vient :

1
V = 3 (YOU Ypo + Z06 cr)

Ainsi, puisque 1e carré spatio-temporel de Y et Z est positif ou nul
et n’est nul que si 1e tenseur correspondant est nul, on a :

V(1Z)>0
l’égalité ne se produisant que si Y = Z : 0, c’est—a-dire que si Ram“ : 0.
Ce scalaire possede donc les propriétés mathématiques d’une densité
d’énergie. Néanmoins, je l’appellerai super-énergie gravitationnelle asso-

ciée 21 1a direction de temps u.

4. — Le vecteur P (1:)

a) Soit encore u un vecteur de carré —{— 1. A ce vecteur et au ten-
seur T nous pouvons associer 1e vecteur :

P01) 3 P“ = (99“ — M u“) Tam“ M5 u" u“.
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Manifestement P“ not : 0 ct par consequent PM?) est orienté dans l’es»
pace.

b) Supposons que les potentiels de gravitation, gag, puissent étre
inis sous la forme :

.9018 : 720:8 + 5 (Pas + 0(52)
011 mm sont les valeurs galiléennes de la métrique de Minkowski et 5 est

un infiniment petit principal. 63‘ étant le vecteur unitaire tangent aux
lignes de temps. On a alors, modulo des termes de l’ordre dc a3 :

-—Ovm )~¥V Pfiw~0 Pfiw~én
p P

et de la relation Va Tuooo : 0, i1 \‘ient :

30 V : — at Pi
p P

Ainsi la partie principale du flux de super-énergie gravitationnelle est

décrite par la partie principale du vecteur Pm”).
Il est intéressant de remarquer que tout changement de coordoni

nées de la forme xQ':m9+ eqmfiv“), qui comme on sait conserve la

forme (les gag, laisse invariants V et P.
p p

5. fl Etude algébrique du tenseur de courbure

a.) lTn calcul un peu long Inontre que trois des racines de l’équa-
tion :

dét (H— 91) : 0
(I est la matrice unité 6 X 6), c’est-a-dire trois des valeurs propres de H
sont anssi les racines de l’équation :

93—ip(A—+—iB)ii(D—i—iE) :0
2 3

les trois autres étant les valcurs imaginaires conjuguées. Soient :
9]» (j: 1, 2, 3) les trois racines de l’équation précédente. Des considera-
tions élémentaires montrent que :

EP)’:0 Epj:*\+’iB 29?:D7Lil‘}

b) La premiere de ces relations fournit un principe de classification,
car an point de la multiplicité des valeurs propres on peut distinguer
trois cas :

(191' cas) : pl, 927 93 7E. Les trois racines sont différentes.
(20 cas) : p : pg : 93, p] : 72p. Une des racines est double.
(3B cas) : pl : P2 : 93 : 0. Les trois racines sont confondues. Elles

sont. done, nécessairemcnt nulles.
(“es trois cas peuvent étre caractérisés en termes dcs scalaires foni
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damentaux grace aux relations données dans a). Ainsi 1a condition
nécessaire et suffisante pour que l’on ait un cas 2 est que :

(A + iB)3 : 6 (D + iE)2
et pour que l’on ait un cas 3 i1 faut et i1 suffit que :

A = B = D : E = 0.
Je dirai de ce troisiéme cas qu’il est le cas singulier au sens large.

0) Des considérations sur les vecteurs propres, c’est-a—dire sur les
solutions de : (113— 93% ) FJ : 0

conduisent é, subdiviser chacun des cas 2 et 3 en deux cas différents. J6
donne ci—aprés les formes réduites que peut prendre 1a matrice :

_ k ' 165'6 _ (Yj — 1 Z]. )
pour des repéres orthonormés convenables dans les cinq cas que je viens
de distinguer.

Gas 1 .-

a1+i§1 0 0 2(aj+w,-)=0
QC;< 0 12+i62 0 >j

0 0 a3+ifia 9‘1‘f—H51,0‘2‘i‘ifizflls‘i‘igs7’é

Gas 21) :
—2(a+i@) 0 0

QC=< 0 a—i—iB—c—l—ip p+ic
0 p+lic a+i6+c~ip

0n démontre dans ce cas qu’il existe un vecteur isotrope I et un
seul satisfaisant aux relations :

‘1'

Rug,“ 1“ l" : 20: 13h RaB'M lull: 28 [51,1
Tam“ 15 l)” l” = 0 .

Gas 30, :
0 — 0' —|— 1'9 9 + it)"

56 : — 0' + £9 0 0
p + is 0 0

Il existe un vecteuri isotrope, et un seul, satisfaisant aux- relations :
*

RaBJu. l“ l7L : 0 Raw, )4; l“ l7L : 0
Tap“; ll 1“ : 0 .

Gas 31) :
U 0 0

36,—(0 —c—|—ip p+ic
() p+ic c—ip
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Le tenseur de courbure est singulier au sens de LICIINEROWICZ. Au«

trement dit, il existe un vecteur l isotrope, et un seul, satisfaisant aux
relations

*

Rafi, Mi lu : 0 R043, M l" : 0
Tag)”; lu : 0 .

Je dirai de ce cas qu’il est le cas singulier au sens restreint.

J’appellerai le vecteur l mis en éVidence dans les cas 21) et 3, le
vecteur fondamental de R,

Ces fornies réduites de la matrice 6‘6 sont dues a PETROV mais ici
elles ont été établies sous un principe de classification different.

6. —— Définition d’un état de radiation gravitationnelle intrins‘eque

Nous sommes maintenant en mesure de passer en revue et comparer
entre elles trois définitions possibles pour un état de radiation gravi-
tationnelle intrinseque.

1’9 definition. — Tout d’abord les résultats du paragraphe 4 nous
amenent, par un raisonnement qui est classique en électromagnétisme,

a caractériser un tel état par une métrique telle que Pfi) # 0 quel que

soit 17 de carré + 1. Ceci entraine que R doit appartenir aux cas 2b

on 3, car la condition nécessaire et suffisante pour que PW) : 0 est
qu’il existe un repere orthonormé relatif auquel les deux matrices (Y;— )
et (Zj. ) soient simultanément diagonales, et c’est ce qui arrive pour les
cas 1 et 2a.

PIRANI est parvenu a une definition équivalente mais par des consi-
derations inspirées d’un tout autre esprit.

29 definition. ; D’autre part, par analogie avec ce qui se passe
pour le champ électromagnétique, on pourrait étre amené a décrire un
état de radiation gravitationnelle intrinséque par une métrique telle
que le tenseur de courbure soit singulier au sens large, c’est-adire qu’il
ait les quatre scalaires fondarnentaux A, B, D et E nuls. Cette definition
est plus restrictive que la definition précédente dans ce sens que R
devrait étre néccssairement un cas 3.

3° définition. _ Enfin, LICHNEROWICZ a proposé de caractériser un
état de radiation gravitationnelle intrinséque et pure par une métrique
dont le tenseur de courbure est singulier au sens restreint. R est donc
nécessairement un cas 3b. Je rappelle que cette définition a son origine
et trouve sa justification dans l’étude des discontinuités du tenseur de
courbure. C’est pour cette définition que l’analogie entre le phénoméne
de la radiation gravitationnelle et celui de la radiation electromagne-
tique peut étre poussée plus loin.



7. — Les rayons gravitationnels

J’ai mis en évidence dans les trois cas qui peuvent étre interprétés
comme décrivant un état de radiation gravitationnelle intrinséque, c’est-

a-dire les cas 21) et 3, 1’existence d’un vecteur l isotrope qui satisfait a
des relations qui caractérisent le cas envisagé. Pour 1e repére ortho-
normé relatif auquel la matrice 9'6 prend les formes réduites indiquées

ci-dessus 1a projection d’espace du vecteur l est colinéaire a f’éol) et

par conséquent les trajectoires de f doivent étre interprétées comme
étant les rayons gravitationnels. Il est donc naturel de se demander
ce qu’on peut dire de ces trajectoires. LICHNEROWICZ a démontré que si
36 appartient en chaque point d’un domaine (D de V4 au cas 3b, ces
trajectoires sont des géodésiques isotropes de la Inétrique. Ce résultat
reste vrai aussi pour le cas 2b et 311 et je voudrais pour terminer esquisser
1a démonstration pour le cas 2b.

Le tenseur de courbure admet dans ce cas la réduction

Rafi. An I 0‘ (yak gBu — flow 91%») — Modem + K118, Au
* * * *

— 3 “Far: q — FaB FM) + 3 {5 (Fats Fm + Fae Fm)
01‘1 K est tel que

Km M In = 0 flag, M la 2 0
et

—> —>—> —» *

F:62|/\63| F:€1|/\901
—> . —>2

Cal étant quatre vecteurs normés (eel : + 1) orthogonaux deux a deux.
En outre

—>

h i: 0| + (:1;
Par dérivation contractée de

Ruth“ l‘ll’L : 2 a lf‘lu
on obtient, puisque 1a divergence de R est nulle

RaBJ‘u (WVBZl + l‘VBl“) = 9“ tn + lu VB (203 ls)
011 I? est le vecteur orthogonal a 1 de composantes t“ 2 ll3 VB lu. En mul-
tipliant successivement 1a relation précédente par 61;.et elglon obtient,
compte tenu de la reduction de R, 1e systeme d’équations

a231-i—g322|-¥:0

Or, puisque a2 + 8275 0, car dans 1e cas contraire 36 ne serait pas un
cas 2b mais un cas 3b, ce systéme n’admet que la solution

243:0 32172::0
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Ainsi} est sur le 2-plan orthogonal an 2—plan (all — 61]). Mais tout

vecteur de ce 2-plan orthogonal a l est nécessaii’ement colinéaire a 1.
Done

15 VB l“ : (1/ In

Les trajectoires de l: c’est-a-dire les rayons gravitationnels, sont des
autoparalléles de longueur nulle, autrement dit, des géod‘ésiques iso-
tropes de la métrique.

DISCUSSION

Intervention de M. R. Debever

La classification des tenseurs de VVeyl d’un espace riemannien se
raméne a celles des coniques dans 1111 plan cayléen complexc.

[Cf. R. DEBEVER : Etude géométrique sJ'u tensmu' Lle Ric-memn-Christolfel.
Bull. Acad. 1'. (1e Belgique, (If. ales Sta. 1. -12. 1956. pp. 313—27; 608-
621, voir pg. 610. — J. GEHENIAN : Une classification des espaces
einsteiniens. C. R. Paris, t. 224, 1957, pp. 723—24].

Selon que l’on fixe 5011 attention soil sur les sommets (lu triangle auto-
conjugué a la conique fondamcntale et :1 1a coniqne associée an tenseur «la
Weyl, soit sur leurs quaire points d’interscction. on est conduit i: distingucr
3 cas (A. Z. PETROVI 0L] 5 Gas (1.. BEL. R. PEXROSE). abstraction l‘aite flu
cas 01'1 le tenseur de Weyl est identiquement nul.



QUANTIFICATION DE LA THEORIE
DE JORDAN-THIRY
par M. DROZ-VINCENT

Stagiaire de Recherches au C.N.R.S.

RESUME

La premiere approximation de la théorie de Jordan-Thiry constitue
une théorie linéaire unitaire dans le cadre de laquelle on quantifie 2'1 Ia fois
les champs électromagnétique et gravitationnel.

Le formalisme de la théorie unitaire pentadimensionnelle de Thir}r
peut étre linéarisé de la fagon suivante :

Si 1a métrique riemannienne est d62 = Yuu dw" davv et si 7 : Det. “(up
on pose, dans un systéme de coordonnées isothermes :

I‘uw : VFW” : nuv_ K am

on 11*” prend les valeurs minkowskiennes et K est un infiniment petit
principal.

La condition d’isothermie pour les coordonnées s’écrit :
a“ on” : 0

et joue un r61e analogue a la condition de Lorentz. L’équation d’Einsteu

Sui} : 0

conduirait a :
[j 05‘” : 0.

Mais en supposant que la masse s du graviton n’est pas rigoureusement
nulle nous devons prendre :

(:1 + :2) w” = 0.
On peut alors quantifier, de fagon compatible avec la condition

d’isothermie, par une méthode calquée sur la méthode de Lichnerowicz.
La théorie étant cylindrique par rapport 51 av", les 15 variables de

champ am, se séparent en 3 groupes régis par 3 groupes indépendants
d’équations :



Les a“ dent la nature gravitationnelle est mise en evidence par le
développement :

\/ 9| 9” : a—Ka“ +
sont associés a un mélange de particules de masse 5 et de spins 2 et 0.

Les am» pour lesquels la théorie de Thiry permet d’écrire :

Bq’i:—Kam‘ +---
décrivent le photon, de masse 5 et de spin 1. La quantité ago, scalaire
dans l’espace-temps quadridimensionnel, représente une particule de
masse 5 et de spin 0.

En quantifiant l’on aboutit a la relation de commutation :

[flaB (07),s1; ($,)] : {12(n PB“, + Pap. PBX) DFw'ggl)

1
Pas : 71048 + 22— Baa

s’) est la distribution de Jordan—Pauli,
(5 est lié au facteur de gravitation x par :

62

2
La separation des variables de champ en 3 groupes as”, am, aw sub-

siste : toute variable d’un des 3 groupes (prise en .97) commute avec les
variables des 2 autres groupes (prises en a“).

La relation de commutation permet d’obtenir :

WAIT), W003] : — K2 PU DOE?) +
en accord avec la théorie du photon de L. de Broglie.

Enfin, de la relation de commutation se déduit l’algébre selon la-
quelle est quantifié le tenseur du 4e ordre :

HaB Au : _ (am “Bu —‘ aim “BK ‘t’ 38:1 Ohm — am aau)

dont certaines composantes sont de nature électromagnétique, ainsi l’on
a :

x:

[53a Fw- : K Haoij +
tandis que les composante Him peuvent étre identifiées a celles d’un
tenseur ‘I’mm (Um) introduit par M.-A. TONNELAT en 1941 dans la théo-
rie du graviton.

0n doit alors identifier les a” aux potentiels symétriques (19W) de
M.-A. TONNELAT.

La quantification de Hm; est équivalente a celle qu’obtient A. LICH-
NEROWICZ pour un tenseur de courbure.

Ainsi la théorie de Thiry conduit a une théorie unitaire du photon—
graviton.



ON THE PHYSICAL CHARACTERISTICS
OF GRAVITATIONAL WAVES

By
Professor H. BONDI, F. R. S.

University of London, King’s College, Londres

RESUME

Le transfcrt d'éncrgic par les champs de gravitation Newtoniens est
discuté et illusiré 8111‘ um exempl-e. Nous indiquons le role de l’énergie dans
les théories Ncwionicnncs ct relativistes. Seuls les systémesdont l’équation
d’état dépend explicitemcnt du temps peuvent, a notre avis, rayonner des
ondes de gravitation.

The central problem of the theory of gravitational waves is the
question of energy transfer. What can be said about energy transfer by
gravitation in Newtonian theory ? Recently, W. H. MCCREA and I de-
cided to investigate this problem. It is clear that in Newtonian theory
there can be no wave transfer of energy since there is no wave equation.
But there may well be a near-field transfer which can be studied by
means of the Newtonian equations. A familiar example is the orbit of
the moon which is being altered through the effects of tidal friction on
the earth. However, it seemed to us that this was not a very clear-cut
example of energy transport across empty space. For not only is the
energy gained by the moon useless energy, as the engineer would call it,
but in addition a large part of the energy of the system is always in
the form of potential energy. This is not localized and therefore no
clear statements can be made about whether energy has actually tra-
velled. In these circumstances, it seemed to us desirable to produce an
example of Newtonian energy transport that was beyond any doubt
Whatever.

Consider, then, two axially symmetrical bodies, symmetrical also
about their common equatorial plane in which they describe orbits
about each other. Each of these two bodies contains machinery that can
change its shape from an oblate spheroid through that of a sphere to a
prolate spheroid. It is, of course, well known that the attraction of an
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oblate spheroid on a mass in its equatorial plane is greater than that
of a sphere of the same mass and the same centre of mass; and, simi-
larly, the attraction of a prolate spheroid is less than that of a sphere.
Labelling our two bodies T and R we suppose now T to adjust its shape
by the simple rule that whenever R becomes oblate, T becomes prolate
and vice versa; in such a way that the attraction between the two
bodies is always the same as if they were both spheres. Therefore the
two bodies describe simple Keplerian orbits about each other which we
shall suppose to be ellipses of high eccentricity. Accordingly during
each period of revolution the distance between the two bodies varies
markedly. Each body exerts on the other a tidal force tending to make
it oblate. It is clear that this force will be much greater when the two
bodies are close to each other than when they are far apart. If, now,
the machinery in R is used to change the shape of R so that it becomes
oblate when the two bodies are near to each other and prolate again
when they are far apart, then in each revolution the machinery in R
will gain energy, for much more energy is yielded by becoming oblate
when the bodies are in proximity than is needed to make R prolate when
they are far apart. This energy can be used, for example, to charge a
storage battery in R. The body T has to go through the opposite motions;
becoming oblate when the bodies are near to each other, requiring a
great deal of energy to do so; and becoming prolate when they are far
apart, when little energy is gained in the process. If the energy is
drawn from a storage battery, then in the course of each such revolution
the storage battery will be discharged more and more. If we suppose
the two bodies to have been spheres before a certain instant, then to
have gone through the motions just described for a number of revolu-
tions, and then to become spheres again, then in the final stage the
system will be in the same state as initially in all respects except one :
There will be less energy in the battery of T and more in the battery
of R. In other words, energy has been transferred from T to R without
any other changes having been made. Clearly, this is near-field transfer
of energy by Newtonian gravitation. The question then arises of the
mathematical description of this transfer. For this purpose I constructed
the following mathematical argument. Consider the closed surface S
located entirely in empty space but so that there is moving matter
both within S and outside. The rate at which the gravitational forces
are doing work within the surface S is given by :

W'i—p-gradVdr

where p is the density of matter, U its velocity, and V the gravitational
potential. The volume integral is extended throughout the interior
of S. Using the fact that p vanishes on S, the expression for W can be
transformed by the divergence theorem :
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by the equation of continuity (A dot denotes differentiation with res-
pect to the time). Next

W— nv'az— a 1 avd l "v V'd—_‘,/ F——??U/ P 7+2f‘if P— P) 'T—
n

/(v V2 v—v vzv) d1,_t +
am

where C denotes the total gravitational potential energy within S,
y is the constant of gravitation, and POIss0N’s equation has been used.
The final integral hence denotes the rate of flow of energy through S

a

into its interior and is readily transformed into — “‘ P‘dS, where P
which is thus the Poynting vector of the Newtonian gravitational field,
is given by

1

8:7
This result is of importance for our relativistic considerations. For we
know that Newtonian gravitation is a very good approximation to
relativistic gravitational theory if all changes occur sufficiently slowly.
In particular, we know that relativity must give the same result for
the experiment described earlier of the two bodies of variable shape.
Accordingly, whatever expression is eventually found to represent the
relativistic Poynting vector, we know now that if all changes occur
sufficiently slowly it must go over into the expression derived here.
There are several pecularities in this expression which are worth dis-
cussing. One, the expression is quadratic in the gravitational potential.
This clearly must be so for nearfield transfer; for, in contrast to the
radiation case, the loss of the transmitter is entirely due to the exis-
tence and location and function of the receiver. In the experiment
described earlier, T loses no energy whatever if R is absent. Accor-
dingly, only square or higher terms will give a non-vanishing integral
since Newtonian gravitational theory is linear and so the terms due
to transmitter and receiver just add. Secondly, the expression for the
Poynting vector is only meaningful when integrated over a closed sur-
faces. Accordingly, any vector of vanishing divergence can be added to
this expression without changing the result. Note, for example, that
if a constant is added to the gravitational potential, the resulting
additional term makes no contribution because the amount of matter
within the surface cannot change, the surface itself being in empty
space.

P: (V grad V — V" grad V) .
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While there are many indications that relativistic energy transport
is governed by the curvature tensor, a curious little point emerges : in
the usual approximation the Newtonian potential is represented by goo,
but time derivatives of goo do not occur in the curvature tensor, although

time derivatives of the Newtonian potential are fundamental in our
expression.

Now, to come to more general considerations. I am going to discuss
the role of energy in Newtonian and relativistic theories. The concept
of energy in classical physics is important because it is the sole measure
of exchange value between the different forms energy can take. There
is, however, a remarkable distinction in Newtonion theory between
gravitational energy and all other forms of energy. Whereas kinetic
energy and the energy of the electromagnetic field or the energy of, say
elastic stresses is necessarily positive and vanishes only if the field or
motion or strain vanishes, gravitational energy is negative. Although
the absolute value of energy has little significance, the important point
here is that all other energies are bounded from below, but gravitational
energy can become arbitrarily negative. By allowing a sphere to con-
tract arbitrarily much, an arbitrary amount of energy could be gained.
It is only because gravitation is such a weak force, and the forces pre-
venting arbitrarily large compression like rigidity and gas pressure are
relatively large, that this is not a feasible way of gaining energy. Howe
ver, in principle the unbounded nature of gravitational energy wrecks
the classical energy concept just as much as the significance of money
would be destroyed if everybody could get arbitrarily large credits just
for the asking. It is, therefore, most satisfactory that relativity treats
gravitational energy on an entirely different footing from all other
energies, and makes it a far more elusive concept. Nor should we be
surprised if a suitable formulation of the gravitational energy concept
in relativity turns out not to be positive definite. It is clear from many
of the papers given at this Conference that there is a great deal of
interest in a formulation of the concept of gravitational energy in gene-
ral relativity. However, as SYNC-E has pointed out, there is a large
number of quantities satisfying conservation laws. Which of them, if
any, can be identified with energy in the true, physical sense ‘2 I feel
strongly that we must make a connection with the laboratory concept
of energy, in fact with the engineer’s concept of energy. Good physics
is potential engineering. How would we build a power station working
on the energy of gravitational waves ? We are clearly interested in
energy that can be captured and put into tangible form such as the
charge on a battery, something that we can use for purposes of lighting
and electric power. We must not be satisfied with an energy concept
that always requires us to integrate through a region of space. It must
be possible to get the energy into a bottle, into something that we can
measure.

A design of a receiver for gravitational waves was given in my
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Note to << Nature» two years ago and the diagram now shows it
in slightly elaborated form. Two massive spheres are free to slide on a
stick to which they are attached by means of two springs that keep
them a certain distance apart when there is no incident field. A piston
is attached to one of the spheres and moves loosely in the cylinder
which is attached to the other sphere and is filled with viscous oil.

If there is any relative motion of the two spheres, the piston will move
relative to the cylinder, the oil will be forced pass it, and so its tempe
rature will rise. A thermometer attached to the cylinder will, therefore,
give clear and unmistakeable evidence of the capture of gravitational
energy. Naturally, we suppose the entire receiver to be falling freely
in a gravitational field, since otherwise the energy might be derived
from its supports. If the two spheres were test particles, their relative
motion would be fully described by the equation of geodesic deviation
and thus by the curvature tensor. Looked at locally the curvature tensor-
supplies a quasi-Newtonian force which can be combined with the forces
on the spheres due to the springs and the piston to calculate the motion
of the spheres. It is thus clear that if a gravitational wave of suitable
polarization is incident on the receiver, relative motion of the two spheres
will result if they are test particles. It seems to me impossible to deny
that such motion will also result if the two spheres have finite mass.
For otherwise we would have to suppose that the geodesic postulate
has no significance for finite masses, which is not only absurd but has
been proved to be wrong by the E.I.H. method. Thus, a gravitational
wave will lead to relative motion of the two spheres and thus to heating
of the oil in the cylinder, proving the presence of available energy in
the gravitational wave. It is true that we do not know how much energy
is available in the wave; we have only ascertained that there is energy
there. For, in order to find the available energy, we would have to
evaluate the reaction of the motion of the spheres on the wave which
at present seems to be unduly complicated. Clearly, there must be an
impedance of the wave as energy source, just as there is an impedance
of free space when energy is being taken out of electro-magnetic radia-
tion. The example also shows that the energy of gravitational waves
must be positive, for it is positive energy that has been taken out of
the wave. The energy of the gravitational field is, therefore, neither
positive definite nor negative definite, but is negative for static fields,
and positive for wave fields, as has been demonstrated particularly
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clearly in the recent work of van der BI‘RG. This shows that a transmitter
of gravitational waves loses energy, that is, it loses mass. V’Vhat cons-
titutes 2 suitable transmitter of g 'avitational waves ‘? It is clear that
a monopole will not do because of the law of conser'ation of mass.
Neither is a dipole of signifi ‘ance because of the law of conservation
of momentum. The lowest symmetry is thus that of a quadrupole, as
in the solutions just referred to. Next. the essential character of hyer-
bolpic equations is only shown when we consider non-analytic solutions.
For, in the case of an analytic function, its entire future is determined
by an arbitrarily short portion of its present. All this has been beauti-
fully demonstrated in the work of LICHNEROWICZ. The full character of
a hyperbolic equation is only shown when it leads to waves that convey
news. The transmitter should, therefore, indicate something that is new.
An example of such a transmitter is a sphere containing a time bomb
that makes it go temporarily into spheroidal shape at an unknown Ino-
ment through the action of a fuse controlled by a random device, such
as a noise diode. Such a system, which shows the full flavour of the
hyperbolic system. differs very greatly from a double star which is so
often considered as the prototype of a transmitter of gravitational waves.
In the case of the double star. the entire future is indeed know from the
present. Following Infeld I am somewhat doubtful whether such a
system will radiate at all, but I prefer to work with extended bodies
rather than with singularities which, to my mind, introduce all sorts
of difficulties. “’hen, then, we consider the double star, we have two
bodies each with its own equation of state. How does such a system
differ from the single star with the time bomb that I described earlier 2’
I suggest that here we have a difference that runs through the whole
of physics. In electricity we refer to passive and to active networks.
In lagrangian dynamics we refer to systems in which the equations of
condition contain the time explicity, and those which do not contain
the time explicitly. My supposition is that only systems vzeith an, equation
of state containing the time crplicitly radiate gravitational wares.

Finally. I should like to refer to the problem of why one chooses the
retarded solution. If the linear approximation is any guide. then in
relativity, just as in electromagnetic theory. one has the choice between
a retarded solution. an advanced solution and a one-parameter family
of solutions in between these two. The equations themselves being sym-
metric in the time, it must be considerations beyond them that force us
to adopt the retarded solution. What we want for gravitational waves is,
therefore. a \VIIEELEn-FEXNMA.’ absorber theory that bases the retarded
solution on cosmological considerations. However. all this is far in the
future.
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DISCUSSION
Intervention du Prof. Mac Vittie

Est-ce que votre vecteur de POYINTING contient un facteur qu’on pour-
ralt interpreter comme la vitesse de propagation de la «gravitation new-
tonienne >> ? Si oui, quelle est la valeur de cette Vitesse ‘2

Intervention du Prof. Weyssenhoff

D’aprés une de vos derniéres remarques un systéme gravifique ne
rayonne que lorsque quelque chose de nouveau y survient, mais il est
presque généralement admis que pour un systéme électromagnétique 1es
choses se passent autrement. Comment est—ce que vous expliquez cette
difference ?

Intervention de Ivanenko

Puis-je remarquer que l’on doit étre trés prudent en disant que la
théorie newtonienne de la gravitation est un cas limite de la théorie
einsteinienne, parce que 1es professeurs Petrov, Géhéniau, Pirani et d’autres
ont montré que seulement 1es champs métriques du type I de Petrov peu-
vent étre associés avec la théorie newtonienne, mais non 1es types II et III
de Petrov. 11 se peut que la théorie einsteinienne contienne non seulement
une trés grande généralisation de la théorie de Newton (passage a 10 com-
posantes, passage aux champs non statiques, etc...) mais encore quelques
elements non newtoniens, extra-newtoniens. Ne peut-on essayer, pour ainsi
dire, de retrancher du champ d’Einstein 1es champs II et III de Petrov?
El ces champs représentent-ils aussi quelquc chose de réel qui n’est pas
encore découvert ‘2





SUR LES ONDES DE GRAVITATION EMISES PAR
UN SYSTEME DE MASSES EN MOUVEMENT

Professeur V. FOCK,
Université de Léningrad

RESUME

Solutions retardées des équations d’Einstein dans un espace-temps plat
a l’infini spatial. Usage essentiel des coordonnées harmoniques.

Dans l’étude des ondes de gravitation émises par un systeme de
masses en mouvement, i1 faut, tout d’abord, séparer les ondes réelles
des ondes fictives qui peuvent provenir des oscillations du systéme
de coordonnées. Cela impose une attention toute spéciale au choix des
coordonnées. Dans le probleme considéré, l’espace-temps est supposé
galiléen a l’infini, 1a seule source des déviations du caractére galiléen
étant les masses qui constituent 1e systéme. On peut alors introduire
1e systéme de coordonnées harmonique qui est défini a une transforma-
tion de Lorentz pres. Cette propriété du systéme harmonique permet
de considérer comme réelles les ondes de gravitation dans ce systéme,
dont nous nous servirons exclusivement dans la suite.

Pour étudier 1a propagation des ondes, i1 faut prendre comme
approximation initiale non pas l’espace-temps galiléen, mais l’espace-
temps statique qui correspond a une masse centrale égale a la masse
totale M du systéme. En coordonnées harmoniques, on aura alors pour
l’opérateur de d’Alembert 1’expression approchée :

1 4a 32420 —_D¢—02<1+ ) W2 —A¢ (1)
L’expression asymptotique pour une onde divergente sera de la

forme :
l .

¢=—f(‘r,n) (2)
r

avec:
1::t—r*/c; r*:r+2alg(r/ro) (3)



Ici o: : T 151/02 est le rayon gravifique de la masse totale, r0 est une
constante et n un vecteur de longueur 1 aux composantes n; : mi/r. Les
valeurs asymptotiques des dérivées de 4; se calculent en considerant up
comme fonction d’une seule variable 1:. Pour les dérivées de 1 on peut
prendre les valeurs :

’Il-ar#k:1' grape; <4); 0at " arm 0
et on aura :

a¢ _ _ e -am _ M (a)
Nous écrirons aussi dans la suite

mk°:1/02; Id:+F (6)
Si I’on pose

1 4a
goo :. _ + + boo

c or
gm; : boi (7)

g” : _ c 5m + b”;

011 bu" est la pal-tie ondulatoire des 91", 1a condition d’harmonicité donne

age aw
awn # 85TH

g k“ b?“ : 0 (8)

et, en intégrant
k“, b’” : 0 (9)

(1a constante d’intégration qui appartient {1 1a partie statique pent
étre suposée nulle).

Pour 1’0 éI‘ateur de d’ALEMBERT ab en coordonnées harmoni uesP .
nous avons l’expression

82¢V——9 D1? = g“— (10)
Ema 6438

En inti'oduisant Ies valeurs des 9“", on peut écrire

62¢
V—9D¢:0D0¢+b“fi—— (11)

at“! 8%

)Iais si 1:1 fonction 41 est du caractere asymptotique (2), la somme dis-
parait en vertu de (5) et (9). Cette remarque s’applique aussi an cas
on 4; est une des quantités bl” elles-nlémes.

Dans les equations d’EINSTEIN
(( \R 1 R 1 B 32g!” +2\r 8:7

_g) uvi_guv :__ u C *1”: (Tpv (12

\ 2 2 g 3% 8055 (,3 J ‘ )
figure l’expression \/—g Ely!” qui est non«1inéaire en bu“. D’aprés 1a
remarque précédente, cette expression se réduit 2‘1 une expression linéaire.
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Avec les valeurs (7) des g” on a approximativement
02 N’“ 2 81:7 6,, k" k" (13)

011 c, est l’expression

— 1 15am; 1 an; -“g— 327:7 118—? a E) (14)

qui peut étre interprétée comme densité d’énergie de radiation gravita-
tionnelle. Les équations (12) prennent la forme

87:71
2—0 [I g'” _ c- k" k" (10)

Si l’on ne considére que la radiation purement gmvitaxionnelle. on
doit poser 6:69. Mais en réalité la radiation électi'omugm-liquc est
beaucoup plus intense, et on devrait prendre pour 7 la Somme? : : :_, +
cm avec

1
Gem 2 —" (62 + 362) (16)87:

Les équations non-linéaires (15) se réduisent a des équations linéai-
res. En efiet, si l’on pose

buv : h!” + h kn kv (17)
l’expression (14) pour cg ne contiendra par la quantité h. Done, on peut
obtenir 1a solution des équations non-linéaires (15) en résolvant suc-
cessivement les équations linéaires

16w7
0

Pour rattacher 1a solution obtenue aux valeurs asymptotiques des
gl” valables pour les distances modérées du systeme (c’est-a-dire, pour
les distances qui sont grandes par rapport aux dimensions du systéme,
mais petites par rapport a la longueur d’onde émise par le systéme) 0n
peut poser

D" h!” : 0 ; Doh : c (18)

et remplacer dans cette expression t par 1. On aura alors

00 1 4T M 2T a2 Dik(T)
g :c—+ c’r 03 awi’awk 1‘

gm .; 1 iii 732mg”) (20)
03 am, at 1'

27 a2 Dik(1)
c3 at2 1'

On Vérifie que la condition d’harmonicité est satisfaite identiquement.
Pour conclure, nous voudrions attirer l’attention sur un point dont

nous avons déja parlé au commencement de notre communication. Dans
la théorie des ondes de gravitation, l’emploi des coordonnées harmo-

gikZ—Caik‘i'
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niques est non seulement un procédé pour faciliter les calculs, mais
aussi une question de principe, car c’est 1e seul moyen de définir les
ondes de gravitation d’une maniere unique.
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DISCUSSION

Intervention dn Docteur A. Trautman

Une difl'iculté se présente quand on étudie la solution de l’équation
10 r

donnant 11. Cette solution contient un terme qui se comporte comme g
r

pour r a Do. I] n’est pas tout a fait clair si le tenseur métrique se comporte
log 1'

vraiment de cette fagon a l’infini. Il est possible que les termes en
I'

apparaissent en consequence de la méthode d’approximation utilisée. Par
_ att—r—klogr) _ .

exemple, la {onctmn — ; —> 0 comme —, mals s1 0n la deve—
r r

1-
loppe par rapport a k, on obtient un terme proportionnel a . Cette

question exige une étude plus détaillee.

Intervention du Prof. Papapetrou

L’apparition d’un terme en log r ne constitue pas une difficulté essen-
tielle. Il provient de ce que dans ce probléme il n’est pas aisé de prendre
en consideration d’une maniére raisonnable la variation de la masse propre
des corps en mouvement consecutive a la perte d’énergie par radiation
gravitationnelle; pourtant cette déperdition d’énergie deviendra nécessai-
rement notable, comme on le voit en considerant lo 035 ou le mouvement
se poursuit indefiniment.



SPHERICAL GRAVITATIONAL WAVES

by Prof. W. B. BONNOR
Queen Elizabeth College, London, W.8

RESUME
On étudie le champ gravitationnel de deux particules identiques se

déplagant symétriquem-ent suivant une ligne droite a partir de leur centre
de masse. Le mouvement est suppose engendré par une machine et le cas
du mouvement gravitationnel libre n’est pas envisage.

A l’approximation linéaire, je choisis une solution des équations du
champ en termes de potentiels retardés. Ceci correspond a l’émission des
ondes gravitationnelles et, ainsi qu’il est bien connu, ceci implique la perte
par le systeme d’un certain flux d’énergie. Je considere ensuite la seconde
approximation et trouve que le systéme perd une quantité de masse gravi-
tationnelle égale a l’énergie emportée par les ondes a l’approximation
linéaire.

§ 1. — Introduction

The question whether gravitational radiation is emitted in purely
gravitational motion, such as that of the planets round the sun, has
led to a number of conflicting answers, and there is at present no
agreed solution to this problem [2], [3], [7]. Indeed, the work of
Infeld and his collaborators [4], [5] in this field has cast doubt on the
physical reality of gravitational waves.

In the work described here I attack a rather different question,
namely, whether gravitational radiation is emitted in the motion of two
particles which are subject to non-gravitational forces as well as to
their own gravitation. The answer is that such radiation is emitted,
and its physical reality is established by the fact that the emission is
accompanied by an equivalent loss of gravitational mass of the system
generating the waves. The correctness of this answer is, of course,
subject to the assumed validity of the approximation method which
I am forced to use.
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§ 2. —— Statement of the problem

I consider :1 system consisting»; of two equal particles A and B,
each of mass m. moving symmetrically in a straight line AB about the
mid-point H of All. which remains fixed. One may think of the motion
as consisting of oscillations mused by an ideal elastic spring between

A and B. The system then has a variable quadrupole moment.

Lei us take 0 as the origin of spherical polar coordinates. with

axis along AB. The space emu-climates of a field-point are then 1/29. :;I.

and owing to the :Ixiai symmetry of the system We may suppose that

the field does not alt-pend on the azimuthal angle ;. The particles them-

selves remain on the polar axis at distances ': r! j'tt) from the origin,
where n is a constant with tin: Ililnensic'ans of a length. and fit) is a
function of the time, for the moment arbitrary but independent of the
parameters m and at.

As field equations 1 shall take
Rik : 0 (2.1)

so that the particles and spring are represented by singularities. It
can be shown [1] that owing to the symmetry, a sufficiently general
form of the metric is

(Is2 : # Adr2 — Br2 (102 — Cr2 sin 26 dog + Ddt2 , (2.2)

where A, B, C, D are functions of r, 6 and t.

The usual method of approximation in solving equations (2.1) is to
expand the metric tensor gm. in terms of one parameter. In the problem
considered here the field depends on two independent parameters In and
(L2. ((1 always occurs squared because of the symmetry about the plane
0: i; n). Strictly therefore the gm. should be expanded in a doubly in«
finite power series :

x (1)8)
E 171N112)“ gm.

p=0 x=0

[4
8

gm :

However it turns out [1] that, of the lower terms, the interesting ones
as far as the quadrupole radiation is concerned, are those involving
powers of mag. In this work I therefore retain only these, and write
7k : mag; then we have

(0) m (2)
(0) {It}; : [1m + )\ ya- +12 (717.: + ..._. (2.3)

where gm is the metric of flat spacetime in spherical polar coordinates.
These are sufficient to obtain the results of this paper, but it should be
remembered that for a more refined result it would be necessary to
consider the the others as well.
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§ 3. — The linear approximation

11 we substitute expansions of the form (2.3) into the metric (2.2),
and then equate to zero the coefficients of powers of 7k in the field equa-
tions (2.1), we obtain a series of sets of equations of the form

(n) (”—1) (1)
(DEM 95k) 2 Ward gm, 9m) - (3-1)

At every stage in the approximation procedure the left-hand side of (3.1)
has the same form, and the right-hand side is known from the previous
approximations. The left-hand side is linear in the (5:7. and their deri-
vatives.

In the linear approximation (n: 1) the right-hands side of (3.1)
terms at t : : oo, that is to say, before the wave is emitted, and a long
time after it has been emitted. We are thus interested in the field for

0 << r << [t] .
In solving the equations at the second approximation we may the-

refore ignore terms except those which
(i) are of order 7'” for large ]t[, and (4 1)

(ii) are different at t = i 00 . '
In the second approximation the right-hand side of (3.1) consists

of terms which are known from the first approximation. One can achieve
a formal solution in this approximation, as in the linear one. The
solution depends on the inhomogeneous wave~equation

(2)
D911=Y+Z‘ (4-2)

(1)
Here Y depends on the gm and Z consists of functions of integration.
In this case one has to make use of one of these functions otherwise the

(2)
solution for gm is singular along the axis of symmetry.

The right-hand side of (4.2) is very complicated and one has to pick
(2)

out from it expressions which will yield in the gm terms of type (4.1).
A careful investigation is needed to ensure that none of these terms is

(2) (2)
missed. The result is obtained in the form of the four functions gm, (122,
(2) (2)
933, 944 which depend on h (t—r) given by (3.4).

(2)
Even at this stage the difficulties are not over. The gm So obtained

contain a singularity at t = + 00. (Of course, they are also singular
at r = 0, but this is expected). This singularity can be removed by a
coordinate transformation which brings the metric into a non-diagonal

(2)
form. One then finds that the only terms in gm which are of type (4.1)
are the folloving :

(2) (2) 4 t ‘ T
911 = 944 = —E ("‘1 X (5) d5; (43)

—’D
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where :
1 1

X (E) : I [NEW + 3 ME) h”(E)-

The second approaiimation therefore has the character of a Schwarzs—
child solution in which the gravitational mass varies with time. Many
terms have been neglected in reaching this result, but these are either
of order 7’2, or are such that their values are the same at t : i 00.

If in (4.3) we allow t to tend to + m, we have for the change in
gravitational mass due to the emission of waves :
vanish and the equations become homogeneous in the sense that every

(1) _ _ _
term contains one of the gm or one of their derivatlves. From the set

(1)
one can obtain a wave equation for gm :

(1)
E] 9’11 : 0, (3.2)

where D is the d’Alembertian operator in spherical polar coordinates.
(1) (1)

The remaining g“, are obtained in terms of the gm by means of the
other field equations of the linear approximation. In the course of the
solution certain arbitrary functions of integration appear and these are
put equal to zero.

As solution of (3.2) we choose the retarded potential for the oscil»
lating quadrupole represented by the two particles. To achieve the
ultimate result it is not necessary to use the complete solution for a
quadrupole, and it is sufficient to take the terms of order 7P1 for large 7".
The solution of (2.1) for the linear approximation then turns out to be :

r1) (1) _1 x 2 (
gn:—g44:—r h(t!7‘) cos 6, l
m m 1 _ V (3.3)922 : — 933 cosec 26 : 7 r’1 h(t — 7‘) sm 26, )

.1

where 7" is 01’, the distance of the fieldpoint from the origin, and where
62

at221:14 {Wt—m2}- (3.4)

§ 4. —— The second approximation

To proceed further it is necessary to place some general restrictions
on the function f(t) which defines the separation of the particles. The
precise restrictions are given in [1], but, roughly, they are that f(t)
shall be a bounded function which possesses derivatives of all orders
in — 00 g t g + co. and that these derivatives shall tend to zero fairly
rapidly as t —> i 00 . As an example, one may think of

fit) : (1 + t2)—1 sin t ,
but it is possible also to consider motions which take place in a finite
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interval t1 g t g t2 provided that the transitions from and to rest at t1
and t2 occur smoothly enough.

The main purpose of the work is to show that the outgoing wave (3.3)
inserted in the linear approximation is accompanied by a permanent
loss of gravitational mass of the system. This will appear in the second
aproximation through a time dependent, spherically-symmetric term in
the metric of order r—1 for large r. We therefore need to compare such

1 no

AL12—25m2a4f [h’(t)]2dt, (4.4)
which is negative, so that there is a permanent loss of mass. Moreover,
one can calculate, by means of the energy pseudotensor, the energy
carried away by the waves in the linear approximation [6]. One finds
that this radiated energy is precisely equal to the loss of gravitational
mass (4.4).

We may therefore conclude that the emission of gravitational radia-
tion by a system of this type represents a real physical phenomenon.
It should be emphasised again that this work does not establish this
result for free gravitational motion. For a discussion of this and other
points, the reader should refer to [1].

REFERENCES

[1] BONNOR, W.B., Philosophical Transactions of the Royal Society, A251,
233 (1959).

[2] GOLDBERG, J. N., Physical Review, 99, 1873 (1955).
[3] HU, N., Proceedings of the Royal Irish Academy, A51, 87 (1947).
[4] INFELD, L., «Equations of Motion and Gravitational Radiation », (cy-

clostyled prepint).
[5] INFELD, L., and SCHEIDEGGER, A. E., Canadian Journal of Mathematics,

3, 195 (1951).
[6] LANDAU, L., and LIFSHITZ, E., The Classical Theory of Fields, Cam-

bridge, Mass. Addison-Wesley Press Inc.
[7] PERES, A., Nuovo Cimento, 11, 617 (1959); 11, 644 (1959).

DISCUSSION

Intervention de N. Rosen

Comme nous avons travaillé sur ce probleme et l’avons trouvé ditficile,
j’aimerais complimenter 1e Professeur Bonnor sur le calcul tres joli qu’1l
a effectué. Cependant je suis tourmenté au sujet d’une ou deux matleres a
propos desquelles je voudrais poser des questions. Si l’on considére des

1
points prés de l’origine, la solution du premier ordre se comporte comme —3

r
et l’inhomogénéité du Second membre de l’équation du second ordre se

comporte comme —. Si cette derniére est considérée comme 1a densité de
1'9
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source pour la solution du second ordre, elle engendrera une onde qui aux
. 1 '

grandes dlstances decrOItra comme —. Cependant, puisque l’intégrale de
:-

cette densité de source dans l’intérieur de toute sphere entourant l’origine
est infinie, la source de cette onde est infinie, et l’amplitude de l’onde sera
infinie. Cela ne crée-t-il pas une difficulté ‘2 De plus comment sait-on quelles
sont les solutions do l’équation d’onde homogene qu’il faut ajouter a la
solution du second ordre ‘?

Intervention de P. Havas

1) Comma 1e Dr. Bonnor l’a signalé a la fin de sa conference, il n’a
pas résolu 1e probléme du Inouvement fibre. mais du mouvement force.
Cepemlant. Ll‘nprés mon opinion le probléme de la réalite’ de la radiation
gruvitutionnelle est intiiuement lié a celui du mouvement libre. C’est une
différc-nce essentielle entre l’électrodynamique et la Relativité générale,
qu’en électrodynamique on peut permettre le mouvement arbitraire des
sources et obtenir encore des résultats ayant une signification physique,
alors qu’en Relativité générale cc n'est pas le cas, parce que le mouvement
des sources n'est pas indépcndant des equations (in champ.

2) Bépnnse a la remarque du Dr. Weber aprés 1:1 conference/de Bon-
nor (remurquc salon laquelle les chases iraient bien, si l'on tenait compte
des forces electriques, etc.) :

Oui, mais il n’en a pas tenu compte. C’est précisément le point.

Intervention de Papapetrou

Nous avons considére un probleme semblable (GEISSLER—PAPAPETROU,
Ann. (1. Physik (7), 2, 344 (1959)), et nous sommes arrives essentiellement
aux memes resultats. La methode utilisée dans notre discusison est diffe-
rente de celle suivie par Bonnor; elle est basée sur l’emploi du théoréme
de Weyl sur la formulation de la loi intégrale de conservation de l’impulsion-
énergie. Il est encore de premiere importance, pour la possibilité d’obtenir
un calcul coherent, de permettre seulement un processus de radiation de
durée finie.



TIME-SYMMETRIC GRAVITIONAL WAVES

Dieter R. BRILL,
Palmer Physical Laboratory, Princeton University

RESUME
Pour essayer d’avoir une idée des propriétés géne'rales des solutions

de l’équation d’Einstein pour l’espace vide, on étudie les conditions initiales
dans le cas temporellement symétrique. Ces solutions sont considérées com-
me dcs cvucs instantunérszo (snapshots) d'ondes gravitationnclles. Dcux
classes dc solutions sont étudiées: 1} solutions pour lesquellcs l’cspace z.
granzle distance a un comportement a la Schwanzschild: 0n znontrc que la
massc totale «‘lc Schxx-arzschjld pour ccs solutions est défim'e positive:
2) solutions pour tics (spaces clos (univers emplis dc radiation gravitation-
nclle): rics solutions tie topologies diverscs sont consitlérécs.

1. —- The Time-symmetric Initial Value Problem

The purpose of this work is to explore some physical consequences
of the initial value conditions in General Relativity, and to show that
they imply the existence of a class of source-free gravitational waves for
which the mass-energy can be proven to be positive definite.

If one thinks of solutions of the free-space (<< exterior ») Einstein
equations as continuations in time of so—called «initial data >> on the
space-like hypersurface x0 : 0, then these initial data must satisfy the
<< initial value equations » of LICHNEROWICZ and FOURES [1] in order that
a solution of the Einstein equations can be formed from them. The initial
value equations themselves imply physical consequences for the solutions
of Einstein’s equations, and particularly for those quantities which are
preserved in time. We consider here the specially simple case of solu-
tions guy of the Einstein equations which are time—symmetric about the
space-like surface {12° : 0. Such solutions describe space-times which
admit an isometry of the space :00 < 0 onto the space 000 > 0, and of the
space a" > 0 onto the space w°< 0, which is identity on 02° : O. In sui-
table coordinates m”, a time-symmetric metric satisfies :

(1) A. LICHNEROWICZ, Théories relativistes de la gravitation et de l’électra-
magnétisme. Masson (1955); Y. FOURES-BRUHAT, J. Rational Mech. Anal., 5, 951
(1956).
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91')" ($0: wk) : .944 (i $0; wk) 7:; j; : 1y 2y 3-

.900 ($0; wk) : .900 (’— wD; mk);

git) (0; wk) : goi(0:mk) : 0!

917,0 (0; '1’”) : 900,0 (0: 51k) : 0 - (1)
The initial value equations for such a metric reduce to the single equa—
tion [2] (analogous to the initial equation in electromagnetism for the
time-symmetric case, div E : 0 or div H : 0) :

R : 0 (2)
Here R denotes the scalar curvature formed from the 3-dimcnsional
metric g), on the initial surface.

To solve this equation, consider a << base >> metric tlo2 which is con»
formally related to the solutions (182 by :

ds2 : (b4 dcz (3)
In terms of q; and quantities formed from dcz, Eq. (1) takes the form [3]

1
Vg¢+§RU¢:O (4)

Our method of solving the initial value equation (2) will consist of
assuming an arbitrary base metric dc2, and solving Eq. (4) for <11. If an
acceptable solution of Eq. (4) exists, Eq. (3) furnishes a solution of the
initial value problem, which can then be continued in time to give a
solution of the free~space Einstein equations.

If Dirichlet boundary conditions are imposed on 111, the solution is
unique up to a constant [4], since the quotient of two solutions must
satisfy the Laplace equation in the metric dcz; by the maximum prin-
ciple it must therefore be a constant. From the theory of elliptic ope-
rators [5] one can show that if dc:2 describes a compact manifold,
solutions q; of Eq. (4) always exist which are either everywhere regular

1
(<< harmonic function >> of operator V3 + E R0) , or which have a single

1 \
pole of first order <<< Green’s function >> for operator V3 + EEO). A

neighborhood of such a pole would correspond to a neighborhood of
infinity in the asymptotically flat manifold described by dsz. Therefore,
regular solutions as well as those with poles may be physically meaning—
ful. However, any zero of q; makes the solution unacceptable, because the

(2) For details, see D. BRILL, Annals of Physics, 7, 466 (1959'). The definition
of Ll)” given in Eq. (9) of this reference is incorrect and should be replaced by

‘1’,” : ; gumo '

(3) See, for example, L.P. EISENHART, Riemannian Geometry, Princeton (1926)
page 91 f.

(4) See also H. ARAKI, Annals of Physics, 7, 456 (1959).
(5) See, for example, G. DERHAM, Variétés differentiables, Hermann and Cie,

Paris (1955).
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corresponding line-element d82 would describe a manifold with a singu-
larity [6]. We exclude such solutions.

A study of the special case of axial symmetry will illustrate the
types of acceptable solutions which can be obtained.

2. — Positive Definite Energy

Everywhere regular solutions of the free-space Einstein equations
may be called << gravitational waves >> in the same sense that every-
where regular solutions of the free-space Maxwell equations are called
electromagnetic waves. A solution of the time-symmetric initial value
problem for gravitation, Eq. (2), therefore represents a « snapshot >> of
a gravitational wave at the moment of time—symmetry. Such source—free
gravitational waves make sense in the same way that the analogous
electromagnetic waves make sense. A typical time-symmetric pulse of
electromagnetic radiation which implodes at the focus of a lens and
then reexpands has ordinarily come from regions of space where there
are sources. However, the exact disposition of the sources will not be
discovered by examining how the pulse implodes on the focus, builds
up to a peak there, and then reexplodes. For this reason it is reasonable
to abstract out of a great variety of such conceivable physical arran-
gements of sources that feature which they have in common — the
pulse itself. This idealization forces us to consider the limiting case
of a pulse in completely source-free space. Similarly, one may consider
the gravitational waves that we are discussing as idealized represen-
tations of the waves generated by remote << real >> sources suitably placed
and timed. However, it is not necessary to assume that all imploding
gravitational waves are so generated. We can also discuss pure gravi-
tational waves which have nowhere any source. Our results can there-
fore be used in either context (2). The total energy of such a gravitational
wave is a well-defined quantity if the wave has an asymptotically
Schwarzschildian behavior. We are here not concerned with definitions
of local gravitational energy density; we are asking, does a gravitational
wave possess a positive definite total mass—energy. To give this question
sense we must obviously limit attention to cases where this mass is
experimentally observable, i. e. to solutions of Eq. (2) which behave
asymptotically like a Schwarzschild solution. Since the initial value
data determine uniquely the geometry of the solution at later times ——
the only arbitrariness stemming from the coordinates used to describe
the geometry — a solution which initially shows asymptotically Schwarz-
schildian behavior will represent an asymptotically Schwarzschildian
geometry when continued in time. The motion of test particles or light
rays [7] in the asymptotic region will therefore measure the Schwarz-

(6) D. R. BRILL, Dissertation, Princeton, 1959.
(7) See I. PLEBANSKI, Phys. Rev., 118, 1396 (1960).
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schild mass, or total energy, of the wave, and this quantity is uniquely
determined by the initial data.

Consider, in particular, waves which are axially symmetric. The
most general axially symmetric metric can always be given the form
of Weyl and Bondi [8]

ds2 : v4 [c92 + (122) + 92 W] (5)
For this metric, Eq. (4) can be simplified and split into two well-known
equations :

V2 q; + qxla : 0 (3-dimensional Schrodinger equation) (6)

7 a2 q a2 q
T 892 622

To solve the initial value equation, choose a function (1, compute from
it the << Schrodinger potential >> q), and solve the zero—energy Schrodinger
equation (6) with this potential for the << wave function >> 4;.

In general, the factor determining the asymptotic Schwarzschildian
behavior of the solution may be distributed at will among the base
metric and the factor [94. Here we want to find out if the solution is
forced to have an asymptotic behavior, corresponding to positive energy,
by the initial value equation. Therefore we assume that the base metric
does not contain a factor contributing to the mass, i.e.

1 1
qZO<F>a Q0<F>; T:W

asymptotically and that the entire mass is therefore given by the asymp-
totic behavior of o,

m” 1 ‘ GM _
Ll) : 1 + — + 0 #); m“ : : mass in units of cm. (8)

2r 7‘2 c2/

4 o (2-dimensional Poisson equation) (7)

If Eq. (6) is divided by d,» and integrated over a large volume, the
term containing q) vanishes due to the boundary conditions on q. By
partial integration one obtains a surface integral which can be written
in terms of m“ (2) :

1 i a V11) 2m’: <#)j ( ') dV (9)
27:, q}?

all space

It is easy to see that m‘ only vanishes if q; and q are constants, i.e. if
the space is flat. Therefore the massenergy of any nonsingular gravi—
tational wave constructed in this way is positive definite, as shown
by Eq. (9).

Not all choices go of the function q lead to acceptable solutions 4».
If the << Schrodinger potential» 90 derived from qo contains a bound
state, the « wave function >> 1'; will have a node, corresponding to an

(8) H. \‘VEYL, Annalen der Physik, 54, 117 (1917). H. Bondi first used this form
of the metric in his discussion of weak gravitational waves.
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unacceptable singularity in the metric [6]. In general, consider the
family of functions derived from go by multiplication,

q=)\q0 —oo<)\<+oo (10)
The corresponding potential q; : M0 is also multiplied by the para—
meter 1. It can be shown [2] that, as l is increased from zero, all
solutions will be acceptable, until 1 reaches a << critical» value 10; at
that value the « potential» q; in Eq. (6) is just strong enough to have
a zero-energy resonance. For values of l exceeding 7w, all solutions 4;
have singularities and are unacceptable. As )\ varies between 0 and lo,
the total mass-energy varies between zero and infinity.

In summary, we have seen that solutions of the time-symmetric
initial value equations exist, representing a snapshot of a pulse of
gravitational radiation, typically at the moment of maximum concen—
tration; that their mass-energy is always positive definite; and that
families of solutions with energy ranging continuously between zero
and infinity can be constructed.

3. — Closed Universes

Although the function q» shows a singularity for any value of l
exceeding 10, at the value 7k : kc there is no such singularity; asympto-
tically, q; behaves like a zero-energy eigenfunction,

__) const. 0 1 11«y ( r )+ (g) < )
The metric therefore has the asymptotic form

t.
(182 -—> ( C071? > (dr2 + r2 dQZ) at r—> oo (12)

1
In terms of the new coordinate 7’ = —, the metric has the flat-space form

1'

ds2 —> (const.) (dr’2 + r’2 (£92) at r’ —> 0 (13)
This shows that by addition of the << point at infinity >>, 1" = 0, the space
described by the solution can be completed smoothly to a closed universe
with the topology of a 3-sphere. Thus we see that the restriction l < 16
for asymptotically flat solutions is physically reasonable : as l appro-
aches 10, the wave becomes strong enough to curl up space into a closed
universe.

By an analogous procedure one can construct solutions of the initial
value equation (2) which represent closed universes with other topo-
logies. We illustrate the method for the case of a universe with a single
« wormhole » [9], the topological product of a twovsphere and a one-
sphere [10]. We shall consider base metrics which are direct sums of

(9) See C. W. MISNER and J. A. WHEELER, Annals of Physics, 2, 525 (1957).
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the metrics on the one»sphere (coordinate p. with period 27v) and the two-
sphere (coordinates Ti and q; with the usual periodicity). The solution of
the initial value equation is therefore assumed to be of the form

c132 : 424 W + e2q<w> W + sin? 7] dim (14)
In this case, Eq. (4) can again be split into two equations,

V3 4; + (1)4) : 0 (15)
1

®::(V%q#1) (16)
where

1 a _ all» 1 a2 (l)
. sin n — _

s1n "n an an 81112 n 6:192
Since the manifold described by the base metric is already closed,

we only have to require that the solution Mn, Q) be everywhere regular
on the two-sphere. If we consider again the family of functions q : lqo,
then amongst the corresponding family of << potentials >>,

Ll : (17)Ot
oV

1
‘1’:Z[1(V3qo)—l] (18)

there is exactly one, with eigenvalue 7\: )xc, for which Eq. (15) has a
solution without singularities. Thus, as in the case considered above,
not all choices of base metrics lead to a closed universe, but only those
which give rise to a «potential» (I) of the right strength to have a
zero-energy eigenfunction.

An estimate of he in terms of go can be given in this case as well
as in the axially symmetric universe considered above [11]. Consider
the simplest choice for go

q:)\q0:—7\cos2n
with

|>'w—(1): V (3cos2nil)+1 (19)

Vl

717
This << potential >> 7 (1) has a minimum at ’fi : 7. Expand (I) to quadratic

.4

terms near the minimum, and use the well-known expression for the
zero-point energy of a simple harmonic oscillator to estimate the energy
of the lowest bound state of this potential :

‘A 1
Ebdgt : (1—7) + : V 3)\ (20)

.1

(10) Solutions of the initial value equations and their time development for
the wormhole topology have recently been investigated in detail by R. LINDQUIST,
Dissertation, Princeton, 1961.

(11) For the axially symmetric universe, an estimate of )t, is found as follows :
Let q)", (r) : max, ¢n(r,t}), Then 7., < 1/ f0“ 1' [43». (r) dr. For details, see D. BRILL,
Annals of Physics, 7, 466 (1959).
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The condition that this energy be zero gives an estimate of the
« strength » necessary to form a closed wormhole universe :

19 z (7 + \/3_3)/2 z 6.4
These two special cases of closed universes illustrate the general situa-
tion : The condition that a solution of the initial value equations repre-
sent a closed universe is much more restrictive than the condition that
it be asymptotically flat. The closed universes satisfy a kind of genera-
lized eigenvalue condition, and therefore form a very small subclass
of all the solutions of the initial value equations. They can be viewed
as a limiting case of asymptotically flat spaces, containing gravitational
waves of increasing strength.





NOTE ON THE SYMMETRIES
OF PLANE-FRONTED GRAVITATIONAL WAVES

par le Dr. WOLFGANG KUNDT
Université de Hambourg (Allemagne Fe’dérale)

RESUME
L’existence d’une base d’invariants scalaires est discutée pour les

champs du vide a vecteur constant.

Plane—fronted gravitational waves are defined by the existence of
a covariantly constant vector field, the wave vector field (1). ROBIN-
SON (2) was able to prove that the following class of solutions of EIN-
STEIN’s vacuum field equations is the most general class of this kind :

ds2 : 2 dude + dy2 + dzz + 2H(u, y, z) du2 (1)
with Hm, —|— Hm : 0. With respect to this coordinate system the Riemann
tensor reads :

RWk : HM 8}}; 8153, where 1 refers to u,
and it is easy to check that we deal with the exceptional case in which
all the integer scalar invariants of the metrical tensor, the Riemann
tensor and his covariant derivatives vanish. On the other hand the
maximal group of motions of (1) is in general of dimension one (3),
hence, according to the theorem of complementarity (4), there must
exist three functionally independent scalars which are (unique) func-
tions of the metric (so-called «intrinsic » scalars). We intend to pre-
sent three such scalars.

The strategy is the following : we determine the maximal class K
of coordinate transformations which leave the shape of (1) unchanged
(but change the functional form of H). This can be done Without diffi-
culty by regarding the eigen directions of the Riemann tensor. It is

all This vector field is necessarily lightlike.
:2! I am thankful for private communication.
(3') The wave vector is a Killing vector, hence there exists. a (3,. That (31 in

general is maximal will be a consequence of the results below.
[4! The restricted theorem says: the sum of the number of functionally

independent intrinsic scalars and the dimension of the orbits of the maximal
group of motions equals the dimension of the space.



156

then easy to find differential expressions in H which do not change
their functional form under K and hence are scalars( and, by construc-
tion, uniquely determined by the metric). Here are the results :

E : 0—101, — Mo), 0, ”0, a : const., 0 # 0,
7g : y cos a + 2 sin a + g, f, g, h : functions of u
E: —ysinrz+ zcosa+h,

7.? :c[v+y(—~g’cosa+h’sina)#z(g’sina+h’cosa)—f]

1301425) : 02 [H(u,y,z) + y(g” cos a—h” sin a)
+z(g” sina+h” cos a)

1+f’#§(g’2+h’2)]-
Defining the «intensity >> I with respect to (1) by

1“ H31, + H5: (4)

with

it follows that :
1(5, ”EE) : 041(u7yyz) ' (5)

It is now a consequence that the following three functions, defined with
respect to (1), are intrinsic scalars :

I‘2(1y2+ 12'"), 1—5 13, 1‘1 (1111/ + 122) - (5)
In general the scalars (6) are functionally independent. Regarding the
possibilities of their functional dependence all special cases of plane—
fronted waves with higher symmetries can be obtained. A more detailed
discussion of this subject will shortly appear in the << Abhandlungen
der Akademie der Wissenschaften und der Literatur in Mainz >>(1).

(1) Note added in proof: a better presentation has been prepared for the
book « The Theory of Gravitation » to be edited by L. VVitten at Wiley, New York.



LES FLUIDES CHARGES EN RELATIVITE GENERALE
par Mme Y. FOURES-BRUHAT

Introduction

J'étabiil'ai iout (Yawn-(I. pour des fluides charges 110 L'UDJUCUYiIC’
:mlle nnmis «Tune éqnaiion zi‘éiut 11am 1:1 :Iensité of 1:2 ivx-at-ssinn‘ «has
équmions générulisunt has conniifms «TWILJLLOTZ do 1:1 mémuique ("L-usi-
quv dolnmnt I‘m-0111:1011 (It-:4 tourhillnns. 111115 (195 relations entre les Toma
hillons or his \‘irvssvs {10m les (11l'uc-‘u'iristiqLius f_i1)!1]1€111 Ics trams d‘midu
hj'rh-mlynnmiqm's. Jo munl’l-crui eusuirv que 1:: Sf‘hjfémt' «les (Equations
oimmu pom- Tenn-1111116 (his itH‘UilllLlL‘H est 1111 system: hypm-boliqm- :111
sens do :1) LENA! '3’. pour mine-1 h.- pl‘tnliiémy dz» (‘unckv z: unv smlmion or
une seule dependant continuement des données initiales. Les caractéristi—
qm-s sum mngemos an c0110 Inmiueux [qui est 2111551 19 «301w (l‘ondes
éiudromagnétiquem on an cone d‘omies hydrotlylmmiqucs qui 1m (as?
alum-mu. La solution (in svs'réme on no point no. «lépcmi dom- que dos
donuées iniiiules intérieuu-s nu dumi tono'idu ongemlré par les rayons
lumiueux ;1]_)r'>mi.~s.~:am en (1:: point. c'esi-iz-rlire (in passe relauivisiu r10
ce point.

Pour les fluides chargés de conductivité non nulle les caractéris-
tiques — qui sont les mémes que précédemment —— apparaissent comme
multiples et les théorémes de J. LERAY sur les systémes hyperboliques
ne semblent pas s’appliquer. L’ensemble du champ ne serait alors pas
régi par les lois de propagation liées au cone lumineux.

Dans une deuxiéme partie j’étudie les fluides chargés de conductivité
infinie, on obtient de nouvelles formes de caractéristiques, auxquelles
correspondent des vitesses de propagation qui se réduisent, quand 1a
vitesse de la lumiére tend vers l’infini, a la vitesse des ondes d’Alfven
et aux deux vitesses de propagation hydrodynamiques de la mécanique
newtonienne. Je donne l’expression de ces Vitesses, qui different nota-
blement des vitesses classiques quand 1e champ magnétique est intense,
ainsi que les equations des chocs, qui sont différentes selon que le
cosinus de la normale a l’onde de choc avec le champ magnétique est
supérieur ou non au rapport de la vitesse de propagation de cette onde
a la vitesse de la lumiére (2).

(1) Cf. J. LERAY [3].
(2) Le deuxiéme cas seul est envisage dans le travail de HOFFMANN et TELLER,

Phys. review., 4, 1950.



I. — Fluides parfaits de conductivité nulle

1) Tourbillons, équations d’Helmholtz

Considérons un fluide parfait muni d’une equation d’état 9: 9(1))
reliant 1a densité et la pression. Définissons, suivant LICHNEROWICZ (3),
l’indice f du fluide par :

f f p dp (1 1): exp. .
v0 9 + I)

et appelons pseudo—Vitesse 1e vecteur Ca, défini 2‘1 partir de la Vitesse
unitaire ua du fluide par :

Ca : f um, Ca Ca : f2 (1.2)

et tourbillon 1e tenseur Hag :
Hug : QaB + 71; Fag, Q : an CB — 65 Cu (13)

Fag est le tenseur antisymétrique champ électromagnétique, Ir, un sca—
laire :

: 7f
P+P

01‘] y est la densité de charge électrique.

k (1.4)

Nous écrirons les equations de MAXWELL en utilisant 1es opérateurs
(1 et 8 de de RHAM sur la forme du deuxiéme ordre F, champ electroma-
gnétique :

dF : 0 SF : J (1.5)

on J est la forme du premier ordre courant électrique, qui, dans un
milieu de conductivité nulle est proportionnel au vecteur vitesse :

Ja : yu“ (1.6)

Les equations du mouvement, déduites des conditions de conserva»
tion, s’écrivent ici :

Bap Y
“0' Va” : (ya—#71511 ’Llr ) < + Fa up) (1.7)

B B 8 4+1) 9+1) D
c’est-z‘LediI-e :

(3‘1 Has :'0. (1.8)

La conservation de l’électricité se traduit par ailleurs par :

Va (Wu) Z 0 (1-9)
et l’équation de continuité du fluide :

Va [(9 + 1})o : u“ an 20 (1-10)
On déduit de (1.9) et (1.10) :

u“ an k : C“. (1.11)

(3) Cf. LlCHNEnowtcz [2], SYNGE [8].
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10 est donc constant 1e long d’une ligne de courant. Nous considérerons
des fluides chargés de maniére homogéne, donc :

k : C“. (1.12)
La deuxiéme forme tourbillon II est alors fermée comme 1es formes

QetF:
dH :dQ—f—dZO. (1.13)

On déduit de (1.8) et (1.13) 1es équations d’Helmhotz donnant 1’évo-
lution des tourbillons :

Co. Va H87 : HaB V'y Cu. + H'ya VB Ca._ (1.14:)

On déduit de ces équations que tout mouvement irrotationnel a un
instant donné 1e reste au cours du temps.

2) Relations entre les tourbillons et les mltesses.

Les relations entre Hag et Ca sont données par :

dQZQZH—kF (2.1)

011 o) est la forme du premier ordre définie par la pseudo vitesse 2

a) : Ca d4)“
et par l’équation de continuité quo’n pent écrire :

8w =0uaa10g(f‘zr), r: P +10 (2-2)
d’01‘1, en posant I] : (13 + 3d et :

10g (1“2 r) : (130‘?) = (I) (0“ Om) (2.3)

Les relations suivantes :
{gufi + 2C“ 06 (In: V. vs 07 + 20“ qa’ (V5 07V. 06 + V7 0‘3 Vs Ca)

1'
+4<IJ"C“05V~,CBC’* VaCx+R3Ca—Va H9y+k?2‘C'y :0

avec :
‘13,: (F ['T'LFI] : g’lpi—l

{IF if:

Les coefficients des termes du second ordre en Cy sont donc :

0“ CB [9’(10)— 1]
90-5 + ____——

1‘2
On reconnait 1a métrique hyperbolique donnant 1a propagation des

ondes hydrodynamiques, orientées dans le temps, pour p’(p) 2 1.

= 9‘15 + 10“ us [P'(P) — 1]

3) Probléme de Caudry.

L’ensemble des équations de la mécanique des fluides parfaits en
relativité générale se composera, d’une part des équations d’EINs'rEIN :

Sag = x 1.13,
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1
Tag : r Na Mg —p 90113 + Taps, Tag; : Z 9115 FA“ FM 7 F3 FBD

et des equations de MAXWELL que nous éerirons :

D : J
01‘1 cp est le potentiel vecteur éleetromagnétique satisfaisant ‘1 2

F : d9

d’autre part des equations d’HELMHOLTZ (1.14) et des relations (2.4).
On montre (4), en affectant les ineonnues gag, qa, Ca, Hag d’indiees

convenables, apres avoir dérivé les equations (2.4] 1e long des lignes de
courant, Choisi les eoordonnées isothermes et normalise q), que le systeme
obtenu est un systeme hyperbolique au sens de J. LERAY. 11 résulte alors
des théorémes de LERAY que le probléme de CAUCHY, pour ce systéme,
a une solution et une seule, dont le domaine de dependance est déterr
miné par le plus grand des cOnes earaetéristiques, iei le e6ne lumineux.

4:) Jlourement permanent.

Le mouvement du fluide est permanent si le champ des vitesses Ca
admet un groupe d’isométries dont les trajectoires sont orientées dans
le temps. Prenons pour lignes de temps ces trajectoires. Les termes du
second ordre des equations (2.4) s’éerivent :

62

E33761”
011 montre que les equations correspondantes sont elliptiques si la
Vitesse du fluide, pour les coordonnées choisies, est inférieure a la
vitesse de propagation des ondes hydrodynamiques, hyperbolique dans
le eas contraire.

{9..- + 2w — 1)}

5) Flu/ide incompressible

Si p’(p) : 1 la Vitesse de propagation des ondes hydrodynamiques
est égale 2‘1 la vitesse de la lumiére, 1e fluide est dit incompressible.
L’équation de continuité (2.2) Se réduit alors 1 :

Bu) : — Va C“ : 0.

L’équation reliant les Vitesses aux tourbillons prend la forme sim-
l :pe DQ:EQ:BH—kyw.

6) Cars irrotal‘ion n (7].

Le mouvement du fluide sera dit irrotationnel si le tourbillon H
est nul. On a alors :

dm:Q~kF:Q—kdcp,

(4) Cf. Y. FonnE-BRUHAT [4].
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la forme a) — kq; est donc, localement, la différentielle d’une fonction 0 :
o) : kq: + d0.

0n déduit alors de l’équation de continuité (2.2), pour un potentiel
vecteur q) normalisé par la condition usuelle :

Sq) : — Va 9“ : c
EQZBdezljezolaaCD

c’est-é-dire :

{9&6 +uw5(p'—1)}VB aae + e’kCuCfi v39. : 0.
Pour les fluides non chargés 6 est le potentiel des Vitesses.

II. — Fluides parfaits de conductivité infinie

1) Représentation du tenseur de Mamell en fonction des champs.

Soient g et 5 les vecteurs $1 quatre dimensions cliamp électrique et
champ magnétique (5) définis en fonction du tenseur champ électroma-
gnétique F943 par :

65 = Fag u“ , 71a = <35 u“
01‘1 F33 est l’adjoint de FaB pour la métrique d’espace temps et u“ la
vitesse unitaire du fluide.

Le tenseur de Maxwell s’exprime e11 fonction des vecteurs E et l;
par la formule :

Tag : (an 1L5 ~éga3>(e2 +)71)2)__71a715 — ca 83 —)— Pas

01‘1 l’on a posé :
[fizz—excl, )h-|2 2—71l hi

Pas : [.1 11,3 + 173 ad , m : mm h“ 6" up
011 mum est le tenseur antisymétrique définissant la forme élément de
volume; v). est le vecteur de Poynting.

2) Equations de Maxwell.

Si 7 est la densité de charge et 0" la conductivité du fluide, les
équations de Maxwell s’écrivent :

Va F*“5 : 0 (2.1)
Va Fufi : 7 ME5 + c (35. (2.2)

Quand la conductivité a est infinie les equations (2.2) sont £1 remplacer
par 65 : 0, les equations (2.1) s’écrivent alors :

Va (h5 u“ — 72‘1 us) 2 0.

(5) Cf. PHAM MAU QUAN [5].
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3) Equations dos chocs.

Désignant par A+ et A- les valeurs d’une grandeur A de part et

d’autre d’une hypersnrface de normale r; les équations des chocs d’un
fluide parfait de conductivité infinie sont (6) :

m. [h5 u" — h“ NB] : 0. (3.1)

7111 [Tag] : 0 (3.2)

on T013 est le tenseur d’impulsion énergie de ce fluide; c’est-E‘L—dire si p.
est sa perméabilité magnétique :

1
TaB : (P 4‘ P) “a "B —P9as + (“a “B #311043) H [M2 — {Aha ha-

Un ohoix d’axes particuliers permet de discuter ces équationsm.

4) Caractém’stiques (2t m‘tessos do propagation; dos ondos.

Les chocs infiniment faibles, ou l’équation de continuité qui s’écrit
ici :

mow!) # u" an I) : 0
et les équations du mouvement qui sont :

(p + 11W“ Va W + (uu MB ~ 9‘15) an 20
1 \ 7

(10“ MB —: 9‘15)p.|h[2 —— uhra hBJ : 0+Va

déterminent 19s fronts (l’onde qui Sont les hypersurfaces f: 0‘9 solu—
tions des équations :

(Mp) — 1) (9 + P) (M an f)* + (9+1? + 9L 1429111)) (uuaa f)2 9'1" 6a 1‘ EM
— h (ha 6a D2 9115 an! f at? f : 0

et, correspondant aux ondes d’Alfven :

(P + P + H {W} (10" an W—H (hu Ba W : 0-
Les vitesses de propagation de res ondes par rapport an repére propre,
inférieures 21 la vitesse de la lumiére prise pour unité, sont:

9 + P + u Wz 9’ + H lhnl2 i {(9 + 10 + L1 W2 P’)2—4u lhniZ p’(9 + p + W12)?
29’ (p + p + u W2)W:

et:
it 1M2

P + p + u WP
of) h" est la composante (19 h suivant 1a direction de propagation.

(1:)2 :

(6) Cf. pour l’équation 3.2 TAUB [6].
(7) Cf. Y. FOUm‘as—BRL’HAT [7].
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LE PRINCIPE DE FERMAT EN RELATIVITE GENERALE

par PHAM MAU QUAN
Faculté des Sciences, Besangon

RESUME

Dans un milieu de pouvoir die’lectrique 2 et de perméabilité magnétique
a, les rayons électromagnétiques sont géodésiques de longueur nulle de la
variété riemannienne V4 définie par la variété espace-temps munie de la
métrique associée

_ _ 1
ds2 2 gas —— 1 — — 11¢ (13 dxa dxfl

an
on gm8 est le tenseur métrique de l’espace—temps V4 et 11“ 1e vecteur vitesse
unitaire.

Si l’espace-temps V4 admet un groupe connexe d’isométries globales a
trajectoires orientées dans le temps et ne laissant invariant aucun point de
V‘1 et si 1e mouvement du milieu est permanent, la variété riemannienne
associée V4 admet aussi un groupe d’isométries induit par celui de V4. En
projetant les géodésiques isotropes de V4 sur la variété quotient V3 de V4
par la relation d’équivalence définie par le groupe d’isométries, on obtient
un théoréme qui généralise le principe de Fermat en relativité générale.

Dans le cas d’un espace-temps de Minkowski, ce théoréme entraine
comme corrollaire la formule relativiste de la composition des vitesses.

Le principe de FERMAT dit que dans un milieu transparent isotrope
d’indice n, les rayons lumineux sont les extrémales de l’intégrale Indo-
01‘1 dc est l’élément linéaire de l’espace. Sous la forme énoncée, i1 cons-
titue un cas particulier du principe de MAUPERTUIS ou de moindre action,
et se préte a une grande généralisation. Déja BALAZS [1] a signalé son
extension au cas d’un milieu en mouvement en utilisant un résultat
dfi a GORDON [2]. En réalité, 1e principe de FERMAT doit son origine
d’une part a la théorie électromagnétique de MAXWELL et d’autre part
a la solution d’un probleme du calcul des variations lié a la théorie des
invariants intégraux.

Avant d’entrer dans le sujet, je voudrais citer WEYL, M¢LLER, GOR-
DON qui les premiers ont posé les equations relativistes de l’induction
électromagnétique, EISENHART, LICHNEROWICZ, THIRY qui ont résolu le
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probleme du calcul des variations correspondant. Ailleurs 1es importants
travaux de LICHNEROWICZ [3] sur l’intégration des équations de la Rela-
tivité générale m’ont servi directement dans mes recherches. Je tiens
'21 l’en remercier.

1. Si on recherche comment se présente l’énoncé du principe de
FERMAT dans la théorie de la Relativité, on obtient une demonstration
de ce principe et la signification qu’il convient de lui donner. Pour
cela je considere un domaine D de l’espace-temps meublé par de la
matiére chargée siege des phénoménes d’inductions électromagnétiques.

Je suppose données sur D une forme métrique fondamentale
dsz : gag (139“ (1505 (1.1)

définissant la métrique d’univers et deux formes extérieures d’ordre 2
définissant les inductions électromagnétiques

1 1
H : nB da:l1 /\ (15195 Gu : 7 Gag (1‘1"l /\ dwfi

telles que si um désigne le vecteur Vitesse unitaire
*{-

GaB u“ : = HQB u“ pLGaB u“ : H115 u“ (1.2)
i 1'

on H et G sont les formes adjointes de H et G relativement a la métrique
d82 et les scalaires a,u les coefficients diélectrique et magnétique. Les
relations (1.2) généralisent les équations de liaisons classiques: elles
conduisent a

1
Gus : — (9” ¥ (1 — 59-) u“ up) (95" ~ (1 — ELL) W M“) Hw-

P4

Les equations du champ sont constituées par l’ensemble des équa‘
tions d’EINs'rEIN et de MAXWELL qui s’écrivent ici

SaBZZ [puauBJr (g%—(1—eu>ww] (1.3)
Va fiuB : 0 Va Gufi : W + cm H15 (1.4)

1
on was : 1 gas (Gog HP") — Gm HPB et 8, c désignent la densité propre

de charge et la conductivité électrique du milieu.
0n peut se poser le probleme de l’intégration pour les équations du

champ [4]. Les 5, u, c étant des fonctions données de .70“, 1es variables
du champ sont les (gag, Has, 8, to“). On peut au moyen d’une analyse du
probleme de CAUCHY montrer que ces equations admettent une solution
déterminée unique si les données de CAUCHY (gas, 8) gas, HQB) sont portées
par une hypersurface non caractéristique et si elles Vérifient un ensemble
de conditions provenant des equations du champ. Les variétés caracté-
ristiques nous intéressent particulierement dans notre étude. Elles
sont de deux sortes : 1es variétés car-actéristiques des équations d’EINs-
TEIN et les variétés caractéristiques des equations de MAXWELL.
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Les variétés caractéristiques V933 des équations d’EINSTnIN sont défi-
mes par

Alg“55af35f:0
Elles sont tangentes aux cones caractéristiques gag dw“ dayB : 0 qui co'1'n-
cident avec les cones élémentaires Cm de l’espace-temps. Les variétés
caractéristiques V? des équations de MAXWELL sont définies par

Klfzgaflaaf85f20 gufl:ga8_(1—ey.)uaufi.
Elles sont tangentes aux cones caractéristiques C; d’équation

1W20 gaflzgas_(1__)w
5”

qui sont en général distinctes des cones élémentaires Cz (ils leur sont
intérieurs si 5p. > 1 et coincident avec euX si 611. : 1).

2. Dans le langage de la théorie de la propagation par ondes, les
variétés caractéristiques V? et Vé‘ représentent les surfaces d’ondes gra-
vitationnelles et électromagnétiques; les rayons associés définis par les
bicaractéristiques des équations d’EINs'rEIN et de MAXWELL, sont les
caractéristiques des équations (1.5) et (1.6). Leurs études étant symé—
triques, considérons par exemple les ondes électromagnétiques.

Si nous introduisons 1a variété riemannienne T74 définie par la
variété differentiable portant l’espace-temps et munie de la métrique
dite associée

d? = 5—1013 dm“ (1505 , (2.1)
les cones cara_ctéristiques des équations de MAXWELL sont cones élémen-
taires 01 de V4 et les variétés caractéristiques V91,“ sont les variétés tan-
gentes en chaque point an cone élémentaire de ‘74. Une variété carac-
téristique VQI c’est-a-dire une solution de (1.6) peut étre engendrée au
Inoyen des bandes caractéristiques qui sont des bandes de V4 consti-
tuées par l’ensemble d’une courbe T4,, et d’une famille a un parametre
de 3-p1ans élémentaires tangents a ces courbes qui par definition sont
les bicaractéristiques des équations de MAXWELL.

Considérons maintenant 1e vecteur la : 8a 1‘ qui est isotrope dans
V4 d’apres (1.6). Sa direction est 121 direction commune au cone élé-
mentaire 63 et au 3-plan tangent en {E a la variété caractéristique Vi“.
Par suite, la est tangent a la bicaractéristique L's passant au point a:
considéré et les bicaractéristiques ‘Eo sont les trajectoires du champ de
vecteurs la. Or I} est un champ de gradient, on a

fi'va—l—B :7“ (Va iB—VB-l—a) : 0.

Cette propriété caractérise les géodésiques. 11 en résulte que les bicarac-
téristiques des equations de MAXWELL sont les géodésiques isotropes de
V4.

Un résultat symétrique est valable pour les bicaractéristiques des
équations d’EINs'rEIN. Nous pouvons énoncer 1e théoréme suivant :
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Théorcmc. i Les rayons gravitationnels sont géodésiques isotropes
de la variété espace-temps munie de la métrique d’univers c182 et les
rayons élcctromagnétiques sont géodésiques isotropes de la variété rie~
mannienne V4 munie de la métrique associée d? (*).

3. L’étude des variétés caractéristiques des equations de MAXWELL-
EINSTEIN a permis d’établir la loi de la propagation (les ondes électro—
magnétiques et gravitationnelles dans l’espace-temps. L’étude des rayons
gravitationnels et électromagnétiques dans 1’espace a trois dimensions
fournira l’énoncé du principe de FERMAT dont l’existence est liée a celle
d’univers stationnaires.

Un espacc-temps est dit stationnaire dans un domaine D si la variété
riemannienne V4 définie par D muni de la métrique d’univers c182 admet
un groupe connexe a un paramétre d’isométries globales ne laissant
invariant aucun point et a trajectoires z orientées dans le temps. Les
lignes z appelées lignes de temps étant supposées homéomorphes a la
droite réelle, on appelle l’espace la variété quotient Vg définie par la
relation d’équivalence du groupe. Si l’on rapporte V4 a des systemes de
coordonnées locales (50”, mi) adaptés au groupe d’isométries, telles que
les mi soient un systeme de coordonnées locales arbitraires de V3, les
lignes x9 sont les lignes de temps, l’espace Vg scra muni de la métrique
définie negative

A A _ _ \ A got 901'
(182 : gij d3?” dm’ 011 gij : gij— —

00

qui est invariante par tout changement de systéme de sections d’espace
défini par

(M: 1,3,3)

.1” : m" + Mari) a?” : a”.
Si l’espace-temps cst stationnaire dans D et si le groupe d’isomé~

tries laisse invariants les Hug, a, a, a, on peut démontrer que le mouve-
ment du milieu est permanent et que les quantités 9&7; restent constantes
10 long (les lignes de temps. ll en résulte que la variété riemannienne V4
admet un groupe connexe a un paramétre d’isométries globales ne lais—
sant invariant aucun point, induit par celui de l’espace-temps et pour
lequel les (30", mi) constituent un systeme de coordonnées adapté. 0n dési—
gnera par V3 la variété quotient correspondante.

4. Notre probléme consiste alors en la recherche des equations des
rayons gravitationnels on électromagnétiques dans l’espace. Il nous
suffit de trouver les projections des géodésiques isotropes de V; on V4
sur la variété quotient Va on V3. Un tel probléme a été résolu dans le
cas plus général d’une variété différentiable munie d’une structure de

(*) La premiere propriété concernant les rayons gravitationnels est classique-
ment connue, mals 1a seconde propriete concernant les rayons électromagnétiques
en presence d’lnductions est nouvel e.
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variété finslérienne c’est-a-dire sur laquelle est donnée une fonction
fi(w“,£vfi) positivement homogéne de degré 1 en 5125. On sait que le sys-
téme différentiel aux extrémales correspondant a la fonction E envisagée

admet l’invariant intégral relatif a) 2 an} E dm“ 6;“. = 61>.Si 1a fonc-
$0.

tion E ne dépend pas de 02", 35,6 : 0, i1 existe l’intégrale premiere

2).; E = h
de sorte que agfidzv": hdw" constitue un invariant intégral pour la
famille (Eh) des extrémales correspondant a la valeur h considérée.
0 = 81% fl dm" est donc invariant intégral relatif pour cette famille (Eh).
01' il est aisé de voir que la quantité 4b" aifl s’exprime au moyen d’une
fonction Luv”, .a'c‘, h) également positivement homogene de degré 1 en 30',
telle que 35L 2 3;; fi. 11 en résulte que le systéme différentiel définis—
sant les projections des extrémales (Eh) admet l’invariant intégral relatif
to : a]; d", c’est-a-dire que ces projections sont extrémales corres—

l
pondant a la fonction L ou la fonction /\ : —h— L.

Dans notre probléme E = V3.13 43:“ M, les extrémales correspon-
dantes sont des géodésiques de ‘74. L’application de la méthode précé-
dente aux géodésiques isotropes considérées comme limites des géodési-
ques orientées ds2 > 0 conduit 21 1a fonction :

goi 97“

goo

l i ‘A
Amzlim —L(:v’“, M, h) :55 egijzbilrj—

h—poc h \ g

\ e _ 1701.501 . _ . . _ .on g“- : gij— __ et a est le s1gne de goo et 6 1e s1gne de goo. w“. 11
DO

vient 1e résultat suivant :

THEOREME. — Si l’espace-temps est stationnaire et si 1e mouvement
du milieu est permanent, les rayons électromagnétiques dans l’espace
sont les extrémales de l’intégrale :

1AA <2.»
[AdZf <55. "‘_—.q—ijé7i5bj_go: )d“

u \ goo goo
pour des variations a extrémités fixes. Le temps mis par un rayon pour
aller d’un point 20 a un point 21 est donné par :

,—
21 1 21 - 1 A ‘ 501'.

f dmoz/ < a gfizciaoi—gf‘ >du.
20 I. 20 \ goo goo

Ce temps est extrémum.
Dans le cas 011 500 : 0, on remplacera 1a fonction Aw par :

. giibiivj“2——2gfi 501‘
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Pour les rayons gravitationnels, goo étant essentiellement positif;
i1 existe un seul cas avec :

Ax:5 /’/i§fid,id.j¥gmel

V 900 you
En particulier si l’univers est statique au sens de Man CIVITA, c’est-

a-dire si les lignes de temps coincident avec les trajectoires du champ
de vecteurs it“, l’espaceetemps est orthogonal et a pour métrique :

(1.5-2 : U (dwflz + 9U dafl' dzL’j
Les u" étant nuls, la métrique associée est :

U _ .dog : 7 (dar0)2 + 9.7 dwl déL‘J
n

oft n2 : an. 011 peut niettre le théoreme sous la forme :
" ndc

(1.1") : /
. U

011 (162 :51.)- (III (114'. Dans le cas d’un espaceetemps sans gravitation de
)lIxKowsKL l' — 1, nous retrouvons le principe de FERMAT en optique
classique. Le theoreme precedent constitue donc l’énoncé généralisé de
cc principc de relativité. Il donne la loi de propagation des ondes elec-
tromagnetiques dans un milieu e11 mouvement et en presence (in champ
de gravitation.

5. Le résultat precedent est susceptible (le plusieurs applications.
a) L’existence de l’invariant integral relatif a) : a; /\.E dark perinet

la generalisation de certaines propriétés classiques de l’optique geome-
trique, en particulier le théoréme de MALI'S (l’apres lequel les rayons
d’une congruence normaux a une surface sont normaux a une infinite
de surfaces. La condition nécessaire et suffisante, pour qu’il en soit
ainsi est que, do) : 0.

b) Dans le cas d’un espaceetemps de )IINKOWSKI, le theoreme de
anxr permet d’obtenir la formule relativiste de la composition des
vitesses :

1 ’ 3: 3 - a (SE-E - *,;:_ 1+ 2 {3+\/1—5§ 1* 62.3
1 + 9‘,@ 7 B / c i ,

on 1 est la vitesse relative et [5 la vitesse d’entrainement.
c) Du fait de la presence du potentiel principal goo de gravitation,

le théoréme de FERMAT permet d’envisager une etude de l’interaction du
champ gravitationnel sur la lumiere. Dans le cas d’un (182 de SCHWARZ—
SCHILD intérieur 0u extérieur, cette étude se fait immédiatement.

d) Enfin le théoreme de FERMAT se généralise sans difficulté a la
théorie (le JORDAN THIRY 01‘1 l‘élément primitif est une variété differen-
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tielle V5 a cinq dimensions munie d’une métrique riemanniente du type
hyperbolique normal, admettant un groupe d’isométries globales ne lais-
sant invariant aucun point at 011 les rayons unitaires sont les géodésiques
isotropes de cette variété.
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RESUME

(Lei article étudit lcs mouvements iscnlrnpiques infinimcnt pctits (i’un
fluide parfait ayant unc distribution :"1 symclrit- splzériquc. Ics Equations tin
champ cinstcinicnnes conduironi it tics approximations (lu potential dc gru-
\'itation ziinsi que tics variables (léfinissant lo lluidc. Ces quantilés «lifl‘crernm
lie cellrs associécs :1. in solution exacte tles equations du champ einsici—
nicnncs per (195 iermcs dc premier ordrc contcnnnt un parametre [3 ussez
pelit. Les approximations ainsi que lus solutions cxactcs scront consider-fies
comme ayant une symétrie sphérique et comme soumises a des mouvements
isentropiques correspondant a la méme entropie spécifique. 0n montrera
que pour la limite classique 1es mouvements sont ceux prévus par l’équa-
tion de Rosseland pour le champ de vitesse d’un gaz a distribution sphérique
soumis a des oscillations adiabatiques. La stabilité de la distribution initiale
peut étre déterminéc de la généralisation de cette équation en relativité
généralisée.

1. — Introduction

It is the purpose of this paper to discuss small isentropic motions
of a spherically symmetric distribution of a perfect fluid in the general
theory of relativity. That is, we shall determine from the Einstein field-
equations approximate expressions for the gravitational potentials and
the fluid variables. The approximate quantities will differ from those
associated with a. particular exact solution of the Einstein field equa-
tions by terms of first order in a small parameter called 3. Both the
exact and the approximate quantities will be taken to be spherically
symmetric and to correspond to isentropic motions with the same ‘spe-
cific entropy.

For such motion it may be shown [cf. 1] that four velocity vector
satisfies
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1 3:, (1.1)
u

1'
(1+—.) aw“. (1-1.,

where 0 is an arbitrary scalar function and i is the enthalpy and is
given by

1': e (p, 9) +11 (1.2)
where p is the rest density, p is the pressure and a is the rest internal
energy which is assumed to be prescribed as a function of p and 9.
For isentropic motions

di : di . (1.3)
P

It is a consequence of the field equations that for isentropic motions
mass is conserved. That is, the equation

(9u“);u:0 (1.4)
holds. In View of equation (1.1) we have

ha (—npgm—ae)—o (15):0“ i a?" F, .7a 1 + _ a
02

Equations (1.5) and (1.1) and the normalization condition
1 39 39

/ i 2 am” an?"
1 _(+02)

imply the conservation equations
TI" ; V : 0 (1.7)

yu-‘Lu":1:u g” (1.6)

where

T m 1 —{— i H e L) 1* 1 8)I" i u m V. .9 < 02 02 9 (

Thus the solution of the Einstein field equations for the gravita-
tional potentials'and the fluid variables in the case of irrotational and
isentropic motion involves finding functions 6, p, (and hence p and i)
and gm, satisfying equations (1.5), (1.6) and the field equations.

The system of equations seems to be a « coupled >> system in the
sense that each equation involves all the unknown quantities. However
as will be shown below we may use the freedom of choice of coordinate
system to uncouple the equations. Thus in the spherically symmetric
case we may make a transformation of coordinates so that

504* : t* : 9(7‘, t) (19)

a?” : r* : r*(r, t)
where the function r* is chosen so that 9;; : 0.



2. — Small Motions

We shall be interested in spherically symmetric distributions of
matter which are such that p vanishes outside a hypersurface in space-
time. A very convenient coordinate system to use for such distributions
is the Schwarzschild one in which the line element takes the form

1 1‘2ds2 : 6" dt2 — g el (112 —g (am2 + sin2 0d )8) . (2.1)
Outside and on the boundary the distribution of matter we have

2. 1 2 GM (2 9)
6— I 6" : — .-l11:2

where M is a constant and is interpreted physically as the gravitational
mass of the distribution of matter.

If in this coordinate system
0 I 90 t

with 00 a constant, then
ul : ul 2 0

and the matter inside the hypersurface is at rest. The functions v and 1
may be taken to be independent of t and the solution of the Einstein
field equations reduces To tin: solution of :1 system of Lmlinary tliil’m-cu-
Tial equations in the .inu_lepc114.lmit variable r. This: system will he given
t-Splilfiliy below. Equations H.211 will he szitisiiml by the re-quiremmn
Ilmt all funciirgms im'i'slvcd mint-r Tiizm U are independent of f and equa-
tion (1.22) immune;

2 2 q? 2_ v _c 00 _ 1+ . .

If on the boundary of the distribution of matter we have i: 0 and v
given by equation (2.2) we may satisfy equation (1.21) by taking

2GM
To C2

If in the Schwarzchild coordinate system the function 6 which must
satisfy equations (1.21) and (1.22) is of the form

9 = 90 t + gem, t), (2.3)

00 2 61(00): (1 —

1
U4 :—i (00 + Belt)

(1 + F)
(5

“12—011,

(H012)
where the subscripts denote partial differentiation with respect to the
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variables involved. We assume that the parameter Q is such that its
square may be neglected compared to itself and define those solutions
of the field equations obtained when equation (2.3) holds as solutions
corresponding to small motions.

We write :
l. : K00“) + @110", t)
v : vo(r) —{— @210", t)

P = 900‘) + {391(7) t) (2-4)
1’ : P0(V)+5P1(7‘; t)
i 1'0 W1

(1+g>:<1+—0E>+ 02.

The quantities entering these equations which have the subscript zero
are those obtained from the solution of the static problem.

As was stated earlier we shall assume that the fluid is a state of
constant specific entropy when it indergoes the small motions and
moreover it is in the state of the same entropy as when the fluid is at
rest. This assumption enables us to relate p1, pl and 1}. These quantities
may be defined as :

(dp dp ) d _ < d1)
: , : an t :p1 _ (1L3 {3:0 Pl dB , 5:0 1 ‘ dg 5:0’

respectively. Now since the entropy is assumed to be independent of [5
we have :

dS_di ldp_0
(Is—cw pom"

Hence :
v 1 .1

11 : — p1 . (2.0)
Po

Further, in View of the isentropy assumption we may consider 9 as
a function of 1 + i/cz. Then :

9‘ T i i 0 02 '
d 1 + —2—

\ 0
Now we have shown previously [2] that the ratio of the velocity of
sound to the special theory of relativity velocity of light, 0, is given by

d i
a2zhp_—~—<1+— . (2.6)

1 dp p 02
l + —

Hence :
p 1i 1Piz—Ofm—iz—fll (2.7)

To (2% 02 7:0 2 02
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The Lagrangian coordinates r*, t* associated with a small motion
are given by the equations :

t* : 60 t —|— (501(7', t)
r* =r+BP1(r, t) .

In the starred coordinate system the line element may be written as
2w 2'}.6dr*2 —7 («102 + sin2 ed 78) , (2-9)

(2.8)

(182 : 620’ 1175*2 —

where q), q; and p. are functions of r* and 13*, provided the function r*
is chosen as follows :

914* : gO‘Ta—t.‘ ar“ : 0
86'?“ 809‘

The functions <p, 4) and 9. may be written as

v = <90 + 5q
4’ = ¢o + (5411 (2-10)
u = P«o + {591

and the quantities 91, (in and (1.1 may be determined from )q, v1 and 01
and P1.

3. —- The Einstein Field Equations

In this and subsequent sections of this paper we shall work in a
coordinate system simply related to the Lagrangian coordinate system
defined in general by equations (1.9) and in particular, for small motions
by equations (2.8). Note that in the definition as given of small motions
a Schwarzschild coordinate system is involved. However, we shall drop
the asterisks and simply denote the coordinate variables as r and t.
We write the line element given by equation (2.9) as

1 1ds2 = e2w dt2 — g 6% «172 —;2— e2” ((162 + sin2 0d x2) (3.1)

In this coordinate system we take as the scalar function entering
into equations (1.1) the simple function

0 : at
where a is a constant. Note that in the Lagrangian coordinate system
0 = t. Hence our coordinate system differs from a Lagrangian one by
a scale transformation in the unit of time. It then follows from equa-
tions (1.1) and (1.6) that :

ae—w = (1 + %) (3.2)
u“ 2 eq’ Efi (3.3)

It may be verified that :
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4 1+— ( 1).:— 7) : e-WH 211.111— c2 emu" + silt—211.11.) + o3 r2»
. R‘

— (R3 *1?) Z “’2‘” (3m; + 3e?! 2% Qt) # 02 6’2‘” Phrfllr + 2%) + (*2 6‘2”

'1 R\ 9 0

- (Ra—:7) : 0—2“) [R'm + PM + it? + ”5— '1}: Qt + H1091! CM]

_‘ 02 6—2‘» [e ‘i— ”Tr ”i’ 93+ i527 ‘?r dfit+ ur(qr#¢r)] : — (R: # ‘:_)

R? : 20-h) [en # w <14 ; in 411+ w w]
R::——202 6—2“) [P-rt—‘P't Qr—fllr‘h +P4ri14r] ) (3'45.

where the subscripts r and t denote derivatives with respect to these
1

variables, and that all other component of Rfifl78‘fiR vanish.

The Einstein field equations, equations (1.8), may be written as 2

' 1 \ 1 ‘ 5
i (R:#:R)+8xGTz:(Rg#7R) 1%:n (1+?) :0s Ill

.4

:01 1 ‘ 1 8e
K}; RigiR)—l—S:GT§: 31—73)— (2

: 0 (3.5)

where the Elf—7331i are given explicit‘v above. We reiterate. that in

these equations. 11-. g. and s are Jm-m‘n functions of 9 since w are asxunv
in;r that entropy is a constant and the caloric equation of state of the
fluid is known. Hence pressure. density and internal energy may he
expressed as functions of the enthalpy, that is of a; in View of equation
(3.2).

The four equations (3.5) are not all independent as follows from
the Bianchi identities and equations (1.7). It may be shown that in
solving equations (3.5) it is sufficient to solve the equations K§:0
for t : 0 and 1G : Ki : 0 for a range of values of t in the neighborhood

of t : 0.

4. — Boundary Conditions

We wish to consider the determination of the metric tensor through
out space—time when the matter occupies only limited region. By
this we mean that there exists a hypersurface in space-time inside of
which TI" is of the form given by equation (1.8) and outside of which

T“v : 0. (4.1)
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Let us denote the equation of this hypersurface in the coordinate
system in which equations (3.1) hold by :

F (r, t) = 0 .
Then the covariant components of the normal to this hypersurface are:

1 F
1,. : _ a_ (4.2)

I“ “T: r" '31“gar

\,.- am“ am“
The conditions that must hold across this hypersurface have been

given by TAUB [3].
In the coordinate system in which equations (3.2) and (3.1) hold,

the conservation of mass and conservation of energy-momentum reduce
to :

Ft : 0

p=0
on the hypersurface F 2 0. That is the hypersurface is given by the
equation :

m1 E r = r3 (4.3)
with To a constant and :

P0$fl==0y M8)
that is, the pressure vanishes on the hypersurface r = r5.

In this case it has been shown [cf. 3] that conditions on the metric
tensor reduce to the equations given by O’BRIEN and SYNGE [5], mamely

[9w] : 0
. (m 3ll '20 i:%&4 mm
7M"

Win.
v :0 r,n=2,3,4.

.Wl
That is, the gm, must be continuous across the hypersurface 7': 1‘56 as
must be the first derivatives with respect to $2, 9:3 and $4. The only
discontinuity in te derivative with respect to w1(: r) which may occur

69m

Bf
tion (3.1) these conditions imply that <p and p. together with their first
derivatives are continuous across 7': r3 and that q; is also continuous
across this hypersurface but that 4a, need not be.

It follows from equations (4.4) and (3.2) that :

ae—(pO-twt) : (1 + ’1‘“); 9))

is in the quantities . In case the line element is given by equa-

02

and hence :
emmyt) : a (4.6)
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a constant if the enthalpy vanishes with vanishing pressure. Thus 944 is
a constant on the hyper-surface 7“ : m.

We shall conclude this section with a statement of the approximate
form that the boundary conditions take when the boundary is given by :

7' : r3 : 7‘0 + (371 (4.1)

and the line element is given by equation (3.1) with :

q) : 420(7) + (54210, t)
4» = l40(7) + 84110315) (4-8)
M : H00") ’t [59103 t)

where 90(7"), 410 (7") and (1.0 (7") represent a static solution of the field equa-
tions associated with matter confined to a region réro. The constant
r0 entering into equation (4.7) will be said to represent the undisturbed
boundary and the constant 73‘ will be said to represent the perturbed
one.

The condition on the pressure may be written as :

10(75): 15) :Poml) +6171 (nit) : 0-
This in turn may be written as :

1900:” : 20000) + {571%e + @2010?» t) : 0 (4-9)
where 110, represents the derivative of the function 1000") with respect
to r. If 71 > 0 then pm must be taken to be equal to zero; if 7'1 < 0 then
pm is determined from the interior static field equations given in sec-
tion 6. In general 1907(7‘0) will also vanish if 9(7'0) vanishes.

Since equation (4.9) must hold for all values of (5 we have as
previously noted :

pom) : 0
and :

()1 (m, t) : 81 (4.10)
where :

81 : if n > O (4.11)
51 : —7‘1 170701,) if 7'1 < 0.

It follows from equations (2.5) and (3.2) that :
_ 02 q>1(r0, t) _

13.143). fl
1+

111(7‘0, 75) : 90(7‘0) Mm, t) : 81 . (4.12)

C"

The conditions on Q), q) and u may be similarly derived. Let the
superscript e denote the external function, the function defined outside
the matter, and the superscript i the internal one, the function defined
inside the matter.

It can be shown that the conditions (4.5) imply that :

43%, t) : 43%, t) (4.13)
(13 (re, t) : ufi (7'0, t) (4.14)
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and : ,.
qfil (1‘0, t) = 4’610'0; t) (415)

Further we must have :

firm, t) = firm, t) {4-16)
“from t) : H1300, t) (4-17)

5. — The Exterior Solution

The region for which :
0 < r < r3 (5.1)

will be said to be the interior region and the region for which :

r > n: (5.2)
will be said to be the exterior one. The boundary is given by r : r3 .

For the interior region where 7‘ satisfies (5.1), the metric tensor,
that is the functions, q), q» and u, must be such that for all t in the
neighborhood of t : 0

2 2 — 81: Gp
6‘ We” + 3w — 2w e: — c2 6‘2‘” MW + 2%) + 02 6—2" ZT

(5.3)
p.” — w <Pr— er 11% + m “‘1- = 0 (5.4)

6—2. (m + 2m up.) — c2 e‘2¢(2wr + 3n? — 2p. up.) + «:2 e—zu =
5

8w 9( + 02)
In the exterior region, Where 1" satisfies equation (5.2), the functions

<9, d) and p. must satisfy equations (5.3) to (5.5) with all the right-hand
sides set equal to zero. 0n the hypersurface r : r3: we must have equa-
tions (4.4) and (4.5) satisfied. These equations will be used in the form
of (4.10) to (4.8). The exterior solution will be also written in terms of
the parameter (5. The equations that the functions <90, 4“), (1.0 and qal, qal, 51.1
must satisfy are obtained from equations (5.3) to (5.5) with all the
right-hand sides set equal to zero by setting (5 = 0, and by differentiating
these equations with respect to B and setting (5: 0 respectively.

Thus we must have in the neighborhood of t : 0 :

Ao : 6_2%(2P«0tt + 3H3: — 29-0: <P0t) — 02 6—2"’°M0r(P«0r + 24%) + 02 6—2'L" : 0
BO 2 lion — Pm <P0r — P-Or qlot + 9‘01: P«0r = 0 (5-6)
and for t : 0 :

Co = 9—2“) (Hgt + 29m <Pot)
— c2 ream... + Ema. + 3m — 2m. 4m.) + c2 6—2... = 0.

The functions cpl, qal and 11.1 must satisfy the linear equations

A1 : 6_2%(l&1tt + 3 P-Ot P-it — P«0t <P1t — Hit (Pot)
— <Pi 6—2"°(2P«ott + 3942» — 2pm 19m) # 02 6—2“ (ll-1r £10;- + Pm Qir + P-lr <P0r)
+ 02 8—2‘”° ¢1(M3r + 2pm <P0r) — ‘32 1‘1 9—2”) = 0 (5'7)



B1 : Port — (lit QOr— (l0: Qir— (Lil-$01? M07 411: + (Lox P‘lr + (Lit {)«0r : 0-

Cl : 622$“(P-0t (1-12 + (1-0:: ¢1t+ (lit S'Jor) — 0—2‘1’0 Q1 (1).?» + 2pm («1902)
k 02 972%(Purr + 3W» Mir — liar ‘Pir — Mir dim)

+ (:2 672% 4491“)" ‘t’ 31*fir _ 2Vbr 4’0?) ’ 02 (L1 (3‘2”!) : 0 .

The first two of these equations hold for all t in the neighborhood of
t : 0 and the third holds for t : 0.

We are interested in solutions of these equations which may be
obtained from the Schwarzschild exterior solution (cf. equations (2.1)
and (2.2)) by a transformation of the form of equations (2.11) and
(2.12). It may be verified that a solution of equations (5.6) is given by

(10 : logr
2611.. ) (5.8)1

‘90:*§1°g(1— m:
3‘ ”do 'C )11 f1¢0——? 0’31 #

where G is the Newtonian constant of gravitation and M0 is a constant.
A solution of equations (5.7) is given by

1
91 : #01t7—__(G’M0+ GMi—Eli GMO)

< 2GMo>
027‘ 1 —

7‘02
G’ M0 + GM1 (5-9)

2GM0>
7‘02 1 —

< r02
where (“(7, t) is an arbitrary function of r and t, 61 is defined by the
equation

‘3.)1 : (”WWW“) "(Lib ‘1—

017': ____C*2¢0+w07-p.1t_ (5-10)

M1 is a constant and G’ is the derivative of G with respect to (3 evaluated
at (3 : 0. This quantity would arise if the expansion parameter (5 involved
the constant of gravitation G.

It may be further verified that the solution described by the equa»
tions (5.8) and (5.9) arises from the Schwarzschild exterior solution
given in section 2 by the transformation (2.11) and (2.12). The constants
G and M which occur in equations (2.2) were allowed to depend on (3
in the derivation of equations (5.8) and (5.9).

For the exterior solution as for the interior one (cf. section 2) we
may assume that

7111 (7", 0) : 0, (5.11)

for if this condition is not satisfied we may perform a transformation
of the form of (2.11) with 01 : 0 to insure that it is satisfied.
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The function of t defined by the equation
r3 p.103“ , t) E R1(t) —— r1 (5.12)

(cf. equation 2.14) determines the boundary of the material in the
Schwarzschild coordinates.

Thus with any function (1.1 (r, t) satisfying equations (5.11) and (5.12)
we may by means of equations (5.9) and (5.12) obtain a solution of
equations (5.7). Thus we obtain approximate exterior solutions to the
linstein field equations. Although these solutions are time dependent,
it is apparent from their derivation that they do not represent gravita-
tional radiation.

6. —— Approximate Interior Solutions

The interior solutions in which we are interested will be charac-
terized by three functions of r and t for r < r3 = TO + (513, q), q; and p.
which will be assumed to be of the form given by equations (4.8) and
which approximately satisfy equations (5.3) to (5.5). We further assume
that they arise from the Schwarzschild interior solution by the trans-
formation (2.11) and (2.12).

The last requirement implies that the functions cpo, (1)0 and [1.0 are
static solutions of the fields equations, that is, are independet of t. In
that case we may assume that

(1.0 (r) = 10g 7'. (6.2)
The equations satisfied by cpo and 4;.) are

81: G
2 [)0 (6.2)

C
A0:—

00:81eo (1+?) (6.3)
where A0 and Co are defined by the first and third of equations (5.6).
The second of equations (5.6) is satisfied as a consequence of equation
(6.1). In View of equation (6.1), equations (6.2) and (6.3) reduce to

02 87: G [)01 1
c.2 6—2“’07(7+ 290r>—r—2=+7 (6-4)

1 2 02 5o

If we now set
' ‘JG - “I '6—2.“) = ( J _ __‘”_’_') (6.6)

r ('3

equation (6.5) becomes

m0,.=-177;(1 +:—)12, (6.7)
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and equation (6.4) reduces to
. i— :1. 1.. [1,. i

G ( mu —_— ———C: )

7' —— 6.8
r2 c2 1 2G m0 ( )

7‘02
The pair of equations (6.7) and (6.8) constitute a closed system since

1), p, and 5 are functions of q). In fact it follows from equations (3.2) and
(4.6) that

<POT :

i
W) 410g a : 710g (1 + 7,) (6.9)

o
and hence because of the isentropy assumption

1 r r0 _, — p0 , (6.10)
do _ i0

92<1+g> 02Po<1+g>

From equations (6.8) and (6.10) we may define an expression for pm in
terms of mo, i0 and m.

The solution of equations (6.4) to (6.6) for a relativistic gas has
been discussed elsewhere [5]. In this paper we shall discuss approximate
solutions to the field equations, equations (5.3) to (5.5) of the form of
equations (2.10) in which the (1.0, 60 and [(10 are defined as follows :

(10(7) : log 7". (6.11)

The constant a in equation (6.9) is taken to be

(1 mm )1/2 (612){Z I — . .
T0 02

The functions Q00"), 420(7") are given for r < TO by the solution of equa»
tions (6.1), (6.6), (6.7), (6.8) and (6.10) subject to the conditions that
equations (6.11) and (6.12) hold,

20%) : 0, (6.13)

mow) : 41c / 0 90 (1 + 3) 7‘2 d7" : Mo. (6.14)
.10

Q0r:i

For T > 7‘0 the functions <90 (7“) and Ugo are given by equations (5.8).
It may be verified that the boundary conditions discussed in sec-

tion 4 are satisfied by the functions (L0, «(J0 and 90 described above.
The functions qal, q“ and H1 must satisfy the equations

47: G’ 4WG _
A1 : ~— 02 p0 — C2 90 11, (6.15)

B. : 0 (6.16)

C —47tG’ ’1—1—30— +4~G 1 i0 611* Po( 02 A» ‘1‘; Pl {-7)

where Al, B1 and 01 are defined by (5.7). The first two equations hold
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for all t in the neighborhood of t : 0 and the last holds for t : 0. These
equations are obtained from equations (5.3) to (5.5) by differentiating
With respect to (3 and setting (5 : 0 and using equation (2.5).

7. — Equation (6.16)

In View of the fact that (1.0, <P0 and dye are independent of t, this
reduces to

1 1
Part — P'lt <P0r —— 7 11111: + 7 ”It I 0 - {7-1)

We may integrate this with respect to t and obtain
1 1

H1r—M190r—7¢1+7fll=h(7')- (7-2)

As was mentioned in the case of the exterior solution we may assume
that

p.1(r, 0) E 0; (7.3)
for, if this condition is not satisfied we can make it satisfied by a trans-
formation of coordinates involving 1‘ (and (3) but not the variable t.
Equation (7.2) may then be written as

$1 (1', t) = 4110‘, t) '_ 4’10‘, 0) = “hr—7H1 <POr + M1 = 6%(6_% Wab- (7'4)
If we write

2GrW21—7gfimm+fimMfi» as
then I

6—2¢o¢1: r02 m1(r, t) + rc2 mo (7') (7-6)
and

$1 = 92"“ [mm t) — M10“; 0)]
2G m0(r)

= (1—7
r02 _1

> —G [m1(r, t) — m1(r, 0)]. (7.7)
r02

Hence

7:— [m1(r,t) —m1(r,0)1 = (1— ‘ZG mtrl' ‘ )eww—Wrwp (1a
1‘ (.—

8. — Equation (6.18)

This equation holds: on the hypersurface r : U. in View of the static
nature of 9.7.. tide and pm, and in flew of condition (7.3] equation (6.17)
rudm'cs to

(.2 real: 'Lxr+'~¥x()l:~7?):'1-"=‘1"Pu[1‘}";:jl—- rm?“ 1L?) pl.9'



186

This may be written as
C2 G, m0, 47f G PO 7:1
~— re—z‘l’o T: ——12 ( 4’1) 7‘3 + a2 02

at t : 0, in View of equations (6.7) and (2.7). It follows from equation
(7.6) that the above equation may be written as :

[7111030)], E m, : 41: r2 9—: £214“ 0) (8.1)
(10

where we have written :
Bm(r) : 7711(7', 0) . (8.2)

Thus AU", 0) and hence Q10”, 0) is determined in terms of the static
solution and Bm(r), the initial change in the interior << mass distribu-
tion ». @103 t) and hence q>1(r, t) may be determined from this result and
the conservation of mass equation, equation (1.4) as follows. In View
of equations (3.2) and (3.3) the conservation of mass equation may be
written as :

9(1', t) gwmt) +2u(r,t) : My, 0) BMW) +2u(r.0)_

Differentiating this equation with respect to (3 and setting (3: 0 gives

WW") ”“0“” [910", t) + w, t) (4110", t) + 2m, t)]
: WW) + 2w, 0) [91030) + w, 0) («91020) + 2q1(r,0)] .

Since 90, 420 and 11.0 are independent of t this equation may be written as
1 _

p— [p1(r,t) —Pl(7‘,0)] Z—‘2H1(T;t)—¢1(T;t)-

It follow from equations (2.7) and (7.4) that this equation may be written

———l . [i1(r,t)—i1(r,0)l : — 6% («e-Wow H1)r (8.3)
1/0 7‘2

a?) (1 + g) C2

From equation (3.2) it follows that :
i /c2 iQ1: 1—, : ~ ewrwm ;- (8.4)

101 _
+02

Hence equation (8.1) may be written as :
1:10., 0) _ 1.1;: €¢n-¢(_l'r.{n

$1 (7. 0) : _ awn—$003) : 0 3 m, 85
, 02 41:)" F“ ( )

and equation (8.3) becomes :
6%
7.251 E 971(7“; 15) — 9710"; 0) : 0‘3 (G‘WD 7‘3 Pd)r- (8.6)

It may also be written as :
— a0 6% (5m),

Q10", t) : ____ g—wu(r,0) _ 4w (6—w0 7.3 91),) (37)
90
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9. — Equation (6.15)

This equation which holds for all values of r and t reduces to :

(72% Elm — 02 6—2"’° I:i + i91r + Par 901-“ ¢1<i + ”2- 1%) —— (32E1' r r2 r r
G’po 47E GPO .

02 _ 02 '1
in Virtue of the fact that Ho : log 7' and cpo and (1)0 are independent of t.
It is our purpose to use the results of the preceeding sections to write
this as an equation for the function :

: ml (9.2)
Equation (9.1) may be written as :

2—411:

51, 1 __ _ 1 2
6‘2q’oum—cze—2‘Vo[ 1 +—<P1r+u1r<Por—¢1(—+—<Por)_ r r r2 r

02%1 _ 1 1
+ 7 (‘Por + <POr) <P1]*— = 02 0‘2"“ [7 91(7) 0)1-— 4’10”; 0)r<7 + 2%r)

1 0 G’ 1 1 9 G’ 02 93

where we have used equations (8.4), (6.4) and (6.5).
If we now multiply equation (9.3) by r and substitute from equa-

tion (7.4) we obtain :

6—2“) Ctt -— 02 6—2“ [alr + (@01- + ¢0r) $1 — (Po:- 6~2°° (6—20“ 0r] +

+ 02 (64¢._ 1) g = K(r) (9-4)
where :

I

K(r) = 02 6—290 [e—‘Po‘wo (<pl(r, 0) cWo+¢o),] —% 8m (% + 2%,. ——% 02 “’0,

(9.5)
and $1 is given by equation (8.6) wich may be written as :

a3 6%
1‘2

Equation (9.4) may be written as :
‘P

e-m tn — 02 6—2.... [$1. + (w + <1») 51 — we; (6-1 r2 0.]
_ '1 2?” 2 _i _+02[6 2"°<;—‘ r —<P0r) 12]§—K(r).

It follow from equations (3.2) and (2.7) that :

1’1: (e—«n, r2 29,. (9.6)

2 90’
90r = — 0‘0

Po
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Hence equation (9.7) may be written as :
02 6—2‘1’0 w

(3—2W0 ttt _—— [g’(w0+‘vo) (neD P0 PO Q1)r]

Po

1 ZQOr 0 1+ 02 0—2.». .9 n _ (par ) __0 2g: Km (9.8)
7“ 7' I‘

where 61 is given in terms of C by equation (9.6).
Equation (9.8) is the general relativistic analogue of the classical

wave equation for small adiabatic radial oscillations of a spherical dis-
tribution of a gas. In order to examine the relation between equation
(9.8) and that occurring in the classical theory we differentiate the
former equation with respect to t and obtain :

02 6‘2““) _
0—2wo Cm ———_ [9_(%+w°) (6w°+w° 90 PO 91%]

Po
1 2 r 1+03|:e—2"’o(—2_ 9’0 —?3r)——ult’t:0' (9.9),._7' 7'

We now write :
V

Q0:§.

For weak gravitational fields V is the Newtonian gravitational poten—
tial and in general we have :

G ' 47rpr3
6—a V, : —— (mo +

r2 c2
as follows from equations (6.4) and (6.6).

Equation (9.9) may then be written as :

6—2‘1’0 am —i ( 1 — 2Gm0> [06(2) 02 Po 0% (g-% 7‘2 [.07]90 7‘02 7‘2 T
1'0) 13 4Gm0 V3 87: p0 G

#47T(J<1+;2‘/ —.(’rwn(fi_¢‘09“8t,)r— 7‘3 + 02 +7( Ct:04

(9.10)
Neglecting terms of order 1/02 in this expression we obtain :

1 (1(2) 02 4Gm0
Cm # — Po (72 :t)r — £2 : 0 . (9.11)Po 7.2 r 7.2

This is the classical equation giben by ROSSELAND [6] for the velocity
field of a spherical distribution of a gas undergoing small adiabatic
oscillations.

The solutions of equations (9.9) and (9.10) and hence of (9.8) may be
determined by the method of separation of variables. Thus on substi-
tuting :

at : eiot z(7.)
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equation (9.10) becomes :
1 2Gm 28 ' 2_<1 _ 0) [a0 2 90 6% (9—030 1.25),] + 41: G<1+ g)fl 6‘? (6—070 r2 5%’I' 1‘pg r02 7-

2 —2¢0

+<°e + r3 + a e
The solution 5(1) of this equation must vanish at the origin and be

regular in the interval 0 < r < re. The requirement that it be finite
at r : M will determine 0-2, the square of the frequency of the oscillation.
If the 0'2 so determined is positive the configuration is stable and if
not it will be unstable. The detailed discussion of equation (9.12) ob-
viously depends on the functions <po and £90 and will not be given in this
paper. We shall content ourselves with an outline of the procedure
necessary to complete the approximate interior solution given a solution
of equation (9.12).

If E(r) is determined we may then write :
I; = A (cos ct—l) 5(1') + B sin 6135(1) : rp.(r, t) . (9.13)

This is oinztincd from the expression for ';,. by integrating with resin-ct
to t and taking account of the fact that We must hate equation [5.111
satisfied, that is That we require that ram-.nl :1). ()n substimzing
equation 49.13» into equation 19.8, and making use of the fact E satisfies.
equation (9.12) we obtain :

K(r) : 6—2‘170 0-2 EU") . (9.14)
This equation may be regarded as an equation for the determination
of the function Bm(r) which represents the perturbation of the mass
distribution at time t: 0, << causing » the oscillation of frequency a.
In case 0:: 0, C is independent of t and hence vanishes identically since
it vanishes at t = 0. Thus we must have K(r) : 0 as also follows from
equation (9.14).

When 8m is determined and 2; is determined the function (1)1 is
determined from equations (7.6) and (7.8). Similarly cpl may be deter-
mined in terms of 8m and C from equations (8.5) and (8.6). Thus the
approximate interior solution to the field equations may be determined.
This solution may be joined to the approximate exterior solution given
by equations (5.9) and (5.10) by using the approximate form of the
boundary conditions given at the end of section 4.

4Gm 'W 8 C0 w “>520. 91%
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DISCUSSION

Intervention du professeur J. A. Wheeler

Your linear equations for small departures from a state HE equilibrium
I‘iz‘csumahly have an eigenvalue character such that you can be assured
that the equilibrium is locally stable if all the eigenvalues are positive.
Have you investigated what conditions must be. tulfullcd by a state of
equilibrium in order that the lowest eigenvalue shall just vanish in other
Words. in order that the system shall just lie at the boundary between stable
configurations and unstable configurations ‘2 I ask this question because
Harrison, \Vakano and I integrated the equation for the general relativistic
hydrostatic equilibrium of a mass of substance catalyzed to the endpoint
of thermonuclear evolution and subject to its own gravitational squeeze (1).

— Do E

I
l
l

A l !

0.7NO 1.2 No
—— Number of nucleons—9

FIGURE. 7 The equations of hydrogtatic equilibrium were integrated outward
from r : 0, starting with a specified density _;° at the center. At a certain point in
the integration the pressure fell to zero, thus defining the boundary of the configu-
ration. The number of nucleons inside this boundary is called N and is referred

to the number of nucleons in the sun as standard of reference, N0 .

\Ve found two niaxima in the curve for the number of nucleons as a function
of central pressure : B, which we call «the Chandrasekhar-Landau crushing
point», where electrons are squeezed onto nuclei; and D, which we call

(1) Reported in Onziéme Conseil de Physique Solvay, «La structure et l’évo—
lution de l’univers», Editions Stoops, 79, Coudenberg, Brussels, 1958.
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« the Landau—Serber-Oppenheimer-Volkoff crushing point», where the pull
of gravitation wins over the pressure of nuclear matter. We call these
maxima << crushing points >> because it seems to us obvious from the kind
of argument that goes back to Poincare that of two configurations with the
same number N of nucleons, just short of NE“, at most one can be stable.
However, Schatzman (2) in a different kind of analysis did not get exact
agreement between the position of the first maximum and the position of
the first crushing point. Therefore it would seem very worthwile to test
definitively in terms of an equation such as yours whether the two points
must not always agree. Since the problem is one of principle, it should
be possible to use your equation to give a quite general answer to this
question without entering into any details.

Réponse d’A.H. Taub (d’aprés J. A. Wheeler)
I have not yet answered the kind of question you raise, but the desire

to do so was the motive that impelled my investigation in the first place.

(2) E. SCHATZMAN, Acad. Nauk SSSR, 33, 800 (1956),





NON-EXISTENCE OF PERIODICALLY VARYING
NON-SINGULAR GRAVITATIONAL FIELDS

Professeur-Docteur A. PAPAPETROU,
Institut fiir Reine Mathematik,

Deutsche Akademie der Wissenschaften zu Berlin

RESUME

I] a été discuté de l’existence de champs gravitationnels gm, non sin-
guliers qui seraient fonctions périodiques du temps et satisferaient aux
conditions usuelles a l’infini spatial (guy—>11”, métrique minkowskienne,
pour r —> oo). 11 suit de précédents résultats que de tels champs devraient
étre indépendants du temps dans la région (infinie) de l’espace tridimen-
sionnel 01‘1 ils sont faibles. Ils ne pourraient donc étre périodiques que
dans une région centrale, oil ils devraient étre forts. L’hypersurface séparant
les deux regions 4-dimensionnelles en question serait alors isotrope. On
montre qu’une telle surface ne peut pas exister sous les conditions du présent
prohléme. Par conséquent i1 n’existe pas de champs gravitationnels perio—
diques non singuliers en relativité générale. La méme conclusion vaut dans
la théorie «Maxwell-Einstein » des champs électromagnétiques et gravita-
tionnel couplés.

It has been remarked by EINSTEIN immediately after the formula-
tion of general relativity that the tensor Tm, appearing in his field
equations,

1
Ruiz—EguvRZVvTH-v; (1)

can give only what we call a phenomenological description of matter :
The structure of Tm, has to be chosen more or less empirically from the
known properties of the (macroscopic) bodies we are considering. It
follows that this tensor can be used for macrophysical problems only.
From this EINSTEIN concluded that in microphysics only the vacuum
field equations,

Rm; : 0, (2)

ought to be used. In other words only gravitational fields which satisfy
equ. (2) everywhere could be of importance for microphysical problems.
By this we mean solutions which are entirely free of singularities, as
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any (physical) singularity i e.g. the Schwarzschild singularity # is
always equivalent to a distribution of TM represented by B-functions.
In the opinion of EINSTEIN such non-singular solutions might eventually
be the suitable means for the discussion of the problem of the structure
of elementary particles.

The simplest form of the problem of nonsingular solutions has
been put forward by EINSTEIN (1). This is the problem of the existence
of non-singular solutions which are (in certain coordinate systems) time-
independent. In order to have a well defined problem it is necessary to
specify the boundary condition satisfied by the solutions. EINSTEIN
introduced the following condition :

gm, : my for 7'—> oo (3)

1:7,; )IiIII-zovvrski metric-r. \vigirh is the only one 111111 might lend to non-
smgular solutions reprEsenting Intuit-ls of particles. _\ discussitm of
the pmblem thus formulated by EINSTEIN and l’irxri‘i" led to a first
uegaiin: result : Any 1ime-inde;wndent non-singular solution of (13>
fulfilling ilie condition 1231 would necesstarily represent a field of vanis-
hing total energy and would therefore be unsuitable for the description
of a particle with non-vanishing restmass. LICHNEROWICZ (3) then could
prove that there is only one trivial solution of this kind and this is
the Minkowski metric.

For the purpose of describing a permanent particle one might also
think of using a non-singular solution which depends on time perio-
dically, and of course again fulfils the boundary condition (3). We have
recently discussed the question of the existence of non-Singular solu—
tions of this kind and arrived again at the same negative result as
for the timerindependent fields, i.e. that also periodic non-singular fields
cannot exist. We Shall give in the following a brief description of the
main steps and arguments by means of which this result has been
reached (4).

Let us assume that a periodic non-Singular field exists. Because
of the boundary condition (3) the field will necessarily be weak at large
distances from a certain << central» region of the 3-dimensional space
(i.e. outside a certain finite region of the 3-dimensional space). Periodic
fields of this kind have been discussed in detail (5) and it has been found
that in the infinite region of the 3-dimensional space in which they are
weak they can be only apparently time dependent : A coordinate trans-
formation can be found which will bring the field to a time-independent
form. A truly periodic non-singular solution would therefore, after the
performance of this coordinate transformation. have the following

(1) A. EINSTEIN, Revista (Univ. Nac. de Tucuman) A 2, 11 (1941).
(2) A. EINSTEIN and \V. PAULI, Ann. of Math” 44, 131 (1943).
(3) A. LICHNEROWICZ, C. R. Acad. Sci. (Paris) 222, 432 (1946).
(4) A detailed paper by PAPAPETROU and TREDER is under press in Ann. d.

Physik.
(5) A. PAPAPETROL‘, Ann. d. Pliysik (6) 20) 399 (1957); (7) 1, 186 (1958).
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general structure: It would be periodically depending on time in a
certain finite region of the 3-dimensional space (in which it could not
be weak) and time-independent (and weak) outside this region.

The corresponding two regions of the 4-dimensional space will
be separated by a hypersurface 2 (fig. 1). The characteristic property
of E is that on it derivatives of a certain order of the guy will be
discontinuous. These discontinuities will have to be of the type which
cannot be transformed away, as otherwise we should be able to find a
coordinate transformation bringing the whole field to a time independent
form. It follows then from the results of STELLMACHER (”that the hyper-
surface 2 will have to be a null-surface of the Riemann space, i.e. a
surface whose normal vector is everywhere a null-vector. Another pro-
perty of 2 follows from the periodicity of the field as a whole: The
surface 2 will have the same periodicity, as shown schematically in
fig. 1. One sees on this figure at once What we implicitly stated above,
i.e. that the surface 2 will be contained in a finite region of the 3-dimen-
sional space.

The rest of the proof of our theorem consists in showing that in
a Riemann space 'with non-singular metric no null-surface of the kind
of 2 can exist. In the special case of the Minkowski space this result
would follow at once: The null-surfaces contain null—geodesics of the
space; the latter are in the Minkowski space straight lines and there-
fore cannot be confined in a finite region of the 3-dimensi0nal space.
This reasonning is not applicable to the case of a general Riemann

(6) K. STELLMACHER, Math. Annalen, 115, 740 (1938). In this paper Stellmacher
discusses the case in which discontinuities occur in the second (or higher) deriva-
tives of the guy. The case of discontinuities in the first derivatives of guv has
also been discussed in a paper by PAPAPETROU and TREDER which is under press
in Mathem. Nachrichten; Stellmacher’s results are valid in this case too.
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space, as there can then be nulligeodesics contained in a finite region
of the 3»dimensional space. But the non-existence of the null-surface )3
still holds, as can be shown in the following way.

In fig. 1 let us consider the hypersurface S with the equation
7' : a : const. If we take the value of a sufficiently large, the field guy
will be weak (i.e. nearly Minkowskian) on S and consequently this
surface will be a time-like one. Moreover the surface S will contain
entirely the null-surface E and have non common points with it. But
this last demand leads to a contradiction: Starting from S we can
construct a system of nonintersecting time-like surfaces S, S’, S” (7),
one of which will then be necessarily tangent to 2 at some point P
(fig. 2). But this is obviously impossible, as the normal vector common

3" 3's

s "I

to these two surfaces at P would then have to be at the same time a
space-like as well as a null-vector. It follows that a null~surface of
the form of E in fig. 1 cannot exist and therefore a periodic non»singular
solution of the equations (2) also cannot exist.

The same negative results are valid for the EINSTEINMAXWELL
theory of the combined gravitational and electromagnetic field (with
the additive combination of the Lagrange functions of the two fields).
The case of the time-independent non-singular solutions in this theory
has been discussed by THIRY (8). The proof for the periodic solutions
follows on exactly the same lines as the one given above for the pure
gravitational field. This is possible because a periodic gravitational
and electromegnetic field will also necessarily reduce to a time-inde-
pendent one in the (infinite) region in which the gravitational field has
become weak (9).

It follows from this last remark that a necessary condition for
the existence of periodic non-singular solutions in any field theory

(7) See eg. L.P. EISENHART, Riemannian geometry, Princeton, 1949, p. 57—59.
(8) Y. THIRY, Journ. Math. pares appl. (9) 30, 275 (1951).
(9) A. PAPAPETROU, Ann. (1. Physik (7) 1, 186 (1958).
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(unified or not) is the existence of truly periodic solutions in the region
of the weak gravitational field, which in its turn might be possible only
if the energy density of the total field is not positive definite. The
results of a calculation which will be published in a subsequent paper
show that truly periodic weak fields can exist in the unified theory
with non-symmetric guy. It is therefore probable that periodic non-
singular solutions will exist in this theory, in contrast with the already
known fact that the theory does not contain any physically interesting
time-independent non-singular solutions (10).

DISCUSSION

Intervention de A. Trautmann

La demonstration de Papapetrou qu’il n’existe pas de champs pério—
diques qui soient euclidiens et non-stationnaires a l’infini n’est pas convain-
cante. Cette demonstration s’appuie sur l’hypothése qu’on peut développer
gm, en série et que chaque terme gm, de cette série satisfait a la condition

lim gm = 0 (n>0). Il est connu, d’autre part, qu’il existe des fonctions
r—> 00 75

réguliéres a l’infini dont les termes du développement en série ne jouissent
Icr

pas de cette propriété par exemple Sil1 — >. Ce probléme est lié a celui de
r

la convergence uniforme des séries en question.

Intervention du Prof. J. A. Wheeler

It is interesting to note that gravitational geons, even gravitational geons
of very long lifetime, in no way involve any violation of the valuable
theorem established by Professor Papapetrou (1). Gravitational wave energy
continually leaks out of such a geon at a rate which is inversely propor-
tional to e raised to a power proportional to the ratio between radius and
wave length (2). This rate can be made as slow as desired by making
the ratio of radius to wave length very large. Consequently it might at first
sight appear that the geon serves as; everlasting source of monochromatic
outgoing gravitational waves, in violation of the theorem of Professor
Papapetrou. However. t circumstances Show that no violation is involved.
First. the decay of the source. though slow, occurs at a finitu raie. Conse—
quently the circulation of energy around the interior of the geon cannot
be truly periodic. Second, the mathematical analysis of the gravitational
geon is most conveniently expressed in terms of the time symmetric initial
value problem of Foures and Lichnerowicz, Weber and this conference
member, and Brill. Thus at time T = 0 the 3-space metric (3mm satisfies the

3(2) “1:

equation (3)R = 0; and at that moment 6—: = 0. In other words, the

outward leakage of the gravitational waves begins only of the order of a
period or 05 after the time T = 0. Before the time T = 0 one has to do
with an incoming gravitational wave — the gravitational analogue of an

(10) A. PAPAPETROU, Phys. Rev., 73, 1106 (1948).
(1) See also A. TRAUTMAN, Bull. Acad. Pol. Sci., 5, 115 (1957).
(2) J. A. WHEELER, Phys. Rev., 91, 511 (1955).
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electromagnetic wave train approaching the focal point of an optical sys-
tem. This therefore treats the gravitational geon as built up over a very
long time prior to T : 0 by the input of a very weak but properly phased
wave train. This circumstance again shows that the disturbance is not
truly periodic.

The kind of considerations that are encountered here about in ¥ and
outgoing waves and about time reversibility are very familiar from the
theory of alpha decay and need no further discussion. The main point of
these remarks is only to note the caution about how we go to the limit
which is imposed on us by Professor Papapetrou’s important theorem. For
a gravitational geon with any specified internal wave length l we can
make the rate of decay as small as we please — but not zero ! by going
to a sufficiently large radius a. In this sense one can achieve an approxi-
mation as close as he pleases to an infinite monochromatic wave train, in
apparent contradiction to the theorem. However, for any fixed A and fixed a
— no matter how large — one can always find a time T so great that the
decay of the geon has taken away by that time any specified fraction of its
mass energy. In this sense the wave train is not monochromatic and Pro-
fessor Papapetrou’s theorem is not violated.

\\\\ ' l///
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FIG. 3. 7 Schematic representation of a gravitational geon. Gravitational waves
of wave length short compared to the radius are guided around a circular path

by the static gravitational field that they themselves establish.

Intervention de J.L. Synge

Bien que les conditions g” : my a l’infini apparaissent simples et natu-
relles a premiere vue, il semble que les vraies conditions a l’infini consistent
dans l’annulation du tenseur de Riemann. Laissez-moi proposer une simple
analogie, qui peut étre significative dans l’espace—temps. Considérons, dans
l’espace ordinaire, une surface conique ordinaire. Elle est intrinsequement
plate, avec une singularité au sommet, que l’on peut cependant faire dis-
paraitre en enlevant le sommet, Alors nous avons un espace a deux dimen»
sions qui est intrinséquement plat excepte pres du sommet, mais pour
lequel i1 n’existe pas de systeme de coordonnées unique (my) pour lequel
ds2 : dx2 + dy2 a l’infini.



ETUDE CRITIQUE
DE LA REPRESENTATION DE LA MATIERE

DANS LA
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RESUME

Aprés avoir rappelé les lois du mouvement des particules neutres et
chargées en Relativité Générale, 1e principe de la théorie unitaire asymé-
trique d’Einstein-Schrodinger et les résultats des travaux dans lesquels
L. Infeld, J. Callaway, W. B. Bonnor, J. Treder et E. Clauser ont appliqué
a cette théorie la méthode des singularités, l’Auteur expose 1e principe d’une
méthode du tenseur d’énergie qui s’harmonise avec les axiomes de la théorie
unitaire.

La discussion des équations du mouvement déduites des identités de
conservation conduit ensuite au développement d’une théorie asymétrique
trés générale dans laquelle 1a variété fondamentale quadridimensionnelle est
munie d’une connexion affine quelconque I‘Av‘l. La fonction d’action dépend
linéairement, avec des coefficients constants, du tenseur de Ricci et du ten-
seur de coyrbure d’homothétie de la connexion, des tenseurs analogues for-
més avec I‘xvu = 1‘q et du tenseur I‘x-I‘F obtenu a l’aide du vecteur de tor—
sion PA de 11"“; un principe variationnel donne les équations du champ. La
discussion des équations du mouvement obtenues par la méthode du ten—
seur d’énergie montre qu’il est possible, par un choix convenable de la
fonction d’action, et sans introduire de terme phénoménologique, d’éta-
blir les équations du mouvement d’une particule chargée.

L’obtention de ces equations dynamiques, qui font intervenir un terme
d’accélération, une force de Lorentz et des termes supplémentaires, exige
la suppression des équations antisymétriques du champ, ce qui impose une
renonciation partielle a l’application d’un principe variationnel.

La théorie asymétrique du champ unifié a été introduite par EINv
STEIN en 1945 [1]. II s’agissait, en fait, d’une derniere version issue de
plusieurs tentatives antérieures. L’une des plus connues date de 1923
et utilise déja un tenseur fondamental asymétrique [2].

L’originalité de la théorie asymétrique était de vouloir constituer
une théorie géométrique du champ pur, c’est-a-dire de chercher a englo-
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ber dans un schéma géométrique unique la description des phénoménes
de gravitation et aussi les apports électromagnétiques, matériels, etc,
auxquels 0n attribuait, en général, une origine phénoménologique.

Cette synthése totale réalisée sous l’égide de la géométrie emprun-
tait des voies d’une trompeuse simplicité. EINSTEIN semblait proposer
en effet la generalisation la plus simple, la plus << naturelle >> et, par»
tant, la plus attrayante de la Relativité Générale.

Il n’est donc pas étonnant que la nouvelle théorie ait suscité un
certain enthousiasme et un grand nombre de publications. Toutefois,
parmi ses partisans les plus qualifies, cet enthousiasme a connu assez
Vite d’importantes fluctuations: une des difficultés les plus grandes
concerne l’obtention du mouvement des particules chargées, mouvement
que la théorie n’a pu prévoir sans renoncer a une part importante de
ses propres principes.

En effet cette tentative qui se propose d’étre totalement unitaire
veut étre en meme temps une théorie du champ pur. La représentation
de la matiére doit donc se réduire a celle du champ et les equations de
la théorie relévent toujours d’un cas unitaire << extérieur >>. C’est dire
que le concept de «singularité» au sens usuel est banni et que la
notion de mouvement des singularités dans un champ n’est plus imme-
diate.

Toutefois, les résultats décourageants obtenus dans diverses direc-
tions n’ont jamais compromis définitivement la théorie car l’ambigui‘té
des interpretations possibles (choix de la métrique, interpretation des
champs antisymétriques, etc.) a toujours ménagé des issues pour des
unitaristes totalitaires et impénitents.

Ces espoirs peuvent~ils et doivent-ils se prolonger ? Telle est la
question que nous voudrions poser aujourd’hui.

l. — Les lois du mouvement des particules neutres et chargées
en Relativité Générale

La Relativité Générale admet l’existence d’une variété a connexion
métrique — que l’on suppose a priori riemannienne ~. Le lien entre la
connexion FED de la 'ariété et la métrique a,” (equations de liaison), les
conditions imposées a la structure de la variété (equations du champ)
sont ainsi

0 1
11:1» : {51/} : 7 “p"(au “W t Bu (1w — 30am) (Do

.4

o 1 »
SMVEGuV—70WG :XTuv (G : a!" GuV)- (II)0

Sm, est le tenseur d’Einstein, Gm, le tenseur de Ricci riemannien écrit
avec les symboles {EV}. Le tenseur TM symétrique et du second rang,
représente la somme de tous les apports énergétiques autres que celui
du champ de gravitation. ll comprend en particulier l’impulsion-énergie
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matérielle Mm, et électromagnétique Tm;- Si l’on désigne par qauy 1e champ
électromagnétique, par 1) et u” 13. pression et la quadrivitesse d’univers
dans un schéma fluide parfait, on aura

Tm, : Mm, + 1,“, + (1)

MuyE([c+p) “guy—pawl (1)1
avec

1
TWIZ—q’up (Pi/P +104“; (Fae-(PW . (1)2

Si Tm, # 0, 0n obtient des théories dites << naives » en raison
du caractére non géométrique de ce tenseur qui est indépendant de la
connexion. En dépit de cette << naiveté >>, ces théories permettent 1a pré-
vision du mouvement des particules neutres ou chargées. Ce mouvement
se déduit de (II)0 soit par la méthode des singularités [3] [4], soit par la
méthode du tenseur d’énergie [5] [6].

a) Dans le premier cas (singularités), le tenseur matériel Mm, n’inter-
vient pas au second membre. S’il s’agit de particules neutres, les équa-

\
tions du champ sont donc relatives a un cas purement extérieur. De

la
toute fagon, l’introduction d’un potentiel harmonique U :— conduit

7'
aux lois classiques du mouvement (lois de Newton et de Coulomb) et
aux approximations d’ordre supérieur.

b) Dans le second cas (tenseur d’énergie), 1e tenseur matériel Mm,
figure toujours au second membre de (II)0. Les quatre identités

Vp Sup E 0 (2)

entrainent, avec (IDO, les quatre équations

Va Tu? : 0 (3)

(1m: doit sulisi'uire 1m Tf «1011216 U prim-E.
(‘es (vomlhious [3(‘1'lll'r: pnui- pt: 1.2. 3 {-(mmiruem‘. :‘a lilJE'Ih’P )1. lux-

+3([llzll’l(lll.~‘ (111 numwmeni‘ dos pal-Iirlflvs neun'es H chargers. 1mm m

mn‘mle IliIHS In s'il s'ugil tie Inll'lil'llh's :-i1:n'gév.~=. Ia l'ni'w: zlv Ixn-rn‘rz
s‘inu-mluit pni- l'inrei-méiiinii‘e (.111 must-111' de Manx-ell qui figure 2111

second membre dans TM.

2. — Les équations de la théorie asymétrique du champ unifié
déduites d’un principe variationnel

A) Pour préciser les notations que nous utilisons, nous avons rap-
pelé des principes semi—populaires. Nous devons continuer dans cette
voie.

La théorie asymétrique du champ unifié est souvent présentée
comme l’extension la plus << naturelle » de la Relativité Générale. Pour
en juger, il est opportun de déduire les équations (1)0 et (II)0 d’un
principe variationnel mixte appliqué a une densité invariante 13. La
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connexion FEW et la Inétriquc (1m, torment deux series do variables inde-
pendantes.

Sans apporter de restriction a priori a la structure d‘une variété
affine 7 qui comportera done on général une courbure REM et une tor-
sion T’é, considérons les densités invariantes E et 13’ telles que

afi’13 : \/ja (1!” RM, 30“ : 3/. \/# a 6m, (4)

Seul Rwy, contraction de premiere cspéce dc 1a courbure, dépend de la
connexion my. Un principe variationnel

aflc + 9) dr : 0 (5)

conduit, pour des variations 5 FL ct B(\/! a, a“) nulles aux limites du
domaine d‘intégration. aux equations de liaison ct aux équations du
champ :

» '\ IPK» : {fir} fl 3 OS 1‘1» (DO
1

Sui/(F) E Sun E Guy * T (1,“. G : X Tun) (II)/0

Tun : auv— T (1111/ aufi 6416 -
.1

L‘introduction du quadrivecteur Pp qui reste indétermjné constitue seu-
1emcnt 1111 << embellissement gratuit >> selon l'expression meme de
E. ScnniiniNGER.

B) La théorie du champ unifié d’Einstein est basée sur la géné-
ralisation de (5) obtenuc en substituant dans B 1111 tenseur fondamcntal
asymétrique 91” au tenseur symétrique a!” et en supprimant 1a contri-
bution do {:7’. A partir dc

If : 9}“ RM 6w, : 0 (6)
on obiient par variation 3 P5,}! ct 5 g!” dcs equations formellement iden»
tiques 21 (IN et a (HYO mais exprimées en fonction d’un tenseur fon-
damcntal asymétrique et dépourvues évidemment de 6;“, (1)
(a) . 28,) 9”" + (it) g0" + I‘D!r g!” 7 gm é} : g“ I‘D — T 83' 9*” IR

0 (I)
(b) a (359, : 0

RHV : 0 [R : guv Run) {11)

(1) Nous postulerons toujours ici le systénie «faible» c’est-a—dire 1e
systéme déductible du principe 'ariationnel, ce qui implique Twit). La
forinc Rm, : O ne doit pas faire illusion, On sait qu’elle implique

\‘Vfl : 0, \wfl : 0,
\Vw étant 1e tenseur de Ricci formé avec les nouvelles variables

6 Fp
u. v

P _ pLuy~vi w
ho
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Dans ces conditions, 1’expression de Ff“, en fonction de guy est sensi-
blement plus compliquée que la solution riemannienne (I)’0 ([7] [8] [9]).

Quoi qu’il en soit, i1 semble naturel d’appliquer a la théorie le test
Inéme qui doit caractériser une théorie unitaire c’est-éL-dire la prévision
du mouvement des particules chargées.

3. — Les lois du mouvement des particules neutres ct chargées
considérées comme des singularités du champ

Le principe initial de la théorie conduit 51 des équations du champ
dépourvues de second membre. On a donc essayé «‘l’appliquer £3. ce cas
essentiellement extérieur une méthode des singularités.

L. INFELD a tout d’abord cherché une solution du systéme (II) dans
le cas I’p : 0 (systéme << fort >>). ['ne premiére approximation des équa-
tions (I) conduit :21 définir un champ électromagnétique. Celui-ci doit
alors, d’aprés (II) satisfaire

l
' ‘Pw : 9W 2 T)“ Gui/90(3) CPO — a“ CPP) ' (7)

D‘aprés (II), le potentiel o9 doit vérifier
at}

ABAQZO (A22 , :1,2,3> 8pa”? P ()
dans le cas purement statique (9° : 0, 0, 0, cp). La solution la plus géné-
rale de cette équation

q=§+b+dr2 <9)
a

se réduit a la solution harmonique cp : — en raison des conditions aux
r

limites. Le potentiel électrostatique ainsi défini conduit 21 une contri-
bution nulle dans le calcul des intégrales du mouvement par la méthode
d’Einstein-Infeld-Hoffmann. (L. INFELD [11]).

J. CALLAWAY a repris 1e méme calcul dans le cas Fp#0 (systéme
faible) [12]. On sait que la partie antisymétrique des équations (II)
s’écrit alors

2
Ruv:Wnu—E(aq—avl—‘p) =0 011 VV[EB'DI :0 (10)

WW étant le tenseur de Ricci formé avec une connexion

2
MW : I‘fiv —§ 8,8 1"],

a vecteur de torsion nul. Les équations (8) doivent alors, dans le cas
purement statique, étre remplacées par

Aqo. UM
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Elles admettent la solution générale
a

Q:—+b+cr+dr2. (12)r
qui se réduit a

a
q) : ; + or (13)

r
pour les memes conditions aux limites. En gardant seulement la solution

9 : 7 (14)
7'

CALLAWAY aboutit, dans le cas du systeme faible, a une conclusion idene
tique a celle obtenue par INFELD pour le systéme fort : les termes élec—
tromagnétiques n’apportent aucune contribution spécifique aux inte-
grales du mouvement.

Si l’on veut maintenir le potentiel électrostatique habituel, c’est-a-
dire la solution harmonique, il est nécessaire, pour obtenir le mouve»
ment des particules chargées, d’ajouter a la fonction d’action E un
terme supplémentaire. En choisissant par exemple la fonction d’action

13 + P2 9‘3 93 (15)
et en appliquant la Inéthode d’Einstein-Infeld—Hoffmann pour un poten-

a
tiel électrostatique q : !, W. B. BONNOR [13] obtient les équations clas-

7"
siques du mouvement sous l’influence des forces newtoniennes et stric-
tement coulombiennes.

a,
Toutefois J. TREDER, en utilisant la solution complete q) _— — + or

r
du systéme faible, est parvenu a obtenir une contribution non nulle du
champ électromagnétique [14] (cf. aussi A. PAPAPETROU [15]). S’il s’agit

de deuX corps distants de 732, la force électrostatique qui s’exerce entre

011k 651: (1) (2) (1) (2)
$11 n. a)” a)” __ $1)

f”:2(a102+ a2 01)#—3*20102— (16)
'7'121 I712 I

et suppose donc essentiellement 0#0 pour se manifester. Malheureu-
sement le second terme extracoulombien n’est pas forcément petit devant
le premier.

Des résultats analogues ont été obtenus dans cette voie et par des
procédés un peu différents par E. CLAUSER [16] [17]. Le calcul des inté-

grales du mouvementf‘iéfy n, dc: : 0 est alors réalisé a partir d’expres-

sions initialement différentes (cf. note (2)) qui permettent l’application
des identités proposées par E. SCHRDDINGER [20]. L’introduction d’un
potentiel de la forum (14) conduit bien entendu E. CLAUSER a la défi»
nition d’une force électrostatique du type (16) comportant des termes
extracoulombiens. Les equations globales du niouvement du corps (1).
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c’est-a-dire l’expression des forces tant newtoniennes que coulombiennes
et extra-coulombiennes, sont ainsi

(2), <1)_
(DQ) <1) (2) 1‘" — J":
may? : GN m m a

‘ "12 a

1 9 w
+3(A102+A2CI) 34k“—

(1) (2)

1 a?" — a?”—Eclc2a4 k2 (17)
I 7'12

La parenté des formules (16) et (17), réductibles l’une a l’autre par un
réajustement des constantes A, C, D, k, est évidente.

4. — Principe d’une méthode du tenseur d’énergie
sans recours 5 l’hypothése de singularités

La méthode précédente a l’inconvénient de contrevenir aux prin-
cipes essentiels de la théorie. Il peut en effet sembler paradoxal d’uti-
liser une méthode des singularités dans une théorie qui bannit 1e concept
méme de singularité.

Toutefois, l’application d’une méthode du tenseur d’énergie requiert
la présence d’un terme phénoménologique formé par un tenseur matériel
et, éventuellement, par le tenseur maxwellien d’impulsion-énergie.
Dans une théorie unitaire, méme d’un type restreint (c’est-a-dire
groupant seulement électromagnétisme et gravitation dans un schéma
géométrique), ce tenseur d’impulsion-énergie électromagnétique (et par
conséquent sa divergence qui constitue 1a force de Lorentz) découle de
la donnée du tenseur de Ricci. Tel est le cas réalisé, par exemple, dans
les théories pentadimensionnelles.

\Pour chercher a mettre en évidence les possibilités de la théorie
asymétrique, nous devons en donner une retranscription riemannienne.
Pour cela, nous mettrons en evidence dans la partie symétrique Rfl du
tenseur de Ricci généralisé, une partie strictement riemannienne Guy
relative a une métrique any. Le complément du tenseur d’Einstein

Guy—7 041.]; G ainsi isolé a partir de RH représente l’impulsion-énergie
.l

des apports phénoménologiques dans une version riemannienne de la
théorie. Cette version est naturellement arbitraire puisqu’elle est relative
au choiX d’une métrique any.

(a)
Décomposons ainsi 1e tenseur Rfl en une partie rlemannienne Guy

(a)
relative a la connexion {:1t et en une partie complementalre R’fl qul
constituera tout ou partie. du second membre. Posons :

(a) _ (a) (a),RH = Gnu + RH (18)
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Ecrivons 1n11inten11nt 1es equations du champ en introduisant provisoi-
rement un terme p11énomén010gique OW dont nous ne préciserons pas
1:1 forme : si Ce terme est nécessuire pour définir 1111e force (1e Lorentz,
111 théorie asymétrique 11’échappe pus aux critiques que 1’011 peut f11ire
1111K théories n11‘1‘ves. S’il n‘intervient que (111ns 111 definition du tenseur
materiel, 1:1 théorie est 111111111111 1111 sens usuel. Enfinj une authentique
theorie (111 Chump pur devrait pouvoir se dispenser de toute intervention
phénoménologique.

E11 utilisnnt 1111 formalisme non rien1z11111ien, nous écrirons 1es equue
tions (111 Chump

(om, : 0 (19)
(ow ét11nt défini par 111 difference entre, le tenseur (1e Ricci géuéralisé Rm»
et un éventuel apport phénoménologique 6W (par phénoménologique nous
entendons simplement que 1e tenseur 9111, est indépendant de 111 connexion)

(ow E RM — 6,11,. (20)
E11 portunt (18) dans (20) nous pouvons former 1’expression qui met en
evidence 1e tenseur 11‘Einstein riemannien SW re111tif 1‘1 11ne métrique (1W.
Nous 11vons en effet

1 (a) (/11)
9111* (1)111! — 7 (1111/ (lug was E S,” — 1,4 TH (31)

en poszlnt
((1‘) (51‘) 1 (a) , \
buy : (Jul) _T (1111/ (£013 (}afi (2‘2)

..

(a) (a),
X TIJJ’ E f up + @111»

11vec

(a) (a) 1 (a)
* T’w E R’W — 7 11W (1115 new (21)

8W E 9M ’—‘ 7 auv aura 0&8 (25)

Les equations 1,111 champ relatives {Lu groupe symétrique s’écrivent :110rs
Q)“, : 0 (26)

1e terme 9W 11‘interven1111t pas, bien entendu. dans 111 théorie initi111e,
1,1’Einstein.

Rappelons 1e 1'111'1uktere 11011 univoque de 111 retranscription 11011111117
nienne (‘21). EHe est relative — comme 111 decomposition (18) 7 am choix
(H'bzifrairv 1,1’1111e metrique «up. A partir 11’u11 schema unitaire (19), 011
peut tirer 11ne infinite, de representations (111 type (‘31) selon 111 definition
adoptée pour 111 n1et1‘ique.

Considérons maintenant l’expression

\ a) (a) 1 N (a) (a) ,
(Eu—>020“ Guy—TOE, (laB (1115“): T119 127)
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a)(formée a partir de (21). Appliquons 2‘1, (27) 1a dérivation covariante p,
cette dérivation s’exprimant é l’aide des symboles {flv}(a). 0n obtient

(a) (a) (a) (a)E“ E VpQq — Vp(x T19) , (28)
en tenant compte des identités riemanniennes classiques

(a) (a)mszao. am
Si les équations relatives au groupe symétrique doivent étre réa-

lisées, c’est—z‘L-dire si
la} (a)

(9,“, = 0 Q“? = a?" GM : (30)
( )

il est nécessaire que ’1‘29 satisfasse les conditions
(a) (a)Eu 5—- vp (x Tm) : 0. (31)En posant

(a) (a) (a) (a)‘Efl :\/—aTfl fiaflzv—aTufl, (32)
l’intégration de (31) sur l’élément de volume dont on étudie 1e mouve—
ment conduit en principe aux équations dynamiques

f E,, V— a dwl /\ (la:2 /\ (1.723 : 0 (33)
V

c’est-a-dire
(a) 1 ~ (a)mmW27/mmmmw $9

(a). . . , , .
D’aprés (23), ‘G; comprend en principe une contributlon geometrique
(a) _

(t3?) et une contribution phénoménologique (8; ). Blen entendu cette
derniére disparait si l’on adopte le principe initial de la théorie d’Ein-
stein.

Insistons sur le fait que les équations du champ antisymétrique
(1),“, E Rm, —— 0m; : 0 imam] : Wham] — evil/I, p] (35)

(a)
interviendront dans la détermination de 15;? mais sont sans influence sur
la formation des équations dynamiques (31)

5. — Les identités de conservation

Si les equations de liaison sont satisfaites, 1a théorie asymétrique
admet (les identités fondamentales que différents auteurs ont présenté
sous des formes variées. Nous les écrirons
soit (cf. E. SCHRGDINGER [20] (4, 1))

a!) (9% WM! + 99“ Wvu) — g“? a” W” E 0 (36)
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Wm, étant toujours 1e tenseur de Ricci formé avec la connexion
H

LEV : PEI/if 5; R, 2‘1 vecteur de torsion nul.
r.

soit (A. LICIINEROWICZ [21])

2mg“? s +9” so + M av g“? E 0 (37>
avec

V 1
SW : WLLV * 7; 9w 9'15 WHB (38)

soit (A. EINSTEIN [22])
1 1

an (g1? “YE—79% av Wflqgfip (512 W3 ‘1‘ a» WVVH ‘1‘ 3» W3) (39)

Bien entendu (36) peut aisément se mettre sous la forme d’une
divergence faisant intervenir les derivations + et 4. On 1a déduit alors
directement des identités de Bianchi généralisées (S. MAVRIDES [23]).

Enfin, il est commode de presenter aussi les identités comme nne
divergence ordinaire (E. SCHRODINGER [20] éq. (4.6), (4.8))

an 2% E 0 <2> ES : :55 + cf (40)
avec

$5 : 9‘” SW ‘1‘ gm; Svu - (41)

<75 : A; av gh ~ 33 (42)
en posant

AS. : Li. 7 a: Li. (43)
Am : L57 Lé‘a — Lia L; A : 93M AM. (44)

En effet, on pent montrer ([18], éq. (4.9))
25 : BA {33:2 : aA (A37 gr? + 1&1n? — 85 9“ A37) (45)

ce qui conduit 51 faire jouer a a: 10 role (111 << pseudo-tenseur >> fréquem-
ment introduit en Relativité Générale.

6. ——- Identités de conservation et équations du mouvement

C’est la condition (31) qui, par integration sur une région dV, per—
met de determiner les lois du mouvement. Nous n’avons pas jusqu’ici
tenu compte des identités générales de la, théorie. A partir de la forme

x

1
(2) Cost 51 partir de 25 < ’55 dans ses notations) que E. CLAUSER

écrit les intégrales du mouvement par la méthode des singularités. Si Bf est
l’expression dc Z: quand les equations du champ (II) sont satisfaites la

Condition [(25 ¥ 8? ) n” do : 0 se réduit é (a. U3”; 8/911” do : 0

en raison do (45) ct du theoremc de Stokes (cf. [16]).
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(39) de ces identités, des transformations indiquées par différents auteurs
([24], [25]) conduisent a l’expression

(m) (m), 1V, ( t r ) 5—- (arms + as Wm + aa image 3. (46)
2 v v v Y

La derivation covariante est relative a- la connexion { }(,,.) et implique
le choix d’une métrique bien déterminée

muv : 2. 1” (Y Z det guv : 92 det gig)Y _-,

C’est en fonction de cette métrique qu’on a effectué 1a séparation
(m) (m)Rm, E G,” + Bag (48)

{m}
et défini le tenseur t’fi en posant comme en (24)

(m) (m) 1 {m}
— #5 E m?" Raw — 3 as mus Rim—5 . (49)

Revenons maintenant a la definition (28) de l’expression Eu qui
intervient dans les équations du mouvement (31). Si nous supposons
que la métrique any (jusque-la arbitraire) qui figure dans ces équations

est identique a ml“ :«Eg“, E” s’écrit encore d’aprés (28), (23) et (46)
Y

(m) (mp (m) (m), (m) p 1 g (m) p
—EuEV0(XTu)EVD ti+Vn®uE’2—ggf 7a[uWaB]+Vp®u-

(50)
En définissant d’aprés (20) et (48)

(M) (m)
02 E R2— OB E Guv + R’fl— 0H (51)

i1 Vient. selon (49), (21), (22) et (25)
{m}

_ t’up E Qu—p__ Sn? + @517

et les identités (46) s’écriront
(m) (m) l W
Va 9”: + Vp 85" ET) gafl V ? [am was] + am 0043]] (52)

.1

7. — Discussion des résultats précédents

A) Si les équations du champ relatives au groupe symétrique
(om : 0) et antisymétrique (am (00:13] 2 0) sont satisfaites, les équations

dynamiques représentent, comme En théorie'na‘ive, des conditions entre
les termes phénoménologiques 01‘: et a“; 0018].

On pourrait, bien entendu, donner aces termes une forme analogue
a celle qui intervient en théorie d’Einstein-Maxwell, 1e tenseur 8”? repré-
sentant une énergie matérielle et le tenseur @043 un champ du tyfe max-
wellien. v
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On peut aussi se borner a introduire des termes phénoménologiques,
c’est-a—dire indépendants de la connexion tels que

Buy:lgfl+l’gg.

a) Si 7‘ : N l’équation dynamique resultant de (52) pour 0L? : 0,
am (1)053] : 0 se réduit a une identité : c’est 1e résultat obtenu autrefois
par E. SCHRODINGER ([19], [20]) qui fut le premier a essayer de définir
un tenseur ,d’énergie par une retranscription approchée de la théorie
dans un formalisme riemannien. On sait que la méthode de Schrodinger
introduit toujours un terme cosmologique en kg”: on constate alors
que les termes en force de Lorentz sont introduits par 1 dans VD Oh? et
dans ()2? EM 0353] et, d’autre part, que leur somme est identiquement nulle.

b) Si 1: 0, X’%O (db!) 0):”: 0, (9g: 0) 1a force de Lorentz est
introduite par le dernier terme de (52). Celui-ci résulterait, par exemple,
de l’intervention dans la fonction d’action d’un terme supplémentaire de
la forme

E’:guvve$,:7\’§b’g€. (54)

C’est 1e terme p2 g5} gm, introduit par W. B. BONNOR dans une extension
de la théorie. Bien entendu 1a disparition du terme phénoménologique
8&9 empéche néanmoins d’appliquer une méthode du tenseur d’énergie.
Mais un retour a la méthode des singularités qui supplée a la déficience
des termes matériels permet, comme nous l’avons vu, d’obtenir les equa-
tions du mouvement puisqu’une force de Lorentz déduite du terme en
1’ peut intervenir.

B) Supposons, au contraire, que les equations du champ relatives
au groupe antisymétrique ne soient pas partout vérifiées. Dans ce cas,
1e comportement du champ de gravitation continuera a étre déterminé
par my : 0 tandis que 1e champ antisymétrique sera assujetti aux seules
restrictions 39 5‘," : 0. On posera donc

92:0; aw wave] 7&0- (55)
Les identités (cf. (50)) conduisent ainsi aux conditions

(11!) 1 g .,
V” ®j:#—9—gf/5 _a[uWaBJ- (36)

.4 Y »/

(3) D’une fagon équivalente on peut poser
0‘15 2 Was 7é 0 (1)

comme des identités de definition de Baa. Le champ antisymétrique Wmg
définit alors V V

a” 00$ 2 a” “/25 ¢ 0 d’ou a” 6053] E 3[#W¢xvs1#a[u a3] : 0.

Il revient évidemrnent au meme de postuler (57) 0u (1) pour s’affranchir
des restrictions habituelles 6“ Was] : a” Bag], valables pour un 9” déter—
Ininé a priori. V V V
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Les termes phénoménologiques relatifs au champ antisymétrique n’inter-
viennent pas, ce qui permet de postuler des conditions

935 = 0; am (Davin E am Wg§1# 0 (3) - (57)
Le courant

f
ja : ft” _fl sou-v9 am v1 (58)\x 6

n’est pas nul. On peut ainsi définir une force de Lorentz
1 g .

fu: jgi‘f’fiaw WaB] #O- (59)

a) Si l’apport phénoménologique matériel 8&9 n’est pas mil
6)“: aé 0 (60)

l’intégration sur dV des conditions (56) conduit aux equations du mou-
vement des particules chargées.

Les résultats déduits par cette méthode coincident, dans le cas
statique, avec ceux qu’introduit l’emploi de 13. solution harmonique
complete (12), solution de AA q: : 0. L’utilisation de la méthode des
singularités dispense évidemment de 1’intervention explicite d’un terme
materiel phénoménologique 8”? , intervention que requiert au contraire
la méthode du tenseur d’éneITgie.

1)) Si l’on suppose en efiet
@up : 0 (6])

la théorie d’Einstein, sous sa form; primitive, ne réussit pas 2‘1 tirer de
données purement géométriques 1a définition d’un terme d’accélération.
Portée dans (56), la condition (61) annulerait purement et simplement
1a force de Lorentz f” péniblement acquise par l’hypothese aw Wag] 7E 0.
Toutefois, il est essentiel de noter que ce qui précede suppose toujours
les conditions

an 911,9 I 0 - (62)
Or celles-ci —— EINSTEIN l’avait déjé, remarqué — ne sont pas inhérentes
:‘1 une théorie de ce type. On peut donc se demander si une théorie élargie
qui autoriserait

an 9 E3 75 0 (63)
permettrait, par le fait méme, l’une ou l’autre des possibilités suivantes :

a) L’introduction d’un terme matériel 5L partir d’une vitesse d’uni-
vers liée au courant de convection (63).

B) La détermination moins restrictive d’un champ électromagnéti—
que qui laisserait alors subsister une force de Lorentz méme si des équa-
tions du champ élargies étaient réalisées.

Nous verrons que a) mais non (5) semble résulter d’un élargissement
de la théorie.

Remarque. — Dans ce qui précéde, nous avons utilisé 1a métrique

particuliére mlW : \/2 g'fl’, métrique privilégiée en raison de la forme
T ,
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des identités. Au contraire, les equations du mouvement peuvent étre
établies pour une métrique quelconque. Dans ce cas i1 conviendrait donc
de retranscrire les identités dans la métrique aw choisie.

Les résultats ne sont pas modifies dans leur principe. En effet, quelle
que soit 1a métrique adoptée, un double jeu d’identités (identités (39)
ct identités riemanniennes relatives a la métrique choisie) intervient

(a)
toujours dans la théorie. Toutefois, la divergence VD t’uPn’est pas iden

tique au second membre de (46) si la métrique est quelconque. En choi»
sissant par exemple 1a métrique

aw, : 9&3 : jaw (64)
on introduit 1e terme supplémentaire

Iv) (7) (w) (‘1) (v) (N)

Go V'1 :3 — (Va GM — VV GMT) 10* (65)
en posant comme en (1)2

). A 1 A
Tu:;q)#UQU+—4‘5u QUTQOT, (66)

Ce tcrme est négligeable par rapport au reste du second membre dés
qu’on introduit les approximations usuelles sur la métrique.

8. -—— Généralisation de la théorie asymétrique

Nous allons maintenant développer une théorie plus générale — et
comme nous 1e verrons trop générale —— permettant d’abandonner l‘ini

troduction des termes phénoménologiques matériels (60).
Nous supposerons que la fonction d’action I3 dépend de la connexion

affine Pup” et de ses dérivées du premier ordre par l’intermédiaire des

trois tenseurs qui décrivent 1a structure d’une variété a connexion altine

quelconque.

a) La contraction de premiere espéce du tenseur de courbure c’esta—

dire 1e tenseur de Ricci

RM E REY/P : a» FEW —‘ av FED + Pill! Info ‘“ P39 iv (67)

b) Unc contraction de seconde espece du tenseur de courbure,

contraction << segmentaire >> ou courbure d’homothétie.

PM” E Rgnv : av PS“ # au Fr?!) (68)

c) Une contraction du tenseur de torsion Ff“, qui définit 1e << vecteur

de torsion >> V
I]; : I‘fivp . (69)

Bien entendu (68) et [69) sont identiquement nuls dans une variété

supposée a, priom' riemannienne. Nous pouvons donc aussi adopter comme
extension << naturelle >> du tenseur de Ricci riemannien, 1a fonction KW
formée a partir d’une combinaison linéaire de RM, PW, Pu Ty. Posons

KW:aRuv+bfivu+cPuv+dfiuv+eFq (70)
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a, b, c, d, e sont des coefficients constants et la notation ’\/ se rapporte

au tenseur transposé c’est-a-dire formé avec f5” : P3“. (Une discussion
que nous ne reproduirons pas ici améne a supprimer les termes 0/ RW +
b’ Rm, que 1’on pourrait introduire dans (70)).

On pent, bien entendu, effectuer les variations 8P3” et 89'” et opérer
ensuite, dans les équations ainsi obtenues, 1e changement de variables :

1PE”:L£”—§ (airy—831“”) +m(8flPv+8§Pu)—>LZLB:0 (71)
(m étant un facteur quelconque) qui nous raménerait a une connexion
a vecteur de torsion nul ([26]).

En fait, il est préférable pour la facilité des calculs — bien qu’en
principe équivalent — de partir a priori d’une telle connexion en intro-
duisant bien entendu les multiplicateurs de Lagrange correspondants.
On posera donc :

13:30 +31 +32 (72)
avec :

£0 : 9)“ Km, 131 : a" Lu 132 : 0' (gw' 1‘u I‘D—27.2 \/— g) (73)
El s’introduit en raison des hypotheses a priori (71) sur Lu : Lip : 0 ;
E2 traduit (par variation 8c) une condition de normalisation imposée a
priori a I‘n. Ces conditions sont introduites jusqu’ici a titre d’hypo-
theses.

On constate aisément que Km, a l’expression suivante (en posant
a + b : 1) :

Kuv :Wuv+ 0‘ (auL&—avL&) + q(6q—av1‘u)+pI‘uI‘v

+ 6 (an B + a PM —2L'.’w m (74)
Wm, étant 1e tenseur de Ricci formé a partir de la connexion w a vec-
teur de torsion nul :

Wuv E 60 LAP” _ av L710 + Lib Lip ‘ Lap Liv , (75)

et a, (3, q, p des constantes qui s’expriment aisément en fonction de a. b,
c. d, e de (70).

Les équations de la théorie se déduisent ainsi de :
8 [3 d1: : 0 (76)

B étant défini par (72) et (73).

9. — Equations du champ

a) Les équations de liaison s’obtiennent en considérant séparément
les deux variations SLEV et 31“,. Elles conduisent aux expressions :

313 613H ”E — ac (———) : 0 (77)
" aLfiu a (an L5”)

BE BE
app 3 (30 Pp) ( )
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Elles sont équivalentes a :
2 20:

it ; pz—gsfiav 8—7 (8330 “3+ 5381798) (79)

28 H v~18 91v + T (899“ + my“) 11,
et 5 :

3
b) D’autre part, les équations du champ qu’on obtient par varia-

tions s’écrivent alors :

7' ' '42
P+~ggu+2mJ&-$:< B’w—w> 3R (W)

ouv::0 (81)
avec :

0),”; E Kw + 0' (PM Fv _ *2 gm) (82)
c’est—a-dire en scindant et en explicitant Km, d’aprés (74) :

QBEWE+WLLVZO (83)
05’ 2 W5, —{— 1’1} : 0 (84)

en posant :

WEE (p + a) Purv+ (5 (aun+ avrsEJPp) —w29u_» (85>
WgLEMauLgiavLfi) + q (am—awn) ~28LZJF9 —°'K2gtg

SW

10. — Les possibilités offertes par une extension de la théorie

La théorie unitaire d’Einstein s’obtient immédiatement en posant
dans (73) et (74) :

1
a:3:p:0=0, q:——§, (W)

ce qui entraine d’aprés (80) :

a, QB : 0 . (62)

a) D’une fagon plus générale la conclusion (62) résultera d’un prin-
cipe variationnel si :

4(52
3 _q+%g(1 +2a)+0, p+c— 0 (88h

1)) Par contre si
w 4%

Q+?(1+2“)+0a 19+?“ 3
i] existe une relation (80) qui permet de déterminer le quadrivecteur Pp
(que les équations (79) laissent complétement arbitraire) en fonction du
champ asymétrique gm, par l’intermédiaire d’un courant a, (33,? + 0.

+ 0 (88)2
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(3) Au contraire, si
56 4. 2

q+3—(1+2¢)=0, p+6— 35
1e vecteur I‘p est nul. 0n déduit ainsi d’un principe variationne] les
équations du << systeme fort >>.

(1) Enfin si

=I= 0 (88M

5 42
q+Tfi(1+2a)=0, 11+G— 36 :0 (85m

les deux vecteurs aa 99“ =I= 0 et R, + 0 sont indépendants 1’un de l’autre.
Dans ce qui suit nous postulerons toujours :

462p + cr— 3 + 0 (88)
ce qui entraine au contraire de la théorie d’Einstein :

aa 95 + 0 (63)
5Suivant les hypotheses faites sur q + T6 (1 + 20:), 3., fig: sera lié au

vecteur 1",, an en sera, au contraire, indépendant.

11. — Identités

En tenant compte des seules equations de liaison généralisées (équa-
tions (79) et (80), on peut établir ([30], [31]) les identités suivantes
qui généralisent (38) :

8x (90.). WW + 91a Wm) —— gas 3,, Was + 2:: (3T 93:) (3., La) _ ac Lg)
_“ 25 [3A (9“ L50 + 9“ 11301)]; — gags F1- 817 L33]

" 4+26 [aTgM—g—a +2a) afgag+—§—ga_vm amaze. (89)
Nous définirons comme précédemment une métrique mm, telle que :

gfl:\/—gg“_v : \/—— m ml“: 011": (90)
Elle s’écrira encore :

lb h;
711,1”: .__. lW: _t: ihfl‘v m : 1h : 1h 1!

g— 7 IW 1.111 u.
g 9 Y 9 h

(91)
avec Z

1g": = hm, ya = m, I = det 7““, v : det m, (*rh = 92) . (92)
On constate alors que les identités (89) se mettent sous la forme sui-
Vante :

rm) 1
v—m VA 8012—2—93} [tm] —2@ an (14n P0]
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(m) 1
+ '33 V» (maA La; 12—: a; mafi Lgi)

—(a* ‘3) [W3 + a (away—30%) —2§ nPr
56+

Q) (1+2a) (aUFa—aaPU)]_g-D>(argu_t) (aaF0+aUPa)

—:T g“: P'T' (at! PO A 60 Pa) _‘ B g‘fi ad 88 P0 E 1327 (93)

en posant :
1S07) E mm WET _# E 5;» mufi WE (94)

("1)
et en désignant par V)‘ 1a dérivation covarlante par rapport £1 1a con-

nexion riemannienne P
W (m)

Posons comme précédemment :
(M) {m}, ..wag : Gus + W as (90)

et
(m) (m) 1 A rm) , (m), 1 A (m),
S”1 : m"u GM — 7 3‘; mail Gag —— ta)“ : mAu W (117 — —2— 81, ml“6 W “—3 (96)

{m}
Gag désignant le tenseur de Ricci formé avec 1es symboles P{W et W’fi

(m)
1e I'este du tenseur WaB.

En tenant comptgdes identités riemanniennes :
(m) (in)
VA Sir" E 0 (97)

(93) s’écrit donc :
(m) (m)\ /—— m, VA m E — Kg. (98)

12. —- Equations du mouvement

Nous supposerons toujours :

ap§3¢ 0. (63)
Considérons alors les définitions (83) et (84) de la quantité (ow dont 1a
disparition (mm, : 0) constitue les équations du champ.

En posant comme précédemment :
(a) (11)

WE] : Guv + W’fl (99)
{a}
GM désignunt 1e tenseur de Ricci formé avec les symboles SN: relatifs

(a) a)
a la métrique quelconque any et W’EK représentant le reste du tenseur
We” on obtient d’aprés (83) et (99) :

(a) (a)mi” E G,” + W'fl + WE, (100)



c‘est»a—dire :
1 (a) ((1,) ”

911:a (DH—33“? (1‘15 (Du—BES‘Lp—tuP—t ”P. (101)

On a posé :
(a) (a) 1 (a)
Suv E GUS — 3‘ any aufl Gals (102)

I (“I 1 (a) II II 1 ll
— t nu E W uv _5' 041.1; 0,113 W213 tuv : p.11 ‘— E- a’ll-V (V15 Wot—B (103)

Les équations du champ relatives au groupe symétrique :
cog : 0 d’01‘1 9,1: = (104)

exigent alors d’aprés (101) les conditions :
(a) (a) (a)
VP t,#p + VP tllup I 0 (105)

(a) (a)
compte tenu de l’identité riemanienne : Vp S“? E .

Si nous supposons maintenant que la métrique am, jusque 1:1 arbi-
h 1

traire est la métrique telle que ml" : \/: gfl (I : det ya)
9

{mHm}
a) La divergence Vp t’uP est donnée immédiatement par les iden-

tités (98).
{m} {m}

1)) La divergence V9771? se calcule a partir des identités de défi-
nition (103) et (85). Aprés quelques transformations on trouve en por-
tant ces résultats dans (105) écrite pour une métrique mm, :

(m) I (m) I 1 l
— tvP—Vot’ VPE—‘Egtp [W[uv,p] —2§ BMLQBFMH

(m)
—— (VA fige>[wlg+ “(an typg—avLEP) + q(auFV'—av Pu) —2§L§3Po]

my 1 1
—/VA[ 0' K2 (WI/7“ gyT—383mufl gaB)+¢E<ga_ll—1u I‘d—‘7 83' 9115 Pa P5) ax 5 .

_ fl - Y L
(106)

Les expressions qui interviennent dans les crochets se calculent aisé-
ment en fonction de gm, et de 1), en utilisant les equations de liaison (79)
et (80). On vérifie auparavant le résultat suivant : en écrivant, d’apres
(74) et (84) :

KgEWg+ 0: (aun—avLfi) + q(au1‘v—aym—26L§3Pp
E (9% —|— c x2 my; (107)

on constate que les equations (106) s’écrivent encore :

l (m)
7 figgQEum91+<Vh £915) (951 = 0 (108)
A Y v Y .

en négligeant les termes en a” (c 1.2).



Ainsi dans la version élargie de la théorie asymétrique comme dans
la version initiale, les equations du mouvement ne peuvent avoir un
sens que si l’on suppose que l’une au moins des expressions (1),“, ou 0w,
n’est pas nulle. V V

a) Si l’on suppose la realisation des equations antisymétriques du
champ (any: 0), il est nécessaire pour définir une force de Lorentz
d’introduire un terme phénoménologique supplémentaire. Le plus simple
serait par exemple 9m, : 1’ gm, comme dans la théorie de W. B. Bonnor.

Toutefois, la solution quvi résulterait de cette théorie pourrait étre
évidemment tres différente de celle que propose W. B. Bonnor car nous
disposons ici des equations de liaison :

53 432 \

[q+ 3 (1+2maa wi< 3 —pia)gfll‘a. (80)

qui permettent de considérer les deux vecteurs aa @395 et I‘D comme des
grandeurs difiérentes l’une et l’autre de zéro.

1)) Si l’on postule au contraire que les equations antisymétriques
du champ ne sont pas réalisées partout mais qu’il est possible de définir
(les regions telles que :

mg as 0 (109)
les equations dynamiques seront (108) (aux termes en 3,; c: pres), le der-
nier terme étant un terme supplémentaire propre a cette version élargie.

Explicitons le second membre de (107) en fonction de guy et de Pp.
Pour cela, il est commode de définir a partir de Lfiv(LfipEO) et de
67 93 une connexion auxiliaire A7“, telle que les équations tie liaison (79)
s’écriront :

Dp(A) 9&1: 0 (110)
on fonction de Afly.

Le changement de connexion permet d’exprimer WEAL) en fonction
de A5,, de D, et de 3,, 93,? et, par consequent, de calculer KW(L) donné
par (74) en fonction du tenseur de Ricci Ruv(A), de I“, et de 80' ‘5’.
Or on connait la solution générale de (110) et par conséquent l’expres-
sion de ASV en fonction de la métrique 9,2.

Introduisons les approximations usuelles sur le champ guy: q,
c’esta-dire supposons que ce champ et ses dérlvées dés deux premiers
ordres sont des infiniment petits (’\/ 5). En posant ainsi :

new: 5 gm» + 0 (52) (111)
et en négligeant les termes en 53 devant l’unité, nous obtenons finale
ment:

KIgEWQB+a(aHLE#81/Lé3) +Q(auPI/#avFu)—2@L§3Pp

1 4a
EVDAEI+7<1+§(1+‘Z)> (aufv—avfu)

+[q+%€a(l +290J (an Pv#av Pu) (112)



c’est-a-dire en utilisant 1a solution générale de (110)
1 2a

Kg£3|j¢w+§fl+ 9‘) (aufv_au)

+[q+:—@(1+2a)](aun—aym. [1131
Dans ces expressions, f” :7ya, a; 9’" s’exprime en fonction de R,

—g
au moyen des equations de liaison (80) qui s’écrivent encore avec l’ap-
proximation (111)

- 42‘

[q+%g(l+2a)]aa¢°°=—<p+c— 5 )1“p (114)

c’est—e‘L-dire
.1 a:

g)$11—7—

f; _ — I; I] ave:- I.- l|

3.3:1 + : I_l ~-‘;- 23:»

En tenant compte de ces équations de liaison et en remplagant Kw
par son expression approchée (113) dans les équations dynamiques (106),
i1 vient alors, aux termes en an 6 pres :

1 9 Jo
—_ #QQDQaBp‘i—“PGD‘PM

4 Y 2

{5_:i[q+%.(1+2a)—2ak(1+a)]P“(apPa—aaro):0 (116)_%

avec

n
.J

<Poa I 933. @0431: : an: @131 -

Le premier terme intervient dans la théorie initiale d’Einstein, les autres
supposent k#0 c’est-é—dire an gge¢0 et sont propres 5L cette généra—
lisation.

D’aprés les équations de liaison, Pa représente les composantes d’un
quadrivecteur normé proportionnel au courant de convection c’est-é—dire
2‘1 la quadrivitesse M. Le terme I‘“l 3a 1“,, est donc un terme d’accélération.

Les équations (116) (aux termes en a]; c pres) auront done la forme
suivante :

u“ an: up 2 K1 9?? E] @0181: + K2 “‘1 [:1 (PM (117)
K1 et K2 étant deux scalaires que nous n’expliciterons pas. Bien entendu
ces résultats supposent essentiellement

my 75 0 (109)

c’est—é-dire une application incomplete du principe variationnel. Ils se
réduiraient 9). l’intervention d’une force de Lorentz (terme en K1) dans
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la théorie non élargie, force qui devrait disparaitre d’aprés les condi—
tions (117).

13. —— Le champ antisymétrique et les equations du mouvement

Cherchons maintenant une solution des equations de liaison

5g 4&2[q+—3—(1+2a)]ao ‘L":<p+c_ 3 >991} (118)
/

En adoptant la métrique

. W
mm : / —- gL‘l’

/ ‘f
on a done encore

482
Y 20+c— 3

mmaaglu:——k —I‘p, k:-T——
‘f_ 99 q+§(1+2a)

(120)

f0:

Posons
guvv: Quiz: 81: cPv—av Qu‘t’ VPXWD: (121)

\/—m
5;}.v (ap x" # a“ x?) correspondant au potentielle terme VP Xuvp :

.4

introduit par J. TREDER et E. CLAUSER.
En tenant compte de l’approximation (111) admise sur les WV: une

solution du type précédent doit satisfaire

V“ («E @120) : — k P» (122)

Dnk, E]:VPVD (123)
ceci en ndmettant que (9,, est assujetti a une condition de Lorentz

V9 0.2? : 0 (124)
et en faisant sur la métrique les approximations qui permettent de
négliger les termes introduits par la permutation Vp Vgfl V0 Vp des
derivations covariantes.

On obtient alors a partir de (121)

E] <Puv : 70 (an Fvfl avru) + V" E] Xuvp (125)

c’est-a-dire

et
QW‘D E an ‘1’!!!) + 5» ‘PW + av ‘PDLL : V)” Xpuvk '_ [3 Down (126)

avec
mk : 6p Xuvk — ax Xuvp 7 an Xvi/A _ av Xupk - (127)

D’autre part, quel que soit (pm, on a toujours l’identité suivante

E] ‘Puv E V1 W» + k (3;: I‘v— av Pu) - (128)
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La comparaison de (125), (126) et (128) conduit done 53. poser :

El WW 2 ‘Puvp + film: (129)
V1 Xpuvx : —— x,u.vp . (130)

Les grandeurs de la théorie se déduisent donc de deux potentiels :
l’un vectoriel (pp satisfaisant (123), l’autre pseudo-vectoriel Xuvp. En
substituant (126) et (128) dans les équations du mouvement (117) on
obtient avec les approximations usuelles

“a an up 2 K’1 9‘19 El E1 XaBp — K’1 935‘ E] X’asp + K'2 u“ V7” C1 mm (131)
en désignant par K’1 et K’2 deux nouveaux scalaires et en négligeant les

tel-mes en 3,, 0' et en 31,0?) dont nous n’avons pas tenu compte dans les
equations du mouvement.

Les résultats obtenus permettent ainsi de simplifier la version élar—
gie en posant dans (115)

a:p:§:0, k:%%0_ (132)

Ces hypotheses ont été étudiées par divers auteurs ([27] [28] [30]). Elles
permettent de partir de la fonction d’action plus simple

B = gm K,” + an L2 + 5 gm (I‘u Pu — 1.2 gm) (133)
avec

Kw : W!” + (1(an Pu _ av Pu) (134)
Mais, quelle que soit la version élargie, elle ne peut aboutir :1 des équa-
tions dynamiques significatives en l’absence de termes phénoménolo-~
giques qu’en supposant Km, # 0. Cette conclusion exige une renonciation
2‘1 l’application stricte d’uii principe variationnel.

Gas statique. — Le potentiel-vecteur se réduit alors £1 sa composante
(p = 90, le potentiel pseudo-vectoriel a x123 : x. Une solution

a
X 2 X123 2 7 + 07' (139)

satisferait $1 l’extérieur les conditions

AsO, Ax: . (136)ill§

D’autre part, 1a relation (123) écrite dans le cas statique

Acp : k F (P : P0) (137)

conduit 2‘1 l’expression usuelle
1 lo

q) = — —— l" dV . (138)
47: 7'

Pour préciser les ressources de la théorie il serait indispensable de
discuter ce qu’on peut entendre par symétrie sphérique, les prévisions
qui s’attachent 51 ce cas particulier, et les possibilités de représenter les
charges par des intégrales finies étendues £1 tout l’espace.



Conclusion

Nous pouvons résumer ainsi les I'éSllltatS obtenus :

1) En partant d’une fonction d’action convenablement choisie, il
est possible, sans introduim (mam terme phénoménologique, d’établir
des équations du InouveInent d’une particule chargée.

2) L’extension de la théorie entI-aine
8p @139 : k 951:? F0 avev k # 0 .

(En théol'ie d’Einstein 3,, @33’ : 0, k : 0).

3) Le vecteur normé de composantes Pp est assimilé a un courant
de convection. Il est, par consequent, proportionnel it la quadrivitesse
up. Géométriquement, il pent représenter le vecteur (le torsion de la
variété.

4) Les equations du mouvement font intervenir :
— un terme materiel en I‘u an F0;
— une force de Lorentz formée 2‘1 partir du courant I}, et d’un

champ déduit d’un potentiel pseudo-vectoriel you/p;
— des tel-mes supplémentaires caractéI-isant d’autI-es champs.

5) L’obtention d’équatiOns dynamiques est conditionnée par la sup-
pression des conditions imposées au tenseur WW. Cette suppression supi
pose une renonciation au moins partielle 51 l’Epplication systématique
d’un principe variationnel.
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DISCUSSION

Intervention du professeur J. Wheeler
Ce fut un 5i grand exploit do In part d‘Einslein, Infeld, Hnmnann oi

(Ic- cherein-urs subséquents (l‘zn‘uir obtenu £2 partir des équations du champ
ellns—ménws. Ies équations du numvemc-ut deg concentrations d'éncrgie mas-
siquc- électriquement nenlres que nnus tuus. j'en snis sur, avons admis 1c:
critére qu'une théorie plus large doit dunner de la méme maniérc l'équation
du umuvemenl (Ie Lorentz pour une particule chargéc- éiecfriquemen’t. I}
a été étubli par Chase (1) que 12: simple adjunction aux équutions du champ
d'Einstein ties é-quuiiuns du Chump élecirnnmgflétique de Mann-ll répnnti
:31 cctie cxigencu. Lorsque les équations dc Maxwell ct d’Eiustein sent jointes
sous la forme puremeni géonlétrique ct « déjii unifiée» de Ruinich (2). i1
résultc— du travaii de Chase quc- les {equations (in mouvement de Lorentz
dnivcnt npparuitre comma conséquences des équalions du champ. D‘autre
part. 195 equations exactes (in mom‘cment d’tlnc particule d’éprcuvn chargée
ne résnltc-nt pas do. 121 théorie du champ unifié développée par Einstein
durum res derniéres années (3]. Dams L-ette théorie, ct comme crmséquencc
des équutions du champ, unc- particule se cmnporte toujours dams son
mouvcment commc 35 9119. était neutre. quelle que soit 1:1 valeur dc la charge
qu’ellc portc. Solon cc principe aucun cyclotron nu: peul jamais foncfionncr.
Cette question dos équatinns du nmnvcnleni Lies particules rharge'cs est
Tellc-mcnt importantc qua jc- voudrais vnus delnundvr. )Iadame- '1'u11nelzx’r. Si
13 {hi-uric du Chump unifié que mus are: rlécritc conduit aux équations
m1 mouvcment de Lorentz.

(l) D. M. CHASE, Phys. Rev” 95. 243 lifts-1i.
(2) CW. MISNER et J. A. “Hun-11412, Ann. Phys}, 2, 525 (1957).
(3) L. INFELD, Acta Phys. Pn!.. 10. 234 H.950].

J. CALLAWAY, Phys. Row. 92, 13.!‘17 :1953).





GENERALLY COVARIANT VARIATIONAL PRINCIPLES

by G. STEPHENSON
Department of Mathematics-Imperial College, London

RESUME

On applique la méthode de Palatini a divers lagrangiens, fonctions des
invariants quadratiques formés avec le tenseur de courhure et ceux qui
s’en déduisent pas contraction. On examine ensuite les rapports des equa-
tions du champ ainsi obtenues avec celles de la Relativité générale.

1. — Quadratic Lagrangians

In a recent paper (see STEPHENSON [1]) field equations have been
obtained by applying the Palatini method (independent variation of
the metric tensor gm and the affine connection P56) to three action inte-
grals with Lagrangians quadratic in the Riemann-Christoffel tensor
and its contractions in a four-dimensional Space.

The three variational principles and their associated field equa-
tions are as follows; (both gm and m are assumed to be symmetric):

Case (A) 8fR2\/——gd1:0

R (Rik—$911- R) = 0, (1)
(Rgikx/Tg);,.:o. (2)

Case (B) 8 [Rik R“c \/_._._n : 0

R“ Rks + Rm; Rfi. — % g“c Rm Rm 2 0, (3)
(Nix/:9);n=0- (4)

Case (C) BfR‘J-kl R3“ Md”. :

— Riemn Rksm" + Rama Rskm" + 238mm Rsmk"
1

-

— ? gik Ramnp Rsm : 07 (D)



(Ria—g):n:0- (6)
In all these equations :

Pi", Pi.”a k + a k
am” am“

Rik. : R3,,” , R : g” Rik and; means covariant differentiation with
respect to Pfk. A bar denotes symmetry with respect to the indices under
which it occurs.

These three variational principles and their resulting field equations
are not only invariant under the general group of coordinate transfor—
mations (see STEPHENSON [3]), but also under the group of Weyl gauge
transformations

Rpkmn : — + Tim PIE” ’_‘ Pin rim;

gik—> Mark) ga- } _ (7)
P59 —> 1‘51

where Mark) is an arbitrary scalar function of the coordinates. We can
easily demonstrate this invariance by considering, as an example,

Case (B). The Lagrangian density Rik RikV—g transforms under (7)
as follows

Rik Rik \/——, : Rik Rsm g“ 9”” \/——!,7—>
get gmk »

RikRsm? Q V_n:RikRm \/—!1

and is consequently unchanged by the gauge transformation. A direct
consequence of this gauge invariance is the ‘vanishing of the trace of
one set of equations (namely (1), (3) and (5)) in each case, thus leading
to nine equations for the nine ratios of the gm. The remaining equations
((2), (4) and (6)) are forty equations for the forty components of the
symmetric connection k . These equations are difficult to solve directly,
and do not admit the solution

1
Pfk : 7 98m (gm-J- 't‘ gmk,¢— 9mm) : {it} ,

which is not invariant under the gauge transformation (7).
Recently, however, HIGGs [2] has shown that in Cases (A) and (B)

one set of equations may be transformed into field equations of the
EINSTEIN type with an arbitrary non-zero cosmological constant in terms
of a new gauge—invariant metric. The other set provides algebraic rela-
tions between the old metric and the new. However, this technique is
only possible because equations (2) and (4) have the form

(T'ikV#9') ; 1:0,
which allows a new metric (1,7,. to be defined in terms of the second rank
tensor THC. In Case (0) the corresponding equation (equation (6)) is not
of this type, and it seems therefore that (5) and (6) cannot be trans-
formed into the EINSTEIN form. This is perhaps the most interesting
case, although the equations are probably too restrictive to allow many
solutions common to Rik : 0.
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2. — General Lagrangian

We have seen that the particular choice of Lagrangians that are
quadratic in RIEMANN-CHRISTOFFEL tensor leads to the additional inva-
riance under the gauge transformations (7). This invariance does not
arise with other types of Lagrangians. Consider the Lagrangian F(R),
where F is an arbitrary function, and the scalar curvature R is made
non-dimensional by introducing some unit of scalar curvature. The varia-
tion (in the Palatini manner)

gives
_ ' 1 .

f{ (F,(R) gm V—‘g) 5 Rik + (F/(R) Rik—179m F(R)) V_g 391k}d7 = 0

from which we have i
1

and

(F(R) gikV—g) :z = 0, (9)
where F’(R) is the derivative of F(R) with respect to R, and; means
covariant differentiation with respect to 1137,.

Contracting (8) leads to
R F’(R) : 2 F(R). (10)

Substituting (10) into (8) gives

If F(R) is now assumed to be given prior to the variation, then (10) can
in general only be satisfied by certain values of R.
As an example, we take F(R) = sin R.

The equation for R becomes, from (10),
Rtan R : 3 , (12)

whilst the field equations (9) are
(cos R g” V— g) ;; = 0. (13)

Since R is constant, however, the solution of (13) is just the CHRISTOFFEL
connection of the gm, and the field equations (11) reduce to the EINSTEIN

R .
field equations with a cosmological constant )\ (:1) whose value is

determined by the roots of (12).
With F(R) :R, (10) gives R :0, and (9) and (11) reduce to the

empty space field equations of general relativity without a cosmological
constant.



With F(R) : R2, equation (10) places no restriction on R and (9)
and (11) give the gaugerinvariant equations of Case (A) (i.e. equations (1)
and (2)). The quadratic Lagrangian has a special position in the theory
since R2 is the unique solution of the differential equation (10) valid
for all R,

However, not all forms of F(R) enable 9“,. and Ff,c to be determined.
For example, if F(R) : R" (n > 2), then (10) gives R : 0, and in virtue
of this (9) and (11) are satisfied identically. In general, this happens if
F’ (R) : 0 when R is a root of (10).

Other forms of the Lagrangian must be excluded if they lead,
from (10), to complex or imaginary roots for R, as, for example,

1

“RPM-R2
3. —— The Invariant S : Rim” Rim"

We now consider a Lagrangian which is an arbitrary function of
the invariant S : Rik—m Rim".
Then

a] F(S)\/—~gdr:0
gives

F,(S) (* Rismfl Rksmn + R‘simn Rskmn + 2Rsmin Rsmkn)

1
— 79m F(S) : 0 (14)

and

(Iv/(S) Rim" V—g):n:0- (15)

Contracting (14) we have
S F’(S) : F(S), (16)

which determines the possible values of S for a given F(S).
With F(S) : S we regain the gauge-invariant equations of Case (C)

which do not impose any restriction on the value of the invariant S. For
any other F(S), provided F’(S) 7é 0, the equations become

1 i
— Rismn Riv/Rm” + Rsimn Rskmn + ZRSmin Rsmkn : ")— gik )5 (17)

and
(RHyV—g)in:0- (18)

Where )\ is a root of (16).

4. — Conclusion

Lagrangians formed from functions of the invariants R and Rik R“c
lead, in general (using the Palatini method of variation) to field equations
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which can be transformed into the EINSTEIN equations with a cosmo-
logical constant 1. The value of l. is determined by the form of the La-
grangian except in the case of the quadratic Lagrangians Where 7. is
arbitrary but non-zero. The field equations obtained from Lagrangians
formed from a function of the invariant ln“ do not appear to be
reducible to the EINSTEIN equations. Further work on this subject has
been carried out by STEPHENSON (4) and BUCHDAHL (5).
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DISCUSSION

Intervention du Docteur Fletcher

Puisque la méthode de Palatini est utiliSé-e,
Ru: = Ring: et RI“: = 91mg" Rmnk

doivent étre considérés comme différents. Donc, i1 y a plus d’un Lagrangien
inclus dans le cas B. Les equations résultant de ces difi‘érents Lagrangiens
peuvent avoir différents contenus physiques. Des remarques semblables
s’appliquent au cas C.





REMARQUES SUR LES << PSEUDO-TENSEURS >>
ET LES

IDENTITES SATISFAITES PAR UN LAGRANGIEN

par J. GEHENIAU
Professeur (‘1 I’Université Libre de Bruxelles

RESUME

Certaines des identités vérifiées par une densité fi ([ui dépend de
fonctions y. et de leurs dérivées premieres et secondes sont mises sous des
formes nouvelles. L’étude des variances des grandeurs montre qu’on obtient
ainsi pour tout 5 un « pseudo-tenseur » d’impulsion-énergie qui est un ten-
seur pour les changements quelconques des coordonnées spatiales. Celui-ci
est le «pseudo-tens-eur» de Moller lorsque 5 est la densité de courbure
habituelle.

Le theme de cet exposé est de montrer comment on peut utiliser
certaines identités pour simplifier 011 généraliser des travaux récents de
Relativité générale.

1. Identités. — Soit f? une densité fonction de tenseurs de compo-
santes 3%, de leurs dérivés premieres et secondes yl‘}, yfv par rapport
aux variables indépendantes m”, an".

A la transformation infinitésimale (t. i.) des a:
3m" : X”(w) (1)

correspond 1a 1:. i. des y
811A : Cfi" X5 (2)

X5 est la dérivée de Xl1 par rapport a a)”. Les Cfi" sont les composantes
d’un tenseur cogrédient au produit de 31“ par un vecteur covariant et
un vecteur contravariant.

Par hypothese
3 9" + 57 XX, : 0

quels que soient les :0, leurs dérivées premieres, secondes et troisiemes.
En égalant a zéro les coefficients de ces fonctions arbitraires on obtient
les identités, [1 (1942)] et [2],

fig'u—l—i’T'Ag/‘i:0 - (3)



L0 w L0
—@+fi=m Wa” + = ~ (5%“? + 93% (5)W + 5:0" + 57$” : 0 (6)

avec les notations

— 5:, u (7)

— sift, V (8)

5;”? : Cf? 573° (9)

5;: : Cf“ 5h (10)

fi‘ = y? 5K + y‘fiv 57:”*m{‘ (11)
W : Ci" 3?: + Cir; 551° — 11W? (12)

et, 9. désigne 1a dérivée par rapport :1 a)”.
Dans (3), 57: peut étre remplacé par ff ou par toute autre expres-

sion 1."; telle que

1'71)»: 3?: u
en vertu des identités.

M. GOLDBERG [3] a obtenu 1es identités (4) sous la forme

——n+m:Um (m
011, dans nos notations,

t; : fl; + K33
Krv : (8;1 537:9 — 8; 5:9) yfi

2Ugv : Ly i? (55"? — 271m), + n

Lav : W + 9a.”:
Les identités (5) expriment que Di" est antisymétrique en p», i1 en

est donc de méme de Uli". Pour passer de (4) a (13), remarquer qu’en
vertu de (6)

2 1
51mm : E (gimp _ 5X”) + ? (5719M _ 57?»)

Les identités (4) peuvent aussi décrire, [1 (1959)], et [4],

_ r”; + R : 1’i (14)
011

2xxv : Lav — g (2am — we)» (15)
1 1

Z 3 W — r1“) — 3 (WW — 5W» (15’)
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2. Variances. — 0,) Les grandeurs définies en (7), (8), (9), (10) sont
des tenseurs pour les changements de coordonnées (1). Leur variance
est bien connue. Les grandeurs définies en (11), (12), (15) me sont pas des
tenseurs pour les transformations (1). Cependant

81% = —fx X: —f': X1 + f: X’: + Km" +sW (16)
1870;" = —x:w X: —x:;“ X: + xiv X: + xt" X: —-3— xweflw — 53‘“)

(17)
Donnons, aux indices grecs les valeurs 0, 1, 2, N. De (16) et (17)
résulte notamment que pour les transformations

3w" : X“ (:01, 072, (EN)
011 les X” ne dépendent pas de la variable << temporelle >> 30°, les ff; et x5”
sont des tenseurs. Il est donc bien naturel que cette étude conduise au
complexe obtenu par M¢LLER

xi” = \‘/——99“° 9”“ (gm — 9m) (18)
lorsque 337 est la densité de courbure gaussienne, [1 (1959)] et [4].

b) Les tenseurs y peuvent figurer dans 5 sons des formes diverses.
Par exemple, les composantes indépendantes du tenseur métrique sont,
soit ses composantes covariantes guy, soit ses composantes contrava-
riantes g” 011 encore 71W : \/———_gg”", etc.

Considérons deux systémes de composantes 1%, 37A liées par

5“ = 17AM y“ = y‘u—I) (19)
D’01‘1

_ a?
693

6 17* 8 3/3

et puisque comme en (2) _
3 f/A : Ci” X“:

on a
6m : 8—yA CBv

IL 32/3 l1

c’est-a-dire que les 03V sont cogrédients aux 8 yA pour les transforma-
tions (19). 11 en est de méme des y‘l} .

La variance des expressions rencontrées plus haut se tire immé-
diatement de la maniére dont les identités ont été obtenues. Ainsi, (10),
(11), (12), (15) sont des invariants et (7) a la variance opposée a 3 y“.

3. Gas 011
f? = 3 (VS 31:?) + 02’, (20)

Cv = 0V (95.11%. )-
On a évidemment les identités (3) 011 5’37 est remplacé par fl.

fiiivu+ EA yk : (21)
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et si 13 est une densité pour les transformations linéaires homogenes,
\ — 3'; + 1% = 8%: (22)on :

l: : yf 131:— E 8; (23)
8:” : Ci“ E: (24)

Ces grandeurs sont également invariantes pour les transformations (19).
Notons les relations, utiles pour la suite,

fl; : l; + Yin (25)avec :
1Y;v:Cua;—Cva;+§yg( '80“ 60")

.a y: 6393
4. Les formules des paragraphes 1 et 2 sont valables pour une

densité quelconque 5’5" (yfiyf, yfiv). La decomposition (20) se présente en
particulier lorsque 337 est la densité de courbure gaussienne :

5’7 : 71R (n : V—g)

13 z n g!" (Pln‘go~ Fe Fe )
Ill? v6

0” = Y"? + y“? no (7” I n 9”)
Les indices inférieurs qui affectent 7“? et 17 désignent des dérivées par—
tielles par rapport aux a).

On trouve aisément :

3W" = — 25; Y“? + 5; 7‘?” +5: T” (26)
3'? : X’i" — YKV + (3X Y” — 3% 7"”) P (27)
7-1}?! : 81in! + Y:v_ (28)

Indiquons l’expression de :

Rappelons que :

I); : 8%07
p; : 5!; 72;? —Y‘;” + gm (9°? 7:” — 9'“? 7:“) (29)

5. Contraintes. — a) CONTRAINTES PRIMAIRES. — BERGMANN 21 mon-
tré [5] qu’en vertu des identités (21), les 17‘; sont indépendants des yfi .
Lorsque 5 est la densité de courbure gaussienne, l’expression des p; se
tire immédiatement de (5) en remarquant que dans ce cas :

V00 : 00

Don 1*) : k 81
p; : — fix; (30)

Ces relations sont naturellement équivalentes a celles données par
ANDERSON, BERGMANN et PENF’IELD [6]. Notons que ces p; sont des com-
binaisons linéaires :

20'; = Ctm
(*) Dans ce qui suit, les indices grecs prennent les valeurs 0, 1, 2, 3 et lesindices Iatins les valeurs 1, 2, 3
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des moments
(93

av:
conjugués aux yA. Conformément 2‘1 une remarque faite plus haut ces
p; sont indépendants des composantes utilisées pour représenter 1e
tenseur métrique. La forme de ces contraintes primaires obtenue par
PIRANI, SCHILD et SKINNER [7], correspond au choix des guy comme va-
riables du champ gravifique. BELINFANTE, CAPLAN et KENNEDY [8] out
pris comme variables du champ les composantes des vecteurs unites des
tétrapodes; dans le cas du champ gravifique pur, leur formule (3.13)
n’est autre que (30).

Afin d’annuler les moments conjugués aux gua, DIRAC [9] a intro-
duit 1e Lagrangien :

WA

1? : 13 — f (31)
011 f est une divergence qui peut s’écrire :

1f: T, (Yaw—720720) (32)
Y

On vérifie aisément que les seconds membres de (30) sont égaux 2‘1 :

0fCAO

d’01‘1 i1 résulte que :
a5; E 0A0 : 0 (33)

b) CONTRAINTES SECONDAIRES. — PIRANI, SCHILD et SKINNER ainsi
que BELINFANTE, CAPLAN et KENNEDY en ont donné des expressions expli-
cites. Notre but est seulement ici de les rattacher aux identités(14).
Bornons-nous au cas 01‘1 les equations d’évolution du champ sont :

fiA : 0.

Alors, en vertu de (14), (25), (27),

l; = — 203,, + (a; v" — 8W)” (34)
D’ou, pour l : s, les trois contraintes secondaires :

y? 7% +103, + 72; = 0- (35)
Avec 1e Lagrangien (31) elles prennent la forme [9] :

gaze» 9m + 5;, = 0. (36)
Pour )\ : 0, (34) s’écrit :

36 + 202,,— 7% = 0 (37)
011 :

QC E y? WA — 13

est la fonction hamiltonienne.
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DISCUSSION

Intervention de C. M¢ller

Je voudrais attirer votre attention sur 1111 article récent de M. Laurent
dans le Nuovo Cimento, dans lequel i1 déduit l’expression W: de l’inva—

riance de la densité de courbure scalaire \/—g P. regardée comme fonction
du tenseur métrique et des symboles de Christofi'el, en accord avec la Iné—
thode de Palatini. L’emploi de cette méthode simplifie considérablement la
déduction, puisque \/#gR ne dépend pas ici des dérivées secondes des
quantités £1 faire varier.



STATIC, AXIALLY SYMMETRIC GRAVITATIONAL
FIELDS IN GENERAL RELATIVITY INVOLVING

MASS SINGULARITIES OF BOTH SIGNS

by BANESH HOFFMANN
Queens College, Flushing, N. Y. (U.S.A.)*

RESUME

On montre que des masses newtoniennes ponctuelles peuvent étre pla-
cées en ligne droite de maniére telle qu’elles soient en équilibre gravita-
tionnel, pourvu qu’elles ne soient pas toutes d’un méme signe. A ces confi-
gurations d’équilibre newtoniennes correspondent des solutions statiques
rigoureuses a symétrie axiale des equation-s de la gravitation d’Einstein
dans lesquelles, contrairement aux précédentes solutions impliquant des
masses d’un seul signe, l’espace-temps est partout régulier sauf aux points
massifs, de sorte qu’il n’y a pas entre ceux-ci de tensions représentées par
des lignes de singularité.

1. The axially symmetric gravitational field in the general theory
of relativity has been studied in some detail, but the solutions here
obtained do not seem to have been given before.

Take canonical cylindrical coordinates p, 0, z in space and denote
derivatives with respect to p, 2 by suffixes p, 2 respectively.

For the static, axially symmetric line element
ds2 : 6" dt2 — 6V_” (dp2 + (122) — 6—“ 92 d02 (1)

where u, v are functions of p, 2, only, it is well known [1], [2], [3], that
the field equations for empty space

1
Rab—jgabR = 0, (2)

yield the following conditions on the functions p., v :
P'

VH2EPPP+f+lz=0 (3)

(') This work was done while the author was on leave at the University of
London, King’s College, and was assisted by Wright ADC, ARDC. USAF through
its European office.
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vz: p we (5)
Equation (3) has the form of an axially symmetric Laplace equation
for y. in terms of cylindrical coordinates p, 6, z, in a flat 3-space, [L being
independent of 6. And since this equation is linear it has superposable
solutions.

Let p. be a solution of (3) that is regular everywhere except at iso-
lated points on the z—axis. At the regular points we shall have apz : a”.
With p. given, equations (4), (5) give expressions for vp and v: as specific
functions of p and z, and for integrability these expressions must be
such that M : vzp, As is well known, and is easily seen from (4) and (5),
this conditions is satisfied, by virtue of (3), wherever p. is regular. But
because of the presence of singularities of p. on the z-axis, a further
condition has to be fulfilled [4] [5]. This condition turns out to be a
stringent one akin to a condition of equilibrium and can in fact be
regarded as representing the «equations of motion » for the case in
which there is no motion. Mathematically it is related to the conditions
of regularity on the z—axis.

Silberstein [6] gave a solution of the static axially symmetric case
in which [1. had singularities only at two points on the z-axis, and he
believed he had thereby demonstrated that Einstein’s theory admitted
unphysical solutions corresponding to the presence of two free gravi-
tating bodies that remained at relative rest with the line joining them
not rotating. However it was pointed out that Silberstein had made
an error.
His function corresponding to the v used here was not zero on the
ziaxis between the two point singularities of ya. But at a place on the
z-axis where v$0 the ratio of the circumference to the radius of a
small circle having that point as centre will not be 27: and so the infi-
nitesimal neighbourhood of the point will not be Minkowsian in the
limit. Consequently there will be a singularity at the point. Silberstein’s
solution was singular in this way at all points on the portion of the
z-axis lying between his two particles. This meant that there were
stresses between the particles and these could account for the particles
remaining at relative rest. Actually it is impossible to have a solution
for the purely gravitational twoparticle case without stresses between
the particles.

Rosen [8] showed that for a spherically symmetric particle to be
at rest in a static, axially symmetric gravitational field according to
the general theory of relativity, the force, suitably defined, on the
particle must vanish; he showed too that this result generalizes to the
case of any static gravitational field.

Bondi [9] showed that, at least for the case in which (1. is not
singular (matter being represented by the non-vanishing of the Ein-
stein tensor in certain regions), then, at least approximately, there is
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a flat Newtonian analogue in which the matter is in Newtonian equili-
brium, with a suitable definition of the Newtonian mass density.

While these results are suggestive, they are not directly applicable
to the case we wish to consider, in which p. has isolated point singula-
rities on the z—axis and is regular everywhere else. For example, Rosen
initially worked with approximately spherically symmetric particles,
and these, in cylindrical coordinates, are represented by rod—like singu—
larities along the cards [1]. The present paper is concerned with point
singularities on the z-axis in cylindrical coordinates which, precisely
because they «look >> spherically symmetric in these coordinates, are
actually not spherically symmetric. Moreover, in the second part of
his paper, where he considers the case of an arbitrary static gravita-
tional field, Rosen, still using spherically symmetric particles, argues
in terms of the gravitational stress-energy pseudo-tensor, the physical
significance of which is open to question.

In Bergmann’s book [5] the case is considered of two isolated point
singularities on the z-axis and it is shown that at the location of each
singularity the derivative with respect to z of the regular part of u.
must vanish. This means that the Newtonian force on each particle
due to the other particle must be zero. The work extends easily to the
case of several point singularities on the z-axis, and it is concluded
that there can be no solutions having more than one point singularity
and no line singularities.

While this conclusion is correct when we contemplate masses that
are all of the same sign, it is no longer valid if we admit masses of
both signs. We show here that if masses of both signs are permitted
there exist Newtonian equilibrium configurations for point masses lying
on a straight line; and that to each of these Newtonian equilibrium
configurations there corresponds an exact static solution of the Einstein
field equations that is regular everywhere except for isolated point
singularities on the z—axis.

2. Consider it mass points on a line in ordinary Newtonian theory
in a flat space. Let r, s, have the range 1, 2, ....n Denote the position
of the r” particle by the coordinate 2, on the line, and the mass of the
r‘” particle by m,, which can be positive or negative. Furthermore, let
the particles be so arranged that

h<%<%<m<% W
Consider the Newtonian gravitational forces exerted on the W“ particle
by all the other particles. A positive gravitational mass attracts all
other masses, whether their masses are positive or negative. A negative
gravitational mass repels all other masses of whatever sign. So the
force exerted on the 1“” particle by the 8”” particle is by (6),

m, m8_____——#s<r (U
(Zr — M02
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and
mrms . ~+—, 1f s > r (8)(9,723)

So, for equilibrium of the 7-” particle we must have
r71

m VL1 1 L: 0 (9)
44 (ez‘,)2 Z (Zr—2'3)2
s:1 S:r+1

and for equilibrium of the whole system of particles this must hold
for all 7".

Introduce the antisymmetric quantity am by the definition

1 _. .
fi——"U.\‘ < I'

— ELI"
ars : 7 fJar : l (10)

—i—- ‘ 7 ~ 2'}. N > 2'

Then (9) may be written

2 ms : o (11)
This is a set of n homogeneous equations for the n quantities, m8 consie
dered as functions of 2,. For it to have non-trivial solutions (i. e. solu-
tions for which not all the m’s are zero) we must have

det an : 0 (1)
It is well known that the determinant of an antisymmetric quantity
vanishes if the determinant is of odd order. Hence the condition (12) is
automatically fulfilled when the number of particles is odd. This
suggests that, given an odd number, n, of particles among which occur
masses of both signs, one can always line them up at finite distances
apart in Newtonian equilibrium; however such a conclusion is not jus-
tified since some of the m’s obtained from (11) might turn out to be
zero no matter what their relative finite positions.

For the case of an even number of particles the condition (12) is
not automatically fulfilled. When n is even the antisymmetric deter-
minant in (12) can be written as the square of the Pfaffian

P : erg-"t“ a” an, (13)
where there are n indices on the 5. But while this expression is less
complicated than the determinant itself, it is still quite difficult to
work with when n > 4.

Because of the homogeneity of (11) if a particular equilibrium
configuration exist and we multiply all the masses by the same positive
or negative constant the resulting system will also be in equilibrium.
Also, if, keeping the values of the masses unaltered, we make a uniform
dilation of their spatial configuration, the resulting system will again
be in equilibrium.
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For No particles nu equilibrium configuration is INJSSllIiU, One
{-un see this from (in. Or from the fact that if both masses are positive
they will attract ear-h other: if they are both negative they will repel
each other: and if they are of opposite signs they both accelerate in
the saini- direction. the negzllive mass chasing the positive one.

For three particles it is easy to show that infinitely many equi-
librium configurations exist. One finds from (9), after a simple calcu-
lation, that the masses and their separations must be related as follows :

ml : —m2 : m3 = (32—23%2 : (23—zl)—2 : (21—22)‘2 (14)
Thus the outer masses must have the same sign and the inner mass

the opposite one. For a symmetrical configuration of three particles the
respective masses must be 4M, —M, 4M, where M is any positive or
negative quantity.

There is no equilibrium system of three particles for which the sum
of the masses is zero. For, by (14) if such a system existed, we should
have to have :

(22 —23)‘2 — (23 — 20—2 + (21 — 22V2 = 0 (1'5)
write (23—22)/(zg—21) : J? and note that

22—21 2 (23—22) + (22—21)

Then from (15) we obtain
w4+2$3+m2+2w+120

which, by Descartes’rule of sign. or. illfit‘l-‘ll. by simple inspection, has
no positive roots. A negative l'nnt’ \vonlul upset the order of the particles,
and this would make the signs of the Iauter masses unequal so that, as
we have seen, equilibrium \Vuulrl he impossible. Huncc There is no
equilibrium configuration of three particle when the sum of their masses
is zero. The significance of the result is the following. There is some
interest in the behaviour of the solutions in limiting cases where the
particles are brought very close together while remaining in l'qnililn-inm.
We might at first think that bringing them close together would change
the energy of thi- system lay :lll amount. tending to infinity. -}nt actually.
since all during the spatial mntmvtirm. if this is uniform as it may be
without loss of generality, the work done will be zero, we see there
will be no change in the energy content of the system. Thus even if, in
this Newtonian discussion, we introduce the relativistic idea of the
equivalence of mass and energy, there will be no change in the total
mass of the system. When we bring the three particles together we
form a multiple structure which, unlike more usual ones, has zero
binding energy; and such a gravitational structure and its relativistic
analogue would seem to be worth studying. But the multipole moments
will tend to zero unless we let the masses tend to infinite values as
their distances apart decrease. By letting the masses tend to infinite
values we can obtain finite, non-zero multipole moments; but then we
shall be in danger of having the total mass infinite so that the un
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interesting monopole contribution will overwhelm the multipole contri-
bution. If the total mass could be zero, however, we could avoid this
situation and thus obtain interesting limiting cases. For the case of
three particles we have just seen that this is impossible. And it is likely
that the same is true for any number of particles.

For four particles (at finite distances apart, and with none of the
masses zero) the condition that the Pfaffian (13) vanish takes the form :

0‘12 9‘34 — 113 9524 + 114 9523 : 0 (16)
however, by ('10) and (6) we have :

112 : (21 — @972 > (21 —£’3)’2 : 3«'13
and

So
9‘12 134 > 113 9524 (17)

and since all the 02’s in (16) are positive, we see that (16) can not be
satisfied. Hence we have the unexpected result that no equilibrium
position is possible with just four particles.

When there are more than four particles the mathematics becomes
complicated. I have found that symmetrical equilibrium configurations
of five particles are possible, but I have not been able to obtain signifi-
cant existence theorems for the general case of n particles. For six
particles, even in the special case of a symmetrical configuration, I have
been unable to demonstrate either the existence or nonexistence of non-
trivial equilibrium configurations, though it is easy to show that an
evenly spaced distribution does not exist.

“'hen the number of particles is odd, the central particle in a
symmetric configuration is always in equilibrium because of the symme-
try, and this shows why, at least for symmetrical distributions, the
equilibrium conditions turn out to be less stringent for an odd number
of particles than for an even number of particles. This, coupled with
the non-existence of equilibrium configurations for the cases of two and
four particles, suggests that there may be no equilibrium configurations
for any even number of particles. It would be interesting to know
whether this conjecture is correct. Perhaps the mathematicians will
find the problem worthy of their attention.

III. We now obtain the gravitational field for the static axially
symmetric field with line element of the form (1) when the solution
of (3) is taken to be of the form :

my: Ex 18
EL [92+(2'7crfll/2 ( )

where Mr, or are constants.
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With p. biven by (18), we may write equations (4) and (5) in the
form :

e 2 2' 92—(z—zr)2v,:— m, “—
2 [92+ (2—2e3

7:1

_ i mrms[ 92—(Z—zr)(Z—zs) ] (19)
2 [92 + (2—2,)2]3/2 [92 + (Z—zxfli"2

_ 2 2 2—2’

vr_92;”“[tfi+ww—mrrl

+ 92 m m [ (z _ z”) ]

r, 8=1

w+e—mwmw+o—mwc7', s:

n

_ 2 2_p E 171,,

r=1

P2 " ._ (2—2,) + (2—25) '
+3 21m, ms [ [92 + (z—zr)2]3’2 [p2 + (z_zs)2]3/2J (20)

r, s=
7-758

We integrate (20) with respect to 2. As a preliminary we consider two
integrals that we shall denote by I, and 1,8 respectively. We have :

(r— 3;: r]: 1
LE + :# - — — (21)

+r:'—.:1.I-_|'3 4 [92 + (2—2»?
Also ifa we define I,S by

‘ (2—2,) + (Z—Zs)
“Ej[fi+e—mW”w+e—MW”M mm

and write
(2—2,) +(z—zs) =2u zs—zrz2a (23)

we find that

__f 2udu 7 " 2udu
rs ’—V [92+(1c+a,)2]3/2[p2+(u——a)2]3/2 _.t‘ [u2+92_a2]2+4a2 92]3/2

and the substitution :
1¢2+pZ——a2:uaptan0 (24)

reduces this to
1 1

I, : c0s0d0: sines ‘f 40292 4a292
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which in the original variables has the form
I 1 { 1:: —- :rl Lt—rga + ;3

War—23V [r +I:—:r|‘]““ h:- +I.:'—:srl~- } ( 0)
Thus the result of integrating (20) with respect to z is

‘ j 2 1 2v : Pa Zm1,+3p 2 'mr'7nr3173+f(p) (26)
r:1 r.3=1

r793

To determine the function fig) we differentiate (26) with respect to p
and compare the result with (19). A straightforward calculation shows

that must be zero, so that f is a constant.

The’ value of the constant f is determined by the boundary condition
that the spacetime be flat at infinity. This condition require that v shall
tend to zero for large 92 + 22 for all ratios of p and 2. It turns out that
the condition can be satisfied by a suitable choice of just the one cons-
tant f, namely

1 w mfm,3f—— 2H— (27)

so that we have

mr

1 [P2 + (z — 2%]?
r:

1 K mr mg (z~zr) (zs) + Pz }

—
—1

+ 2;[ mtg-02 H [92 ate—mm [92+(zfiw211/2
(his) (28)

We must now satisfy the regularity condition that v shall be zero on
the z—axis whenever z#z,, r: 1, n. The first term in (28) presents

2

no problem since the factor PI makes it vanish on the z-axis. The second

term needs careful attention because the quantity

(Z—zr) (2—219) + P2
[P2 + (2 ~ Zr)2]1/2[P2 + (z — 292]“

becomes, when p : 0,
(2 — 2,) (Z — zs)Qrs (29)
[2—27) )2—29)

and this is discontinuous, since it has the value — 1 when 2 lies between
2, and 23 but the value + 1 when 2 does not lie between those points.
Thus the function v given in (28) will in general have abrupt changes



245

in value as one crosses the various singularities of p. at the points
z : 2', on the axis. We have already ensured that v shall be zero at all
infinite distances, and therefore it will be zero at infinite distances on
the z-axis. To have it zero at all points on the z-axis except the points
z = a, we must require that, despite the jumps in the values of the
quantities Q” in (29), the net effect of all these jumps in value will be
zero.

Consider the change in the value of v on the z axis as we let 2 go
from 21,— e to 2,, —|— e where 2,, is a particular one of the n quantities 2,.

The only terms in the second summation in (28) that will be affected
will be those having one suffix equal to 10. For, in view of (6), if r < p,
then 2 was formerly not between 2, and 2,, but now is; but for a term
not having a suffix p there will be no change. We have, for the present
case :

2 if 1'Q,, 2 + _ < p (30)—2 if r > p
Hence :

m, m,
A :2 ~__ _v )m"{2 (2,—z,)2 2 (z.—z,,)2} (31)

r=1 r = p + 1

We want this to vanish for all p. Since we are assuming that mp 7E 0, we
must have, for all p,

7117—1

2#— E (73,?" (32’
r=p+1

and these are just the Newtonian equilibrium conditions (9) which we
have shown certainly have solutions for the cases 7:, : 3 and n = 5.

Therefore, whenever the constants m,, z, in (18) satisfy the condi-
tions (32), which are the same as (9), there exist corresponding rigorous
static solutions of the Einstein field equations that are everywhere
regular except at the isolated points z : 2,, p = 0 on the z-axis, these
solutions being given by (1), (18) and (28).

4. In the Newtonian equilibrium configurations it is possible to
multiply each m, by the same factor f(t) without disturbing the equili-
brium. If one does this to the quantities m, in the relativistic solutions
here given, however, one finds that the field equations are no longer
satisfied. This is analogous to the situation in the spherically symmetric
case, where one finds that the mass may not vary in time.

Again, in the Newtonian equilibrium configurations, since each
particle is in equilibrium and remains in equilibrium if all distances
are altered by a common factor, it is possible to have a non-static
situation in which the configuration undergoes a uniform dilation of
scale, the particles thus moving with constant velocity with no resul-
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tant forces acting on them. However, when one tries to incorporate such
motions into the relativistic solutions here obtained one finds that the
field equations are no longer satisfied. This is presumably related to the
fact that in the Newtonian theory the gravitational influence is propae
gated instantly while in the general theory of relativity this is not the
case. Another way of saying this is that in Newtonian theory the geo-
metry is not related to the gravitational field, but in the general theory
of relativity when we let the << distances >> between the singularities
at e, vary uniformly we cause the gab to become functions of time and
thus cause the invariant distances to vary in a complicated way with
respect to the time.

The paper of Bondi cited in reference [9] was criticized [10] because
it was said to have assumed without justification that the gravitational
constant was the same for negative as for positive masses. The justi-
fication for the criticism is not entirely clear. However, in this connec-
tion it is worth remarking that the present paper represents matter
by singularities and exhibits a family of solutions of the field equations
of the general theory of relativity in which both positive and negative
masses occur and in which the gravitational constant is automatically
the same for the two kinds of masses, in the sense that the coefficients
of the fieldproducing terms involving a given mass are independent of
the sign of that mass.

It is a pleasure to thank Professor H. Bondi for inviting me to
work with him and the stimulating group that he has gathered around
him at the University of London, King’s College. I am particularly
indebted to Dr. )I.(}.J. van der Burg for many interesting discussions of
the topic of this paper, and to Professor H. D. Ursell of the Yniversity of
Leeds for saving me from making a serious blunder. I am grateful, too,
to the USAF for their financial support which enabled me to be in
London.

Professor H. D. Ul‘SBll informs me, in a private communication, that
he has proved that no solution exists for the case of six particles, a
result that lends support to the conjecture that no solution exists when
the number of particles is even. He has proved his result not just for
the inverse square case but for any power of the distance.

REFERENCES

[1] H. VVEYL, Annalen. d. Phys., 54, 117 (1917); 59, 185 (1919).
[2] T. LEVI-CIVITA, Rend. Ac. Lincei (1918-1919).
[3] P. G. BERGMANN, Introduction to the theory of relativity, New York,

1942, p. 206 (There is a misprint in Bergmann’s equation (13, 36) :
the exponential e‘v in the expression for gr. should be eV).

[4] R. BACH and H. WEYL, Math Zeits, 13, 139 (1921). The relevant part is
that due to WEYL, beginning on p. 142.

[5] Reference [3], p. 208-10.
[6] L. SILBERSTEIN, Phys. Rev., 49, 268 (1936). Essentially the same solu-

tion had previously been given by H. E.J. CURZON, Proc. Lond.
Math. Soc. (2), 23, 477 (1924).



247

[7] A. EINSTEIN and N. ROSEN, Phys. Rev., 49, 404 (1936),
[8] N. ROSEN, Revs. Mod. Phys., 21, 503 (1949).
[9] H. BONDI, Revs. Mod. Phys., 29, 423 (1957).
[10] G. C. MC VITTIE, Math. Reviews, 19, 814 (1958).

DISCUSSION

Intervention du professeur N. Rosen

Je voudrais remarquer qu’en ce qui concerne l’étude du cas d’une
particule au repos dans un champ statique a symétrie axiale, je la dois £1
Albert Einstein.

Intervention du professeur C. M¢ller

En ce qui concerne l’hypothése faite par le professeur Hofi'mann sur
l’identité de signe des masses grave et inerte, je voudrais insister sur le
fait que si l’on admet 1a Relativité générale, l’on n’a pas besoin de faire
cette hypothése, consequence de la Relativité générale qui donne comme
cas limite la théorie newtonienne de la gravitation, la masse grave totale
et la masse in'erte totale de tout systéme clos étant rigoureusement égales.
Il est en efl'et clair qu’en vertu du principe d’équivalence, la masse inerte
et la masse grave positive (dans la terminologie de Bondi) doivent étre
égales. On établit aussi l’égalité pour tout systéme de la masse inerte et
de la masse grave active, telle qu’elle est déterminée par l’action de ce
systéme sur une particule d’épreuve a grande distance de celui-ci, a partir
des propriétés de transformation des P; définis par les équations (6) de
mon rapport. Cette question a été discutée a l’occasion du 60“ anniversaire
du professeur Hyllerés dans Kgl. Norske Videnskab. Selsk. Forh., 31 (1958).





THE UNIFORM ELECTROMAGNETIC FIELD
IN THE THEORY OF GENERAL RELATIVITY

Dr B. BERTOTTI
Institute for Advanced Study, Princeton, New Jersey (‘)

RESUME

Structure topologique de l’espace—temps dans le cas considéré.

The topological structure of a solution of the field equations of
general relativity seems to be known only in two cases, the Schwarz-
schild solution and the cosmological models. We would like to present
a third example, which corresponds physically to a uniform electro—
magnetic field. This solution of the Einstein-Maxwell’s equations features
a constant << complexion » [1] of the electromagnetic field : thereby the
two << blades >>, which at any event are determined by any antisymmetric
tensor, are integrable and form two familes of orthogonal surfaces [2].
From the properties of decomposable riemannian spaces [3] it can then
be proved that if their radius of curvature does not depend on the
coordinates, we have a solution of the source-free Maxwell’s equation
and

Burl—Aggy: T”, (1)

RM being the constructed curvature tensor and Tm, the energy-momentum

tensor of the electromagnetic field fuy; moreover, fuv has vanishing
covariant derivatives. In terms of the cosmological constant A and the
(constant) invariant

p = + [(hZ—e2)2 + (2e-hfli (2)
their constant gaussian curvatures read

K+ : A — P
K_ = A + p (3)

The two surfaces 2+ and 2- in which space-time is decomposed are
therefore spheres or pseudo—spheres and can each be embedded in a three-
dimensional auxiliary flat space. The requirement that 2+ and EL

(') Presently at the Project Matterhorn, Princeton University, Princeton, NJ.
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should have the right signature narrows down our choice to two alter-
native for each of them. The case in which A : 0, in which the positivity
of p demands that one take 233’ and 2(3) , has the remarkable property
of being closed in time. The metric ds corresponding to this solution can
be written down at once when the line elements (13+ and (13, of 21+ and
E_ are given :

(132 : dsfi + (183. (4)

AW

Aw ‘

,/,7 _,_ u

< O ‘

[/"
I’X

v Q
2m : K_

2f): K+<O 2(2) 2 K_> 0

Figure Caption .' The surfaces of constant curvature allowed for X and2,.
The arrow on 2‘“ marks a time direction.

The main local physical feature of the solution is the anisotropy of
space : on any space-like hypersurface a privileged congruence of lines
is defined as the intersections with 2+; they are the lines of force of
the electric field for an observer Whose time coordinate is orthogonal
to the hypersurface. The magnetic field can also be taken in the same
direction. The world-lines of charged test-particles have a very simple
geometrical meaning : the pairs of lines they determine on 2+ and 2,,
are just plane sections.
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A full account of this work can be found in Phys. R611, 116', 1331
(1959).
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COSMOLOGY AND THE INTERPRETATION
OF ASTRONOMICAL DATA

by Prof. G. C. MCVITTIE
University of Illinois Observatory, Urbana (111.)

RESUME

On discute trois problémes cosmologiques, l’applicabilité de modéles
d’univers uniformes a l’univers observé, l’actuel état du probléme de l’ex-
pansion, et la distribution spatiale des radio-sources extragalactiques de la
classe II. On discute a la fois l’application de la relativité générale, de la
théorie dite « du régime permanent», et, dans une moindre mesure, de la
« relativité cinématique >>. Les formules a comparer aux observations sont
en fait extrémement semblahles; elles sont rappelées en appendice.

1. — Introduction

This paper deals with three problems in cosmology, namely, the
applicability of uniform model universes to the observed universe, the
present status of the expansion question, and the distribution in space
of extragalaetic Class II radio sources. For reasons of space, the ma—
thematical formalism which is to be found in the textbook will not be
re-expounded here: the relevant formulae are given in the appendix.
The presentation is unified as far as possible : general relativity, the
steady-state theory and, to a lesser extent, kinematical relativity, being
discussed simultaneously. The formulae through which a comparison of
theory and observation is made are indeed for the most part so nearly
identical in form that all three theories can be treated together.

2. — Uniformity

It is necessary to distinguish between the observed universe popu-
lated by galaxies and the model universe filled with a continuous per-
fect fluid. In the observed universe, the notion that the distribution of
galaxies is statistically uniform still finds its basis in the work of
HUBBLE done in the 1930’s [1]. He believed that he had established, by
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counting galaxies to successive limits of brightness — or apparent ma-
gnitude as astronomers say r that the number N of galaxies counted
down to limiting magnitude m followed very closely the rule :

log N : 0.6 m + Constant. (1)
This is the formula between N and m that would be found if all galaxies
were of equal intrinsinc brightness and were distributed uniformly and
at rest in an Euclidean space. This conclusion has been severely criticised
since HUBBLE did his work on the grounds that his limiting magnitudes
are highly uncertain. It has also been shown that the distribution of
galaxies on a photographic plate is not really a random one and that
these bodies tend to form clusters more often than chance would lead
us to expect [2]. One expert has gone so far as to assert that conclusions
based on the alleged validity of (1) in the observed universe should be
disregarded [3]. Whilst this is probably an extreme position, it must
be confessed that uniformity of distribution in space in the observed
universe exists only if the unit of volume is taken to be large, say,
3.5 X 103 parsecs in diameter [4]. Smaller volumes will have very dispa~
rate material content according as they do or do not contain clusters
of galaxies. Still smaller volumes, of the order of those occupied by
single galaxies may be entirely empty of matter. In short, to quote
J. H. OORT [4], «one of the most striking aspects of the (observed)
universe is its inhomogeneity. >>

In contrast, the material content of a uniform model universe (Al)
is strictly uniform in the following sense: at a given instant t, the
density and pressure of the material are the same in all volumes however
large or small these may be. Thus the material can hardly nowadays be
regarded as a fluid, the individual << particles >> of which are galaxies.
Indeed, such a notion would contradict the hypothesis on which the
theory of the red—shift is based. It is only particles with special world-
lines (see appendix) that are there reckoned as sources of radiation, the
particles with world-lines of other kinds being regarded as (< invisible >>.
But this would be nonsensical if every << particle >> of the material in
the model universe was supposed to represent a galaxy. I would there-
fore argue that the material of a uniform model universe is to be
thought of as a representative gas. This gas is the result of an imagined
instantaneous disintegration of the contents of all galaxies into their
individual atoms, the resulting stuff being imagined as spread out, also
instantaneously, uniformly in space. One important physical characte-
ristic of galaxies that is lost in this dissolution process is the angular
momentum each possesses *. On this view, the density that occurs in
equations (A16) or (A 18) is that of the representative gas and the
pressure found in (A 17) or (A 19) must then represent that part of the
energy-content of the observed universe which is not in the form of

* In this connection the question arises: Can the absolute rotation in the
non—isotropic model universes of K. GGDEL [5], A.L. ZELMANOV [6] and 0. HECK—
MANN and E. SCHUCKING [7], be connected with this angular momentum ‘2
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mass. The density equivalent, 12/02, of this pressure would give a mea-
sure of the internal energies of stars and interstellar gas clouds; of the
rotational, kinetic and potential energies of galaxies and their contents,
apart, of course, from the kinetic energy of the general expansion; the
density-equivalent of the pressure of radiation, etc. All this energy
must be supposed to be evenly divided at each instant amongst the
individual particles of the representative gas. The representative gas
is in motion, each part moving relative to all others in a way that
depends on the particular dependance of the scale-factor R on the time t.
Uniformity in space of such a moving system can be defined by saying
that, at each instant t, all properties of the gas are the same in all
volumes of space. Clearly this is true of the density and pressure Whe-
ther (A16) and (A17) or (A18) and (A19) are accepted. But we. shall
extend this notion to the properties of sources of radiation as well, i. e.
to their intrinsic luminosities (absolute magnitudes) or to their radio
flux-densities and to their number-density [see appendix]. This is a
generalization of the notion introduced by the steady-state theory. In
this theory the parameter a in (A13) to (A15) is assumed to be propor-
tional to R3 in order to make the number-density of sources constant.
But a need not vary in this particular way nor need we tie up the
variation with any creation process. Sources might form and disappear
merely as a result of ordinary physical processes e. g. in the observed
universe, a collision between galaxies might produce a radio-source
which disappears when the collision is over.

If then U is one of these physical properties of the sources of
radiation, the over-all postulate of uniformity suggests that U must be
the same function of t for all sources. This idea is inspired by the for-
mulae for the density and pressure of the representative gas which
involve the single function R(t). Physical characteristics that vary
with t alone, and do so in the same way for all objects, will be said to
possess the << U-property >>. Now the observer 0 cannot view the whole
universe instantaneously, he must wait for radiation to travel to him
bearing with it the information about the state of affairs at its place of
emission. In Figure 1 are shown the cross-sections of two shells of
different (fixed) radii rs and r. The emission times of radiation from
sources in the two shells being 15,3 and t, respectively, these two times
must be unequal if radiation from these (and all other) shells is to
reach 0 simultaneously at time to. Thus the property U is recorded
as U-(ts) and U(t) for sources in the two shells and in general these
values of U will be unequal. The observer therefore registers a composite
and non-uniform picture of the state of affairs in the model universe,
the contribution from each shell furnishing an extract, so to speak,
from the state of affairs at some particular past moment in the history
of the universe. An important consequence of these ideas is that U(t)
can be regarded as U(6) Where 8 is the red-shift observed by O in the
radiation from the sources in Shell 1'. This follows from equation (A5)
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which provides a link between the time of emission t and the observed
red—shift B.

3. — The expansion problem

The observational determination of the HUBBLE and acceleration
parameters, h and M of (A7), may be briefly described. Attention is
focused on clusters of galaxies, and red-shifts for membergalaxies in
18 clusters have been measured photographically down to B: .2 [8].
With much less accuracy, the apparent magnitudes of the brightest
galaxies in clusters have also been measured. It is then assumed (a) that
the brightest galaxies of all clusters have the same intrinsic luminosity,
and (b) that the spectralenergy curves of these galaxies are identical.

Space-like
geodesic

Time-like
& geodesic

<5” 0 < 0
/ V

45” PAST

FIG. 1

A refinement of the theory allows these properties to vary with t and
thus makes them << U~properties ». The luminosity—distance D is elimin-
ated from equations (A11) and (A12) and a relationship between the
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observables 8 and m is set up, correct to the order 82. A least-squares
fit of the data shows that hz is negative though its precise value is
uncertain. The data give :

h2 : -— qO h]? , (2)

where go is probably greater than 1.5 and may be as large as 5 [8, 9].
This negativeness of hg is confirmed by a photoelectric observation of
a cluster for which 8 is determined as .4 [10]. By this method (10 = 1.0
i 0.5 and this really amounts to saying that the relationship between
luminosity-distance D and the velocity 08 is linear to the second order
in 8 (see (All)), an interesting confirmation of Hubble’s original conjec-
ture. A negative acceleration parameter implies that the expansion of
the universe is proceeding at present subject to a retardation.

The numerical value of the HUBBLE parameter hl itself, which would
give the present rate of expansion, cannot be found from the red-shift
versus apparent magnitude data alone. A calibration process has to
enter also, by which the luminosity-distance corresponding to some
particular value of the red-shift is found independently. Rapid changes
of opinion on this matter have occurred during the last seven years.
The value of hl has been changed from 17.8 X 10—13sec—1 (= 540 km/
sec/mpc) in 1952 to 2.43 X 10—18 sec—1 (2 75 km/sec/mpc) in 1959 [11].
The change of distance-scale implied in these alterations is in the sense
that an increase of all distances corresponds to a reduction in the
value of hl.

Objections to these results have been raised, particularly to the
negative value of M. Since hz is zero in Milne’s model and positive in
the steady-state model, the observational conclusion is naturally dis-
tasteful to the supporters of these theories. It is objected that the data
are uncertain, which is true. Most astronomical data are inaccurate to
a greater or lesser degree ! But until the critics can provide more
accurate data, I do not see how the conclusions drawn from the obser-
vations we now have can be disregarded. It is also objected that the
negative value of hz disappears if it is assumed that the intrinsic lumi-
nosity of the brightest members of clusters of galaxies increases syste-
matically as we proceed to greater and greater red-shifts and therefore
further and further back in time. This statement amounts to saying
that a suitably chosen negative value of W1 in (A12) would make hz
zero or positive, which is true. But again no detailed observational
evidence for the amount of such secular changes has been furnished.
An ingenious alternative is to suppose that the effect is one Of selection
— faint clusters with large red-shifts are selected for measurement
simply because their brightest members are unusually luminous [12].
Here again observational evidence must be provided that this has in
fact happened.

The Einstein field equations (A16) and (A17) and the foregoing
determinations of kg and hl throw light on the value of the cosmical
constant and the space-curvature. We assume, as is usually done, that
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10/02 at the present time is negligibly small compared with the present
density p0. The latter can be identified with the present average density
of matter in the observed universe. With the distance-scale correspond—
ing to hi : 2.43 X 10—18 sec—1, J. H. Oon'r’s most recent estimate of 90
is 3.1 X 10’31 gr/cm3 [4]. Thus 471Gpo : 4.4 X 10’2 W1 and if R0 is the
present value of the scaleifactor, equations (A16) and (A17) give :

A : 3kg + 47: G 90 : (— 3q0 + 4.4 X 10’2) hi» (3)
k

T:2:1127h21+47eo:(—qD—l+4.4X10’2)hi. (4)
0

Now go is probably about 3 and therefore the cosmical constant and k
are both negative. It is also clear that to make A zero and to have a
space of zero or of positive curvature the present value of the density
would have to be multiplied by a factor of 200 or more. Oort regards
it as possible that his density might perhaps be multiplied by a factor
<< of ten or more >>. This seems to be a long way off a factor of 200.
I conclude that, until further observational evidence is forthcoming by
which to revise the value of 90, a negative cosmical constant and an
open hyperbolic space best fit the data.

A negative value of A means that there exists a universal force
[18 j] in the universe which tends to prevent the galaxies from flying
apart. This force is additional to the mutual gravitational attractions
between galaxies. These two forces between them account for the retar-
dation of the expansion. But if the A — force is abolished by asserting
on aesthetic a priori grounds that the cosmical constant is zero, all the
responsibility for the retardation is thrown onto gravitation. To have
a sufficiently large gravitational attraction it is then necessary to
increase the average density of matter by the factor of 200 mentioned
above and this is indeed done by those who believe that A must be
zero *.

A discrepancy between the observed and the calculated values of 90
is inescapable on the steady-state theory. By (A18) with k : 0 we obtain
47eo : 1.5 V1 instead of 4.4 X 10’2 hi. This gap has to be filled by
asserting that the observed value of the density must be multiplied by
a factor of over thirty. We have here a difficulty additional to the pre-
dicted positive value of the acceleration parameter.

4. —— Distribution of Class II Radio Sources

The next problem to be discussed is that of the distribution of faint
radio-sources, those called Class II sources by the Australian workers
[13]. Briefly, the facts of observation are these: over the area of the sky
surveyed, 1003 Class H sources have been detected and of these only a
small fraction have been identified optically. When such sources are

* Thus HOYLE and SANDAGE [9] find that 47G 00: 3 q0 h”, by taking /\ : 0 .
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illenril‘iwl. they are found In he galaxies, often of peculiar kinds. The
amount of energy received from a radio—source per unit time. per unit
area. :11 the point of observation and per unit frequency i-4 called its
flux-density and is expressed in watts pci meter square per cycle per
second. The cumulative totals of numbers of (‘1:s ll sources. N. to
soccessiw limits of flux—density, S, are as follows :
S X 1026 Wm—2 (c/s)‘1 7 10 20 40 80 160
N 982 754 218 63 19 4 .
It is easy to show that the empirical relation between N and S is

(3+u)

N : (constant) S 2 (5)
Where p. is equal to about 0.3 [14]. When p. : 0, this relation is called
the « —3/2 law >>. By studying a number of nearby Class II sources it
has been found 11ml The emission of energy at radiovfrequencies varies
as (l'rcquencyfi' in each frequency interval. Here I is :1 constant, called
the spectral index, whose value lies hvtwceu — (Hi and ——1.2 [15].

When attempting an interpretation of these data by means of uni-
form model universes. whether of general relativity or of the steady-
siale theory, it will he assumed that the Class II sources are indeed
galaxies and so share in the general expansion. Further, it Will be
asserted that every Class II source has a special world—line. The lack of
optical identification suggests that the sources are, for the most part,
so remote as to escape optical identification. They are presumably strong
sources, possibly comparable with pairs of colliding galaxies such as
NGC 1275 or Cygnus A. With these assumptions we proceed to calculate
the number of sources having special world-lines in the model universe
(A 1) and to relate this number to the sequence of limiting flux-densities
by means of formula (A 15). The parameter a for Class II radio sources
will be regarded as possessing the U-property. It is therefore a function
of t and, as far as the observer is concerned, it is thus a function of the
red-shift appropriate to the shell in which the sources lie. The number-
density of sources given by (A 14) does not therefore vary merely because
of the change in the scale-factor, or equivalently, of the red-shift, as we
go from shell to shell; the number-density has a variation of its own
due to the change of a.

The sources in the typical Shell 7' of Figure 1 are assumed to be
all alike and to follow the (frequencyV emission-law. The spectral index
will also be assumed to be the same for sources in all shells. However,
it may be that the sources in Shell r are subject to a uniform secular
variation in their output of radiation. This can be allowed for by sup-
posing that the emission from a source in Shell 7' is

00?) f: dfe = 0(3) f5 dfe (5)
in the (emission) frequency range fe to 1‘8 + dfe. Here the power-factor
C is regarded as possessing the U-property and it can be thought of as
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a power series in 8. This radiation will reach the observer in the fre-
quency range f to f + df where fe : f(1 + B) and d)‘e : (1 + 8) df and the
intensity will be reduced by the factor 1/D2. Thus the observer will
register a flux-density proportional to

(1 +8>1+w0(5)T)”df- (7)
But f and df are fixed by the nature of the observer’s apparatus and so
are the same for sources in all shells. Thus proportionality constants
can be eliminated by regarding the sources in the nearby Shell 73, as
<< standard >>. If then S, SS are the flux-densities of sources in Shells r
and 7”,, respectively, it follows that [16]

S C(B) (1+8)1+$ D3 8

s3 _ C(83) (1 + as)!” D? ‘ ( )
Before proceeding to obtain the (N, S) formula by combining (A 15)

and (8) it is useful to look at the model universe used by the obser-
vers [13, 17]. All Class 11 sources are assumed to be of equal power
P(W m‘2 (078)—1) and the sources are regarded as being at rest and as
being scattered at random with constant number-density in the Euclidean
space of classical mechanics. If S, S; are the flux-densities measured by
the observer for sources at Euclidean distances l and Is respectively,
then

P P
S : F , S3 — F .

8

If no is the number-density of the sources, then the number within a
sphere of radius 1 centered at the observer is

47: no

3
Therefore the relation between limiting flux-density S and the number N
can be expressed in the two alternative forms

41mm > 4mm . S 1 .N : P3/2 8—3/2 : lg __ *3/2 (9)

3Q 3Q ><Ss ) '
Either of these alternatives may then be compared with the empirical
formula (5) and the efiect of a non—zero value of p. allowed for by suitable

N: l3.

1
variations in, say, the factor ?n.) P3/2. The objections to this static

Newtonian Universe are as follows : — The distribution must come to
an end at a finite distance from the observer otherwise the sky would be
uniformly illuminated, which it is not. Moreover, if each source is a
galaxy, such a finite arrangement of sources would immediately collapse
inwards under the mutual gravitational attraction of its constituents.
All spectral shifts would be toward the violet instead of toward the red.
Another important objection is that this theory deflects attention onto
a complication, namely, the departure from the << 3/2 law >> repre-
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sented by a non-zero value of 11.. It is in fact the existence of an (N, S)
relation which approximates so closely to a << —3/2 law >> which is the
central puzzle to be explained in the first instance.

Abandoning this line of attack, we return to the uniform model
universes in which the Class 11 sources take part in the general expan-
sion. The sources in Shells r and rs have number—density n, m respectively.
Since Shell rs is nearby, the number-density at all points in the volume
enclosed by this Shell can be regarded as being n8. Thus by (A 14)

3n : 05(3) (1 + 5) - (10a)
R?)

1,,[1 ' 53]”n3 : _:I: , (M)
Where 020 may be taken to be the value of a for zero red-shift. When a is
a constant the variation of n with 5 is due solely to the expansion of
the universe and is given by

£:(1+5)3. (100)
as 14—88

To reproduce the empirical law (5) we assume that the number of
sources given by (A 15) in the volume whose outer boundary is Shell
r is proportional to the flux-density ratio given by (8). We write

.fl
3 2N = —4” "3 D” A (E) , (11)

(3 + M) Q S:
where A is a numerical constant to be determined. Now differentiate (11)
with respect to r and make use of (A 15), (A 10) and (8) also. We then
find

krf
9—3.7:+p.(1—.T) 3—H; 1 +

a 1+5 3 F 1+3 2 was: 2 r 4
_ :_ ( 1. x } kr2 r8a0 1—1—88 F8 14—88 .c 1+

(12)
where

'l—a? 1 dC :' r15 7 4F:( __ )_ + . (13)1+3 2 >

F8 is the value of F for 8 : 38 and A has been adjusted so as to make
11,2718 at 8 = 88. Formula (12) applies only, of course, for r213, or
3 2 as. The equation shows how at and a must vary with 6 if the empi-
rical law (5) is to be recovered. If this is the << —3/2 law >>, then u. = 0
in (12).
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To show how u varies with 8 it is necessary to employ some specific

model in order that the integrations in (A 4) can be performed. The
simplest such model is Milne’s (A 2) which, if it does not have a negative
acceleration parameter, does at least have a zero one. Let us assume for
simplicity that the power-factor C is constant. Then (12) becomes

7—3z—p(1+z)

n (1+8) 2 (2+a>u<a)u 1+w+(3—w)(1+8)2
1+3. 2+3. _ 1+w+(3—w)(1+88)277. a.

(14)
(to — t) x 10’9 yr.

FIG. 2
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In this model, m : — 1 happens to give a relatively simple formula and
this value of a? is adopted in Figure 2. Curve ((1) shows the march of
log (n/ns) against 8 for the empirical law (5) with p. = 3; curve (b) refers
to the <<—3/2 law >> with p.20; and curve (c) to the case (100) in
which n- varies only because of the expansion. In all three cases 88 = -004.
Comparison of curves (b) and (0) shows that the existence of a « —3/2
law >> for the distribution in space of Class II radio sources implies that
they were intrinsically more numerous in the past than they are now.
A positive value of p. merely makes the intrinsic increase more pro-
nounced. Thus a << statistical deficiency of stronger sources in our neigh-
bourhood >>, to quote the observers [13], would be anticipated in either
case. The date in the past to which any particular value of n refers is
calculable from the corresponding 8 and the time of travel, to—t, of
the radiation from the source. Using (A 2), (A 5) and (A 7), the time
is 8 {ma + 8))“1 in Milne’s model. Some of these dates are shown on
Figure 2 for hl : ".43 X 10—18 sec—1. Thus 2.2 X 109 years ago (8 = -2),
the number-densities predicted by curves (a), (b), (c) are in the ratios
12 :3.5 : 1.7.

The equation (12) also shows that the number-density varies as a
result of the expansion alone (a : do) under special circumstances. One
such set of circumstances is $21, p.20, 70:0 and C=constant.
Though it is known that Class II radio sources do not have spectral
indices equal to unity, this result is nevertheless interesting because it
shows how an appropriately chosen emission-law for sources of radiation
could reproduce-the <<—3/2 law >> even if the sources were very far
from being at rest in a static Newtonian universe. It can also be proved
that, when w is not equal to unity, the condition a : do can be secured
only at the price of making R(t) depend on a: and C. In other words the
expansion of the universe would depend on the emission-law of Class II
radio-sources which is hardly admissible.

The effect of a variable power-output can be illustrated as follows :
Suppose that the Class II sources are relatively close to the observer
and that equation (12) is worked out to the first power of 8 only. If y. : 0,
C:1+Cl8 and 8320, then

321+(5—2w—2ol) 8+ ...,
(15)

i:1+2(1—w—01) a+...,
050

whatever R and the curvature constant may be. The number-density Will
vary because of the expansion alone, to this order of approximation in
8, if * 01 = 1 ——a:. Since :0 is negative, 01 is a positive number and the
power-factor increases with 8. Therefore all the sources were radiating

* This result was found in a different way by McVI’l‘TIE in [16] where it
corresponds to the case p = constant and I71 : — 1.
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more powerfully in the past than they are now. The alternative is to
suppose that Class II radio-sources are so close to the observer that their
red-shifts are effectively zero. But the paucity of optical identifications
then becomes altogether unintelligible.

The approximate formulae (15) also show why PRIESTER [25] was
able to deduce that, if n varies like (1 —{— E)6 and C is constant, then the
((—3/2 law » is almost, but not quite, reproduced. With C1 : 0 and
:p :— -8, we have

I: a (1 + 6.6 B) 2 (1 + 8)”. (16)
”a

Priester’s hypothesis is that all Class II radiosources are colliding
galaxies, an interpretation that is losing ground as more of the sources
are identified with multiple-centered elliptical galaxies.

The conclusion is this: if the scale-factor and the curvature are
arbitrary, and the Class II sources are galaxies not in the observer’s
immediate neighbourhood, then there must be a dependance of a on 8
if the sources are to have a << —3/2 law >> of distribution in space and
this is also true when p. is non-zero. Thus the number—density of sources
in the past differs from its value now in the observer’s neighbourhood,
a difference that cannot be accounted for simply by the expansion of
the universe.

It is a cardinal assumption of the steady-state theory that the ratio
n

of number-densities, —, is always unity. Moreover no overall secular
n8

effects are permitted by the theory and therefore the power-factor C
n

must be constant. But now the ratio — can be calculated for the steady»
”a

state model (A 3) from (12) and (13), the result being
7—311+p.(17$)

n 1+5 2 a u 2+«r3—m‘
n, 1+3, 3, 2+«2—J-pa,

Comparison with (14) shows, incidentally, how much a change of model
alters the number-density formula. If the right hand side were to be
equal to unity, it would certainly have to be independent of 8. But this
cannot be achieved for any combination of values of pL and :9. Thus we
conclude that the empirical rule (5) cannot be reproduced by the steady—
state theory.

U/

5. — Conclusions

As usual when theory is confronted with the hard facts of expe-
riment or observation, as many questions are raised as are answered.
If uniformity in the observed universe is a large-scale phenomenon only,
the theoreticians should now turn to the construction of model universes
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which are uniform in the large but non-uniform when the volume element
falls below a certain minimum value. But if uniform models are mean-
while to be employed, then attention should be concentrated on those
having hyperbolic space and a negative cosmical constant. Relativistic
model universes of this kind exist [28] and a sub-class of them satisfy the
condition of having zero pressure. In so far as this condition can be ex-
trapolated into the remote past and also projected into the remote future
— two very doubtful extrapolations — these models have scale—factors R
which are elliptic functions of t. R increases from zero to a maximum
value and then decreases to zero again. Thus these models are of the
oscillating, or cyclically repetitive, type. But I think it is illusory to
claim, as is done in the steady-state theory and in kinematical relativity,
that one single highly specialized model universe can be chosen to
represent the observed universe. Our survey has also raised physical
problems, for example, can the general force of attraction represented
by a negative cosmical constant be interpreted in other terms ? Can a
physical process for the emission of radio waves by Class II sources be
proposed which would predict that there should be more of them in
the past than at present ? Presumably this early proliferation would
be connected with the fact that galaxies were closer together in the
past. In this sense, PRIESTER [25] may be said to have answered our
question if his hypothesis that most of the Class II sources are colliding
galaxies could be accepted.

Supporters of the steady-state theory suggest that new kinds of
observations are needed [26] in order to « teSt >> their theory as against
general relativity. The observers [17, 27] also appear to believe that
the question is still open. In fact, it has been known since 1956 that the
steady-state theory predicts the wrong sign for the acceleration para-
meter. We have also pointed out that the predicted average density of
matter is rather too high. And lastly, one result of the present paper
has been to show that the steady-state theory fails to reproduce the
empirical law of distribution of Class II radio sources. In view of
these considerations, it is not clear how further << tests >> could validate
the steady-state theory. Its model universe simply does not agree with
observation whereas, as we have seen, certain general relativity model
universes d0.

APPENDIX

I. —— Formulae and definitions valid in general relativity, the
steady-state theory and in kinematical relativity.

Metric of a uniform model universe [1809 19]
R2 t (112 2d92 1‘2 .1120d 2ds2:dt2— U +r + SI (P (A1)m2 2.2 (1+7)
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Kinematical relativity (Milne’s model) [20, 21] :
R:ct, k:—1. (A2)

Steadystate Model [22] :
R : R0 eU’TVT, k : 0 (A 3)

where R0, T are constants.
Special world-line .' a geodesic for which (r, 6, e) are constants [18h].

Sources of radiation are assumed to have special world-lines.
Observer at r: 0, has special world-line and makes all his obser—

vations at instant to.

Equation of motion of radiation from source located at (r, 0, q>) in
typical Shell r (fig. 1) is [18b]

tu (it _ 0 d7'

Oi Re) __fl W (A4)
1+?

Radiation leaves source at time t, reaches observer at time to.
Red-shift of radiation from source measured by observer is [180]

R t R: ”)_1:l_i. mm
R(t) R

if R is an increasing function of t.
Hubble parameter (Hubble << constant >>) and acceleration para—

meter : if R is expanded as a power series in the time of travel, to— t,
of the radiation from the source, then (A 5) becomes [18d]

2h1 2B:hfi%—¢L+—j;—%m—¢V+n. M6)

where the HUBBLE and acceleration parameters are, respectively,
R, R”

7L1 : 0 , hg : 0 , (A 7)
R0 1 R0

and a prime denotes a derivative with respect to t.
Milne’s model :

1 2MZE:+M mm
Luminosity-distance of source [18e]. Operation defining its mea—

surement is the measurement of apparent magnitude. Intensity of source
1

falls off as - where
D2
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D:Ro(1+B)—rk;-_2—,. (A 10)
1+?

03 h? + h2
= — 1 —6 A 11h + 2h? + ( )

In terms of observed apparent magnitude m of source and its estimated
absolute magnitude Mo [18f, 23] :

logD=0.2{m—K16—(M0+W13)}+1 (A12)
where K1 6 is the K-correction and W1 3 the correction to M0 if secular
changes of intrinsic luminosity are occurring.

Number of sources of radiation in Shell :r [18g] :
rzdrdN:a—- (A 13)101-2 3'

(1+?)
Number-density of sources (number per unit volume) in Shell r is

3
J1:I%:(1R;33)1. (A14)

0

Where a is the number-density at instant when R = 1. If a varies with
time, then total number of sources within volume enclosed by Shell r,

411: a .counted in fraction — of observer’s celest1a1 sphere, 1s

47:: ' car-2dr
_—Q_ o ' krz 3 (A15)

(1+7)
II. + Formulae that difier between theories.
Einstein’s equations of general relativity for the density p and

pressure p of the representative gas are [18a] :
30002 + 3'2)

R2

2” R’2 150281cG<£>—_———Rfl——- +A, (A17)
where G is the constant of gravitation and. A the cosmical constant.

Milne’s model interpreted by these equations makes

A.

81:s —A, (A16)

81: G p, 81: G (%)’ A all zero.

The steady—state model makes 81tG p and 87CG (3) zero but A =

3 0E(> )-
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Steady-state field equations give [24]
30:02 + R’Z)

SWGP: (A18)

8 G p _ 2R” R’2 kc2 3 c] R’ A19
”(02)_ RFR27R2+ 7;)? ( )

30
where ~ is a universal constant brought in by the time-like << creation

a
’ c

of matter» vector 3 (—> (1, 0, 0, 0). The accepted solution (A 3) of
(1

these equations is the one that makes 9 constant and £2 : 0.
0
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DISCUSSION

Intervention de Wheeler

Professor McVittie’s report contains a very vital point that I may be
excused for restating in somewhat different terms and making still more
explicit. He has recalled Oort’s latest figure for the density of matter agglo-
merated into galaxies, 3 x 10—31g/cm3; with a factor of uncertainty of
perhaps 3. In contrast, a density of 10-28 or 10—29 g/cm‘3 is required to
hold together a closed spherical universe with an age of the order of 7 x 109
years and time linearly extrapolated back to the start of expansion of the
order of 13 x 109 years (inverse Hubble constant). Professor McVittie there-
fore concludes that a closed spherical universe is incompatible with the
observations. I should like to emphasize that an important assumption is
involved in this conclusion — the assumption that we have information
today on all the potentially significant sources of mass-energy. Actually
one can name today several sources of mass-energy which have been so
little investigated that we cannot exclude the possibility that any one of
them by itself can and does supply 10—29 or 10—28 g/cm3 : atomic hydrogen
(George Field); molecular hydrogen; matter agglomerated into lumps rang-
ing in mass from grams to tons (Henry Norris Russell); neutrinos; and
gravitational radiation. Some of these sources are already under investi-
gation today and we can hope to know much more about the subject ten
years from now.

In the meantine it would appear premature to suggest the conclusion,
as Professor McVittie does, that we are driven to an open and forever
expanding universe. Exactly the opposite possibility seems to deserve very
serious consideration: that the universe is closed; that it will reach a
maximum size and start recontracting, and that the density required to
hold it together comes from one or other of the forms of mass-energy about
which we are now so poorly informed.

The arguments against an infinite universe and for a finite closed
universe, based on Mach’s principle, have been clearly summarized by
Einstein (1), among others. If we take these arguments seriously, we are
driven to look closely at all potential sources of mass-energy. It would not
be appropriate to enter here into the details of this most interesting ques—

(1) A. EINSTEIN, « The Meaning of Physics », Princeton University Press, Prin—
ceton, New Jersey, 5th edition; 1955, pp. 107ff; see also J. A. WHEELER, article on
Mach’s principle in preparation for Australian Journal of Physics.
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tion (2). However during these days when gravitational radiation has re-
ceived so much attention, it is timely to ask if one can ever hope to test Whe-
ther a major part of the sought—for 10—29 or 10-28 g/cm3 comes from gravi-
tational radiation filling all space.

[t it does, we will be. confronted with the gravitational analog of
'l‘olman's photon filled universe tTabIe I). We know that the density of
electromagnetic radiation in space is too low to justify Tolnian‘s picture
of a universe filled with electromagnetir radiation. However. here we are
(‘lll’tsl(l('t‘lll_'_{ a universe of the same type filled with gravitational radiation.

TABLE I

Properties of radiation—fitted universe r'ompared and contrasted with
those of dust fitted universe.

The effective equation of state of ‘tte reut universe will be expected
to lie between the two extremes.

Descriptive name FRIEDMANN TOLMAN

Medium. that provides the
mass—energy required to Dust Radiation
hold the universe together

lts equation of state l p : 0 p : p 09/3

Variatlon 0t den51ty of mass— const const
energy With radius a of the _
universe as ‘14

Nature of parametric relation C 1 'd
connecting radius a with yc 01
cotime T : ct since start
of expansion.

Circle
a : (aO/Z) (1 # cos n) a : a0 sin T]
T :(a0/2)(n—sinn)‘ T:ao(1#cosn)

In order to supply an effective density of mass—energy of the order of
10*29 or 10-2‘ 9 cur-i, or in order to bend space time into a radius of curva-
ture of the order gt 101" light years. gravitational waves of wave length
i. : 2:: (}./2n) : 2.1}. must have an amplitude as; of the order

5g Ni/iow light years.
What order of magnitude is reasonable tort the wave length (3) '? 1t gravita-
tional radiation weighs more now than the galaxies. then the mass discrepan—
cy was even greater when the radius of the universe was smaller (Table I).
Therefore the gravitational radiation bulked so large in the past that the
major part of it can hardly he considered to have been emitted by the
galaxies. It would seem more reasonable to consider the source to consist
of inhomogeneities in the metric itself in the initial phases of the expansion
of the universe 7 the same inhomogeneities that set off the agglomeration
of matter into galaxies. In other words. it is natural to think of gravita-

(13» For :t discussion of this question see for example the section on general
relativity by i)‘. ADAMS, B. K. HARRISON, L. KLAUDER, R. MJOLSNEss, M. WAKANO,
l A. \YHEEIJE and R. WILLEY in the report of the Onziéme Conseil de Physique
holvny. La structure 6! l’évolution de l’univers », Edition Stoops, 89, Coudenberg,
Brussels, 1958.

(3) This question arose in a discussion in May 1951 with Professor Martin
SCHWAnzscx-IILD, whose stimulus and contributions to the discussion are here
gratefully acknowledged.
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tional waves as having had initial wave lengths comparable to the initial
separation between galaxies. On this view it follows that both dimensions
will increase in proportion to the radius of the universe. in other words.
it seems not out of place to think of a wave length today of the same; order
as todays’ spacing between galaxies, of the order of II)"- Iight years (I: ~ to?»
light years). With this wave length one deduces a wave amplitude only
of the order

5g ~ 10-5 .
Measurements of the red shift of light from other galaxies seems not

the right way to detect such long period fluctuations in the metric. The
shift from this cause will vary only in :1 fluctuating way with distance.
The effect will lit: submerged by the normal red shift due to e\puusion. 2m
eti'eet also of the order 51; ~ IIJr-‘t for a nearby galaxy. but ztltltosl linearly
proportional to distance for more remote galaxies.

The assumed variations of the order by ~ tll~5 over distances of the
order of lll“ light years will however cause light rays from distant galaxies
to travel as if through a medium of irregularly varyingr ret‘rzielive index.
ll) way of analogy. consider two points. A and R. on the surtuee ul' :1
potato. When the rereptor ,. B is close to the source - A. there is only
one natural way to draw the short geodesic connecting the t\\'u. lrlowever.
when the separation is increased. there will typically develop at :i Crl‘lttlil
moment three ways to draw the geodesic. then five ways. etc, due to the
lumpy Character of the surface of the potato. Such ell‘ects are well knmvn
in the twinkling of stars due to itiillfiSIJllL‘l‘lC irregularities, Such eti'eets
are also evidenced by the unpredictable number of hangs that mane from
at distant lightning stroke or 2: distant explosion.

Obviously one will not want to look at one distant galaxy for It!" years,
but rather at it!" or more galaxies for one year. to see if any ('\lt‘ll(‘(‘
appears for u single image dividing into three. or for three spots of light
recombining to give one image. Through observations of this ~cert and
usxocitited theory (-1) it should ultimately he possible to set at least one limit
on the intensity of gravitational waves.

Not the least evidence has been offered in what has been said here
fol a muss—energy rontribution from gravitational waves of the order of
Ill—'2" or Iii-'4‘“ g cm”. Instead. these comments only stress that one cannot
exelude such a contribution until he has carried out the appropriate ob-
servations and analysis.

Intervention du professeur Wheeler

As a statement of principle Professor M¢ller’s remarks are incontro-
vertible. and eertainly receive wholehearied agreement from everyone.
However. we also know from the work of (luptatbl that the equations of
general relatiVity can lie rearranged. so that one has on the right hand side
:in effective source of mass-energy due to the gravitational field itself.
This rearrangement makes particular sense when a smoothly varying w hack-
ground metric n has been modified by disturbances of small amplitude. «5g.
and also of small wave length, it 2 21:7» . Then the effective source term on
the right hand side of the equations —— after rearrangement —— is of the
order (fig/AV. (Note added 23rd September: Since the conference, John
G. Fletcher has shown how to formulate the concept << curvature relative to
a background metric >> in a well defined way, as follows :

13PM (true curvature calculated from true metric)

(4) Now being analysed in collaboration with Dr. Bruno Bertotti.(5) S. N. GUPTA, Phys. Rev., 96, 1683 (1954).



: @1575 (the background curvature; that is, the curvature that would
obtain if the true metric (1,”. were replaced by the background
metric 9“,, in every stage of the standard calculation of the
Riemann tensor from a given metric);

+ REM (g relative to g) («the curvature of metric g relative mp»).
Fletcher shows that this relative curvature tensor is expressible in a Simple
way in terms of what might be called the «relative acceleration >> awe of
the two metrics. The quantity with the indicated mixture of indices is a,
tensor in both reference systems and has the value :

e A 1
amp (g relative to 'g') : I‘M? ! I‘MP : T g?“ (gm, + a,“ #gum).

This last expression is computed like the Christoffel symbol itself except
that semicolons appear instead of the usual commas. They denote cova—
riant derivatives with respect to the background metric. In terms of these
same semicolons and the aWP, the relative curvature has the value :

. A
Baths (9 FBIatI‘Ve to g) : auflfiz‘ri flab/:5 ”i” auw (1056 '_ anew (10137

Expressed in terms of components with the indicated mixture of indices,
Fletcher’s << relative curvature» satisfies two identities of just the character
that one would wish :

R... (g relative to g) + R’... (g relative to f» : 0 ;
and

R'... (g1 relative to g._,) + R'... (g3 relative to g3) + R'...
(93 relative to {11) : 0.

The practical consequence of Fletcher’s analysis is this, that in a universe
filled with a homogeneous isotropic mixture of gravitational radiation, the
Einstein field equations :

R : 0p»
can be rewritten in the form :

RM : 7R“, (g relative to (1).
Here firefers to a uniformly curved space, and g refers to a metric which
is full of variations of the order 5g and of wave length 1.. The value of
the right hand side of this last equation, averaged over a region appreciably
larger than A, constitutes the effective source of mass—energy which holds
together this nearly spherical closed universe.)

Of primary interest in connection with cosmological questions is an
idealized universe with an effectively uniform curvature, for reasons which
Professor McVittie has so clearly explained. If we are going to assume that
the curvature is effectively uniform, why not be consistent and say that
the curvature is exactly uniform ? In other words, why not exclude gravi—
tational radiation ? The answer to this question is no different in principle
in the idealized case of a universe filled with a homogeneous isotropic
distribution of gravitational radiation from what it is in the case Of a
universe filled with a homogeneous isotropic distribution of electromagnetic
radiation (Tolman universe) or filled to a uniform density with dust
(Friedmann universe). The last two models are familiar to every student
of cosmology as extremely important limiting cases. Any equation of state
intermediate between the two extremes, p : 0 and p : Q c2/3, gives a law
of expansion and recontraction as a function of time for a uniformly curved
closed universe with zero cosmological constant which is intermediate
between the Tolman and Friedmann results. However, no one who applies
either model thinks of the curvature as being truly uniform on a small
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scale. Each particle of dust in the Friedmann universe is the seat of a
Schwarzschildian perturbation in the metric. Only the statistical resultant
of these many irregularities adds up to the effectively uniform curvature
of the model (6). This curvature can of course be calculated alternatively
by idealizing the matter as a continuous distribution, even though no such
continuously distributed matter exists in nature. Similarly in the Tolman
universe, at a scale of distances comparable with or smaller than the wave
length, the stress-energy tensor and the curvature of space vary rapidly
from point to point. Yet it is perfectly legitimate for cosmological purposes
to replace this irregularly varying curvature by a uniform curvature, and
to calculate this uniform curvature from an averaged—out stress-energy
tensor — even though the local stress-energy tensor for a radiation field
cannot have everywhere the same value. In precisely the same way a
universe filled with gravitational radiation is described by a background
metric with uniform curvature, plus a rapidly varying fly; but this situation
is again more conveniently described by speaking only of the background
metric, and treating the effect of the fluctuations as if they were uniformly
spread. Obviously the kind of analysis would be inappropriate if the depar-
tures from sphericity were great in magnitude and large in scale — but
then one would not be dealing with the subject under discussion : « a homo-
geneous isotropic distribution of gravitational radiation >>.

Intervention du Prof. J. L. Synge

Les cosmologues devraient se rappeler que la seule partie de l’univers
qu’ils peuvent explorer est constituée par le mince cone isotrope dont le
sommet est situé sur la ligne d’univers du systeme solaire. En ce qui
concerne 1e décalage vers le rouge, Lanczos a montré que cela peut étre
discuté trés simplement en'termes de transport paralléle: si la 4-vitesse
d’une étoile est transportée jusqu’a nous par parallélisme 1e long d’une
géodésique isotrope (rayon lumineux), i1 n’y a pas de décalage vers le
rouge lorsque 1e vecteur transporté coincide avec notre 4—vitesse; et lorsque
ces deux vecteurs ne coincident pas, ce décalage est donné par le produit
scalaire de ces deux 4—vitesses. Si l’on se rappelle que les observations sont
limitées au cone isotrope, comme je l’ai dit, la construction du reste de
l’univers est un probléme de métaphysique; et la, nous sommes naturelle-
ment guides par des raisons de simplicité. La théorie de <<l’état station-
naire» rend equivalents tous les observateurs; et ceci est une hypothése
plus simple que celle qui, étant donné le 3-espace de courbure constante
orthogonal a notre ligne d’univers, considére comme equivalents unique-
ment les 4—vecteurs orthogonaux a ce 3-espace.

Intervention du Prof. C. Moller

A l’opposé du Prof. Wheeler et du Prof. Ivanenko je ne pense
pas que les ondes gravitationnelles aient un role a jouer dans les raisonne-
ments du Prof. Mc Vittie. La densité que Mc Vittie considére est la
densité de matiére du tenseur matériel d’impulsion-énergie figurant au
deuxiéme membre (it‘s equations (In champ cl‘Iiinslr-in. Or, par definition, les
ondes gravitationnelles sont solutions [it’s equations «In champ avec second
membre nul; par suite. 131188 ne pum'ent donner uucune contribution a la
densité en question. [in principc. c'L-st évidvnuneut different du cas des
neutrinos qui contrihuerunt I‘Iztl' nm- cr-rtninc quantité au tenseur d’impul-
sion—énergie.

(6) R.\\'. LINDQUIST and J. A. WHEELER, Rev. Mod. Phys., 29, 432 (1957).



Intervention (111 Dr K, Just

Les ondes gravitationnelles detruiront l’homogénéité spatiale du modéle
cosmologique, apportant ainsi une modification au membre de gauche des
equations d’Einstein. Ceci, en tout cas, peut etre approximativement equiva—
lent a une augmentation d’énergie de la matiere.

Intervention du Prof A.H. Tuub

Le Prof. MC Vitliu a expose 1th L-unséqucnces (les hypotheses (l'lau-
mogénéilé cl :l‘isolropic. Cclles-ci entrainunt Lute la densité ct lu pres-
sion soicnt «:Clles d‘un fluide pm‘fait. Si cutie densité est supposée (gale i:
n-elle donnéc— par Out-l, la constante msmolsgngiquc et la courbure sonl nega-
tives. L'n facteur 2W est nécussaii'e pour les transformer en quantités nun-
négatives. La conclusion seruit {lone :‘1 changer 51 cc [acteur pent étrc fourni
par unc observation quelmnquc. ll est évi‘lezmuent possible quc l'élémenl
line'uire soil faux. mlqucl cas d’nuh‘ex deductions sont possibles £1 partir
LlL‘S obscrvatinns. ll est égzrlcmcnt possible (gm- la \"uleur Llc- Oorl DL' tirnno
pm mmptc llL‘S diverses tonnes d'énm'gic. Lcur considémtinn pourmit nmv
difier sa valcur et par suite les conclusions.

Intervention du Prof. E. Schatzmann

Il est utile d’attirer l’attention sur le probléme de la determination de
m

la densité de matiere dans l’espace. Le rapport ; est pris par Oort (en
13

m
unites solaires) dc l’ordre de 20. Mais la determination de 7 dans les

13
galaxies multiples et les amas conduit a 1.195 valeurs bc-aucoup plus grandes
(5 000 dans les amas). En réalité, si on atmmlunnc l'hypnthése lle la station—

narité, on est conduit a l’idee (cf. Anibarzoumiunl que les systénles ont été
forlnés réccmment (1 a 2-109 ans). 11 y am‘ait done ile's systémr-s do galaxies
en formation a l’heure actuelle.

Reponse du Prof. MC Vittie

En {will was. cos considerations suppli-mc-ntaircs modifiemicnl seule—
ll'ii‘lll la densité par un facteur bien inférieur it cclui d‘Oor‘t. suit 11'. Ainsi,
un tel changrmem ne- modifierait pas le signc négatif (les valeurs dc la
constante I;'L,>Slllrnl(Jf..‘lqllC A et de la constant»; I; do conrbure (l‘espuce.

Intervention du Dr. Sehz’teking

La question de savoir si l’univers est ferme on non n’a rien a voir avec
le signe de la courbure de l’espace 3—dimensionnel. ll existe par excmple un
modele d’univers fermé constitué par un 3—espace de courbure constante
negative.

Réponse du Prof. Me Vittie

Bigoureusement parlant, je prenais 1e signe de la constante k dans la
forme habituelle de la métrique. Ceci, je l’admets, determine simplement la
courbure des espaces 3-dimensionnels définis a t: const. lorsque 1a 111e—
trique est exprimée par rapport au systeme de coordonnées utilise dans la
formule (A.1).



TRANSFORMATIONS
OF STATIC EXTERIOR SOLUTIONS

OF EINSTEINS GRAVITATIONAL FIELD EQUATIONS
INTO DIFFERENT SOLUTIONS BY MEANS

OF CONFORMAL MAPPINGS

by JfiRGEN EHLERS,
Université de Ham bourg

RESUME
Je me propose de Inontrer que l’emploi des transformations conformes

permet des simplifications considérablcs dams 1e calcu] par ailleurs souvent
compliqué et pénihlc du tcnscul‘ dc Ricci rm‘rcgprmdant ix une métrique
donnée. Prcsqne tous les cus- connus dc solutions exacies des équations du
champ peuvcm em lrailés par cette mélhodc qni tl‘lI‘lt? hien des formules
utiles.

In this report we want to show how it is possible to construct
new static exterior solutions, stationary exterior solutions and sta-
tionary interior solutions of the field equations of general relativity
from static exterior solutions by applying certain conformal transfor-
mations to auxiliary metrics defined on three—dimensional manifolds of
distinguished paths in space-time. All theorems we shall consider are
purely local. Perhaps the most interesting result is that the determi-
nation of all interior solutions in which incoherent matter moves rigidly
is equivalenet to the construction of all static exterior solutions and,
in fact, equivalent to the determination of all three dimensional Rie-
mannian spaces with positive definite metrics the contracted curvature
tensors of which admit a representation (6) *.

* Applications of the theorems develnprd in this report will he described in
:1 SCNU> of papers by R JORDAN and his t‘UllRl)01‘::Zu}‘~ uhich “ill app r :«»::n in
the Abhundlungen (ler Akademie der \Visscuxclmi‘kn Lind «it-r Lit-cruturr in
Malina: there :1 :3‘ste1uuiic treatment of the known and of new :‘Egoruuu ~wlutiuns
will be given.



§ 1. — Auxiliary Formulae. Notation

The following considerations make use of two well-known formulae
which are given here for the convenience of the reader and in order to fix
the notation.

To a first fundamental form of the type
G:H—X"2(da}°—u)2. (1)

in which
H : hm dmidwk

is a quadratic differential form in the three variables MU, j, : 1
here and throughout this paper),

u : uidmi (1”)

a linear differential form, and V a function (both u, and V also depend
on the act only), belongs a Riccietensor with components. “

R?) : V’W‘V'i + '2 ”juljfll);

Rio : V"1 (V3 1Nv‘j1);,-, (2)

R2. : PE. + V‘1 V- i”- + 2Y2 uli‘llmm] * 1(i.

Here the metric operations on the right side — shifting of indices,
VJ : hijl'lj; covariant differentiation, um- # refer to the metric (1’),
and Pi denotes the Riccitensor of this metric. A derivation of (2) is
given in [1].

A 1’)
,3l0

7

i7

If two non-singular symmetric tensor fields on an n-dimensional
manifold are related by

gm : 92U 9M (3)

where U is a scalar, the corresponding Riccitensors satisfy

emf}: 2 RH (n—2> (Uriemm + amvw+<n—2) U.vU'V)-
_ _ (4)

Here R}, : g“ RW , and all metric operations on the right side refer to
9M1 . A proof of (4) is given in [2].

§ 2. — Reduction of static exterior fields to certain three-dimensional
Riemannian spaces

Exterior fields (source-free gravitational fields) are four dimen-
sional normal hyperbolic ** Riemannian spaces with vanishing Ricci—
tensor. A field or << spacetime >> is called stationary, if it admits a one
dimensional Liegroup ofisometric correspondences with timelike tra—
jectories; it is called static, if the trajectories form a normal con-
gruence [1].

”‘ Square brackets denote anti—symmetrization.
””2 We choose the signature +++i.
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Let W be a static exterior field, G its first fundamental form, and

E a Killing vector field generating the corresponding group. Then the
coordinates a310, u, ...:1, 2, 3,0 here and in the following) can be
chosen such that

G : 6—” H — 62U(d$°)2, EV : 3:; (5)
with H as in (1’) and U : U(w”'). H defines a positive-definite Rieman—
nian metric on the three-dimensional manifold S formed by the trajec-
tories of the group.

Applying first (1) and (2) to (5) (regarding 6—” H as the metric
of S), then using (3) and (4) (taking H as the new metric of S) one can
prove the remarkable theorem that (5) satisfies RM : 0 if and only if

Pik+2U.iU,k:0 (6)

is valid in (S. H); P“, again denotes the contracted curvature tensor
of H [2]. Therefore the determination of all static exterior fields is
mathematically equivalent to the construction of those Riemannian
3—spaces the Ricci-tensors of which have the form (6).

Because of the contracted Bianchi-identity for Pm

UM}. : 0 . (7)
1

By (5), (6) and (7) the scalar U : —2— log (— Ex E7“) is seen to satisfy

in W with respect to G
[I-l;}‘:0, EAU'AZO. (8)

§ 3. — A theorem of Buchdahl

As a simple application of the theorem stated in § 2 we describe
now a result found by BUCHDAHL in 1954 [3]. We reformulate his theorem
here because our proof is much simpler than the original one and because
it is similar to the statements of the following two sections.

Obviously with (H. U) also (H, — U) solves (6). This can be expressed
Without reference to special coordinate :

If G is the fundamental form of a static exterior space-time W

Whose time-like, hypersurface-normal Killing vector field is E, then the
new fundamental form

G : 04H G + (621,7 __ 0—6U) (g. (12b2, (9)

Where

2 15-51,
defines again a static exterior field with the same Killing vector field E;
in fact (9) reduces to the transformation if one uses coordinates accor-
ding to (5).

For this theorem and the proof given here it is not essential that E
is timelike; they remain valid if « time-like >> is replaced by « space-like >>.
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§ 4. — Special stationary exterior fields

If one sets up, by means of the formulae of § 1, the field equations
RM : 0 for a metric of the type

G : a cos 11(211‘) H 7 (a cos IL(2U)) ’1 (dc-0 ~ 11)2 (10)
with a m const. > 0, U : U(a¢k) ,

and H and u as in (1’), (1”) resp. (in the way described in § 2 in con

nection with (5)), one obtains again the relation (6) for H and U. Mo-

reover . .
7 #11 mml'l:u[j,m (11)

which is TU be umlerstomi with respect In H. rift,- tlenotes The usual totally

skew—svnnnetric tensor " with components I'I. : h" 2: h : (111,-, .

The cmniition of integrability of llll regarded as a system of diffe-

rential r-qnz'itions for the unknowns u.» is 171: it is fulfilled therefore in

consequent-e of ((h. The integrminn of (11' is a well-known elementary

prm‘edure: it is the determination of :1 we:or-putential tor a given inte-

grable IF; Ht : U) skew-symmetric tensor-field. If we cmnbii'u- this result

with § 2, we get the following theorem :
If (5) describes a static exterior space time, then (10) is the metric

of a stationary exterior space-time provided the u,- satisfy (11). The field

given by (10) is in general nonestatic.
The translation of this theorem into generally covariant form reads :
If G is the fundamental form of a static exterior field W with

timeelike hypersurfacenormal Killing vector field 2, then the equations

annoy U'HE": MUM] , m 51:!1 (12)
(which refer to G‘) are integrable, (8) being the conditions of integrate

bility. If [I is a solution of equ. (12),
G : (,1, cos h(2t:) (M7 G + (E - (13)?) — (n cos h(2U))’1(iir~da*)2 (13)

is the metric of a stationary exterior field W.
We remark without proof. that the W’s that can be constructed

in this way out of VV’s are characterised by the existence of a timevlike

Killing vector field Efwhich satisfies (with respect to (:1)

5.12m] I : 0. (14)
If one chooses for G in (13) in particular the static axially symmetric
solution of “'eyl (4), one obtains stationary axially symmetric fields
which, by complex transformations of coordinates, can be changed
similar to. but not equivalent to the Einstein-Rosen waves **.

f \Ve_omit the difference between tensors and pseudotensors, because our
considerations are purely local; we may assume that we have oriented the manifold
oca y.

’W This application of the theorem has been described in my lecture given at
the coloque about the theory of relativity held at Brussels on 19. and 20. 6. 1959.



§ 5. — Rigid motions of incoherent matter

The equation
_ 1 _
RAM—7§AVR+P1l/Auu:0 (15)

describes :1 metric field (} interacting with incoherent matter which has

four-velocity 17 and proper density p *.
(15) implies that the streamlines are geodesics, a fact which is used

tacitly throughout this section.
The scalar

0 : “7‘; x (16)
represents the velocity of expansion, the vector

(1)" : Tixliw “A “ll-’1’ (17)
.1

measures the velocity of rotation [53], and the symmetric tensor **

1 _
0"“, I “(l-l; v) —— g 9 (guy + u“- “1!) (18)

with vanishing trace describes the velocity of shear [6]. We put
1 ‘ 1/2

a) = (mew/2, 6: 7mm») (19)
(17) can be transformed into

um x] = Em“, a)“ u”; (20)

consequently we have
(mmu'v1);v:07 (MW :0- (21)

Therefore
«WWW—u" mfluzflmv. (22)

These formulae can be used to derive the theorems of the vorticity-
theory (directly in the case of geodesic streamlines, with a slight
modification also in the more general case of isentropic motions of
ideal fluids) developed by SYNGE [5], LICHNEROWICZ [1], MW Forums [7]
and G6DEL [8].

The equation

“lat—[-
1 1302+2(62—02)+?p:0 (23)

is a consequence of (15) as has been shown by RAYCHANDHURI [9].

* The metric tensor is denoted gA because we shall use a second metric 9M
below. Nevertheless covariant differentiation; and index-shifting refer to 6 unless
otherwise stated.

** Round brackets denote symmetrization.



We propose now to study those solutions of (15) in which matter
moves without changing its form (locally); that means we postulate
0 : 0 and c : 0 or, equivalenty by (16) and (18),

“(11:11) :0. (24)

Rigid motions have been treated by several authors [10], [11], [12],
[13]; but rigorous solutions of (15), (24) have been given only by
van STOCKUM [10] in 1937. We shall specify below how van STOCKUM’s
results are contained in our general theorem.

RAYNER studies instead of (15‘), (24) the equation

H

_ ,1. or2 .o (-0)
together with 0 : 0, 0': 0 and does not put any restrictions on the
tensions inside matter. As (25) follows from (15) our considerations are,
as far as only (25) is concerned, similar to those of RAYNER; but as
we have the additional condition u" 10’»: 0 even in this part of the
treatment we get some more specific results, namely (26), (27), (29).

With (24) RAYCHANDHI‘RI’s equation (23) simplifies to
p : 4 m2. * (26)

1
8r ‘

In cgs—units (26) reads (92 : 27: fp with f as Newton’s constant of gravi-
tation.)

By (20), (24), and (22) we have
muuvw:u”m"zu: . (27)

(We use i see (15) 7 natural relativistic units, namely 0 : 1, f:

thus in a rigid, geodesic motion the four-velocity is parallel propagated
along the vorticity-lines, and the vorticity-vector is parallel propagated
along the streamlines.

By (24) and the Ricci-identity we have NAHUM: Rt u“, therefore,
by (25), (51+ 10’ m) “Hun”, : 0 which, by (20), can be reformulated as

1([>\ may] : 0. (28)
Contraction with 10* gives awry] : (uu mm] + 71» 0mm”) 10 which equals,
because of (27), m (Datum, and, by m (M : 0, equals (Mmhvum which
vanishes because of (20) and (24) :

(Dwain : 0 . (29)

(21) and (29) show that in a rigidly moving fluid without pressure a) is
a harmonic vector field; therefore a scalar U exists with

(1),;:Uyy, U'V;V:0. (30)
Because of (20) and (24)

7mm, U~“ H" : mg. : (31)

t (26) shows that p 2 0 need not be postulated; it follows from (15), (24).



because of (26)
p : 4U,vU"’. (32)

It is easy to show that, conversely, (31) and (32) imply (24) and (25) ;
so we may state : The system of equations (25), (24) is equivalent to the
system (31), (32).

We wish now to consider the complete system (15), (24). Suppose we
are given a solution (gum, p); then we can determine U by (30) so
that (31), (32) hold. We take an arbitrary scalar t satisfying

u" t_ A = 1 (33)
and construct the quadratic differential form

G : e-2U(G + (fi-dEV) — °U cm. (34)
We assert that G is normal-hyperbolic and that the corresponding

Ricci-tensor RM vanishes; this statement is the main result of this sec-
tion.

To prove this statement we introduce << comoving coordinates >> with
u" : 375, t : mo, (35)

which is possible because of (33). Then

G = H — (dwo — w, (36)
and by (34)

G = e—2UH—02U(d:v°)2, (37)
with H and u as in (1’), (1”). U is independent of {no because of (30), (35)
and u" on = 0. (31) and (32) reduce to the equations

— nijk ll‘k I “[1",l p : 4 hik U‘i U'k (38)

with respect to the metric H.
__ 1

If we now work out the space-components i»)— ?p 8,}: 0 of (15)

for the metric (36), using the last line of (2) and taking into account (38)
as well as R3, = 0 (which follows from(15) and (35)) we find that H and I'
satisfy (6). But this means that (37) is an exterior metric according

to § 2. Moreover (35) and (37) show that G is static and that 1—; is a
Killing vector also with respect to G.

With help of (33) and (34) we get :
EA E {1M 14” : — 62H t,)\ , CZU I — (IM- u" u”, (39)

(notice that by definition m : gm. u") therefore (34) can be solved for {—1}:
(E : (32U G + (Ex daa")2 — (to. dark)? (40)

It is also easy, by using the coordinates with (35), to reformulate (31)
in four-dimensional form with respect to G :

71mm U'” My I u[l(,)\]- (4'1)
Again we can obtain a conserve. We can start with a static exterior

field with metric G and Killing-field a = (11.1), solve (41) simultaneously
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with with :—1 to obtain m, construct F} by (40), and calculate p by
(32). Then (25) is satisfied because of (41,) and (32), and the space—
components of (15) with respect to a coordinate system with (35) are
fulfilled in consequence of RM. : 0.

Now our proof of the equivalence of (15), (24) t0 the equations
{Rm : 0, 3);“) : 0. EM EN] : 0, 5,1 51 < 0} is accomplished; the
transformation (awn), p)—> ((11.1.5) is given by (34) where U and t are
determined by (30) resp. (33), and (mu, Ex) —> (fin, p) is given by
e” : ~51 El”, (41), (40), and (32).

Van Stockum’s general solution is obtained from our theorem by
specialising G to \Veyl’s axially symmetric static vacuum metric (4);
van Stockum’s special solution with a rotating fluid cylinder correse
ponds to that W'eylrsolution the «potential» § log [900‘ of which is
independent of \Veyl’s << canonical >> radial coordinate.

Finally I mention that solutions of (15). (24) with constant density
do not exist [15] and that, because of Bochner’s lemma [16] and (7),
solutions in which the spacetime manifold W is (globally) a topological
product of the real line R and a three-dimensional compact orientable
manifold S such that the points of S correspond to the streamlines also
do not exist.

The most interesting questions in the further investigation of these
solutions are : Are there everywhere regular, complete solutions of (15),
(24) with a finite total mass 2’ Is it possible to connect smoothly such
matter fields with exterior solutions in other cases than the one that
has been treated by van STOCKI'M 1’

.4 (:k'nouiledgmncuts
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Remarquc faite ap'r-(‘cs la conférence du Doctcur Ehlers
(Royaumont, 1959)

C. B. RAYNER

Je voudrais indiquer lu-ifwvmml quelquesnns des résuhnts (1m: j’ui
obtenus dans la théorie «In mouwn'wnt rigiule en I-elulivin? génémlv.
puisque je les crois étre pertilwnts :m siH' n'niré par le Unvfrni' Humans.

Le mouvement rigide, an sens de BORN, a été étudié par Iui, par
HERGLOTZ, ROSEN, SALTZMANN et d’autres. ROSEN a été le premier é
donner les équations :

“dB—1' IBaZO; GaBZVflxa+7~axB; KaZXY va (.1)
auxquelles doivent satisfaire 1e vecteur unitaire l“, (M )w:—1), tan-
gent aux lignes d’univers du mouvement rigide. On pent considerer 1e
mouvement rigide en relativité générale en identifiant )6! avec le vecteur
propI-e orienté dans le temps du tenseur d’Einstein Gag. On a :

GGBZ—TaBZ—Phlfl—Safl, (2)
on p est la densité propre, et Sap 1e tenseur de pression. On pent élimi-
ner Sag de (2) en multipliant par 7J3 :

qGgXB—pluzm p:—G7571Y)\5. (3
Si on pent satisfaire 2‘1 (1), (3) avec un systéme (9043,17), les tensions
internes qui résultent du mouvement sont données par (2).

J’ai étudié (1) 1e systéme (1), (3) et montré que lorsque (1) est satis-
faite, 1e vecteur fCl défini par (3) peut se présenter sous la forme :

f‘JL E V3 6‘15 + 6‘15 Mg — 2676‘; 20' : UBY 0'37. (4)
I'ne consequence de (4) est que :

Vafa‘l’V-afaE—xaadPZ—‘o’laaac' (5)
Si GEE-aw” 13 as 1., (#15115 étant 1e tenseur élément de volume) est le
vecteur moment-angulaire, 011 montre aisément que :

6‘15 = — (1/2) naflYf’ 7w 05, 0' :(1/4)g.13 9“ 03. (6)
Ainsi, par (5), 1a densité propre et la grandeur du vecteur moment-angu-
lm're sont constantes le long des Iignes d’univers d’un mouvement rigide.

(1) C. R. Acad. 30., t. 248 (1959) 929.



N 5’:
0n voit que (1) se réduit aux equations de Killing si Xa est un

gradient (Si xa : 17‘1 a“ 1’, M“ est le vecteur de Killing). J’ai obtenu (2)
une solution générale du systéme f“ : 0, V7 is + VB E7 = 0. Me servant
de celle-ci, j’ai montré (3’ que le probléme de la resolution des equations
extérieures d’Einstein Rag : 0 dans le (‘21s stationnaire est réductible :1

celui de trouver un tenseur défini~positif @111, j : 1, 2, 3) et deuX sca-
laiI-es a, {5 pour satisfaire an probleme en Trois dimensions :

RU + (1/2) (1)17: 0 i 0U : 05_2(8¢ 0531' a + 61361-6)- (71
Ici RU- est le tenseur de Ricci déterminé par gij. Il est intéressant de
remarquer que la forme diflérentielle (in; dmi dafl'E a—2(dcz2 + 1162) est la
métrique d’un espace V3 21 courbure constante negative.

(2) C. R. Acad. Sc., t. 248 (1959) 1725.
(3) Dans trois notes qui paraitront hientét dans les Comptes Rendus.



SUR LES THEORIES PENTADIMENSIONNELLES

par YVES THIRY,
Professeur (i la Faculté des Sciences de Besangon

1. — Construction des théories pentadimensionnelles

Nous considérons une variété différentiable V5, de classe [02,04 par
morceaux], munie d’une métrique riemanienne de type hyperbolique nor-
mal :

doz : Yeas dw“ (MB (0:, (5, : 0, 1, 2, 3, 4)
2‘1 un can-é positif et quatre cal-res négatifs.

V5 est supposée admettre un groupe connexe 2‘1 un paramétre d’iso-
métries globales 3‘1 trajectoires z orientées dc2 < 0, homéomorphes 51 um
cercle T. On peut alors considérer la variété-quotient V4 de V5 par la
relation d’équivalence définie par le groupe d’isométries; V4 est l’espace
dont les éléments sont les trajectoires 2. En repéres orthonormés adap-
tés, les variétés w“ _ cste sont homéomorphes 2‘1 V4, les “((13 sont indé—

pendants de 51:0 et le vecteuI-E générateur infinitésimal du groupe d’iso—
méh—ies a pour composantes :

3:0, 5": 1 (1-,... : l, 2, 3, 4)
et a pour carré You < 0.

0n peut alors définir sur V4 :
Toi‘foj— un tenseur symétrique gij : yij— ;

You

— uu tenseur antisymétrique :
1 7011 a _

1‘ ii : ai <Pj— aj ‘Pi (SP-i = Mon , C): este, a; : '87) 7

— un scalaire E = V —-yo,, .

V4 sera identifié :‘1 l’espace-temps de la Relativité Générale et FU-
au tenseur champ électromagnétique.

En utilisant 1a structure de l’espace-quotient, 011 peut exprimer en
termes de V4 les composantes Ram“, Rag, Sag des tenseurs de courbure,
de RICCI et d’EINSTEIN de V5. En repel-es orthonormés adap’rés, les com-
posantes Rafi“; du tenseur de courbure de V5 s’expriment par :
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* L32 E2 (52 E2
Rij, kl : Rij,kl + 4 (B‘ik 14‘” — B‘il i) + 9

f)
s) (E. 6k Fij + 2 a}; a B‘ij——‘ 81; E Il‘jk + aj E F170)
.4

Fii Fm

Ru, k0 :

2 E2—l-X- 1

Rioflco : E V]; (ai E.) + B4

Les elements munis d’uue * sont relatifs a la métriquequotient
ds*2:g¢jdwida:j induite sur V4 par la métrique dag de V5. Nous ne
donnons quant au resfe que l’expression des composantes Sm du tenseur

d’ENSTEIN :

Fir 1“]; .

8 72*
Sio:'__,)— E VT(E3 Fri)’

Les equations de champ (les theories pentadimensionnelles sont
alors les suivantes :

# la théorie a 15 variables (le champ, dite de JORDAN-THIRY, :1
pour equations la generalisation formelle (les equations de champ de
la théorie de la Relativité Générale:

SHE : 8115;

le fenseur du second membre 8&3 décrivant les sources de champ ;
# les equations de la théorie de KALUZA-KLEIN s’écrivent, apres

avoir donné a E la valeur 1 dans les expressions des S118 :

Sm : 9%

Sio : (9w

les 14 quantités 9», 8w décrivant les sources de champ.

2. —- Etudes en théories pentadimensionnelles; l’interprétation.

Signalons lesétudes suivantes effectuées dans le cadre de ces théo-
ries pentadimensionnelles :

A — Les problemes de Cauchy ;
B — Les conditions de raccordement de Schwarzschild et le prin-

cipe des géodésiques ;
C 7 (‘ohérence globale de ces théories ;
l) — Les equations du mouvement d’un corps d’épreuve et les coor-

données isothermes.
Nous n’envisagerons ici que la premiere et la derniére de ces ques—

tions, en commengant par la derniere.

L’étude des equations du mouvement et des conditions d’isothermie
ont e11 effet donné des indications précieuses sur l’interprétation de la
théorie a 15 variables de champ. Madame HENNEQIIIN a utilisé 1a mé-
thode du tenseur d’impulsionenergie, qui envisage les équations du
mouvement comme interprétant les conditions de conservation du ten—
seur @113. Elle a montré l’équivalence de ces equations et des conditions
(l’isothermie dans un sens que nous allons préciser.
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La généralisation formelle dans V5 de la définition des coordonnées
isothermes utilisées en Relativité générale conduit aux conditions
d’isothermie : 1

@P E — YA" PR“ : mum/:7) = 0.
—‘r

Ces conditions se traduisent dans V4 par :
1<I>i a—axgfisx/fg) : oax/Tg
1

@E—ai(fl?iE\/——g)=0-
E —9

Les quatre conditions q)" 2 0 traduisent les conditions d’isothermie
pour V4 munie de la métrique d’s‘2 : E ds*2 conforme a la métrique-
quotient d8"2 (1a derniére (IN = 0 se traduit par une fixation de la trans-
formation de jauge).

L’étude par approximation d’une solution du probléme du mou-
Vement d’un corps d’épreuve precise sous la forme suivante l’équivalence
entre équations du mouvement et conditions d’isothermie : 1a vérifica-
tion des équations du mouvement approchées d’ordre p entraine la véri—
fication des conditions d’isothermie approchées d’ordre [1. Le calcul de
la premiere approximation montre que ce n’est que dans V4 muni de
la métrique conforme d? que les potentiels relatifs a un schéma non
chargé sont identiques a ceux du cas matiére pure de la Relativité
générale. A

Dans 1a variété V4 munie de la métrique conforme ds2 on est de
plus amené, par la forme des expressions ci—dessus de Sig en particulier,
a envisager‘ des inductions distinctes des champs, c’est-a-dire a consi-
dérer F13- comme tenseur induction magnétique-champ électrique et it
introduire 1e tenseur champ magnétique-induction électrique

Hii = 53 F177
on 53 représente 1e pouvoir diélectrique.

Les expressions de Sij rétablissent 1e tenseur
A 1AAA 1 A
Tij = I gt,- Hkl F“ — ? (fiik fijk + fijk fiik) (91'1” : Egij; Fii = Fifi)

(tenseur d’impulsion-énergie du schéma champ électromagnétique) et les
équations de la théorie pour le cas unitaire extérieur (8(13 2 0) s’écri-
vent, en coordonnées locales adaptées :

gij‘i’gfiii—Xai: 0

Gjfig: 0
320' + x 131,-,- fi” = 0

avec E,- : $317316 — 8w 3;“
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c : log E, x : : cste (facteur de gravitation).
$2

3
On i'emarquera que dans la premiere équation les dérivées seeondes

des potentiels sont localisées dans le terme g”.
Ainsi, dans l’importante question de l’interprétation, e’est la Iné<

trique conforme d? qu’il convient d’attribuer a V4 pour interpreter
l’espace-temps. ll n’en denieure pas moins que la structure de l’espace-
quotient et la consideration de la métriquequotient reste un fait fonda-
mental des theories pentadimensionnelles. C’est dans ce cadre qu’ont
été étudiés les points A, B, C signalés ci-dessus et également dans ce
cadre que LICHNEROWICZ a étudié les radiations unitaires en theories
pentadimensionnelles. Pour presenter ces études, revenons au point A,
le probléme de (‘AUCHY et l’étude des discontinuités.

En theorie pentadimensionnelle a 15 variables de champ, dans le
*as unitaire extérieur, l’énoncé du probleme de CAL'CHY est le suivant 2

on se donne sur une hypersurface E de Vs engendrée par des trajectoires
du groupe d’isométries les potentiels Yag et leurs dérivées premieres;
determiner en dehors de 2 les valeurs de ces potentiels supposés satis-
faire aux equations S118 : 0. Les variétés caractéristiques 20 de V; des
equations de la théorie sont tangentes aux cénes élémentaires de Vs;
ce sont les surfaces d’onde du champ unitaire, a la traversée desquelles
peuvent se produire des discontinuités des dérivées secondes des potene
tiels.

0r, placée dans le cadre de la representation pentadiinensionnelle,
l’étude des discontinuités des dérivées du champ électromagnétique, qui
est a la base de la théorie classique des ondes et radiations electroma-
gnétiques, est équivalente a l’étude des discontinuités d’une partie du
tenseur de eourbure de V5, le reste de ce tenseur correspondant a la
courbure de V4. C’est ainsi que LICHNEROWICZ a été amené a étudier les
ondes et les radiations gravitationnelles par les discontinuités du ten—
seur de courbure de l’espace-temps et les phénoménes de radiation uni-
taire dans le cadre pentadimensionnel par les discontinuités du tenseur
de courbure de VS.

3. —— Radiation en théories pentadimensionnelles

Dans un domaine de V5 011 les seconds membres @043 des équations
de champ sont continus, nous étudions les discontinuités du tenseur de
courbure de V; a la traversée d’une hypersurface E engendrée par des
trajectoires du groupe d’isométries. L’équation de 2 en coordonnées

/ l ' . / A

locales adaptees etant flw’) : 0, nous conslderons le vecteur l: g 'ad f;
on a lo : 0. La métrique de V5 et le générateur infinitesimal E du groupe
d’isométries étant supposes de classes [C1, C3 par Inorceaux], on a a la
traversée de )3 :

[Rae] : 0,
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1e crochet indiquant qu’il s’agit de la discontinuité 51 1a traversée de 2
de la quantité incluse.

On en déduit que 1 est de longueur nulle et que le tenseur [RaB’tu]
satisfait en un point cc de 2} a :

g la [Rfifiku] : 0, la. [Rafiflxu] : 07
0- Y

c’est-fi-dire que [Ragxu] définit une double 2-forme singuliére de vec.

teur fondamental isotrope Z

On peut alors définir au point a: un repére (got) orthonormé adapté
dans lequel 30 est colinéaire 521, E et 011, 1a composante to de zétant nulle,
les li définissent au point correspondant de la variété-quotient un vec—
teur de longueur nulle. C’est dans un tel repére que nous opérons par
la suite.

Un tenseur HaB,)\u. satisfaisant aux propriétés de symétrie du ten-
seur de courbure et définissant une double 2-forme singuliére de vecteur

fondamental forthogonal :31 E0 peut étre considéré comme un tenseur
symétrique sur l’espace des bivecteurs de V; et représenté par 11ne
matrice 10 X 10 dont la diagonale principale est

' (122011' 0111022000 ' ' (1'00.
les lignes et colonnes de numéros 7 £1 10 correspondant aux bivecteurs

61 /\ e0, (’2 /\ 00, 63 /\ 60, c4 /\ 60, et l’on a nécessairement :
Hafl = T la ls ['5 Z — (“00 + 0/11 + 022)]

Des hypotheses faites sur Yafi et E, i] résulte que les gij et le scalaire
E_ sont de classe [C], 03 par morceaux] et que les Fu- sont continus e1: 2‘1
dérivées premieres discontinues.

En théom‘e de KaluzarKlein, on a toujours

[Rate] = 0;
mais 011 :1 en outre

[Rmko] : 0;
(1’01‘1 il résulte que

(loo : 0/11 + 0/22 = 0-
Supposons alors que la métrique-quotient de V4 corresponde 9. un

état de radiation totale pure et que le champ électromagnétique repré-
sente un état de radiation électromagnétique de méme vecteur fonda—
mental isotrope :

~1-

8 ln R17,“ : 02 li Ru, kl = 0 (3-1)
hij

S lh Fij : 0; l1; Fij : 0 . (3.2)
hij

Si l’on introduit 1e vecteur isotrope de V5 orthogonal a E qui se
projette sur V4 suivant 1e vecteur fondamental commun aux deux radia-
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tions et le tenseur PM)“ défini relativement aux reperes orthonormés
adaptés par

PM“ : Rinl; Ir)ij,k0 : 0: 1)it),ico : * Rimko;

les relations cidessus entrainent :
S (a Pay, Au : 0; l“ Page”; : 0 . (3.3)

115‘!
Réciproquement, si le tenseur Pug)” défini Ci-dessus satisfait a (3.3)

avec un vecteur (orthogonal a E. on démontre que les relations (3.1) et
(3.2) sont satisfaites.

11 J a ainsi equivalence entre le fait que P043)“ définit dans Y5 une
double 2»t'orn1e singuliere et l’ensemble des états de radiation totale
pure et de radiation électromagnétique définis dans V4. Le résultat de
(‘ette etude est donc satisfaisant, comme on pouvait l’espérer dans une
théorie qui ne fournit qu’un cadre pentadimensionnel a la théorie naive
de l’électromagnétisme et qui est d’ailleurs comme nous l’avons dit a
l’origine de l’étude, a (‘Oté des ondes et radiations é]ectromagnétiques,
ds ondes et radiations gravitationnelles.

Les choses se passent de fagon plus complexe lorsque les (-hamps
sont unifies a l’aide des variations de la quinzieme variable 2 :

En théorie pmzrtadimensio2mclle (2 15 variables (10 champ, Considérons
dans Y4 munie de la métrique-quotient ds“2 le champ scalaire E et sup?

posons qu’il existe un \‘ecteur l tel que :
5; >4: _

ta) E.) 7 lt-(aii) : 0; ”Vital-E) : 0; (3-4)

on e11 déduit, si Vii-(5)5.) # O, que

aVH3) E) : r 1) 1k et que l est isotrope. (3.5)
11 J a equivalence entre les relations (3.4) et, (3.5), que nous dirons

définir un état de ‘adiation pure du champ scalaire E.
Supposons que la métrique-quotient, la forme F et le scalaire E

représentent des états de radiations avec le Inéme vecteur fondamental
isotrope de V4, c’est-adire que nous ayons (3.1). (3.2) et (3.5). Alors (-es

relations entrainent les relations (3,3), le tenseur P et le vecteur L de
Y5 étant définis comme précédernment.

Mais ici la réeiproque ne peut étre vraie et l’on est amené dans
cette etude a completer (3.3) par une hypothése supplémentaire. ("est
ainsi que l’on peut démontrer que les relations (3.3) et (3.5) etnrainent
les relations (3.1) et (3.2).

La remarque finale suivante éclaire d’ailleurs cette (*irconstanee
d’hypothése supplémentaire: dans la théorie pentadimensionnelle a
15 variables de champ, si le tenseur de courbure de V5 est nu]7 les
equations I{L-01M:0 fournissent un champ éleetromagnétique non nul
lié aux variations de 5; les expressions de R15,” du premier paragraphe
donnent alors des Rm” non nuls, done 1111 espace-temps non euclidien
rendant compte d’un champ gravitationnel.



DISCUSSION

Intervention du Docteur K. Just

Que pouvez-vous dire sur les prévisions observationnelles de votre
théorie, concernant notamment le mouvement de Mercure ?

Réponse de M. Yves Thiry
.1 mm] avis aucunc observatian ne peut £1 ('9 jour infirmm' ou confirmcr

1a théoric qua: je vicns d‘expnsm‘. £11 to qui ronceme les Equations du
mouvement. 1:2 théoric est cunstruitc pour rendre compte (in mouvcment
dos masses Clmi‘gées. el pour venir coincitler 011 l‘absence dc Chump électl'o—
magnétiquc m'ec la théuric relativism pur‘ement gx‘avilutionucllc. 11 me sem~
ble donc a priori que la théorie penladimensionnclle doii fournir pour
I‘avance du périhélie dc Mercure la méme x'aEeur quc Ia thém‘ic- purcment
gravitationnellv, ou une valeur irés Yoisine.

(‘) K. JUST, Z. Physik, 144, 411-427 (1956);
K. JUs'r, Z. Naturforschg., 14a, 751 (1959)





RELATIVITE MULTIDIMENSIONNELLE
NON STATIONNAIRE

par JEAN-MARIE SOURIAU
Professeur (‘1 la Faculté des Sciences de Marseille

1. — Principes

Les lois de conservation découvertes expérimentalement (impulsion,
énergie, électricité, charge nucléonique, étrangeté, etc.) ont été succes-
sivement rattachées a des propriétés d’invariance, par l’intermédiaire
de principes variationnels (théoréme de NOETHER [1]).

0r i1 existe deux sortes de transformations mises en jeu :
1°) les transformations géométriques d’espace-temps;
2°) les transformations << internes >>, qui agissent non sur les points,

mais sur les valeurs des champs en chaque point. (Exemple : transfor-
mations de jauge).

L’invariance dans les transformations du premier type résulte du
principe méme de relativité: les lois de la physique sont invariantes
par certaines transformations d’espace-temps, qui agissent sur chaque
champ selon sa variance.

Or l’expérience permet d’énoncer un principe remarquablement
analogue pour les transformations du second type : les transformations
internes forment un groupe I; chaque champ est pourvu d’une variance
interne (définie par une représentation de I opérant sur les valeurs
possibles du champ en chaque point); les lois de la physique sont
invariantes par I.

Il est souhaitable d’unifier ces deux principes; on peut dans ce but
essayer de remplacer l’espace-temps V4 par une variété V” ayant plus
de quatre dimensions; les transformations géométriques de V,l — que
nous désignerons par le mot << glissement >> — devront rendre compte
a la fois des transformations géométriques de la Relativité classique
et des transformations internes. Pour rendre compte de 1’existence et
du role privilégié de la variété V4, on admet généralement un principe
de stationnarité; on postule l’existence d’un groupe 9 de glissements
qui laisse tous les champs invariants; V4 apparait comme 1e quotient
de V” par g; moyennant quelques hypotheses, on arrive 51 faire passer
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au quotient les champs stationnaires de V", qui deviennent des champs
définis sur V4.

Ce principe de stationnarité est peu satisfaisant, pour diverses
raisons : il fait disparaitre le caractére unitaire de la théorie, puisque
la physique n’est plus invariante que par les glissements qui com-
mutent avec g; il ne peut coexister avec un principe variationnel que
comme réglc dc sélcction, mais non comme liaison ; et surtout, il ne
permet pas d’interpréter les transformations internes, puisqu’il sup-
pose l’invariance de tous les champs par 9.

Nous proposons donc de le remplacer par le suivant :

La variété V" est homéomorphe au produit direct de R4 par
une variété compacte W (de dimension n—4).

Une fois déterminée la structure topologique de W, qui constitue
l’aspect global de la physique, on en cherchera l’aspect local, sous la
forme d’un énoncé variationnel.

On disposera ainsi d’une théorie strictement unitaire, au sens de
LICHNEROWICZ ([2] p. 152); la réduction apparente de V” a V4 sera due
au caractere microscopiqnc de W.

2. — Théorie pentadimensionnelle

1) En attribuant a W la structure topologique d’un cercle S1, on
obtient une théorie unitaire a cinq dimensions [3, 4]; la variété V5
est homéomorphe a un << tube >> R4 X SI; on peut lui donner des cartes
périodiques, applications de R5 sur V5 telles que la variable :35 admette
par exemple la période 21:.

2) Nous dirons que l’univers est stationnaire s’il existe une carte
périodique ou les glissements x5—>m5+Cte laissent tous les champs
invariants; ce cas équivaut substantiellement a la théorie de JORDAN-
THIRY [5, 6, 7]; on achéve l’identification en supposant définie sur V5
une métrique hyperbolique normale gaB (les courbes fermées obtenues
en faisant varier 975 seul étant du genre espace) et en écrivant les
équations d’Einstein.

Le cas stationnaire s’interprete quadridimensionnellement au moyen
d’un champ de tenseur g); (lettres latines : l, 2, 3, 4), qu’on identifie
avec les potentials d6 gravitation, un champ de formes linéaires Ak
qu’on identifie avec les potentials électromagnétiqncs et qui admet l’in-
variance de jauge, et un champ scalaire d’interprétation plus difficile;
ce scalaire est d’ailleurs égal au << rayon du tube univers >>, soit

: \V — 955; s’il est suposé constant, on retrouve la théorie de KALUZA-
KLEIN [7, 8], équivalente a la théorie provisoire de l’électromagnétisme
en Relativité générale.



295

3) Nous traiterons le cas quasirstationnaire en écrivant des equa-
tions de champ, en les linéarisant au voisinage d’une solution station-
naire, et en faisant un développement de Fourier suivant la variable x5

(b : 2 1F” 6‘5”“5

On constate que les << fonctions d’onde >> 111'” ainsi introduites véri-
fient des équations quadridimensionnelles distinctes; ainsi, a un champ
scalaire réel vérifiant l’équation (1) :

Q q) + a, q; = 0
correspondent des fonctions d’onde complexes q)" vérifiant

' 2

D¢n—MAjaj¢n+[a—t:— aAiAi]¢n=005 2“&e
(on a supposé E, constant et désigné par G La constante de gravitation
de Newton); on reconnait 1’équwtion de Kleiaordon, en présence d’un
champ électromagnétique, pour une particule de charge électrique
mm is = . . , .7-, de masse : a—l— E ; a1ns1, dans cette theorle A

—1es interactions électromagnétiques (au moins sous la forme
usuelle en Mécanique ondulatoire) ont un caractére purement géomé-
trique, de méme que les interactions gravitationnelles en Relativité
générale;

— toutes les charges électriques sont multiples d’une charge élé-
mentaire (n = 1), indépendante de la masse des particules.

En identifiant cette charge élémentaire avec la charge 6 de l’électron,
0n trouve 1a valeur du rayon du tube-univers :

_ Zin/G
60

E
Cette longueur, qui joue 1e réle de << longueur élémentaire », est beau-
coup plus petite que les rayons des noyaux atomiques (# 10‘13 cm) (2).

: 3,77-10-32 cm

4) Bien que la théorie prévoie des états de charge multiple pour
toutes les particules (l’indice n des fonctions d’onde 1F" peut prendre
toutes les valeurs entiéres), la petitesse de E, entraine l’impossibilité
pratique de les créer : on constate qu’il faudrait une énergie de l’ordre

'h;
de 0? # 5-1020 MeV.

(1) Nous désignons par 0 l’opérateur V2 sur la variété V5; cette équation
est la seule équation linéaire invariante par les transformations de Lorentz
pentadimensionnelles.

(2) II n’est pas exclus que. dans une particule, E subisse une variation, de l’or-
dre de 52/1' (1‘ : rayon de la particule); i1 en résulterait une différence de charge
entre proton at électron de l’ordre 'de 3-10"19 e.
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5) Dans la présente théorie, l’approximation de la Relativité res—
treinte consiste a supposer l’existence d’une carte périodique ou les gag
sont constants; les glissements qui laissent ce champ invariant torment
un groupe, dont on peut montrer qu’il est le produit direct du groupe
de Lorentz non homogene usuel L par le groupc 03 des matrices ortho-
gonales réelles d’ordre 2; on interprétera les éléments do ()2 comme dcs
transformations dc jarugc (si leur determinant est +1) ou des conju—
gaisons do charge (s’il vaut #1); le groupe 03 a d’ailleurs déja été
proposé a cet effet par L. MICHEL [10].

L’étude des representations unitaires irréductibles du groupe
L X 02 conduit 91 associer a la masse et au spin des particules élé»
mentaires, un entier n], qui s’interprétera comme leur charge électrique;
s’il est nul (particules neutres), les conjugaisons de charge multiplient
la fonction d’onde par i 1; on trouve notamment #1 pour le photon,
conformément a l’expérience (of. L. MICHEL [10]), et +1 pour le gra-
viton.

6) Il est loisiblc (puisqu’il s’agit d’une condition locale] de suppo-
ser V5 or'icnrtéc, ce qui signifie que les glissements doivent tous avoir
un jacobien positif (voir [11]); dans ce cas, on démontre que le groupe
L X 02 doit étre remplacé par le sous—groupe obtenu en donnant le
méme signe au jacobien de la transformation de Lorentz et au déter~
minant de la matrice orthogonale; en d’autres termes, un retournement
d’cspace on do temps doit néccssairemcnt étre accompagné d’umz conju—
gaiso'n, do charge .' on voit comment une théorie multidimensionnelle est
capable d’intcrpréter les relations 7 constatées expérimentalement #
entre les transformations de parité et de charge.

3. — Dimensions plus élevées

Bien que la théorie cidessus a cinq dimensions ait des aspects satis—
faisants, elle ne parvient pas a rendre compte de toutes les invariances
internes que l’on observe. 0n est donc amené a penser que la structure
topologique de W est plus compliquée que celle d’un cercle.

Il ne semble pas que l’on soit actuellement d’accord sur la structure
du groupe I des transformations internes; mais les différentes hypo-
theses semblent compatibles avec l’interprétation géométrique que nous
proposons: il s’agit du groupe 03 dans la théorie de PAIS [12], du
groupe 04 dans celle de SCHWINGER [9]; elles s’interprétent en prenant
respectivement pour W les spheres S2 et 83. On peut aussi proposer #
pour expliquer le role privilégié des interactions électromagnétiques et
pour conserver, a titre d’approximation, les résultats de la théorie pen-
tadimensionnelle ; de prendre pour W la topologie de 81 X 82, ou
encore de 81 X 83. On obtient donc des théories concurrentes ayant
respectivement 6, 7, et 8 dimensions. La discussion et l’étude détaillée
d’une telle théorie feront l’objet d’une publication ultérieure.
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DISCUSSION

Intervention du Prof. Ivanenko.

Des idées analogues a celles exprimées dans le rapport inte’ressant de
M. SOURIAU sont développées dans les travaux de J. RAISKY (Cracovie), du
Professeur Zircon: (Sofia. Bulgaria"), Elf! ménle que dans des recherches de
notre groupe (voir les articles dc: H. SnKnLIK. d’A. BRODSKY et de moi-meme
publiéx «lam; 19 Journal de Physique Théorfqzre et Expérimentale (russe), de
mi‘me que dams lc Nauru) Cimmto, 1958). Nous avons essayé de permettre
les transitions entre suns-vspm-u ua'dinaire pl sous-espace de spin isotopique.





VERALLGEMEINERTER THIRRING-EFFEKT
ZUR PRUFUNG DES MACH’SCHEN PRINZIPS

par CHARLOTTE FABRICIUS
Institnt fiir theoretische Physik, Freiburg

RESUME

Dans le modéle cosmologique d’Einstein, la variation du champ gra—
vitationnel produite par une distribution matérielle en rotation rigide est
trouvée dans l’approximation linéaire. Nous discutons les equations du
mouvement d’une masse d’épreuve dans ce champ et retrouvons exactement
les forces que le principe de Mach faisait prévoir.

H. THIRRING hat zur Prfifung des Mach’schen Prinzips das Gravi-
tationsfeld einer rotierenden Hohlkugel berechnet (vgl. [1] [4] und
[2]). In der Niihe ihres Mittelpunktes treten Coriolis und Zentrifugal-

8 P P
kl'éifte auf, und zwar mit den Koéffizienten —— und 1—5E’ wo P der

Gravitationsradius 11nd R der geometrische Radius der Hohlkugel ist.

Das Modell van THIRRING ist nicht konsequent im Sinne des Mach‘
schen Prinzips, weil das Gravitationsfeld als lineare Niiherung zur
pseudoeuklidischen Metrik berechnet wird. Die Hohlkugel rotiert so
gegen den << absoluten Raum >>. Ferne Massen werden nicht explizit
einge eingeffihrt.

Nach einem Vorschlag von Prof. HONL soll die Problemstcllung
daher in folgender Weise abgez‘indert werden : Im Einsteinkosmos bei
Benutzung V011 Koordinaten, in deuen alle Materie ruht, sondere man
fiberall einen kleinen Bruchteil der Materie ab und lasse diesen mit
einer festen VVinke]geschwindigkeit um eine zuvor gewfihlte réiumliche
}eod£itische starr rotieren. Man berechne das Gravitationsfeld in

linearer Niiherung zum Einsteinkosmos. Nun diskutiere man die Bewe-
gung eines I’robekiirpers damufhin, 0b sich der Einfluss der kosmischen
Rotation durch Coriolis» und Zentrifulgalkréifte beschreiben lisst und
wie diese Zusatzkriifte zustande kommen.

Bei dieser Problemstellung Wird der kosmologische Gehalt des
Mach’schen Prinzips miterfasst, alle Bewegung als Bewegung von Ma-
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terie gegen Materie beschrieben, und das Naherungsverfahl'en ist sinlr
v01}, weil die Energie-Impuls—Verteflung des Einsteinkosmos nur gering»
ffigig V'eriindert Wird.

Der Energieelmpuls-Tcnsor setzt sich folgendermussen zusammen :
Tik : (p — 89 + 1)) ui ”’5 # {)8} + Sp 711-1? + of —— 551-08,,"

Bei den Rechnungen werden Polarkoordinaten benutzt. Die beiden
ersten Terme in Ti" berficksichtigen die I'uhende Materie (1w: 0 ffir
p. : 1, 2, 3) und den ursprfinglich etwa vorhandenen Druck 70, der dritte
die rotierende Materie

u)
(121:7E2ZO, 123———>,

' V 1 + 933 ‘92
bezeichnet die notWendig uuftretenden Spannungen (keine der ange-
nommenen Bewegungen ist geodéitisch) und der ffinfte Term stellt eine
fI-ei wiihlbare kleine Zusatzenergie dar, etwa eine den Spannungen
entsprechende elastische Energie (5 : A 611 + B 59 R2 (1)2). HGhere nls
zweite Potenzen in a) sollen vernachléissigt werden.

(5:A611 +B-89 R2092).
HOhere als zweite Potenzen in u) sollen vernachléissigt werden.

Ffir die Metrik machen wir den Ansatz :

gik : {in + “(m Tm << 1}“;

gm : Metrik des Einsteinkosmos.
Aus den Einsteinschen Feldgleichungen (mit kosmologischem Glied) und
dem angegebenen Ausdruck ffir Tik lassen sich die 7“. in linearer
Niiherung bei Benutzung harmonischer isothermer Polarkoordinaten
Ieicht berechnen :

“foo 0 0 I’m:

0 # .9101 You 0 0

0 0 # .9202 You 0

"fo3 0 0 — ”3:: TIMI

mit

2 5p

5 — A p + p
59
+ I)

Dubei ist r der geodiitische Abstand V011 der Drehachse und R der
Kriimmungsradius des Kosmos.

r
7002* m2sin2§+S (B:()f1‘irB:;2)

9 . 7'a) R“ sm2 — .703 :

Die Bewegungsgesetze eines Probekbrpers leitet man hier am

hequemsten dil‘ekt aus dem Variationsprinzip 3 [(1.9 : 0 ab.



301

Die Variation von av" : t gibt den Energiesatz :
(1 + + dq; ‘ dt t

m ' ' —: cons .0 Too Yos dt ) ds

(m0 ist eine Massenkonstante).
. . 5Rotlert das Koordlnatensystem mit der Geschwindigkeit Ji— — das

p)Impulsmoment der gesamten Materie verschwindet dann, falls p20
war — so nimmt der Energiesatz die aus der speziellen Relativitiits—
theorie vertraute Form an

mo 02 : const.
ds

d-t
ds

auftritt, kann man diese Gleichung benutzen, um eine orts- 11nd ge-

Die Lichtgeschwindigkeit c : Vgoo ist ortsabhfingig. Da sie auch in

dt
schwindigkeitsabhiingige Masse m0 d— zu definieren.

8
Die Variation des Drehwinkels a)“ : q) gibt den Drehimpulssatz :

dcp 8p dt t
933( dt 9 +1) (1)) m0 d8 —— cons .

Fiir p : 0 entspricht er genau der Erwartung des Mach’schen Prinzips,
soweit es die Corioliskrafte betrifft. Der storende Zahlenfaktor 8/3 tritt
nicht mehr auf.

Die Variation des geodéitischen Abstandes 1' von der Drehachse muss
die Zentrifugalkrdfte liefern. Wenu der Probekérper ruht, bekommt
man in der Niihe der Drehaehse :

d2 r 2 89 2
: (1) r .

dt2 5 — A p + p
Ffir p : 0 und A : 3 treten die Zentrifugalkréifte auf, die nach dem
Mach’schen Prinzip zu erwarten sind.

Der Grund ffir diese speziellen Bedingungen p : 0 und A : 3 mag
ihr Einfluss auf den Kriimmungsradius sein. Honl fordert in [3] eine
gréssenordnungsmissige Ubereinstimmung von dem Kriimmungsradius
der Welt und dem Gravitationsradius der gesamten Materie als Bedin—
gung fiir die Gfiltigkeit des Mach’schen Prinzips. Wenn man diese
Forderung in der Weise qualitativ verschiirft, dass aus'serdem del-
Krfimmungsradius nur vom Masseninhalt der Welt abhz‘ingen soll, so
fiihrt das genau auf die Bedingungen p: 0 und A23 fiir das hier
behandelte Problem.
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QUELQUES REMARQUES
D’ANALYSE DIMENSIONNELLE

POUVANT INTERESSER
LES FUTURES THEORIES UNITAIRES

0. COSTA DE BEAUREGARD
(Institut Henri Poincaré, Pan's)

RESUME
Remarques sur la théorie de l’inertie de SCIAMA [1]-PARK [2]. La cons-

tante hc comme carré de la « charge gravitationnelle ». Les trois quanta de

masse: proton, ? muon, électron, et leur relation possible aux champs

pionique, gravitationnel, photonique par l’intermédiaire d’une méme lon-
gueur fondamentale égale au rayon classique de l’électron.

1. Interprétant 1e principe de MACH, D. W. SCIAMA [1] et D. PARK
[2] out indépendamment suggéré que la constante universelle I figu-
rant dans la formule de GALILEE-NEWTON F = I m y, qui se trouve égalée
a 1 par définition classique des unités de force et d’énergie, représente
en réalité 1a valeur du fond constant G M/c2L du potentiel de gravi-
tation universel : G, constante de Newton, M, << masse totale » et aL,
« rayon de l’univers; a, un certain facteur numérique. De fait, il est
remarquable que la formule :

GM 2 c2 L (1)
résulte de la plupart des modéles cosmologiques. Si l’on décide de re-
prendre 1e degré de liberté I, i1 faut partout remplacer G par G/I
dans les équations de la gravitation, et i1 vient, en plein accord avec
les idées de SCIAMA et de PARK,

G M
I :— .

02 L
L’on peut aussi remarquer [9] que l’équivalent en énergie de la

masse inerte, W: 02m, se récrit dans cette perspective GMm/L, et
s’interpréte donc comme l’énergie potentielle 'changée de signe de la
masse grave m dans le champ universel. Par ailleurs, 1e potentiel réduit

(2)

20
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G m/e2 l a la distance l d’une source in se récrit m L/l M, et ceci corres-
pond bien a la forme du terme d’ordre 1 dans un développement en série
dont 1e terme constant serait normé a 1 par definition.

2. Comme il est bien connu, 1e Lagrangien pour un champ quantifié
a spin q; inter-agissant avec le champ gravitationnel quantifié y” s’écrit,
21 1’approximation minkowskienne,

trek _ , ;
3:7”)[at]01¢(3ij+‘{ii)+2X¢¢(1+Y)}#XHal‘fjkai‘fjk;

:Yii; (3)
h

1:8wc’20‘1, it: ;[ai] :ai#ai; i,j,k,l:1,2,3,4; m4:ict;

a‘ matrices de spin et 7., fréquence propre du champ 11:; 1a fréquence prof
pro (in graviton est provisoirement prise nulle, et la convention de som—
mation est utilisée.

Les equations dynamiques déduites de ce Lagrangien sont, pour le
graviton 7’7”, :1 we : x (Ti: 7 g 31*) <4)
avec "JZTJ'E E Tik + '1‘“
et

in; _ 1

T”:T¢[aiiaw, P4101111; (5)
et, pour 10 << spinion >> 11;,

{Maegan+x(1+1)}1¢:0, (5)

<1 + 1) p : Team + 1,3). (7)
Comme il est bien connu, l’interaction a la YUKAWA 11$p ajoute une
contribution variable 7.7 a la masse propre 7. du << spinion >>; dans le
cas gravitationnel, cet effet est identique a celui postulé par EINs-
TEIN [3] dans sa premiere version de << l’effet DOPPLER de gravitation >>.

Les equations (3) et (6) montrent que le potentiel inertial T du type
YUKAWA s’ajoute au potentiel inertial de fond 1 de SCIAMA-PARK exac-
tement comme le potentiel grariritatio'nnel yjk s’ajoute an potentiel gravi-
tationnel de fond 87* de MINKOWSKI; 1e principe d’équivalence se trouve
ainsi respecté d l’arppromimartion ilfinkO/wskienne de la mécanique ondu-
lutoire, grace essentiellement a l’intervention des deux valeurs maxi~
ma 2 et 0 du spin du graviton; 1a valeur 2 se trouve attachée 51 1a
gravitation et la valeur 0 ‘1 1’inertie.

d’ofi i1 suit

3. En comparant 1e Lagrangien gravitationne] (3) an Lagrangien
bien connu de l’électromagnétisme

he 7 _ 113:71116'](Li-+1)iiieAiiari-MgaiAiai-AJ— (8)
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l’on voit que kc apparait, en un sens qu’on va préciser, comme l’homo-
logue gravitationnel du quantum de charge électrique.

Le fait que la comparaison de (8) a (3) semble établir 1a corres-
pondance e<—>1tc, au lieu de la correspondance e2<->‘hc que fait atten-
dre l’analyse dimensionnelle, résulte manifestement des définitions
adoptées. L’anomalie disparait si l’on redéfinit 1e potentiel électroma—
gnétique suivant Ai: we; (51“ est homogéne a une quadrifréquence,
comme la combinaison w,- ai figurant dans (3).

L’on sait qu’en ajoutant et retranchant l’équation de DIRAC et son
adjointe relativiste, apres multiplication par l’une des cinq matrices-
tenseurs (1“, Pen obtient les 2 X 5 relations de FRANZ [4] -KOFINK [5]
qui, en 1’absence de potentiel extérieur, se scindent en deux familles

\indépendantes de cinq, l’une a interprétation purement électromagné-
tique et l’autre a interpretation purement mécanique [6]; de la sorte,
les 2 X 5 tenseurs du type DIRAC: $11“ 4;, et du type SCHRODINGER:
Mai] “(A ll) se répartissent en cinq tenseurs électromagnétiques et cinq
tenseurs mécaniques. Le fait remarquable est que le coefficient physique

e
est toujours proportionnel a — dans le premier cas et (‘1 'h' dans le

0
second.

Le produit 1w est homogéne a G [1.2, on p. désigne une masse; conve-
nons de poser

G [L2 = #0. (9)

Il est bien connu [7] que les trois constantes universelles G, 0,15 sont
dimensionnellement indépendantes, en sorte que leur ensemble équivaut
a celui de trois étalons naturels de longueur, temps, masse; le p. pré-
cédent est ce quantum naturel de masse.

Il suit de l’ensemble de ce qui précéde que la constante universelle
750 est proportionnelle au carré de la << charge gravitationnelle >> [1, véri-
table homologue de la charge de l’électron e, ayant comme elle une
signification universelle.

La valeur du p. précédent est tres grande lorsqu’on 1a compare aux
masses des particules élémentaires; en fait, u§1,27-1019 masses du
proton. Mais le spectre des masses des particules élémentaires résulte
certainement de certains phénoménes de quantification, et i1 n’y a au-
cune raison de penser que la masse de l’une ou l’autre de ces particules
représente le quantum nature] de << charge gravitationnelle >>. Nous
verrons plus loin, au § 4, une nouvelle raison trés forte de penser que
le p. ci-dessu's défini est la véritable << charge gravitationnelle univer-
selle >>. Etant donnée la valeur trés élevée de [A (comparée aux masses
propres des particules élémentaires) nous arrivons a l’énoncé a premiere
vue trés paradoxal que l’interaction gravitationnelle est intrinsequement
forte; c’est uniquement du fait du couplage en aw (faisant apparaitre
un facteur de l’ordre de la masse propre de la particule) que l’inter-
action gravitationnelle est numériquement faible.
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Bien entendu, rien n’empéche de poser des definitions telles que la
constante G de la gravitation universelle soit égalée a l, avec la dimen-
sion 0, comme il est d’usage de le faire pour les constantes de Coulomb
de l’électromagnétisme. Une premiere possibilité serait de reprendre 1e
degré de liberté I de la formule de Galilee et de définir l’unité de force
en faisant G : 1, avec la dimension 0, dans la formule de Newton; il
suivrait de la un profond bouleversement dans les formules aux dimen-
sions (les grandeurs physiques. (Those plus grave, la formule simple (1)
devrait étre remplacée par (2), et le «potentiel inertial » de SCIAMA-
PARK n’aurait plus 1:1 valeur simple 1; la formule (3), par exemple, se
compliquerait d’autant.

Il convient done de faire G : 1 sans abandonner la convention clas-
sique I : 1. Bien entendu (ne serait-ce que pour éviter 1e << conflit des
u.e.s. et des u.e.m. ») i1 convient aussi de faire c : 1. Il ne reste plus
alors (lu’une alternative : soit de faire h : 1, ce qui raméne au systéme
L, T, M de PLANCK [7], soit au contraire de disposer du quantum naturel
de longueur Io dont nous allons faire apparaitre l’existence.

4. Considérons maintenant le spectre experimental des masses des
particules élémentaires aujourd’hui connues [8]; il est remarquable
que ces masses soient bien reproduites par une formule linéaire

m : "b mb + no mo + n, m; + petite correction X m; (10)
impliquant trots quanta, dc masse .' mb masse du proton ou «masse
baryonique >>, Mo : 2/3 de la masse du muon ou << masse mésonique >>,
m; masse de l’électron ou << masse leptonique >>; les n sont des nombres
entiers ou demientiers dont on reparlera.

mbLe fait frappant est bien entendu que les rapports

02 1
reproduisent la constante de structure fine it % 13 et une valeur

C 7

ct
m0 m9

29
#0

en bref on peut écrire

2 13,4 étonnamment voisine de la constante des couplages forts;

2 1:0 (32g : : : 0210, (11)
mm 771,0 ml

on IO n’est autre que le << rayon classique de l’électron >>, soit environ
2,8-10“3 cm. ll semble donc bien qu’un méme rayon de coupure lo de—
vrait permettre de rendre compte de la << masse leptonique >> m; comme
étant d’origine électl‘omagnétique ou photonique (comme en théorie clas»
sique), de la << masse baryonique >> mb comme étant d’origine pionique,
enfin, (l’apres ce qui precede, de 1:} << masse mésonique >> m0 comme étant
d’origine gravitationnelle.

Le quantum de masse mo apparait aussi d’une autre fagon comme
étant spécialement fondamental. Si les théoriciens out raison de recher-



307

cher une «longueur fondamentale » lo valant environ 10—13 cm, alors
l’argument de YUKAWA donnant l’ordre de grandeur de la masse du
pion par la formule (incorporée dans (11))

0 lo mo : 717 (12)
montre que le quantum de masse mo est << fondamental » au méme titre
que 1,.

Le nombre m, figurant dans la formule (10) vaut 1 ou 0 suivant que
la particule considérée est couplée ou non avec le champ pionique, et
c’est bien ce qu’on devait attendre a priori. Pour m on ne peut pas
avoir un résultat aussi net a cause de la présence du terme correctif;
il est cependant frappant que m vaille 0 pour le neutrino et le photon,
—|— 1 pour l’électron et le muon; nous proposons danc de postuler que n;
vaut 1 ou 0 suivant que la particule considérée est couplée ou non avec
le champ photonique.

Le cas du nombre no est plus compliqué : il est entier positif ou
nul pour les bosons, demi-entier positif, ou bien nul, pour les fermions.

Voici comment se présente finalement 1e tableau des masses propres
des particules élémentaires :

NOMBRE NOMBRE NOMBRE
de masse de masse de masse TERME

baryonique mésonique leptonique correctif
”b no ”I

DESIGNATION

Neutrino ........ L .
Photon ...........
Electron 0+ .......
Muon u: .........
Pion 7:0 ...........

0
0
0

+— 03
—— 5%7
—— 1,8
4—173,
+— 5;;

0
4— 3;;
+- 43
4—119
—+ 15;;
1—251;
—— 4,5
4- 65

$
9

0

O
O

O
O

O
O

W \ t0

K0 ..........

Nucléon P+ ......
N ........

Hypéron A0 .......
2+ ......

o .......

01 \O
O

-
Q

Q
M

L
O

LO

.4] \ b3

11/2
11/2 O

H
H

O
H

O
O

H
G

H
H

O
H

H
O

O

[I
J
E

IJ
M

M

H
H

H
D

—
‘H

i—
‘H

h
—

I

«I
o-

J
\
\ m
m

0 .......
l

Nous pensons fa. présent que la longueur fondamentale lo est du
genre temps, et non du genre espace (Comptes Rendus 252, 1276 (1961).
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Note ajoute’e a la correction des épreuves

Le lagrangien (3) est construit de maniere 5L entrainer les equations
(4) e1: (5), qui sont imposées. Il entraine alors aussi l’équation (6).

Mais nous avons 0mis de préciser que les matrices de spin af' ne peu—
vent pas étre les memes que les (101 valables en l’absence de potentiel gra—
vitationnel W. En effet, les formules de non-commutation des ai qui, en
l’absence de You impliquent 1e symbole de Kronecker 5'17, impliqueront
automatiquement les expressions 81-,- + m,- si, en géométrie riemannienne,
les (1“ et a. doivent se comporter comme les composantes d’un vecteur. Il
faut done poser a} : aoi + 80,011

La substitution de (1.} pour afl' dans (4) et (5) n’est pas significative;
par contre, dans (6), elle change appréciablement l’équation.
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RESUME’
On discute d’abord de la notion d’observables en relativité générale,

indépendamrnent de tout formalisme particulier. L’on entreprend alors 1a
construction d’observables avec l’aide des co-ordonnées intrinséques propo-
sées initialement par GEHENIAU et DEBEVER’. Dans le cadre d’un formalisme
lagrangien l’on construit des commutateurs entre observables, en utilisant
les observables pour engendrer des transformations invariantes des variables
de la théorie. Les calculs n’ont pas été achevés, mais ils semblent étre sans
piéges, quoiqu’extrémement laborieux. En conclusion, l’on discute briéve—
ment les perspectives de la quantification du champ gravitationnel.

Introduction

In this talk I shall not attempt to give a general status report on
quantization of general relativity, as other participants will speak on
their own efforts. I shall attempt to remind you of the general back-
ground of the programm of quantization, and then give a report on the
approaches that Professor Arthur KOMAR and myself have been follow-
ing, and on the results we have achieved so far. I shall refer to work by
others not with the idea of giving a << balanced » picture, — for such a
review the time does not yet appear to me ripe, — but only in order
to comment on what appear to me similarities, or dissimilarities, in
approach or methodology.

Why should we be concerned with quantization of general relativity
at all ? It is generally agreed that quantum theory deals primarily with
phenomena in the microcosmos, that is to say with atomic and nuclear
physics and with the relations between elementary particles, whereas the
general theory of relativity, being as it is a theory of gravitation, finds
its principal applications in celestial mechanics and cosmology, certainly
in the macrocosmos. I believe that we are impelled toward a program of
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desegregation (to use a modern phrase of American politics) for two
reasons : One is that both general relativity and quantum theory have
affected deeply our conceptual framework in which we do physics; gene—
ral relativity profoundly modifies our ideas of space and time and
prevents us from assuming quantitative relations (such as distance)
between two given world points ab initio, that is to say before we infuse
a physical field into the spacetime framework. As a result of general
relativity we cannot define a given world point merely by (foundimen-
sional) triangulation, that is by stating its distance from a set of four
base points; we can define it only in terms of physical events associated
with the world point in question and its surroundings. Thus the notion
of space~time as a scaffolding or background against which the drama
of the physical process is played out becomes somewhat vague, though
it does not lose its significance entirely.

Quantum theory, on the other hand, profoundly affects our notions
of what constitutes physical reality. As you know, quantum theory has
for this reason become a hotly contested area between diverse philoso-
phical schools; the classical discussions between BOHR and EINSTEIN [1]
are perhaps as illuminating in this respect as any other material. Here
in France Professor Louis de BROGLIE and J.-P. VIGIER have contributed
to this exploration, which I do not consider in any sense concluded.
W’hatever the examination of the philosophical implications may even—
tually reveal, quantum theory as a working tool of the theoretical physi-
cist is well established. Accordingly, unless we believe in a comparti
mentalization to our approach to the physical universe, we must in-
vestigate to what extent the contributions of general relativity and
quantum theory may be brought together. Practically this means quan-
tization of general relativity or, perhaps more cautiously worded, the
formulation of a generalirelativistic quantum field theory which bears
some correspondence with recently established physical theories.

That we embark on a program to synthetize general relativity
and quantum field theory does not imply, of course, that we consider
these two theories as permanently established; they are the best we
theoretical physicists have to offer at the moment. An attempt to amal-
gamate them may in itself lead to recognition that these theories need
modification. And this rather trite observation brings me to a second
motivation for engaging in the program of quantization. That is that
the so-called renormalization procedure in quantum field theory, in
spite of its great and undeniable successes, has still left a number of
questions unanswered. That renormalization involves a two-layer cons-
truction of the theory may be temporary; perhaps eventually renorma—
lization can take place in the theory’s foundation. But renormaliza»
tion does not settle the question of convergence of the interaction
approach, either in quantum electrodynamics or in a nucleon-meson
theory with strong interactions; and we have as yet no theory of elemen-
tary articles. Accordingly, one may hope that some of these questions
will be answered by the general-relativistic quantum field theory of the
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future. In particular W. PAL'LI. and subsequently S. Dissn1:[2]. have
called attention in the possibilily that Ihc singularity on the light rune.typical for Lorentzrox'ariaat propagators. may be ameliorated in gene-1-al-rclarivistic theories. in which the metric tensor components, and with
them presumably the location of the light. cone. are subject to uni-er
minty relations. \Vc dot not yet kmn‘v whether this hope is justified.

After these preliminary remarks I shall now turn in our present
approach In ihe problem of quantization. During my early efforts I hare
used two techniques which at present I do not consider of major pro-
mise. lhough I also feel that neither of them is objectiouahie if it should
Turn out to give results: out; is the it-chniqnc of parameters. lilt' other
the Hamiltonian formalism. Both of these techniques were propose-«l by
Draw [3] and by BEJIHMANN and Bl:€.'.-\'I.\II-‘S [l] and utilized surcrsslully
by PULLVI and Si'mm» [5]. The two lcrluiiqflcs cmnpicmcut each ollwr.
A Hamiltonian formalism tends TU single out one direction ill spare-mm
and. thus. lends itself admirably to ihe n'lisrussion of (.‘aurliy-U'w- {luvs
Hons murrrned wilh the propagation of iuiiial-ralue (lain. im this
emphasis on one particular direction, which after all has been chosen
:‘irhitrarily. destroys the manifestly cm'ariaut character of the theory.

35‘ inn-mluring two coordinate systcms lone of which is called a system
of parameters. just for The sake of distinction -. we can separate the role
of the coordinate system which is in exhibit general-relativistic inva-
riance from that of the coordinate system that distinguishes the three-
dimensional hypersurfaces of constant << time >> from the << time axis ».

The purpose of the Hamiltonian formalism is to guarantee from the
outset a << complete >> set of commutation relations. By the term complete
we mean a sufficient number of run-imuta'ztimi relations lici\\'t:cl.x dyna-
mical variables so that the commutation relations heTww-n any dyna—
mical variables can be derived, a!” least in lhr- classical (i‘Jli‘llLllil'l‘l theory.
The << canonical commutation relations » form such a set : if we know
the commutators between any two canonical variables of the problem,
that is their Poisson brackets, then we can obtain the commutators bet-
ween any other two variables directly. Unfortunately, in the case of the
theories we have to deal with, the canonical commutators may lead to
self-contradictory results if we attempt to transfer them to quantum
theory. This is because in the Hamiltonian version of any general—rela-
tivistic field theory there appear constraints [3, 6], relations between the
canonical field variables that do not involve their time derivatives and
which, accordingly, must be satisfied at one time before the Hamiltonian
equations of motion (also called canonical field equations) can be even
considered. In the presence of such constraints the naive Poisson bracket
expressions, if transferred mechanically to the quantum theory, will give
rise to such results as that the expectation value of the commutator of
two dynamical variables one of which at least is required to vanish (or
at least to have the eigenvalue zero with any permissible state vector
in Hilbert space) is bounded away from zero.
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To prevent the OCcurrence of such results, DIRAC modified the Poisson
brackets [3] in a procedure which was subsequently generalized and
given a group»theoretical interpretation by BERGMANN and GOLDBERG [7].
With the commutators thus modified, a canonical theory can at least
formally be transferred to Hilbert space. The only fly in that ointment
is that in order to accomplish this transfer, we must possess a complete
set of observables, quantities which in the Hamiltonian formalism I shall
define as dynamical variables (field variables or functionals of the field
variables) whose unmodified Poisson brackets with all the constraints of
the theory vanish. To construct such observables in general relativity in
sufficient numbers to form a complete set remained an unsolved problem
for several years [8].

Observables as a concept

In what follows, we shall require the concept of observable outside
the context of the Hamiltonian formalism. That is why I shall not
restrict myself to the narrow definition just given.

In generalrelativistic theories the coordinate system may be sub-
jected to transformations that preserve the coordinate system in any
desired four-dimensional domain unchanged but change it outside that
domain, with the first n derivatives of the new coordinates with respect
to the old coordinates existing every-where, n being arbitrary but finite.
Accordingly, no matter what information is being made available on a
given spaceflike three-dimensional hypersurface, one cannot predict the
values of ordinary field variables off the hypersurface. By the same token,
the value of a given field variable at one world point (identified by the
values of its coordinates), or the value of a derivative of a field variable,
has no intrinsic significance. Accordingly, we cannot require the quan-
tum theory of general relativity to furnish us with the expectation
values of field variables, or of their derivatives. Hence, the raw field
variables should not possess corresponding Hilbert operators in the
quantum field theory to be constructed.

In the Hamiltonian formalism the constraints are the generating
densities of infinitesimal coordinate transformations. Our definition of
observables, that they be dynamical variables whose Poisson brackets
with all constraints vanish, amounts to the requirement that the obser-
vables be invariant with respect to (infinitesimal) coordinate transfor»
mations. In order to avoid misunderstandings, permit me to explain my
terminology. A scalar is to be a quantity whose value at a fixed world
point remains unchanged under coordinate transformations. An inva-
riant, on the contrary, is a quantity so defined that its value in every
coordinate system is the same; that is to say, it may be an invariant
integral, or it may even be a function of the coordinates or of some
other parameters, but defined so that whenever we calculate its value, it
comes out the same regardless of the coordinate system in which we perv
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form the calculation. Let me give a couple of examples of invariants :
The individual components of the (mixed) Kronecker tensor are inva-
riants. The three-dimensional integral :

A E J‘ 63° (13 a; (1)
extended over a three-dimensional space—like hypersurface extending to
infinity will be invariant with respect to arbitrary curvilinear coordinate
transformations provided 62° is a component of a contravariant vector
density field that satisfies the condition

03%,, = 0 (2)
everywhere and drops off at spatial infinity sufficiently rapidly so that
the product of the closed surface integral

f or dSk k : 1,2, 3 (3)
and the geodetic diameter tends to vanish With increasing size of the
surface. If these conditions are satisfied, the integral (1) will always
take the same value if evaluated at :00 : constant, regardless of the
choice of coordinate system. Incidentally, this invariant is also a
constant of the motion.

In principle, invariant quantities represent intrinsic properties of a
physical situation, properties that are independent of the (equivalent)
modes of description. If our theory deals of physically meaningful qua—
lities, invariants should be observable ; in quantum theory they should
possess expectation values; and to the extent that in our theory obser-
vable quantities can be predicted, invariants should be predictable from
sufficiently complete data given on one space-like hypersurface. This,
then, is the motivation for talking of observables and for proposing to
formulate the whole physical theory as far as possible in terms of
observables only.

Observables as constants of the motion

In general relativity many observables are constants of the motion
outright. From any that are not we can construct constants of the mo-
tion, by expressing the value of an observable at the coordinate time w%,
in terms of observables at another (variable) coordinate time (12°. Such
constants of the motion might be explicitly time-dependent. For certain
purposes we shall replace our search for observables by a search for
constants of the motion. According to a simple argument [4], any
constant of the motion is a fortiom' an observable.

The Lagrangian formalism

For an essentially four-dimensional theory such as general relativity,
the Lagrangian formalism, which treats space and time derivatives on
the same footing, appears to be most appropriate, though many initial-
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value problems, which single out a timelike direction anyway, are
treated most conveniently in the Hamiltonian formalism. At any rate, it
is certainly worthwhile to explore the possibilities inherent in the La—
grangian formalism. Our definition of observables as invariants is
already independent of the choice of formalism; but the Hamiltonian
formalism makes one major contribution to any program of quantiza-
tion : It leads directly to commutation relations.

The commutation relations of the c-number theory are the Poisson
brackets; the Poisson brackets may be interpreted variously, either as
the commutation relations between infinitesimal canonical transforma—
tions, or the transformation law of one field variable under the infini-
tesimal canonical transformation generated by the other. The latter defi-
nition is equivalent to the former, because the commutator of two infini—
tesimal transformations may also be interpreted as the similarity trans»
formation of one under the other; of course, the similarity transforma-
tion of a canonical transformation must correspond to a transformation
of its generator; hence the equivalence of the two definitions.

We shall now construct the analog of Poisson brackets in the La-
grangian formalism. First we must define again the canonical transfor-
mation and its generator. We shall call an infinitesimal transformation
of field variables canonical if the ByA, the infinitesimal changes in the
field variables, are functions of the field variables, of their derivatives
and of the coordinates explicitly such that the resulting change in the
Lagrangian density as a function of its arguments does not give rise to
the appearance of higher derivatives than those already present. This
definition is deficient in that the transformations thus defined do not
form a group. However, we can restrict the canonical transformations
and at the same time obtain a transformation group, by defining as in»
variant infinitesimal canonical transformations those in which the
Lagrangian density changes at most by a divergence or, better yet. if
we supply the necessary divergence, in which the Lagrangian does not
change at all. [9, 10].

Such an invariant change of field variables satisfies the identity

Byi + cap; 0. (4)ByA
We call (‘9 the generating field, and the integral j' 0’ d 2,), extended over
a three-dimensional hypersurface, the generator of the infinitesimal
transformation of field variables ByA. In general relativity Eq. (4) takes
the form

CPJ, E \/——g G!" 89,“, (5)
The generating field of infinitesimal coordinate transformations va-
nishes in general relativity if the field equations are satisfied. It is

CP:—2\/—gGPa 8w“ (6)
Because generating fields are determined by Eq. (4) only up to an
arbitrary curl field, one can replace the expression (6) by one which
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does not vanish and which contains the so-called energy-stress tensor
as a factor in one of its two terms [11], [12].

The generators of invariant transformations are evidently constants
of the motion, hence observables. We shall obtain the commutators bet-
ween constants of the motion in the Lagrangian formalism by exploring
the invariant transformations generated by them. We now return to the
problem of constructing observables.

Construction of observables

In general relativity a coordinate system is simply a convention to
identify world points with quadruplets of numbers in such a manner
that local topology is appropriately represented. Coordinates are not an
adequate means of identifying world points physically. A physically
meaningful statement about events is necessarily a statement about
coincidences; that is, the prototype statement should be : << Events A, B,
C, took place at the same world point. » GEHENIAU and DEBEVER [13]
constructed four scalar fields whose numerical values might serve as
such « events », the fOur independent eigenvalues of the Weyl tensor.
If we define, as usual, the Weyl tensor as

1
CIKML : Rudy. + 3 (got RKu + gKu RLA — gKK Rm ’— gm Rn) +

' 1
+ F (gm. gm _ QM gm) R (7)

then the covariant eigenvalue problem.
[mu —‘ A (gm gKu — gxk 9111.)] VA" 2 0, V” Z — V,“ (8)

possesses six different complex eigenvalues A, which are pair-wise con-
jugate complex. Moreover, the sum of each of these two triplets vanishes,
so that there remain two independent complex eigenvalues, or four inde-
pendent real numbers.

Alternatively, one may obtain four real and independent numbers
as the coefficients of the secular equation associated with the eigen-
value problem (8). The four independent expressions are quadratic and
cubic in the components of Weyl’s tensor. At any rate, there are four,
and only four, scalars that are algebraic functions of those components
of the Riemann-Christoffel curvature tensor not required to vanish (or
to equal the matter tensor) by Einstein’s field equations. In passing we
should perhaps mention that in spaces possessing Killing fields or other
special symmetries even these four scalars may not be independent of
each other. In what follows we shall exclude spaces with such symme-
tries. We shall adopt the four Géhéniau-Debever scalars, or some
suitable functions of them, as a new coordinate system. Because these
coordinates describe intrinsic local properties of the space-time continu-
um, we shall call them intrinsic coordinates [14].
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We now proceed to transform the metric tensor field from conven-
tional to intrinsic coordinates. Employing the usual transformation
equations and denoting the intrinsic coordinates by AP we find

9‘15 (AP) : Aw AB» 9'“ (9)
These new components of the metric tensor as functions of the intrinsic
coordinates are observables. Given an arbitrary Riemannian manifold in
an arbitrary coordinate system, the question : << What is the numerical
value of the component g‘lfj of the intrinsic metric at the world point
characterized by given numerical values of the four intrinsic coordinates
AP ‘? >> calls for an answer that depends on the geometric properties of
the chosen or given manifold, but not on the choice of the original
(conventional) coordinate system.

As shown by Eq. (9), the observables 9‘15 (AP) depend on the first
derivatives of the intrinsic coordinates with respect to the conventional
coordinates, and hence on the third derivatives of the original metric
tensor. A statement concerning these observables is a statement of the
coincidence of certain numerical values of secondiorder and third»order
covariants of the metric.

Our new set of observables (9) is complete. That is to say, if we
should know the numerical values of all ten components of the metric
tensor for every quadruplet of numerical values of the intrinsic coordi»
nates, we should have complete information about the underlying Rie-
mannian manifold. If observables in general relativity should be con-
structed by some different approach [15], [18], then they must be func-
tionals of ours; if these other observables form a complete set, the
converse must hold as well.

Before we set to work with the help of our set of observables, two
adverse comments should be made : Our set, though complete, is redun»
dant, that is to say, there are many restrictive relations between our
observables. These are the field equations and the coordinate conditions.
The field equations obviously relate the observables to each other, and
four of them relate to each other the observables and their first normal
derivatives on a three-dimensional hypersurface witout involving the
second normal derivatives. Furthermore there are coordinate conditions :
If we form in an intrinsic coordiante system the four scalars of the
Weyl tensor, these must equal the four intrinsic coordinates (or their
chosen functions). When all these conditions are taken into account, one
gets the impression that the total number of independent observables
equals four at every point of a three-dimensional hypersurface. This
result agrees with every other investigation of the Cauchy problem of
general relativity. We have been unable to exhibit these four in closed
form. For obtaining commutators, however, by our method, detailed
knowledge of the independent observables is fortunately unnecessary,
though we require (and have) the observables themselves.

The other comment is that the intrinsic coordinates of our choice are
not physically intuitive. More precisely, our coordinates do not ab initio
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correspond to a Lorentz frame at spatial infinity. This objection is,
however, not serious, either; the very fact that our observables are local
in nature relieves us of the need to discuss the global nature of solutions
of essentially nonlinear differential equations. Provided (in the c-number
theory) that we are given a Riemannian manifold that satisfies the
customary boundary conditions at spatial infinity, we can always define
a new set of intrinsic coordinates, functions of the originally chosen set,
which gives the metric an asymptotically Minkowskian form. A necessary
though not sufficient property of this second-generation intrinsic coor-
dinate system is that the point at which the Géhéniau-Debever scalars
all vanish should be transformed into spatial infinity. To give one, and
rather naive, example : In the Schwarzschild solution only one of the

1
four scalars differs from zero. In a quasi-Lorentz frame, the (— E) rd

\
1

power of that scalar would have to be the radius [(502)2 ], with the
remaining three coordinate directions to be chosen parallel to the three
independent Killing fields.

The first commutators

Our observables (9) are of the third differential order in the original
metric field. To apply our basic method for relating to each other observ-
ables and infinitesimal transformations of the variables, Eq. (5), we shall
construct an observable that involves only second-order derivatives of
the metric. Our observable (and generator) will be a three-dimensional
integral I1 ,

Patron-mp,
3X1 3X3 aXY

dz!) E 894187 6U1 6U2 6U3
where the three-dimensional hypersurface element d2}, does not involve
the field variables. The vector density field 139 must obey an equation of
continuity of the type (2) if I1 is to be a constant of the motion (and
hence an observable). We construct this field as a linear combination
of the components of the Weyl tensor (7), with coefficients that must be
chosen so that the equation of continuity is satisfied. We set :

fl? = V— 9 OP , CP : rmcmh’. (11)
Without loss of generality we require that the coefficients rm satisfy the
symmetry conditions

rml+ rmlz 0 ’ Sal-Ml ruc}. : 0 ' (12)
The number of independent components of rmA that remain after Eqs. (12)
have been satisfied is 20. On the other hand, the total number of inde-
pendent components of the Weyl tensor is only 10. Hence we can subject
the coefficients to 10 additional conditions Without limiting the manner

d3 U (10)
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in which the components of the Weyl tensor enter into our observa»
ble (10). These remaining ten conditions should be chosen so that they
correspond to symmetry properties of the Weyl tensor. Those symmetry
properties not yet used involve, however, both the metric tensor and the
orientation of our surface of integration. As for symmetry that involves
the metric, we know tat all traces of the Weyl tensor vanish; accord-
ingly We require of no. that

9'" rm: 0. (13)

And because the Weyl tensor is antisymmetric in its last index pair,
clearly that combination of values of the subscript X that is parallel to
the surface normal m,

m H (12,), g” up my : 1 (14)
will not contribute in Eq. (11). Hence we require finally that

n9 rm, : 0. (15)

The conditions (12), (13), and (15) together reduce the number of inde
pendent components of the tensor rm to 10.

Incidentally, we worried for some time about the fact that the
restrictions (13) and (15) involved the field variables, so that the coef-
ficients rm would not be pure numerics even on our chosen hyper-
surface. Eventually we found that these conditions (13) and (15) are
actually not needed to obtain our results. However, without setting
up these requirements one obtains a number of commutation relations
that are redundant, and the redundance can be removed by, e.g., sub-
tracting out the empty traces from the final results. For convenience,
I shall assume that all the conditions (12), (13), and (15) are to be met
to begin with.

The coefficients Tm must satisfy a number of differential conditions
so that the equation of continuity,

flip : 0 or GP”, : 0 (16)

will hold. These differential conditions are found as follows. From the
divergence of the defining equation (11),

C9”; 5 Tm”; Cm)“ + 71m lpw (17)

the divergence of the Weyl tensor vanishes provided the field equations
are satisfied. (This is a << weak >> property of the Weyl tensor). For the
first term to vanish, we can obviously have no recourse to the field
equations. Rather we must require that the coefficients of the Weyl
tensor assure that the first term vanishes identically («strongly»).
Accordingly, we require of rm). that they satisfy the following set of
differential equations :

5nd}; : 0

where

Uta-ML E 5mm; + 7 (n UKu + gm; 51.x * gm 5w. ‘—‘ gm SKA)
.1
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(In E gt" 6mm , g"A 6n E 0 , 9‘“ gm)“; E 0 . (18)
The total number of these diflerential equations is 10, the same as

the number of independent components of rm. Moreover, these diffe-
rential equations may be solved algebraically with respect to the normal
derivatives of the 10 independent rm. It follows that our differential
equations (18) impose no additional differential restrictions on the
coefficients of the Weyl tensor within the hypersurface of integration
(10), but that they determine uniquely the normal continuation of these
coefficients. Hence, once we have chosen the particular values of the
independent coefficients Tm on one (space-like) three-dimensional hyper—
surface, then conditions (12)-(15), along with the differential equations
(18), determine the tensor field mi throughout space-time. In what
follows we shall assume that these algebraic conditions and differential
equations are satisfied.

We now return to Eq. (17). By a simple calculation we find
1

00:9 E 7'l Clflpm E (Wm GM) :0 — 7 (7'9“ + 7'91“) :9 Gm (19)
.1

If we move the first term on the right to the left and define
(‘9 E OF — 7‘9”" Gm : CP (20)

then we conclude that the observable P, Eq. (10), generates the infini-
tesimal transformation of variables,

8n : — % (m + m) (21)
Eq. (21) does not yet represent a commutation relation because we

have not worked in an intrinsic coordinate system; hence gm is not an
observable. In order to obtain commutation relations, we must now go
into an intrinsic coordinate system, and we must further modify the
infinitesimal transformation of variables (21) so that the transformation
does not lead away from the intrinsic coordinate system. In order to
accomplish these objectives, we add to the expression (21) the terms
corresponding to an infinitesimal coordinate transformation,

__ 1
39Kx=——;(Wx+WKA);p—(EK;A+EK;A) (22)

and determine the E9 so that the coordinate conditions that define an
intrinsic coordinate system remain satisfied under the total transfor—
mation (22). The intrinsic coordinates are some algebraic functions of
the components of the Weyl tensor and of the components of the metric.
They are, moreover, scalars. Under the transformation (21) the scalar AP
changes as follows :

s cm (23)

21
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where the change of the Weyl tensor depends on the changes of the
metric tensor and of their second (covariant) derivatives. If we now
calculate the change in Ap under the transformation (22), where the
bar above the Eisymbol indicates that the infinitesimal change is to be
calculated at the world point with the same coordinate values (not at
the same world point), then we have

5AP : BAP ! E? (24)

and this expression must vanish, because the A9 are to be our (intrinsic)
coordinates, both before and after the transformation of variables (22).
We thus obtain for EP the expression

E‘D : “(9'71 39m + FPLKML BCWML

aAp azhp .,
7 FPLKMJ. Ek (20)

8n 30m
which is of the third differential order with respect to rm. If we

“(9' “A E

resubstitute the expressions into Eq. (22), we get for E90 an expression
containing 11p to fourth derivatives of the TM. This expression, finally,
is the commutator between gm and the generator (10),

1
{SJMAPL I‘} : #7 (7% + MK) :0, (Em + End (36)

where the EP are the expressions (25).
The coefficients m}, appear on both sides of the equation (26), on the

left integrated over the whole hypersurface E, on the right only at the
one world point AP. If this world point is chosen so that it lies on 2,
then, because the choice of the 10 algebraically independent components
of rm is not restricted by differential equations, we may set rm in
particular equal to Dirac delta functions. The very high derivatives of
the hm on the right must be separated into normal derivatives and
derivatives in E; the normal derivatives must be substituted from
Eqs. (18), a very laborious process which has as yet not been completed.
There are, however, no real difficulties to be overcome, in view of the
fact that the resolution of Eqs. (18) with respect to the normal deriva-
tives is quite straightforward and leads to closed, though lengthy eX»
pressions.

Once this task has been accomplished, we shall have obtained the
commutator between a component of the intrinsic metric tensor and a
component of the intrinsic VVeyl tensor at any two points of an arbi—
trarily chosen space-like hypersurface. The commutator will involve
thrceidimcnsional delta functions and, perhaps, up to fourth derivatives
of delta functions within the threeidimensional hypersurface. We have
some reason for hoping that in the course of the calculation the highest
derivatives will cancel out, leaving only second derivatives of the delta.
function in the final expressions; we do not consider our own arguments
in this respect conclusive, and I shall, therefore, not present them here.



Additional commutators

By differentiating Eq. (26) with respect to AP in a direction normal
to Z we can obtain the commutators of the individual components of the
Weyl tensor and normal derivatives of the metric to any order. It is
understood that the normal derivatives of ma appearing on the right
are always to be eliminated with the help of Eqs. (18).

Both this and the original result (26) may be extended in another
direction. The right hand side of (26) may be interpreted not only as
the infinitesimal change of gm generated by I‘, but alternatively as the
(negative) infinitesimal change in I‘ generated by the observable gKA(AP).
By manipulating the coefficients mi appropriately, we may convert the
change in 1'1 into a local change in the components of the Weyl tensor.
But changes in the Weyl tensor are related to changes in the metric
tensor, because of the special symmetry characteristics of the Weyl
tensor. Because the trace of the Weyl tensor is required to vanish, we
have

CW” 8—9”, —|— gm 50W” E 0 . (27)
These are 10 relations for the 10 quantities 591“ if the 50ml" have been
obtained from Eq. (26). Except for special symmetries (e.g. Pirani’s case
of a << pure >> gravitational wave [19]) the rank of the matrix of coeffi-
cients of gym is 9. The rank cannot be 10, because the first term must
vanish identically if 811m is proportional to gm; that it is in fact 9 can
be verified without much difficulty. It follows, then, that Eqs. (27)

determine 3n except for a single unknown, say 1,

€n 2 50 gm + Kym . (28)

This remaining parameter can be determined, for instance, from the
coordinate conditions, which require that

79' m 59m + Fpmkflgcmlu : 0 ' (29)
Once the solution of this system of linear algebraic equations has been
obtained, we shall have the Poisson brackets between arbitrary com-
ponents of the intrinsic metric tensor at any two points of a space-like
hypersurface. By a very slight modification of this procedure we may
also obtain the commutators between the metric and its normal deri-
vative, or between two such normal derivatives.

In principle, the task of obtaining a complete set of commutators
between a complete set of observables in general relativity appears sol-
ved. I must admit that I have had too many disappointing experiences
in this field to be unaware of the possibility that, in the course of
carrying out the tedious calculations sketched out right now, we may
discover a few stumbling blocks of which we are at present unaware.
Nevertheless, I believe that we can be justly pleased with the results
obtained to date : For the first time we have a complete set of obser-
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vables in closed form. which are essentially local in character; and for
the first time we have obtained actual commutation relations between
some observables, and we are on the threshhold of obtaining all.

Prospects for quantization

If we possess a c-number theory completely in terms of observables,
then that theory obeys all the requirements of general covariance ab
initio, because the quantities we have introduced are individually inva
riant with respect to coordinate transformations. Hence any relation-
ship between them is invariant, too. If we can formulate a quantum
theory which goes over into that c-number theory in the short-wave
limit, then that quantum theory will also be general-relativistic to begin
with.

In one sense this result is gratifying, but on the other hand, it may
lead to an cmbarrus dc richessc. It has been suggested that an approach
based on the Schwinger variational principle, or on the Feynman intee
gral, will avoid the multiplicity of possible quantum theories. Personally,
I have my doubts, for two reasons : First, these proposed approaches
have not been developed far enough to permit an evaluation of the
claims advanced for them; second, I think that in these theories there
are also ambiguities of their own : In the Feynman integrals one ope-
rates with mathematical operations that converge at best conditionally;
hence the result would depend on the ordering of terms, and on the
sequence in which various limiting processes are carried out. In the
Schwinger formalism, one starts with a variational principle in which
the q-numbers appearing are not Hilbert operators; properly speaking
they should be defined on a linear vector space of which the Hilbert space
of physically admissible states forms but a small subspace. Besides, we
know that there are more than one possible factor sequences with which
one can set up a general-relativistic Lagrangian density of the Schwin-
gerePalatini type; we do not know whether they will lead to equivalent
quantum theories, even assuming that the whole program can be carried
out.

All in all, I suspect that right now these questions, hopes, and
doubts cannot be resolved and that we shall need more conferences in
the years to come to clarify the problem of quantization.
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DISCUSSION

Intervention du Prof. G. C. Mc Vittie
Je trouve absolument convenable de considérer les observables comme

essentiels en Relativité générale. Um example est fourni par la determi-
nation de la distance au moyen de la grandeur apparente d'une source lumi-
neuse étendue, auquel cas une prescriplion opéraliennelle ale la mesure
peut étre donnée. M. Bergmann ponrrait—il nous dormer un example. d’0b~
servable: a) qui soit le re'sultat natural dc [association de la Relativité
générale et des théories quantiques; b) et pour lequel il pourrait indiquer
un processus opérationnel de mesure.

Intervention du Dr. Sachs

a) Réponse ('1 la question du Dr. Me Vittie. — L’observateur prend place
sur l’onde plane périodique de Robinson--Bondi, mesure les accélérations
relatives, les éléve au carré, multiplie par p" et obtient ainsi les vrais obser-
vables.

b) Les vrais observables de Bergmann-Komar sont importants du point
de vue conceptuel en ce qu’ils montrent que le probléme est localement bien
défini. La recherche de vrais observables plus faciles a manier demeure
importante.

c) Les vrais observables de Bergmann-Komar sont absolument uniques;
les vrais observables de l’électrodynamique admettent un groupe de trans-
formations a six paramétres. Cette différence est-elle souhaitable ou non ?

Intervention du Prof. P.A.M. Dirac
Dans l’application de la méthode hamiltonienne a ce probléme, de la

maniére que j’ai envisagée, une difficulté fondamentale apparait lors de la
quantification. Si l’on part d’un état défini sur une surface du genre espace,
il existe une certaine probabilité de passage vers une surface qui n’est plus
du genre espace. Cette difficulté est quelque peu semblable a celle, ancienne,



due au passage des états d’énergie positive aux états d’énergie negative,
mais il ne semble pas exister une maniere simple de la surmonter.

Je voudrais demander a Bergmann si sa métliode fournit un moyen
de surmonter cette difficulté.

Intervention du Dr. Anderson

En raison de la suraboudance de vrais observables dans votre formu—
lation. il est tri-s possible que clans tine version do Ct‘llt tliénriv en nom-
lires q , ilnr mnrcntion quelconque d‘ortlonnancemcnt dcs fuctcurs condui-
s‘c :‘I llL‘S Cullll‘zillli‘l’ltfi‘ls. Ainsi, en I‘aison :lLI proliléme :le l'm'tluununcemcut
:les l‘uclL-nrx. crux (les observables qui ne son! pus intlcpcndzmts 108 um: «les
autres n‘unt pas néccssaircment des relations 11c comnmtation conlpatiblcs,
mOnw s‘il'»; les out dans la version Ila-1:1 lhéorie en .; Hombres r w. .l'ni exami—
ne lc problems sous la formu lialnillonienne dc la tliéoric ct j‘ui tram-é qu'cn
re qui concerns lcs contrniutcs, nn ordonnnnccmcnt satisfaisnnt (les fac-
tcurs scmblr n'exister qu‘cn raison de leur tormc plutot simple. Pour
s'assurer llt" 1:1 compatibilité llEDUlS le commencement. it famlrait partir Il'Un
ensemble non suralmndant d'observnhles.

.le voualrais nlcttre en question la néccssité de l‘emploi des coordonnées
intrinséqucs dame la construction (lt'S observables. Tout ensemble dc condi—
tions dc crmrelounées qui fixc cnruplétcment lc systemic rte coortlonnécs
rutrziine par mic rte consequence que les variables zle clump exprimécs
«Inns cc- system? tlf.‘ coorrinnnécs sont des invariants. i. 3.. de vrais obser-
vables.

Eufin, je voudrais mettre en question le procédé qui consiste a imposer
des relations de commutation aux variables du champ de gravitation sans
S'u})}JLl_\'C-I‘ sur quclquc chose comma l'argunient dc Bolir—Roseni‘elil. Bicn
ql’ dc tels arguments laisscnt tres prnbablcment trop ii désirer clu point
[10 run;- rte in rigueur. its peurcni iuuliqucr (les mics: raisonnables d‘attaquc. ct
npportt-r qnelque éclaircisscment d‘ordre physique dans un procéclé par
uillcurs formal. .l'ujonicrai que Wigner c-I Salcckrr. cl moi—mémc, nous mans
cll‘ectué its: recherrhcs préliminaires (tans cettc direction. ct onus avnns
tons abouti :11 rles conclusions qui scmblent jeter un dome sur la métlimle
de quantification directe.

Intervention (111 Dr. P. W. Higgs

Je voudrais adresser une autre critique a ces coordonne'es intrinséques.
M. Robinson en a div-ii: exprimé une partic. 1r; saroir que de tellcs coor-
y'lunuécs n9 mnt pas satistaisunlcs dams lt- (tux limilc (l‘un espace plat. .lc
VOtll‘ali fv-rznulcr ime exigenci- ii laquelle l’un souliaitc que les coordrmnécs
satisl:235t-xit. nnirzmutcnt lorsquc l'on clicrcltc 2'1 quantifier ln gravitation.
I.‘exi;:enee est qua l’on ail un rep'cre galiléen asymptotique :uiqucl l‘on
puissc I‘i‘ippnrtct‘ l'fi-ncrgic. l‘impulsion. ct le moment anguluire. Cm coo.“-
dcmntévs inlriuséques ne sulislonl pas ::l cette exigence. 11 me scmble que les
relatiom t' commutation du Prof. Bergmann pcurent parfaitement conve-
nir; mais comment se propose—t-il d’envisager l’énergie, l’impulsion et le
moment angulaire ‘3

Intervention du Professeur N. Rosen

Je vois que le but de cette theorie en << Hombres 0 >> est de fournir un fon-
dement a une theorie en << nombres q >>. Dans le cas d’une theorie lineaire, il
est raisonnablc cl'efi'crtncr le passage d’unc tliéorie classique a une théorie
quantique en introduisanl les relations :le commutation, puisque les equa—
tions linéaires \‘érifiécs par les valeurs nioyennes des variables ont la meme
forme que les equations \‘ériliécs par les variables elles—mémes, de telle sorte
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que la limite classique de la théorie quantique coincide avec la théorie
classique qui a servi de point de départ. Cependant, dans le cas d’une théorie
non-linéaire, l’on ne peut s’attendre a une telle connexion. Comment peut—on
alors justifier, dans le cas non-linéaire, la méthode qui consiste a partir
d’une théorie classique et a la quantifier ensuite ‘I

Intervention du Dr. J. Callaway

Il semble nécessaire, afin d’avoir une théorie quantique significative
de la gravitation, de pouvoir mesurer, du moins en principe, les champs
de gravitation des particules atomiques. Cependant, il est fortement suggéré
par le travail de Wigner [Rev. Mod. Phys., 29, 255 (1957)] que tous les
dispositifs de mesure du champ de gravitation sont nécessairement macros-
copiques — que les effets de l’appareil de mesure sur la structure de l’espace-
temps sont de beaucoup supérieurs a ceux de la particule considérée.

Intervention des Drs. Arnowl'tt, Deser et Ml'sner

We should like to raise some objections to Prof. Bergmann’s talk.
First, on the classical level, the Komar coordinates are quite singular in
nature. If for example one has a periodic or <4 quasi-periodic >> wave type
solution, all points for which the curvature has the same value will possess
the same coordinates. This difficulty is purely local in nature and does
not require global considerations. Further, it seems difficult to see how
to recover the linearized theory. Thus the description becomes physically
obscure.

There seem to be grave doubts as whether it is possible to extend an
analysis of the Bergmann-Komar type to quantum theory for the following
reasons. In quantum theory the set of allowed coordinate transformations
is much smaller than in the classical theory. This is because q-number
transformations in general do not leave the theory invariant. (A similar
situation holds even in electrodynamics where q-number gauge transforma-
tions are forbidden).

This leads some serious conceptual difficulties. If two theoreticians
impose two different coordinate conditions, these will in general be con-
nected by a q-number coordinate transformation (i.e. one involving the cano-
nical variables). Thus at most one of the two frames can be a c-number
frame. Since q-number frames are physically unacceptable, the question
arises as to what criterion’s to decide which frames are c-number. In elec-
trodynamics the corresponding problem arises, and on physical and consi-
stency grounds one requires that the radiation gauge be a c-numher gauge.
We should like to propose a condition to decide this in relativity : i. e. in
the canonical formalism one chooses the basic c—number frame as the one in
which the Hamiltonian density does not depend explicity on the coordinates
(after elimination of the constraint variables). This condition insures in the
quantum theory that a closed system be conservative.

Since the Komar coordinates are not set up with this criterion in mind
it would appear doubtful that they satisfy it.





GRANDEURS RELATIVES
A PLUSIEURS POINTS. TENSEURS GENERALISES

CECILE DE WITT
Department of Physics, University of North Carolina,

Chapel Hill (North Carolina), U.S.A.

<< Une droite est un étre compliqué dans l’espace », disait un de mes
professeurs. L’insuffisance des formalismes actuels pour donner une
representation simple, compacte et utile des étres géométriques définis
en fonction de deux ou plusieurs points se manifeste dans des problémes
élémentaires de géométrie analytique. Elle est rédhibitoire lorsque l’on
cherche a maintenir la covariance générale dans des calculs on se pré—
sentent des grandeurs non—localisées. Il est alors nécessaire d’introduire
des grandenrs que, faute d’imagination, j’appellerai des << tenseurs géné-
ralisés >>. La formulation et l’étude des tenseurs généralisés ou n—tenseurs
a été mise an point par Bryce DE WITT (1); i1 en fera une application
importante dans l’exposé suivant.

Je me contenterai d’exposer ici le formalisme des bi-tenseurs, c’est-
51-dire des tenseurs généralisés définis en fonction de deux points (2).
Apres un bref expose (les propriétés générales des bi—tenseurs et l’étude
de quelques bi-tenseurs décrivant des grandeurs bien connues, j’appli—
querai ce formalisme a l’étude des fonctions de Green covariantes des
equations (l’ondes scalaires et vectorielles.

Bi-Tenseurs

1'11 bi—tenseur est un tenseur défini en fonction de deux points. Par
exemple le produit de deux tenseurs A”(:c) et B042) considérés respec-
tivement aux deux points d’espace-temps w et 2 est un bi-tenseur Cua(a7, 2’).
Par convention, les indices 0: x se rapportent a 2 et les indices la)
a .T. Quelques precautions évidentes, mais faciles a oublier sont a pren—
dre : Ne contracter que des indices se rapportant an méme point, cal-
culer les dérivées covariantes par rapport a une variable e11 ignorant
les indices se rapportant a l’autre variable !..

(l) B. S. De WITT and R. W. BREHMl-L. Rndiniiun Damping in a Gravitational
Field. Institute of Field Physic). monograph series .\'n. 3.

(2) Cette terminologie ne dnii pus étrc l'ffl‘ll-Olltllli‘ avec la terminologie utilisée
dans l’étude des tenseurs antisyméh'iquex, 5(1)“. Jul. SCHOUTEN, Ricci Calculus,
Springer, Berlin (1954)].
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Notation. # Un point indique une dérivée covariante, la signature
de 9 est —+ + +, le tenseur de Riemann est choisi tel que An 1217*
2811.01) : RVUuT A1- .

1. La distribution Emmy z) est une densité bi-scalaire qui peut étre
considérée comme une densité scalaire de poids w a l’un des points et
de poids 1—10 :1 l’autre. Nous adopterons la convention w : 1/2.

2. La distance géodésique 3(m, z) mesurant la distance entre m
et :5, 1e long d’une géodésique, est un bi-scalaire défini par les equations
suivantes :

+ 1 intervalle du-genre espace,
gl" 5‘.“ s.” : 9'15 snot 3.3 : * 1 intervalle du genre temps,

0 cone de lumiere.
lim 3 : 0
T—bZ

s’ est positif ou nul.
Pour éviter la presence dc racines carrées, nous considérons la

grandeur :

1
c E i # 8

2
Cette grandeur est la fonction d’univers Q de SYNGE (3) :

1 1
’3‘ guv 0‘.“ 5.1; : g 9115 6-1! 6'5 : 5
.4

2

lim 6 : 0

o > 0 intervalle du genre espace,
c < 0 intervalle du genre temps.

3- Le bi-vecteur de transport paralléle le long d’une géodésique
mam/32) réalise le transport parallele d’un vecteur Aa(z) de 2’ a 00 1e
long d’une géodésique : _

A1107) : fin“ (90, Z) 4411(2)
Les composantes, le long des géodésiques, des dérivées covariantes

des 37m doivent donc étre nulles et
91a est défini par les equations :

57W”) 9w 5-0 : 07 9.114143 98‘! 5'7 : 07

lim 5““ : 3““.
3742

(3) J.L. SYNGE, Tensorial Integral Conservation Laws in General Relativity
Colloque International sur les Théories Relativistes de la Gravitation.
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Des équations de définition de in on déduit les propriétés suivantes :

13:1“n gas = ya»
it“ 5-4: I — 6.“. .

On peut généraliser cette étude au transport paralléle des pseudo—
tenseurs. Soit par exemple A11 une densité vectorielle de poids 10

K”: gag—p,“ Ad 011 3—: lgpfll .

4. Un déterminant important dans l’étude des géodésiques est la
densité bi-scalaire en w et en 2 introduite par HADAMARD et van VLECK :

DZ—IDWI Ofi DuaZ—64u1.

D ne s’annule pas lorsque 40 et 2 sont suffisemment voisins l’un de l’au-
tre car, comme on peut 1e prouver a partir de l’équation de definition
de 0'

£1“: BMW: 2) : gud(z) -

Le bi—vecteur Dua a donc un inverse D—llM1 lorsque as et 2 sont suffisem-
ment voisins l’un de l’autre.

D peut étre considéré comme 1e jacdbien permettant de passer de
la. description d’une géodésique en termes du point initial et final a la
description en termes du point initial et de la direction initiale.

D est le determinant correspondant au changement de variable
O'.a, z“ —> wu, z“

_a“'al _
l 35”!“

Lorsqu’on peut aller de 2 a w 1e long de différentes géodésiques, I) est
infini. En effet :

—|—6.m‘:D.

3;“

8w": 36.11 .
801a

Pour qu’une variation finie 5641 engendre une variation nulle 8 x" i1 faut
mil

que le déterminant soit nul, c’est-a-dire que D : oo.
66.0;

Le determinant D permet de généraliser aux espaces de RIEMANN

l’équation 6 -; = 3 de l’espace plan a 3 dimensions et donne une mesure
du rapprochement ou de l’éloignement des géodésiques crée par la cour-
bure de l’espace :

D—1 (D 6%).” : 4
on, en termes du bi-scalaire A : g"1 D avec g7 : —— | §M[

A’1(Ac.”).u : 4.
«100:; A) , . . . ,Sous la forme of” + sd—: 4 cette equatlon s’1nterpréte me-

8

diatement de la fagon suivante :
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Dans un espace plan
U-“u : 4 .

Dans un espace courbe

5-”u < 4 y

A croissant

6.1%; > 4

A décroissant

{ les géodésiques se rapprochent,

{ les géodésiques s’écartent,

A : oo les géodésiques se coupent.

Développement en série de Taylor

De tels développements sont nécessaires, par exemple, pour le calcul
classique du freinage par radiation qui sera fait dans 1’exp0sé suivant.

Développement du bi—tenseur Tag dont les indices se rapportent an
méme point :

1
Tag : Aug + ramsY 5.}! -+— ? AaBYfi Guy 0'43 + 0(83)

compte tenu des Aimites
lim CLUB : gag
.7}—>Z

nm 5.a : 0
$4)?

1
lim '6a : §(Ra786 + RmSBy)

on obtient les relations
Aug : 1im Tag

$—>Z

Aggy : 11m TaB.‘y — AaBn’
$—>Z

Aafi : lim TaB-yfi — AaB-yfi — Amy/.5 — Aa55,y Etc.

Développement du bi—tenseur Tug dont les indices se rapportent a
deux points différents.

Il suffit d’effectuer un transport parallele 1e long d’une géodésique
de Fun 51 l’autre point; on pent alors utiliser 1e développement précédent
puis a I’aide d’un transport parallele inverse on exprime 1es coefficients
du développement en fonction du tenseur primitif.

A titre d’exemple, nous donnons le développement de TAYLOR de A
1

A : 1—?R‘J‘3 (La 5.5 + 0(83).

0n retrouve 1e terme introduit par la courbure de I’espace dans
l’intégrale de FEYNMAN (4).

(4) Cf. B. S. De WITT, Rev. Mod. Phys., 29, 395 (1957).
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Fonctions de Green

Nous allons étudier les solutions des équations d’ondes covariantes
scalaires et vectorielles.

gflv Q-uv : 0

gvo Auwu + Buy Au 2 0 .
et

Equation d’onde scalaire.

La « solution élémentaire >> (7') de l’équation scalaire est
1 u

G”) :——<—+vlog lal+w>
0'(2%)2

on u, v, w sont des bi—scalaires sans singularité et
lim u : 1.
Z—VZ

En substituant G”) dans l’équation d’onde on obtient une solution uni-
que pour it : u : All?

et on obtient 17 et w sous forme de développements en série :

E 1",» 0'” .
”=0

17,, s’obtient, par recurrence, en intégrant un systéme d’équations diffé-‘
rentielles ordinaires le long des géodésiques originaires de 2; ces équa-
tions ne font pas intervenir 117 et déterminent 17 de facon unique.

.0
w : 2 ma 0""

n=0

we est arbitraire 10,. est donné par une formule de récurrence qui fait
intervenir we et 1;- HADAMARD a prouvé que les développements en série
de 17 et w convergent uniformément dans la I‘égion on o- est univoque et
lorsque le tenseur métrique est analytique. Marcel RIESZ a étendu la
démonstration a des cas ou le tenseur métrique n’est pas analytique.

L’existence des fonctions de GREEN a été démontré par A. LICHNERO-
WICZ, i1 les a utilisées dans son étude sur les ondes et radiations gravi-
tationnelles (6).

On les obtient par le procédé bien connu en théorie des champs qui
consiste a remplacer 1a variable réelle 6 par la variable complexe c + 130 :

1 All2 ‘
GF——<———+vlog(c+i0) +112)_ (27:)2 c+io
G“ : G<1)— 24 G.

(5) J. Hmmmn. Lev/Hr? (m Cain-Fry‘s Problem in Linear Partial Differential
Equations, Yale l'niversity Press. New Haven (1923).

(6) L. Lurnxnnowuzz. Ondes ct radiations gravitationnelles. Colloque Interna-
tional sur les Théoriex Relativislm dc In Gravitation.
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Ce qui donne pour la fonction de GREEN symmétrique :
n 1
G : 8— [A1/2 5(a) —1;0(— 6)]

G, étant indépendant de M, est déterminé de fagon unique,

G : 0 lorsque c > 0,

G # 0 lorsque c < 0,
1e bi-scalaire v repI‘ésente la << queue >> de la fonction de GREEN qui joue
un I'Ole essentiel dans les applications. En comparant, 51 la limite (17—) z,
grace {i l’introduction des coordonnées géodésiques normales, la fonc-

tion G avec la fonction correspondante de l’espace plan, on démontre
que

guv 6-1112 : 9—1/2 5(4)_

Comme dans l’espace plan, G peut étre séparé en Gmt et GM". 11 est :1
remarquer que les fonctions de GREEN avancées et retardées sont définies
en fonction du passé et du futur et non pas en fonction des grandeurs
spatiales d’onde entrante et sortante. En effet, en I‘aison de la diffusion
due 2‘1 la courbure de l’espace, une onde sortante peut, par exemple, con-
tribuer partiellement '21 l’onde entrante comme le montre le terme 1; de
la fonction de GREEN.

Les fonctions de GREEN interviennent de la méme fagon que dans
l’espace plan dans la solution des equations d’onde non homogenes. La
fonction G permet de généraliser aux espaces courbes le principe de
HUYGHENS :

9(2) If 91/280) H767?) G-u($,Z)—¢-u(w)G(-T,Z)] 9“”(0?) (13v
d’ou l’on peut déduire, en particulier, par les méthodes habituelles :

G(a¢,z) :!G(z,a2).

Equation d’ondc vectoricllc

La solution élémentaire s’écrit :

Gmm : um '

(2702 a +”““1°g“”+w““
on um, rm et wua sont des bi-vecteurs sans singularité et

lim um : gm .
Z—OZ

Par substitution dans l’équation d’onde on obtient :
g"°(2uua.y — um A*1 A.» 6.0 : 0-

D’ou, compte tenu de la normalisation de um, on tire la solution unique :

“um : Al/z gnu .
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On obtient 12m et wm sous forme de développements en série qui déter-
minent 12W de fagon unique et laisse le premier terme de la série wow
arbitraire.

On définit les mémes fonctions de GREEN que dans le cas scalaire.

Gm! :(87‘)_1[A1/2 gm: 5 (0') _17m 0 (— 5)] -
La présence du bi-Vecteur de transport paralléle 9—,“: assure 1e transport
paralléle du vecteur de polarisation du front d’onde le long des géodé-
siques de longueur nulle. La torsion du vecteur de polarisation produite
par la présence du tenseur de RICCI dans l’équation d’ondes et par les
effets de diffusion dfis a la courbure de l’espace n’apparait que derriére
1e front d’onde, ainsi que le montre 1e terme dit de << queue >> Um; 1e
terme ”Um qui décrit cette torsion est donc plus compliqué que le terme
scalaire correspondant. La limite pour 50—) 2 de ’Upa est :

1 1
lim ’UW : lim 170m : — 7)- gflfi (Rafi — F gas R) .
.192 z—yfl A

Cette relation montre que 17W ne s’annule généralement pas. On peut
établir la relation suivante entre les fonctions de GREEN bi-scalaire et
bi-vectorielle :

Gum.“ : —‘ G41

d’ou l’on déduit des relations similaires pour les fonctions de GREEN
Gret’ Gadv, G.

11 est utile d’établir également les relations de réciprocité sui-
vantes :

Gm (37; z) = — Goal (2, m)
Gift: (as, 2) : G’LTW; w)
GM (.13, z) = Gan (z, w) .





FREINAGE DU A LA RADIATION D’UNE PARTICULE
DANS UN CHAMP DE GRAVITATION

par le Professeur BRYCE S. DE WITT
Department of Physics, University of North Carolina, Chapel Hill

North Carolina (U.S.A.)

Je voudrais, tout d’abord, exprimer ma reconnaissance aux Pro-
fesseurs Lichnerowicz et Tonnelat et au Centre National de la Recher-
che Scientifique pour l’organisation remarquable de ce colloque. Bien
que parlant en mon nom personnel, je suis sfir que j’exprime les senti-
ments de mes collégues américains et de bien d’autres lorsque je dis
combien nous sommes heureux d’étre a nouveau assemblés dans une
réunion internationale, réunion 011 You voit beaucoup de nouveaux
visages (nouveaux pour moi, tout au moins); et 01‘1 l’on peut apprécier,
de premiere main, 1a diversité croissante des intéréts dans le domaine
de la Relativité générale. Il est déja évident que des progrés considé-
rabies ont été faits dans de nombreuses directions depuis 1e congrés
de Chapel Hill, i1 y a deux ans et demi. Le colloque de Royaumont vient
done an bon moment.

Le probléme que je désire discuter avec vous aujourd’hui, bien que
prenant la forme d’un rapport d’un travail personnel que j’ai récem-
ment terminé avec un de mes étudiants, M. Robert Brehme, est, je crois,
d’un intérét général, car nous nous sommes tons, a un moment on a un
autre, penchés sur ce probléme. Le probleme est le suivant : Dans quelle
mesure ou dans quel sens lo principe d’éqwivalence s’appliquc-t-il (‘1 la
matiére chargée 9’

Posons ce probléme en termes physiques : imaginons une particule
chargée dans le vide a grande distance de toute autre masse. Si l’on
applique une force a la particule elle est accélérée, et nous savons par
les lois d’électrodynamique classique dans le cadre de la Relativité
restreinte — valide dans ces circonstances ~ que la particule émet
une radiation, qui produit, par réaction, un freinage qui s’ajoute a la
force d’inertie mécanique. Amenons maintenant 1a particule au voi-
sinage d’une distribution statique de matiére et maintenons-la au repos
a un point 01‘1 1e champ statique de gravitation exerce sur la particule
une force égale a la force a laquelle la particule était soumise aupara-
vant dans le vide. Bien que la particule subisse 1a méme force dans les

22



336

deux cas, i1 serait absurde # n’est-ce pas — de supposer qu’elle émettra
nne radiation dans le deuxieme cas ’

Je suis sfir qn’en ce moment un critique dans I’assemblée s’appréte
a dire : << Mais nous savons qn’nne charge en monvement nniformément
accéléré n’émet pas de radiation, pnisqn’elle ne snbit pas de force de
freinage tant que son acceleration est uniforme. Il n’y a donc pas de
contradiction avec 1e principe d’éqnivalence >>. Donc, ponr l’instant, an
lien de continner dans cette direction, je vais exécnter nne manoeuvre
de flanc, retonrner 1e probleme, et imaginer 1a particnle dans nn état
suns acceleration.

Si 1a particule est loin de tonte matiére, elle se tronve dans nn
état de mouvemcnt nniforme, dans leqnel, évidemment, elle n‘einet pas
de radiation. Par contre, si la particnle s’approchc d‘nn champ de g1“ »
vitation, ]a notion de «mouvement non accéléré» se t*ansforme e11
notion de << monvement en chute libre >>. Est-ce qu’un changement de
concept sera responsable pour nne emission de radiation ? Si nne par
ticnle chargée n’émet pas de radiation quand elle est an repos dans un
champ de gravitation, est-ce qn’elle s'empeche d’émettre nne radiation
101'squ’elle est en chute libre ? ()n bien, estece qn’nne particnle chargée
pent étre ntilisée, en principe tout an moins, comme nn étre localisé
pour distingner entre les forces d’inertie et les forces de gravitation 2’

Intnitivement, i] serait raisonable de supposer que la, particnle
chargée émet effectivement nne radiation quand elle est diffusée par nn
champ de gravitation, c’estea—dire, que le brcmsstmhlung pent étre pro-
dnit par des forces de gravitation aussi bien que par des forces electro-
magnétiqnes. Tel est le probléme que M. Brehme et moieméme avons
attaqné. Avant de décrire 1e procédé employé i1 me fant signaler que
I‘on triche lorsqne l’on propose l’emploi d’nne particnle chargée pour
distingner Iocalement entre nn champ de gravitation et nn champ
d’inertie. << Particnle chargée >> vent dire << champ électromagnétiqne >>,
grandeur qni, pour le moins qu’on pnisse dire, n’est pas localisée. Or
on sait qu’nn champ de gravitation pent étre facilement distingué
d’un champ d’inertie par des experiences portant sur nne région étendne
de l’espace, c’esteadire, par des experiences mesnrants des gradients dn
champ. Dans 1a théorie de la Relativité générale, les gradients dn champ
sont exprimés sans équivoqne, de maniere covariante, par les compo-
santes du tensenr de Riemann. 11 He fant donc pas s’étonner si, quand
on tient compte de la reaction due a la radiation, on trouve, dans les
equations dynamiqnes d’une particule chargée en monvement dans un
champ de gravitation, nne expression faisant apparaitre explicitement
1e tensenr de Riemann.

Or, 1e tensenr de Riemann n’apparait pas. Ceci ne vent pas dire
tontefois que le bremsstrahlnng n‘apparait pas. I] apparait. Mais avant
de montrer comment i1 intervient, je vais poser 1e probleme considéré,
avec plus de précision.

’
Nous avons considéré un champ de gravitation sans propriétes



337

dynamiques ; la structure géométrique de l’espace-temps a été considérée
comme fixe. 0n n’a pas supposé que les equations d’Einstein dans le
vide étaient satisfaites; les résultats sont valables pour une métrique
complétement arbitraire. Les calculs ont été conduits d’aprés 1e modéle
du fameux article de Dirac sur la. radiation de l’électron classique. En
particulicr, de méme que les calculs de Dirac ont préservé l’invarianc'e
de Lorentz a toutes les étapes, de meme nos calculs ont préservé la
covariance générale a toutes les étapes. Bien qu’aucun systéme de
coordonnées particulier n’ait été introduit, l’usage des techniques de
développements en series covariantes a permis de réduire au minimum
la complexité des calculs. De plus, comme ,ces méthodes covariantes
offrent la possibilité de séparer, et de garder séparés, les différents
aspects physiques du probleme, il est vraisemblable qu’elles auront une
valeur considerable dans d’autres calculs 01‘], par exemple, 1e champ
de gravitation intervient lui-méme dynamiquement.

Afin de garder présent a l’esprit les idées physiques convention-
nelles, nous sommes partis du lagrangien habituel d’une particule et
d’un champ en interaction, qui conduit aux équations dynamiques fami-
liéres :

emo'z‘u:—Fae'zfi, (1)c
47:91/2 FM » : j”. (2)0

m0 est la masse << nue >> de la particule, z“ ses coordonnécs d’espace-temps,
et j" son quadrivecteur densité de courant. Les points dans l’équation (1)
indiquent les dérivées covariantes absolues par rapport au temps propre,
et le point dans l’équation (2) 1a dérivée covariante par rapport a a”.
g est le négatif du déterminant du tenseur métrique.

Bien que l’équation (1) soit l’équation correcte pour le mouvement
d’une particule chargée dans un champ électromagnétique donné sans
propriétés dynamiques, et bien que 1’équation (2) soit l’équation cor-
recte pour la production d’un champ électromagnétique par une densité
de courant donné sans propriétés dynamiques, ensemble, ces deux équa-
tions conduisent aux difficultés bien connues que le membre de droite
de l’équation (1) n’est pas défini en raison des termes infinis qui appa-
raissent dans Fug lorsqu’il est calculé a partir de l’équation (2).

Afin d’analyser ces difficultés et, plus généralement, afin d’étudier,
de maniére covariante, les problemes intrinséquement non locaux, que
pose la présence d’un champ électromagnétique, il est indispensable de
faire usage des bi-tenseurs dont Mme De Witt nous a donné une excel-
lente introduction. Ainsi, a l’aide des fonctions bi-vectorielles de Green
qu’elle a décrite, nous pouvons écrire les potentiels avancés et retardés
engendrés par la particule :

411:
Aflw) =7 [Gil (m, w’) jv' (50’) (1445’ (3)
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En substituant dans cette équation 1a densité de courant :
1

j“ : e cfazgua 2“ 3(4) (w, 3) (1T (4)

dans laquelle 1e bi-Vecteur de transport paralléle et la bi-densité 5 ont
été introduits afin de donner a j“ 1es propriétés correctes de transfor-
mation au point 02, et en se servant de la forme explicite de la fonction
de Green que Madame De Witt nous a donnée, on obtient immediate»
ment 1es potentiels covariant de Liénard Wiechert :

1
X A; — 'zu : m -

A; : : p (L : c m, 2‘1 d: (5)
> (7,3 2'3 1:1: ; T :

Le premier terme, calculé au temps propre avancé ou retardé, 1:,
est l’analogue covariant de l’expression familiere dans 1’espace-temps
plan. Le deuxiéme terme, que j’appelerai 1e terme de << queue >>, Vient
du fait que, contrairement au cas de 1’espace~temps plan, 1es fonctions
de Green dans l’espace—temps courbe ne s’annullent généralement pas a
1’intérieur du c6ne de lumiére, mais posséde une << queue >>. C’est 1e
terme de «queue >> qui rend la Vie intéressante dans un espace-temps
courbe et qui, en fin de compte, est responsable pour 1e bremsstrahlung.

Le terme de << queue >> est partout fini. Le premier terme, toutefois,
devient infini lorsque a; s’approche de la ligne d’univers de la particule
et rend ambigu Ie membre de droite de l’équation (1).

Essentiellement 1a méme expression ambigue apparait aussi dans
1es membres de droite des équations qui expriment 1a conservation de
l’énergie et de l’impulsion :

l
FPV jv , (5)

C
TPHVW :

1rpm : — — Fwy jv. (7)
C

TIA" et TF1“ sont respectivement 1es densités d’énergie-impulsion de la
particule et du champ :

1

TPuv:moc [suVWWWw’w dry (8)
11 _ 1

JW _ 2 [1. v6 #_ uv 0T 01:

On voit facilement que les équations (6 et (7) sont obtenues directement
par application formelle des équations (1) et (2).

Bien que la loi de conservation de l’énergieimpulsion totale :
TIN-v : 0 , T1“ : TPHV + TEN-V, (10)

n’ait done qu’une valeur formelle, c’est néanmoins cette loi qu’a invoqué
Dirac, dans 1e cas de 1’espace~temps plan, pour déduire les equations
pondéromotrices corrigées d’une particule chargée, comprenant 1es ter-
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mes de réactions dfis a la radiation. Un tel procédé est bien connu des
auditeurs de cette assemblée, qui savent la relation intime entre les
équations du mouvement et la loi de conservation de l’énergie-impulsion.

L’utilité de la loi de conservation de l’énergie-impulsion réside dans
le fait que, grace a elle, on peut déterminer l’effet, sur la particule, de
la réaction dfie a la radiation, on tenant compte de l’échange d’éner-
gie-impulsion entre la particule et le champ. Etant donné que les équa-
tions pondéromotrices décrivent 1e comportement local de la particule,
on ne peut les obtenir que si l’on tient a chaque instant compte dans
le voisinage immédiat de la particule. Pour cc faire on construit un
hypertube de rayon trés petit autour de la ligne d’univers de la parti-
cule. Puis, afin de pouvoir appliquer la loi de conservation de l’énergie—
impulsion, i1 faut remplacer sa forme différentielle (10) par une forme
intégrale.

Dans le cas de l’espace-temps plan, il est bien connu que l’on intégre
la divergence dans un volume d’espace—temps, puis que l’on utilise 1e
théoreme de Gauss pour remplacer l’intégrale de volume par une inté-
grale d’hypersurface. Mais, dans le cas présent, nous ne pouvons pas
procéder de cette fagon, car l’intégrale de volume de Tum, n’est pas un
invariant, ni méme un vecteur.

Il existe, néanmoins, un procédé pour surmonter cette difficulté qui
se présente naturellement, a savoir, 1a considération de l’intégrale de
volume de gin“ T"".,,, dans laquelle le bivecteur de transport parallele est
introduit afin de rapporter les contributions du point variable a: a l’inté-
grale a un point fixe z. Cette intégrale est, elle, vecteur local contre-
variant en 2, et le théoréme de Gauss peut étre utilise. Si, maintenant,
1e point z est pris sur la ligne d’univers de la particule a un temps
propre “e, si les temps propres 1:1 et 12 des points extrémaux de l’hyper-
tube tendent vers r, respectivement d’en haut et d’en bas, et si, finale-
ment, 1e rayon a de l’hypertube tend vers zéro, on trouve que l’équation

fan“ TI“.,, d4 a) : 0, (11)

mi l’intégrale est prise sur l’intérieur de 1’hypertube, prend, aprés appli-
cation du théoréme de Gauss, la forme :

1 _
171/0 2'“ d1: + Eli—1.110 ? fgua' TFH‘V d2]; 2 0 . (12)

4::

Le premier terme du membre gauche représente la contribution de la den-
sité d’énergie-impulsion de la particule, et le second terme a son origine
exclusivement dans le champ électromagnétique.

Tout 1e labeur du probleme est contenu dans le calcul du deuxiéme
terme. Le domaine d’intégration << 47: » signifie que l’intégrale sur l’élé—
ment d’hypersurface (12,, no doit étre étendue qu’a 1’angle solide. Le pro-
bléme qui consiste a définir cet élément de surface en fonction du temps
propre, des cosinus directeurs, et du rayon de l’hypertube — variables
qui permettent d’évaluer analytiquement l’intégrale — est un probléme
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amusant que je n’ai malheureusement pas le temps de presenter ici. La
densité d’énergie-impulsion du champ, TF1", peut étre calculée sur la
surface de l’hypertube, au moyen des techniques d’expansion covariantes
présentées par Madame De Witt, apres que le champ lui-méme a été
calculé par les potentiels de Liénard-Wiechert. Finalement, nous devons
mentionner que le second terme de l’équation (12) est infini a la limite
e: 0. Toutefois, comme tous les calculs ont été conduits de maniere
covariante, on peut isoler la partie infinie de facon invariante. Il s’avere,
bien entendu, que cette partie peut étre absorbée par la renormalistion
classique familiére de la masse,

e2
, __ lim ‘m_m0+E_'0 2502. (13)

La partie vraiment remarquable du calcul consiste en ceci : Dans le
développement covariant du terme sous l’intégrale de l’équation (12) on
trouve, en plus des termes qui sont presents dans le cas de l’espace—temps
plan, de nombreux termes faisant apparaitre le tenseur de Riemann, sous
sa forme développée aussi bien que contractée. Toutefois, ces termes
sont tous de degré impair dans les cosinus directeurs et ne contribuent
donc pas a l’intégrale étendue a l’angle solide. Les équations pondéromoi
trices que l’on obtient finalement sont donc les suivantes :

2 a
c 2 e 1

méu:—Fi"u525+— . (Zu# 9 $152)
0 3 (:3 , (3“ .

(52 "' T

+425 / Mm (r?) (w, (14)c ——-:ou

fHBV' : flaw-l3 ”By-'0 - (15)
Le seul trait nouveau et non-familier de cette equation est l’intégrale

sur tout le passé de la particule, qui a pour origine la << queue >> de la
fonction de Green. Mais c’est précisément ce terme qui empéche '2'“ : 0
d’étre une solution des equations pondéromotrices lorsque Finns : 0.
Par consequent, une particule chargée ne se déplacera pas en général le
long d’une géodésique méme lorsqu’il n’y a pas d’onde électromagnétique
entrante.

Vous pouvez maintenant objecter que je n’ai pas vraiment prouvé
cette derniere proposition. Je n’ai en fait que mis en evidence un terme
de «queue >>. Je n’ai pas montré qu’il peut en fait étre different de zéro
méme lorsque é“ : 0. Je ne peux que répondre << Vous avez raison >>.

Toutefois, je peux présenter des raisons plausibles pour mon affiri
mation. Tout d’abord, on sait que la fonction de << queue >> ffigyr elle—meme
en general ne s’annulle pas. En fait, Hadamard a posé comme un proble—
me important la découverte des conditions dans lesquelles cette fonction
de << queue >> s’annulle. Un certain travail a été fait sur ce probleme,
mais il ne semble pas exister de classification simple des espaces de
Riemann qui donne la réponse. Qu’il suffise de dire que fl” 7% 0 dans
la plupart des espaces de Riemann.
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Quant au calcul, méme approché, de l’intégrale ou apparait fafl'y',
i1 demande des moyens plus puissants. A mon avis, une des conditions
les plus urgentes pour régler la question est la. mise au point d’une
méthode pour obtenir une valeur asymptotique approchée de fag? 1e
long d’une géodésique donnée. En attendant, il faut me contenter du
fait que je n’ai trouvé, jusqu’ici, aucune évidence dans toutes les équa—
tions que j’ai regardée, que l’intégrale s’annulle dans un mouvement
géodésique.

Nous avons donc l’image physique suivante : La particule chargée
fait de son mieux pour respecter, malgré sa charge, 1e principe d’équi-
valence, e1: localement, le respecte. En l’absence d’un champ électroma-
gnétique entrant, 1e mouvement de la particule ne dévie d’un mouve-
ment géodésique qu’en raison de l’inévitable intégrale de << queue >>
étendue a tout le passé de la particule. Physiquement, cette << queue >>
peut étre décrite comme 1e résultat d’une diffusion, 01‘1 les bosses de
l’espace-temps jouent 1e role de centres diffuseurs, ce qui permet au
champ propre de la particule, qui normalement court au devant de la
particule, de revenir par derriere la particule d’une fagon anormale.
Le bremsstrahlung resultant, qui doit étre calculé séparément apres
que 1’équation (14) a été résolue, et qui est certainement tres faible en
raison de la fagon détournée dont i1 apparait, vient alors de deux
sources : 1) directement de la particule elle-meme a cause de la dévia-
tion de son mouvement par rapport a une géodésique, et 2) du champ
de Coulomb statique de la particule, qui peut perdre des plumes lorsqu’il
balaye les bosses de l’espace-temps.

Ayant ainsi éclairé 1e probléme d’une particule chargée en mouve-
ment, nous pouvons maint‘enant retourner a la consideration du pro-
blélne d’une particule chargée au repos dans un champ statique dc gra-
vitation. Tout d’abord, il est évident que dans ce cas i1 n’y a pas de
radiation puisque rout est au repos. Cependant, on peut imaginer que
1c terme dc <4 quenc- >.~ donne lieu a une masse anormale qui pourrait
éu-e <_p|:)sc'r\'ée en :,-<:»1np:1rant, sur une balance a bras égaux, une particule
chargée avec une particule neutre dont 1e paramétre m a la méme
valeur. Cette masse anormale serait finie et tout a fait distincte de
l’énergie propre classique infinie. Toutefois, elle n’apparaitrait sous
forme de masse que dans le cas statique car elle n’aurait pas les pro-
priétés cinématiques d’une vraie masse. O’est-a—dire qu’elle ne se trans-
formerait pas comme une vraie masse en passant de l’état statique a
l’état en mouvement.

Ce probléme a été étudié également par M. Brehme. En introduisant
un champ élwu-iqm smtique pour maintenir 1a particule au repos
contre la gravité, er. en reprennant le prohlcme, utilisant un potentiel
scalaire et la fmmion r19 Green :‘1 tmis dimensions, il a pu montrer
qu’il n’y a [HIS «i‘mmmniie dams 1:1 mussv {-r. 011 fait, que l’intégrale de
<< queue >> est nulle dans ce cas. Remarquons qu’il s’agit ici d’un mouve-
ment non géodésique.
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Le principe d’équivalence est donc rigoureusement valide lorsqu’on
compare la situation présente avec celle d’une accélération uniforme
dans l’espace-temps plan. Ce résultat nous incite a considérer plus pro—
fondément la derniere situation. Tout d’abord, remarquons qu’il n’est
pas correct de dire qu’une particule en mouvement uniformément accé-
léré n’émet pas de radiation. La formule correcte du champ retardé
d’une particule qui a été uniformément accélérée depuis l’origine du
temps est vraisemblablement celle donnéc par Bondi et Gold. Si l’on
entoure la ligne d’univers de la particule par un hypertube et calcule,
pour ce champ, le flux d’énergie a travers le tube, on obtient un résultat
positif, essentiellement proportionnel au carré de l’accélération. 11 con-
vient de remarquer, toutefois, que ccttc radiation, loin d’étre paradoaale,
est, en fait, nécessaire si cctte particule doit subir une force qui n’cst
pas différentc dc la force subie par um; particule neutrc ayant l6 mémc
paramétre dc massc m. 11 suffit, en effet, de se rappeler l’origine de la
masse d’une particule chargée : elle est le résultat de la superposition
de la masse << nue >> 7%, masse mécanique infinie et negative, et de la

2c
masse de Coulomb 2—2 infinie et pos1tive. Les energies dues a ces

s o
masses se transforment de la méme facon dans une transition entre
mouvements uniformes, mais lorsque la particule est accélérée, les lignes
de force électriques se courbent, et le champ de Coulomb prend de plus
en plus de retard. Cette absence de rigidité dans le champ produirait
une réduction dans la force avcc laquelle la particule réagit contre
l’accélération, si ce n’était qu’un champ magnétique est produit simulta-
nément ct qu’une radiation est émise par la particule. Le seul problem'e
qui reste est d’expliquer pourquoi un mouvement uniformément accéléré
est précisément celui pour lequel une radiation est produite en quantité
juste suffisante pour compenser la réduction dans la force de réaction
produite par le retard dans le champ. La seule réponse que l’on puisse
donner est de renvoyer aux equations elles»mémes et de voir ce qu’elles
disent. Mais il est intéressant de noter que dans la cas d’un mouvement
uniformément accéléré, et dans ce cas seulement, le champ de la parti-
cule semble toujours étre lc meme dans le systéme de reference instanta-
nément au repos de la particule. Une situation analogue existe évidem-
ment pour la particule au repos dans un champ statique de gravitation
et la correspondance est donc complete.

Les résultats présentés ici, étant entiérement classiques, ne tou-
chent évidemmcnt pas an probleme de l’influence que les phénoménes
quantiques peuvent avoir sur la possibilité de verifier le principe d’équi-
valence. De plus, il n’a été fait aucune considé‘ation du probleme du
freinage du 51 la radiation gnwitationnelle qui apparait lorsqu'on étudie
la situation plus conforme a la réalité 01‘1 l‘on considere les propriétés
dynamiques du champ de gravitation au meme titre que celles du
champ électromagnétique et 01‘] l’on tient compte de ce que la métrique
est en fait singuliere au point on est la particule. En terminant, je
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voudrais signaler que ces deux problémes sont 2‘1 l’étude et que les fonc-
tions de Green covariantes y jouent un role important. Nous projetons
aussi d’étudier des problémes dans lesquels ces fonctions serviront a
calculer 1a densité d’énergie-impulsion induite dans le vide d’un champ
de matiére quantifié par une métrique donnée. A mon avis, a l’avenir,
nous utiliserons ces fonctions de plus en plus souvent.

DISCUSSION

Intervention du Dr. P. Havas

1) The mathematical apparatus presented is very beautiful and of great
importance. It is, however, an entirely different question if the example
presented is a proper application of this apparatus. liven though Dr. De Witt
did not use the word, his calculation is intended to apply to :2 test particle.
as he considers a fixed background Hit‘iI'll‘. But a charged test particle must
be considered as the limit of vanishing charge and mass and for such a
limit it is certainly not consistent to keep the «tail term». At present,
especially after some discussions with Dr. Tulczyjew, I am inclined to
believe that even the ordinary radiation terms should not be included.

Furthermore, it seems to me that a calculation of this type can not
be consistent, if the field equations are not taken into account; only the
energy equation was used, but not the field equations. And how can one
expect to be able to conclude anything about the principle of equivalence,
if one does not satisfy the field equations ?

I believe that any consistent calculation of a local problem (including
the form of the equations of motion) will necessarily show that the principle
of equivalence is satisfied. For global questions (including radiation, on a
consideration of the entire motion) the principle of equivalence has no
meaning.

2) First, let me clarify: I am certain that in the equations of motion
for comparable masses there will be «tail terms >>. As a matter of fact, in
the equations of motion developed with the << fast >> approximation method
it has been found by Dr. Goldberg and myself, and by Drs. Plebaniski and
Bertotti, that such terms appear in the third order equations.

Concerning the question of gI'aVitfltiullfli radiation of test particles.
I had one time did a calculation which led to the appearance of gravitational
radiation damping terms in the equations of motion of test particles. Howe-
ver, I am convinced that these terms are entirely spurious.
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RESUME
Nous supposons unc description dc Heisenberg :u'ec dos X'CCLL‘UI‘S d’état

indept‘ndants du systemic dc courdnmzécs nu tie in position dc l‘originc.
Dcs transformations unitail‘cs 1' cundniscnt dc cettc description ix [:1 nos-
Cription d’intcraction on a ccllc dc Schrodinger. L' pent dépenrlre d‘unc
surface (in genre cspacc 0 ct pcut—étrc du sysiémc dc coordonnées utilise
sur celle-ci, et satisfera une certaine Equation .19 Schrodinger géncralisée.
De la forme et de l’interprétation de ccttc equation dc Schrodinger rcsultc
la « condition d’intégrabilité >> que doit satisfaire lc tcnscur Immiltonien ac;
qui y figure, pour que U ne dépende pas Lies surfaces 6 intermédiuircs on
du systéme de coordonnées sur celles-ci. Pour l’équation de Schrodinger
de la description d’interaction, la validité d’une condition d’intégrabilité
possible et la non-validité d’une autre indiquent dans le cas des théories
covariantes lorentziennes la plausibilité ou l’impossibilité de l’interprétation
concevable de l’équation de Schrodinger. Nous concluons que le vecteur
d’état de la description d’interaction devrait étre invariant dans une « trans-
lation >> spatiale du systéme de coordonnées sur 0.

The ultimate goal of our work at Purdue University is an investi-
gation to what extent it is possible in the general theory of relativity
to construct the analogue of what in Lorentz-covariant quantum field
theory is the interaction picture. The importance of the interaction pic—
ture is that it allows us to differentiate between the absence of negative
electrons and the presence of positive electrons.

So far, our work has been of a preliminary nature. In the theory
we have in mind, a number of problems must be solved. One is, of course,
the influence of the constraints on the quatization. To a great extent
one can avoid this problem by the procedure which in the Chapel Hill
conference I called << muddification >> : In the manner published in the
relativity issue of the Reviews of Modern Physics [v01. 29, No. 3, pp. 518-
546, July, 1957], one adds terms to the Lagrangian, so-called << mud »

(‘) Supported in part by the National Science Foundation.
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terms, which are covariant only under a restricted group of transfor—
mations which leave certain coordinate conditions and conditions on
the Vierbein field and a gauge condition invariant. The gauge condition
is essentially the Lorentz condition. This procedure in general relativity
theory does to the theory of gravitation, what FERMI’S treatment did to
quantum electrodynamics : it eliminates the constraints and it makes
conventional quantization possible. However, the problem of finding
<< true variables >> would remain. This is the problem of finding what
functionals of the variables have a physical meaning.

DIRAC not so long ago made some progress in this direction
[P. A. M. DIRAC, Proceed. Roy. Soc. A, 246, 333 (1958), and Physical
Review Letters, 2, 368 (1959)] and pointed out that by adding a certain
divergence to the Lagrangian one can make the primary coordinate con-
straint functions directly equal to the canonical momenta conjugated
to the field components gm, with subscripts. In our previous work, we
have used the Iii-component Vierbein field as our independent variables,
and we have considered the guy field as functions of this Vierbein field.
We used in that work a Vierbein field with a superscript world coordi»
nate index. Vile find now that in the Vierbein formalism similar simpli-
fications are possible as in the metric formalism, if one uses a Vierbein
field with the world coordinate index as a subscript. In this case, addi»
tion to the Lagrangian of the same divergence as used by DIRAC (and
also by DE VVITT) will make the canonical conjugates of the Vierbein
components with subscript world coordinate index zero equal to the
primary coordinate constraint functions. Also, before the socalled
<< canonization >>, three of the Vierbein constraints (due to invariance
under Vierbein rotations) now take the simple form

63 _ 3pm)" hill, : , where rt : 1, 2, 3. pm" :—, and tac1t E .
ahmmb (1:0

(The other three Yierbein constraints still contain matter terms.)
The << canonization >> is desirable because the introduction of the

Timur electron matter terms in the Lagrangian gives rise to second-class
constraints as :I consequence of the relations between qfi‘ and the cano-
nical conjugate of Q. 11mm" deals with such second-class constraints by
introducing Modified l’oisson Brackets. It is then convenient to intro«
duce new pairs of canonical conjugates so that ordinary POISSON brackets
with respect to the new variables equal the modified POISSON brackets
with respect to the old variables. The new variables then can be quan—
tized emn'entionally. The procedure «If Iiinling the new variables we
have called -:,< canonization >> of the theory in oiir paper in the Reviews
of Modern I‘lili/sit-x. in which We solved this problem for the DIRAC elec—
tron field. The canonization, however, affects some of the momenta
canonically conjugated to the Vierbein components. Luckily, the cano»
nical momenta which represented the coordinate constraints are not
affected, so that these constraints keep their simple form. On the other
hand, after canonization all sir of the Vierbein constraints contain
matter terms.
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DIRAC has also pointed out (loc. cit.) that the Hamiltonian operator
for displacement in the time direction should take the standard form

56
Hzfd3m(_L.+grocrsges ,\/——g°°

where 36L and JCS are independent of the gm. The italic indices run
from 1 to 3; the e” is the inverse of the 3 X 3 matrix gm. The integral
is over the surface 02° : constant. DIRAC goes on to derive explicit
formulas for (KL and for 36;, starting from the canonical definition of
the Hamiltonian density derived from his new Lagrangian. His results,
however, are not entirely complete. Besides not giving explicit expres-
sions for the matter terms, he also loses a surface term in the course
of his derivation. Consequently, the integrand in the standard-form
expression for H differs by a 3-divergence from the original canonical
hamiltonian density. An explicit calculation shows that the standard-
form integrand with which he ends up is really not the canonical energy
density that follows from his Lagrangian, but it is the Lorentz energy
density. As you may remember, Lorentz proposed to use for total energy
density tensor the expression

L" v 20 av lava c— 04 ‘)"_T“+ ”—3” ’ _167cG“
where 1'“ is the symmetric matter tensor. This X is, at least weakly,
conserved, for the simple reason that it weakly vanishes on account of
the field equations. The importance of the Lorentz energy density is
not only that its integral over space gives DIRAC’s standard-form hamil-
tonian; in addition to that, the equations L2 : 0 are not only linear
combinations of the field equations L 1° : 0 which are obtained by
varying gm in the Lagrangian, but at the same time these equations,

with BB
39.0

dinate constraints (is). This is true including all matter terms and not
neglecting any terms of the form of a 3—divergence or of a curl in 4-space.

The many other expressions for an energy density (quasi) tensor
that are found in the literature differ from the LORENTZ tensor L21 by
simple curls of 3-index quantities sometimes called << superpotentials. >>
So, if X21 is one of those suggested energy density quasi tensors, then

n— LfEAjZ' :Afiw‘, x,
where the superpotential A is antisymmetric according to ALL ”7‘ : — AL“.
Consequently, Aim, 2 0. This strong equation represents the mathema-
tical triviality that the divergence of a curl vanishes. Some people like
to call this triviality a << strong conservation law », as if Ai)’ were an

in the proper places replaced by p, are the secondary coor-

* In the notation of Revs. Mod. Physics, 29, 518 (1957) one finds

Loo:—‘Xo—‘ZEBEQE+02; LIOZ—XS'
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energy density tensor itself, rather than the ditterence between two
candidates for being the energy density tensor. The reason for this point
of view is that the LUREN’J‘Z tensor L; weakly vanishes, so that. at Least,
weakly. Xg":A,;". For the same reason, the total energy-momentum
t'ouryector is weakly equal to a 2-dimensional surface integral,

a
]’#:fd3xX,f’ [d3 .1» Aw": //dr s Alf)",

l’ l v’

which for a finite static universe in absence of gravitational radiation
'an easily be evaluated using at spacelike infinity the static exterior

SCHWARZSCHILD solution. The result depends on the choice of Xg", that
is, on the rather arbitrary choice of the antisymmetric quantity Ag”.
Many people in the past have disliked considering LORENTZ’s expression
L [iv an energy density tensor because it would always make l’u:(),
and they claim that an energy or momentum that is always zero is a
physically rather useless quantity.

Nevertheless, the expression Luv might still be useful as a hamil-
tonian density. Remember that in Dirac‘s sense, it is only weakly zero.
The usefulness of a Hamiltonian which weakly vanishes is well known
from special-relativistic point mechanics. Though the hamiltonian may
have a zero value, it need not vanish as a function of the q’x and pis-
considered as independent variables, and therefore it may have non
vanishing Poisson brackets or commutators with non-conserved (non-
<< true >>) quantities. thus helping to single out the latter.

Here is a list of various energy density quasi tensors which have
been proposed in the past. I add the calculated values of the corres-
ponding total energy for the case of a finite universe at rest without
'adiation, using the conventional relation between the constant in the
exterior SCHWARZSCHILD solution and the << mass >> M at the center.
LORENTZ :

1
J:Tl+rl; r,1’_2Cj RflijfiR): [j:\/_g].

EINSTEIN :
E LL" : 121+ ta"; L;v is canonically derived from

_ ‘i39—0 {Wl‘éFalE—PBISPalg‘}
BERGMANX :

B;v : Gav—km" ; (53,.” is canonically derived from the
matter Lagrangian Em using ordinary (non-covariant)
derivatives, of matter variables as well as of gravita-
tional variables.

PALATINI :
Pit" : 71+ pg"; m" is derived canonically from the first-

order Lagrangian
£7; : C gm, [1130311fl P190147 + FEB go *n PEG]-
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M¢LLnR :
Mi" 2 121+ mg”; 111,.” defined below by giving its diffe-

rence from one of the other quasi tensors.
DIRAC :

D ,;" : 6;." + t3” ; ti” is canonically derived from
. 9.039” 9939”fig: 9+O< goo 'r—C goo ’0.

Notice that t3“ : t6", and notice that DIRAC’s standard-form hamil-
tonian is not —j'd3w D50 (2 M02), but is —j'd3m Lo'0 (:0).

The corresponding energy values are :

~ L3d3w:0:

— Ebodsw:—/Bb°d3a7:— M6°d3w=M02;

1
— Pd°d3m27M02; —fD(-)°d3w:Mc"’.

The differences of these quasi density tensors are the following curls :

Edv— BIL” =TZ—6il” =F'3hf’p,
where F’it" is the tensor introduced by BELINFANTE (Physica, 1939-1940)
and used by him for putting m” = 11;" + Vp ‘31}, where m." is canonically
derived from the matter Lagrangian using covariant derivatives.

Eh" — L}: 211;” — r21: hil‘fi’)‘ ,

1 APi] — vpz." —rl:E$fiv A,

ML” — LL" 2m}: —rz=03.1”.’k.
The superpotentials are here given by :

hfivl : 0 j—1 9m HIGB] M]B with HiuB] [v1] : guv gm __ gal gvfi ,-
atvlzzcja‘az—Pvm. '

1They are interrelated by hi;VJL : E [03;1V"+ 8t 0502‘"— 321 52“].

Before \\'1- can hope to understand The interaction pivlm‘e in gent-Pal
relativity theory. We should first understand the simple:- Schrodinger
pit-tul'e. In the Heisenberg picture. the state \‘ei-toi- supposedly is an
invariant mfmstant, if we ignore the reduction of the state ‘.(‘I‘lHi‘ folif)\\'~
ing the realization of new experimental knowledge. The reason why we
want to consider the Heisenberg state vector a constant invariant is
because we want to make the q—numhers in the Heisenberg picture
satisfy the same transformation laws and the same equations of motion
as do their expectation values which we observe.

When we say that the Heisenberg state vector is invariant, we do
not mean that the wave function of a two-electron state in the Heisen—
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berg picture would not change if one transforms from the configuration
space representation to the momentum space representation, or if we
apply a trivial gauge transformation by a constant phase factor 6"“, or
if in the configuration space representation we translate the origin by
a constant amount, or if we perform some more complicated transfor-
mation of our frame of reference. Also, if the Heisenberg picture is
identified with the Schrodinger picture at a chosen fixed time, then
for one and the same representation in the Schrodinger picture we still
could identify the Heisenberg representation with it at (my chosen
constant time, or we could have identified it with a Schi-Odinger repre—
sentation in a different (possibly moving) frame of reference. The
Heisenberg state vector would not be invariant at all under all such
transformations from one representation to another.

What we meant by saying that the Heisenberg state vector is a
constant invariant was simply the following. Each of the transforma-
tions just mentioned is a unitary transformation applied to the state
vector. We will 211V 'ays couple such unitary t 'ansformations with corres-
ponding transformations of all q—numbers in such a way that matrix
elements and expectation values remain invariant. Thus having neutra-
lized the effect of these transformations of the state vector, we need no
longer keep mentioning explicitly these now harmless transformations.
This is all we meant when we said that the Heisenberg state vector is
an invariant constant.

The Schrodinger state vector is different. Imagine a set of space-
like surfaces U labeled by a time coordinate t which we often like to
identify with the world time coordinate w". The Schrodinger state
vector is to depend explicitly on t, that is, on a. It is related to the
Heisenberg state vector by a unitary t 'ansformation,

‘P’ [c] : IT [5] WE , or 1P'(t) : U(t) ‘P’n.
This U [c] is to be regarded as a q-number, supposedly expressible in
terms of field variables on a. It satisfies a SchrOdinger equation :

17:08 I' [a] : Es U[u] : U[c] EH,
where E should he the operator generating the film-like translation
from 71!: to :1!»L Eti. and where the suhscripts S and ll refer to the
picture in which ll as a trnutnhcr is taken. The problem is to find Ii.

Here enters at once the question whether I' [7] really should he a
function of i only. or whether it also should depend on the spatial para»
nictrization on this surface s A study of this question forces us to
distinguish hclu'een at least two Iypes of Schrodinger pictures in general
relativity theory. which l will distinguish as the coordinate tnne and
the surface type. lit the former. the q-nunthcrs are made to satisfy the
equation of motion 3.. q... :H. where the subscripts cs denote the coor-
dinate Schrodinger picture. Obviously a picture with this property must
depend on thc direction of the time axis. 2'. that is. the direction of the
world lilies connecting on the sttccessive surfaces points with equal
spatial parameters, u‘, uz, H". We can write the Schrodinger operator l<l,.
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for the coordinate Schrodinger picture in a covariant form by keeping
the world coordinates independent of the parameters t and u, by writing

E0 2 — dO’v E“ 36,: ,

where the E“ is the field, on c', of infinitesimal four-vectors pointing in
the direction (11 = constant) from c(t) to c(t —|— St). In a frame of refe-
rence with r” : f. .r' : u’, this equation simplifies by day : 53 d3a: and
5.“: 53:61 to EC : — 31‘ 117860 d3 x. In order to make a, qcs = 80 q“ = 0
in this frame of reference. it suffices to take — If 36L. rf‘a: equal to any
of the expressions for the total energy: but. for the sake of the inva-
riance of the general formula for E0 it is preferable to take for 56;” the
LORENTZ density Lfi', as with any of the quasi tensors it would be
necessary to specify that the formula for E6 could not be believed in
world frames different from the parametrization frame.

In the case of a surface Schrodinger picture, our first concern is
to keep the transformation U [0'] from 1I’H to ‘FS [0-] a function merely
of the surfaces chosen, and independent of their parametrization. The
only dependence on this parametrization thus left in ‘FS [0-] is whatever
dependence on it was already hiding in TE. If the Schrodinger displa-
cement operator Es for this case is to have a similar form as EU, it is
obvious that we cannot allow an identification of the E“ field with
four-vectors u=constant. We have to choose then for E“ something
that depends merely on the surfaces chosen. This may be achieved by
taking for the E” the four-vectors which point from o-(t) to c(t+ fit)
along the orthogonal trajectories of the set of surfaces 0-. So, if n“ is
the normal on o- (normalized by nu nuz—l with no > 0, so that the
surface elements do» may be given in terms of an invariant surface
element dS by day — g : —m dS), and if «E is the (variable) absolute
length [— dam dw"]1/2 measured between consecutive surfaces along the
n“ direction, then we may choose I‘ = n" E, and the Schrodinger displa-
cement operator for the surface Schrodinger picture becomes :

E3: —I3€L" En”d6u: [Huynl‘nVEdS,
where for the sake of invariance Huv+ Hm should be really a tensor
and not just a quasi tensor. This may suggest taking for 56;] again the
Lorentz density L 3’ , in particular because it makes the coordinate and
the surface picture coincide for the special case of time axes perpendi-
cular to the t = constant surfaces as in Lorentz-covariant theories.
A disadvantage of this choice is that for variable E this Es does not
generate merely a displacement along E" = n” E, so in general n" 3,; qs
will not vanish with this choice of E811) One could therefore think of

(1) One finds, for arbitrary F(q, p) :
EF; — Idaxr Li] =:"F.t*8F+Id“I€”,o [Fm],
with ”n“) h‘h— P" A“ + C(S °' 6: — °° '6'" ),. -

Here, [;] are modified P. B. and 8F is the infinitesimal coordinate transformation
of F and is linear and homogeneous in a, .

23
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another surface-type Schrodinger picture in which ER is chosen in such
a way as to make mums)“: 0. I have not had time yet to figure out
what choice of E8 would do this job (2); it may have to depend on deriva-
tives of E along the surface 6.

If we choose the initial surface a as a surface w“ : constant, we get

n“ : #fg‘)“ with f: 1/\/—— go", and EB : + If 3600 d3 x If also the
next surface is $0 : constant, so that 5:]‘8t, our Schrodinger operae
tors E/Bt for 36p” : LIL become :

. 1-). c( )zfi/Lb‘Hfim:jd3x(fé}€L—)—g,oc’35€s),
. 3.14" a

1: L00
_ 3 _ 3 .(3.1.“ )_f—(_goo) d x;fd Macy

Having written down the operators for the two Schrodinger equa-
tions, we may ask now about integrability of these equations. By inte~
grability we mean that the state vector 1P [c] in either case shall depend
only on c and possibly its own parametrization, but not on the inter-
mediate surfaces (or their parametrization) by which a is reached from
some earlier surface 60.

In the coordinate Schrodinger picture, we should obtain the same
final 11" [a] if we end up on c with the same parametrization (on which
We [a] would depend). In 'the surface Schrodinger picture, we do not
care about the parametrization on c.

The two integrability conditions are the following :
(1) For the coordinate Schrodinger picture :

j'd3 {L- (s t”; t 8,) 366' : [d3 .70 Id3 w’ 8(a) t(m’) [3660617) ; 566°(m’)].
(2) For the surface Schrddinger picture :

Idsmstae ts,» T’Zld3wfd3w’8(w) Hw’) [Wm ; WW],
with T : 23600 g*°/go0 — 9K0“ — 9C") and W : f 3600.

Here, [ ; ] denotes (Ht 0)’1 X the commutator, for which we assumedly
may write the modified Poisson bracket instead. The integrations are
all over the initial surface :17" : constant, on which 8 and t are two
arbitrarily chosen functions.

If we choose 36;] : Ll, then 566“, 360“, ’1", and W' all weakly
vanish because of the constraints, and since KENNEDY has shown [Re
views of Modern Physics, 29, 528529 (1957)] that also their modified
Poisson bracket are linear combinations of constraint functions, it
follows that both integrability conditions are satisfied at least'weakly.
This is not very surprising, because, weakly speaking, our two Schro-
dinger equations both make the state vector change with time by amounts
that vanish weakly. ’

(‘2) One needs an operator E, such that, for arbitrary F,
[F;E,] :E“F “EMF “5.
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it might be thought that the interaction picture is obtained from
the Heisenberg picture by a similar kind of a Schrotlingcr equation but
changing 36;,“ from Lif’into its properly defined «interaction part ».
possibly using the first-order l’alaiini formalism lAHXOWIT'l’ 5: Dawn.
Phi/81ml Rerirzr. 113, 713 11563:] for separating free-field otter-ts from
interaction effects. As the interaction operator will not vanish weakly.
1hr integrability conditions will he less trivial.

In the limit of flat space, our theory of gravity interacting with
matter should go over into the conventional formalism of Lorentz-
covarizmt fielnl theory of matter alone. Now it is impurizim to note that
the two integrability conditions given above will tlifi'er in this limit
l:)‘ a factor 2 in the left-hand member. where the com-«linuie picture has
51th,“. While the surface picture in the. lint-spare limit has in — 3'6”" 7 SC")
twice as much, because these tensors are symmetric.

Therefore one will Want to know which of these two integrability
conditions has been salisiicnl in the existing Lorentz-comriant theories
of HM interuriiou picture for tielils will: a [muscular interaction ope-
rator. In all cases known to me. this always has been we «.mnni'liiion 12)
of the xu/‘fru-r picture

The cases which I have in mind are the one of the Proca field
[Pkg/8. Rev., 76, 66 (1949)], of gauge-independent quantum electrody-
namics [Phys Rev., 84, 541 (1951)], and of the self-consistent linear
theory of gravitation [J. S. SWIHART, Ph. D. thesis, Purdue University,
(1954)]. In all of these cases, it was assumed that the same final state
vector would be obtained if for the interaction operator density one
would use the 360W component of an interaction tensor 90‘": 56"“,
in a frame of reference with the 330' axis normal to the surface a, and
that this equality of final state vector existed notwithstanding the fact
that, in the case considered proceeding from a to 0"* via 6’ With these
normal time displacements would yield equality of spatia parameters
(correspondence of spatial origins) between the points 0 on c and 0’*
on 6", but via 6* it would yield a similar correspondence betWeen 0
and 0*’. As 0’* and 0*’ are spatially separated by a second-order infi-
nitesimal distance of the kind not neglected in the approximation
considered, this means that in these papers the independence of
1F [6“] : 1F [c*’] with respect to the location of the spatial origin was
tacitly assumed. This corresponds to our present surface picture. If we
had wanted to find a coordinate picture, we should have used as Schro-
dinger operator not the 360'0' component of the interaction tensor, but
its —5€6°' component, with the unprimed :00 axis in the world time
direction and only one index 0’ referring to the normal direction.

In order to satisfy the integrability condition (1) of the coordinate
picture, however, one is forced to use a different interaction tensor. For

* P. S. — We have later found that, in these same theories, the Schrfidinger
equation of the Schrédinger picture satisfies the integrability condition (1) of the
coordinate picture i
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instance, in the two cases of the Proca field and of gauge~independent
quantum electrodynamics, for compensating the missing factor 2 in the
left-hand member of the integrability condition, one must double the
term in the interaction operator corresponding to the interaction of
the charge field upon itself. In the quantum electrodynamical case, this
is the Coulomb interaction term. For the surface interaction picture,
the correct interaction operator of the Lorentz-covariant theory was

W,:Efi/87r—{—EH - El /4w—al -j,
with

ozi E curl j (131“ B(a:’)/4m~
and

EHE— V [d3w’p(m')/r.

This operator satisfied the integrability condition (2) for the surface
picture, and it properly transformed away the interaction from the
field equations in the interaction picture. For satisfying the integrability
condition (1) for the coordinate picture, with origin-dependent state
vector, obtained by a Schrédinger equation with E“ : 88 5t, we would
have to double the part of 36;} that gives rise to the left-hand member
of the integrability condition. This turns out to be the Coulomb term,
so that for integrability we are in that case forced into using

Wc:Efi/4fi+EH - Ei/4'Ir—czL j.
However, because this operator contains twice too much Coulomb inter-
action, the unitary transformations U [5] which solve the Schrodinger
equation with the interaction operator WC will not transform away the
Coulomb interaction terms from the Dirac equation for the electron!
Similar troubles arise in the Proca case.

Thus we see that, if we want to define interaction pictures in
which the q-number field equations become independent of interactions,
then we must in some way avoid making the U [c] origin-dependent, so
that in their Schrodinger equation in generala‘elativistic notation we
should use Ell : ”HE rather than vectors E“ connecting points with equal
space parametrization. To some extent, the parametrizationindependent
surface picture is more satisfactory than the coordinate picture, as there
is something nice in having 11"[6] describe a state on a without fussing
about the parametrization on a. I must say, though, that I have some
trouble myself in trying to envisage how such a description should be
given explicitly. It means describing by 1I:"[cr] only relative positions of
particles and fields among each other, but not positions with respect to
the classical machinery which is customarily represented by a coordinate
system.

Anyhow, we are kind of forced into this surface-pictorial point of
view. Some satisfaction about the resulting independence of ‘I’[c] as
to the location of the spatial origin may also be drawn from the fact
that, if we use a representation which does not diagonalize configuration
space, but instead we use a representation diagonalizing, say, some set
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of hare-particle occupation numbers, any dependence on the origin of
the coordinate system would have gone into hiding in phase factors
which nobody ever takes into account anyhow. One then might as well
avoid such dependence altogether.

Finally, there is, of course, one special case in which there is no
distinction between the two points of view in the Schrodinger equation.
This is the case in which, for any set of surfaces 0-, one confines oneself
to a spatial parametrization such that the time directions 11 = constant
are given by the orthogonal trajectories of the surfaces t = constant. If
we call such coordinate systems « time-normal >>, we may say that if
coordinate transformations are restricted to the time-normal subgroup,
there is no distinction between the coordinate picture and the surface
picture.

We remarked before that we were forced to use the Lorentz den-
sity tensor L1 as the tensor 3621 appearing in the Schrodinger operator,
for reasons of covariance. That this tensor weakly vanished cannot be
helped; this was a consequence of this quantity combining covariance
as a density tensor, with satisfying (weakly) a continuity equation. For
defining a free momentum-energy four-vector, of- course, this second
property of the density is more important than the first one. Thence
for defining a non-vanishing energy one has in the past always used
the device of a quasi tensor.

KOMAR [Phys. Rev., 113, 934 (1959)] has recently proposed a method
by which one can combine in one single formalism on the one hand
a non-vanishing energy which may have the expectation value MC2 in
the approximation of an exterior Schwarzschild solution at spacelike
infinity, and on the other hand a covariant Schrodinger operator depen-
ding essentially on the weakly vanishing Lorentz density‘tensor L21.
His idea is first to define an operator 5" which is rigorously a four-
vector density and which depends linearly on an arbitrary displacement
field E” and its covariant derivatives. With a slight modification of
KOMAR’s original equation we write

av [El-I] 2—6-w— LEE";
where

Q” = 201' Vx(Vv E‘— V15") = [201(VVEA— V1591.»
Then, KOMAR has shown that

ate] = [202'(gmaim—gvaea)1,i—aawé.“ — M: a",
Where the M¢LLER quasi tensor and the corresponding superpotentials
appear in the last two terms. This 5" now is to find use in the following
two ways :

(A) For calculating the energy-momentum density (quasi) tensor,
we define

8X =—e" [@2353 ].
Obviously this gives (9);": M 53', the M¢LLER density, of which the energy
density component — M 5" had the same space integral M02 as the
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EINSTEIN tensor, in the case with the Schwarzschild solution at infinity.
(B) For defining a new SCHRoDINGER equation by

fire 5 U [a] : U [0'] Idcy 5" [Eu]

in the Heisenberg picture, with E“ reaching from c(t) to c(t + 8t), either
along 11 : constant (in the coordinate picture), or with E" : ME (in the
surface picture). In the coordinate picture, using the parametrization
as world coordinates, by E“ : 85‘ 815 we find the SCHRiiDINGER operator to
be equal to the energy, as it is customary in Lorentz—covariant field
theory. For the surface picture, however, where E“ : WE is not a cons-
tant on c, we find a somewhat different result.

At first sight, the above expression for 5" [8‘] seems to contain time
derivatives of the E“, as if it would depend not only on the vectors E“
from 5(t) to c(t + fit), but also on the time variation of E“ as we go
on from 0(t + St) to c(t —{— 8t + 8 [t +311). This would seem to make 5°
useless as a SCHRiiDINGER operator. It can, however, be verified that, for
E“ : n“ E, the time derivatives of the absolute spacing E of the surfaces
cancel out, and that the time derivatives of n”, which are a consequence
of the tilting of c(t + 5t) caused by spatial gradients of E, can be
expressed in terms of these spatial gradients.

In order to understand the meaning of the KOMAR Hamiltonian for
the surface picture, consider its definition,

E(K)Ejdcva" [EFL] :fifdc“ L); #Idcvfl’v.
The first term on the right always weakly vanishes, and is identical with
the SCHRGDINGER operators considered before, for which we did already
derive and verify the weak validity of the integrability conditions. The
new element in the KOMAR expression is the last term on the right. Since
it is a scalar, it may be calculated in some special frame of reference,
for which we choose one in which a is a surface 02° : constant. We then
find

—fc§?V:—fd3a7€°:

I20 WV" 5.0— V0801." (130? = 20 II ‘12 SnjF",
a two-dimensional surface integral in which

F" : (V. 50— v0 a") :9"“Ef’a—g°“~§.”a + (P°|” —Pn|9 > 9.
Again, if at this stage we would insert E“ : 85‘ as under (A) above,

then for an exterior Schwarzschild solution at infinity one would find
M02 as the contribution to the energy from the term —— J' (16,; 9.”. For
E” : n“ E, however, we find in our special coordinate system 5* : —— f g” E

_ 1
With f: *— as long as we stay on c. As to the terms with a: : O

_ goo .

in our formula for F”, we mentioned already that the terms with 5.0
here cancel, while for those with ”,0 we may use

5.0n?o:f29“°n?a—f31“{°°+fcm a ,



which expresses that the tilting of the normals is due to the spatial
gradients of the lift E of the surface. Thence we find this time

Fn : 21 /_ 960.6,” am,

where 6“" is the inverse of the 3 X 3 matrix gm.
Assuming that space (but for the tail of the Schwarzschild solution)

flattens out at spatial infinity, we will want to use the Lorentz-covariant
flat-space theory in the outer regions. Therefore, we are in these outer
regions interested in only two types of :2 fields :

111 A («instant 2 field. as used for finding the time (iEPC‘uillflli‘G of
the SVHRCIJJINGEL: state res-tor in lint spat-e. This gives 3.": : 0 :1a there-
fore F" : U in If (13 Si; j 1“”. :‘autl Therefore the KI‘IMAR operator becomes
inleniira] in this ease with the St‘HEiimxm-tn nl‘ierntor for the surface
picture which We have considered before.

(2) A field E: SAW—$5 ), corresponding to an infinitesimal L0-
rentz transformation in the flat outer regions. :The field. again, may
have any desired different form in the interior of the universe. as long
as it has the form given as its limit at spawlike infinity.» In this case
we find L3,“ : constant. “‘ilh a Schwarzschilc] solution far I'm”. we thus

m

find for F" on a big sphere an expression even in w—, of which the integral
’I‘

over the closed sphere vanishes. Thus again the KOMAR expression gives
the same result as the SCHR61)1NGER operator considered before.

Therefore, in all cases of practical importance, for a surface Schro-
dinger picture the Komar operator would yield results identical with
those which we obtained using our own weakly vanishing Schrbdinger
operator.

May 29, 1959.

DISCUSSION

Réponses de Belinfante aux questions dont le texte n’est pas parvenu
1. (in mg- dcnnmrlc pom‘quoi je rends mes opérateurs de SCHR6DINGER

non plzysiqnes en me limiiant a des E“ qui s’anulent a l’infini. Je réponds
que je nc iais anrnne restriction sur E“ : j’admets que pour r —> oo , E“ —> 0,
mais pas que “5-“ a (i.

Maris alors. me. dit—un, voli'e .I‘éfiffl'l E” (in, n‘est pas invariani. .le ne snis
pas «l‘ziccorul : ii est invariant suns I5 i'fnmgement des rourdonnéus d'univers
(1110 ‘i‘m‘ considéré (jc rappellc que 47 es! fixe).

Qi:oi qu'il en soil ie problsEmL- essentiei n‘esi pas encore resolu: v'est
cclni dC' trouvel E to] que iF. E: 7 EH F. .H pour toui champ '= sur (1 (aver7\.;' s I!“ H). égalemeni pour E ~ H cl 1" —. 2a. Voir ie rappel ‘i du rapport.

‘2. GiiHEq‘ me deinandc (-onnnent j'ai obtenu le facteur typique
(—g'”) “" clans mun gen? .19 réponds: JED a été obit-nu par Dirac. et je
n’ai pm: a répéicr son argumentation. J‘ai simplement (lit que 18 961. tileDirac n'est pas l'intégrale de la densité hamiltoniennc cannniquc. mais
qu’ii en différe par un ierme dc surface. II est égal :1 mom _I' L}; Eerie,pour EH : «SJ‘.
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RESUME

Cc! article cunticnt ([iiulquex LIL-\‘elnppemcnls (is in version dc la {hem‘ie
Imitairc non synelriquc propose-e par i‘Aulcur en 1952.

Le Lagrangien cl leg Equalions du champ dc relic. theoric sent d'abord
rappeluf-s. Pnis. aiin do mctlre en lumicrc ies trails saillzmls de 121 nouvelle
theoric- de la mum. qui 5cm proposer. on emdie les fonctions d‘aciion ct
Ies prupagaleurs clans le cas ri'une particule Iibre de Dirac. [Jimcgrnlc nJ'aw
lion do la [hi-uric unimirc est ensuile linéariséc a l'aide deb matrices ole
Dirac. Les résulials obtenus pcrmclienl d’ctudicr dans le dernicr paragra-
phc Ic.-. functions ll'onde (its particnles ale spin I]. 1. et 12. Dans ce demisr
cas, une relation entre l'cqjérateur y; rt la massc dc; champs dc fermionx
cas. unc- relation cntre I’opcralenr _r'_.l cl 1;: masge Lies champs de fermions
est Gtablie d'nne Inaniére invariante c: permet tie préciser i‘existcncc (it
dem. classes dc fermions.

I. — Introduction

The following is a summary of a paper on << Fields, particles and
quantum theory >>, presented to Colloque International sur << Les Théo—
ries relativistes de la gravitation ».

The interaction of quantized electromagnetic field with gravitational
field is an example of weakest coupling of fields in nature. A clever
generalization of electromagnetic and gravitational interactions may
lead to other types of interactions.

The best motivation for trying to bring about a unified picture of
symmetric (gravitational) and antisymmetric (electromagnetic) fields can
be found in the history of photon and EINSTEIN’S general theory of
relativity. Photon, first introduced by EINSTEIN in connection with
photoelectric phenomenon and later described by quantized electroma-
gnetic field, has played the most important role in the sequence of new
discoveries in physics. In particular, de BROGLm’s theory matter waves
was suggested by the wave and particle behaviour of light. However,
electromagnetic waves do not carry mass and charge and they are des-
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cribed by a special type of an anti-symmetric field (a gauge invariant
field or a field that is derivable from a vector potential). We may envi—
sage a more general anti-symmetric field, one that is not derivable from
a vector potential.

From a philosophical point of view (the unity of natural pheno-
mena) one is inclined to believe that the concept of generalized anti-
symmetric field ought to play a basic role in describing both massless
and mass fields. Broadly speaking a complete description of nature
could be based on a certain geometrical union of symmetric and anti»
symmetric fields. EINSTEIN’s general relativity is a partial realization
of this idea.

The contents of the above remarks on the role of antisymmetric
field cannot fully be appreciated without pointing out the place of the
spinors in this theory. The formulation of this theory does not start
with spinors. We formulate the theory in terms of a 16 component
tensor and (luckily) we end up with vector and spinor fields which
comprise scalar fields as a special case.

The contents of this paper consist of some further developments
of author’s version of EINSTEIN’s Generalized Theory of Gravitation (1).

II. — Generalized theory of gravitation

A purely geometrical derivation of the Lagrangian of the genera—
lized theory of gravitation was given in Reference 1. A detailed method
for another derivation will be published elswhere; here we shall, merely,
sketch the result.

The action function of our theory is given by
(12 s

S(r0) : 8 j 1100) (1401-, (11.1)
,1

1: c
where

11(70): §P“(Rw—IJ2 q’l Foal + 2P21V # .0 — V — a), (11-?)
Where p and q are constants. Of the two constants p and q, only p
appears as a new constant since it is related to the constant q by

2G
202 9‘2 = 4 (11-3)

0

where, now
10—1 : 7'0 : a constant of the dimension of a length,

(12 : a constant of the dimension of energy density.
If we wished we could, by using (11.3), eliminate the constant q from
the Lagrangian. The essential role of q lies in treating the fundamental
field tensor gut} as a dimensionless geometrical entity. The latter is
achieved by writing

gas : aaB + (1" W8 (11-4)

(1) B. KURSUNOGLU, Phys. Rev., 88, 1369-1379 (1952).
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where am and m are symmetric and anti-symmetric parts of the field,
respectively. The symbols 9 and a refer to the determinants of gut; and
04415, respectively. The auxiliary field Fag satisfies free field MAXWELL
equations. The meanings of other symbols can be found in Reference 1.

The field equations resulting from the variations of the action (11.1)
are

Ra_B : —p2 (was __ baa) (II.5)

Rave = —p2<<paB—Fas) (11.6)
“VB, ,3 = 0 (11.7)

where
Gals + 9—2 cPalm (PE

(1 + {1—2 9 _ (1,—4 A2)1/2’

is the metric of the field. The tensor indices are raised and lowered by
the use of the tensor Cuafl. The invariants Q and A are defined by

bag : (11.8)

1Q = 3 «M m (11.9)
1

A : I f“5 Que = pseudo-scalar (11.10)

1 (11.10)
=—5am” ‘Puv

2 \/——a
The determinant of the fundamental tensor 9:13 is given by

g : Det(g¢5) = a,(1 + q‘2 9 — q"4 A2) (11.12)
The introduction of the constant r0 is the main idea of this paper

and it is the only deviation from Einstein’s unified field theory (2’.
A novel aspect of our theory lies in the existance of a correspondance
limit. If the length To is set equal to zero the generalized theory reduces
to EINSTEIN MAXWELL field equations for gravitational and electroma-
gnetic fields. Thus, general relativity is an integral part of the theory
r0 = 0 value of the constant 11,. Actually, the constant r0 difierentiates
between massless and mass fields; it is the eigen-value of the field. The
photon and neutrino fields are << zero length >> gauge invariant fields.
It is quite natural to expect that various values (eigen—values) of the
length r0 as defined by the field will represent various mass fields.

fdfi

The requirement :

(1 + q-2 Q~q-4A2) > 0, (11.13)
will put a limit to possible values of 7'0 and finite values of m can be
expected to provide an upper limit for the maximum possible values of
the field.

The square root (1 + q—2 9 — (1‘4 A2) is an invariant of the theory
with very interesting properties. It will be found convenient to cast it

(2) A. EINSTEIN, The Meaning of relativity, Princeton University Press, 1953.
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in a more suggestive form. Expansion of the square-root in powers of
q—2 leads to :

W=1+§q—2o—§q—4(§92+A2)
+iq—GQ<iQZ+A2>_iq—B <iQ2+A2)2

4 4 8 4
_iq—mz(io2+42)+ .......8 4

It can easily be seen that the above expansion of the square root enables
us to write the square-root in the form :

, l 2.
\/(1 +3—q—2Q) —q—" 021907141 (11.14)

where :
1

02 1)“ pa : I 92 + A2 (11.15)

By using the relations :
u 1

TE TE: BB (I 92 + A2)

we can write :
0 pa : Tau V” (11.16)

where :
V“ V,1 : 1 (11.17)

is an arbitrary unit vector and :

U. 1 a.TB : Z BB q (pm) _ Q0“ (PB!!- (11.18)

so that pa defined by (11.16) with the arbitrary unit vector Va satisfies
(11.15). Hence the square root is invariant with respect to the intro»
duction of an arbitrary unit vector by (11.16).

111. — Extremum action and free particles in quantum theory

In order to bring out the salient features of the proposals to be
made and motivations in making these proposals for a new theory of
matter we first discuss a few examples from classical and quantum
mechanics.

(A) The action function of a free non-relativistic particle in the
time interval (to, t) is given by :

t 1SZf 7vdt, (111.1)
.1
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The equations of motion are :
dv
dt

The classical path of the particle is described by :
r = 1-,, + ”a (t — to) (111.2)
12 = no

:0

so that :
r —— To

a t—t—o

We use the path equations in (111.1) to calculate the extemum value of
the action in the time interval (t, to) as :

17:1}

1 m [r — r01:
S = 7 m 170’ (t —— to) = _— (III.3)

.4 '2 I f — tr,»

along the path of the particle.
The action function S obtained in this way is a solution of the

Hamilton-Jacobi equation :

a—S+i(vsr’—0 (1114)at 2m — ’ '
The extremum action S is the generator of a canonical transformation
along the actual path of the particle. The corresponding situation in
quantum mechanics is a canonical transformation along the << quantum
paths » described by a transformation function defined by :

3

m 3 im (1' — ro)2_—] exp <——> (111.5)_21mh'(t—to) 215(t—to)
It satisfies the boundary condition :

Lim <9”, t In, to) :: = 3 (r—ro)
t=to

<r, t | 1'“, t.,> =

and the equation :

(itg—t—Ho) <r, t I re, to> = 8(r—r0) SUE—to), (111.6)

Where .

Ho:— 2
2m V

and :

f <r,t|r,,,to> d3r:1
n

¢(r,t)=/<r,t|r',t’> ¢(1’,t’)d3r'
I.
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In this case quantum propagator of the free particle is not a function
of the classical S alone but an additional phase factor is involved.

(B) Relativistic free particle :
The classical action function S is given by :

S : - m02ft <1 ——2> dt, (111.7)
to V c

The extremum value of the action in this case is :

S : — m0 R
where :

R2 : 02 (t ”— to)2 — (T— To)2

and it satisfies relativistic Hamilton-Jacobi equation :

BS 2 + m2 c2 : 0. (111.8)
ama

The corresponding quantum propagator of a free relativistic system
satisfies the equation :

(v2mi 62 _k2> AFUB—w’) :8(.T——m’) (111.9)
02 at2

where AF is the usual quantum propagator of a mass particle.

(0) Free Dirac Particle :

In accordance with two-valued representation of the LORENTZ group we
consider relativistic extremum action function S defined by (111.7). The
linearized form of S is given by :

S : —— m0 “f" Xp, (111.10)
Where :

X : a; — w’

The propagator of a free Dirac particle can, now, be written as :
where :

SF (X) : [exp <— ”11,? m0 7? Xp>] AF (X) , (111.11)

i \
[exp <——mc 7P Xp)] :yppp— k

‘h: R=0

pDZ—i‘h' a .
amp

We thus see that in the last two examples (B and C) the classical
extremum action function plays a basic role in the construction of
free particle quantum propagators. The properties of the action function
discussed for the above three cases can be extended to action functions

where :
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for fields. The next section is only a brief discussion of the extremum
field actions

IV. — Extremum field action and particles

The discussion of the previous section is not directly applicable
to interaciiug systems. We do not know what particular rule. if any,
can the extremum action-0f an interacting classical system can play
in the c-(mstrncticm of propagators for interacting,r quantum mechanical
systems. However, in unified theory it is not possible to speak of a
free part and an interacting part. For the unified theory the definition
of extremum field action can be given as the value of the action function
obtained from the substitution of the field equations in the expression
of S from which the field equations were obtained via Hamilton’s prin-
ciple.

The substitution of the field equations (11.5) and (11.6) in the
action (11.1) gives for the extremum value of the field action the result 2

2 .S01») =— q f(\/———\/——a) «m, (IV-1)4wc
By using (11.14) we can write the extremum action of the unified field
as:

q2 1 2.c/ma-q—m)—cw—wp]—lw
(IV.2)

For To: 0 it reduces to the action function of charge free electroma-
gnetic field. The action (IV.2) is subject to the 4 conditions imposed by
the field equations (11.7).

Now, in an infinitesimal region of space and time all points of the
region can be connected by means of LORENTZ transformations, regard-
less of the gravitational field. A two-valued representation of the L0-
RENTZ group can be extended to a two-valued representation of the
continuous group of coordinate transformations by means of gravita-
tional potential dependent DIRAC matrices. Our action (IV.2) is a non-
linear function of the 16 field variables 9048 and therefore its rationaliza-
tion requires the use of 16 DIRAC matrices that constitute a complete
(irreducible) matrix algebra in 4 dimensions. Let us assume the existance
of an operator X defined by :

X=F+Brs+Dat“+Larst“+ Masrutfl
such that its square is an invariant given by :

1 2

q“ [(1 + 7 q‘2 9) — 02 q“ 20“ pa]
where F and B are scalars, Da and La vectors and Mag an antisymmetric

S(r.,) = —-
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tensor. The scalars F and B or the vectors DH and Lu are linearly
independent because of the tensor property of our field variable gag.
The y-matrices are defined in the usual representation by :

y:i{5a, 752:—]
1 1

“(5 Z —“
4! \/— (1

Y5 “(L1 ‘1” Yu “(5 : 0
TuYV+YVTu:—2aluv14-

From taking the square of the operator X it can easily be seen that
there exist two possible operators whose square fullfill the required
condition. The corresponding two action functions are given by :

1
47:0.)

65“” Ya YB w Yv

871(70) 1 —
’ 1

IV—a[q2<me1)+7ixs£2+cvupa]d4m,
(1V3)

and :

sU'o) : —
1 1

4 /V*a[(12075‘1)+tSQ+CTSYuPa1d4$v210‘, 1.
(IVA)

These action operators have resulted from (1V2) by taking in the ex-
pression of the operator X the values F : 0, Mag:0, Lo: : 0,

1
B : i (1 + 7 (1—2 >, Du : 0 pa for the action Sn and F : 0, 31a}; : 0,

Da : 0, B : i (1 + g (1’2 ), La : 0 pa for the action 8,2, respectively.

The expressions Sn and n constitute an irreducible representation
of the linearization process, since (i) there exists no canonical transfor-
mation to transform the 75 operator into a unit operator (the matrix 7;,
is a member of the complete algebra of 16 Dirac matrices in 4 dimen-
sions), (ii) because of the tensor property of gafi it is not possible to
take a linear combination of the vectors Da and Lu where Du: La.
But Da and La can be taken equal as long as they occur in different
expressions as in (1V3) and (IVA). Thus the two action operators are
not reducible into one another.

W'e conclude this section by recording the expressions of the deter-
minants corresponding to the first terms of the action operators as :

1 1
D913 (”“12 “(S + 7 W5 Q + “Ya Pa) : DBt (£92 Y5 + 2 1.75 Q + 0Y5 Tu pa)

: (13 (1 + (1—2 Q — (1‘4 A2)2, (1V5)
and :

Det (T3) = (02 w W, (1V6)



V. — Wave functions of boson and fermion fields

We introduce the complex quantities you, by :
Zm- : ?m' 1'" ifm; I\'.1|

where fw- are defined by (H.111 111 an infinitesimal region of field with:1 sperial Choice of C(,)-(Jl'ilil]:1[0>~‘ the space and time mmpuneuts 0f Xm-are jUst complex ("01l gates of mu: another. In the particular regimiof the field We need to use only tlaru- tomponcnts 7.: of Zn: defined by :
1 .xi=m= 4701—1—77: V_“5mc 4’” (V2)

It is known that x is a spinor of rank two. With the introduction ofthe momentum density of field pa defined by (II.16) can be witten as :
0pa=<x10asV5|x> 07.3)

where the operator 0:13 is expressed in terms of the generators of infini-tesimal rotations by :
T8 1 8 7‘00:8 = I [(Ka Ks + KB Kc)” — (33 33 + 56 53)] 7 (VA)

The trace of the operator 004i is zero and the superscrips r, s, (133, = 1,2, 3) refer to the matrix elements of the matrices Ka (charge co-ordinate) :
0 —i 0 ’i,

O (l 0 0
0 0 U— 1 0

K3: 0 0 —-z' K4=|:0 0][0 + i OJ 0 1
satisfy the commutation relations :

K1} Ki * Ki Ki 2 5 517s Ks (V5)
The 4 K-matrices transform like the components of a four-vector. The
(rs) elements of any K-matrix form an axial vector in charge space.

Any one of the Hermitian K-matrices have eigen-values + 1, ——1
and 0; the corresponding eigen vectors | + 1>, ]— 1 >, | 0 > can span
the charge space. The ket vector :

X1
IX> =[X2]

X3
Will be related to the wave function of a photon. In the following we
shall give a brief discussion of three special cases.

" U
(I
—l

G
H

Q
C

O
O

(A) SPIN 1 PARTICLE : In the limit r0 = 0 the antisymmetric part of
the field reduces to FaB satisfying free field Maxwell’s equations :

«515%:11”) (V.6)

24
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Where we took :
H : cg - E (v.7)
P : # m V (v.8)

W > : H’l/2 x> : W'ave function of photon (V.9)
1

CI>aZ7<lalX> (V10)

The 4-vector 1001 represents the energy density 1/2 (62 + 362) and I’oynt—
ing vector (5 X 36) of the electromagnetic field. The velocity of the

photon can be obtained from the Hamilton’s equations of motion as :

a H

‘19
Although the orbital angular momentum of a photon does not (because
of its speed 0) have a, direct physical meaning we can use it to calculate
spin a photon. Thus from the commutation relations :

IE, 3 + k g] : 0
we conclude that K’s are spin matrices of spin 1 particles and that the

paralelism of the spin and the velocity of a photon is an invariant
statement. The Krmatrices satisfy also the usual angular momentum
equation :

2: : c E (v.11)

K%+K%+K§:S(S+ 1)
Where S : 1. Somewhat different but a detailed discussion of the above
form of electromagnetic field has already been given by GOOD (3).

(B) SPIN () PARTICLES: \Ve have discussed the case 7‘0 : 0 for the

action function (1V2) and we have seen that it correspondes to massless
spin 1 particles. The case n, # 0 can, therefore, be expected to represent

integral spin particles with mass. The action (1V2) for r07é0 is an
invariant function of :

l<x* x>12:l(§+i£I-l§+i§)|2:02+41\2
which suggests that the wave function for mass fields with integral
spin can be taken to be proportional to :

\/(Q + 21'. A).

It is a combination of a scalar Q and a pseudoescalar A so that it can
represent zero spin fields. A detailed discussion of spin zero fields will
be given in another paper.

(C) SPIN 1/2 FIELDS : By eliminating q with the help of [11.3) the
action Sn and 8,2 can be written as :

1 1 c4
4wct,/‘\/—#a[c 7 pa + 3 Q —0‘|I, (Q + 17%)] d4 1.,

(v.12;
871(7‘0) : —

(3) R.H. Goon, Phys. Rev., 105, 1914 (1957).
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1
4-7:“0

51203) = —
1 c4\/—a, 075yapa+—Q—JTZ_ 9—}— (1441:,2 GM2

(v.13)
The association of the projection operator :

1
m: :_ (1 i i 75)2

with the mass term (i.e. r0 term) clearly shows the existance of massless
and mass fermion fields in an invariant Way (4).

The existance of two different action operators for fermion fields
may be interpreted as referring to two distinct classes of fermion fields.
The symmetry properties of these two classes of fermions will not be
discussed in this paper.

We have seen that for Boson fields the limit r0 : 0 leads to massless
electromagnetic field in the presence of gravitational field. For fermion
fields the limit r0: 0 does not exist since the term (12 in the action
operators becomes infinite in the limit r0 = 0. Thus there exist no
limiting fermion fields with mass. However we can use the identity :

311+ —|— m- = 1
and separate any one of the fermion action functions into two terms as :

Sf1(ro) : S+ — S—
where :

1
47:

C1 4 ‘
f\/—a[cm_7“pa+—JR_Q—JTL_]<Q+ )d‘m,

c 2 Gr},
(v.14)

s—z—

1
47:0

8+:— " 1
jv—a[c£m.+ Yapa+—;m+§2]d4x,

(v.15)
The eigen vectors l1> and ]0> corresponding to the eigenvalues

1 and 0, respectively, of any one of the projection operators 011+ or
OTC_ can span a two dimensional space which be called << mass space ».
The limit 7",, = 0 for the action S+ exists and is given by

1 1s+(0) = _m V—a [0 011+ Y“ p3 + 7011+ 90] d4 .77, (V.16)

Where [)3 is defined by (V.10) and Q“ is now the invariant 62—382 of
the charge free electromagnetic field. The first term of (V.16) is of the
form ..311+ Kit 73:: xi" Xi
which because of the projection operator 011+ is effectively expressible
in terms of Pauli matrices. This result can be used to derive a wave

(4) This new result of the theory is highly satisfactory. The relation between
75 operator and the mass of fermion fields appears as a unified and invariant
statement.
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equation for the massless fermion fields. We shall consider a single
plane electromagnetic wave and find the corresponding spinor wave.
We define the mixt quantities “33 which transform like a second rank
spinor in spin space an das an axial vector in charge space,

aim : — i Kg 63;; x,- (V7.17)
We thus have three second rank spinors corresponding to i: 1, 2, 3.
As a first orientation let us consider the spinor 11/313 : (lame. Now, for a
plane electromagnetic wave the two invariant Q“ : {’52— 362 and A” :
65-36 vanish so that the spinor $115 is to be defined by four independent
numbers alone. The latter is possible only if 42043 is of the form

that; : Na Mg, a, B : 1, 2 (V7.18)
where “a is a tworomponent spinor. From (V.17) and (V.18) for i: 2
we obtain

i(u"i+u§), X3Z—H1UI2 (V19)“l
“1 211::(1‘1—1‘2), 12:

Substition of (VJQ) in (V.10) leads to
1 1

cpl : 7 Vein (uf‘uz +11? ul), 0192 : —7 0104 1(s M2 7 u; 111),
.4 .1

1 1
("pg : T \/cp4(ufu1 # 142‘ M2), 0194 : 1W1“ u] + it; n3)2, (V20)

which are equivalent to
1

op, : 7 <1“ ‘5“, m > (V21)

where
[m> : (0104)“4 |u>, (V22)

The momentum 1),; defined in (V10), because of MAXWELL’s equations
(V.6), is conserved. In the same way the momentum density defined
by (V21) is conserved because of the neutrino equation

it alur1>

at

mug-£- §:—M2
: Hy J'u1> {‘723>

where

The polarization of the neutrinos corresponding to the polarization
of the photon expressed by

< P
is contained in the equation

<ulli636'Pl/M1> 1,V.24)

The wave function of fermion fields with mass is given by

7.>:0

a; : — i Kii as x.- W25)
The superscript i(: 1, 2, 3) refers to charge co—ordinates. The remaining
16 spinor indices may refer to (a) particle, antiparticle states, (b) 2 spin
states, (0) lepton or baryon state, ((1) 2 possible symmetry states.



VI. — Conclusion

The basic role of the field equations in this theory is to provide an
eigen value problem to obtain 7", and the corresponding eigen-states of
the field. Every other information on a dynamical system can be obtained
from the wave function that is already in the theory.

The discussion of massless fermion fields could be carried throuh
in the same way with the action function s. The latter would imply
the existance of another pair of massless neutrinos with different sym-
metry properties. A detailed discussion of these and other results will
appear in author’s forthcoming papers.

DISCUSSION

Intervention du Prof. Ivanenko

Touchant l'usage du déterminant on «volume» d’une quantité ten-soriclle en taut qu’invariant fondamental, je pense que c’est la méthode
utilisée notammenl par BORN et INFELD, et aussi par EDDINGTON dans sonMVP-c tanwux.

(Juan? 51 la question plus inlportunic de 141 poxsibilité d‘une fhéoric-
unimirc. on a discuté :iujourd'hui quL-Jquus tcnlzifires pour tirer les equa-
tions «In numremen! (les particulcs {incluant 1:: spin dams les versions 105plus uptimistes} des equations du champ do In Iieiativiié géuérale. .Te suis
heureux dc [muvoir nitirc-r l'utlcntion sur rle [rés intéressunts essais dc
construirc toutc la Luatierc orilinuire i1 partir d‘un curtain champ spinoriel
priimiu'dial. L'iilée a son origine thing in e; méthode dr- fusion 2) tie Louis
de BRHGLIE. Avcc MM. A. BRUDSKY. MIHMNASHYILI at D. Ix’lrsnmsnmzu, nous
muons churché 1‘: génél‘aliser on forum non—linénire I'd-question de DIEM? ct
([uelques autres; mais cc sont surlout HUISENBERG at sex collulmrazeurs qui
ont obtenu les résultats les plus convaincanls 9t intércssunts (tn construi-
Sani 136$ particules élémentuires :1 IJLH‘HI' d'équations spinorieiles vpré-
materielles Les graviions. pariicules nlr spin 2. pcurenl manifestementGiro protluils ainsi. Si alors on admet I21 posgibilité do niutuelles trans»
formations dos graviinns négatons-pmitnns. rich, on aboutit néccssairc—
ment :1 (les ternies non—linéaires dans les champs gruvilalionncls faibles.
Bier: stir ii an s’agit pus encore de RyluliVité générale, mais pellt-étrv (1e
quelques pas vars clle.

On peut donc se dcmander si la plus plausible des théories unitaires
d’aujourd’hui serait soil puremcni spinnu‘iclle et non-linéaire, soit purement
géométrique comme Ie prél‘érerail pout-élre 1e Prof. J. A. WHEELER, soit
peut-étre une combinaison des dcux forums '.‘

Intervention du Prof. L. Motz

En 1953 je suis parti de la vieille théorie de WEYL sur l’invariance
de jauge et j'ai obienu une dcnsité lagrangienne tie la méine structure que
celle du Prof. KL’ILSL'NOGLL'. Je I‘ai Iinéarisée an moycn «les fonctions y de
DIRAC, et, en variant le iagrangien par rapport aux potentiels électromagné—
tiques, j’ai ObiC‘DU les equations dc MAXWELL-LOHEXTZ. (lans lesquelles les
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densités de courant et de charge apparaissent comme fonctions des poten—
tiels.

J’ai généralisé ce travail, et obtenu l’équation du second ordre de
FEYNMAN et GELL—VIANN a condition d’interpréter I’électron comma: une
région de l’espace—temps oh la courbure égale 1a longneur d’onde de
COMPTON.



GENERATION OF COORDINATE CONDITIONS
AND THE CONSTRUCTION

OF INVARIANTS IN COVARIANT THEORIES

by JAMES L. ANDERSON
Stevens Institute of Technology, Hoboken, New Jersey

RESUME

On examine le problems de la construction d'un ensemble complet dcconditions (19 coordonnécs pour une théorie covarianle generale. Un tel
ensemble fixe eomplélemenl 1e systéme :Ie coordunnees ct il s‘ensuit quetoutes les fonctionnelles rles variables fundamentales dc champ sent (lesinvariants pliysiquemenl observables. En general, nous ne pouvnns paschoisir ces conditions d’unc maniére arbitraire; elles d0i\‘enl étre compa-tibles avec les equations du champ. Nous avons. :1 act cfi'ei, (leveloppé unemélhode qui tournisse un ensemble cnmplet de. ces conditions pour toutclmix dc variables fondamcnl'ales indépendanles de champ. La Inéthode
exige que l'on soit en mesure dc résoudre, en fonction des variables funda-mentalcs. les equations aux contraintes secondaircs de la meme par rap-
port aux variables supplénienlaires. Nous arons applique. cetle xnéthode an
cas riu champ électromagnéiiq‘ue et a celui du champ mésiqne scalaire eninteraction avec le champ gravitationnel. Dans cc dernier cas. nous nvons
eu s uliliser pour le champ gravitationnel le developpement en série adapieaux champs faibles.

l. — Introduction

As a consequence of the invariance properties of covariant theories
such as electrodynamics and general relativity, the basic field variables
are in general not physical observables. To obtain observables from
these variables one can proceed directly by attempting to construct
from lhem manifesfly invariant functionals. r. g., Au,v_Av,u, in electro-
dynaniics. Alternatel): one can imposk a sufficient number of coordinate
(gauge) conditions on the basic variables so as to reduce the invariance
group to the identity element, thus in effect « freezing >> the coordinate
system. In this frozen coordinate system then, all functionals of the

" This research was sup orted by the United States Air Force under ContractAF 33 (616) 5556, monitored y the Aeronautical Research Laboratory, Wright AirDevelopment Center.
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field variables are invariants and hence are physically observable. In
particular one could use the coordinate conditions plus constraint equa-
tions to eliminate from consideration as many variables as conditions
plus constraints. The remaining variables, while not manifestly inva-
riant, are, nevertheless, true invariant and hence physically observable.
Furthermore they constitute a minimal set of observables in the sense
that they are independent of each other and at the same time constitute
a complete description of the physical state of the field.

In order that a set of coordinate conditions lead to a minimal set
of observables it must satisfy two conditions. Firstly, it must be com»
plete; there being one and only one coordinate system in which the field
variables satisfy all of the conditions. Secondly, it must be compatible
with the field equations. Having satisfied the set initially, the field
variables must continue to satisfy it automatically throughout the evo-
lution of the system. It is this latter requirement which gives the
greatest difficulty in constructing a suitable set of conditions. Thus,
while we can, more or less arbitrarily, impose what appears to be a
complete set of conditions on an initial spacelike hypersurface there is
no assurance that they will remain satisfied as the system evolves in
time.

We can investigate this above difficulty more closely by inquiring
of the number of conditions needed to obtain a complete set. Let us
assume that the transformation law for our theory contains N arbitrary
space-time functions, the socalled descriptors. Then we can require that
the field variables satisfy N conditions throughout the spacetime region
of interest. In what follows we will call such conditions, which are to
hold over a finite region of our manifold, primary conditions. Thus the
Lorentz condition and the De Donder conditions are examples of pri-
mary conditions. In general, however, these N primary conditions are
not sufficient to fix completely the coordinate system; there still remains
a restricted group of transformations which maintain the covariance
properties of the theory. This remaining freedom of transformation is
a consequence of the arbitrariness in the solution of the equations for
the descriptors which generate the transformation leading from the ori-
ginal coordinate system to the one in Which the primary conditions are
satisfied. It can be eliminated by the imposition of N further subsidiary
conditions. However, unlike the primary conditions, these additional
conditions can in general be imposed only on a non-null hypersurface
in the space-time manifold. Conditions of this type will be refered to
in what follows as secondary conditions. Thus we need 2N conditions
to completely fix the coordinate system. However, since the secondary
conditions can not, in general, be taken to hold throughout our space-
time manifold, they will be incompatible with the field equations and
hence do not readily lead to invariants.

If one could find a non-invariant constant of the motion it could
be taken as one of the secondary conditions with the property that, once
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imposed on a initial hypersnrfau-e. it would remain satisfied throughoutthe temporal evolution of the system and hence satisty oni-
requirement. In electrotlynamit's such :I quantity can he found :imposes the primary condition V3 q,-

second
it' one

: 9. then. as a t-miSetlnent-e of the
. . . d(V'A) . .equatlons ot motlon one finds that 7:0. Slnce our primary

condition allows us 1'“ require initially that V-A:0, we see that it
will remain satisfied for all times. Thus, as taken, our two conditions
allow us to eliminate the scalar and longitudinal potentials from the
theory leaving the um transverse components as invariant quantities.

The form of the primary conditions which will lead to conserved
secondary conditions can, in simple cases such as electrodynamics, be
infered from the form of the field equations which are free of second time
derivatives. 1n the more complicated vase of general relativity such
inferences cannot be as readily drawn. However, we shall show that,
in the canonical formalism. the setting of satisfactory primary condi-
tions fOliol-VS automatically from a choice of those field variables or
functionals thereof which we ultimately wish to constitute our minimal
set of observables. Since there is no a priori reason, other than simplicity,
why we should choose any particular functionals of our basic variables
to constitute our minimal set we are led to a whole class of conditions
which satisfy our two requirements. than insuringr the continuing enra-
riance of the theory as a Whole. Finally. we should mention that. while
our procedure can he applied to the electrorljcnamic ease in closed form.
it appears that some form of approximation procedure is i'iet-essary in
the gravitational case.

2. — Description of the method

Our method of generating conditions on the field variables is based
on an observation of Dirac [1] concerning the structure of the Hamilto-
nian of general relativity. He was able to show that the primary and
secondary constraints of the theory appear linearly in the Hamiltonian
with coefficients which are functionals of a subset of the field variables,
the constraint variables, and that the constraints themsleves do not
depend upon these constraint variables. The same situation also pertains
in electromagnetic theory. Thus in the latter case we have

1 1H:f{ 7:24— (VXA)2—i‘A+(V'w+p)?+W} 61309250 2H0

(1)
where 7: is the momentum density conjugate to the vector potential A
and q; is conjugate to the s ralar potential qa. Here q) is the only constraint
variable and it is the coefficient of the secondary constraint while its
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time derivative is the coefficient of the primary constraint. In the gra—
vitational case we have ‘

H :fmoo-w gen + g... 36’ + 2y... we} as ac (2)
where

1
56L : K’1 n” 7:78 w j

1 b v7:; 73': >+ : K gm,” gab”) {fem 03D ; QTS ca ) cu

+ 2mm (3” A em 0””) 0”} + {K‘1(K2 cam). + 36m (3)
is one of the secondary constraints to be referred to as the Hamiltonian
constraint and

36' : C” gab's 73‘” # 26730?” 9%).» + 3631 (4)
are the other three secondary constraints and will be referred to as the
longitudinal constraints. Here the constraint variables are just the gun.
The primary constraints are the coefficients of the 9"“). The quantities
96m, and 36121 arise from right hand sides of the field equations and
represent contributions from the non-gravitational part of the system.

We proceed by solving the N constraint equations for N canonical
variables. These variables will, in general, be functionals of the other
canonical variables and the constraints. When substituted into the
Hamiltonian there will result a new Hamiltonian which is free of these
solved variables but which now contains additional terms depending on
the constraints. If the variables which we have solved for have been
chosen appropriately, these additional terms will not contain the cons-
traints in such a manner that they will diverge when we set the con-
straints equal to zero. With this restriction in mind, we can then say
that only those additional terms which are linear in the constraints
can contribute to the equations of a dynamical variable since the cons-
traints are considered to vanish weakly in the sense of Dirac, i.e., we
can make use of their vanishing after we have computed a Poisson
bracket. However, we can eliminate the terms in the Hamiltonian which
are linear in the constraint by requiring that their coefficients vanish.

Because of the special form of the Hamiltonian mentioned above,
these coefficients will in general each contain two terms, one indepen-
dent of the constraint variables and the other depending only on these
variables. Thus the coefficients can be made to vanish by an appropriate
choice of the constriant variables. These expressions for the constraint
variables will then be taken as our primary conditions.

With the imposition of the above mentioned primary constraints
we arrive at a new Hamiltonian which is free of constraints and also
does not depend upon the << solved for >> variables. The variables which

* In our equations we make use of the Einstein summation convention with
Greek indicies running from 0 to 3, Latin from 1 to 3. The signature of our metric
will be (1, ~ 1, fl 1, —l) and we use units in wi-ch c : l. The‘quantities a“ are the
components of the inverse to 9,, and K : det g”. 011 the surface I” : const. we raise
and lover indicies with e” and gr, respectively.
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are conjugate to these solved variables are now constants of the motion
and hence, if we initially impose additional conditions (our secondary
conditions) which depend only on these latter variables they will retain
their form throughout the evolution of the system.

By following the above procedure we thus arrive at a sufficiently
large numer (2 N) of conditions on the variables of the theory to allow
us to completely fix the coordinate system. Further, the variables of the
theory divide up into three classes : the constraint variables and their
canonical conjugates, the << solved for» variables and their canonical
conjugates and finally the remaining variables. These latter variables
then form a minimal set of true observables and as such constitute the
basis for a complete description of the irreducible physics of the system.
In the next two sections we shall apply the procedure outlined above
to both the electromagnetic and gravitational case. In both instances
there will appear a « natural» set of variables to << solve for >>. Once
we have decided upon them, the form of the primary and secondary
conditions follows directly. We should emphasize that, While the choice
which we shafl make is the most natural, almost any choice would do
as well and hence there is nothing special about the conditions of which
we shall make use.

3. — Electromagnetic theory

We see from the form of the Hamiltonian (1) that the primary cons—
traint of the theory is just

while the secondary constraint has the form
gEV-m:+p~0. (6)

In order to solve this secondary constraint let us write w as
7‘: : “tr + 1""10 (7)

where at, and 7:10 are defined in the usual manner to satisfy

V ' fitr E 0 (8(1)
and

V X mo E 0- (81))
As a consequence of eq. (8b) we can set

Mo = V - 0 . (9)
Eq. (6) can now be written as

gEV20+p~0 (10)
which we can solve in the form

0(60) =I GU”, 40') {9(00’) — 90%)} d303’ (11)
where G(a§, w’) is the Green’s function for the Laplacian operator, and
is thus given by ‘

G(a?,m’) =—(4wlw—w’[)—1. (12)
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If we now substitute our expression for 6 into the expression (1) for the
Hamiltonian we obtain

i) _
.4 :4)

1 1 .H[{ 75+?(VXAMV—j'A‘i‘WI’tM’
d

1
1 2 [Gown [mm—gm] [9(1") #9003] £13410} dgat- (l3)

50 v
As we mentioned above, we can disregard the term which is quadratic
in g(w) since it will not contribute to the equations of motion. The terms
which are linear in 9(a) can then be eliminated by requiring, as our
primary condition, that

m) — I G (as, ,r’) M) d3 00' : 0 (14)
or equivalently, that

v2cptw1—p<w>:0. (15)
Since our Hamiltonian is now independent of me, we can impose the
secondary condition

Alow) : 0. (16)
Our final Hamiltonian thus takes the form

'” 1 1 . .
11:] { 55+ , (V XA)2]“‘.A{T} (13'1"

250 3W)

1

t 9 flow (wax-'1 .oo') dBw W (171
‘50

where we notice that the appearance of the Coulomb interaction term
is a direct consequence of our procedure. Again it should be emphasized
that there is nothing unique about the conditions (15) and (16). If we
had solved eq. (6) for rm we could have carried through our entire pro-
cedure as before. we would replace eq. (15) by the condition

82 1? an an ,,
f, —AJ*—V :P (10)

and eq. (16) by the condition
A$(a‘) : 0. (16’)

Our final Hamiltonian would have essentially the same form as that
given in eq. (17), including the Coulomb interaction term.

4. — Gravitational theory

In attempting to apply our procedure to general relativity we are
faced with two difficulties not encountered in the electromagnetic case.
For one, the constraints (3) and (4) are more complicated in form than
the corresponding electromagnetic constraint (6), thus making more
difficult their solution. Perhaps more serious, at least from the c0ncep~
tual point of view, is the fact that the gravitational Hamiltonian [2]
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does not contain a constraint free part. This has as a consequence that,
among other Things. all invariants of the Theory are at the' same time
constants of the motion. Since neither of ihese difficulties has been
resolved to date we shall only be able to indicate possible lines of ap—
proach in this section.

As to the solution of tho constraint equations, the best that one
can hope for, of course. is cloml form, exact solutimrs. If such is possible
it will almost certainly depend on chocasing the <: right» variables to
solve for. In the electromagnetic casc it was most natural to solve
for :1“ [although with greater difficulty we could solve for 11,). At
present, no analogous variables suggest themselves for the rigorous form
of the constraints (3) and Ill. Bccnnse the longitudinal constraints (4)
can lic written as

as = we I, (18)
where [8 indicates covariant differentiation on the surface w“ : constant,
one is led to seek a decomposition of it” into longitudinal and transverse
parts. Thus one might write

Tl7n; : Prs + qs + gslr + 4):” (19)
where

P'3 I, E 0 (20a)
6” (qs + rim) : 0. (20b)

Unfortunately, because of the non-commutativity of covariant differen-
tiation, it is general not possible to carry through the procedures avail-
able to one in flat spare for the determination of the various components
of 7:...y in terms of this quantity. Alternately, one could hope to solve (18)
directly for three components of 7:”, say 7:”, 7:23, n31. Calling the variables
x”. :7. :3. respectively we might write

7c’ (3:) : I G3 (50, a") F8 (50’) d8 w’ (21)
where G's (50,410“) is a kernal and is independent of a” while the P3 are
linear functionals of 1:11, 7:22, 7:33. Indeed, one can obtain formally a
Liouville-Neuman type expansion for G’; ($355”). However, there appears
to be no closed form expression for the G: (40, 03’) nor has any convergence
criteria been evolved as yet. An exact solution of the Hamiltonian con-
straint (3) appears to be even more difficult than the longitudinal con-
straints. While the latter are essentially linear equations for the it’s,
there does not seem to existe any quantity which appears linearly in the
expression for 561, and for which we might conveniently solve.

An alternate approach to the solution of the constraint equations
is to make use of a Weak field expansion of the field variables. We
expand yr, and 7:" according to :

gr: : 901-3 + k glrs + k2 firs + (22(1)
and 1 2

7:" : k 1:” —|— k2 7:" + (22b)
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where 13,3 :#8,3, the Kronecher delta. We can then decompose each
term of the expansion into transverse and longitudinal parts. Accord»
ingly, we set

7Ln n 1 n 1 n n n 23
firs : prs + —‘ < Brs P ;VP”) + qT,B + gs; + LI’m; ( a)

and
7L 7' 1 -_ 1 7' n n n
grs : hrs + _ (hrs P # V2 h 7’s) + Yns + Ysfl' + (9)” (23b)2

where n
puss : 0 , prr : 0 ~ (1737' ‘f’ qfirs : 0 - (24“)

£868 : 0 v 7e : 0 V :fnr + (3,73 : 0 - (241))

At any stage of the approximation the longitudinal constraints take
the form :

SE’::25im—t§’ (23
While the Hamiltonian constraint takes the form :

36L::‘#‘h33+_§L (26)
where {3’ and (31 depend only upon variables of order n —1 and lower.

Thus we can solve for (3' and 2 directly in terms of the Greens fuction
(12).

As an example of our technique, we have investigated the case of
the gravitational field in interaction with a scalar meson field. The
Lagrangian density for this system is given by :

E : Egrav + Emeson

where )3n is the modified Lagrangian density for the gravitational
field as given by DIRAC1 while :

’1 1 ,_
Emeson: k \/ —‘.(] (7.9m, ?,# Q.V#7mq>2> (2“)

.4

A short calculation then leads to the following expression for QCML
and JCTM I

1 1 1
XML:IC <7K_1fi2 :KCTSQ,TQ,B+7KMQ2> (28)

30M : k 0” (P's 7t (29)

We will not go into the details of the calculation but merely state the
results for the first approximation. Since we solve the constraint equa-
tions for h and q’ we can take, as our secondary conditions, the equations

,1, : 0 (30)
and

i=0 8D
If we make use of these conditions we obtain, as our approximate Ha-
miltonian the expression
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1 .sfgerw<p,r<p,r+mq»’)d3w+k2j {infom+2éméns

1 11 11 1 1I
_3 737‘ éms + 3 hrs 1’; 6Pg? + Z hrs,u hrs”; —‘ E

1 1

,u hm

+ 1 1m 2 2 + 1 a 21 1 111'— 7T — r r '— 7n — r '1 ’— — ' rs r e4 <P, <P, <P 4 s V2 , <P, ‘P,

1 1 1 1 1
+ go, 9(7— —2— g“ 96L d3 m (32)

Where, in this approximation, the Hamiltonian constraint appears as
1 ’10 l , 2 l l 33

56L=—— "93+?" +3?,rq’,r+EmQ ( )

and the longitudinal constraints take the form :
1
rE—Oqlr,” + (PJ'IT (34)

We can solve the constraint equations (32) and (33) for h and qr respec-
tively to obtain :

1 r 1 , l , , l 1h: Gav—w.) 7nz+7?,r?,r+jm?I2—RIL} (35)
and

1 1(L = _ G(.1; — 07’) {q}; a {1'6”}(13 a (36 1E)
.4

where G (w—w’) is given by the expression (12). When we insert the
1

above expressions for h and é, into our Hamiltonian we obtain the rather
lengthy expression :

1 9 1 1 1 1 1H: 76f: (7:2 + (p),- <P,r+ qZ) (13(1) + k‘f pr: prs‘l'zhrsmhrs,“

1 l 4
+:hra 17),- 9,8} (13$ ——2‘j] G($—w’) {QJWQ’J'R’

+i 1t2+1? <P +imq12 EW’2+i<P’sq2’a—im¢’2 d3wd3w’8 " ” 2 4 4 ’ ’ 4
1—+§ Mare—w) G,s(w—w”) myth

— (W + «in rfu + WW} 1%; <Pf§ dsw d3w’ d3” (37)
provided‘ we take, as our primary conditions, the eQuations :

1 1 1 ' , ,éww+?(_E—W2+E?Jr?,r+3m?2>_ GHQ—$1) ?,i'?.ad3$ :0

(38)
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In the above equations primed and double primed quantities are to be
considered as functions of w’ and a?” respectively while unprimed quan-
tities are taken as functions of x. We note that the Hamiltonian is
composed of four parts : a free field meson term, a free field gravita»
tional term, an interaction term and a << Coulomb >> interaction term.
While the first two terms are positive definite, nothing can be said
concerning the sign of the last two terms. This uncertainty in sign is
a reflection of the fact that all gravitating bodies tend to attract each
other.

It is clear from the form which the constraint equations (25) and (26)
take that we can carry through the above procedure for each order of
the expansion. It is also clear that beyond the first approximation the
labor involved becomes prohibitive. Furthermore, if it is reasonable to
expand the metric according to (22) then it would be pointless, from the
point of View of physical observation to carry the expansion beyond the
first order. To this order of approximation our procedure can equally
well be applied to any type of field interacting With the gravitational
field. However, if gravitation is ever to play an important role in the
elementary particle domain then the weak field approximation must
break down in this domain. Such a situation would arise, for instance,
if the space-time manifold no longer had the topology of the Euclidean
manifold in sub-atomic regions. If this were the case, then it becomes
necessary to pursue methods for the rigorous solution of the constraints.

In concluding this section we should like to comment briefly on the
second difficulty mentioned in the beginning, namely that the rigorous
Hamiltonian (2) does not contain a constraint free part. Since only
invariants are physically observable and invariants must commute with
each of the constrainte we are led, somewhat reluctantly, to the con»
clusion, first reached by Zeno in the fifth century B. 0., that all change
is illusory and is but a consequence of the particular mode of description
employed. As an example of an invariant we could take the maximum
(or minimum) value obtained on the space-time manifold by one of the
four non-vanishing scalars formed from the RiemannChristoffel tensor.
This quantity is obviously an invariant since it makes no reference to
the particular coordinatization of the manifold and, of course, is com-
pletely independent of the temporal evolution of the system.

Fortunately we can temper the above conclusions somewhat by
noting that only manifestly invariant quantities will have vanishing
commutator-s (Poisson brackets) with the constraints. The invariant
discussed above is of this type. As we pointed out earlier, we can also
construct invariants by freezing the coordinate system. Invariants
formed in this manner Will not, in general commute with the constraints.
Thus in our example of section III, by imposing the conditions (15’)

.1") (21, it’ d3a/ : 0 . (39)
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and l'llill. we convert L- and A3 into invariants and yet these quantitiesobviously have a non-ranishing,r commutator with the secondary con-straint IUt. Thus there is no 1‘!» prior-i reason Why invariants formed byfreezing;r the (‘l'lOI’dlllZl‘ system should he. constants of the motion. But.if this is so we must then he aide to apply our method to the HamilIonian I'll. ("learly We cannot set y"'-‘:_(;,},: u. Furthermore. it wouldappear at first sight that even if we could solve the constraint equation tilt and (it exactly for four of the field variables. upon suhstitutioninto the Hamiltonian till we would get identically zero .in the absenceof a matter field». Following a suggestion by DIRM.‘ [3] for ohtaininga nouvanishing expression for the energy of the gravitational field in;rewrite equation (2) as :

1
HZfWL+ <1_¢”‘7>.“L+2goracr+2gomodsw (40)

The quantity 216:, contains the complete divergence tic" tl;'-' "flirt: andheure this term may he dropped from the first term of the expression
for ll. Kow it will no longer be true that when solutions of the (-onstraintequations are substituted into this modified Hamiltonian without the
divergent-e term that we will ohtain an identically vanishing result.One. can hope that our procedure will he applicable to this modified
Hamiltonian and indeed. it one reexamines the. linear apprimitnatinn.
it will he seen that there the nntdil’ied Hamiltonian was a natural resultof the approxnnation prt'tt-ednre. Of course, there still remains the
prohlem of solving' the Hamiltonian eonstraint exactly itet'ort- one ranhe sure that the suggested solution of our t'liil'it-ulty is in fact a solution.

5. — Conclusions

A program for dealing with the «.lil’firulties which arise in generalrelativity as a consequence of the constraint equations as lit-Cl) set forth
in the shove \vorh. Its sum-ess rests on our ability to solve these equa-
tions for tour of the field variables. Since there appears to he little \vhirh
restricts which four variahles we solve. for. there is some reason to
helitwe that a judit-ious eitoiee might lead to solutions. llrm'ever. at
present we must point out that these solutions are still a prohlem for
the future and the best We can do at present is to Work with a \veak
field approximation. Nevertheless we have been alde to gain some ad-
ditional insight into the nature of invariants and their construction.
In particular we saw that. while. all manifestly invariant qualities must
«t forft'm‘i he ronstants of the motion. no such restrictions apply to
invariants ohtained by freezing the coordinate system.

Although the above-mentioned solutions of the constraint equations
would he adequate for the classical version of the theory in that they
would z’rllow us to construct a. minimal set of observatdes. there an-
additional difficulties attendant on the quantized version of the theory.

25
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Since our procedure involves the imposition of coordinate conditions
we must be sure, if the theory is to be completely covariant, that the
irreducible physics of the field remains unchanged when we go over to
another set of conditions. When we are dealing with operators for our
basic variables this implies that our coordinate transformations are no
longer c—number transformations. Thus, although we might start out
with anumber coordinates, such a transformation would result in q—
number coordinates. Furthermore, While the Lagrangian of general
relativity is manifestly invariant in the face of c—number transforma-
tions, it is not obvious that it retains this property under q-number
transformations. An adequate understanding of these difficulties will
probably only come with a better understanding of the measurement
process in general relativity.
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RESUME
Quund on met 13 théuric dc in grariluiiuu sous forum hamiltonicnnc.11 y a dcs equations dc champ mini dcx‘ienncnt dos contraintes. landis qucles aulrcs equations dc champ dCVltllflf'nl :Ies equations de Immvement. ()ntlevrait dél‘inir l’éuergic d‘une lelle Fag-on qu'eile nous donnc unc intégralcutilc tics equations dc monvcment. qui est indépcndanic— Lies contraintes.
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The Stress Pseudo-Tensor and the Hamiltonian

We shall consider the gravitational field interacting with a distri-
bution of matter or With other fields. We have the field variable guy to
describe the gravitational field and other field variables to describe the
other things. Let us call all the field variables qN for various N.

We assume an action density ,6 which is a function only of the qN
and their first derivatives gm“. The field equations are thus :

aQNJL .u 8%
for all N.

The stress pseudo-tensor density tu" is defined by :

at .
tuv = QN,u_‘—g#vfi - (2)

(1N4;
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It is invariant under transformations which replace the 11’s by functions
of the (1’s. So one could take the g!" as the basic gravitational field varia-
bles instead of the guy and one would get the same tu". However if one
makes a transformation of the coordinates a7”, tuv does not transform like
a tensor density, so any physical significance that we may attach to t“v
is associated with one particular system of coordinates.

The conservation law
tu", V : 0 (3)

follows directly from the field equations (1).
Let us adopt a system of coordinates such that the threedimensional

surfaces 920 : constant are all space-like. We can then look upon .720 as
the time variable, and the physical conditions for all :01, $2, {r3 for a given
51:0 fix the state at a certain time. The field equations become the Lagran-
gian equations of motion that follow from the Lagrangian

L : Ed3a7.

The usual rule for passing from the Lagrangian to the Hamiltonian gives
1 BE \ .

H :/ qo — E) (13$. (4)

. a‘IN,0
The Lagrangian equations of motion become some of them Hamiltonian
equations of motion and some of them constraints on the Hamiltonian
variables that describe the state at a certain time.

From (2) and (4) we see that

H:ft0"d3$. (5)

It is usual to assume the Hamiltonian to be the total energy. This as»
sumption would be consistent with the view that to" is the energy density.
However, it would be equally consistent with the energy density being
too—l—rvrffr: 1,2,3) for any localized 3-vector 1:5, because the Hamil-

tonian (too—l—vfir) d3m leads to the same Hamiltonian equations of

motion as (5). Also the conservation of energy would not be affected. It
would not matter if the extra term I)”, does not transform correctly
under transformations of the coordinates :12“, because to” itself does not
transform correctly. The modified energy density might lead to a diffe—
rent value for the total energy.

It has been shown by BERGMANN and SCHILLER [1] that, With the help
of the field equations, to" equals a three-dimensional divergence,

to“ + {e : 0 (G)

The quantity UT is called a superpotential. If we take If : U’, we get
an expression for the energy density that vanishes everywhere by virtue
of the field equations. It is clear that some further requirement must be
introduced to make the energy concept definite.
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The Utility of the Energy Concept.

in elementary dynamics the energy appears as a useful integral of
the equations of motion, We can impose :1 similar requirement on the
energy in relativistic field theory. The conservation of energy must
provide information that is helpful when one is trying to «.ihiain a sum.
lion of the equations of motion staining from :1 given initial state.

liquaiion HS) does not involve any second time derivatives, i.e. any
LIPCE'lt‘l'LlliOHS. since both to" and l." involve only field quantities and
their first derivatives. So it provides constraints on the Hamiltonian
variables that describe the state at a certain time. There is one of these
constraints for each point of three-dimensional space. In fixing the ini-
tial state we must choose values for the dynamical variables so as to
satisfy these constraints. The Hamiltonian equations of motion willensure that the constraints remain satisfied if they are initially satisfied.
For the energy concept to be useful in the solution of the Hamiltonian
equations of motion, the conservation of energy must provide information
additional to equation (6).

With the energy density defined as to", equation (6) provides a for-
mula for the total energy in a region R in terms of a surface integral
over the boundary of R,

f t.,0 d3 .r = _j 11* ds,. (7)
R

The conservation of energy tells us that (f to” d3w> must be
R ,0

expressible as a surface integral over the boundary of R, the integrand
being interpreted as the energy flux. This information follows imme-
diately from (7) with UCO taken as the energy flux, and is then not
additional to (6). From (3) we get

(f tom) :_ft.rds.. (8)
In some important examples we can infer that UT”, is of the wrong order
of magnitude to be the energy flux, and by using (8) with tar as the
energy flux we can get information that is additional to (7) or (6).

Example (12). — Let us suppose the gravitational field is weak, of
order Y say, and let us use a system of coordinates which is approxi-
mately Cartesian, so that

guy = mm + 0(7), gum = 0 (Y), (9)
where mm is the metric for special relativity. The superpotential U’ is
linear in gum,J so it is of order 7. The stress pseudo-tensor density tav is
quadratic in gum, so it is of order T2-

If we consider the solution of the field equations to the first order
in y, the constraints (6) become

U2, = 0. (10)
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We must now put zero for the left—hand side of (7) and we no longer
have a formula expressing the energy in a region as a surface integral.
But equation (8) holds unchanged, with both sides defined to the order
72. So we still have a formula for the time rate of change of the energy
in a region, expressing conservation of energy. It gives information
about the first-order solution of the field equations, which information
is, of course, independent of (10).

The situation is essentially the same if we consider the solution of
the field equations to a higher order, say the Mth order. This solution
fixes UT to the Mth order, say UM', and tu" to the (M +1)th order, say
tmflwv. The constraints (6) become

tMoo + LTMrJ : 0a

and the conservation law (8) becomes

(f tiM+nu"d3-’L') :’/‘t(M+1)ordSn
,0 .

which is independent of these constraints.

Emample (ii). — Suppose we have some distribution of matter
confined to a limited space and we consider the total energy in a large
region surrounding that space, say a large sphere of radius R. Suppose
further that, for large distances r,

guv : Til”) +(N7‘71l- gill/,9 : 0(7'_2l. (11)

Then at large distances t," is of order r—4, so [no (13:; converges when

taken over the whole of space, giving a finite total energy. We now have
UT of order r—2, so the righthand side of (7) tends to a finite limit as
R—> 00. Thus (7) provides a formula for the total energy, which can be
applied when one knows the solution of the field equations for large T
to the first order in r’1 for guy.

Since tu" is of order r", the conservation law (8‘) gives

(f f,,°d3/17> :0.

Thus the total energy is constant. This result is independent of the
formula (7) and of the constraints (6).

Example (iii). # As before, we suppose a distribution of matter
confined to a limited space and we consider the energy in a large sphere
of radius R surrounding that space. We now suppose that for large 7"

guv : 711w + 00.71): gimp : 0(7'_1)- (12)
This case occurs when there is continuous emission of gravitational
waves.

We now have to” of order 1'”, so

f f001133' : 0 (R).
R
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This result means physically that the total energy of the gravitational
waves within the sphere is proportional to R for large B. We have also
that "L" is of order 1”. making the right—hand side of m of order R.
Thus again (‘7) provides a formula for the energy within the large
sphere R. \\’ill(‘il mu he applied when one knows the solution of The field
equations for large r to the first order in 7"}.

The right-hand side of (8) is now independent of R for large B.
Thus the energy within the sphere R changes at a rate that is indepen-
dent of R. This result again goes beyond What can be inferred from (7).

In each of the above examples the conservation law (8) gives infor-
mation additional to that which is given by the constraints (6) or (7).
This shows the utility of the energy concept with to0 defined as the
energy density. In each case we must take tar as the energy flux to get
a useful result.

Elimination of the gm.

With the energy density defined as to“, the energy in a region de-
pends on the system of coordinates. This is a difficulty that does not
affect the value of the energy concept as an aid to getting solutions
of the equations of motion, but it restricts the physical meaning that
can be attached to the energy. The Hamiltonian theory has provided
some help with this difficulty by showing up the special role of the
variables 9”.

To describe the state at a certain time t one needs the variables
9,8(7', a = 1, 2, 3) for all :01, :02, £3 to fix the metric of the hypersurface
$0 = 1). One does not need the variables guo. These serve only to fix the
neighbouring hypersurface {0° : t + e, and can be varied arbitrarily
without affecting the state at time t.

To complete the description of the state at time t we may use, besi-
des the variables gm, only certain suitably chosen variables that are
independent of the gun, more precisely, variables that are unaffected by
a transformation of the coordinates m" which leaves the hypersurface
07° : t and the coordinate system :01, :02, m3 on this hypersurface invariant.
For example, if we are dealing with a vector field A", the four variables
independent of the gm, are the three covariant components A, and the
normal component A" l“, l,l being the unit normal to the hypersurface,

_ TILL” Ia. — —|_!m < 3)
(We are taking gm, negative.) Similarly for a tensor Buy, which may be
the covariant derivative Amy of Au, the quantities independent of the
gm, are B”, Bm 1”, Bu, 1", Buy l" 1".

It should be noted that, for a vector A”, the ordinary and covariant
derivatives A” and A,” are both independent of the gun. Their difference,
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namely I‘m“ A“, is thus independent of the gun. We may take A)1 here to
be the unit normal (13) and we find that the quantity

0

.__I:'“_ (14)
(7 goo)1/2

is independent of the guy. This quantity may be called the invariant
velocity of gm, as it consists of the ordinary velocity gm,” with some
modifications that are necessary to produce a quantity independent of
the choice of coordinate system outside the hypersurface 90° : t.

The complete set of variables needed to describe the state at time
t comprises the gm, the invariant velocities (14), and nonegravitational
variables chosen as above to be independent of the 9,10. In the Hamil-
tonian formalism one has momentum variables p” conjugate to the gm.
These momenta are merely linear combinations of the invariant velo-
cities (14) and take the place of them.

The energy density at a certain place and time should not depend
on variables that are irrelevant for the description of the state at that
time, so it should not depend 011 the gm). Now to” does depend on the gag.
We can eliminate the ya, from it by expressing it explicitly as a function
of the gum gm, 7)”, and non-gravitational variables chosen as above to be
independent of the gum and then substituting

”no : — 5th) (15)

in it. The result, 14; say, gives an improved expression for the energy
density, independent of the gnu. It equals to“ for a coordinate system
satisfying (15), but is different for a general coordinate system.

We can apply the same process of eliminating gm, to the super-
potential UT. We get an improved superpotential, u” say, independent
of the gm) and connected with w a similar equation to (6),

w + 1V)r : 0. ' (16)
This equation enables one to express the total of the improved energy
in a region as a surface integral over the boundary of the region.

There are two objections to taking 74: as the energy density.
(1) to still makes the energy in a region depend on the system of

coordinates, although not to the same extent as to” does. The energy is
affected by a change in the coordinates .1:' of the hypersurface w” : .
Also, in the weak field approximation, a small deformation of the hyper-
surface of order T changes 70 by a quantity of order Y2: which is the
same order as 14; itself. This is too large to be physically permissible.

(2) The energy defined in terms of 1r is conserved for a coordinate
system satisfying (15), when w : to", but is not conserved for a general
coordinate system.

Objection (2) does not apply to the original energy density to", so
one might think that one has made things worse by passing from to”
to 70. However, when one looks into it, one sees that objection (1) is
the important one, and (2) is just a consequence of (1) and not an inde-
pendent objection.
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Let us take a given initial state on the liypersurfat-e .r’3 : . We
get the slightly later state on the layl‘aersurl'ace ,r” : r‘ + s hy applying
a certain displacement in space-time to each point of the original hyper
surface. The main part of the displacement consists in shifting each
point through a constant distant-c : normal to the surface. This main
part is the total displacement in the case when (15) is satisfied, so it
conserves the energy. The remainder of the displacement is a small
correction, of order :7 with weak fields, and leads to a change in the
energy of a region in accordance with objection (1). It is this change
of energy, arising from objection (1), that is responsible for the final
energy not being conserved.

We see in this way that objection (1) is the only fundamental one.
It has the effect that energy is well-defined only with respect to a system
of coordinates, otherwise there is an indeterminacy in it.

The total of the improved energy is finite provided
yrs: 873+0(T_1) } (17)

grant 2 00—2) 7 P” = 00—2) -
These conditions are somewhat less stringent than the conditions (11)
for the total unimproved energy to be finite, as they do not involve the
conditions for gm. contained in (11), namely

guo = "luo + (MT—1); gnaw : 0(7'_2)- (18)
The difference of the total unimproved and the total improved energy is

I (Ur—w) as, (19)
taken over the surface of a large. region R. Provided (17) and (18) hold,
U’ is of order r—2 and l"— or is of order rt”, so (19) vanishes in the
limit R—) 00. The conditions Ilh‘i are natural ones to take for gm, when
(17) hold, so with such a; natural coordinates a the totals of the unim~
proved and improved energies are the same.

If the system of coordinates is changed so as to preserve 1‘17). the
total of the improved energy remains invariant. One can see this by
making the change in the system of coordinates in two stages. in the
first stage the coordinates get changed to an intermediate system of
coordinates also satisfying 1]?) and differing front the initial coordinate
system only for large values of r. The energy density then gets changed
only for large values of 7', which give a negligible contribution to the
total energy. In the second stage no change is made in the coordinates
for large values of 7'. There is then no change in the total energy, since

fu' dS, taken over the surface of a large region is not affected.
With objection (1) not applying to the total energy, objection (2)

also will not apply, and we see that the total improved energy will
be constant in time provided the conditions (17) hold at all times.
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The indeterminacy in the energy concept thus does not affect the
total energy, but affects only the localization of energy .

The Energy Density for Unidirectional Waves

The work on the Hamiltonian form of the theory of gravitation [2]
shows that the gravitational part of the energy density w consists of
two parts, a kinetic energy part having the value

1
10K : K—l (pm prs # g prr p83) (20)

and a potential energy part having the value
1

7/01) : E K_1(K2 firs)”; Pr” 0"”. (21‘)

(K is the square root of the determinant of the gr3 and e” is the reciprocal
matrix to gm.) We shall consider how these expressions are affected by
a change in the coordinate system in the case of weak fields.

If we make a change of order 7 in the hypersurface a?“ : t by
shifting each point of it through a normal distance a, (1/ being a function
of a", $2, .723 of order 7, the change in w]; is [3]

8w}; : — 21)” a)”. (22)

This is of order 72, the same as 10K itself. The change in 112p is of a higher
order.

If we make a change of order 7 in the coordinate system ml, :32, $3
in the hyper-surface, by shifting each point 53' to a” + b’, the b’ being
functions of .121, J72, 333 of order 7, there is no change in wax, as is evident
from its tensor character in three dimensions, 10” being a tensor density.
The change in MP is [3]

1
8“JP : 7 grr,u (bu, ss — bans) + gr8,r bu, 1m # gm, u bu,” - (23)

.4

Let us now suppose the gravitational field consists only of waves
moving in one direction, say the direction 1'3. Then the derivatives gm,“
will vanish unless u : 3. If we make a change in the coordinate system
so as to preserve the condition that the gravitational field consists only
of waves moving in the direction 033, we can introduce only coordinate
waves moving in the direction $3. This requires that the derivatives 1),,“
and a,“ shall also vanish unless u : 3. Equation (23) now gives 51/0]? : 0.
and equation (22) gives 810K : — 21933 (1,33.

In space where there is no matter some of the constraints are, for
weak fields,

prs’s : 0 .

Applied to waves moving only in the direction 13, they give go”: 0.
Hence 810K : 0.

We can conclude that the energy density 10 of weak gravitational
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waves moving in a single direction is well-defined, independent of the
coordinate system. It is only the interference energy density of waves
moving in different directions that is subject to indeterminacy.

For examining the question whether accelerating masses emit energy
in the form of gravitational waves, we need some localization of the
energy concept. It appears that the above conclusion supplies just
What is wanted. We take a solution of the field equations in terms of
retarded potentials with no ingoing waves. Then for large values of r,
the main part of the gravitational field, of order r—l, consists of waves
moving in only one direction at each point, namely radially outward.
The energy density w at large distances 1' is now well-defined, indepen-
dent of any transformation of coordinates that preserves the character of
the solution of being expressible in terms of retarded potentials and does
not introduce any ingoing coordinate waves.

Such a transformation of coordinates also leaves invariant the total
energy within a large region, say the region r < R. One can see this
by making the transformation in two stages, corresponding to the two
stages used in the preceding section in connection with a finite total
energy. The first stage changes the coordinates only for large values
of r, comparable with R. Provided the intermediate system of coordinates
also gives a solution expressible in terms of retarded potentials with
no ingoing waves, the energy density will be nowhere altered by the
change. The second stage does not change the coordinates for large values
of r, of the order R. This makes no change in the total energy Within
the region.
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DISCUSSION

Prof. J. GEHENIAU. — Remarquez que les gr8 sont les mineurs normés
des e" = gnu—gor 905/900. Du point de vue géométrique, on peut donc dlre
que M. DIRAC utilise l’aspect dual de celui que vient d’exposer M. LICHNE—
rowrcz.

Intervention de M. le Professeur C. Moller.

J’aimerais poser deux questions au professeur Dirac :
1) Avez-vous introduit en méme temps que la densité d’énergie amé-

liorée, une densité de courant d’énergie améliorée, et est-ce que ces deux
quantités sont reliées par une équation de continuité ‘2

2) Autant que j’ai pu comprendre, 1a densité d’énergie améliorée et
par suite l’énergie contenue dans une région finie de l’espace n’est pas
invariante par rapport aux transformations purement spatiales i. e. l’éner-
gie varie quand l’on donne d’autres noms aux points de l’espace physique.
Considérez—vous cela comme satisfaisant ‘2
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Réponse ('1 M. Méller.

1) I] y a une difl'iculté pour la densité de courant d’énergie, qui est
reliée :21 la difliculté de la dépendance de la densité d’énergie du systéme des
coordonnées.

2) Nulurellmneni re u'cxt pas saiisfaisant quc I'énergic varie quzmd l'on
donne d'autrus noms aux points do l‘Espacc. 011 ne peut pas évilcr ceite
difficult") ontiércmrnl, mais on l'érite partiellexuent, parse quc 1‘incerti~
tude do I'd-mimic se rupportc sculc-mc-nt a l'interl’c'rence d’ondes awc des
directions de mouvement difl'érentes.



DYNAMICAL STUCTURE AND DEFINITION
OF ENERGY IN GENERAL RELATIVITY *

S. DESER
Brandeis University

RESUME

Une formulation << hamiltonienne » des equations de la relativité géné-
rale. On fait apparaitre des combinaisons de termes conduisant a une formu-
lation du type « 3 + 1 », impliquant une famille d’hypersurfaces orientées
dans l’espace, des « équations de contrainte» et des «equations d’évolu-
tion ». Discussion du probléme de l’impulsion énergie gravitationnelle.

1. — Introduction

In the program of the quantization of the general theory of rela-
tivity (I) stress has been laid on the necessity of treating the gravita—
tional field as a dynamical system expressed in canonical form. Only
when a theory has been expressed in the standard Hamiltonian form
arising in Lorentz covariant theories can the possibility of consistent
quantization (by way of the Schwinger Action Principle) be examined.
That this is as feasible for the gravitational field as for the more usual
fields is masked by the general coordinate invariance of the theory.
In I, a beginning was made by separating out the gauges from the
dynamical properties for the linearized approximation; we shall here
examine this point for the full classical theory, and indicate formally
110w the canonical structure is to be reached there. In a subsequent
paper, its explicit form will be discussed.

In I, the formulation of the general theory in terms of the Action
Principle was given. In accordance with the basic requirements of the

”‘ A fuller version of this work has since been published in Phys. Rev., 116,
1322 (1959).

(1) R. ARNOWITT and S. DESER, Phys. Rev. 113, 745 (1959). This paper will be
referred to as I. We use, as in I, natural units : 0:1, u:16-n:yC"=1 (Y is the
Newtonian gravitational constant). Greek indices run from 0 to 3, Latin indices
from 1 to 3 and 1:”:t. Ordinary differentiation is denoted by a comma in a
subscript or the symbol a”.



396

principle, the Lagrangian was stated in first order form with the metric
tensor and affinity treated as independent variables. The action prin—
ciple yields in general three items : the first order Lagrange equations
of motion, and two generating functions. One generating function gives
rise to canonical commutation relations, While the second, generating
space—time translations, yields the Heisenberg equations of motion. The
requirement that the Heisenberg and Lagrange equations be equivalent
verifies the consistency of the quantization procedure.

In general relativity the difficulty in carrying out the above pro-
gram resides in the invariance under the function group of coordinate
transformations. In I, this difficulty was overcome for the linearized
theory. It was seen there that the process of obtaining the correct
canonical variables involved making a << gauge >> (i. e., linearized coor-
dinate) transformation from an arbitrary gauge to a << radiation >> gauge.
We now extend the analysis to consider the full theory in this light.
0f the two types of constraints mentioned in I, the algebraic constraint
variables can be handled quite simply in this formalism, and their
explicit elimination carried out. In the process certain combinations
of the remaining variables appear in the equations of motion. These
combinations remain redundant until the differential constraints are
utilized. However, they are physically significant in that the specifi-
cation of the fields on a given space-like surface can be given in terms
of these combinations. From these considerations it is suggestive to
restate the theory in terms of variables that possess the geometrical
properties of decomposing the four dimensional characterizations of
the space into 3+ 1 dimensional aspects. Upon doing this, both the
equations of motion and the Lagrangian greatly simplify.

The simplified form of the Lagrangian yields a corresponding set of
generating functions. The «energy-momentum» vector so obtained
vanishes identically in virtue of the differential constraint equations.
Physically, the origin of this phenomenon is related to the general
covariance of the theory. This does not mean that the physical energy
and momentum of the gravitational field is zero. Further, a stress
tensor and hence the energy»momentum vector have meaning only
when defined in terms of a specific frame (Where definite coordinate
conditions have been chosen). This will be seen in detail below.

2. — Structure of the Equations of Motion

In the linearized approximation of the full theory, it was found
that the proper dynamical variables were certain combinations of the
original variables, 9!” and Fully, the contravariant metric tensor density
and the affinity, respectively. The first step in finding the dynamical
variables consisted in the linear theory of eliminating the algebraic
constraint variables; the non~1inearity of the full theory does not
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intrinsically complicate this part of the analysis. We begin with the
first order form of the Lagrangian, as stated in I,

I : I d4 a: gW'Ruy(P)
1

Ruv : Paul/.01 ‘— 7 (Faun, u + Fauna) + P6118 ‘ Pam; — Pflan ‘ 1"q (1)

1
and A-B :E(AB+ BA) embodies a symmetrization needed for the
quantum case. In this paper we will deal only with the classical problem
and hence commutation questions do not enter. The field equations
which stem from the independent variation of g"" and Pam, can be cast
in the form

gut/mt E gnu, a ‘— gut} FBI/t! _‘— 9118 PB)“: 2 0 (20/)

RM (Papa) = 0 (2b)
The algebraic constraints are contained in eq. (2:1) while eq. (2b) contains
the differential ccmslraints. 0f the i'orly equations in (‘30:. thirty are
iIn'lr-pmnlcnt of time lfllfl'li’iilll’l‘éz. Thu: Ihirty components of the affinity.
i.e. Fa. Pkg” and 1“,” can be eliminated in terms of P2,; 11",”. and the
metric. The remaining ten equations involve time tlcrivaiiws and repre—
sent dynamical equations [or the six. gm. i. e. the starve—like components
of the metric tensor, as: Well as apparently dynamical equations for the
{our gm. llowevcr. as in the linearized theory. eq. (22H do not not yield
equations canonically conjugate to the latter and hence are really deli-
ning: I'-qll;-lli<)lls for Dam. Thus, the {our missing canonically conjugate
equations are replaced by the four differential constraint equations im—
plicit in (26). The four constraint en'luationa, when solved. allow one.
in principle. to express four variables from among the twelve. quantities
l‘”.-_,-. g“ in terms of the remaining eight. This may he symbolized by

ha : ha(hs) (5: 1, 2 8 a = 9, 10, 11, 12. (3)
In the above notation we have for the time-derivative equations :

an ha = fa (4a)
30 hB : f5 (4b)

In eq. (4) the fa and f5 are functions not only of ha and he but also of
the four extra variables you. Note that no time derivatives appear in
fa or f3. Eqs. (4a) actually entail no dynamics. Thus if one inserts (3)
into (4a) and eliminates the time derivatives of hg by (4b), then eqs. (4a)
reduce to identities. This is an expression of the Bianchi identities
whose effect it is to gnarante that the constraint. solutions eq. «‘3: are
valid at all times”). The remaining eight equations (lb), involve the
twelve variables he and gym. Since no time derivatives of gm; appear. [our
of these eight equations can be solved to express you as a function of

(2) Analogously electromagnetic theory possesses one « Bianchi identity » since
it involves only one gauge function. Thus defining Ru 2 Fuvw (FF-V are the electro-
magnetic field strengths) then Ru,” E 0. This guarantees that the V—E = 0
constraint equation is preserved in time.
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Its and 3,, hp. As will be seen below, the remaining four equations then
allow one to express the time derivatives of four particular combinations
of the [15, say 71,9(9 : 1,4) in terms of up, 1);; and 8,, up and as a, where
1-D represents the other four independent combinations of ma. Thus eq. (4b)
decomposes to read

you : {Ion (“p, 77p, as 17p) (5a)
60 up : f9 (“0; ”9) (5b)

Viewing (511) as the equation that determines go“ we see that there exist
four quantities, the Up in the above notation, which are not determined
dynamically. These four quantities are thus the four gauges of the
theory and can be chosen as arbitrary functions of the coordinates w".
Every such choice then represents a coordinate condition and hence
determines a coordinate frame. With a particular choice of 12,, : rpm”),
the you are then uniquely determined and one can obtain the four
remaining components of the affinity, Imam Eq. (51)) now represents first
order dynamical equations for the four dynamical quantities up. The
analysis of the structure of the dynamics up to this point is identical
with the linearized approximation treated in I. There exists, however,
one rather striking dissimilarity between the full theory’s dynamical
equations of motion and the linearized ones. This lies in the fact that
gauge transformations of the full theory represent general coordinate
transformations. Thus we have that a << dynamical >> motion in time can
be simulated by a coordinate transformation. This is mirrored in the
appearance of the arbitrary gauge functions 1),, in eq. (51)). These equa-
tions for the time development of up are only meaningful once one has
settled on some specific choice of vp, i. e., chosen a particular coordinate
frame. Once this has been done one has a unique set of equations that
describe the development of the dynamical variables in time in this
frame.

Thus, while the gauge functions cancel out in the linearized theory
(as in electrodynamics), in the full theory they must be explicitly chosen
to define the coordinate frame. The first order gauges are also coor-
dinate transformations but infinitesimal ones which turn out to be
determined only in second order theory.

Assuming that a choice has been made for the functions 17,), the
four first order equations (5b) are not necessarily in canonical Hamil»
tonian form for two pairs of canonical coordinates. In order to put the
equations into canonical form one must choose particular combinations
of the up to form two canonical coordinates and their conjugate momenta.
The Hamiltonian H governing this system will then depend parame—
trically on rpm). Thus H will be different in different coordinate sys—
tems.

However, subsequent (3) work shows that the values of the energy
as defined in a wide class of asymptotically flat frames agree for the

(3) See : J. Math. Phys, 1, 434 (1960).
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same physical situation, and are furthermore conserved, i. e., do notdepend explicitly on the coordinates. This is what is to be expectedphysically, as the « preferred >> class of frames is just the equivalent ofthe «Heisenberg» representation in usual physics. Thai: is. unlike inframes which correspond to, say, the Hamilton-.lnmhi iSehi-mlingeri 01-interaction pictures, the numerical value of The llamiliunian is thesystem’s energy. This question is separate from that of the coordinatetransformation properties of any given expression for energy which hasbeen obtained in any one such frame (4).

3. — Geometrical Formulation

line to the purely igninlralie nalurc of the Lagrangian in the linea-rized theory. The appropriate dynamieal variables were simple romhi~nations of the original variables 51‘” and l‘um. appearing in the eurvaturescalar. In the full theory this is not the ease: the fundamental equationssimplify greatly and acquire a natural geometrical meaning if combi-iaiions of the variables suggcsred by the elimination of ihe algebraicconstraints are taken.
The Hamiltonian ft'n'mulalinn In he reached treats the Time dereliqrmen? of the dynamical variables referring to a three dimensional spare—

like surface which we here chums-e to in: .r” : constant. Thus We adoptihe {In as a preliminary set of dynamical coordinates. The, inverse To Thethree dimensional metric. “('35. then obeys the equation
2."Ti:- L’ri : . .i- "hIt is :"h-ar that the << canonically cunjl gate >> variables In {15,- are relatedin the I'm. lnsiead of using these quantities directly, it is analyticallyconvenient and geonwu'ically more. significant to replace Them by anequivalent set of variables Thus we «Ii-line

KijZ—Npij, N I (_goa)—1/2 (7)
and

e = N g“ (8)
The other components of the four dimensional metric tensor can then
be expressed in terms of these variables. Latin indices here and below
are raised and lowered by means of the three dimensional metric tensors,9;,- and 7“. Note also that

\/—_.t) = N V? (9)
where g is the determinant of the four dimensional metric and V35; the
determinant of the corresponding three dimensional metric gij. KU- and
Q; are tensors under three dimensional coordinate transformations.

(4) An investigation of this point is to be found in a forthcoming paper inPhys. Rev., 122 (1961).
(5) In reaching canonical form for the full theory, the closely related variables

1:” s — y/ 39 (K” —g” K) are actually most convenient.

26
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In terms of these quantities, eq. (4) become

aogtj:#2NKn+ (Ncihj—t— (NE-)1; (100')
1

\—Y 60 Kn : 3Rij + K Kij — 9K1»; i

1
g E [NW 4 Nti Kim K” * NU Kim Cm] + Kim fimp’ + Kim Cmp' + Kijtm £7"

(10b)

In eq. (10b) :‘Rij is the three dimensional contracted curvature formed
from g“- and 7”. Similarly the symbol << ti >> represents covariant diffe—
rentiation with respect to the three dimensional metric. Eq. (10) are
the dynamical equations for gt,- and K”. The differential constraint V‘ -
riables have yet to be eliminated, however.

The differential constraint equations read

1
Km; g: gym R] E T

.1 .4
(31% + K2 7 Kg K”) : 0 (11(1)

1
Rut—‘79m REfltKjt’mBjtK)tj:0 (111))

In eq. (11) the subscript n refers to the direction normal to the spacelike

surface an" : constant while i represents the three directions within the

surface. Also K 2'7” K17 is the trace of the tensor K“.
The formulation of the theory in the above notation has a direct

geometrical significance in terms of the properties of a three dimensional

surface imltedderl in a four-spare. The K” arise in differential geometry

as the components of the so-t-alled second fundamental form "". Thus
the KU represent a measure of the « bending » of. the surface with res-

pert to the four dimensional Iiiemannian space in the sense that they

are a measure of the deviation of the surface from the four dimensional

geodesics connecting two points. The K“- involve information concerning

the continuation of the metric off the surface. This can be seen expli—
citly in eq. tlthlt which states that l{.-,- is essentially proportional to the

time «,lerivatire of ya». as expected for a canonical momentum. Eqs. (11)
represent the Gauss»(‘mlazzi equations ‘7‘ in :1 geometry restrirted by

the Einstein equations. These equations clearly invoh'e no time deri-
vatives.

(6) See, for example L. P. Es-INHART, Riemannian Geometry, Princeton Uni—

versity Press, Princeton (1949).
(7) The twelve eqns. (10) thus divided into the four dynamical equations

discussed in the text, four Bianchi identities whose role is to maintain the

constraint equations in time and four equations that determine N and fit as func—
tions of 93', gL, and KL. This decomposition is identical to the one discussed
earlier.
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4. — Definition of Energy and Reduction of Number of Variables

We shall now turn to the examination of the meaning of energy in
general relativity and to the closely related subject of the nature of
the independent dgrees of freedom. While. in principle lliis can In.)
analysed in terms of lllr equations nf motion. it is much easier to deal
with these questions from the action integral itself. In the new lmlzillml
the action integral becomes, by direct substitution into eq. (I).
I: )dmR:jd4m\/33[—yiiaaK_ij—30K+ N(3R+K2——KUKU)

—2§1(Kjl—Bj,K)!j—2(N,i—NKU U)”] (12)
In obtaining (12) we have explicitly eliminated the algebraic constraint
variables. Due to this elimination, the action integral yields the diffe-
rential equations of motion obeyed by the dynamical variables. i. e..
eq. (10) upon varying with respect to 9.7- and Km, and the constraint
equations (11) upon varying with respect to N and U. These variations
simultaneously lead to the generators of canonical transformations (3‘:X
and Gm. These quantities are

Gw=—ld3r[\/“37"3Ku+\/335K] (13)
GW : IT‘W 8x” \/§§ d3 r (14)

where TI‘V’ can be obtained by techniques analogous to those of paper I.
We do not record it as we will see shortly that it vanishes.

lln this form, it is clear that the variables N and 11“ are gauge func-
tions and not dynamical quantities as they do not appear in the << kine-
matic >> part of the Lagrangian (the part containing time derivatives)
nor in the generator Gx. Their only role is that of Lagrange multipliers
in the action. Thus the Lagrangian now has the form (to within a
divergence)

6
fl: 2 11:a Til—56,05?) (15)

a=1

where WaEKij,q7aEgij and 36’, the «Hamiltonian >> density in the
action principle is given by :

— ge' : N(3R + K2 — K... K”) — 2U(Ki.;— 8’;- K)“ (16)
From eqn. (14) it follows by direct calculation that P0' = Id3 7' 36’ and
thus 36’ represents the « energy >> density. As can be seen from eqns.
(11), the function 36’ is identically zero since it is a linear combination
of the differential constraints. Thus PO' does not generate true time
translations in the theory and hence is not the true Hamiltonian. More
generally, the complete generator Gx vanishes identically for the same
reason. In order to see the meaning of this result let us insert the
differential constraints into the Lagrangian of eqn. (12). Leaving aside
the irrelevant divergence term, the action reduces down to the simple
form :

I = [(1417 V3!) [— 7’7 30 Kij— 30 K] (17)
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Care must be taken in obtaining the equations of motion from varying
(17). Thus not all the T” and KM- are independent since we have assumed
at this point that the differential constraint variables have been eli-
minated. In the linearized theory the constraint equations eliminated
the four quantities 91‘, KB“, and KT where these variables are related
to g“- and Kij according to the general orthogonal decomposition of a
symmetric tensor f”- : ffi- :

1
fij:fijTT+fijT—i—f(fiT,i +fiTJ) tfl‘o (18)

).4

ln eqn. (18) fU-T is defined by:

. 1 , 1 , . .
fijq:7(5ijfl' V2 frm') ‘ 13731:“ at :f1 (19)

.4

fr is thus the trace of the transverse part of f”. J? is a transverse
vector (ft-TV. : 0) and F is a scalar. (Each of the six independent quan-
tities, fUTT, fr, fiT, and F, is uniquely obtainable from f”). Hence in the
linearized case, the dynamical variable are {mm and KijTT while the four
quantities giT, gL, KL, are arbitrary gauge functions not determined by
the theory. It is easy to see that this result is general and holds in the
full theory. Thus the constraint equations again determine 9T, K9, and
KT in terms of the remaining variables. A simple proof of this is supplied
by making a general perturbation expansion in eqns. (11). For example
in (He), the linearized part of 3R, gii,j,-!gi,-,ij, determines the highest
order gT in terms of lower order structures appearing in the nonlinear
terms and thus to each order, the problem is identical to that of lineariz-
ed theory. A corresponding result holds for the other three constraints.
Similarly eqns. (10) determine the dynamical motion of 9.7-” and KijTT
and so these are dynamical variables as again the non—linear terms in
these equations always involve lower order quantities in any given order
of perturbation theory. The four quantities, giT, 9L, and KL are arbitrary
and in fact are examples of the t“, variables (7). Thus a specification
of these functions represents a statement of the coordinate conditions.

Returning to the question of obtaining the equations of motion
from (17), «(’7 and KM are now to be viewed as functionals of only the
eight variables gijTT, KijTT, 93‘, 9’” and KL. Variation with respect to the
dynamical variable produces the four dynamical equations of motion;
variation of the remaining (arbitrary) variables gives rise then to the
four Bianchi identities. The remaining four equations of course no
longer appear, as they are just defining equations for the << Lagrange
multipliers >> N and 7f in terms of the remaining variables as in eqn. (5a).
The N and mi, being Lagrange multipliers, of course also disappear when
the constraints have been eliminated.

Turning next to the generating function, it would appear that
there remains no contribution analogous to G2 of conventional field
theories and hence no generator of space-time translations. Again, it
must be remembered that not all the variables are independent and the
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insertion of the constraints which must again be done leaves one with
only eight variables. Thus the general form of G is :

H : _|‘ 11::l‘ Lynn» 311;,“ + F“; EKJTT —‘- f3 3K5: -f* f", 35/13 7“ In“, Eff-Iii] ("It‘ll
\‘Ciilfl‘t‘ the f” are fumxiuus oi" the eight variables. The first terms in-mirii-g Ey/TT and 5K” are of {he ijpv tlmi .‘ipI'luU's in the generating
function HZ. Hum-tor. they an- :m‘i' 31:1 in the canonical form of
1231/77 {/51}. The remaining four ti-i'HH slill do not have a definin- phy-
sical Meaning. The reason for this lies in that \VL‘ have not yet chosen.
a definite ('oriii-«Iiimte comlition: that is. We have not stated what time»
lions of .r“ the K“. (11'. (AT :n'e. Thus, ii We define four functions 1/“ :
1/" ; _ KL. 3/" : 1, 2 5/14,; + 9-51” then the :ronmiinaic conditions :mmunl to
specifying y“ as given functions of ac", y"(w). The variations in the last
four terms can then be replaced by (8’.

8y” 2 y'flv 3.1;", (21)
which gives these four terms the structure Fu(gTT,KTT,w) 85v”. This
result is thus of the form T0,, 8w“, i.e., that associated with the generator
of space—time translations Gx. We see then that a Hamiltonian, or more
generally a stress-energy tensor arises only after a set of coordinate
conditions have been imposed, although any set of coordinate conditions
will do at this stage.

As was mentioned above, though the first part of the generator
depends upon dynamical variables, it is not in canonical form. The
variables in terms of which G is canonical will in general be functions
of gum, KUTT and yum). It can be show that such a transformation to
canonical form can always be made . In terms of the canonical varia-
bles, Gr will be of the form :

G = f d3r [gca 8K6“ + To“ Min] (22)
where. you, K”a(a : 1,2) are the two canonical pairs replacing the four
9,5”, KijTT. In general, T0" does not represent the physical stress-energy
tensor since for an arbitrary choice of the functions y"(a:), T"" will in
general be an explicit function of :1)”. However as discussed above in the
class of << Heisenberg >> frames, it is true that :

Pu 2 Iran (131' (23)
represents the physical non-vanishing energy and momentum of the gra-
vitational field.

The situation discussed above in general relativity is formally very
similar to the parametric formulation of the Hamilton principle for
classical mechanics (9). There, one introduces an extra coordinate q,,+1

(8) More generally, the coordinate conditions may read yuzyu (as,g",K'”).
This just means that four other functions than the yin above are being used to
specify the frame, which is just as good.

(9) C. LANCZOS, The Variational Principles of Mechanics, Toronto Univ. Press,
Toronto (1949).
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to represent the time and a canonical momentum pn+1 : #H Where H
is the Hamiltonian of the original system. The action then reads :

" n+1 dq1

I : d7 2 ,- —
] i:1 19 (11

where r is an auxiliary parameter and may be arbitrarily chosen. The
variation is subject to the constraint :

REpn+1+H:O. (25)
More generally R can be any function of all the qi and 1).- such that the
equation R : 0 yields as its solution pn+1:—H. This solution may
be regarded as the defining expression for the Hamiltonian. Introduc—
ing a Lagrange multiplier, NU), the action becomes :

" n+1 dqi

1:/ (Ir[ 2 p, —N(T)R(qi,pi)] (26)
i:1 d1

where now all the pi, (1,; and N may be varied independently. Eqn. (26)
is analogous to eqn. (12), 1' playing the role of the coordinates av“. The
generator associated with this action is :

I,

n+1

G: E piEqi—N(T)R81 (27)
i:]

As in eqn. (16) the « Hamiltonian >> NR vanishes modulo the constraints
(which are derived by varying l with respect to N). Inserting the
constraints into (27) reduces the generator to :

G : 2 ])i811i#H8qn+1. (28)
i=1

Thus the true Hamiltonian only arises when the constraints are utilized.
The analogue of the coordinate conditions of general relativity consists
. . , . dqn+1
in specifying (1H1: qn+1(1). Then Bqn+1 : d1. This is possible

since the canonical equations do not determine qn+1 (just as they do not
specify the 3/“ defined in the relativity case). Thus, for an arbitrary
choice of the function qn+1(~c), the Hamiltonian generating the transla-
tions in the chosen 1 frame has the, form :

[ (fatality

d:

and is in general 7 dependent even for an initially conservative system.
Only with the special choice qn+1 it does 1 become the physical time
parameter t with a conservative Hamiltonian. Of course other choices
are logically consistent (including making qnfl depend on the remaining
dynamical variables) but would lead to time parameters Which would
not be in accord with those usually defined in physics.

(29)

General relativity differs from the simple classical particle problem
as follows : in the classical case, one knows the physical parameter t,
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ab initio, while in general relativity the coordinates are arbitrary to
begin with, i.e., we are given a structure of the type (26) without any
initially given Hamilton’s Principle type of action. The choice of the
class of coordinate condition we have discussed leads to a coordinate
independent To“ and hence to conservation laws for a conservative
system. This makes our Heisenberg frames agree with the coordi—
nates used in the rest of physics and thus our coordinates correctly
match on to the ones at infinity where flat space classical results hold.

It is interesting to formulate the central results of l for the linear—
ized theory in terms of the above analysis. To zero’th order, which is
the background flat space without dynamics, gym and gT vanish. Thus

1 .if we write 9,; : E (hm- —|— hm) E 8,,- we see that h,- : a” in the zero’th

approximation. Similarly, it is easy to see that the zero’th order KijTT,
K”, and KiT vanish While KL : —— $0 (10). The last follows from an iden-
tity that may be obtained from eqn. (10), i.e. :

aoKz—NH” + N(Kij Kij-i- Kli U) (30)
In zero’th space limit KL must reduce to —a:°. We thus can write
gm- : 3.1-; + hi,- where hi,- is a first order quantity. Expanding the action
of eqn. (17) (in which the constraints have already been substituted)
one obtains as the only non-vanishing terms to quadratic order :

I : f (14:10 [hijTT an KUTT — h/Tfl an KL] (31)
W,“ is to be obtained by solution of the constraint _equation (3.8a);
there the linear terms cancel and hTfl-i is found to be quadratic in K1,”
and 71,7”. Thus KL in eq. (31) can only be zero’th order, i. e.
’50 K"L = — 1. Substituting in the quadratic results for hr,” one obtains:

' 1
I :fd4 m [h’ijTT ao K’UTT _ (I (hm/"TED {J2 + (K‘UTT)2>:| (32)

This is, of course, the action for the linearized theory in terms of the
canonical variables (11). It should perhaps be noted that even though
the << Hamiltonian » density 36’ of eqn. (16) vanishes rigorously due to
the differential constraints, one can still obtain the correct linearized
Hamiltonian from 96’ by taking its quadratic parts and then inserting
the linearized/differential constraints. Thus the processes of inserting
constraints and linearizing can be performed in either order, and there
is no qualitative difference in the structure of the full theory and its
perturbation approximations even though the latter do not possess the
full coordinate invariance.

(10) Of course, KL, ‘1! which is what enters in the affinity, correctly vanishes
in the flat space limit.

(11) In general. the gauge functions disappear from I upon fixing Heisenbergcoordinate conditions. such as those used above. In electrodynamics, on the other
hand, the gauge i'unciiou cancels out rigorously and need not be specified to discuss
motion, since coordinates and gauge are independent.
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5. — Discussion and Conclusions

A general discussion of the structure of gravitational dynamics and
the nature of gravitational energy has been given. The initial statement
of the theory was expressed in terms of a, Lagrangian that depended
upon the sixteen variables remaining after the elimination of the alge»
braic constraints. The stressenergy tensor derived from this Lagran-
gian vanishes as a consequence of the differential constraint equations
and correspondingly the original << Ilamiltonian >> in the Lagrangian
also vanishes. If the constraint variables are then eliminated from the
Lagrangian as a whole (by means of the constraint equations) there
results a new structure depending upon four dynamical variables and
four quantities which remain undetermined. The specification of these
arbitrary quantities as functions of the coordinates corresponds to the
definition of a coordinate frame. In this form a new non-vanishing
IIamiltonian density arises in the Lagrangian. This Hamiltonian den-
sity. however, will represent the physical energy density of the system
provided it has no explicit dependence on the coordinates. This physical
criterion is necessary in order that the usual conservation laws for a
closed system apply here. Thus the above physical requirement deter-
mines a special choice of the four arbitrary quantities and hence implies
that one may physically use only a special class of coordinate frames
to describe the theory, although mathematically, any frame is still
allowed, so that general covariance is maintained.

In this formal analysis of the structure of the dynamics of relati-
vity, we have assumed thoughout that the nonlinear constraint equa-
tions can be solved for the appropriate variables. While this of course
*an be done in a perturbation expansion, it is not possible to find
closed form solutions. In electrodynamics, techniques are a 'ailable
within the framework of the action principle which allow a complete
discussion of the theory without the explicit elimination of the cons-
traint 'ariables. In subsequent work, we will discuss similar 1.)rocedures
for general relativity.

POSTCRII’T TO CONTRIBI'TION OF S. DESER

Since the Conference, the remaining parts of the program described
above have been completed. Two pairs of independent, unconstrained
canonical variables which satisfy ordinary Poisson bracket relations
have been obtained explicitly. The resulting Hamiltonian twhich tit-pends
only on these two canonical pairst satisfies the cons *rvat'ion requirements
imposed in the program tttsing simple crmrdinate cotulitions‘t. l’rom it‘
a simple expression for the total energy-mom:'ntttm vector of the graviv
tationa! field results: it can be computed in any asymptotically tlat
coordinate frame from the initial Cauchy data (gly— and K1,) only and
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does not depend on the go”, for example. The criteria for existence of
gravitational radiation follow from the formalism in a fashion iden-
liml m the vol-responding (‘i-iieriu fur eiern'nmugnmiv mdiulimn nu;
]’n~\'ming Vet-in]: 11¢>zt»'\‘z:1:i.~'hi1:gni’ihrm‘uindupvmien‘r(‘znmniml IlilHlI-S‘.
Tiw I‘iUHlSiHII In (ampling will: Inuiivr is vusif}: manic. and our Hm 711m:
Show 11ml Hun m'mimiinnnl field Ililtlx‘i’i ‘zlw >4(‘-I1'»Hlv1‘;.\' ul' :1 ('Izix‘sivnl
1min! (-hnrgv finin-. hemils of the I'i-sillfh: and \‘Jll'ifills applimritms nl’
the gunman; may be I’umul in :2 Si'i'il'fi ni‘ I’L‘t‘t'lli pnprrs in {in} I’i:_:/x.|'w:f
1?“!‘I'III’. x‘ulsi 117 m 122. J. ”NHL (”hymn I. Jun, [‘Itjj.‘\'_. 11. :HH] \Hurm
(“inn-Mu Ili'ml u.

DISCUSSION

Intervention du Dr. P. W. Higgs
Lt' l)r‘. Desm‘ a dunno utie definition vie-x variables eiynamiqmax gravitation-

nellc-s lrunsvcrses (inns laquL-Iic iI impose les condiliuns (ff, — H en mam-
lemps quc in nullilé do 121 trace. Jr mudrais imiiqucr unc umr-e définition.
Suit 92"‘(3‘5 In donsité tensoriclle formic uvL-c 1:1 mélrique 9.... Suit y"(.r,\ In
Solution parluut réguliére e’r {emlant usymptotiqnvment \‘ers I“ do i‘a‘q-
Einn dc Luplm-c générulisée (g’ynhr. : I). Nous suppusons quc 1w ('CI(U‘~
donnc‘cs sum usympfntiqm-mcm car‘iésiennes. Dams re can. y" es? um- font-
tiunnellc unique dc 51,,(1‘). Choisissons y'. if, y" comnw nouwllcx (‘tmx'rlnn—
néesi Alon. Ies variables trzlnsfuz'meL-s :léfinivs par :

gTTab(y) = (detyc.t)_1 ya, r yb' ' 9"(1‘)

Hfliirxfuni :mx rundiiions de transverSalité 9"”,n = 0 (conditions do coor—
riUIIXiéc-s harlnnniquvs). L’on doit en outre imposer une condition pour en-
Im‘er ll' (lei—nicr (leg-“ri- de liberté.
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RESUME

On examine la possibilité d’introduire 1e spin demi—entier dans une
structure topologique purement gravitationnelle.

The basic question that has stimulated these researches into topo-
logical questions is, can a purely gravitic structure conceivably have
half-integer spin ? This is a progress report on results obtained since
the publication of Reference 1. It includes further properties of an
interesting by-product of the program, the << M geon >>, which is redes-
cribed for the sake of unity.

The Basic Geons of General Relativity

The conceptual starting point for the formulation of general rela-
tivity is, as it were, a blank sheet: a locally Euclidean topological
space, as yet devoid of metric structure. But already certain global
things can be distinguished and counted: EINSTEIN-ROSEN << bridges ».
Wheeler << wormholes », singular points or lines (for those who permit
them), and crosscaps, to mention some. For brevity let us call them
0 geons, since they are defined in terms of the open set structure of
the space. A systematic classification is not yet possible for the O
geons of 4 dimensions.

Next a field of tangent light-cones is laid over the manifold. We
assume asymptotic flatness. Such a field has a peculiarity that most
field theories lack : not that there are unusually many configurations

* On leave of absence to the Nordic Institute of Theoretical Physics, Copen-‘
hagen.
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it can be given, but rather that even when two field configurations are
counted as one when they can be continuously deformed one into the
other, there are still infinitely many possibilities, and a discrete infinity
in fact. In other field theories, all configurations can be continuously
deformed into one, say the identically zero field, and thence into each
other. The integers which label these infinitely many possibilities we
call metricity M; in the absence of 0 geons one integer suffines. The
structures of unit metricity from which all others are assembled we
call M geons (fig. 1).

(7' 9 2:7

l——tl——t
ée.‘ age was.)

FIG. 1. ~ Schematic cross—sections of metricity 0, 1, and 2. Regions of the 3—dimen—
sional cross-section that are not space-like are marked by adjacent segments.
For M:0, the entire cross—section can be space-like. For M:1, a «hollow
ball» a region between two concentric spheres — may be non-space-like.
For M : 2, there may be two such hollow balls, concentric or side by side.

In the present state of afiairs, a presentation in which rigor and
clarity are sacrificed to brevity and suggestiveness has seemed most
appropriate to us, but the actual proofs are sharp.
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Gravitic Half-Spin

First let us only admit histories of the metric which are made up
serially of topologically Euclidean asymptotically flat 3—spaces. Then
we already know that it is possible to construct a continuous 1F—
fum'tional 111m transforms in a double-valued way under some group
of 11-:,an.~<forn1ations on the metric (Reference 1). This is only because
of the intrinsically non-linear signature requirement on the metric
tensor, and for example linearization, which yields the massless spin-two
field theory, eliminates this possibility. Now we have explicitly cons-
tructed a wave—functional of the metric field that displays this double-
valuedness. It turns out that it is not a spatial rotation that changes the
sign of the wavefunct‘ion, but another sort of global transformation. We
can further state that this is then the case for all 1Ffunctionals of such
histories, with or without M geons. Thus : without 0 geons there is no
half-spin.

We then consider histories that are made of 3-spaces with the
topological structure of EINSTEIN-ROSEN bridges joining two asympto-
tically fiat «sheets». For example, the Kruskal completion of the
Schwarzschild solution is of this form for most of its lifetime. But the
result is the same. Thus : with one 0 geon of this kind, there is still
no half-spin.

It remains to consider next an arbitrary number of 0 geons of
the one- and two-sheeted variety, appearing and disappearing; but there
is no reason to believe the result will change. This, however, comprises
the most general 3-space cross-sections without torsion, according to
PAPAKYRIOKOPOULOS. Thus the conjecture : without torsion, there is no
half-spin. Finally it will remain to consider the manifolds with torsion.
This includes, but is more general than, the class of non-orientable
manifolds; the classification of these 3-manifolds has not yet been exe-
cuted. Work here is in its early stages.

Metricity

Again for topologically Euclidean asymptotically flat manifolds, a
certain integer is constant from one crosssections to another. This
integer M is the number of structures of the type shown in fig. 1 present
in the cross-section; time—reflections of this structure are counted nega-
tively. One symptom of the presence of an M geon in the cross-section
is a 3-dimensional region which is not space-like but contains a time-
like direction. This time-like region is indicated in fig. 1 by heavy seg-
ments. Now for manifolds with one 0 geon of the EINSTEIN-ROSEN type
we have found two such conserved integers M0, M1; M0 counts the
number of M geons which can be completely separated from the 0 geon,
while M1 can really be thought of as a metricity carried by the O geon,
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for it counts << twists >> which are permanently tangled within the bridge.
The associated time-like regions are shown in fig. 2. As long as the topo—
logy is held fixed, both Mo and M1 are separately conserved.

j C 1::

jE Z:
FIG. 2. — Schematic cross-sections of a «bridge» with two types of metricity.

Regions of the 3—dimensional cross-section that are not space—like are marked.
For Mg: 1, M1:0 a hollow ball outside the bridge may be non-space-like.
For M020, M1:l the hollow ball that is not space—like may envelope the
entrance to the bridge.

REFERENCE
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DISCUSSION

Remarque (16 B. Bertotti

Le programme de quantification de Feynman en Relativité générale
ne peut pas étre porté trés loin avant que nous ayons une saine théorie
mathématique de l’intégration dans l’espace fonctionnel des métriques. Pour
indiquer une maniére possible de le faire, considérons une «variété»
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consistant en un Hombre lint (N) etc points ‘1‘: et l'espace S 51 MN dimen-sinns «Inn! 165 cmn‘dnnnées snnt ics coefficients dc la .4: métrique» {431-13)-Suns pusscr dc- maniérc indirecte par lt- théor‘wnc tie Haar, cmnmu l‘a sug-géré Mixner, un pout «léfinir uue mesure invat'iantc unique dams cet espuce
en utilixant un résultat do I. E. 893431 dour. Mum. Son. 13. 10:3 (1949)); toutcumnw. pzn' cxemple Ia mvsurp tit‘ Lebesgue urdinairc définic cummc [umosurc inml‘iantt- par il'S tt‘anslatinns. un gramme. lmnsilif éqm'rnnlr'nuopérunt sur .9 déterminc 1a mesnrc. Il gamble t-nrrect tie prendrc le groupedes permutations dos points 1‘; ct its transformations Iinéaires

9“,,(11) —> 9,,(xs) flu9(x¢) mitt!) -
Ce groupe est équicontinu si la nouvelle variable

(0(a) = ln dét [lgw(a:.) H
est introduite.

Le pas le plus difl'icile. ct jusqu'a maintenant mm exploré, est, natu-
rellement, Ia transition N ~» w. qui depend {ta I’intmductiou d’une structure
dimensionnelle; on rievrait aussi poumir montrt-r quc la mesure ainsi définieest imvariante par les transformations do coordonnées.





SOME INVESTIGATIONS
OF THE GRAVITATIONAL FIELD EQUATIONS *

by Dr. A. PERES and Prof. N. ROSEN **
Department of Physics, Israel Institute of Technology, Haifa (Israel)

RESUME
On démontre qu’en général les effets cumulatifs des termes non linéaires

des equations du champ excluent 1a possibilité de petites oscillations stables
du champ autour d’un état d’équilibre, si ce dernier est Minkowskien a
l'mtinit (jet-.9 pent c-ntrniner 11-33 :Iirl‘ieuités dam lL‘ vulcul «In champ than
s} sle'nc r;v!_\‘«')nnant. par rles lurthmlus :E'appmximniinn. Un renrontrc uric
(litl‘icul'e apparrnnmenl (-m'relee quanni «an etudic 19 problems lla‘ (lam-h}, m
I'rlulivi‘é- gimme : xi l'on specific. 5: un inmneni :lonné. tomes les quantiles
necessuires. lilc fat-on misonnublc. crriaines (les variables 116 if 111;) z‘.:~-
tame-s gneuwsnl :avoir .lus talcum ell-veers. En fail. cur. vsleurs elm-Jr's pem'enl
n'élre qu'un ell‘ei vie cmn‘tlnnnees. sani' :m voisinag‘e [les singulariles. lv’é—
qurllcy. pem‘cnt {-[re inim‘prélees commu IIL'S curpnsculc-s.

J

The purpose of this talk is to present the results of some investi-
gations on the properties of solutions of the EINSTEIN equations for the
gravitational field.

For this purpose it is convenient to make use of a three—dimensional
formalism. We shall use Greek letters to denote the values 0, 1, '2, 3 and
Latin letters the values 1, 2, 3. Beginning with the fundamental tensor
9,.» (taking goo > 0), we define the three-dimensional contravariant metric
tensor by the relation

“kl glm E akm ) (1’
so that

gok gal

We then introduce the corresponding CHRISTOFFEL three-index symbols

6761 E gkl _ (2)

1
“(71315 7 6”” (9%,: + yum; — 91.1.71) 3 (3)

(*) Partly supported by the Air Research and Development Command of theU. S. Air Force.
(**) Presented by N. ROSEN.
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and denote the corresponding covariant differentiation by a dot :
A k-l _ Ak,l_ Am Yi’jl- (4)

Now let us write
,_m E rm, qr : 0“ qn. (5‘1

and let us define Q by the relation
1

Q2; Egooqk. (G)
gUO

Finally, let us introduce
1

Zlk : 2 “M’a + WM” flglmo) ,~ (7)‘O
and

Z E Z’; . (8)
If one writes down the field equations in the general case of an

energy»momentum density tensor Tuv, one finds that, by taking a suitable
linear combination of the equations, one obtains the following relation

1. .—e“f2.u:q>kZ,.k—ZW+QZtZl- +;Q(T3*Ttg9Qt 1» (9)
where v. is the relativity gravitational constant.

Let us now consider the field at a large distance from the material
sources, so that Tm, : 0. This relation can then be written

“GHQ-kl:(QkZ))k—Z§Pk7kflzm+QZiY/Zyk- (1m
If we assume that the field is weak, so that the components of flu» are
nearly equal to their Galilean values, then

—c“Q.H~V2Q. (11)
Let us now suppose that the field, in addition to a static part,

contains a part representing a periodic or nearly periodic wave. From
the linear approximation calculation one finds that the deviation of

1each component from its Galilean value falls off at large distances as —7.
where r is the distance from the origin, near which the material sources
are located. Furthermore, the derivatives of these components with

>

1respect to all of the coordinates also fall off as — at large distances.
9"

Let us now take the time average of eq. (10), either over a complete
cycle if the wave is periodic or over a long time if it is nearly periodic.
Denoting the time average by brackets, we have
v2<£2>~<(qakZ),k>—<Zq>k,k>—<Z,o>+<QZtZt>.

(12)
From the form of this equation one can regard the right—member as
proportional to the « source density» of < 9 >. One readily sees that
the first term of the right-hand member corresponds to a finite source,
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since its volume integral over a large sphere can be expressed as a sur-face lntegral having a finite limit as r tends to infinity. In the second
1term both Z and 9’”, 1.- fall off as — (unless the field is static). However,
7'

one can show that, by means of an infinitesimal coordinate transfor-
- I n n

1matlon, 1t 1s p0ss1ble to make q)", 1.- fall off like F, so that the second
1

term falls off like —3, corresponding to a logarithmically divergent source.7"
The third term vanishes since it is the average of a time derivative.

1The last term is positive definite and falls off like F (unless the field
is static). This then is the dominant term, and We see that, when r
goes to infinity. it re1IIresci1ts an infinite source of < 9 >. It follows
therefore that < L] > cannot approach unity as r increases. hm rather
tends to infinity. \Ye lune thus arrived at :i contradiclion with the
original assumption that the components of the metric tensor tend to
their Galilean values at infinity.

l‘lne can describe the situation lay saying that in general The cumu-
latixe ut'fccts of the non-linear terms in the field equations rule out the
glossihiliiy of stable small oscillations ahont an cqniliin-inm state if the
latter is llixi<oi\'sma1 infinity. From the physical standpoint this result
ls noi difficult In understand. Not only The” energy of The mailer creates
a gravitational field, but also the energy of the gravitational field itself,
and, with a reasonable definition, the latter is infinite in the case under
discussion and leads to an infinite field at infinity. This result raises
questions concerning the validity of calculations of the field of a radia-
ting system by approximation methods.

An apparently related difficulty is encountered when one deals with
the Cavern problem in the general relativity theory. We assume that
at a certain time, say a") : 0, the components guy and their time deri-
vatives gum are given as functions of (.701, 402, :03). If one writes down
the field equations, one finds, as is well known, that six of them give
gum in terms of the guy and gum, while the others impose certain res-
trictions on the gm, and gum. The latter equations can be expressed in
the following form :

2aQ4T°°=Q2P+QZ(Z2—Z1‘Z£), (13)
xQTfl =Z,,;—Zi..l, (14)

Where P is the scalar curvature of the metric g“, and where we take
for empty space, To” and T}; to vanish.

Consider first eq. (13). From the definition of Z} one readily verifies
that the second term on the right-hand side is independent of mo. Since
92 is linear in goo, we see that this equation enables one to express gm,
as an algebraic function of the other gm, and their derivatiws.
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Now consider eqs. (14). One readily finds that these are three spatial
second-order partial differential equations for the yak and that they are
linear in the second derivatives. If one eliminates goo in (14) by the use
of (13), one can first determine the Ma by solving three spatial second-
order differential equations and then determine 900 by means of (13).
The first (and higher) time derivatives of you remain completely undeter—
mined by the field equations and can be chosen arbitrarily, correspon-
ding t0 the possibility of arbitrary coordinate transformations.

We now come to the question of boundary conditions. The three
spatial differential equations are of the elliptic type, since none of the
three space coordinates has a privileged role. The appropriate boundary
conditions, from the mathematical standpoint, are therefore of the
DIRICHLET or NEL‘MANN type. If one is dealing with an infinite region.
and one tries to use boundary conditions of the CAUCHY type on a finite
surface, one can expect that, in general. the solutions fOI' gok will become
infinite at infinity (as was the case in the first part of this discussion)
or will have singularities elsewhere. If one has found a well behaved
solution, a, small change in the boundary conditions may result in a
large change in the solution at large distances # the elliptic equations
involve an inherent instability.

What may make matters even worse is the fact that go, is deter-

mined from the other gm, and their derivatives by an algebraic relation
without the possibility of specifying any boundary conditions, anal there
is no assurance that it will be well behaved, e.g.. that it will be every-

where close to unity if the other guy are close to their Galilean values.
The conclusion to be drawn is that. if in the (‘AI'CHY problem the gm

and g“), are chosen to be nearly Galilean everywhere at r“ : 0. it will
be rather exceptional for the you to have this property.

On the other hand, an investigation of the physical components of
the curvature tensor shows that nevertheless they are, in general, small,
This means that the choice of quasiGalilean g“ is sufficient in order

to make the spacetime locally nearly flat. Hence the large discrepancies
between gml and their Galilean values can be transformed away locally.

although it is in general impossible that in the whole of space-time all
the guy he quasieGalilean. The physical components of the curvature
tensor may. however, become large in the neighborhood of a surface on
which (guy: is zero. If such a surface is shrunk to a point by a degenerate
coordinate transformation. it can be interpreted as a particle.

DISCUSSION

Intervention du Professeur Brill

Je suis tres intéressé par votre analyse du probleme des valeurs initia-
les, en particulier parce qu’elle senible concorder avec les re'sultats que j’ai
obtenus dans le cas particulier de la symétrie par rapport au sens du
temps. Comme vous le dites. seulement dans des cas tres particuliers, on
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pent truuvcr lies solutions qui m- 51- In‘nini‘lguni pus :1 l‘intériflur Lies singu—
luriies. pour les Conditions aux liznitr-s que vans considérez. Dans 1c msconsidéré par moi, cc faii it uni- bumm— interpretation physique. i: szivoir
pour Linc solution nun singuiiérc l’xmrlt- graviiinnnelle rcpz‘cseniéc par 1;:solution (ioit avuir iaz force exude [yr-[3r courlmr I‘espacc dung un 1min H'siermé.

Intervention du Professeur Papapetrou
J’ai débattu 1e. probléme des champs gravitationnels variant periodi-quement avec le temps (Ann. (1. Physik (6) 20, 1957, 399 et (7) 1, 1958, 186)et je suis arrive aux memes résultats que le professcur Bosen, c’est-a-dire

que les champs gravitationnels périmiiques satiszaisant a la condition
gm,» um, quand r» a, ne peuvent pas Mister. De fawn a arriver 51 lineinterpretation physique de ce résultal. j'ai aussi {‘tndié les champs gravi-tatiunncl cl éicctrmnagnetiqnc reunis, sous la forme de la théorie d’Ein-stein—Maxwell ct j‘ui vonsidéré. L-n premier lieu, 1e champ gravitationnciproduit par un champ electromagneiiqup périodique. I.:x divergence loga-
rithmiquc dc 1;..4 quand r —~ =~= appamii dam ce cas aussi. Ix >ens physique[16 cc «lex‘nier resuliai ext we: simple : la densité d’énergie Iln Champ élew

ltromagnétique tends vers zéro comme —9 quand r _. co et, par consequent,r—
introduit une divergence logarithmique du potentiel meme dans la théoriede la gravitation de Newton. 11 me semble qu’on est oblige de tirer de cetteanalogie 1a conclusion que le champ gravitationnel possede aussi une distri-
bution d’énergie, ayant une signification physique, avec. une densité qui

1
tend vers zéro a l’infini comme —. Dans le cas général des champs gravi-

1-2

tationnel et électromagnétique réunis, on trouve qu’il y a des termes electro—
magnétiques aussi bien que gravitationnels conduisant a une divergence
logarithmique de gen ‘et que ces termes ne peuvent pas s’éliminer parce
qu’ils ont tous 1e méme signe. Ceci montre que dans le cas de champs pério-
diques 1a densité d’énergie du champ gravitationnel a le méme signe que
celle du champ électrmnagnétique, c’est-a-dire est définie-positive.





A SOLUBLE QUANTUM FIELD THEORY
IN CURVED SPACE

Docteur FREDERICK L. SCARF :‘
C.E.R.N., Geneva (Switzerland)

RESUME
Ln: modelc bidiim-nsiunnel <1;a Thir'ring :73 es: résolu {lam uu espuvc

couz‘be arbitraire non-quantific [v.- c-number curved space rrl. Postulzmt scu-
lemcnt que les anticornmuiatcurs Lies champs 11' avanccs (in—fields) snl’it ties
functions algébriqucs (t: v-numhcr functions m d'un caractérc [Lu-(:1. cl quc
v.5: til. l'on niuntre quc lu procedure dc quantification est unique. Pour
beaucoup de znétriqucs on trouve que la matrice S est non—diugonalc en
description cuombrc— (lc particulars» Awe. quatre dimensions une untre
cause (le generation de particules est trouvée.

1. — Introduction

The determination of whether or not quantum mechanics and gene-
ral relativity are compatible is a problem of fundamental importance
to both theories. However, the actual problem deals with a quantized
space-time manifold and presents many conceptual and mathematical
difficulties. In place of a complete treatment, some investigators have
discussed quantum limitations on measurements [1], quantization of
linear approximations [2] and quantum mechanics in c-number gravi-
tational fields [3], [4].

It is clear, however, that investigation of single particle equations
must be regarded as preliminary, and that a more significant problem
involves quantization of a classical field in curved space. DESER [5] has
used FEYNMAN quantization to speculate on the general form of the
results for a complete theory. He has also proposed [6] that it may be
meaningful first to quantize the matter and radiation fields and then
to apply quantization to the gravitational field. Even if this were not
so, it would be desirable to have an unambiguous method of quantiza-
tion for the matter field in curved space which would determine to

* U. S. National Science Foundation Fellow on leave from the University of
Washington, Seattle (Washington).
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what extent the FEYNMAN and Scnwmann schemes have meaning. Fi-
nally, we note that space-time curvatures associated with an expanding
universe should be regarded as external c-numbers. and the study of
field quantization with these metrics has cosmological implications,

In this note we examine a two—dimensional field equation for which
quantization can be effected by expressing all operators, state vectors.
etc., as functionals of tlat~space quantities, Theiequation is the genera-
lization of Thirring’s model [7] [1’7“ 3,; ¢ + 21(4242) q) : 0] which is com-
pletely soluble in flat»space. Two main results are illustrated : a) The
definition of a state vector contains quantities which have meaning in
all coordinate systems, but which must be evaluated in particular frames
of reference (R-systems); b) For a large class of guy, matter is created
by the metric. This production occurs because the time scale in the
R-system does not go from i 00 to co.

“'henever the interaction contains dimensional quantities an addi-
tional source of matter creation is present. The effect is illustrated by
considering the, selfcoupled spinor field in four dimensional confor-
mally-flat spaces. Then. the equations of motion for the flat-space fields
contain eff : 7. fly”).

2. —— The Field Equations

In a Riemannian two space, the equations of motion,

mvrwzuuioizo, m
and its Hermitian conjugate, follow from :

a Rigel-3:0. B=§iW<vmeivmxwiwow (2)
where g : det guy and {Y“, 7"} : 2g”. The covariant spinor derivative
is defined by requiring that L" be invariant and that V,1 TV: 0. It is
convenient to use the following formalism to specify the above quanti-
ties : a) up is invariant with respect to coordinate transformations and
41—) 8‘1 4; under a spin transformation: b) An ordinary vector, A“. is
invariant under spin transformations: 0) 7“. which is a. vector with
respect to coordinate transformations, goes to 8—17” S under a spin
transformation. The adjoint. i!) may be defined using the flatspace spin
metric so that 4)" 421-: — 73(11): ”#1 — of 412).

For a diagonal metric. a set of «(anatrices satisfying the correct
commutation relations can be constructed.

70 = W e :W an, m = 22w, (3)
with 3100 : l : i g”, {11” : if” : 0, g“. gm" : 1. When the covariant
derivative is written as V,l 41,-, : a“ 4”? (FM 41),: the condition V“ 7,, = 0
leads to 4 F“ : (7" EV Yu—TV 3» ml. where RE, is a (‘hristoffel symbol.
[Re(Tr T“: :0 if the above spin-space metric is used: l,,,(Trl‘ul has
been arbitrarily set equal to zero]. This definition yields :

To Fo : — T] (agoo/aa‘it/tiflom T1 F1 : * “r"(BI/n/afl/Hln-
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At this point we note that every two-dimensional Riemannian space
is conformally flat so that it is always possible to choose a coordinate
system (R-system) for which guy: gunman, t). In an R-system, Eq. (1)
takes the simple form :

13 q» awe/4 40/113“ + WW ¢ = 0- (4)
If :y0 = [3 : 0'2, :{1 : — {61, u = t —|— 41;, v = t — w, the. general solu-

tions are :
u

“Mm, 75) = [mm 70—1/"(03JH 9X1) {Rf du’ @300 92010},
.. <5)

dv’eflv’l MW},(4)2(1', t) : [qag(u) h‘J/4(ar, t)] exp {ilf

where m, <92 are completely arbitrary functions. It has been assumed
that [41m (x, 73)]2 = O. The equations of motion also yield two conservation
laws, V#(qi-r" [1 1-75] q») = 0, Y5 : y" y] : :{0 i1. Since [11“, 7"] : 0, these
lead to two constants of motion in R-systems :

1 _
N1“? :?f\/ —‘gd-.’l' qJYU [1 i “(5] ll) : fd-I? Qlf‘l $1.2 . (6)

i _ _
The stress tensor, T3:T)[¢Y“(Vu¢)—(Vv¢lY“] —g:‘E, satisfies

TEN”: 0, and the tensor density, 3’3: \/— g TlI obeysv."

1an 3: = 7 gas (a gas/aw .
In R-systems,

1an 20; = 3 h, (T00 — T“) (ah/aw) = 0,
SO that :

Pu: I \/—gda-T2 (7»

is a constant of motion. However, I”, which is defined by Eq. (7) with
T0v (PV .—7é gW PM), is not constant. The concept of energy in curved space
is meaningful and well defined only for coordinates with g’oo = 1,
g'ok = 0. Thus, when ds2 = (11,"2 — R2(t’| dm’z, one finds P"’ = P’,, : Po/R ;
the expansion is adiabatic and the decrease in energy represents a Dop-
pler shift of de Broglies waves.

3. — Quantization

As t—>— 00, all X, q;—> qfl'"(a:,—oo) : [<p/h1/4]t=_m. We do not re-
quire that space be flat as t —> —oo. Even if Mm, —oo) is constant, it is
necessary to identify W with 1171/4 q), and not with q). For the latter
choice, 4;“ is not a solution of y" VH¢20 for finite times, and the
U-matrix (up = U* (W U) is not unitary. Furthermore, 4; should tend to
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(W, as t—>#oo, because of the time dependence of a retarded Green’s
function, not as a consequence of the time dependence of the fields:
however, it is impossible to write a solution of «(H V“ q; : 0 as :

‘l’ : ‘PFLAT t /d77 GRETfWFLAT)- (8)

Thus, if the metric is treated as a dynamical variable, the meaning of
(W is obscure, but for an external c-number gm, there is no difficulty.
It should be noted, however, that the general solutions [Eq. (5)] cannot
be expressed in terms of ¢(w,——oo), h (gig—co) alone.

In order to quantize the theory, we observe that the spinor with
components $1,n satisfies if” an? : 0. This suggests that 9 should be
treated as a free, flat-space, spinor field with customary commutation
relations. The underlying assumptions can be stated explicity : if
[413? : 0, then the definition of q)” gives, for instance,
812(zv,tla:’ t’) : i mam, t), way, 77)} :13”, 17’) Phi/401,17), h—1/4(u’, '1").

(9)
We postulate : a) S12 is a c-number. b) Sm must tend to $12 (flat-space)
as h —> 1. c) 812 is a local function of the coordinates (that is, f does not
contain

f du’ 11 (117,17), etc. ).

Then, since fig is independent of u, it is independent of h, and flz must
be the same as in flat-space [fu : i8 (17~17’)]. In this two-dimensional
model the commutation relations are uniquely determined if (I) — c) are
satisfied. Any general method used to obtain anti-commutators in
curved space must lead to these results or show that (I), b) or c) is
violated.

Since q; is the same as in the ordinary Thirring model. its Fourier
transform has the properties :

$1.2 : Bel—W] dp (33(1)) exp ip(1‘, u),
do

{on (10), cm} : 0. {00(p).(*:(q)}‘ : 5a» 5(20 7 (I), (10)
and particle (a) and anti-particle (b) operators are defined by

01,200) : [Ni 20) ”(Pl + M: p) b*(#20)]-
As in the usual theory, (9* q) in Eqs. (5‘), (6), (7) is replaced by up“ Q1,
where Wick’s ordered product is defined in an R-system. Eq. (6) becomes

N —/ dp Ni 20) [mm «100) —b*<p) mm]. (11)
and Pu is given by :

P01 :/ p dp:(c’1‘c1 : c; 02) z. (12)
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Since [NM Pp] = 0, the state vectors are simultaneous eigenstates
of the four operators (PV does not commute with P., or N”, in general)
and are given by a] 0 > : b I 0 > :0, ]a,[?: > :(a,*)‘1(b*)5[0 >. These
relations are the same as in the flat-space model, and the ordering and
renormalization of the bare particle operators is carried out in the same
way. Thus, after renormalization, R is given by Glaser’s expression [8]r; (w, t) = m») h‘3/4(w, t) x

[6—11—1] " p+ 172:: ei(q—p)u
exp—0.— [(11)q (—> EOEWMM) :(13)A” v q— (10+—q—)

where
pizpiia, 1’:7\+27tn, [N/21cl<1.

In terms of configuration space quantities, the equation a 10 > :0 is

f do exp(— ipv) <p(+) (v) ’0) :f du eXp(— ipu) q:(" (u) {0 > : 0

(14)
where o(:) are positive and negative frequency parts of q). The vacuum
is defined in a particular coordinate system using two concepts which
are not manifestly covariant; the separation into 9(3) is obviously tied
to the frame of reference, and Ill/4 4;” 2 <1), which obeys W a” q) = 0, is
clearly not a meaningful entity under general coordinate transforma-
tions. However, under Lorentz transformations from the original R~
system, the definition gives no trouble. Furthermore, when one goes to
another R-system, the equation merely becomes a/(p’) [0’> : 0. Finally,
if the new metric has g’oo(.r’, t’)#— g’11(a7’, t’), then q)(+)(a:’, t’) is
defined as a functional of .r(m’, t’), t(w’,t’), where a; and t are again
coordinates in an R-system.

The same results are found for all the state vectors; [a,(3> is
defined in terms of quantities which have meaning in all frames of
reference, but which must be evaluated in specific ones. These equations
resemble the definition of the potential of a moving charge in special
relativity (Ai : eUi/ro, To is the distance in the proper frame). We have
found no way to rewrite the equations for ] a, B > so that they have direct
meaning in all coordinate systems in terms of quantities measured in
these systems.

4. —— Particle Production

The space-time curvature causes a distinction between physical
particle operators, <12, and the bare particle in—fields, 42""271—1/4 q). A
second effect is the production of physical particles. The relations
420(1), 1)) : U* (t) of," (m, t) U(t), [7* U : 1, define a unitary matrix which
yields eq. (4) if

t as

U(t)=eXp :—Hf_m dt’f_ dw’rr‘fvmé‘wriv (15)
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and the Smatrix [S : ['(t°“‘)] equals exp (—ik N1 N2) if tm‘t : 00.
Therefore .out> (: S |i11>) equals tin> to within a phase factor and
no particles are created, as in the flatspace problem. However, to“ may
be finite. As an example, consider a fundamental observer in a frame
with (182 : dT2 ~ R2(T) dX2 (we imagine that X : )\0 exp [— e FtX, T)],
a arbitrarily small; this variation in X introduces a length and fixes

.i'i‘
the (-oorilinale systeml. The transformation .r: X, f: I «IT' IIIT’I

docs not span the same interml. in general I‘lt'or HITI : l -i~ exp «TC-ii.
t _— — 2 in [l "241 + exp—’1‘,--.I]. and t““" : 71;: Ill. Thus. the S~matrix
is not diagonal in the physical particle representation. and real pairs
of physical particles are created by the metric. {It is also possible to have
t“ # — co, lmm“ , trmml % oo ; these situations are analogous to the one
considered here).

.‘Jives .l : it “It2 # (Ln-'1 with I: it: ;- REITI. As T varies from ~ :2 to 2*

Tt tm” is finite, (IN/4 42)” : lim U*tt) Ill/’4 (1)1“ (av, t) I'(t) is the same
as if space were flat and the interaction Were imp : '/.0I,‘t”“"‘—f!; the
virtual cloud of physical particles which is: normally present only for
tiniie times is now present in the rJtll-rztntv. As in the flat-space problem
with discontinuous in. LIN-'4 or”! is not a solution of 1-“ Vu '1'; : 0. Matrix
elements such as < (l [rt 1-: > can he nsmi to study; the matter production.

. , < 0 WM 3 >“’OIH— finds ‘5. :1}. MIT
< n ”41;! 1 >13

or 2.>«m_e(_k)e(q,_sin<l/2> (Ivy/2n expt—i(k+q>(t°m+wn
q (k + q)

(16)
and this gives the energy distribution of the real, physical particle
pairs [9].

The production process for the Thirring model is a very simple one.
Matter is created only if guy is such that .1', t do not have the same range
in an R-system. The reason for this is that X is dimensionless and
m0:(). There is no unit of length in the problem which can sense
changes in the metric. If a length is present, matter is created moredirectly. Consider eq. (1) in a four»dimensional system with ds2:h(dt2—d52) (here [X] :Lz). When the F“ are evaluated, the equationof motion may be written as

i71‘5/4t”8u(h3’4¢)+37\(WW:07 (17)and the substitution a; : h""’4 1 gives the equivalent flat~space problemwith ‘AEFF : 114$, t). If X“ : q), then
<9 : he“ tci + m t d4 1/ SRETm I t M1 > (ix) x] (18)( S is flat) and 4; contains the me

interaction. Neither a“ 9“: nor a
of motion are

tric for all past times directly in the
“St” are zero, and the only constants



427

1 ’ _ 1 '
312:? / Hd3m¢yo [1 :73] ¢=—2 [ d3mx*[1:flx. (19)

The state vectors are eigenstates of these operators. Once again,
the commutation relations are expressed in terms of flat-space quantities,
Na“), “(2)?” = h—3/4(]) h—3/4(2) Saba, 2), and the problem can be
solved by standard techniques (perturbation theory, etc.). In the equi-
valent flat-space problem, the metric acts as an external field which
feeds energy and momentum into the system and creates matter directly.
One also finds that the renormalization « constants >> vary with a}, t.
Although it is impossible to give the complete solution in four dimensions
since )5 is not expressed in terms of q) alone, it seems definite that any
series expansion such as h = [1 + ...] will not converge.

5. —- Conclusions

It has been shown that massless spinor fields may be quantized in
conformally-flat spaces by mapping the field operators onto flat-space
quantities. In two dimensions, quantization is unique it some very gene-
ral postulates are satisfied, and the results indicate that the flat—space
operators obey conventional commutation relations. When the fields
have mass, the mapping can again be carried out but mEFF : MIN/2m, t)
appears in the equations of motion. For these problems, the Green’s
functions derived by GI'TZWILLER [10] may be used to construct the
anti-commutators.

It is found that the state vectors are defined in terms of quantities
which must be evaluated in specific coordinate systems. The result sug-
gests that quantization violates the spirit of general covariance. However,
the Schrodinger equation, N 171/) :n’ ‘n’>, is independent of coor-
dinates, and it may, in fact, be possible to rewrite the explicit expres-
sions for |n’> in a manifestly covariant form.

For many curved spaces, the metric tensor is responsible for pro-
duction of real, physical particles, even if the equations contain no
quantities with dimensions of length. Matter is created when tmax, in
an R-system, is finite. Then S : U(tm“,— 00) is the same as the
U-matrix for a flat-space problem and the virtual cloud for the latter
system is the final state of the former. This has been illustrated with
the Thirring model.

When the coupling constant is not dimensionless, the equivalent
flatspace equations contain XEFF : 7.f(g,w). Physical particles are
created locally by the metric, just as in a system with l : Ma}, t). For
instance, the expanding universe resembles an external field and causes
creation of real pairs when the four-dimensional interaction is EINT :
l(ul)7¢)2, In general, the results cannot be expressed in terms of asymp-
totic fields and metrics, and the final expressions cannot be expanded
about a flat-space guy.
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GENERAL RELATIVITY IN SPINOR FORM

by Dr R. PENROSE
St John’s College, Cambridge

RESUME
Le :‘alrul spinoriel démonlre ii'uue maniére frappante plusieurs aualw

gies ent"e 1e champ- élcclrmuagnélique e: le Champ «In icnscur «:le Riemann
dc l‘espacwicmps virlc. Le tensem' ule Riemann es! rrpréscnle par 1i spincur
Crfililjiiéli’nleni symétriquc u qualre indiccs. ‘l‘..;..,_. Le protiuit dc cc spincur'
{wee son conjugué nunplexe donnc lc- lenieur rie Robinson—BM, dont les pro—
priéfés z-essorlent directcmeni dc relic formulation. ‘I'Am, est le produit
syanéix'ise dc qunlre spincurs £1 nu imlive. Ainsi il ulefinii qnatre vecienrs
Emit-opus. Les difl‘érentes manieres Lie coincidence dc ces vecicurs donneul
19. classification naturellc du [enscsn‘ Ricmannien. Leg derive-es symétrisées
ale Wm... sent algéhriqucment iudépemianics ei (torment une base :ilgébl‘iqne
pour Ionics lc-s dérivé-es du lenseur Riemannien.

I propose to show that if a spinor calculus is used in general rela-
tivity, instead of the usual tensor calculus, many of the important
expressions of the theory take on a surprisingly simple form.

We know from Dirac’s theory of the electron that spinors have
a fundamental importance to physics in the small, perhaps more so
than vectors. I hope to indicate that this may also betrue for the large
scale phenomena of gravitation.

Any tensor expression can be translated into a spinor form, each
four-dimensional tensor index being replaced by a pair of two-dimen-
sional spinor indices, one undotted and one dotted. This is done by
means of a quantity cfiB defined at each point of space-time satisfying

guv 0.31"; 0'31.) : SAC Ems,
where 533,6‘31'3, 633, we? are 2 X 2 hermitian matrices. The spinors
a“, em" (and 5A0. 5,313) are the two-dimensional alternating expressions
with components 0,1,—1,0 and they determine. the skew «metric » of
the two spaces (<< undotted >> and << dotted »4). They are used for raising
and lowering spinor indices, e.g.

EA 2 EAB EB, EB 2 EA 5A3 .
The correspondence between tensors and spinors is given by

v ci‘_ 7&- uv of) EB“XI; 9X“; _crABXA on O", .
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When the complex conjugate of a spinor is formed, undotted indices
become dotted and dotted indices become undotted. Thus

it" (_> itiDEF
7* AB

so that reality of tensors is expressed as a hermitian property of the
corresponding spinors. l'sing the symbol afl(0r am) to denote coca/Marni?
derivative we have

an .9018 : 0; an 53B : y a». 5A0 : 7 an 58D : 0 -
The last two of these equation are often not imposed as they preclude
the use of phase transformations to generate the electromagnetic field.

Apart from the general correspondence between tensors and spinors
given above, there is also a correspondence between the real skew-
symmetric tensors Fm, and the symmetric. spinors (FAB :

Fm, <—> FAisci) : : {'i’Ac 51313 + 5AC 33313}-

The first term on the right is the part of FAgcf) which is symmetric in
A. t‘ and therefore skew in RT). The second term is the part skew in
A, (‘ and therefore symmetric in ED. Any skew pair of spinor indices
can be split of as an aspinor.

Now let us use a similar procedure for the Riemann tensor, where
for simplicity EINSTEIN’s free space equation R590 : 0 will be imposed.
In this case it turns on that we obtain

Run/DU (—> RAE BF CC DH :

lo
|H {1; ABCD EEr' Edit + 5AB 5CD 1P EGFH}

where spinor ‘FABGD is completely symmetric in all four indices. This
correspondence between such spinors ‘I'ABCD and such tensors Rum is
one to one. It was first obtained by WIT’I‘EN.

The analogies between the MAXWELL and EINSTEIN fields are brought
out in a striking way by the spinor formalism. The source-free MAXWELL
equations and the Bianchi identities become, respectively,

BAG ®AB : 0 and aAE WABCD : 0 .

The MAXWELL stress-energy tensor and the ROBINSON—BEL << gravitational
density >> tensor have the respective spinor forms

Tm, <—> : (DAB @615, 7 Tum <—> ‘FABCD Wade .
The fact that Tawny is totally symmetric in its tensor indices is imme-
diate from the symmetry of WARM). The trace-free nature of Tma also
follows at once from the symmetry in the individual spinor indices. The
fact that Tm, is invariant under duality rotations of the electromagnetic
field and that T,” determines this field up to a duality rotation is
obvious in the spinor formalism. A duality rotation of the field tensor
Fur corresponds to a phase transformation (DAB—> 6‘9 (DAB of the corres-
ponding spinor. Similarly, the curvature tensor (at a point) also admits
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duality rotations corresponding to phase transformation of ‘cn. It
is again clear from the spinor formalism that Tia-m; determines thecurvature tensor up to a duality rotation. It is also not hard to show
this way that Tm.” is essentially the only ft.)l’ll‘~ill(lPX tensor which is
quadratic in the curvature tensor and which is invariant under these
duality rotations.

Symmetric spinors can be decomposed in the following way :
(DAB 2 THACB), IFABCD = a(ABBYCBD) -

This is unique apart from scale factors. Now any one index spinor E-
determines a null vector Jaw—~34 5—,; Thus. the electromagnetic field
tensor determines two null directions ms is. well known) and the cur-
vature tensor determines four null directions. This last [act leads to a
natural characterization of curvature tensors (for empty space) in terms
of the various ways in which these null directions can coincide. The
diagram

(1111)
:1

(211) —> (22)
z z

(31) —> (4) —> (—)
Petrov type : III II I

shows how the various cases of coincidences can arise from one another
as special cases. The symbol (—) denotes the case when the curvature
tensor vanishes. All the symbols in any one column correspond to the
same Petrov type and those in any one row correspond of the same
conditions imposed on the invariants of the curvature tensor. (This
classification is, I believe, similar to one obtained by GEHENIAU based
on some work of Ruse.)

A formula of interest is

El IFABCD = 3 ‘1].(ABEF‘FCD) EF -
The non-linear term on the right acts as a kind of << source >> term for
the 1IJ'-field. If, instead of empty space we have an electromagnetic field
present, the BIANCHI identities become

k _ .
3A1?) IF‘ABCD : j)- (1)1331" aBF ‘I’CD

where ‘FABCD is defined from the Weyl tensor. Thus, the (ID-field here
acts as a kind of source for the IF-field in the first order equation.

Another place in which the spinor formalism leads to a simpli»
fication is in picking out a set of algebraically independent expressions
from which the curvature tensor and all its derivatives may be obtained
algebraically. Such a set is given by

TAB" G}; "R I awn-l: 33) 1FABCD) -
Thus, for an analytic manifold, these T..... can be specified arbi—

28
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trarily at a point and the curvature at any other point can be calculated
from them. As a simple example,

II‘Alg--Gi"'fi: (1,- HA HB .. HG Hi)" fiR

gives plane waves.

DISCUSSION

Intervention du professeur J. Wheeler
Vous avez montré combien de simplifications résultaient de l’emploi

du formalisme spinoriel dans l’écriture séparée des equations d’Einstein et
de celles de Maxwell. Que se passe-t-il lorsque ces deux groupes d’équations
du deuxiéme 0rdre sont réunis (Rainich) de maniére a donner une théorie
du champ purement géométrique et «déja unifié» (1). Avez—vous essayé
d’expliciter les equations du 4” 0rdre de cette théorie en cette notation
spinorielle que vous avez magnifiquement décrite ‘?

Reponse du docteur Penrose

Je pense que L. Witten a etfectué quelques recherches dans cette voie.

(l) (LVV. MISNER et J. A. VVHEELEB, Ann. Phys., 2, 525 (1957).

Intervention du professeur Belinfante

Comment représentez-vous les transformations ge’nérales des tenseurs
par vos transformations spinorielles ‘? D’habitude 0n déduit des spineurs
uniquement des tenseurs soumis simplement aux transformations de Lorentz.

Réponse

Puisque les 6“,“: ne sont pas les matrices habituelles de Pauli et que les
gA§(:S sont ici fonctions des coordonnées, les relations entre les spineurs et
les tenseurs ne sont pas celles habituellement considérées dans une theorie
covariante par rapport au groupe de Lorentz.

Réponse de Penrose ('1 quelques questions:

Au Professeur Wheeler, qui s’est enquis de la possibilité de traduire le
travail de Rainich en termes de spineurs : Je pense que Witten a fait quel-
que chose dans cette direction.

Au Professeur Robinson a propos des rotations de dualité : Il est peut
etre bon de remarquer que, tandis qu’une rotation de dualité conduit a une
nouvelle solution des equations dans le cas du champ de Maxwell, il n’en
va pas de meme avec le champ u), a cause des relations non-linéaires aux-
quelles ce champ satisfait.



ON THE POSSIBLE TRANSMUTATIONS
OF ORDINARY MATTER IN GRAVITATION

by D. IVANENKO
(Moscow University, Physical Faculty, Moscow -234)

SOMMAIRE
1. La seconde quantification du champ gravitationel en interaction avecd’autres champs entraine nécessairement 1:1 possibililé dcs transmutations

dos élentX'ons-positrons, des photons, etc. en gravitons, et vice versa.
Nous ax‘ons traité cet effet par ties méthodes diversos, en considérant

19 tonne de couplage entre le champ (lunné 0! la gravitation comme l’énergie
pudentielle, en appliquant la méthode (h- quantification dc Gupta et le for-
malisme de la matrice S, an en appliquant la méthode de Schwinger de la
théorie de la polarisation de vide.

2. Nous attirons l’attention sur l’équivalence entre le tenseur d’énergie
de Chr. Moller et celui de N. Mitskevic, qui interpréte la difl‘érence des
tenseurs canonique et symétrique comme relative aux efl‘ets de spin.

Nous ajoutons quelques remarques sur les points de vue divers dans
le probléme de la théorie unitaire des champs :

1) Géométrisation complete renouvelée par l’école du Prof. J. A. Whee-ler; 2) Essai d'e reconstruction de la gravitation en partant de spineurs et
spécialement de l’équation non linéaire avec un terme en W3; 3) Point de
vue dualiste.

Let us leave aside all questions of more formal nature and concen-
trate ourselves on the physical side of the problem.

I. Starling from the Lagrangian
C4

16 7: w.
and going to the linear approximation

guv = .9311 + hm» (2)
one gets as the transversal- transversal part (propagation along m-axis)

g (:4 ahm, 2 1 ahuv >2]; .
: —— —— l3T§ 16w12[< at )+02<aa2 “’

1,2

£3s V—g.9“‘3 [{afim} {9¢,¢}—{GP,6}'{(5%9}] (1)
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(upper (—) signe for E, lower (—1—) sign for the energy density). This can
be quantized in the usual way by means of the relations

lxh
[hub hn's'] ’ : —w3— (Vnn"vgs' + vns' V 811' — Vim Vn's') a), (‘1)

(09’ : (V—2)2 ; VW : 8,”, V2 — V” Wu»); and be compared with the

Pauli-Fierz commutation relations established for the total hm, whithout
separation of the transversal-transversal part. For the Fourier coeffi-
cients one gets

[11%, (1:3'] : wnn' (933' + mns' wsn' ’_ (1),“; mn'a' (40’)

1,, 1,,
l2

To calculate the interaction of Dirac particles with gravitation
one must take the expressions of the theory of V. Fock and mine of
parallel displacement of spinors (1929). For the case of weak field the
coefficient of parallel displacement, i.e. the analogue of the Christotfel
symbol

a___ C;
[< 3091 >¢]

1 j 1 ah“
C:-—\ (21-05%? i-:——C

L 4 4.1 1” k7“ 8 102690;

(01m : 5Mv— , 1,, -corresponding cosine).

reads
4

(5)
1

(Ym >Ricci’s rotation coefficient, cl —Eisenhart’s symbols).
But for simplicity we prefer to take here the case of the Klein-

Gordon equation describing the bosonic scalar or pseudoscalar particles;
then we get :

6q 1 aV—g gwav
aXu 6X5 1 /_g 6X41 axfi

a a a ‘ a: U : a 3 ~—- hm; I n . —-—
‘u ‘ul + 2 I: km 393» ams] + [( 3-733 l k) 309k

1#_6a< a his) a ] (6b)
4 awa azToz

For small velocities we have as the potential energy of a boson in a
weak gravitational field

h 7 - 2V:0 u—MCLO a a —®m ah”) (60)

Sv:g“5
(6a)

2m 2m \ "8 ax” 8:08 40 at

—m2¢—>(E]—m2) v—‘uv:0
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For illustration we compute with this simplest version of quantiza-
tion the energy radiated by some distribution of matter possessing qua-
drupole moment QaB = 1965001503 — Sagrz) ((102). One gets

W _ 832 v2 p2 _i
_5c5m4(fl8 4p”) (7)

which goes over to the classical formula of Einstein
7.

505
W: Q2

(pm, -matrix element of p”, [23).
Let us remark that qualitatively the structure of this formula is

made quite clear after substitution of the gravitational charge (Vim)
instead of the electric charge in the well known expression for the electro-
magnetic radiation rate, and, which is quite essential, after passing from
dipole t0 quadrupole radiation. Clearly for ordinary positive masses the
dipole radiation of gravitational waves vanishes. For the most interesting
case of transmutation of 2 scalar particles into 2 gravitons we obtain

9 9 o E 2
69, _ .441: 7}; v <mcz> (8)

(Taking into account other terms does not change the order of ma-
gnitude).

It is instructive to compare this with the cross-section for annihila-
tion of electrons-positrons into 2 photons, where a new electromagnetic

and theradius must be replaced by the gravitational one (r9 : 2
c

quadrupole character of radiation taken into account, which leads to
such steep increase (+ E2). When extrapolated to very high energies
(where the weak field approximation will be invalid), one may qualita-
tively expect that gravitational and electro-magnetic modes of transmu-
tation would be somehow equivalent at energies of the order ~ 1020 eV,
which is greater but not enormously greater that the energy of the big-
gest Auger cosmic ray showers.

Recently Prof. WHEELER and Dr. BRILL have estimated the proba-
bility of transmutation into gravitons of 2 neutrinos and have obtained
a quite similar result (cf. [8]), which reads

1.2 E2
08 (8a)0.9—]! g

I. PIIR has calculated the probability of transmutation into gravitons
of 2 photons. I. PIIR has also calculated the scattering of photons by a
Schwarzschild field (which leads to the Einstein formula, which has the
well known Rutherfordian type) and an interesting non-linear effect of
scattering of photons by photons by means of gravitons (and not Via elec-
trons-positrons as in the Euler-Kockel—Heisenberg case, or not Via
w-mesons as in the Kurdgelaidze case). I. PIIR has used the more refined
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Gupta method of quantization with some change in description of the
Hilbert-Lorentz supplementary condition. The Lagrangian of the theory
of interacting gravitational and electromagnetic fields

3 : E n”(fig’,")+ Ee’llmg
leads to the interaction Hamiltonian 216,- :—Bi and to a well knOWn
expression for collision operators. For the description of transmutations
of photons into gravitons one must use the 2nd order term

1 4 iv.‘ '-'s2:§(7—) Imam :2..-13;2m+ 63(Eg,m13g,-d4a;dm4m1)+...
I!” .

l
(Eegm:;j [ZYQB gap 573p+ .n] (CEILVZ—‘auvflfi‘fma

(x : (16w Mfr/2) (9)
Then one gets

57—5" N 7L4 (he f0)2 (10)
(f0 —wave number).
One may prefer to put the whole problem even on a more firm basis
using e.g. Schwinger’s formalism for the description of vacuum effects.
Writing with A. BRODSKY the Lagrangian

1
E : Z W00), S 0? W} (cf- 6) (10a)

and taking into account the vacuum value
1

Ev“. : T) S G(ww’)w,zr

(G-Greenian) we get for the vacuum value of the action function

1 ' 1
Wwe : 7 Tvac In \/——.gS : ——9— Tr In G + const (11)

.4

and
1 1 w .

Wm : — 1-1 d: 67“”) eW-asr 6W) (dw) (dk) (12)
2 (27:)2 n

For the case of weak fields one gets a complicated formula for which we
write here only a single typical term

m2 02 I '0 hut
ac : —~—-f 8—2 6’3 ds / (dw) 2 a B ahfi gay 65» ——

3-29 x h o as? v an? 9
(13)

This can be renormalized by putting
7.7112 1 m 1/2

a;,,—> 1+ 8’2 6—3 d8) 32,,
Zach 73— 0

1 1/2

m—>( 7m2 1 ’ m 14
1 ' —— I 8—2 6—8d8 ( )

2t 6‘-
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(which points on the small difference of inertial and gravitational
masses). One can also use (13) for new computations of various effects
connected with vacuum polarization of particles by the gravitational
field; the imaginary part of the action function will yield as usually the
desired expression for the transmutation probability, in agreement with
the previous result (8).

2. We dont enter here in a detailed discussion of the expression for
the energy of the gravitational field but may point only the satisfactory
coincidence of Prof. MoLLER’s result with the formula of N. MITSKEVIE,
which was obtained independently by quite an other method. We have
taken with MITSKEVIE the true scalar expression for the Lagrangian :
E 2 EU? sé G!) and derived first the known symmetrical tensor

Tflofital : T:§.sym.

(which vanishes due to Einstein eqs)
(TE); : Tgiéavit + Tlggtter) (14)

Afterwards we derive the canonical non-symmetrical tensor

T23; = T2? (gr) + T2; (“at”) (15)
The difference Tsym — Tm“ : TSpin may be associated with the spin part of
the energy-density tensor. Seperating the pure gravitational and matter
part of T3;in one gets just the interesting relation between MITSKEVIé’s
and MOLLER’s tensors

Tspin (gravit) : ‘_ gmrafit + matter) (Moller) (16)

which formula seems to be approved also by Prof. Chr. MoLLER.
As was pointed by Prof. P. BERGMANN this M.-.M affine tensor proves
to be after investigation of Dr. KOMAR a special case of a certain cova-
riant expression (cf. also the investigation of Dr. GOLDBERG). So
perhaps the hope is not exagerated that in the next future the old
controversies about the definition of gravitational energy will find a
satisfactory solution due to all theese investigations.

At the end we may point that in our views the most plausible line
of attack in the problem of the unitary description of matter lies in the
investigation of the correlated system of equations of Einstein gravi-
tational (metric) field

1
Rafi — 3 gaB R = — 7- TaB (4)) (17a)

where we may put on the right hand side the tensor constructed from 4;
satisfying the non-linear spinor equation, representing some kind of
generalization of the Dirac equation

‘rv Vv dz + U093) = 0 (170)
Where 7., are functions of 4-coordinates, V» the coefficient of parallel
displacement (cf. 5), and f(qa3) some non-linear term of the type inves-
tigated by A. BRODSKY and myself, from which Heisenberg and Pauli
preferred on known grounds to choose pseudo-vectorial type term. Then
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we may hope to come nearer the solution of the very essential problem,
whether a primordial spinor field q» or rather some kind of metrical
gravitational field (gaB or Ta) must be taken as the fundamental unitary
basis of description of reality, or if one must preserve the dual descrip-
tion of the known physical reality.
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COMMUNICATION D. IVANENKO

Intervention de J. Callaway

Cross sections for physical processes which, like the one discussed by
Professor Ivanenko, depend on the square of the gravitational constant, are
small. There is, however, at least one process for which the cross section
involves the gravitational constant (G) to the first power or, in other words,
the product of the gravitational radius and the electromagnetic radius
(eZ/mc2): the scattering of light by the gravitational field of a point charge.
This effect may be estimated from the known exact solution of the combined
Einstein-Vlaxwell field equations for the gravitational and electromagnetic
fields of a point charge by the same techniques as are used to calculate the
deflection of light by a massive body. One finds in this way an approximate
differential cross section

371’ G82
864 ¢3

0 ((2)) :
where o is the angle of deflection.

Question posée par Pierre Leonard, sur la communication du Pr Ivanenko :

Pensez—vous que le processus que vous avez décrit joue le role principal
dans la formation de matiére, dans une théorie de l’état stationnaire ?

Re’ponse du Pr. D. Ivanenko :

Oui, je pense que les processus de transmutations gravitationnelles
proposes par nous et Wheeler doivent jouer ce role a l’échelle cosmologi-
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que, si on tient compte que leur probabilité croit avec l’énergie comme E2.
1) Le Professeur J. A. WHEELER insiste sur l’importance des transmu-

tations de neutrinos en gravitons et attire l’attention sur l’étude du Profes-
seur Eunema sur l’opacilé des étoiles pour ces processus. A cc propos, 1e
Professuur “'heelm' rcmarque que dos formules analogues in cello (in Dr Brill
et aux sienncs sur le taux de transmutation avaieul déji: été dis ‘ulées aupara-
vant lvmir par example 19 livrc d‘Ix-auenko oi Solmlov sur 1:: thém-ie L'lassique
dos champs). D. Ivanenkn exprime so satisfaction dc- cutte concordance de
vues au sujet de phénoménes si inhabituels.

2) Le Professeur M. A. TONNELAT fait rcmarqucr que d‘aprés la théorie
de la fusion de L. de Broglie un graviton pout élrc conslruit :11 partir de
spineurs et que ceci aussi suggére la possibiiiié lie lransnmlntinns.

Intervention du Prof. J. Géhéniau

Comme vient de l’indiquer Mme TONNELAT, 1a théorie linéaire de la
gravitation baséc sur les equations d‘Einstein a beauroup de points com-
muns avec la .‘Iécanique ondulatoire r111 corpusculc cle spin maximum
deux. Ju: pensc qu'on a déjii éludié par relic théorie d1: corpuscule de spin
maximum deux certains phi-mummies d'intoraclion entre- la matiére et les
ondes de gravitation. En particulier la loi de Newton a été obtenue par
une méthode paralléle a celle qui donne la loi de Coulomb en théorie
quantique du champ électromagne’tique. Mais n’est-ce pas Mme TONNELAT qui
a traité ces problémes ?





ON THE POSSIBILITY OF DETECTION AND
GENERATION OF GRAVITATIONAL WAVES

J. WEBER,
University of Maryland, College Park (Maryland)

RESUME

On propose deux méthodes de mesure du tenseur de Riemann et de
detection des ondes gravitatiouncllcs. L'unc repose sur le. fait que les dcri-
vées scromles dcs champs dfis aux ondcs engenilrent Lies mouvements rela—
tifs d’un systéme de masses. La resonance mccanique on l'excitalion de vibra-
tions aroustiques permet alors la délection. La seconde méthmle met direc—
tement en jeu les tensions produites an sein d’un cristal par le tenseur de
Riemann; celles-ci peuvent engendrer une polarisation électrique grace a
l’efl‘et piézo-électrique; un efl‘et de resonance sera recherche. Discussion des
possibilités pratiques et de la precision.

0n propose une méthode Lie generation d‘ondes grm‘itaiionnelles uti-
lisant tics cristaux. Des tensions variables dans le temps scront eugendrées
electriqucment. Pour des dimensions comparables it cellos d‘une tige cn
rotation rapide. eette nouvc-Llc métliode multiplie par 11:17 l'intensite rayon—
née. A fréquence donnée, Si le cristal pent avoir des dimensions tie l'onlre
dc grandeur d’unc longneur d’onde gravitationnc-lle. 1:: gain sci-a inc-me tlc
I’orrlt‘e de 1035‘.

Introduction

Two avenues of approach to the problem of experiments with gravi-
tational waves will be discussed. First if any radiation originates on
the sun, from outside the solar system, or within the earth we might be
able to detect it. Detectors utilizing the Riemann tensor will be described.
Secondly we should like to be able to generate (and detect) gravitational
waves in the laboratory. A new method is suggested for generation which
utilizes the electrically induced stresses in a crystal. Under suitable
conditions such a crystal may yield gravitational radiation which is
many orders more intense than that due to the rotating rods considered
by Einstein and by Eddington.

* Supported by the National Science Foundation of the United States.
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PART 1

Detection of Gravitational Waves

Suppose we have two masses m1 and m2, separated by (1) a spring
(Figure 1). Then, if a time dependent acceleration field is applied which
is uniform over the apparatus, every particle will have the same accele-
ration at any given time. There is no relative motion of mi and mg. The
situation is different if a gravitational wave is incident. The wave inten-
sity is not uniform. Relative motion of mg is now possible with respect
to m1. Therefore energy may now be abstracted from the wave.

000
FIG. 1

Consider one of the masses m, its equation of motion may be derived
from an action principle as 2

d2 a)" . dafl' dd)" F‘I“. _r 1(182 + 71‘ d3 (18 2m02 ()
i

~13” is an internal force of non gravitational origin, associatedf)
.4

with the relative motion of the two masses. Let the coordinate system
be fixed in the center of mass of the two bodies. Let the position vector

'L 7-1

of the first mass be 7 that of the second mass is
.1

7. 7““ gives the posi-
.4

tion of one mass relative to the other, and is assumed to be v
We write 7”" as the sum of the two vectors :

Ti : 7:0) + E (2)
r80) is defined by the conditions :

8W
(0) : 0 , for all 8 '88 7

ery small.

7'30) —) I" ‘ (3)

8in the limit of large damping and flat space. The symbol — means
3

covariant differentiation with respect to s. The masses move along world
l1} The methods discusaed here were described in the author’s GravityResearch l-‘ondation prize essays. April 1958, and April 1959, New Boston, NewHampshire A device somewhat similar to that of Figure 1 was suggested indepen-dently by H. Bondi at the Rog-summit Conference, June 1959.
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lines which are not geodesics because of the internal forces. Howeverone can proceed in a manner somewhat similar to the deduction of theequation of geodesic deviation "-" and employing l 1 i. (2), and (3) leads to z
82 £11 Fi

Bi. 1' l 1-75 k : 4882+ 1ktPP[(0)+§] mcz ()
ln 1-“ Rf“ is the Riemann tensor. _:" is a unit vector tangent to theworld lines. For the internal force F" we may take a term proportionalto the dispIaCement and a term proportional to the velocity. ln such acase 14! becomes simply the equation of a forced harmonic oscillator.with the Riemann it-nsu!‘ as the driving let-m. Measurement"“' of theamplitude of oscillation or the absorbed power enables us to calculate

the component R2,.” of the Riemann tensor.
First the absorption cross section St is calculated. assuming sinu»soidai gravitational waves are incident and that the antenna is only

dumped by its own rcradiation of gravitational waves. This cross sectionis the maximum possible and is. in terms of the wavelength ’1. :
15)»2

(5)161:
in :51 the gravitational constant it does not appear. Unfortunately other
irreversible processes within the antenna give damping many orders
greater than the radiation damping. In practice the cross section is
much less than 1:1; and is given by :

15 fiG(§5 |r(0) [)2 1m .
A = (0)8 0

SA (maximum) :

21:In (6) {5 is the gravitational wave phase constant, El : , and r is
a relaxation tinn- associated with the irreversible processes within the
antenna. Analysis also shows that SA is a maximum in (6), for a given 1,
when r is a half acoustic wavelength in the spring, at the driving fre-
quency.

This is a most important limitation because the acoustic velocity is
five orders smaller than the velocity of light. The acoustic wavelength
enters the discussion because the elastic forces of the spring are trans—
mitted h_v acoustic waves.

For a continuous spectrum of gravitational radiation the absorbed
power is :

2 2
PA %wtormo) (7)

c
In (7) to, ((1)0) is the power spectrum of the incident gravitational wave
power flow per unit area.

(2) SYNGE and ScHt. Tensor Calculus. p. 93, University of Toronto Press 1952.(3) Measurement of the Riemann tensor has been considered by F. A. E. PIRANI,« Proceedings of the Chapel Hill Conference on the Role of Gravitation in Physics »,p. 61, Astia Document 11" AD 118180.
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FIG. 2

(Tonsider now a crystal (Figure 2) which interacts with a gravita»
tional wave. In this case an equation similar to (4) is obtained which
has the form :

2 2.. > __
AEH+ I) “a” + ymngm Rimnk Pm P” [87]? + 52%] : 0 (8)

832 83- 8.1"" Bar”
In (8,) 5w is the strain tensor, D and 1"“ are determined by the physical
properties of the crystal. Ordinarily we deal with situations where the
acoustic wavelength is five orders smaller than the gravitational wavel-
ength. It is therefore appropriate to employ a Lorentz metric over the
entire region occupied by the crystal. The last term of (8) is much
smaller than the others. We therefore write, for one dimensional come
pressional acoustic waves

2 2:
L— av—I)——a::C2R0101 (9)

GUI/d)2 3'32 at
This states that the strain tensor is being driven by the Riemann

tensor. Analysis based on (9) again indicates that best performance
results when the length is a half acoustic wavelength. Improvement can
be obtained by using restoring forces transmitted with the speed of light.
This can be accomplished in part by use of the piezo-electric effect.

In a piezo electric crystal a strain results in an electric polarization
I’i given by :

Pi: ENE]? (10)
In (10) E1.“ is the piezo electric stress tensor. The electric polariza»

tion in (10) gives rise to an electric field over the crystal. Measurement
of the second time derivatives of this field measures components of the
Riemann tensor. There is a terminal voltage which can transmit power to
an amplifier of weak signals. For simplicity we assume that the crystal
is polarized in one direction only. Let V be the volume of the block of
crystalline material. Let Q9 be the electrical circuit Q defined by :

m {Stored Energy ‘
Qc :—. (11)Power Dissipuiml

The power which the detector can deliver to an associated electric
circuit is readily calculated. assuming now that sinusoidal gravitational
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waves from a linear mass quadrupole oscillator are incident on the
crystal. We assume that the piezo electric material is perfect crystalline
quartz. In this case the absorbed power PA is given by :

PA : 10—22 a)“ V Q6 tor, ergs/second (12)
In (12) (1) is again the angular frequency and to, is the incident

gravitational flux in ergs per square centimeter per second. A cubic
meter of quartz crystal at a) ’\J 103 gives a cross section ’\/10—10 cm2.
For a continuous spectrum of gravitational radiation with power spec«
trum function to,(m) the power absorbed by an electric circuit of
resonant ferquency (1)., may be calculated and is (for perfect quartz) :

PA : 10—22 V to, ((0,) (13)
In order to detect the absorbed power, amplification by electrical

means is necessary and the electrical fluctuation noise in the antenna
and amplifier must be considered. This assumes that all extraneous
effects other than random noise can be recognized. Such an assumption
has been found valid in microwave spectroscopy. For synchronous de»
tection of the sinusoidal waves the power output of the detector must
exceed the noise power PM given by (4)

Nina
_8 1A [ehw/kT — 1]

In (14) 'h: is Planck’s constant divided by 27:, k is Boltzmann’s
constant, T is the gravitational antenna temperature and N is the
noise factor of the receiver which is expected to be less than 25, and
more than 1. 1A is the averaging time. For a continuous spectrum of
gravitational radiation the power delivered by the detector must exceed
the noise power Pm given by (4) :

753/2 a) “2 Nice) (1 )
P v : 51‘2 8 ( TA Q?) [gum/kT_ 1]

We are planning experiments to search for interstellar gravitational
radiation“) using both methods described here. For the first method
we use the earth itself as the block of material constituting the antenna.
The earth’s normal modes (about 1 cycle per hour) are excited by
incident gravitational waves. This procedure is limited by the relatively
low Q of the earth and the large tidal and seismic background noise.
The apparatus of Figure 3 is employed in the second method, in which
acoustic oscilations of the crystal block are employed. Search at

(14)PN1

(4) R. H. DICKE, Rev. Sci. Inst., 17, 268 (1946).
(5) J.A. WHEELER has noted (Onziéme Conseil de l’Institut International de

Physiu Solvay, La Structure ct f’Eucintion dc l't'niuers. éd. Stoops. Brussrim
1958 (p. 112) that the density of gravitational radiation could be as high as in"
to 10“ tinting/em3 1410“ crgs'r‘cm‘ second! and still be consistent with present
information about the rate of expansion of the Universe. He and Profegsor
M. Scvnzcnnp (private communication: hare subsequently noted that if this.
radiation were set free by the same process which caused the inhomogeneous cut—
lectinn of matter into gnlnxicx. it would be characterized at that time. and thcrc~
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frequencies ~ 103 cycles per second is planned. The earth rotates the
apparatus. If radiation is incident from a particular direction it may
be observed from the diurnal change in amplifier noise output; operation
at liquid helium temperatures may be necessary. The arrangement of
Figure 4 will be used to search for isotropic gravitational radiation.
Low noise amplifiers such as masers (6) may be employed.

F—_

Pie 20
Electric
Crystal

Amplifier Recorder

FIG. 3

Dirac has suggested that astronomical anomalies might be corre-
lated with effects of gravitational radiation. We have analyzed this
possibility. If a gravitational wave is incident on the earth the Riemann
tensor effects give rise to torques. For a continuous spectrum of
gravitational radiation this will cause an irregular flutter of the earth’s
rotation period. Detailed mathematical analysis gives the formula (for
a body rotating with angular velocity to) :

T2 257tG
1% m2 c3

to. (16)

fore also now by the same scale of lengths, of the order of 103‘ cms today (10"
years vibration period).

a u 2 G(k) w o woe x 10-50 sin-2
836 c2

ogtypimt /\/ - 5 ><10’28 CM‘1 X 10" CMS /\/10"
This would appear to be not too small, but too slow to measure, by these methods.

(6) The word maser is an acronym for <1 microwave amplification by the stimu—
lated emission of radiation». Research on these devices started independently
at the University of Maryland, Columbia University, and the Lebedev Institute in
Moscow. The principle was proposed in 1953 (J. WEBER, Transactions of the llnstitute
of Radio Engineers Professional Group on Electron Devices, PGED 3, June 1953).
and in 1954 (BAsov and PROKHOROV, J. Exper. Theor. Phys., U.S.S.R., 21, 431, 1954).
The work at Columbia University resulted in a useful molecular frequency stan—
dard operating on this principle (GORDON, ZEIGER, and TOWNEs, Phys. Rev., 95,
282, 1954). Low Noise practical amplifiers utilizing this principles employ para-
magnetic ions, following methods suggested by N. BLOEMBERGEN (Phys. Rev., 104,
324, 1956). It appears possible to utilize these devices in the radiofrequeucy part
of the spectrum, for the purposes outlined in this paper. A review article summa—
rizing the work on the maser will appear in the July 1959 Reviews of Modern
Physics.



447

[__—
Radio

Pie zo _ Receiver
Electric
C rystal

Cros s
Shields C orrelator

[——
Radio

. ReceiverP1ezo-
Electric
C rystal

FIG. 4

ln llh'j l‘—’ is the mean square iiuvmaiinn in the angular momentum.
1., is llu- angular momentum of mmliou. r.,.. is the total gravitational
wave flux in ergs per square ("Pili’ill‘it'it‘l' per second. T1" we arbitrarily
assume that all the earth's l‘nl‘mlmlfll anomalies are due. to gravita-
tional “ates. t,,r is calculated In In3 5 j'-( 105 ergs per square centimeter
per second. It is clear from this that the earth’s rotation is not a useful
detector unless the size of the anomaly can be reduced. The other astro-
nomical anomalies lead to larger figures.

Generation of Gravitational Waves

It would of course be very desirable if gravitational waves could
be generated in the laboratory. For a spinning rod EINSTEIN calculated
the rate of radiation to be

PR : 1.73 X 10‘59 I?" a)“ ergs/second (17)
Here Im is the moment of inertia and a) is the angular frequency.

If we make (1) so large that the rod is about to break up we find that

29
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the length of the rod is related to the wavelength of sound Is at the
angular frequency of rupture by

18 28
l :—— (18)

77

In (18) B is the maximum allowed strain for the given material,
The implication of (18) is that at a given frequency the maximum

power which can be radiated is fixed by the the breaking strength of
the rod. which in turn limits the moment (7’ of inertia to values less than

1043911285”1 1T.
.41).

(19)

ln (1!!) p is the density. Employing (18) in (17) gives. for sound velocity 1;,

P < 1 X 10’63 93 M“) E5 a)“ (20)

(20) shows that, contrary to the appearance of (17), low frequency
operation with large rods gives more radiation than high frequency
spinning of small rods. About 10’30 ergs per second can be radiated
by a one meter rod. The wavelength is at least 1000000 times the length
of the rod.

In the linear approximation the solutions of EINSTEIN’s field equa»
tions are (at a point 7" centimeters from the radiator).

n. _ 1 , .
11’21 : h;— 7 511- h] : /‘7'71 (Ti? )retarded d3 (1' (21)

0 I.

In (21) T)- is the stress energy tensor. (21) suggests that an oscillating
stress tensor is one way to generate a gravitational wave. This can be
accomplished by electrically driving a, piezo electric crystal. Again we
have a choice of either making use of acoustic resonance or suppressing
it. If acoustic resonance is employed we must insert in (21) expressions
for the stress energy associated with the acoustic wave.

For quartz the radiated power for a resonator is given by
16G 92A: 13 7.. 5

< —.— ) X10_6
12) C I u)

G 93 A3 7L2 7: 7x3 7w “ . 2‘“
+ ‘7 7 7 1 x 10-13 (22)

15 . e
In (22) A3 is the cross sectional area, the first term gives the power

radiated at the fundamental frequency, the second term gives the power
radiated at twice the fundamental frequency. The resonator must be a
multiple n of a half acoustic wavelength long. The first term of (22) is
seen to be independent of 71. If a large number of resonators are located
within a region less than a gravitational wave half wavelength the
radiated power will be proportional to the square of the total number

(7) We are considering a fairly slender rod, following Eddington. A thick rod
may be several orders better, we have not studied it.
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of crystals. (22; appears to be independent of frequency. Actually thi-
frequency determines the mass of with resonator from the requirement
that it be a multiple of a half wavelength long. In order to radiate
10—15 ergs per second at the fundamental frequency 1‘)“ crystals would
he needed. each one half acoustic wavelength thick and with a cross
sectional area of 50 cm2. A complex phasing arrangement would be
needed in order to properly drive the array. It appears better to sup-
press the resonance vibrations and create, by the the piezo electric
effect, mechanical stress components which do not reverse sign every
acoustic half wavelength. Single large crystals may then be used. These
stresses can be made to oscillate harmonically with time if the crystal
is driven by a powerful vacuum tube radiofrequency oscillator. Ana-
lysis shows that the optimum crystal size is a cube each side of which
is a half gravitational wavelength long. The amplitude of the induced
stresses is limited by the tensile strength of the crystal. Expression (21)
enables us to calculate the gravitational field radiated by the oscillating
electric field induced stresses. The stress energy pseudo tensor may
then be employed to directly calculate the radiated power PR given
by (for one crystal)

PR 2m (23)
120 c3

In (23) Pmax is the tensile strength in dynes per square centimeter,
again 1 is the gravitational wave wavelength and e is the speed of light.

For example waves one meter long could be radiated by a crystal
fifty centimeters on a side. If driven just below the breaking point each
crystal would radiate 10—13 ergs each second. This is about 105 gra-
vitons per second (at (0 = 27: X 108). Single detectors of the type consi-
dered earlier can detect a power of about 10—3 ergs per second at this
frequency. It is apparent that a substantial gap still exists between
What can be generated and What can be detected in a small laboratory.
Large numbers of radiating elements and a complex detection array
can narrow this gap. The electrical power required to drive each crystal
might approach 108 watts. This might be reduced if low temperature
operation can somehow be maintained. Also one might hope that high
frequency and low temperature operation might raise the effective
tensile strengths. All of these issues need careful experimental inves-
tigations. If the numbers used earlier cannot be improved upon, it
would require a single crystal 100 meters on a side, driven to the frac-
ture point, and a correspondingly large detector, in order to generate
and detect the gravitational radiation. The practical difficulties would
be enormous. We are not proposing that this be done. We are sugges-
ting some modest investigations of crystals, in order to make further
improvements. Wave zone experiments are difficult. Near zone fields are
readily detectable by these techniques and their exploration might lead
to interesting results.



Conclusion

The detectors which have been proposed are sufficiently good to
search for interstellar gravitational radiation. Further advances are
necessary in order to generate and detect gravitational waves in the
laboratory. If we compare a crystal driven as described above with
a slender one meter spinning rod, we find that the crystal is about
seventeen orders better. At a given frequency, without regard for size.
the crystal is about thirty—nine orders better. We acknowledge, with
thanks, the helpful criticism of F. A. E. PIRANI, P. G. BERGMANN. and
J. A. WHEELER.

DISCUSSION

Réponses (16 Weber aux questions dont les {castes ne son! pas parvenus

Le Professeur PIRANI a demandé quels mécanismes dans le Soleil ou
dans l’espace extérieur pourraient engendrer des radiations gravitation-
nelles. Jc réponds que peut—étre les protubérances et la turbulence dans
l’atmosphere solaire pourraient engendrer une telle radiation. En outre,
si l’on calcule le coefficient d’absorption d’une étoile pour les gravitons,
on trouve que le plasma intérieur a haute temperature peut contribuer a
rendre l’étoile légérement «grise»; la loi de Stefan—Boltzmann peut alors
étre appliquée au calcul de la radiation.

M. Boardman a demandé si l’absence de radiation gravitationnelle
pourrait servir dc test aux theories cosmologiqucs. Je réponds que le maxi—
mum de la decomposition spectrale d’une telle radiation se situerait vers
la fréquence de un cycle par 10" années; il faut alors espérer que la
<< queue >> du spectre reste assez intense pour étre détectée dans la bande
de fréquences de l’appareillage.

Le Professeur WHEELER a remarqué que l’existence méme des marées
prouve la justesse des idées ici exposees.

Le Professeur Mac VITTIE a demandé comment You pent étre rertain
que les coordonnées ulilisées pour interpreter l’expéricuce sont bicn les
bonnes. Je réponds que tout l’appareilluge est en chute libre en interaction
avec les ondcs gravitationnelles. Lu repére quasi-Lomsx’rzrsx emplové cst
done celui qui convicnt.
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originelle de RiemannEinstein. L’on a discute ici trois themes princi—
paux de theories unitaires : la << geometrodynamique >>, les theories pen-

tadimensionnelles, et les << theories asymétriques >>.

Lat géométrodynamiquc represente un programme d’unification as»

sociant a des considerations topologiques un adoucissement des equa-

tions du champ (le tenseur de Ricei, au lieu de s’annuler identiquement,

satisfait certaines conditions d’intégrabilite). Le champ de Maxwell se

ti‘ouve determine, de maniere quasi unique, par la metrique rieman-

nienne, et il ne joue aucun rOle independant, pas meme celui de prendre

s11 part do composantes d’un tenseur unitaire du champ (comme c’est

le cas en theorie pentadimensionnelle). L’on peut done a bon droit par-

ler d’electromagnetisme sans electromagnetismel Le but initial dans

la prise en consideration de varietes a connexion multiple fut de rendre

possible la construction des particules elementaires. Aujourd’hui l’on a

l‘impression que les << trous de vers >> ne representent pas des particules

elementaires, mais plutot quelque Chose de «l’ecume» d’une variéte

(lont la metrique subit des fluctuations quantiques, en sorte que meme

un electron unique peut contenir un nombre astronomique de << trous

(le vers >>.
Quel que doive etre le succes final de la géométrodyna-mique, je pense

que la consideration de varietes a connexion multiple pourra bien etre

necessaire pour assurer l’existence de solutions non-singuliems des
equations du champ qui ne soient pas physiquement triviales. Nous
u‘avons en tous cas, ni a petite ni a grande echelle, de raisons contrai-
gnantes pour nous limiter a des variétes qui soient topologiquement
euclidiennes. Au chapitre de la connectivite Finkelstein et Misner ont
recemment ajoute ce qui me semble etre une importante possibilite nou-
Velle : sur une variete simplement connexe on peut definir une metri‘
que partout non-singuliere, satisfaisant aux conditions usuelles a l’infini
spatial, mais qui ne puisse pas etre ramenee a etre partout << plate >>
par des deformations continues non-singulieres. ['n tel champ métrique
presentera un ou plusieurs << retournements >>. Nous ne savons pas en»

core ce qui peut arriver si l’on combine les << retournements >> de Finkel-
stein et Misner avec l’idee d’une connexion multiple; celleeci a, me
sembletil, ete avancee par Einstein et Rosen dans les annees 1930.
mais developpee bien plus complétement ces temps derniers par “'heelcr
et ses eleves, ainsi que par Belinfante.

Les théorics pentadimensionnellcs derivent de celle proposee en
1921 par Kaluza. Mise a part la reinterpretation projective (le ce pro-
gramme, deuX modifications effectives ont ete developpées par la suite.
Dans le travail originel de Kaluza il y avait un champ vectoriel de
Killing dans la cinquiéme (et probablement inobservable) dimension, qui
était suppose represente par un vecteur unite. Jordan et Thiry conser-
vent le champ de Killing, mais abandonnent l’exigence de la longueur
unite. 0. Klein et Einstein ont remplace le groupe de deplacements
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associé au champ de Killing par l’hypothése d’une périodicité, ce qui
est une exigence globale, et donc moins stricte. Nous avons en a ce
colloque une contribution du Professeur Thiry, 01‘1 i1 fut question et de
l’interprétation du champ scalaire propre a la théorie de Jordan-Thiry,
et de la propagation de diverses discontinuités.

Dans la théorie asymétm‘quc je pense que la principale question non
résolue reste celle de l’interprétation physique. Grace aux travaux du
groupe frangais nous avons a présent une bonne idée du degré de déter-
mination des équations du champ des diverses théories asymétriques,
comparable a celle qu’on possede en Relativité générale proprement dite.
Beaucoup de travail a été fait sur la théorie du mouvement des singu-
larités. Pourtant, j’ai tout au moins 1e sentiment inconfortable que nous
n’avons pas acquis cette sorte de perception intuitive qui nous dirait,
en théorie asymétrique, quelles situations physiques peuvent correspon-
dre aux diverses classes de solutions connues ou conjecturées. Il faut
espérer que les prochaines années nous apporteront ici quelque clari-
fication.

Pour des raisons historiques, la plupart des théories unitaires com-
mence'nt par essayer d’unifier le champ gravitationnel et le champ élec-
tromagnétique. Tous les autres champs de forces, c’est-a—dire celui des
interactions << fortes >> entre baryons impliquant les mésons 7: et K, et
celui des interactions « faibles >> associées aux transitions entre leptons,
sont initialement laissés de coté, avec l’espoir que d’une maniére ou
d’une autre la théorie complétement élaborée produira une case vacante
pour ces autres interactions. 11 y a peut-étre un argument en faveur
d’une telle discrimination, c’est que le champ gravitationnel et le champ
électromagnétique sont les seuls champs de spin entier a long rayon
d’action, et que cette association de propriétés n’est partagée par a-ucun
des autres champs connus. Je ne puis pourtant m’empécher de penser
qu’une théorie unitaire vraiment sérieuse sera tenue de prendre en
considération tous les champs connus dés son point de départ. Il est
probablement trop tot pour faire dés a présent une tentative aussi
compréhensive; ces prochaines années nous apprendront vraisembla-
blement beaucoup sur les hypérons et les relations entre particules dites
élémentaires, nous permettant ainsi de perfectionner les classifications
semi-empiriques qui couvrent de larges domaines des faits expérimen-
taux. 'Ces structures semi-empiriques pourraient bien contenir en elles-
mémes les clés dont nous avons besoin pour la véritable unification de
tous les champs physiques.

A l’intérieur des présents schemes de theories unitaires j’aimerais
présenter une autre observation. Pour qu’une théorie soit vraiment uni-
taire i1 ne suffit pas que l’unification y résulte d’une broderie verbale.
Nous vdevons certainement juger du degré de succés de << l’unification >>
en termes des propriétés formelles effectives des champs introduits.
A cette fin je voudrais établir deux critéres, l’un et l’autre indépendants
des m-ots choisis pour décrire une théorie. Le premier critere sera que



45,4

les objets géométriques introduits dans notre variété devront étr‘e irré-
ductibles sous l’action de transformations du groupe d’invariance. Par
exemple, dans la théorie asymétrique, les parties symétrique et anti-
symétrique du << tenseur métrique >> se transforment indépendamment
l’une de l’autre sous l’effet des changements de coordonnées, de sorte que
le << tenseur métrique >> n’est pas irréductible de ce point de vue. Cepen-
dant, dans la version révisée de sa théorie, Einstein a introduit la << ‘A-
transformation >> de la connexion affine, qui mélange les parties symé-
trique et antisymétrique de la connexion; la Ltransformation rétablit
ainsi dans une certaine mesure l’irréductibilité.

Mon second critere, plus severe encore, sera que le groupe d’inva-
riance lui-méme devra étre simple, c’estaedire ne pas contenir de sous»
groupes naturels. En d’autres termes, j’aimerais exclure les sous-groupes
nature] 6’» du groupe d’invariance complet, tels que le groupe des trans-
formations de jauge, dont le groupe quotient est celui des trans-
formations de coordonnées. Ma proposition serait de déposséder les
transformations de coordonnées de toute espéce de statut s’pécial, et
par exemple de celui que leur confere la théorie pentadimensionnelle avec
un champ de Killing. Dans la forme de Klein-Einstein de la théorie
pentadimensionnelle, le groupe des changements de coordonnées tétra-
dimensionnel n’est qu’approximativement un sous-groupe invariant;
strictement parlant, le groupe des transformations pentadimensionnelles
est simple. En consequence, la decomposition du champ métrique en
potentiels gravitationnel et électromagnétique n’est qu’approximative.
tout au moins dans la version de Klein.

Programmes de Quantification

La motivation de ces programmes provient et d’un souhait de
philosophie générale (exactement comme a propos de la théorie unitaire),
celui d’exclure tout compartimentage dans le mode d’approche aux
theories de la Physique, et aussi du sentiment plus spécifique qu’un
champ dont les sources sont quantifiées doit étre également quantifié.
Ce sentiment se traduirait en un argument précis si le genre de dis-
cussions que conduisirent Bohr et Rosenfeld a propos du champ électro-
magnétique et de ses sources avait aussi été fait pour le champ gravi-
tationnel; pour le moment nous n’avons de ceci que des rudiments.
principalement dans l’étude des horloges quantifiées par Wigner et Sa-
lecker. '

L’on aimerait disposer d’une étude plus exhaustive et définitive
pour mieux évaluer des propositions telles que celle du Professeur M61~
ler tout au début de notre colloque : il a suggéré que le champ métrique
devrait rester numérique (non superquantifié) avec comme sources les
valeurs moyennes du tenseur materiel. Comme les composantes du ten-
seur métrique apparaissent dans les equations de la description de
Schrodinger (ou de Heisenberg) des autres champs quantifies, et comme
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les équations d'Einstein (-ontiemlmienl 1e \‘et'T(-111' d‘éml or sun conjugué
quadratiquement :11] second menibre. 1e systeme cl‘ensem‘nie des équa-
tions serait nc'mlinéairo en le vertem- d’état: {me aussi forte déviation
d’avec la théorie quantique orthodoxe (abandonnant notamment 1e prin-
cipe de superposition linéaire d’états) devrait certainement étre discutée
de maniére approt'ondie liillT sous sou aspect mutlléxnutique que «lam
ses implications physiquex. (in a malllenreuxemenr manqué (,lt‘ temps {a
la suite de l‘expoxé (in I’mfesseur BIG-Her pour rendre justice 5‘1 5:1. pm
position en (11191q maniere que re suit. ll 3' unrait certainement lien
de voir si l’analyse du type Bohr-Rosenfeld ne peut pas étre étendue a
la Relativité générale plus complétement qu’on ne l’a fait jusqu’a pre-
sent.

La plupart des autres approches a la quantification en Relativité
générale admettant que le champ tensoriel métrique est un champ phy-
sique analogue en quelque maniére aux autres champs, et qu’il devrait
donc étre quantifié. 11 y a beaucoup de techniques différentes pour abor—
der ce programme, et de chaudes discussions :3» leur propos ont e11 lieu
ici-méme. Les différences entre ces voies d’attaque sont plus techniques
que fondamentales, et je ne pense pas qu’une vue d’ensemble doive entrer
dans leur examen détaillé. Toutes ces approches ont en commun qu’elles
ne conférent 1e role d’observables qu’aux grandeurs de champ qui seront
les opérateurs de l’espace hilbertien, et qu’elles Visent a établir entre
observables (les relations de non-commutation se ramenant par corres—
pondance a des crochets de Poisson (éventuellement modifiés) de la
théorie non-superquantifiée.

Dans plusieurs de ces approches on se trouve confronté au pro-
bleme de ranger les facteurs de la théorie non superquantifiée dans le
bon ordre. Cette triade de problémes —— construction des observables,
construction des formules de commutation, détermination de l’ordre
des facteurs, — apparait sous des formes différentes suivant 1a méthode
d’attaque. Je pense qu’une énonciation juste du présent état de choses
est que personne n’a réussi a résoudre tous ces problémes, et qu’ainsi,
par aucune voie d’approche, nous n’avons encore une formulation com—
plete de la théorie quantifiée de la gravitation.

Aujourd’hui, aucune des approches variées au probléme de la quan—
tification sous sa forme rigoureuse ne fournit de nouveaux degrés de
liberté, ou caractéres quantiques, qui ne seraient obtenus par la quanti-
fication directe d’une théorie essentiellement non-linéaire d’une particule.
de masse propre nulle et de spin 2. Pauli et bien d’autres sont fait remar-
quer qu’un programme trop conservateur peut se révéler tristement défi—
cient, que la théorie completement quantifiée du champ gravitationnel
pourra recéler des notions qui n’ont pas leur place aujourd’hui. Je serais
personnellement incliné a admettre 1a valeur de ce pronostic; ce que
nous pouvons espérer est que, dans le cours de nos démarches faites pas
a pas, 011 de quelque autre maniére, nous découvrirons des indices mon—
trant la voie; pour le moment nous n’en avons aucun que nous ayons
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su utiliser. 11 se pourrait bien que les diverses lois de conservation
découvertes a propos des interactions entre particules élémentaires, les
unes apparemment rigoureuses, les autres certainement approximatives,
(conser'ation des baryons, des leptons, du spin isotopique, de l’étran-
geté) auraient quelque chose d’important a nous dire. Jusqu’a présent
l’on n’a pas dépassé le stade de l’empirisme d’un coté, de la spéculation
de l’autre.

Je n’ai parlé jusqu’ici que des programmes de quantification de la
the’orie rigoureuse, nonlinéaire. Entre temps, plusieurs auteurs, ct n0»
tamment Dirac et Ivanenko, ont considéré l’eft'et do 121 gravitation
sur lc restant de la physique des hautes energies, en supposant 1a g1“ -
vitation suffisamment faible pour qu’on puisse Ia traiter par une mé-
thode de perturbations. Personne ne sait si cette dernierc hypothése peut
étre justifiée; mais je pense qu’il est de la nature de la physique théo-
rique en tant que partie intégrante des sciences naturelles (pluIOt que
des mathématiques pures) que nous devions poursuivre notre enquéte
au sein des secrets de la Nature sur plusieurs niveaux a la fois. Je
pense donc que ces calculs d’approximations, bien que conceptuellement
contradictoires aux programmes non-linéaires, se justifient pleinement
tant que nous ne savons pas ou l’un et ’autre de ces types d’investiga-
tion nous conduiront. En conclusion de ces calculs d’approximation,
nous savons déja qu’on peut s’attcndre a de sérieux effets resultant de
la creation et de la diffusion de gravitons a suffisamment haute énergie,
(*eci en dépit de la petitesse du parametrc de couplage, parce que l’inter-
action avec un champ quadripolaire dépend do l’énergie par une puis-
sance plus élevée que celle d’un champ dipolaire. ll faut aussi considérer.
bicn entendu, que les interactions quadripolaires avec le champ electrique
sont également possibles, et qu’clles aussi s’accroissent avec une puis»
sance plus élevée de l’éncrgie.

Relativité générale non quantifiée

J’en \‘iens maintcnant au troisiéme, et peutiétre au plus vaste, des
sujets de notre colloque, le progres en divers aspects de la Relativité
générale orthodoxe. Laissez»moi d’abord discuter briévement des pro-
blémes, parents entre eux, de la théorie du mouvement et du concept
du tenseur d’impulsionenergie. L’on sait que la théoric du mouvcmcnt
de corps materials proccde dcs travaux contemporains d’Einsteinlnfeld-
Hoffmann et de Fock. Tandis que les premiers t *aitaient les particules
comme des singularités du champ et montraient que de telles singu-
larités (loivent se mouvoir de maniere déterminée si les equations du
champ dans le vide sont partout satisfaites an voisinage des regions
singuliéres, Fock partait de la loi (covariante) de conservation du ten-
seur matériel7 imposée par les identités de Bianchi, et trouvait que le-
mouvement d’une distribution de matiere étendue mais finie est en
partie indépcndant de sa structure interne. Nous savons aujourd’hui
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que les deux théories sont équivalentes, et que tous les résultats de
l’une sont traduisibles dans le langage de l’autre.

La théorie originelle d’Einstein-Infeld-Hoffmann était exprimée
comme un développement a la fois suivant les écarts de la métrique a
partir du cas minkowskien, et suivant 1a dépendance temporelle des
grandeurs de champ. L’on trouvait alors qu’a 1a premiere approximation
non-triviale 1e mouvement des singularités ne dépendait pas du choix
des coordonnées, mais que la nature des coordonnées déterminait les
approximations suivantes (non-newtoniennes) du calcul. Il faut donc
admettre, d’un point de vue plus << sophistiqué >>, que l’hypothese meme
d’un écart petit par rapport a la métrique minkowskienne restreint 1e
choix (les systémes de ('oordonnées meme aux premiers degrés d’approxi-
mation, d’une maniere qui n’apparait pas en termes d’équations diffé-
rentielles. Nous possédons aujourd’hui une formulation finie des équa-
tions du mouvement, en fait un systéme de relations impliquant (les
intégrales doubles étendues a toute surface fermée entourant l’une
des singularités. Ces for-mules sont rigoureuses; si l’on fait les hypo-
theses appropriées sur la dépendance analytique des grandeurs de champ
vis-a—vis de certains paramétres ad hoc, l’on trouve soit 1e développe—
ment d’Einstein-Infeld-Hoffmann, soit quelque autre développement.
L’examen des relations finies montre que dans la théorie complete 1e
mouvement des singularités, c’est-a-dire l’expression de leurs trois
coordonnées spatiales en fonction du temps, dépend certainement du
choix du systéme de coordonnées.

Pourtant 1e choix du systéme de coordonnées n’est pas tout. Grace
en partie aux travaux de Havas, qui sont basés a leur tour sur d’an—
ciens papiers de Lubanski, nous savons que le mouvement d’une
particule est intrinséquement affecté par sa structure interne. Einstein-
Infeld-Hoffmann admettaient explicitement dans leurs papiers clas-
siques que chaque particule était, aussi parfaitement que possible, un
monopole, et qu’a chaque étape du développement tous les multipoles
appartenant a la solution de l’équation homogéne devaient étre égalés
=1 zéro. Malheureusement, nous n’avons pour le moment aucune théorie
nous disant comment formuler cette prescription de maniere invariante.
Bien sfir, s’il n’y avait qu’une particule dans l’univers, on serait en
droit de dire que la solution de Schwarzschild, a symétrie sphérique,
possede une symétrie plus élevée que les solutions admettant des com-
posantes dipolaire, quadripolaire, etc. Mais dans un état a multiples
particules, les symétries ne valent tout an plus qu’au voisinage immé-
diat des particules. Peut-étre 1a technique dont nous avons besoin pro-
Viendra—t—elle de la description de la situation physique en termes des
seules observables. En attendant, force est bien de considérer 1a théorie

\du mouvement comme a un stade partiellement inachevé.
Touchant la notion d’énergie je me rallierai au sentiment de

M. Trautman. Si je 1e comprends bien, i1 pense qu’aucune des défini-
tions ou des expressions de l’énergie proposées ici ou ailleurs ne pos—
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sede une validité générale, mais qu’il y a des situations particulieres
01‘1 telle conception (le l’énergie prend un sens. S’il existe un champ de
Killing, alors on peut construire autour de chaque tube d’univers sin-
gulier une intégrale de surface bidimensionnelle fermée dont la valeur
est indépendante du systeme des coordonnées, indépendante de la forme
particuliere de la surface, et constante dans le temps. Lorsque la métri-
que est quasi-minkowskienne il est semblablement possible de construirc
(les expressions significatives pour l’énergie, sans avoir a considérer
le conditions a l’infini spatial. Finalement, les situations physiques 01‘1
les grandeurs de champ (les symboles de Christoffel) décroissent en 7'2
a l’infini spatial permettent la construction d’une intégrale de surface
dont la valeur asymptotique représente la masse relativiste totale du
systeme; naturellement, l’impulsion totale est, elle aussi, bien définie
(lans ce cas. Plus généralement, une densité d’énergie peut toujours étre
définie si la situation physique implique l’eXistence d’un champ de
vecteurs du genre temps; et si un tel champ existe asymptotiquement a
l’infini spatial, une énergie totale peut étre définie. La densité d’énergie
du Professeur MOller, par exemple, est invariante par les transfor»
mations conser 'ant en tout instant-point la direction de l’axe de temps
et la longueur propre de la différentielle dt. Dans certaines situations
('e sousgroupe de transformations de coordonnées est celui qui preserve
quelque caractere intrinseque de la variété, et :Ilors la densité d’énergie
de Mifller possede une signification invariantc. Si je ne me trompe
l’expression (le l’énergie proposée par le Professeur Dirac a aussi son
groupe (l’invariance.

71

l‘ne tres curieuse (lécouverte est celle du tenseur de rang 4 obéise
sant a une loi de conservation covariante. Dans ces récentes années ce
tenseur a été rencontré par nombre d’auteurs, mais je pense que c’est
L. Bel qui a la priorité. Robinson, a ce qu’il me semble, a baptisé cette
expression «:4: snpcrénergic >>. ce qui est ussez hien Irouvé, car la forme
meme 1le r‘e tenseur en cxrlut l'iutcrprf-talion conime celle d’une énergie
gm\‘imtinnncllv. hien qn'il pal-[age zivec celni (le l'énergie des autres
chumps 1:1 proprié‘u} :l'etrc conservuiit. A premiére vue ce nouveau ten~
scur ne se préte pas a la definition d’une intégrale triple qui serait une
constante du mouvement. Quoiqu’il en soit, il existe, et quelque inter~
prétation physique intuitive serait la bienvenue.

J’abandonnerai maintenant le terrain des lois de conservation
pour me tonrner lu-ievemeni ten: 1:: question (103 amica- gm(‘ifrtfiumwllmz
("t-st pom-titre: ici que l'uhsence cle Leopold Infeltl nous est 1:1 plus vrnelle.
var il est pour uinsi dire le seul auteur £1 tenir qu'il n‘)‘ a pas <l‘mules
grm’irntinnzwlles tln 1011:". En son absence il serait quclque pen ridicule
tlr (lecider par 1111 <-: vote majoritnire >> quc (les: nudes gravimtionnelles
smut émises par les systémes crtmiposites. J’esperc qua M. Infelrl scra
‘lL‘S nOTrc-s :su procliuin tolluqnc. ct [lil’alors nous pnurrons amir um-!mnne discussion sur lee. sujcl‘.

A Petrov, Pirani ct Lichnerowicz nous devons de bonnes definitions
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(19 0.9. «m‘nu pent mlmuh-e pul- 1m émr m. radiation gi-m‘ir‘utimnwile<4 pure >>. La présent-e (Tune raldiul‘iciu << impure >> an sein d'un syshmmcomplcxe I‘E’SH' douleuse. Les renditions: radin'rires £1 l‘infini spatialdo Ti'nurmmi semient miles xi nous: :n‘inns IIP imimex l‘flisliilS (1Ppensm- qn‘uu train d'imdvs infiniuienr long pent eta-ire]: cnnjninrenwm{L 116% uromiirions aux iimitvs hnhiruvllvs :‘1 l'iufini spatial. Eu fair je{muse que- cet‘ue assm-izniou est :1 pm] pl'éfi certainement exclue par lesapproximations (l‘c'mh-e supérieul- do 1:: solution dus équutious (in «thumpfaihle: Imus «levrions (iouc nous I'vsl'I-eimlre 51 1a wuxivlération Cu-]misminus rmiizxr‘ix'vs dung (193 univers asymprntiqneme‘n‘r pints. ("r punkén'o ii (19 longs trains [Fonda’s dam: dos {mind-s non-plum :‘i l‘iufiniSpatial Méme (Inns (~95 (-nnditinus je- nv pieuxe pas que Imus sm‘liinnsmm :7: fair poser ie-s bonnes queslions: 9i nuns lv SHYiOHS. 1:1 i-épuusvSPI‘HiI‘ min-@111: Trap éviturv.
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Inagnétisme, que si l‘on accepte des variétés a connexion multiple, ou
des variétés << avec retournements >> de Finkelstein et Misner. Que de

telles solutions puissent avoir quelque chose a faire avec les particules
elementaires, voila ce qu’on ne saurait dire avant de les voir écrites.

Travaux expérimentaux

)Ia (lerniere, et malheureusement aussi ma plus schématique rubri»
que, sera consacrée aux observations astronomiques et aux experiences
(18 laboratoire. Nous avons eu tres peu de communications sur des
reclierclles relatives aux problémes cosmologiqucs. L’intéret de tels
travaux me fait croire que les prochaines années verront de grands
développements dans cette direction, liés a l’entrée en service de nou-
veaux instruments (l’observation. Ces nouveaux instruments sont carac»
térisés les uns par le genre d’information que nous pouvons recevoir
(le l’espace extérieur a la surface de notre planete, les autres par la
possibilité d’envoyer un appareillage d’observation au dehors de l’at-
mospliére. La radioastronomie a tout juste effleuré la surface de ses
possibilités7 ct déja ainsi nous arrivons a << voir >> beaucoup plus pro-
fondément dans l’espace avec un radiotélescope qu’avec un telescope
optique. Par ailleurs, il n’est pas déraisonnable de penser que dans les
prochaines années nous obtiendrons beaucoup plus d’informations de
ca 'actere cosmologique par le moycn des rayons cosmiques que nous
ne l'avons fait jusqu’a présent. Enfin peut-étre pourronsnous améliorer
nos appareillages détecteurs de neutrinos jusqu’au point d’espérer obser-
ver lc fleuve de neutrinos qui nous arrive de l’espace. Si l’un des dis-
positifs imagines par Weber pour observer la radiation gravitationnelle
(levait devenir opérationnel, cela aussi nous doterait d’un canal d’obser-
vation entierement nouveau.

Difi’érents des précédents par leur motivation, il 3' a aussi les tra-
vaux concernant les preuves expérimentales de la theorie de la gravi-
tation. Quoique prises individuellement ces experiences ne soient pas
nécessairement << cruciales >> pour la, Relativité géné'ale, il est 51 mon
avis hors de doute que toute experience capable de nous dire quelque
chose a propos du champ gravitationnel vaudrait la peine d’étre effec-
tuée. Parmi celles qui ont été proposées ou qui sont actuellement en
preparation, il y a des repetitions ou des extensions de l’expérience
(l’Ei3t\'i3s; (les experiences chronométriques congues pour tester l’et't'et
Einstein. ou effet Doppler de gravitation, an moyen d’horloges soit
basées a tcrre soit montées sur un satellite; des experiences pour tester
la precession d’un axe lie a un satellite de la Terre; enfin la conception
(l’émetteurs ou de récepteurs de radiation gravitationnelle. Beaucoup
de ces experiences seront basées sur les nouvelles ressources technolo»
giques. en matiére de satellites, de chronometres atomiques, de dispo-
sitifs utilisant la physique du solide.

ll serait vain de ma part (l’essayer (le deviner devant vous quels
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serum les lll‘ilu‘ilumx sujvls |I'i!1[(‘1‘l3~i de notre prochain colloque, d’ici
(1011:; ans pent-(3111‘, 31:11.: j‘espéru 1w w'oup que le travail expérimental et
uhsvm:ninmwl «Inns IL’ «10111;!i Hr 1:: Relativité générale et de la gra-
Vimtinn NH?! l‘uu :I‘Hm-v eux.

*
**

En conclusion, je voudrais exprimer a nos hotes, de 121 part de tous
ceux qui sont venus, combien nous avons appréeié 1e privilege de parti-
ciper an Colloque de Royaumont. Ce'ux d’entre nous seulement qui ont
en a préparer un colloque dans leur propre pays peuvent saisir ce que
dfit étre l’eft'ort de préparation de celui-ci. Nous voudrions remercier
non seulement les Professeurs Lichnerowicz et Tonnelat, qui ont eu
l’iuitiative de ce colloque et en ont arrété 1e programme, mais aussi
leurs Icollaborateurs plus jeunes de l’Institut Henri-Poincare, du Col-
lége de France, et d’ailleurs, qui ont généreusement prodigué de leur
temps pour rendre notre séjour agréable, et le mécanisme interne du
colloque efficace et discret. Nous quittons Royaumont avec une pro-
fonde reconnaissance envers eux tous.
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To undertake :2 sunnnurj' of 2| wr’inl'ersnre as full of a variefi ofidem: :as ours is to expose yourself TI: :1 iloulrle handicap. Things l1:{\'(-been happening: almost up to the last minute. and you have not hml Ell!"time to digest them properly. To permit ihem to mumm- ‘-':il1l11 yourmind. so 111:1? you can gm; :1 \i'ulhhonghr-out M'nluulirm of what mum
pirmi. In! if you were in wait a few days. without llw lu'llk‘il—T ul' :a
#:3111e“) U'unm‘l-ipt of all the papers ihnt were presemwl, null of Kim
‘liselxssiuus Thur Took plate. the]: i‘llitDl'l-‘S are Tlmt fun would haw I'm-r14mm; some important results or ren‘lm-ks. As :1 malts-r of I‘m-r. I :am
afraid. We all suffer ewn mm- from a 5011' nt' t’mm-shm-rm{in}: error, and
the [up-has that Were (.llSVUSHI‘Il in Ihe lam emulle of days :m- :nmw vivid
in mm: minds than those that Were tli'illl' with :ar the beginning m“ Tln-
ngcmfel'em'e.

i should like In mid :mulher inTJ'mluetory (:(JIHLneIIL Relativity is.
— Thu! has hemme- uhuntlamlfi' (-leal'. — rigln now in :1 stage of rapid
development. and man)" of our ideas are in a state of flux. l'ilzn'oizigihl};
some of the Inpies of this emit-Fence :1 u- now in :1 stare of :wimtrun-l's}:
Like :A’ei'ylunly else I have my own opinions on a number 01' snitjevts.
“'hit'll 1121‘ not sham-ex] by e'x'ekwme in this room. If I express my personalopinions in this summary it is. nf course. with no intention of making
Them anything like llit‘ nfl‘irinl upl'liml of Ill? (’tillll't'l'l'nt’zi': In (10 sh \Vm‘xlll
1w lmth arrogant and futile.

In atlomptin}: to «11111113?i for you the sulnjevts aw imm- been
dismissing. l slmulnl like in IlEL’iile them into [our large :l!’t‘;i.\‘ : uniml'y
field theories. quantization programs. :levelopmenm in i‘i‘w - I:l;1.\'>‘i('21l up
It‘llllilllIPl'l Theory. and exwrimentnl :md nlm-l-x'ntinunl \rm-lc.

Unitary Field Theories

The object of all unitary field theories is to achieve an organic
unity between the gravitational and all other known dynamic fields, and

30
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to achieve a theory of elementary particles as well. I think that it is
characteristic of most unitary field theories that they seek to achieve
these objectives by enriching in some manner the geometric structure
of the original Riemann-Einstein manifold. At our conference we have
had discussions of three main types of unitary field theory, geometro-
dynamics, five-dimensional theories, and asymmetric theories.

Geometrodgnamics represents a program of unification that com-
bines a softening of the field equations (the Ricci tensor, instead of
vanishing, satisfies certain integrability conditions) with the intro-
duction of topological considerations. The Maxwell field is determined,
almost uniquely, by the Riemannian metric and plays no independent
role, not even to the extent of forming part of the components of an
all—embracing field tensor (as it does in the five-dimensional theory It. Thus
one can truly speak of an electromagnetic field without electromagnetic
field! The original purpose of considering multiply connected manifolds
was to make possible the construction of elementary particles. Today the
impression appears to be rather that << wormholes >> do not represent
elementary particles but represent part of the << froth >> of a manifold
whose metric is subject to quantum fluctuations, and that even a single
electron may contain an astronomical number of wormholes.

Whatever the ultimate success of geometrodynamics, I believe that
the consideration of multiply connected manifolds may be needed in
order to assure at all the existence of non-singular solutions of the equa-
tions that are not physically trivial. At any rate, neither in the small
nor in the large do we have any compelling reasons for restricting
ourselves to manifolds that are topologically Euclidean. To the conside-
rations of connectedness Finkelstein and Misner have recently added
what I believe is an important additional possibility; a manifold may
be simply connected but have defined on it a metric that is everywhere
nonsingular, satisfies the usual boundary conditions at spatial infinity,
but cannot be deformed by non-singular continuous deformations so as
to be flat everywhere. Such a metric field will have one or several
<< twists >>. We do not yet know what will happen if we combine the
Finkelstein-Misner << twists >> with the idea of multiple connectedness,
which I believe was first proposed in the Thirties by Einstein and Rosen
but developed much more fully recently by Wheeler and his students
and by Belinfante.

Five-dimensional theories go back to Kaluza’s original proposal of
1921. Aside from the projective re-interpretations of this proposal, two
actual modifications have been developed in the course of the years.
In Kaluza’s original work there had been a Killing vector field in the
fifth (and presumably unobservable) direction, which moreover was
assumed to be a unit vector field. Jordan and Thiry retained the Killing
field but dropped the requirement of its being a unit vector field. 0. Klein
and Einstein replaced the group of motions corresponding to the Killing
field by an assumption of periodicity, which is a requirement in the large,
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and hence less stringent. At our conference we have had a contribution
by Professor Thiry, which dealt both with the interpretation of the
scalar field peculiar to the Jordan-Thiry theory and with the propa-
gation of discontinuities of all kinds.

In the asymmetric theory I believe the outstanding unsolved ques-
tion remains that of physical interpretation. Thanks to the work ofthe French group We have now :1 good idea of the degree of determittmy
of the field equations of the several asymmetric theories. which is similar
in that of the conventional theory of relativity. Quite 21 hit of work has
been done on the theory of motion of singularities. Still. l at least have
the uni-oint'ort:tlde feelingr that we. do not halve developed the sort of
intuitive feeling about the :tsymmett‘ir theory that would tell us what
physical situations might m:>1~respotttl In the various. classes of solutions
known or conjectured. It is to be hoped that the next few years will
bring about further clarification.

For historical reasons most unitary field theories start out with
an attempt to unify, first of all, the gravitational with the electroma-
gnetic iield. All other known force fields. that is to saty the a: strong 2»
forces hetween haryons. which involve the pious :tnd K‘mesons. and the

\‘Vt'llii :9 forees associated with the creation and transformation of lep»
tons. are disregarded at first. in lhe hope that somehow the fully worked-
oui theory will have it niche for These latter interactions as well. There
is. perinms. one argument in favor of this discrimination. and that is
that the gravitational and the elcctrotnngrtetie field are long-range fields
with integral spin. :l l"0_l'_l_li'llll£ltillll of properties not possessed by any
other known field. Nevertheless. l cannot help feeling that it really
St‘l‘imlri unitary field theory will have to give consideration To all the
known fields from the very outset. Probably it is too early to make such
a comprehensive attempt now; it seems likely that in the next few yars
we shall learn a great deal about hyperons and about the relationships
between so-called elementary particles that will enable us to perfect
semi-empirical classifications covering large areas of experimentally
established facts. Such semi-empirical structures may contain within
them the clues we require for true unification of all physical fields.

Within the present pattern of unitary field theories I should like.
to make one other observation. For a theory to be truly unitary it is
not sufficient that unification is brought about by verbal embroidery.
We must certainly judge the degree of success of << unification >> in terms
of the actual formal properties of the fields introduced. I should like
to set up two criteria to this end, both independent of the words we
choose to describe a theory. One is that the geometric objects introduced
into our manifold be irreducible under the invariance group of trans-
formations. In the asymmetric theory, for instance, the symmetric and
the skewsymmetric parts of the metric tensor transform under coor-
dinate transformations independently of each other, so that the metric
tensor is not irreducible in this sense. However, in this revised asym-



466

metric theory Einstein introduced the so-called lambda Transformation
for the affine connection, which mixes symmetric and skewsymmetric
components of the affine connection. In this sense the lambda transfor-
mation restores to some extent the irreducibility.

My other proposed criterion, which is even tougher, is that the
transformation group itself should be simple, i.e. that it should not
contain normal subgroups. In other words, I should like to exclude such
normal subgroups of the full invariance group of a theory as the group
of gauge transformations, whose factor group is the group of coordinate
transformations. My proposal would rob the coordinate transformations
of any special status, which they passess, for instance, in five-dimen-
sional theories with a Killing field. In the KleinEinstein type of five-
dimensional theory the group of fourdimensional coordinate transfor-
mations is an invariant subgroup only approximately; strictly speaking
the five-dimensional group is simple. As a result, the decomposition of
the metric field into gravitational and electromagnetic potentials is also
only approximate in that theory, at least in Klein’s version of it.

Programs of Quantization

Programs of quantization derive their motivation both from a
general philosophical desire (just as the unitary field theories) not to
permit a compartmental approach to the theories of physics, and from
the more specific «feeling» that quantized sources of a field require
also a quantized field. This feeling would be translated into hard argu-
ment if the kind of discussion that Bohr and Rosenfeld carried out for
the electromagnetic field and its sources had also been completed for
the gravitational field; actually we have only the rudiments for such
a discussion, foremost among them VVigner’s and Salecker‘s study of
quantum clocks.

One would wish that a more comprehensive and definitive study
were available in order to assess better such proposals for quantization as
the one that Professor Myfller made quite early in our conference; he sug-
gested that the metric field should remain a c-number field, whose sour»
ces would be the expectation values of the matter tensor. In view of
the fact that the components of the metric tensor appear in the Schro-
dinger (or Heisenberg) equation for the remaining quantized fields, and
because the Einstein equations would contain the state vector and its
Hermitian conjugate bilinearly on the right-hand sides, the equation
system as a whole would be non-linear as regards the appearance of the
state vector; such a serious deviation from conventional quantum theory
(which e.g. does away with the principle of linear superposition of
states) should, of course, be discussed thoroughly both in its mathe-
matical aspects and in its physical implications. I'nfortunately, there
was not enough time at the conference to do Professor )I¢ller’s proposal
justice in any sense. Certainly, one should see whether the Bohr-Rosen-
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feld type of analysis cannot be extended to general relativity morecompletely than has been done so far.
Most other apIn-oarhes to quantization in general l't‘latitiU“ assumethat the ntetrie Ti‘llSOl‘ field is a physiral tit-id like nor somewhat like»all thr- others and should he quantiZed. There are many different lPt'iI-nit-al :tt'qiroarln-s to this program. and We have had heated disrussionsaimut them. But the differenres ilPiW:}l’]1 these :tpiitroat'hes are terhniralrathet than fundamental. and 1 do not believe that it is appropriatein this sunnnart to get involved in them. All of these approarhes havein mnnnon that they acre-pt theirolo of the ohservahles as those fieldquantities that will he the basic Hilbert spat-e operators. and that Tll(‘_\'aim at constructing hetn'een the ohserrahles eonnnut‘ation relations thatmrrespondenrewvise go over into Poisson hrat‘ltets tor modified Poissoni-rarketst in the (unumher "theory.
Also. in some of these approaehvs We are: twilil't'tnltetl with the pro-lvleni of arranging in the ll~llilllli'lf‘l' theory the printer fat-tor sequent-es.This trinity of problems. s mush-Indian of the ohserrahles. mnstrut-t‘ion

of the eonimutation relations. and uletertnitmtion of the factor sequences.
arises in the (lilTF‘l‘t‘lJl approachrs in different ways. 1 heliew it is a(torrent assessment of the present status that no one has sut-t'eetled in

solving all of these problems. and thlts We have not yet. hy any oneapproaeh. a (-ontpleied formal quantum field theory of gr-‘udtation.
At the titresent t‘izne. none of the various aporoat-hes to the prohlrni

of rntantizing the full theory of gravitation provides for any extra
degrees of freedom. or quantum elzarar._-teristirs. that would not he ohta‘i-
ued h} the most dirrrt quantization of an essentially non-linear theory
of a lield of zero rest mass and spin 2. Pauli and many others have
pointed out that a program that is too conservative may turn out to he
sadly deficient. that the fully quantized theory of gravitation may t-mitain
in itsrlf features that We are not allowing for now. Personally. I am
itn-lintd to admit the validity of this prognosis: we ran only hope that
in the eonrse of our pedestrian studios. or in some other way. \\'t~- shall
ohtain elites pointing the way: right now we do not have any that we
have lneen ahle to utilize. Very possihly the various conservation laws,
some of them apparently rigorous. others known to hold only approxi
tnat‘ely. which have been discovered in elementary tntrtirle interm-tions.
i.e. the ronserration of haryons. of leptons. of l-spin. and of strangeness.
ought to tell us something of great value. So far. we have int got heyond
the stage of empiriristn on the one side. sperulation on the other.

So far l have mentioned only what might he trailed programs of
quantization aiming at the Full. non—linear theory. In the meantime.
a numher of \t‘orkers. among them Dirac and lmnenko. have considered
the ell-wt of gravitation on the remainder of higlrenergy physics on the
assumption that gravitation is sui'fit-ientl]: weal; that it may he dealt
with hy perturhation theory. No ont- knows. whether this assumption
ran he justified; hut l believe that it lies in the nature of theoretiral
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physics as an integral part of the natural sciences (rather than of pure
mathematics) that we must pursue our quest into the secrets of nature
at several different levels at once. Thus I believe that the weak-field
calculations, though conceptually contradictory to the non-linear pro;
grams, are fully justified, as long as we do not know where either of
these types of investigation will lead us. As a result of these weak-field
investigations, we know now that we might expect serious effects from
the creation and scattering of gravitons at sufficiently high energies, in
spite of the small coupling parameter, because the interaction with a
quadrupole field goes with a higher power of the energy than the inter-
action with a dipole field. It is, of course, to be considered that qua»
drupole interactions with the electromagnetic field are also possible,
and that they also increase with a high power of the energy.

Non-Quantum General Relativity

1 am now coming to the third, and perhaps largest, topic of our
conference, progress in various aspects of the conventional general
theory of relativity. First let me discuss briefly the related problems
of the theory of motion and of the energy»momentum-stress concept.
As we all know, the theory of nwtion of material bodies goes back to the
twin works of EINSTEIN, INFELD, and HOFFMANN. and of FOCK. Whereas
the first group treated particles as singularities of the field and pro»
ceeded to show that singularities are constrained to move in a parti-
cular manner if the vacuum field equations are to be satisfied every-
where in the vicinity of the singular regions, Fock started out from the
{covariant) conservation of the matter tensor, required by the contracted
Bianchi identities of the Einstein tensor, and found that to determine
the motion of an extended but finite accumulation of matter he did not
require complete knowledge of all the internal structure. Today we
know that the two theories are equivalent, and that all results of one
may be translated into the language of the other.

The original ElH theory was formulated in terms of an expansion,
both with respect to deviation of the metric from the Minkowski values
and with respect to the time dependence of all the field variables.
YVithin the terms of this expansion it was found that in the lowest non-
trivial approximation the motion of singularities was independent of
the choice of coordinate system but that the coordinate conditions de—
termined the higher (post-Newtonian) stages of the calculation. From
a more sophisticated point of View we must admit that by the very
assumption that the deviation from the Minkowski metric is small we
have in fact restricted the choice of coordinate system in even the lowest
approximation, though admittedly not in terms of differential equations.

Today we possess a closed form for the equations of motion, that is
to say a, set of surface integral relations that are to be formulated on any
twodimensional closed surface surrounding one of the field’s singular-
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ities. These surface integral relations are rigorous; they turn into the
E-I-H expansion, or into some other expansion, if we make the appro-
priate assumption concerning the analytic dependence of all the field
variables on certain ad hoc parameters. Examination of the closed-
form relations shows that in the full theory the motion of the singu-
larities, i.e. the dependence of their three space coordinates on the time
coordinate, certainly depends on the choice of coordinate system.

However, the choice of coordinate system is not everything. Partly
through the work of Havas, which in turn is based on some very old
papers by Lubanski, we know that the motion of a particle is intrin-
sically affected by its internal structure. E-I—H in their classical papers
assumed explicitly that each particle was, as nearly as possible, a mono-
pole, and that at each stage of the approximation procedure all multi-
poles belonging to the homogeneous part of the solution should be set
zero. Unfortunately, we do not have at present a definitive theory that
tells us how to formulate such a requirement invariantly. True, if
there be only one particle in the universe, a Schwarzschild solution,
then the spherically symmetric solution possesses a higher symmetry
than a solution that has an admixture of dipole, quadrupole, or higher
multipole moment. But in a many-particle situation symmetries can
at best hold approximately, in the immediate vicinity of each particle.
Perhaps the description of a physical situation solely in terms of
observables will give us the desired technolog . In the meantime, we
must consider the theory of motion still as an only partly finished
structure.

As for the energy concept, I should like to accept Dr. Trautman’s
evaluation. If I understand him right, he feels that none of the energy
concepts and expressions proposed at this conference and elsewhere has
universal validity, but that there are a number of special situations in
which the concept of energy is meaningful. If there exists a Killing
field, then it is possible to construct about each isolated singular world
tube a two-dimensional closed surface integral whose value is inde—
pendent of the coordinate system chosen, independent of the detailed
shape of the enclosing surface, and constant in time. Likewise, it is
possible to construct meaningful energy expressions when the metric is
almost flat, regardless of boundary conditions at spatial infinity; finally,
physical situations in which the field intensities (Christoffel symbols)
at spatial infinity drop off as 7’4 permit the construction of a surface
integral whose asymptotic value represents the total relativistic mass
of the system. Naturally, in this last case the total linear momentum
is also well defined. More generally, an energy density can always be
defined if the physical situation is endowed with some intrinsically
defined time-like vector field; a total energy can be defined if such a
vector field exists at least asymptotically at spatial infinity. Professor
Moller’s energy density, for instance, is invariant with respect to trans-
formations that preserve at each world point the direction of the time
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axis and the proper length of the coordinate differential dt. In some
situations this group of coordinate y transformations is the one that
preserves some intrinsic characteristic of the given manifold, and then
Moller’s energy density expression possesses an invariant significance.
Similarly, Professor Dirac’s proposed expression for the energy has
its own invariance group, if I am not mistaken.

A very curious discovery is the fully symmetric tensor of rank four
which satisfies a covariant divergence relationship. This tensor was
discovered independently by a number of workers within the past couple
of years, but I believe that the priority belongs to L. Bel. Robinson, I
believe, has called this expression << superenergy >>, which is not a bad
name, as it implies that the structure of this tensor precludes its inter-
pretation as representing the energy of the gravitational field. though
it shares with the energy the property of being (covariautlyn conserved.
Apparently this new tensor does not lend itself to the construction of
a three—dimensional integral that is a constant of the motion. Never-
theless, it exists, and some physically intuitive interpretation would be
most welcome.

I shall now leave the area of conservation laws and turn briefly to
the issue of gravitational waves. Perhaps at no point to we feel the
absence of Leopold Infeld as keenly as we do in the discussion of waves,
where he is almost the only worker who insists that there are not any.
In his absence, it appears slightly ridiculous to decide << by majority
vote >> that waves are emitted by many-body systems; I hope that he
will be with us at the next international conference, and that we shall
then have a good discussion of that question.

To Petrov, Pirani, and Lichnerowicz we owe good definitions of
what we might mean by a state of «pure >> gravitational radiation.
The presence of << impure >> radiation in a complicated physical system
remains a dubious issue. Trautman’s radiation conditions at spatial
infinity would be useful if we had good reason to believe that a wave
train of infinite length can exist along with standard boundary condi-
tions at spatial infinity. Actually, I believe that this combination is
almost certainly ruled out by the higher approximations of the weak-
field equations; hence we must restrict our considerations to radiation
pulses in asymptotically flat universes, and perhaps to long wave trains
in universes that are not flat at spatial infinity. Under these circum-
stances I think that we still do not quite know how to ask the right
questions; if we did, perhaps the answer would be obvious.

At the end of this section, let me quickly mention three separate
topiCs. First, we have seen that the several French groups have made
further progress on the examination of the problem of Cauchy data and
the propagation of discontinuities (theory of characteristics), both in
general relativity and in several unitary field theories, and also not
only in vacuum situations but in the presence of several kinds of matter.
Not too surprisingly, it has been found that in these cases there are
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several distinct cones of characteristics at any one world point, corres-
ponding, as it were, to the propagation of gravitational waves, electro—
magnetic waves (in the presence of dielectrics), and elastic waves (in
the presence of compressible fluids, for instance).

The group under Professor Jordan at Hamburg has made very im-
pressive progress in the construction of rigorous solutions of the field
equations. I must admit that when I first became acquainted with this
program, I was somewhat skeptical about the value of highly symmetric
rigorous solutions for the interpretation of the theory as a whole,
considering that the symmetry of the known solutions does not reflect
special properties of the field equations but merely our mathematical
inability to construct more general types of solutions. In the meantime,
however, the number of known inequivalent solutions has greatly in-
creased and, what is perhaps more important, the requirements on the
degree of symmetry have considerably decreased. Perhaps very soon it
will be possible to pick among these classes of solutions a few that will
be really capable of telling us a great deal more about the non-approxi-
mate theory than we know at present.

Finally, I should like to comment very briefly on the purported
non-existence of particle-like solutions of the equations. This is also a
field in which we do not yet quite know how to formulate our questions.
In the meantime, I believe that it is safe to say that further investigat-
ions in this direction will be more valuable it they take into account
topological questions. It may well turn out that we shall find that
there are in fact non-trivial solutions of the field equations, with or
Without electromagnetic field, if we admit multiply connected manifolds
or manifolds with << twists >>. Whether such solutions have anything to
do with elementary particles, that is not for us to say now before we
know them.

Experimental Work

My last, and unfortunately sketchiest section will be concerned with
astronomical observations and laboratory experiments. We have had a
very small number of reports on investigations that bear on coxmoloyic-u/
questions. Interesting as this work is, I believe that the next few years
will see a great expansion along these lines, as new tools of olmcrmiion
become available. These new tools lie both in the type of information
that we can receive from outer space on the surface of our planet, and
in the possibility of sending observational equipment outside the atmo-
sphere. «Radio astronomy has barely scratched the surface of its poten-
tialities, and even so we can now << see » much farther into space with
a radio telescope than with an optical telescope. Also, it is not unlikely
that in the next few years we shall get much more detailed information
of a cosmological nature from the observation of cosmic rays than we
have received so far. And finally, we may perfect our neutrino-sensitive
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devices to the extent where we can hope to observe the stream of neu-
trinos reaching us from the outside. If one of VVeber’s schemes to observe
gravitational radiation should become realistic, that, too, would provide
us with a completely new channel of information.

Different in motivation from the work on cosmological problems is
work concerned with experimental tests of the theory of gravitation.
Though individually these tests may not be << crucial >> experiments for
general relativity, there is no question in my mind that any experiment
likely to tell us something about the gravitational field is well worth
doing. Among such experiments that have been proposed, or are actually
in progress, are a repetition and extension of Eotvos’s experiment, clock
experiments designed to test Einstein’s gravitational red shift either
by ground-based or satellite-mounted atomic clocks, experiments to
test the precession of a fixed axis in a satellite orbiting about the earth,
and finally the proposal to design emitters and detectors of gravitational
radiation. Many of these experiments will be based on our new techno—
logy, comprising satellites, atomic clocks, solid-state devices.

It would be futile for me to guess in public which will be the most
important topics at our next conference, a couple of years hence. But I
hope very much that experimental and observational work in the general
realm of general relativity and gravitation will be one of them.

In conclusion, I should like to express to our hosts the very deep
appreciation of all of us from abroad who have had the privilege of
participating in the Royaumont conference. Only those among us who
have ever prepared for a conference on their own homegrounds can
realize the amount of effort that must have gone into the preparation
for this one. We should thank not only Professors Lichnerowicz and
Tonnelat, who conceived this conference and prepared its program, but
also their younger collaborators at the Institut Henri Poincaré, the
College de France, and elsewhere, who gave generously of their time to
make our stay enjoyable and the mechanics of the conference un—
obtrusive. VVe leave Royaumont with deep gratitude to all of them.
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