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branch, etc. One of interesting consequence of our results are the prediction of many new
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1 Introduction

Four dimensional N = 2 superconformal field theories (SCFTs) [1-3] constantly provide
invaluable insights into the understanding of quantum field theory in the past thirty years.
The studies of them also gave intimate connections to various branches of mathematics such
as invariants of four manifolds, integrable systems, algebraic geometry, Hodge theory, vertex
operator algebras (VOA) and etc. One of major advancement in last ten years is that one
can engineer a large class of new 4d SCFTs by geometric methods: one class (class-S) is the
compactification of 6d (2,0) theories on a punctured Riemann surface [4-8], and the other
class is the compactification of type IIB string theory on a 3d canonical singularity [9-12].
Resulting theories are usually strongly coupled, so conventional perturbative methods are
of little usage, yet geometric tools can help us understand lots of fundamental properties
of these theories. One can often obtain the Seiberg-Witten geometry, central charges, the
corresponding 2d VOA (and the Higgs branch from it), 3d mirror [13-15], relation with
5d theories [16-18] and etc. It is such an amazing fact that one can easily compute those
quantities given the strongly coupled nature of these theories.



On the other hand, there are also interest in the complete classification of 4d N = 2
theories at small rank. By rank we mean the dimension of the Coulomb branch (CB).
Classification of rank one and two theories are discussed in [19-28]. These classifications are
mostly based on studying constraints on CB. Their efforts lead to some new theories which
have not been noticed before [22, 25]. It would be interesting to construct these theories
by geometric methods, as one can use geometric tools to further study those theories, e.g.
understanding their Schur sector and Higgs branch.

Given the large landscape of the geometric engineered theories, it is not easy to
systematically scan the theory space. In fact, most of low rank theories are constructed
using class S theory with irregular singularities, and no simple formula for the rank is known.
What makes the exhaustive search possible is the CB dimension formulae (2.7) and (2.8).
Using these dimension formulae, we list all rank one, two and three geometric engineered
theories. Indeed, many new theories found in [22, 25] appear also in our search. Using
general results of geometric construction, one can get new information of these theories,
such as the corresponding VOA and the Higgs branch, summarized in section 3.

Let us point out several interesting consequences of our findings:

o There is a sequence of rank one AD theories with the following flavor symmetry (see
also [29])
A()CA1CAQCGQCBgCD4CF4CE6CE7CE8,

and the corresponding VOA is the affine Kac-Moody algebra Vi (g) at level k = —h/6—
1. Here h is the Coxeter number of the flavor group. This sequence is different from
the famous Deligne exceptional series A1 C Ay C Go C Dy C Fy C Eg C E7 C Eg [30]
at level —h" /6 — 1, when the group is non-simply-laced. It would be interesting to
further study properties of this sequence.

o There is a sequence of theories with flavor symmetry group SO(4N + 8), N > 2
and possible enhancement, i.e. Eg, SO(20), SO(24), and etc. These theories are 4d
counterpart of 5d theory engineered by the UV limit of SU(N) gauge group with
2N +3 flavors [31], and can also be engineered by compactifying 6d Asn1 (2,0) theory
on a sphere with three punctures labelled by the partition [N2,2], [(N + 1)2], [12V+2].
They are very likely to have the maximal flavor symmetry at their own rank: Fg for
rank one theories, SO(20) for rank two theories, SO(24) for rank three theories and etc.
These classes of theory are special in that they seem to be the theory with maximal
flavor symmetry for a given rank, i.e Eg for rank one, SO(20) for rank two, etc.

o It is also easy to find many other sequence of theories, such as theories with flavor
symmetry Ga, Fy. Some of those theories are studied in [32], our construction would
give the VOA and the associated Higgs branch for these theories.

o Many of the new theories found in [19] are constructed using discrete gauging of
the known theories. In our findings, those new theories are typically constructed
using outer automorphism twist. The relation between discrete gauging and outer
automorphism twist deserves further study.



e Since a 4d theory can be realized in many different geometric ways, this often
implies the highly nontrivial isomorphism for W algebras (see section 4). It would be
interesting to prove those isomorphisms rigorously.

This paper is organized as follows. Section 2 reviews the geometric construction and
how to compute various physical quantities such as SW geometries, central charges, etc.
Section 3 summarizes the list of rank one, two and three theories from geometry. Section 4
lists isomorphisms for W algebras derived from our constructions. Section 5 discusses some
results on theories with higher rank and summarize some rank four theories. Finally a

conclusion is given in section 6.

2 Geometric engineering of 4d N = 2 SCFTs

There are two main classes of 4d N' = 2 SCFTs. The first class, which is called class-S, is
constructed by putting 6d (2,0) theories on a Riemann surface with regular or irregular
singularities [4-8]. The second class is engineered by putting the type IIB string theory on
a 3d-canonical singularities [9]. There are several advantages of these constructions:

1. The Coulomb branch solution (the SW geometry) is given by the spectral curve of
the underlying Hitchin system for class-S construction, and is identified with the
mini-versal deformation for type IIB construction.

2. There are simple formula for the physical data like central charges a, ¢, kr and others.

3. The Higgs branch or more generally the Schur sector can be derived for a large portion
of class-S theories, as their corresponding 2d VOA is known.

One must keep in mind that for a generic 4d N = 2 theory the above information is not
easy to derive, hence the above two constructions are extremely valuable for the study of 4d
N =2 SCFTs. In the following, we will review these two constructions and how to compute
various physical quantities.

2.1 Class-S theories
2.1.1 Theories with regular singularities only

One can engineer 4d N/ = 2 SCFTs by putting 6d (2,0) theory of type j on a genus g
Riemann surface with only regular singularities [4, 5, 33-35]. In the untwisted case, the
regular singularities are labeled by the nilpotent orbit f of j,' so an untwisted theory is
specified by the data

(Zgods fro f2, o [ (2.1)

For a twisted theory, one denotes the outer-automorphism twist of j by o, and the invariant
Lie algebra obtained after the outer-automorphism by g¥. Let g be the Langlands dual of
gY. There are two kinds of regular singularities for a twisted theory: twisted puncture f*

'We label the regular singularity by the Nahm label, its (Spaltanstein) dual is also called Hitchin label
which appears in the corresponding Hitchin system.



labelled by the nilpotent orbit of g and untwisted puncture f labelled by the nilpotent orbit
of j, therefore a twisted theory is specified by the data

(Egajao’fifév“wfrtnflv---)fs)' (22)

Notice that the number of twisted punctures is constrained by o. For example, n has to be
even if o is Zs.

Physical data such as CB spectrum, flavor symmetry and central charges are determined
by the local data of the nilpotent orbit f together with global data of ¥, [35-43]. The main
feature of this class of theories is that the scaling dimensions of CB operators are almost
all integrals, while the number of CB operators, or the rank of the untwisted theory, is
given by

dim B = % (Z dim(fP) + (g — 1) dim(j)) . (2.3)

Here fP is the dual orbit of f;. On the other hand, the rank of a twisted theory is given by

dim B = % (Z[dim(fit’D) + (dimj — dim g)] + Zdim(fiD) +(g—1) dim(gv)) . (24)

For the twisted theory, the dual orbit for the twisted puncture (which is labeled by nilpotent
orbit of g) is a nilpotent orbit of gV.

Exzample: consider the class-S theory (Xo, Ao, [5%], [42,2], [1!°]). This rank three theory
has Coulomb branch operators with dimension 10, 8 and 6. The flavor symmetry group is
SO(24) which is maximal in all rank three theories we found. The a and ¢ central charges
are 337/24 and 101/6.

2.1.2 Theories with one irregular singularity

To get theories with fractional scaling dimension CB operators, one need to add irregular
singularities on the Riemann surface. Yet only spheres with one irregular and one regular
singularity lead to non-trivial SCFTs in the IR. The untwisted theories are labelled by the
following data

(3,0, k, f), (2.5)

where j = ADE specifies the 6d (2,0) theory, b is a positive integer which are determined by
j, k > —bis also an integer. j, k and b together determine the form of the irregular singularity,
while the regular singularity is labelled by a nilpotent orbit f of j. The allowed value for
b, k are listed in table 1, where the correspondence with the three-fold singularities [7, 9]
is used.

For the twisted theory, one denote an outer-automorphism twist of j by o. Let gV be
the invariant Lie algebra after the outer-automorphism twist, and let g be the Langlands
dual of gV. The twisted theories are labelled by data

(j;07 btvkt7f) (2-6)

The allowed set for by, k; is summarized in table 2. f now labels a nilpotent orbit of g.
Details of such theories can be found in [8].



j b Singularity Spectral curve at SCFT point Alz] I

An_q N 2 +ai a4 2F=0 V2P =0 NLM (N-1)(k-1)
N -1 2?23+ al +asF =0 N 4 aF =0 % NkEk-1)+1

Dy [2N—2| a?+al 4ol +2F=0 2N a2k =0 2]%,11232 N(k—-1)
N o3+ 2y 4 wead + 2Py =0 2N 422 =0 NL% 2k(N —1)— N
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E, 18 23 4 a3 + woxd + 2P =0 o 2k =0 % Tk =7

14 2?2+ 2+ woxd + 2Py =0 o patzk =0 #ﬁk 9k — 7

Fy 30 i+ ai 4+ a4+ =0 w3042k =0 o 8k — 8

24 x4+ a3 + a4 2Py =0 230 2828 =0 % 10k -8

20 22423+ a4+ e =0 230 4+ 2102k =0 otk 12k —8

Table 1. Three-fold isolated quasi-homogenous singularities of ¢cDV type corresponding to the
(j, b, k) irregular punctures of the regular-semisimple type in [7]. These 3d singularity is very useful
in extracting the CB spectrum [9].

/o g by SW geometry at SCFT point | Spectral curve at SCFT point Alz]

Aon/Zy | CV [ AN +2 | a2 +2d+ 22N 42K %2 =0 22N+ 4 s = e
2N a3+ a3+ 2N a2k =0 2N+ g =0 B

Ayy_1/Zy | By |AN—2| 22+ 23+ 22N 42272 =0 22N 422t = Tt
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Table 2. Seiberg-Witten geometry of twisted theories at the SCFT point. Relations between k; and
k' which appears in SW geometry are: k, = 2k’ + 1 if 2 +2 appears in SW geometry, k; = 3k' £ 1
if 25'+3 in SW geometry, and finally k; = £/ if 2F in SW geometry.

SW curve and CB spectrum: the SW curve can be identified with the spectral curve
of the underlying Hitchin system, and the detailed scaling dimensions can be found from
the underlying Newton polygon [44]. For an untwisted theory specified by (j, b, k, f), its
rank can be described by the following formula (derivation of the formula is summarized in
appendix A and more details will be presented in [45])

k

dimB = o | (hy3- + hj — Drank(j) — fo — dim Oprin + dim ojfitehing (2.7)

N

where fy is the number of mass deformations from the irregular singularity computed
in [8, 44], h; is the Coxeter number of j and (’)}{iwhin is the Spaltenstein dual of the nilpotent



ifo | Aan/Zs | Aan—1/Zy | Dny1/Zs | Es/Zy | Dy/Z3
ho 4N + 2 4N — 2 2N + 2 18 12

Table 3. The hy for different twisted AD theories.

Figure 1. Newton Polygons for the theory (47,8, —6,[22,1%]). Grey dots represents terms beyond
the corresponding pole order. The red dot corresponds to the CB operator, while the blue dot is the
mass parameter.

orbit f. Similarly for a twisted theory specified by (j, 0, g, b, k¢, f), its rank is [45]

1 k N
dimB = 3 [(h@bt + hg — 1> rank(g) — fo — dim Opyin + dim (’)?‘tehm , (2.8)
t

where hg take value in table 3 instead of the Coxeter number.?

Example 1: (A7,8,-6,[22,1%)) theory. In this example, g = A7, b = 8, k = —6 and
f = [22,1%. Then fy = 1, dim Opyn = 56 and O}{imhm = [4,2?] with dimension 52.
According to (2.7), its rank is

1 _
2[<8><86+8—1>><7—1—56+52

The SW curve of this theory looks like 2% 4+ 276 = Y27, #4.(2)2® %, where
{d;} = {2,3,---,8} are degrees of Casimir of su(8). For f = [22,1%] the pole order is
{p2,p3, -+ ,ps} =11,2,3,4,5,5,6}. The SW curve can be visualized by a Newton polygon

1. (2.9)

(figure 1) where each term x%z% in the curve is represented by a point (a,b) inside the

polygon [44]. In this example there are only two points in the polygon representing the

2

term ux?z7° + ma3z~?, so the SW curve is

6 2

284 270 = w20+ mad T, (2.10)

where u has conformal dimension 2 and m has conformal dimension 1. In the end, the
theory has one dimension 2 CB operator and one mass parameter.

Example 2: (¢g,12,—7, Ay4) theory. In this example, g =¢g, b =12, k = —7 and f = Ay.
Then fo =0, dim Opyin = 72 and O?imhm = As with dimension 52. Using (2.7), we get its

rank being

1 _
2{(12x127+12—1>><6—0—72+52 =2 (2.11)

2hg is called the twisted Coxeter number in [46].



Figure 2. Newton Polygons for (eg, 12, —7, A4) theory. Grey dots represents terms beyond the cor-
responding pole order. Red dots correspond to CB operators, while green dots are mass parameters.

For f = A4 there is an extra degree 4 differential ¢4(z) in the SW curve, so the set of
degrees {d;} = {2,4,5,6,8,9,12}. The pole order structure after imposing constraints is
{p2, P4, 05, P6, P8, D9, P12} = {1,3,3,4,5,5,7} [39]. Its Newton polygon is shown in figure 2,
and the SW curve is

6 8

2 4 2T =l w2 4 o270, (2.12)

where two CB operators uy, us have conformal dimension %, % respectively. The coupling c;

and co have conformal dimension é and % respectively.

Example 3: (¢g,Z2,§4,8,—7,0) theory. In this example, j = ¢g, 0 = Zo, g = f4, by = 8,
ki = =7 and f = 0. Then fy =1, dim Opin = 48 and O?i“hin = F4 with dimension 48.
According to (2.8), its rank is

1 _
2{(18><87+18—1>><4—1—48+48 =2. (2.13)

For twisted punctures, ps are pg are half-integer. For f = 0 the pole order structure is

{pa, ps5, D> P8, P9, P12+ = {1,2,5,7,17,11}. The Newton polygon is drawn in figure 3, and

9 ) 92
the SW curve is,

17
5 7

[S][xe}

2 42ty = fuga®s T fmaeT (2.14)

All in all, the theory has two CB operators with conformal dimension 5 and 4 and one mass
parameter. The (a,c) central charges of this theory are (%, %), and the flavor symmetry is
(f4)5 x u(1).? Using this data we identify this theory as one of the theories in table 6 of [25],

and we provide its SW curve as well.

Remark: our dimension formulae (2.7) and (2.8) actually computes the dimension of the
Hitchin base, then identify it as the rank of the theory. Another way of computing the rank
of the theory is to count the number of graded Coulomb branch operators by using the
pole order of each individual differential in the SW curve. In rare occasions, the number of
graded Coulomb branch operators is greater than the dimension of the Hitchin base. That
is because the dimension of the Hitchin base is the sum of the virtual dimension of each
individual differential. However, the virtual dimension of each individual differential might
be negative, therefore the dimension of the Hitchin base is smaller than the number of the

graded Coulomb branch operators in such cases.

30ur normalization of flavor anomaly is half of the one in [25].



Figure 3. Newton Polygons for (eg, Z2,f4,8, —7,0) theory. Grey dots represents terms beyond the
corresponding pole order. Red dots correspond to CB operators, while the blue dot represents the
mass parameter.

Central charges a4q and cy4q : the ayq and cyq central charges are computed by using
the following relations. The first one relates central charges with the CB spectrum [47, 48],

Yasa — caa = 7 Y (2ui] — 1), (2.15)

i

where [u;] is the dimension of the CB operator u; and i runs over all CB operators. The
other two relations require data of the corresponding VOA [49, 50]

1
Cqd = —75C2d,
12 (2.16)
(4d — C4d = —@g,

Here cy4 is the central charge of the corresponding VOA, G the growth function of its
vacuum module. Any two of these relations can be used to work out asq and csq while
the third one provides a consistency check. Here we will mainly discuss computing central
charges using relations (2.16), that is, computing the central charge and growth of the
corresponding VOA.

For an untwisted (twisted) theory labelled by (j, b, k, ) ((3,0, g, bs, ke, f) for twisted),
if the irregular singularity has no mass deformation (fo = 0), the corresponding VOA is
the W-algebra W7 (j, f) with k = —h + kLer (Wi(g, f) with k = —hy + %kﬁbt for twisted,
where m is the lacety number of g). The central charge Cw; (g,f) 18 glven by [51]

2

~ h
\Y

1 1 12
1 0 . 1
W (0.f) =dimg"” — §d1m92 — p hg/

(2.17)

Here the sl triple (e, f, h) is fixed by the Dynkin grading. The Weyl vector p is sum of
all fundamental weights. dimg® and dimg% are the number of positive roots with grading
0 and % One way to compute them is by looking at the decomposition of the adjoint
representation of g under the subalgebra A(su(2)) @ f5, where A is the embedding map
A :su(2) — g,

g= P V,oRr; (2.18)

J€3Z>0



where Vj is the spin-j representation and R; in some representation of f,, then
dimg” = Y dimR; dimgi = Y dimR;. (2.19)
JE€Z>0 j€%+Z20
If the irregular singularity has fo # 0 mass parameters, the corresponding VOA should
be an extension of Wi (g, f) ® M(1)®/o, where we denote the Heisenberg algebra by M (1),

therefore the 2d central charge equals to Wi (a.f) T fo.- Combining these two situations, we
see that the 4d central charge c4q is

1 1 | 12 - 2\ fo
= —— | dimg® — ~dimg2? — = —(k+nrD=| | =% 2.20
Cad 12 ( mg 2 1mg?2 A + hg/ P ( + 9)2 ) 127 ( )
with k = —hg/ + kLer for untwisted theories and k = —h; + % ktljﬁbi for twisted theories. The

data relevant for A can be found from the weighted Dynkin diagram associated with the
nilpotent orbit f.

On the other hand, computing the growth function of the vacuum module of a VOA
requires more work. For a W-algebra Wi (g, f) at boundary admissible level k=—h"+ %,
the growth function of its vacuum module can be found in math literature (e.g. theorem 2.16
of [52]). If the VOA is non-admissible or an extension of Wi (g, f) @& M (1)®/0, the growth

function of its vacuum module is conjectured to have the following universal form [53]

d(n)

G =rankg + fo — —= + dim Oprm — dim Of. (2.21)
u

Here n and u is related to the level & by
g =k+hY, ged(n,u)=1. (2.22)

The number d(n) depends only on g and n. To determine d(n) one first consider the case
f = trivial so that the VOA is an extension of V;(g) ® u(1)®/ with 2d central charge
k dim g
k+hY
Together with the CB spectrum of the corresponding 4d theory, one can determine the

+ fo. (2.23)

growth function G of its vacuum module, hence determine d(n). Results of d(n) are listed
in tables of appendix B. Here we also include the data for irregular singularities with mass
deformation which were not discussed in [53].

Example: consider the A3/Zy twisted theory T = (As,Za, Bo,4,—1,[3,1%]). Its CB
spectrum is {4/3,4/3}, so
1 4 5
2049 — =-Xx2(2x=-—-1)=-. 2.24
Qqd Cad 1 X < X 3 ) 6 ( )
The irregular singularity has a mass deformation and the corresponding VOA is an extension
of W_,, 2(B2,[3,1%]) ® M(1). Then we have
3
1

= —— 2.25
C2d 127 ( )



then central charges of this theory should be

11

3 ca=l (2.26)

A4d =

For a consistency check, notice that the growth function of the vacuum module is

d(2
g:2><(2><2+1)+1—(3)—6:4, (2.27)
and indeed a4y — c4qg = —G/48 = —1/12. From central charges and CB spectrum, one

conjecture that the VOA V7 is isomophsic to two copies of V_ 4 (su(2)),
W_s,2 (B2, [3, 2o M(1) C V= V_s(su(2)) © V_s(su(2)) (2.28)
where V_ 4 (su(2)) means that the simple affine vertex algebra at level k = —%.

Flavor central charge: the flavor symmetry of our theories are determined by both the
regular singularity f and the number of mass deformations fj of the irregular singularity.
Given f and an embedding A : su(2) — g, Let fo be the centralizer of A(su(2)) in g, then
the naive flavor symmetry algebra of the theory is fo @ u(1)®/. Notice that the full flavor
symmetry may get enhanced to a larger algebra with f5 @ u(1)®% as subalgebra.

Usually fp decomposes into several simple factors
fa = @ifs, (2.29)

and we are interested in the 4d flavor anomaly k4q; for each simple factor f;. Using the
4d/VOA correspondence, this means that there are some simple factors of affine vertex
algebra as the subalgebra of the W-algebra corresponding the theory in consideration,

@i Vi, (01) © M) € Wi(g, f) & M(1)®P c V(T). (2.30)

One can compute the level of each affine vertex subalgebra Vi, (g;) in the following way (see
e.g. [35, 54]). Let T and T be generators of f; such that tr;, T%T° = h%d“b. Denote by
n the natural embedding n : fo — g. The level k; of the affine vertex subalgebra Vi, (g;)
is then

k
k()6 = hijtrgn(Ta)n(Tb) + 3 2jter, TOT°, (2.31)
o i

where R;’s are fj representations appear in the decomposition

9= P VioRr;. (2.32)
j€3Z>0
Once we have 2d level k;, the 4d flavor anomaly is k4q; = —Fk; by the 4d/VOA

correspondence.

~10 -



Example: consider the theory (eg,9, —4, (A2, Zy)), one has fo = su(2) and k = —12 + %.
The decomposition of the adjoint representation of eg is

e6 — (1;3) +(3;1) + (4;,2) + (5;1) + (6;2) + (7;1) + (9;1) + (10;2) 4+ (11;1), (2.33)

where the first entry in the bracket is the dimension of the su(2) representation Vj}, and the
second entry the dimension of the representation of f5. Normalizing the Dynkin index of
the representation of su(2) as the following

UraqyTOT" =4,  2traT°T° =1, (2.34)

the flavor anomaly of f, is then

17
= kg = —. 2.
had = —kaa = 75 (2.35)
We need to emphasize that equation (2.31) does not work for u(1) factor in f5. However,
there is a way to compute the level of su(1) in fa in terms of “pyramids” [55, 56]. We refer

to [57] for the details.

2.2 Three dimensional canonical singularities

One can also construct 4d A/ = 2 SCFTs by putting type IIB string theory on a 3d canonical
singularity [9-12]. Two most interesting classes of canonical singularities are isolated quasi-
homogeneous hypersurface singularity defined by a polynomial f and a complete intersection
singularity defined by two polynomials (f1, f2).

Hypersurface singularity: given a hypersurface singularity f(z1, 29,23, 24), one can
compute the CB spectrum as follows [9]: the quasi-homogeneity of f means that there is a
C* action

fQ%z) =N, Y ai<l, ¢ >0. (2.36)

One can also define a Jacobian algebra Jy

C[Zb 22,23, 24]

Jr = a7 IR (2.37)
{55 o)
Let {¢o} be a monomial basis of Jy, the SW geometry is then
F=f+Y Aaba- (2.38)
The scaling dimension for A\, can be worked out
1- (]
Al = L= Q0a)). (2.39)

Zi qi

Here Q(¢q) is the weight for the monomial ¢,. For the SW curve, only A, with scaling
dimension greater or equal to zero would be preserved as physical deformation parameters.
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The dimension of the charge lattice = 2r + f (Here r is the rank of the theory, and f
the number of mass parameters) is given by the dimension of J; (also called the Milnor
number), which are related to weights of z;’s by the following formula

DD e

Since one can find the number of mass parameters using the scaling formula, one can easily
find the rank of the theory. The central charge can be computed as follows

_R(A) R(B) 5  R(B) r
a= 1 + 6 —|—24, c= 3 +6, (2.41)
where R(A) and R(B) are determined by the CB spectrum
1
R(A) = ([ui] = 1), R(B) = plulmax- (2.42)

i
Here [u]max is the maximal scaling dimension, y is the dimension of Jy (Milnor number)
defined before.

Complete intersection singularity: given a complete intersection singularity f =
(f1, f2), and a C* action

FNz) = Mu(z), 2N 2) = M fa(z), (2.43)
there is a distinguished (3,0) form  satisfying
QNdfi Ndfo =dzy Ndzo N ... Ndzs, (244)

which has weight > w; — 1 — d under the C* action. To define a sensible 4d SCFT, we
require this weight to be positive, which leads to a constraint on w;’s

> wi>1+d. (2.45)

The SW solution is described by the mini-versal deformation of the singularity [10, 11]

o

F(\z) = f(z) + Y Aabas (2.46)
a=1

where ¢, is the monomial basis of the Jacobi module of f, and u is the Milnor number of

J¢. The coefficient \, is identified with the parameters on Coulomb branch. The scaling

dimension of A, is determined by the requirement that {2 have dimension one, because the

integration of €2 over the middle homology cycle of the Milnor fibration gives the mass of

BPS particle. At the end the dimension of ¢, is computed by the following formulae

_ . _ 1- Qa
$a = [V, 0] 1 [Aa] = Swi—1—d
- : __d-CQa
ba = [0,%a] : [Aa] = So 1 d (2.47)

Here @, is the C* weight of the monomial 1,. The dimension of charge lattice u can also
be found from the weights [10, 11].
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3 Summary of theories with rank one, two and three

Now we can scan the theory space reviewed in the last section for SCFTs with small rank.
Theories from spheres with one irregular singularity and one regular singularity with rank
one, two and three are listed in table 4, 5, and 7 respectively. For each theory, we list its
central charges, Coulomb branch spectrum, flavor symmetry and the corresponding VOA.
The complete lists with constructions are summarized in appendix C.1, C.2 and C.3. The
predictions of VOA isomorphisms are list in section 4. We also scan the theory engineered
by compactifying A, type theory on sphere with three or more regular singularities, and
results are shown in table 9 and 10. The corresponding VOA of theories with regular
singularities only is constructed rigorously by mathematicians [58].

We also search the rank one, two, three theories from the list of hypersurface and
complete intersection singularities. They do not provide new possibilities, but we also
include the construction in our tables. The class is labeled by two Dynkin diagrams (G, G/)
so that the 3-fold singularity is fg(z,y) + fo(w,2) =0, and fg=apE is the corresponding
ADE singularity.

All theories in table 4, 5, and 7 satisfy the following bound

12 (Zz(ul - 1)2)

umax(umax - 1)

> 2 4 f, (3.1)

where {u;} is the spectrum of CB operators, umax is the maximal dimension of the CB
operators, r is the rank of the theory and f is the rank of the flavor symmetry. Theories
saturating this bound is marked with * in the tables. Those theories seem special to us.

Notice that some theories could be the decoupled sum of two lower rank theories. They
are summarized in table 6 and 8. Below we provide detailed analysis for one example of
this situation.

Example: consider the theory with CB spectrum {%, %, %} in table 8. It is expected to
be comprised of two decoupled theories with CB spectrum {%, g} and {g} respectively.
Using the corresponding VOA, one can denote these theories by T[W_, %(34, [5,22])],
TIV o, 2 (su(2))] and T[Vir(2,5)] repectively. Since all of these VOAs are admissible, one
can compute its Schur index using the formula in [50] and check if it is the product of the
indices of the two component theories.

For nilpotent orbit [5,22], the flavor symmetry is SU(2) and the adjoint representation
of SO(9) decomposes as

adjso) = Vo @ U1 & 2V3 @Vg & U% @Vg & U% @ Vs, (3.2)

where Vj is the spin j representation of su(2) and Uj; is the spin j representation of the

flavor SU(2). The Schur index (the normalized vacuum character of W_,_ 1 (By, [5,2?%]))
5

is then

o _pp [le= ) + (¢~ )
re g (Ba322)] = (1-q¢)@1—¢") )

Irw (3.3)
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(a,c) Acoulomb f VOA My /Asso. Var. | Singularity

+({35, 55) s -~ W_s (su(2), [2]) = Vir(2,5) —~ (A1, As)
*(31,3) 3 5u(2)4 V_i(su(2)) 2] (A1, A3)
+(13,3) : su(3)s V_s (su(3)) [2,1] (A1, Dy)
*(3%:5) 2 50(8)2 V_z(s0(8)) 22,14

(34 5) 2 50(7): V_a(s0(7)) [3, 1]

3.9 2 (92)2 V_a(ga) Go(ar)

(1:17) 2 5u(2)3 W_o12(D4, [3,2%,1)) Og212) N S[z.02 1)

*(%’ %3) 3 (e6)3 V_3(¢s) A

(31> %) 3 (fa)3 V_3(f4) A

(13 13) 3 | sp@p xu(l)y | Wy (Cy [214) @ M(1)

(59, %) 4 (e7)4 V_4(e7) Ay

(% 12) 4 | sp3)s xull)g, | Woaser(er, 441) @ M(1)

#(53,%) 6 (es)s V_g(es) A

Table 4. List of rank one class-S theories on a sphere with one irregular and one regular punctures
with central charges (a,c), CB spectrum Acouiomb, flavor symmetry algebra f, one corresponding
VOA and Higgs branch. Theories with * saturate the bound (3.1). u(1) with a subscript fo means
the u(1) algebra from the irregular singularity. W @ M (1)®f0 means the actual VOA is possibly
an extension of W @ M (1)®/. In the last coulomb, a single nilpotent orbit f means that the
corresponding Higgs branch or associated variety is the closure of the nilpotent orbit 6f, while Sy
means the Slodowy slice of f’.

n=1n
and x1(z) is the character of the adjoint representation of SU(2). On the other hand, the
indices of T[V_2+%(5u(2))] and T[Vir(2,5)] are

where PE[f(z,y,2,--+)] = exp (ZOO Lgn ym, 2 - )) being the plethystic exponential

V(2 _
IT[V_2+%(5u(2))} =PE [W] » Irviee,5) = PE [(1_(1@(1(]_&)] . (3.4)

It is clear that
Irw_, 17 (Baf5.2) =L, iz (su@) LT vie(2,5)]- (3.5)
This also leads to a possible isomorphism of VOAs

W_r,2(Ba, [5, 2=V, +2(5u(2)) © Vir(2,5). (3.6)
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(a,¢)  |Acoulomb f VOA My /Asso. Var. Singularity
*(3031)| 77 - Wy, 2 (su(2), [2]) - (A1, As)
«(13,50)| 33 u()g, W5 5(su(5),3,2]) (A1, 45)

(&3 33 su(3)3 ‘V_;30+%(28~, Dy(a1) + A2)  |Oa,124, N Spy(ar)+4s
(1) | 53 s5u(2)s Vo 2(su(2)) 2] (A1, Ds)
(5.6 | 33 su(2)s X u(l)f, W50 0 (es, Er(az)) O g(ag) N S8r(as) (A1, Ds)

(12 | 22 u(1)j, W_s11(Ds, [7,3]) ® M (1) (i 2, iy i)

(%, 2) 2,2 |su(2)s x su(2)y x su(2)s W_18+6(e7, Ag + 241) Opy(ar) N Sazr2a,

(%,2) 2,2 su(2)g x su(2)a W_sot6(es, Ds(a1) + A1) | Opg(ar) N SDs(ar)+4;1

(%,2) 2,2 su(2)10 W_sope(es, As+ Az + A1) | Opgan) N Sau+Astay

(13, 3) 2,2 5p(2)2 V_341(s0(5)) [3,17]

(22,0 2 ¢ su(2) 1z W_15,9(¢6,45) O pg(az) N S5

«(I2) | 5,3 su(5)3 Vg, s(su(5)) [22,1] Do (SU(5))

(95| 3,3 su(2); xu(l), W43 (Cs,[4,1) @ M(1)

B0 &4 50(3)1 x 5u(2)% W_5,5(Cy,[23,17%) Ojz2.9) N Spoa 12
(3,4 3,3 su(3)3 x su(2)2 W_ip,0(e6,341) O ayi24, N S3a,

(2,4 3,2 su(6)s x u(1) g, V_g+3(su(6)) @ M (1)

(2,2) 3,2 su(2)4 W_441(g2, A1) Ogyar) N Sa,
G| 33 sp(3)z x u(1), V_413(C) @ M(1)

2,9 | %3 5P(2)LG3 W_jg410(De, [3,2%,1]) O34 N Sz 21.1)
(55| 4.2 spin(12)4 V-10+6(Ds) 2%, 1]
(4] 4,2 |su(3)s x su(2); x u()F,| Woizya(es, 341) & M(1)%2
(4| 4,2 (g2)a x s5u(2)s W_30+10(es, A2 + 3A41) ODy(a)+4, N Say134;
(8| 42 sp(2)s xu(D)F, [ Woioes(Ds, [3,24,1]) & M(1)®2
(B4 | 4,3 |sp(3)s x 5u(2)% x u(1)g| Woissr(er, (341)") & M(1)

#(33,18)| 5,3 spin(12)5 x u(1)%, V_1045(Dg) @ M(1)®2

53] 53 sp(4)3 x u(1), W_g,5(C5,[2,1%) & M(1)

(5.%)| 54 (Fa)s x u(1) z, Vogia(fs) ® M(1)

(43, %) 10,4 (es)10 V_30+20(¢s) 24,

Table 5. List of rank two class-S theories on a sphere with one irregular and one regular punctures
with central charges (a,c), CB spectrum Acouiomb, flavor symmetry algebra f, one corresponding
VOA and Higgs branch. Theories with * saturate the bound (3.1). u(1) with a subscript fy means
the u(1) algebra from the irregular singularity. W @ M (1)®f0 means the actual VOA is possibly
an extension of W @ M (1)®%. In the last coulomb, a single nilpotent orbit f means that the
corresponding Higgs branch or associated variety is the closure of the nilpotent orbit O ¢, while Sy
means the Slodowy slice of f’.

(a,c) Acoulomb f VOA
e Y I I YT
5D = 2050 ) [ 44 Joul)y < su@)y[ Wy g (B, [7.17)
*(%7 %) — 2(%7 %) %, % 5u(3)% X su(S)% W_12+g(36w42)
(B, 0 =230 | 2,2 | (g2)2 x(g2)2 | W_sos10(es, 242)

Table 6. Rank 2 theories which are likely to be two decouple rank 1 theories.
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(a,¢) |Acoulomb f VOA My /Asso. Var. |Singularity
(2,8 533 su(2)g x u(l) g, W_ g9 (er, D5 + Ar) + M(1)

(1:2) | 3.3,3 | su@f xul)p W_ 1y g (o7 Da(an)) + M(1)

8|5 57 - W_,, 2 (su(2). [2) - (A1, Aq)
(136> 39) §:5:5 u(1) gy W_ . 4 (su(4).[3,1) (A1, A7)
(.11 | #.2.2 - W, (su(3), [3) - (As, Eo)
*(5:3) | 5070 8 5u(2) 12 V.o, 3 (su(2) 2 (A1, D7)
«(13.3) | T35 su(2)z x u(l)y, W, 5 (su(5), 3,1%]) (A1, Ds)
(5. 50) | 553 u(1)s Wy, 3 (su(3). [2,1)) Ojg) N Sia, 1 (A1, Br)
+(5.2) | 23,3 u(1)2 x u(1)2 Wy, (su(3), [2,1]) + M(1)®2

(55 %) | 22,2 | su(@)2 xu(l)2 x (1)} | Wospa(su(5), [3,12]) + M(1)®*

(%v %) 2,2,2 su(2)2 x su(2)1 W_30+6(es, Aa + A2) Opg(ar) N Sa,t+a,

(2,2) | 2,2,2 | su(2)2 x su(2)2 x su(2)2 W_g42(Da, [22,14]) 03212 N Sy 44

(55 &) | 22,2 u(1) W_1042(Ds, [5, 3%, 1]) Ols2 12) N S5 32 13

«($.2) | §.5. % su(3)s Vg (su(3) 3] Da(SU(3))
«(2,9)] 1,54 su(3)z xu(l)s W_s, 5 (su(5). [2.1%)) 03,2 N S}y 13
(50 %0 28,8 su(2) 17 W_1gy 14 (¢7, Do(a2)) Ok (ag) N SDg(az)

(58| %% 3 su(2) 23 W, 12 (e, As) B g (ag) N Sts

$.9] 4553 511(4)g V_yy4(su(d) [3,1] D3(SU(4))
GO 553 sp(2)7 xu(l)s W_g, s (Ds,[24,17]) 033 1 N Sppa 42,

(. %0)| 5.5 su(2) 19 W, 5 (Ds,[5,2%,1]) B 52 N Sis.22 11

(%’%) 372’% su(2)2 Xu(l)?o W710+%(D67[7’ 2%,1]) + M(1)®?

«(%.3)| 3,22 su(4)3 x u(1)}) V_oay1(su(4)) + M(1)®3

(5, 5) | 3,53 |sp(@)g xu(D)g xu(l)y, | W_g, 5(Ds,[2,1%) + M(D)

(%7 %) 3,3,2 (92)3 V_at1(g2) Ga(a1)

(34 | 333 s0(7)z x u(1)y, Vs g(Bs) + M(D)

(13:33) | 33,3 pu@g xsu@u xu)py| Wiy, g(er,240 + A1) + M(1)

Gz | 353 spin(7) 10 V5 (s0(7) [32,1] D3(SO(7))
Gi3) | 553 sp(3)s Vo, (Cs) [32] Ds(Sp(3))
(2,4)] L84 sp(2)6 x su(2) 13 W_10+1'7§)(D6,[3,22,15]) O34 N S5 92 15

Table 7. List of rank three class-S theories on a sphere with one irregular and one regular punctures
with central charges (a,c), CB spectrum Acoulomb, flavor symmetry algebra f, one corresponding
VOA and Higgs branch. Theories with * saturate the bound (3.1). u(1) with a subscript fo means
the u(1) algebra from the irregular singularity. W @ M (1)®f0 means the actual VOA is possibly
an extension of W @& M (1)®/0. In the last coulomb, a single nilpotent orbit f means that the
corresponding Higgs branch or associated variety is the closure of the nilpotent orbit O, while S/
means the Slodowy slice of f’. (continues).
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(a,¢) |Acoulomb f VOA My /Asso. Var. |Singularity
*(Z,4) | £,2,3 su(7)z V_, 2 (su(7) [2%,1] D2(SU(T))
(%7%) %7%7% su(2) 23 W_1g 14 (e7, A5 + A1) Op,(ag) N Sag+a;

(53, 5) | 422 sp(2)5 X su(2)4 W_sors(es, As +241)  |Op, () sap N Sagioa,
(%: 1731) 4, %: % su(2)5 X 5u(2)4 W_18+%(2772A2 + A1) Oagtaota; NS2anta;
(120, 31) 4,3,2 su(8)a x u(1) s, V_gya(su(8)) + M(1)
(5. 5)| 432 sp(3)3 x u(1)2, W_1043(Ds, [2°]) + M (1) @2
(2,35)] 4,3,2 |sp(2)3 x su(2)s X u()7) Wor04a(De, [3,2°,1°]) + M(1)®?
(F:3) | 43,2 5“(2)175 W_gta(fa, A2 + A1) Orylaz) NSays i,
(%, %) | 442 | so(Maxu()e xu(1)3 | Woiaiales, 241) + M(1)®2
(2,1 | 4,4,2 50(7)4 X 5u(2)12 W_z0410(cs, As + 241) Oby(ay)ta; NSagtaa
(%7 117) 13*47 3,% 533(3)% W,5+%(C47[2716]) @[32,2] N Sp2,16)
(5| 5,4,3 sp(5)z x u(1) Vg 5(Cs) + M(1)
(%, %) 5,4,3 | s0(9)5 x su(2)s x u(1)y, W_1s47(er, 2A1) + M(1)
(2. %) 6,22 sp(3)z W_igte(er, 441) Op,(ay) N Saay
*(%: %) 6,3,2 (e6)6 V_1246(e6) As
(%7 %) 6,4,2 sp(2)7 W_30+s(es, 242 + 2A1) O by (a1)+4s N S240+24;
(2,9%0)] 6,6,2 (Fa)s % 5“(2)% W_z0+412(es, 341) Dz, N Ssa,
«(%,11)| 9,5,3 (er)o x u(1) Voisyo(er) + M(1)
(7;?57 1) | 9,5,3 (e7)o W_30+15(es, A1) Oappay NSay

Table 7. List of rank three class-S theories on a sphere with one irregular and one regular punctures
with central charges (a,c¢), CB spectrum Acoulomb, flavor symmetry algebra f, one corresponding
VOA and Higgs branch. Theories with * saturate the bound (3.1). u(1) with a subscript fy means
the u(1) algebra from the irregular singularity. W @ M (1)®f0 means the actual VOA is possibly
an extension of W @ M (1)®/. In the last coulomb, a single nilpotent orbit f means that the
corresponding Higgs branch or associated variety is the closure of the nilpotent orbit O, while S/
means the Slodowy slice of f.

4 Implications on isomorphism of W-algebras

In our construction, it is common that one can engineer the same 4d N' = 2 SCFTs by
quite different data. Since two 4d theories are very likely to be the same if they share
the same CB spectrum, central charges and the rank of flavor symmetry (there might be
enhancement of the flavor symmetry), using observables such as CB spectrum, central
charges and flavor symmetry, one can identify theories from different construction. Because
each data (j, b, k, f) or (j,0,9,bs, ke, f) leads to a corresponding VOA, the duality of 4d
theories implies possible isomorphisms of W-algebras.

In table 11, 12, 13 and 14 we list different W-algebras which correspond to the same 4d
theory. In each table we list the CB spectrum, central charges and flavor symmetry of the 4d
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(a,c) ACoulomb f VOA
*(3: 10) = (556 30) 583 - W58 (er, Er(ar))
(3630 =D+ G5 w) | 558 su(2)s W_7,1(Bs,[5,2%))
(%, 3) = 3(34: 3) 553 5“(2)% W718+1374(e7,D4(a1))
Gr3)=030+Gy) | 333 su(2)s x u(l) g, x su(2)s W_ gy 11 (e7, Ds) + M(1)
B D= D+Gha) | 555 | su@u xsu)s xau2) Wy 11 (67, (A3 + A1)')
(88 =18 +(5.2) 3,3,3 | su(2)3 x su(2) x su(2)s X up, | Woygpo(er, (A3 + A1)+ M(1)

Table 8. Rank 3 theories that are likely to be several decoupled lower rank theories. Data with the
same color come from the same theory.

(a,c) Acoulomb f Fixtures
(1:2) 2,2 su(2)° [17], [17], [17], [17], [17]
(32,4 4,2 50(12) [3,1],[2%], [2%], [14]
(3,3) 4,2 s0(8) x su(2) | [27],[2%], (2%, [2,1%]
(42,9 4,3 su(8) x su(2) 2,12],[14], [1%]
(23, 10) 5,3 50(14) x u(1) [22,1], [22,1], [1°]
(8L, 31) 5,4 su(10 3,2],[1%], [19]
(5,6) 6,3 eg X su(2) [23], 2], [22, 17]
(2,7) 6,4 50(16) x su(2) [32],[22,12], [19]
(7,40 8,4 e7 X s5u(2) [42], 24, 23, 17]
(3,3 8,6 50(20) [42], 32, 2], [18]
«(10L, 3 10,4 es [52], [33, 1], [2°]
(11,20 12,6 eg X su(2) [62], [43], [2°, 12]

Table 9. Rank two theories constructed from sphere with three or more regular singularities of
A type. We list central charges, Coulomb branch spectrum, flavor symmetry and type of regular
singularities. Theories with x saturate the bound (3.1).

theory (aka the affine vertex subalgebra in VOA) in the first three columns. Isomorphic VOAs
are listed in the subsequent columns. Note that in the table when we write W & M (1)%™,
we mean that the actual W-algebra might be an extension of W @ M (1)®/.4 W-algebras
marked with * means the naive flavor symmetry may enhance to the flavor symmetry listed
in the third column. Finally, theories with only one corresponding VOA found are not
listed here.

In some cases, one finds that the W-algebra is isomorphic to an affine vertex algebra.
This phenomenon is called collapsing level [59, 60]. One may also read off possible collapsing

levels of W-algebras from our tables. For example,
471\ ~ 31\ ~
Woper(su(T) B 1) =V a(su(d)), Wy, z(su(7). [4.1%) = V_a(su(3)).
%4

Cor9(su(9), [2,17]) = Voo (su(7)),  W_gy(su(9),[7,1%]) 2 V_12(su(2)).

z
4

(4.1)

4This happens when there are fo mass deformations from the irregular singularity.
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(a,c) ACoulomb f Fixtures
(%, 7) 3,2,2 su(4) x u(1)® 2,1],[2,1], (2, 1], 2. 1], [17]
(5, 22) 4,2,2 50(8) x u(1) 13,1], 3, 1], [2%], [22], [2?]
(22T, 31) 4,3,2 su(8) x u(1) 13,1],[3,1], 1%, 1Y
(2,5) 4,32 su(6) x su(2) x u(1) 3,1],[2%],[2, 1%, [1Y]
(2,2 4,32 su(4) x su(2)% x u(1) [27], 2%, [2,1%], [2, 1%
(2,4 4,4,2 su(4) x su(2)? (271,121, 23], 1Y
(2, %) 4,4,3 su(4)® [1], (1], [1%]
S 5,4,3 su(10) x su(2) [3,1%], [17], [17]
(%,2) 5,4,3 su(7) x su(3) x u(1) [22,1],[2,1%], [1°]
#(42,13) 6,3,2 ¢6 [5,1],[3%], 2%, [2%]
(52,15 6,4,2 50(16) [5,1],[3%],[3%], [19]
(52,4 6,4,2 50(10) [4,2],[3%],[3%, 2%
(6,27) 6,4,2 50(8) x u(1) [3%], [3%], [3%], [3, 2, 1]
(A8 41) 6,4,3 50(10) x su(2)? x u(1) [23],[22,17], [22,1%]
(2,1 6,5,3 su(6) x su(4) 23], 2], [2, 1%
(1,2) 6,5,3 su(9) x u(1) 3,2,1],[2%], 19
(51 %) 6,5,4 su(12) [4,2], [1°], [1°]
(8,12 6,5,4 su(8) x su(4) (3%, 2, 1], [19]
(42, %9) 7,4,3 es x u(1)? [32,1],[2%, 1], [2%,1]
#(12,52) 7,5,3 50(18) x u(1) [32,1],[3%,1],[17]
(2,11) 7,6,4 su(10) x u(1) [4,3],[2%,1],[17]
(22,8 8,5,4 e6 x su(2)? x u(1) [47],[2°,17], [2°%,17]
(2,2 8,6,3 50(12) x u(1) [32,2],[3%, 2], [24]
! 8,6,4 50(20) X su(2) [4%], 32,12, [1%]
(2,2) 8,6,4 50(12) x su(4) [47], [24], [2%,14]
(22,15) 9,6,3 ee x u(1) [3%],13%],[3%, 2, 1]
(22, 11) 9,5,3 er x u(l) [4%,1],3%],[2%, 1]
(12,3 9,8,6 su(12) [5,4],[3%,[1°)
(22,2 10,6, 4 er x su(2) x u(1) 5%, [3%, 1], [2*, 17
(32,8 10,8,4 50(14) x su(2) [5%], [32,27], [2°]
(31,191 10,8,6 50(24) [5], [42, 2], [1'9]
(%, 8) 12,8,4 er x u(1) (6], [3%], [3%,2,1]
(12,3 12,8,6 er X su(4) (6], [4%], [2*,11]
(M7,8) | 14,12,6 50(18) (7], [52, 4], [27]
(21, 2) 18,12,6 es x u(l) [92], 6], [3°, 2,1]

Table 10. Rank three theories constructed from sphere with three or more regular singularities of
A type. We list central charges, Coulomb branch spectrum, flavor symmetry and type of regular

singularities. Theories with * saturate the bound (3.1).
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These results are examples of theorem 8.7 of [57]. One also finds other possible collapsing
levels of W-algebras whose nilpotent orbits are not labelled by the partition of form [s, 19]
as above. For example,

Wogps(ou(®). ) 2 Vogloul@)), Wy g(au(0).[5%) 2 Vog(au(3).  (42)
These are examples of collapsing levels proved recently in [61]. There are more examples of
collapsing levels from our tables, some of which even involve non-admissible W-algebras.

In [62], the authors construct a new rank 2 Argyres-Douglas theory, the Schur index of
their proposed theory is,

Iap(c,) = PE [1_ Do akd T HxGdT = xR = xegd ) (4.3)
1€3N

This theory has the CB spectrum (3, %), central charge (a,c) = (2,%) and flavor

symmetry group Sp(4)13g . Using our results, one corresponding VOA of this theory is

W_io4 10 (s0(12),[3,2%,1]). Since this W-algebra is admissible, its normalised character can
be written down easily,

Ty (s0(12),[3,24,1]) (¢, 2) = PE

—10+12

Co 3 0o 3 Cs 3, C2
DXadi(2) + 02 xq" (2) — 02 Xq° (2) — )Xoy (2)
a0 ) ] .

which matches 7 p(c,) exactly. From this vacuum module of W-algebra, we can recognize
this character not equal to the vacuum character of the affine vertex algebra V_1s(sp(4))
6

because of the extra terms qugQ (z) — qugQ (z). The Higgs branch (associated variety of
W_10+%(so(12), 3,2%,1])) is O[ga) N Sig.9 1.

This example might suggest that the VOA for Z; twisted Asg,, theory with the regular
puncture being full type might not be the simple Kac-Moody algebra as predicted in [50],
and there should be a finite extension. There are some strange features of Asg,/Zs twisted
theories, and this fact might also be one of it.

5 Some results on rank four theories

It is possible to scan the rank four theories, although it takes significant more time. In
this section, a different approach is taken, i.e. we look at those theories with special flavor
symmetry, namely only the special type of regular singularities would be considered.

Since there are universal formulae of dimensions of trivial, minimal, subregular and
principal nilpotent orbit of g [63], one can have a universal treatment for AD theories
whose regular singularity is of such type. Below we list values of k(or k;) of rank dim B
theories with fo = 0 when the regular puncture is chosen to be full, minimal, subregular
and principal. Since k should be an integer and fy = 0, there are only finite number of
choices for a given rank dim B.
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ACoulomb (a7 ¢) | AKM subalgebra Wi(g, f) Wi(g, f) Wilg, f)
W_g,s(su(3),[3]) W 1(su(7), [5,2)) W,M%(su(S), [5,3])
6 (g Q) _ W_g.1(Dy, [7,1]) u W (Ds,[9.3]) W_g.6(Dy, [5,3])
5 1207 30 Wyi2(es, As + 1) W ors o (¢, Ep) e At A
W s (o7, B ) Wyt (es, Ex) Wossspler, Ai+ Ao)
W_; s(su(5), [3,17])
el 1) Wegglould). ) £ MO () 7 os(su(®), [6, 2) + M(1)(+
(5 (7),[3,2%) W _s+d s(su(8),[3%,1%) 1%7 . (Br [ D )
w zw(ﬁu(?) [2]) + M(1)() Wy (Bs, I3, 22]) 95 3
0 W3 (Bu, [, 1%) Wit B 17 27) W_4(Cs, [2%)
: (%5) 5u(2),% 7 (C 32 12) W, 3(Da, [47]) W_ps (Dy,[3,13))
w “,,.,,(D (3%, 1) W_g,4(Di,[5,1%) Wy 1(Ds, 15,1)) + M(1)(+)
W, 5(D5,19,1]) + M(1)( W, (D [32 22]) o (eg, Eo) (%)
W IH‘.< A+ Ay) W1y 15(er. Fg) 1245146, =6
w. m-ﬁ(ex Di(ar))(*) HLBLH»Q—Z’(?&A&‘FAZ) LV*MH“(Q" E"('“)) + A[(l) )
W_g.i(f, Falaz)) + M(1)(%)
53 ‘ 2 Wy (su(@), [19) + \1(1) W e (su(7), [4,3]) + M(1)%2() W_,.s(Ds, [22,12]) + M(1)
: (53) | su®-gxul) W5 (D5 [3.22)) + M(1 Wig,6(De, [6%]) + M(1)¥2(x) 143D (217 ; M
W_ss(su(5),[2,17)
Wy (su(3),[1%) Wy a(au(3), 3]) + M(1)*() e 2
W gm0 4 D)) | W o 2 B+ a1 W_g3(su(7), 2%, 1)
3 (55,3) su(3)_s W_g,5(5u(9), 2%, 1%) W_gpa(s5u(9). [6.3) + M()P(x) | Wogys \(su(2), [17]) + M(1)(%)
2 1273 - W35 (7, 131>+;f o | . <cs[[22] J«tf(l)z((*)) W_g,3(Cs, [2, 17 + M(1)(x)
VW 1242 (e, Dy w o+‘D1 7,1]) + M(1)%2(* W/,lpr,(%,Az“rA)
Wogg,m(es, As+ Ay) W_igy1a(e7, D5(ar)) + M(1)(x) w_ 18+u<e77g1 +A2) + \]( ><*)
W_,. 4(5u( ) 23) + M(1)%3(%)
W_g,a(su(3), [1%]) + M(1)%(x) W_ gy (su(4), [14) + M(1)(x)
Wogs 5u( )12, 10) + M(1)(x) | W, 5:)) 510 + M | V-6t ‘(5“ [93]. )+ M) ( )
23 7 W s(su(9), 2%, 1) + \I (*) W_s(su(s), [1,22) + M(1)% () | Wooss J(5u(9), [32 19]) 4+ M(1)2(x)
2 (@é) 50(8)—2 Wy u(9), 3, 2%) & M()(6) | Wopio(By, [#.1%]) + M(1)2(x) W_g:5(Bs, (3,1%))
w 4+4(1)‘ 3,13)) + \1(1)”( W_g.1(Da, [1]) W_gys +(Dy, [5,3]) + M(1)%4(%)
U Lose(D 22 18 -l0+8 D, 13)) + M(1)%2(x
w. :smﬁ(?ri[Dﬂ(llg I’V—lij( [’1“+/]4;r+ ‘([ ((*)> w. —dt3 <<D$ [16;) - \?)2())
’ W_g44 f.l,Al + M(1
237 W_i42(g2,0 W_gs3(fs, Ay W_1g,6(e7, As +3A
2 (24’ (J) <92)72 w. |z@<s($, 2!’1)2) 1'V<sn+f»(ﬁif- Ez»("):s)) wsaler, A )
2 (%, %) su(3) o Wgo.o(es, D + A3) Wg.5(fi, Ao)
2 (%7 %) 50(7)*2 “;z;;if,ﬁ;[ir‘])) Wozo412(es, Az +24;) W_1246(e6, 2A1>
o N T A A I
2 (1,3) | su(3)oa X u(1)® | Wopnglou®) 20 + MO)™ W, g(oud),[3.22) + M) ()
2 (17 %) 50(7> 2 X 5“’(2) % Woso410(es, Az + Ay) W_g45(Bs, [22,17))
3 (%7 1—5) (e6)_3 W_gp(es, A2) W 3(Ds. [19]) + M(1)(x) W_g,s(Dy, [1%)) + M(1)**(x)
3 (2,8 sp(2)-s xu(l) W43 (Ca, [2,199) + (1) W, 5(C5,[29,1]) + M (1)
1| (3 (e7)_4 W 1a5(e5,0) + M(1)(%) Ws0a0(es. A1)
1 (B D) | By xud) | Wt aay + a0 Wguali ) + M)

Table 11. The VOA isomorphism from rank one theories.

Example: for (A,_1,n,k, f = triv) theories, the dimension formula requires that k =
—n+1+ QTdLi_mlB . Since k should be an integer and fy = 0, n — 1 must be a divisor of 2dim B
such that n and k are coprime. Let the integer ¢ = lemB + 1 satisfy ged(n, q) = 1, then
k = —n 4+ q. The CB spectrum is the following set

-1
Booom} = {81 1= [t e 2<i<n1<i< 520 s
The flavor symmetry should be A,,, and the corresponding VOA is V_,,, » (su(n)). The 4d

central charge cyq is

Sla— )@ 1) (52)

C4d = 12
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Acoutons | (a,¢) AKM subalgebra Wk, f) Whg, f) Whg, f)
6 6 (43 11y _ W—lh”(?b Eg(a1)) ‘4’7,12+%(t5.E6(H3)) VV?H%(BL[S,S# 1])
e o w 4»4(@ [4.2)) W52
/_s43(D5,[5,3,12 (1)(x W_g,s (D5, [3%,11
w 7?j§(Do«,[‘ 23, 12)) + M(1)(%) (D5, [3%,1 ]‘), W, Do (52]) + M(1)(+)
sa | @) xsu() W_is3(er, Dalar) + Ar) w 18+“(° Ds -+ A1) + M(1) (2 5 (B, [3.1%)
vs | G B Wy, 2(Bs,[3,1%)) + M(1)() 712 (Bu9]) + M) () R
s " K , ,W(Bs,[ gl
W_;.5(Cy,[24)) L’L%‘(h Bg)+M(1)(*) 3
‘kzu(ﬁu( )-12)) W55 (su(5), [5]) W_gya(su(9),[7,2))
0 | (e _ W 1. 0(De, [11,1]) WS (D5,[7 3]) W_o420(Ds. [7.5])
T s Ws0HE (es, A + A1) w 730+§7f(°8 Es) Wfer%(BZv [5])
W_gy 0 (fa, Fa(az))
T/’L’72+§(5u(2). [2]) + M (1) WLG{;‘.(su(S), [3,2]) I/l’76+g(5u(6), [6]) + M(1)
35 (112 w(1) W_zy2(su(7), [4,2,1]) W_g,a(su(9), [4,3,2]) W_ig.o(es, As + A1)
204 12724 w. 18+H(97 Ez(az)) + M(1) W_go 20 (es, Bg(ar) + Ar) W_43(Cs,[4,2) + M(1)
13(Cs, [42,2] + M(1) W_gy3(su(3), [2,1])
3.3 #.% su(3)_3 x su(3)_g Wosis (D [3%,1%]) + M(1)(+) W_gpo(Da, [3%,1%) + M1 (x) W_1p43(ec, A2)
W a2 (su(2), [1%]) W_z,7(su(7),[5,1°)) W_g s (su(8), [4%])
‘s @ s Wy (su(4), [4]) + M(1)(+) W_yp (D3, 15,1]) + M(1)(+) me+ (Ds. [9,1%)
55 2 -3 u,H%(D,,,[ 2]) W_g8(Da,[5,1%)) Wogps (Ds,[‘) 1)) + M(1)(%)
Wy, 12 (e, Ad) W_y2(Ba,[5)) + M(1)(%)
W_py2(su(2), [1%]) + M(1) Wy a(su(4),[2,1%]) W, 3(su(5), [2%,1])
T[w,7+ (su(7), [3,2,12])] W,Bﬂ( u(8),[3,22,1)) Wi, (su(8), [6,12)) + M (L)
.4 7 ou(2).s xu(1) w,.}#(su(:;) 2,1]) + M(1) () W a(ou(5), [5]) + M(1)%2(x) W s (Dy,[2217)
33 (2:%) Y5 W_y0420 (Do, [3%,2%,1%) w. W.n(Db [11,1]) + M (1)®2(x) W5 12 (er, De(ar)) + M(1)
w—ls+“ (e7, Ag) + M(1) w. 7dg+ 2 (es, Er7(az)) w. ,3(”20(28 As+24;)
7(34 [3,22,1%) 74+ Cd,[2 12]) V_gpa (f4,Q)+M(1)
" 4w;<5“<4>7[2¢ VD) + M(Laa(x) | Wogy3(su(5),3,2]) + M) w,wwﬁ,[.azza 12)) + M(1)%2(x)
5| Wogrs(su(6),[2,1%) + M(1)en 11/',8+§(ﬁu(8). [4,2, 1)) + M(D)®3(x) | W_yyr(Dy, [22,12]) + M(1)®3(x)
22 (1:2) | su(@)2 x su(2) 2 xu(1)? Wy (su(8), [3%,2) + M (x) | Wy, 0 (su(9), 3,22, 12) + M (1) W sor(Dn, 7. 3))] + M(1)%5(x)
W_ga(Dy, [4%]) + M(1)®!(x) ,f,+»(D4 (5, 1%]) + M(1)%(x)
—b+4<D~1 @) w. 30+%(¢81A3+A2) W_g.3(Bs, [3,2])
2,2 (13:3) sp(2) b+4<D47[3> 1°]) W_zy1(Ba, [17)) W_642(C5, [2°)
WLW(B- 32,19)) W_12(C5, 3%, 1))
26 | (e 1) su(2) 1z W_s0(e, As) W_7,2(Ba, [42,1)) W_y,4(Cs,[4, 1%)
w —5+2(~"~‘(0)«,[1 D) W_riz - (su(7), 2,17)) W_g 3 (su(9), [2%,1)
53 (12 su(5)_g Wy (su(4), 1) + M(1)(x) w_ Da [1°]) + M(1)(x) W_gy5(Bs, [5,1%) + M(1)(x)
"1/’73,_”% (es, As)
53| (195 su(2)_z x u(1) W, (Cs. [4,17]) + M(1) W, 5(Cs, [4,8%) + M(1)
WLM%(D;,,[5,22,1])%\1(1)(*) Woges s(Ds, [3,22,1%]) w;m%(mA;ﬁZA])
5.3 (%)) su(2)_u x su(2)_s W_s 5 (B3, [2%,17) Woy2 2 (Bo, [22,1)) + M(1)(%) W_rpa (B, [42, 1)) + M(1)(+)
' W_, 5(Cy, [23,12]) )
; ; ) W3 (D5, [3,2%,17) + M(1)(%) | W_g,s(Ds,[3,2,1]) + M(1)¥(+) W13 (c6,341)
33 | G0F) | su@2xsu(d)sxu(l) Wy ys(By, [22,19]) + M(1)(x) w;;é(B;‘, [32,22,1]) + M(1)(+) "
o W g, 6(su(6), [15) + M(1 W_gs [2.19) + M W_ g a(er, Ag) + M(1)
3,2 B9 s5u(6) -3 x u(1) L;QMZ?SZLL(:;;(, [155)4]31\1(1)2%2)(*) ey (U B D+ MO v ler ) £ D
3,2 (2,2) su(2)_4 W_ipp12(e6, 242 + A1) W_s41 (g2, A1)
3,3 (8,1 sp(3)_s x u(1) W_ g 11 (e, Da) + M(1) W_y.3(Cy, [1°)) + M(1) W_g,5(C5,[2%,1%) + M(1)
w4 (2. 8) 5p(2) 1 W19, 10(De, [3, 24.1]) Wz, 1(Bs, [24,1]) W1, (Cs, (2, 1)
- W_1016(De, 112 W_g,s(Ds, [119)) + M(1)(x " ov5(Bs, [111
o @, s0(12) s WLIZ;L(;“&])) a5 (D5, [11°)) + M(1)(+) W_g45(Bs, [11])
4,2 &D 5p(2)_s xu(1) W_1043(Ds, [3,2%,1]) + M (1)®? W_ri2(By, [2',1]) + M(1)% () W_g45(Bs. [1'])
5.3 (33,18 (so“),% W_jg. 8 o7, A1) + M(1) (%) W0, 0 (65, 241)
54| (.9 (ja) 5 x u(1) Wi 1a(er, (341)" + M(1) Weoa(fa,0) + M(1)

Table 12. The VOA isomorphism from rank two theories.
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AcCoulomb (a,c) AKM subalgebra Wi(e, f) Wi(g, f) Wi(g, f)
56 6 5o W_411(g2, Ga(ar)) W_y,2(82,Go) W_5 18 (e7, Br(az))
sos | @w) - W_ gy 10 (7, Br(as)) '
444 | (L su(2), W15 12 (66, Ds) + M(1)¥ W35 (66, Dafar)) + M(1) Wi 11 (67, Dafar))
Wi | e W23 (su(2), 2]) W ez (su(), [7]) W 420(D5, 9,3])
s | (2w - W2 o5 B (b)) W_s, (B [7) Wy 3(Co.l6])
588 | (B3 su(2)_s W_r, (B, [5.2%) W_44(Cs, [s?])
Wy 2 (su(2), [2)) + M(1) W_y 1 (su(4),[3,1]) W (su(8). [8]) + M(1)
210 (01 1 w(1) H/L?Jr%(su(.()),t[ﬁ,i? 1)) W_y, \(D‘3 [321) W, %<D57 [5{3_ 12))
5s | Wy 3 (B2, [3,1%)) W5 (B3, [5,8%]) W._gy6(Cs, [42,2])
W g o(su(6),[4.2])
244 (8,3 su(2)_s x su(2)_s xu(l);, W_s11(e7, D5) + M(1) W_gys (D5, [42,1%)) + M(1)(+)
Wy 2(su(2). [17]) ‘kH 2 (5u(9),[7,17) W3 (su(6), [6]) + M(1)(x)
L1078 | (8L3) su(2)_12 w ——8+ (Ds, [7,1%]) w. 10+m(D‘, [6%]) W_iaps (e‘, Eg(a1)) + M (1)(x)
T TT 5602 2
W_g0. s *D(es Ag) 942 (fa Bs) V_gya(fs,C3)
W3 (su(3), 3]) w,“ 1), [4]) W, 1(Ds,[5.1)
298| &W - 1’V7127‘7(%,bﬁ as)) H,m“(eh,bh) W28 (es, s (b))
W5, 3(Ca[6,2)) W0, 21 (65, Fi(a3))
W2 (su(z) [ ) M(1) W2 (ou(5),[3,1%]) W,z (su(7), 8%, 1])
735 95 R W,(H 9),[4,3,1%) Wy (su(4), 3,1]) + M(1)(x) W, o (su(7), (7)) + M(1 1)82(x)
pri | @9 2@l ,M(Ds M>+ M(1)() Wt (D, 5%) + M(1)(4) W ya.ae0 A1)
Vs (Ca, [3%) + M(1) W_g,5(Cs, [42,1%) + M(1)
s BT su(2)_z x u(1)? W_g. 5 (su(6), [4,12]) + M(1) W1 (su(8), [4 3,1]) + M(1)(%)
10201 (9 6432 -+
976 3 31 | ”C:wg(-”“(&»[l 1) w. ~7+1 su(7), [4,3]) ‘1'7:;+§(5U(3)~[3]) + M(1)
553 | Gon) u(1) Wi pas (67, Ay + A7) w m.g(w Br) + M(1) W, s (su(8), 5,2,1])
W3 (su(3), [2.1]) + M(1) W2 (su(4), [4]) + M ()% W_g. s (su(9), [5,4)) + M(1)%
S 5, . W6 (5u(6), 3,2, 1]) + M(1) W, 0 (su(9),[6,2,1]) + M(1)* Wy (Ds, [5, 1)) + M(1)%3
22 52 u®) xt,3+i<131,[3,12])+1\1( )92 W_ 10,8 (D6, [7.3,1%) + MU | Wi aa(er, Aa + A1) + M(1)
W_g, 1 (Bs, [7]) + M(1)%*
o] . W_s, 3 (su(5),[3, 12]) + M(1)%4(x) W_g,0(su(6),[4.2]) + M(1)®5(x) W_g 1 (su(8), [32,1%)) + M(1)%3
222 | G | @@l xulll | TR ) (1)) | TIW e (s, 93]+ MLE()
. ‘ W_yg 21 (65, Dalar) + A1) W_g43(Bs. [3,22.11]) W_g42(Cs, [21,12))
222 | (§.3) su(2)p x sz xsu@)2 | 12#@; (A Ay) + ML) | TV gy (Ds, [82,220)] + M) (+) W, +(Ds,[22,1%])
2,2,2 (% %) u(l) W—11»+‘,§(D6~ 5,32 1)) W—:«H%(W-DS + Az) W_s41(Bs, [3%,1])
s 5 5 su(3) W3 (su(3), (1) Wz 2 (su(7), [4,1%]) W_g0(su(9), [3%)
vri | 52 - Wi (er, Ag) + M(1)(%) W_g4 2 (es, Eo(ar)) W_g5 (su(6), [3%]) + M(1)(x)
+ +30 +2
s | ) W seu(e), 217 Wy (ou(?), 271]) Wy s (su(8), 13,2, 7))
BH5 | @D su(3)g > u(l) Wy, 2 (su(3), [19]) + M(1) W, o (su(5). [22.1]) + M(1)(%) W g, 20 (es, As + A1)
ST O ) su(3)_r x u(1)? W3 (su(6), [3,1%) + M(1) W,z (su(8), 3,22 1)) + M(1)(x)
266 | (s lor) su(2) iz W_5 12 (e7, Do(az)) W_ypa(g2. A1)
1781772’; (%%) s5u(2) 2 W—12+‘—.,‘(°5'A5) ””—304&—,‘(98’/17) HLH%(C4,(6, 1%)
544 %9 su(2)7% x 511(2),% x su(2) 4 I’(/LlH%(t@»,A;; +Ar) +M(1) W—lu%(?ﬂ (A3 + A1))
W (D), [17) W g (su(?), 3.1 W5 (ou(®),27)
824 (2.3 su(4)_s WLH%(su(G)‘[21‘])+.M(1) 1&'74%(1)3.[1“]) n’,m%y(uﬁ,[#,l“])
W o2 (B4 [3,1%)
R W_gs(Ds, 2,12 5)) + 0 1) + M
Y e . O T E TN | Wm0
. v 12 s(Ds, [5.2%,1 Wy, 5(Ba,[2%,1 W_y.,9(Bs,[42,3
555 | G 421 11,G+i(c ,[[4 32])]) -y (B 1) o3 (Bs. [47.3)

Table 13. The VOA isomorphism from rank three theories.

In table 17 we summarized all rank four theories with special nilpotent orbit discussed
in this section. One immediate implication is the following VOA isomorphisms

W—SH—% (f47 F4) = Vir<27 5)6947 (5'3)

and

Wogs(Bs, [11]) = W, 2 (su(2), [2)°2 (5.4)
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Acoulomb | (a,¢) AKM subalgebra Wi(g, f) Wil(e, f) Wilg, f)

. ] o W_g,5(Ds, [20,17]) + M(1) W_g s (Da.[3,1%]) + M(1)%2 W_10410 (D6, [3%, 17]) + M(1)F?
3,33 (8,1 Sp(Z)—g x u(1)? Wfo+ (Da, 2)) + M(1)#2 1,‘773%%(% A3+ A) W5 (B, [3%,19)) + M(1)
323 | &9 su(2) o x u(1)? W_yoqs[Do, (7.22,1) + M) | W_g, 4 (B, [22,1]) + M(1)®?

TIW_yes(su(), D]+ MDF | W_g,o(su(6),[2, 1) + M) | W_g a(su(8),[4, 1) + M)
322 | (8.9 su(4)—3 x u(1)* W_g o (su(9), [3,2,1%) + M(1) | W_g a(su(9), 2, 1) + M(1)® | W_ s (su(7), [2°,1]) + M(1)%%(x)
1’1/'7%%(511(9),[33])+M(1)”‘4(*) W_,,3(Ds, [1"] M(1)®3 W_ 1,8 (De, [3%,16]) + M (1)®2
332 | (.9 (92)3 W_1243(es, 242) W_441(g2,0)
W84 (29,4 sp(2)7% X su(?)% 1,1/;“,+%(Uﬁ, [3,22,1%)) 14’;”%(34‘ [22,1%])
255 | G s0(7)_10 W_g;5(Ds5,[3,17) W1 (67, (A3 + A1)") Wosis(Bs, [17))
5i | G D) sp(3)_s W_10,20(Ds, [2°) W_y,4(C3,11%)
3,3 (%,4) su(7)_z w;H%(qu),[ﬁ]) W2 (su(9), 2,17) K/llo_%(su((j),[lﬁ]) + M(1)(%)
13,3 (2,4) s0(7)_z x u(1) W_149 (e, 241) W,H%(Bg,[ﬂ]) + M(1) K/V?H%(Dg.[&ﬂ]) + M(1)
22 G su(2)_2 W_igy 1 (er, A5 + A1) W_y 482, A1)
453 | &9 su(2)_5 X su(2)_4 W_ 508 (e6, 242 + A1) + M(1)(%) W_igp11 (67,240 + A1)
42,2 | 34) sp(2)_3 X su(2)—4 W g0 21 (es, A3 + 241) W_g.3(Bs, [24,17]) W_642(Cs, [2°,1%])
4,32 | (731 su(8)_4 x u(1) W_gps (su(8), [15]) + M (1) W_rs(su(7), [17)) + M (1)%(%)
4,32 | (3,8) | ()3 xsu2)s xu(1)? | Worga(By, [22,17) + M(1)®2 | W_y,6(Ds,[3,2%,1%)) + M(1)%2
4,4,2 (2,1 50(7)_4 x 5u(2)_12 W15, 5(e6,241) + M(1)%2 W39, 30 (e, A2 + 241)
6,2,2 | (12,21 sp(3)_; W_gg 2 (es, Dy + A1) W_g13(f1, A1) W15 ()
6,3,2 | (5,1 (¢(6))—6 W15, 22(e6,0) W, 2 (es, Aa)
Table 14. The VOA isomorphism from rank three AD theories-continued.

g b k (f = Otriv) k (f = Omin) k (f = Osubreg) k (f = Oprin)
A,y n —n+14+ 2d1mB —n+14+ 2d1mB+2 1+ 2d1mB 1+ 2d1mB

n—

_ 1 2d1mB+1 _ 1 2d1mB+3 _3 2d1m8+3 1 2d1m8+1

Dy n n+g+ 2(n—1) n+g+ 2(n—1) + 2(n—1) 2 T 21

_ _ 2dimB | _ 2dimB+2 M 2dimB
2n — 2 2n+ 3+ =, 2n+ 3+ = -3+ 1+ =
o dimB o dimB+1 o dlmB+1 dimB
Eg 12 11+ =5= 11+ =55+ 3+ == 1+ 55=
dimB—1 dimB dimB dimB—1
9 —8  dimB-1 —8 + dimB —2  dimB 1 4 dimB=1
. 2dimB—3 B 2dimB—1 B 2dimB+2 2dimB—3
8 7 + 2dimd 7 + 2diny 2 + 2dim 1+ 2diny
B 2dimB _ 2dimB+2 _ 2dimB+41 2dimB
By 18 17 4 24 17 4 2diny 4 4 2diny 1+ 241
2dimB—2 2dimB 2dimB 2dimB—2
14 —13 + 2dimB-2 —13 + 2dimB —3 + 2dimB 1+ 2dimB=2
o dimB o dimB+1 o dimB+3 dimB
Fg 30 29+ == 29 + =5 T+ S 1+ ==
dimB—1 dimB dimB dimB—1
24 —23  dimB=1 —23  dimB —5 + dimB 14 dimB=1
dimB—2 dimB—1 dimB—1 dimB—2
20 19+ == 19+ =— —4 + = 1+ ===

Table 15. Values of k for a rank dim B untwisted theories with fo = 0. The requirements of k£ € Z
and ged(b, k) = 1 determine possible theories for a given dim B.
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/o g be | R (F=OEM™) | ke (f = ORE) | ke (f=Omin™) | ki (f = Oui™)
Asn1/Zo | By |4n—2 | —dn+3+2dmB | _gp 43 2dimBi2 [ g, g4 2AWBED | _gp 4 gy 2dimB
0 | ont j+ SB[+ 4 g | o1+ SO | a1+ el
Dys1/Zs | G | 2n+2 | —2n—1424mB | oy 1 20mBs2 |5 2AdmBil) —1 + 2dmB
20 | 2414 20mBL | _gp 41 4 2dmBi] —5 4 2AmBET —1 4 2dmBL
Dy/Zs | Gy | 12 ~11 + dimB ~10 + dimB ~10 + dimB —5 + dimB
6 —b 4 dmB=1 —5 4 dipb —5 + 4B —otgtmB
Eg/Zy | Fy | 18 —17 4 4ip8 —17 4 dmBtl —11 4 dmBtl —5+ 4gf
12 —11 + dmB=1 —11 + 48 —7 4 dipb —3 4 dimf=l
8 —7 4 2mB=5 —7 4 2AinE=3 —5 4 2AmEE3 —2 4 242

Table 16. Values of k; for a rank dim B twisted theories with fy = 0. The requirements of k; € Z
and ged(by, ki) = 1 determine possible theories for a given dim B.

(a,c) A Coulomb f VOA M /Asso. Var. | Singularity
(50, ) 2.8.8.8 - W 9+§(f4,F4) -
(5.5 | B - W_gys(Bs, [11]) -
(8.5 BB UE - W2 (su(2), 2) - (A1, As)
«(2,8) | 5,333 u(1) W53 (su(5),4,1]) | Op N Sy
(152 | §5 59 su(2) 10 Vs (su(2) 2] (A1, Dy)
(55 | 2513 - W_g,3(su(3),[3]) -
#(2,2) 2,%.%4.% - W76+§(D4, [7,1]) —
«8.9 | BLLE su(3) 12 V12 (su(3)) 3 D5(SU(3))
ENEEINESr V. (B) B D4(50(5))
«(H,4) | 2,132 su(5) 10 V_10(su(5)) 3,2] Ds(SU(5))
(%,9) 2,853 50(6)10 x su(2)1 | W_g,s(Ds, (22,1°) | Opss.11 N Spa2 1)
(5-%) | 55 %8 (02)1s V_is(g2) Ga(a1)
(43,4 4,2,2,2 50(8)4 V_4(s0(8)) [32,12]
(2,31 4,3,2,2 sp(3)3 x u(l)2 | Wogy2(Cs,[22,1°) | Oz 921 N Spo2 16
(£,2) 4,4,2,2 50(7)4 ¥ 5u(2)g W_g13(Bs, [2%,17]) | O3 12 N Sjp2 17
(55 | 3533 su(9) V_a (su(9)) [2',1] Dy(SU(9))
(3,10 5,1,3,3 su(6)s W_ipy9(e6, A1) | Oagraa, NS4,
.6 | LT s V_1i(B,) 3] D4S0(9)
(2,7 6,4,2,2 5p(4)% W_612(Cs5,12,1%]) | Opz2.02) N Spo,13)
(T %) 6,6,2,2 (fa)s V_g(f4) Fy(a3)
«(197 82y | 15,9,5,3 (es)15 V_15(es) Ag+ Ay

Table 17. Rank four theories with regular singularity being full, minimal, subregular or regular.
Central charges (a,c¢), CB spectrum, flavor symmetry algebra §, one corresponding VOA and the
Higgs branch are listed. Theories with * saturate the bound (3.1).
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6 Conclusion

In this paper, we perform a systematical search for small rank theories in the space of
geometrically engineered 4d N/ = 2 SCFTs. Some of the rank one and rank two theories
constructed in [22, 25] are found here, and new properties of these theories such as the
corresponding VOA and the Higgs branch can be obtained. The main new input is the
dimension formula (2.7) and (2.8) for the CB. It is now possible to study these theories
with arbitrary rank.

Let us now list some interesting questions for further study

1. The main feature of the new theories found in [22, 25] is that undeformable singularities
except the I; type appear in generic deformations. These theories also show up in
our twisted constructions. While these special undeformable singularities are related
to discrete gauging [64], they are related to the outer automophsim twist in our
construction. It would be interesting to further clarify the relation between the
discrete gauging and the outer automorphism twist.

2. For generic rank it is difficult to classify all possible theories, therefore one should try
to look for bounds on the rank of flavor symmetry, the maximal scaling dimension,
and etc at a given rank.

3. If the mass parameter of the irregular singularity is not zero, the corresponding VOA is
not completely determined (might be an extension between the W algebra and Heisen-
berg algebra). it is interesting to find the full corresponding VOA. The isomorphism
of VOAs found in this paper might be a clue for the general correspondence.
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A Derivation of dimension formula

Here we provide the derivation of the dimension formula (2.7) and (2.8). Starting with
a non-twisted theory labelled by (j, b, k, f), if there is irregular singularity only (i.e. f is
chosen to be principal), the same theory can also be engineered by putting type IIB theory
on a three-fold singularity which are listed in the third column of table 1. One can compute
the (hyper-Kahler) dimension of its Coulomb branch by using the following formula [9-12]

= fo
2 )

ro =

where p is the Milnor number which can be computed using the weight data of singularity [9],
and fj is the number of mass parameter computed in [8, 44]. The tables of u in each cases
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can also be found in the last column of table I [65] and we also list them in the last column
of table 1 for reader’s convenience. Adding a regular singularity with Nahm label f, will
change the Coulomb branch dimension into
_ + ld OHitchin
r=ro+ 5 dimO; ,
where (’)?it‘:hin is the dual nilpotent orbit of O;. Finally one can check case by case that
the Milnor number p for non-twisted cases can also be written uniformly as

k
= (hjb + hj — 1) rank(j) — dim Opyin (A1)
Example: when j= Ay_1, b can be either N or N — 1 as table 1. If there is no regular
puncture, the corresponding 3-fold singularity is

x2+y2+zN+wk:0, b=N
2+t + 2N b =0, b=N-1

For b = n, the Milnor number p = (N — 1)(k — 1). On the other hand, since h = N,
rank(j) = N — 1 and dim Opyip, = N? — N, we have
k

(hig + hj — D)rank(j) —dim Oppin = (K —1)(N —1) =p (A.2)

For b = n —1, the Milnor number is 4 = N(k— 1)+ 1, which also agrees with equation (A.1)

(hj% +hj — Drank(j) — dim Opyin = Nk+ (N —1)2 = N(N—-1) = N(k—1)+1 = u. (A.3)

The dimension formula for twisted cases is a direct generalization of the untwisted one

and can be verified by the dimension of the Hitchin fiber mentioned in the
following paragraph.

Finally let us mention that there is a different way of counting the Coulomb branch
dimension. The Hitchin moduli space has a Hitchin fibration f : My — B, and the
dimension of the fiber is the same as the dimension of the base B, which is also the dimension
of the Coulomb branch. The dimension formula of the Hitchin fiber can also be found in
math literature [46] for both untwisted and twisted cases, which is exactly the formula we
found using physics arguments. This provids a cross check of the dimension formula.

B List of d(n)

In this section we list d(n) used to compute the growth function for theories engineered
using one irregular and one regular singularities.

C List of AD theories

One can choose k, b and regular puncture such that the CB dimension formular satisfied.
In the following, we list all rank1, rank2, rank3 non-twisted AD theories with type ADE
from the CB dimension formular. We list the folowing data:
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g dg(n)
Az | d(2) =3, d(1) =0,
As | d(3)=38,d(2)=3,d(1)=0
Aq | d(4) =15, d(2) =6, d(3) =8, d(1)=0
As | d(5) =24, d(4) =15, d(2) =6, d(1) =0
Ag | d(6) =35, d(5) =24, d(3) =16, d(2) =9, d(1)=0
A7 | d(7) =48, d(6) =35, d(3) =16, d(2) =9
As | d(8) =63, d(7) =48, d(4) =30, d(2) =12
Ay | d(9) =80, d(8) =63, d(4) =30, d(3) =24
g | dg(n) g | dg(n)
B | d(1) =3o0r0 Cy | d(2)=3,d(1)=0
B2 | d(3) =10, d(2) =3, d(1) =60r0 Cy | d(3) =10, d(1) =0
Bs | d(5) =21, d(3) =11or8, d(1) =9o0r0 Cs | d4) =21, d(3) =16
Bas | d(7) =36, d(4) =15, d(2) =6, d(1) =12 Cy | d(5) =36
Bs | d(9) =55, d(5) =2Tor24, d(3) =21 Cs | d(6) =55, d(5) =48,d(2) =21
g dg(n)
D3 | d(4) =15, d(3) =8, d(2) =6, d(1)=0
D, | d(6) =28, d(4) =18, d(3) =8, d(2) =12, d(1) =
Ds | d(8) =45, d(5) =24. d(4) =18, d(2) =12, d(1 ):O
Dg | d(10) =66, d(6) = 38, d(5) =24, d(3) =16, d(2) = d(1)=0
g dg(n)
e6 | d(12) =78, d(9) =56, d(8) =45, d(6) = 36, d(4) =18, d(3) =24, d(2) =12
er | d(18) =133, d(14) =99, d(9) = 56, d(7) =48, d(6) =39, d(3) =24, d(2) =21
es | d(30) =248, d(24) =190, d(20) = 156, d(15) = 112, d(12) = 92, d(10) = 72
d(8) = 66 d(6) =40, d(5) =48, d(4) =36, d(3) =32, d(2) =24
g2 | d(4) = d(2) = 12(u = 3k), d(2) = 4(u # 3k), d(1) =8
fa | d(9) = (6) =30, d(3) =24(u=3k—1), d(3) =12(u =3k +1), d(4) =21
d(2) = d(l) =12

Table 18. Data used to compute the growth function of Kac-Moody algebra V_pv

formula. (2.21).

12 (g), see

e The parameters which describe the Higgs field of the Hitchin system near the irregular

singularity b and k.

o The Hitchin label (HL) and Nahm label (NL) of nilpotent orbits, for A,_; type, we

only list the Nahm label denoted by O;.

e The number of mass deformation fy and the number of exact marginal deformation
f1 [44]. For Eg type, fo =0 for all cases, we only list the f.

e The dimension of nilpotent orbits correspond to Hichin label and Nahm label denoted

by HD and ND respectively

o The CB operator scaling dimension Acoulomb-

e The flavor symmetry § correspond to regular puncture and flavor central charge kog

for each simple factor.
o Conformal central charge (a4q, C4q)-
e The notation “Theory” label AD theories.

o sp(r) means C,.
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C.1 Rank1

n| k Oy fo | 1 | ND | Acoulomb f (a,c) Theory
1 (12 00| 0 E su(2)s (41 TIW_s(su(2), (12)]
o 2] ) f1j1o 3 su(2)3 x u(l);, (% 2) TIW_s(su(2)), 1)) + u(1)
3 2 |o0]o0] 2 g - (£, 3% TIW_s(su(2), (2))]
40 @ | 1|12 3 u(1);, (31:3) TIW_ 5 (su(2), (2))] + u(1)
“1] @ Jolo] o 3 su(3)s (5.2 TIW_3,3(su(3), (19))]
G 0] @) [2]2]0 2 su(3)z x u(1)3, (B,5) | TIW_ g, (su(3),(19)] + 2u(1)
21 @3 |o]o]| 6 g - (155> 30) TIW_ 4, 3(su(3),(3))]
3| @ |2]2)6 | 3 w(D)f, (:8) | TIW_gy3(su(3), (3))) + 2u(1)
2 Yy |11 0 2 su(4)s x u(1)y, @1y | Ty (su(d), 1)) +u(1)
L1 @) jojo] s H 5u(2)4 ) TIW_ 44 (s5u(4),(2%))]
0] (20 |3]3] 8 2 su(2)g x u(1)}, (B18) | TIW_yes(su(4),(22)] +3u(1)
2 4 |1} 3 u1)g, (31:3) TIW_ypa(su(4), ()] +u(D)
5| 3] @18 ool 8 3 su(3)s x u(1)o (Z2) TIW 545 (su(5), (2,19))]
-2 (3,13 | 0] 0| 14 3 su(2)1 x u(1)g ) TIW_5,5(su(5), (3,12))]
4l @21 1|1 10 2 su(4)2 x u(1)o x u(1)y, (B, T[W,Hg(ﬁu((i), (2, 1)) +u(1)
-3 @313 22|18 2 su(3)2 x u(1)o x u(1)}, (B,1) | TIW_g,o(su(6), (3,1%)] + 2u(1)
63| (2% |2|2] 18 2 su(3)z x u(1)%, (B.D) | TIW_gys(su(6), (2%)] + 2u(1)
—2] (4,12) | 1|1 | 24 3 5u(2)s x w(l)o x u(l)y, (13:2) | TIW_g,0(su(6), (4,12))] +u(1)
@ 11| @ su(2)s xu(1)y, (3 | TV g, e (ou(6). (39)] +u(D)
5@ o0lo] 2 % su(2)g x 5u(3)% x u(1)o (%7 %) 7'[W_7+%(5u(7), (22,19)]
7| -4 (3,2 0| 30 3 su(2)s x u(l) (D TIW 7z (su(7), (3,22))]
—2| (52) | 0]o0] 38 g u(1) (155, 35) TIW_yz(su(7), (5,2))]
6@ 1|1 2 2| su(@)o xsu()s x u(lo xu(l)y, | (2,7) | TW_sps(ou(®). (2% 19)] +u(1)
51 (3%1) | 0|0 40 3 su(2)o x su(2)s x u(l)o (4L 1y TIW g5 (su(8), (32,12))]
8| —4| (4,2%) | 3| 3| 44 2 su(2)2 x u(1)o x u(1)% GLE) | TIW_gps(su(®), (4,22))] + 3u(1)
=8| (53) | 0] 0|50 | 2 ulo (435 30) TIW_ g5 (su(®), (5,3))]
~2] (62) [ 1] 1|52 3 u(Lo x u(l), (Gi2) | TIW g, s(su(8), (6,2)) +u(1)
—71(2%1% | 0] 0| 36 3 su(3)o x su(3)s x u(1)o (%.2) TIW_g,9(su(9), (23,1%)]
9 —6 | (32,13 | 2| 2 | 48 2 su(3)2 X su(2)p x u(1)y x u(l)?"o (%7 %) T[VV_S,_'_%(su(Q), (32,13))] + 2u(1)
Tlo6] (3,23 | 2|2 48 2 s5u(3)2 x u(1)o x u(1), .5 TIW_g9(su(9), (3,2%))] + 2u(1)
3] 6,3 |2|2] 66 2 u(1)o x u(1)%, (12:3) | TIW_g,0(su(9),(6,3))] + 2u(1)
Table 19. A,,_1, b = n.
|k Oy fo | fi | ND f Acoulomb | (a,c) Theory
4| -1 (21| 1]|0| 6 su(2)z x u(1); x u(l)y, 3 (2.3 TIW_ s (su(4), (1)) +u(1)
s 2] @& 1By | 2|1 8 su(3)2 x u(1)1 x u(1)f, 2 (1,3) | TIW_5s(su(5),(2,1%))] + 2u(1)
-1 (32 [1]0] 16 (L)1 x u(1)g, 3 (3o1z) | TIW 5ya(su(5), (3,2)] +u(1)
61312212 | 1|0 | 16 |su(2)z xsu(2); xu(l); x u(l)y, 3 (2,3 T[Wﬁwg(su(ﬁ), (22,12))] + u(1)
—4| (2213 | 2| 1| 20 | su(3)2 x su(2)1 x (1)1 x u(1)3, 2 (2, 4y [ TIW 7, (su(7). (2%,19))] + 2u(1)
71 -3](3,2) | 3|2 30 su(2)2 x u(1)1 x u(1)} 2 (1,3) TIW_7ys (su(7), (3,22))] + 3u(1)
2| @43) |2 1] 36 u(1)1 x u(1)?, 3 (33 | TIW g s(ou(?), (4,3))] + 2u(1)
. 50,12 10| 30 5u(3)g x su(2); x u(1)y x u(l)y, 3 (7,1 T[W78+%(su(8)7 (25,12))] + u(1)
4| (3%2) | 1] 0| 42 su(2)1 x u(1)1 x u(l)y, 3 (31:3) | TIW_ g 7(su(8),(3%2)] +u(l)
9 —6|(251%) | 2 | 1| 36 | su(3)2 xsu(3); x u(l)i x u(1)}, 2 (8,1 TIW_ g5 (su(9), (23,13))] + 2u(1)

Table 20. A, 1, b=n—1.

~ 99 —



n HL HD | ND | fo f (a,c) Theory
3 3,3) 10| 6 0 | su(2)z xu(1)1 xu(l)s 3 @D | TVosz(Ds, (22,12))] +u(1)
(3.1%) 8 | 8 2 su(2)1 x u(1)}, 2 (318 | TIW_ 4 2(Ds, (3,1%)] + 3u(1)
7 8
(7.1) 2 | 0 |01 spin(8)2 2 | &) T4 (Da, (1)
32,12) 1818 |03 u(1)o x u(1)o 1 (2 TIW_g4(Da, (3%, 19))]
(32,12 1816 |03 su(2)s 2 (3,3 TIW_g.5(Da, (3,2%,1))]
4 (24 1212 |0 |1 su(2)s 3 (33) TIW g4 (Da, (42))]
3,1%) 1212001 s0(3)2 4 (31 TIW_ g2 (Ds, 5, 13))]
(22"814) 102 |4]|3 u(1)h 2 (45;2 i) TIW_g;.4(Da, (5,3))] + 4u(1)
) 0 | 24701 - 5| Gow) TIW g1 (Ds, (7,1))
9,1) 0] 0110 spin(10)3 x u(1), 3 (4113 TIW _gy5(Ds, (119)] + u(1)
s (42,12) 32 [ 28 | 1|0 | su@sxu@)xul)y 3 (3,3) | TIW_g3(Ds, (3%2%)] +u(1)
(3,17 16 |36 |10 su(2)s x u(l)y, 3 (5. 2) TIW g5 (D5, (7, 1)) +u(1)
(19) 0 |40 |10 u(l) s 3 & TIW_ g, 5(Ds, (9,1))] + (1)
9,3) 58 | 18 | 0 | 1 spin(8)2 x su(2)o 2 (B, TIW_1046(Ds, (22,1%))]
6 ,32.1) 50 | 42 [ 2 | 1 | su(2)i xsu(2)1 xu(l)f, 2 (%7%) T[IV710+3(D6. (33,13))] + 2u(1)
(26) 30 | 54| 2|1 su(2)s x u(1)3, 3 (2,3) TIW 10, (Ds, (62))] + 2u(1)
(22,19) 18158 |0 |1 - g (1%, 35) TIW_1048(Ds, 9.3))]
Table 21. D,, b=n.
n HL HD | ND | fo f (a,c) Theory
(5,1) 1200 |1 su(4)z x u(1)y, 2 (2.5 TIW_yy1(Ds, (1%))] +u(1)
3 3, 1_3) 8 | 8 |0 50(3)2 4 (AL 1 TIW_ 4y s (D3, (3, 1%)]
(1% 0121 u(L)y, 5 (G13) | T4y s (D5, (5,1)] +u(l)
(7,1) 2410 |20 s5pin(8)s x u(1)3, 3 (4,1 TIW g6 (Da, (1%))] + 2u(1)
4 (22,1%) 10 2200 - B ({55+ ) TIW _gy0(Da, (5,3))]
(1%) 0|24 )20 u(1)j, 3 (12:3) | TIW_gps(Da, (7,1))] +2u(1)
(7,3) 38 | 14 | 1| 1| su(4)2 xsu(2); xu(l)y, 2 (B4 | TIW_g5(D5,(2%,1%)] +u(1)
5 (42,12) 321281010 5u(2)% x u(1)g % (%‘ %> T[W-s+§(D5’ (32,2%)]
(32,22) 28 | 32 | 1| 3| su(@);xu(l)oxu(l)p 1 (Fir3) | TIW_ g s(Ds, (4% 1%))] +u(1)
p (9,‘3) 58 | 18 | 2 | 0 | spin(8)s x su(2)2 x u(1)3, 3 (B4 T[mlwyDﬁ, (22,18))] + 2u(1)
(5,3%1) 50 | 42 |00 50(3)2 x s0(3)o 3 (35:3) TIW_15,10(Ds, (3%,1%))]
Table 22. D,, b =2n — 2.
b HL HD | ND f1 f (a,c) Theory
12 Ay +2A; | Ay +A | 50 | 62 | 0| 0 u(1)o ¢ ) TIW_15,12(e6, Ag + Ay)]
12 Ds 68 | 32 | 0|1 50(7)2 x u(1)g 2 2T TIW_ 19,12 (¢6, 241)]
12 Ds(a1) | Az+A1 | 64 | 46 | 2 | 1T | su(3)2 x u(1)z x u(1)}, 2 (33,17) | TIW_ 1912 (¢6, A2 + A1)] + 2u(1)
12 24, - 32 638|012 u(1)o 1 ) TIW_15, 12(e6, Ds)]
12 A+ Ay | Ds(ar) | 46 | 64 | 2 | 3 u(1)z x u(1)7, 1 (G 1y) | TIW_ 1y, 2(es, D5(ar))] + 2u(1)
Eg 72| 0 (e6)3 3 (4, 13y TW-3(es,0)]
0 Ds(a1) | As+ A | 64 | 46 0 su(3)z < u(L)o 3 (%.2) TIW 1549 (es, A2 + A1)
24, 48 | 60 5u(3)% 3 (5. 2) T [VV,IH%(%, Dy)]
0 0| m - PO@E D] T )
s Eg 721 0 0 (e6)s x u(l)y, 4 (32,49 T[W-_a(es,0)] 4 u(1)
0 0 | 72 u(l) s, 4 (3L TIW_ygs(e6, o)) +u(1)

Table 23. Ejg.
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HL NL | HD | ND | (fo, /1) f Acouomb | (a,¢) Theory
A+ Ag+ Ay | Ag+ Ay | 100 | 106 | (0,0) su(2)o s (1, 1) TIW_ 5418 (er, Ag + As)]
Er(az) 24, 22052 50(9)3 x su(2)1 x u(1), 3 (1 TIW 15413 (e7,241)] + u(1)
Ds(a1) + A1 | Az+ Ay | 108 | 98 ’ su(2)s x u(1)1 x u(l)j, 3 (3:8) | TIW_ 1518 (er. 45 + Ag)] + (1)
As Ay +34, | 114 | 84 (82)2 2 (1 TIW_y41 (o7, A2 + 341)]
D5 + Ay 24 114 | 84 | (0,2) (8(2))2 x su(2)o 2 2,5 TIW_ 15418 (e7, 242)]
Dg(ar) Ay 114 | 84 s50(7) x su(2)o 2 (8,9 TIW 15118 (e7, As)]
Diy(a1) Er(as) | 94 | 112 u(l) g, 1 (2,3 | TIW_igys(er, Brlas))] + u(l)
(Da(ar),Zs) Dglaz) | 94 | 110 | (1,2) 5u(2)% x u(1) g, 2 3.3 T[WLIM%(%DG(@))] +u(1)
24, Er(az) | 52 | 122 u(l)z, 1 (15) | TIW_igpas(er Br(ag))] + u(1)
E; 0 126 | 0 (e7)a 4 (2,19 TW-a(e7,0)]
Ds(a) + Ay | As+Ay | 108 98 |\ su(2)s xu(l)o : (31 TIW_ 1414 (e7, A + A2)]
(34y)" Es 54 | 120 ’ 5u(2)§ E (31 TIW 15414 (e7, E)]
0 Er 0 126 - (5 (%’ %) 7—[”/715+%(°71E7)]
Eo(ar) A+ A | 118 76 su(4)2 x u(1)g x u(1)g, 2 @,1) | TWoaspsaler, Ao + A +u(1)
(Eg(a1), Zs) 44, 118 | 70 5p(3)s x u(l)s, 4 (3,8) | TW_igyu(er, 44 +u(1)
Ay Ds(a1) | 100 | 106 | (1,0) | su(2)z x u(l)o x u(1)z, 3 (5. 2) TIW_y5413(e7, D5(a2))] + u(1)
Az+ A2+ A1 | Ag+ Az | 100 | 106 su(Z)% x u(1) g, 5 (i5: %) T[VV—18+%(B7‘ Ay + A2)] +u(1)
Ay + 24 Er(aq) 82 | 116 u(l), 2 (%, %) T[W/713+174(?77E7((14))] +u(1)
Table 24. E-.
Hitchin label | Nahm label | HD | fy | f1 f A Coulomb (a,c) Theory
Eg(as) Az 234 (e6)3 3 (2.1 TIW 010 (es, A2)]
(Eg(a3), ZQ) 3A1 234 0 0 (f4)3 X 5u( )% 3 (%, %) T[I/V,S()Jr%@& 3Al )]
Eg(ar) + A1 Ay + Ay 218 su(3)s < u(l)o 3 (5:2) TIW_ 50,50 (es, Aa + A1)
Eg(bs) Dy(ar) 226 50(8)2 2 (8,7 TIW 010 (es, Da(ar))]
(Eg(b:), Sg,)) 245 + Ay 226 0 1 (92)2 X 51"(2)1 2 (%{‘ %) T[”/ 30439 30 (eg, 245 + Al)]
(Es(bs, Z2)) Az + A 226 50(7)2 X su(2)1 2 (1,2) TIW_50.4.: m<es Az + Ar)]
A+ Az Dr(ar) | 178 u(1)z 5 (5:3) | TIW g0, 30(es, Dra)]
A Dy+ 4y | 210 5u(3)s 2 (B0 TIW 30430 (es, Da + Ao)]
Dg(a1) Eg(as) 210 0| 3 (92)2 2 (.0 TIW 0,30 (es, Es(a3))]
(Ds(a1), Zz) As 210 (g2)2 x su(2)1 2 (1,3 TIW_304 30 (es, As)]
Ay Eg(al) 58 0 1 — 1 (%,é) T[Wlm+% (23,Eg<a1))]
FEs 0 240 0 0 (28)6 6 (%1 %) T[W77:30+% (88, U)]
0 Ey 0 - g ) TIW_g0, 21 (es, Es)]
3(ba) As+24; 230 | 0 | 1 | s0(7)2 x su(2)o 2 .0 TW_50,21 (s, A2 + 241)]
7(as) Ay 220 su(5)o 2 (8 11 TW_ 3042 (es, A4)]
FEx(bg) Dy(a1) +As [ 220 0 | 1 su(3)o 1 (Z.3) | TIW_ 30421 (es, D4(a1) + Ay)]
(Es(bg), Za) | As+ Az + A1 | 220 su(2)3 % 5u(2)o 2 G35 | Tw. 30424 (28, As+ Ay + Ay)]
Es(ay) A 238 ol o (e7)a 4 (5.4 T[W-_30420(es, A1)]
D5 + Ay Ay + Ay 214 5u(2)4 X 5u(2)[) % (%, %) 7—[“7730+¥<e8, Ay + Ag)]
Table 25. Ejg.
C-partition | B-partition | HD | ND | fo | fi f ACoulomb (a,c) Theory
(2) (1%) 210 ]olo s0(3): 4 (41 W_y,1 (B, (1%))
(1% 3) 0 21010 - : (5 %) W_, 1(B1,(3))
(2%) (3,1%) 6 | 6 |02 u(1)o 1 (2.3 TW- 3+1(B2 ,12))]
((2%),2) (2% 1) 6 0]2 5u(2)s 2 EX)) TIW_3+1(Bs, (2%,1))]
(3%) (3,22) 412010 su(2) 1 4 (313) | TWV_5.5(Bs (3, 22))]
(4,2%) (3%1%) |26 | 22 | 0] 0 su@sxul)o| 3 Giy) | T [W <B4 (3% 1%)]
5 (42,2) (33,}2) 42 136 | 0| 2 | su(2)o xu(l) 1 (2‘%7%) TIW_ 9+3(B5, (33,1%))]
((42,2),Zs) | (3%,2%,1) | 42 | 34 | 0 | 2 | su(2)1 x u(1)o 2 (3.3) | TIW_g43(Bs, (3%,2%,1))]

Table 26. Agnfl/Zg, bt =4n — 2.
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ky HL NL HD | ND | fo | f1 f Acoulomb | (a,¢) Theory
2 2 (1%) 2 10|10 50(3)a x u(l), 3 (5.3 W1 (B, (1))
4 (12 (3) 0] 2 |1]0 u(l), 3 ) W_1 (B, (3)
-5 (6) (17 8|0 |01 50(7)2 2 2.0 TW_s13(Bs, (17))]
—4 (32) (3,22 | 14| 12|10 su(2)s x u(1)y, 3 (3,3) | TIW_5,2(Bs,(3,22)] +u(1)
-7 (8) (1%) 3210|110 50(9)3 x u(l)y, 3 (i §) TW-r1a(Ba, (17))] + u(1)
-6 (4,22 (3%51%) 26 | 22 | 2 | 1 |s0(3)1 xu(l) xu(l)} 2 (B.0) | T[W_r42(Ba, (3%,1%))] + 2u(1)
—9 ] (8,2 (3,15 |48 | 18| 0|1 50(8)2 2 (8,0 TIW-g945(Bs, (3,1%))]
—9 | ((8,2),Zy) | (22,17) | 48 | 16 | 0 | 1 0(7)2 x su(2)1 2 (1,%) T[W-945(Bs, (2%,17))]
58| (42,12) | (5,22,12)| 40 | 38 | 1|0 5u(2)% xu(l) x u(1)s, 3 (3,3) | TIW_g,.5(B5, (5.22,1%)] + u(1)
-7 (3%1Y (7,2%) 30 | 44 |0 |1 su(2)s 4 o)) TIW_g,5(Bs, (7, 22))]
-7 @) (5%1) | 30 | 44 )0 |1 u(1)s 3 (312 TIW_g5(Bs, (5%, 1))]
Table 27. Aanfl/ZQ, bt = 2n.
kt HL NL HD ND f() f1 f ACoulomb (a, C) Theory
-1 (3) (12) 2 010 su(2)4 1 (41 W_y,2(C1, (17))
1 (1%) (2 0 2 1010 - 2 (£ 35) W_5,2(Ch,(2))
-5 (32,1) (23) 1412 (0] 0 50(3)2 4 (L5 TIW_y,4(Cs,(2%)]
-7 (5,22) (3%,1%) |26 | 22 | 0 | 0 | su(2)a xsu(2)o 3 (31:3) | TIW_5,.5(Ca, (3%17%)]
-9 (5,32) (32,2%) | 42 | 36 | 0 | 2 | su(2)oxu(1) 1 (5 | Tw- 6+2(Cg,, (32,2%)]
=9 | ((5,3%),%2) | (3%,2,1%) | 42 | 34 | 0 | 2 | su(2)s x5u(2)o 2 (3,3) | TIW_642(Cs, (3%,2,1%)]
Table 28. Dn+l/Z27 bt =2n+ 2.
ky HL NL HD | ND | fo | f1 f ACoulomb (a,c) Theory
0 (3) (12) 2 10 |1]0 su(2)s x u(l)y, 3 (5.3 21 (C, (1%)) + M(1)
4 (5,1%) (22,12) | 16 | 10 | 1 | 0 5u(2)% xu(1)o x u(1)y, 3 (Z.2) T[I/LQH (C,, (22,12)] +u(1)
—4 | ((5,1%).25) | (211 |16 | 6 |10 p(2)2 x u(1), 3 | (e | TV (2,14)] +
5 -8 (7,3,1) (24,12) | 46 | 28 | 1 | 0 | so(4)o xsu(?)% xu(1)y, 3 (i5:2) T[W 643 007(24712>] ( )
=8| ((7.3,1),Zs) | (2%,1%) | 46 | 24 | 1 | 0 | sp(2)a x 50(3)o x u(1), 3 (15 13) | TIW_6;5(Cs, (23,1%)] + u(1)
Table 29. Dn_i'_l/ZQ, bt = 2n.
by ky HL | NL | HD | fo | f1 f Acoulomb (a,c) Theory
1o | "0 G2 |0 12 10| 1| (g2)2 2 (2,0 | TIW-142(g2,0)]
—4 0 | G 0 0|1 - 1 (%) T[W,4+%(92,G2)]
Table 30. D4/Zg, bt = 12, bt =6.
ky HL NL HD | ND | fo | f1 f AcCoulomb | (a,¢) Theory
-1 Fy 0 |48 |0 ]0]o0 (Fa)3 3 (8L TIW_9+6(fa,0)]
-10 B Ay | 423002 su(3)2 2 (&B,0 TW-g43(f1, A2)]
-10 Cs Ay |42 [ 30 |0 |2 (92)2 2 (8,0 TIW-o43(fa, A2)]
-8 Ay By |30 |42 0|1 su(2)o 1 (2 3) TIW_g3(f1, B3)]
-8 Ay Cy |30 |42]0]1 su(2)s 3 2.4 TIW_g43(f1: C3)]
-3 0 Fy, | o |48 |01 _ 1 (3 8) TW fl, Fy)]
-7 Fy(ay) A, 46 | 22 | 1| 0 | su(4)2 xu(l)y, 2 .0 TIW_944 fq, AD] 4+ u(1)
=7 | (Fyla1), Z2) | Ay 46 | 16 | 1| 0 | sp(3)g x u(l)s 4 (3,2 | TW-gta(fs, A1) +u(1)
—5 | Ay +A | Filax) | 28 | 44 | 1|0 u(l) 4, 4 (31:3) | TIW_ g1 4(fa, Falag))] +u(1)

Table 31. EG/ZQ.
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C.2 Rank 2

n| k Oy fo | f1 | ND f AGoulomb (a,c) Theory
3 (12 00| 0 su(2)s 86 (L) TIW_pp2(su(2) ,(12)]

5| 4 (12) 111]0 su(2)s x u(l)y 54 (31 TW 52 (Su 2), (1°)] +u(1)

5 @) 01012 - 23 G TIW_y,2(5u(2), (2))]
6 @ |1]1] 2 (1), 250 Ged) | TIW g (u(2), () +u()

311 (1) o]0 4 u(1)s I EEGE ) T[W 3 (su(3), (2,1))]

A i) (2,12) olol ¢ 5[1(2)5 xu(l)% i3 B0 TIW. 4+4(5u ,(2,12))]
0| (212 |3]3]| 6 au(2)2 x u(1)s xu(1)}, 2,2 (12 | TW_4u(s u(4), (2, 12))] + 3u(1)
_3 (1%) olo 0 5u(5)g %% (%72) T[W (5“< ): (1))

-2 (22,1) | 0| 0| 12 su(2)s x u(1)s 5 (3,7 T[ILH ( u(5), (22,1))]

50-1] (32 00|16 u(l)s v |3 TIW_s, 5 (su(5). (3.2))]
0| (2 [4]4)16 u()s x (1) 22 | (1.2) | TIW_ 5 (6u(),(3,2))] +4u(1)

2 (5) 0]0]20 . 23 G W " (su(5), (5))]

-4 (19 1]1]0 5u(6)3 x u(1)f, 3,2 | (81 TIW g8 & (su(6), (1))] + u(1)
63| (22,1 | 2| 2| 16 5u(2)2 x 5u(2)2 x u(1)2 x u(1)}, 2,2 (%,2) T[W,O+ ( u(6 ) (22 12))] + 2u(1)
2 (6) L] 1|30 u()g NN T[W,H (6))] +u(1)
-5 (215 |00 12 su(5)z x u(l)o 53| (39 TIW_7, < ( ,(2,19))]

L1 G2 12) | 0| 0] 28 su(2)s x u(1)s x u(l)o i3 B0 TIW_,, ( u(7),(3,2,12))]
=31 (4,21) |00 |34 u(1)s x u(1)o E NN T[quf(ﬁu( ), (4,2,1))]
2| .12 oo 36 5u(2)2§, x u(1)g 88 | G T[qug,( u(7),(5,12))]
6| (215 |1|1]14 su(6)s x u(l)o x u(1)s 32 | (@) | TIVoss(su(®), (2,19) +u(1)
5] (3,22,1) | 0| 0| 38 s1(2)s x u(1)o x u(1)0 5.4 [EER TIW _gps(su(8), (3,22,1))]

g |4 (4,2,12) | 3 | 3 | 42 su(2)y x u(l)o x u(1)g x u(l)fﬂ 2.9 (1,2) | TIW_gys(su(8), (4,2, 12))] + 3u(1)
—4| (3%2) | 3| 3| 42 5u(2)2 x u(1)2 x u(1)}, 2,2 (%,2) TIW_g,5(su(8), (32,2))] + 3u(1)
=3 (4 0|0 48 su(2)s 55 GG T[ILH s (su(8), (42))]

—2| (6,1%) | 1| 1|50 su(2)z x u(1)o x u(1)y, 95 | 600 | TIW s (su(®), (6.12)] + u(1)
~7| (%1% |0 0| 28 su(5)5 x su(2)o x u(1)o 38| (12 TIW_g,5(s5u(9), (2,1%))]

o| 76| (3217 | 21 2| 46 | su(2)s x su(2)a x u(1)o x u(1) x u(1)f, 2,2 (1,2) | TIW_g,9(su(9),(3,2%,1%)] + 2u(1)
-5| (432) | 00| 58 u(1)s x u(l)o 3| (33 T[W 042 (s(9), (4,3,2))]
2| (72 00|68 u(1)o 5P G TIW g0 (u(9), (7,2)]

Table 32. A,,_1, b =n.

n| k Oy fol f1 | ND f A Coulomb (a,c) Theory

30 1] 21) |1]0] 4 u(1)s x u(l)y, 54 (CE R T[W_3+g(5u(3),(2, 1))] +u(1)

L-tay [rjofo su(4)s x u(l), 230 G2 | TWogpg(eu(), )] +u(1)

2| @ |1]0]12 u(l)y, 58 | @YD TIW_ s (SU( (4] +u(1)
2 @) 2|10 su(5)3 x u(1)}, 3,2 (2,17) | TIW_5,a(su(5), (19)] + 2u(1)
50-1| (31%) | 1] 0| 14 su(2)s x u(l)1 x u(l)s, 3.5 .3 TIW 5,a(s (5) (3, 12))] +u(1)
2| (5 |2]1]20 u(1)?, 21D | T (eu). 6))] + 2u()
3] 21 [ 1|0 10 su(4)s x (D)1 xu(l)s, 33| (B 1y TW, ( (6) (2.1)] +u(1)
6|21 (32,1 | 1|0 |22 u(l)% x u(1)1 x u(1)y, 5.4 2.2 TIW g2 ( (6),(3,2,1))] +u(1)
1 (42 |10 2 ()1 x u(1)y, D3| GLED | TIW_gys(ou(6), (4,2)] + ( )

.| 4 (2,15 | 2| 1| 12 su(5)s x u(1)1 x u(1)} 3,2 (2,8) | TIW_ 74 ( (7),(2,1%))] + 2u(1
-3 1(3,2,1%) | 3| 2| 28 | su(22xu(l) xu(l) xu(l)} 2,2 (3.8) | TW_ 746 (511(7) (3,2,12)))] +3u( )

g| 5| @1 [ 1] 0] 2 [su@r xsu@uxuyxu@y | 58 | (FR) | TIWogz(6u(d). (2 1)) +u(1)
—4 | (3%2,12) | 1 | 0 | 40 5u(2)% x su(2)1 x u(1)1 x u(1)y, %% (%, %) TW_ 8+7(su( ), (32 12)] +u(1)
6| (22,15) | 2 | 1 | 28 | su(5)s x su(2)1 x u(1)1 x u(1)} 3,2 (3,3) TIW_gys(su(9), (2%,1°))] + 2u(1)

o | 75| (%2 10| 52 | su(2)s xu(l) xu)yxu(l)y 5.5 (L4 | TV w(su( ) (3%,2,1))] +u(1)
4| (4,3,2) | 4| 3| 58 u(1)2 x u(1) x u(1)4, 2,2 (32:8) | TIW g s(51(9), (4,3,2))] + 4u(1)
-3 (4 |10 64 u(1)1 x u(1)y, 55 | Goon) | T ( u(9), (5,4))) + u(1)

Table 33. A,_1,b=n—1.
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HL NL HD |ND | fo | f1
: fo. f Ac
(5,1) (1% 210 1o (/nul;omh (a,c) Theory
(3.3) ) (@1 1106 )32 5u<;)u(i)i(f>u(1)f° L opr | G2 TIW 113 (D3, (1) +u()
(19) G | o 12|10 v xuf, | 22| (G2 | Ty a(Ds (2% 1)+ 3u(1)
@a | @ || 12|03 - 28 | Gol | TOV_y (s (5. )] +u(t)
(5,1%) (1% | 20|12 |0]3 E§E§;2 22| (5.3 TIW g4 (Ds, (21)]
oo @ 12w 03] s 22 | &Y TIW_g44(Da: (3.1°)]
(3,19 (5,13) | 12|20 | 4| 3 () x u(1)£n 35 (?2) TIW g, 4(Ds, (47)] + 4u(1)
G.5,07) | @1 | sa | o | 1] o syl TP @2) | TIW_gy4(Da (5, 0)] + du()
(5723714 ) | &2 1:3> 34 1241110 su(?);; 50(3)s x u(l " 32 (5 %.) TIW_g15(Ds, (3%, 1)) +u(1)
Eiz’ R e T el Il w(1) x (1) up | 23| GL6) | TWosg(Dn G2 1)+ u()
) N 2 0 313 5 ’ 9
b 16§ (5(72 a’>1) ?i ié ; O @y x u<1f)/ <(71)> ;R:’S*%DMM 12))] 4+ u(1)
; 4 6 - o 373 81 /_ 9<D<37(5«,2271))]+u1
u(1)}, 2,2 Iy 8+3 1)
aLy [ @y ol o ol pin(12); (3: )| TV sea(Ds, (7. 3)) 4 5ul1)
(22‘ 12) (82,2212 | 52 | 40 | 2 | 1 aa(2)s x u(1)? x u(1)? 2,4 (f% ) TIW_1016(De, (112))]
(1) | 3251 |52 136 |21 op()s xu(L 22| (12) | TIWor0ss(Do. (3725 1) + 2u(1)
(34,2%,1%) (52,12) 40 52 10l 5 2 fo 2,4 (%B) TIW_1043(Dg, (3,24, 1
(3,19 9,1%) 9 ‘)‘ 2 u(1)o x u(1)g 1.1 (i i + 5, (3,2, 1))] +2u(1)
' ; 0|5 | 0|1 ) k 13:3) TIW_1042(Dg, (52,12))]
(112 (11,1 50(3)4 8 6 19 ,
) | o 60|01 s ia | @ TIW_1048(Ds, (9.1%))]
T (81 21) 7’[W_10+5(D6,(11, 1))]
Table 34. D,, b=n
HL NL HD | ND | fo | f1 § A
3,3 | @412 | 10] 6 [0]o0 su(2)s x u(l)2 T (1{;7 ? Theory
@19 | (@13 |18 |18 |2 |0 | ub)x u7(1) x u(i 2 35 | (o) TIW_yy4(Ds, (2%,1%)]
(32,412) (3,22,1) | 18 | 16 | 2 | 0 ou(2)s x u(1)? o %% (4% 4 TIW g0 (Da, (3%, 1%))] + 2u(1)
o @) 122000 @)y B0 |G | T (Du 6,250 - 2u)
, .13 |12 120 |00 s0(3). v3 Egg TIW_gy(Ds, (42))]
(9.1) (11 4 ; ’ 20 2 TIW_gy0(Da, (5, 19))]
e | @ 1)1 0] 0|11 spin(10)4 x u(1)y, 2.4 @ u TIW g, s (Ds, (1)) + u(1
) ) ) 34 26 0 0 5u(2)§1 4 X u(1>0 i 127 3) 2 ( )
(5,3,12) | (3,22,1%) | 34 | 24 | 0 | 0 o 303 (1) TIW_gys(Ds. (3% 14)]
(3.1 | (1) | 30|80 113 5u((;)% o 95 | (2D TIW_s13(Ds, (3,2%,19))]
241 2 su(2)2 x u(1)y, 2,2 195 ¥ 3
522_15; ((75 3)) 20 136 |11 u(1)2>< u‘(‘i);f b ((ﬁ i) T[LV,?8+§(D5¢(3371))] +u(1)
@ | oy |o o1 - g (éz’ﬂ)> TIW g5 (Ds, (5°)] +u(1)
, 40 | 1|1 () { N fﬁd 211> TIW _g,5(D5,(7,3))]
575 207
a1 1'?) 60 | 020 spin(12)s x u(1)7 TIW_gy 5 (D5, (9, D)) +u(1)
(5; 12) | (3%,22,1%) | 52 | 40 | 0 | 0 su(2)s x u(l)Zf'J 32 (%, %) TIW_ 10412 (Ds, (12)] + 2u(1)
((402 ’3121) (.240) 52 | 36100 (2 23 | @9 TIW_19410 (Do, (3%, 2%, 17))]
P | @) a2 0] e s §3 | @D | Toee®e 62 D)
(5,3,2 (421%) | 48 | 44 | 2 | 0 CANAREL 22 (1,2) | TIW_jgp20(Dg, (3*
(24,14 (7,5) 08 su(2); x su(2)3 x u(l)fc 33 (3,3 O )]+ 2u(1)
an) |G 1o e |2 AR N I TIV 10,10 (D, (42,14)] + 2u(1)
7 “pzle u(1)j 1, é (%7_ 211) TIW_19,10(Ds, (7,5))]
0 : 1276 7’[W710+¥(D67 (11,1))] + 2u(1)

Table 35. Dn; b=2n-—2.
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HL NL HD | ND | (fo, f1) f AGoulomb (a,c) Theory
As Ay 52 | 60 | (0,0) su(2)s x u(1)o 68 (28.1) TIW_19412(e6, A1)]
Egs(a1) A 70 | 22 ©.1) su(6)3 3,2 (3,11 TIW_ 13,12 (e, A1)
A Eg(a) | 22 | 70 | - 85 | @) | TIW_ipi2(e Holar))]
FEg(as) As 66 | 42 1) 5u(3)2 x su(3)2 x u(1)F, 2,2 &, T[W,m%(eﬁ, As)] + 2u(1)
(Eg(as), Zs) 34, 66 | 40 ’ su(3)s x su(2)3 x u(1)f, 4,2 (5, 4) | TIW_ 15,12 (e, 3A1)] + 2u(1)
Dy(ar) Dy(ay) | 58 | 58 0.2) u(1) x u(1)o 1,1 (3.3 T[[4/712+%<567D4(”'1)>]
(Ds(a1),S3) | 2424+ A; | 58 | 54 ’ su(2)y 3,2 (2,2) TIW_ 15,12 (6, 242 + A1)
Eg(as) Ay 66 | 42 su(3)% X 511(3)% % % (%7 %) T[I/V712+g(e6, Ag)]
(Eolas), Zs) | 34 66 | 40 s5u(3)3 X 5u(2)s 3,3 (4,13 TIW 13,9 (e6,341)]
Az +241 | As+ A | 50 | 62 | (0,0) u(l)s 35 3D | TV qaa(es As+ A
Ay Bylag) | 42| 66 - b%i (é‘% iﬁ) TIW_ 142 (e, Fo(a3))]
(A2, Zy) As 42 | 64 su(2) 1z 35 | (20w TIW_15, 9 (¢s, 45)]
Table 36. L.
6
HL NL HD | ND | fo, f1 f A Coulomb (a,c) Theory
Ex(a1) A 124 | 34 50(12)5 x u(1), 5,3 (33, 16) TIW_ 1415 (e7, Al +u(1)
Eg(as3) Dy(ar) + Ay | 110 | 96 (1,0) 5u(2)% X su(Z)% xu(1)g, 33 (8,1 T[WLIH%(W. Dy(ar) + Ay)] +u(1)
(Fe(as), Ze) | Az+24; | 110 | 94 ’ su(2) % 5u(2)3 x u(1)j, 3,3 (g, 9 T[w;m%(e% Az +2A7)] +u(l)
Ay + 244 Er(a4) 82 | 116 u(l)p, 23 GRED | TV s (er, Brlan))] +u()
Er(aq) Ay +2A; | 116 | 82 | (0,2) su(2)g x su(2)3 2,2 (%,2) TIW_1gy18(e7, A2 +24;)]
Dy(ar) + Ay Eg(a3) 96 | 110 (1,2) su(2)1 x u(l)g, 1,1 5 T[‘/$7718+%(27,E6([13>)] +u(l)
(34y)" Eg 54 | 120 | su(2)s xu(l)y, LRI NC ) TIW_ysq38 (er, Eo)] +u(1)
Eg(as) Dy(ar) + Ay | 110 | 96 ©.0) s1(2)s X 5u(2)s 14 (4,1 TIW_15114(e7, Da(ar) + Ay)]
1| (Eslas),Zg) | Asz+24; | 110 | 94 ’ su(2)s X su(2)n 8.4 (2,5 TIW_ 1531 (e7, As + 241)]
e (A" | 120 | 54 (ia)s x u(1), 54 | (3,1 TW’{“%(”’ (340)")] +u(1)
Ey(as) A 120 66 _su(6)s x u(l)y, 32 | @Ay TWosy(er Aol +ull)
(Br(as),Z) | (341 | 120 | 64 P xsu@g xullp |4 | (24| T ogeplen G +u)
(45)" Dy 102 96 | o sp(3)z x u(l)s 3,3 | (&4 TIW 54 14 (e7, Da)] + u(1)
As Dg(a1) 84 | 114 |\ su(2)s x (), iz (15,5 TIW_ 15412 (e7, Dg(ar))] +u(1)
24, Ds+A; | 84 |114 su(2)s x (1), %% <§ D1 TIW_ s ma(er, Ds + A +u(1)
< - 5 3 7
Ao+ 34, Ag 84 | 114 su(2)s x u(l)y, 23 (]117,253) TIW._ g1 (67, Ag)] + u(1)
Ao E7(a3) 66 | 120 “(Ufo 21 (ﬁ ﬂ) T[l/V,18+u(?7-, Er(a3))] + u(1)

Table 37. E;.
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i i ACoulomb (av C) Theory
k Hitchin label Nahm label | HD {)0 j;] - (];) ol (ﬂ %) T[VV_'S(H@(QS’ N
: b Ag+ A 196 ul2)o T 847 7 ~7
=23 | A+ A+ Ay 6 1 wo(13); 53 (38 16 7'[%730+%(23.,2A1)]
_ E; (a) 2A1 236 5 ) 2 127! 3 T[VVi @(Qg,Az;)]
" " su(5)s 3.3 (Z,2) 30420
96| Erlas) A4 220 3 33 (L,4) | TIW g0, m(es. Daar) + Aa)]
—26 Es(bs) Dy(ar)+ A2 [220 0 | O 51(12)25 év § (373 %) T[‘VJMQ(ES’ ok Ayt A
T | e e | e Tuly L3 LA | T e Eaan) + )]
2| A+ A Eg(a1) + Ay | 188 u(1)s 21 127 21 [W_304 30 (es,
- ' 37 11 TIW_ 30+@(€87A3)]
A; 228 s0(11)4 2,4 (12, 3) 2]
—27 E7(a1) 3 ‘)2 2.9 (B z) T[W 30420 (98 5
27 Ex(a 24, 228 (92)3,2 , 203 P
_ o), 011 (92)4 x 5u(2)5 4,2 (ﬂ‘ 47) TW_ 30+30 (eg 2+ 344
27 | (Bs(as),Zs) | As+34; | 228 g2)4 g 42 e 2
Ay Er(as) | 180 su(2)s 85| B0 | TV g (s, Brla
= : s (2)‘ 2,2 (£.2) | TIW 5940 (cs, Aa + Az + A1)
L bl 9
o o o A)Q +,f] ;E 03 5u(2)2m 2,2 (%,2) TIW_304.20(es, Ds(a1) + Ai1)]
- Ds(a1) + Ay 8,2 ) )
25 E7(a4) (a1 T - ™ 0 T[W_dopﬂ(e&ES(”'))]
—18 24, Es(as) 15 o e ol
F ) 92 0 3 — 1,1 (ﬁai) 7—[ 30+JU 8, L8
—~10 24, s(az - N e
22 Eg(as) Ay + A 2320 |1 su(6)s ; 12° 6 PRI
2)5 x u(1) 2,2 (12.3) TIW_504.21(es, Az + Ap
—21 D7(a1) Az + Ao 2221 0 1 p( )2 s b 1 - (ar ))]
21013 u(1)o 1,1 (5.4 TIW g0, 21 (es, Dr(az
—18 Ag+ 24 D7(a2) 19 : T[VV - (28 0)]
10,4 | (1,38 —30+20 (¢85
¢ E 0 240 (es)10 , 1213 ; sy
—19 8 A 424 216 | 0 | 0 | su(2)s xu(l)s %73 (% %) TwW _30+%(98» 4 1
- D 4 1 5 s 2
R | o " S0 | T (e B
Table 38. Ejg.
; iti ACoulomb ((l7 C) Theory
ki | C-partition | B-partition | HD | ND | fo | fi 0(];) ;lg W T 5
so(d)4 505 200 5
3 (2) (1%) 2 (2) 8 8 4 5 : (éo.% W @)
2 - 7 )
: o (3“) : 2 sp(2) 2,2 (8.3 TIW-311(B2, (1))]
-3 (4) (15) 8 g 8 : p(2)2 . 7% W TV (B (&)
- 7 )
1 (14 (5) 0 T i (1) | TIW_g,5(Bs, (3,19)]
| G |6 | s |00 mmhaewy | EE LD | S o (Bo,(22,19)]
=71 ((4,2),Z2) (22,13) 16 8 10| 0 5u(2)% x 50( )% if (g%) i )
21 ) 1273 5+1 35
_ 22,12 5,12 10|16 ]0] 4 u(1)o , 191 3 )
50 (2417 (5,1%) s x o) s (B.1) | TIW_o 3 (Bi, 3.2 1)
11 (42) (3,22,1%) | 28 | 20 | 0 | O . ?2)” Vi g W 7+7(B4 241))
—11 | ((4?),Z) (24,1) 28 | 16 8 g p(2)12 39, g %%) v 7(34 S o)
-9 (24 (5,3,1) 20 | 28 - eaﬁ o B
9 ((24) Zs) (42.1) 20 26 010 511(2)%7 55 (120~, 12) TW_ 7+7(B4( )))]]
- : ’ 198 5y
5 5, 2 3%,19) 44 | 30 | 0 | 2 | sp(2)2xu(l)o 2,2 (ﬁﬁé) TIW_g45(
el e | G 22 | (0D | TIW ous(Bs(3,29)
—~15 (52) (3,24 44 130 | 0| 2 sp(2)2 , 53

Table 39. Ag,,_1/Zo, by = 4n — 2.
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3
(22) ﬁ(l ) 2 0 L]0 50(3)s x u(l), Acoutomb | (@) Theory
(22 (33 1) 6 6 [ 1]0 1 . fo 53 (35:3) w_, - 3
).4,22) @1 | 6| 4|10 u()s < u(l), i e i +1(B1, (1)
(a9 A IO I el e e A ey T[u 6, >>] u(l)
(L2 | e |16 10 M0z I I (2 1) ot
((47225722) @13 | 16| s i 8 u(2)z x su(2)g xu(l)y, 5 s 270’4 TW_3,2(B2, (5))] + u(
(15) 1) o lslol (2)1 x 50(3 )g u(1)p, 1{2; ((ﬁ’ig) 77:[:;—“ 3 (Bs, (3,14)] + < )
@ Je2e]s]w]: by | @ (W_s..(Bs, (22, 1°))] +u(1)
(42,Z2) | (241) | 28 | 16 | 2 L | su(@): x (1) x (1), 2.9 - TIV_5, 3 (Bas (7)]
o I ol el I e M 22| () | TIraBe G il
(@9.7) | @0 |20 | % 1| o w1y, 24 1G9 T [W_742(Ba, (24, 1))] + 2u(1)
(1% 9) o |32 |al1 su(2)u x u(l)y, % EE;; Trm 142 (By, (5,3,1))] + u(1)
a | am a0 o uL, s B I (@2 1)] +u()
(6,2,12) 619 | 42 | 32 01 so0(11)4 » 3172’1 TIW_ry2(Bg, (9))] + 2u(1)
(242,2) 3,12) | 42 | 36 1 ? ‘5’4(4)% xu(l)y, Ei (T%Tl) . TIW_g45(Bs, (111))]
((4%,2),Z2) (32’22&) 192 9 . ) 50(3)3 X 11(1)1 x ll(l)fu §’§ (33) [W,% (BS-,(5, 16))] +u<1>
(4,2, 14) @, 14> 32 | 1 |o (1] 5u(2)3 x u(l)a xu(l)y, g’% (E %) TwW. 043 (B), (33, 12)>] +u(l)
5u(2)4 X 5u(2) 4 %; % (fzﬁv ?)) T[W,g+g(Bs., (32,22,1))] + u(1)
= TIW_g,5(Bs, (T.14)]
Table 40. Ay, 1/Z5, by = 2
’ = zn.
H
5T T2 fol f
(12) 2 AcCoulomb ( ,
(1) ) 0 0 8 8 5u(2)% %77 (; 01)) " Theory
(19) (@) - wh | (@ —242(C1, (1%)
T N N Y | i
) 22,12 . a7 67 17 -
((5,12), Zs) ((2 14)) 12 101010 51.1,(2)g xu(1): ; ; (8]437 271) W,3+%(Cg, (4))
(3,1 (4,2) | 10 166 010 5p(2) 12 ' ;io (;2’1;?) TIW_445(Cs, (22, 17)]
((3,1%),Z2) | (4,1%) | 10 | 14 8 8 - 3%% ((473’ E)) TIW_445(Cs, (2,1%)]
(5,3,1) (24) 28 ” 51‘(2)% %% (%rlﬁ) ;—[W 4+2 (037 (4 2)]
((5,3,1),Z5) | (25,12) | 28 | 18 010 s0(4)s v o 2 W 4+4(Cs7(4 12)]
’ (.2) @1 5 2 0 | ooy xsuy |5 3 3 T TIW_5.5(Cs, 1)
621 | (@) |44 ]300 2 [ @@y |22 | T JFW 5+ 3(Ch, (2%,12)
s0(5)2 22 | (I3 W-32(C, %19
2 3) TIW_6+2(Cs, (2]

Table 41. D,,1/Zs, by = 2n + 2.
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n | ki HL NL HD | ND | fo | f1 f ACoulomb (a,c) Theory
2 (13) (2) 02|10 u(l);, 3.0 | ALz V_51(Cr(2)) + M(1)
4 (7) 1 |18 0|10 sp(3)5 x u(1);, 53 | (8,1 [ TIW_, 3(Cs, (1) +u(1)

3/ -2 (319 (42) |10 |16 | 1]0 u(l), 55 | (e | TW g (G, (4,2)] +u(1)
-2 | ((3,1%),Zy) | (4,1%) | 10 | 14 | 1| 0 su(2)z xu(l)y, 5,3 (19.3) | TW ( ,(4,12)] + ( )
-8 (9,12) (22,19 | 48 | 18 | 1 | 0 | sp(3)s x u(l)o x u(l)s 330 | (8,1 T[W,M (05 (2%,19)] +u(1)

S 8] ((9,1%),Z) | (2,18) | 48 | 10 | 1|0 sp(4)s x u(l) g, 3,5 (5,%) | TIW_g45(C5,(2,1%)] +u(1)

Yl 6| (3%12) | (%2 |36 | 42|10 u(1)o x u(l), 35| (U %) T[w,G+ (Cs, (42,2)] + u(1)
—6 | ((33,12),Z9) | (4,3%) | 36 | 40 | 1 | 0 su(2)7 x u(l);, 3,5 (1.3 | TW_g, 5 (G5, (4,3%)] +u(1)

Table 42. Dn+1/Z2, bt = 2n.

bt kt HL NL HD f() f1 f ACoulomb (a, C) Theory

1] 8 Ga(ar) Ga(ar) | 10 | O |1 - L1 (3%:3) | TIW_411(g2, Ga(a1))]
-8 (Gg(a1),53) A1 10 0 1 5u(2)4 3,2 (2,2) T[W,4+1(92,A1)]

Table 43. D,/Z3, by = 12, by = 6.

by kyt HL NL HD |ND | fo | f1 f ACoulomb (c,a) Theory

18| 1 Fi(ap) | Aj+A; | 44 | 28 | 0 | 2 | su(2)2 x su(2)s 2,2 (5,2) | TIW_oys(fa, AL+ Ay)]
—11 Al +A1 F4((),2) 28 44 0 0 — %,% (%,%) T[VV79+g(f47F4((12))]
-7 Fy 0 48 | 0 | 1] 0| (a)sxu(l)g 5,4 (3,18) | TIW-_94a(fa, 0)] + u(1)

8| -5 Ao By 30 | 42 | 1|0 |su2)sxul)y 44 (35.1) | TIW gy a(fa, By)] +u(1)
-5 Ay Cs 30 | 42 | 1|0 | su(2)s xu(l)g, 54 (2,5 TIW_ g4 (ja C3)] +u(1)

Table 44. E@ /Z2 .
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C.3 Rank 3

n| k Oy fol f1 | ND f A Coulomb (a,c) Theory
50 ) ool o su(2)z pws | TV 50205 ( ) (1))
6 a2 |1]1] 0 su(2)z x u(l), 135 | (L5 TIW 5,2 5u 1)) +u(1)
2171 @ lolol 2 o 130 | (o 5 TIW 5.3 5u(2) @)]
8| (@ [1]1)°2 u(l)s, 558 | (5505) | TIW.,, 2 (su(2 > < )] +u(1)
1 ) |olo] o su(3)s 933 | (19 T[‘V-s+ (13) ]
g2 @y [ofol 4 u(1)y 9‘:3 (3,3 TW 3,8 1 (2,1))]
30 @1 |2]2)| 4 u(1)2 x u(1)}, 2,55 | (8.2 | TW_gs (su(3) (2 1))] 2u(1)
4] @3 |olols - 228 | B0 TIW_y. 4 (su(3), (3))]
1 ay |olol o su(4)s 845 | (555 TIW_yya(su(4), (1))
0 E1§ 503 0 su(4)s x (D)} 522 E%;i TIW_ s <su<4) (1)) +3u(1)
4|1 (3,1) 0101 10 u(l)s 818 | (3,8 T[W su(4), (3,1))]
3 @ ool 12 7 252 &.B TIW_ 4 (5u(4) )]
40 @ |3|3]12 u(1)}, 253 | (32 T[w,4+ su(4), (4))] + 3u(1
S @1 oo s su(3)z x u(l)s 51| (@ W <su( ). @ 1%) )1
501 (3,12 [0 |0 14 su(2)7 x u(1)s 581 | (L95y TIW 543 - (su(5), (3,12))]
0| (312 |4 4] 14 su(2)s x u(1)s x u(1)}, 222 | (G | TIW 5,5 (su(5).(3.12)] + 4u()
3 @1y |22 10 su(4)3 X u(1)z x u(1)3 2,32 | (2,0 | TW_gs o (5u(6), (2, 1)] + 2u(1)
-2 (3,21) | 1] 1] 22 u(1)z x u(1)3 x u(l), 32,3 | (2,2 | TW gro(su(6),(3,2,1))] +u(1)
01 (42) | 0|0 26 u()s N IR C ) T[W o8 (su(6), (4,2))]
0| 42 |5]5|26 u(1)2 x u(1)?, 2,22 | (5,9 7'[W76+,(5u(6) (4,2))] + 5u(1)
| su(7); 155 | (1.4 TV o, < w(7), (17)]
j (:5,111> 3 8 202 su(4)s x u(1)o iis ((, ;)) TIW 7,z (su(7), (3,1%))]
4@ ool su(3)z x u(1)s A B NE W 7+7(5u(7) (2%,1))]
713 4,18 | 0|0 30 su(3)g x u(1)o 395 | (L9 TIW 7z (su(7), (4,1%))]
-3| (3%1) |0 |0 | 32 su(2)z x u(1)z e | (33 TIW_p. 1 (su(7), (32, 1))
2| 43 |00 36 w(l): L3g | G T[W 1(su(7), (4,3))]
G Il el B - eay | B TIW 2, 6u(7). (D)
—6 (18) 1 1 0 5u(8)4 X u(l)fo 4,3,2 (%’%1) [VV 8+ (5u ) 18))] +§u(1)
-5 (3,2, 13) 0 0 34 5u(3)% X u(l)% x u(1)o §7§§ (%%) T[W ( ( ), (3,2,1°))]
5| (2 | o] o| 32 su(4)s S04 (20 T[W, s (su(8), (21)]
8| —4| (41Y [ 3] 3] 36 su(4)z x u(1)o x u(1)}, 2,3,2 (2,0 | TIW_ges(su(8), (4,1)] + 3u(1)
—4 | (3212) | 3| 3| 40 | su() x su(2)p xu(Da xu(D, | 222 | ($1 D) | TIW_g,s(su(8), (3%12)] + 3u(1)
3| (21| 0|0 48 u()g x u()o 585 | G5) TIW s (su(8), (5,2,1))]
2| ® |11 u(l)z, DL AR | v, ), 0] u)
7 su(7)z x u(l)p 753 7 TW_ 9+>(su( ), (2,17)]
_(73 (3(72’2’11% g 2 ig su(4)3 x u(l);x u(1)o x u(1)3, ;;22 (%é)) TIW g, 0(s (9> (3,2,14))] + 2u(1)
—6| (24,1) | 2|2 40 su(4)s x u(1)z x (1)} 3,22 | (2,0 T _q+9(5u(9) (24,1))] + 2u(1)
5| (43,12 | 0| 0| 56 su(2)z xu(1)s x u(1) 531 ) (195 TIW_gy9(su(9), (4,3,1%))]
9| -5 % |o]o]| 54 au(3)s 955 | (L g TIW_ g5 (su(9), (3°))]
~41 (331) | 0| 0|62 u(1) x u(l)o 5458 | (B TIW g, 2 (su(9). (5.3, 1)]
3] 6,21) | 2| 2| 64 u(1) x u()o x u(1)%, 528 | (22 | Ty, 0 (su(9). (6,2,1))] + 2u(1)
3 (5,42) 2|2 64 u()s x u(1)?, 8%,137 %2 (;gfg) T[W/_gj%(gu(g),(5,4))] +2u(1)
—2| (7,12 |0 | 0|66 su(2) 12 x u(1)o mo7 | (Gerd) TV g0 (su(9). (7.12))

Table 45. A,,_1, b = n.
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Of fO fl ND f ACoulomb (a7 C) Theory
3 - -
((13) 1 00 su(3)z x u(l)g, ég% (%9 TIW 5.2 (Su( ) ( “))HU( )
) 0] 6 u(l) s, 338 | GW TIW_g,2(5u(3), (3))] +
(31 |10 10 u(D)z xu)p 23,3 | .9 TIW_yys(su(4), ( D)+ ( )
5 (221 | 1|0 12 su(2)z xu(Dz xu(l)g, 242 1 (B | TW_ s a(su(5),(2%,1))] +u(1)
(16) 1ol o su(6)z x u(1) 5, 153 (1,4) TIW g4 (su(6), (1°)] + u(1)
@19 | 1o s su(3); x u(l)s x u(l)y, BEL L () | TV g ou(6), 3,17)] + (1)
@) | 1]0] 18 5u(3)s x u(l), §54 (3, 5) TIW_e. 2 (5u(6), (28))] + u(1)
0 37373 2472 —6+5
(‘g;;) 1 8 Zi su(2)7 x u(1)1 xu(l)g g%% (1;‘:&) TIW_ g4 ( u(6), (4,1%))] +u(1)
© Lo | a0 su(2)s x u(l) g, 2 (57? T[W_6+Z(5u( ). (3%))] +u(1)
w()p, T | Ged) | T 6+r<su<6>,<6>>1 +u(l)
(17) 2 |1 0 su(7)y x u(l)fn 4,3,2 (% ﬂ) T[‘V_H_ s (su(7), (17))] +2u(l)
(3,14 | 3|2 22 su(4)s x u(1); x u(1)} 2,3,2 (%9 é) TIW 746 o (su(7), (3, 14))] + 3u(1)
(28,1) | 3|2 | 24 su(3)3 x u(1)z x u(1)}, 3,2,2 (2,0 | TIW_7s(su(7), (2%, 1))] + 3u(1)
(4,2,1) | 2|1 | 34 u(1)2 x (1)1 x u(1)7; 323 | (BB | TW c(ﬁu(?) (4,2,1))] + 2u(1)
(5,2) | 1|03 u(L)r x u(l) g 8IE | G %) T[W o(su(7), (5,
M 2|14 u(1)? PEE WY P ull)
o i | (28 | T e (su(T), ()] + 2u(1)
(2,1 | 1|0 | 14 su(6)z x u(1)1 x u(l)s, 183 | (3 49 TIW gy z(su(8), (2,19)] +u(1)
(3,22,1)| 1] 0| 38 su(Z)zi X u(l) xu(1) x u(1) g, %7 1.2 (%1152) T[W78+%?su(8), (3,22,1))] +u(1)
(‘?53;))1) 1 8 ‘;g u(1)z ( ) xu(l I(X)u(l)_fn %g% ((3?74%)) TIW_gy1(su(8), (4,3, 1)) + u(1)
. D1 x u(l) s 5535 | Goap TIW_gyz(5u(8), (5,3))] +u(1)
217 | 2|11 16 su(7)a x u(D)r x w(1)3) 4,3,2 2,21y | TIW_gp5(su(9), (2, 17))] + 2u(1)
@09 | 1| 0| a8 | sul)y xsu@yxu(Uyxu(t)y, | 511 | (D) | TV, s (u(0), (32,19)] + ( )
G2 |10 48| su@sxuixuly | L34 | G | TV s(eu09), (3:29)] + ()
(4,3,17) | 4 3 1 56 | su(2), x u(1)z x u(1); x w) | 222 | (5 H) T[W 042 (5u()), (4,3,12))] + 4u(1)
@) 4|35 su(3)s x u(1)} 3,22 | (§:3) s
3 %o )4 802 TW 4( u(9), (3%))] + 4u(1)
Table 46. A,,_1,b=n—1.
k | Hitchin label | Nahm label | HD | ND | fo | f1 § AGoulomb (a,c) Theory
0 (;,1) (15) 1210 32 su(4)z x u(1)%) (2,1 T[IV,M(D; (19))] + 3u(1)
I O I B I e e Bh | 70y @) )
> ho (5.2 T[W74+%<Ds,<5 1)) +3u(1)
(5,3) (22,1%) 22 | 10 | 0 | 3 | su(2)2 x su(2)2 x su(2)2 (2.3) TIW_g, (D4, (22,14))]
(5.5) (24,12 |36 | 20 | 1| 0 | 3P@)z xu(l)s xu(l)s (@1 | TV, §(D5, 24712))] +u(1)
(7Z 132) (32,172) 36 | 16 | 1|0 spin(7)z x u(l), (2,4) TIW_s;5(Ds, (3,17))] +u(1)
s <(35 : 125)> <<45 ,115>> 28| 32 [ 110 | su2)g xun)y xui)y G5 | TV s (D5 (2 12)] +u()
(214-,.’12) (',52> B 8 sp(2)7 xu(l);, ((Eg,g) T[w,g+ (Ds, (5,1%))] + u(1)
(3,17) (7,1%) 16 | 36 | 5 | 4 uE; " u(i);q (6112‘137)) T[m“ (e @]
‘ ’ s0(3)1 x u(1)f, 50 | TW s (Ds. (7 1‘))]+ou(1>
(62) (25) 54 | 30 | 2|1 sp(3)3 x u(l)fo 2,3,4 (% M) TwW 710+6 (Dg, (2°))] + 2u(1
(7,3,12) (32,19) 54 [ 34 | 2 | 1| su@)zxu(l)xu(l)j, 3,2,2 (%;gj) TIW_ 048 (DS (32,19))] +2u( )
(7,'3, 12) (3,22,1%) | 54 2 | 1| sp(2)s xsu2)s xu(D)} | 3,24 (2,55 | TW_ 1048 (DG (3,22, 1°))] + 2u(1)
(3%,1%) (5,3%,1) | 42 05 ’ 813
(32,19) (773 '12) 34 | 54 | 2 | u ol (ae) T[W*“’*%(DMS’&)Z’1))]
oo e ‘ > 1 u(1) xu(1 ),0 225 | (§52) | TIW_y0,6(Ds, (7,3,1%))] + 2u(1)
(3%.1% (7,221) | 34 | 52 | 2|1 su(2)s x u(1)} 382 | 0% | 7w ,,.e(D 2
(22,1%) (9,3) 185865 w1 2,2,2 | (8,17 10+ (D6, (7. 2% 1))+ 2u(1)
ho 2106 TIW_1041(Dg, (9,3))] + 6u(1)

Table 47. D,, b=n.
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HL
= NL HD [ND | fo | f1
, (1% 12 f :
o 2 o b Coulomb | (a,¢
<16)) (3% 6 | 1000 s i ! ) i
(5,1) | 0 u(1 pps | Gh3) T
@ 2|00 m $i7 | g e o ()
- “ 5055 | (10030
(5,1%) (; 12, 201220 5p(2) 3 Th %’% v ( i
2 212120 . 5 x u(1)%, 3,3,3 (13 10 TIW_ypa (D3 (5,1))]
2 sp(2): 2 530 B
(5%) (24,12) | 36 )s x u(1)} 53,3 7 130) T Wiy (Do 291+ 2
(7,1%) (3,17) 36 20100 5p(2)z x u(l)a 2:% 2 Gi5) | TW ge(Da, 3, 1%) )
5 (4%,12) | (32,22 16|00 spin(Muo 355 | BT T i
) 3 Z) s wlolol )10 Qo' (§7’ 9) —sy5(Ds, (24,1%)]
, t ’ 313 24132
(32,11 (5’ ’21 )| 26| 34|00 2 X u(l)2 xu(1)y, 2.223 % 'é) T[W*z‘ﬁ (Ds, (3,17)]
7 : 71) 2 o w(1) P (_@77) T[V[’ ( - (32.92
(3,17) (7,13) | 16 | 010 su(2)1 850 | G a) T A
36|00 s0(3)s HEy | (@) o
(6,6) (20 | 54 )s RN b Tt 62 )
(7,3,1%) | (32,16 | 54 go o | o o i e
(7,3,12) | (: 2 15 o I sy i |
(5, 32 ) (37? yl )| 54 3210 u( >§ x u(1)y 3§ z 53 (24:5) TIW_ 10+10(D67(26>)]
ol e | s 0] =) SeAE:
W (62) Halelo) s e 1 X su(2)s g410 (1294’/121) W 10410 (De> (32,19))]
i 4 30 30 3 612
o) w ool B ><50(3)% X u(l);o %,3,% (i ﬁ) TW_ 10442 (D, (3,22,1%))]
93) |18 58|00 su(2)p sk | g)) TOV 01 (Do, (3%, 19)) + 2001
2 LD 83 TIW o
LD | T[[Wflw%((g@, (62))]
Table 48 R
. D,, b=
n, b=2n—2
HL
. El\?; ) HD | ND | (fo. f1) f
3 , —
- i 3 o Acoulomb | (a,¢)
E 5 4 | gt | OO N 2,89 185 iy
' o 289 (B 1
0" 0 2| o0 u(2)2s 257 <£ %) TIWorze oo Falae)]
Es 0 | 72 (0,1) (¢6)6 6,3 27 12@) T
o o .3, (8,2 )
24, 2[‘)41 68 | 32 s0(7)1 257 (if’,é; e ey
D. 22 | e | &V axu)e xu(l)f | 4,42 my i e
A : 24, | 60 | 48 | (0,2) w(D)s < u()?, ey %1?) TV -z (o, 240)] + 2ull)
: 3313 B3
2+2A1 | Ag+ A | 50 | 62 | (2,3) (92)3 3,2,3 (287 :) = 712#2(% i
f}’) 24, 68 | 32 ’ u(1)s x u(1)3, 2,2,2 (E’ ?) TIV- 12432 ¢, 24)]
D, Ay 52 | 60 (0,0) s0(7)z xu(1)y 2,33 (289 ) | T oo A )20l
D. 1(a1) Dy(ar) | 58 | 58 su(2)z x u(l)s E,g 7 g‘? e
( 4(”1) Sd) E u(1>1 o 421 (ﬁv?)
(Da(a1), Zo) o+ A | 58 | 54 MWy xul)p | 444 U s
1) : " : |
Ay 2) | As+ Ay | 58 | 56 (1,0) 511(2) x u(l)fo 3 zi i (82 ,121) T[W712+§<%7D4(GI)>] e
v || (g o103 2D P <§,7> TIW_1515(es,242 + A
u(l)fu3 ' §3’13’§2 (ﬁs%) TIW_, (8: A D
; (i (%7%) T[U S 3+A1)]+u<1)
_12+,(?6,E6(a1))] +u(1)

Table 49. Fg.
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b HL
1 it A 04 | (0,0 2 3
(0,0) : )u(l) . EXD) TIW_ ]8+|x(e7,A4 +A)
By 0 126 | 0 £7)9 X ullfo 73 TIW_ 15412 (e7,0)
711 _1g418(e7,0)] +u(1)
Ds (Az+ A1) [ 112 | 86 5°<7)§ xuDso Eﬁ' g; TIW_149(e7, zAs + A1)")] +u(1)
Ex(as) Di(a) |12 | 94 su(2)g > ull), ES | TV s ler Datan)] +u()
(Er(as),S3) | 249+ A4, | 112 90 su(2)o x su(2)n x u(1) 45 5 -
18 B / 2 2 fo (13, 12) TIW_ 154 '(97 245 + Ap)] +u(1)
(Brlas).Za) | (As+A1) | 112 ] 92 | (1,0) | su(@)3,, xu(1)y, o 1
As Dg(ar) 84 | 114 QZ 0 ' (?13 ?) T[w’m*?(w’ (A3 + A1))] +u(1)
24, Ds+A; | 84 | 114 su(;% xulls, E?’é) TIV_ 15 18 (e7, Do(an)] +u(1)
dot 3, 0 a1 |14 su(2); x u(l)y, (Z §2)> TIW_ 128 (er, D5 + Av)] + u(1)
0 Eq 0 | 126 .,u(2)%(1><) U)o (538 g) T[W—18+%(°7sAG)] +u(1)
u(1)s, 2720 TIW_ g8 (e7, B7)] + u(1)
Eg(ar) A+ 4, | 18] 76 su(4) 7 N
3 xu(l) 25 7 / <
18 (Eo(ar), Zs) 44, 118 | 70 | (0,2) 5p(3)1 1 (13 2 T saaper Az + Aol
A Br(a) | 34 | 124 _’ EEE; T[W’“*m( m )]
i TIW_ 118 (er, B
s Aot Ay Dotan) + A | 98 | 108 17 — j;) 10 [ 18+1%8 (97 (01))]
, w(2)q x u(l)g, E 1 | TW_o (e D a1) + Ay)] +
18 Ay + Ay Bs(a) | 76 | 118 (0.6) () S 15 3p (67, Dolar) + Aul +u(l)
0 (5,3) TIW_ 15413 (e7, B (a1))]
Ds (A3 + A | 112 | 86 s0(7)10 Ex TIW_ 15512 (67, (43 + A1)")]
Er(as) Dyfar) | 112 | 94 su(2)3 i’ %) TIW
(Er(as). S: A " 25 (@ﬂj) [ —1s+%(2~ Dy(a1))]
. S3) 24+ A1 | 112] 90 su(2)3 5 83 11 TIW._
14 (Erlas),Zs) | (As+ A1) | 112 | 92 | (0,0) (@, G y) Wosypler, 22 + A0)
Dy(ar) Ez(as) 94 | 112 E%% (Elzl) - ]8+14(e7 (4a+ A1)
(Dafar),S3) | As+Ar | 94 | 108 u(®)a EE i) TIW_ 154 42 (e7, Erlas))]
(Da(a1),Z2) Dg(az) 94 | 110 su(Z)? (1(%/31’ %87)> TIW 51 (er, As + A)]
w60 TIW_ ., 11 (er, Dla:
Er(az) 24, 122 | 52 50(9)5 x su(2)3 x u(l)yg, 534 (1 ) T ls‘t;i ;A ;(uz))]l
14 Ag+ Ay A+ A | 104 | 104 | (1,0) u(1)? x u(1);, 339 | (o e (67 20)] )
(A3 + Ay) Ds 86 | 112 )2 , X () 227 (5:6) TW_ 13+14(€7 Ay + Ay +u(1)
5, o 533 | Go3) TIW_ 15 11 (er, D)) + (1)
Table 50. Fr.
‘b HL NL HD | fo | f1 f (c,a) Theory
30 | k=-23 Dy + Az Ag 198 | 0 | 0 | su(2)2 xsu(2)y (81,3 T[W_ag, 50 (es, Ag)]
—28 Eg(ar) Ay 238 (e7) . R
- 7)o 9,5,3 B TIW_gpp30(es, A
30 | k=-26 D7(ay) As+Ay | 222] 0| 0| sp(2)s xu(l) 333 Ei& 10) TW[ (oo )
22 Ds(ar) Es(a) | 190 ou(3) 1vE | 7; (W_s0,sp(es, 43 + A2)]
9 PIRERY ?‘:2 T[VV a0(e E’(a ))]
30 k=—21|  Eulb) oA |2 “ N
1 2301 0 |1 39
5| Belar) Ds(ar) | 214 e PR T e b
30 | b= o5 5 ’ 501 s5u(4)3 )2, (.9 TIW _g04.20(es, Ds(a1))]
(Eo(a1), Z2) Dy+ Ay 2141 0 | 3 sp(3)z 6.2.2 19 21 N
a5 D+ A, ’ Z 22, CF2) | TIW_gosse(es, Do+ Ay)]
5+ A Ai+ 4y | 214 su(2)y xsu(2); | 22,2 | (8,14 ;
9q | F=17 Dy(ar) + Az Es(bs) 184 750 1 L bk
. Z 289 | (19
= —17 | (D4(a1) + Az, Zs) Az 184 010 2 1312 5 (5 :14) T[W%M%(QS’ES(%))]
, )z P50 G ) TIW 50, 21 (es, A7)]
=-22 Eg(a3) Ay 234 (e6)6 6,2,3 45 13 TW7 NETES
2 | k=-22| (Es(as) Z . 231 (5 2) (W30 2 (es, A2)]
s(as), Zs) 34, 2341 0 | 1| (fa)s x 5u(2)z 6,6,2 | (4,97 TIW :
=10 Ay Eg(as) 114 7 127 8: o (765’ }é) ,30+274(28,3A1)]
- T 60 14 TIW_q ., 2 . Es(a:
=-21 Eg(ag) Dy(ar) + Ay | 224 su(2)3 55 01; 154 T[I/V[ ’2*(?3@; ( 8<a3>§1
24 | k=-21|  (Es(a),Ss) As 424, | 224| 0| 1| sp(2)s x su(2)s 2 T[V;/30+T D) )
=-21| (Esla).Zo) | 24>+24; | 224 h(2)r 55 55 Vg (e s+ 240)
24 | k=18 Ay + A Ds+Ay [194]0 | 3 (1) l ?.s ULEUS L )
5 ull)2 (31 TIW_30, 21 (es, D5 + A2)]
20 e = —17 Eﬁ(a]) + Ay A+ Ay 218 511(3)1 X u(l); <E T[VV . ( A A
k=-11 As + 24, Es(ba) 146 010 3 o ey —s04+20 (es, Aa + 1)]
- (% T[W73(1+%(¢87E8(b4))]
Table 51. Ex.
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n| k HL NL HD |ND | fo | f1 f ACoulomb (a,c) Theory

1| 5 (2) (13) 2 10 ]0fo s0(3) 12108 | (& 3 W_141(B1, (1%))

, |1 (2?) (15 | 6 | 600 u()z 88T 1GE S| T 3(327( 1%))]
-1 | ((2%),Z2) (2%1) | 6 | 4 |00 su(2)19 g8 (3 T[W 3 (B2, (2,1))]
-7 (6) (17 1810 ofo s0(7)10 4108 | (7T TIW_ 5,5 (Bs, (17))]

3| -5 (2% (%1 |12 | 14 |0 |4 u(1)2 222 | (3,2) | TWosni(Ba (32,1)]
~1 (1) (7) 01800 - 404 (98 TIW_5,5(Bs, (7))]
-1 (6,2) (3.1% |30 | 1400 su(4)s 845 | (B 5y | TW 7(347(3 19))]

g | 1 (6,2),25) | (2217 30 | 12 0 | 0 | sp(u xsu()s | 55,5 | (1) | TIVS 7+7(B4,(2 1%))]
-9 (32,12) (5,22) | 2212 |00 5u(2)% g8 (%,l%) TIW_y, 2 (Bu, (5,22))]
-7 (22714) (77 12) 14 30 0 6 u(l)o 17171 gvi) T[W 7+1(B4, 7 1 ))]
~15 (6,4) (3,22,1%) | 46 | 28 | 0 | 2 | su(2)3,xsu(2 | 2,22 | (L23) | T[Woors(Bs, (3,2°,1%)]

s | 15| (6.4).22) | (241%) | 46 | 24 | 0|2 sp(2)g xs0(3)2 | 2,24 | (8,1) | T(Wooys(Bs, (2',1%))]
—13 | (3%,2%) (5,32) | 36 |42 |00 u(1) 68T | (AT a4y TW. 9(357(5 3%))]
—13 | ((8%2%),22) | (4%3) |36 | 40 | 0|0 su(2)10 By G® T[W, o (Bs, (4,3))

Table 52. Agnfl/Zg, bt =4n — 2.

n | k HL NL HD | ND | fo | f1 f Acoulomb | (a,¢) Theory
-1 (4) (1 | 8 o |10 5p(2)z xu(l)g T84 by | T 2 (Bs, (7)) +u(l)

210 (22> (3:12) 6 6 |21 u(1)y x u(1)3, 323 (£:2) | TW_g;1 32 (3,12))] + 2u(1)
0] (2,22 | (2%1) | 6 | 4 |21 s1(2)2 x u(1)3, 3,32 | (8,4 TIW_5,1(B, (2%,1))] + 2u(1)

5|1 (6) (1y |18 0 |1]0 s0(7)z xu(l)y, 313 | (2,4 | TW_5a(Bs, (1) +u(l)
0 (1) (7) 0 | 1832 u(1)3 332 | (B2 | TW,, ( (7)) + 3u(1)
-6 (6,2) (3,15 | 30 | 14 | 2| 1 su(4)z x (1), ‘ 3,22 | (2D T[W_7+2(B4, (3,19))] +2u(1)

41 =6 ((6,2),25) | (22,19 | 30 | 12 | 2 | 1 |sp(2sxsu@)y xu(D)F | 3,24 | (2,5) | TWoria(Ba, (2%,19)] + 2u(1)
5] (32,12 | (5,22 | 22|26 | 1|0 su(2)s x u(l)y, 353 | GLY | TW_ gy (34,(0 2%))] +u(1)

s8] (62 | (1) 44 30|10 5p(2)z x u(1)z x u(l)s 35% &%) TIW_g,3(Bs, (3%,17)] +u(1)
-8 (5%) (3,2) | 44 | 30 | 1|0 sp(2)s x u(l)y, 53,28 | (B9 | TV, ( L (3, 24))]+u( )

Table 53. A2n71/ZQ, bt = 2n.

n kl, HL NL HD | ND fO fl f ACoulumb (av C) ThCOly
3 (3) (12) 2 0|00 5u(2) 12 218 (&3 Wy 2(Cy (12))

2| -1 (3,1%) 2,12) | 6 | 4 |00 su(2) 1 186 | (52 133 W—s+g(027(2712'))
-5 (7) % | 18] 0 |00 5p(3)s 41008 |y | TIW. 4 (Cs, (1))

3| -3 (3,22) 3% | 121400 su(2)s 1%%%4 (%,é})) TIW_444(Cs, (3%)]
1 (17 (6) 0 18[00 - T35 | @R | TW.41(Cs(0)]
7| (m1r) @Y |30 | 14 [0 |0 |s@zxu)s | 84T 2y TV, 5+J(C47(22 1)

o 77 @) 22) | (219 | 30 | 8 [0 |0 sp(3)1z %E% (%,1{) TIW_5,5(Cy, (2,1°)]
-3 (3,_10) (6,2) | 14 |30 | 0|0 - §129 (—21—2) TIW_545(Ca, (6,2)]
—3| ((3,19,25) | (6,12) | 14 | 28 | 0| 0 su(2)z Sk R NG T[W,H%(cm(m )]
—9| (73,1 [(4512)] 46 | 28 | 0 | 2 | so(2xsu2)2 | 2292 | (L3 | T[W_g2(Cs, (2,1%)

s | 0| (1.3.1),22) | (2519 | 46 | 24 | 0| 2 sp(2); xs0B3)2 | 2,42 | (8,1 | TW-e42(C5,(2%,1%)]
T @) (42,2) | 36 | 42 | 0 | 0 u(l)z LT G TIW_g4s(Cs, (4%,2)]
=7 ((3%,1%),Z2) | (4,3%) | 36 | 40 | 0 | O su(2) 1 555 | G5 | TW_gys(Cs,(4,3%)]

Table 54. Dn+1/Z2, bt =2n+ 2.
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HL NL |HD|ND | fo| f1 f Acoulomb | (a,¢) Theory
(3) (1 |20 |1]0 su(2)z x u(l)s, 33 (8.9 V_51(C1, (1) +u(1)
(3,12) | (212 | 6 | 4 | 2|1 su(2)2 x u(l)p, 323 | (31 Z(CZ, (2,1%)) + 2u(1)
(3,2%) (3%) 12 14|10 su(2)z xu(l) 500 |1 (8,9 T[PILH 5(C3, (31)] +u(1)
; (11) a% s o |1]o0 5p(5)z x u(1)s, 35 | (L, T0 _W( L (110)] +u(1)
(5,22,12) | (4%,1%2) | 38 | 40 | 1| 0 su(2)z xu(l)o x u(l)y, 331 1 (B | TW. 642 ((’ (42,1%)] +u(1)
Table 55. D,,11/Zs, by = 2n.
HL NL HD fO fl f ACoulomb (a7 C) Theory
-8 Go 0 12 01| (83 | 233 | (&7 TIW-4+1(g2,0)]
“T| Gala) | Gale) |10 [0 [0 | — | gee (@l | TV (e Gala))]
=T | (Galar),Z) | Ay | 10 [ 0 | 0 |su(2)ur | 2266 | (88 207y | T[W_,, 1(g2, A1)
-7 (Gz(a1)7 53) Ay 10 0 0 5u(2)2r73 %, %, % (%, %) T[W7 g(gz, A1)}
° 6 6 6 43 11 5
-2 0 Gy | 0 101 — 555 | (01) | TIW_y,2(02,Go)]
Table 56. Dy/Zs3, by = 12, by = 6.
HL NL HD | ND | fo | f1 f Acoulomb | (¢, a) Theory
5| Fia) A, 46 | 22 | 0| 2| s | 223 | (B TIW-913(fs, A1)]
15 | (Fy(a1),Zs) | Ay 46 | 16 | 0 | 2 | @)z | 2,26 | (12,2 TW-g+3(f1, A1)]
~11 Ao Bs 30 | 42 | 0|0 |su@u | 520 | (8.9 TIW _g19(fa, Bs)]
—11 Ay Cs 0 | 42 10 | 0| su2) 210 (83 TIW_g.9 (71, C3)]
-9 A1 Fylar) | 22 ] 46 | 0] 5 | _ LI | G | T a Fi())]
-9 Fy(a3) Fy(az) | 40 | 40 | 0 | 1 - 1,1,1 (3,3) | TW-osa(fa, Fi(as))]
=9 | (Fi(as),S1) | A2+ Ay | 40 | 34 |0 |1 su(2) | 4,3,2 (12, 15) | T[W_gya(fs, Az + A1)
7| A+A | Fia) [ 28 |44 ][00 - 855 | G550 | TWogio(fa, Falaz))]

Table 57. E(;/ZQ.
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