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Abstract In the static and infalling spherical-shell models
of optically thin accretion on Schwarzschild black hole, the
formulas for the integrated intensities observed by a distant
observer are derived, and by taking the monochromatic emis-
sion pattern with a 1/r2 radial profile as example, the black
hole images for the spherical shell with different boundaries
are plotted. For these BH images, the geometric and luminos-
ity features are summarized, and the qualitative explanations
of the luminosity variations between the static and infalling
spherical-shell models are provided. A notable feature of the
black hole image in the infalling spherical-shell model is that
when the inner boundary of the spherical shell is far from the
bound photon orbit, the observed luminosity near the exterior
of the shadow is enhanced. The circular-annulus models of
optically and geometrically thin accretion on Schwarzschild
black hole are further explored. For a lightlike geodesic,
the analytical forms of the transfer functions working for
all impact parameter values are first given, and the redshift
factors in the static, infalling, and rotating circular-annulus
models are then deduced. With these results, in the three sit-
uations, the formulas for the integrated intensities observed
by a distant observer viewing the circular annulus at an incli-
nation angle are derived, and the corresponding black hole
images for each emission pattern provided in Gralla et al.
(Phys Rev D 100:024018, 2019) are plotted. Finally, for the
BH images of arbitrary order, the geometric and luminos-
ity features are also summarized, and the qualitative expla-
nations of the luminosity variations between different CA
models are also given.
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1 Introduction

The images [1-14] of the supermassive black holes (BHs)
at the centers of M87 galaxy and the Milky Way obtained
by the Event Horizon Telescope (EHT) have increased the
interest for the study of the visualization of BH. Normally, in
a BH image, the dark central region, namely the BH shadow,
is surrounded by a bright ring, and the optical appearance of
the BH image is determined by the nature of the BH and the
accretion model. In order to visualize BHs, multiple numeri-
cal algorithms are employed in a large amount of Refs. [15-
20], which implies that numerical method is the universal
approach to the presentation of a BH image. For some grav-
itational theories like General Relativity (GR), the equations
of lightlike geodesics in spherically symmetric spacetimes
have been available [21-25], and when the results are applied
to the ray-tracing problems, the calculations are found to be
more accurate and considerably faster than commonly used
numerical integrations [22], which indicates that these results
could serve as useful tools for the visualization of BH.

In this paper, we intend to make use of the equations of
lightlike geodesics to generate the Schwarzschild BH images
under spherical-shell and circular-annulus accretion models
and analyze their features. In general, for various cases of
emissions from accreting matters, we are actually interested
in the region near the considered BH to a distant observer,
so in the actual applications, the lightlike geodesics reaching
infinity are what we need to take into account. The equations
of such lightlike geodesics can directly be found in Refs. [21,
22,25]. Before a BH image is generated, the formula for the
integrated intensity observed by a distant observer needs to
be first presented. Therefore, how to derive the formula for
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the observed integrated intensity by means of the equations
of lightlike geodesics is a crucial problem of this paper.

1.1 The BH images in the static and infalling
spherical-shell models of optically thin accretion on
Schwarzschild BH

In the study of BH physics, the spherical accretion models
play important roles [15-19,26-29]. The static and infalling
spherical models of optically thin accretion on Schwarzschild
BH are explored in Ref. [30], and the properties of the BH
images are studied. It is indicated that for accreting matters
that fill in the entire space outside the horizon of the BH, the
geometric feature of the BH images is that the edge curve
equation of the shadow is always b = b, and the shadow in
the infalling model is so much deeper than that in the static
model. Here, b¢i := 3V3m = 3«/§GM/CZ is the critical
impact parameter, where G is the gravitational constant, M
is the mass of the BH, and c is the speed of light in vacuum.
However, in view that accreting matters should be distributed
within a limited area, and in the infalling model, they can not
freely fall from the infinity, it is necessary to extend the spher-
ical accretion models to more realistic accretion models.

The first purpose of this paper is to generate the
Schwarzschild BH images in the static and infalling spherical-
shell (SS) models of optically thin accretion and analyze their
features, where accreting matters located within a SS around
the BH are considered. The radiation is assumed to be emit-
ted isotropically in the rest frame of the accreting matter, and
every lightlike geodesic can travel without being absorbed or
scattered because accreting matters are optically thin. In the
SS accretion models, the backward ray tracing method based
on equation of radiative transfer [31-35] can be used to cal-
culate the integrated intensity observed by a distant observer,
but since the calculations always involve the integral along a
lightlike geodesic within the boundaries of the SS, the inte-
grated intensity will vary with the change of the boundaries
of the SS. In this paper, for the SS with different boundaries
in the static and infalling models, the formulas for calculat-
ing the observed integrated intensities are presented, and by
use of them, the Schwarzschild BH images for any emission
pattern in the static and infalling SS models of optically thin
accretion can be generated.

As an application example of the above formulas, the BH
images in the SS accretion models for the monochromatic
emission pattern with a 1/r? radial profile are plotted. These
images unveil that although the size and shape of the shadow
still have nothing to do with the boundaries of the SS, their
features become richer and more diverse compared to those in
the corresponding spherical accretion models. In this paper,
based on a comprehensive analysis, the geometric and lumi-
nosity features of the BH images in the SS accretion mod-
els are summarized in detail. It is shown that these features
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strongly depend on the boundary positions of the SS. Firstly,
the boundary positions of the SS play crucial roles in defining
the geometric features of the BH images. For example, when
the outer boundary of the SS lies outside the bound photon
orbit, it determines the outer edge of the bright region, and
when the inner boundary of the SS lies outside the bound pho-
ton orbit, it determines the radial position of the luminosity
peak. Secondly, the boundary positions of the SS signifi-
cantly influence the luminosity variations of the BH images
between the static and infalling SS models. For the shadow,
our images not only confirm the conclusion that the Doppler
beam reduces the observed luminosity in the infalling SS
model [30], but also point out that the luminosity will be fur-
ther reduced as the initial radial position of accreting matters
increases. For the small region near the peak, it is indicated
that when the SS is thin enough, the observed luminosity in
the infalling SS model is also reduced, and it will be also
further reduced as the initial radial position of accreting mat-
ters increases. As a contrast, when the SS is thick enough,
the observed luminosity of the small region near the peak in
the infalling SS model only has slight variations compared
to that in the static model, and the luminosity is not sensi-
tive to the initial radial position of accreting matters. The
above conclusions suggest that in the infalling SS model, the
luminosity of a BH image is reduced under most situations,
whereas our images display that when the inner boundary
of the SS is far from the bound photon orbit, the observed
luminosity near the exterior of the shadow is enhanced, and
it will be further enhanced as the initial radial position of
accreting matters increases. Given that the unusual luminos-
ity enhancement phenomenon is rare, it could be viewed as
a notable luminosity feature of the BH image in the infalling
SS model. The qualitative explanations of the above lumi-
nosity variations of the BH images between the static and
infalling SS models are provided from the perspective of the
gravitational and Doppler shift effects.

1.2 The BH images in the static, infalling, and rotating
circular-annulus models of optically and geometrically
thin accretion on Schwarzschild BH

In addition to the spherical accretion models, the disk accre-
tion models are also important in the study of BH physics [20,
36-43]. In Ref. [44], abasic method to evaluate the integrated
intensity observed by a distant observer at the face-on orienta-
tion is provided for the static disk model of optically and geo-
metrically thin accretion on Schwarzschild BH, and the BH
images for three emission patterns are presented. The results
illustrate that the size of the shadow is very much dependent
on the emission pattern, and the luminosities of BH images
are mainly contributed by the first and second order emis-
sions. These conclusions reveal some significant features of
the BH images for thin disk accretion models, but because the
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observer can not always view the accretion disk at the face-on
orientation, and accreting matters can not always be static,
the results in Ref. [44] need to be further generalized. For the
rotating disk accretion model, the BH images are plotted by
means of analytical methods in Ref. [36], and motivated by
the techniques in this reference, we intend to extend the static
disk model in Ref. [44] to more realistic accretion models.

The second purpose of this paper is to generate the
Schwarzschild BH images in the static, infalling, and rotating
circular-annulus (CA) models of optically and geometrically
thin accretion and analyze their features, where accreting
matters located within a CA centered at the center of the
BH are considered. Suppose that the CA lies in the equa-
torial plane and the radiation is emitted isotropically in the
frame comoving with the accreting matter. When a lightlike
geodesic is traced from a distant observer backwards towards
the region near the BH, it could intersect the equatorial plane
many times. If the emitting point of the geodesic is the kth
(k = 1,2,3,...) intersection point and the geodesic only
picks up luminosity from the emitting point, the geodesic is
referred to as the kth order lightlike geodesic and the cor-
responding emission is called the kth order emission. In the
spirit of Ref. [44], for a kth order lightlike geodesic emit-
ted from the CA, the radial coordinate of the emitting point
should be determined by the polar coordinates of the receiv-
ing point on the screen of the observer with the help of the
kth order transfer function. In this work, by means of the
equations of the lightlike geodesics, the analytical forms of
the transfer functions working for all impact parameter val-
ues are presented, where it should be noted that the similar
results for the rotating disk accretion model in Ref. [36] only
hold for the case of b > b.y;.

In order to derive the integrated intensities observed by
a distant observer viewing the CA at an inclination angle in
the static, infalling, and rotating CA models, the redshift fac-
tors in the three situations need to be taken into account. The
redshift factors for the static and rotating models can be eas-
ily handled [36,41,44,45], but the evaluation of the redshift
factor in the infalling model is a little subtle. When accreting
matters radially move in towards the BH, the redshift factor is
dependent on whether the emitting point is on the inward or
outward segment of the considered lightlike geodesic, which
implies that for a lightlike geodesic with two segments, while
the periastron coincides with the emitting point, how to deter-
mine the value of the impact parameter is crucial. In the
present work, with the aid of the equations of the lightlike
geodesics this difficulty is overcome, and the redshift factor
for the infalling model is derived. With the transfer functions
and the redshift factors, after considering the contributions
from the emissions at all orders, the formulas for deriving
the observed integrated intensities in the static, infalling, and
rotating CA models are achieved by means of the prelimi-
nary method in Ref. [44]. On the basis of these formulas,

once emitted specific intensity in a CA accretion model is
given, the observed integrated intensity can be evaluated.

If the BH image plotted only based on the kth order emis-
sion is called the kth order BH image, the above formulas
indicate that the luminosity of a complete BH image in the
CA accretion models should contain the contributions from
the BH images at all orders. In fact, as stated in Ref. [44], for
the fourth and higher order BH images, the bright regions are
extremely demagnified so that their contributions are totally
negligible. Thus, by just considering the first three order
emissions, for each emission pattern provided in Ref. [44],
the BH images in the static, infalling, and rotating CA models
of optically and geometrically thin accretion are presented.
These images display that the boundary positions of the CA
also play crucial roles in defining the geometric features of the
BH images. For example, for a given order BH image, they
determine the size and shape of the bright region, and in par-
ticular, for a complete BH image, the inner boundary position
of the CA determines the internal structure of the shadow. In
general, the shadow of a BH image in the CA models usually
consists of several distinct dark parts with zero luminosities,
which is different from the case in the SS accretion models.

The positions of the boundaries of the CA can also influ-
ence the luminosity variations of the BH images between dif-
ferent CA accretion models. Based on an analysis on the BH
images in the CA models, we present the following conclu-
sions. For BH images of arbitrary order, if the outer boundary
of the CA is sufficiently far from the bound photon orbit, the
luminosity near the outer edge of the bright region in the
infalling model is higher than that in the static model, and it
will be further enhanced as the initial radial position of accret-
ing matters increases. On the contrary, if the inner boundary
of the CA is extended to a region near the bound photon orbit,
the luminosity near the inner edge of the bright region in the
infalling model is lower than that in the static model, and it
will be further reduced as the initial radial position of accret-
ing matters increases. It should be emphasized that the above
two points do not apply to the entire region contributed by
the lightlike geodesics that travel around the BH less than
/2 in the first order BH image. Within this entire region
in the first order BH image, the luminosity in the infalling
model is always lower than that in the static model, and it
will be further reduced with the increase of the initial radial
position of accreting matters. As to the luminosity variations
of the BH images between the static and rotating CA models,
it is shown that for BH images of arbitrary order, in a region
near the position where the polar angle on the observational
screen is equal to /2 or 37/2, the observed luminosity in
the rotating model is always lower or higher than that in the
static model, and as the polar angle tends toward this position,
the luminosity will gradually decrease or increase. While pre-
senting the above conclusions, the qualitative explanations of
the above luminosity variations of the BH images between

@ Springer



632 Page 4 of 38

Eur. Phys. J. C (2025) 85:632

different CA models are also provided from the perspective
of the gravitational and Doppler shift effects.

This paper is organized as follows. In Sect. 2, the
Schwarzschild BH images in the static and infalling SS mod-
els of optically thin accretion are generated and their features
are analyzed. In Sect. 3, the Schwarzschild BH images in the
static, infalling, and rotating CA models of optically and geo-
metrically thin accretion are generated and their features are
analyzed. In Sect. 4, the summary and the related discussions
are presented. In the Appendix, the equations of the lightlike
geodesics in Schwarzschild spacetime are reviewed, and they
are presented in a form suitable for practical application.

Throughout this paper, the international system of units is
used, and the signature of the metric g, is (—, +, +, +). The
spacetime indices are marked by Greek indices «, 8, y, . ..
running from O to 3 and the space indices are denoted by
Latin indices i, j, k, . .. running from 1 to 3. The sum should
be taken over when the repeated indices appear within a term.

2 The BH images in the static and infalling SS models of
optically thin accretion

In the study of BH physics, the spherical accretion models
play important roles [15-19,26-29]. As shown in Ref. [30],
the static and infalling spherical models of optically thin
accretion on Schwarzschild BH are explored, and some prop-
erties of the BH images are presented. The results indicate
that for accreting matters that fill in the entire space out-
side the horizon of the BH, the geometric feature of the BH
images is that the shadow edge is located at b = b.,;, and the
luminosity of the shadow in the infalling model is so much
deeper than that in the static model. In more realistic situa-
tions, accreting matters should be distributed within a limited
area, and for the infalling model, they can not freely fall from
the infinity. Therefore, it is necessary to extend the spherical
accretion models to more realistic accretion models. In this
section, we will make use of the equations of the lightlike
geodesics to generate the Schwarzschild BH images in the
static and infalling spherical-shell (SS) models of optically
thin accretion and analyze their features, where accreting
matters located within a SS around the BH are considered.

2.1 The formulas for the integrated intensity observed by a
distant observer

The radiation emitted from the SS is assumed to be isotrop-
ically in the rest frame of the accreting matter. By following
the method presented in Refs. [31,34], the specific intensity
on the screen of a distant observer could be evaluated by
adopting the backward ray tracing method based on equa-
tion of radiative transfer [31-35]. This method states that
the specific intensity of radiation 7 (b, v,) observed by the
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observer at the frequency v, along a lightlike geodesic with
the impact parameter b is given by

1(h, vo) = / g3 j(we)dl, Q2.1
geodesic

where g := v, /v, is the redshift factor, and in the rest frame
of the emitter, v, is the photon frequency, j (v.) is the emissiv-
ity per unit volume, and d/ is the infinitesimal proper length
of the lightlike geodesic measured in the frame comoving
with the emitter. As mentioned above, formula (2.1) origi-
nates from equation of radiative transfer. It is because accret-
ing matters are assumed to be optically thin that any light-
like geodesic can travel without being absorbed or scattered,
which means that in the equation of radiative transfer, only
the term related to the emissivity per unit volume needs to be
kept. As a consequence, by performing the integral along the
lightlike geodesic, formula (2.1) is found. With 1 (b, v,), the
integrated intensity of radiation on the screen of the observer
can be achieved by [19,44]

+00 +00
F) = f I (b, vo)dv, = / gl (b, vy)dve. 2.2)
0 0

Let 755 and r53 be the radial coordinates of the inner and
outer boundaries of the SS. In general, since ’"1?1?1 does not
extend to the horizon of the BH, and 55 does not extend to
infinity, compared with the cases in the spherical models of
optically thin accretion in Ref. [30], the upper and lower lim-
its in the integral of formula (2.1) will change. The first task
of this section is to determine the integral upper and lower
limits. Before the formal discussions, it should be empha-
sized that only the lightlike geodesics reaching infinity are
what we need to take into account, because the observer is
far away from the BH. As examples, by means of Egs. (A54),
(A56), and (A57) in the appendix, the images of the trajec-
tories for the lightlike geodesics through the spatial point
(400, 0, /3) under the cases of 0 < b < beyj, b = by, and
b > b are plotted in Fig. 1. Explicitly, apart from the radial
coordinates of the inner and outer boundaries of the SS, the
nature of the lightlike geodesics will also influence the val-
ues of the integral upper and lower limits in formula (2.1).
When ’"1?1?1 < rgust < Tpho, only the lightlike geodesics with
0 < b < b pass through the SS, and all the photons are
always moving away from the BH, where rppo := 3m is the
equation of the bound photon orbit. So, if denote P(r) as a
point along the considered lightlike geodesic, formula (2.1)
can be cast as

P(r§u51) 3
(outw) . (outw) .
_ / 8 J(ve)dl , for 0<Db < by,
1(b,vo) = P(’lﬁ) ( )
0, for beri < b.
(2.3)
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Fig. 1 The trajectories of the lightlike geodesics through the spatial
point (400, 0, w/3) under the cases of 0 < b < by (left), b = by
(middle), and b > b (right) in the Cartesian coordinate system on
the screen of the observer. The spacing in impact parameter is 0.2 for

In this equation, we adopt the rule that for a physical quantity
A defined on the lightlike geodesic, (A)©"™) or (A)™W) rep-
resents that it takes values at points on the outward or inward
segment of the geodesic, respectively. This rule applies to
the whole paper. When rlii < Ipho < rgust, the behaviors
of lightlike geodesics are stated as follows. (1) The lightlike
geodesics with 0 < b < bgj and b = by pass through the
SS, and all the photons are always moving away from the
BH. Note that in the situation of b = b, photons may travel
around the BH an infinite number of times within the SS; (2)
For a lightlike geodesic with b > by, if the radial coordinate
of its periastron happens to be rglf’t, according to Eq. (A30),
its impact parameter should be

SS
bSS . Tout

max = ——. 2.4)
1 2m
~SS
Tout

It can be inferred that the lightlike geodesics with b < b <
bISnSax pass through the SS, whereas the lightlike geodesics
with b > bS5 do not pass through the SS, where in the
former situation, since the periastrons of the geodesics are
located inside the SS, photons will first move in toward the
BH, and then move away from it. Based on these conclusions,

formula (2.1) can be written as

¢
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all lightlike geodesics. The red and blue lines, respectively, represent
the clockwise and counterclockwise lightlike geodesics, while photons
move towards the point (+00, 0, 77/3). The BH and the bound photon
orbit are shown as a black disk and a dashed green circle

1(b, vo)
P(rSS 3
[ (Sgul) <g(outw)) j(ve)dl(outw), for 0<b < beri,
7;'(rinn)
+oo0, for b = beyj,
= P(r2) N3 )
/ . (g(mw)) j(l)e)dl(mw)
P(roul)
P rSSt 3
+f7>(£2‘;“) (8©)7 J @), for b < b < by,
0, for b3S, < b,

2.5)

and here, according to Eq. (A26), r» = m/X> is the radial
coordinate of the periastron for the considered geodesic.
When rpho < 1> < 55, the expressions of 7 (b, vp) are not
exactly the same as those in Eq. (2.5), because the behaviors
of the lightlike geodesics with bey < b < by, are different
from those in the above case. If the radial coordinate of the

periastron for a lightlike geodesic with b > b is riifl,

Ss o
by = —L— (2.6)
2m
-5

Tinn

should be its impact parameter. Then, one could conclude
that the periastrons of the lightlike geodesics with b¢j < b <
bISnSin are located inside the inner boundary of the SS, and the
periastrons of the lightlike geodesics with b33 < b < b,
are located inside the SS. As a result, in the present case,
formula (2.5) needs to be modified to be
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1(b, vo)
P(rSS 3
/ (;;ut) (g(outw)) J (ve)di @) for 0<b < by,
P(rinn)
P(rSS
/ (;:m> (g(inw))3 j(ve)dl(inw)
P(roul)
P(rSS 3
= + fp (<V§SUt)) (g(OUtW)) j(Ue)d[(ourW)’ for bcri < b < brsnsina
mnn
P(r2) . 3 .
,/7) oo (85™) ey ™
(roul)( SS)
Plrou 3
+ fp(r;;u (g(outw)) Je)dI @MW) - for BSS < b < BYS,
0. for bglsax < b.
2.7

Next, we will employ formulas (2.2), (2.3), (2.5), and (2.7)
to derive the integrated intensities observed by the distant
observer in the static and infalling SS models of optically
thin accretion. Simple calculations indicate that the four-
velocities of the static and infalling emitters are, respectively,

ull = (g, 0,0,0), 2.8)
ub = W, ulp, 0, 0) (2.9)
with

MO _ c u()f B &8ss

es ’ et — 2 ’

[1— 2_m c <1 - —m)
r r
(£55)2 2m
ugfz—c\/ ——(1-=—) (2.10)

where if the coordinate of the initial radial position of accret-

ing matters in the infalling model is rii?, there is
2m
SS._ 2

mi

In the above equations, the subscripts “s” and “f”” imply that
the corresponding quantities are defined in the static and
infalling models, respectively, and the rule applies to this
section. Since the observer is far away from the BH, his spa-
tial coordinates could be set to be (400, 0, ¢g), and then, his

four-velocity is
ut =1(c,0,0,0). (2.12)

By virtue of Egs. (2.8)—(2.12), the redshift factors in the two
models are given by

"
: — 1 / 2
gsOUtw) = gilnw) = —PMM;) = 0 = 1 _— —m, (213)
—poltly  ug/c r

g(outw) _ _pu”g _ 1
c Do c
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b2 2m\ [2m  2m
+ -5 (1-= e AT
r r Tini
W) _ —puith 1
! _pvuef Met _& (inw) i
c Do c
B (1 Zm) < | 2m
- - 7SS
r rlnl
-1
| b? | 2m\ [2m  2m 2.15)
r2 r r rl'fl? T

where in the derivations, the following identities for the pho-
ton four-momentum, namely,

(2.18)

have been utilized, and they can directly be obtained from
Eq. (A9) and the definition of the impact parameter b. As to
the infinitesimal proper length of a lightlike geodesic mea-
sured in the frame comoving with the emitter, by use of
p" = dr/dA, it is provided by

o o
dl := —py (“—e) d = _Pelley,
C

(2.19)
c pr

where u{ is the four-velocity of the emitter and A refers to an
affine parameter of the geodesic, and thus, in the static and
infalling models, there are

(outw) 0 (outw)
dls(()lltW) — <_@) &dr — L <_p_(:> dr’

pr c (outw) p
(2.20)
(inw) 0 (inw)
d1im) = <—@> Les gy = —.1 <—&> dr,
S pr c ggmw) pr
2.21)
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(a) Static model

(b) Infalling model with 755 = 2.9m

(c) Infalling model with r55 = 4m

Fig. 2 The Schwarzschild BH images observed by a distant observer in the SS models of optically thin accretion with r{?{i = 2.1m and r(‘iﬁ =29m.

The dark central regions are BH shadows with radius b¢; & 5.196m

t 0 (out:
dlf(omw) _ (_po)(ou w) ul (_Pr) outw) "i:f o
P’ c Po c
1 0 (outw)
= (outw) - dr’
8f p

(inw) 0 (inw)
= (~)™ [r () fi|d
P’ c Po ¢

(2.22)

(2.23)

InRef. [34], the result corresponding to Eqgs. (2.22) and (2.23)
isincorrect because p” is replaced by p,, which results in that
relevant conclusions based on this result in a large amount of
references are all faulty. After plugging Eqgs. (2.13)—(2.23)
into formulas (2.3), (2.5), and (2.7) and then employing for-
mula (2.2), the integrated intensities observed by the distant
observer in the two models are presented as follows.

SS _ ,.Ss
e When r}> < ron < phos there are

+oo prSS 3 Po (outw)
) / . (gé"‘“W)) (—p,) je)drdve, for 0 < b < be,
S = 0 inn
0, for b < b,
+o00 rgusl 3 (outw)
o) (s (—”‘j) jve)drdve,  for 0< b < b,
f = 0 r{nn
0, for bgi < b.
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(2.25)
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o When r> < rppo < 155, there are
+oo prSS Do (outw)
/ / (gs(omw)) (——r) J (ve)drdve, for 0 < b < by,
0 rlii P
+00, for b = b,
Fy(b) = « (2.26)
+00  pron Po (outw)
2/0 (gs(outw)> (_F> Jj(ve)drdve, for bej < b < brsnix,
n
for b3S <b,
+00 Ss (outw)
/ / (Omw) (—%) Jj(ve)drdve, for 0 <b < by,
for b = by,
Fi(b) = . (outw) (2.27)
o0 out 3 utw
/ / [ (mw) + (gf(omw)> } (—%) j(e)drdve, for bei < b < BSS
0, for b3S < b.
e When rpno < 755 < 153 there are
+00 rgust 3 0 (outw)
[ [ () (——,) jodrdu,  for 0<b < bes,
0 riSS P
+00 oul 3 (outw)
(Outw) —@> j(ve)drdve, for bei <b < b3S
Fy(b) = / / s ( P’ JRre IS e min? (2.28)
+0o roul 3 (OUtW)
Po .
2 /0 () (—;) j(ve)drdve, for b3 < b < bR,
r
0, for b3S < b,
400 ”Sust 3 (outw)
/ / (g]goutW)> (_P_S) j (ve)drdve, for 0 < b < b,
0 S8 p
+oo 3 (outw)
(1nw) (outw) Po . SS
+( )}(—-) vo)drdve, for bei < b < bSS,
Fi(b) = /0 /lii |: 8t % J(ve) e cri min (2.29)
400 roust 3 (outw)
/ [(gﬁ”“”) +(g§°“tw)) } <—%) jedrdve,  for bS5 < b < BSS,,
0 r
0, for bYS. <b.

2.2 The features of the Schwarzschild BH images in the
static and infalling SS models of optically thin accretion

Equations (2.24)—(2.29) can be used to generate the
Schwarzschild BH images in the static and infalling SS mod-
els of optically thin accretion. According to these equations,
once the emissivity j (ve) per unit volume in the rest frame of
the emitter is given, one is able to directly evaluate the inte-
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grated intensities on the screen of a distant observer when
accreting matters are static and radially infalling. Thus, the
corresponding BH images could be plotted. In what fol-
lows of this section, we will take a common emission pat-
tern [15,34] as example to analyze the geometric and lumi-
nosity features of the BH images in the SS models. Con-
cerning the emission pattern, it is assumed that the emission
is monochromatic with rest-frame frequency vo and a 1/r>
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radial profile, namely,

8(ve — vo)

J(e) X ——5——, (2.30)
r

and with it, on the base of Egs. (2.24)—(2.29), the BH images
under the cases of ’"1?1?1 < rgust < Tphos riii < Fpho < rgust
and rpno < riﬁ < rgust are plotted and shown in Figs. 2, 3,
4,5, 6 and 7. As mentioned in the previous section, photons
on the lightlike geodesics with b < b, are always moving
away from the BH, whereas those on the lightlike geodesics
with b > b, could first move toward the BH and then move
outward. Therefore, it can be expected that there is a lumi-
nosity jump at b = b in the BH images, which explains
why the edge curve of the shadow coincides with the bound
photon orbit. As to the comparison of the shadow luminosi-
ties between the static and infalling SS models, by resorting
to the expressions of Fg(b) and Fy(b) under O < b < by in
Egs. (2.24)—(2.29), we could write

7SS

Fr(b) — Fy(b) o / - [(g;outvv)f ~( ggomw)f]

inn

(outw) 1
(—p—(r)) —dr 231)
p r
and
(outw) 3
=)
(géoutw)>3
3
2m
1—- =
— r
12’"+1 b21 2m\ [2m  2m
it r? e
(2.32)

where Eq. (2.32) is derived from Egs. (2.13) and (2.14). Due
to rS = 3% > r, it is not difficult to conclude that when

0 < b < b, the inequality

3 3
(gtgoutw)) < (gs(outw)) (2.33)
holds, which leads to
Fi(b) < Fs(b). (2.34)

This result clearly indicates that the shadow luminosity in the
infalling model is always lower than that in the static model.
This conclusion manifests that the variation in the shadow
luminosity between these two SS models is exactly the same
as that between the corresponding spherical models [30]. In
addition, from Egs. (2.31) and (2.32), one could also find that
the shadow luminosity in the infalling model will decrease

SS
as ry; 1ncreases.

For the SS models, the fact that the outer boundary of the
SS does not extend to infinity in general means that in a BH
image, there exists a maximal impact parameter so that while
b is larger than it, the luminosity goes to zero. According to
Egs. (2.24)—(2.29), when rgust < Tpho, the maximal impact
parameter is b, and the luminosity in the entire region out-
side the shadow is zero. Furthermore, when rosft > T'pho» the
maximal impact parameter is brsnsax defined by Eq. (2.4), and
the luminosity in the region b > b35. is zero. Both the two
arguments can easily be validated from the BH images in
Figs. 2, 3, 4,5, 6 and 7. In the region b < b < bS5, of
the BH images, the luminosity variation is a bit complicated.
The BH images in Figs. 2, 3, 4, 5, 6 and 7 display that under
the cases of ”1?1?1 < Ipho < rfli and rppo < rif'li < rgust
the observed luminosities reach peak values at b = b.,; and
b = brsnsin, respectively. In the former case, Eqs. (2.26) and
(2.27) indicate that the peak luminosity should be infinity,
but it is due to numerical limitations that the actual calculated
results never go to infinity. For the convenience of later use,
the radial position of the peak luminosity could be rewritten
as

SS
beii, forr> < rpho,

b= bpea = {bss SS (235)

s TOT e > Tpho.

As before, in order to compare the luminosities in the region

bei < b < bISnSaX between the static and infalling SS models,

based on the expressions of Fy(b) and Fy(b) in Eqgs. (2.26)—
(2.29), we need to write

b b 2 ngl 1 (inw) 3 1 (outw) 3
R = R e2f [ s (™) 5 ()

T O 72

~( (omw>)3] <_@)‘°“‘W) 1
g5 5dr
)z r

and
<géinw))3 + (géoutw))3
) <g§0utw))3

where the lower limit of the integral in Eq. (2.36) is set to be
33 or ry for different b, and by virtue of Egs. (2.13)-(2.15),

inn

f (xini) is defined by

(2.36)

=1 =: f(xini), (2.37)

1 Ja 3
[ i) = =
2 \ /Xini — B/ Xini — &
’%
) ;
T < Ve > 1 (2.38)
2\ /Xini + B/ Xini —
with
2m 2m
Xinj =1 — <5, a=1——,
ini r
b? 2
:\/1__2<1__m) (2.39)
r r
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(a) Static model (b) Infalling model with 755 = 6m (c) Infalling model with rf; = 10*m

Fig. 3 The Schwarzschild BH images observed by a distant observer in the SS models of optically thin accretion with rSS =2. 5m and r5S = 6m.

out
The dark central regions are BH shadows with radius bei ~ 5.196m, and the circles enclosing the bright regions have radius b3S~ 7.348m

max

(a) Static model b) Infalling model with 53 = 58m ¢) Infalling model with S =10%m

Fig. 4 The Schwarzschild BH images observed by a distant observer in the SS models of optically thin accretion with rlnn = 2.5m and rout = 58m.

The dark central regions are BH shadows with radius b¢i &~ 5.196m, and the circles enclosing the bright regions have radius b,snsax ~ 59.027m

Let us first focus on the luminosity near the peak, and there namely,
are two situations that need to be addressed.
32
[ Gini) = —75 = 1T+ 0(B). (2.40)
Xini
o If B35 — bpea is sufﬁciently small, Egs. (2. 4) (2.6), and Based on Eq. (2.39), the condition 59 > r5% > r means
(2.35) ShOW that 5% — rpho in the case of 755 < rpho < Xini = a, and then with Egs. (2.36), (2.37), and (2.40),
3% and rSs — 55 in the case of rppo < oo < oo we get
are also sufficiently small. Thus, for a lightlike geodesic
with b X bpe,, according to the corresponding integral 1/ (nw) 1/ ouw\3 a3
expressions of Fy(b) and Fy(b) in Egs. (2.26)—(2.29), 3 (gf ) +5 (gf ) (gg"“w) (2.41)
the radial coordinate r, of the periastron is less than or
approximately equal to the integral variable r. This result,
together with Eq. (A30), leads to 8 2 0, which implies and
that the behavior of the function f (xipj) in this situation
can be analyzed with the help of the Taylor expansion, Fr(b) < F5(b). (2.42)
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(a) Static model

Fig. 5 The Schwarzschild BH images observed by a distant observer in
the SS models of optically thin accretion with 755 = 4m and rSS = 6m.
The dark central regions are BH shadows with radius b ~ 5.196m,

(a) Static model

Fig. 6 The Schwarzschild BH images observed by a distant observer
in the SS models of optically thin accretion with rsli = 18m and

SS = 58m. The dark central regions are BH shadows with radius

Tout

Obviously, when brs,é’lx bpeq is sufficiently small, the
luminosity near b = bpe, in the infalling model is lower
than that in the static model. In addition, from the above
equations, one could also find that in the infalling model,
the luminosity near b = bye, will decrease as ri? (Xini)
increases. The BH images in Figs. 3, 5, and 7 verify these
discussions.

o If b3S, — bpea is sufficiently large, the complex integra-
tions involved in Egs. (2.26)—(2.29) make the analyti-
cal analysis difficult. But as shown in Figs. 4 and 6, the
numerical calculations indicate that the observed lumi-

nosities near b = bype, in the static and infalling SS

OO,

(b) Infalling model with 755 = 8m

b) Infalling model with S8 = 62m

¢) Infalling model with r55 = 10%m

the circles enclosing the bright regions have radius 555 2 7.348m, and

max

the radial position of the luminosity peak is at bISnSm ~ 5.657m

¢) Infalling model with S8 =10°m

beri &~ 5.196m, the circles enclosing the bright regions have radius

b3S~ 59.027m, and the radial position of the luminosity peak is at

b3~ 19.092m

min

models are close to each other, and the luminosity in
the infalling model is not sensitive to rSS

We will next study the luminosity near the exterior of the
shadow when rpno < 15> < roo. If bpea = bS5 is close
to bgri, the small region b 2 b is near the peak, namely
b = bpea, so under this situation, the luminosity variations in
the small region b 2 b¢;; between the static and infalling SS
models have been addressed in the previous two paragraphs.
Therefore, the situation that needs to be handled is when
bpea is sufficiently larger than bcy;. For this situation, Fig. 8
displays that f (xini) is positive and it will increase as rlflf’
increases. With these arguments in mind, by Eqgs. (2.36) and
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(a) Static model

Fig. 7 The Schwarzschild BH images observed by a distant observer
in the SS models of optically thin accretion with rsli = 18m and

SS = 20m. The dark central regions are BH shadows with radius

Tout

(2.37), it is concluded that there are

1 . 3 1 3 3

1 (gﬁlnw)) 4+ (gﬁoutw)) > <gs(0utw)) (2.43)
2 2

and

Fi(b) = F(b), (2.44)
which clearly shows that in the case of rph, < riffl < rgl;q’t, if

bpea = brsnsin is sufficiently larger than b, the luminosity near
the exterior of the shadow in the infalling model is higher than
that in the static model. Besides, Fig. 8 also implies that as "1?1?
increases, the luminosity in the infalling model will increase
accordingly. These two conclusions can be confirmed from
the BH images in Figs. 6 and 7.

As shown in Ref. [30], in the static and infalling spherical
models, the features of the BH images are simple, whereas
when the spherical models are extended to the SS models, the
features of the BH images are rich and varied. It is the nature
of the lightlike geodesics passing through the SS that gives
rise to the rich and diverse features of the BH images in the
SS models. The calculation of the integrated intensity will
always involve the integral along a lightlike geodesic within
the boundaries of the SS, so the luminosities of the different
regions in the BH images will vary with the change of the
boundaries of the SS. Now, let us present a comprehensive
analysis and discussion.

1. The features of the shadow: For the lightlike geodesics
received by the observer, those with b < by can pass
through the bound photon orbit and only have the outward
segments, but those with b > b, lie outside the bound
photon orbit and have both inward and outward segments.
The distinct behaviors of these two types of the lightlike
geodesics result in that there is a luminosity jump at b =

@ Springer

(b) Infalling model with r£3 = 34m

(c) Infalling model with 755 = 10%m

bei &~ 5.196m, the circles enclosing the bright regions have radius

b3S~ 21.082m, and the radial positions of the luminosity peaks is at

b3~ 19.092m

min

beri. As stated in Ref. [30], the Doppler beaming causes
the lightlike geodesics with b > b to be brighter than
those with b < bi. As a result, the lightlike geodesics
with b < b create arelatively dark central region in BH
image, and this is the BH shadow. Obviously, the shadow
is always enclosed by the circle b = b, so its size is
fixed. As to the luminosity of the shadow, the fact that the
lightlike geodesics with b < b only have the outward
segment means photons on these geodesics are always
moving away from the BH. However, in the infalling SS
model, the emitters are always moving toward the BH,
so the gravitational and Doppler redshift effects of the
lightlike geodesics lead to the luminosity of the shadow
being reduced. Obviously, with the increase of the initial
radial position of accreting matters, due to an increase
in radial velocities of the emitters, the Doppler redshift
effects are strengthened, so that the luminosity of the
shadow is further reduced.

2. The outer edge of the bright region: When both the bound-
aries of the SS lie inside the bound photon orbit, only
the lightlike geodesics with b < b can pass through
the SS, and the photons are always moving away from
the BH. Therefore, the luminosity of the shadow is non-
zero, whereas the luminosity outside the shadow is zero.
When the outer boundary of the SS lies outside the bound
photon orbit, among all the lightlike geodesics satisfying
b > b, those with b > brsnsaX (cf. Eq. (2.4)) can not pass
through the SS because their periastrons are located out-
side the outer boundary of the SS, which results in that
the luminosity of the region b > b3 is zero. Under this
circumstance, the outer boundary of the SS determines
the outer edge of the bright region in a BH image.

3. Radial position of the luminosity peak: When the inner
and outer boundaries of the SS lie inside the bound pho-
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F(Xini) f(Xini)
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Fig. 8 Behaviors of the function f(xipi) for b = beri + (0.1i)m (i =
1,2,...10) with r = 7m, 15m, and 23m, where r is the integral vari-
able in Eqgs. (2.28) and (2.29). Note that the impact parameter b of the
lightlike geodesics should be slightly larger than b because only the

ton orbit, the luminosity of a BH image will reach peak
at b = bi. The reason is that for a lightlike geodesic,
when b — b, it can bend at a greater angle around the
BH, which means that the photons emitted from more
emitters will be received by the observer. Furthermore, if
the outer boundary of the SS lies outside the bound pho-
ton orbit, the luminosity of a BH image will still reach
peak at b = b, and the peak luminosity can reach infin-
ity because the lightlike geodesic can travel around the
BH an infinite number of times. When the inner bound-
ary of the SS lies outside the bound photon orbit, among
all the lightlike geodesics satisfying b > b, those with
b < bgfi’n (cf. Eq. (2.6)) can pass through the inner bound-
ary of the SS whereas those with b > bISnSin can not, so
the circle b = bISnSin also represents a critical curve. Under
this circumstance, the BH images suggest that the inner
boundary of the SS determines the radial position of the
luminosity peak.

Luminosity variations near the peak between the static
and infalling SS models: As mentioned above, the posi-
tion of the luminosity peak is at b = bpe, defined in
Eq. (2.35). When the SS is thin enough and its outer
boundary lies outside the bound photon orbit, for a con-
sidered lightlike geodesic with b A bpe,, the integral
expressions of Fg(b) and Fy(b) in Egs. (2.26)—(2.29)
imply that the radial coordinate 7, of the periastron is
less than or approximately equal to the integral variable
r. This result indicates that for the lightlike geodesics
with b &~ bpea, newly emitted photons have low radial
velocities, which means that the Doppler blueshift effects
contributed by the inward segments of these geodesics
are very weak. So, although the lightlike geodesics with
b ~ bpe, have both inward and outward segments, the
Doppler redshift effects contributed by the outward seg-
ments play a dominant role in the infalling SS model.
Consequently, like the case of shadow, the gravitational
and Doppler redshift effects of the lightlike geodesics
lead to the observed luminosity near b = b in the

small region close to the edge of the shadow is considered, and the
integral variable r should be larger than rppo = 3m because the integral
variable r is confined between the inner and outer boundaries of the SS
and bpey = blisin is sufficiently larger than by

infalling model being reduced, and the luminosity will
be further reduced as the initial radial position of accret-
ing matters increases. As a contrast, when the SS is
thick enough, for the lightlike geodesics with b & bpea,
the Doppler shift effects contributed by the outward
and inward segments approximately cancel each other
out because the numerical calculations indicate that the
observed luminosity near b = by, in the infalling model
shows negligible variation compared to that in the static
model, and the luminosity is not sensitive to the initial
radial position of accreting matters.

5. Luminosity variations near the exterior of the shadow
between the static and infalling SS models: When the
inner boundary of the SS lies near the exterior of the
bound photon orbit, the position of luminosity peak is in
the small region outside the shadow, so this small region
is also around the peak, and thus it is not difficult to infer
that under this case, the luminosities near the exterior of
the shadow in the infalling SS model are identical to those
addressed above. When the inner boundary of the SS is
far from the bound photon orbit, the numerical calcula-
tions indicate that in the infalling model, the observed
luminosity near the exterior of the shadow is enhanced,
and the luminosity will be further enhanced as the initial
radial position of accreting matters increases. This con-
clusion explicitly shows that for the lightlike geodesics
with b 2 by, the Doppler blueshift effects contributed
by the inward segments play a dominant role. In fact,
while performing the integral along such a geodesic in
Egs. (2.28) and (2.29), one will find that the radial coordi-
nate r; of the periastron is much smaller than the integral
variable r because r is confined between the inner and
outer boundaries of the SS, which results in that newly
emitted photons exhibit sufficiently large radial veloc-
ity. Under this case, the Doppler blueshift effects con-
tributed by the inward segments of the considered light-
like geodesics in the infalling model could become strong
enough, which leads to the observed luminosity near the
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exterior of the shadow being enhanced. In addition, with
the increase of the initial radial position of accreting mat-
ters, the radial velocities of the emitters within the SS will
increase, which strengthens the Doppler blueshift effects,
so that the observed luminosity in the small region is fur-
ther enhanced accordingly.

The above summarized features of the BH images in the SS
accretion models are generalizations of those in the spherical
accretion models, and they strongly depend on the boundary
positions of the SS. Firstly, the boundary positions of the
SS play crucial roles in defining the geometric features of
the BH images. For example, when the outer boundary of
the SS lies outside the bound photon orbit, it determines the
outer edge of the bright region in a BH image, and when
the inner boundary of the SS lies outside the bound photon
orbit, it determines the radial position of the luminosity peak.
Secondly, the luminosity variations within specific regions
between the static and infalling models heavily rely on the
nature of the lightlike geodesics passing through the SS. To
be specific, between these two models, the relative luminos-
ity difference is determined by the comparison of the redshift
factors. For the lightlike geodesics with b < b, they only
have the outward segments, so the gravitational and Doppler
redshift effects in the infalling model lead to the luminos-
ity of the shadow being reduced. However, for the lightlike
geodesics with b > b, they have both inward and out-
ward segments, and the relative magnitude of the Doppler
shift effects contributed by the inward and outward segments
varies as the positions of the SS boundaries change. Accord-
ing to the above summary, for most situations in the infalling
model, the gravitational and Doppler redshift effects lead to
the observed luminosities being reduced, whereas when the
inner boundary of the SS is far from the bound photon orbit,
the Doppler blueshift effects of the lightlike geodesics with
b 2 by are strengthened, so that the observed luminos-
ity near the exterior of the shadow is enhanced. Given that
the unusual luminosity enhancement phenomenon is rare, it
could be viewed as a notable luminosity feature of the BH
images in the infalling SS model.

In view that the peak luminosity of a BH image is very
important in observations, we also summarize the radial posi-
tion of the luminosity peak and the luminosity variations near
the peak between the static and infalling SS models. It is
shown that once the radial position of the luminosity peak
does not coincide with the edge of the shadow, one can con-
clude that the inner boundary of the SS lies outside the bound
photon orbit. In addition, the above summaries also indi-
cate that in the infalling model, when the SS is thin enough,
the observed luminosity near the peak will be reduced, but
when the SS is thick enough, the luminosity around the peak
is almost unchanged. Finally, it should be emphasized that
Egs. (2.24)—(2.29) constitute the core ingredients for gen-
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erating and analyzing the Schwarzschild BH images in the
static and infalling SS models of optically thin accretion.
As mentioned earlier, the previous results are obtained on
the basis of the monochromatic emission pattern, and they
constitute an application example of Egs. (2.24)—(2.29). By
further employing them, the corresponding results for more
realistic emission patterns can readily be achieved, and in
reality, one only needs to insert the new expression of the
emissivity per unit volume into these equations so that the
integrated intensities observed by a distant observer in the
static and infalling SS models of optically thin accretion on a
Schwarzschild BH can be evaluated, and then the BH images
can be plotted.

3 The BH images in the static, infalling, and rotating CA
models of optically and geometrically thin accretion

In addition to the spherical accretion models, the disk
accretion models are also significant in the study of BH
physics [20,36-43]. For the static disk model of optically
and geometrically thin accretion on Schwarzschild BH, a
basic method to evaluate the integrated intensity observed
by a distant observer at the face-on orientation is provided in
Ref. [44], and the BH images for three emission patterns are
presented. These results illustrate that the size of the shadow
is very much dependent on the emission pattern, and the
luminosities of BH images are mainly contributed by the
first and second order emissions. As mentioned in Ref. [44],
these results need to be generalized because of the highly
idealized nature of the physical scenarios. In more realistic
situations, accreting matters should be distributed in a limited
area within the infinite disk, and may radially move towards
or orbit around the BH. Moreover, in general, the observer
should view the accretion disk at a definite inclination angle.
Thus, it is indeed necessary to further generalize the static
disk accretion model in Ref. [44] to more realistic accretion
models. For the rotating disk accretion model, the BH images
are plotted by means of analytical methods in Ref. [36]. In
this section, motivated by the techniques in Ref. [36], we will
make use of the equations of the lightlike geodesics to gener-
ate the Schwarzschild BH images in the static, infalling, and
rotating circular-annulus (CA) models of optically and geo-
metrically thin accretion and analyze their features, where
accreting matters located within a CA centered at the center
of the BH are considered.

3.1 The analytical forms of the transfer functions working
for all impact parameter values

Let rCA and rS2 be the radial coordinates of the inner and

outer boundaries of the CA. Suppose that the CA with a neg-
ligible thickness is on the equatorial plane of the BH, and
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the radiation is emitted isotropically in the rest frame of the
accreting matter. In Fig. 9, the yellow annulus is employed to
represent the CA. Asin this figure, the right-handed rectangu-
lar coordinate systems O xyz and O’x’y’z" are chosen. For the
former, the origin O is at the center of the BH, and the Oxy
coordinate plane coincides with the equatorial plane. For con-
venience, here, we denote the positive unit vectors of x-axis,
y-axis, and z-axis by ey, ey, and e, respectively. As to the
latter, the origin O’ is the position of the observer, and since
the observer is practically fixed at infinity in the gravitational
field of the BH, the Schwarzschild radial coordinate of O’
ought to be +00. The direction of O’ could be set to be along

epo = sinfpe, + cosbpe;, (3.1

where 6 is the inclination angle of the observer relative to
the normal of the equatorial plane. With 6y, the positive unit
vectors of x’-axis, y’-axis, and z’-axis are defined by

e, =costhey —sintpe;, e, =e,, ey =epy. (3.2)

In general, the observer should view the BH (not the CA)
at the face-on orientation, and therefore, the plane where the
screen of the observer is located is just O’x’y’ plane (the cyan
plane in Fig. 9).

Among all the lightlike geodesics emitted from the CA, we
only consider those whose asymptotic directions are along
€ o o’ because they could be received by the observer. Assume
that starting from an emitting point P. on the CA, the tra-
jectory of such a lightlike geodesic reaches the observational
screen atareceiving point P,. As mentioned in the Appendix,
the entire path of the geodesic is in the plane P.OO’, and
in order to obtain its equation, we need to treat this plane
as a new equatorial plane of the BH, where under this cir-
cumstance, for a point P on the geodesic, the angle ¢ shown
in Fig. 9 is the corresponding azimuthal angle. Since the
observer is located at infinity, the azimuthal angle coordinate
of the receiving point P, in the plane P.O O’ should be zero.
As a consequence, in Egs. (A54), (A56), and (A57), after we
replace the original azimuthal angle ¢ by the new one ¢ and
then set rp = 400 and ¢ = 0, the equation of a lightlight
geodesic emitted from the CA intersecting the observational
screen is obtained,

1 +cen[+¢/2Y (X1) — F (Dhes(0), kies)]

geometrical configuration, this sign selection does not affect
the final BH images. From Egs. (A16)-(A24), X1, X5, and
X3 appearing in Eq. (3.3) all depend on the impact parame-
ter b of the lightlike geodesic, which results in that the radial
coordinate of a point on the geodesic is an explicit function
of ¢ and b, and therefore, Eq. (3.3) can be written as the
following form,

r =h(g,b).

It should be pointed out that in the derivation of Eq. (3.3), we
did not use the original equations of the lightlike geodesics,
namely (A17), (A31), and (A36) because in such a formu-
lation of the lightlike geodesic equations, two branches of
the lightlike geodesic with b > b, are described by dif-
ferent equations, which could cause ambiguities in applica-
tions [22]. In the Appendix, the original equations of the
lightlike geodesics are rewritten in a form suitable for prac-
tical use so that the equation of a lightlight geodesic emitted
from the CA intersecting the observational screen can be
presented in a neat form.

When a lightlike geodesic is traced from the receiving
point P, on the observational screen backwards towards the
emitting point P. on the CA, it could intersect the equatorial
plane Oxy many times. If the emitting point P, is the kth
(k = 1,2,3,...) intersection point and the geodesic only
picks up luminosity from the emission of the point P, the
geodesic is referred to as the kth order lightlike geodesic and
the corresponding emission is called the kth order emission.
Now, we denote the first intersection point of the lightlike
geodesic with the equatorial plane as Pj, and as implied in
Fig. 9, the coordinates of P in the plane PO O’ are (ry, ¢1),
where it can be easily seen that as the angle ¢; varies from
0 to 27, the angle ¢, satisfies

(3.4)

T T
— — 6y < < =+ 6.
2 b < ¢ 2+0

With the angle ¢, the coordinates (e, ¢¢) of the emitting
point P, in the plane P.O O’ can be completely determined.
One could infer that when P, is the kth intersection point of
the geodesic with the equatorial plane, the angle ¢ should be

(3.5)

m| X, + Y(X1)<

_lthz +1¢+ th\/T L
— an - arctan — — =
2 2 3 6|

I —cn[+¢/2Y(X1) —F (291168(0)’ kies)]

X3 — X -
m| X1 4 (X2 — Xq)s? (+¢\/ — +F (ﬁlarI(O), klar))j| ,

-1
)] , for 0 < b < by,

for b = by, 3.3)
1

for b > by,

where in Egs. (A54), (A56), and (A57), only the positive
signs before (¢ — ¢p) are kept, and due to the symmetry of the
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Fig. 9 The coordinate systems
(see text)

$e = p1 + (k — Dm.

(3.6)

Given the angle ¢., by directly plugging it into the equa-
tion (3.4) of the geodesic, the radial coordinate of P, is also
obtained,

re = h(¢e, b). (3.7)

On the observational screen, the polar coordinates of the
receiving point P, are (b, ). The first task of this section
is to find the relationship between the angles ¢, and o, so
that the radial coordinate r. of the emitting point could be
expressed in terms of b and «. This task is not difficult. In
the rectangular coordinate system O’x’y’z’, the direction of

P, relative to the origin O’ is along
ep'p, = Cosae, +sinaey, (3.8)

and by inserting the definitions of e, and e, in Eq. (3.2), the
expansion of ey p in the coordinate system Oxyz is offered,
ep p, = cosfycosae, +sinaey, —sinfpcosae;. (3.9)

From Eq. (3.1), it can be proved that e o p, satisfies the prop-
erty

eO/PO €00’ =0. (310)

@ Springer

For the convenience of later derivation, a point P, whose
direction relative to the origin O is along epp, = ey/p, is
found, and thus, there are

(3.11)
(3.12)

epp, = costcosae, + sinaey — sinfy cos ae;,
901—“C o = 0.
The fact that P, is on the plane P. O O’ leads that P is also on
this plane, and the conclusion, together withepp,-epo = 0,

implies that the unit vector eo p, representing the direction
of the point P; relative to the origin O could be expanded as

eop, = cosPiegp +sindieop,. (3.13)

Then, after substituting Eqs. (3.1) and (3.11) in the above
expansion, the final expansion of e p, is achieved,
eop, = (sinbpcos ¢y + cos by cos o sin ¢y)ey
+sin o sin¢ey + (cos Oy cos ¢y — sin Gy cos o sin ¢y )e;.
(3.14)
As mentioned before, the point P; is on the equatorial

plane (plane Oxy), which means that in Eq. (3.14), the z-

component should disappear, namely,
cos By cos ¢ — sin By cos o sin p; = 0. (3.15)

In this section, the inclination angle 6y of the observer is
restricted to [0, 7/2), and thus, by solving Eq. (3.15) under
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the condition (3.5), a preliminary expression of ¢ in terms
of « is given,

b4 3
arctan (cot 8y sec ), for 0 <a<< - or 5 <o <2m,
o1 =
7 + arctan (cot 0y sec ), for % <o < 771

(3.16)
The above expression of ¢ can be further simplified, and
by means of the property of the function arccos, it could be
rewritten in the following concise form,

tan 6 cos o )

(3.17)
V1 + tan? @y cos? o
In view that the angle ¢. has been given in terms of ¢; in
Eq. (3.6), the formal relationship between the angles ¢, and
«a is directly provided by using Eq. (3.17), namely,

¢1 = arccos (

tan 6 cos o

V1 + tan2 6 cos?

In the above process, we adopt an alternative approach to
deriving the relationship between the angles ¢, and «, and in
Refs. [36,38,46,47], the equivalent versions of this relation-
ship can also be evaluated with the aid of spherical trigonom-
etry, and the reader wishing to go into more details may con-
sult these references. To conclude the task of this part, we
need to insert the above relationship between the angles ¢,
and « into Eq. (3.7) to acquire

de = (o, 6p) := (k — 1) + arccos (

). (3.18)

re = h (1 (e, 60), b) (3.19)

which is the radial coordinate r of the emitting point P in
terms of b and «. The implication of Eq. (3.19) is that for a kth
order lightlike geodesic emitted from the CA, once the polar
coordinates of its intersection point with the observational
screen are given, the radial coordinate of the emitting point is
determined, and therefore, & (1 (o, 6p), b) is named as the kth
order transfer function. When 6y = 0, one could verify that
1k (e, 0) = (k — 1/2)m, so in this case, the kth order transfer
function & (i (@, 0), b) actually does not depend on the angle
«. The behaviors of the first three order transfer functions for
0o = 0 are shown in Fig. 10a, and it is not difficult to recog-
nize that they are identical to those in Ref. [44], which means
that the analytical forms of the transfer functions presented
in Eq. (3.19) generalize the results in Ref. [44]. On the basis
of the analytical results presented in the section, the behav-
iors of the first three order transfer functions for 6y = 7 /3
are displayed in Fig. 10b—d , from which it is concluded that
when the angle « is fixed, the kth order transfer function is
a monotonically increasing function of the impact parameter
b. One should note that the analytical forms of the transfer
functions given in Ref. [36] only hold under the situation of
b > b, but the results derived in this section work for all
impact parameter values.

The transfer functions play central roles in determining the
geometric features of the BH images. As we initially envi-
sioned, accreting matters are distributed within a CA, and
the radial coordinates of the boundaries of the CA are rﬁ?
and rgu‘?. The kth order transfer function can be employed
to determine the inner and outer edge curves of the bright
region in the kth order BH image, the BH image plotted only
based on the kth order lightlike geodesics emitted from the
CA. In fact, based on the solutions b = bglﬁl (a, B0, k) and
b = bCA (a, 6y, k) to the following two equations

max
h (e, 60),b) = 1S, (e, 60), b) = rSe,

nn °

(3.20)

one could plot two curves on the observational screen. Since
the kth order transfer function is monotonically increasing
as b increases, the fact that the radial coordinate r. of the

emitting points satisfies 72 < re < rocul? means that the

mn
radial coordinate b of the receiving points on the observa-

tional screen should satisfy

BEA (@, B, k) < b < bCA

min max (& 00, k). (3.21)

Consequently, for the kth order BH image, the luminosities in
the regions b < bSA (a, 6y, k) and b > bSA (o, 6o, k) ought
to be zero, which means that the above two curves bound the
bright region of the image. In the same manner, the isoradial
curve for a fixed r. can also be plotted based on Eq. (3.19),
and obviously, the two edge curves of the bright region in the
kth order BH image are just two particular isoradial curves.
The isoradial curves of the first three order BH images for
different r. are shown in Fig. 11, from which, it is known that
the shapes of isoradial curves in a BH image depend on the
order of the image and the inclination angle 6 of the observer,
and it has nothing to do with the emission pattern of the CA.
In addition, as described later, for the third and higher order
BH images, the bright regions bounded by the edge curves
are greatly demagnified, and all their isoradial curves are
concentrated near b = bj. Hence, in general, the shadow
of a BH image in the CA accretion models should refer to
the union of the central dark areas in the first and second
order BH images. Thus, in view that the inner edge curve of
the bright region for a given order BH image is dependent on
rﬁﬁ, one could conclude that the size and shape of the shadow

will vary with the change of the inner boundary of the CA.

3.2 The redshift factors in the static, infalling, and rotating
CA models and the formulas for the integrated intensity
observed by a distant observer viewing the CA at an
inclination angle

After the transfer functions in the CA accretion models are
presented, we will next embark on the derivation of the
observed integrated intensity. Starting from the formulas in
Refs. [19,44], the evaluation of the observed specific inten-
sity Io(v,) at the frequency v, along a lightlike geodesic is

@ Springer



632 Page 18 of 38 Eur. Phys. J. C (2025) 85:632
re/m re/m re/m re/m
16 16 16 16
— k=1 — a=m/4 — a=r1/4 — a=11/4
14+ 14 14 14t
— k=2 — a=r1/2 — a=n/2 — a=r1/2
12 12 12 12+
— k=3 — a=3m/4 — a=3m/4 — a=3m/4
10t 10 _ gorr 10 _ gorr L[] —
8r 8 8 8r
6r 6 6 6r
4t 4 4 4t
2 2 2 2
0 L L L L L L L ) b 'm 0 L L L L L L L ) b/m 0 L L L L L L b/m 0 L L L L )
0 2 4 6 8 10 12 14 16 / 0 2 4 6 8 10 12 14 16 45 48 51 54 57 6. 63 515 517 519 521 523 5.25b/m
(a) h(wk(a,0),b) (b) A (e1(a,7/3),0) (c) R (e2(e, w/3),0) (d) A (es(a, m/3),b)
Fig. 10 Behaviors of the first three order transfer functions for 6y = 0 and 6y = /3
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(d) The first order, 6y = 47 /9
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(f) The third order, 6y = 47/9

Fig. 11 The isoradial curves of the first three order BH images for dif-
ferent r. in the CA models of optically and geometrically thin accretion
with rCA = 2.5m and r$% = 13m. The red and blue lines represent
the two edge curves of the BH images. In each of these images, the
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horizontal axis corresponds to the y’-axis on the screen of the observer
(with positive direction to the right), and the vertical axis corresponds
to the x’-axis on the screen (with positive direction downward), where
the polar angle « is measured from the x’-axis (cf. Fig. 9)
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not difficult. Since accreting matters are assumed to be opti-
cally and geometrically thin in the CA accretion models, the
emitted specific intensity could be denoted as

<re <rfA (3.22)

Ie(re, ve) with rCA out »

mn

where v, is the emission frequency in the rest frame of the
emitter. Along a lightlike geodesic, based on identity [44]

Ie(re, ve) i 1o(vo)

) 3.23
the observed specific intensity /,(v,) is given as
Io(vo) = g Ie(re, ve) (3.24)

with g := v, /v, as the redshift factor. Thus, similarly to the
formula (2.2), by integrating ,(v,) with respect to the fre-
quency v,, the integrated intensity of radiation on the obser-
vational screen is derived,

400 “+o0
F, = /0 Io(vo)dv, = g* /0 I (re, ve)dve. (3.25)

In the above equation, re is the radial coordinate of the
emitting points, and since the observed integrated intensity
should be a sum of the intensities contributed by the light-
like geodesics of all orders, it can be evaluated by inserting
Egs. (3.19) and (3.21), namely,

R +o0
F, = 284/ Ie(re, ve)dve
0
k=1

bSA (o, 00, k) < b < bSA

min max

re=h (i (a,00),b)

(e, 0o, k), (3.26)

where one needs to note that the redshift factor g is also a
function of 7. As seen from Eqgs. (3.4) and (3.18), the above
result actually provides the semianalytical method for eval-
uating the observed integrated intensity, and it is the gener-
alization of the corresponding one in Ref. [44]. Differently
from the case in the SS accretion models, the above expres-
sion of F,, does not involve bgj}1 (a, By, k) and bgﬁx (a, 6y, k),
which implies that the radial positions of the boundaries of
the CA do not influence the luminosity of the bright region
in a BH image.

Next, we will derive the redshift factors in the static,
infalling, and rotating CA models of optically and geometri-
cally thin accretion. In what follows, by following the simi-
lar rule in Sect. 2, the subscripts “s”, “f”, and “r” represent
that the corresponding quantities are defined in the static,
infalling, and rotating models, respectively. Simple calcula-
tions indicate that the four-velocities of the static, infalling,
and roatating emitters are [36,41,45,48,49], respectively,

uly = (g, 0,0,0), (3.27)
uly = (uly, uy, 0,0), (3.28)
ube = (ugr, 0,0, uf) (3.29)

with
N c B SCA
Ugg > Uer m\
(gCA)Z 2m
fe=— — - —, 3.30
Uet C\/ oA Te ( )
m
c [—
Q r3
W = . uf = - @3
3m \/ 3m \/ 3m
1 — — 1 — — 1— —
re Te re

where in the infalling model, if ri%? is the coordinate of the

initial radial position of accretion matters, there is

gCA . 2 |1 _ 2m
: CA’
Tini

(3.32)

and in the rotating model, 2 := dge/dtey = c/m/ re3 is
the angular velocity of the rotating emitters. For the rotating
model, if accreting matters are rotating in opposite direction,
the angular velocity should be 2 = —c/m/r?. Before the
formal evaluation of the redshift factor, the equation of the
lightlike geodesic x* () needs to be reconsidered because
its entire path is not in the equatorial plane (plane Oxy).
Thus, as a result, Egs. (A6)—(A9) should be slightly mod-
ified. In the Schwarzschild coordinate system displayed in
Fig. 9, the spherical polar coordinates are (ct, r, 8, ¢). Based
on the fact that the four-momentum p* = dx*/dx of pho-
tons is a lightlike vector and there are four killing vector
fields (cf. Egs. (A2)—-(AS)) in the Schwarzschild spacetime,
the equations satisfied by p* are

dr\?
a q+B 2
0— dx® dx” 1 2mY\ , (dt da
T8 T U ¢ T om

r da 1o
,
do\? de\?
2| (99 N
+r |:(d)») + sin 9<dk> , (3.33)
2m\ dt
2
—E=gaﬂ88p’3=—c (1—7) o (3.34)

de
2 . 2 .

singp— — r“sinf cos @ cos ¢ —,
BT 0.

(3.35)

Ly = gupep? = —r

d
L, = gaﬂsg‘pﬂ = r2 cos gpa — r2sin 6 cosf sin <p£,
(3.36)

d
L3 = gapelpP = r? sin20d—f, (3.37)
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where E, L1, Ly, and L3 are the conserved quantities related
to the energy and the components of the angular momentum
of photons. Atinfinity, if the coordinate time is represented by
7, from Eq. (3.34), there is E /c* = di /d. A straightforward
check suggests that

L do
Lla__p»

= —r-singp— —rzsinecosecosgad—(p (3.38)
E df di’ )
Ly , 5 do 5. . de
—c“ =r“cos¢p— —r-sinf cosf sin p—, 3.39
E ¢ : ¢ dr : ¢ dr (3.39)
L d
B2 26in e (3.40)
E dr

could be exactly identified as the components of the angular
momentum of the photons at infinity, and thus, the magnitude
of the angular momentum ought to be

1/2
L do\? do\?

—c2 = — ] + sinZ 6 —('f .
E dt dr

By applying E/c?> = di/di again, the desired result is
achieved,

L2 L /doN* ., (de\?
r_2 =r [(a) 4+ sin 9 <a) .

With this result, after plugging it into Eq. (3.33) and then
employing Eq. (3.34), the formulas similar to those in
Eq. (A9) are derived, namely,

(3.41)

(3.42)

(3.43)

with b = ¢L/E as the impact parameter of the geodesics,
where the sign +(—) indicates that photons go away from
(approach) the BH. Now, we are in a position to derive the
expressions of the redshift factors. As implied earlier, the
spatial coordinates of the observer are (400, 6y, 0), and then,
his four-velocity is

ul =(c,0,0,0). (3.44)

With the four-velocities of the observer and emitter, by virtue
of Egs. (3.27)-(3.32) and (3.44), the redshift factors in the
three models are given by

"
—puu 1 2m
g = “Pulto — = [1- =, (3.45)
v 0
—pyul ug,/c Te
g(outw) _ _pu”g _ 1
¢ = =
_Pvugf ugf B _pr (outw) ugf
c Po c
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(1 2m ) ) 2m
oAV

g(inw) _ _p;l.”g _ 1
A AN,
c Po c

Te Te ini
—pﬂuff 1 3m

& = v 0 o = -
“Pvller Uer | Py Uer Te

c po ¢

[m . . -
<1+ —3bsmasm90> ,
re

where once again we adopt the rule that for a physical quan-
tity A defined on the lightlike geodesic, (A)©"™) or (A){W)
represents that it takes values at points on the outward or
inward segment of the geodesic, respectively. In the above
derivations, the following identities

(3.48)

E L

P0=—?=—Z,

<_@)(0utw) o (_Q)(inw) B 1
P’ P’ \/ B[ 2m\

Py
Po

= bsina sin 6

have been utilized. The first three identities can be directly
obtained from Eq. (3.43) and the definition of the impact
parameter b, and the last one needs to be deduced with the aid
of the geometric configuration presented in Fig. 9. Here, for
convenience, we restore the use of g to represent the radial
coordinate of the observer, and in the previous statements,
because he is so far away from the BH, we have set it to be
400. As displayed in Fig. 9, at the receiving point P,, the
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position and velocity vectors of photons are

(3.53)
(3.54)

r =ro€po’ + beO/Pn,
V=cepop,

and then, by Egs. (3.1) and (3.9), the angular momentum of
the photons is given by

(3.55)

r X v = bc(cos Oy sinaey — cosaey — sinfp sinaey).

On the basis of the previous argument, L3c?/E is just the
z-component of the angular momentum of the photons at
infinity, so there is

L L
—3c2 = —bcsinfysina = Py _ —E3c = bsinfg sin cr.

E Po
(3.56)

According to formulas (3.45)—(3.48), the redshift factors
in the static and rotating CA models are easily handled, and
the direct substitution of the redshift factors (3.45) and (3.48)
in Eq. (3.26) gives rise to the observed integrated intensities
in these two models,

oo +00
Fos = Zg?/ Ie(re, ve)dve ,
k=1 0 re=h(u(a,00),b)

+o0 +00
For = Zg?/ Ie(re, ve)dve ,
k=1 70 re=h(u (e,60),b)
b5 (o, 60, k) < b < b5 (v, 6o, k). (3.58)

As a contrast, the calculation of the redshift factor in the
infalling model is a little subtle. When accreting matters radi-
ally move in towards the BH, the evaluation of the redshift
factor along a lightlike geodesic is dependent on whether the
emitting point is on the inward or outward segment. Obvi-
ously, for a lightlike geodesic with b < b, photons are
always moving away from the BH, which means that one
only needs to choose formula (3.46) in this case. However,
when b > b, the situation becomes complicated because
the emitting point of the geodesic may be on the pre- or post-
periastron branch. Thus, while the periastron of a lightlike
geodesic coincides with its emitting point, how to determine
the value of its impact parameter is crucial. As shown in
Fig. 9, for a kth order lightlike geodesic with b > b¢,; emit-
ted from the point P, to the point P,, according to Eq. (A40),
the total change of the azimuthal angle ¢ in the plane P.O O’
is

/ 2
[A¢| = 2 m [K (klar) —F (ﬂlarl(o), klar)] s (3~59)

and then, the azimuthal angle coordinate of the periastron of
the geodesic should be ¢o = |A¢|/2. According to Fig. 2 in

Ref. [44] and Eq. (A42), it is known that as b increases from
beri to 400, ¢p will decrease from +oo to 7 /2. For a partic-
ular kth order lightlike geodesic whose periastron coincides
with the emitting point, the azimuthal angle coordinate ¢, of
the emitting point P, ought to satisfy

A
e = 1k (0, Op) = o = %

(3.60)
and through solving this equation, the impact parameter
bna (@, 6y, k) of this particular lightlike geodesic is obtained.
Based on these discussions, we can now write the redshift fac-
tor in the infalling model. Let us first express the observed
integrated intensity in the following form,

s

+00
0 re=h (i (at.60).b)

~+00
Fof = Zg?/ Ie(re, ve)dve
k=1

bEA (@, 00, k) < b < BEA (, 60, k).

min max

(3.61)

For a kth order lightlike geodesic with b > b, the fact
that the azimuthal angle coordinate ¢, of its periastron is a
monotonically decreasing function of the impact parameter
b (cf. Fig. 2 in Ref. [44]) means that

$2 > g = gr =g ", for b < bna(e. 6. k),
b2 < e = gr=28",  for b> bpla, 60, k),
(3.62)

and more specifically, the redshift factor in the infalling
model could be presented as follows.

e When bCA («, 60, k) < brai(a, 0y, k), there is

max

gr=2g""",  bCA(a, 6. k) < b < bSA

min max

(@, o, k).
(3.63)

e When bS4 (a, 60, k) < bpai(a, 0p, k) < bEA (a, 69, k),

min max
there is

8f= 8
8

©u) " for bCA (@, 89, k) <b < bpa(a, 6o, k),

min

£
f(mW)’ for bpa (o, g, k) <b <bCA (o, 0o, k).

max
(3.64)
o When bpa(, 69, k) < bS8 (a, 6o, k), there is
gr=g™,  BCA (a6, k) < b < S (@, 8, k). (3.65)

What needs to be emphasized is that under the case of 0 <
o <mw/2or3n/2 < a < 2r for k = 1, Egs. (A42), (3.9),
(3.6), (3.17), and (3.62) imply

_ |A¢| > (outw) .

5 /%%ﬁe:gf:gf (3.66)

T < pe<Z=¢
) 0\6\2 2
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(c) Infalling model, 8y = 47/9

(d) Static model, g = 7/3

(e) Infalling model, 6y = /3

(f) Infalling model, 6y = 47/9

(g) Static model, 8y = 47/9

Fig. 12 The Schwarzschild BH images observed by a distant observer
viewing the CA at the inclination angle 6y in the static, infalling, and
rotating CA models of optically and geometrically thin accretion. The
emitted and observed intensities are normalized to the maximum value
Iy of the emitted intensity. The outer boundary of the CA is set to be

and since the numerical calculation suggests that bpa (¢, 6p, 1)
tends to infinity, Eq. (3.63) is actually applicable to this case.
In addition, we will further prove that

beri S bhai(e, 6o, k) < 6m, for k > 2. (3.67)

The proof is easy because for a particular kth (k > 2) order
lightlike geodesic whose periastron coincides with the emit-
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(h) Rotating model, o = 7/3

(i) Rotating model, 6y = 47 /9

CA = 10m, and the inner boundary of the CA is set to be rﬁ‘n\ =2.5m

for the static and infalling models and rﬁﬁ = 3m for the rotating model.
The CA emission mainly arises from re < 6m but extends all the way

down to re = rﬁﬁ‘. The four images in the infalling model are plotted

for rCA = 10m (first row) and r$2 = +00 (second row)

r

ting point, Egs. (3.18) and (3.60) indicate that
$e 2 (k — ) = |A¢| = 2(k — Dmr > 2m, (3.68)

and then, (3.67) can immediately be read off from Fig. 2 in
Ref. [44].
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) Static model, 6y = 47/9

Fig. 13 The Schwarzschild BH images observed by a distant observer
viewing the CA at the inclination angle 6y in the static, infalling, and
rotating CA models of optically and geometrically thin accretion. The
emitted and observed intensities are normalized to the maximum value
Iy of the emitted intensity. The outer boundary of the CA is set to be

3.3 The features of the Schwarzschild BH images in the
static, infalling, and rotating models of optically and
geometrically thin accretion

Given the formulas (3.57), (3.58), and (3.61), once the emit-
ted specific intensity I (7, Ve) in the rest frame of the emitter
is known, one is able to make use of them to generate the

(b) Infalling model, 6o = 7/3

(e) Infalling model, 6y = 7/3

(h) Rotating model, o = 7/3

(c) Infalling model, 8y = 47/9

(f) Infalling model, 6y = 47/9

(i) Rotating model, 6y = 47 /9

r&& = 10m, and the inner boundary of the CA is set to be rSA = 3m.

The CA emission sharply reaches a peak at the bound photon orbit
r = 3m before abruptly dropping. The four 1mages in the infalling
model are plotted for r ] = 10m (first row) and r"11 = 400 (second
row)

Schwarzschild BH images in the static, infalling, and rotat-
ing CA models of optically and geometrically thin accretion.
In general, for the fourth and higher order BH images, the
bright regions bounded by the two edge curves are extremely
demagnified and their luminosities are extremely faint [44],
which implies that the contributions from the emissions of
these orders to the complete BH image are negligible. Con-
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) Static model, g = 7/3

) Static model, 6y = 47/9

Fig. 14 The Schwarzschild BH images observed by a distant observer
viewing the CA at the inclination angle 6y in the static, infalling,
and rotating CA models of optically and geometrically thin accretion.
The emitted and observed intensities are normalized to the maximum
value Iy of the emitted intensity. The outer boundary of the CA is

sequently, when plotting a BH image in the CA models, one
only needs to take the first three order emissions into account.
Like the case in the SS models, we also assume that the emis-
sion is monochromatic with rest-frame frequency v, namely,

Ie(re, ve) = Ie(re)d(ve — Vo), (3.69)

@ Springer

(b) Infalling model, 6o = 7/3

(e) Infalling model, 6y = 7/3

(h) Rotating model, o = 7/3

(c) Infalling model, 8y = 47/9

(f) Infalling model, 6y = 47/9

(i) Rotating model, 6y = 47 /9

set to be r$& = 10m, and the inner boundary of the CA is set to be
CA

it = 6m. The CA emission sharply reaches a peak at r = 6m before

abruptly dropping. The four images in the infalling model are plotted
for 1 = 10m (first row) and r‘ = +00 (second row)

and then, by inserting it into Egs. (3.57), (3.58), (3.61),
and (3.63)—(3.65), the corresponding integrated intensities
observed by the observer in the static, infalling, and rotat-
ing situations are achieved. The next task of this section
is to take the three emission patterns provided in Ref. [44]
as examples to generate the corresponding BH images in
the CA models and analyze their geometric and luminosity
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features. Figures 12, 13 and 14 are the BH images plotted
based on the source profiles in the three emission patterns.
Since the outer boundary of the CA is set to be rocu? = 10m,
for these source profiles, the outermost emissions occur at
re = 10m. In Fig. 12a, the inner boundary of the CA is
set to be ri(flﬁ = 2.5m for the static and infalling models and
rﬁﬁ = 3m for the rotating model, so that the innermost emis-
sions of the source profile are observed at re = rﬁﬁ, and it is
shown that the emission profile mainly arising from . < 6m
extends all the way down to the interior of the bound pho-
ton orbit. For the source profile in Fig. 13a, the innermost
emissions occur exactly at the bound photon orbit because
the inner boundary of the CA is set to be rﬁﬁ = 3m, and the
emission profile sharply reaches a peak at r. = ri(r:lﬁ before
abruptly dropping, which is different from that in Fig. 12a.
In Fig. 14a, the shape of the source profile is analogous to
that in Fig. 13a, but since the inner boundary of the CA is set
to be rﬁﬁ = 6m, the innermost emissions and the sharp peak
lie outside the bound photon orbit.

In Figs. 12, 13 and 14, the BH images of the first three
order can be identified on the base of the shapes of the iso-
radial curves in Fig. 11 because in a given order BH image,
isoradial curves essentially represent isobrightness curves. It
is clearly exhibited that the shapes of the bright regions in
the first and second BH images depend on the order of the
image and the inclination 6y of the observer, which is the
same as that in the disk accretion model. In fact, this point
can be confirmed by the previous statement that the shapes
of isoradial curves in a given order BH image are dependant
on the order of the image and the inclination angle of the
observer. Thus, given that the isoradial curves in a BH image
are depicted based on the transfer function (3.19), and the
expressions of the transfer functions are only defined by the
geometric configuration, the above point can be generalized
to more general cases, and namely, for a BH image of arbi-
trary order in the CA models, the shape of the bright region
is determined by the geometric configuration, and it has not-
ing to do with the emission profile. The images in Figs. 12,
13 and 14 show that when the observer views the CA at a
nonzero inclination angle 6y, due to gravitational lensing,
the shapes of the bright regions in different order BH images
are completely different. The shape of the bright region in
the first order BH image appears as a flattened oval, and as
the angle 6 increases, it becomes increasingly flattened. In
the second order BH image, the bright region of the upper
half-plane is confined to a thin semicircular ring, and that
of the lower half-plane is expanded into a wide semicircular
band. It is shown that with the increase of the angle 6y, the
former becomes thinner, whereas the latter becomes wider.
As to the third order BH image, the bright region forms an
extremely narrow annular ring with radius around b & 5.2m,
and when the angle 6 varies, this annular ring remains almost
unchanged.

Partial geometric features of these bright regions can be
qualitatively explained. When the observer views the CA
at the face-on orientation, as mentioned earlier, there is
1k (e, 0) = (k — 1/2)m, so that according to Eq. (3.20), once
the boundaries of the CA are given, the inner and outer edge
curves of the bright regions in the kth order BH image are
provided by

h (4 (e, 0), b) = rEA

out *

h (4 (e, 0), b) = r<A

mnn °

(3.70)

The solutions to the above two equations are b2 («, 0, k) and
bSA (a, 0, k), and they are just two numbers associated with
Sﬁ and rgu‘?, so in this case, the bright region in a given order
BH image is an annular zone bounded by the circles with radii
brcn?n(a, 0, k) and bgﬁ‘x(a, 0, k). For the case of 6y # 0, the
edge curves of the bright region in the kth order BH image are
described by bSA (a, 6, k) and bSA, (v, 6o, k) in Eq. (3.21),
and they depend on the angle «. Aa aresult, the bright region
in a given order BH image is no longer an annular zone.
For the third and higher order BH images, Eq. (3.18) implies
that the total change of the azimuthal angle ¢ in the plane
P.O O’ along a light geodesic intersecting the screen of the
observer is more than 27, and thus, according to Fig. 2 in
Ref. [44], the bright regions in these high order images should
form extremely narrow annular rings with radius around b ~
5.2m. The same reasoning can also be employed to explain
why the width of the bright region in the upper half-plane
is far more narrow than that in the lower half-plane for the
second order BH image. As shown in Fig. 9, along a second-
order lightlike geodesic, the total change of the azimuthal
angle ¢ is more than 377 /2 in the half-plane 7 /2 < o < 37/2
and more than 7 in the half-plane —7/2 < o < /2. Thus,
from Fig. 2 in Ref. [44], it is not difficult to infer that in the
second BH image, the bright region of the upper half-plane
is confined to a thin semicircular ring, and that of the lower
half-plane is expanded into a semicircular band. The shape
of the bright region in the first order BH image can not be
qualitatively interpreted as described above because in this
case, a thorough understanding of the quantitative behaviors
of the lightlike geodesics is required.

In view that the images in Figs. 12, 13 and 14 show the
bright region in the third order BH image makes only a weak
contribution to the total flux, the shadow of a BH image in the
CA accretion models should refer to the union of the central
dark areas in the first and second order BH images. Accord-
ing to Egs. (3.20) and (3.21), the inner edge curves of the
bright regions in the first two order BH images are described
by bCA (a, 6, 1) and bEA (@, 6o, 2), and both of them are
determined by the inner boundary of the CA, which means
that the size of the shadow will vary as the inner boundary
of the CA changes. In addition, the images in Figs. 12, 13
and 14 also imply that the geometric shape of the shadow is
also dependent on the inner boundary of the CA. In Figs. 12

and 13, since the inner boundary of the CA is sufficiently

r
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close to the BH, the central dark area of the first order BH
images lies within that of the second order BH images, which
results in that the shadow consists of two distinct dark parts.
As a contrast, in Fig. 14, the inner boundary of the CA is suf-
ficiently far from the BH, so the central dark areas of the first
two order BH images partially overlap, and thus, the shadow
consists of three distinct dark parts. In this case, since the
bright regions in the second and third order BH images do
not touch each other, the shadow actually consists of four
distinct dark parts. Based on the above discussions, we can
conclude that the shadow of a BH image in the CA accretion
models usually consists of some distinct dark parts. It should
be noted that all these dark parts within the shadow of a BH
image have a luminosity of zero because for each order BH
image, the luminosity of the central dark area is zero, which
is different from the case in the SS accretion models. Finally,
another point that needs to be noted is that the inner bound-
ary of the CA in the static or infalling model could extend to
r = 2m, whereas in the rotating model, it could only extend
tor = 3m (cf. Eq. (3.31)), so for the first emission pattern in
Fig. 12a, the inner boundary of the CA can only be set to be
Sﬁ = 3m in the rotating CA model, which explains why in
this case the shadow area in the static and infalling models
is smaller than that in the rotating model.

Luminosity variations in the bright regions between dif-
ferent CA models are also an important research topic. Com-
pared to the case in the SS accretion models, the comparison
of luminosity between different CA models is straightfor-
ward. Based on the expressions of the observed integrated
intensities in the static, infalling, and rotating CA models,
namely Fos, For, and For, we just need to write down

r

3
For — Fos = ) _ Regs(b, @, 60, k) g4 Ie (re) :
k=1 re=h(i(a,00),b)
for bSH (o, 6, k) < b < bSE (a, 60, k), (3.71)
3
For — Fos = ZRCrs(ba a, b, k)ggle(re) s
k=1 re=h(u(e,00),b)
for bSH (o, 60, k) < b < bSAE (a, 60, k), (3.72)

where the two redshift comparison functions Rcgs (b, o, 69, k)
and Ry (b, a, 09, k) are defined by

g4
Regg(b, a, 6o, k) = =L — 1 :
8s re=h(u (@.60).b)
g4
Rew(b, @, 60, k) = =5 — (3.73)
8s re=h (1 (e,60),b)

From Egs. (3.45)—(3.48) and (3.62)—(3.65), the expressions
of the above two functions are
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Regg (b, a, 6, k)

—1,  for b < by 60,k),

| 2m | b2 (] 2m) 2m 2m

~CA T2\ " % e  CA

rit rg e R

— ini ini S, (3.74)
L
re
NI SR — 1, for b> by fy.k).

] 2m 1 b2 (] 2m) 2m 2m

v O CA T T 20T e e  CA

"ini G ey e g

Rers (b, o 6. k) = " -L (3.75)
2m m . .
e re

where re = h ((x (@, 6p), b). Obviously, Egs. (3.71)—(3.75)
imply that the redshift comparison functions can be directly
used to compare the observed integrated intensities between
different CA models, and their expressions can be directly
calculated in the bright regions of the BH images without
depending on the boundaries of the CA, Thus, compared to
the case in the SS accretion models, the comparison of lumi-
nosity between different CA models is indeed straightfor-
ward. The images of the two redshift comparison functions
in the first and second order BH images for 8) = 7/3 and
0o = 4 /9 are presented in Figs. 15 and 16, respectively, and
in view that their expressions do not depend on the details of
the emission profiles and the boundaries of the CA, the range
of re in Eq. (3.74) is extended to 2m < r. < 10m, and that
in Eq. (3.75) is extended to 3m < re < 10m. For the images
of functions Rcgs(b, a, 6y, 1) and Rcees(b, o, 09, 2), the col-
orbars show the value ranges of the corresponding functions,
whereas for the images of functions Rcs(b, o, 6p, 1) and
Rews(b, a, g, 2), in order to ensure a uniform distribution
of the data on the colorbars, each colorbar only represents a
portion of the data range.

The images of the redshift comparison functions in
Figs. 15 and 16 illuminate the luminosity variations in the
bright regions between different CA models, and in what
follows, we will present a detailed analysis and summary.

1. Luminosity variations throughout the entire region — /2
< a < m/2 for the first order BH images between the
static and infalling CA models: From Eqgs. (3.71)—(3.73),
the images of Rcgs (b, o, 6p, 1) in Figs. 15 and 16 indicate
that within the entire region —7 /2 < o < /2 of the first
order BH images, the luminosity in the infalling model is
always lower than that in the static model, and it will be
reduced as the initial radial position of accreting matters
increases. These luminosity variations are clearly visi-
ble and confirmed by the relevant images in Figs. 12, 13
and 14. For a lightlike geodesic intersecting the screen
of the observer, when the impact parameter b is larger
than b, as discussed previously below Eq. (3.59), the
azimuthal angle coordinate ¢, of the periastron of the
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Fig. 15 Behaviors of the redshift comparison functions for 8y = 7 /3
in the first (top row) and second (bottom row) order BH images, where
the range of r. appearing in the expressions of Rcgs(b, ¢, 0y, 1) and
Rees(b, o, 0p, 2) is extended to 2m < re < 10m, and the range of r¢
appearing in the expressions of Rcrs(b, o, 0, 1) and Reys (b, o, 6y, 2)
is extended to 3m < re < 10m. The images in the first column are

plotted for ri(fliA = 10m and the images in the second column are plotted

geodesic in the plane P.O O’ (cf. Fig. 9) is larger than
7 /2. For the first order BH image, within the entire region
—1m/2 < o < /2, the luminosity is contributed by the
lightlike geodesics that travel around the BH less than
/2, which means that newly emitted photons on the
geodesic are located on the outward segments, so they are
always moving away from the BH. In addition, even when
b < b, since the lightlike geodesic only has the outward
segment, newly emitted photons on the geodesic are still
moving away from the BH. In the infalling model, the fact
that the emitters are moving closer to the BH means that
the gravitational and Doppler redshift effects of the light-
like geodesics lead to the observed luminosity throughout
the entire region —7/2 < a < /2 in the first order BH
image being reduced, which can also be validated from
Eqgs (3.46) and (3.74). In addition, with the increase of
the initial radial position of accreting matters, the radial
velocities of the emitters within the CA increase, which

(b/m) cos(a-rt/2)

(e) Regs(b, r, 60, 2)

(b/m) cos(a-11/2)
(f) Rers(b, , 60,2)

A

for ri(lii = +o00. For these four images, the colorbars show the value

ranges of the corresponding functions, whereas for the images in the
third column, each colorbar only represents a portion of the data range.
In each of these images, the horizontal axis corresponds to the y’-axis
on the screen of the observer (with positive direction to the right), and
the vertical axis corresponds to the x’-axis on the screen (with positive
direction downward), where the polar angle « is measured from the
x'-axis (cf. Fig. 9)

could strengthen the Doppler redshift effects, so that the
luminosity in this case will be further reduced.

2. Luminosity variations near the outer edge of the bright
region for BH images of arbitrary order between the static
and infalling CA models (Excluding the entire region
—1m/2 < a < m/2 for the first order BH image): From
the images of Rcys(b, «, 6p, 1) and Regs(b, o, 69, 2) in
Figs. 15 and 16, if the outer boundary of the CA is suf-
ficiently far from the bound photon orbit, the luminosi-
ties near the outer edge of the bright region for the first
and second order BH images in the infalling model are
always higher than those in the static model, and they
will be enhanced as the initial radial position of accret-
ing matters increases. These luminosity variations can be
observed from the relevant images in Figs. 12, 13 and 14
and apply to BH images of arbitrary order. For a light-
like geodesic intersecting the observational screen with
b > b, by following the previous discussion below
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Fig. 16 Behaviors of the redshift comparison functions for 6y = 47 /9
in the first (top row) and second (bottom row) order BH images, where
the range of r. appearing in the expressions of Rcgs(b, ¢, 0p, 1) and
Regs(b, o, 0p, 2) is extended to 2m < re < 10m, and the range of r¢
appearing in the expressions of Reys (b, o, 0o, 1) and Res (b, , 6, 2) is
extended to 3m < re < 10m. The images in the first column are plotted

Eq. (3.59), the azimuthal angle coordinate ¢, of the peri-
astron of the geodesic in the plane P.O O’ will decrease
as the impact factor b increases. If the outer boundary of
the CA is sufficiently large, when the impact parameter
b of a lightlike geodesic approaches the outer edge of the
bright region, the azimuthal angle coordinate ¢, of the
periastron will be much smaller than the azimuthal angle
coordinate ¢, of the emitting point. As a result, newly
emitted photons from the CA are on the inward segment
of the lightlike geodesic and possess sufficiently large
inward radial velocities. In this case, for the considered
lightlike geodesics, given that the emitters in the infalling
model are also moving inward, the Doppler blueshift
effects could be stronger than the gravitational redshift
effects, which leads to the observed luminosity near the
outer edge of the bright region being enhanced. Further-
more, when the initial radial position of accreting matters
increases, an increase in the radial velocities of the emit-
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(b/m) cos(a-11/2)

(e) Regs(b, , 00,2)

(b/m) cos(a-1t/2)

(f) Rers(b, ay 60, 2)

for rCA

ii. = 10m and the images in the second column are plotted for
CA _

it = +00. In each of these images, the horizontal axis corresponds
to the y’-axis on the screen of the observer (with positive direction to
the right), and the vertical axis corresponds to the x’-axis on the screen
(with positive direction downward), where the polar angle « is measured
from the x’-axis (cf. Fig. 9)

ters means that the Doppler blushift effects are strength-
ened, and thus the luminosity will be further enhanced.
3. Luminosity variations near the inner edge of the bright
region for BH images of arbitrary order between the
static and infalling CA models (Excluding the entire
region —m /2 < a < m/2 for the first order BH image):
The images of Rcgs(b, «, 0y, 1) and Rcegs(b, «, 0, 2) in
Figs. 15 and 16 also show that if the inner boundary of the
CA is extended to a region near the bound photon orbit,
the luminosities near the inner edge of the bright region
for the first and second order BH images in the infalling
model are always lower than those in the static model,
and they will be reduced as the initial radial position of
accreting matters increases. These luminosity variations
can be verified from the relevant images in Figs. 12 and
13, and they also apply to BH images of arbitrary order.
If the inner boundary of the CA is near the bound photon
orbit, for a lightlike geodesic with b > b, the azimuthal
angle coordinate ¢, of the periastron will be larger than
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the azimuthal angle coordinate ¢, of the emitting point
while b approaches the inner edge of the bright region,
which implies that the emitting point of the geodesic is
on the outward segment. In addition, as b further moves
toward the inner edge of the bright region so that it is
less than b, the emitting point of the geodesic is still on
the outward segment. Consequently, in this case, newly
emitted photons from the CA will move away from the
BH. The fact that the emitters in the infalling model are
moving inward means that the gravitational and Doppler
redshift effects of the considered lightlike geodesics lead
to the observed luminosity near the inner edge of the
bright region being reduced. Furthermore, when the ini-
tial radial position of accreting matters increases, the
Doppler redshift effects will be strengthened so that the
luminosity will be reduced accordingly.

4. Luminosity variations for BH images of arbitrary order
between the static and rotating CA models: From
the images of Rcys(b, o, 0p, 1) and Reys(b, o, 6p, 2) in
Figs. 15 and 16, itis displayed that for the first and second
order BH images, in a region near o« = 7 /2, the observed
luminosities in the rotating model are lower than those
in the static model, and as the angle « tends to 7/2,
they will gradually decrease. Aa a contrast, in a region
near « = 31 /2, the observed luminosities in the rotating
model are higher than those in the static model, and as
the angle « tends to 37 /2, they will gradually increase.
One could easily recognize these luminosity variations
from the relevant images in Figs. 12, 13 and 14, and from
the expression of Rcrs(b, a, 0y, k) in Eq. (3.75), it can
be concluded that these luminosity variations are also
applicable to BH images of arbitrary order. Since the
CA rotates counterclockwise (viewed from the positive
z-axis), the emitters on the positive side of y-axis pos-
sess velocity components pointing in the negative x-axis
direction, whereas the emitters on the negative side of
y-axis possess velocity components pointing in the pos-
itive x-axis direction (cf. Fig. 9). For a kth-order light-
like geodesic intersecting the observational screen in a
region near « = /2, one could find that the direction
of the x-axis velocity components of the newly emitted
photons is always opposite to that of the emitter. In this
region, the gravitational and Doppler redshift effects of
the considered lightlike geodesics lead to the observed
luminosity in the rotating model being reduced, and as
the angle « approaches /2, the x-axis velocity com-
ponents of the emitters will increase, which strengthens
the Doppler redshift effects, so that the luminosity grad-
ually decrease. On the contrary, for a kth-order lightlike
geodesic intersecting the observational screen in a region
near « = 31 /2, the direction of the x-axis velocity com-
ponents of the newly emitted photons is the same as that
of the emitter. Under this case, for the considered lightlike

geodesics, since the x-axis velocity components of the
emitters are large enough, the Doppler blueshift effects
could be stronger than the gravitational redshift effects.
Thus in this small region, the observed luminosity in the
rotating model is enhanced, and as the angle « approaches
31 /2, with the increase of the x-axis velocity components
of the emitters, the Doppler blushift effects will also be
strengthened, so the luminosity will gradually increase.

The above summarized features of the BH images in the
CA accretion models are generalizations of those in the disk
accretion models, and they strongly depend on the boundary
positions of the CA. Firstly, the boundary positions of the
CA play crucial roles in defining the geometric features of
the BH images. For example, for a given order BH image,
they determine the size and shape of the bright region by
Eq. (3.20), and in particular, for a complete BH image, the
inner boundary position of the CA determines the internal
structure of the shadow. Secondly, the luminosity within a
specific region of the BH image in a CA model heavily relies
on the nature of the lightlike geodesics and the motions of the
emitters. To be specific, the Doppler shift effect of a lightlike
geodesic depends on the relative motion between the newly
emitted photons and the emitter, and the luminosity in region
where some lightlike geodesics intersect the observational
screen is influenced by the comparison of the gravitational
and Doppler shift effects. In the infalling or the rotating CA
models, for the lightlike geodesics received by the observer,
if the velocities of the emitters and new emitted photons are
large enough, and they move in roughly the same direction,
the Doppler blueshift effects could be stronger than the grav-
itational redshift effects, which will enhance the luminosity
of the region contributed by these lightlike geodesics. On
the contrary, if the emitters and the newly emitted photons
tend to move in roughly opposite direction, the gravitational
and Doppler redshift effects will reduce the luminosity of the
region contributed by these lightlike geodesics. The preced-
ing summaries in this section confirm the above conclusions.

As discussed above, in the infalling and rotating CA mod-
els, the integrated intensity of a lightlike geodesic received
by the observer is significantly influenced jointly by gravi-
tational and Doppler shift effects. In the BH images for the
static model, the contribution of the gravitational redshift
effect has been considered. Thus, for the infalling and rotating
models, we could mainly focus on the Doppler shift effect.
In these two models, the luminosity in region where some
lightlike geodesics intersect the observational screen can be
enhanced only when the Doppler blueshift effects of these
geodesics are strong enough, and otherwise, the luminosity
of this region will be reduced. In the above summary, such
typical regions have been pointed out in the BH images, and
the luminosity variations within these regions between dif-
ferent CA models are analyzed. As to other regions in the BH
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images, the luminosity variations between different CA mod-
els depend on the combined effects of the gravitational and
Doppler shifts along the corresponding lightlike geodesics.
Finally, it should be emphasized that Egs. (3.57), (3.58), and
(3.61) constitute the core ingredients for generating and ana-
lyzing the Schwarzschild BH images in the static, infalling,
and rotating CA models of optically and geometrically thin
accretion when the observer views the CA at an inclination
angle, and the BH images in Figs. 12, 13 and 14 constitute
an application example of these equations. For general emis-
sion pattern, one only needs to insert the expression of the
emitted specific intensity into these equations so as to evalu-
ate the observed integrated intensities in the static, infalling,
and rotating CA models of optically and geometrically thin
accretion on a Schwarzschild BH, and then the BH images
can be plotted.

4 Summary and discussions

As the first purpose of this paper, the Schwarzschild BH
images in the static and infalling SS models of optically thin
accretion are studied by adopting the backward ray tracing
method [31], where in these two models, accreting matters
are located within a SS around the BH. In the SS accretion
models, the calculation of the integrated intensity observed
by a distant observer always involves the integral along a
lightlike geodesic within the boundaries of the SS, so the inte-
grated intensity will vary with the change of the boundaries of
the SS. In order to facilitate the applications, for the SS with
different boundaries in the static and infalling SS models, the
formulas for calculating the observed integrated intensities
are presented, and by use of them, the Schwarzschild BH
images for any emission pattern in these two models can be
generated.

To study the properties of the BH images in the static and
infalling, and rotating models of optically thin accretion, the
BH images for the monochromatic emission pattern with a
1/r? radial profile are generated, and based on a compre-
hensive analysis, the geometric and luminosity features of
these images are summarized in detail. It is shown that these
features strongly depend on the boundary positions of the
SS. Firstly, the boundary positions of the SS play crucial
roles in defining the geometric features of the BH images.
Specifically, the outer boundary of the SS could determine
the outer edge of the bright region in a BH image if it lies
outside the bound photon orbit, and the inner boundary of
the SS could determine the radial position of the luminosity
peak if it lies outside the bound photon orbit. Secondly, the
boundary positions of the SS significantly influence the lumi-
nosity variations between the static and infalling models. In
general, the relative luminosity difference between these two
models depends on the combined effects of the gravitational

@ Springer

and Doppler shifts along the lightlike geodesics intersecting
the screen of the observer.

The focus is first placed on the luminosity variation of
the shadow between the static and infalling SS models. The
shadow of a BH image in the SS models is contributed by
the lightlike geodesics with b < b, and they only have the
outward segments. So in the infalling model, the fact that
the emitters are always moving toward the BH means that
the gravitational and Doppler redshift effects of the lightlike
geodesics lead to the luminosity of the shadow being reduced,
and the luminosity will be further reduced with the increase
of the initial radial position of accreting matters. In view
that the peak luminosity of a BH image is very important in
observations, we also summarize the luminosity variations
near the peak between the static and infalling SS models.
The entire bright region outside the shadow of a BH image
in the SS models is contributed by the lightlike geodesics
with b > b, and they have both inward and outward seg-
ments. When the SS is thin enough, for a lightlike geodesic
with b & bpe,, the emitting point is very close to the peri-
astron because the periastron is near the boundary of the SS
(cf. the discussion in page 13), which means that newly emit-
ted photons from the SS have low radial velocities. This fact
indicates that in the small region near the peak, the Doppler
blueshift effects contributed by the inward segments of the
geodesics with b & by, are very weak, so that like the case of
shadow, the gravitational and Doppler redshift effects of the
lightlike geodesics lead to the observed luminosity near the
peak in the infalling model being reduced, and the luminosity
will be further reduced as the initial radial position of accret-
ing matters increases. As a contrast, when the SS is thick
enough, for a lightlike geodesic with b & by, the Doppler
shift effects contributed by the outward and inward segments
approximately cancel each other out because the numerical
calculations indicate that in this case, the observed luminosity
near the peak in the infalling model shows negligible varia-
tion compared to that in the static model, and the luminosity is
not sensitive to the initial radial position of accreting matters.

The above discussions suggest that under most situations,
the observed luminosities of the BH images in the infalling
SS model seem to be reduced. However, from our images,
it is displayed that in the infalling SS model, the luminosity
enhancement phenomenon does also exist as well. When the
inner boundary of the SS is far from the bound photon orbit,
for a lightlike geodesic with b 2 b, the emitting point is
very far from the periastron because the periastron is situated
at a great distance from the SS, which means that newly emit-
ted photons from the SS have sufficiently large radial veloc-
ities. Thus, in the infalling SS model, the Doppler blueshift
effects contributed by the inward segments of the lightlike
geodesics with b 2 b could become strong enough. As
a result, the observed luminosity near the exterior of the
shadow in the infalling SS model is enhanced, and it will be
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further enhanced with the increase of the initial radial posi-
tion of accreting matters. Given that the unusual luminosity
enhancement phenomenon is rare, it could be viewed as a
notable luminosity feature of the BH images in the infalling
SS model. Finally, it is important to stress that the images
obtained on the basis of the monochromatic emission pattern
inthe SS accretion models only serve as an application exam-
ple of the formulas for calculating the observed integrated
intensities. For more realistic emission patterns, by applying
these formulas, one could generate more realistic BH images.

As the second purpose of this paper, the Schwarzschild BH
images in the static, infalling, and rotating CA models of opti-
cally and geometrically thin accretion are studied by means
of the equations of lightlike geodesics, where in these three
models, accreting matters are located within a CA centered
at the center of the BH. When a lightlike geodesic emitted
from the CA is received by a distant observer viewing the CA
at an inclination angle, how to determine the transfer func-
tion establishing the connection between the emitting and
receiving points is important. With the equations of lightlike
geodesics presented in the Appendix, the analytical forms of
all order transfer functions working for all impact parameter
values are provided. It should be noted that before our results,
the transfer functions for b < b, are purely numerical, and
our results present their complete analytical forms. In order
to derive the integrated intensities observed by the distant
observer in the static, infalling, and rotating CA models, the
redshift factors in the three situations need to be evaluated.
From the relevant results in Refs. [36,41,44,45], we only
need to handle the redshift factor in the infalling model. In
this paper, with the aid of the equations of lightlike geodesics,
the redshift factor in the infalling model is given in the semi-
analytical form. With the transfer functions and redshift fac-
tors, after considering the contributions from the emissions at
all orders, the formulas for deriving the observed integrated
intensities in the static, infalling, and rotating CA models are
achieved, and on the basis of these formulas, once emitted
specific intensity is given, the observed integrated intensities
in the three CA models can be evaluated.

To study the properties of the BH images in the static,
infalling, and infalling CA models, for each emission pattern
in Ref. [44], the corresponding BH images are generated,
where for these images, only contributions from the first three
order emissions are considered because as stated in Ref. [44],
the contributions from the fourth and higher order emissions
could be totally negligible. Based on a comprehensive anal-
ysis on these images, the geometric and luminosity features
for the BH image of arbitrary order in the three CA mod-
els are summarized. These images display that the boundary
positions of the CA also play crucial roles in defining the geo-
metric features of the BH images. For example, for a given
order BH image, they determine the size and shape of the
bright region, and in particular, for a complete BH image,

the inner boundary position of the CA determines the inter-
nal structure of the shadow. In general, the shadow of a BH
image in the CA models consists of several distinct dark parts
with zero luminosities, which is essentially different from the
case in the SS accretion models because the luminosity of the
shadow in a BH image for the SS models is usually nonzero.

The positions of the boundaries of the CA can also influ-
ence the luminosity variations of the BH images between
different CA accretion models. Because the redshift compar-
ison functions can be directly used to compare the observed
integrated intensities between different CA models, and their
expressions can be directly calculated in the bright regions
of the BH images without depending on the boundaries of
the CA, the comparison of the luminosity between different
CA models is more straightforward compared to the case in
the SS accretion models. If the outer boundary of the CA
is sufficiently far from the bound photon orbit, for a light-
like geodesic with b approaching the outer edge of the bright
region, the azimuthal angle coordinate of the periastron in
the plane P.O O’ (cf. Fig. 9) will be much smaller than that
of the emitting point (cf. the discussion in pages 27 and 28),
which means that newly emitted photons from the CA are
on the inward segment of the lightlike geodesic and pos-
sess sufficiently large inward radial velocities. In this case,
given that the emitters in the infalling model are also mov-
ing inward, the Doppler blueshift effects of the considered
lightlike geodesics could be stronger than the gravitational
redshift effects, so the observed luminosity near the outer
edge of the bright region is enhanced, and it will be further
enhanced with the increase of the initial radial position of
accreting matters. On the contrary, if the inner boundary of
the CA is extended to a region near the bound photon orbit,
for a lightlike geodesic with b = b, the azimuthal angle
coordinate of the periastron in the plane P. O O’ will be larger
than that of the emitting point, which implies that the emitting
point of the geodesic is on the outward segment. In addition,
even when b < b, the emitting point of the geodesic is still
on the outward segment. Thus, for a lightlike geodesic with
b & b, newly emitted photons from the CA will move away
from the BH. The fact that the emitters in the infalling model
are moving inward means that the gravitational and Doppler
redshift effects of the lightlike geodesics could lead to the
observed luminosity near the inner edge of the bright region
being reduced, and the luminosity will be further reduced as
the initial radial position of accreting matters increases.

It should be emphasized that the above two points do not
apply to the entire region — /2 < o < /2 for the first order
BH image. For a lightlike geodesic intersecting the screen of
the observer with b > b, the azimuthal angle coordinate
of the periastron in the plane P.O O’ is always larger than
7 /2 (cf. the discussion in pages 26 and 27). Within the above
region in the first order BH image, in view of the fact that
the luminosity is contributed by the lightlike geodesics that
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travel around the BH less than 7r /2, newly emitted photons on
the geodesics are located on the outward segments, and thus,
they are always moving away from the BH. In addition, for
a lightlike geodesic with b < b, since it only has the out-
ward segment, newly emitted photons are still moving away
from the BH. In the infalling model, the emitters are mov-
ing closer to the BH which means that the gravitational and
Doppler redshift effects of the considered lightlike geodesics
lead to the observed luminosity throughout the above region
in the first order BH image being always reduced, and the
luminosity will be further reduced with the increase of the
initial radial position of accreting matters. Between the static
and rotating CA models, the luminosity variations of the BH
images are obvious. For any order lightlike geodesics inter-
secting the observational screen, in a region near o = /2,
one will find that the emitters and new emitted photons move
in roughly opposite directions, so in this region, the gravita-
tional and Doppler redshift effects lead to the observed lumi-
nosity in the rotating model being reduced, and as the angle
o approaches /2, the luminosity will gradually decrease
because the motion directions of the emitters and new emit-
ted photons gradually become increasingly opposite. Similar
reasoning can also be used to explain the luminosity varia-
tion in a region near « = 35 /2. In this case, for any order
lightlike geodesics intersecting the observational screen, the
emitters and new emitted photons move in roughly the same
directions, and thus, since the emitters have sufficiently large
velocity components along the direction of photon propa-
gation, the Doppler blueshift effects could be stronger than
the gravitational redshift effects. So, in this small region, the
observed luminosity in the rotating model is enhanced, and as
the angle o approaches 37 /2, the luminosity will gradually
increase because the motion directions of the emitters and
new emitted photons gradually become increasingly aligned.

The BH images for the SS and CA accretion models in this
paper are actually the generalizations of those for the spheri-
cal and disk accretion models in Refs. [30,44], and they con-
stitute application examples of the formulas for calculating
the integrated intensities observed by a distant observer. Our
images generalize those in Refs. [30,44], and it is illuminated
that the boundary positions of the SS and CA can influence
the geometric and luminosity features of the BH images in
the two types of models. In fact, as discussed above, the
boundary positions of the SS and CA only have a limited
effect on the geometry of the BH images, so in this paper, we
emphasize the analysis of the luminosity variations between
different SS or CA accretion models. In both the SS and CA
models, if the emitters are moving, for the lightlike geodesics
emitted from them, the Doppler shift effects can significantly
influence the integrated intensities received by the observer.
When the velocities of the emitters and new emitted photons
are large enough, and they move in roughly the same direc-
tion, the Doppler blueshift effects could be stronger than
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the gravitational redshift effects, so that the luminosity of
the region contributed by these lightlike geodesics can be
enhanced compared to that in the static model. Such typical
regions have been pointed out in our paper, and based on
these uncommon luminosity enhancement phenomena in the
specific SS or CA model, people could effectively assess the
motion states of the accretion flows. In other case, when the
gravitational and Doppler redshift effects of the considered
lightlike geodesics play a dominant role, the luminosity of
the region contributed by these geodesics will be reduced.
Beyond the studies on luminosity variations between dif-
ferent SS or CA accretion models, this paper also provides
semianalytical frameworks for calculating the observed inte-
grated intensities in the SS and CA accretion models. In spite
of being derived from the spherical and disk model frame-
works in Refs. [30,44], the semianalytical frameworks are
constructed with distinct features tailored to the SS and CA
accretion models. Based on the semianalytical frameworks,
when the accreting matters undergo more complex motions,
one only needs to derive the corresponding expression for
the redshift factor so that the BH images can be generated.
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Appendix A The equations of the lightlike geodesics in
Schwarzschild spacetime

Although the numerical approaches are able to provide the
universal access to the BH images in various gravitational
models, it is indicated that when analytical approaches are
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applied to problems that arise in the visualization of BH,
the involved calculations are more accurate and consider-
ably faster than commonly used numerical integrations [22].
In view that the derivations of the analytical formulas for cal-
culating the observed integrated intensities under SS and CA
accretion models require specialized knowledge on the equa-
tions of the lightlike geodesics in Schwarzschild spacetime,
in this appendix, we plan to briefly review these equations,
and rewrite them in a form suitable for practical application.

1 The original lightlike geodesic equations

The metric for Schwarzschild spacetime in spherical polar
coordinates (ct, r, 0, @) is

8uv = 2m (A1)

o o
o o
o o

o

and four Killing vector fields in this spacetime are [50]

d
= —, A2
£ = o (A2)
g1 = —sin 9 cot 0 cos 9 (A3)
1= @ 99 ® 0g’
£2 = COSQo — cot 6 sinq)@, (A4)
d
83 = —. (AS)
dp

Consider alightlike geodesic x** (1) with X as an affine param-
eter, and since the geodesic equation does not fix the param-
eter A, we normalize it so that the four-momentum of the
photons is given by p#* = dx*/dA. As in references, the
entire geodesic path is in a plane, which implies that we can
rotate coordinates to set 8(A) = m /2. With this condition in
mind, the equations satisfied by the four-momentum of the
photons are

0 deddf o amy L )
R TR T r )¢\

dr\?
da do\?
(3

+1 m ax (A6)
r
2m\ dr
—E =gopelpl =t 1-—) —, A7
8apEo P c ( , )d)» (A7)
d
L= gaﬁsg‘pﬁ = rz_‘P (A8)

dr’

where the first equation is resulted from the fact that p*
is a lightlike vector, and the last two equations arise from
the Killing vector fields ¢ and e3, respectively, with E and
L as the conserved quantities related to the energy and the
angular momentum of photons. From these three equations
and 6 (A) = /2, the components of the vector p* are offered,

L b2 2m
P b\/ r2( r)
p’ =0,
L
A
p )

with b := cL/E as the impact parameter of the geodesic,
and here, the sign +(—) indicates that photons go away from
(approach) the BH.

The differential equation of the lightlike geodesic can
directly be read off from Eq. (A9),

dr r? b? 2m
—=Vr)==F— |1—-5|1—-— (A10)
de b r2 r
with V (r) as the effective potential. By setting
dv(r)
V() =0, =0, (A11)
dr

the equation of the bound photon orbit and the corresponding
critical impact parameter are given,

(A12)
(A13)

Fpho = 3m,
beri = 3/3m.
The further discussions on the equation of the lightlike

geodesic in the general case suggest that Eq. (A10) ought
to be recast as

b _, ! th HOO =X X

— =t— wi = -+ —,

dx V2H(X) 2 22
(Al4)

where X := m/r. Assume that the lightlike geodesic passes
through a spatial point (rg, 0, ¢o), and then, the equation of
the geodesic can be given by

m/r 1
+ (p — = —dA,
® — ¢0) v VD

where the positive (negative) sign on the left side indicates
that while photons move towards the BH from the point
(ro, 0, @o), the lightlike geodesic is counterclockwise (clock-
wise). The integral on the right side of the above equation
is an elliptical integral, and the integral result depends on

(A15)
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roots of equation H(X) = 0. When the impact parameter b
ranges from 0 to +oo, the number of real roots of H(X) =0
varies. By performing a detailed analysis, with the aid of
the knowledge about elliptic integral [51], the expressions
for real roots of H(X) = 0 and the equation of the lightlike
geodesic through the spatial point (rg, 0, ¢g) are derived. For
the sake of simplicity in writing, we immediately present the
results below, and their validity can be easily proved.

1. When 0 < b < b, the unique real root of H(X) = 0 is

1 1 2 . bzri
X = 73 cosh garcsmh ﬁ - . (Al6)

and the corresponding equation of the geodesic is

(9 —90) = 2Y(1X1)[ (ﬂles( ) kles)
+F <mes( 0) kleg)} (A7)

with
X - X1 —Y(Xy)
Des(X) = o 2l Al8
les (X) arCCOS(X—X1+Y(X1)) (A18)
hes 1= [ 2 + X0 (A19)
T2 T RY (X))

where

Y(X1) = VX13X1 — 1), (A20)

and F is the incomplete elliptic integral of the first kind.
Because of

d 1 d

& ___ 2‘”;&0 for—e[2+oo) (A21)
dr m
one end of the geodesic is at infinity, and the other is
behind the horizon of the BH.

2. When b > by, the three real roots of H(X) = 0 are

L2 i
Xlzg—gcos garcsm ——1 |, (A22)

(A23)
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11 2 b? 4
X3 =—-— =cos garcsin( 1— C”)——n ,

6 3 b? 3
(A24)
and for them, the following inequalities
! X1 <0<X ! X ! (A25)
—— < <0< <=-< <=
6 "' 23T T

hold. In this case, the form of the lightlike geodesic
depends on the range of rg. If ro > rpno, both the ends of
the lightlike geodesic are at infinity, and the periastron is
at the spatial point (17, 0, ) with

rpi=m/Xy > T'pho> (A26)
2
im0t |1 [k —F (nua () )| A20)
where
Dart (X) i X=X (A28)
:= arcsin —,
larl X2 — Xl
by = | 22— (A29)
lar -— X3 — Xl 5

K is the complete elliptic integral of the first kind.
Because X, = m/r; is a root of equation H(X) = 0,
from Eq. (A14), it can be inferred that the impact param-
eter of the lightlike geodesic is expressed as

)

b= (A30)

2m
1- ==
r

The equation of the geodesic is

+(¢ — o)

| '/ X; — 29larI klar -F (19larl( ) klar):|

2K (kjar) — (0larl( ) klar) -F (0larl( 0) klar):|

(A31)

Here, the upper and lower terms on the right side stand
for the pre- and post-periastron branches, respectively.
As a contrast, if 2m < r9 < 7pho, both the ends of the
lightlike geodesic are behind the horizon of the BH, and
the apastron is at the spatial point (r3, 0, ¢3) with

r3 :=m/X3 < Iphos (A32)
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2
= —F| k A33
@3 = @0 F | X: X, < larII(rO) la.r) (A33)

where

a . arctan .

Because X3 = m/r3isalsoaroot of equation H(X) = 0,
from Eq. (Al4), the impact parameter of the lightlike
geodesic can be expressed as

(A34)

h—__13 (A35)

2m
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r3

Now, the equation of the geodesic is
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(A36)

where the upper and lower terms on the right side stand
for the post- and pre-apastron branches, respectively.

3. When b = b, the three real roots of H(X) = 0 under
the above case reduce to

1 1
Xo=X3=-

, . A37
G 3 (A37)

The two equations (A31) and (A36) are degenerated into

+(p — o) =2 (arctan V] — § arctanh l )

(A38)

+ (9 —¢o) =2 (—arccoth + + arccoth / — + )

(A39)

With the above results in hand, for a lightlike geodesic
through a spatial point (rg, 0, ¢p), we can calculate the
total change of the azimuthal angle ¢ and express it in
terms of the impact parameter b. According to the previ-
ous equations (A17), (A31), and (A36), when g > rpho and
2m < ro < Fpho, the total changes of the azimuthal angle ¢
are, respectively,

1
2Y/(X1)

[_ F (D1e5(1/2), kies)

+F (D1e5(0), kles)]v for 0 < b < beyi,

+Ap = { +oo, for b = bey,
2
2 | — | K (&
\/;[ (k1ar)
—F (91ar1(0), klar)j|a for b > beyi
(A40)
and
: F (91es(1/2), kies)
2Y(X1) les > Kles
+F (D15 (0), kles)]y for 0 < b < beyi,
+Ap =
+00, for b = by,
2
X3 — X1
F (91ar1(1/2), Kiar), for b > ber.
(A41)

One could find that whether r¢ is larger or less than rpho,
the total change of the azimuthal angle do not depend on
the value of rg. In addition, another basic fact that one could
recognize is that the total changes of the azimuthal angle go
to infinity when b = b, and the reason for this is that the
lightlike geodesic with b = b could travel around the BH
an infinite number of times. In many application scenarios, it
is useful to have simple approximations to the total change of
the azimuthal angle near some particular values of the impact
parameter b. By applying the techniques of series expansion
to the right sides of Eqs. (A40) and (A41), the corresponding
approximations are

b
— for b — 0,
2m
~ Cim F
+ A(p ~ n m . for b — bcn’ (A42)
4m
T+ 5 for b - 400
and
b
— for b — 0,
2m
~ Ciim F
+ A(p ~ In m s for b — bcrl, (A43)
8
Im’ for b - +o0
with

648+/3
C[ = Cyp = 648263 —45), C; = —*/_2
ey

9f

Cyp = 0.74229 x (A44)
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One is able to confirm that the results in Eq. (A42) for b —
bfn under the situation of ry > rpho are identical to those in
Ref. [44]. Furthermore, in this situation, the result for b —
o0 shows that under the weak field approximation, the total
deflection angle of the geodesic is £ A¢p — 7 = 4m /b, which
is just the famous deflection angle formula for a lightlike

geodesic passing near a spherical body in GR.

2 Rewriting the original lightlike geodesic equations in a
form suitable for practical application

At present, all the ingredients to generate and analyze the BH
images are available, but inspection of Egs. (A31) and (A36)
reveals that when b > b, two branches of the lightlike
geodesic through the spatial point (7, 0, ¢g) are described by
different equations, which could cause ambiguities in appli-
cations [22]. In fact, even though one adopts numerical inte-
gration method to describe the geodesic, this problem will
also emerge, and to overcome it, special numerical skills are
needed. Now, in this section, we will show that the analytical
approach can endow us with the ability to circumvent the
problem. Equations (A31) and (A36) could be rewritten as

(9 — vo)y/ # +F (ﬁm( ) klar)
<191ar1( ) klar),

" K ) — F (z‘}]aﬂ< ) /qar> .
and
0 = o 254 () )
) F <1913IH( ) klar> e

—F (l?larll (%) > klar) s

respectively. It is known that the elliptic sine, elliptic cosine,
and elliptic tangent functions of modulus k are defined
by [51-53]
sn(u, k) = sin[am(u, k)],
sc(u, k) = tan[am (u, k)]

cn(u, k) = cos[am(u, k)],
(A47)

with am (u, k) as the Jacobi amplitude function satisfying

¢ = am[F (g, k), k], (A48)

and these Jacobi elliptic functions bear the following prop-
erties
sn(—u, k) = —sn (u, k),

sn(u + 2K (k), k) = —sn(u, k),

(A49)
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cn(—u, k) =cn(u, k), cn(u 4+ 2K (k), k) = —cn(u, k),
(A50)
sc(—u, k) = —sc(u, k), sc(u+ 2K k), k) =sc(u,k).
(A51)

With these definitions and properties of Jacobi elliptic func-
tions, by use of Egs. (A28) and (A34), one could prove that

Snz|:F <ﬁlaﬂ( ) klar>a kla:]
sn2|:2K (kiar) — F <z91ar1( ) klar)a klari|

m/r — Xy
e (A52)
SCZ|:F (ﬂlarll<?> , klax) s klari|
= SCZ|:_F (ﬁlaﬂl( ) klar)» klari| = % (A53)

and then substituting these two identities in Eqgs. (A45) and
(A46) gives rise to

X3 — X,

r=m|:X1+(X2—X1)Slfl2 (i(¢—¢0) )

-1
4F (ﬁm( ) klm , (A54)
X3 —X
=m|:X3+(X3 Xp)sc (i(w wa),/%
-1
+F (ﬁmn( )klm . (AS5)

Obviously, Egs. (A54) and (AS5S5), originating from Egs. (A31)
and (A36), respectively, are the equations of the lightlike
geodesic through the spatial point (7o, 0, ¢9) when b > b
under the situations of rg > rpho and 2m < 79 < Tpho-
The derivations explicitly indicate that for either situation,
compared with the original form of the equation, namely
Eq. (A31) or (A36), two branches of the geodesic now can
be described by the identical equation, which results in the
vanishing of the branch ambiguities and thus will facilitate
generating and analyzing the BH images. In the same manner,
the original equations of the lightlike geodesic when b < b
and b = b, could also be recast as the similar form, and it
is not difficult to verify that they are equivalent to their orig-
inal forms. As mentioned earlier, the equation with the sign
“+ (—)” before (¢ — ¢o) represents the counterclockwise
(clockwise) lightlike geodesic, while photons move towards
the BH from the point (g, 0, ¢o).
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[ (1 + cen[£(g — ¢0)v/2Y (X1) — F (D1es(m/ro), kles)])] :
r=m| X1+ Y(Xy) (A56)
1 — en[£(p — ¢0)v/2Y (X1) — F (D1es(m/r0), kies)]
—1
r=m ltanh2 :I:l(go — ¢p) + arctanh 2_m 1 - 1 , (A57)
2 2 o 3 6
—1
r=m lcoth2 il(q) — ¢o) — arccoth 2_m 1 — 1 , (A58)
2 2 ro 3 6
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