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ABSTRACT

Bx ≈ 5.3

Identifying quantum chaos in Floquet systems with mixed classical phase
spaces requires robust experimentally accessible signatures. We investigate
the time-averaged quantum Fisher information (QFI) and the fidelity out-
of-time-ordered  correlator  (FOTOC)  of  continuous  periodically  driven
systems. We uncover two distinct power-law scalings of the time-averaged
QFI  with  respect  to  system  size:  the  standard  quantum  limit  and  the
Heisenberg  limit.  These  scalings  correspond  to  initial  states  localized  in
the  regular  and  chaotic  regions  of  the  classical  phase  space,  respectively.
Remarkably, we show that the time-averaged FOTOC can accurately iden-
tify the transition from mixed phase space to fully chaotic sea (at a critical
driving  strength )  as  verified  by  the  maximum  Lyapunov  expo-
nent. The results suggest that both time-averaged QFI and FOTOC can be
used  as  excellent  quantum  signatures  for  probing  mixed  phase-space
structures and our adopted protocol for measuring the FOTOC eliminates
the  need  for  time-reversal  operations.  This  work  establishes  a  practical
framework  for  investigating  quantum  chaos  in  Floquet  systems,  bridging
theoretical insights with experimental applications.

106 C1(2, 0.01) R1(1, 1)
R2(1, 0.1)C2(2, 0.01)

C3(2, 0.01)
HL(2, 1)
SQL(1, 1)

106

106

106

106

101

101 102

N
103

F Q

0.0
1.5 3.3

Bx

5.3

R2
R1
C2
C1

FCSMPS

8

0.2

0.6

0.4

0.8

1.0

C

Keywords  mixed phase space, quantum chaos, quantum Fisher
information, fidelity out-of-time-ordered correlator

 1   Introduction

Quantum chaos, which reveals the profound connections
between quantum systems and classical chaos [1–3], has
attracted  considerable  attention  for  understanding  the
complex behavior of chaotic systems. In contrast to classical
chaos,  which  is  characterized  by  exponential  sensitivity
to initial conditions, the distance between two quantum
states remains unchanged due to unitary evolution. This
fundamental  issue  makes  identifying  quantum  chaos
particularly  challenging  in  periodically  driven  systems
(i.e., Floquet systems) that exhibit mixed classical phase

spaces.  Floquet  systems  [4, 5]  serve  as  ideal  platforms
for exploring quantum chaos, where the rich physics has
potential applications in quantum information processing
and condensed matter physics. Paradigm models include
the  kicked  top  [6, 7],  the  kicked  rotor  [8–10],  and  the
kicked  Harper  model  [11, 12],  among  others.  However,
most  established  models  employ  delta-kick  driving,
which simplifies the temporal structure of driving fields
and  may  not  fully  capture  the  dynamical  richness  of
continuously  driven  many-body  systems.  The  detection
of quantum chaos in Floquet systems with mixed classical
phase  space  remains  an  open  problem,  as  traditional
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indicators,  such  as  energy-level  statistics  [13, 14]  and
eigenstate properties [15, 16], are insufficient for effectively
identifying  the  coexistence  of  regular  and  chaotic
dynamics.  In  addition,  how  initial  states  localized  in
mixed  phase  space  affect  the  dynamics  of  multipartite
entanglement  —  characterized  by  the  quantum  Fisher
information (QFI) — is a fundamental issue with signifi-
cant  implications  for  the  fields  of  quantum  chaos  and
quantum information.

Now,  it  is  found that  QFI  serves  as  an effective  tool
for quantifying how rapidly information about an initial
state  dissipates  over  time.  The  time-averaged  QFI  [17]
can assess sensitivity to perturbations in chaotic systems
and  detect  measurement-induced  phase  transitions  in
collective spin models [18, 19]. In the context of chaotic
quantum metrology [20], QFI has been observed experi-
mentally  in  a  harmonically  driven  Bose–Josephson
system [21]. Interestingly, QFI is directly related to the
out-of-time-order correlator (OTOC) when specific oper-
ators  are  chosen  in  its  construction.  Recently,  OTOC
has been widely used to quantify quantum phase transitions
[22, 23], many-body localization [24–26], and holographic
duality [27]. Theoretical studies have further established
its  equivalence  with  the  thermal  average  of  the
Loschmidt  echo  [28],  thereby  bridging  the  gap  between
quantum  chaos  and  quantum  information  scrambling
[29]. Moreover, OTOCs have been measured experimen-
tally  in  systems  such  as  trapped  ions  [30]  and  nuclear
magnetic  resonance  quantum  simulators  [31].  Recent
works have uncovered key links between classical  chaos
and  quantum  OTOCs  [32–34].  While  these  works
focused on OTOC dynamics in globally chaotic or single-
particle  systems,  detecting  quantum  chaos  in  Floquet
systems with mixed phase spaces — where regular and
chaotic dynamics coexist — remains an open challenge.
Notably, the fidelity OTOC (FOTOC), a specific OTOC
variant, is recognized as a critical indicator of quantum
chaos  in  systems  with  mixed  classical  phase  spaces,
particularly  for  distinguishing  chaotic  from  integrable
dynamics.  Although  FOTOC’s  exponential  growth  may
arise  from  either  quantum  chaos  or  classical  saddle
points, their long-term behaviors differ significantly [35].
This is crucial not only for understanding the quantum-
to-classical transition but also for its emerging applications
in entanglement-enhanced quantum metrology.

In  this  context,  we  reconstruct  the  structure  of  the
mixed classical phase space in a continuously driven two-
mode Bose–Einstein condensate (BEC) model using time-
averaged  QFI  and  FOTOC.  This  model  exemplifies  a
many-body  Floquet  system  under  continuous  periodic
driving,  offering  a  rich  testbed  beyond  kicked  models.
We identify two distinct power-law scalings of the QFI:
the standard quantum limit and Heisenberg limit, which
correspond  to  initial  states  localized  in  regular  islands
and chaotic regions, respectively. This contrasts with the
universal  power-law relation between the time-averaged

N

Bx ≈ 5.3

QFI and particle  number  reported for  chaotic  initial
states in kicked-top systems [18]. Our finding highlights
a  key  difference  between  discrete-kick  and  continuous-
drive  dynamics  in  mixed  phase  spaces,  and  offers  a
straightforward method to distinguish the eigenstates of
chaotic  systems,  shedding  light  on  the  fundamental
problem in quantum chaos [36]. We further demonstrate
that the time-averaged FOTOC not only quantifies  the
chaotic sensitivity to initial conditions but also identifies
the critical driving strength (i.e., ) for the transition
from a mixed phase space to a fully chaotic regime. Our
results  indicate  that  both  the  time-averaged  QFI  and
FOTOC  can  serve  as  quantum  signatures  for  probing
mixed  phase  spaces  in  continuously  driven  many-body
Floquet systems.

The  rest  of  the  paper  is  organized  as  follows.  In
Section 2, we introduce a continuous periodically driven
two-mode BEC system and its description. In Section 3,
we  demonstrate  the  structure  of  the  mixed  classical
phase  space  of  the  Floquet  system.  In  Section  4,  we
explore  two  quantum  signatures  of  the  mixed  phase
space:  the  time-averaged  QFI  and  FOTOC.  Finally,
Section 5 gives a brief discussion and summary.

 2   Model

ℏ = 1

We  consider  a  periodically  driven  two-mode  BEC
described  by  the  Bose–Josephson  model.  The  time-
dependent Hamiltonian (with ) is given by [21] 

Ĥ(t) = BzĴz +
c

N
Ĵ2
z + a(t)Ĵx, (1)

Ĵx = (â†1â2 + â†2â1)/2 Ĵy = (â†2â1 − â†1â2)/2i

Ĵz = (â†2â2 − â†1â1)/2 â1,2 â†1,2

J = N
2

N

Bz c a(t)

a(t) = Bx cosωt Bx ω

where  the  collective  spin  angular  momentum  operators
are  defined  as , ,
and .  Here,  and  denote  the
bosonic  annihilation  and  creation  operators  for  atomic
modes  labeled  1  and  2,  respectively.  The  total  spin  is

 with  being  the  total  particle  number.  The
parameters , , and  represent the static longitudinal
field  strength,  the  atomic  interaction  strength,  and  the
driving  field  describing  the  coupling  between  the  two
modes, respectively. Given that various driving protocols
have  been  explored,  including  kicked  pulses  and  quasi-
Floquet drives [37], we adopt a harmonic driving of the
form , where  and  denote the driving
amplitude and frequency of the transverse field,  respec-
tively.

To  study  the  quantum dynamics,  we  employ  a  spin-
coherent state (SCS) as the initial state, 

|θ, ϕ⟩J =
J∑

µ=−J

√(
2J

J + µ

)(
cos

θ

2

)J−µ(
sin

θ

2

)J+µ

× ei(J+µ)ϕ|µ⟩,
(2)
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θ ϕ

|µ⟩ Ĵz
(Sx, Sy, Sz) = (sin θ cosϕ,

sin θ sinϕ, cos θ)
(Sz, ϕ)

|θ, ϕ⟩J Sz = cos θ

Sz = −1 θ = π

| ↓⟩ ≡ | − J⟩

where  and  are  the  polar  and  azimuthal  angles,
respectively, and  stands for the eigenstate of . The
mean  spin  direction  is  given  by 

.  The  classical  phase  space  spanned  by
 can  be  directly  mapped  to  the  quantum  SCS
, where  represents the population imbal-

ance between two atomic modes. This correspondence is
geometrically  illustrated  on  the  Bloch  sphere  [38],  with
the south pole  (i.e.,  or )  corresponding to
the  spin-down  state ,  where  all  particles
occupy the lower-energy mode.

 3   Mixed classical phase space

N

N → ∞ Ĵl l = x, y, z

Sl

âj ≈ aj =

|aj | exp(iϕj) â†j ≈ a∗j = |aj | exp(−iϕj) j = 1, 2

|a1|2 + |a2|2 = N

Sz = (|a1|2 − |a2|2)/N ϕ = ϕ1 − ϕ2

H(t)

The  total  particle  number  of  the  Floquet  system
described by Eq. (1) is conserved. In the mean-field limit

,  the  operators  ( )  reduce  to  classical
variables ,  forming a  Bloch vector  constrained to  the
unit  sphere  with  conserved  norm  [39],  i.e., 

 and  ( )  with
.  As  a  result,  the  population  imbalance

 and  the  relative  phase 
between  two  atomic  modes  form  a  pair  of  classical
canonical  variables,  and  the  classical  Hamiltonian 
reads [40] 

H(t) =
c

2
S2
z −BzSz +Bx cosωt

√
1− S2

z cosϕ. (3)

(Sz, ϕ)

The corresponding Hamilton equations, determining the
motions in classical  phase space spanned by ,  are
given by 

dϕ
dt

= cSz −Bz −
BxSz cosωt√

1− S2
z

cosϕ, (4)

 

dSz

dt
= Bx cosωt

√
1− S2

z sinϕ. (5)

(Sz, ϕ)

T = 2π/ω t = nT n = 1, 2, · · ·
(Sz, ϕ)

(ω,Bx, Bz, c) = (2π, 1.5, π/2, 10)

To  characterize  the  global  phase-space  dynamics  of
the  classical  system,  we  construct  Poincaré  sections  by
stroboscopically  sampling  the  phase-space  trajectories

 at  integer  multiples  of  the  driving  period
, i.e.,  with ( ). A maximum of

500 points in the  phase space are shown in Fig. 1
for  the  parameter  set ,
where  each  point  is  plotted  in  black.  The  Poincaré
section  exhibits  the  coexistence  of  regular  islands  and
chaotic  sea,  which is  clear  evidence of  the mixed phase
space.

Classical  chaos  is  characterized  by  the  exponential
divergence of  nearby trajectories,  reflected in a positive
maximum Lyapunov exponent (MLE), 

λmax = lim
m→∞

1

mT

m∑
n=1

ln
||(δSx(nT ), δSy(nT ), δSz(nT ))||

||(δSx(0), δSy(0), δSz(0))||
,

(6)

δSx,y,z(nT ) = |S′
x,y,z(nT )− Sx,y,z(nT )|

t = nT || · ||

δSz(0) = 10−5

(Sz, ϕ) t ∈ [0, 500T ]

λmax λmax

λmax
λmax

λmax > 0

λmax ≈ 0

where  denotes  the
component-wise  deviations  between  two  trajectories  at
time ,  and  denotes  the  Euclidean  vector
norm.  In  numerical  simulations,  one  needs  to  reset  the
perturbed  trajectory  to  be  close  to  the  unperturbed
trajectory,  namely,  back to  the  initial  deviation,  at  the
beginning  of  each  period,  while  keeping  its  stretching
direction  unchanged.  In  our  numerical  calculations,  we
set  and  evolve  the  system  from  various
initial trajectories  over the interval  to
ensure  the  convergence  of  the .  The  values  of 
for various initial conditions are shown in Fig. 1, where
the color gradient quantifies the magnitude of . One
can see that  is larger in the chaotic sea (predominantly
orange,  with ),  and  vanishes  in  the  regular
islands (dark green, with ). This correspondence
verifies the existence of a mixed phase space, comprising
both regular and chaotic dynamics.

 4   Quantum signatures of mixed phase
space

 4.1   Time-averaged QFI

ρ̂ =
∑

λ pλ|λ⟩⟨λ|For  a  mixed  quantum  state ,  such  as  a
thermal ensemble [41], the QFI is given by [42, 43] 

FQ(t) = 2
∑
λ,λ′

(pλ − pλ′)2

pλ + pλ′
|⟨λ|Ô|λ′⟩|2, (7)

Ô |λ⟩
pλ

J

N

Ĵl =
∑N

j=1 σ
(j)
l /2 σ

(j)
l

l = x, y, z j

ρ̂ = |ψt⟩⟨ψt|

where  is  a  generic  Hermitian operator,  and  is  an
energy  eigenstate  with  occupation  probability .  The
model in Eq. (1) describes a spin-  system composed of

 spin-1/2  particles  (or  qubits),  where  the  collective
spin  operators  are  defined as ,  with 
( )  denoting  the  Pauli  matrices  for  the -th
particle or qubit. For a pure quantum state ,
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Fig. 1  Comparison  between  Poincaré  section  (black
points) and MLE  (colors) for different initial states. We
have set , , and .

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Ke Li, et al., Front. Phys. 21(9), 093202 (2026)   093202-3

 



e.g.,  the  ground  state  of  a  given  Hamiltonian,  the  QFI
simplifies  to  a  connected  correlation  function  that  is
readily computable or measurable. Consequently, Eq. (7)
reduces to 

FQ(t) = 4(∆Ô)2 = 4(⟨ψt|Ô2|ψt⟩ − ⟨ψt|Ô|ψt⟩2), (8)

∆Ô

Ô |ψt⟩
Ĵz

Ô = Ĵz

where  denotes the standard deviation of the observable
 with  respect  to  the  state .  In  many  quantum

systems,  the  operator  represents  an  experimentally
accessible quantity, particularly in cold-atom experiments
where  particle  population  imbalances  can  be  measured
with high precision [44, 45]. Therefore, we choose 
to construct the QFI.

Note  that  chaotic  dynamics  often  induce  strong  fluc-
tuations  in  time-dependent  quantities.  To  smooth  out
these fluctuations and better capture the system’s statis-
tical  properties  over  long  time  scales,  we  introduce  the
time-averaged QFI, defined as [18] 

FQ ≡ lim
τ→∞

1

τ

∫ τ

0

dtFQ(t). (9)

FQ

(Sz, ϕ)

τ = 100T

FQ

FQ,max ≈ 5000

FQ

FQ

We numerically investigate the distribution of  in the
initial  state  space  parameterized  by ,  as  depicted
in Fig.  2(a).  We  set  to  ensure  convergence  of
the time-averaged quantities and to reliably capture the
system’s  long-term  statistical  behavior.  To  clearly
compare  its  relative  strength  across  regions,  is
rescaled by its maximum value ( ) over the
entire  parameter  space.  Clearly,  the  values  of 
depend  strongly  on  whether  the  initial  state  lies  in  a
classically  chaotic  or  regular  region:  states  in  chaotic
regions (see C1, C2, and C3) exhibit significantly larger

,  whereas  those  in  regular  regions  (see  R1  and  R2)
yield  smaller  values.  This  behavior  closely  follows  the
MLE  distribution  shown  in Fig.  1,  indicating  a  strong

correlation  between  the  time-averaged  QFI  and  the
structure of the mixed classical phase space.

FQ Sz

ϕ

FQ

Sz ϕ = 0

ϕ = 0.9π

|0.33π, 0.9π⟩
|0.77π, 0.9π⟩ |0.35π, 0⟩

|0.49π, 0.9π⟩ |0.62π, 0.9π⟩

(ω,Bx, Bz, c) = (2π, 1.5, π/2, 10)

The  QFI  has  been  employed  to  reveal  the  role  of
chaos  in  parameter  estimation,  showing  that  initial
states  in  chaotic  seas  exhibit  superior  QFI  dynamics
compared  to  those  in  regular  islands  [21].  We  further
investigate  the  dependence  of  on  for  specific
values of  to reveal its dynamical behavior under different
initial state parameters. Figure 2(b) shows  as a function
of  for two representative azimuthal angles, i.e., 
and ,  highlighting  five  characteristic  initial
SCSs:  two  in  regular  regions  (R1:  and  R2:

) and three in chaotic regions (C1: ,
C2: , and C3: ). It is evident that
the  values  for  C1,  C2,  and  C3  are  significantly  larger
than those for R1 and R2, demonstrating the enhancement
of quantum metrology sensitivity facilitated by classical
chaos.  It should be emphasized that whether the initial
states  are  located  in  the  regular  or  chaotic  region  is
related  to  the  choice  of  parameters.  In Fig.  2 we  set

, if a different set of param-
eters is used, the initial states (e.g.,  R1 and R2) in the
regular region may enter the chaotic sea.

FQ

N

Figure 3 shows the dependence of  on the particle
number  for  different  initial  states,  highlighting
distinct scaling behaviors. The scaling behaviors follow a
power-law, 

FQ = ζNη, (10)

ζ η

ηC1 = 1.976± 0.017

ηC2=1.891± 0.016 ηC3 = 1.866± 0.023 ηR1 = 0.972± 0.007

where  and  are fitting constants. The fitted exponents
for  the  selected  initial  states  are: ,

, , ,
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Fig. 2  (a) Distribution of the rescaled time-averaged QFI
 (rescaled  by )  in  the  initial  state  space

parameterized by . (b)  as a function of  (curves
for  and  correspond  to  the  dot-dashed  and
solid lines in (a), respectively). Solid black points marked by
C1,  C2,  C3,  R1,  and  R2,  denote  the  initial  SCSs

, , , ,  and
, respectively. Parameters:  and ;

other parameters match those in Fig. 1.
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Fig. 3  Time-averaged  QFI  as  a  function  of  for
different initial SCSs. Solid lines marked by  denote fits
to  with  and  being two fitting constants.  The
fitting  exponents  (with  standard  errors)  are: 

, , , 
, and . The gray dash-dot and dashed

lines represent the Heisenberg limit (HL) and standard quantum
limit  (SQL),  respectively.  We  have  set  and  the
initial states correspond to those in Fig. 2.
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ηR2 = 0.988± 0.007

FQ

η = 1

FQ

η = 2

N

and . This scaling difference originates
from the distinct phase-space mixing characteristics. For
initial states in the regular region (i.e., R1 and R2), 
remains  below the  standard  quantum limit  (SQL)  with

, which represents the fundamental bound for classical
systems.  In  contrast,  for  states  in  the  chaotic  region
(i.e.,  C1,  C2,  and  C3),  surpasses  the  SQL  but  is
below the Heisenberg limit (HL) with , the ultimate
bound  for  quantum  precision.  Compared  to  previous
studies  that employed QFI [21],  the time-averaged QFI
used  here  smooths  out  dynamical  fluctuations  and
extracts  robust  statistical  behavior.  The  ability  of  the
time-averaged  QFI  to  accurately  recover  the  SQL  and
HL  scalings  stems  from  its  reflection  of  the  distinct
Krylov-space structures governing quantum dynamics in
chaotic  versus  regular  regions  [18].  Remarkably,  the
power-law  dependence  holds  robustly  across  system
sizes,  remaining  valid  even  for  small .  The  QFI  can
serve as a key indicator for assessing measurement precision
in quantum systems under chaotic dynamics. Unlike the
instantaneous  QFI  [46, 47],  which  probes  momentary
sensitivity,  the  time-averaged  QFI  integrates  dynamics
over  extended  time  scales,  offering  a  powerful  tool  to
characterize  scaling  differences  between  chaotic  and
regular states as system size varies.

 4.2   Time-averaged FOTOC

C(t)

t≪ T

C(t) ∼ e2λt λ

C(t)

For chaotic systems, the FOTOC  typically exhibits
exponential  growth  characterized  by  the  classical
Lyapunov exponent. The short-time exponential growth
of  the  FOTOC in  chaotic  regions  is  intrinsically  linked
to  the  classical  Lyapunov  exponent.  Theoretically,  for
times ,  the  FOTOC  can  be  approximated  as

,  where  denotes  the  classical  Lyapunov
exponent  [48, 49].  Beyond  offering  deep  insights  into
quantum  chaos  dynamics,  also  has  the  practical
advantage of experimental accessibility and relative ease
of measurement. It is defined as follows: 

C(t) = 1− ⟨Ŵ †(t)ρ̂†0Ŵ (t)ρ̂0⟩, (11)

Ŵ (t)

t ρ̂0 = |θ, ϕ⟩⟨θ, ϕ|J
|θ, ϕ⟩J

⟨·⟩
|θ, ϕ⟩J ρ̂0

where  is  a  Hermitian  or  unitary  operator  in  the
Heisenberg  picture  at  time ,  and 
denotes  the  projector  onto  the  initial  SCS .  Here

 denotes the quantum expectation value with respect
to the initial SCS . For a pure initial state , this
expression simplifies significantly [50] to 

C(t) = 1− |⟨Ŵ (t)⟩|2, (12)

|⟨Ŵ (t)⟩|2where  is experimentally measurable, for example
by  means  of  Ramsey  interferometry  or  spin-projection
techniques  in  cold-atom  systems  without  requiring
complex  time-reversal  control  sequences.  The  adopted
protocol  [44, 50]  enables  direct  evaluation  through  the
use  of  only  forward  evolution,  serving  as  a  critical  and

Ŵ (t) =

Û†(t, 0)Ŵ Û(t, 0)

Ŵ ≡ Ŵ (0) Û(t, 0)

experimentally  accessible  metric  for  characterizing  the
exponential  growth  behavior  associated  with  quantum
chaos  [51].  Therefore,  this  approach  substantially
enhances the experimental feasibility of detecting quantum
chaos  in  Floquet-driven  systems.  Here, 

 denotes  the  time-evolved  form  of
.  The  time-evolution  operator  is  given

by 

Û(t, 0) = T̂exp
(
−i

∫ t

0

Ĥ(t′) dt′
)
, (13)

T̂where  is the time-ordering operator [21].

ϵ C(t)

We use the rotation operator with an infinitely small
parameter  to construct the . It is defined by 

Ŵ ≡ Ŵϵ(θ, ϕ) = e−iϵn(θ,ϕ)·J , (14)

n(θ, ϕ) = (sin θ cosϕ, sin θ sinϕ, cos θ)T

J = (Ĵx, Ĵy, Ĵz)
T

ϵ≪ 1

Ŵϵ(θ, ϕ) ≈ 1− iϵn · J + O(ϵ2) F (t) ≈ 1−
ϵ2(∆(n · J))2 C(t) ≈ ϵ2(∆(n · J))2

Ô = n · J = Ĵz

where  denotes  the
axis  of  rotation  and  is  the  vector  of
angular  momentum  operators.  For ,  we  have

,  which  leads  to 
 and consequently yields .

This establishes a direct connection with QFI defined in
Eq. (8) when we choose , 

C(t) ≈ ϵ2

4
FQ(t). (15)

The  quantitative  relationship  between  the  FOTOC
and  QFI  [42]  reveals  their  utility  in  probing  quantum
chaos via the system’s response to initial perturbations.
Notably,  the  time-averaged values  of  FOTOC and QFI
also satisfy the relation (15), as numerically confirmed in
Appendix A.

CThe time-averaged FOTOC  is written as 

C = lim
τ→∞

1

τ

∫ τ

0

dtC(t). (16)

C

N = 200 ϵ = π/40

C

(Sz, ϕ)

C

FQ

C

FQ C

Sz C

We numerically investigate the , in the mixed phase
space for  and ,  which are optimized to
clearly  distinguish  chaotic  features  (see  Appendix  B).
Figure  4(a)  illustrates  the  distribution  of  over  the
initial  state  space ,  revealing  a  clear  separation
between chaotic and regular regions. Similar to the time-
averaged QFI shown in Fig. 2(a),  also exhibits higher
values  in  chaotic  regions  and  lower  values  in  regular
regions,  further  confirming  the  correspondence  between
quantum  and  classical  chaos.  Although  both  the  time-
averaged QFI and FOTOC serve as quantum chaos indi-
cators, they capture fundamentally different aspects: 
reflects  intrinsic  quantum  fluctuations  and  determines
metrological  precision  limits,  whereas  the  measures
the  dynamical  response  to  perturbations.  This  explains
why  [see Fig.  2(a)]  and  [see Fig.  4(a)]  exhibit
different  behaviors  in  the  positive  region,  with 
showing  better  agreement  with  the  classical  MLE  (see
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C N

C

C

Q

Fig. 1). Figure 4(b) shows the dependence of  on  for
different initial states. One can see that initial states in
chaotic  regions  (i.e.,  C1  and  C2)  lead  to  rapid  growth
and  saturation  of ,  whereas  states  in  regular  regions
(i.e., R1 and R2) exhibit persistent low-amplitude oscil-
lations. These results highlight the effectiveness of the 
as an indicator of classical chaos and reinforce its utility
as  a  robust  experimental  signature  for  probing  mixed
phase  spaces.  We  also  numerically  investigate  the
Husimi-  distribution  and  observe  distinct  dynamical
evolution characteristics for different initial states in the
mixed  phase  space  (see  Appendix  C),  which  the  time-
averaged FOTOC effectively captures.

C Bx

Bx

C

C Bx

Bx ≈ 5.3

FQ C

Bx ≈ 3.3

C

Bx

C

Bx C

Figure  5 shows  as  a  function  of  for  different
initial SCSs, with parameters chosen in accordance with
Ref. [21]. The corresponding Poincaré sections illustrate
a transition from a mixed phase space (MPS) to a fully
chaotic sea (FCS) as  increases. Our results demonstrate
that  effectively traces this transition. Specifically, for
the  initial  states  R1  and  R2,  saturates  when 
exceeds  a  critical  value,  i.e.,  (indicated  by  the
vertical solid line), reflecting the MPS-FCS transition in
agreement with the classical phase-space structure analysis
(see Appendix D). For a more comprehensive visualization
of the fully chaotic sea, the distributions of  and  in
this regime are presented in Appendix E (Fig. A6). Note
that there is a pseudo-critical point at  (indicated
by the dashed vertical line), where the  for the initial
states  R1  and  R2  exhibits  a  sharp  increase  with ,
signaling the onset of the MPS-to-FCS transition within
an  extremely  narrow  parameter  window.  For  compari-
son, the  for the initial states C1 and C2 remains saturated
as  varies. Our findings prove that  can serve as an
effective diagnostic tool for detecting quantum chaos.

 5   Discussion and conclusion

In summary, we have developed robust quantum signatures
to  characterize  mixed  classical  phase  spaces  within
continuously driven Floquet systems, based on an analysis

N

η = 2

η = 1

Bx ≈ 5.3

of  the  time-averaged  QFI  and  FOTOC.  Our  findings
reveal a fundamental connection between classical phase-
space  structures  and  the  quantum  dynamics  of  the
harmonically  driven  Bose–Josephson  model.  The  time-
averaged  QFI  exhibits  two  distinct  power-law  scalings
with  respect  to  the  system size .  Initial  states  within
chaotic regions conform to the HL ( ), while those in
regular  regions  follow  the  SQL  ( ).  The  scaling
behaviors remain consistent across varying system sizes,
serving  as  a  universal  diagnostic  tool  for  identifying
quantum chaos in mixed phase spaces. Furthermore, the
time-averaged  FOTOC provides  a  clear  marker  for  the
transition  between  regular  and  chaotic  dynamics.  It
accurately  determines  the  critical  driving  strength,
approximately , at which the system shifts from
MPS to FCS, a finding validated by the MLE. Notably,
our  proposed  protocol  eliminates  the  necessity  of  time-
reversal  operations,  thereby  substantially  enhancing  its
experimental viability.

c

a(t)

Ĵz

The two-mode Bose–Josephson model can be effectively
realized  using  a  two-mode  BEC,  in  which  atoms  are
confined in two hyperfine levels [52, 53]. The atom–atom
interaction  strength  can  be  adjusted  via  Feshbach
resonance [54, 55]. The driven term  can be implemented
by  applying  a  time-modulated  magnetic  field.  The
FOTOC defined in Eq. (12) is measurable without time
reversal,  enhancing  its  feasibility  in  experiments  with
modern quantum control techniques [50]. The scaling of
the time-averaged QFI can be extracted from population
measurements of ,  a routine procedure in atom-inter-
ferometry  setups  [42, 43].  Our  work  not  only  provides
theoretical  signatures  of  mixed  phase-space  chaos  but
also suggests a practical route for experimental verification
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Fig. 4  (a) Distribution of the time-averaged FOTOC  in
initial state space parameterized by . (b)  as a function
of  for  different  initial  states.  We  have  set  and
other parameters are the same as those in Fig. 2.
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Fig. 5  Time-averaged  FOTOC  as  a  function  of  for
four  different  initial  SCSs.  Dashed  vertical  line  marks

 where  increases  sharply  for  the  initial  states  R1
and  R2,  while  solid  vertical  line  denotes  where 
becomes  saturated,  which  gives  the  signal  of  the  transition
from MPS (light blue area on the left) to FCS (pink area on
the right). We have set  and ; other parameters
match those in Fig. 2.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

093202-6   Ke Li, et al., Front. Phys. 21(9), 093202 (2026)

 



in the synthetic quantum systems such as trapped ions,
superconducting circuits, or atomic ensembles.

Our findings advance the understanding of  quantum-
classical  correspondence  in  driven  systems  and  offer
practical tools for detecting quantum chaos, with impli-
cations for both fundamental studies and applications in
related fields of quantum metrology and simulation.
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Appendix A: Connection between time-
averaged QFI and FOTOC

ϵ≪ 1

According to the relationship (15) between the FOTOC
and QFI obtained under the condition of a small pertur-
bation  angle ,  the  relationship  between  the  time-
averaged FOTOC and QFI can naturally be derived as
follows: 

C ≈ ϵ2

4
FQ. (A1)

ϵ = 0.05 ϵ = 0.001

C FQ

C FQ

Figure A1 presents a comparison between the time-aver-
aged FOTOC (triangles) and the rescaled time-averaged
QFI (solid line). As shown in Fig. A1, the two quantities
tend  to  coincide  as  the  perturbation  angle  decreases
(e.g., from  to ), validating the correctness
of Eq. (A1). Additionally, for extremely small perturbation
angles,  the  time-averaged  FOTOC  (or  QFI)  alone
reflects  the  structure  of  the  mixed  phase  space:  in  the
regular region,  (or ) is approximately zero (dips in
Fig.  A1),  whereas  in  the  chaotic  region,  (or )
assumes finite values (peaks in Fig. A1).

 Appendix B: Dynamics of FOTOC for
quantum chaos

C(t)

C(t)

C(t)

N ϵ

|0.35π, 0⟩ N C(t)

N = 2 N

Figure A2 shows the time evolution of the FOTOC 
for different initial states in the mixed phase space. For
chaotic  initial  states  (e.g.,  C1,  red  curve),  rapidly
grows  and  saturates  near  1,  whereas  for  regular  states
(e.g.,  R1,  blue  curve),  it  exhibits  low-amplitude  oscilla-
tions. This highlights the sensitivity of FOTOC dynamics
to the underlying phase-space structure, paving the way
for  its  application  in  detecting  quantum  chaos.  We
further investigate the time evolution of  for different
particle numbers  and perturbation angles , with the
initial  state  chosen  in  the  chaotic  region  (i.e.,  C1

).  For  a  fixed ,  rapidly  saturates  with
time  [e.g.,  in Fig.  A3(a)].  As  increases,  the

N

C(t) ϵ

ϵ

N = 200 ϵ = π/40

saturation  value  approaches  unity,  indicating  that
smaller  significantly suppresses the visibility of quantum
chaotic behavior. Figure A3(b) shows the time evolution
of  for  different  values  of ,  demonstrating  that
smaller  also suppresses signatures of chaotic dynamics.
Our  results  uncover  that  both  small  system  sizes  and
weak  perturbations  reduce  the  visibility  of  measurable
quantum chaos  indicators.  Therefore,  in  the  main  text,
we  use  and  to  maximize  the  visibility
of chaotic features when computing the FOTOC.

Q Appendix C: Husimi-  distribution of
quantum state evolution

Q

ρ̂ = |ψt⟩⟨ψt| t Q

The Husimi-  distribution is a quasiprobability distribu-
tion that effectively represents quantum states in phase
space.  By  visualizing  high-dimensional  quantum  states,
it  offers  clear  insights  into  quantum  phenomena  like
uncertainty and coherence, thus serving as a useful tool
in studies of quantum chaos [5, 56]. For a pure quantum
state  at time , the Husimi-  distribution is 
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Fig. A1  Time-averaged FOTOC  (triangles) as functions
of  for (a)  and (b) . For comparison, the
rescaled  time-averaged  QFI  is  shown  as  a  solid  line.
Parameters are set as , , and .
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Fig. A2  Time  evolution  of  FOTOC  for  different
initial states. The curves (from top to bottom) correspond to
the  initial  SCSs:  C1  (red),  C2  (black),  R1  (blue),  and  R2
(green). We have set  and other parameters are the
same as those in Fig. 2.
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Q(θ, ϕ) =
2J + 1

4π
⟨θ, ϕ|ρ̂|θ, ϕ⟩J , (C1)

|θ, ϕ⟩J (2J + 1)/4πwhere  is the SCS and  is the normalization
factor.

Q

Q

z

Figure  A4 displays  the  Husimi-  distributions  of  the
time-evolved  states  for  various  initial  SCSs,  revealing
notable  differences  in  the  evolution  of  states  from
chaotic sea to regular island. For initial states in chaotic
regions (C1 and C2), the Husimi-  distributions spread
and  diffuse  over  time,  reflecting  sensitivity  to  initial
conditions, a hallmark of chaotic dynamics. In contrast,
for  initial  states  in  regular  regions  (R1  and  R2),  the
distributions stay localized and rotate around the -axis
on the Bloch sphere,  indicating stable,  periodic motion.
Our findings  highlight  the  distinct  dynamical  behaviors
of chaotic and regular trajectories in mixed phase space,
clearly visualizing the evolution of quantum states.

 Appendix D: MLE analysis of MPS-FCS
transition

Bx

c = 10 Bz = π/2

Bx ≈ 3.3

λmax = 0

To quantify the transition from MPS to FCS, we numer-
ically  calculate  the  MLE  for  classical  trajectories  with
varying  driven  strength  and  different  initial  states.
The  system  parameters  are  set  to  be  the  same  as  in
Fig.  2,  i.e.,  and . Figure  A5 shows  that
near  the  pseudo-critical  point  (indicated  by  a
dashed vertical line), localized regular islands (deep blue
regions with ) emerge in the mixed phase space.
This  marks  the  onset  of  the  MPS-to-FCS  transition
within  an  extremely  narrow  parameter  window.  The

Bx ≈ 3.3

Bx
c
2 −Bz ≈ 3.4

Bx

λmax ≥ 1

Bx > 5.3

pseudo-critical  point  at  may  originate  from  a
resonance between the driving energy  and the intrinsic
energy  of the undriven system. This resonance
causes  the  driving  term  to  effectively  couple  to  the
system’s  internal  modes,  locally  destabilizing  regular
orbits  and  forming  isolated  chaotic  regions  (deep  blue
islands  in Fig.  A5).  As  increases  further,  the  phase
space  becomes  dominated  by  a  fully  chaotic  sea  (red
regions with ), and no regular islands remain for

, indicating a definitive MPS-to-FCS transition.
Notably, near the parameter values corresponding to the
two  transitions  described  above,  we  observe  a  sudden
increase  and  a  saturation  signal  in  the  time-averaged
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Fig. A3  Time  evolution  of  FOTOC  for  the  initial
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in Fig. 2(a)), , and .

FRONTIERS OF PHYSICS RESEARCH ARTICLE

093202-8   Ke Li, et al., Front. Phys. 21(9), 093202 (2026)

 



FOTOC  for  the  initial  states  R1  and  R2  (see Fig.  5),
respectively.

(Bx, c) FQ

λmax

c

Bx

To systematically characterize how chaotic transitions
depend on nonlinearity, we map the phase boundary in
the  parameter  space  using  quantum  ( )  and
classical ( ) measures, shown in Figs. A6(a) and (b),
respectively.  Both  indicators  consistently  show  that
increasing  effectively lowers the critical driving amplitude

 for  entering  the  fully  chaotic  regime,  offering  an
additional  experimental  control  parameter  to  tune  the
chaos boundary.

 Appendix E: Distributions of time-averaged
QFI and FOTOC in fully chaotic regime

FQ C (Sz, ϕ) Bx = 6.0

Bx ≈ 5.3

To visualize the FCS regime, we plot the distributions of
 and  in  space for  — well above the

critical value  (Fig. A7). Both quantities exhibit
large, non-zero positive values across phase space, unlike
the  localized  regular  patterns  formed  by  zero  values  in
the MPS regime shown in Fig. 2(a) and Fig. 4(a). This

C

striking contrast confirms the absence of regular islands
and reflects global chaotic dynamics, consistent with the
saturation of  observed in Fig. 5.
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