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In this study, based on the variational principle and Faddeev method, we present a general framework 
for finding the propagating solutions of multiple interacting particles on a torus. Two different versions 
of multiparticle secular equations are presented. Version one shows how the propagating solutions on 
a torus and the infinite volume dynamics are connected. The second version may be more suitable and 
robust for the task of lattice quantum chromodynamics data analysis. The proposed formalism may also 
be useful for studying the effects of few-body interactions on the electronic band structure in condensed 
matter physics.
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1. Introduction

Few-body interactions are crucial elements in many areas of 
modern physics, e.g., extracting the mass ratio of light quarks from 
experimental data requires the precise determination of three-
body dynamics [1–6]. Few-body systems may also exhibit dis-
tinct features and unexpected long-range few-body effects, such 
as the Effimov effect [7] and nuclear halo effect [8]. In recent 
years, tremendous progresses on the studies of the interactions 
of multiple hadron particles based on first principles calculation 
using lattice quantum chromodynamics (QCD) have been made 
in nuclear/hadron physics. However, extracting multiparticle dy-
namics from lattice simulations is still mostly limited to the two-
particle sector, and the two-body finite volume formalism is largely 
based on the Lüscher formula and its variants [9–23]. Three-body 
problems have been addressed using various approaches [24–49], 
where most of these developments are along the line of build-
ing connections between infinite volume scattering amplitudes and 
long-range correlations due to the periodic structure of the cu-
bic lattice. Formulating the quantization conditions using infinite 
volume scattering amplitudes as the inputs present a more conven-
tional foundation, but both the infinite and finite-volume dynamics 
must be handled simultaneously, which may be computationally 
challenging.

In this letter, we present a framework with the potential to 
overcome some technical obstacles and provide a more general and 
convenient method for analyzing lattice QCD simulations of multi-
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particle dynamics. The framework presented in this letter is based 
on the original variational approach proposed by [42], which em-
ploys a multiparticle Schrödinger equation in a differential equa-
tion representation. One of the key components of finite volume 
physics is that a periodic boundary condition must be satisfied by 
the solutions. In the method proposed by [42], the periodicity of 
the solutions is achieved by constructing variational basis functions 
based on the linear superposition of infinite-volume solutions cen-
tered at each image of the cubic box, φ J (x) = ∑

n∈Z ψ J (x + nL), 
where φ J (x) represents the finite volume variational basis, ψ J (x)
is one of the independent infinite volume solutions labeled with a 
quantum number J , and the symbol L denotes the size of the pe-
riodic box. The desired boundary condition is now satisfied by all 
φ J (x), but these φ J (x) are typically not solutions of the finite vol-
ume multiparticle Schrödinger equation. Therefore, the variational 
principle must be applied and the variational trial function may 
be given by φ(x) = ∑

J c J φ J (x) (see [42]). Hence, finite volume 
and infinite volume physics are linked together by constructing fi-
nite volume basis functions from infinite volume solutions. Thus, 
the original idea is similar to other previously proposed methods 
[24–49] where infinite volume solutions are used as inputs for fi-
nite volume physics. Finding infinite volume solutions alone can 
be cumbersome. In this letter, we show that an integral equation 
representation of the variational approach may be more favorable 
for finding solutions of finite volume multiparticle dynamics. The 
periodic boundary conditions are automatically satisfied by the so-
lutions of the Lippmann–Schwinger type equation. Hence, the key 
step in our original approach involving the construction of finite 
volume basis functions means that imposing boundary conditions 
is no longer required. Ultimately, the quantization condition may 
be given in a form that requires no specific choice of the varia-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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tional basis and it depends only on the interaction potentials and 
finite volume Green’s functions. In order to conduct lattice data 
analysis, the interaction potentials may be treated as inputs and 
the discrete energy spectrum of multiparticle interactions in a fi-
nite volume may be found without knowing the infinite volume 
scattering amplitudes or wave functions. After extracting the inter-
actions from the lattice results, infinite volume dynamical quanti-
ties such as the scattering amplitudes may be computed separately.

The key to studying multiparticle dynamics in lattice QCD sim-
ulations is finding the propagating solutions for multiple inter-
acting particles in a periodic box, which is similar to studying 
electronic band structures in condensed matter physics. Therefore, 
the proposed framework may also be useful for studying few-body 
effects on electronic band structures. In addition, the formalism 
presented in this letter may provide a natural framework for in-
cluding coupled-channel effects in different particle sectors. The 
key concept employed in the integral equation representation of 
the variational approach is illustrated with a simple example of a 
single particle propagating through a periodic potential.

2. Single particle propagation on a one dimensional torus, 
Lüscher formula, and variational approach

We start our discussion with a simple quantum mechanical 
problem involving two particles moving on a torus. By factorizing 
out the center of mass motion, the problem of two propagating 
particles on a torus may be mapped onto a problem of a sin-
gle particle tunneling through a periodic potential. It is sufficient 
to use this basic example to illustrate the connection with the 
Lüscher formula and the key ideas in the variational approach in a 
pedagogical manner without excessive technical details.

Single particle tunneling though a periodic potential: The problem 
of a quantum mechanical particle propagating in a periodic box 
with size L and interacting with a short-range spatially symmetric 
potential, V (−x) = V (x), is described by the Schrödinger equation:(

E + ∇2

2m

)
φ(x, E) = V (x)φ(x, E), x ∈ [− L

2
,

L

2
], (1)

where the wave function is required to satisfy the periodic bound-
ary condition:

φ(− L

2
, E) = e−i Q Lφ(

L

2
, E), φ′(− L

2
, E) = e−i Q Lφ′( L

2
, E). (2)

Q may be related to the CM momentum of two particles, P = 2πd
L

(d ∈ Z), by Q = P
2 in lattice QCD computations [19] or the quasi-

momentum of a particle in condensed matter physics [50]. For 
general discussion purposes, in this study, we assume that Q is 
an arbitrary real number. A conventional approach for solving the 
problem described above involves expressing the finite volume 
wave function as the linear superposition of all the independent 
solutions of the corresponding Schrödinger equation in infinite 
space: φ(x, E) = ∑

J c J ψ J (x, E), where ψ J is the solution of the 
following equation:(

E + ∇2

2m

)
ψ J (x, E) = V (x)ψ J (x, E), x ∈ [−∞,∞] (3)

corresponding to a free incoming wave ψ(0)
J . Each single ψ J usu-

ally does not satisfy the periodic boundary conditions in Eq. (2), 
and thus the solution of Eq. (1), φ = ∑

J c J ψ J , must be obtained 
by imposing periodic boundary conditions and finding the cor-
rect coefficients, c J , to satisfy the boundary condition for the wave 
function φ. Therefore, imposing the boundary condition ultimately 
yields the quantization condition that determines the allowed en-
ergy spectrum and the solutions of the finite volume wave func-
tion in terms of infinite volume wave solutions. In one dimension, 
only two independent solutions are present in the infinite volume 
[20,39], ψ±(−x, E) = ±ψ±(x, E), which have the asymptotic form:

ψ±(x, E)
|x|∼ L

2→ ψ
(0)
± (x, E) + it±(k)eik|x|Y±(x), k = √

2mE, (4)

where ψ
(0)
+ (x, E) = cos kx, ψ

(0)
− (x, E) = i sin kx, Y+(x) = 1 and 

Y−(x) = x
|x| . The physical scattering amplitudes, t±(k), are de-

fined by t±(k) = − 1
2k

∫ ∞
−∞ dxe−ikx V (x)ψ±(x, E). Thus, by using the 

asymptotic form of ψ± given in Eq. (4), the quantization condition 
can be found easily after the boundary conditions are imposed:

tan2 Q L

2

[
1 + e−ikL

2i
+ t+(k)

][
1 + e−ikL

2i
+ t−(k)

]

+
[

1 − e−ikL

2i
+ t+(k)

][
1 − e−ikL

2i
+ t−(k)

]
= 0. (5)

In addition, the ratio of c+ and c− is obtained as:

c+
c−

= −i cot
Q L

2

1 − e−ikL + 2it−(k)

1 + e−ikL + 2it+(k)
. (6)

Hence, the problem of a single particle propagating though a peri-
odic potential is now considered to be solved completely because 
both the quantization condition and coefficients of linear super-
position are obtained. The quantization condition in Eq. (5) may 
be regarded as a generalized Lüscher formula in one dimension 
[20,39]. In general, for an arbitrary value of Q , both solutions 
of ψ± must contribute to ensure that φ = ∑

J=± c J ψ J satisfies 
the periodic boundary condition. To illustrate this point further, 
let us also consider two particles interacting with a δ-function 
potential in three dimensions as another example [42]. With a 
δ-function potential, only the S-wave scattering amplitude con-

tributes and the secular equation is simply given by c J

[
i + 1

t0(k)

]
=

c0M(Q)
[ J ],[0](k), where M(Q)

[ J ],[ J ′] denote the partial wave expansion 
coefficients of the finite volume Green’s function (see [19,42]). In a 
finite volume, all the partial waves must be summed up with the 
correct ratios to satisfy the periodic boundary condition and the 
final finite volume wave function is proportional to the periodic 
finite volume Green’s function: φ(x, E) ∝ t0(k)G(Q )

L (x, E).
Finite volume Lippmann–Schwinger equation: In one dimension, 

the conventional boundary condition matching procedure presents 
a clear demonstration for the quantum mechanical periodic bound-
ary considered in the example above, but the matching boundary 
condition procedure is more technically tedious in higher dimen-
sions and multiparticle sectors. Hence, the differential equation, 
Eq. (1), and boundary conditions, Eq. (2), together may be replaced 
by a finite volume Lippmann–Schwinger type equation:

φ(x, E) =
L
2∫

− L
2

dx′G(Q )
L (x − x′, E)V (x′)φ(x′, E), (7)

where the finite volume Green’s function is given by:

G(Q )
L (x, E) = 1

L

p= 2πn
L +Q∑

n∈Z

eipx

E − p2

2m

. (8)

The periodic boundary conditions for φ in Eq. (2) are automatically 
satisfied due to the periodicity of G(Q ):
L
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G(Q )
L (x + L, E) = ei Q L G(Q )

L (x, E). (9)

Again, by using the fact that φ = ∑
α c J ψ J because the solutions of 

ψ± are given, then solving the finite volume Lippmann–Schwinger 
equation can be transformed into the problem of finding the al-
lowed energy values and c± that satisfy the following equation:∑
J=±

c J ψ J (x, E)

=
∑
J=±

c J

L
2∫

− L
2

dx′G(Q )
L (x − x′, E)V (x′)ψ J (x′, E). (10)

To obtain the Lüscher formula again from Eq. (10), we may use the 
asymptotic form of ψ J in Eq. (4) and the analytic expression of the 
finite volume Green’s function:

G(Q )
L (x, E)

= −2mi

2k

[
eik|x| + eikx

ei(Q −k)L − 1
+ e−ikx

e−i(Q +k)L − 1

]
. (11)

Thus, we find that:

c+ cos kx + c−i sin kx

= eikx

ei(Q −k)L − 1
[c+it+(k) + c−it−(k)]

+ e−ikx

e−i(Q +k)L − 1
[c+it+(k) − c−it−(k)] . (12)

cos kx and sin kx are two independent bases, so their coefficients 
in Eq. (12) must match on both sides of the equation, thereby ulti-
mately yielding the quantization condition and the ratio of c+/c−
given in Eq. (5) and Eq. (6), respectively.

Variational approach in integral equation representation: The
Lüscher formula provides an explicit connection between the peri-
odic structure of the lattice and the physical scattering amplitude 
of the infinite volume. As illustrated in the previous discussion, 
obtaining these explicit relations requires knowledge of the asymp-
totic form of the multiparticle wave function and the asymptotic 
properties of the finite volume Green’s function. Unfortunately, 
finding the asymptotic forms of the wave function and Green’s 
function is not simple for multiparticle interactions. In particular, 
pairwise interactions behave as long-range interactions in multi-
particle sectors, thereby making the study of asymptotic behaviors 
even more difficult. The original variational approach in differ-
ential equation representation [42] was developed to provide a 
numerical framework for finding solutions to the multiparticle dy-
namics in a finite volume by dispensing with the analytical form 
of the Lüscher formula. Thus, in order to achieve the same goal, in 
this study, the variational principle is applied to the finite volume 
Lippmann-Schwinger equation in Eq. (10), and φ = ∑

α c J ψ J may 
be regarded as a variational trial function. By integrating both sides 

of Eq. (10) by 
∫ L

2

− L
2

dxψ∗
J ′ (x, E), a secular equation in a periodic box 

is obtained:∑
J

[
S J ′, J (E) − H (Q )

J ′, J (E)
]

c J = 0, (13)

where S J ′, J (E) = ∫ L
2

L dxψ∗
J ′ (x, E)ψ J (x, E), and:
− 2
H (Q )

J ′, J =
L
2∫

− L
2

dxdx′

× ψ∗
J ′(x, E)G(Q )

L (x − x′, E)V (x′)ψ J (x′, E). (14)

Therefore, in the variational approach, the quantization condition 
is given by:

det
[

S J ′, J (E) − H (Q )

J ′, J (E)
]

= 0, (15)

and the ratio of the coefficients can also be found as:

c+
c− = S+,−(E) − H (Q )

+,−(E)

S+,+(E) − H (Q )
+,+(E)

, (16)

which are equivalent to Eq. (5) and Eq. (6), respectively.
The variational approach has the advantage that no explicit 

asymptotic expressions are required for the wave functions and 
finite volume Green’s function, and thus it may provide a conve-
nient numerical approach to finite volume problems. However, this 
approach is still computationally intensive in practice. The infinite 
volume solutions must be found first and then used as inputs to 
compute all of the matrix elements in Eq. (15). Therefore, this ap-
proach is still highly numerically challenging and it might not be 
the most suitable form for the purpose of lattice data fitting.

The problem in Eq. (15) are all caused by the selection of a 
specific form of variational trial function: φ = ∑

α c J ψ J , and thus 
Eq. (15) depends on the infinite volume solutions. If we only need 
to obtain the energy spectrum, the quantization condition may be 
arranged in a form that is free of a specific form of the trial basis, 
which depends only on the interaction potentials and finite volume 
Green’s function. Thus, the quantization condition given in this 
manner may be more suitable for the purpose of lattice data fit-
ting. To illustrate this idea, the finite volume Lippmann–Schwinger 
equation, Eq. (6), is first transformed into a homogeneous matrix 
equation by discretizing it in a finite box:∑

j

[
δi, j − G(Q )

L (xi − x j, E)V (x j)
]
φ j = 0, (17)

where x j = aj ∈ [− L
2 , L

2 ] denote the discrete positions in the fi-
nite volume, a may be regarded as the finite lattice spacing, and 
φ j = φ(x j, E). In this case, Eq. (17) may be regarded as secular 
equations with coefficients of φ j in the same manner as the secu-
lar equation given in Eq. (13), and thus the quantization condition 
is simply given in terms of the potential and finite volume Green’s 
function by:

det
[
δi, j − G(Q )

L (xi − x j, E)V (x j)
]

= 0. (18)

The normalized finite volume wave function, φ, may also be solved 
numerically. By treating the potentials as inputs instead of infi-
nite volume wave functions, the quantization condition given in 
Eq. (18) does not require any extra effort to find solutions for the 
infinite volume amplitudes or wave functions, and thus it may be 
more efficient for lattice QCD data analysis in practice.

3. Multiparticle propagation on a torus and variational approach

Using finite volume integral equations, such as the Lippmann–
Schwinger equation, in a higher dimensional space or for multi-
particle dynamics has clear advantages for implementing periodic 
boundary conditions. The general form for a multiparticle interac-
tion in a finite periodic box may be given by an integral equation 
defined in a single cell of a periodic box:
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� = G L V �, (19)

where the multiparticle finite volume Green’s function, G L , and 
finite volume wave function, �, share the same periodic bound-
ary condition. By applying the same methods described above, 
the finite volume wave function may be given as the sum of all 
possible independent propagating solutions in an infinite volume, 
� = ∑

J c J � J . � J satisfies the integral equation:

� J = �
(0)
J + G0 V � J , (20)

where G0 denotes the infinite volume Green’s function and �(0)
J

represents an incoming wave. We need to transform the integral 
equation, Eq. (19), into a secular equation:∑

J

〈� J ′ |I − G L V |� J 〉c J = 0, (21)

where � J = (
I − G0 V

)−1
�

(0)
J . Both the quantization condition 

and solutions of � may be obtained from the secular equation, 
Eq. (21). Typically, the number of independent solutions is infi-
nite in a higher dimensional space or multiparticle sectors be-
cause the only constraint on the kinematics is the total energy of 
the particles. For example, single a particle in three dimensions, 
the incoming waves can be selected as partial waves, �(0)

J=[ J ](r) =
j J (kr)Y [ J ](r). Hence, the variational basis must be truncated in 
practical computations.

Faddeev method and multiparticle propagating solutions in an in-
finite volume: In terms of the multiparticle dynamics, especially 
when pairwise interactions are involved, the disconnected dia-
grams lead to non-compactness for the integral kernel in Eq. (20)
and direct difficulty solving Eq. (20). Faddeev procedures [51,52]
are usually employed to transform a single integral equation, 
Eq. (20), into a set of coupled equations with a well-defined ker-
nel. The variational approach and Faddeev method described in 
the following are not limited to three-body problems, but in order 
to simplify the presentation, we constrain our discussion to only 
the three-body problem with both pairwise interactions and three-
body short-range interactions. In an infinite volume, the scattering 
solutions for three particles are given by:

� J = �
(0)
J + G0(v1 + v2 + v3 + v4)� J , (22)

where vα=1,2,3 denote pairwise interactions between the pairs 
(βγ ) and α 
= β 
= γ , and v4 represents the three-body short-
range interactions involving all three particles. Thus, by introducing 
the scattering amplitudes, Tα, J = −vα� J , and the total scattering 
amplitude, T J = ∑4

α=1 Tα, J = −V � J , the three-body Lippmann–
Schwinger equation, Eq. (22), is transformed into a set of coupled 
equations:

Tα, J = −vα�
(0)
J + vαG0

∑
β

Tβ, J . (23)

Defining operators,

tα = −(I − vαG0)
−1 vα, (24)

and the Faddeev equations are obtained:

Tα, J + tαG0

∑
β 
=α

Tβ, J = tα�
(0)
J . (25)

The Faddeev equations in Eq. (25) are standard Fredholm-type 
equations with a well-defined kernel and they can be solved with 
standard procedures [51–55].
Multiparticle secular equations in a finite volume: The Faddeev 
procedures may also be applied in a finite volume in a simi-
lar manner, where we may introduce the finite volume ampli-
tudes as T (L)

α = −vα�, and the total finite volume T -amplitude as 
T (L) = ∑4

α=1 T (L)
α = −V �. Therefore, Eq. (19) is transformed into:

T (L)
α = vαG L

∑
β

T (L)
β . (26)

If we also introduce the finite volume operators as:

t(L)
α = −(I − vαG L)

−1 vα, (27)

then a finite volume version of the Faddeev equations is given by:

T (L)
α + t(L)

α G L

∑
β 
=α

T (L)
β = 0. (28)

Thus, in a finite volume, by applying the assumption that � =∑
J c J � J , or equivalently that T (L)

α = ∑
J c J Tα, J , the multiparticle 

secular equations are obtained as:

∑
J

⎡⎣∑
α,β

〈Tα, J ′ |δα,β(I − t(L)
α G L) + t(L)

α G L |Tβ, J 〉
⎤⎦ c J = 0, (29)

where Tα, J = [
δα,β(I − tαG0) + tαG0

]−1
tα�

(0)
J . Therefore, the en-

ergy spectra of multiple particles propagating on a torus are deter-
mined by the quantization condition:

det

⎡⎣∑
α,β

〈Tα, J ′ |δα,β(I − t(L)
α G L) + t(L)

α G L |Tβ, J 〉
⎤⎦ = 0, (30)

or in terms of the potentials instead of t(L)
α operators as:

det

⎡⎣∑
α,β

〈Tα, J ′ |δα,β − vαG L |Tβ, J 〉
⎤⎦ = 0. (31)

The finite volume wave functions are also solved by secular equa-
tions, Eq. (29).

The secular equations in Eq. (29) may provide a sound numer-
ical framework for finding propagating solutions for multiparticles 
on a torus, but this method is still computationally intensive and 
may not be highly efficient for data fitting in practice. Thus, for 
practical purposes, it is probably more effective to directly solve 
the finite volume Faddeev equations in Eq. (26) or Eq. (28) by ei-
ther discretizing in the finite coordinate space or by Fourier trans-
formation into a finite volume momentum space with discrete free 
lattice momenta. For instance, Eq. (26) may be transformed into a 
homogeneous matrix equation:∑
β, j

[
δα,βδi, j − (vαG L)i, j

]
T (L)

β, j = 0, (32)

where the index (i, j) denotes the discretized grid positions in a 
finite box. Therefore, the discretized finite volume Faddeev equa-
tion in Eq. (32) may now be treated as secular equations with T (L)

β, j
as coefficients of the expansion basis, and thus the quantization 
condition for multiparticles in a finite volume is given by:

det
[
δα,βδi, j − (vαG L)i, j

] = 0. (33)

Now, the interaction potentials can be parameterized and used as 
inputs for the quantization condition. The potentials may be ex-
tracted by fitting lattice data and infinite volume dynamics, such 
as the scattering amplitudes, can then be computed in separate 
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steps. For multiparticle dynamics, dealing with potentials directly 
is typically much easier than handling multiparticle scattering am-
plitudes. We note that the HAL QCD collaboration method is also 
an interesting approach for extracting interaction potentials from 
lattice data [56]. A four-particle example is presented in Appendix 
to further illustrate the variational approach for multiparticle dy-
namics.

4. Summary

In this study, we proposed a general framework for finding 
multiparticle propagating solutions on a torus. We derived mul-
tiparticle secular equations in a finite volume based on the varia-
tional approach combined with the Faddeev method, where peri-
odic boundary conditions are imposed by the finite volume Fad-
deev type or Lippmann-Schwinger type integral equations. Both 
the multiparticle quantization condition and finite volume wave 
function solutions may be obtained from the secular equations. 
Two versions of the multiparticle secular equations are presented 
in Eq. (29) and Eq. (32). The first version of the secular equa-
tions given in Eq. (29) and the corresponding quantization con-
dition in Eq. (30) or Eq. (31) are derived based on the assumption 
that the finite volume variational trial wave function is given by 
the linear superposition of all possible infinite volume solutions: 
� = ∑

J c J � J . Hence, version one may reveal the close relation-
ships between the propagating solutions on a torus and the solu-
tions in an infinite volume. The second version of secular equations 
given in Eq. (32) and the corresponding quantization condition in 
Eq. (33) may seem more obscure in terms of extracting infinite vol-
ume dynamical information for multiparticle interactions, but they 
may be more efficient and robust for specific tasks, such as lattice 
QCD data analysis.
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Appendix A. Example of four particles interaction on a torus

As a specific example of multiparticle interactions in a finite 
volume, let us consider a four-particle system interacting via only 
pairwise interactions in a one-dimensional box. After removing the 
center of mass motion, the dynamics of the system in the rest 
frame for four particles is described by:

φ(r14, r24, r34) =
L
2∫

− L
2

dr′
14dr′

24dr′
34

× G L(r14 − r′
14, r24 − r′

24, r34 − r′
34)

×
4∑

(α<β)

V (αβ)(r
′
αβ)φ(r′

14, r′
24, r′

34), (A.1)

where φ is a wave function that describes the relative motion of 
the four-particle system, the independent relative coordinates are 
selected as (r14, r24, r34), and V (αβ)(rαβ) represents the pairwise 
interactions between the α-th and β-th particles. The four-particle 
finite volume Green’s function is given by:

G L(r14, r24, r34) = 1

L3

∑
p′

1,p′
2,p′

3

ei(p′
1r14+p′

2r24+p′
3r34)

E − ∑4
i=1

p′
i
2

2m

, (A.2)

where p′
1,2,3 ∈ 2π

L n, n ∈ Z, and p′
4 = −p′

1 − p′
2 − p′

3. To simplify 
presentation, we assume that all particles are distinguishable but 
they carry the same mass: m1 = m2 = m3 = m4 = m.

The six finite volume amplitudes may be introduced as:

T (L)
(αβ)

(p1, p2, p3) = −
L
2∫

− L
2

dr14dr24dr34

× e−i(p1r14+p2r24+p3r34)V (αβ)(rαβ)φ(r14, r24, r34), (A.3)

where (αβ) = (14), (24), (34), (12), (13), (23). Thus, Eq. (A.1) is 
transformed into six coupled equations in terms of the T (L)

(αβ)
am-

plitudes:

T (L)
(αβ)(p1, p2, p3) =

∑
p′

1,p′
2,p′

3

δpγ ,p′
γ
δpδ ,p′

δ
Ṽ (αβ)(qαβ − q′

αβ)

× 1

L

1

E − ∑4
i=1

p′
i
2

2m

4∑
(α′β ′)=1

T (L)

(α′β ′)(p′
1, p′

2, p′
3),

α 
= β 
= γ 
= δ, (A.4)

where qαβ = pα−pβ

2 and q′
αβ = p′

α−p′
β

2 are the relative momenta 
between the α-th and β-th particles, and the momenta of the 
four particles are constrained by the total momentum conservation 
pα + pβ + pγ + pδ = 0. Ṽ (αβ) represents the Fourier transform of 

potential V (αβ): Ṽ (αβ)(qαβ) = ∫ L
2

− L
2

drαβe−iqαβ V (αβ)(rαβ). Thus, the 
quantization condition is given by:

det

[
δ(αβ),(α′β ′)

3∏
i=1

δpi ,p′
i
− 1

L

δpγ ,p′
γ
δpδ ,p′

δ
Ṽ (qαβ − q′

αβ)

E − ∑4
i=1

p′
i
2

2m

]
= 0, α 
= β 
= γ 
= δ. (A.5)
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