Y
o
©
c
p -
-
o
ﬁ

Mathematical Physics

ublishing

RESEARCH ARTICLE | FEBRUARY 10 2025
Graded Poisson and graded Dirac structures

Manuel de Leén & © ; Rubén Izquierdo-Lopez

‘ '.) Check for updates ‘

J. Math. Phys. 66, 022901 (2025)
https://doi.org/10.1063/5.0243128

@ B

View Export
Online  Citation

Articles You May Be Interested In

Extended Hamiltonian systems in multisymplectic field theories

J. Math. Phys. (November 2007)

Remarks on Hamiltonian structures in G ,-geometry

J. Math. Phys. (December 2013)

Generating functionals and Lagrangian partial differential equations

J. Math. Phys. (August 2013)

AIP
Ké_ Publishing

Special Topics Open

for Submissions

Learn More

151202 G20z Arenigad |


https://pubs.aip.org/aip/jmp/article/66/2/022901/3335161/Graded-Poisson-and-graded-Dirac-structures
https://pubs.aip.org/aip/jmp/article/66/2/022901/3335161/Graded-Poisson-and-graded-Dirac-structures?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0002-8028-2348
javascript:;
https://orcid.org/0009-0007-8747-344X
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0243128&domain=pdf&date_stamp=2025-02-10
https://doi.org/10.1063/5.0243128
https://pubs.aip.org/aip/jmp/article/48/11/112901/955041/Extended-Hamiltonian-systems-in-multisymplectic
https://pubs.aip.org/aip/jmp/article/54/12/122901/233303/Remarks-on-Hamiltonian-structures-in-G2-geometry
https://pubs.aip.org/aip/jmp/article/54/8/082901/1031769/Generating-functionals-and-Lagrangian-partial
https://e-11492.adzerk.net/r?e=_dXRtX3NvdXJjZT1wZGYtZG93bmxvYWRzJnV0bV9tZWRpdW09YmFubmVyJnV0bV9jYW1wYWlnbj1IQV9TVCtPcGVuK2ZvcitTdWJzK0dlbmVyaWNfUERGXzIwMjQifQ&s=7if_2mya_O5CTXmd26rEpOFcVF4

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Graded Poisson and graded Dirac structures

Cite as: J. Math. Phys. 66, 022901 (2025); doi: 10.1063/5.0243128 @ ity @
Submitted: 9 October 2024 « Accepted: 22 January 2025 :
Published Online: 10 February 2025

Manuel de Leén'? 2/ and Rubén Izquierdo-Lépez”"

AFFILIATIONS

TInstituto de Ciencias Matematicas, Campus Cantoblanco, Consejo Superior de Investigaciones Cientificas, C/Nicolas Cabrera,
13-15, Madrid 28049, Spain

2Escuela Superior de Ingenieria y Tecnologia, Universidad Internacional de La Rioja, Logrofio, Spain

2 Author to whom correspondence should be addressed: mdeleon@icmat.es. Also at: Real Academia de Ciencias Exactas, Fisicas
y Naturales de Espafia, C/Valverde, 22, Madrid 28004, Spain.

Plruben.izquierdo@unir.net. Also at: Instituto de Ciencias Matematicas, Campus Cantoblanco, Consejo Superior de
Investigaciones Cientificas, C/Nicolas Cabrera, 13-15, Madrid 28049, Spain.

ABSTRACT

There have been several attempts in recent years to extend the notions of symplectic and Poisson structures in order to create a suitable
geometrical framework for classical field theories, trying to achieve a success similar to the use of these concepts in Hamiltonian mechanics.
These notions always have a graded character, since the multisymplectic forms are of a higher degree than two. Another line of work has been
to extend the concept of Dirac structures to these new scenarios. In the present paper we review all these notions, relate them and propose and
study a generalization that (under some mild regularity conditions) includes them and is of graded nature. We expect this generalization to
allow us to advance in the study of classical field theories, their integrability, reduction, numerical approximations and even their quantization.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0243128

I. INTRODUCTION

As it is well-known, mechanics experienced a drastic change as soon as it was able to use symplectic geometry in its description. This
occurred in the 1950s and 1960s of the last century, and made it possible to obtain Hamilton’s equations as the integral curves of a vector
field on a symplectic manifold, in fact, on the cotangent bundle of the configuration space of the system. This implied a liberation from
coordinates and the possibility of obtaining the usual properties of mechanical systems (conservation of energy, other conserved quantities,
Noether’s theorem, integration, reduction procedures, Hamilton-Jacobi theory, Arnold-Liouville theorem and corresponding action-angle
coordinates. . .) in a simple and elegant way.

Consequently, one direction of research has been to extend symplectic geometry to more general situations describing classical field
theories. At the end of the 1960s, three groups of physicist-mathematicians independently developed a formalism called multisymplectic,
which sought to extend the symplectic of mechanics to this case.' ” The difficulty of this new geometry is that, while symplectic geometry is
very rigid (it is always locally equivalent to the canonical one of a cotangent bundle via the Darboux theorem), the situation is very different in
the multisymplectic case. In the last 50 years, much effort has been made to achieve progress in this leading, and despite many achievements,
a theory as satisfactory as for mechanics has not yet been achieved, being still a field of research in full development.

A symplectic structure w on a manifold M determines an algebraic structure in the function algebra C* (M) through the Poisson bracket
defined by

{f8} = w(Xp X,),

where f, g € C™(M) and Xy and X, are the corresponding Hamiltonian vector fields. The existence of the Poisson bracket allows not only
to express the evolution of the observables, but it is also key for quantization processes. But this algebraic structure on C*° (M) can also be
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interpreted on the manifold itself by defining the Poisson tensor as the bivector A given by

Adf,dg) ={f.¢}

see Ref. 4. It is therefore natural that research has been directed toward generalizations of these notions in order to apply them to classical field
theories. The brackets were extended in Ref. 5 (see also Ref. 6 and more recently Ref. 7), defining a graded algebra. In this case, the duality of
Hamiltonian vector fields vs 1-forms is naturally extended to multivector fields and higher degree differential forms, since the multisymplectic
form allows for several levels.

Another piece in our way is the notion of Dirac structures: They were introduced independently by Courant® and Dorfman'*'" as a
simultaneous generalization of presymplectic and Poisson structures. A Dirac structure on a manifold M is a maximal isotropic and involutive
vector subbundle D of TM & T* M. These structures have remarkable properties that have been used in differential geometry as well as in
classical mechanics. There has been several approaches to generalize Dirac geometry to classical field theories.

In Ref. 12, looking for a formalism which unifies both the Lagrangian and Hamiltonian setting (usually called Skinner—Rusk formalism,
see Ref. 13), Vankerschaver, Yoshimura, and Leok defined a multi-Dirac structure of degree k on a manifold M to be a sequence of vector

sub-bundles Dy, ..., Dy,
k+1-p

D,cE,=\/ Mouy A\ M,
p

where 1 < p <k, and k is a fixed integer, which will be the degree of the multi-Dirac structure. This sequence of multivector fields and forms
satisfies a certain maximally isotropic property, together with involutivity with respect to the Courant bracket, defined as

[0, (V.p)T = ([U.V] (-D) 0B+ (-1 £va= (-1 dlva+ (1) p) ).

The case k = 1 recovers the usual notion of Dirac structure in mechanics. In this paper, the authors show that there exists a graded multipli-
cation and a graded bracket on the space of sections of Dy, .. ., Dy, and that the latter is endowed with the structure of a Gerstenhaber algebra
with respect to these two operations. Furthermore, they define a multi-Poisson bracket on a distinguished subset of the space of forms and
show that this bracket satisfies the graded Jacobi identity up to exact forms.

Later, in Ref. 14, Zambon noticed that given a multi-Dirac structure of order k on a manifold M, D,..., Dy, then D; determines
completely the multi-Dirac structure by the equality D, = (D1)**, forall 1 < p < k, where

(DP)L’q ={(w,a) e Eg:fp - (-D)P,a =0,V (v,B) € Dg}.

He then introduced the notion of higher Dirac structure of order k on a manifold M as a vector subbundle
De—s B =TMoy \"M

"

satisfying the following properties

(i) Ttis Lagrangian, thatis D = D*'.
(ii) Itis involutive with respect to the Courant bracket.
Zambon also proved that, under some regularity conditions, both notions coincide.

Regarding the generalization of Poisson geometry, in Ref. 15, Bursztyn proposed a definition of higher-Poisson structure that generalizes
the usual one.

Definition 1 (Higher Poisson structure). A higher Poisson structure of order k on a manifold M is a pair (S,}}), where S is a vector

subbundle
§ e N'M

M /
and f is a vector bundle mapping §:8—T™M

satisfying:
(i) 1 = 0, where $>! denotes the first annihilator. In general, for a family of forms S ¢ A ’M, and p < a, we define

§?:={Ue\/ M: wa=0,VaeS}.
)
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(ii)  f is skew-symmetric, that is, 1y = —1yp)a, for all a, f € S.
(i) ~ Sis involutive with respect to the bracket (although this notation overlaps with Schouten-Nijenhuis bracket, the meaning will be clear
from the context)

[o. B] = Ly B~ ty(ay P

and satisfies

#([e 1) = [§ (@) 4(B)]

For k = 1 we recover the classical notion of a Poisson manifold.
However, in Ref. 16, Bursztyn, Martinez-Alba and Rubio observed that, in general, the graph of a higher Poisson structure

D:={(f(a),a): aeS}cE = TM@M/k\M

does not define a higher Dirac structure. Nevertheless, they noticed that it does define a weak higher Dirac structure (what they simply call
higher Dirac), a not so restrictive version of the definition introduced by Zambon that allows for higher Poisson structures to be included.
The above definitions and results introduce new notions to be explored in the field of geometries underlying classical field theories.
The objectives of this paper are twofold. First, to integrate all these geometric and algebraic notions into a common framework that
allows them to be related and extended. Second, to clarify the necessary notions:

(i) A definition of higher order Poisson structure in terms of graded multivectors that extends the usual one, which we call graded Poisson.
(ii) A definition of a graded algebraic Poisson bracket that is in bijective correspondence with the geometric definition, obtaining the
characterization of dynamics in terms of the observable algebra;
(iii) A notion of a graded Dirac structure that integrates the two previous concepts (at least under some mild assumptions), as well as the
multisymplectic structures (which we do not ask to fulfill any regularity condition, i.e., they are only closed forms of higher degree).

The following diagram summarizes how all of these concepts relate to each other:

/ Graded Dirac \

Higher Poisson
\\Higher Dirac Weak higher Dirac /

The extent to which graded Dirac structures (resp. graded Poisson) fail to include weak higher Dirac structures (resp. higher Poisson
structures) is characterized by some mild regularity conditions, essentially proving that these two concepts coincide (see Theorems B.2 and
All).

The main results of the paper are the following:

(i) The first main result of this paper is Theorem B.2, where we show that graded Dirac structures are characterized by the structure on
degree n, generalizing the equivalent result in higher Dirac geometry by Zambon in Ref. 14.

(ii) We also study the natural foliation induced by any graded Poisson manifold (Theorem A.2), and we propose a way of recovering a
graded Poisson structure from a non-degenerate multisymplectic foliation in Theorem A.3. These results are then extended to graded
Dirac manifolds in Theorem A.4.

(iii) The induced graded Poisson bracket by a graded Poisson structure is also studied, and we prove the last main result of this paper,
Theorem B.2, where we show that under some integrability conditions on the family of form subbundles, any graded Poisson bracket
induces a graded Poisson structure, thus providing the equivalence between the geometric and algebraic aspect of brackets, similar to
the correspondence present in Poisson geometry. The equivalent result is then extended to graded Dirac structures in Theorem B.3.
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The diagram below shows the interplay between the introduced concepts, comparing the case in classical mechanics, and the case in
classical field theories, showing the achieved generalization of the structures appearing in classical mechanics to a graded nature.

Classical field theories

Classical mechanics

Graded Dirac

Pre-symplectic

Forms w such that

Graded Poisson

Imb, does not have

constant rank

The paper is structured as follows. In Sec. II we first give some basic definitions in multisymplectic geometry and recall some fundamental
notions of Dirac structures. Later, we review the different concepts of multi-Dirac structures, higher Dirac structures, and weak higher Dirac
structures existing in the literature in Subsections IT C-II E, respectively. In Sec. IIT we introduce our own definition of graded Dirac structures,
beginning by studying the linear case, then extending this notion to the realm of manifolds. In this section we also study the relation of graded
Dirac structures to the existing structures in the literature. Section IV is devoted to discuss graded Poisson manifolds and graded Poisson
brackets as well as their relations. In addition, in Subsection I'V C we apply the previous results to study currents. Finally, in Sec. V we highlight
the main results of the paper and give some comments about our future work. We also include the Appendix to present the definition and
main properties of the so-called Schouten-Nijenhuis bracket that we are constantly using without mention along the paper.

A. Notation and conventions

We will use these notations throughout the paper; to facilitate the reading, they are collected here.

All manifolds are assumed C* -smooth and finite dimensional.

Einstein’s summation convention is assumed throughout the text, unless stated otherwise.

V, M denotes the vector bundle of p-vectors on M, A PTM.

(M) = F(VP M ) denotes the space of all multivector fields of order p.

A M denotes the vector bundle of a-forms on M, A *T* M.

Q%(M) =T(A" M) denotes the space of all a-forms on M.

[-,-] denotes the Schouten-Nijenhuis bracket on multivector fields. We use the sign conventions of Ref. 17.

fya = dwa - (-1)ida, for U e ¥ (M), a e Q"(M) denotes the Lie derivative along multivector fields. For a proof of its main
properties, we refer to Ref. 18.

9. Forasubbundle K €\, M, and for a > p, we denote by

S R e

a
K> = {oce/\M:lxoc:O}

the annihilator of order a of K.
10. Similarly, for a subbundle S ¢ A M, and p < a we denote by

SO’P={U€\/M:1US=O}
p

the annihilator of order p of S.

Il. AN OVERVIEW OF PREVIOUS GENERALIZATIONS OF DIRAC STRUCTURES TO CLASSICAL FIELD THEORIES
A. Multisymplectic manifolds
In this subsection we recall some basic definitions in Multisymplectic geometry.

Definition A.1 (Multisymplectic manifold). A multisymplectic manifold of order k is a pair (M, w), where M is a manifold, and w €
O 1(M) is a closed (k + 1)-form. Both the multisymplectic manifold and the multisymplectic form are called regular or non-degenerate
when the map

k
™ - AM, v o
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is a vector bundle monomorphism.

The canonical example of a multisymplectic manifold is the one generalizing the cotangent bundle from mechanics to a multi-cotangent
bundle:

Example A.1. Let Y be a manifold and define (for k < dimY)

k
M:=A\Y.
There is a canonical k-form defined on M, the Liouville k-form, defined as
Ola(vi, ..., vp) = a(TaV1, . . ., T4 V),

where T: NXY — Y denotes the canonical projection. Then,
Q:=de

is a closed (k + 1)-form and thus endows M with a canonical multisymplectic structure. To obtain its local form, notice that for any set of
coordinates (y') on Y, we can define the induced coordinates on M, (¥', pi,....i, ), representing the form

o :Pil,...,ikdyi‘ Ao A d}’ik.

Then, the canonical multisymplectic form takes the local expression
Q=dpi,. i Ady" A~ AdyS,
The main example of multisymplectic manifolds arising in the study of classical field theory is the following:
Example A.2. The extended Hamiltonian formalism of classical field theory occurs in
M := /n\ Y={ac /n\ Y, te,ne, = 0, €1, €, € kerdn},
2
where

m:Y ->X

is a fibered manifold, and n = dim X. The manifold \5 Y can be endowed with a non-degenerate multisymplectic structure by restricting the
canonical multisymplectic form on )\ *Y. Making abuse of notation, we will still denote by Q the restriction. Introducing canonical coordinates
(x5, p,p), where m(x¥,y') = (x*) are fibered coordinates, representing the form

a=pd"x +p’;dyi A d"_lx,,,
we have

Q=dpad'x+dp Ady Ad"x,

A straight-forward calculation shows that this multisymplectic structure is non-degenerate. For an in-depth treatment of classical field theory
using multisymplectic geometry we refer to Ref. 19.

The natural analogue of a Hamiltonian vector field is that of a Hamiltonian multivector field:

Definition A.2 (Hamiltonian multivector field, Hamiltonian form). Let (M, w) be a multisymplectic manifold. Then, a multivector field
U € X?(M) is called Hamiltonian if

ww = da,

for certain (k — p)—form a € Q¥ (M) which is called Hamiltonian as-well.

For details on the study of multisymplectic manifolds, we refer to Refs. 5 and 20-22.

15:12:0Z G20z Ateniged z|

J. Math. Phys. 66, 022901 (2025); doi 10.1063/5.0243128 66, 0229015
© Author(s) 2025


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

B. Dirac structures

Dirac structures, first introduced independently by Courant’ and Dorfman,'! are a generalization of pre-symplectic manifolds (manifolds
equipped with a closed 2-form w, see Refs. 23 and 24) and Poisson manifolds (manifolds equipped with an integrable bivector field A, see
Ref. 25). Dirac geometry has applications to the theory of constraints in classical mechanics. Indeed, in general, a submanifold of a Poisson
manifold does not inherit a Poisson structure; however, under certain mild assumptions, it inherits a Dirac structure. For a swift introduction

to Dirac geometry, see Ref. 15.
A Dirac structure on manifold M is a vector subbundle of E := TM @y T* M. There are two important operations related to this vector
bundle. The first one, a natural point-wise pairing: given x € M, and (u, «), (v, 8) € Ex = TM & Ty M, we can define the symmetric bracket

(@), (v, B))) = B(u) + a(w). (1)

The second one, an operation on sections, the Courant bracket

r(E) ® T(E) L (k)

defined as )
L), (0B)T = ([0, £ Lo+ 3 d(a() - B(w) ) @

Definition B.1 (Dirac structure). A Dirac structure on a manifold M is a vector subbundle

L TM @&y T*M
M /

satisfying the following properties:

(i) Itis Lagrangian with respect to the bracket of Eq. (1), that is,
L=L":={(v,B)€E: {(v,B), ()} =0,¥(u,a)eL}.

(ii) Itisinvolutive (i.e., closed) with respect to the Courant bracket [Eq. (2)].

There has been several attempts to generalize the concepts of Subsection II B to the realm of field theories (multisymplectic geometry),
which we briefly review now.

C. Multi-Dirac structures
The first definition was proposed by Vankershaver, Yoshimura, and Leok in Refs. 12 and 26. Motivated by the graded nature of
multisymplectic geometry, instead of using the bundle E = TM @&y T M, they defined the family

k+1-p
Ey:=\/ Moy N\ M,
p

where 1 < p <k, and k is a fixed integer, which will be the degree of the multi-Dirac structure. Note that the particular case k = 1 recovers the
bundle of Dirac geometry, E.

We also have two brackets, which are the generalization of the point-wise pairing and the Courant bracket. Let k > 1 be a fixed integer,
and 1 <p,g<ksuchthatp+q<k+1.

1. The graded point-wise pairing
o) k+1-(p+q)
EpomEg —>  /\
atx € M for (U, &) € (Ep)| . (V,p) € (Eg)|, is given by

(U, ), (V.p)) = wp = (-1)"rver 3)

2. The graded Courant bracket
[(Ep) @ T(Ey) L T(Epugr)
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is given by
[(Ua). (V)T = ([0 V] (D008 + (1) v (1) S doves + (1)) )

4

Definition C.1 (Multi-Dirac structure). A multi-Dirac structure of degree k on a manifold M is a sequence of vector subbundles

Di,...,D;
D, —— B, =\, M &y N7 M

b—

satisfying:
(i) Itis Lagrangian with respect to the bracket defined in Eq. (3), that is,
D= (D)= {(V,B) e E: (((V.B),(U,a))) = 0,¥(U,a) e D"},

forall p,gsuchthatp + g <k+1.
(i) It is involutive with respect to the Courant bracket [Eq. (4)], that is, [[-,-]] restricts to an operation on sections

r(Dy) ® T(Dg) LLr(Dyeg ).

Multi-Dirac structures generalize multisymplectic structures. Indeed, we have the following result.
Proposition C.1 (Ref. 26). Let w € Q"' (M) be a (k + 1)-form. Then, the sequence of vector subbundles

Dy :={(Uww): Ue \P/ M}

defines a multi-Dirac structure of order k if and only if dw = 0.
Proof. First, we will prove that it is Lagrangian. Indeed, given two multivector fields U € X’ (M), V € X1(M), we have
(U, ww), (V,vw))) = wwivw - (,1)Pqtlew =0,

which yields
Dy € (Dp)*™

Now, conversely, if (V, ) € E; satisfies
((U,ww), (V,ivw))) =0,

for any multivector field U € ¥ (M), then,
0=1p- (—l)pqtszw =wp - wivw,

and, since U is arbitrary, this implies f = 1y w, proving that
- L4
Dy = (Dp)™.

Now, it only remains to show that it is involutive if and only if dw = 0. Recall that
e = (D epve - v L.

Now, D, is integrable if and only if

_ 1
[uv]@ = (—1)(P l)qﬁutvw + (- tvww - (—l)qid(tvzuw + (_I)Pq[Ule)
= (71)(p71)q£mvw +(-Dvww - (-1)diviyw
= (—1)(P_1)q.£Ulvw -1y digpw,

that is, if and only if
(—1)(p71)q.,€mvw —wlyw = (—1)(p71)q,€usz — 1y digw.

J. Math. Phys. 66, 022901 (2025); doi 10.1063/5.0243128
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It is clear that the previous equation holds for every U € ¥’ (M), and V € X?(M) only when
vy dw = 0,

which is equivalent to w being closed. O

D. Higher Dirac structures

In Ref. 14, Zambon noticed that given a multi-Dirac structure of order k on a manifold M, Dy, ..., Dy, D; determines completely the
multi-Dirac structure by the equality D” = (D')*?, for all 1 < p < k. He then introduced the following concept.

Definition D.1 (Higher Dirac structure). A higher Dirac structure of order k on a manifold M is a vector subbundle

D—— E =TMay \N'M
o /

satisfying
(i) Itis Lagrangian, thatis D = D',
(if) It is involutive with respect to the Courant bracket.

Zambon also proved the equivalence (under some mild assumptions) of multi-Dirac structures and higher Dirac structures.
Theorem D.1 (Ref. 14). Let M be a manifold and fix k > 1. Then, there is an injective mapping
{Multi — Dirac structures of order k on M} — {Higher Dirac structures of order k on M}

given by
Dl,...,Dk'—)D:Dl

which is a bijection onto the set of higher Dirac structures D € E' such that D** defines a vector subbundle for 1 < p < k.

E. Weak higher Dirac structures

We know that multi-Dirac and higher Dirac structures can be thought of as a generalization of multisymplectic geometry. Whether these
kind of geometries can be thought of as a generalization of some sort of “higher Poisson structure” was studied in Ref. 16.
Earlier, in Ref. 15, Bursztyn proposed the following definition for a generalization of Poisson structure to the realm of field theories.

Definition E.1 (Higher Poisson structure). A higher Poisson structure of order k on a manifold M is a pair (S, }}), where S is a vector

subbundle

S e— AN M
A\lf /

and { is a vector bundle mapping
f:S—TM
satisfying:
i) S = 0, where $>! denotes the first annihilator. In general, for a family of forms S € A *M, and p < a, we define
$?:={Ue\/ M: wa=0,YaeS}.
p

(ii) { is skew-symmetric, that is, iy« = —1yp o, forall a, B € S.
(iii) ~ Sis involutive with respect to the bracket
[ B] = Ly(a)B — 1y()dP

and satisfies

#([e B1) = [#(): §(B)]
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Notice that, for k = 1, we recover the notion of a classical Poisson structure, where || is the morphism induced by the bivector A. Indeed,
for k = 1, the condition $°! = 0 is equivalent to S = T* M which, together with skew-symmetry of {, implies that it is the contraction with a

bivector field A. Involutivity is characterized by
[A,A] =0,

which is exactly the notion of a Poisson manifold.
As we mentioned above, Poisson manifolds are a particular case of Dirac manifolds defining the vector subbundle as its graph

D:= ((ﬂ(oc),oc) €E, ac T*M).

But, in Ref. 16, Bursztyn, Martinez-Alba, and Rubio observed that, in general, the graph of a higher Poisson structure

D:={(f(a),a): aeS}cE = TMGBM/k\M

fails to define a higher Dirac structure. Nevertheless, they noticed that it does define a weak higher Dirac structure (what they simply call
higher Dirac).

Definition E.2 (Weak higher Dirac structure). A weak higher Dirac structure of degree k is a vector subbundle D C E; satisfying

(i) Itis weakly Lagrangian, that is, it is isotropic
Dc D"

and
DA T™ = (pr, (D)),

where
k
pr,:Ei > AM
is the projection onto the second factor.

(ii) It is involutive with respect to the Courant bracket.

In the case k = 1, this notion and the one introduced by Zambon coincide, but for k > 2 it is slightly more general.

Ill. GRADED DIRAC STRUCTURES

The weak analogue to multi-Dirac structures (in the sense of Refs. 12 and 26) is yet to be defined and studied. The relevance of finding the
so-called graded Dirac structure is that multisymplectic manifolds (M, w) are naturally equipped with a graded Lie algebra, having as graded
vector space Hamiltonian forms of arbitrary degree (see Refs. 5 and 22). We begin by studying the linear case in Sec. ITI A.

A. Linear graded Dirac structures
Let V be a finite dimensional vector space and k > 1 be a fixed integer. Following the notation of Sec. II, define

P k+1-p
E,:=A\Ve A V',
for 1 < p < k. Next, take p, g such that p + g < k + 1, then we have the graded-symmetric pairing

[ Ry
Ep ® Eq _— /\

defined by Eq. (3).
The natural weak analogue of multi-Dirac structures at the linear level is the following:

Definition A.1 (Graded Dirac structure). A linear graded Dirac structure of order k on a vector space V is a sequence of subspaces
Dy, ..., Dy, Dy € E, satisfying the following property:

(i) The sequence is weakly Lagrangian, that is, it is isotropic,
Df c (D")*F
for all p, g such that p + g < k + 1; and it satisfies
DAY = (pro(D"),

15:12:0Z G20z Ateniged z|

J. Math. Phys. 66, 022901 (2025); doi 10.1063/5.0243128 66, 022901-9
© Author(s) 2025


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

forall p,gsuchthatp+g<k+1.

Let us also define what we mean by a linear weak higher Dirac structure.
Definition A.2. A linear weak higher Dirac structure of order k on a vector space V is a subspace D < E; satisfying:
(i) Itis weakly Lagrangian, that is, it is isotropic,

Dc (D)™

and it satisfies
DNV = (pr,(D))>".

Remark A.1. Clearly, if Dy,...,Dy is a graded Dirac structure of order k on V, D, is a linear weak higher Dirac structure of order
konV.
Hence, we get a well defined mapping

{Linear graded Dirac structures} — {Linear weak higher Dirac structures}

given by
Dy,...,Dy+ Di.

The rest of this subsection is concerned with proving that this mapping is a bijection, giving the linear weak analogue of Theorem D.1. The
main idea is giving a different description of graded Dirac structures. The proof is rather technical, and it is not necessary to understand the
rest of the text, although it does uses ideas from the description of graded Poisson structures, as the reader may see (Sec. IV).

Theorem A.1 (Equivalence of linear graded Dirac structures and linear weak higher Dirac structures). The mapping
{Linear graded Dirac structures of order k} — {Linear weak higher Dirac structures of order k}

given by
Di,...,Dp = D

defines a one-to-one correspondence.
Proposition A.1 (An equivalent description of linear graded Dirac structures). A linear graded Dirac structure of order k, Dy, ..., Dy, is

equivalent to a family of vector subspaces and mappings

() SMP ARV =1,k
(i) K, APV,
(i) frr1op: ST > (AP V)/Kps
for 1 < p < k+ 1 satisfying the following properties:
() Ky = (S0P, forall p,q such that p + g < k + 1;

(if) l“k+lfp((x)ﬁ = (—I)Pqtukﬂﬂ(ﬁ)a,for o e SHP, Pe sk+i-q,
This correspondence is given by the “graph” of {a

Dy:={(U,a) :ax € sEHr, fkr1-p(a) = U+ Kp}.
Proof. Let us first prove that a family of vector subspaces and mappings (Sk“_" s Kps fk+1-p) satisfying the previous conditions for 1 <
p < k+ 1 defines a linear graded Dirac structure. We only need to check that the sequence defined by
Dy:={(U,a):cx € siHp, fre1-p(@) = U+ Ky}
is weakly Lagrangian. It is clearly isotropic. Indeed, let (U, «) € D,, (V, ) € Dy for p, g such that p + g < k + 1. Then, we have that

frrip(a) = U+ Kp, frri—q(B) =V +Kq
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and thus
(U@, (VBN = ey @B = (1), @ =0,

by (ii). Finally, since
Dy AV =Ky prs(Dy) =81
using (i) we get
DAY = (pra(Dy),

for all p, g such that p + g < k + 1, which proves that it is weakly Lagrangian.

Conversely, let Dy, . .., D be a linear graded Dirac structure on V. Define
p
Ky :=Dpn /\ V,
and
il k+1-p
S Pi={ae N\ V', Juek, u+aeD,}
If we put
nk+l—p(‘x) =u+Kp,

for certain u such that u + « € Dy, then we get the desired structure, as one can easily check. 0O

The same line of reasoning yields the following result.

Proposition A.2. A linear higher Dirac structure D ¢ V & \*V* is equivalent to a choice of subspaces S € A¥V*, K ¢ V and a mapping

f:8—>V/K

satisfying.
@@ K=8

®)  ywB=-ypo foralla,fes.
The correspondence is given by
D:={(U,a)eE : (a)=U+K}

Proof. It follows from a similar procedure as in Proposition A.1. O
Now we are ready to prove Theorem A.1.

Proof. (of Theorem A.1) By Propositions A.1 and A.2, to prove that the mapping is both an injection and a surjection, we need to check

that given two subspaces S € A*V*, K ¢ V, and a mapping
f:S—>V/K

satisfying.
(@ K=8"%
(b) ’N(“)/j = —lypo foralla,feS;
there exists an unique family of vector subspaces $* € A “V*, K, € A?V and mappings

k+1-a

fa : §* - /\ V/KkJrl—a

satisfying.
(i) Kp=(S171)°%, forall p,q such that p + g < k + 1;
() 1y, @B = (_1)pq’nk+1,q(ﬁ)oc, for a € Sk“_‘”,ﬁ € §kH1-a,
and such that
S=8 K=Ky, = i

Let (S, K, f) be given as above. We divide the proof in five steps.
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1. Definition of K,
It is clear that we need to define
K, = (8)°F,
by condition (i).

2. Definition of $*
Now, to define $* ¢ A *V™, notice that condition (ii) implies, forp =a,q =k + 1 —a,

K, = (8%
Consequently, since (Kz)®? can be thought of as the annihilator of K, in (A*V)* = A® V*, we have
(Ka)* = ((8)™)% = &%,
which determines §” for each 1 < a < k + 1. Now it only remains to define the mappings

k+l-a

na 18— /\ V/Kk+1—a-

3. Description of the subspaces S°
First, notice that the previous description of the subspaces S implies that we have the inclusion

k—a
(IU(X: Ue AV7, oceS) c s
Now, let us check that we have the equality.

Lemma A.1 (Auxiliary Lemma). Let V be a finite dimensional vector space, k < dim V, and § € A *V* be a subspace of forms. Then, for
any 1 < a < k we have

k—a
<1U0c: Ue \V, (XGS) = (K.)™",

where K, = §°.
Proof. Let us first study the case where S is generated by an unique k-form, g:
$=(B)-
Notice that (K,;)** can be identified as the annihilator of K, in A “V [indeed, (A*V)* = A® V*]. Define

a k—a
Qs AV AV

by
Dp(U) = wp.

Then, the dual mapping
k—a a
Dp : ANV->AV
is given by
D5 (U) = (-1)" Dy,
as an easy computation shows. Then, using the following equality from linear algebra
(ker CDﬂ)O’“ =Im CDE,
we get
0,4 ka
K= (wp:Ue A V),

which is exactly what we wanted to prove.
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Now, for the general case, suppose

S={fi,..,p).

Then,
Ko = §7 = (B)°* 0+ (B)°

and we have

(B> (B)™)”

(

(

k—a k—a
=(1U[31:Ue/\V)+---+<tUﬁ1:Ue/\V>
—(moc:Uek/_\aV, (xES),

proving the Lemma. O
Using Lemma A.1, we get the following description of the subspaces S,

k—a
§ = <1U¢x: Ue AV7, oceS>.

4. Definition of the maps {a
With this description, we can define the mappings

k+l-a

fa : §* /\ V/Kk+1fu-
Let tya € 8%, for certain U € AV, « € S. Then, for every f € S, §.(1ua) must satisfy:
k+l-a k+1-a k—a
woB = DT y@wa = (DT (G iy g a
= ~Lly(p) @ = k()P = Ly(a)ruP.
Since this equality holds for every f3 € S, we are forced to define
fa(tw@) = (&) AU + Kiey1—-

Let us check that this mapping is well-defined. Indeed, suppose iy« = vy, for certain U, V € A k=a V,a,y € S. Then, arbitrary § € S, and
using the properties of | we have
Kynu-snanB = (1) ) (wa—wy) =0,
Since this holds for all § € S, we conclude that §(a) A U — §(y) A V € K41, proving our assertion.
5. (8% Kp,la) defines a linear graded Dirac structure

It only remains to show that the triple (S%, K, o) defines a linear graded Dirac structure, that is, it satisfies the conditions of Proposition
A.1. Property (i) is clear. Indeed, for p < a < k and using the description of §” given in Step 3,

P k—a
(Y =(Ve AV:iwwa=0,YUe A\ V,aeS)
p
=(Ve AViwa=0,YaeS) =K,
Finally, for property (ii), given U € A oy, we AFbY, a,BeS:

HaGoay (B) = tyeayru (twpB) = (1) FED i 0B

_ (—1)(k+1_a)(k_b)+llWlUlu(ﬁ)06 _ (_l)(k+1—a)(k—b)+1kk—ulwlu<ﬁ)lua

_ (_ 1 ) (k+1-a) (k+1-b) lub(lwﬂ) (IU(X),
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finishing the proof. ]

We have the following immediate corollary:

Corollary A.1. Let Dy, ..., Dy be a linear graded Dirac structure of order k on V. Then, we have that

p-1
Dy =((WAU,wa),Ue AV, (W,a) e Dy).

B. Graded Dirac manifolds

In this subsection we study graded Dirac manifolds, the geometric version of the linear counterpart studied in Subsection III A. Let us
begin by not taking into account the integrability issues:

Definition B.1 (Almost graded Dirac structure). An almost graded Dirac structure of order k on a manifold M is a family of vector

subbundles
D, — E,:=\/,May N7 M

h—

that defines a linear graded Dirac structure (see Subsection I1I A) point-wise, that is, such that for every x € M, D;| RS Dy M defines a linear
graded Dirac structure on TxM.

For the notion of integrability, we will use the graded Courant bracket
[-1
T(Ep) ® T(Eq) — T(Epsq-1)

given by
[V (V)T = ([0 V] (DD e0B + (1) v (-1)7 JdGva+ (-1 0p) ).

Definition B.2 (Graded Dirac structure). A graded Dirac structure of order k on M is an almost graded Dirac structure of order k on M,
Dy, ..., Dy, which is involutive with respect to the Courant bracket, that is, such that (-, -)) defines an operation on sections

[(Dy) @ T(Dg) L1 (Dyig).

Using Theorem A.1, we get the corresponding equivalence between graded Dirac structures and higher Dirac structures (which
generalizes Theorem D.1). First, let us define what we mean by an almost weak higher Dirac structure:

Definition B.3. An almost weak higher Dirac structure of order k on M is a vector subbundle

D E'=TMoy \*M
= /

which is a linear higher Dirac structure point-wise.
Theorem B.1. Let M be a manifold and k > 1 an integer. Then, there exists an injection
{Almost graded Dirac structures on M} — {Almost weak higher Dirac structures on M }

which defines a bijection onto the set of all almost weak higher Dirac structures on M, D, such that

Dp={(VAUwa):Ue\/ M,(V,a)eD
P

defines a vector subbundle, for each 1 < p < k.
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We also have the equivalence when restricting the above mapping to (involutive) graded Dirac structures.
Theorem B.2. Let M be a manifold and k > 1 an integer. Then, there exists an injection
{Graded Dirac structures on M} — { Weak higher Dirac structures on M }
which defines a bijection onto the set of all almost weak higher Dirac structures on M, D, such that
Dy={(VAUwa):Ue\/ M, (V,a)eD
p

defines a vector subbundle, for each 1 < p < k.

Proof. We only need to check that the involutivity of Dy, . .., Dy is determined by the involutivity of D;. By Corollary A.1, we know that
we have the equality
Dy={((VAUwa):Ue\/ M, (V,a) € Dy).
p-1

Now, since we have the equality
lufJ’ = (—l)pqlv(x,

when restricted to a isotropic vector subbundle, then we can express the Courant bracket as
[(U,a), (V.B)T = ([U, V], (-1 ™ £ ~ v da).

We will prove that the sections of D, are closed under the Courant bracket by induction. Suppose it closed for the indices p,q — 1. We will
prove it for the indices p, g. By the description we gave in the linear case, it suffices to prove it for a pair of elements

(U,a) € Dp, (VAX,i1xp) € Dy,
where (V, ) € Dg—1, and X € X(M). For this proof we will use the notation
ix(U,a) = (U A X, i1xa).

Notice that it defines a mapping

Dp - Dpfl.
Now,
(U @), (VA X )] = ([U,V A X] (-1) D £ixB = 1vax da)
Since
£le/)) = (—l)p_ll[U,X]ﬁ + (—l)p_llx £Uﬁ,
we have
[(U,a),(VAX,xP)] = ([U, V] AX + (-1)*DEDy A [U,X],

(_1)(p_1)(q_1)’[ux]ﬁ " (_1)(P—1)(¢1—1)1X £uB - ix(ivar))

= ix[[(U, ), (V. §)]]

+ ((_1)(P—1)(q—1)v A [U,X](—1)(1)_1)@_1)1[[;,)(]/3)

= ix[(U, ), (V. B)]] + 1oy (V5 B)
which takes values in D141 by induction hypothesis, proving integrability. O

IV. GRADED POISSON STRUCTURES

As we mentioned in Subsection II E, weak higher Dirac structures were introduced to include higher Poisson structures. In Sec. III we
studied the graded analogue of higher Dirac manifolds. A natural question to ask is what would be the graded analogue to higher Poisson
structures, as defined in Ref. 27. We define and study such structure in this section.
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A. Graded Poisson manifolds

Recall that
k+1-p

EE=\/Me A M
P

One possible approach to define graded Poisson structures is the following:

(i) Take a higher Poisson structure § : S - M of order k, S € A kM.
(ii) It determines a weak higher Dirac structure defining

D= ((§(a),a) : a€S).

(iii) Under certain regularity conditions, using Theorem B.2, this weak higher Dirac structure determines an unique graded Dirac structure
D, € Ep.
(iv) Define a graded Poisson structure as and object equivalent to the sequence of vector subbundles D,, 1 < p < k.
The notion obtained through this procedure is the following:

Definition A.1 (Graded Poisson structure). A graded Poisson structure of degree k on a manifold M is a tuple (§*, Has Ki+1-a ), 1<a<k,

where $%, K. p are vector subbundles
St A°M

L

K, — \, M

L

ua:sa - \/ M/Kk+1—a

k+l-a

and f, are vector bundle mappings

satisfying.
(i) Kp=(S8")?,forp<aandK; =0.
(ii) The maps }, are skew-symmetric, that is,
k+1-a) (k+1-b
@B = (~)ETIETD,

foralla e §*, B e st

(iii) It is integrable: For a: M — $%, 8 : M — S’ sections such that a + b < 2k + 1, and U, V multivectors of order p =k +1-a,q =k +1-b,
respectively such that

fa(a) = U+ Ky, f5(B) =V + Ky,
we have that the (a + b — k)-form
1)1
6:= (-1)P VBt (~1)bva— %d(lva + (~1)Piyp)

takes values in S, ;_, and
um—b—k(e) = [U, V] + Kpig-1.

Remark A.1. The vector subbundles §* determine a submodule of the module of a-forms Q°(M), defined as the space of all a-forms
a € Q" (M) such that af, € §%, for every x € M. Throughout the rest of the text, we will say that « takes values in $” if the previous condition
holds.
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A graded Poisson structure of order k on M determines a graded Dirac structure of order k on M as follows:

Proposition A.1. Let (8%, Kis1-a» fa) be a graded Poisson structure on M. Then, its “graph”
Dp:=((U,a) € Ep : fir1—p(a) = U+ Kp)
is a graded Dirac structure.

Proof. Checking that the family of vector subbundles D, .. ., Dy is weakly-Lagrangian is exactly the Proof of Proposition A.1, although
in this case we have non-degeneracy K = 0. Integrability follows directly from the definition. O
Given a graded Poisson structure of order k, (S%, Ki11_4, fa) 0n M, we can recover the structure in arbitrary degrees from the structure

in degree a = k, fji : SK —s TM as follows:

(D) S"=(wa:UeVi M, acS),
(i) K, = (SK),
(iii) fa(tver) = fe(@) AU+ Kys1—q, for a € S, U € Vy_, M.
And we have

Theorem A.1. Let M be a manifold and k > 1 an integer. Then, there exists an injection

{Graded Poisson structures on M} — {Higher Poisson structures on M }

which defines a bijection onto the set of all higher Poisson structures on M, (S, }), such that both
§' = (zua: Ue\/ M, aeS), K,=(5)"
k—a
define a vector subbundle, foreach1 <p <k, 1<a<k.

An important result in Poisson geometry is that a Poisson manifold is foliated by symplectic leaves, and that this foliation determines
completely the Poisson structure. Graded Poisson manifolds also admit a natural foliation:

Definition A.2 (Multisymplectic foliation). A multisymplectic foliation of order k of M is a possibly singular foliation F (in the sense of
Stefan-Sussmann’**’) together with a choice of a closed (k + 1)-form

wr € Q¥ (F)

defined on each leaf of the foliation F € F, which is smooth in the following sense. For each choice of vector fields tangent to the foliation,
X1,...,Xk+1, the function defined by
x = (@Fl) Xile - > X x)

is smooth, where F € F is the unique leaf passing through x, namely, x € F.
Theorem A.2. Let (8%, Kis1-a» fa) be a graded Poisson structure on M. Then, M admits a multisymplectic foliation.

Proof. Define the (generalized) distribution
E:=Imf; ¢ TM.

Then, E is integrable in the sense of Stefan and Sussmann (see Refs. 28 and 29). Indeed, by integrability of the Poisson structure, we have that
for o, 3 : M — Sy sections,

(e(@)s 16 (B)] = 14 (6),
where
. (p-1)q qp (=* Pq
0:= (-1)77 ey B+ (1) £y - 25— d(ypa+ ()M wB) €S,

concluding that E is closed under Lie bracket. Therefore, E determines a foliation on M, F. Let F € F be a leaf and x € F. Then, by definition,
TF = E|x. Define
k

b:Elx— /\ (Elx)*
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as
where a € (S;)|x, and

denotes the inclusion.
Let us check that b is well-defined. Indeed, suppose

Then, for each Viso- s Vi € Sk,

a(f(y1)>--

which yields i*« = i*  and proves well-definedness.
Now, since for each , 5 € S¥ we have

we have that for each u, v € E|y,

Therefore, b determines a (k + 1)-form

ARTICLE pubs.aip.org/aip/jmp

b(fe(a)) =" et

i:E->TM

(@) = i (B)-

S (7)) = =y (@), - ge(ye))

= =y1(f(B)s- - > fx(yx))
= BUk(y1)s- - >tk (yi))s
(B =~y (p) %
wh(v) = —1ub(u).

k+1

wle e A\ (EL)™

This defines a (k + 1)-form on each leaf F € F, which we shall denote wr. The collection of these forms is smooth. The proof is finished once

we show that dwr = 0.

Let X, Y be vector fields on F, for certain leaf F € F. Then, at least locally, there exists forms «,  on M taking values in Sk, such that X,

fx(a), and Y, f(B) are i-related, where

denotes the inclusion, that is, such that for every x € F,

Then

which, by involutivity of the Poisson structure, gives

1:F->M

Xlx = el Yix = fr(B)]x.

(X Y]l = [e(@)s i (B) s

(X Y]l = [ i (B) ]I
= i (0) = Mk(fuk(ro/ﬁ’ ~Lupat %d(’uuﬁ)“ - ’m(a)ﬂ))lx

= (£ @B ~ pda)l

Recall that

Now, since

for every a € (S5)| » we have, on the one hand

UI[X,y]WF = £XIYWF — Iy £LXWF (5)

= £xiywr — tydixwr — tylxdwr. (6)

(o) (@F) e = 1"

(1@ ) s = ty(y), (W) | = 7 (0)

= (LB~ tppda)l
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and, on the other hand,
(fxlya)p —ydixwr — tylxdwp)‘x = l*(i’nk(a)nk(ﬁ) — luk(ﬂ)dﬂk(a))bf — (lylxdwp)|x.

Using these last two equalities and Eq. (6), we must have
(lylxdwp)lx =0.

Since X, Y and x € F are arbitrary, it follows that
dwp = 0,

concluding the proof. O

Remark A.2. In the case k = 1 this recovers the classical symplectic foliation of Poisson manifolds. Indeed, in this case the induced closed
2-form on each leaf wr, F € F is non-degenerate, giving a symplectic form.

For the converse, we can recover a graded Poisson structure from non-degenerate multisymplectic foliations with some regularity
condition. The necessity of these regularity conditions is to be expected. Indeed, in Poisson geometry, the Poisson structure is completely
determined by its symplectic foliation, but an arbitrary symplectic foliation does not necessarily arise from a bivector field, needing differen-
tiability conditions in order to guarantee the converse (see Ref. 25). In a graded setting, it will not be true that a graded Poisson structure is
characterized by its induced multisymplectic foliation. Nevertheless, under certain regularity conditions, we can guarantee that the induced
foliation defines an extension of the original graded Poisson structure:

Theorem A.3. Let (F,wr) be a non-degenerate multisymplectic foliation of M, and suppose that the collection of subspaces
Sl = (i)™ (Im bay )
defines a vector subbundle
S AM,
where by, : TxF — /\k Ty F denotes the morphism induced by wr, and
k
i NTiM— T F
denotes the restriction of forms. Suppose further that the collection of mappings
b~ :Imbp,, - TF,Fe F

is smooth in the following sense: b~' (i*a) € X(M) when a € Q" (M) takes values in S. Then, M admits a higher Poisson structure §:8—->TM
such that (F, w ) is the multisymplectic foliation obtained through Theorem A.2.

Proof. Ttis enough to define

i S|x - T M
as
o) e,
if bo, (€) = i*a. This is clearly well-defined (by non-degeneracy of b,,) and it is clearly skew-symmetric. Smoothness of || is clear from the
hypotheses. Involutivity follows from a similar argument to the one made in Theorem A.2. O

Remark A.3. Again, the case k = 1 recovers the fact that a Poisson manifold is determined by its symplectic foliation. Indeed, in this case
S=T"M,

and the smoothness condition is implied by the fact that § : T*M — TM is smooth. However, for degree k > 1 we do not recover the original
Poisson structure from its foliation, even in the hypotheses of Theorem A.3. Nevertheless, we do recover an extension of it when it defines
a non-degenerate multisymplectic foliation, and S (the collection of spaces defined in Theorem A.3) is a vector subbundle. Indeed, given a
higher Poisson structure of order k

f: Sy > TM

satisfying the previous conditions, smoothness of b~ follows easily from smoothness of §. Furthermore, we clearly have Sy € S, and that the
obtained morphism through Theorem A.3 extends the original one.
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Remark A.4. In general, we cannot extend the vector subbundle defined in Theorem A.3 to a graded Poisson structure. However, if we

can guarantee that the obtained vector subbundle S ¢ A¥M satisfies the hypothesis of Theorem A.1, we obtain a graded Poisson structure
whose multisymplectic foliation is the original one.

We have a series of interesting particular cases of Theorem A.3:

Definition A.3. A multisymplectic foliation F,wr, F € F is said to have constant linear type if for any pair of leaves, F,F, € F and
points x; € F1,x; € F; there exists a linear isomorphism
¢ : TxIFI g szFz

satisfying

¢* (wF2)|Xz = (wFl )|x1-

Remark A.5. If a multisymplectic foliation is of constant linear type, it is of constant dimension.

Corollary A.1. Non-degenerate multisymplectic foliations of constant linear type are induced by graded Poisson structures

Proof. Since F is of constant dimension, it is integrable in the sense of Frobenius, and thus, locally, there exist coordinates

(«%,...,xy!,...,y™) around any point such that

TxF = <i1 > 9 >;
0x x
where x € F. In particular, the multisymplectic form (on each leaf) may be written as

ey — T
X 8Xk

Wl = fir i, (X)X A A X,

x € F, for certain coefficients f.. ;,, (x) € R. Furthermore, since the multisymplectic foliation is smooth, these coefficients define smooth
functions on M. It is clear that if
S= (") Imby,,

where
k k
ix : NTaM > N\TXF
is the restriction and
k
bop : TxF — /\T;F
is the contraction by wr, then § it is locally generated by
S=(fiiy i X Acoadd®, T= 1K) @ (dX A AT ADYS A Ay i < i <k)s

which is smoothly generated and of constant rank. As a consequence, it defines a vector subbundle. Furthermore, it may be readily observed
that the family of mappings
by :Imb,, - TF,Fe F

is smooth. Using Theorem A.3, we get a higher Poisson structure
f:S—-TM

whose multisymplectic foliation is the given one.
Finally, since the linear type is constant, we are in the hypothesis of Theorem A.1. Indeed, given a pair of points x;,x; € M and denoting
by Fi, F> the corresponding leaves containing x; and x, respectively, we have a linear isomorphism

¢ : TxlFl i TxZFZ

satisfying

¢* (wF2)|x2 = (wFl )lxl'

Extend this isomorphism to a linear isomorphism
y: Ty M — Ty, M.
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As a quick check shows,

k k
S |x1 = 1//*(5 |x2)’
where ¥ is the subspace of forms defined in Theorem A.3. Then, we can define an isomorphism between the subspaces
k
§,, = {((Uwa),Ue\/ M|, ,aeST, )
k—a

§,, = (Uwa), Ue\/ M| ,aes )

k—a
given by
(U,wa) = (yaUs iy, u(y™") ).
We conclude that
dim ‘|, =dim&,
and therefore, $* is a vector subbundle, for each 1 < a < k, proving that we get a graded Poisson structure. O

Corollary A.2. Manifolds foliated by leaves which are (k + 1)—dimensional orientable manifolds together with a smoothly varying family
of volume forms, admit a graded Poisson structure whose multisymplectic foliation is the given one.

Proof. We are clearly in the situation of Corollary A.1. ]

Remark A.6. Unlike the case of Poisson Geometry, a multisymplectic foliation does not uniquely determine a higher (nor graded)
Poisson structure. Indeed, there could be several available choices for the subbundle S.

The results presented in this section may be easily generalized to weak higher (and graded) Dirac structures. In this case, the integrable
distribution may be taken as
E:=pr (D),

and the corresponding (k + 1)-form w, € A*! (E|,)* is
(wlx)(eh cee >ek+1) = 0{(62, cee )ek+1)>

where o € AF T M is a k-form such that
(e1,a) € Dy.

Conversely, given a multisymplectic foliation of M, F, wr, the natural choice for the corresponding weak higher Dirac structure would be the
following:

D|x == {(e;@) : 1* & = by, (€), e € E|x and ker by, < (a)>'}.

The reason for the last condition is to obtain a weak Lagrangian subbundle.
Then, we obtain

Theorem A.4. Let (F,wr) be a multisymplectic foliation of M satisfying the hypothesis above, and suppose that the collection of vector
subspaces defined above D, defines a vector subbundle

k
D c TMeu/\ M.
Then, it is a weak higher Dirac structure whose multisymplectic foliation is the one given.
Proof. It is clearly isotropic. Now we only need to check that it is weakly Lagrangian or, equivalently, that
0,1 | . o1 o,1
DN TM =kerby, = ({ackerbg, :i"aeImb,,}) = (pr,D)”,

which is clear, as a quick argument shows. Integrability is easily obtained from closedness of each of the multisymplectic forms. O
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Remark A.7. This results recovers as a particular case that a Dirac manifold is completely determined by its induced presymplectic
foliation. As the reader might expect from the discussion of graded Poisson manifolds, this is not true for k > 1. However, if a given weak
higher Dirac structure D satisfies

ker by, = DNTM

then the Dirac structure obtained through Theorem A.4, which we denote by D, defines an extension of the original, in the sense that
DcD,

as one may easily check. Notice that the presented equality corresponds to the fact that w defines a non-singular multisymplectic form when
D defines a higher Poisson structure.

Corollary A.3. Let (F,wr) be a multisymplectic foliation of constant linear type. Then, there exists a graded Dirac structure on M such
that ( F, wr) is the induced multisymplectic foliation.

Proof. Tt follows from a similar argument to the one presented in Corollary A.1. O

Remark A.8. The foliated nature of these structures was already studied in Ref. 16, where the authors gave a characterization of weak
higher Dirac structures in terms of a foliation together with a tensorial object (a cocycle of certain differential complex). Nevertheless, our
approach allows for the construction of non trivial examples, and the analogy with the classical results is readily seen.

B. Graded Poisson brackets

So far, we have studied the tensorial aspect of graded (and higher) Poisson structures. Poisson structures (k = 1), that is, bivector fields
A € ¥*(M) satisfying [A, A] = 0, are characterized by the induced Poisson bracket {-,-} on the space of functions C>(M). This is a funda-
mental property because, in terms of mechanics, it allows us to study the dynamics just using the induced algebra, a fundamental property to
study quantization of the system.

In classical field theories, there have been several attempts to identify the corresponding structure that observables (i.e., forms) have. For
instance, we have Lo, -algebras (see Refs. 30-32), by studying the algebraic structure of Hamiltonian (k — 1)-forms; or graded Lie algebras (see
Refs. 5, 6, and 26), by studying the structure of general Hamiltonian forms when quotiented by exact forms. However, these structures do not
recover the corresponding multisymplectic structure (if they are induced by a multisymplectic form), nor they recover the graded Poisson
structure (if they are induced by a graded Poisson structure). In this section we identify the algebraic structure that a graded Poisson structure
induces, and prove that, under some integrability conditions on the vector subbundles §’, it completely characterizes the geometry.

Definition B.1 (Hamiltonian form). Let (S%,Kp, ) be a graded Poisson structure of order k on M. An (a - 1)-form a € Q*"' (M) is
called Hamiltonian if da takes values in $°. Denote by Qf; ' (M) the space of all Hamiltonian forms.

Definition B.2 (Poisson bracket of Hamiltonian forms). Given & € Q%' (M), B € Q¥ ' (M), define their Poisson bracket as the form

k—1—ord
{@ ) = (1) 4y da

Proposition B.1. Given two Hamiltonian forms, a € Qi7" (M), B € Qb1 (M), their Poisson bracket is again Hamiltonian, that is, {a, B} €
Qa+b—(k+1) (M)
o .

Proof. Indeed, by the integrability property of the graded Poisson structure, we know that
£4.(a0) 4P — 1y, 3y dder = duy, a0y P

takes values in $*"~¥, Therefore, {, 8} is Hamiltonian. ]

Then, we get a well defined bracket on the space of Hamiltonian forms
Qi (M) @ f (M) - Q5 (),

Our objective now is studying the properties of {,-}. In particular, we will obtain that this bracket defines a graded Lie algebra (modulo
exact forms), for a suitable notion of degree.
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Definition B.3. Given a Hamiltonian (a — 1)—form a € Qf ' (M), define its degree as
dega:=k-a=k-1-orda
Proposition B.2. Let «,  be arbitrary Hamiltonian forms. If
fa(de) = U+ Kip1-a f5(dB) = V + Kiy1-ps

then
fasrb-(ks1) (A B}) = =[U, V] + Kopr1-(asb)

Proof. If follows easily from the integrability of the Poisson structure. Indeed, defining p := k+ 1 —a,q := k + 1 — b, we know that the

form
_1)4
0:= (—l)(pil)qi’(]dﬁ + (—l)qfvda - %d(lvd(x + (—I)quUdﬂ)

= (-1)P ™V £ydp = (-1) P diydp

= (-1)%dy, (4 dB = (—1)dyy, (gpydex = —{a, B}
satisfies

farb-(k+1) (0) = [U, V] + Kpag-1,

which finishes the proof. O

Lemma B.1. Let a € Qi (M), e Qi (M), y € Q57" (M) be Hamiltonian forms. Then (omitting the indices of fa):

(_ 1 ) (degy—1) dega 1)(deg a+degy)(degf+1) dlu(da)‘

lu(dy) dlu(dﬂ)dtx + ClyC. = (— H(dﬁ)dy'

Proof. Denote by p, g, the order of the multivector fields §(d«), §(df3), §(dy), respectively. We have
p=dega+1,q=degf+1,r=degy+1

Now,

(-nleer ey o digyda = (<1)" Dy gy diy gy da

= (-1 )r(p—l)+r(p+q71)lu(dlu(dﬂ) du)d)/-

From Proposition B.2,

#(dyyapyda) = (=1)*[§(dar), §(dB)];
and therefore

(-1 DTERD Gy dy = (1) ) gy

= (fl)w((*1)(P71)q£u<da>lu<dﬁ)dy - fu(dﬂ)fuma)dY)
= (1" tycan dy = (CDT 1yaoy diyap dy = (<1) g diygan dy:
Interchange 8 and y using the properties of j to get

degy—1) dega
(-n){erDdsa, o diyapy dat

= (=1 duy oy tyapy dy = (1 Py oy digiayy 4B = (-1) " 1yap) dtyanydy
)(degafl)degﬁ

(_ 1 ) (deg a+deg y) (degﬂ+1)dlu(da)l

s dy — (-1 1y(doy Aty (ay) 4B

= ()P gy iy any dy,
proving the equality. O
The main properties of the Poisson bracket {-,-} are the following:

Theorem B.1 (Properties of the Poisson bracket). Let (S%,Kp, la) be a graded Poisson structure on a manifold M. Then, for arbitrary
ae QH(M), B e Qi (M), y e Q5 (M), the Poisson bracket {-,-} satisfies
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(i) Itisgraded:
deg {a, 3} = dega + degf3;

(ii) It is graded-skew-symmetric:
{ap} = (- (B .ay;

(iii) It is local: If dalx = 0, {a, B}|x = 0.
(iv) It satisfies Leibniz identity: For a = k, if B A dy € Q%" (M), then

{Brdy.a} = {B.a} Ady+(~1)"FdB A {y,a};
(v) Itis invariant by symmetries: If X € (M) and £xa = 0, then ixa € Q> (M) and
{ixa B} = (-1)* % ix{a, s
(vi) It satisfies graded Jacobi identity (up to an exact term):

(~1)%8%BY (Lo BY Y} + cyclic terms = exact form.

Proof.
(i) Indeed, {a,f}isa ((a+b) - (k+1))—form and so,
deg{a,B} =2k—a—b=dega+degf.
(i)
{Ol,ﬂ} _ (_1)degﬁ‘ub(dﬁ)d‘x _ (_1)degﬂ+(dega+l)(degﬁ+l)lua(da)dﬁ
_ (71)degadegﬂ+dega+l _ 7(71)degadegﬁ{ﬁ’a}.

(iii) It is immediate.

(iv) )
{Brdy.a} = (1), (4a) (dB A dy)
= (-1)* %, gy dB A dy + (1) *E B A 1y, 4y dy
= {B.a} Ady+ (~1)"dB A {y,a}
= {B.a} ndy+ (-1)"*¥PdB A {y,a}
(v)

{ixa. B} = (-1)8F1 (4p)d(1xa)
= (*1)degﬁ+llub(d/§)lxd(x = ‘X‘ub(dﬁ)d“
= ()" ix{a,p}

(vi) Using Lemma B.1 we get
(—1)desydegardes ardeg frdeg Y{{a, B}, y} +cylc. = exact form,

and we obtain graded Jacobi identity once we multiply by (—1)984+ 485+ deey \which is a cyclic term. ]

Remark B.1. A different approach for graded Poisson brackets is taken in Ref. 33, where Grabowski defines an extension of the Poisson
bracket in a Poisson manifold to arbitrary differential forms, having the following graded nature.

order{a, B} = order «+ order 8
In our case, the graded nature is modified to

order{a,f} = order a+order - (k-1).
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Corollary B.1. Any manifold foliated by orientable (k + 1)—dimensional leaves, together with a smoothly varying family of volume forms
admits an algebraic invariant, namely, the graded Poisson bracket associated with the graded Poisson structure obtained through Corollary A.2.

Observation B.1. The previous corollary is a generalization of a result proved by Zambon in Ref. 14, associating to any compact
orientable manifold an Leo-algebra. This L. algebra is the restriction of the Poisson algebra to (dim M — 2)—forms induced by the non-
degenerate multisymplectic structure defined by any volume form orienting the manifold (two such forms induce the same algebra up to
isomorphism). Notice that the assumption on the existence of a family of volume forms varying smoothly is fundamental. Indeed, in general,
orientable leaves may not admit a continuously varying orientation, e.g., the M6bius band foliated by lines.

Now, we can ask whether a bracket satisfying the previous properties characterizes the graded Poisson structure.
The naive approach would be the following:

(i) Fix a sequence of vector subbundles of forms §* € A“M, for 1 < a < k satisfying
(Sa)o,p _ (Sb)o,p, (Sk)o,l -0,

fora,b > p.
(ii) Define the set of Hamiltonian forms as
Qi (M) = (ae Q"' (M) : daeS”).
(iii) Define a Poisson bracket of order k as a bilinear operation

Qi (M) @ Q' (M) - 5 (),

satisfying all the properties of Theorem B.1.
(iv)  Check whether this bracket is induced by an unique graded Poisson structure

fa : s - \/ M/KkJrl—a-

k+l-a

However, this approach presents some technical difficulties. Indeed, in general, fixed the family of vector subbundles §, 1 < a < k, sat-
isfying property (i), the set of Hamiltonian forms may be trivial in some degrees. One possible attempt to fix this first problem would be to
restrict to locally defined Hamiltonian forms. This does not get us very far either, since there may not exist closed forms taking values in §”.
Indeed, suppose $” locally generated as a vector subbundle by

Salx = <0¢1|xa ce. >‘xl>‘x>
for certain locally defined a-forms as, . . ., ;. Then, an arbitrary form taking values in S* can be expressed as
a=fla

The condition of being closed translates into
O=da=df Aa;+ f'da,

for certain functions f* € C*(M). This defines a set of partial differential equations on the coefficients f'. It is clear that f = 0 defines the
trivial closed form. In general, there may not exist non-zero solutions.

Example B.1. Let M := R* with coordinates (x,y, z,t) and define the following vector subbundle

2

S == {((dx +ydz) Adt) c A M.

Any form
a: M-S,

has the following expression
f(dx +ydz) A dt,

for certain function f(x,y,z,t). Then,

da = —gdx/\ dy A dt
9y

15:12:0Z G20z Ateniged z|

J. Math. Phys. 66, 022901 (2025); doi 10.1063/5.0243128 66, 022901-25
© Author(s) 2025


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

if,flf)
+(yax D avndznar

+(f+y%)dy/\dz/\dt.

If ais closed, we have f = 0, and thus a = 0, showing that the only possible closed form taking values in S” is the trivial one.

This leads us to introduce the following definition:

Definition B.4. A vector subbundle §* ¢ A“M is called integrable if for every x € M, ag € (§")|, there exists a form (possible locally
defined around x), a, taking values in §* such that |« = o, and da = 0.

Essentially, the definition above guarantees the existence of enough locally Hamiltonian forms.
Definition B.5 (Poisson bracket). Let $” ¢ A “M, 1 < a < k be a sequence of integrable subbundles satisfying
(Sk)o,l =0, (Sa)o,p _ (Sb)o,p,

for each p < a, b. Denote by
QF ' (U) = (a e Q' (U) : da e §%)

the set of Hamiltonian forms defined on certain open subset U € M. A Poisson bracket of order k on M is a collection of bilinear operations
af (1) e 0l (V) L AV (),

for each open subset U ¢ M satisfying the following properties. For a € Q&' (U), € Qi (U),y € Qi (U)

(i) Itisgraded:
deg{a,B}u = dega + degfB;

(ii) It is graded-skew-symmetric:

{aBYu = —(~1)* 8" 8F (B o}y

(iii) It is local: If dalx = 0, {a, B}ulx = 0.
(iv) It satisfies Leibniz identity: Let f/ € Q' (M), yi € Qi (M). Ifp/ Ady e Qb1 (M), then, for a = k,

(B A dypatu = {Bhatu ndy + (1) dp n (. abus
(v) Itis invariant by symmetries: If X € ¥(U) and £xa = 0, then xa € Q¢%(U) and
{es Bru = (1) i f }os
(vi) It satisfies graded Jacobi identity (up to an exact term):
(~1)%e*d8Y (o Yy, y}u + cyclic terms = exact form.

Furthermore, it satisfies the compatibility condition, that is, for V ¢ U two open subsets, {-,}v is the restriction of {-,-}u.

Remark B.2. One may wonder why we require this version of Leibniz identity. The not-so-evident reason is that this is a strictly stronger
hypothesis than the Leibniz rule from Theorem B.1. Indeed, if 8 A dy; € Q% ™! (M), there is no way of guaranteeing that the individual terms
of the sum are Hamiltonian. This is the version needed in order to recover the graded Poisson structure from the graded Poisson bracket.

We are now ready to state and prove the main result of this section:
Theorem B.2. Let §* € A“M, 1 < a < k be a sequence of integrable vector subbundles satisfying
(Sk)o,l _ 0) (Sa)o,p _ (Sb)o,p’

foreachp < a,b, and let {-,-}u, U € M open, be a Poisson bracket on this sequence. Suppose that the family S* satisfies the following properties:
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(i) Locally, there exists Hamiltonian forms y;; € Q¥ 2(U), and functions flj such that
§" = (df] A dysi;
(i) Foreach 1< a <k, locally, there exists a family of Hamiltonian forms forms y', and a family of vector fields X’ such that
" =(dy') £yy =0,

and _
§ = (digy’).

Then, there exists an unique graded Poisson structure (S°, Kp, §a) such that {-,-}v is the induced bracket by this structure.

Proof. We divide the proof in four steps.

1. Definition of (S°,Kp, fa)
Define
K|, == (8] ,)°F.

By hypothesis, these vector spaces define a vector subbundle of \/, M. In order to define fj,, notice that for each Hamiltonian form

« € Q471 (U), the bracket induces an operation
k—a Dy oo _ dega
Q" (U) = C7(M), B> @a(f) = (-1)7{B, a}.
By locality, it factorizes through certain linear mapping (which only depends on da«)
\Ila . Sk+lfa| v N R

as

Da(B) = ¥a(dB).
Therefore, we may identify W, with an element of the dual ($**'74)*| u» and we get a linear mapping
V. Q?I—I(U) N (Sk+1—u)>e| v

Since this mapping only depends on the exterior differential of «, it again factorizes through
fa : s’ v~ (Sk“i‘z)w U= ( V M/Kk+1fa)|U’
k+l-a
as

Yo = fa(da).

By construction, this mapping satisfies

{Batu=(-1 )degalua(da) dg,

for a € Q' (U), and B € Qf7°(U). It is clear that these mappings do not depend on the choice of open subset U. Therefore, we get

globally well defined mappings
bt S > \/ M/Kii
k+1-a

satisfying the equality above. From now on, making abuse of notation, we omit dependence on U.

Steps 2 and 3 are devoted to proving that we have the equality

{B.a} = (-1)*%s, 4y dB
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for arbitrary Hamiltonian forms. We will prove it using two induction processes, summarized in the diagram below. Here, we write the case
k = 5, and the order in which we obtain the equality in the orders (ord f3,ord «). The lower triangle is omitted for degree considerations (the
bracket is trivial when evaluated on pairs such that ord f + ord « < k - 1).

(0,4) 222, (1 gy 222, (9 gy ZE2, 34y E22, 4y
(1,3) (2,3) (3.3) (4,3)

(2,2) (3,2) (4,2)

(3,1) (4,1)

(4,0)

2. {B.a} = 1y,(da)dB. for an arbitrary Hamiltonian form B, and o € o).
We prove it by induction on the order of . For € Ciy (M) = C™ (M), it is clear by definition of ;. For the inductive step, let 8 €
Qi ().

Using the first required property on $%, we only need to prove the result for a Hamiltonian form with the expression
Fdy,
where y; is Hamiltonian. Indeed, by Leibniz identity:
{Pdypay = {fa} ndy;—df A {ypa)
(4aydf’) A dys = df A (1yean d97)
Ly (deyd(F/dy)),

where in the second equality we have used the induction hypothesis, proving that

{B,a} =1y, (4a) 4B,

for a € Qf (M), and § € QY1 (M).
3. {Ba}= (—l)deg“luk(da)dﬁ,for arbitrary Hamiltonian forms o and .
Fix € QY1 (M). We proceed by “reverse” induction on the order of &, a € Q¥ ' (M) being the base case from Step 2.

Using the second required property on %, we only need to prove it for Hamiltonian forms
XY,
for certain vector field X and certain Hamiltonian form y such that £xy = 0. Indeed, using invariance by symmetries and induction hypothesis:
{ﬁ, IXOC} _ _(_ 1 )degtxadegﬁ{lx‘x, ﬁ} _ _(_ 1 ) (dega+1) degﬁ+degﬁlx{(x, [;}
= —(~1)%e* 8 i {a, B} = 1x (B, a}
d d
= (=1)"5%xty, () dB = (1) By, (aayaxdp
Now we wish to relate fj,(da) A X and o1 (dexa). This relation is given by the following Lemma:
Lemma B.2. We have o1 (dixa) = —fa(da) A X + Kyyr—q.

Proof. Lety € Q% *(M). On the one hand, by definition of fa—1, we have

{yixa} = (-1 ey dy.
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On the other hand, by invariance by symmetries, we have

{roxa} = ix{pad = (D)™ 0oy dy = ()™ s, ayaxdy:
Equating both of these equalities and using that y is arbitrary, we get the equality
fa-1(dixer) = —fa(det) A X + Kiy g,

proving the Lemma. o
Using the Lemma above, the result follows easily. Indeed,

d
{B.ixa} = (=)%Y (aa)rxdp
dega+1
= (_1) e luu,l(dtxoc)dﬁ
d
= (—l) Eglxalurl (dixar) dﬁ
Now it only remains to show that (S, Ki11_4, ) is a graded Poisson structure.

4. (8", Kis1-a> fla) defines a graded Poisson structure.
Skew-symmetry is clear, using skew-symmetry of the brackets. To prove integrability, by Theorem A.1, we only need to check it
for a = k. By the graded Jacobi identity, we have

{fi{aB}}+{BAf 0t} +{a{B. f}} =0,
for every a, € Q1 (M), f € C* (M) This yields
i (dfe B}) () = ti(dB) (i (da) (f)) + i (da) (1 (dB) (f)) = O.

Since f € C™ (M) is arbitrary, we have
fe(d{a@ B}) = ~[fx(dar), fx(dp)],

or, equivalently,

e (£4capydar) = ~[f(dar), i (dB)]-
This implies integrability. Indeed, given arbitrary forms y,, y, taking values in Sy, we can express them locally as
yi = fldai, y2 = ¢'dp;,
for certain Hamiltonian forms a;, 8; € Qf ' (M), and functions f', g/ € C*°(M). Then, defining
0= £y ¥z = ey dp
= £ piy, (48 Wi — 8ty ap A(f'deyj)
= 1(deg) () dfi — 8 i (dB) (f)dog + £'8/diy, ) 4B
= fh(dag) (¢")dB; - 't (dBi) () day + f'¢ d{Bir s},
we have 6 € S, and
() = 1 e(dey) () e(dB) — 'pi(AB) (1) e(dey) + '8 pi(d{B a})
= Fh(deg) (8" (dB:) — &'t (dB)) (f ) fi(doy) — f'g' [ (dB:), i (dexj) ]
= [tk (dey), g1k (dB)] = [f(y1)- i (y2)];

proving that the graded Poisson structure is integrable. O

Remark B.3. Theorem B.2 generalizes the classical result that a Poisson bracket defined on C™ (M) is characterized by an integrable
bivector field, A € %Z(M), [A,A] = 0. Indeed, since (S; )°’l = 0, we must have S; = T* M, which trivially satisfies the hypothesis.
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There are certain interesting cases that fulfill the hypothesis of Theorem B.2:

Corollary B.2. If the family S, 1 < a < k is generated by forms of constant coefficients, that is, if there exists a local chart such that § is
generated by form which are of local coefficients in that chart, any graded Poisson bracket defined on the space of Hamiltonian forms induces an
unique graded Poisson structure.

Proof. Indeed, in order to be in the hypotheses of Theorem B.2, we only need to check that the two required properties hold. For the first
one, given certain local chart such that
S ={c dx" Ao Adx",m),

with ¢’ ; €RR, given that we can write
Al adxt Aeady® = dx Ad(cl xR dxt A A dX"),

it is enough to define

and we have .
ST ={df™ ny, m).

For the second property, notice that, by the linear study, we know that

st = (ta%wm,m),
X

where 0" = ¢' _ dx" A+ A dx™. Therefore, it is enough to prove that for each j, there exists a primitive (a — 1)—form yi of ™,

such that £ o y;-” = 0. Indeed, it suffices to define (here we omit Einstein summation convention)
)

mo,_ m i i ia
yi= Z Ciyoreiyy X 1dX? Ao A dx
iy <---<ig
iy #f
i=j

- Z c;-rﬁz___,-axtzdx’ Adx® Ao A dx.

J<iy++<iy

We clearly have 0™ = dy7, and £ »_y7' = 0, finishing the proof. ]
ax)

Example B.2. Recall (Subsection 11 A) that the Hamiltonian formalism in classical field theories occurs in
n n
M:=/\Y-= {(x € A\ Y, tepe,0 = 0,61, €2 ekerdﬂ},
2

where
m:Y - X

is a fibered manifold, and n = dimX. A} Y can be endowed with a non-degenerate multisymplectic form Q which, in canonical coordinates
(x5, p'p), takes the expression
Q=dpad'x+dp! Ady Ad"x,

Notice that it is of constant linear type.
Now, Q is a non-degenerate (n + 1)—form and we can define the Poisson tensor

§: s> T™
as the inverse of

k
TML/\M, v Q.
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More, precisely, we define

Sk = ITMQ,
and
§: s~ T™
by () := v, where v is the unique vector satisfying
1,Q = a.

In particular, being of constant linear type,
§ = Wi1oa ME2

defines a vector subbundle of \“M, and we get a well defined graded Poisson structure on M, (8%, Ki11-g, ﬂu), where fa> Kp are the mappings
and subbundles obtained from Theorem A.1. In terms of the multisymplectic form, Q, we have

K, =Q°?,
and
fa(a) =U+K,
if and only if
1w =a.

Since the family S§° is generated by forms of constant coefficients, we are in the hypotheses of Corollary B.2, and we conclude that the induced
graded Poisson bracket completely determines the multisymplectic structure on M = \3 Y.

We can also obtain the multisymplectic foliation from Theorem A.2 using the Poisson bracket. For certain & € Q% (M) (which may be
locally defined), since
C*(M) - C*(M); f={f,a}

is a derivation by locality, there exists an unique vector field, which we shall denote X, such that

{f.a} = Xa(f),
for every f € C*°(M). Of course, in tensorial terms,
Xo = uk(doc)
Definition B.6 (Hamiltonian vector field). A Hamiltonian vector field of a graded Poisson structure (S, K, ) is a vector field of the
form Xa, for certain Hamiltonian (k — 1)—form a.
Then, we clearly have

Proposition B.3. The characteristic distribution E = Im {5 of the graded Poisson structure is generated by (locally defined) Hamiltonian
vector fields, that is,
E=(Xo:aeQff' (M)).

Under this description, integrability is clear. Indeed, using Jacobi identity, we have that the mapping
Qi (M) > X(M), a v Xq

defines a Lie anti-homomorphism, that is,
[Xar Xp] = ~X(ap)>

from which involutivity follows. Now we can describe the multisymplectic form in each leaf F € F of the foliation as follows:

Proposition B.4. Let F be the foliation induced by the (integrable) characteristic distribution. Then, the multisymplectic form wr defined
in Theorem A.2 can be expressed as
(@) (Kag s -+ s Xa ) = (dar o) (K s -+ Xy [5)

for every x € F.

Proof. It follows from the description of wr given in Theorem A.3. O
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Remark B.4. Similarly to how both Theorems A.2 and A.3 can be generalized to graded Dirac structures, we get the corresponding
generalization of Theorem B.2 to graded Dirac structures. First, notice that the concept of Hamiltonian form, and that of the Poisson bracket
is easily generalized using the description given in Proposition A.1. In terms of the vector subbundles Dy, ..., Dy, the space of (a—1)-
Hamiltonian forms is

Qi (M) = {ae Q"' (M) : (U,dat) € Dyyy_y, forcertainUe \/ M},

k+1-a

and the bracket of two Hamiltonian forms is

{w B} = (-1)**1yda,

where (U,da) € Dyy1-,, and (V,dB) € Dyy1—p. The condition of the Poisson bracket of two Hamiltonian being again Hamiltonian follows
from involutivity with respect to the Courant bracket, since

[(U,a), (V.p)]] = ([U, V], ~d{a B}) € Dasa-(ast)>

as a quick calculation shows. Furthermore, the properties of the corresponding Poisson bracket are exactly the same as the obtained in
Theorem B.1. Dropping the non-degeneracy condition ($*)>! = 0, we can define a graded Poisson bracket as a collection of brackets

Q?{—I(U) ® QIZ—I(U) {3u Qa+b—(k+1)

satisfying all the properties listed in Definition B.5. Then, we obtain the corresponding result in graded Dirac manifolds:

Theorem B.3. Let §* ¢ A“M, 1 < a < k be a sequence of integrable vector subbundles satisfying
(Sa)o,p _ (Sh)o,p’

for each p < a,b, and let {-,-}u, (where U € M is an open set), be a Poisson bracket on this sequence. Suppose that the family S° satisfies the
following properties:

(i) Locally, there exists Hamiltonian forms y;; € QY% 2(U), and functions flJ such that
§" = (dff A dyis i)
(i) Foreach 1< a <k, locally, there exists a family of Hamiltonian forms forms y’, and a family of vector fields X; such that
T™ = (Xi), §"=(dy’),

and ‘
£xy =0.

Then, there exists an unique graded Dirac structure Dy, . . ., Dy such that {-,-}uv is the induced bracket by this structure.

Proof. The same argument from Theorem B.2 gives us a family (S, K14 la) satisfying the hypothesis of Proposition A.1 and,
therefore, it determines an unique graded Dirac structure, D1, . . ., Dy. ]

Remark B.5. This result clearly resembles the original idea behind Dirac structures, structures arising from Poisson algebras defined on
a suitable subclass of functions on a manifold (see Ref. 8). In this case, we get a graded Dirac structure arising from a graded Poisson bracket
defined on a subclass of forms.

C. Currents and conserved quantities

Recently, Gay-Balmaz, Marrero, and Martinez-Alba introduced a bracket formulation of classical field theory in Ref. 7. Following the
notation of Example A.2, a Hamiltonian in classical field theory is a section

hHANY/ANY > AY,,
2 1
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where
n n
/\ Y = {semi —basicn — formsover X} = {a € /\ Y : e = 0,when e € ker dr}.
1

The Hamiltonian section has the local expression

h(, o pt) = (¢ pllop = —H),
where, usually,
oL
2

H= =
0z, '

is the Hamiltonian function associated to a regular Lagrangian. This bracket is defined for a very specific family of forms, those a € Q"™ (Z*),
(here we are denoting Z* = A5 Y/AT Y) with

o= (A'p'; + B”)d"_lx,,,
where A’, B' only depend on (x,y'). Then, their bracket is a semi-basic #-form over X

{oc,h}:/:\Y—>/n\X

which takes the following local expression

OA" , OH(O0A" , 0OB'\ OH ;
{a,h}=( p?+ﬁ( -p?+f)* iA’)d”X-
oxt op';\ oy’ oy’ oy
This bracket measures the evolution of the observable a on a solution of the system determined by h. We can define it intrinsically using
the geometry of the Poisson bracket on A3 Y and, furthermore, we can extend the domain of definition. The property that this bracket satisfies

follows from the properties of ,, as we will shortly see.
First, we notice that the Hamiltonian section is completely determined by the following #n-form:

Definition C.1. Given a Hamiltonian section h, define the form
. n n
h:ANY->NAX
2

ash(a) :=a—h(a+Al'Y).

Locally,
h(a) = (p+ H)d"x.

Proposition C.1. If a € Q""" (Z*) has the local expression
o= (Aipf +B")d"_1x,4,
where A', B only depend on (x*,y'), then v* a is Hamiltonian, being
n
T ANY— z"
2
the natural projection.

Proof. Indeed, denoting @ := 7" a, we have

_ (0A" , OB\ .,
d“‘(aﬂf*a?)“

OA" , OB\,
+(ayjpl.+@)dyf/\d Xy
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Then, it is clear that if we define ‘ ‘
o (04 OB D (04, )0 0
““NowP " ox Jap T\ oyt T oyl Joph 7 oy
we have
IXWQ = d’éz,
proving the result. ]
The relation between the bracket defined in Ref. 7 and our theory is the following:
Proposition C.2. We have that
{a,h} = 1Xndz
Proof. Tt is an immediate calculation. O

Therefore, we have
{(X, h} = lun(dfoj) dl’l,

providing the evolution of any observable in terms of the tensor fj,. We can use this description to extend the domain of definition:

Definition C.2 (Observable). We say that an (n — 1)~form « € Q"' (Z*) is an observable if it induces a Hamiltonian form on A} Y, that
is, if 7" € Q! (A7 Y), where

n
T ANY->Z"
2

denotes the natural projection. Denote by O the set of all observables.

Also, notice that the form induced by any Hamiltonian section & is a semi-basic n-form over X on A} Y. Thus, we define the following
bracket.

Definition C.3. Denote by A the linear space of all semi-basic n-forms over X defined on A} Y and define

{3

0 A— A

by
{a.n} =1y, @ dn,
where @ = 7*a € Q7 H(AS Y).
Of course, we have to check well-definedness.

Proposition C.3. We have
{an} e A,

foreveryae O,ne A
Proof. Indeed, we prove it in coordinates. In general, if & = 7% is Hamiltonian, there exists a vector field

0 0 ; 0 o
X=A—+B'— +C—+D’
ap ol oy T o

such that
d’(f = lxﬂ,

that is, such that
da = Ad"x + Bidy' Ad"'x, — C'dp! Ad" "5, + D"dp! Ady' Ad" P x
~-D'dp Ad" 'x,.
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Now, since @ = 7*a, d& must be zero when contracted with a 7— vertical vector field (a multiple of

0
2(da A— +B
fn(d@) = ap " B gy
Suppose
n=fd"x
where f € C* (A} Y). Since
dn=df nd'x,

we have

{an} =1y, @dn
A, 0f i
8p 0y ¢
which is semi-basic over X, concluding the proof.

Notice that the Poisson bracket on Qf;

ARTICLE pubs.aip.org/aip/jmp
) Hence, D" = 0, and we have
vl
Oy
ot

"(A3 Y) induces a bracket on O. Indeed, if &, 8 € O, and

0 0 ; 0
fa(da¥) = Aé‘p B"Bp’ + .
0 0
d A— B!
( ﬁ) p + #apt

where @ = T*(xj; = 73, we have [{-,-} denotes the Poisson bracket of Hamiltonian (n — 1)—forms]

{@p} = (B/C' - CB,)d" 'x,

which is clearly a semi-basic (n — 1)—form on A} Y over Z*, so it induces an unique form, which we will denote

[, B]] € O.

We are aware that this notation overlaps with the Courant bracket defined in Eq. (4); however, we hope that the reader will distinguish them

based on the context they are used on.

Remark C.1. (O,[[-]]) is not a Lie algebra. Indeed, we know that {-,-} induces a Lie algebra structure on Q} (A} Y) modulo exact
forms. This behavior is transmitted onto ( O, [[-,-]]). Nevertheless, when we restrict this bracket to the space of forms with the local expression

a= (Aip’; + B“)d"_lx

>

where A’, B' only depend on (x,y'), it does define a Lie algebra (see Refs. 7 and 34).

Now we have

Theorem C.1. Let o, € O, and n e A. Then,

([ B} = @ {Bn}} + {B {wn}}

Proof. Indeed, since both i, (d&), §, (dp) are vertical vector fields on the bundle

n
/\Y—>Z*,
2

we have that
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(T B} = 14, a@pn ¥ =~y 200,01
= Ly @y, (@ I+ 1y, 0 L@ I
=~y @ Ay, (@ 41+ 1y, (i) dtpa (0w 1
= —{a{Bn}} +{B {an}}.
Corollary C.1. When restricted to the forms with local expression
a= (Al + B)d

where A', B only depend on (x",y'), the mapping
ar {a,-}

defines a linear anti-representation on A of the Lie algebra induced by restricting [[-,-]].

Observation C.1. Notice that the bracket
O A AEIN A

restricts well to semi-basic forms over X which are also basic over Z*, that is, forms with the expression
a=f d"x,
_ i .
where f = f(x",y',p}). Therefore, if we denote by
B := {semibasic n — forms over X} n {basic # — forms over Z*},

we have an induced bracket
oo Bl g,

for which the previous corollary still holds. Also notice (and this is the main reason to consider the previous restriction) that the space of
Hamiltonian sections

r( /\ Y - Z*)
2
is an affine space modeled by . Furthermore, if we define
{a,h} := lun(da)d’i{’
where h(x*,y',p') = (&, ', p!',p = =H), h = (p + H)d"x, we have
{a,h} € B.

Therefore, we have an affine bracket

O®F(/\ Y—»Z*)ﬂ»B
2

that satisfies the equality

{[lw Bl 1} = ~{a{B.h}} + {B{a h}}.
This implies the following:

Corollary C.2 (Ref. 7). When restricted to forms with the expression
a=(Apl+B")d" x,,

where A', B only depend on (x*,y"), the previous bracket defines an affine Lie algebra representation (for more details we refer to the cited paper).
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Now that we have seen how to interpret (and extend the domain of definition) of this bracket previously introduced in the literature, let

us prove that, even though we have extended the domain of definition, it still measures the evolution of observables.

Definition C.4. A section
v:X->Z"

is called a solution for the Hamilton-De Donder-Weyl equations defined by a Hamiltonian section

h:Z*—>/\Y,
2

if
vieQy =0,VEe X(Z7),
where Q, = h* Q.

Locally, this is equivalent to y solving the following set of partial differential equations

oy’ 0H
ox' — apl”
oyt OH
o oy

Theorem C.2. If v is a solution for Hamilton-De Donder- Weyl equations, and a € Q"' (Z*) is an observable, we have
y" (da) = (hoy) {a h}.
Proof. Tt is an immediate calculation in coordinates. Using the notation from Proposition C.3, we have
da = Ad"x + Bidy' Ad"'x, - C'dp! A d" ',

and

{a,h} = (A + aHCi + aiHBl‘)d"x.

oy’ opi

1

Therefore,

* _ _%i av/iy n
v (doc)—(A 8x"c+8x“Bi)dx’

and we obtain the result using the local version of Hamilton-De Donder-Weyl equations.
As a consequence, we obtain the following:

Theorem C.3. If an observable a € Q' (M) satisfies
{a,h} =0,

then it is conserved for any solution of the Hamilton-De Donder-Weyl equations defined by the Hamiltonian section h,where conserved means

that y* (da) = 0.

V. CONCLUSIONS AND FURTHER WORK

In this paper, we reviewed the different definitions of Poisson and Dirac structures of higher degree, introducing some new concepts
which (under some mild regularity conditions) include all previous concepts present in the literature, generalizing Dirac geometry to a graded
version. We also proved some results whose analogue in classical mechanics was of fundamental importance: the recovery of graded Poisson

structures from graded Poisson brackets, and its connection to currents and conserved quantities (Theorem B.2, Subsection IV C).

As a result of this work, we expect this theory to apply in the study of classical field theories:

(i) The usual Dirac structures are not only a common framework for presymplectic and Poisson geometries, but allow us to include those
pairs formed by a vector field and a 1-form on the manifold that are related by structure. Thus, in field theories, we can pair in different
degrees multivector Hamiltonians and currents. We expect this theory to permit to discuss the so-called higher-form symmetries,” a

hot topic in theoretical physics.
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(ii) Although the graded nature of the objects studied in this paper (graded Poisson and graded Dirac structures) are characterized by the
structure induced on vector fields and k-forms, we believe that the pairs of multivector fields and forms of different order will be of
fundamental importance in the study of classical field theories. As an example, we have the recovery of the graded Poisson structure
given a graded Poisson bracket (Theorem B.2), where the interplay between different degree objects seems essential.

(iii) Inthe near future, we plan on using the graded brackets to study the properties of the distinguished submanifolds of the evolution space
of the theory.

(iv) We also aim to extend the results of this paper to an analogous study for the case of classical action-dependent field theories (see Refs.
36 and 37).

(v) The study of singular Lagrangians to obtain a well-posed problem through a constraint algorithm may benefit from the use of graded
Dirac structures, and so it could be an interesting direction for research. For applications of Dirac structures to the study of Dirac
brackets, we refer to Ref. 38. In this line of thought, an algebraic formalism like the one proposed in Ref. 39 for the brackets appearing
in classical mechanics could also be extended to the theory presented in this paper.

(vi) Similar to the results in Ref. 33, it is important to understand the possible extensions of the bracket to families of forms where the order
is not restricted to 0 < a < k — 1, but can vary freely. Perhaps this could give an interpretation of the bracket given Subsection IV C in
terms of an extension of the graded Poisson bracket studied in this text.

(vii)  Another possible direction for research is the extension of moment maps and reduction from symplectic geometry to this new setting.
Previous work regarding these questions can be found in Refs. 40-44.
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APPENDIX: SCHOUTEN-NIJENHUIS BRACKET

The Schouten-Nijenhuis bracket is a generalization of the classical Lie bracket to multivector fields

¥ (M) @ ¥1(M) L %091 (),
For locally decomposable multivector fields, it is defined as
[XinAXp YA AYy]
; CDY[X Y AXi A AXi A Xp AV A YA Yy,
-1

M'ﬁ

=1 j
and is extended to arbitrary multivector fields by linearity. We use the sign conventions of Refs. 17 and 18. Note that Ref. 25 uses different
sign conventions, differing by a factor of (~1)*! from ours.

Define the Lie derivative of a form w € Q% (M) with respect to a multivector field U € X’ (M) as

Lyw = dyw - (1) wdw.
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We have the following properties, which we enunciate without proving them (we refer to Ref. 18 for proofs).

Theorem 0.1 (Properties of the Schouten-Nijenhuis bracket and the Lie derivative). Let U, V, W be multivector fields of order p,q,,
respectively, and w € Q% (M). Then,

(i)
[U) V] - _(_1)(1"1)(‘1_1)[‘/’ U],

(ii)

I[U,V]w = (—1)(p_1)q.fulva) -wluw,

(iii)
[U,V/\ W] = [U’ V] AW+ (_1)(1’*1)‘1‘//\ [U, W],
(iv)
(- Uy, v, W] + eyelic = 0.
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