Eur. Phys. J. C (2024) 84:1262
https://doi.org/10.1140/epjc/s10052-024-13624-6

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article

Theoretical Physics

(g — 2),,, and lepton flavor violating decays in a left-right model

L. T. Hue>*®, Khiem Hong Phan’*°, T. T. Hong>®@®, T. Phong Nguyen’-Y®, N. H. T. Nha'!>*

! Subatomic Physics Research Group, Science and Technology Advanced Institute, Van Lang University, Ho Chi Minh City, Vietnam
2 Faculty of Applied Technology, School of Technology, Van Lang University, Ho Chi Minh City, Vietnam

3 Institute of Fundamental and Applied Sciences, Duy Tan University, Ho Chi Minh City 70000, Vietnam

4 Faculty of Natural Sciences, Duy Tan University, Da Nang City 50000, Vietnam

3 An Giang University, Long Xuyen City 880000, Vietnam
6 Vietnam National University, Ho Chi Minh City 700000, Vietnam

7 Department of Physics, Can Tho University, 3/2 Street, Can Tho, Vietnam

Received: 9 September 2024 / Accepted: 17 November 2024
© The Author(s) 2024

Abstract General expressions for one-loop contributions
associated with lepton-flavor violating decays of the stan-
dard model-like Higgs boson & — el:)teff and gauge boson
Z — e,jtej are introduced in the unitary gauge. The results
are used to discuss these decays as new physics signals in
a minimal left-right symmetric model containing only one
bidoublet Higgs and a SU (2) g Higgs doublet accommodat-
ing data of neutrino oscillations and (g —2),,. The numerical
investigation indicates that some of these decay rates can

reach near future experimental sensitivities.

1 Introduction

Lepton flavor violating (LFV) decays, like those of charged
leptons (cLFV) e, — e¢,y, the standard model-like Higgs
boson (LFVh) h — epey, and the neutral gauge boson
(LFVZ) Z — epe,, are hot objects of experimental searches
[1-6]. Although these decays do not appear in the stan-
dard model (SM), their existence is predicted by the LFV
sources appearing in many models beyond the SM (BSM),
such as minimal SM extensions guaranteeing neutrino oscil-
lation data [7,8]. Along with updates of the experimental
data, LFV decays of 4 and Z, as promising signals of new
physics, were indicated in various BSMs. On the other hand,
the recent experimental results of charged lepton anomalies
ae, = (8 —2)e,/2 show alarge deviation from the SM, which
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often supports regions of parameter space predicting large
LFV decay rates, especially for the BSM accommodating
neutrino oscillation data. Therefore, a combination of simul-
taneous studies of the above LFV decays and the (g — 2),,
data in BSMs accommodating the neutrino oscillation data
is beneficial for searching for allowed regions of the param-
eter space of the models. To the best of our knowledge, in
addition to the analytical formulas for one-loop contributions
to cLFV decays and (g — 2),, anomalies [9,10], which can
generally be applied to a large class of BSMs, the one-loop
contributions to LFVA and LFVZ decay amplitudes were
introduced in specific SM extensions. Namely, various dis-
cussions on these LFV decays of i [11-28] and Z [29-43] as
signals of new physics originating from loop contributions.
On the other hand, BSMs consisting of both heavy seesaw
neutrinos and right-handed gauge bosons, such as the left-
right (LR) symmetric models [44-49], can predict compli-
cated one-loop contributions to the LFV decay amplitudes.
Phenomenology of these LR models including the (g —2).,,
and cLFV decays has been discussed recently [50-54].

Therefore, concrete studies of LFVA and Z decays will be
more useful for determining the allowed regions of parameter
space that are not excluded by experimental constraints. Our
main aim is to introduce a general complete class of one-
loop contributions for LFV decay amplitudes calculated in
the unitary gauge. We will use these results to discuss in
detail the correlations among LFV decay rates and (g — 2),
in the LR model discussed in Ref. [54].

The paper is organized as follows. In Sect. 2, we review
the one-loop contributions to decay amplitudes e, — e;y
and (g — 2).,, and provide general one-loop contributions
to decay amplitudes 1 — eFfef and Z — efe/, which
are derived using the unitary gauge. In Sect. 3, we deter-
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mine analytic formulas for one-loop contributions to LFV
decay rates, which are used to study the allowed regions of
the parameter space that guarantee simultaneously the neu-
trino oscillation data, LFV constraints, and 1o deviation of
(g — 2),, data from the SM prediction. Section 4 summa-
rizes important results. Finally, three appendices are used to
provide more detailed notations of Passarino—Veltman (PV)
functions, precise expressions of relevant one-loop formulas,
and the Higgs sector of the LRIS model.

2 General one-loop formulas
2.1 cLFV decays e, — e,y and (g — 2),,

The one-loop contributions to cLFV decay amplitudes and
ae, are available [9,10,55,56], where calculations were per-
formed in both gauges 't Hooft-Feynman and unitary for
diagrams consisting of gauge boson exchanges. We adopt the
following Lagrangian parts playing the roles of LFV sources
discussed in this work [10]

3

Lres =YY F(ghpsPL+gfesPr)caS +he., (D)
F.S a=1

3
Lrey = Z ZFV’L(&I{FVPL + ngVPR)eaVM +h.c.,
F,Va=1

@)

where the fermion F and the boson B = V,,, § have electric
charges QF and Qp, and masses m g and m g, respectively.
This means that QB = QOpand QB* = —Qp, therefore the
conventions B = BT25 and B* = B~ are used hereafter.
Two Egs. (1) and (2) are consistent with those introduced
in Ref. [9]. Moreover, we adopt the Feynman rule that the
photon always couples with two identical physical particles
[9], as shown in Table 1,

where "0, (po, P+, P=) = guv(Po — p+)i + gua(p+ —
P—)u+8&.u(p——po)y isthe standard form with 9, = —ip,.
Here, p, = po,+ are incoming momenta into the relevant
vertex consisting of a neutral, and two charged conjugated
gauge bosons yo (= Ay, Z,), B, and B*, respectively. The
Ward Identity forbids the tree-level couplings of a photon
with two different physical states [56]. In the unitary gauge,
the one-loop contributions to the decay amplitudes e, — e,y
and a,, are shown in Fig. 1.

Previous calculations in the unitary gauge were per-
formed, including approximate formulas with heavy gauge
boson exchanges [10], or exact ones [56] expressed in terms
of the PV functions [57], which are convenient for com-
putation using numerical packages such as LoopTools [58].
They are also consistent with the calculation in the ’t Hootf—

@ Springer

Feynman (HF) gauge based on the particular assumption of
the Goldstone boson couplings [9], where the form factors
are given in Appendix B. Useful transformations between
different notations used in previous works are given in Ref.
[56].

We note here that two Egs. (1) and (2) contain general
LFV sources generating 1-loop contributions to other LFV
processes, including the LFV/Z and LFV Z we focus on in this
work. The most attractive LFV source comes from the active
neutrino oscillation data, the evidence of the LFV source con-
firmed by experiments [59-61]. Especially the heavy neutri-
nos generating active neutrino masses and mixing through
the seesaw mechanism have couplings with forms given in
two Egs. (1) and (2). Usually, only the cLFV experimental
data of © — ey are considered as the strictest constraints
on the allowed regions of the parameter space, successfully
explaining the (g —2)., , data[40,62-64]. Recent discussions
on ISS extensions of the 3-3-1 models suggest that the decay
T — py may result in stricter constraints on (g — 2),, data
than that of the decay u — ey [24,40,65]. This suggests that
the regions of parameter space giving large one-loop contri-
butions to (g —2),, may also be affected by the experimental
dataof LFVh and LFV Z decays. We will discuss this in detail
in the LRIS model [54].

2.2 The LFV decays Z — eieJ and h — e;teff

Unlike photon couplings, the gauge boson Z and neutral
SM-like Higgs boson & can couple two different physical
particles. In particular, the triple couplings of Z relating to
one-loop contributions to the decay amplitude Z — ebie;F
are generally given in Table 2.

The triple self-couplings of Z are included in the kinetic
parts of gauge bosons. The couplings of Z with fermions
are included in the fermion kinetic Lagrangian. The triple
couplings of Z with two bosons are included in the covari-
ant kinetic Lagrangian of scalar multiplets Rg, /.Zlfin =

(DuRs)' (D"Rg), where D, = 3, —i P,,. If we denote that
OuRDP Rs =Yy o 5 gvses (9, 5*) VS, then it results
in the following part for V. — S — S’ couplings

Lyss = Y igvss [~(3.5MS + 5%(3,8)] V" + He.
V.S,
- Z [gvses/ (Psiu — ps=)S*S'VE
V.S,8

+&vsrs (Psu — Psp) SV, 3)

where the rules used to transform into the momentum space
are (0,B) = —ipp,B with B = §, 5, 8% §*, and all
momenta are incoming vertex conventionally. The LFVZ

and LFVh decays have couplings Z S, S; and V Sh, respec-
tively. The notations show that g}, ¢.y = gvs=s. The cou-
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Table 1 Feynman rules for cubic couplings of photon A*

Vertex Coupling

Vertex

Couplings Vertex Couplings

AR (po) VY (p)V*(p-) —ieQv T (Po, P+, P-)

AES(p1)S*(p-)

ieQs(p+ — p-du AFFF ieQryy

v
S-S~
D2 e v, D1
i e
€p F €a
(1)
v
vt F
€p F €q €p v+ €a

(5) (6)

(7) (®)

Fig. 1 One-loop contributions to the decay amplitudes e, — e,y and (g — 2),,

Table 2 Feynman rules for cubic couplings of Z* with conventions defined in Table 1

Vertex Coupling

Vertex Couplings

ZM(po) V" (p)V"™**(p-)
Symrzy
ZWFF’

—iegzvy' Tpvi(po, p+, p-)
iegszv 8
ieyu (géFF’ P+ ggFF’ P)

ZHS™(p-)S(p+)
S*yrZY
ZMEF'F

iegzs+s(p+ — P-)u
iegszy8uy
iey (855w PL+ 85 Pr)

plings in the second row of Table 2 are derived from the
covariant part containing at least one neutral Higgs compo-
nent with non-zero vacuum expectation values (vev), namely
P,Rs — V,L(SO) + Vl:.S' Such couplings do not contain
momentum, hence it is easy to determine that

Lsyy = Z gsvv/g,wSV“V/*v +H.c.,
S, v,v/

which corresponds to the Feynman rules in the second row
of Table 2 for Z = V' # V. We will identify V/# = WTH
for consistency with the SM notation when studying certain
BSMs.

The one-loop Feynman diagrams for LFVZ decays are
shown in Fig. 2.

We focus only on the unitary gauge so that particles in
all diagrams are physical. The effective amplitude for the
LFVZ decays Z — elj (p2)e; (p1) is written following the
notations [30,37,40]:

iM(Z — efe;) = —liq [¢ (@PL + arP)

e
1672 i} )
+(p1.€) (b1 PL + by Pr)] vs, 4)

where g4 (q) is the polarlzatlon of Z and u,(p1), and vb(pz)
are Dirac spinors of ¢, and eb All form factors a; » and bl ’
receive contributions from one-loop corrections. The external
on-shell gauge boson Z gives g.¢ = 0, leading to py.e =
—p1.€. The on-shell conditions of the final leptons and Z
boson are p% = m% = mg p% = m% = mi, and q2 = m2Z
The respective partial decay width is

T(Z - efe;) =

A 2
t6rmy (762)

AM M
w (2H0 a4+ 22 )
12m?7, 3m

z

where A = m‘% + m2 + m;1 — Z(mzzmg + m2zm12; + mZmi),

and

Mo = (m% —m? — m?) (|El|2 + |B,|2) — 4mampRe [bib?]

— 4myRe [a}b; + afby | — 4mgRe [a]by + afb, ],

M| = 4m ampRe [alar] ,

2
M, = |:2mé - mzz (m?l + m%) - (mg - m%) i|

@ Springer



1262  Page 4 of 21

Eur. Phys. J. C (2024) 84:1262

Fig. 2 One-loop contributions to the decay amplitudes Z — eb ., in the unitary gauge

x (1@ + 1a, ). ©)

The total form factors consist of all the particular one-loop
contributions originating from the diagrams given in Fig. 2.
They are divided into three parts with different virtual parti-
cle exchanges in the loops: pure gauge bosons, pure scalars,
and the appearance of both gauge bosons and scalars. The
respective contributions are listed as follows

14+2+7+8 — (5+6+9+10 -(3+4
aLR—aZR )—i-( )+ ZR),
[;L,R _ b;‘l}2+7+8) + b(5+6+9+10) + 523;4)’
—(1424748) _ —Fvv’ —VFF
ax =00 A+ )y +Zam
V,V/,F V,F,F’
b(1+2+7+8) Z vav + Z bVFF +ZbL .
V,V'.F V,F,F’
-(5+6+9+10) FSS’ —SFF
aL.r + ) a Z aL.r»
N S,F,F’
b(5+6+9+10) Z bFSS Z bSFF +ZbL .
v S,F,F’
—(3+4) FSV | -FVS
ap g Z ( ap’r targ )
S,V.F
~(3+4
b(L,R ) _ Z (bFSV _{_vas)’ )
S,V.F

where we omit the index (ab) for simplicity, namely Af R=

A(La};gx forall X = FVV’,.... The analytical formulae of
the form factors given in Eq. (7) were calculated by hand
in the unitary gauge and cross-checked via the form pack-
age [66]. The results are collected in Appendix B, where all
one-loop contributions are introduced in terms of the PV-
functions consistent with those defined in LoopTools [58].

@ Springer

They will be used for the specific discussions in the LRIS
model framework presented in Sect. 3. Apart from that, the
analytic forms of the FV-functions in the limit m, = m; = 0
were introduced in Ref. [14], where it was shown that they
could be used approximately without using LoopTools [67].

The couplings of the SM-like Higgs boson 4 related to
one-loop contributions to the LFVA decays are generally
given in Table 3.

Although the general one-loop formulas related to gauge
boson exchanges have been determined in many works, the
diagrams arising fromthe 2S5V couplings were first discussed
in Ref. [14], for a 3-3-1 model including simple analytical
forms used for numerical evaluations without the need for
numerical packages such as LoopTools. These diagrams were
also mentioned in the 2HDM, along with studying the cLFV
and LFV Z decays, with or without (g — 2),, anomalies [25,
40]. A class of general one-loop analytic formulas for LFVA
decay amplitudes was given in Ref. [68], which are applicable
only to the ’t Hooft—Veltman gauge. On the other hand, the
general LFV gauge couplings with non-zero ngV # 0 given
in Eq. (2) have not been mentioned before. The one-loop
Feynman diagrams for LFV/h decays are shown in Fig. 3.

The effective Lagrangian of the LEVh decay h — eaief
is

LLFVh _ g (A(“ Ve Prep + A( )eaPRe;,> +H.c.,

where Agﬂ}g arise from loop contributions. The respective

partial decay width in the limit mj, > my_p is [12]
I'h — egep) =T (h — e;e;) +I'th —> ejel:)

h b b
~ 22 (1672 + 1857 7). ®)
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Table 3 Feynman rules for cubic couplings of the SM-like Higgs boson &
Vertex Coupling Vertex Couplings
VIV ignvv &uv hSS™ —ikpss
VES*(p-)h(po) igvsn(po — p-)p V*S(p+)h(po) igysn(P+ — POl
hFF' —i (g0 P+ &R PR) hF'F —i (g5 PR+ g% PL)
€q €q
’ e ’ e
%4 S . S
h h e h e
———————————————— 3 A F B A F
% % €, S/A €,

Fig. 3 One-loop contributions to the decay amplitudes & — e;re; in the unitary gauge

The corresponding branching ratio is Br(h — eyep) =
T(h — eqep)/ T where Tio ~ 4.1 x 1073 GeV [69]
with g2 = (p1 + p2)? = m7. Similar to the case of discus-
sion on the LFVZ decays, the particular formulas one-loop
contributions to A(L“’l;e) are given in Appendix B, namely

(ab) (1+2+7+8) (5+6+9+10) (3+4)
INVETN + A8 + A%,
(14+247+8) FVV VFF
AL,R = Z AL + Z Ar +ZALR’
F,v,v/ F,F',V
(54+6+9+10) FSS SFF
ALk =D AR+ DAY +ZALRv
F,S,S’ F,F',S
3+4) FSV FVS
AGH = 3 (ALR +Af ) ©)
F.S,V

where we omit the index (ab) for simplicity, namely Af R=

(ab)x forall X = FVV’, ... We note here important prop-
ertles of the neutral boson couplings to fermions, namely,
the two vertices #F F’ and ZF F' may have different ver-
tex factors from the respective Lagrangian parts. On the
basis of the general Feynman rules for four-component
spinors of fermions discussed in Ref. [70], two classes of
the Lagrangian parts corresponding to the appearance of the
Dirac or Majorana spinors are considered here. In particular,

the Lagrangian for at least one Dirac spinor is as follows:

Lgff =e Z I:F)/M (géFF/PL+g§FF/PR> F/ZM+h.C.] s

F,F’
D T (L R
F,F’

(10)

Various available BSMs consist of Dirac fermions and scalars
to accommodate the (g — 2),, anomaly data, such as vector-
like leptons [10,71] and SM quarks in leptoquark models
[72]. Further studies to explain successfully simultaneous
(g — 2), data with minimal Dirac fermion couplings with
different charged leptons may result in promising LEV/ and
LFVZ decay signals.

In contrast, the Lagrangian for vertices consisting of two
Majorana spinors F = (F)¢ and F' = (F') is

F, (oL L
Lo = Z Fyu (gZFF’PL - gZ*FF’PR) F'z",
2

1 _
Ly = =3 D F (shprPL+ gfipPe) b (1D
F.F’'
where the Majorana conditions give g}fF o= glﬁ; 4 and

g8 = —g5h . = —g% . . The usual conventions were

@ Springer
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used previously géFiFj o gjj, Cij in Refs. [13,37] and

g}fFi Fi o Af'j, Aij [13], for example. These works considered
F, F’ = n;, nj as Majorana neutrinos explaining the experi-
mental neutrino oscillation data through the standard seesaw
(SS) or inverse seesaw (ISS) mechanism. After the Feynman
rules are constructed, the same calculations are applicable to
both Dirac and Majorana spinors using the conventions for
four-component spinors [70].

At tree level, we adopt a Lagrangian for the SM-like cou-
plings of Z and & to SM leptons Zepe, and hepe, in this
model is:

3
Lne =eZy, ZeaV [t PL +trPRleq — Wgheeheaeaa

a=1

12)

in which the SM limit results in the following relations

SM __ SW SM S%V C%V
IR =13 =T L =1y = Dvmew Shee = 1. (13)
w wCew

3 The LRIS model and Feynman rules for LFV decays
3.1 Brief review of the LRIS model

The LR symmetry models constructed based on the gauge
group SU(3), x SU(2)p x SUR2)r x U(1)p—r, have been
widely studied, such as the minimal model [73] with a min-
imal seesaw (MSS) or linear seesaw (LLSS) mechanism to
generate neutrino mass and mixing. Another extension of the
LR version (LRIS) was introduced [51-53] with inverse see-
saw (ISS) neutrinos to successfully explain the Rp and Rp+
anomalies with a rather light scalar spectrum. The (g —2). 4
anomalies were also discussed in LRIS models [54] and
the correlations with the cLFV decay Br(u — ey). It is
therefore interesting to study other LFVZ and LFVh decays
in this model. We summarize here the particle content and
Lagrangian discussed in the above works. The charged oper-
ator is defined as

o=Tt+TF+ B += (14)

where T3L ‘R are the generators of SU(2)z g, and B and L

are the baryon and lepton numbers of the U (1)p_ group.

Y

i T3R +
The particle content bases corresponding to the gauge

group SU3) x SUR2)L x SUR)r x U(l)p_p X Z3 is:

=(" 320, 4+
QL_dL 57537 ’

@ Springer

The matching condition with SM gives

) N(1’2517_15 +)7

e
= (a), - (125)
e

") ~(1,1,2,-1,+),
e

| |
PR

Sy~ (1,1,1,0,—), S5~ (1,1,1,0,+),
= ¢?¢1>~ 1,2,2,0
¢_<¢2¢g (9 9 &y 1+)7
X+
XR:< ’5) ~(1,1,2,1,4). (15)
XR

The U (1)p—r charges of S| are consistent with Ref. [50],
guaranteeing the zero electric charges resulting from Eq.
(14). The neutral Higgs components get the following non-
Zero Vev:

<¢>>—d1ag( ”2) (x%) = & (16)

V2T V2 V2

The parameter 75 = v;/v> and v> = v} + v3 will be used
when matching with the SM. We focus on the Yukawa part
of leptons as follows:

3
—Ly = Z [y,%L_R,-tﬁTLLj + %L_R,-GSTLL/'
ij=1

+35 L AR (S2)° + He ] (17

where ¢ = or¢*02, and Fr = ion X* This generates the
charged lepton mass matrix M = (y© cg+ yls 8IV/ V2, and
the following neutrino mass matrix after symmetry breaking:

‘C;)naw =Vvgrmpvr, + WM1€(52)C + %S_Z(SZ)L + h.c.

1 — — i
=5 ((VL)Ca VR, Sz) MY (vL, (vR)¢, (Sz)‘)T +h.c.,
(18)

where MV is a symmetric 9 x 9 matrix having the following
ISS form

O3x3 ml, 03,3

v .
M= mp Oz M) ,MD=E<yLSﬁ+yLCﬁ),
O3x3 Mg i
sT
Mg = UR, (19)
V2
where v, = (i, 1,37, vp = 1,09k S =

(S21, S22, S23)T . The total mixing matrix is defined asa9 x 9



Eur. Phys. J. C (2024) 84:1262

Page 7 of 21 1262

unitary matrix U" satisfying

U'T MUY = MY = diag(mp,, My, ..y Mpy)
= diag(’/h\)’ MN)?
ny, =U"np, ny =U"ng =U"(nL)", (20)

where the two left- and right-handed flavor base are n, =
(L. (vR). (59T, and (n))° = nly = ()", vk. ).
np g = (ni,n2,..,n9)r g are Majorana neutrino mass
eigenstates n;7, g = (n;g,1). We will use the approximate
form of U" as follows [24,41]

§ )
()o@
U’ ~ O3x3 —% %
; ; RIR RIR
ruy g () g (n- M
2D
where
1 _1 1 .
mp = xi Mgits 2657 U5, (22)
1 1 _1
Ro=xj Uyire"fis 2, (23)
Mg = Mg = diag(M1, My, M3), My = diag(Mg, Mg),
(24)
and new conventions are
Yo = max[m,,l,m,,2, mn3] <1,
[(es)22l
fis= = g - 25)

£ xv = .
[(es)22l max|[my,, Mu,, Ny, ]

The ISS condition |m,| < |us] < |mp| K Mi23 gives
xo < 1 but non-zero. Note that can be considered as the
non-unitary scale of the active neutrino mixing matrix.
Regarding the charged leptons, in general there are two left
and right rotations U fiq g diogonalize the lepton mass matrix

Mt
Ug M'UL = M" = diag(me, my, my),
eL.r = Uf geL.Rr. (26)

The Pontecorvo—MakiNakagawa—Sakata (PMNS) matrix
Upnmns relating to the neutrino oscillation data is defined
as Upmns = UI{T U3 [74-76]. It can be seen that [54]:

L _ \/z (Ml _ )
y Vo Cg —mpsg |,
2
yt = V2 (M’fs,g — chﬂ) : (27)
V2

The covariant derivative corresponding to bidoublet ¢ and
doublets of the SU (2),, g in the LRIS model are [77]

e For the bidoublet such as ¢:

3 a a
o ) o
D¢ =0,9+ E 1 |:—18L7WZV¢ + lgR¢7W1aa:| ,
a=

(28)

where o¢ is the Pauli matrix.
e For SU(2)p g doublets such as Xp g = xr, LiL.R:
QiL.Rr:

3 a
X o
DMXAZBMXA— E lgATW/‘a\MXA

a=1

B—L
—igBLBl/LTXA, A=L,R. (29)

Consequently, the kinetic Lagrangian of Higgs multiplets
generating gauge boson masses are:

£ =Ty [(D,@)T(D%)] +(Dux)" (D). (30)

Defining WLi,Ru = (WIE’RM F in,Ru)/ﬁ’ the mixing
angle of singly charged bosons W — W' is 6 determined
as tyg = 2828 v2 / v%, leading to the following relations of
Wf Ry and physical states W, and W;; [52]

wi co —s w*
) (2 ()

R Se Co WM
where we consider the simple case of g = gr = g2 = e/sw
is the SU(2); gauge coupling of the SM. In addition, W
is identified with the SM charged gauge boson with mass

my =~ gv/2, where v = v% + v% = (246 GeV)2. The exact
formulas of these two gauge boson masses are

2.2 2.2 2
2 gv 2 g vy ¢ (S2,3 + t@)
my = X (1—1¢ , My, = X
w 4 ( 952/3) w 4 20528
(32)

which result in the specific form of 8%66 =1 — tys2p, where
Shee Was defined in Eq. (12).

The mixing parameters and masses of neutral gauge
bosons are shown as follows:

3
Wiy CrCp — SWScSg —CoS¢ — CeSWSp CW Sy
/
Bé‘ = | —CuSWS; — CcSp S¢Sy — CcCeSW CWCy
WLM CcwSe cwee Sw

@ Springer
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z, +he .., (36)
ZM 5 (33) E(KV — _eAMayu.ea
AM _

where 1, = gp1/g2, Sy = tw is the condition matching to
the SM gauge couplings to guarantee the massless photon,
and

, 2c$)cwv2
2w =
cév2 (c(%c%v — 1) + C%vv%e
2 3/2 o
_ 2(2CW — 1) v
c‘évv% + (4cév — 6C%V + 2) v2
2 2
m m
my =W i~ W (34)
2= My =5
w @

The Higgs potential is [52]:
Vi = i3Tr(¢"6) + 13 [Tr(@'9) + Tr(gdh |
NNL
+ 1 [Tr(o'9) ]
£ 70\ 2 1 \2
+ 22 [(Tr«p ») + (Triggh) ]
+33Tr (@ DITr(9d)+24Tr(679) [ Tr( 9+ Tr(@d) |
2

+ 13 (X;XR) + s (X;;XR>

+anTr(@'®) (xgr) +ax(eed' 100

+a3(0pd ' $am) + s [ dxe) + Hel] . (35)
The physical states corresponding masses and mixing param-
eters of the model were shown previously [52]; therefore, we
do not repeat this in this work. The main results and notations
used in this work are summarized in Appendix C. The SM-
like Higgs boson was also indicated to be consistent with the
experimental results.

3.2 Couplings and Feynman rules for LFV decays in LRIS

The above ingredients lead to the LFV couplings as follows:
LHH = —ﬁw[wp A5 P ]n
= 2 i ij L iR |
hY_— e
—| 1+ — |egM*er +h.c.
v
9
=Y {[ver (5Hsp = es) e
a
i=1

T
UiV | Pr

Uy (vEep = Tsp) cePufesH™

@ Springer

9
82 _
+ EWWE niy* (coUy PL

L i=1

+s9 U(‘;H)i PR) eq + h.c.]

B 9
82 ot — vk
+ [ =W+ E niy? (=spUYF Py
ﬁ — iv ( ai

+co U(];+3)i PR) e, + h.C.]

S¢S
+eZle; |:<C{t2M - =7 ) P
2cycyy

202 2

i (et s S =50
2swepCiy

2

e —
+ EZM .Zl n; [géijPL — géjiPR] nj+..., 37)
ij=

e _
where we have used UL,R = I3,

3
Aij = Aji = Z(m"iUcUi*Ucvj +mnjUCVj*UCVi> — g,ﬁj

c=1
L gshee
= 8hij = m%‘j,

3
L VTV c¢ S¢Sw
= Uv*UY, _
87ij Z|: ci Ye (2CWSW ZC¢,C‘2,V)

c=1
s¢ (cgemy + s%v)]

38
ZCWC%VSW (38)

HU 3 Ulers) )

and 7; = vsyg/vg relating to the singly charge Higgs mixing
defined in Appendix C.

Itis seen easily that the SM-like Higgs couplings ke, ep, are
LFV conservative, therefore LEVA decays are loop-induced.
In the numerical investigation, we focus on the case of Mt =
M for simplicity. In addition, the hnn is the same as those
in the previous simple ISS extension of the SM. The same
conclusion holds for the Znn coupling in the limit s; = 0.
In the LRIS model, the particular couplings corresponding to

Lagrangian parts given in Egs. (1) and (2), are gé‘l’pl; = gjl.’g "
L,R

and g&:R = LR\ here
8arv = 8aiw> 8aiw’

3
L \/Ecé 9
8ain+ = Z I:U(vc+3)i (MZ - mD52ﬂ>w] ,

ve
2p c=1

\/zc 3 ~
€8 e = L2 S [ (Mszp =)

veap P ca
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Table 4 Vertex factors for SM-like Higgs couplings to charged Higgs and gauge bosons in the LRIS model

Vertex Coupling Vertex Coupling
ShwHw- gmw (1 — 525520)8,. Ehwr W= gmw (525520 + D8}
8hwHw'— gmws2p (55— c3) a;ele
SWHH=h Sceso (C[zg - S,%) EWHHh Scoce (C% - Sé)
+U(UC>:-6)I' (MR)m ;&?:I , g‘able 5 Feynman rules for couplings of Z to charged Higgs and gauge
i 0sons
L 82 vk R 82 v .
8aiw =EC9Uai v 8aiw = ﬁsﬂ Ulas3)io Vertex Coupling
L 82 vk R 82 v ce(sz42sf-1)  se((s22)s-1)
Cuiw = — —=50U,;" s &uiwr = —=coUy 43 (39) - A i Ay AR AN i
aiW \/5 ai aiW \/E (a+3)i 8ZH+H 2Swew 2swcw\/172s§,
L ~L - . C2pCEMWSH _ s;s%‘,
where formulas of y* and y* given in Eq. (27) were used. 8H-W+z “wew  \ €t 7\/@
In the numerical investigation, we will consider the simple "
case of mp and Ry with Uy = I3 = £ and the diagonal fig, gH-wtz W (c; — ’“‘2‘12)
which is enough to guarantee the (g — 2), data. The form V=2
factors relating to the one-loop contributions to Aae, and 4, ...~ Ctr;% —s2 <c;tw +s /1 - 2, /SW)
Br(e, — e,y) predicted by the LRIS model are shown in
Appendices B1 and C2. The main one-loop contributions to gy - cespty' — 2 (c;tw +5e4/1— 12, /sw)

(& — 2)¢, anomalies and LFV decay rates predicted by the
LRIS model originate from the couplings given in Eq. (39),
namely

clapyk = CabyR(HY) + canyp(W) + camyr(W').  (40)

The respective one-loop contributions to a,, and Br(e, —
e,y ) originating from the LRIS model are:

4m
LRIS a LRIS SM
a,"” =— TRC [c(aa)R] —a, (W),
4872
LRIS LRIS |2 LRIS |2
Br(ep — eay) = (lc(ab)Rl + |¢Gayr| )
FMy

X Br(ep — e vavp), 41

where aesaM (W) is the one-loop contribution from W exchange
predicted by the SM.
Feynman rules for couplings of the SM-like Higgs boson
with bosons relating to LFV/ decays are shown in Table 4.
The triple coupling Aj g+ - of the SM-like Higgs boson
derived from the Higgs potential is:

Mier- = v [ (<2320 +70) +241) 2

—i—cg (a1+a3+a4s2ﬁ+(a2 —3) (szﬂ + sé))] .

Feynman rules for the couplings of the gauge boson Z to
charged Higgs and gauge bosons associated with one-loop
contributions to the decay amplitude Z — e;re; are col-
lected in Table 5.

. ¢ 2
8ZWHW—s 8ZW+W'~ —CySo (Swiw +s4/1— lW/SW>

The above results for couplings of the SM-like Higgs
h and Z show that our results are consistent with the SM
results in the limit 0,¢,& o v/vg — 0, corresponding
to the condition that vg > v. Consequently, a number
of couplings are suppressed, namely, gw+y-,, H-w+2»
gzwrw- = &zw+w- — 0, leading to the weak con-
straint by experiments searching for decays H* — W*h,
H* — W*Z, and W* — W=Z. On the other hand, the
nonzero values of these mixing parameters result in nonzero
factors of divergent parts in one-loop contributions to the
LFVh and LFVZ decay amplitudes. Therefore, these one-
loop contributions must be included to guarantee the diver-
gent cancellation requirements in the total decay amplitudes,
even if the finite parts may be tiny. In numerical estimation,
the one-loop contributions from diagrams containing very
heavy gauge boson exchanges such as W’ are ignored, even
when the couplings AW'* W=, hWEW'F, and ZW'* W'~
are orders of magnitude of the SM couplings even when
0 = ¢ = & = 0. However, we can easily see that the diver-
gent parts are generally nonzero, therefore these one-loop
contributions are still useful for checking the overall diver-
gent cancellation in the final results.

@ Springer
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3.3 Numerical discussion

The numerical values of experimental data were taken from
Ref. [76], including the neutrino oscillation data, masses of
charged leptons; masses of two gauge bosons W, Z, and the
SM-like Higgs bosons, namely

g=0.652, Gr = 1.166 x 107> GeV 2,
1 &2

T 137 4n

mw = 80.377 GeV, mz = 91.1876 GeV,

mp, = 125.25 GeV, 'z = 2.4955 GeV,

me =5 x107* GeV, m, = 0.105 GeV,

m; = 1.776 GeV. (42)

, 57, =0.231,

e

We will focus on the best-fit values of the neutrino oscil-
lation data [76] corresponding to the normal order (NO)
scheme with m,, < m,, < my,,, namely

51, =0.32, 533 = 0.547, 573 = 0.0216,

Am3y =my, —my =7.55x 107[eV?],

Am3y =ml, —ml =2.424 x 107 [eV?]. (43)
On the other hand, we fix § = 180 [Deg] for simplicity in
numerical investigation. Consequently, the neutrino masses
and mixing matrix are fixed as follows:

1/2
ny = (rh%) / = diag (mnl,

X \'/m,zll + Am%l, \/mﬁl + Am%] —+ Am%z>, (44)

Upmns = f (012, 013, 023, 8)

1213 s sz
=| —c23s12 —c12513523¢'° 13023 —s12513523¢€"
s1s23—crae3size’’

(45)

where m,, < 0.035 eV in order to guarantee the data of
Plank 2018 [78].

Experimental data for (g — 2).,, anomalies have been
updated from Ref. [79] showing a 5.10 standard deviation
from the SM prediction [80-107] that: Aa)\P = a; " —a™ =
(2.49 +0.48) x 1072 [108]. The experimental a, data was
reported from different groups [109-112], predict the same
order of |Aa§P| = O(10713) defined as the deviation
between experiments and the SM prediction [113-118].

The cLFV rates are constrained from recent experiments
as follows [119-122]: Br(x — ey) < 3.1 x 10713, Br(t —
ey) < 3.3 x 1078 and Br(t — puy) < 4.2 x 1078,
The latest experimental constraints for LFVA decay rates
are Br(h — i) < 1.5 x 1073, Br(h — te) < 2 x 1073,

@ Springer

s13e_’5
c13523 |,
—cp3s12¢i0s13 — 13503 c13023

and Br(h — pe) < 4.4 x 107> [1-4]. The latest exper-
imental constraints for LFVZ decay rates are Br(Z —
uF) < 6.5 x 107%, Br(Z — t*eF) < 5.0 x 1079,
and Br(Z — pu%e¥) < 2.62 x 1077 [5,6]. In the follow-
ing numerical investigation, we emphasize that all allowed
points we collect for illustrations simultaneously satisfy the
lo experimental range of (g — 2), data, 2.01 x 1079 <
Aabms = Aagp < 2.97 x 107?, and all recent experimen-
tal constraints of cLFV, LFVE and LFV Z decays mentioned
above. The maximal value of AaeLRIS < O1071% predicted
by our numerical result is smaller than that in recent experi-
mental data.

The unknown parameters of the LRIS model will be
scanned in the following ranges:

vg € [10, 100] [TeV]; my+ € [0.3, 5] [TeV];
M3 € [0.1, 10] [TeV];
My, € [1073,0.035] [eV]; 15 € [0.02,0.8];

x0 € [107%, 5 x 107*]; (i), 35 € [0.2, 501, (46)
and the matrix & given in Eq. (22) is parameterized as
& = —f(&, &, &, 0) with scanning ranges |§;| < m. The
lower bound of v is chosen based on the searches for the
heavy gauge boson W’ at the High Luminosity Large Hadron
Collider (HL-LHC) [50]. The upper bound of x¢ is con-
strained from the data of non-unitary of the active neutrino
mixing matrix [123-125].

The correlations of Aa, with all LFV decay rates are
illustrated numerically in Fig.4.

There are three decay rates that reach the experimen-
tal bounds, namely Br(x — ey), and Br(tr — puy) and
Br(h — tw). Fortunately, they are still allowed for future
sensitivities of Br(u — ey) ~ 6 x 10714 [126], Br(r —
wy) ~ O1072) [127], and Br(h — tp) >~ O(107%) [128—
131]. We conclude that the allowed regions of parameters of
the LRIS model will be changed strongly by the incoming
experimental results of the three mentioned LFV decays.

The upper bounds of the remaining LFV decay rates pre-
dicted by the LRIS model are:

Br(zt - ey) <9 x 10_13, Br(h — te) < 1.77 x 10_7,
Br(h — pe) < 1.3 x 107,

Br(Z — pute™) <2.8 x 10712,

Br(Z — t+e_) <1.1x 10_”,

Br(Z >t u")<38x107". (47)

Therefore, two decays h — pe and Z — ut 1t~ are close to
incoming sensitivities [132,133].

The allowed regions of the parameter space obtained in
our investigation have stricter constraints than the scanning
ranges chosen in Eq. (46). In particular, the singly charged
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+ Br(t>py) Br(h—>pe)

Br(h-»te) + Br(h->1u) - Br(Z-pe)

r(Z-»te) + Br(Z-ty)

T

i

+—
++¢h4w* #+ i
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Fig. 4 The dependence of LFV decay rates on Aa,,. Two black lines in the left, second, and right-panels show the upper bounds of LFV decay
rates for cLFV (v — py, u — ey), LFVh (h — tu, pe), and LFVZ (Z — tpu, pe), respectively

Higgs mass has an upper bound mpy+ < 4.2 TeV, but it is
still heavier than the values of interest in the popular 2HDMs
[134-137]. A hierarchy of heavy neutrino masses appears,
namely m,, > 2.8 TeV, whereas the two remaining masses
have small upper bounds such that m,,,, m,, < 380 GeV.

We note here that one-loop contributions from heavy
charged gauge bosons W’ are suppressed with a fixed value
Cyv = 0, as in LoopTools. Therefore, total calculations, at
least the divergent parts of all one-loop diagrams, including
those relating to W’ exchanges, must be considered.

We confirm here a property indicated in Ref. [54] that
the dominant one-loop contributions to AabRIS come from
charged Higgs exchanges with the appearance of the chi—

: LRIS
ral enhancement term proportional to Camr & gm o+ gm oY

[10]. Consequently, the values of |c{“a}}71)SR| with a # b are

large too. The numerical investigation showed that c{‘alg)SR

requires strong destructive correlations between the Higgs
and gauge boson contributions to ensure that all the LFV
decay rates mentioned in this work satisfy the experimental
constraints. Therefore, if the SM result for (g — 2),, in Ref.
[138] is accepted, implying smaller values of Aa;R'S than
those chosen for our numerical illustration, the cancellation
requirements for C{"a%)l)SR will be relaxed, but the qualitative
conclusions for LFV decay rates are unchanged.

There are indirect sensitivities from other LFV processes
such as the LFV decays @ — 3e, and  — e conversion
in nuclei, as discussed in Ref. [139] for the seesaw mod-
els. In the LRIS framework, the & — e conversion in nuclei
was shown to be invisible with recent experimental sensi-
tivities [54]. A similar conclusion is derived for the decay
u — 3e, because they have the similar one-loop contribu-
tions from the diagrams with Z exchanges. Another LFV
indirect sensitivity is the LFV Higgs u — e couplings, which
give two-loop contributions from Barr—Zee diagrams [140]
to the decay amplitude © — ey [141-143] and tree-level
decays e, — 3e,. As we indicated in Eq. (36), the second
term implies that the two matrices expressing the SM-like
Higgs couplings and charged lepton masses are proportional
to each other. Consequently, the tree-level LFV couplings of

the SM-like Higgs boson do not appear in the LRIS model
under consideration, implying the absence of two-loop Barr—
Zee and tree-level diagrams with this Higgs exchange. In
addition, the similar contributions from heavy neutral Higgs
exchange do not qualitatively change the numerical results
presented in this work.

4 Conclusions

In this work, we completely introduce two classes of gen-
eral master formulas expressing one-loop contributions to
the LFVAh and LFVZ decay amplitudes in the BSMs. The
calculations were performed in the unitary gauge, indepen-
dent of the couplings of nonphysical states such as Gold-
stone bosons. Analytical formulas are expressed in terms of
the PV functions consistent with the notations introduced by
LoopTools. The results show that the formulas correspond-
ing to private one-loop diagrams generally contain divergent
parts, which must vanish in the final finite amplitudes. There-
fore, all diagrams containing divergences must be consid-
ered before ignoring them when their finite parts are esti-
mated to be small with fixed divergence parts. The results
introduced in this work are sufficient to estimate these diver-
gences thoroughly. We numerically investigated the LFVh
and LFV Z decay rates in the LSIS model, which accommo-
dates all the data of neutrino oscillation, the cLFV decays,
and the (g — 2),, anomaly. The results show that some of
these decays are promising signals for incoming experimen-
tal searches. More importantly, the allowed regions of the
parameter space are strongly affected by the recent experi-
mental data from searches for three LFV decays © — ey,
T — uy,and h — tu. This implies that the allowed regions
predicted by the LRIS model change strongly once new LFV
upper bounds are established.
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Appendix A: Notations for Passarino-Veltman functions
Al: General notations
The PV-functions [144] used here to compute all form fac-

tors that give one-loop contributions to the LFVA and LFVZ
decay amplitudes were listed in ref. [55], namely

Ag(m) Qrp)* / dk
m = 5
0 in? K2 —m2+is
Qrp)t-d / d% x {1, k,)}
B 2 Mg, M) = £
i=1,2,
c Q2 ) /ddk{l,ku,kukv} (AD)
Ottty ™42 DoD1Dy
where Dy = k* — M3 + i, D1 = (k — p)? —
M12 + i8, D = (k + p2)2 — M22 + i4, CO,;},,;LV =

Couv(P}. %, p3i M3, M}, M3) with ¢ = p; + p2, and
(18 an arbitrary mass parameter introduced via dimensional
regularization [144]. The scalar PV-functions are defined
consistent with LoopTools [58], namely:

Ao(m?) = m*(Cyy — In(m?) + 1),
2 2 A i 2 2 2 . .
Bp.(p,sMOle)—(_l) pluBl(p,"Mo,M,'), 1—1721

@ Springer

Cu = (—p1u) C1 + p2uCa,
Cuv = guwCoo + P1up1vCit + p2up2vC2
— (p1wp2y + P2uP1v)C12, (A2)
where Cyy = 2/(4 —d) — yg + 1n(471,u2) are the diver-
gent part. In our work, new reduced notations will be used
are B\ = Bo(p?, M}, M?) and B\ = Bi(p?, M2, MP).
The scalar functions Ao, By, Co, Coo, Ci, Cij (i, j = 1,2)
are well-known PV functions consistent with notations intro-
duced in LoopTools [58]. The scalar functions Ag, By, Co can
be calculated using the techniques given in Ref. [57]. Other
PV functions needed in this work are

Qrp)td / dk (1, k,}

Bo.u(q% My, My) =

)

im? DD
4—d d
(12) _ 2 2 2 (2w ) / d’k
B = B My, My) =
0 0™ My, My) in? D\ D,

Qe f d%

) 7 7
i DD,

Qe [ dvk x k
B("® = B, (¢*; M}, M3) = .
M n(g 2) in? DD,

Q@mp)* / dk x (k+ p1)y
im? D\ D),
= BV qu + By piu. (A3)

where B{lz) = B1(¢*; M}, M3), D} = k> — M} +i8, D} =
((k +q)* — M3 +i6.

For simplicity, we define the following notations appear-
ing in many important formulas:

Xo=Co+C1 + Co,

X1 =Ci+Cn+C

X, =Cin+Cxn + Cy,

X3=C1+ Cy=Xg — Co,

Xonp=Xo+ X1+ X2, Xjj =X, +Xj. (A4)

The divergent parts of the PV-functions are:
div[Co] = div[C;] = div[C;;]1 =0; i, j = 1,2,
div[Coo] = %, div[B"] = div[B{”]

= div[B'”] = Cyv.

Cyv

divB{"] = diviB”] = div( B8] = - =3

(A5)
The Feynman rules for propagators of any gauge boson V,,
and their goldstone bosons in the unitary gauge are as follows

—i ki kY
—_— (g’w - ) LAY =0, (A6

2 .2
k my, v

wpv _
Ay, =
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Before going to the details of the calculation. We list here
important well-known results such as the on-shell conditions
gives p]2 = m%, p% = mi, and q2 = mzz, where m,, my, and
mz are the masses of leptons a, b (a, b = 1, 2, 3), and gauge
boson Z. The momentum conservation gives ¢ = p| + p».
Two internal momenta k; = k — p; and k» = k + p, with
i = 1, 2 are denoted in the diagram (1) of Fig.2.

Then we take d = 4 for all finite integrals. For all divergent
integrals, after changing into the expressions in terms of the
PV-functions, we take d = 4 — 2¢, then determining the final
finite results before fixing ¢ = 0. In addition, we will use
the following transformation to change from integral to the
notations of the PV-functions:

d4k : 2 4—d
> lzX(TL'.,Uv)2 /ddkz
2m) 167 im

= 16ln 5 X (PV — functions) .

In practice, the overall factor i/ (167r%) will be added in the
final results. Some intermediate steps used in this work were
presented precisely in Refs. [14,40,41].

Appendix B: General One-loop contributions to LFVZ
and LFVh amplitudes in the unitary gauge

B1: Decays e, — e,y and (g — 2),,

We use the analytic formulas for computing one-loop con-
tributions to cLFV decay amplitudes and (g — 2)., given
in Ref. [10], which consistent with previous results [9,55].
From the couplings given by two Egs. (1) and (2), the form
factors c(qp)g corresponding to the one-loop contribution of
a boson X coupling with a fermion F and a charged lepton
e, are:

X € Lx _R
Clab)R = —16 2 2 |8aFx8bFx™MF [fx (tx) + OFgx (tx)]
T mX

Lx L Rx R
+ I:mbga;'k’ngFX + magaF*xngX]

[ Fx 00+ 0rax w0} (B1)

where X = S, V,, tx = m%/m%, Qr is the electric charge
of the fermion F', and the master functions are

2 1-—2x1
folr) = 280 (x) = ————— 1

4x — 13
x—1—Inx
8o = TR
- 2x34+3x2—6x4+1—6x2Inx
fo(x) = Y TE—T ,

x3—12x2+15x — 4+ 6x%1nx

fv(x) = TP ;
) x?—5x+4+43xInx
X) = s
gV 2(x — 1)2
. —4x* +49x3 — 78x% 4+ 43x — 10 — 18x° Inx
fv(x) = 7 ,
24(x — 1)
. —3(x3 —6x2+7x —2+2x%Inx)
gv(x) = o1 : (B2)

Formulas for one-loop contributions to a,, and cLFV
decay rates are:

4m, X
e, (X) = ——*Re [c(aa)R] , (B3)
Br(ep — eqy) = % <|C(ab)R|2 + |C(ba)R|2>
Gymi,
Br(ep — e v vp), (B4)

where G = g2/(4+/2m?,) is the Fermi constant, Br(x —
evevy) > 1, Br(t — evevy) >~ 0.1782, Br(t — uv,vy) =~
0.1739, and cupr = D x Cabyr (X) with X being all rele-
vant bosons predicted by the particular BSM.

In the LRIS model, precise expressions of cgpyr With
Uy = I3 are

9
) [g(fi*l#ngiﬂ+mn,~ Jo(xi 1)

c HY= ————
((lb)( ) 16n2m%1+ —

Lx L Rx R
+ (mbgaiH+gbiH+ + magaiH+gbiH+>

x fcb(xi,ﬂ)] ,

eg2 i

- __"°2 VYoo :

CapyR(WT) = 32n2m%V ; [SecaUmU(hH),mn,-fv(x,,W)
+ (mbcgU;i Ui + mas(gU(va+3)iU(12i&-3)i)

X fv(xi,w)],
" 8 ¢ S
) = szw/ ; [—SQC@UaiU(a+3)imni
X fv(xiw)
+ (mbseran Usi + macf%U(va+3)iU(Ua*+3)i>

X fV(xi,W’)] ,

Cab)r(W

(BS)
where x; p = m%i/m% with B = HE, W, W',
B2: Decays Z — erej

For simplicity, we will use new notations of products of two
LFV couplings introducing in Egs. (1) and (2) that gX} , =

@ Springer
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gXtp8lpp With XY = L R and B,B' = V,V'. S, §
being charged Higgs and gauge boson exchanges in particular
diagrams. The corresponding arguments for PV-functions are
(m2, g, m}; m%, m%, m%,), which is used to identify with
the LoopTools notations that C,, = C, (ma, q mi; sz, m%,
mB,)forx—O i,00,ij (i,j =1,2), 301—301("1 m%,
) Bézf = (mh,mF, ) andB(l ) — 1(q m%,
B,) The second notation is gBFF, = guFngFg with B =
S,V corresponding the argument (ma, q-,my; mB, mF,
m%,) for PV-functions used in LoopTools that C, =

1
Ce(m2. ¢ m3;myy, m%, m3,), By = Boy(m2;m%. m%),
2 12
B(()’f = Bo,l(mi; m%, sz,),andB(gﬁl) = Bo,l(qz; m%, sz,).
In particular LFVA or LFVZ decays with q2 = m%, mZZ, we

will pay attention to the last three parameters in the arguments

under consideration (m%, m%, m%,) or (m%, m%, m%,,).

Regarding to the LFVZ decay, form factors for one-loop
contribution from diagram (1) in Fig.?2 are:

‘75‘/‘/, =gzvy’ {g”‘ [(2(2 —d)+ m%f) Coo

+2(m22 — mg — mi)X3

- (f(m%, +m2) + 4) (B{'® + m3.Cy)

1 1 1
iy <A0(mv) +m%B" +m2B
\%4

—(m%, - m%,/ + mzz)mgcl)

1
o (Ao(mv/) +m2B2 + m2B®
V/

—(—mv + m%,, + mzz)miczﬂ

+g" 8 mamy, [f (Coo +m3,Co + m%/Cl) - 2X3]

—g®mamp [fCoo + @~ fmy)Co+ f(m3

(D (1)
B’ + B
—m%,,)Cl + %}
my

—g" R mpm g [fcoo + (2~ fm})Co — f(m3

(2) @)
B,” + B
—my)Ca + %} } :

mv/
GFVV [ LL RR _RL
ar, [8 g

(B6)

Igvv gRR GRL _ (LR gLR_)gRL]’
B7)
YV — gy (644 [ 405X P X

—2(n}, f +2)C2)

@ Springer

+g*®my [4(X3 — X2) + f(m%Xop +m>X1)
—2(n} £ +2)C1 ]
—g®mp [f (m%Xo + mﬁxl + min

—2m} €y = 2, € ) + 4X3

—g R mamymp f Xo | (B8)
Bgvv’ _ [;Evv’ [gLL s gRR GRR _ ,LL
gRL_>gLR7 gLR_)gRL:I (B9)

where gX¥ = gf‘gv,, the arguments for PV-functions are

(m%., m},, m3,), and

_ (mzz—m%, —m%,,)
f_ 2.2 '

my,my,

The diagram (2) in Fig.2 corresponding to the following
form factors:

LL

_ ’ 8

a)fr = ey {géFF, [m%, ((2 — d)*Coo + 2m2 X
v

+2m} Xy — 2m% (Ci2 + Xo))
—Ag(my) — (m} —m2) B — (m}. -
+m23(1) + 2B(2)

—mZmjXo — mEm3,Co + mim%(Co + C1)

2\ p@

+mim3.(Co+ C2))
— g [2m2vco + 2 —d)Coo

—m2(X| — C1) —mi(X2 — Ca) + méclz} }

RR ,R

8 8y ppMallp

R S
my,

x [2m2vxo — (2= d)Coo +m>X) +m2X;

—m%Ciy —m%Cy — sz,Cz] , (B10)
&XFF :&XFF [gLL — gRR gRR _, oLL
L R R L
8zFF — 87zFF > 8ZFF gZFF’] ) (B11)

PVFF _
bL

28 m
|4
—g R ppmemp (Xy — Cl)]
2gRRmb

+ m—2 |:g§FF/ (—2111%/)('02 — mgXl +m%C1>
\%4
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—g5ppmemp (X2 = Cy)). (B12)
I;XFF :EXFF [gLL > gRR gRR _ ,LL
L R R L
8zFF — 87zFF > 8ZFF gZFF’] ) (B13)

where g¥¥ = gg/(}; - and arguments for PV-functions are

(m%,, m%,m%,).

The sum of two diagrams (7) and (8) gives the following
form factors:

aFV L
L = 2 2y,,.2
(mg — my)my,

{gLL [((d - 2)m%, + m%—)

X (miBl(]) — misz)) + miBl(]) — m‘;Bl(z)

+(m2 — m3) Ag(my) + 2m>. (mng” - mﬁBé”)]
+gRRmam;, [<2m%, + m%) (Bl(l) — BF))
280~ miB® + 2% (55— 5]

+3 (magRL + mbgLR> mFm%, (Bél) - B(()z))} ,

afV =afv [tL > 1g, glt = gRR gRR _ oLL

gRL 5 LR LR _, gRL]’
bV =bEV =0, (B14)
where g¥¥ = gXV and B(gkf = Bo,1(p}; m%, m3).

One-loop form factors from diagram (3) in Fig. 2 are:

*

_pvs _ 8svz [ LL 2

ar =—2[8 mp(my Co — Coo)
my

g L ma(m}, C1 + Coo) — g Fmpm, C |, (B1S)

~FVS _ =FVS|[ LL RR _RL LR LR RL
ag ~ =4aL [g -8 8 —8& 8 —& ]

(B16)
_ g%
byVS =572 [_mF (gLLmaXm + gRRmsz)
my

+gRE (—2m%/C1 + mtlel + m%;Xo)

+gLRmamsz] : (B17)
E;;VS :5£VS I:gLL s gRR’gRR N gLL’gRL — gLR7

gk — gkt], (BI8)

where g¥¥ = gXV . and arguments for PV-functions are

(m%, m%,,m%).

One-loop form factors from diagram (4) in Fig. 2 are:

_FSV _ 8SVZ [ LL 2
af sV = 52 | g m (i, Co = Coo)
my

"L my(m Ca + Coo) — g-Fmamy 1], (B19)

c-lgsv =szSV [gLL N gRR’gRL = gLR’ gLR N gRLiI’
(B20)
- 8svz
bySV =222 [—mF (gRRmbxoz + gLLmaXI)
my
+gtR (—Zm%,Cz +miXy + m%X())
+gRLmamsz] : (B21)

I;gSV ZI;IIjVS [gLL - gRR’gRR _ gLL’gRL — gLR

gLR _ gRL:|7

’

(B22)

where g¥¥ = gXI' and arguments for PV-functions are
(m%, m%, m%,).

The contributions from diagrams with pure scalar exchanges
were shown previously in Ref. [37,40]. Particular formulas
of the amplitudes are written as follows. Final results for form
factors corresponding to diagram (5) are:

apss = —2gzssg"" Coo,
agss = —2g75+58" Coo,
b%% = —2gzns [magLLXI +mpgRR X, — MFgRLXo] ,
bR = —2g75ms [magRRXI +mpgtt X, — mFgLRXO] ,

(B23)

where arguments for PV-functions are (sz, m% mg,), and
XY _ XY
8 =8Fss-
Forms factors corresponding to diagram (6) are

ai" = — | ep [ g EmempCo+ g mamp (Co + C1)
+g R mpmp(Co + C2) + gRRmambXO]
— 88 [gLL ((d —2)Coo +m2X,
+miX, — m22C12>
+mampgRtC, +mbmF/gLRCz]}
C_lISeFF/ =- {—gépp/ [gRR ((d —2)Coo + m2X;

+miX, — méclz)

+g B mamp, €1 + gRLmbmpoz:I

88 [8%Rmpm p Co + g mm i (Co + C1)
+g®mpmp(Co + C2) + gLLmambXO]} ,

5iFF, =-2 [gépp/ (gRLmF/CZ + gRRmsz)

@ Springer
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+oR. (gRLmFa + gLLmaXl)] ,
I;;S;FF =-2 [géFF, (gLRmFCl + gRRmaX1>

+efpe (¢ mpCot gtimpXa) | B24)

where XV = ¢XI, and arguments for PV-functions are

(m%, m%, m%/).
Sum of two diagrams (9) and (10) gives the following form

factors

~FS _

IL 1 2
> =—-———-5 [mp (magRL +mbgLR> (B(() ) B(g )>

ma—mb

1 2
—mgmpgRR (Bl( ) B{ ))
et (n2n i),

RR LL

~FS
— 8 ,

ag 2555 [tL — IR, 8
RL LR _LR RL
8§ —8&8 8 —8 ],

FES =abs =0,

LL — gRR’g
(B25)

k
where g*¥ = gX and B(g‘f = Bo,1(p}; m%, m%).

B3: One-loop contributions to decays 7 — ejte,:f

The diagram (1) in Fig.3 corresponding to the following
amplitude:

LL
/ ghvvig8-mg 1 (12)
AFVVE— _ShVV e Td ) ——[B
L 1672 ! m%, !

—(m% —m2)(Co+ C1) — (BY + mzvco)]

1
—— [B{"? + B — n} —mi)c]
V/
1 1 2 1
vy,

+miBf2) + (m%, + m%,, - qz)
(mzp(Co +Cy) + miCz - Bl(u))] }

_ gnvv g Fmy, {

L o2
62 2Cy + m_2 [Bl

14

+(m% — mi)Cz]
1

o [ B+ B 4~ m)(Co 4 C)
V/

+8§" +m3,Co]

1 2 (p() | p@ | p®@
—m [Ao(mv)—i—mF (Bo + B,” + B, )

@ Springer

+m2B{" + (m, +m3, — q%)
(mfv(Co +Cy) +m2Ci+ B + Bém)] }

RL
_ 8hvv'8 "mF

2 .2

STl = Yam3m?,Co + Ag(m
32”2mvmw{ vy Co 4+ Ao(my)

1
+Ag(myr) + (m% —2m3) B
+(m% —2m3) By + m2B" + m2B?
12
+(m%, + m%/, — qz)(B(() ) + mgCl

+m,2,C2 + mzpco)}

LR
_ Shvv'& " Mgmpmp

M, p@ g
56"+ B + B

2.2
32m2my,my,
+B® 4 m% +m?, — qz)XO] : (B26)
Agvv _ A{VV [gLL > gRR GRR _ GLL GRL _ LR
ghR — gLl (B27)
where the coupling notations are gX¥ = g;(gv,, g% = m;zl,

and the arguments of PV-functions is (m%, m%,, m%,,).
The diagram (2) in Fig. 3 corresponding to the following
form factors:

vir _ 1 LL L (1
A {5’ Ma [ghFF/mF (Bl
%

+@m3, +m%, — mz)cl>

e (8 0 )
+gR®Rmy, [g}fFF,mF/ (B{Z) +@md +m2 — mﬁ)Cz)
eflepmr (n €~ B2 + @l 4, —mhc)|
—gRE [ghpr (d x m B +amd, o3 Co

+mgCy +mjCa)

—2m3 (m, = mg; — m)Xo — Ag(my)

—m% —m2) (B —m}Co) — md, —m) (B —mCy)
+m33§1) + m%BiZ) —(m% — mg)(m%, - mi)co)
+g5FF/mme/ (3m%,c0 — B((]lz))]

—8" R g prmamy [(m% —mg)C)

+m, —mPCy —m} Co - B},

! !
ARFE = AYEE [g}fFF/ < gfrpn gl o gRR glR o oREY
(B28)

where g7 = ¢X¥  and the argument of PV-functions is

(m%,, m%, m%,,).



Eur. Phys. J. C (2024) 84:1262 Page 17 of 21 1262

Sum of two diagrams (7) and (8) gives the following form +(m? + mé —m3)Co — (m} — mé + mi)cz)]

factors: 2 2 2y pU2) 2
+gRE [(mv —mg +my)(By ~ +m%Co)

g‘shee

ARV = _ 2 p@ 250
L 32n2mwm%,(m‘21 — mi) Aolmy) —mi By m By

TSN i o+
2.2 2
x [2m%; (B(@ - B(()l)) + (2m2v + m%) (sz) _ B]“)) 2msy (mj, ma)) CQ]
R s (20 o )|

a
FSV _ AFSV[ LL RR _RR LL RL LR

+gRLmF [3m%/ (mﬁBSZ)—mlz,B(gl)) AR®" =Ap [g -8 8§ —8&8 .8 —8&8

- (mﬁ - m§> Ao(mp)] gt — gRL] : (B31)

LR 2 (2) ) . .
+8" mampmp x 3my (Bo - By )} ) where gXV = g)F(gV and the arguments of PV-functions is
(mf, m3, m3).

AFV:AFVI:LL_) RR ,RR _, ,LL ,RL _, ,LR . . '
R L |8 & 8 &8 & Final results for form factors corresponding to Diagram

PLLIEN gRL]’ (B29) (5) in Fig.3:
/ ApSs
FSS' _ MhSS' [ RL _(oLL RR
where ¢X = ¢XY and BY) = Boi(pfimy.mi) with LT T g2 ["tmeCo = (g maCr 4+ g™ myC ]
k=1,2. Fss' FSs [ LL RR _RR LL ,RL LR
] A = A — 3 — ) - ’
The form factors corresponding to diagram (3) in Fig.2 R L g & -8 &8 &
are: gtk — gRL], (B32)
Fvs _ _8VSh LL (1) (D
ALt = 16n2m%, {mF [g Ma (BO + B where g*V = gﬁ’s, and the arguments (m%, m%, mé,).
) ) 5 5 5 5 Final results for form factors corresponding to Diagram
+(my +ms —mj)Co — (my —mg+ mh)cl> (6) in Fig. 3:
—gRRmb <2m%,Co + (m%, — mé + m%l)C2>] - 1
AT = ——
1672

+g** [(m2v —m§ +mj) (Bém + m%CO)

L RL RR
1 1 X {ghFF’ [g mpmp Co+ g™ "mpmp(Co + C2)
—Ao(my) —m% By — m2B{"

LL LR
+ (w2}, =+ ) — 20— ) +g g (Co-+ O+ g mam Xo
12
s2mimica] 8l [¢°F (B +miCo+m2Cy +miCy)
LL RR
—g R mamy, [2m%,C1 + (m%, + m% — m,zl)Cz]} , +8 T mampCy+ g mpmy C2]} ’
Aﬁvs _ Afvs [gLL N gRR’gRR = gLL’gRL N gLR’ AfeFF — AiFF [gLL N gRR’gRR N gLL’gRL N gLR’
LR RL
gLk gRL:I, (B30) g —> 8 ], (B33)
where g¥¥ = g&),, and the arguments (m%, m%, m%,).

here gX¥ = g&7V h, f PV-functions i . .
where g grysand the arguments o unctions 1s Form factors corresponding to sum of two diagram (9) and

2 2 2
0,y 1) . . (10):
Final results for form factors corresponding to Diagram
(4) in Fig. 3: i 26hee
ALY =300 22
o 2 mw (mg; — my)
FSV VS LL 2 2
=722 - 1 2
Ar 1672 {mF [ g8 myg (szCo + (my % [gLRmambmF (B(g ) _ B(() ))
—m§ + mi)cl) + g®Rmy, (B(()Z) +B® +¢Rlmp (mng” - mﬁBff))
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2
—mamp(g"Fmy + g% my) (Bl(l) ~ B ))] :

)

AgS — A{S [gLL — gRR’gRR — gLL’gRL _ gLR

PLLIEN gRL] (B34)
where gXV = gf%’s and B((){? = Bo,l(p,%;m%,mg) with
k=1,2.

Appendix C: Details calculation to the LRIS model
1: CI1: Higgs sector
The model consists of one singly charged Higgs boson, apart

from two Goldstone bosons G1 , absorbed by the two respec-
tive gauge bosons W and wE:

¢1 Gi Spse Cp CeSp
¢z =Cpe | Gy |+ Cp= = | cpse —sp cpee |
X R H* ce 0 —s¢
(ChH
where 7g = ﬁ ,and Cj,= is the 3 x 3 unitary matrix satisfying

the diagonal relatlons Cp+ M> Chi = diag(0, 0, m%i), and
m%i = a3 (62/31) + UR/(2C2/3)) with a3 = a3 — ap.

The CP-odd Higgs components generate two Goldstone
bosons of Z and Z’, and a physical states A. A relation a
mong these flavor and mass eigenstates is:

a GY 0 —sp cp
a|=c. (6. ca=10¢cs 55|, (C2)
ag A° 1 0 0
2 _
where m% =202(h3 — 2X2) + %2;2)

We will summarize the physical spectrum of the Higgs,
boson, and leptons based on previous works [52]. Some new
conventions will be introduced for convenience.

Regarding to the CP-even Higgs sector. The mass matrix

corresponding to the basis 7y = (r1, 72, 7g)7, in which
1 o
£l o =—3rhkMyry is:
ozgchgv%e
M = 202 (Cﬂ)‘23 + 2cghrasg + klsﬂ> + —
11 ) (Cz )
B B
0(32S§ %?

./\/l . _2)”5va
M

o= (M),

@ Springer

M3 )22 = 20° (cﬁkl + 2cprasp + sﬁkz3) +

(
(
(
(

2 9
2 (cﬁ — sﬂ)

= 22 (c%,M +cpsp(hy + A23) + /\4s§>

ozgzc/gslgv%e
- 2 (c}z3 — sé) ’
(M%{)B = (M%-I>3l = vrv [ascp + sglarn + )],
(M%{)B = (M%-]>32 = vRv(a12cp + a4sp), (C3)
where Ay3 = 21> + A3. We see that Det [M%J]|v—>0 =0,

therefore the model consists of at least one neutral CP-
even Higgs with mass oc v2, which can be identified
with the SM-like Higgs found experlmentally. In particu-
lar, in the limit v = 0, the transformation C; can be used
to diagonal the squared mass matrix: Cj Mif’v:() C IT =

C

diag( , ;22’" 2A5UR> in which

sg cg O
cg —sp 0],
0 0 1

M%{’())ll = 2v? ()\.] + )\235‘%/3 + 4)»4S2/3> ,

CIM3Cl =M, Cr =

2
anvyp

= 2¢2 h30> ,
22 CaprBv 2c2p

)
)

M%,,O)u - (/\/131,,0)21 = 202507 (g + A2352p).
)5 = (Mino)

o), = (Miro)

2 2 2 2
It can be seen that (MH,O)” AV L vp X (/\/lH,O>22

= VRV (0612 + aas28 + 0632S§) s

) . (C4)

32528

2
H0)3
2 —

HO)y = VRV (0428 +

M%{,o) . In addition, non-diagonal entries of M%{,o o

VR K (M%,,O>22, (Mz,o)ﬁ’ therefore, the mixing

matrix used to diagonalized M%{,O is close to identity. A
a result, we will use C; as the relation between the fla-
vor states and the physical states (h, h1, hy), in which & is
identified with the SM-like Higgs boson: (ri,r],rg)’ =
CI(h, hy, hy)T. This corresponds to the strict relations of

2 2 2 .
= = =0, lentl
(MH,O)12 (MH,O>13 (MH70)23 equivalently

2 a3
Ay = —Ap3s2p, 12 = —a4528 — @325, and oy = —Tﬁ-

As a result, m}% = 29?2 ()\.1 + )Q3S§ﬁ + 4)\452/3).
C2: One-loop contributions to decays LFVh and LFVZ
We list here the one-loop contributions from charge Higgs

and gauge bosons H £ W=* and W%, which contain large
contributions to Aa,, and LFV decay rates.
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For LFVh decays, one-loop contributions are collected as
follows. Diagram (1) of Fig.3 give:

9
A(L141-?2+7+8) Z[AzWW+AzWW +A1WW +A1WW

i=1

9
A A{Y,V{] + 3 [ N AW”],
ij=1
(CS5)

where gpyvy: = ghww, &hw'w’, ghww’, and gpwwr Were
given in Table 4; and 8., = mw/(gv/2) derived from Eq.

(36). Diagram from singly charged Higgs boson H™:

9 9
(5+6+9+10) __ H+H+ Ht H+ij
Al R —Z[Al ’LR]"‘ Z Ap R
i=1 i,j=1
(Co)

Diagram from both exchanges of singly charged Higgs
boson H* and gauge boson:

9

Af}“) _ Z(A1H+W+AZLWI§1+ +A1H+W +A1W1;H+>,
i=1

(C7

where gvsn = gw+H-n. 8w+ H—p are given in Table 4.

The one-loop contributions to LFVZ decay rates pre-
sented in Fig. 2 are collected as follows. The total form factors
are sum of all particular contributions as follows

g = a21;2+7+8) +a —(5+6+9+10) + _(3+4),
E R b(1+2+7+8) + b(5+6+9+10) + b(3+4),
9
_(LI;HHS) Z I:alLWRW + aiWRW + dlLWRW + diWRW

i=1

+aL R+ a’LWR]

4 Z [ Wz] -W’R]] ’
i,j=1
9
b(Ll,-;2+7+8) _ Z [b1WW 4 sz w’
i=1
B 4 B 4 BV 4 BE ]

+ 29: [bW” +bw”], (C8)

From singly charged Higgs boson:

9 9

5(5+6+9+10) GiHYH™ | ZiHT ~HTij

ar g Z[LR +targ +ZaLR’
i=1 z'j—l

9
= (5+6+9+10 SiHTHT ~Ht
BRI = 3[BT+ B | + SR o)
i=1 i,j=1

From both Higgs and gauge boson exchanges in diagram
(3+4)

—1H+W

9
—(3+4) “iHTW | -iWH™"
ar r —Z(l +a; g’ +agg” tapg

i=1

aiw H+)
9

9
i (3+4) i HTW zWH+ TiHYW | [iW'HT
brr = Z (bL,R +bp g +bpR"T +brr ),

i=

(C10)

where gsvz = gy-w+z, 8u-w+z are given in Table 5.
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