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Abstract

We construct a real-time lattice-gauge-theory (LGT)-type action for a spin-1/2 matter field of a
single particle on a (1 + 1)-dimensional spacetime lattice. The framework is based on a
discrete-time quantum walk, and is hence inherently unitary and strictly local, i.e. transition
amplitudes exactly vanish outside of a lightcone on the lattice. We then provide a lattice Noether’s
theorem for internal symmetries of this action. We further couple this action to an electromagnetic
field by a minimal substitution on the lattice. Finally, we suggest a real-time LGT-type action for
the electromagnetic field in arbitrary spacetime dimensions, and derive its classical equations of
motion, which are lattice versions of Maxwell’s equations.

1. Introduction

Lattice gauge theory (LGT) is a framework used to tackle the non-perturbative regimes of quantum field
theories (QFTs) [1]. The basic idea is to formulate the gauge theory under study on a lattice, which furnishes
an in-built ultraviolet regulator. LGT was initially introduced by Wilson [2] as a framework accounting
successfully for quark confinement; the gauge theory in question was (a simplified version of) quantum
chromodynamics (QCD) .

There are two fundamental types of LGTs. The traditional one is ‘Lagrangian LGT’ [2], in which the main
object of the theory is an action in discrete spacetime. Lagrangian LGT treats time and space on the same
footing, and is in this sense close to Einstein’s theory of relativity. However, unitarity is not manifest in
Lagrangian LGT’—it has to be proven and does not always hold, see, e.g. [3]. The second type of LGT is
‘Hamiltonian LGT’ [4, 5], in which the main object of the theory is a Hamiltonian on a spatial lattice while
time is usually kept continuous. The pros and cons are therefore reversed with respect to Lagrangian LGT:
Hamiltonian LGTs are unitary by construction, but space and time are often treated differently. These
differences between Lagrangian and Hamiltonian LGT are actually already present in the continuum:
Lagrangian LGT comes from the path-integral approach to QFT, in which Lorentz covariance is manifest but
unitarity is not, whereas Hamiltonian LGT comes from the canonical approach to QFT, which is manifestly
unitary but not manifestly Lorentz covariant [6].

The standard tool of lattice QCD are Monte Carlo (MC) simulations, which are usually carried out in the
Lagrangian formulation with a Wick-rotated spacetime, i.e. in Euclidean spacetime with imaginary time [1].
MC simulations have been successfully used to determine (a) equilibrium properties of QCD, such as the
masses of quarks and stable hadrons, hadronic structure-related quantities and non-zero-temperature
properties [7], and (b) certain non-equilibrium, i.e. beyond-ground-states properties [8, 9]. Despite its
successes, standard LGT with MC simulations fails to give results in several cases, in particular in parameter
regimes in which MC simulations encounter a so-called sign problem [7], which can almost certainly not be
solved efficiently by (even the most powerful [10]) classical computers with traditional techniques [11].

3 See below in section 2.3 (second paragraph) for an explanation of how unitarity is evaluated in Lagrangian LGTs.
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Several techniques exist to overcome the sign problem for certain simplified models (see references in
reference [7]), including tensor-network approaches [7], which use a real-time Hamiltonian formulation,
where we are going to define just below what ‘real-time’ means.

Let us call ‘real-time LGT” any LGT framework in which spacetime is not Wick-rotated. Because time is
kept real, all such frameworks are expected to be particularly suited to explore the dynamics of the gauge
theory in question [12]. Thereby, real-time LGT is one privileged approach to computing non-equilibrium
properties of gauge theories. Lately, real-time LGT has entered a new era with the advent of quantum
simulation [13] and quantum computation [14], which reduce exponentially the cost in simulating
many-body quantum systems. As above, there are two types of real-time LGTs: (a) real-time Hamiltonian
LGT, where time is either kept continuous (with the perspective of analog quantum simulations [15-18]) or
discretized (with the perspective of digital quantum simulations [19, 20] and quantum algorithms [21-29]),
and (b) real-time Lagrangian LGT, where time is discretized but spacetime is not Wick-rotated [30]. Our
paper combines both perspectives. Reviews with different focuses on the general topic of
quantum-information inspired methods for QFTs can be found in references [12, 31-36]. Several
proof-of-principle experiments of quantum simulations of the dynamics of LGTs have already been realized
[37] (see also references in [35]).

Among the real-time Hamiltonian-LGT approaches in discrete time, there is one, often not known under
the name of LGT, which consists in using quantum cellular automata (QCA) [38—40]. QCA are
by-construction unitary evolution operators in discrete spacetime that are strictly local, i.e. there is an in-built
strict ‘relativistic’ lightcone at the discrete-spacetime level. Results in this field of ‘QCA LGT are still
preliminary, but promising [41-48]. Let us stress this important point: in the usual discrete-time
Hamiltonian-LGT approaches, locality enters merely in the form of an effective lightcone [49] related to
Lieb-Robinson bounds, whereas QCA are strictly local by construction. At the level of classical fields, i.e. in
the one-particle sector, QCA reduce to so-called discrete-time quantum walks (DQWs) [50]. Understanding
DQWs as the building blocks of QCA, one can therefore expect that the field of QCA LGT will benefit in the
near future from the numerous results that exist (a) in the one-particle sector, in the free case [51-53], with
couplings to Abelian* [54—-57] and non-Abelian [58] gauge fields, and with curved spacetimes [54, 59-64],
but also (b) in the multiparticle free case [65, 66].

In this manuscript, we further complete the list of achievements in the one-particle sector with the
following results:

(a) We construct a real-time LGT-type action for spin-1/2 matter fields on a (1 + 1)-dimensional spacetime
lattice, that is based on a DQW. This ‘DQW action’ is therefore by-construction unitary—i.e. it delivers
unitary equations of motion (EOMs) —, and it treats time and space on the same footing.

(b) We provide a lattice Noether’s theorem for the internal symmetries of the DQW action. Applying this
theorem to the global U(1) symmetry of the DQW action, we find a U(1)-charge current conserved on
the lattice.

(c) We place the particle into an Abelian U(1) gauge field by applying a lattice minimal-coupling scheme to
the DQW action.

(d) For this Abelian U(1) gauge field which generates an electromagnetic field, we suggest a real-time
LGT-type action in arbitrary spacetime dimensions, from which we derive the classical EOMs of the
gauge field, which are lattice versions of Maxwell’s equations.

Let us give more details on these achievements. We bring together in a unified framework elements from
the field of QCA with elements from Lagrangian LGT, and this for spin-1/2 matter fields. In this sense, we
extend [47] which considers scalar fields. All is done at the level of classical fields, i.e. the fields are not
quantized’. Hence, throughout this paper we use ‘fermionic’ synonymously to ‘spin 1/2’.

The definition of a real-time LGT-type action Spqw based on a DQW is the first stepping stone in this
paper. To the best of our knowledge, the only paper that suggests a discrete-spacetime action for a spin-1/2
matter field based on DQWs is [67]. However, the action in [67] does not relate nicely to usual LGT actions
in the sense that it is based on a one-step EOM for the matter field v, i.e. an EOM of the type 11 = W)y,
where j € Z labels discrete time and W is a unitary evolution operator. In contrast, in LGT one usually
constructs EOMs with symmetric finite differences; these two-step EOMs involve a field v at three
subsequent time instants 1);_1, ¥; and 1);; |, and therefore require two initial conditions rather than just a

4 In references [54—56], various lattice gauge invariances of specific DQW models were reported, but the discrete derivatives in these works
are model-dependent and more complicated than the simple finite differences of [57] and of standard LGTs, which are the ones that we
use in the present paper.

5 In [47] the scalar fields are quantum.
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single one. Whether one- or two-step, EOMs in LGT usually do not preserve the unitarity of the continuum
model. Building on the construction of [68], we remedy this lack by providing a unitary real-time action,
that is extremely similar to standard LGT actions in the sense that it is based on a two-step EOM, while being
associated with a DQW (hence its unitarity) with a one-step EOM.

The remainder of this paper is organized as follows. We begin with discussing one- and two-step EOMs
for spin-1/2 particles in discrete spacetime in section 2, which leads us to the definition of the corresponding
DQW action Spqw in section 2.4. In section 3 we prove a lattice Noether’s theorem for internal symmetries
of a generic real-time action for spin-1/2 particles. In section 4 we couple Spqw to an Abelian U(1) gauge
field via a lattice version of minimal substitution. In the last section, section 5, we suggest a real-time
LGT-type action for this Abelian U(1) gauge field, in arbitrary spacetime dimensions, and derive the
corresponding classical EOMs, which are lattice versions of Maxwell’s equations.

2. DQW-based LGT-type action for a classical matter field

2.1. The continuum EOM
Consider in 1 4 1 dimensions a relativistic classical matter field v, with internal components ¢)* where
a=1,...,Nfor some N € N. The dynamics of 1) is described by the Dirac equation

(i'Y“au —m)Y =0, (1
where the v, ¢t = 0, 1, act on the internal Hilbert space, and satisfy the Clifford-algebra relations
Ay =2, (2)

with [n*¥] := diag(1, —1), and where on the right-hand side of equation (2) we omitted for brevity the
identity on the internal Hilbert space.
The Dirac equation (1) can be rewritten in the form of a Schrédinger equation,

i0p) = Hip. 3)

Here, 0; = 0y is the partial derivative with respect to time, and we have introduced the Dirac
Hamiltonian

H = o' (—idy) + ma’, (4)

where 0, = Oy is the partial derivative with respect to the spatial position x!, and where we have introduced
the operators

=70 (5a)
al =9, (5b)

which satisty the relations
{a",a"} = 25", (6)

where [0#¥] := diag(1,1).

In one spatial dimension, it is enough to consider an internal Hilbert space of dimension 2 to find a pair
of alpha matrices ([(a®),],[(a!);]) that satisfy equation (6). In that case, the index a of the internal Hilbert
space of ¢ belongs to {1,2}. Unless otherwise mentioned we will work with the abstract objects a” and o
rather than their matrix representations, such that in particular the dimension of the latter will not play a
role. Hence, the notation ‘¢’ is abstract in the internal Hilbert space but ‘concrete’ in the position Hilbert

space.

2.2. The naive discretization

We introduce the (1 + 1)-dimensional spacetime lattice Z x Z and label its sites by the multi-index

n = (j,p). Denoting the spacetime-lattice spacing by €, we take j to label time, i.e. we set t = je, and p to label
position, i.e. x' = pe. We also define x = (¢,x'), which we use flexibly in the continuum as well as in the
discrete, in which case x = en. Moreover, we write

Un = 1(en) (7)

for the field v evaluated at the lattice site n.
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2.2.1. Lattice derivatives

A standard way [1] of discretizing equation (3) in space and time while preserving the Hermiticity of the
operators i0,,, 4 = 0, 1, and thus that of the Hamiltonian, is to use symmetric finite differences, i.e. to perform
the substitution

m

. . [
i0,, — id,, ::2—(7' "—T.). (8)
€
As above, € is the spacetime-lattice spacing, and 7, is the translation operator in direction f, i.e.

(7/;1/1)11 = ’(/Jnf[u (9)

where i is the unit vector in direction y, compare with reference [57, equation (33)]. Clearly, i (TM_I - 77,)
is Hermitian because 7, is unitary. Moreover, in the continuum limit € — 0 we have d,, — 0,,.
For later use we also introduce the left and right lattice derivatives

1
d, = E(I_T“) (10a)
dhi= = (T - 0), (10)

such that d, = (d, +d}}) /2.

2.2.2. Standard-LGT scheme: naive fermions
Discretizing the Dirac equation, (3), with the symmetric finite differences yields
Lo IR ) g 0
2Ty =Ty =—a (T =T +a’my. (11)
2e 2e
This equation can be rewritten as
idyt) =HT, (12)
a scheme which we call that of naive fermions, where the lattice Hamiltonian is

HOCT = ol (—id)) + ma®. (13)

The associated action can be found in reference [1, section 4.1].

A comment must be made at this stage: the lattice Hamiltonian of equation (13) is usually introduced in
Hamiltonian LGTs in which time is kept continuous [5, 69], and in those frameworks the role of the
Hamiltonian is the usual one, that is, it generates the time evolution. Here, we introduce HLGT even though
we are in discrete time, and we call it a ‘Hamiltonian’ even though it does not generate the time evolution in
the usual sense: time evolution is described instead by the lattice EOM of equation (12).

2.3. The DQW discretization

The use of the symmetric lattice derivatives above ensures the Hermiticity of the lattice Hamiltonian HT.
Thus, if time was not discretized and time evolution was generated by this lattice Hamiltonian, the scheme
would be unitary. However, when also discretizing time, what about unitarity?

In textbook Lagrangian LGT, discrete-time formulations are usually carried out in Euclidean spacetime.
In such a framework, unitarity of the model is proven essentially by proving the positivity of the transfer
operator® of the system, or alternatively by proving the so-called Osterwalder—Schrader reflection-positivity
condition [3].

These properties are far from straightforward to establish: for example, the positivity of the transfer
matrix for lattice fermions has only been proven for Wilson fermions with Wilson parameter r = 1, and there
is no proof for naive fermions, which have r =0 [3], i.e. there is no proof of the positivity of the transfer
operator for the scheme of equation (12). Based on 2.3.1 and 2.3.2 below, we believe that this scheme is
simply not unitary’.

6 A transfer operator is any operator Twhich in the continuum limit coincides with exp(—7H), where H is the Hamiltonian of the system,
but which at the discrete level could differ from merely exponentiating H. In the discrete, the exact form of Tis adjusted in order to facilitate
the computation of the transition amplitudes (n|T|n' ). For example, for a point particle of mass m in a potential V, a possible suitable
definition for the transfer operator is T := exp(—7V(%)/2) exp(—7p?/(2m)) exp(—7V(X)/2), where % is the position operator, and p
is the momentum operator. The naive transfer operator is simply the Euclidean version, exp(—7H), of the one-step evolution operator
exp(—itH).

7 That is to say, more precisely, there exists no underlying unitary one-step scheme that generates naive fermions, see below.

4
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2.3.1. Modification of naive fermions for unitarity in discrete time

First, notice that the scheme of naive fermions, equation (12), is—because of the use of a symmetric lattice
derivative for time—a two-step scheme, i.e. it needs two initial conditions 1)j— and ¢;—,. As in [68], let us
perform in equation (12) the following substitution,

ot — &t = peat, p=0,1, (14)

where the prefactor

1
e = m, (15)

is positive for em small enough. This substitution (14) leads to a new two-step scheme which we call unitary
fermions,

idyt) = HPW), (16)
where the lattice Hamiltonian is now
HOW .= a1 (—id)) + ma®. (17)

We are going to see in the next section that this new two-step scheme, equation (16), is equivalent to a
unitary one-step scheme,

To "0 = i1 = Wi, (18)

with properly chosen one-step unitary evolution operator W and provided that the second initial condition
1hj—1 is given precisely by this unitary one-step scheme, that is,

Pi—1 = Wihi—. (19)

The two schemes are equivalent in the usual sense: if 1); satisfies the one-step scheme, then it satisfies the
two-step scheme, and vice versa. Note that this equivalence has already been proven in [68]. For the
convenience of the reader we review it in the next subsection.

2.3.2. The ‘underlying’ unitary one-step scheme

Let us explicate how the two-step scheme of equation (16) can be obtained from a one-step scheme of the
type of equation (18). Since the field ) in equation (16) satisfies a first-order difference equation in position,
we consider the unitary operator

Wi=W_ T, 4+ W T+ Wl (20)

We call the W, i = —1,0, 1, jump operators. They are, in a basis of the internal Hilbert space, represented
by matrices of the dimension of this Hilbert space, here 2 x 2, with entries that are at this stage complex
numbers®. In this sense, the jump operator W; quantifies ‘how much’ of the wave function is jumping in
direction i. Additionally, the set of jump operators has to satisfy some conditions that guarantee unitarity for
the operator W, see reference [68, appendix A], but apart from that they are arbitrary. The operator 7; is the
translation operator defined in equation (9). We henceforth call YW a walk operator in accordance with the
literature: it is a unitary evolution operator by one time step which is strictly local.

We define the following transport operators,

Bi = W1 + W_1 (21(1)

M:= Z W; =B, + W, (21b)
i=—1,0,+1

which encode transport properties of the scheme and of its continuum limit, as we are going to see below.

8 In the general case, and in particular later when we U(1)-gauge the walk in section 4, the entries are functions of the position operator.

5
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Under which conditions on B, B_ and M, can we obtain the two-step scheme of equation (16) from the
one-step scheme of equation (18)? Notice first that if ¢/ satisfies equation (18), then it also satisfies the
following two-step scheme,

idoy) = Hqyp, (22)

where
cHo:= ; (v -wi) (23a)
— AN (—ied)) + gQ(—L‘) +emA®, (23b)

where we have (a) introduced the lattice Laplacian
L:=T"+T -2, (24)

(b) forced the appearance of the Wilson parameter r and the ‘mass’ m, and (c) introduced the following
operators acting on the internal Hilbert space,

o 1 (v_

A= (M—M") (25a)
11 f

Ali= 2 (B_+B_) (25b)
—_ (g, _g

Qi=—o (B+ B +). (25¢)

Notice that the two-step local Hamiltonian of a DQW, defined in equation (23a), was already introduced
in [70] before appearing in [68].
Now, for eHq to equal eH W, we can choose

A’ =¢@° (26a)
Al =¢a! (26b)
Q=0, (26¢)

with &* from equation (14). For the first two equations of equations (26) to hold, we can choose

M = i (1 —iema®) (27a)
B_ =a', (27b)
and for Q to vanish we must choose
B, =B!. (28)
Note that this implies
Wi —WI:—(W_1 —WT_I). (29)

It is easy to show that the choices of equations (27) are compatible with the unitarity constraints involving
solely B_ and M that result from WW = 1 = WWT, see [68, appendix A]. A choice for B, that satisfies
equation (28) and that is compatible with all unitarity constraints involving B [68, appendix A] is ‘simply’

By = fte. (30)

In the end, we have found a unitary one-step scheme, namely, equation (18) with the choices of
equations (27) and (30), which generates the two-step scheme of unitary fermions.
Let us as a sum-up explicitly write this scheme of one-step unitary fermions:

wj+1 = WDirac1;/)ja (31)

with
1

1
WDirac = e E(l—al)T71+E(l+al)T—iema0 . (32)
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2.4. The lattice action of the matter field
The only difference between naive fermions and unitary fermions is the prefactor y. appearing in the
modified o operators and hence also in the following modified « operators,

~ o aO 0
F=@""t=—= T (33a)
fe  fe
A= (@) tal =4 (33b)

It turns out that one can obtain a valid lattice action for unitary fermions by performing the substitution
y# — A in the, e.g. asymmetric lattice action of naive fermions. This results in

Shiow =€ [(i7dy — m) ], (34)

with

P =) (7°) 7" (35)

In appendix A, we show how extremalizing this action, equation (34), indeed yields the correct EOM of
unitary fermions, equation (16).

We call the action in equation (34) ‘asymmetric) since the lattice derivative only acts to the right. As a
consequence, it is in general not a real but a complex number. The variational problem is usually conceived
for a real action. Yet, as we show in appendix B, this asymmetric action SaDsg\r,l\} is equal (up to boundary terms)
to the following symmetric and therefore real-valued action,

Spaw 1= e% > 0 Y Hoco— €Y emidyib, (36)
n n

One can show that extremalizing the symmetric action in equation (36) yields equation (16): this is proven
in a more general case in appendix E, where we obtain the Euler-Lagrange equations from a generic real
action. That being said, note that boundary terms need not be taken into account in variational problems
that determine the EOMs’; hence, since the symmetric and the asymmetric actions only differ by boundary
terms, a proof with one of the two (for the type of variational problem mentioned) yields the corresponding
result for the other one.

3. Noether’s theorem in discrete spacetime for internal symmetries

In section 3, we derive a lattice Noether’s theorem for internal symmetries. By ‘internal symmetry’ we mean,
as usual, that the corresponding transformation acts only on the internal Hilbert space of the system, and
does not affect the spacetime coordinates.

3.1. The framework
Consider an action being the sum, over the lattice sites, of a Lagrangian density which is function of (a) the
fields ©?, a = 1,2, and (b) their shifts in time and space, that is,

St = D2 (Ym0l ) (37)

where ‘F’ stands for ‘fermionic’ and where we consider, for the sake of correctness, a symmetric and therefore
real-valued action'’. Let us be fully precise on our notations: here and below, ¢, = 1, wl subsumes the
family (¢7)q and, analogously, ¢y, ;, subsumes the family (¢}, ;) .-

The lattice Noether’s theorem that we are going to derive is inspired by the general one for usual
continuum field theories in [71]. Consider an arbitrary transformation, i — (¢4)’ :=
F((2)y, ) = f* (1), @), of the field 1, acting solely on its internal Hilbert space, where a denotes a family of
real parameters''. In the present work, we will only consider the case of a global U(1) transformation, for

9 This is also true in the continuum. However, boundary terms do need to be taken into account in variational problems of the type of
Noether’s theorem, see section 3 and appendix D for present discrete setting.

10 That being said, it turns out that in the concrete case Sp = Spqw all the computations that we are going to carry out can be carried out
with S?;g&, instead of Spow and still deliver the same results, at least in the current case of the U(1)-charge current. This observation is also
a feature of the continuum theory. Notice that when two actions which differ by boundary terms are real-valued, the Noether currents
are in general different.

' To consider transformations acting also on the external Hilbert space, one would have to supplement the transformation in
equation (38) by some coordinate transformation, see [71].

7
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which « reduces to a single real parameter. The generalization to a larger family of s poses no major
difficulty, but it renders the derivation more cumbersome and blurs its important aspects. Although the
single application we know for « being a single real parameter is that of a global U(1) symmetry, we still
present the proof for a general f*(1),,, &) since this renders its generalization to a larger family of s easier.
The transformed state is collectively given by

Yy = f(n, ). (38)

We parametrize the transformation f such that

(b, =0) = 1hy,. (39)

Finally, we assume f to be differentiable and expand it to first order in the small parameter do as

U1 = 00) =l 0) + oL|  da+O(Ga?), (40)
l@wn0)

Taking into account equation (39) and omitting higher-order terms this gives

7/];1 = wn + Cnéaa (41)
where
Cim g . (42)
Rl IO

In appendix C, we show how extremalizing the action in equation (37) yields an Euler-Lagrange
equation for 1.

3.2. The Noether theorem

The precise statement of our lattice Noether’s theorem for internal symmetries is the following: if the generic
action S of equation (37) is invariant under the transformation in equation (41), i.e. if equation (41) is a(n)
(internal) symmetry of the action, then the Noether current J associated to the internal symmetry, and
defined component-wise at site n by

0.4 0.4
Ji= | Cuyp+Ch——| (43)
811[}”""#1 n i M 81/)l+ﬂ n

1= 0,1, is conserved on the lattice (for a field ¢/ that satisfies the Euler—Lagrange equation). That is, the
lattice (one-step) (1 + 1)-divergence of ] vanishes, i.e.

d;, J" =0, (44)
where dt is the left lattice derivative defined in equation (10a). We prove this theorem in appendix D.

3.3. Example: U(1) symmetry and charge conservation
Let us apply the general lattice Noether’s theorem for internal symmetries of the preceding subsection, to the
global U(1) symmetry of the (symmetric) DQW action, equation (36). The corresponding transformation is

[, @) = €4y, (45)
so that the C, in equation (41) is
Cp = ithy. (46)

The computation of the Noether current of equation (43), which we call in the present case U(1)-charge
current, delivers here, denoting it by —Jy1) "%,

U= (Bu Vs + B3t (47)

12 The minus sign is to match with the most-used notations in the continuum limit.

8
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where the 4#’s have been defined in equations (33), and 1Zn in equation (35). The continuum limit of ( ]5(1))”
is trivially the well-known Dirac charge current (divide equation (47) by € and let ¢ — 0),

Igirac(x) = &(x)’y“w(x)a (48)

where, as usual, 1) := T+,
In appendix E we show how the lattice conservation equation satisfied by the U(1)-charge current in
virtue of our lattice Noether’s theorem, namely,

L _
dM]U(l) =0, (49)
can be obtained, as in the continuum, from the EOM, either the one-step or directly the two-step.

4. The U(1)-gauged matter-field action and EOMs

In section 4 , we are going to modify the matter-field action, equation (36), in order to account for a coupling
of the matter field ¢ to an Abelian U(1) lattice gauge field A which is the gauge field of the continuum
evaluated on the lattice. This gauge field is external for now, but it will become dynamical in the section 5.

4.1. The gauging procedure
The usual gauging procedure for lattice systems is well-known for LGTs [1] and for DQWs [57]: it consists in
performing the following lattice minimal-coupling substitutions,

Ty — T, =T 14, (50)

where q is the charge of the matter field 1), and A := (A,,) 10,1 is the spacetime-dependent U(1) gauge field
that we couple ¢ to. Applying the modified translation operators 7, to the matter field ¢ at n yields

(Eefiquu )y = e~ 9€(Ap)n—p Yn_p- (51)
The inverse of the modified translation operators,
(E’)T = ei‘IEAM’]L_17 (52)
accordingly act as
(einA“fflwn _ ein(Au)n%Jrﬂ. (53)

4.2. The gauged action and two-step EOM
To couple 1 to the gauge field A,,, we first rewrite the matter-field action, equation (36), as

Spaw = %Z&M(T;% +He —eYemipyiy,. (54)

Performing the substitution (52) (and (50) in the Hermitian-conjugate term) on this action, we end up
with the ‘gauged’ action,

i T~ ige b
S = L T B A+ e S e 55

This gauged action is exactly that of standard LGT, see reference [1, chapter 5], up to substituting
y# — A and 1p — . It is invariant under the following gauge transformation,

Yy — V) 1= Gy 1= 9919, (564a)

(Ap)n — (A;/L)n = (Ap)n — dﬁﬂm (56b)

where dﬁ is the right lattice derivative defined in equation (100), and ¢, is an arbitrary spacetime-dependent
field.
Writing the Euler—Lagrange equation,

0L 0%
3% n a’(/)ner, ~

n—p
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derived in appendix C, for the action Sg = Sf,4yy results in the following two-step EOM which we call
U(1)-gauged unitary fermions,

32 (g — O, ) — emup, =0, (58)
which can easily be shown to be exactly the EOM that we obtain if we directly gauge the EOM of unitary
fermions, equation (16). This EOM is invariant under the Abelian U(1) gauge transformation (56).

4.3. About gauging the one-step EOM

In equation (36) we have considered an action that delivers the two-step scheme, equation (16). When
coupling the matter field to a gauge field, it is therefore natural to apply the gauging procedure (50) and (52)
to the two-step scheme, as done in the previous subsection. Yet, the unitarity of our model relies on the fact
that—without gauge fields—we can find a unitary one-step scheme, equation (31), that generates the
two-step scheme. This immediately leads to the question whether there is any unitary one-step scheme that
generates the gauged two-step scheme. A natural follow-up question is then: is the gauged two-step

scheme (58) generated by the gauged version of the one-step scheme? Equivalently, do the operations
‘generating a two-step scheme’ and ‘gauging’ commute? We are going to answer both questions in the
affirmative, but only under a certain condition on the gauge field.

4.3.1. Gauging the unitary one-step scheme

The gauging of one-step discrete-spacetime systems is described in [57], and is in essence the same as that
known in LGT: it consists in substituting translation operators as in (50) and (52). Thus, gauging the
one-step EOM of equation (18) gives

1y = (W), (59)
where (W,); is the gauged walk operator of equation (20) evaluated at time j, i.e.
(Wy)j := W_y eI T 4 Wy Tre <) 4 w1, (60)

Moreover, the appearance of the gauge field on the left-hand side of equation (59) stems from gauging
7, " in equation (18). One can verify that the unitarity conditions on e~"<(4)i()V),); are the same as those
for the ungauged scheme (see reference [68, appendix A]).

4.3.2. Recovering the gauged two-step scheme
Multiplying equation (59) on the left by (Wg )j = ((W,);)" and shifting indices as j —» j — 1, we obtain

Y1 = W)ty (61)
Now, multiplying on the left by e~#<(40)i-1 we obtain
qu(Ao lw lqE(Ao (WT) lqe(Ao 1w (62)

Note that this is different from simply evolving ) backwards in time by the inverse of W, i.e. in general
e—ige(A0)j—1 (WT) 1eiae(Ao)i—1 oL (WT)J 1. This is due to the presence of the gauge fields, i.e. the fact that 7,/
and 7" do not commute, see also figure 1.

Substracting equation (62) from equation (59) and multiplying by i/2 yields the EOM

; ige(Ao); ’qf(Ao —1 ) 63
(e - s (63)

= 2 (W — e e )
which is invariant under the U(1) gauge transformation (56).

The left-hand side of equation (63) is indeed the gauged version of the left-hand side of the (generic)
two-step scheme, equation (22). However, the right-hand side is not the gauged version of the lattice
Hamiltonian operator defined directly at the two-step level, i.e. (Hg); := 2 [(W,); — (W1)g)j—1], because in
general e—#¢(40);- (WT) €<=t £ (WT),);_1. So, the lesson to take away is that applying the gauging
procedure to a one-step scheme and then deducing from it a two-step scheme, equation (63), does not lead
to the same two-step scheme as that obtained from applying the gauging procedure directly to the two-step
scheme, equation (58).
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p—1 D p+1

Figure 1. The different links involved in equation (59) (red) and equation (62) (blue). Since 7’ and 7; do not commute, the
algebraic relations between the red and the blue links are different. All links, blue and red, are involved in the two-step scheme.

What we can say is that (WT),); = ()/VgJr )j> which holds even in the non-Abelian case (this is easy to
show). Given the previous identity, a sufficient condition for the gauging of the one-step scheme to produce
as a two-step scheme the directly gauged version of the two-step scheme, i.e. a sufficient condition to have
e i¢(A0)j1 (VVgJr )j— €A1 = (VV;r )j—1 is that (Ag), be independent of the spatial position; one may also
take the well-known, stronger condition Ay = 0, known as the temporal gauge.

5. The action of the gauge field
In this section 5, we consider a (3 4 1)-dimensional spacetime unless otherwise mentioned.

5.1. Link variables
In section 4 above, we introduced a lattice gauge field (A,,), that appears only in the form of the exponential

(Up) = €1, (64)

As in the continuum, the gauge field (A, ), depends on a lattice site n and a direction £. On the lattice,
this can be rephrased as a dependence on two neighbouring lattice sites n and n + ji. As in the LGT literature,
we therefore call (U,,), a link variable. This link variable is conventionally associated with a hopping from n
to 1+ [i, and we stick to this convention here. Accordingly, we denote the link variable by U, ,+ [1], and its

inverse by U440 1= (UL)”

5.2. Lattice field strength
The gauge transformation of the gauge field, equation (56b), reads, at the level of the link variable,
(Up)n — (U;/L)n = Gn(Uu)nG;iﬂa (65)

where G, := €% as in the transformation (56a). The gauge transformation of the adjoint link variable is
(vh) — () = Gura(Ul) G (66)

In the continuum theory, the gauge-field action, that determines the dynamics of the gauge field, is
constructed from the so-called field strength F,,,,. In the Abelian case, F,,,, is given by

Fu,:=0,A, —0,A,. (67)

It is gauge invariant and determines the continuum gauge-field action Sg"* via
1
Sent = 2 /d4xFW(x)F”" (x). (68)

To build an action for the gauge field in discrete spacetime, we follow standard LGT and also [57].
Multiplying the link variables along the smallest possible path on the lattice yields the so-called plaguette
operator,

(Ulw)n = (Uu)n (Uv)n+ll (UL)nJ,-f/ (Ul)n' (69)

When viewing the link variable as a directed quantity the plaquette operator reads
(Uw)n = Unnt o Unt fint o5 Unt ot nt-v Unp o Where the indices follow a path which is an elementary
square in the pv plane on the lattice, see figure 2.
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(Uo)n (Vo) p+1

(Ul)n

Figure 2. Terms involved in the plaquette operator Ui from equation (69).

This plaquette operator is in general gauge covariant, i.e. its transformation law under a change of
gauge is

(UP«V)” — (U;/w)n =Gy (UAW)nG_l- (70)
In the Abelian case this implies that U,,,, is gauge invariant, i.e.
(U;luj)n = (Uuu)n- (71)

Inserting the definition of the link variables, equation (64), into equation (69), we can express the
Abelian plaquette operator also as

(U )u = eiqez(Fw)n, (72)
where (F,,,), is the lattice field strength
(Fun)n = diyAy |y — dyApln, (73)
where we recall that d}, is the right lattice derivative, defined in equation (10b).

5.3. Lattice gauge-field action
We now have to construct from the lattice gauge-invariant quantity (U,,, ), an action that has the correct
continuum limit: we show in appendix F that the lattice action

Sg := Sume 4 s, (74)

where

StGime o 2 ZZ { UOI + (UOI)I;]:| (75a)
space P 2 ZZ |:2 Ukl (Ukl)l] — 1:|7 (75a)

k<l

has the correct continuum limit S [6], which can be seen from expanding S¢ in € and rewriting it as
1
So= =7 D€ (Eu)n(F), + O(). (76)
n

In 1+ 1 dimensions, S¢"* trivially vanishes. Note that Si™ is a purely electric term, i.e. it involves only
the lattice electric field [72 73] with components (Fy;),, while S3° is a purely magnetic term, i.e. it involves
only the lattice magnetic field with components (Fy),. Note that the suggested action, equation (74), is
nothing but a real-time version of the Euclidean one in equation (5.21) of [1].
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5.4. The classical lattice dynamics of the gauge field

In this section 5.4, we consider Sg in a (1 + 1)-dimensional spacetime, so that in equations (75) one must
replace 1/q* by 1/(g*¢?). Still, we continue to write the magnetic terms in sections 5.4.2 and 5.4.3 as if we
were in 3 + 1 dimensions, in order to make the equations look more general. For these equations to actually
make sense in more than 1 + 1 dimensions one would have to find a (3 + 1)-dimensional version of S%QW,
which would give sense to a (3 + 1)-dimensional U(1)-charge current ( ]%(1))# below; this has not been done
in the present paper. Alternatively, one can assume to have found a (3 4 1)-dimensional version of SgDQW,
which gives sense to a (3 4 1)-dimensional U(1)-charge current (]%m)ﬁ below, and then consider a

(3 + 1)-dimensional version of Sg; note however that this leads to additional € factors in the right-hand sides
of equations (81) and (82).

5.4.1. Lattice Euler—Lagrange equations for the gauge field
Consider the total action

S:=SEow + So, (77)

where S%QW is given in equation (55) and Sg in equation (74). We may be tempted to consider S as a function
of the link variables (and their translates) rather than of the (A,),’s (and their discrete derivatives), but then
we would also have to take into account the adjoints of the link variables. If, instead, we take S as a function
of the (A,),’s no such question arises. Hence, we consider S as the following action functional,

S= Zg (((All)n),u:o,la (dEAMn)u,VIO»l) : 78)

Extremalizing this action, equation (78), leads to the following Euler—Lagrange EOMs for the gauge field
Ay

07
O(Au)n

L 0Z
VOdRA,,

0, (79)

n n

where we recall that db and dﬁ are the left and right lattice derivatives, defined in equations (10).

5.4.2. Evaluating the lattice Euler—Lagrange equations
The first term of equation (79) is easily computed, and yields

0L
A~ —qe(J§)hs (80)
ninln
where
€ (7 ~u ige " —iqe ~
bt o= 5 (a0t g 1050, (81)

which coincides with the gauged version of the Noether U(1)-charge current given in equation (47).

To compute the second term of the Euler—Lagrange equations, we need to distinguish between 11 =0 and
p =1 0. After a few lines of computation for y = 0, remembering that F,, = —F"?, another few lines for
v =0, and another few lines for v = k and p = [, remembering that Fj; = F¥ we combine all three formulae
into

— dlai
Y OdRA, |,

1
=d- L] sin (quFZ“)} . (82)
Inserting equations (80) and (82) into equation (79), we obtain the following EOMs for the gauge field,

1. 5 M
d- {q sin (qean“)} = qe (]%(1))”. (83)
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5.4.3. The two inhomogeneous lattice Maxwell equations
Let us show that the EOMs for the gauge field, equation (83), correspond to the two inhomogeneous lattice
Maxwell equations. For ;1 =0, equation (83) gives

1
dr [q sin (qezEﬁ)] = qe(]%Qw)g, (84)
where
Ef =P, (85)

is the lattice electric field. Equation (84) is a lattice version of Maxwell-Gauss’ equation, which is a constraint
rather than a dynamical equation: dividing by ¢* on both sides and taking the limit ¢ — 0 indeed yields

8kEk = q]]%irac' (86)
For p1 = I, equation (83) becomes
1 1
ds [q sin (qeszll)} +dk [q sin (qezFﬁl)} = qe(]gDQW)L7 (87)
that is, taking into account
= _¢M Bm (88)

where B! is the lattice magnetic field, and swapping k and /in ¥, (so that we pick up a minus sign),
1. L. m
—d5 [q sin (qezEL)} + e, dx {q sin (qe’B]) )] = qe(]gDQW)L. (89)

This is a lattice version of Maxwell-Ampére’s equation, which can be seen by taking in equation (89) the
limit € — 0 after having divided by €? on both sides, which yields

— OE + %, 0B™ = gJt; ... (90)
The convergence of these two lattice Maxwell equations, equations (84) and (89), has been proven in [74].

5.4.4. The two inhomogeneous lattice Maxwell equations in (1 + 1)-dimensional spacetime
In (1 + 1)-dimensional spacetime, the lattice Maxwell-Gauss constraint, equation (84), reduces to

i [Lin (08| = aetBn o1)
with continuum limit
OE" = q)iac, (92)
and the lattice Maxwell-Ampére equation, equation (89), reduces to
—dg [; sin (qez(El)n)} = qe(Jiqw)ns (93)
with continuum limit

- aOE1 = qjlljirac' (94)

Finally, the homogeneous Maxwell equations, namely, Maxwell-Thompson’s and Maxwell-Faraday’s
equations, are not relevant in one spatial dimension.
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6. Conclusions and discussion

Let us sum up the main achievements of this work. First, we have constructed a discrete-spacetime action
Spqw for a spin-1/2 matter field, with the following properties: it is (a) in real time, (b) based on a two-step
EOM and therefore extremely similar to usual actions of LGT, (c) associated to a unitary (classical-fields)
one-step scheme, i.e. a DQW, which in the continuum limit yields the Dirac equation. Second, we have
derived a lattice Noether’s theorem for internal symmetries of Spqw. More precisely, we have proven the
theorem for an internal symmetry depending on a single real parameter «, but believe that the generalization
to a larger parameter family poses no major difficulty. We have applied the Noether’s theorem to the global
U(1) symmetry of Spqw and have obtained a conserved current which in the continuum coincides with the
usual Dirac charge current. Third, we have coupled Spqw via a minimal coupling on the lattice to an Abelian
U(1) gauge field. Although Spqw is based on a two-step EOM, unitarity relies on the fact that this two-step
EOM is associated to a one-step EOM. We have thus explored the gauging of the one-step EOM as in [57].
This has lead us to the observation that gauging directly the two-step EOM does not yield the same EOM as
that obtained by first gauging the one-step EOM and then constructing a two-step EOM from it; the two
procedures are equivalent only if the temporal component of the gauge field, Ay, is independent of space.
Finally, we have suggested a real-time LGT-type action for the Abelian U(1) gauge field, from which we have
derived the classical EOMs of the gauge field, which are lattice versions of Maxwell’s equations.

A first question that remains unanswered is the following: Is it true that there exist no underlying unitary
scheme for naive fermions? While we believe this to be the case, we do not have a proof. A second topic that is
unaddressed in this work is that of external (i.e. spacetime) symmetries of the action: Can one define such
symmetries and derive associated Noether’s theorems? references [75, 76] partially address this problem in
the realm of DQWs. Also, we did not address quantized fields: What multi-particle concepts from the QCA
LGT in references [43—45, 47] should we import into our Lagrangian framework in order to build a fully
fledged action-based LGT that respects strict locality and describes fermionic matter fields?

Finally, the issue of fermion doubling has not been addressed, because it is still unsolved for the following
reasons. In [68] a fermion-doubling issue is solved for the two-step ‘Hamiltonian’ But, although such a
two-step Hamiltonian would indeed be subject to a fermion-doubling issue if the scheme was in continuous
time, in [68] time is discrete. In addition, the two-step scheme is generated by a one-step scheme which does
not exhibit a fermion-doubling issue [1]. One should hence examine whether the fact that the two-step
Hamiltonian of [68] has a fermion-doubling issue is actually relevant if time is discrete and, moreover, if the
generating one-step scheme does not have this issue. Now, all that being said, in the present framework the
matter-field action Spqw, that is defined with the two-step Hamiltonian, is extremely similar to usual LGT
fermionic actions [3], which suggests that a fermion-doubling issue does arise. To sum up: if Spqw does not
exhibit fermion doubling, then there is nothing to be done, and if it does, then modifying the two-step
Hamiltonian as in [68] should remove at least spatial doublers. Finally, if there are temporal doublers in
Spqw, then some fix must be made in order to remove them without breaking the unitarity of the model.
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Appendix A. Variational principle for unitary fermions
For brevity, in this appendix we write the Hamiltonian of equation (17) as
HPW =7 (A1)

For the sake of pedagogy, we are going to consider here the variational problem for the EOMs, with the

non-real action, i.e. that of equation (34), because with it one gets a good feeling of what is going on, but

below in appendix C we will also consider this variational problem on the generic real action of
equation (37) (a particular case of which is the real action of equation (36)).
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The action of equation (34) can be rewritten in the following Hamiltonian form,

Show = eZ i |idot|, — Hapy) (A2a)

= ZZM idop]. — (Hy)p (A2b)
1P isp

where dj is the symmetric lattice derivative defined in equation (8), and where we have introduced the
Hermitian product

(W) == Zw,p@p (A3)

We remark that here and below H could depend on time, but we omit the corresponding index j to keep
the notation light.

The action equation (A2a) is a functional of the following real independent fields, Re(¢/?) and Im(%)?),
where a = 1,2 labels the internal components of ¢. In the continuum, one can show that variational
problems for a Dirac-field action can be equivalently solved by considering this action as a functional of the
following complex independent fields, 1) and (¢*)*, a = 1, 2. We assume that this feature is robust to the
discretization. Moreover, since the discretization is the same for all internal components of the field, for
convenience we treat the fields collectively (see section 3.1) as 1) and 7, and therefore write

Snaw =7 [ ¢1]. (A4)

Let ¢ be a field that extremalizes Sgén‘;\}, and consider an arbitrary variation 61 of 1. Let us compute the
variation of the action under the variations d7) and 6¢T, namely,

= F W+ 09,97+ 007 - [y, ¢ ). (A5)
In variational problems like this, one can usually show that as long as the action is linear in its arguments,

one can keep in 0S only the first-order terms in the variations 6t and §f, which we are going to assume and
which here delivers,

0S = 62 Z(S%TP |: ¢]+1,p wj—l,p) - (ij)l’]

+¢é Z¢ { (6Yj1,p — 0Yj—1,p) — (waj)p} (A6)
= 581 + (5527 (A7)
where
651 1= € (001 3= (W1 = Wjo1) = ) (A8a)
i
682 1= €3 (W] 5o (0011, — 1) — HO ). (A8b)
j

If we choose 61 = 0, then 6S = 65, and requiring S = 0 for any d% trivially delivers the correct EOMs.
To see that this also works if 5¢T =0, so that S = §5,, we need to do some work on 4S,. First of all, if j runs
from an initial j; to a final jr and p from p; to py, then because of the symmetric lattice derivatives the action
Sla)QW in equation (A2a) must be defined with a Z] —j+1anda Zp_p 41> 1.e. omitting the first and last
indices. Then, from (A8b) we have that

38, = ¢ sz—: (4|5 5¢]+1> e Ji (v - Zieawj,l>+e ]fi (03]~ Houy). (A9)
i1 j=it1 j=i1
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After (a) performing a discrete integration by parts (i.e. a shift) in j in the two first terms, and (b) using
the definition of the adjoint of  in the third one, we obtain

55, = sz (2o 1\6w1>+e”i<2"ewjﬂ\6wj>+e in (=#lulow). (A0
=i+ i=ii j=it

At this point of the derivation of such a variational problem, it is frequent to say that we keep the ends of
1; fixed, i.e. choose the lattice Neumann boundary conditions

0y, = 0vj 41 = 0y = 01y, =0, (A11)

so as not to have to deal with them. Note that this is not necessary for now, but it will be in the final
reasoning where it ensures that the solution 1) is determined, i.e. unique. With these boundary conditions the
first term of the right-hand side of equation (A10) becomes

J . =1 . . .
ej;2< - ziewjﬂ ‘5¢j> = €j§2< — 2*16%'71 ‘51/)j> + < - Z*lewal \_7> + < — ziewo ‘ i_d%l) (Al2a)
Jj—1
=c ) <_ *wf 1 5¢1> (A12b)
j=it1

Similarly, the second term of the right-hand side of equation (A10) becomes

j—2 j—1

Z< 1/’;4—1 5¢;>*€ Z <2i€¢j+1

J=ii j=ji+1

5wj>. (A13)

Inserting equations (A12b) and (A13) into equation (A10) and using the Hermiticity of #, we finally
obtain that

j—1 .
0= 3 (5 (Wyrnp — ti1p) — Hay | 5. (Al4)

j=ji+1

If we choose 6T = 0, then 0S = 65,, and requiring §S = 0 for any 51 now trivially delivers the correct
EOM of equation (16). This completes the proof that the action of equation (34) is a valid one for unitary
fermions up to not being real-valued, an issue which is immediately solved by considering the real-valued
action of equation (36) instead.

If we had not fixed the ends of 1); we would have obtained (A14) with additional boundary terms. Then,
to arrive at the EOM in the ‘bulk’ one has to successively choose particular variation functions d); as usual
for this kind of proofs, with in the present case the (additional) requirement that all these variations functions
have vanishing ends. Fixing the ends in the beginning like we did is thus not necessary but merely convenient,
and we could have and would have obtained the same EOM if we had done the derivation with loose ends.

Appendix B. Equivalence of the asymmetric and symmetric actions of unitary fermions

Let us show that the asymmetric action of unitary fermions, equation (34), is equal to the symmetric action
of equation (36) up to boundary terms. We start from the asymmetric action:

st = 2 ul(7) (g =T -m) ) Bla)

= S ) e e (‘2‘) S0l

—eY empl(3°) (B1b)
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We consider the second term, and perform discrete integrations by parts on this term, i.e. a shift of one
lattice site in p for g = 0, 1. To avoid cumbersome notations, we write explicitly n = (j, p). Then, the second
term of SaDSéT\} becomes

Y/
— o
19:=(3) T X w0 s o2
j=jit1p=pi+1
PN IR =1 pl
:E<2) > D U Tt D0 D %‘T,p(?o)‘ﬁ‘%,p_l] (B2b)
Hit1p=pit j=it 1 p=pit1
i ]f 2 Pf 1 f lpff
_ y .
:6<2> Z Z 1/)]+1,p Vet Z Zw]p-ﬁ-l Y T/’j,p]- (B2¢)
L= pmpit j=ji+1p=pi
A© A0

Extracting the boundary term j = j; out of A(®) and adding and effective zero yields

=2 p—1
=D D U, 607,
j=iit1p=pi+1
pr—1 pr—1 pr—1
t o —1%0 ~ ~0\—140
+ E Vir1p (V)7 Yiip Z inp ()3 1 — Z (V) Vi1 (B3a)
p=pi+1 p=pi+1 p=pi+1
=0
j=1 p1 p—1
~0\—120 0y—120
= 20 X0 0Nt D0 (B30 A e — ], 50 A ) (B3D)
j=ji+1p=pi+1 p=pi+1
B(0)
Similarly, we obtain
j=1 p—1 1
A0 0y—1x1
W= 3 3 G+ Y (6B Y — 0, B A i) (B
j=iit+1p=pi+1 j=ji+1
B(1)

Inserting these expressions, equations (B3b) and (B4), back into (B2¢), we obtain

T(z) =€ < ) an—‘ru g} ’?uwj,p +B(0) +B(l) (BS)
Now, equating
0\—1 'YO 0.0 0 o’YO =0\ —1
()7 = AN =24 = (N )" (B6)

and inserting the last equality into equation (B5) delivers
™= ( ) Z%w (")) +B@ + B, (B7)

Inserting this back into equation (B1b), we obtain
Shaw = Soaw +B + B, (B8)

where Spqw has been defined by equation (36).

The boundary term B(®) 4+ B() is irrelevant in the variational problem for determining the EOMs. Notice
that it is possible to write the boundary term B(®) 4 B(!) as a (lattice) (1 + 1)-divergence as it is usually done
in the continuum, although for the current defined in that way to be real we have to consider the Hermitian
conjugate part of the action: this is done in a more general framework in section 3 and in appendix D.
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Appendix C. Euler-Lagrange equations (from a real action)

Consider the real action of equation (37), and a field 1) that extremalizes it. Varying the field arbitrarily by 1)

results in the action

Slé = Z,,ip (’(/Jn + 5"/’na¢n+ﬁ, + 6wn+ﬂ7wi + 61/) ¢n+p + 6,(/)n+u)

_SF+Z<81/J

(Cla)

) ; (C1b)

0L
a¢n+u

0z
n+ji aw

oY +

5wn+u + 6¢ + 5¢

; "ot

n+p

where in the second equation we have only kept terms up to first order since the action is linear in its
arguments, and with implicit sums over y in the second and fourth terms inside the brackets.
Equation (C1b) can be rewritten as

where 0S; is the variation of the fields and S, that of the conjugate fields, i.e.

where

‘Splitting time and space’ gives

where

08 := SE—SF:(SSI—F(SSL (CZ)
0L
88 = Z 0 Sy + 081 (C3a)
0L 0L
08 :=>" <5¢T + b —— ) (C3b)
n 81/Jn n g aw”+ﬂ n
881 = Sy (C4)
11 : Z a"pn-i-u ) 7/} +i.
5811 =68 4+ st (C5)
J=1p—1
3y : ZZ Y (C6a)
j=ji P=Pi n+0
j—1lp—1
NHES ZZ Opi, (C6b)
j=ji =i ”+1 P

where we have written down the index only when it is the ‘working’ index, i.e. the index on which we are
going to perform modifications. Using the boundary conditions of equation (A11), we have that

joop—1
58 = > Z b (C7a)
j=ji+1p=pi ”+°J 1
j—1 pr—1 pr—1 pr—1 pr—1
0 0L 0L
= Z Shi+Y A St d a—| Si—Y o —| Y
e Mnsolia o= Pnro =15 p=pi PWaroljy Xy b=bi MWord =1y
(C7b)
jr—1lp—1
= o1;. (C7¢)
;Z wn—i—OJ 1 !
Similarly, we can show that
j—1p—1
58 = ZZ 5wp, (C8)
j=ji p=pi w”“
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so that in total we obtain

with an implicit sum over . Inserting this into equation (C3a) yields

0% 07
0S5, —Xn: <8¢” n-l- 781%-1—;1
Similarly, we can show that
88y ="Y 8¢} ai’: ;22
n awn n awrﬂ_M
and so
0% 0%
0S = + — o,
; <8¢n n a@bn—i-/l nﬂ) w
+> 6y 6;2’; 4 92
n 81/}" n 8’@[]”4_#

) 0
n—f

P Arnault and C Cedzich

(C9)

(C10)

(C11)

(C12)

Recall that 1) extremalizes the action, i.e. §S = 0. By choosing d1,, = 0, we must have 6S, = 0 for any
variation 0%/ Similarly, by choosing 61 = 0, implies that §S; = 0 for any variation d¢)f. Together, these

conditions give the Euler—Lagrange equations

oz| oz |
877&11 n awn—i-/l n—f
0L 0L

—| + ] =0
3% n a"/}n—i-u n—p

(Cl13a)

(C13b)

It might be possible to prove that for a real action these equations imply each other (more precisely, by
proving that they are the Hermitian conjugates of each other), we leave it as an open problem.

Appendix D. Proof of the lattice Noether’s theorem for internal symmetries

To the title of this appendix, we should actually add ‘that depend only on a single real parameter «, but as
mentioned in section 3 the generalization to an arbitrary number of real parameters exhibits no major

difficulty.

Under the transformation ¢, — ¥, = 9, + C,0« of equation (41), the action defined in equation (37)

becomes

Sti= > L(Wp i () (W)

= Zz (wn + Cudar, Yuy o+ Corpdar, ¥+ Choo, l . +CL

_Zf(wn,wnerwn’w"W) (?Z

x da+ O(6a?),

0¥
Ci+ ——
n a,(/)”‘f‘ﬂ

n

Cosp+C +Cl,,

where we implicitly sum over p in the second and fourth terms of the big bracket. Hence, we obtain

08 := Slé — SF = (Q1 + Qz)éa
where
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0L 0L
Q ::Z}(awn ncn+c,iawin> (D3a)
) | D3b)

0% n 0L
Q2 1:; (aww Cotpn+C

n4+i
" i,
In going from the first to the second equality in equations (D2), we only kept, as in previous appendices,
the first order in dav, because the action is again assumed to be linear in its arguments.
We are going to perform a discrete integration by parts on Q,. To this end, let us ‘split time and space’:

n+ji

Q=" +qQV, (D4)

with temporal and the spatial terms

j—=1 py—1
o) . 0% 3$
j=ji+1 p=pi+1 n+01j n+0 |
=1 p—1
1 0% 0%
=3 Y T c,,+1+cj,+187T : (D5b)
j=ji+1 p=pi+1 nt11p wn-i—i

Unless otherwise mentioned, for brevity and clarity we only write explicitly the coordinate at which we
consider an expression whenever any of its factors is shifted, since this is the only coordinate on which ‘we are

going to work’. Let us now perform a temporal discrete integration by parts on ng):

ioopl
(0) 0L A
> D o0 | G cl EYER (Déa)
j=ji+2 p=pi+1 nt0 1j— n+0 1y
=l pl
0L A
5 E (22 ceg 22 Jom 0w
j=ji+1 p=pi+1 n+0lj—1 n+0 j—1
where we have introduced the following boundary term,
bl
VR [t A e I B Crm G M B |
p=pi+1 Yuto j—1 awn-po Yuto Ji 9 n+0l;
This boundary term can be rewritten as the telescoping sum
p=1 g1
BO= 30 30 (1 Ip) = e @), (D8)
p=pi+1j=ji+1

where J° has been defined in equation (43). Similarly, we perform a spatial discrete integration by parts on
le) , which gives

jf—l pf—l
5 02 e 1)
= —| ¢C,+C +b', (D9)
_Z :Z ad)ﬂ“ri —1 ’ ! 1
j=jit1p=pi+l1 p n+llp_g
with boundary term
1
0% 0% 0% + 0L
b(l) = Z W Pf+ C;f ai_r - W CPi+1 + Cp,+l T (DIO)
j=iit1 ntL p—1 1 lp1 n+llp 0,4 p

Again, this boundary term can be rewritten in terms of J ! defined in equation (43) as

=1 p—1
b= > Up=h) =D e, (1)
j=jit1p=pi+1 n
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Inserting equations (D6b) and (D9) into equation (D4), and then the resulting expression into
equation (D2), we obtain, after rearranging the first two sums and using the final expressions of the
boundary terms, equations (D8) and (D11), the following expression,

o (sl Yool

ol
As in appendix C one can check that the first two summands are Euler—Lagrange expressions which
vanish on shell'®. Thus, finally, we obtain that, on shell,

0L

L 0L , 0%
n 6w”+ﬂ

n 8¢Z+/§L

n—j

+> e(dy ), ) da. (D12)

n—fi

58="> e(d,J") do. (D13)

n

If the considered transformation is a symmetry, i.e. if S = 0, then this implies that J is conserved on the
lattice, i.e. equation (44), which ends the proof of our lattice Noether’s theorem.

Appendix E. Current conservation from the EOM

In the main text, we obtained the U(1)-charge Noether-current conservation equation from our lattice
Noether’s theorem. Here, we show that this conservation equation can be derived from the EOMs (as in the
continuum), either the one-step or the two-step one. As above, we write only the indices that are shifted from

G p)-

E.1. From the one-step EOM
From the (generic) one-step EOM, equation (18) with WV as in equation (20), we immediately obtain the
following four equalities

P11 = T (Woighppr + Wiyt + Woy)) (Ela)
ot = (Wl W+ ol W)y (E1b)
wliw = (vl Wor ol Wi+ o) (ELc)
Wi = 9F (W + Wi + W) (E1d)

Summing the first two equations, equations (E1b) and (Ela), and subtracting the last two,
equations (E1d) and (Elc), we obtain after some simplifications and rearrangements the following
current-conservation equation,

dhQ" =0, (E2)

where the ‘temporal’ and the ‘spatial’ components of the current Q are

Q=5 (v + v v) (E3a)

Q= (vt (W= Wor ) - (W= WL, ) ). (E3b)

The temporal component of the current, Q°, is actually equal to J %(1) defined in equation (47). Moreover,
with the choices of equations (270) and (30), we have that

peat =B_ =W, —W_, (E4a)

Me = B+ = W1 + Wfl. (E4b)

13 We leave it as an open problem whether for a real action these two Euler—Lagrange expressions are Hermitian conjugates of each other.
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This implies

_ He 1y _ i
W, = 2(1—|—a)—W1 (E5a)

_Her 1y it
W_,= 5 (1—-a)y=Ww",, (E5b)

so that

W - W, = pea! (E6a)
wh—w_, = peal, (E6b)

which, inserted into equation (E3b), yields Q' = ]%J( 1) which ends our proof.

E.2. Directly from the two-step EOM
Multiplying the two-step EOM, equation (16), from the left by 2i)T we obtain

Vi =0T — 16 [ — ] = 2imyTa%y. (E7)
Similarly, taking the adjoint of equation (16) and multiplying it from the right by 2it) yields
ol = vl — [l — vl Jay + 2impTaty. (E8)
The sum of these equations (E7) and (E8) gives the same current-conservation equation as that obtained
from Noether’s theorem, namely, equation (49). Note that the above derivation has a direct parallel with the
case of naive fermions.

Appendix F. Continuum limit of the gauge-field action

It is easy to show that

Fu P = (—Fy— Fy) + ZFH (F1)

)

Moreover, we have after a few lines of computation that, at lowest order in €,
Stime _ Z Z et (—(Fo)? (F2)

and, since (Fy)? = (Fp)?, equation (F2) can be rewritten as

g = ZZ —(For); — (Fo)3)- (F3)

We also have after a few lines of computation that, at lowest order ¢,

Space 1
e =—3 SN F); (F4a)

k<l

= **ZZ (Fu)a+ (Fu)3] (F4b)

k<l

— —i 264 Z(Fkl)i + Z(Flk)i (F4c)
n k,l 1

k<l k<l
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_ _i S| S F2+ S (R (F4d)
n k.l

k,l )
k<l 1<k

O ) MG (Fde)

n okl

Summing equations (F3) and (F4e) and taking into account equation (F1), we obtain the desired
continuum limit, equation (76).
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