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Abstract

Non-perturbative Renormalization Group (NPRG) technique is applied to a stochastical model of a non-
conserved scalar order parameter near its critical point, subject to turbulent advection. The compressible
advecting flow is modeled by a random Gaussian velocity field with zero mean and correlation function

(vjvp) ~ (P],J; + oszl.ll.) / kd+E, Depending on the relations between the parameters ¢, o and the space di-
mensionality d, the model reveals several types of scaling regimes. Some of them are well known (model
A of equilibrium critical dynamics and linear passive scalar field advected by a random turbulent flow), but
there is a new nonequilibrium regime (universality class) associated with new nontrivial fixed points of the
renormalization group equations. We have obtained the phase diagram (d, ¢) of possible scaling regimes
in the system. The physical point d = 3, { =4/3 corresponding to three-dimensional fully developed Kol-
mogorov’s turbulence, where critical fluctuations are irrelevant, is stable for « < 2.26. Otherwise, in the
case of “strong compressibility” « 2 2.26, the critical fluctuations of the order parameter become relevant
for three-dimensional turbulence. Estimations of critical exponents for each scaling regime are presented.
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0. Introduction

The application of the renormalization group approach to theoretical understanding of dy-
namical critical phenomena has a long history dating back to Kadanoff’s and Wilson’s ideas.
The most significant technical advancements in this field were implemented within the quan-
tum field renormalization group method, where the investigation of a system close to criticality
is based on the study of the infrared behavior of a field model defined through an effective La-
grangian (the MSRIJD formalism [1]) that inherits underlying properties of the system. One of the
representatives of the effective models is the model A, according to [2], of the critical dynamics
belonging to the Ising universality class, that consists of systems having short-range forces and
a scalar order parameter. This class comprises the Ising model, liquid—gas critical point, binary
fluid mixtures.

Interest in critical fluids is related to their specific physical, thermodynamic and transport
properties, so the behavior of the medium near its critical point has long been a focus of research
but later it became clear that hydrodynamic effects can not be ignored due to the strong sensi-
tivity of such systems to external disturbances, for instance turbulence [3]. The classical models
of critical dynamics, and in particular the model A, describe the relaxation processes and critical
slowing down in out-of-equilibrium systems and allow one to determine the dispersion w ~ k*
of order parameter fluctuations in the infrared limit £k — 0. These models are applicable only to
“ideal” systems, which are not subject to any perturbations, e.g. stirring by the deterministic or
random turbulent shear flow. It is therefore reasonable to extend the classical models [2] by in-
cluding the coupling with a turbulent velocity field. Two accepted manners allow one to do this:
the rapid-change Kraichnan model, where the velocity field v;(x, ) obeys a Gaussian distribu-
tion with zero mean and correlation function ~ §(t —")|x — x’|%, and its modifications [4—8] and
a way based on the stochastic Navier—Stokes equation [8,9]. The extensions of various critical
dynamic models within both manners have been investigated in numerous papers by means of
perturbation renormalization in d = 4 — ¢ dimensions, see for example [10—17] and this field is
actively being studied nowadays. It turns out that the coupling of the order parameter field to
the stochastic velocity one in the infrared region gives rise to emergence of new scaling regimes.
The corresponding critical exponents of power law correlations can be computed within regular
expansions, e.g. (&, ¢)-perturbation expansion. However, as in the case of the static field models,
to establish the pattern of possible scaling regimes and obtain numerical values of critical expo-
nents for a real physical system, where ¢ ~ ¢ 2 1, additional methods of the Borel summation
of series are required. A difficulty with this approach is that multi-loop renormalization group
analysis of complex models is not performed. For this reason, there have been many attempts
in the literature to go beyond the perturbation schemes. The non-perturbation renormalization
group (NPRG) is one of the methods that does not rely on any small parameters in the studied
model.

The NPRG originally applied to equilibrium models of statistical physics and field theory
[18] affords a seamless application in out-of-equilibrium systems: the A [19] and C [20] models
of critical dynamics, the Navier—Stokes stochastic equation [21] and the Kraichnan model [22],
the reaction—diffusion process [23] and the Kardar—Parisi-Zhang model [24]. The central tool
for the NPRG calculations is the functional equation for a scale dependent effective action that
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interpolates between “microscopic action” on small scales and free energy of a system on large
scales.

In this paper, we are going to work in the NPRG formalism to reveal the effect of turbulent
motion on the critical behavior systems belonging to the A model universality class. The systems
can be considered to be opened, in the sense that we assume a pump which adds energy to the
flow in order to maintain the fully developed turbulence. In Sec. 1, we define the model A of
critical dynamics of a non-conserved order parameter coupled to Kraichnan’s stochastic velocity
field modeling a turbulent motion of a compressible fluid. We derive the NPRG flow equations of
the scale dependent effective action in the leading order of the derivative and field expansion. The
perturbation solutions near the upper critical dimension of the model are shown to be consistent
with the one-loop results of (e, {)-expansion obtained in [16]. In Sec. 2, we solve the NPRG
equations numerically, find that they exhibit stable infrared behavior and investigate the effect of
compressibility on possible types of the scaling regimes. A short summary closes this note.

1. Model and methods

Within the framework of the model A the dynamics of a non-conserved scalar order parameter
¢ = ¢ (x, 1) advected by a random velocity field v; = v;(x, 7) is described by the Langevin-type
stochastic equation

_ 8Hyl¢]
Sp(x,t)

where by definition V; = 9, 4+ v;d; is the material derivative, A > 0 is the reciprocal of the kine-
matic coefficient, the random Gaussian noise 7 (x, ) with zero mean can be defined by specifying
the correlation function (n(x, )n(x’,t")) =218(x — x")8(t — '), the noise simulates the back-
ground of molecular degrees of freedom. The functional Hy[¢] is a time-local “Hamiltonian”
expressed through the field ¢ (x, ) and its space derivatives. Close to the critical point Ho[¢]
takes the form

A'vl‘(p(xvt): +n(x’t)7 (1)

_ [ 1L 2, %02, 80 4
H0[¢]—/dx{2(v¢) + 202+ 50 } @)

The “bare mass” tg ~ T — T, is the deviation temperature from its mean-field critical value 7,
the coupling constant gg > 0.

In real systems, the velocity field satisfies the hydrodynamic equations, e.g. Navier—Stokes;
however, we will assume the velocity to be a random variable distributed in accordance
with the Gaussian statistics with the zero expectation value (v;(x,#)) = 0 and the covariance
(vj(x,Hv;(x', 1)) = Dj;, where

1 I
dlp Pjt+aP

J
2m)d

Dj,' =D()8(l—l‘/) / i

p>m

PSS explip(x — x)] 3)

the tensors P/”,. = p;pi/ p? and P/# =4 — P/“t’ are longitudinal and transversal projectors,
respectively, the amplitudes Dg > 0 and « > 0. The special case « = 0 corresponds to an in-
compressible fluid flow. The scale m is an external macroscopic scale of turbulence, which
provides infrared regularization. In the regime of fully developed turbulence in the inertial range
the magnitude m is not contained in calculated values, e.g., in anomalous dimensions. Moreover,
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the m-regularization will not be needed due to the NPRG approach. The written down correla-
tion function reproduces Kolmogorov’s 5/3-spectrum for turbulent excitations in case ¢ equals
tx =4/3. The §(t — t’)-correlations of the velocity field are more naturally interpreted within
the Stratonovich prescription, which corresponds to the finite correlation time. However, it is
much shorter than dynamical timescales. At the computation stage this presumption is inherently
regularization of the Heaviside step function at zero ®(0) = 1/2.

According to the general formalism [ 1], stochastic problems (1) are tantamount to the MSRJD
field model of the fields © = {¢, ¢', v}

SHol¢]
8¢

Formulation (4) means that statistical averages of random quantities in the original stochastic
problem can be represented as functional averages with the weight exp(—S[®]).

The exact RG technique [25] is based on the consideration of the flow equation for the scale
dependent effective average action functional I'y[®]. By construction, this functional interpo-
lates between the microscopic action ['y=[®] = S[® = @] and the free energy I'[®] or the
generating functional of 1-particle irreducible Green functions, i.e. I'y—o[®P] = I'[®], where A is
an ultraviolet scale. The average action I'y[®] is the “free energy” of rapid modes p > k that have
been integrated out. Within this approach k plays the role of an infrared cutoff. Usually, to split
collective modes of a system into fast and slow degrees of freedom the momentum-dependent
mass term AS;[®] is added to the action S[®]. The new term has the form

S[@]:/ddxdt{k¢’vt¢+¢’ —x¢/¢’+%u,-D,.j‘uj}. 4)

1 [ dod?
asiel =3 [ G200, 0) R(p) O(-p. ~o) )

and the scale-dependent partition function is given by

ZilJ]= / DOexp (—S[O] — AS[O] + J ©). (6)

For the sake of simplicity we consider a frequency-independent cutoff function Ry = Ri(p),
which has to meet the conditions:

e when k =0, Ry—o(p) =0, Vp < A —all fluctuations are integrated out ['y—o[®P] = ['[P];

e when k = A, Rr—p(p) = oo (or, at least, ~ A?), Vp < A — all fluctuations are frozen
Cr=a[P] = S[P];

o for the slow modes p < k, Ry (p) ~ k? is per se an effective mass that provides the infrared
cutoff;

o for the rapid modes p > k, Ry (p) ~ 0 and they remain unaltered.

The average action 'y [®] is defined through the modified Legendre transformation
Ip[®@l=—InZi[J]4+ T D — AS (D), 7

where the field ® is, by definition, the average of ® and is therefore ® = §1n Zx[J]/8J.
The exact Wetterich RG equation [25] on I'y = 't [®] in the Fourier space is given by

1 2]
8k =30, TrIn (Fk + Rk> , (8)
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where the RG “time” s = In(k/A), 9 acts only on Ry, i.e. 3y = 05 Ry d/0 Rk, the symbol Tr
designates a trace over matrix indices and integration over momentum and frequency, (F,Ez]) ij=
82Fk/8cl>j6d>i is the Hessian for the action 'y [®].

The Wetterich functional equation rewritten as a set of equations for the Green functions is
not closed; therefore, some approximations must be used to get around this problem and perform
direct analysis. The most used truncation is the field and derivative expansion, and we use it here.
From convergence studies it has been shown (for equilibrium model see [26]) that expanding the
effective average action around its minimum configuration, in this model {¢' =v; =0, ¢ # 0},
improves the convergence properties when one is interested in the critical behavior. We consider
ansatz for the average action

SHilo] L
Fk=/ddxdf{Xk¢/{Vt+Ak (aiUi)}(P‘F(P/T _Yk‘P/‘P/‘i‘EviDij]Uj}, )

and

1 2 d
Hk=f{§Zk(V<ﬂ) +Uk(§0)}d X.

Due to the Galilean symmetry the material derivative term is renormalized by the uniform cou-
pling Xy; the term v; Dl.; ' ;j is not renormalized at all, see Appendix A; the dimensionless
function Ay having the zero bare value A;— = 0 takes compressibility of the flow into analysis.
The pure A model without velocity-terms possesses a specific symmetry under transformation
t— —t,9 = @, ¢ — ¢ — ¢, which leads to Xy = Y. But, as a matter of fact, the inclusion of
the velocity breaks this symmetry, so Xy # Yx. Thus, the behavior of the system extends beyond
the paradigm of the classical fluctuation—dissipation theorem. The renormalization couplings Xy,
Y, Zi, Ar depend on the field ¢, thus proceeding along the general line of the derivative and
the field expansions, we can use expansion X; = X (ox) + X,i (px)(p — px) + ... and similarly
for others; however, we confine ourselves to the lowest order of this expansion, assuming solely
the k-dependence of the couplings. For the running potential Uy (¢) we accept the approximation
Ur(¢) = (o — pr)?/2, where p = ¢2/2 and py corresponds to the minimum of the running
potential.
We choose the matrix Ry in the following block-diagonal form:

0 Rp) O
Re=|Rp) 0 o | (10)
0 0 RY(p)

A typical cutoff function, which is widely used since it allows for analytical results for the non-
perturbative B-functions, is the theta-cutoff introduced by D.F. Litim [27]

R = (> — p?yO(l — p?/k?), (11)
RY = (kF¢ — pTy0(1 — p? /). (12)

It has been also shown in [27-29] that the Litim regulator optimizes truncated flow and pro-
vides the quickest convergence of the computed results within the leading order of the derivative
expansion. For the higher order approximations the Litim regulator leads to difficulties due to
its non-analytical structure; therefore, the more smooth cutoff functions that meet the necessary
conditions of differentiability are employed.
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At the criticality, the renormalization functions have a power law behavior Xy ~ k=%, Y ~
Y . .. . . .
k™Y« and Zy ~ k~™, so let us define the running critical dimensions according to

v =—dInXy, yl=-8InY¥s, n=-d1InZ. (13)

In doing so, one can express the dynamical critical exponent using the values of running dimen-
sions at a fixed point z =2 — 1, + ;/*X. If the ansatz (7) is inserted into the flow equation (8), one
obtains the flow equations for couplings. For instance, the function X can be defined by

Xi(ox) = lim 9 T o
k(px) = lim 0jq /
w::g dp(—q, —w)d¢’(q, w) ¢'=v;=0
P=Pk
Taking the d;-derivative of both sides of this equality and using the flow equation (8) yield
. 82 TrIn (r,[f] + Rk)
9 X = -0, lim 9; 15
sXi(or) = 5 95 lim, (=g, —w)s¢/(q, ®)| o
=Pk

In this way one can deduce the flow equations for all running couplings in ansatz (7). The next
step of the RG program is to go first to the dimensionless variables to find a fixed point

g =XV Z 2k h, g2= X Z; 'k Dy,
=X Y Zek o, ga= Ax, (16)

the variables Ax, pi can be express through the potential A = U}/ (o) and U (px) = 0, where
U, = 0Ui/dp. Let us redefine new variables according to g1 — g1/c(d), g2 — g2/c(d), g3 —

c(d)gzandc(d) = (2‘”171‘1/ ’rd/ 2)) 71, then anomalous dimensions and the flow equations for
running couplings are given

X ~ |9 2 3 2
yk :_85 Eg] &3 Q(35071’O)_§g1g2g3g4aQ(2717071|070) ’ (17)

~ (9
v = —3s{§g%g3 0(3,0,2,0[0,0) +3g1828384 (1 —ga) @ Q(2, 1,1, 110, 0)

1
+3820 — g’ 01,1, 1,10, 0)},

~[9
ﬂk=3s{ﬁ&283 20(4,0,1,111,2) -20(3,0,1,1|12,1) =d 0(3,0, 1, 0|1, D]

3a
+ 54818283 g4[20(2,1,0,111,1) —2g4 03, 1,0,2[1,2)

+2840(2,1,0,2|12,1) +d g4 02, 1,0, 1]1, 1)]

d—1+«a
—g———0(0,1,0,0]0,0) ¢,

2d
de1=W—4+y¥ -yl +2m) g (18)
~ [9 3
- 85 {Eg%Q(Z’ 07 170|07 0) - Egl gzgfaQ(l’ 1’0’ 1|0’ 0)} ’

382 =—C g+ (i — ¥ g2,
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hez=—d—-2+yE -yl +m e

agr ga(l — ga4)

~ (3
—9,1=001,0,1,0[0,0
S{ZQ( |0,0) + 20

0(0,1,0, 1|0,0)} ,

~ 3
dogs=ga v + ax{lsg% 83 <g4Q<3,o, 1,00.0) = = 0.0, L 111, 1)) -
4
—6agi 828385 (510(2.1.0,110.0) — 03,1,0.2]1. 1))

84 1
-3 =0(2,0,1,0/0,0) — —0@3,0,1,1,]1,1 .
gl<2Q( 10, 0) 2dQ( | )>}

The dimensionless functions of the charges
[ (7o)

—+ my

Qny,no,n3, nglmy, my) = m [h(ml)] y(d/Z l+n4)d

19)

S 5 5
0y = d
/ y{“(” o 2% 2(y>}

reflect the non-perturbative structure of the RG equations. Here h1(y) =y +r1(y) + 281 83,
ha(y) =y + (), si() =2 = n)r(y) —2yr'(y), s200) = (d + O)ra(y) — 2yry(y),
R () = 9" () /0y™, 1 (9) = (1= O = ), r2(y) = (1 = YOO —y), f(3) =
2283 giay/hz(y). In the limit of weak coupling, where ¢ =4 —d — 0 and ¢ — 0, these equa-
tions obtained by means of the NPRG approach recover the results of one-loop perturbation
renormalization [16] in 4 — ¢ space dimensions.

2. Results

The system (18) depends on three parameters «, d, {, and we will consider the pattern of
possible scaling regimes in the (d, {) space at given «. These long-wave asymptotic regimes
are determined by the infrared attractive fixed points of the corresponding RG equations. The
type of fixed point is defined by the stability matrix ;; = 0f;/dg; evaluated at the fixed point.
Let us assume that 2 is diagonalized, that is 2 = diag{—w, w», w3, w4}, where the eigenvalue
w characterizes the relevant direction of the RG flow. For the infrared attractive fixed point all
parameters w; are positive, and the critical exponent v is given by the relation v = 1/w;. The
results of numerical computation are shown in Fig. 1.

Four infrared stable regimes may occur in the considered model:

o [. The Gaussian fixed point, where g1, = g2,, = 0, Vga4,.. The critical and velocity fluctuations
are infrared irrelevant, and z = 2.

e II. The “pure” A model, where g1, # 0, g2, = 0, Vga. The scaling regime is completely
determined by the order parameter fluctuations; the velocity fluctuations, whose correlation
function is defined for ¢ < 0, are inessential in the long-wave limit. The numerical estimation
yields z &~ 2.046 in the d = 3 space and z ~ 2.151 in two dimensions. The A model has
been investigated in [19] within the UZA approximation that assumes dependence of the
renormalization functions X, Z; on fields.
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Fig. 1. Sets of infrared stable fixed points in the model A. The dashed line is the boundary between areas I/ and
1V obtained within the one-loop approximation [16]. The dot (3,4/3) is the physical point. Dependence of the phase
diagram on «: (a) and (b) “weak compressibility” cases, « = 1 and o = 2.2, respectively; (c) “strong compressibility”
case o = 10.

o III. Mixing of passive scalar field, where g1, =0, g2, # 0. In this case the order parameter
field corresponds to a passive admixture stirred by turbulent flows. The exponents have the
exact form v ! =2 — ¢, n=¢, z=2— ¢, and for Kolmogorov’s turbulence ({ = ¢x) they
reproduce well-known Richardson’s law [30]. The regime is stable for o < o = 2.26.

e IV. New regime, where g1, # 0, g2, # 0, g4, # 0. Complex interaction of the order pa-
rameter and velocity fluctuations causes the establishing of this regime that is stable for
o > o ~ 2.26. The exact expression z =2 — ¢ takes place in the regime /V as well. The
critical exponents v n depend on «; therefore, the system manifests a non-universal crit-
ical behavior. The numerical estimations for the critical exponent amplitudes are shown in
Fig. 2. Note, one-loop perturbation RG analysis [16] predicts the existence of the regime IV
and the threshold of “compressibility” ai loop _ 15 /7= 2.14 at which regime IV in real sys-
tems d = 3 and { = {x becomes stable; nonetheless, it is impossible to estimate amplitudes
of the critical exponent correctly using only one-loop outcomes. In Fig. 1(b) dotted line is
the boundary between areas III and IV obtained in [16] (¢ = 2.2 as an example). One can see
the alteration of the inter-regimes boundary by higher order corrections taken into analysis
within the NPRG. The physical point corresponding to turbulently moving critical fluids is
in the regime IIT up to & = ., although the difference between o and '™ is not very
substantial. The NPRG analysis shows that the region IV increases with the parameter «, see
Fig. 1(c).

3. Conclusion

In this work we have studied the scaling phenomena in a turbulently moving fluid whose
dynamics close to criticality is described by the model A of the non-conserved scalar order
parameter coupled to the Gaussian random velocity field. The scaling regimes of the model
are associated with infrared stable fixed points of the corresponding RG equations, which have
been derived here within the NPRG approach. To obtain a solution of the functional Wetterich
equation, we used the lowest order of the derivative and field expansion keeping only the scale
dependence of renormalization functions. In the weak limit e =4 —d — 0, { — 0 the ob-
tained outcomes reproduce one-loop results found by means the perturbation renormalization
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Fig. 2. The critical exponents of the scaling regime IV for o 2 2.26.

group [16], where a new stable scaling regime has been found. We showed that this regime, in
which both thermal and turbulent fluctuations are relevant, continues to be stable and higher or-
der contributions grouped in the NPRG equations do not alter the quantitative picture. Within
the applied Kraichnan model comprising the phenomenological parameter of compressibility «,
we computed a-dependent critical exponents v™!, 1, see Fig. 2; the dynamical critical exponent
takes the exact value z =2 — ¢ and does not depend on «. In the “weak” compressible system
0 <« < 2.26 only turbulent fluctuations determine the scaling behavior, where critical exponents
are exactly computed z =2 — ¢, n=¢ and v~! =2 — ¢. In the complementary case o > 2.26
the system is in the new regime /V, where for “infinite” compressible flow the values of critical
exponents Fig. 2 can be extrapolated at o = 00, as a result 7 2 1.47 and v~ 2~ 2.75.
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Appendix A

This appendix is dedicated to the question of the free velocity action renormalization in (4). In
the first place, we will show how Galilean invariance is connected to the time delta-correlations
in the velocity propagator (3). To this end, let us consider the Galilean transformation x — x’ —
x —x" 4+ V(t — 1), then the velocity correlator (v;(x, 1)v;(x’, 1)) = Dj;(x — x’,t — ') changes
in accordance with the formula Dj;(x —x',t —t') > Dji(x —x"+ V(t — '), t —t’). Thus, in
order to provide the invariance of the velocity term we should employ the velocity correlator in
the form Dj;(x —x',t —t') =68(t — t’)Dji(x —x'), where Dji(x — x') is a function containing
solely space variables; therefore, the last therm in 'y (9) is time-local. If it were dependent on
the coarse-grained scale k, it would satisfy the following RG equation

52Tr In (r,[f] + Rk)

1_
D' ==3, lim

(20)
Y 2 " 0—068v;(—q, —w)dv;(q, ®) o

=Uj=0
P=Pk

Computing these functional derivatives, we can see that the right-hand side of (20) is proportional
to the integral
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— [ dwdiq 1
Y@ (i Xpw + Zig? + RY (@) + 2api)?

2n

which is obviously equal to zero. Hence one obtains the zero RG flow d; D;; f=o.
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