Proceedings

of the Second International Conference

SYMMETRY IN NONLINEAR
MATHEMATICAL PHYSICS

Memorial Prof. W. FUSHCHYCH Conference
July 7-13, 1997, Kyiv, Ukraine

Organized by

Institute of Mathematics of the National Academy of Sciences of Ukraine
Ukrainian Pedagogical University

Editors

Mykola SHKIL
Anatoly NIKITIN
Vyacheslav BOYKO

Volume 1



Institute of Mathematics, National Academy of Sciences of Ukraine
3 Tereshchenkivs’ka Street, Kyiv 4, Ukraine

E-mail: nonlin@apmat.freenet.kiev.ua
Fax: +380 44 225 20 10 Phone: +380 44 224 63 22

ISBN 966-02-0342-X

Symmetry in Nonlinear Mathematical Physics,
Editors: M. Shkil, A. Nikitin and V. Boyko.

ISBN 966-02-0343-8 (Volume 1) and ISBN 966-02-0344—6 (Volume 2)

Copyright (©1997 by Institute of Mathematics of the National Academy of Sciences of Ukraine.

All rights reserved. No part of this publication may be reproduced or utilized in any form or by any means,
electronic or mechanical, including photocopying, recording or by any information storage and retrieval

system, without written permission from the copyright owner.

Printed in Ukraine, Kyiv, 1997.



Preface

The Second International Conference “Symmetry in Nonlinear
Mathematical Physics” was organized mainly due to efforts of
Professor Wilhelm Fushchych. It happened, however, that this out-
standing scientist and kind person passed away. The Conference was
dedicated to his memory. Among 80 participants of the Conference
there were representatives of 14 countries from 5 continents. The
main part of the lectures was devoted to investigation of symmetries
and construction of exact solutions of nonlinear differential equations.
Moreover, the latest trends in symmetry analysis, such as conditional
symmetry, potential symmetries, discrete symmetries and differential
geometry approach to symmetry analysis were represented efficiently.
In addition, important branches of symmetry analysis such as repre-
sentation theory, quantum groups, complete integrable systems and
the corresponding infinite sets of conservation laws were widely dis-
cussed. The related papers as well as ones devoted to symmetries in
physics and backgrounds of the nonlinear quantum mechanics, are in-
cluded into the second volume of the Proceedings. We plan to continue
the series of conferences dedicated to the memory of Professor Wilhelm
Fushchych and hope that they will make an essential contribution to
symmetry approach to nonlinear mathematical physics.

Anatoly NIKITIN
October, 1997
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Abstract

A very short discussion of the main scientific results obtained by Prof. W. Fushchych
is presented.

Introduction

The scientific heritage of Prof. W. Fushchych is great indeed. All of us have obtained
the list of his publications which includes more than 330 items. It is difficult to imagine
that all this was produced by one man. But it is the case, and numerous students of
Prof. Fushchych can confirm that he made a decisive contribution to the majority of his
publications.

As one of the first students of Prof. W. Fushchych, I would like to say a few words
about the style of his collaboration with us. He liked and appreciated any collaboration
with him. He was a very optimistic person and usually believed in the final success of
every complicated investigation, believed that his young collaborators are able to overcome
all difficulties and to solve the formulated problem. In addition to his purely scientific
contributions to research projects, such an emotional support was very important for all
of us. He helped to find a way in science and life for great many of people including those
of them who had never collaborated with him directly. His scientific school includes a lot
of researchers, and all of them will remember this outstanding and kind person.

Speaking about scientific results obtained by my teacher, Prof. W. Fushchych, I have
to restrict myself to the main ones only. In any case, our discussion will be fragmen-
tary inasmuch it is absolutely impossible to go into details of such a large number of
publications.

From the extremely rich spectrum of scientific interests of W. Fushchych, I selected the
following directions:

1. Invariant wave equations.

2. Generalized Poincaré groups and their representations.

3. Non-Lie and hidden symmetries of PDE.

4. Symmetry analysis and exact solutions of nonlinear PDE.

I will try to tell you about contributions of Prof. W. Fushchych to any of the fields
enumerated here. It is necessary to note that item 4 represents the most extended field of
investigations of W. Fushchych, which generated the majority of his publications.
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1. Invariant wave equations

1. Poincaré-invariant equations

W. Fushchych solved a fundamental problem of mathematical physics, which was for-
mulated long ago and attacted much attention of such outstanding scientists as Wigner,
Bargmann, Harish-Chandra, Gelfand and others. The essence of this problem is a descrip-
tion of multicomponent wave equations which are invariant with respect to the Poincaré
group and satisfy some additional physical requirements.

In order to give you an idea about of this problem, I suggest to consider the Dirac
equation

0
LY = (v'py, —m)¥ =0, Py = —i7—, pw=0,1,23. (1)
Oz,

Here, 7, are 4 x 4 matrices satisfying the Clifford algebra:

YV + VoV = 29,

(2)
goo = —g11 = —9g22 = —g33 = 1, guw =0, p#wv.

Equation (1) is invariant with respect to the Poincaré group. Algebraic formulation of
this statement is the following: there exist symmetry operators for (1)

.0
Pu = 2871‘#7 Jw/ = TuPy — TyPp + Suuy (3)
where
)
S,LLV = Z[')’H,"}/y], w, V= 07 17273'

These operators commute with L of (1) and satisfy the Poincaré algebra AP(1,3)

[L7Pu] = [LaJm/] =0, [Pmpu] =0, (4)
[Puv Jvo] = i(guVPa - g;wpu)- (5)

It follows from (4) that generators P,, J,, transform solutions of (1) into solutions.

Of course, the Dirac equation is not the only one having this symmetry, and it is
interesting to search for other equations invariant with respect to the Poincaré algebra. In
papers of Bargmann, Harish-Chandra, Gelfand, Umezawa and many others, we can find a
number of relativistic wave equations for particles of arbitrary spin. It happens, however,
that all these equations are inconsistent inasmuch as they lead to violation of the causality
principle for the case of a particle interacting with an external field. Technically speaking,
these equations lose their hyperbolic nature if we take into account the interaction with
an external field.

To overcome this difficulty, Fushchych proposed to search for Poincaré-invariant wave
equations in the Schrodinger form

0

U = HU H = H(p
v , (D), (6)
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where H is a differential operator which has to be found starting with the requirement of
Poincaré invariance of equation (6). In spite of the asymmetry between spatial and time
variables, such an approach proved to be very fruitful and enables to find causal equations
for arbitrary spin particles.

I will not enter into details but present a nice formulation of the Poincaré-invariance
condition for equation (6):

([H, ], [H, 23] = 4,
H? = %+ m?.

(7)

It is easy to verify that the Dirac Hamiltonian H = 79747, + Yom satisfies (7). The other
solutions of these relations present new relativistic wave equations [3, 4].

It is necessary to note that relativistic wave equations found by W. Fushchych with
collaborators present effective tools for solving physical problems related to the interaction
of spinning particles with external fields. Here, I present the formula (obtained by using
these equations) which describes the energy spectrum of a relativistic particle of spin s
interesting with the Coulomb field:

1/2

O52

L ) ) 9 sj 1/2 2
’I’L’+§‘|‘ (]‘{‘5) —012—b>\}

1
Here n’ =0,1,2,..., j = 3

E=n|l+

(8)

yees ,bij is a root of the specific algebraic equation defined

by the value of spin s.
Formula (8) generalizes the famous Sommerfeld formula for the case of arbitrary spin s
(3, 4] .

2. Galilei-invariant wave equations

In addition to the Poincaré group, the Galilei group has very important applications in
physics. The Galilei relativity principle is valid for the main part of physical phenomena
which take place on the Earth. This makes the problem of description of Galilei-invariant
equations very interesting. In papers of W. Fushchych with collaborators, the problem is
obtained a consistent solution.

Starting with the first—order equations

(Bup" — Bam)¥ =0 (9)
and requiring the invariance with respect to the Galilei transformations
Tq — Rapxy + Vol + ba, to — to + bo,
(I|Rap|| are orthogonal matrices), we come to the following purely algebraic problem:
Saffo = BoSa =0,  Safs—PuSa =0,
NaBs — Bana = —iBa,  Nabb — Bonla = —i0abos (10)
Nafo = Pona =0,  a=1,2,3;
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where S,, 7, and S, 7j, are matrices satisfying the algebra AE (3)

[Saa SO] = Z.5achw [Sm 77b] = 1€qbcTes [77(1; 77b] =0. (11)

The principal result of investigation of the Galilei-invariant equations (9) is that these
equations describe correctly the spin-orbit and Darwin couplings of particles with all
external fields. Prior to works of W. Fushchych, it was generally accepted that these
couplings are purely relativistic effects. Now we understand that these couplings are
compatible with the Galilei relativity principle [3, 4].

For experts in particle physics, I present the approximate Hamiltonian for a Galilean
particle interacting with an external electromagnetic field:

2

H=2 mtedy+-—3 H+
2m 2ms (12)
e ]_—» — - ]. 8E 1 . ~
+1 —55-(77><E—Exw)—i—g@aba—x:—i—gs(s—i-l)dlvE ;

where
Oup = 3[Sa, Spl+ — 20aps(s + 1).

The approximate Hamiltonian (12), obtained by using Galilei-invariant equations, co-

incides for s = 3 with the related Hamiltonian obtained from the Dirac equation [3, 4].

3. Nonlinear equations invariant with respect to the Galilei and Poincaré
groups

W. Fushchych made a very large contribution into the theory of nonlinear equations with
a given invariance group. Here, I present some of his results connected with Galilei and
Poincaré invariant equations.

Theorem 1 [4, 5]. The nonlinear d’Alembert equation
P W + P(W) = 0

1s tnvariant with respect the extended Poincaré group ]5(1, 3) iff
F(¥)=M\U", r#1,

or
F(¥) = Aaexp(P).

Here, W is a real scalar function.

Theorem 2 [4, 5, 8]. The nonlinear Dirac equation
[P+ F (T, V)W =0

is invariant with respect to the Poincaré group iff
F(U,0) = Fy + Fyys + Fsy" U579,V + F1S" U8, 0,

where Fy, ..., Fy are arbitrary functions of ¥¥ and U5V, 75 = Yo717273-
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Theorem 3 [3, 4]. The Mazwell’s equations for electromagnetic field in a medium
oD _ _ 0B
6:1:0 - P ’ 81’0 N

p-D=0, @§-B=0

px E,

with constitutive equations
E=4&(D,H), B=F(D,H)

are invariant with respect to the group P(1,3) iff
D=ME+NB, H=MB-NE,

where M = M(C1,C2) and N = N(Cy,Cs2) are arbitrary functions of the invariants of
electromagnetic field

C,=E*-B?  (Oy=BE.

Theorem 4 [4]. The nonlinear Schrédinger equation

p2
(po = %> wt Pz, u,u) = 0

is invariant with respect to the Galilei algebra AG(1,3) iff
F = o(Jul)u,

to the extended Galilei algebra (including the dilation operator) AG1(1,3) iff
F = Mul*u, Ak #0,

and to the Schrodinger algebra AGo(1,3) iff
F = Mu**u.

I present only a few fundamental theorems of W. Fushchych concerning to the descrip-
tion of nonlinear equations with given invariance groups. A number of other results can
be found in [1-10].

By summarizing, we can say that W. Fushchych made the essential contribution to the

theory of invariant wave equations. His fundamental results in this field are and will be
used by numerous researchers.

2. Generalized Poincaré groups and their representations

Let us discuss briefly the series of W. Fushchych’s papers devoted to representations of
generalized Poincaré groups.

A generalized Poincaré group is defined as a semidirect product of the groups SO(1, n)
and T

P(1,n) =S0(1,n) &T,
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where T is an additive group of (n + 1)-dimensional vectors pi,pa,...,p, and SO(1,n) is
a connected component of the unity in the group of all linear transformations of 7" into T’
preserving the quadratic form

PE—Di—P3— - — P

Prof. W. Fushchych was one of the first who understood the importance of generalized
Poincaré groups for physics. A straightforward interest to these groups can be explained,
for example, by the fact that even the simplest of these, the group P(1,4), includes the
Poincaré, Galilei and Euclidean groups as subgroups. In other words, the group P(1,4)
unites the groups of motion of the relativistic and nonrelativistic quantum mechanics and
the symmetry group of the Euclidean quantum field theory.

Using the Wigner induced representations method, W. Fushchych described for the first
time all classes of unitary IRs of the generalized Poincaré group and the related unproper
groups including reflections [3, 4].
n(n+3)+2

The Lie algebra of the generalized Poincaré group P(1,4) includes basis
elements { Py, Jyn} which satisfy the following commutation relations:
[Pua Py] =0, [Pua Jya] = i(guupa - g,uaPzz)7
[J;Lw Jpo] = i(guszxa + guaJup - gupJ,ucr - gquup)a (13)

wv,p,0=0,1,...,n.

W. Fushchych found realizations of algebra (13) in different bases.

3. Non-Lie symmetries

In 1974, W. Fushchych discovered that the Dirac equation admits a specific symmetry
which is characterized by the following property.

1. Symmetry operators are non-Lie derivatives (i.e., do not belong to the class of first
order differential operators).

2. In spite of this fact, they form a finite-dimensional Lie algebra.

This symmetry was called a non-Lie symmetry. It was proved by W. Fushchych and
his collaborators that a non-Lie symmetry is not a specific property of the Dirac equation.
Moreover, it is admitted by great many of equations of quantum physics and mathematical
physics. Among them are the Kemmer-Duffin-Petiau, Maxwell equations, Lamé equation,
relativistic and nonrelativistic wave equations for spinning particles and so on.

In order to give you an idea about “non-Lie” symmetries, I will present you an example
connected with the Dirac equation. In addition to generators of the Poincaré group, this
equation admits the following symmetries [1, 2]:

FY}Lpl/ _W/l/p,u‘ (14)

Q,uu =YW+ (1 - 275) m

Operators (14) transform solutions of the Dirac equation into solutions. They are non-
Lie derivatives inasmuch as their first term includes differential operators with matrix
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coefficients. In spite of this fact, they form a 6-dimensional Lie algebra defined over the
field of real numbers. Moreover, this algebra can be united with the Lie algebra of the
Poincaré group in frames of a 16-dimensional Lie algebra. This algebra is characterized
by the following commutation relations

[J;un Q)\O'] = [Q,uua Q)\a] =2 (g}LO'QVO' + QUAQ;U/ - gu/\Qua - QVJQ;L)\) )

(15)
[Q,um PA] =0.
Taking into account relations (15) and
2 g —
},LV\II =V, (16)

we conclude that the Dirac equation is invariant with respect to the 16-parameter group
of transformations. Generalizing symmetries (14) to the case of higher order differential
operators, we come to the problem of description of complete sets of such operators (which
was called higher order symmetries):

ov

“w

+ D(NT (A 'z — a).

In the papers of W. Fushchych, the complete sets of higher order symmetry operators
for the main equations of classical field theory were found. Here, I present numbers of
linearly independent symmetry operators of order n for the Klein-Gordon-Fock, Dirac,
and Maxwell equations.

KGF equation:
1 2
Np = Z(n +1)(n+2)(n+3)(n”" 4+ 3n+4).
The Dirac equation:
N 1 2 1 n
N, =5N, — 6(2n+ 1)(13n“ + 19n + 18) — 5[1 — (=1)"].
The Maxwell equation:

N, = (2n +3)[2n(n — 1)(n + 3)(n +4) + (n +1)*(n + 2)%]/12.

4. Symmetries and exact solutions of nonlinear PDE

In this fundamental field, W. Fushchych obtained a lot of excellent results. Moreover, he
discovered new ways in obtaining exact solutions of very complicated systems of nonlinear

PDE.
It is necessary to mention the following discoveries of W. Fushchych.



18 A. Nikitin

1. The ansatz method

It is proved that if a system of nonlinear differential equations
L(z,¥(x))=0

admits a Lie symmetry, it is possible to find exact solutions of this system in the form
¥ = A(z)p(w), (17)

where A(x) is a matrix, ¢(w) is an unknown function of group invariants w = (wi, ..., wy).

Long ago, W. Fushchych understood that relation (17) can be treated as an ansatz
which, in some sense, is a more general substance than a Lie symmetry. I should like to
say that it is possible to use successfully substitutions (17) (and more general ones) even
in such cases when an equation do not admit a Lie symmetry.

2. Conditional symmetry
Consider a system of nonlinear PDE of order n
L(z,uy,ug,...,uy) =0, x € R(1,n),
u1:<8u &L”'EEJ, ufz<yu 0% .”>' (18)

Oxo’ O0r1' " Oz, 0x3’ OxoOxy’

Let some operator (@ do not belong to the invariance algebra of equation (18) and its

prolongation satisfy the relations
QL = NoL + A\ L1,
- (19)
QL1 = ML + A3L4

with some functions Ag, A1, Az, As.
We say that equation (18) is conditionally invariant if relations (19) hold. In this case
we can impose an additional condition

Ly = Li(z,u1,ug,...)

and system (18), (19) is invariant under Q.
We say that equation (18) is @-invariant provided

@L = )\oL + )\1 (QU)

The essence of this definition is that we can extend a symmetry of PDE by adding
some addititonal conditions on its solutions. The conditional and Q-invariance approaches
make it possible to find a lot of new exact solutions for great many of important nonlinear
equations. Let us enumerate some of them:

1.The nonlinear Schrodinger equation

iU+ AV = F(z, U, ¥").
2. The nonlinear wave equation

Ou = F(u).
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3. The nonlinear eikonal equation
uz, — (Vu)? = \.
4. The Hamilton-Jacobi equation
Ugy — (V) = A
5.The nonlinear heat equation
wr =V (f (u)Vu) = g(u).
6. The Monge-Ampéré equation
det iz, 1,0 = F ().
7. The nonlinar Born-Infeld equation
(1 — g, g ) OU + Uy, Ug, UgnUgr = 0.
8. The nonlinear Maxwell equations
OA, — 0:,0:,A, = A F(ALA”).
9. The nonlinear Dirac Equations
i Ve, = F(U*, ).
10. The nonlinear Lev-Leblond equations.
i(yo + 7)Yt + 7. Ve, = (U7, V).
11. Equations of the classical electrodynamics.
i, Ve, + (e AP —m)¥ = 0,
0A, — 0:,0:,A, = e@’yu\lf.
12. SU(2) Yang-Mills Equations.

Oy Opv Ay — Dy, Ay + € ((axyffy) X Ay — 204y Ay) X Ayt

-

+(8xu/_l‘,,) X /YV) +e2A, x (AY x [f#) —0.

Summary

In conclusion, I should like to say that the main heritage of Prof. Fushchych is a scientific
school created by him. About 60 Philosophy Doctors whose theses he supervised work at
many institutions of the Ukraine and abroad. And his former students will make their
best to continue the ideas of Prof. Wilhelm Fushchych.
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Abstract

In Wilhelm Fushchych’s address, ” Ansatz '95”, given to the first conference ”Sym-
metry in Nonlinear Mathematical Physics” [1], he listed many differential equations
on which he and others had done some symmetry analysis. In this talk, the present
author treats two of these equations rather extensively, using differential forms to
find the symmetries, based on a method by F. B. Estabrook and himself [2]. A short
introduction to the differential form method will be presented.

1 Introduction

Most calculations for symmetries of differential equations are done with the classical
method. However, in 1971 Frank B. Estabrook and the author published a method [2]
for finding the symmetries of differential equations, using a differential form technique,
with a geometrical flavor. We refer to that paper as paper 1. Since that technique has not
been used widely in the literature, I would like to review it, and then to apply it to two
equations cited by Fushchych in his talk ” Ansatz 95”, which he gave here at Kyiv at the
first conference on nonlinear mathematical analysis [1].

2 Differential forms

I give a brief review of differential forms here. A simple, clever definition of differential
forms, due to H. Flanders [3], is that differential forms are the things found under integral
signs. That gives an immediate picture of differential forms, but we need to look at their
foundation.

We begin by writing out a general tensor field, in terms of components with a basis
formed of tensor products of basis tangent vectors e; and 1-forms w;, as shown:

T:T.Z:{C%r'm..,ez‘®€k®-.-wm®w”®.... (1)

The components may be functions of position.
One may work in the "natural bases” for these spaces, written, for coordinates x*,

e; = 0/0x', W' = dx’ (2)
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Differential forms are now defined as totally antisymmetric covariant tensor fields, that is,
fields in which only the w® appear and in which the components are totally antisymmetric.
It is usual to use an antisymmetric basis written as

W AW AR :Z(—l)ﬂﬂ[u}i@wj@wk...], (3)

™

composed of antisymmetric tensor products of the w’. 7 represents a permutation of the
w', and the sum is over all possible permutations. The symbol A is called a hook or wedge
product. Then a form «, say, of rank p, or p-form, may be written as

o= aijkmwi A AW (4)

(p factors), with sums over i, j, k, ... (Typically the sum is written for i < j < k... to
avoid repetition.) A O-form is simply a function. It is common to use the natural basis
and to write p-forms as sums of hook products of p of the dz*, as

B = ﬁijk:..,d:ni Adx? A dx® ... (5)

We now may work with the set of differential forms on a manifold by itself. I give a brief
summary of the rules. They may be found in many references, such as paper I; a good one
for mathematical physicists is Misner, Thorne, and Wheeler [4]. Vectors will be needed in
defining the operations of contraction and Lie derivative.

2.1 Algebra of forms

Forms of the same rank comprise a vector space and may be added and subtracted, with
coefficients as functions on the manifold. Forms may be multiplied in terms of the hook
product. Multiplication satisfies a distribution rule

(@+B)ANy=any+BAy (6)
and a commutation rule
aAf=(-1)"BAa, (7)

where p = rank(a) and ¢ = rank(8). Thus, products of 1-forms, in particular, are an-
tisymmetric. This implies, if the base manifold is n-dimensional, that all forms of rank
greater than n vanish, since the terms would include multiples of the same 1-form, which
would be zero by antisymmetry. The number of independent p-forms in n-dimensional
space is (Z) and the total number of independent forms, from rank 0 to n, is 2".

2.2 Calculus of forms

We define the exterior derivative d as a map from p-forms to (p+1)-forms. If
v = fdz' Nda? A ... (8)
then d is defined by (sum on k)

dy = (0f J0x") dx® A da® N dad A ... 9)
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(one simply writes dy = df Adx* Adz’ ... and expands df by the chain rule.) The exterior
derivative satisfies these postulates:

Linearity:

dla+ B) = da+dp (10)
Leibnitz rule:

dlaNp)=daNp+(—1)Pands (11)

(p = rank()). In particular, if f is a function,
d(fa)=df Na+ fda.
Closure rule:
dda = 0 (12)

for any form «. A form § satisfying d@ = 0 is said to be ”closed”.
In three-dimensional space, these various rules are equivalent to many familiar vector
identities.

2.3 Contraction with a vector

Contraction with a vector () is a map from p-forms to (p-1)-forms, defined by, if v =

v4(0/0xY),

v - (apdz®) = viay, (13)

v (@AB) = (v a) AB+(~1PPan (v f), (14)
where p = rank(a). Thus,

v-dat =0’ (15)

Contractions may be added or multiplied linearly by a scalar.

2.4 Lie derivative

The Lie derivative £, is a generalization of the directional derivative and requires a vector
v for definition. It may be defined on tensors and geometrical objects in general, but
we consider only its definition on forms here. The Lie derivative of a p-form is another
p-form. If f is a function, then

£y f =v-df =v(0f)0x"), (16)
Lyda=d(£,a). (17)

Thus, £,(z') = v* and £,(dz’) = dv’ (dv' is to be expanded by the chain rule.) Further
identities are

Lo nB) = (£,0) AB+a A (£,5) (18)
and
Lya=v-da+dv-a). (19)

Applying the Lie derivative is often called dragging a form. If a Lie derivative is zero, the
form may be said to be invariant under the transformation represented by the dragging.
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3 Writing differential equations as forms

Any differential equation or a set of differential equations, ordinary or partial, may be
written in terms of differential forms. The method is straightforward (see paper I). One
first reduces the equation(s) to a set of first-order differential equations by introducing
new variables as necessary. As an example, consider the heat equation, where subscripts
indicate differentiation:

Upy = Ug. (20)

We define new dependent variables z = u,, w = uy, so that z; = w,, z, = w. We consider
a differentiable manifold in the five variables z,t, u, z, and w. On this manifold we intro-
duce a set of forms by inspection. These forms are chosen such that if we (a) consider the
dependent variables to be functions of the independent variables (a process called section-
ing) — so that we can write their exterior derivatives in terms of the independent variables
— and then (b) set the forms equal to zero (a process called annulling), we recover the
original differential equations. Thus, we simply restrict the forms to the solution manifold
of the differential equation(s).
For the heat equation, we first define

a=—du+ zdr + wdt. (21)
Sectioning gives

a=—(uydr + up dt) + zdx + wdt
and annulling gives z = u,;, w = u; back again. Now

da =dzdxr + dwdt (22)

where the hook product A is to be understood. Sectioning gives da = (z, dx + z; dt) dx +
(wydx + wedt)dt = zdtde + wydrdt = (w, — 2;) dx dt, since dedr = dtdt = 0 and
dt dr = —dz dt, and annulling gives w, = z; again. Finally, we write

B =dzdt —wdzrdt = (zp do + 2z dt) dt — wdz dt, (23)

giving w = z, when [ is annulled. Thus, the set {«,da, 5} — which we call the ideal I of
forms — represents the original equation(s) when sectioned and annulled.

The forms as given are not unique. For example, we may construct an alternate set
simply from z = u, and z; = uy, yielding the forms v = du dt—z dx dt and § = dz dt+du dx
and giving an alternate ideal I’ = {v,d}. These ideals should be closed, and they are:
dl c I and dI' C I, since df8 = da N dz, d6 =0, and dy = § A dx.

4 Invariance of the differential equations

It is now simple to treat the invariance of a set of differential equations. A set of equations
is invariant if a transformation leaves the equations still satisfied, provided that the original
equations are satisfied. In the formalism we have introduced, this is easily stated: the Lie
derivative of forms in the ideal must lie in the ideal:

Lyl C 1. (24)
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Then if the basis forms in the ideal are annulled, the transformed equations are also
annulled. In practice, this means simply that the Lie derivative of each of the (basis)
forms in [ is a linear combination of the forms in /. For the heat equation, by using the
ideal I, we get the equations

£ya = \a, (25)
which gives

Lyda =d i N a+ Ada, (26)
so that £, da is automatically in the ideal, and

£y B =B+ A3da+ o Na, (27)

where the \; and o are multipliers to be eliminated. The \; are functions (0-forms) and
o is an arbitrary 1-form. The resulting equations, after this elimination, are simply the
usual determining equations for the symmetry generators, the components v* of v — which
was called the isovector in paper 1.
For the example considered, we consider first Eq. (25). It is simplified by putting
H=v a=—v"+ 20" +w, (28)

where the superscripts indicate components of v. H is to be considered a function of all
variables and is as yet unspecified. Then, by Eq. (19),

Lya=v-da+dv-a)= A\« (29)
or
vidr — v"dz +vVdt — vldw + dH = M\ (—du + 2 dz + w dt). (30)

dH is to be expanded by the chain rule. We now set the coefficients of dz, dt, etc., to
zero. From the coefficient of du, we get \y = —H,. The other coefficients give, after
substitution for \p,

v = H, v*=-H,—zH,

o = H,, vY=-—H,—wH,. (31)

We note from Eq. (28) and Eq. (31) that
v =—H+2H, + wH,,. (32)

We do not need to consider da separately, as noted above.
We now expand Eq. (27), using the rules for Lie differentiation given in Eqgs. (16)
through (18), and also substitute for the forms on the right-hand side. We get

dv*dt + dzdv' —v" dzdt —wdv® dt — wdx dv'
= Mo(dzdt —wdzdt) + \3(dz dx + dw dt) (33)
+ (o1dx +ogdt + 03dz + o4 dw) A (—du + zdz + w dt),

in which the o; (which are the components of ¢), along with A and A3, are multipliers to
be eliminated. We do not include a du in o because it can be replaced by a.
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We now expand the dv’ by the chain rule and set the coefficients of all ten possible
basis 2-forms (dx dt,dz du, ...,dz dw) equal to zero. After elimination of the multipliers,
we get the determining equations, where commas indicate differentiation,

vtuw =0
t t t
Ve Fwo',, 420", = 07, —wvT iy, (34)
Ve =0 —wv®,, = —wvt,, +wto,, — 207, w2, .

Solution of these equations together with Egs. (31) and (32) now gives the usual symmetry
group, or isogroup, for the one-dimensional heat equation.
Invariant variables are now found in the usual way by solving the equation(s)

=Em )
v v v
Geometrically, this gives the characteristics for the first-order differential equation v-« =
0, in which we restore z = u;, w = uy.

Mathematically, this is equivalent to the traditional method of finding the invariances
of differential equations. So why spend time learning a new method?

(1) It is easy to apply. One reduces the set of differential equations to first-order equa-
tions by defining appropriate variables, writes them by inspection as differential forms,
writes out the Lie derivative equations and sets the coefficients of the various basis forms
to zero, and eliminates the multipliers. Calculations may be long because there may be
many equations and many multipliers to eliminate, but they are very straightforward. In
some cases many terms in the expansion drop out because of the antisymmetry of 1-forms,
simplifying the treatment. This happens in the second example discussed below.

(2) One may get some geometrical insight into the process because of the inherently
geometrical nature of forms. As an example, it leads immediately to the invariant surface
condition used in finding nonclassical symmetries(see paper I, also [5]). For treatments
that stress this geometrical nature, see Ref. [4] and [6]. (Forms may also be used in other,
related contexts, such as searching for Backlund transformations, conservation laws, etc.
[7])

(3) It allows the possibility for the independent variable components of the isovector
v to be functions of the dependent variables. Usually these components of v are auto-
matically assumed to be functions of only the independent variables, usually without loss
of generality. However, in the case of a hodograph transformation, for example, those
components do depend on the dependent variables.

(4) This method is nicely adaptable to computer algebraic calculations. As an example,
Paul Kersten [8] developed a very nice treatment many years ago, for use in REDUCE.
It enables one to set up the forms, find the determining equations, and then interactively
work on their solution. Ben T. Langton [9], a Ph.D. student of Edward Fackerell’s at the
University of Sydney, is just finishing work on a modification of that technique which will
improve its usefulness. There is also a MAPLE code which uses this technique [10]. See a
brief discussion of these by Ibragimov [11].

(5) It is easy to make Ansatzen in the variable dependence of the isovector components,
simply by specifying it when one writes out their exterior derivatives in the expansion of
the Lie derivatives.
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5 Short wave gas dynamic equation; symmetry reduction

This equation was cited by Fushchych in his Ansatz ’95 talk [1] at the last Kyiv conference.
It is his Eq. (4.4),

2y — 222 + Ug ) Uy + Uyy + 2 uy = 0. (36)

Only a brief mention of it, with a simple Ansatz, was given at that time. We give a longer
treatment here.
We define new variables

W= Uy, 2 = Uy; (37)
then Eq. (36) takes the form

2w — (4o + 2w)wy + 2y + 2 w = 0. (38)
We could write a 1-form here, to be annulled:

—du 4+ wdx + ug dt + zdy,

but it involves wu;, which is not one of our variables. So we write a 2-form by multiplying
this 1-form by dt in order to remove the unwanted term:

a = (—du+wdx + zdy) dt. (39)
Then da is a 3-form:

do = (dwdzx + dzdy) dt (40)
and the equation itself is expressed as the 3-form

B =2dwdz dy + (4= + 2w)dw dt dy + dz dt dx 4+ 2 w dt dx dy. (41)

We note that d is proportional to da, so that the ideal {«, do, 5} is closed.
We now consider

Lyo =l (42)

(8 and da are 3-forms and so are not included on the right-hand side.) In expansion of
this equation, most terms involve only the t-component of the isovector, v*, and they show
simply that v* = K (t), a function of ¢ only. The other terms involving dt then provide the
only other useful information; elimination of the multiplier A leaves four equations. These
are conveniently written by defining H = v* — wv® — z0Y. Then they become

v = —H,, v°=H,+zH",
vwW = —-H, vY=H,+wH,. (43)

v" then can be written as
v =H—-wH, — zH,. (44)

We now note that £, da = d\ A a + Ada, thus being in the ideal, so we need not write a
separate equation for it.
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The remaining equation is
£y =vl+oda+wAa, (45)

where v and ¢ are O-form multipliers and w is a 1-form multiplier. We now write out
the terms involving all 20 possible basis 3-forms and eliminate the multipliers. We see
immediately that v and vY are independent of v and z and that v* is independent of u, z
and w. Use of the equations shows that

H = —wA(x,y,t) - ZB(yat) —|—C'(x,y,t,u) (46)

with v* = A and vY = B; A, B, and C are as yet undetermined. Eventually we find
expressions for the generators, with two remaining equations, which are polynomials in z
and w. We equate the polynomial coefficients to zero and get these expressions for the
generators:

o= K,
vt o= a] = (P /AE" +J) -yl = N,
W= (y/2)(K'+J)+ L, (47)

v = u(2J - K')+ G,
v = w(J - K')+ Gq,
v = (32/2)(J — K') + (wy/2)(K" + J') + wL' + Gy,

where J, K, L and N are functions of ¢t and G is a function of x,y, and ¢. Primes indicate
d/dt. We also have

J= (1/3)K" - (4/3)(A + 2)K,
0 = 2Gu — 472Gy + Gyy + 2)\Gy, (48)
Gy = N'42N' —22K' +J)+y(L" +2L) + (y*/4)(K" + J" +2K" +2.J'),

From these equations, we may solve for an explicit expression for Gy,. Then the consis-
tency of (Gyy) » and (Gy) 4y yields the equation

A= 1D\ -4)K' =0. (49)

Thus, if A =1 or A =4, we may take K to be an arbitrary function of ¢.
We integrate the first of Egs. (48) to get

J=(1/3)K" = (4/9)(A + 2)K + 4a, (50)
where a is a constant. We also define a new function, «(t), by

o J+ K’ 2K 2\+4  2a
= - _ + = (51)
@ 2K 3K 9 K
We can also integrate for GG, but the expression is long and we do not write it here.
We now find the invariant independent variables for the system. We have, as in the

manner of Eq. (35),

dy Y ya! L
- o TE (52)
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Solution gives an invariant variable

§=ya+p (53)
where

8= —/K’lLa dt. (54)
From

de  v* 20/ K’ y? Ko yL' + N’

A LT L S (55)

we get the invariant variable
n =Ko’z — (1/2)Kad'y? — Kaf'y — v, (56)
where

v = / (—=N'a? + K3?) dt. (57)

We now can use £ and 7 as given in terms of K, «, 3, and + without ever referring back to
L, N, etc.

From
du  v" 3K’ 4ad/ G
@ =w - kTt (%8)
we get the invariant variable
F = K34 — / K2a*G dt. (59)

To get a solution of the original differential equation Eq. (36), we assume F' = F'(£, 7). To
evaluate the integral in Eq. (59), we need to write out G, substitute for x and y in terms
of ¢ and 7, do the t integrals while keeping ¢ and 7 constant, and then reexpress ¢ and 7
in terms of x and y. This is an extremely complicated procedure. One may simplify it,
however, by noting, by inspection, that the completed integral will be a polynomial in &
up to &%, also with terms 7, n¢, n€2, and n2. If these are replaced by their expressions in x
and y, these will yield terms in y up to y*, also =, zy, 2y?, and 22. So we write

u = pi+poy+p3y? +pay® + psyt + pex
+pray + psry® 4+ por? + K 3a 1 F (¢, n), (60)

where the p; are as yet undetermined functions of ¢, and substitute into Eq. (36). By
using the expressions for £ and n (Egs. (53) and (56)), identifying coefficients, redefining
F' to include some polynomial terms in order to simplify the equation, we finally get—in
which b is a new constant and a was defined in Eq. (50):

Fee — 2F, Fyy) + 18aF, + 4by = 0, (61)

(A =1)(A —4)K? = 9b + 8142, (62)
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(consistent with Eq. (49)), and

py = —1+d/a+K'/(2K),

ps = —(Ka)/(2Ka),

pr = —(KB)/(Ka),

pe = (B%/2—+'/K)/a?, (63)
ps = —(1/6)(ps + Aps — 2pspy + ba' /(K*av)),

ps = —(1/3)(y + Ap7 — 2prpo + 208’/ (K*a)),

ps = —(p6+ Aps — 2pepy + 2b7/(K>a?)),

and p; and pso are arbitrary. These are expressed in terms of the functions K, «, 3, and ~
that occur in the invariant variables £ and 7.

6 Nonlinear heat equation with additional condition

This equation also was cited by Fushchych in Ansatz ’95 [1], Egs. (3.29) and (3.30), which
are given here:

ur + V- [f(u)Vu] =0, (64)
ug + (2M (u)) " (Vu)? = 0. (65)

In Theorem 5 in that treatment, he showed that the first equation (here, Eq. (64)) is

conditionally invariant under Galilei operators if the second equation (Eq. (65)) holds.

Here we start with Eqs. (64) and (65) and study their joint invariance, a different problem.
If we define variables

q = Ug, T = Uy, § = Uz, (66)
we can write Egs. (64) and (65) as

up = —(2M) (P + 12 + 5%) (67)
and

—@2M)"H @ + 1%+ 8%) + (f@)a + (fr)y + (fs). = 0. (68)
Now we can write forms as follows:

o= —du— 2M)" Y +1r* + s?)dt + qdx + rdy + sdz, (69)

B8 = da+ (M )2M?*) (¢ +r* + s%)adt
= (M'2M?) (¢ + 72 + %) (qdz + rdy + sdz) dt
—(1/M)(qdq + rdr + sds) dt + dqg dx + dr dy + ds dz (70)

which combination gets rid of the du terms, and

v =g(u)(¢* +r? + s%)dz dy dz dt + (dgdy dz + dr dz dx + ds dz dy) dt, (71)
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where

g(u) = f7H(f = @M)™) (72)

and in all of which a prime indicates d/du. Now we assume that v* v¥,v*, and v are
functions of z,y, 2z, and ¢; v* is a function of u,zx,y,z, and ¢; and that v?,v", and v°
are linear in ¢, 7, and s (with additional terms independent of those variables), and with
coefficients which are functions of u,x,y, z, and t.

We now consider

£, = . (73)

Expansion of this equation, using the conditions stated above, shows that A = v%,,; it
has terms up to the quadratic in ¢, r, and s. Setting the coefficients of the terms in these
variables equal to zero and solving yields the expressions

ot = (),

VY = x4 o3y — o9z + (it + v,

vWo= Cy+ o1z — o031+ (ot + v, (74)
v* = €z+4 o9x — o1y + (3t + vs,

where the 0y, (;, and v; are constants, £ is linear in ¢, and 7(t) is quadratic in t. vZ, 0", v*,
and v* are quadratic in x,y, and z. The u dependence is not yet entirely determined
because M (u) and f(u) have not been specified.

From Eq. (73) we have, as before, £, da = Ada + dX A «, automatically in the ideal.

The remaining calculation is the determination of £, v and setting it equal to a linear
combination of «,da (or (3), and ~, and to eliminate the multipliers. This appears to be
a formidable task; however, by use of the assumptions and information we already have,
it turns out to be surprisingly easy.

We expand £, v and substitute the values for the v’ that we already have. After this cal-
culation, we find that there are terms proportional to dx dy dz dt, du dy dz dt, du dz dz dt,
dudzx dydt, and (dqdydz + drdzdx + dsdx dy)dt. We substitute for the latter sum of
three terms from Eq. (71), thus giving a term proportional to v and one proportional to
dx dy dz dt. In the three terms involving du, we substitute for du from Eq. (69). It is now
seen that £, is the sum of three terms: one proportional to 7, one proportional to «,
and one proportional to dx dy dz dt. Thus, £, is already in the desired form except for
the last term! But this last term cannot be represented as a sum of terms in «, 3, and ~,
as is seen by inspection. Hence its coefficient must vanish, and that condition provides
the remaining equations for the generators v*.

The coefficient has terms proportional to ¢> + r? + s2, ¢, 7, s, and a term independent
of those variables. Setting this last term equal to zero shows that & = 0. The ¢,r, and s
terms give equations which can be written collectively as

G(M' +gM) =0, i=1,2,3 (75)

The coefficient of ¢ + r? 4 s? gives a relation among the various functions of u. We may
now summarize the results.
In addition to Eqs. (74), with £ now constant, we get

n(t) = at + b, (76)
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where a and b are constant, and

v = M(Gx+ Gy + (32) + h(u),

vl = qJ+o3r—o9s+ (1M,
v = rd+o18— 03¢+ (M, (77)
v® = sJ 4 o09q— o1+ (3M,
where
J=M(Gz+ Qy+C2)+ W —¢&. (78)

The quadratic dependence on x, ¥y, and z has dropped out because of the condition & = 0.
We also have these relations among the functions of u: Egs. (72), (75) and the further
equations

B =hM'/M + 26 — a, (79)
[hM Y (M + gM)]' = 0. (80)

There are now two cases.

Case I. If
M +gM =0, (81)
then
fM =u/2+c, (82)

where ¢ is a constant. Integration for h from Eq. (79) now gives
h=kM + (26 — a)M/M—ldu, (83)

where k is a constant.
Case IL. If M'+ gM # 0, then all {; = 0. We may write h by Eq. (83), but now A must
satisfy the additional condition Eq. (80).

Fushchych’s Theorem 5 now follows: if M = u/(2f), the original equations are invariant
under a Galilean transformation

Gi = td; + Mz'd,. (84)
The general operator is then G = Y, (;G;, giving v* = (;t and v* = M (12 + Coy + (32),

a possible choice of generators from the above calculation. From Eq. (82) we see that his
conclusion thus holds in a slightly more general case, when the constant ¢ is not zero.
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Abstract

We give a survey of some results on new types of solutions for partial differential
equations. First, we describe the method of implicit ansatzes, which gives equations
for functions which define implicitly solutions of some partial differential equations.
In particular, we find that the family of eikonal equations (in different geometries) has
the special property that the equations for implicit ansatzes are also eikonal equations.
We also find that the eikonal equation defines implicitly solutions of the Hamilton-
Jacobi equation. Parabolic ansatzes are ansatzes which reduce hyperbolic equations
to parabolic ones (or to a Schrodinger equation). Their uses in obtaining new types
of solutions for equations invariant under AO(p, q) are described. We also give some
results on conformally invariant nonlinear wave equations and describe some exact
solutions of a conformally invariant nonlinear Schrédinger equation.

1 Introduction

In this talk, I would like to present some results obtained during the past few years in my
collaboration with Willy Fushchych and some of his students. The basic themes here are
ansatz and symmetry algebras for partial differential equations.

I wrote this talk after Wilhelm Fushchych’ untimely death, but the results I give here
were obtained jointly or as a direct result of our collaboration, so it is only right that he
appears as an author.

In 1993/1994 during his visits to Link6ping and my visits to Kyiv, we managed, amongst
other things, to do two things: use light-cone variables to construct new solutions of some
hyperbolic equations in terms of solutions of the Schrodinger or heat equations; and to
develop the germ of new variation on finding ansatzes. This last piece is an indication of
work in progress and it is published here for the first time. I shall begin this talk with
this topic first.

2 The method of implicit ansatzes

2.1 The wave and heat equations.

Given an equation for one unknown real function (the dependent variable), u, say, and
several independent (“geometric”) variables, the usual approach, even in terms of symme-
tries, is to attempt to find ansatzes for u explicitly. What we asked was the following: why
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not try and give u implicitly? This means the following: look for some function ¢(zx,u)
so that ¢(z,u) = C defines u implicitly, where x represents the geometric variables and C
is a constant.This is evidently natural, especially if you are used to calculating symmetry
groups, because one then has to treat u on the same footing as x. If we assume, at least
locally, that ¢, (x,u) # 0, where ¢, = d¢/Ju, then the implicit function theorem tells us
that ¢(z,u) = C defines v implicitly as a function of x, for some neighbourhood of (x, u)

with ¢y (z,u) # 0, and that v, = —@, where ¢, = % Higher derivatives of u are then
x

u
obtained by applying the correct amount of total derivatives.
The wave equation Ou = F'(u) becomes

(Z%DQS = 2¢u¢,u¢uu - ¢u¢u¢uu - ?LF(U)
or

bt
bu

This is quite a nonlinear equation. It has exactly the same symmetry algebra as the
equation Ou = F'(u), except that the parameters are now arbitrary functions of ¢. Finding
exact solutions of this equation will give u implicitly. Of course, one is entitled to ask
what advantages are of this way of thinking. Certainly, it has the disadvantage of making
linear equations into very nonlinear ones. The symmetry is not improved in any dramatic
way that is exploitable (such as giving a conformally-invariant equation starting from a
merely Poincaré invariant one). It can be advantageous when it comes to adding certain
conditions. For instance, if one investigates the system

26 =0, (%) - 6uF(w).

Ou=0, wuyu, =0,
we find that w,u, = 0 goes over into ¢,¢, = 0 and the system then becomes

O¢ =0, ¢u¢u =0.

In terms of ordinary Lie ansatzes, this is not an improvement. However, it is not difficult
to see that we can make certain non-Lie ansatzes of the anti-reduction type: allow ¢ to be
a polynomial in the variable u with coefficients being functions of . For instance, assume
¢ is a quintic in u: ¢ = Au® + Bu + C. Then we will have the coupled system

OA=0, OB=0, OC =0,
AA,=B,B,=C,C,=A,B,=A,C,=B,C,=0.

Solutions of this system can be obtained using Lie symmetries. The exact solutions of
Ou=0, wuyuu,=0

are then obtained in an implicit form which is unobtainable by Lie symmetry analysis
alone.
Similarly, we have the system

Ou=0, wuyuu,=1
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which is transformed into

Dﬁb = ¢um ¢,u¢u = Q%

or

Os5¢0 =0, ¢ada=0,

where O5 = O — 92 and A is summed from 0 to 4.

It is evident, however, that the extension of this method to a system of equations is
complicated to say the least, and I only say that we have not contemplated going beyond
the present case of just one unknown function.

We can treat the heat equation u; = Au in the same way: the equation for the surface

¢ is
0

oo (F5):

If we now add the condition ¢, = V¢ - V¢, then we obtain the system

or =200, ¢u=V§-Vo

so that ¢ is a solution to both the heat equation and the Hamilton-Jacobi equation, but
with different propagation parameters.
If we, instead, add the condition QSZ = V¢ - Vo, we obtain the system

¢ = DNp = buus  $n = V- V.

The first of these is a new type of equation: it is a relativistic heat equation with a very
large symmetry algebra which contains the Lorentz group as well as Galilei type boosts;
the second equation is just the eikonal equation. The system is evidently invariant under
the Lorentz group acting in the space parametrized by (z',..., 2" u), and this is a great
improvement in symmetry on the original heat equation.

It follows from this that we can obtain solutions to the heat equation using Lorentz-
invariant ansatzes, albeit through a modified equation.

2.2 Eikonal equations.

Another use of this approach is seen in the following. First, let us note that there are
three types of the eikonal equation

Uy = A,

namely the time-like eikonal equation when A = 1, the space-like eikonal one when A = —1,
and the isotropic eikonal one when A = 0. Representing these implicitly, we find that the
time-like eikonal equation in 1 + n time-space

uyy =1

goes over into the isotropic eikonal one in a space with the metric (1,—1,...,—1)
1
n+

¢,u¢u = ¢Z
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The space-like eikonal equation

uyuy, = —1
goes over into the isotropic eikonal one in a space with the metric (1,1, —1,...,—1)
—
Pubu = — 0%,
whereas
uyuy, =0

goes over into

¢uPu = 0.

Thus, we see that, from solutions of the isotropic eikonal equation, we can construct
solutions of time- and space-like eikonal ones in a space of one dimension less. We also see
the importance of studying equations in higher dimensions, in particular in spaces with
the relativity groups SO(1,4) and SO(2,3).

It is also possible to use the isotropic eikonal to construct solutions of the Hamilton-
Jacobi equation in 1 + n dimensions

(7 + (VU)2 =0
which goes over into
Putr = (V§)?
and this equation can be written as
Gut P\ [ du— B\
(5%) - (57) =

which, in turn, can be written as

9" Ppadp =0
with A,B=0,1,...,n+1, ¢*P =diag(1,-1,...,—1) and
_ ¢u+¢t _ ¢u*¢t
d)O - 2 ) ¢n+1 - 9 .

It is known that the isotropic eikonal and the Hamilton-Jacobi equations have the confor-
mal algebra as a symmetry algebra (see [15]), and here we see the reason why this is so. It
is not difficult to see that we can recover the Hamilton-Jacobi equation from the isotropic
eikonal equation on reversing this procedure.

This procedure of reversal is extremely useful for hyperbolic equations of second order.
As an elementary example, let us take the free wave equation for one real function u in
3 + 1 space-time:

O = 0fu+ O3u + D3u
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and write it now as

(80 + 83)(80 — 83)u = 8%u + 8§u

or
DyOru = O2u + d3u,
0 3 0 3
¥ —x T+ . . .
where o = , T = g Now assume u = e’ U(r, z!, xz). With this assumption,
we find

0,0 = (0} + 03) w

which is the heat equation. Thus, we can obtain a class of solutions of the free wave
equation from solutions of the free heat equation. This was shown in [1]. The ansatz taken
here seems quite arbitrary, but we were able to construct it using Lie point symmetries
of the free wave equation. A similar ansatz gives a reduction of the free complex wave
equation to the free Schrodinger equation. We have not found a way of reversing this
procedure, to obtain the free wave equation from the free heat or Schrodinger equations.
The following section gives a brief description of this work.

3 Parabolic ansatzes for hyperbolic equations: light-cone
coordinates and reduction to the heat and Schrodinger
equations

Although it is possible to proceed directly with the ansatz just made to give a reduction of
the wave equation to the Schrodinger equation, it is useful to put it into perspective using
symmetries: this will show that the ansatz can be constructed by the use of infinitesimal
symmetry operators. To this end, we quote two results:

Theorem 1 The mazximal Lie point symmetry algebra of the equation
Ou = m2u,
where u is a real function, has the basis
P,=0u, 1I=u0y, Ju=z,0,—2x,0,
when m # 0, and
P,=0,, I=u0,, Ju=2,0,—2,0,, D=2a2"0,, K,=2x,D— w28u — 2z,u0,
when m = 0, where

0 0

O =30 o= g

Ty = gwr”, guw = diag(l,-1,...,-1) p, v=0,1,2,...,n
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We notice that in both cases (m = 0, m # 0), the equation is invariant under the
operator I, and is consequently invariant under o9, + kI for all real constants k and real,
constant four-vectors a. We choose a hybrid tetradic basis of the Minkowski space: « :

ala, =0;€: e, =0, 8: BB, = —1;0: 0", = —1; and ate, = 1, o#B, = o), =
1 1
e*B, = €*0,0. We could take, for instance, « = —(1,0,0,1), e = —(1,0,0,—1), 6 =

(0,1,0,0), § = (0,0,1,0). Then the invariance condition (the so-called invariant-surface
condition),

("0 + kI)u =0,
gives the Lagrangian system
dz¥  du
ot ku
which can be written as

dlax) d(Bzr) d(éxz) d(ex) du

0 0 0 1 ku

Integrating this gives us the general integral of motion of this system

u— ek(ex)cb(a:r, Bz, dx)
and, on setting this equal to zero, this gives us the ansatz
u= ek(ex)q)(ozw, Bz, 0x).

Denoting 7 = ax, y1 = Bz, yo = dx, we obtain, on substituting into the equation

Ou = m2u,

2k0;® = AD + m>d,

2 2
where A = — + ——. This is just the heat equation (we can gauge away the linear term

By O

77L27'
by setting ® = e 2= ¥). The solutions of the wave equation we obtain in this way are
given in [1].
The second result is the following;:

Theorem 2 The Lie point symmetry algebra of the equation
OV + AF(|P)¥ =0

has basis vector fields as follows:
(i) when F(|¥]) = const |¥|?

Opy = 2,0, — 2,0, K, =2x,2"0, — 220, — 2z, (\118\1, + @3@)
D =2%9, — (Vg +T0g), M =i(V0y —Tg),

2

where v° = x,x".
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ii) when F(|¥]) = const |¥|*, k #£0,2:
(it)

Oy = 240y — 2,8, Dy = 28, — % (wow +T0g), M =i(Vdy - Toyg).

(iii) when F(|®|) # const |U|* for any k, but F # 0:
O T = 00y — 0,0, M =i (W0y — TOg).

(iv) when F(|¥|) = const # 0:
O Sy = 20y — 2,0, M =i (V0y = Vog), L= (0o +V0g),
Li=i (an - \I/%) ., Ly=Udy +Vdy, Bdy,

where B is an arbitrary solution of OW = F'U.

(v) when F(|¥]) = 0:
Opy = 2,0, — 2,0, K, =2x,270, — 220, — 2z, (\118\1, + @8@) ,
D =219, M=i (\Ilaq, —Wa@) . L= (\118\1, +Ea@) ,
Ly=i (%@ - qfaa) . Ly=Udy +Vd;, By,

where B is an arbitrary solution of OW = 0.

In this result, we see that in all cases we have M = ¢ (‘118\1, — W@a) as a symmetry
operator. We can obtain the ansatz

U= eik(“)fb(ax, Bz, )

in the same way as for the real wave equation, using M in place of I. However, now we
have an improvement in that our complex wave equation may have a nonlinear term which
is invariant under M (this is not the case for I). Putting the ansatz into the equation
gives us a nonlinear Schrédinger equation:

i0:® = —AD + AF(|®|)®

when & = —1/2. Solutions of the hyperbolic equation which this nonlinear Schrédinger
equation gives is described in [2] (but it does not give solutions of the free Schrédinger
equation).

The above two results show that one can obtain ansatzes (using symmetries) to reduce
some hyperbolic equations to the heat or Schrodinger equations. The more interesting case
is that of complex wave functions, as this allows some nonlinearities. There is a useful way
of characterizing those complex wave equations which admit the symmetry M: if we use
the amplitude-phase representation ¥ = Re® for the wave function, then our operator M
becomes Jy, and we can then see that it is those equations which, written in terms of R
and 6, do not contain any pure 6 terms (they are present as derivatives of 6). To see this,
we only need consider the nonlinear wave equation again, in this representation:

OR — RO, + \F(R)R = 0,
RO6 4 2R,0, = 0
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when A and F' are real functions. The second equation is easily recognized as the continuity
equation:

au(RQGM) =0

(it is also a type of conservation of angular momentum). Clearly, the above system does
not contain # other than in terms of its derivatives, and therefore it must admit dy as a
symmetry operator.

Writing an equation in this form has another advantage: one sees that the important
part of the system is the continuity equation, and this allows us to consider other systems
of equations which include the continuity equation, but have a different first equation. It
is a form which can make calculating easier.

Having found the above reduction procedure and an operator which gives us the re-
ducing ansatz, it is then natural to ask if there are other hyperbolic equations which are
reduced down to the Schrédinger or diffusion equation. Thus, one may look at hyperbolic
equations of the form

OU = H(¥, ¥*)

which admit the operator M. An elementary calculation gives us that H = F(|¥|)¥. The
next step is to allow H to depend upon derivatives:

OV = F(¥, 0", 0, U5

and we make the assumption that F'is real. Now, it is convenient to do the calculations in
the amplitude-phase representation, so our functions will depend on R, 0, R,,,6,,. However,
if we want the operator M to be a symmetry operator, the functions may not depend on
0 although they may depend on its derivatives, so that F' must be a function of |¥|, the
amplitude. This leaves us with a large class of equations, which in the amplitude-phase
form are

OR = F(R,R,,0,)R, (1)

RO6 +2R,0, =0 (2)
and we easily find the solution

F=F(R,R,R,,0,0,,R,.0,)

when we also require the invariance under the Poincaré algebra (we need translations for
the ansatz and Lorentz transformations for the invariance of the wave operator).

We can ask for the types of systems (1), (2) invariant under the algebras of Theorem
2, and we find:
Theorem 3 (i) System (1), (2) is invariant under the algebra (P, J,.).

2

(it) System (1), (2) is invariant under (P, J,,, D) with D = 2°0, — ERaR’ k # 0 if and
only if

F — Rk (RNR# 0,0, QMR#)

R2+k’ sz ’Rl-i-k
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where G is an arbitrary continuously differentiable function.
(it) System (1), (2) is invariant under (P, J,., Do) with Dy = x°04 if and only if

0,0, O.R
F=R,R,G R, ““,M>,
it ( R.R,’ R,R,

where G is an arbitrary continuously differentiable function.
() System (1), (2) is invariant under (P, J,,, D, K,) with D = 2°0y — ROr and K, =
2x,D — xzaﬂ if and only

0,0
_ p2 1
F—RG(BQ)
where G is an arbitrary continuously differentiable function of one variable.

The last case contains, as expected, case (i) of Theorem 2 when we choose G(§) =
€ —\R?. Each of the resulting equations in the above result is invariant under the operator
M and so one can use the ansatz defined by M to reduce the equation but we do not always
obtain a nice Schrodinger equation. If we ask now for invariance under the operator
L = RORg (it is the operator L of case (v), Theorem 2, expressed in the amplitude-phase
form), then we obtain some other types of restrictions:

Theorem 4 (i) System (1), (2) is invariant under (P, J,., L) if and only if

R, R, R,0,
P =G (St 0 =

1) System (1),(2) is invariant under (P, J,.,, Do, L) with Dy = x°0, if and only if
W Jp

po Bl (RZGMHH RGMRN>

R R.R, ' R.R,

(iii) System (1), (2) is invariant under (P, Juy, K, L) where K, = 22,2°0, — 220, —
2z, ROR if and only if

F =r0,0,,
where K is a constant.
The last case (iii) gives us the wave equation

Judp

D\I/:(n—l)’ql’4

v,
1 _
where j, = % [U¥, — UW¥,], which is the current of the wave-function ¥. For x = 1, we

recover the free complex wave equation. This equation, being invariant under both M and
N, can be reduced by the ansatzes they give rise to. In fact, with the ansatz (obtained
with L)

U= e(ex)/QCI)(ax,ﬁ:c, ox)
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with €, « isotropic 4-vectors with ea = 1, and (3, § two space-like orthogonal 4-vectors,
the above equation reduces to the equation

- -

B, = AD — (k- 1)%@,

where 7 = ax and A = 9%/9y? + 0 /dys with y; = Sz, ya = dz, and we have
- 1 - -
j=510Ve - ava).

These results show what nonlinearities are possible when we require the invariance un-
der subalgebras of the conformal algebra in the given representation. The above equations
are all related to the Schrodinger or heat equation. There are good reasons for looking at
conformally invariant equations, not least physically. As mathematical reasons, we would
like to give the following examples. First, note that the equation

Opq¥ =0, (3)
where
Opq =¢2B0,405, AL B=1,...,p,p+1,....p+q
with gAB = diag(1,...,1,—1,...,—1), is invariant under the algebra generated by the
——
p q
operators

04, Jap =240 —xp0a, Ka=2x42P05 — 2204 — 224 (\Ilaq; —l—@&l—,) ,
D=aBag, M=i (\Iza@ —Ea@) . L= (\If&y +Ea@) ,
Ly =i(V0y - W), Ly =Ty + Vg,

namely the generalized conformal algebra AC(p,q) ® (M, L, Ly, Ly) which contains the

algebra ASO(p, q). Here, © denotes the direct sum. Using the ansatz which the operator
M gives us, we can reduce equation (3) to the equation

i0,® =0, 14 1. (4)

This equation (4) is known in the literature: it was proposed by Feynman [7] in Minkowski
space in the form

i0,® = (9, — A,) (9" — A")D,

It was also proposed by Aghassi, Roman and Santilli ([8]) who studied the representation
theory behind the equation. Fushchych and Seheda [9] studied its symmetry properties in
the Minkowski space. The solutions of equation (4) give solutions of (3) ([14]). We have
that equation (4) has a symmetry algebra generated by the following operators

T =0, Py=04, Jap, Ga=704 —xaM

-9 j _ -
D =20, + a0, — %L, M = 2(®0y — 80y), L= (@0 +y)
2
-2
,5’27-28T+7-$A(‘)A_$2M_T(p+2q)L
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and this algebra has the structure [ASL(2,R) & AO(p — 1,q — 1)] W (L, M, P4,G4),
where W denotes the semidirect sum of algebras. This algebra contains the subalgebra
AO(p—1,q— 1) W (T M, Py, G 4) with

Jap, Jop] = gpcJap — gacIpp + gapJsc — gBpJac,

PA7 P ] - 0 [GAa GB] = 07 [PAa GB] = _gABM7

Pa,D] = Pa, [Ga; D] =Ga, [Jap, D] =0, [Pa,T] =0, [Ga,T]=0,

Jap, T] = 0,[M,T] = [M, Pa] = [M,G4] = [M, Jap] = 0,
It is possible to show that the algebra with these commutation relations is contained in
AO(p, q): define the basis by

1
T:§(P1—Pq)7 M:P1+Pq, GA:JlA—i-JqA, JAB (A,B:2,...,q—1),

[
[
[Pa,Jpc| = gapPc — gacPp, [Ga, Jpc] = gapGe — gacGa,
[
[

and one obtains the above commutation relations. We see now that the algebra AO(2,4)
(the conformal algebra AC(1,3)) contains the algebra AO(1,3) W (M, P4, G 4) which con-
tains the Poincaré algebra AP(1,3) = AO(1,3) W (P,) as well as the Galilei algebra
AG(1,3) = AO(3) W (M, P,,G,) (p runs from 0 to 3 and a from 1 to 3). This is reflected
in the possibility of reducing

O24¥ =0
to
10;® = 01 3P
which in turn can be reduced to

Dl’gq) =0.

4 Two nonlinear equations

In this final section, I shall mention two equations in nonlinear quantum mechanics which
are related to each other by our ansatz. They are

W|OV — ¥OV| = —x|W[¥ ()
and
A
iug + Au = ‘—T|u (6)
u

We can obtain equation (6) from equation (5) with the ansatz
U — z(m'—(ez /2) ( , B, 51,)

where 7 = ax = a, 2" and €, a, (3, 6 are constant 4-vectors with a?=e=0, f2=6=
—lL,af=ad=¢f=€)=0,ae =1.

Equation (5), with x = m2c?/h? was proposed by Vigier and Guéret [11] and by
Guerra and Pusterla [12] as an equation for de Broglie’s double solution. Equation (6)
was considered as a wave equation for a classical particle by Schiller [10] (see also [13]).

For equation (5), we have the following result:
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Theorem 5 (Basarab-Horwath, Fushchych, Roman [3], [4]) Equation (5) with
k > 0 has the mazimal point-symmetry algebra AC(1,n+ 1) ® Q generated by operators

Pua J,uVa Pn—i—ly Jun—i—h D(l), K;Sl)’ K7(11<21’ Q7

where

0 0
:@, JMV:I'MPV—.Z'VPM, Pn_t,_l:W

n
Juni1 = TPt — tpp1 Py, DY =gt P, 42" P, — 5(\1}% + U*dg),

K;(}) - QxMD(l) — (zpat + $n+1$n+1)PM7

P, = i(udy — u* Oy~ ),

n

KUY =22,01D0 — (22" + 2y 12" )Py, Q = Uy + Uy,

where the additional variable 2™t is defined as
\P*

ntl _ _ In —
Tn+1 2\/En\11’

x Kk > 0.
For k < 0 the mazimal symmetry algebra of (9) is AC(2,n) ® Q generated by the same
operators above, but with the additional variable
i | v
=TI = — N —
AWl
In this result, we obtain new nonlinear representations of the conformal algebras AC(1, n+

1) and AC(2,n). It is easily shown (after some calculation) that equation (5) is the only
equation of the form

n+1

T k < 0.

Ou = F(U, U, VU, VU* V|0 |V|T], 0¥ ¥

invariant under the conformal algebra in the representation given in Theorem 5. This
raises the question whether there are equations of the same form conformally invariant in
the standard representation

0

- Oz’

—1
D=atP, — ”7(\1/6@ +U*0g-), K, =22,D—a>P,.

P, Jw =z, P, — 2, P,

There are such equations [3] and [4], for instance:

0w = [w|YCDp (jo|GE/0mope ) w, on A1

Ou = O|u|F (D|u| |u]) u n=1
- (Vul)*’ ’ -

ajw| (o))
A
[IEE

40V = { } VU, n arbitrary

0|
Ov = (1 +A)ﬁ\1},
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]
o= (14 25w,

V| Wit
0| A

oV = 1 1
0| ( +1+a|\1:|4> ’

Again we see how the representation dictates the equation.

We now turn to equation (6). It is more convenient to represent it in the amplitude-
phase form u = Re®:

0, + V0 -V6 =0, (7)
R+ A0+2V0-VR =0. (8)

Its symmetry properties are given in the following result:

Theorem 6 (Basarab-Horwath, Fushchych, Lyudmyla Barannyk [5], [6])
The mazimal point-symmetry algebra of the system of equations (7), (8) is the algebra
with basis vector fields

1

Po=8;, Py=084 Pyi1=——(20;—8), N =0,

t t +1 2\/5( t 9) R
Jab = IEaab — $b8a, J0n+1 = t@t — (969, JOa = \}5 <xa8t + (t + 29)(91(1 + ;.’L’aag) y

1 1 n
Jan+1 = ﬁ (—l'aat + (t — 20)63% + §$a69> , D=-— (tat + l'aaa + 069 — 58}{) s
7> 2 9 n

Ko =2 b4 5| O+ (8 +20)za0s, + | 7 +20° | Op — S (t+20)0r |,

=2 =2

Kpy1=—V2 ((t - %) O + (t — 20)240,, + (% — 202) 0p — g(t - 29)8R) ;
K, = 254D — (4t — 72)0,,.
The above algebra is equivalent to the extended conformal algebra AC(1,n+1) & (N).
In fact,with new variables
1 1
xo=—7=(t+20), xpy1=—F7
0 \/§( ) +1 \/§

the operators in Theorem 1 can be written as

(t —20) 9)

Py = 804; Jaﬁ = xaaﬁ - xﬂaoca N = aR7

n (10)
D= —2,0,+ §N, Ko =—24D — (x,2")0q.

Exact solutions of system (7), (8) using symmetries have been given in [5] and in [6].
Some examples of solutions are the following (we give the subalgebra, ansatz, and the
solutions):

Ay = (Ji12+dN, P3+ N, P) (d >0)
T

1
Ansatz: 6 = —§t + f(w), R =x3—d arctan (—) +gw), w=a?+23
T2
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Solution:

1 |23 + x3 1
9:—§t+5 @JrCl, e==1, R =ux3+darctan (:m) —Zln(x%+x§)+02,
T2

where C1, Cy are constants.
Ay = <J04 4+ dN, Jog+daN, Py + P3>

1
Ansatz:@z;f(w), R=dhnlt|+ g(w), w=ux1.

Ch)? 1
Solution: 0:%, R=dIn|t| — <d+ 5) In|zy + Cy| + Co.
Ao = (Jo1, Jo2, Jos, leé J13,2 Jz:s)2
L 1 r1 + x5 + 23 _ _ 1
Ansatz: 0 = 4tf(w) + i , R=gw), w=4~0 275.

72 — 401t + 8C% R 3, 72— 2(t —2C1)?
= ——=1In
4t —8Cy 2 t—2C

Ay = (Juu+a1N, D+ azN, P3), (a1, ag arbitrary)

Solution: 6 = + Cs.

2
3
Ansatz: 0 = L f(w), R—g<w>+a1mm_(a1+a2+5) o], w=2L
€2
2

1
Solution: § = %, R=a;In|t| + (ag —a; + 5) In|zi| —2(ag + 1) In|zs] 4 C.

References

[1] Basarab-Horwath P., Fushchych W. and Barannyk L., J. Phys. A, 1995, V.28, 5291.

[2] Basarab-Horwath P., Fushchych W. and Barannyk L., Rep. Math. Phys., 1997, V.39, 353.
[3] Basarab-Horwath P., Fushchych W. and Roman O., Phys. Letters A, 1997, V.226, 150.
[4] Roman O., Ph.D. thesis (National Academy of Sciences of Ukraine) 1997.

[5] Basarab-Horwath P., Fushchych W. and Barannyk L.L., Some exact solutions of a conformally in-
variant nonlinear Schrédinger equation, Linképing University preprint, 1997, LiTH-MATH-R 97-11.

[6] Barannyk L.L., Ph.D. thesis (National Academy of Sciences of Ukraine) 1997.
[7] Feynman R.P., Phys. Rev., 1950, V.80, 440.

[8] Aghassi J.J., Roman P. and Santilli R.P., Phys. Rev. D, 1970, V.1, 2753; Nuovo Cimento, 1971, V.5,
551.

[9] Fushchych W. and Seheda Yu., Ukr. J. Math., 1976, V.28, 844.
[10] Schiller R., Phys. Rev., 1962, V.125, 1100.
[11] Guéret Ph. and Vigier J.P., Lett. Nuovo Cimento, 1983, V.38, 125.
[12] Guerra F. and Pusterla M.R., Lett. Nuovo Cimento, 1982, V.34, 351.
[13] Holland P.R., The Quantum Theory of Motion, Cambridge, 1995.

[14] Basarab-Horwath P., Generalized hyperbolic wave equations and solutions obtained from relativistic
Schrédinger equations, Linkoping preprint, 1997.

[15] Fushchych W., Shtelen W. and Serov N., Symmetry Analysis and Exact Solutions of Equations of
Nonlinear Mathematical Physics, Dordrecht, Kluwer Academic Publishers, 1993.



Symmetry in Nonlinear Mathematical Physics 1997, V.1, 48-52.

The Conditional Symmetry and Connection
Between the Equations of Mathematical Physics

M.I. SEROV and M.M. SEROVA

Technical University, Poltava, Ukraine

Abstract

With help of the conditional symmetry method, the connections between the linear
heat equation and nonlinear heat and Burgers ones, between the generalized Harry-
Deam equation and Korteweg-de Vries one are obtained. The nonlocal general formu-
lae for solutions of the generalized Harry-Deam equation are constructed.

More than ten years ago, we proposed an idea of condition symmetry. This concept-
was worked out under the leadership and with the direct participation of Wilhelm Illich
Fushchych (see [1]). It is worth noting that at papers of western scientists a notion of
conditional symmetry is persistently identified with nonclassical symmetry. A definition
of this symmetry is given at [2]. But, in fact, these notions do not agree. The notion of
conditional symmetry is more wider than one of nonclassical symmetry. A great number
of our papers illustrate this fact convincingly. The conditional symmetry includes the
Lie’s symmetry, widening it essentially. After introducting conditional symmetry, there
is a necessity to revise symmetry properties of many basic equations of theoretical and
mathematical physics from this point of view.

Many articles written by W.I. Fushchych and his pupils are devoted to this problem
last ten years. Conditional symmetry is used usually to build exact (conditional invariant)
solutions of investigated equations. But it isn’t a unique use of conditional symmetry. In
this paper, we’ll show a way of use conditional symmetry to give connection formulae
between differential equations.

Investigating the conditional symmetry of the nonlinear heat equation

ou

5 +V()VU) = g(U) (1)
or the equivalent equation
ou
Hu)— +Au=F 2
(1) 5o + = F(w), 2)

where u = u(x),z = (20, %) € Ri4n, we receive the following result in the case n = 1.

Theorem 1 The equation
H(uw)up + uiyp = F(u), (3)

ou 0%u
—. U —_
8.’1)0 ; W11 8%% )
18 Q-conditionally invariant with respect to the operator

Q = A(zo, z1,u)00 + B(xo, x1,u)01 + C(z0, 21, u)0, (4)

where uy = u = u(xg,x1), H(u), F(u) are arbitrary smooth functions,
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if the functions A, B, C satisfy the system of differential equations in one from the following
cases.

1) A#0

(we can assume without restricting the generality that A =1)
By =0,  Cyy=2(Bi+ HBBy),
3B,F = 2(Cyy, + HB,C) — (HBy + By + 2HBB, + HBC), (5)
CF —(C, —2By)F = HCy+ Cy; +2HCB, + HC?,

2) A=0, B=1.

CF — C,F = HCy + C11 +2CC1y + C*Cuyy + CFH (F—CC, +C1). (6)

A subscript means differentiation with respect to the corresponding argument.

If in formula (6), as the particular case , we take

H(u) =1, F(u)=0, C(zo, 1, u) = w(xo, x1)u, (7)
then operator (4) has the form

Q = 01 + w(xzg, x1)udy, (8)
and the function w is a solution of the Burgers equation

wo + 2ww; + wip = 0. 9)
With our assumptions (8), equation (3) become the linear heat equation

up + u11 = 0. (10)

We find the connection between equations (9) and (10) from the condition

Qu = 0. (11)
In this case, equation (11) has the form

up — wu =0, (12)
or

w = 01(Inu). (13)

Thus, we receive the well-known Cole-Hopf substitution, which reduces the Burgers equa-
tion to the linear heat equation.

Let us consider other example. G. Rosen in 1969 and Blumen in 1970 showed that the
nonlinear heat equation

wy + O (w2wy) = 0, w = w(t,z), (14)
is reduced to the linear equation (10) by the substitutions
1. t=t, =2, w=uvy

(15)
2. t=z9, T=u, vV=2a1.
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Connection (15) between equations (14) and (10) is obtained from condition (11) if we
take in (6)

Hw) =1, Fu) =0, C(ro,a1,u)= m (16)
Equation (6) will have the form (14), and (11) will be written in the form
"=, (1)
that equivalent to (15).
Provided that
H(u)=1, F(u)=Aulnu, \= const, (18)
formula (13) connects the equations
ug +uip = Aulnu and  wp + 2wwi + w11 = Aw. (19)
When
Hu) = —— Fu)=0, Clzo,a1,u) = — (20)
f(u) w(zo, u)
then substitutions (15) set the connection between the equations
ug + f(w)uyy =0 and  w; + 9,[f(z)w 2w,)] = 0. (21)

It should be observed that equations (19) and (21) are widely used to decribe real
physical processes.
If we assume

C =0, B:—%, H(u)=-1, F(u)=0, (22)
in formulae (5), where f = f(z) is an arbitrary solution of the equation
fo=fu, (23)
then we take the operator
fi
Q =0y — 0.
f

From condition (11), we receive the connection between two solutions of the linear equa-
tion (23)

fuo — frup = 0. (24)
The characteristic equation
fidzo + fdx1 =0 (25)

corresponds to equation (24).
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Theorem 2 If a function f is a solution of equation (23), and a function u(x) is a
common integral of the ordinary differential equation (25), then wu(x) is a solution of
equation (23).

Theorem 2 sets a generation algorithm for solutions of equation (23). Thus starting
from the “old” solution u = 1, we obtain a whole chain of solutions of equation (23):

22 L
zq a1
21 TOTLT 3

Prolongating this process, we find next solutions of equation (23):

l— 2y — 20+

2m 2m—2 m—1 2 m

7" To_ T IO M G

)l T @m 2 T T 2 T
2m—+1 2m—1 m—1 3 m
Y To T x T Tt T
1 0_ %1 4 gp 20 1 0 *1

Cm+1)! " UEm—1" T (m—1)13 " ml 1l

where m =0,1,2,---

In conclusion, we give still one result, which sets the connection between the generalized
Harry-Dym and Korteweg-de Vries equations.

Let us generate the Korteweg-de Vries equation

ug + Auuq + uip = 0, u = u(zg, 1), (26)
and the Harry-Dym equation

Wy + Oz (W3 Pwy) = 0, w = w(t,x), (27)
by following equations

uo + f(u)us + w1 =0, (28)
and

Wi + Ope (F(w)ws) = Gz, w). (29)

Theorem 3 The generalized Korteweg-de Vries equation (28) is Q-conditionally invariant
with respect to the operator

Q = 01 + C(z0, 71, u)0u, (30)
if the function C(xg,x1,u) is a solution of the equation
CO+0111+3CCHu+3(Cl+CCu)(Clu+CCuu)+3C2cluu+cgcuuu+olf+o2f = 0(31)

If we assume in (31) that

1
w(zo,u)’

then we obtain

wo + 6uu(w_3wu> = f(u) (32)
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Thus, formula (17) sets the connection between the generalized Korteweg-de Vries (28)
equation and Harry-Dym equation

W+ D (0 w) = f (). (33)
In particular at f(u) = Au, we obtain the connection between the following equations:
ug + Muug +u11 =0 and  wy + Opp(ww,) = A, (34)

where ) is an arbitrary constant.

So, we have shown that it is possible to obtain nonlocal connection formulae between
some differential equations, using the operators of conditional symmetry. It is, for example,
the well-known connection between the Burgers and linear heat equations, that is realized
by the Cole-Hopf substitution. We have obtained also that there is the nonlocal connection
between the generalized Harry-Dym and the Korteweg-de Vries equations.
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Abstract

We give a brief review of our results on investigating conditional (non-classical) sym-
metries of the multidimensional nonlinear wave Dirac and SU(2) Yang-Mills equations.

Below we give a brief account of results of studying conditional symmetries of multi-
dimensional nonlinear wave, Dirac and Yang-Mills equations obtained in collaboration
with W.I. Fushchych in 1989-1995. It should be noted that till our papers on exact
solutions of the nonlinear Dirac equation [1]-[4], where both symmetry and conditional
symmetry reductions were used to obtain its exact solutions, only two-dimensional (scalar)
partial differential equations (PDEs) were studied (for more detail, see, [5]). The principal
reason for this is the well-known fact that the determining equations for conditional sym-
metries are nonlinear (we recall that determining equations for obtaining Lie symmetries
are linear). Thus, to find a conditional symmetry of a multidimensional PDE, one has to
find a solution of the nonlinear system of partial differential equations whose dimension is
higher that the dimension of the equation under study! In paper [3], we have suggested a
powerful method enabling one to obtain wide classes of conditional symmetries of multi-
dimensional Poincaré-invariant PDEs. Later on it was extended in order to be applicable
to Galilei-invariant equations [6] which yields a number of conditionally-invariant exact
solutions of the nonlinear Levi-Leblond spinor equations [7]. The modern exposition of
the above-mentioned results can be found in monograph [8].

Historically, the first physically relevant example of conditional symmetry for a multi-
dimensional PDE was obtained for the nonlinear Dirac equation. However, in this paper,
we will concentrate on the nonlinear wave equation which is easier for understanding the
basic techniques used to construct its conditional symmetries.

As is well known, the maximal invariance group of the nonlinear wave equation

Ou = Ugyzy — Au = Fy(u), F e CHRLRY (1)
is the 10-parameter Poincaré group having the generators
-P;A = aac,“ JOa = 3?03% + xaaxm Jab = xaaacb - xaaxaa

where 1 =0,1,2,3, a,b=1,2,3.

The problem of symmetry reduction for the nonlinear wave equation by subgroups of
the Poincaré group in its classical setting has been solved in [9]. Within the framework of
the symmetry reduction approach, a solution is looked for as a function

u(z) = p(w) (2)
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Fig.1. Symmetry reduction scheme

3-dimensional subalgebra (200, + ©30z,, Ozy, Oxy)

Invariant solution u(z) = ¢(y/z§ — z3)

Reduced equation ¢” + 1o’ = —F(¢)

of an invariant w(x) of a subgroup of the Poincaré algebra. Then inserting the Ansatz
¢(w) into (1) yields an ordinary differential equation (ODE) for the function ¢(w). As
an illustration, we give Fig.1, where w is the invariant of the subalgebra (Jo3, P, P2) €
AP(1,3).

The principal idea of our approach to constructing conditionally-invariant Ansétze for
the nonlinear wave equation was to preserve the form of Ansatz (2) but not to fix a priori
the function w(z). The latter is so chosen that inserting (2) should yield an ODE for
the function w(x). This requirement leads to the following intermediate problem: we have
to integrate the system of two nonlinear PDEs in four independent variables called the
d’Alembert-eikonal system

W, wWer = F1(w), Dw= F(w). (3)

Hereafter, summation over repeated indices in the Minkowski space with the metric tensor
Guv = 0 % (1,—1,—1,—1) is understood, i.e.,

— 2 2 2 2
W, Wt = Wy — Wy, — Wi, — Wi,

As an illustration, we give below Fig.2.

According to [10], the compatible system of PDEs (3) is equivalent to the following
one:

We,Wen = A, Ow = —, (4)

where A = 0,41 and N = 0,1,2,3. In papers [11, 12], we have constructed general
solutions of the above system for all possible values A\, N. Here, we restrict ourselves to
giving the general solution of the d’Alembert-eikonal system for the case N = 3, A = 1.
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Fig.2. Conditional symmetry reduction scheme

Ansatz  u(x) = p(w(x))

Reduced equation w,,wx ¢ + Bw, ¢’ = F(p)

Fi(w) Fa(w)

System of PDEs wy,wzn = Fi(w), Dw = Fa(w)

Theorem. The general solution of the system of nonlinear PDFEs

Wg,wWer =1, DOw = " (5)

is given by the following formula:
w? = (2 + Au(r)) (¥ + 4%(7)),

where the function T = 7(x) is determined in implicit way
(2 + Au(r)) B (r) = 0

and the functions A, (1), Bu(T) satisfy the relations
ALB“ =0, B,B" = 0.

This solution contains five arbitrary functions of one variable. Choosing A, = C,, =
const, B, = 0, p = 0,1,2,3, yields an invariant of the Poincaré group w(z) = (z, +
Cy)(x* + C*). All other choices of the functions A, B, lead to Ansétze that correspond
to conditional symmetry of the nonlinear wave equation. Conditional symmetry gen-
erators can be constructed in explicit form, however, the resulting formulae are rather

cumbersome. That is why we will consider a more simple example of a non-Lie Ansatz,
namely

u(x) = gp(:zl + w(zg + ;Ug))
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As a direct computation shows, the above function is the general solution of the system
of linear PDEs

Qau(r) =0, a=1,2,3,
where

Ql - azo - awga QQ — 8x0 + axg - 2w,am1, Q3 — 8332'

The operator ()2 cannot be represented as a linear combination of the basis elements of
the Lie algebra of the Poincaré group, since it contains an arbitrary function. Furthermore,
the operators @)1, Q2, Q3 are commuting and fulfill the relations

QL=0, Q:L=4u"0, (Qw), Q3L =0,
where L = Ou — F'(u), whence it follows that the system
Uu = F(u)7 Qlu = 07 QQU = 07 Q3u =0

is invariant in Lie’s sense with respect to the commutative Lie algebra A = (Q1, Q2, Q3).
This means, in its turn, that the nonlinear wave equation Ou = F'(u) is conditionally-
invariant with respect to the algebra A. The geometric interpretation of these reasonings
is given in Fig.3.

We recall that a PDE

U(z,u) =0

is conditionally-invariant under the (involutive) set of Lie vector fields (Q1, ..., @) if
there exist PDEs

Ui(z,u) =0, Us(x,u)=0,..., Un(z,u)=0

such that the system

U(z,u) =0,
Ul(m,u) :0,
UN(LB,U) =0

is invariant in Lie’s sense with respect to the operators )., Va.

In particular, we may take n = N, U;(z,u) = Q;u which yields a particular form of
the conditional symmetry called sometimes @-conditional symmetry (for more detail, see
[8, 14]).
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Fig.3

Solution set of the nonlinear wave equation

Subset of solutions invariant w.r.t. A

Next we give without derivation examples of new conditionally-invariant solutions of
the nonlinear wave equation with polynomial nonlinearities F'(u) obtained in [15].

1. F(u) = \u?

1) ulx) = %

where A = —2a? < 0,

2
(22 + 22 + 22 — 22)"/? tan {—% ln<C(w)(ac% + 23+ 23 — x2)>} ,

= ?C(@(l £ W) ad +ad+ad—ad))

2) u(z)

where A = +a?;
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2. F(u) = \ud
1/2
1) u(z) = afl(x% + a:% — x3)1/4{sin ln(C(w)(x% + x% _ x%)*1/2> 4 1}

~1/2
X {2sinln(0(w)(x%+x%—x3)1/2) —4} ,

where A = a* > 0,

1/4 _
2 ule) = =C) (14 CYw)at +a3 - )

where \ = +a2.

In the above formulae, C'(w) is an arbitrary twice continuously differentiable function of

ToT1 * x2 x% +:U% — x%

w(z) = ;
zi + 3
a # 0 is an arbitrary real parameter.
Let us turn now to the following class of Poincaré-invariant nonlinear generalizations

of the Dirac equation:

(#9002, — f1 (00, Bya) — o6, dyath)va )0 = 0. (6)

Here, «,, are 4 x 4 Dirac matrices, u = 0,1,2,3, 74 = Y717273, ¥ is the 4-component
complex-valued function, 1 = (1v*)T 0, f1, fo are arbitrary continuous functions.

The class of nonlinear Dirac equations (6) contains as particular cases the nonlinear
spinor models suggested by Ivanenko, Heisenberg and Giirsey.

We have completely solved the problem of symmetry reduction of system (6) to systems
of ODEs by subgroups of the Poincaré group. An analysis of invariant solutions obtained
shows that the most general form of a Poincaré-invariant solution reads

¥(x) = exp{6;v; (70 + 73)} exp{(1/2)007073 + (1/2)037172}p(w), (7)
where 0y(x),...,03(x),w(x) are some smooth functions and ¢(w) is a new unknown four-
component function.

Now we make use of the same idea as above. Namely, we do not fix a priori the form
of the functions 6, w. They are chosen in such a way that inserting Ansatz (7) into
system (6) yields a system of ODEs for p(w). After some tedious calculations, we get a
system of 12 nonlinear first-order PDEs for five functions ¢, w. We have succeeded in
constructing its general solution which gives rise to 11 classes of Ansétze (7) that reduce
the system of PDEs (6) to ODEs. And what is more, only five of them correspond to
the Lie symmetry of (6). Other six classes are due to the conditional symmetry of the
nonlinear Dirac equation.

Below we give an example of a conditionally-invariant Ansatz for the nonlinear Dirac
equation

/.2 2
1 ayr/z7 + z
gj = —w + (# arctan 2 + w3> 8a:j (arctan ﬂ) )

27 o+ 3 ) 29

zZ1
0o = In(xg + x3), 63 = —arctan —, w = 22 + 23,
z2
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where z; = x; +wj, j = 1,2, w1, ws, w3 are arbitrary smooth functions of z¢ + x3 and a
is an arbitrary real constant. Provided,

a=0, w;=const, wy=const, w3=0

the above Ansatz reduces to a solution invariant under the 3-parameter subgroup of the
Poincaré group. However if, at least, one of these restrictions is not satisfied, the Ansatz
cannot in principle be obtained by the symmetry reduction method.

Next we will turn to the SU(2) Yang-Mills equations

Ay, — 0un O, Ay + (D0, A)) % Ay — 20, A,) x A,

B ) (8)
+(Oon Ay) x AV) + €24, x (

”xffu):ﬁ.

Here, A;L = Eu(xo,xl,xg,ﬁg) is the three-component vector-potential of the Yang-Mills
field, symbol x denotes vector product, e is a coupling constant.

It is a common knowledge that the maximal symmetry group of the Yang-Mills equa-
tions contains as a subgroup the ten-parameter Poincaré group P(1,3). In our joint paper
with Fushchych and Lahno, we have obtained an exhaustive description of the Poincaré-
invariant Ansétze that reduce the Yang-Mills equations to ODEs [16]. An analysis of the
results obtained shows that these Ansétze, being distinct at the first sight, have the same
general structure, namely

A, = Ry (2)By(w(z)), p=0,1,2,3 (9)
where

Ry (z) = (apa, — dyd,) cosh 0y + (a,d, — dya,) sinh 6
+2(ay, + d,)[(01 cos O3 + O3 sin 63)b, + (02 cos B3 — 0 sinb3)c,
+(07 + 03)e=%(a, + d,)] — (cucy + buby) cos b3
—(cuby — bycy)sinfs — 26‘90(91% + Ozcy)(ay + dy).

In (9), w(z), 0, () are some smooth functions and what is more
0; = 0;(ayzt + dyat, byat, ¢ zt), j=1,2,
ay, by, cu, d, are arbitrary constants satisfying the following relations:

ayat = b bt = —c,ct = —d,d* =1,
a b = a,ct = aydt = byct = b,d* = c,dt = 0.
We have succeeded in constructing three classes of conditionally-invariant Ansétze of

the form (9) which yield five new classes of exact solutions of the SU(2) Yang-Mills
equations [17].
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Fig.4

u = @1(x1 + a(zo + 23)?)

u = @o(x1 + aln(zg + x3))

u = ¢ (21 coswi(xg + x3) + T2 sinwy (g + x3) + wa(xo + x3))

In conclusion, we would like to point out a remarkable property of conditionally-
invariant solutions obtained with the help of the above-presented approach. As noted in
[15], a majority of solutions of the wave and Dirac equations constructed by virtue of the
symmetry reduction routine are particular cases of the conditionally-invariant solutions.
They are obtained by a proper specifying of arbitrary functions and constants contained in
the latter. As an illustration, we give in Fig.4, where we demonstrate the correspondence
between two invariant solutions u(x) = @1 (z1 + a(zo + 3)?), u(x) = a(z1 + a(zo + 3)?)
and the more general conditionally-invariant solution of the form:

u(z) = gp(xl coswiy(zg + x3) + w2 sinwy (xo + x3) + wa(zo + arg)),

where w1, wy are arbitrary functions.
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Abstract
The reduction of the n-dimensional Boussinesq equation with respect to all subalgebras
of rank n of the invariance algebra of this equation is carried out. Some exact solutions
of this equation are obtained.

1 Introduction

In this paper, we make research of the Boussinesq equation
ou

— + V[(au+b)Vu]+ cu+d =0, (1)
6950
where
0 0
U—U(l’o,xl,...,.’ﬂn), v—(a—xl,,a—mn),

a, b, ¢, d are real numbers, a # 0. This equation has applications in hydrology [1, 2]
and heat conduction [3]. Group properties of (1) were discussed in [4] for n = 1, in [5]
for n = 2,3, and in [6, 7] for each n. In the case n < 3, ¢ = d = 0, some invariant
solutions of (1) have been obtained in [1, 6-9]. The aim of the present paper is to perform
the symmetry reduction of (1) for each n to ordinary differential equations. Using this
reduction we find invariant solutions of this equation.

2 Classification of subalgebras of the invariance algebra

The substitution (au + b) = v? reduces equation (1) to
ov

a_%+y%Av+6v+'yv% =0, (2)

where § = 2¢, v = 2ad — be. If v = 6 = 0, then equation (2) is invariant under
the direct sum of the extended Euclidean algebras AE (1) = (Pp,D;) and AE (n) =
(P1,...,P) (A0 (n) ® (D2)), AO (n) = (Jap: a,b=1,...,n) generated by the vector
fields [7]:

Py = 0 ; Dl—ﬂb’o—a —QU—a, b__@ ;

8 0 81‘0 av 3xb (3)
Jpe = -z i Dy =2 i—HJA)
be — ba.’Ec ca b7 2 = baafb 81}7

where b,c=1,...,n.
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If v =0, § # 0, then equation (2) is invariant under AE (1) ® AFE (n), where [5]

10

0 o
Pyp=e — —2§e"y_— Dj=—"——
0=2¢ e v, 1 5 0o’

0xg ov
whereas the remaining operators are of the form (3). For v # 0 equation (2) is invariant
under the direct sum of AF (1) = (Py) and AE (n) = (P1,...,P,) DAO (n) generated by
the vector fields (3). From here we assume that v = 0.
Let v = v (z9,x1,...,2y) be a solution of equation (2) invariant under Py. In this case
if 0 =0, then v = v (x1,...,2,) is a solution of the Laplace equation Av = 0. If § # 0,
then

v :efﬁmogo(a:l,...,azn), (4)

where Ap = 0. Furthermore for each solution of the Laplace equation, function (4)
satisfies equation (2). In this connection, let us restrict ourselves to those subalgebras of
the algebra F = AFE (1) & AE (n) that do not contain Py. Among subalgebras possessing
the same invariants, there exists a subalgebra containing all the other subalgebras. We
call it by the I-maximal subalgebra. To carry out the symmetry reduction of equation (2),
it is sufficient to classify I-maximal subalgebras of the algebra F' up to conjugacy under
the group of inner automorphisms of the algebra F'.

Denote by AO|[r,s], r < s, a subalgebra of the algebra AO (n). It is generated by
operators Jg, where a,b = r,r+1,...,s. If r > s, then we suppose that AO [r,s] = 0.
Let AE [r,s] = (Py,...,Ps) PAO[r,s| for r < s and AE [r,s] =0 for r > s.

Let us restrict ourselves to those subalgebras of the algebra F' whose projections onto
AO (n) be subdirect sums of algebras of the form AO [r, s].

Theorem 1 Up to conjugacy under the group of inner automorphisms, the algebra F' has
7 types of I-mazximal subalgebras of rank n which do not contain Py and satisfy the above
condition for projections:

Ly = AE(n);
Ly = (A0 (m)® AO[m +1,q) ® AE[¢+ 1,n]) D (D1, D7),
where 1<m<n—1,m+1<qg<mn;

Ly = (A0 (m)® AE[m+1,n]) (D1 +aD3) (aeR, 1<m<n);

Ly =A0(m—1)&{((Po+ Pn) ®AE[m+1,n]) D(D1 4+ D2)} (2<m <n);

Ly=(Py+ P)® AE[2,n];

Ls = A0 (m)® (AEm+1,n] ®(Da+ aFp)) (a=0,£1; 1 <m <n);

L¢ = (Ji2 + Py, Da + aPy) @AE [3,n] (a € R).
Proof. Let K be an I-maximal rank n subalgebra of the algebra F', w(F") be a projection
of K onto AO(n) and W = (Py, Py, ..., P,)NK. If a projection of W onto (F) is nonzero,
then W is conjugate to (Py+ Py, Pput1, - - -, Pn). In this case 7(K) = AO(m—1)® AO[m+

1,7n] and a projection of K onto (D1, D3) is zero or it coincides with (D; + Ds). Therefore
K= L3 or K = L4.
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Let a projection of W onto (Fy) be zero. If dimW = n — ¢, then up to conjugacy
W = (Py41,...,Py) and AE[g+1,n] C K. In this case 7(K) = QBAO[q+1, n], where Q is
a subalgebra of the algebra AO(q). For ¢ = 0 we have the algebra Lg. Let @ # 0. Then @ is
the subdirect sum of the algebras AO[1,m1], AO[m1+1,ms],..., AO[ms_1+1, ms], where
ms < ¢ and in this case a projection of K onto (P,..., P,) is contained in (P, 41, .., Pn).
Since the rank of @) doesn’t exceed ms; — s, we have s < 2. If s =2, then K = L.

Let s = 1. If a projection of K onto (Py) is zero, then K is conjugate to Lo or Ls,
where a = 0. If the projection of K onto (FPp) is nonzero, then K = Lg or K = Lg, where
a = 1. The theorem is proved.

3 Reduction of the Boussinesq equation without source

For each of the subalgebras L1—Lg obtained in Theorem 1, we point out the corresponding
ansatz w' = ¢ (w) solved for v, the invariant w, as well as the reduced equation which
is obtained by means of this ansatz. In those cases where the reduced equation can be
solved, we point out the corresponding invariant solutions of the Boussinesq equation:

244 a2)) ai+ - 4l
3.1.1):(#) oWw), w=—t T then

Zo $727—L+1++$37
2w (1+w) ¢+ {(8+m)w—(q—m—4)w2} ¢+2(2+m)gp—<p% = 0.
. . 1 L .
The reduced equation has the solution ¢ = —————=. The corresponding invariant
4(2+m)
solution of equation (1) is of the form
a4, b 5)
22+ m)ar, a
DY 2
3.2. v=13""2p (W), w= Tt 2a+ xm, then
Zo
N EERN 1
2w<p—|—<m—aw<p 2)<,o+(2a—1)<p2:0. (6)

1
For a = " the reduced equation is equivalent to the equation

4wgb—|—(2m—4)<p—wg0% =C,
where C' is an arbitrary constant. If C' =0, then
2
w 2—m
=|—m—+Cw 1 | .
LD (m+2) ow }
The corresponding invariant solution of the Boussinesq equation is of the form

2 2 2—m _

L B ) 2 o\ 7 Mt b
— C g _ 2
2 (m+2)ax + (xl + —i—mm) o a
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The nonzero function ¢ = (Aw + B)?, where A and B are constants, satisfies equation (6)
if and only if one of the following conditions holds:

1

1 =—, A=0

Oé 27 )
2. A= 1 B=0
T 44 2m) -

1 1

3. a=——, A=

@ m+2’ 44 2m

By means of ¢ obtained above, we find the invariant solution (5) and solution

2 2
T4 F Ty —mis b
0T T _ 2. 7
" 2(2+m)aw0+ o a @)

2 2
23l
3.3. v=(2g—Tm)’ @ (W), w=— =1 then
(zo — Tm)

ww+1) g+ (m-1-w-wp ) p+p+pt =0.

34. v =¢(w), w = x9 — 71, then cp%gb + ¢ = 0. The general solution of the reduced
equation is of the form

C
90%+51n‘0—2<p% =-w+C.

The corresponding invariant solution of equation (1) is the function u = wu (zg, z1) given
implicitly by

C
au—&—b—i—;ln\C—Qau—%]:xl—xo—i—C’,

where C' and C’ are arbitrary constants.

3.5. v= (33%+---+x2m)290(w), w:2x0—aln(x%+-~+x$n),then

20%p + {cp_% +(m+6)«

—

p+2(m+2)p=0.

2 _a
3.6. v= (x% + .75%) pw), w= (m% + :c%) ? exp (:Ug + arctan ﬂ), then
T2

<1+a2) w2¢+ [wgp_% + (ag —8a+1> w} P+ 16 = 0.

Notation. Case 3.1 corresponds to the subalgebra Li; 3.2 — to Lo and so on.
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4 Reduction of the Boussinesq equation with source

Case 4.1 corresponds to the subalgebra Lq; 4.2 — to Lo and so on. Let 2ad — bc = 0.

4.1. v = (m%+~--—|—x72n)2g0(w), w= ($%—|——|—:L’,2n) ($3n+1+---—|—$3)_1,then

1

22 (1+w) @+ [(B+m)w—(g—m—4)w?] +2(2+m) g+ 0pF =0
4.2. v = exp (—4adzg) ¢ (W), w:(x%—f—-‘-—l—azzn) exp (—4adxg), then
2wgb+[m+oz(5wg0_%]gb+6(1—2a) 2 =0. (8)

we obtain the following equation:

2
. . . 1
Integrating this reduced equation for o = 7

N|=
I

1
2o+ (Mm—2)p+ §5wg0 C.

For C' = 0 we have

1~ 2 0
02 =Cw 7
T 2(m+2)”
The corresponding invariant solution of the Boussinesq equation is of the form
2—m
C 2 2 =~ 2 2 1 2 + m b
w= g (et O () e (<2 e ) -
where C is an arbitrary constant.
1
Ifa= pyp— then cp% = —mw + B is a solution of equation (7). Thus, we find

the exact solution

4 c b
f— / p— _—— 2 DY 2 —_——
u=2D exp< 2+mcx0) (m—l—2)a(xl+ +xm) 0

1 2
4.3. v = (:L‘m e~ 9%0 +5 e_25$°) ow), w=

w(l+w)g+(m—1—6w)p=0.

Integrating this reduced equation we obtain
gO:Cl/ (1+w) dw+02

For m = 3 we have the invariant solution of equation (1):

u = 1 (.%'3 + i e—ZCxo) e—ZCxo {Cl
a 2c

with C7 # 0, Cs being arbitrary constants and w =

4 4
1nw+4w+3w2+§w3+%

+@}__

x%—kaz%

(xs—l— e~ 20"’30)2‘
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1
44, v=c"200(w), w=ux+ 5 e™%% then $ — 2 = 0. This equation is equivalent
to the equation

3

p—T=C.

oo’“G

V3

If C" =0, then ¢ = . Thus, we find the exact solution

(C - 20)?
3% e—QCxO
u = ; N T E
(C — 2z — % e’2cz0) ‘
2 LY 2 2
4.5. v = (71 + e25; Tm) ¢w), w=adln (x% +--+ 377271) +2e7%%0 then

4a252¢+2a5(m+6)¢—25g0%¢+4(m—|—2)90:O.

For av = 0 we find the exact solution of equation (1):

~ 2 b
u = ($%++m72n) e—2¢cTo [C—}— m+ e—2cwo} _Z

ac a

[N]])

ox

2 1
4.6. v = (:c% + :r%) e 0% (W), w= (w% + x%) exp (5 e %0 —arctan i—;), then

(1+0?)wp+ |(a® +8a+1)w—wp 2| o+ 169 =0.

5 Application to heat conduction of non-linear materials

The exact solution of the Boussinesq equation obtained in the previous section can be
applied to calculate the temperature distribution in metals.
Heat conduction of platinum is described by the coefficient of heat conduction [3]

Apr (u) = 0,0156u + 68,75

depending on the temperature u. Function (7) written for m = 3 and B = —1 as
w(t,r) = 64,103r2¢ ™1 — 75 — 4,407 - 103

describes the temperature distribution in a platinum ball
r? <1 (x%+x§+x§§l),

when the external boundary temperature is of the form

w(t,1) = 64,103t — 75 — 4,407 - 10°.
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u u(t, 1)
¢t = 0.00001
5-10°
5-10% —
t = 0.0001
0 t = 0.001
x x x
0 0.5 r 0 0.001 0.0015 t
a b

Fig.1. Temperature distribution u(t,r) of a platinum ball: a) temperatures u(¢,r) at the times ¢; b) bound-

ary temperature u(t,r) at the time [0;0,002].

u u(t, 1)
200 — t = 0.00001
4000
2000 —
—200
t = 0.0001
¢ = 0.001
\ \ \
0 0.5 T 0 0.001 0.0015 ¢
a b

Fig.2. Temperature distribution u(¢,r) of a beryllium ball: a) temperatures w(¢,r) at the times ¢; b)
boundary temperature u(t,r) at the time [0;0,002].

Heat conduction of beryllium is described by the heat conduction coefficient [3]
1
Ag (u) = U + 158

depending on the temperature u. Function (7) written for m =3 and B = —2 as

3 2
u(t,r) = 1%75 — 278 — 474



Invariant Solutions of the Multidimensional Boussinesq Equation 69

describes the temperature distribution in a beryllium ball

r? <1 (r2:x%+x§+x§),

when the external boundary temperature is of the form

3
w(t 1) =75t - 25 — 474
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Symmetries for a Class of Explicitly Space-
and Time-Dependent (1+41)-Dimensional
Wave Equations

Marianna EULER and Norbert EULER

Department of Mathematics, Lulea University of Technology, S-971 87 Luled, Sweden

Abstract

The general d’Alembert equation Ou + f(¢,z,u) = 0 is considered, where O is the
two-dimensional d’Alembert operator. We classify the equation for functions f by
which it admits several Lie symmetry algebras, which include the Lorentz symmetry
generator. The conditional symmetry properties of the equation are discussed.

1 Introduction

In the present paper, we derive some results on the invariants of the nonlinear wave
equation

Ou + f(zo,z1,u) = 0, (1.1)

where O := §%/0x3 — 0?/0x? and f is an arbitrary smooth function of its arguments, to
be determined under some invariance conditions.

It is well known that Lie transformation groups play an important role in the investi-
gation of nonlinear partial differential equations (PDEs) in modern mathematical physics.
If a transformation leaves a PDE invariant, the PDE is said to possess a symmetry. A
particular class of symmetries, known as the Lie point symmetries, has been studied by
several authors (see, for example, the books of Ovsyannikov [10], Olver [9], Fushchych
et al. [7], Ibragimov [8], Steeb [11]). Lie symmetries of nonlinear PDEs may be used to
construct exact solutions and conservation laws for the equations (Fushchych et al. [7]).
The classification of PDEs with respect to their Lie symmetry properties is an important
direction in nonlinear mathematical physics. In particular the book of Fushchych, Shtelen
and Serov [7] is devoted to the classification of several classes of nonlinear PDEs and sys-
tems of PDEs admitting several fundamental Lie symmetry algebras, such as the Poincaré
algebra, the Euclidean and Galilean algebras, and the Schrédinger algebra. They mostly
consider equations in (14 3)-dimensions as well as arbitrary-dimensional equations, usually
excluding the (14 1)-dimensional cases. The classification of the (1+ 1)-dimensional wave
equation (1.1) is the main theme in the present paper. The invariance of (1.1) with respect
to the most general Lie point symmetry generator, Lie symmetry algebras of relativistic
invariance, and conditional invariance is considered. We present the theorems without
proofs. The proofs are given in Euler et al. [2].
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2 The General Lie point symmetry generator

Before we classify (1.1) with respect to a particular set of Lie symmetry generators, we
establish the general invariance properties of (1.1).

Theorem 1. The most general Lie point symmetry generator for (1.1) is of the form

2= {o1() + 92(00)} 5+ {01(00) — 9202} o + {hu+ )} 5 (2)

where g1,92, and h are arbitrary smooth functions of their arguments and k € R. One
must distinguish between three cases:

a) For g1 # 0 and go # 0, the following form of (1.1) admits (2.1):

exp(ke) 92h B
Ou + OS] {_4/gl(yl)g2(y2)3m0m exp(—ke) de + G(Y1, Yg)} =0. (2.2)

Here, G is an arbitrary smooth function of its arguments, and

dy1 dys
e 82 _9
de gl(y ) de gz(yz),
_ / dyl B / dyz
92 yz
Y = uexp(— /h e) exp(—ke) de,
Y1 = o + 21, Y2 = X9 — Z1-

b) For g1 =0 and g2 # 0, the following form of (1.1) admits (2.1):

Ou + G(Y1,Y2) g2(y2) L exp(ke) = 0, (2.3)
where G is an arbitrary smooth function of its arguments, and

Y1 =x0 + 21, Yo = wexp(—ke) — /h(s) exp(—ke)de,

dys
—= =2 = — 1.
de 92(y2), Y2 = X9 — X1

¢) For g1 # 0 and g2 = 0, the following form of (1.1) admits (2.1):
Ou + G(Y1,Y2) g1(y1) "t exp(ke) = 0, (2.4)

where G is an arbitrary smooth function of its arguments, and

Y1 =29 — 21, Yo = uwexp(—ke) — /h(e) exp(—ke)de,

dyl

=9 = .
e g1(y1), Y1 = To + T1
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3 A particular Lie symmetry algebra

As a special case of the above general invariance properties, we now turn to the clas-
sification of (1.1) with respect to the invariance under the Lorentz, scaling, and conformal
transformations, the Lie generators of which are given by

L —xa——i-:ca— S—xa—+xa—+)\u8—
Moz T 0ay ~ 0 " 0my ou’
0 0 0
Ko = (2§ + 27) 57— + 2wo21 5 — — 3.1
0 = (2o +l‘1)ax0 + 220715 +a(zo, 21) 5 -, (3.1)
B 0 9 9, 0 0
K, = —2x011 . (x5 + xl)axl ﬂ(xo,xl)au.

Here, @ and (8 are arbitrary smooth functions and A € R, to be determined for the
particular Lie symmetry algebras. We are interested in the 4-dimensional Lie symmetry
algebra spanned by {Lo1, S, Ko, K1}, the 3-dimensional Lie symmetry algebra spanned by
{Lo1, Ko, K1}, the 2-dimensional case {Lg1, S} as well as the invariance of (1.1) under the
Lorentz transformation generated by {Lo;}. The following Lemma gives the conditions
on « and ( for the closure of the Lie algebras:

Lemma.
a) The generators {Lo1, S, Ko, K1} span the 4-dimensional Lie algebra with commutation
relations as given in the commutator table below if and only if

a(zg, 1) = c:vo(x% — CL’%)A/2, B(zo, 1) = cxl(mg - x%))‘/Q, (3.2)

where ¢ is an arbitrary real constant.

b) The generators {Lo1, Ko, K1} span the 3-dimensional Lie algebra with commutations as
given in the commutator table below if and only if

a(zo, z1) = (20 + 1)d(y) + (zo + x1) " p(y),

(3.3)
Bzo, 1) = (w0 + x1)¢(y) — (w0 + 21) "' P(y),
where ¢ and 1 are restricted by the condition
do dy
2
oY Zr — 4
v ydy+1/1 0, (3.4)

with y = x3 — 3.

Commutator Table

L01 S Ko K1

Lot | O 0 K, | — Ky
S 0 0 Ky K
Ky | K1 | =Ky 0 0
K | Ky | —K; 0 0
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Using the Lemma, we can prove the following four theorems:

Theorem 2. Fquation (1.1) admits the j-dimensional Lie symmetry algebra spanned by
the Lie generators {Lo1, S, Ko, K1} given by (3.1) if and only if «, 3, and equation (1.1)

are of the following forms:
a) For A # 0,

A/2 A/2
) )

a(zo, 1) = c120(z§ — 27) B(wo, 1) = cra1 (2§ — 27)

whereby (1.1) takes the form

(A2)/X
)

Ou — Aery =272 4y =2 (u - C—;y)‘/Q
with ¢1,co € R and y = 23 — 3.
b) For A =0,
a(zo, 1) = c10, B(xo,x1) = cra1,
whereby (1.1) takes the form
1 2
Ou+y "exp|——u) =0
C1

with ¢, € R\{0} and y = 2} — 23.

(3.5)

(3.6)

Theorem 3. Equation (1.1) admits the 3-dimensional Lie symmetry algebra spanned by
the Lie generators {Lo1, Ko, K1} given by (3.1) if and only if «, 3, and equation (1.1) are

of the following forms:

a) For f linear in u, we yield

Oé(.%'(), $1) = (m'() =+ xl) {]ng*l + kly’l lny + ]{34} + (a}(] + .%'1)71 {kl lny + kgy + k3} ,

ﬁ(xo, .%'1) = (w() + .’El) {kgyfl + klyfl lny + kg} — (.’L‘() + 1'1)71 {kl lny + ka + k’3},

and (1.1) takes the form

1 2k 2ki (ks + k1) _4 2k
Ou — — —_— Iny — 4k 1 ks | =0
where y = l’(Q) — m% and ki, ..., ks are arbitrary real constants with ki # 0, k4 # ko.

b) For f independent of u, we have
a(wo,x1) = (zo + 21) {k3y ™" +ka} + (2o + 21) 7" {koy + K3},
B(xo,21) = (w0 + m1) {ksy ™" + ka} — (w0 + 1)~ {kay + ks},
and (1.1) takes the form
Ou + cy ™2 =0,

where ko, k3, k4 are arbitrary real constants and y = x3 — 3.
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c¢) For f nonlinear in u, it holds that
oz, 21) = (zo + 21) {ksy ™" + ka} + (w0 + 21) " {koy + ks},
B(zo, 1) = (w0 + 21) {ksy ™' + ka} — (zo + x1) " {koy + ks},
whereby (1.1) takes the form

Ou+y 2g (u —kolny + kgy_l) =0. (3.7)
Here, ko and ks are arbitrary real constants, y = z3 — 23, and g is an arbitrary smooth
function of its argument.

Theorem 4. Equation (1.1) admits the 2-dimensional Lie symmetry algebra spanned by
the Lie generators {Lg1, S} given by (3.1) if and only if (1.1) takes the following forms:

a) For A\=0, (1.1) takes the form
Ou+y g (u) =0,
2

where g is an arbitrary function of its argument and y = 1% — 3.

b) For A # 0, (1.1) takes the form
Ou + w2/ (y*)‘/Zu) =0, (3.8)

where g is an arbitrary function of its argument and y = 1% — 3.

Theorem 5. Equation (1.1) admits the Lorentz transformation generated by {Lo1} if and
only if (1.1) takes the form

Ou + g(y, u) =0, (3.9)

where g is an arbitrary function of its arguments and y = x3 — 3.

4 Lie symmetry reductions

In this section, we reduce the nonlinear equations stated in the above theorems to ordinary
differential equations. This is accomplished by the symmetry Ansétze which are obtained
from the first integrals of the Lie equations.

The invariants and Ansétze of interest are listed in Table 1 and the corresponding
reductions in Table 2.

Remark. The properties of the reduced equations may, for example, be studied by the
use of Lie point transformations and the Painlevé analysis. Some of the equations listed
in Table 2 were considered by Euler [3]. In particular, the transformation properties of
the equation

G+ filw)e + fa(w)p + f3(w)e™ =0,

where f1, fo, and f3 are smooth functions and n € Q, were studied in detail by Euler [3].
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Table 1
Generator w u(zo, 1) = fi(xo, z1)e(w) + fa(zo, x1)
Lox w=af—z] | fi=1, Jo=0
5 w="20 fi=a), f2=0
X
Theorem 2a: f; =1, fo= C—;w)‘/%iﬂ
x3 — 3 c1
Ky w = ——— | Theorem 2b: f; =1, fo= 5 In 21
1
k
Theorem 3c:  f1 =1, fo=kolnxy — A
wxl
Theorem 2a:  f; =1, fo= c—;wA/QxS\/Q
z} — 2} a1
K w = Theorem 2b: f1 =1, fo= ) In zg
Zo
k
Theorem 3c:  f1 =1, fo=kolnxzg— 8
WIo
Table 2
We refer to ... | Reduced Equation

Theorem 2a

L01 .

c1
e A2

()\+2)/)\
) > =0

g+ 49 — w2 4 072 (-
S
(WP 4+ 1)@ — 2w(w? = N+ AN — 1)p — AL — w2 A2/

1 )()x+2)/>\

X(l—w_z))\/Q =0

+eo(l — w_2)_2 ((p —
K and K :
WG+ 2wp T 62w—2¢(x+2)/,\ -0

Theorem 2b

L01:
2
Aw@ + 4p + w ™l exp (——‘P> —0
c1
S
2 . . 2\—1 2¢
(W =1)p+2wp+ (1 —w’) "exp|——) =0
1
KJ and K| :

2
WP+ 2wp £ %1 +w lexp <—£> =0
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Table 2 (Continued)

We refer to ... | Reduced Equation

L01 .

g +4p+w 2 (o~ kalnw+ kgw™) =0
Theorem 3c K; and Kf‘ :

WP+ 2w 4 dkzw 2 —ky Fw 29 (p — ke Inw) =0

L01 .
4w+ 49 +wlg(p) =0
Theorem 4a S -

(1 - w?)3 — 20 — (1 —w?) () = 0

L01 .

4w + 49 + 90()\_2)/)\9 (w_’\/2<,0> =0
Theorem 4b | g .

2w (1 — w?)P + 2w\ — w?)P + AA — 1)

Theorem 5 Lo :
dwg +4¢ +g(w,0) =0

5 Conditional symmetries

An extension of the classical Lie symmetry reduction of PDEs may be realized as follows:
Consider the compatibility problem posed by the following two equations

F =0u+ f(xg,x1,u) =0, (5.1)
0 0
Q= §0(960,961;U)a—;; + fl(wo,whu)a—; — n(xg,x1,u) = 0. (5.2)

Here, (5.1) is the invariant surface condition for the symmetry generator

0 0
S 50(900,%,“)8—% + &1 (o, 21, U)a—xl + n(x0, 1, )

%.
A necessary and sufficient condition of compatibility on &y, &1, and 7 is given by the
following invariance condition (Fushchych et al. [7], Euler et al. [4], Ibragimov [8])

7| = 0. (5.3)
F=0, Q=0

A generator Z satisfying (5.3) is known as a @-conditional Lie symmetry generator
(Fushchych et al. [7]). Note that conditional symmetries were first introduced by Bluman
and Cole [1] in their study of the heat equation.
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Let us now study the @-symmetries of (1.1). It turns out that it is more convenient to
transform (1.1) in light-cone coordinates, i.e., the transformation

1 1
T — 5(3004-661), o — §(m0_$1)’ U — Uu.

Without changing the notation, we now consider the system (written in jet coordinates)
F =g + f(wo,r1,u) =0,
Q = ug + &1(zo, 71, u)ur — n(zo, 1,u) =0,

where we have normalized &y. After applying the invariance condition (5.3) and equating
to zero the coefficients of the jet coordinates 1, uq, u%, u:f, u11, and ujuq1, we obtain the
nonlinear determining equations:

2
9% _ o6 _ 9°n

— 5 Z Te = 4
ou ’ O ’ Ou? =0 (54)
0? 0? 0? 0?
. . BV (5.5)
OxgOu  Oxgdxr1 Ou 0x10u
of af of (851 an) > *n
0xo + 51 + o0 +/ Ox1 Ou Bxl(?un + Orodr, 0- (5.6)
According to (5.4), we need to consider two cases:
2
Case 1. ? =0 and & = & (x1).
By solving (5.5), 1 takes on the form
d.’El
n(xo, x1,u) = ¢(2)u + h(zxg, 1), =x0+ / & (@) (5.7)

where ¢ and h are arbitrary smooth functions of their arguments. The condition on f is
given by (5.6), i.e., the following linear first order PDE

e gt + o heom I+ (F - o)) 1
u h(zo,x1) 0h (5:8)
+51($1) (#()8(=) +6"(=) + &(21) dxodzy 0

Since ¢ is not a constant, as in the case of a Lie symmetry generator (see Theorem 1), it
is clear that there exist non-trivial Q-symmetry generators of the form

0

2= 5 @)y + {8t hao, o)} 5o

For given functions ¢, h, and &1, the form of f may be determined by solving (5.8).
82
Case 2. 8—112 # 0 and & = 0.
The determining equations reduce to
Pn  Pn of of on %1 9%

OxoOu + 02"~ 0, Oxo i "9u ~ Bu + axlau” + Oxo0x1

=0 (5.9)
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Any solution of (5.9) determines f and n for which system (5.1)-(5.2) is compatible. In
this case, the non-trivial (-symmetry generators are of the form

0 0
7 = 8—:/U0 —|—77(x0,x1,u)%.
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Abstract

The work is devoted to a new branch of application of continuous group’s techniques
in the investigation of nonlinear differential equations.

The principal stages of the development of perturbation theory of nonlinear diffe-
rential equations are considered in short. It is shown that its characteristic features
make it possible a fruitful usage of continuous group’s techniques in problems of per-
turbation theory.

1. Introduction

The idea of introducing coordinate transformations to simplify the analytic expression of
a general problem is a powerful one. Symmetry and differential equations have been close
partners since the time of the founding masters, namely, Sophus Lie (1842-1899), and
his disciples. To these days, symmetry has continued to play a strong role. The ideas
of symmetry penetrated deep into various branches of science: mathematical physics,
mechanics and so on.

The role of symmetry in perturbation problems of nonlinear mechanics, which was al-
ready used by many investigators since the 70-th years (J. Moser, G. Hori, A. Kamel,
U. Kirchgraber), has been developed considerably in recent time to gain further under-
standing and development of such constructive and powerful methods as averaging and
normal form methods.

The principal stages of the development of perturbation theory of nonlinear differential
equations connected with the fundamental works by A. Poincaré, A.M. Lyapunov, Van der
Pol, N.M. Krylov, N.N. Bogolyubov, and their followers are considered. The growing role
of symmetry (and, accordingly, of continuous group’s techniques) is shown by the example
of perturbation theory’s problems.

2. Short survey of perturbation theory

2.1. The basic problem
Let us consider the system
T = -y,
=z +ex,

which is equivalent to Duffing’s equation, ¢ is a small positive parameter.
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When € = 0, the system of “zero approximation” has the periodic solution
r =cost, Yy =sint.

The main question is: has system (1) also a periodic solution when & # 0 and is sufficiently
small?
It is naturally to try to find a periodic solution of nonlinear system (1) as a series

x = cost + euy(t) + 2ug(t) + - - -, (2)
y = sint + evy (t) + e2va(t) + - - -

Substitution of series (2) in equation (1) replaces the original system by an infinite se-
quence of simple systems of equations

up = —vi,

01 = uy + cos’t,

u1(0) =1, wv1(0) =0;

Up = —V,

’[Jk = ug + fk(t, ul(t), . ,’u,kfl(t)),
up(0) =0, vE(0) =0, k=2,3,....

Let us solve system (3). Excepting the function v, one comes to the equation of the
second order

4 1
iy +uy = cos’t = 3 cost + 7 508 3t. (4)

The general solution of (4) is

3 1
uy = Acost + Bsint + gtsint— §cos3t.

Constants A and B are to be found to satisfy an initial value.

So, already the first member of series (2) has an addend tsint and, as a result, the
functions x,y are not periodic. It is easy to see that among subsequent members of
series (2) there will be also terms of kind ¢"sint. Such terms in celestial mechanics are
called “secular terms”.

2.2. Principal stages of the development of perturbation theory

All the long-standing history of solution of nonlinear problems of form (1) (and more
complicate ones) was connected with the construction of solutions as series (2) which
do not contain secular terms. Here, let us go into three most important stages of the
development of perturbation theory.

— Works by A. Poincaré and A.M. Lyapunov.
— Works by Van der Pol, N.M. Krylov and N.N. Bogoliubov.

— Group-theoretic methods in perturbation theory.
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Works by A. Poincaré and A.M. Lyapunov

The problem formulated in section 2.1 was completely solved in works of the authors
cited above. Really, they have received more general results, but there is no necessity of
considering them here.
Theoretical bases for solving problem (1) are given by the following two theorems.
Let us formulate Poincaré’s theorem suitably to the system of form (1). (The complete
formulation see, for example, in [1], p.39.)

A. Poincaré’s theorem. The solutions of system (1) are analytic functions of the pa-
rameter €, i.e., series converge when the absolute value of € is sufficiently small and, hence,
they are solutions of system (1), expanded in an infinite power series in the parameter .

Therefore, the presentation of solutions of system (1) as series (2) is quite true. Its
default is that the periodic solution of system (1) is expanded into series in nonperiodic
functions.

Let us consider a more general system of the second order

y=z+Y(z,y),
where X (z,y),Y (x,y) are analytic functions.

A .M. Lyapunov’s theorem. If system (5) has the analytic first integral
H(z,y) = 2° + y* + R(z,y) = p (6)

and p is sufficiently small, then it has a family of solutions periodic in t.
The period of these functions tends to 2w when p — 0. The solutions of system (5) are
analytic functions of a quantity c, the initial deviation of variables x,y.

A.M. Lyapunov had proved also the inverse statement. Hence, the existence of integral
(6) for system (5) is necessary and sufficient condition for the existence for system (5)
in the neighborhood of the origin of the coordinate system of periodic solutions which
depend upon an arbitrary constant c.

On making in (5) change of variables

xr = €x, Yy = €y,

one easy comes from system (5) to the one with a small parameter of the form (1).
System (1) has the first integral in elliptic functions. Hence, A.M. Lyapunov’s theorem
can be applied to it: there exists a periodic solution in the neighborhood of the origin of
the coordinate system.
A.M. Lyapunov had gave an effective algorithm of construction of solutions of sys-
tem (5) as series. The algorithm uses the change of variable

t=7(1+chy+chg+ ),

where hg, hs, ... are some constants which are to be find in the process of calculations.
A. Poincaré’s method of defining the autoperiodic oscillations of equations of the form

I+ Ay =¢eF(x, )



82 A. Lopatin

uses the change of variable
T
t= X(1+gls+g2€2+---),

where g1, g2, . . . are some constants which are to be find in the process of calculations.
In conclusion, let us note the typical features of A. Poincaré’s and A.M. Lyapunov’s
methods.

e The creation of constructive algorithms of the producing of periodic solutions as
series, which do not contain secular terms.

e The active transformation of the initial system: the introduction of arbitrary vari-
ables, which are to be find in the process of calculations.

e The base of the developed algorithms consists in the proof of analyticity of the series
which represent a desired periodic solution.

For more details about questions touched here, see, for example, [1].

Researches by Van der Pol, N.M. Krylov and N.N. Bogolyubov

The next stage in perturbation theory is connected with names of the scientists cited
above. A typical object of their investigations is the system of nonlinear equations

T=eX(e,x,y),
et ™)
y=w(x)+eY(e, x,y),

where » € R",y € R, functions X (e, z,y), Y (¢, z,y) are supposed to be periodical in y of
the period T.
One looks for solutions of system (7) as series

v =7 +eun(z,9) + ua(T,9) + -, (8)
y=7+ev(z, ) + vz, ) + - .

Functions w;(Z,y), v;(Z,y) are unknown yet and are to be found in the process of solving
the problem. Variables Z(t),y(t)) must satisfy a system

T = EAl(.Cf‘) —|—62A2(f) + -y

j=w() +eBy(Z) + 2By (T) + - - - (9)

Functions A, B in (9) are also unknown and are to be found in the process of calculations.

Therefore, there is a problem of transformation of the original system (7) to a new one
(9) more simple for investigation. This transformation actively influences the system as
it contains uncertain functions to be found.

An original algorithm close to the above described scheme for n = 1 was first suggested
by the Dutch engineer Van der Pol in the 20-th years. His method had beautiful clearness
and was convenient for design calculations. It very quickly became popular among engi-
neers. But no proof of the method existed. That is why it was out of mathematics for a
long time (like Heaviside’s method).
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In the 30-th years N.M. Krylov and N.N. Bogolyubov suggested the just cited above
general scheme (7)—(9) for investigation of systems like (7). It started the creation of a
rigorous theory of nonlinear oscillations developed in the subsequent decades.

N.N. Bogolyubov and his pupils also investigated systems

T =eX(e,x,y),

which were called standard form’s systems. They created the strictly proved method of
averaging, which is successfully applied for investigation of nonlinear systems with a small
parameter.

In conclusion, let us note typical features of the considered period of the theory of
perturbations.

e The transformation of the original system to a simplified one. This transformation
is active as it contains unknown functions to be found.

e The convergence of series of the form (8) is not investigated. Instead, the asymptotic
nearness is investigated, i.e., the existence of relations

xr—Z,y— Yy, when e¢—0.

e The essential weakening of the demands on the analytic characteristics of the right-
hand sides of (8).

e The essential extension of classes of the problems under consideration: searching for
periodic solutions, limit cycles, the description of transition processes, resonances
and so on.

One can find the detailed exposition of the questions touched here, for example, in [2], [3].

3. Group-theoretical methods in perturbation theory

3.1. Short survey

J. Moser [4] used the group-theoretic approach in the investigation of quasiperiodic solu-
tions of nonlinear systems. Lie’s rows and transformations in the perturbation problems
were used by G. Hori [5], [6], A. Kamel [7], U. Kirchgraber and E. Steifel [8], U. Kirchgraber
[9], Bogaevsky V.N., Povzner A.Ya. [10], and Zhuravlev V.F., Klimov D.N. [11].

Asymptotic methods of nonlinear mechanics developed by N.M. Krylov, N.N. Bo-
golyubov and Yu.A. Mitropolsky known as the KBM method (see, for example, Bo-
golyubov N.N. and Mitropolsky Yu.A. [2]) is a powerful tool for the investigation of
nonlinear vibrations.

The further development of these methods took place due to work by Yu.A. Mitropol-
sky, A.K. Lopatin [12]-[14], A.K. Lopatin [15]. In their works, a new method was proposed
for investigating systems of differential equations with small parameters. It was a further
development of Bogolyubov’s averaging method referred to by the authors as “the asymp-
totic decomposition method”. The idea of a new approach originates from Bogolyubov’s
averaging method (see [2]) but its realization needs to use essentially a new apparatus —
the theory of continuous transformation groups.
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3.2. Generalization of Bogolyubov’s averaging method through symmetry

The asymptotic decomposition method is based on the group-theoretic interpretation of
the averaging method. Consider the system of ordinary differential equations

dx -
pn =w(z) +ew(x), (10)

where
w(z) = col [wi(x),...,wn(x)], @©(z)=col[wi(x),...,wn(x)].

The differential operator associated with the perturbed system (10) can be represented as

Up=U +eU,
where
Uil hoiqwn2 =02y 5,2
'Oy " O, 'Oy "y
By using a certain change of variables in the form of a series in ¢
T = 90(52'75)7 (11)

system (10) is transformed into a new system

dT

_ VV)— 12
n —i—Zeb z) (12)

which is referred to as a centralized system. For this system, Uy = U + U , where

_ .0
U=w (a:)—agc1 + - Fwp(T )8’ , )
y 0 9w 9
Zs N,, N,=1b (x)axl +---+0b, (x)axn

We impose a condition on the choice of transformations (11) saying that the centralized
system (12) should be invariant with respect to the one-parameter transformation group

o, (14)

8l
o

where o is the vector of new variables. Therefore, after the change of variables (14),
system (12) turns into

dx() v
P +Zsb

which coincides with the original one up to the notations. This means that we have the
identities [/, N,] = 0 for U, N,,v =1,2,....

The essential point in realizing the above-mentioned scheme of the asymptotic decom-
position algorithm is that transformations (11) are chosen in the form of a series

x = ST, (15)
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where

S=5+eSa+---,

S =~ (i’)i-i- + s (j)_

i = Vi1 8531 Vin 85:” .

Coefficients of S;,v;1(Z),...,7jn(Z) are unknown functions. They should be determined
by the recurrent sequence of operator equations

U,S,)] =F,. (16)
The operator F), is a known function of U and S1,...,S,_1 are obtained on previous steps
(r=1,2,...).

In the case where S depends upon ¢, the Lie series (15) is called a Lie transformation.
Thus, the application of a Lie transformation as a change of variables enables us to use
the technique of continuous transformation groups.

From the theory of linear operators, it is known that the solvability of the nonhomoge-
neous operator equation (16) depends on the properties of solutions of the homogeneous
equation

U,S,] =0. (17)

Operator (13) N, is a projection of the right-hand side of the equation onto the kernel
of operator (17), which is determined from the condition of solvability in the sense of the
nonhomogeneous equation

U,S,)=F,~N,, v=1,2,.... (18)

Depending on the way for solving equations (16)—(18), various modifications of the
algorithm of the method are obtained.
The above indicated result can be summarized as the following theorem.

Theorem 1. There exists a formal change of variables as Lie’s transform (15) which
transforms the initial system (10) into the centralized one (12), invariant with respect to
the one-parameter transformation group (14) generated by zero approrimation system’s
vector field.

One can find the detailed exposition of the questions touched here in [12]-[15].

4. Some examples

A further investigation of the structure of the centralized system (12) gives the possibility
to receive some nontrivial conclusions. Let us illustrate it by the examples.
4.1. Example 1. Perturbed motion on SO(2)
Let us consider a system of the second order
z=-y+eQ(7,9),
. (19)
y=2z+ek(e,7),

where Q(e,Z,9), R(e, Z,y) are the known analytical functions of variables ¢, Z, 3.
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When ¢ = 0, the structure of the solution of system (19) is quite simple: it is the
movement on the circle of radius R = /z2 + ¢2 with the proportional angular velocity
w=1.

The following statement is true.

Theorem 2. System (19) in the neighborhood of the point ¢ = 0 has a family of periodic
solutions which depends upon an arbitrary constant if and only if it can be transformed by
the analytic change of the variables

T =eSu, 7=,

where S = 51+ So +---, Sj are known operators with the analytic coefficients,
to the system
= —(1+eG1(e,u? + v?))v,
0= (1+¢eG1(e,u? +v?))u,
where Gy (e,u? + v?) is the known analytic function of e, u® + v2,

which is invariant in respect to the following one-parameter transformation groups:

SO(2)
eU eU 0 0

u=e"u v=e"v, U=—-v—+u—

and the group defined via
a=e"u, =", W=fu?+),
where f(p) is an arbitrary analytic function of p = Vu? + v2.

Theorem 2 generalizes the well-known result by A.M. Lyapunov about the existence of
a family of periodic solutions in the neighborhood of the point |z| = 0, |y| = 0 of system
(19) when € = 1. (See A.M. Lyapunov’s theorem above).

4.2. Example 2. Perturbed motion on SO(3)

Let us consider the system of the third order (in the spherical coordinates)
p=eFi(e,p,.0,0).
0 = sin + eFy(e, p, 0, p), (20)
o =—1+ctgbcosp+cFs(e,p,0,p),

where Fj(e, p, 0, ) are the known analytic functions of the variables ¢, p,0,¢, j=1,2,3.
The system of zero approximation, which is received from (20) if one supposes € = 0,
has a quite complicate structure. (See Fig.1.) The following statement is true.

Theorem 3. System (20) in the neighborhood of the point € = 0 has a family of solutions
which depends upon an arbitrary constant and saves the topological structure of the system
of zero approximation, if and only if it can be transformed by the analytic change of the
variables

p= eESIOa 0= 68597 p = 685()07

where S = 51+ So +---, Sj are the known operators with analytic coefficients,
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Fig. 1. (a) Solution for linear system of the movement of a point on a
sphere.
(b) Solution in the phase plane for angle spherical variables,
governing the movement of a point on a sphere.

to the system

p=0,
0 = sin @(1 + eGl(e, p, 0, @),
@ =(—1+ctglcosp)(1+eG(e,p,0,9)),
where G(g,p,0, @) is the known analytic function of ¢, p,0, @,
which is invariant in respect to the one-parameter transformation groups:

p=e¢Yp, 0=, g=eYo, U:(—1+ctg0cos<p)6i+sing0889

and
p=eVp, 0=e¢"0, o=c"p, W=[f(p,0,0),

where f(p,0,¢) is an arbitrary analytic function of p,0,¢ which is an integral of the
equation U f = 0.
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Abstract

Differential-difference equations (DDEs) of the form ug,k)(t) = Fpo(t,Unta,- - Untp)
with k£ > 2 are studied for Lie symmetries and preliminary classification. Explicit
forms of equations are given for those admitting at least one intrinsic Lie symmetry.
An algorithmic mechanism is also proposed to automate the symmetry calculation for
fairly general DDEs via computer algebras.

1. Introduction

The Lie symmetry method [1, 2] for differential equations has by now been well established,
though the same theory for differential-difference equations (DDEs) [3-7] or difference
equations [8, 9] is much less studied or understood. Symmetry Lie algebras often go a
long way to explain the behaviour of the corresponding system, just like the algebra on
which its Lax pair (if any) lives would through the use of ISMs [10, 11]. To overcome
the difficulties set by the infinite number of variables in DDESs, the concept of intrinsic
symmetries [3] has been introduced to simplify the task of symmetry calculations. Our
purpose here is to study the DDEs of the form

u(k)(t):Fn(t,un+a,...,un+b) , neZ, a<b, k>2 (1.1)

n

where we use the superindex () to denote the i-th partial derivative with respect to (w.r.t.)
t. We note that both a and b in (1.1) are integers and Z will always denote the set of all
integers. We first look for the symmetries

X=CE(tu: i €Z)0+ Y dn(tui: i € Z)Dy, (1.2)
nez

for system (1.1) and then consider the subsequent task of classification by means of the
intrinsic Lie symmetries in the form

X= f(t)at + ¢n(t7 un)aun . (13)

We note that systems (1.1) are so far only studied [7] for k = 2 with b = a = —1 w.r.t.
the intrinsic Lie symmetries, and our objective here in this respect is to give an explicit
list of DDEs (1.1) admitting at least one intrinsic Lie symmetry. This thus serves as
a preliminary or semi classification. Complete classification of some more specific form
of (1.1) is still under investigation. Another objective of ours is to devise an algorithmic
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mechanism to automate the calculation of Lie symmetries for DDESs so that the symmetries
could be efficiently calculated for practical problems.

The paper is organized as follows. We first give in Section 2 the general Lie symmetry
for (1.1). We will explain why the study of intrinsic Lie symmetries, particularly with
regard to the classification, will not cause a significant loss of generality. Section 3 serves as
a preliminary classification: the forms of system (1.1) are explicitly given for those bearing
at least one intrinsic Lie symmetry. In Section 4, we will briefly propose an algorithmic
mechanism for calculating intrinsic symmetries by means of computer algebras, along with
several illustrative examples.

2. The general Lie symmetries for (1.1)

We call DDE (1.1) nontrivial if there exists at least one ng € Z such that F, (¢, uny+a, - - -,
Ung+p) 1S not a function of only variables ¢ and u,,. Suppose system (1.1) is nontrivial for
at least k=2 and X in (1.2) is a Lie symmetry of the system. Then £ and ¢,, in (1.2) must
have the following form

k—1.
=), b= ("o EW) Fm)un+ e + Bult) k2
2 i€Z (2.1)

f(t):a2t2+oz1t+ozo, k>3

where ¢y, ;, a; and 7, are all constants. Moreover, (1.2) with (2.1) is a Lie symmetry of
(1.1) iff

b
O — kEFn — EF + Y dnuiFi = Y dntiFany, =0 (2.2)
i€Z Jj=a

is further satisfied.
We omit the derivation details of (2.1) and (2.2) as they are too lengthy to be put here.
We note that nonintrinsic symmetries do exist for system (1). For example, the system

b )
ugk) (t) = > pye /\tun-i,-j has the nonintrinsic Lie symmetry X = 0y + > { > Qi —
j=a neZ i€l

b .
nA\u, + Bn(t)}aun, and the system uP (t) = > pjA™up+; has the nonintrinsic Lie sym-
j=a

metry X = 0y + > { S Ay, + ﬁn(t)}aun if §,(t) satisfies the original DDEs re-
nez ‘i€z
spectively. In fact we can show that system (1.1) can only have intrinsic Lie symmetries

unless it is linear or ‘essentially’ linear. We will not dwelt upon this here. Instead we

quote without proof one of the results in [12] that all the Lie symmetries of the system
k

ugz) = f(t,unte) + gt Untas- -« Unte—1s Untetls---sUntp) for k > 2 and a < ¢ < b are

intrinsic if f is nonlinear in u,. and the system is nontrivial.

3. Systems bearing intrinsic Lie symmetries

The classification is in general a very laborious task. Due to the difficulties of handling
nonintrinsic symmetries and their scarceness implied in Section 2 anyway, only intrinsic
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symmetries are known to be ever considered in this respect. For systems of type (1.1), the
only known results in this connection have been for & = 2 along with b = —a =1 [7]. We
shall thus mostly consider the case of k£ > 3 in this section. Apart from two systems related
to two special symmetry Lie algebras, we shall be mainly concerned with systems that
bear at least one intrinsic Lie symmetry rather than the classification via the complete
symmetry Lie algebras. For this purpose, we first show that, for any & > 3, a fiber-
preserving transformation

un<t) = Qn(yn(f),t), t= Q(t), (3.1)

will transform system (1.1) into

dk - -
ﬁyn(t) = Fn(t, yn+a7"'7yn+b) ) (32)
iff transformation (3.1) is given by
_ - - t+ 0
() = Ay (vt + 0Ly (F) + By (t), =22 .
Un (t) (vt +8)" yn(t) + Ba(?), s (3.3)

where B,,(t) are arbitrary functions and A, «, 3, v and 0 are arbitrary constants satisfying
ad —pPy==+1, A, #0. (3.4)
We now prove the above statement. First, since it is easy to show inductively

u™ = Qn7ynémy£zm) + (T)Qn,ynynémygm_l)?)n‘i‘ (3.5)
+terms of other powers of y,’s derivatives, m>3,

we must have Q.. = 0 if (3.1) is to transform (1.1) into (3.2). Hence, (3.1) must take
the form wu,(t) = f,,(¢)yn(f) + By (t). Since it is not difficult to show inductively u™ (t)=

/\m(t)yém)+um(t)y7(1m71)+um(t)ygm72) + --- for m > 3 in which A, pr, and v, are given

correspondingly by the following more explicit formula

uf™ (1) = fu()0 0 + [<m> Faf" <m> fne‘m—Qé] g0+
! 2 (3.6)
{(?)fném* +3(75) fd™ 30+ 3(7) fub™ 0% + () fném—?’é] gD

in order (3.1) transforms (1.1) into (3.2), it is clearly necessary that ug(t) = v(t) =
0, read off from (3.6), be satisfied. Removing f, from these two equations, we have

T A 1 ... o k—1 . .
fn00 + ?anQ + gfnﬁﬁ =0, fnf+ Tfne = 0 which are equivalent to 36% = 209

.. -1 . .
and fp,0 + kT fn® = 0. The solution of the above equations (with € # 0) is elementary:
it is given by

Uun(t) = An(t + a1)* yn(f) + Bu(t), &= b + 7, (3.7)

t+ (673]

for 6 # 0, and is otherwise by

Un(t) = Ayn(@) + Ba(t), = bit+an, . (3.8)
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n (3.7) and (3.8), the function B, (t) and constants A,, a1, f1 and ~; are arbitrary and
satisfy 514, # 0. It is easy to verify that (3.7) and (3.8) together are equivalent to (3.3)
with (3.4).

We now proceed to prove the sufficiency. For this purpose, we can show inductively
form>1

where
z(t) = At + o)y (6(t), 6(t) = b1 +v, k>2
t+a;
Alb=nn—1)---(n—i+1), A2=1.

The proof is again meticulous but straightforward, and is thus skipped here for brevity.
If we choose m = k, then each coefficient in front of ¢ in (3.9) for 0 < i < m has the
factor (m — k) and is thus zero. Hence, we obtain simply

2®) = A=)kt + o) F 1y (3.10)

It is now clear from (3.10) that (3.7) will transform (1.1) into (3.2). Since the sufficiency
regarding to (3.8) is almost trivial, we have completed the proof of the form-invariance of
(1.1) under (3.1) and (3.3).

Notice that under u,(t) = yn(f)/on(t) + By (t) with = 6(t), the symmetry

x:f@@+{@g—a0+%mm+@ﬁﬂ@n (3.11)

will read as

X = £00; + { [%g + v+ Z—"g] Yn + O [(%g’ +9n)Bn — By + 5n] }ayn (3.12)

Of course, for (1.1) to become (3.2), we need o, (t) to be given for & > 3 by (3.3) and for
k=2[7] by o,(t) = 0%/14” with A, # 0. We can thus conclude from (2.1), (3.3) and (3.4)
that there are exactly three canonical forms of £(t) # 0 given by

(1) €@t)=1, (i) &)=t (i) &@t)=t*+1 (3.13)

because all other cases can be transformed via (3.3) into one of above three. In all these
three cases, we may choose By, (t) such that

0)Bu(t) = (50 + 30) Ba -+ ult). (3.19)

This means we may choose simply (3,(¢) = 0 in all the three canonical cases in (3.13). If
&(t) = 0, then (3.14) still has a solution B,, = —f,/v, if 7, # 0. Hence the fourth and
the last canonical cases are

(iV) f(t) =0, #0, /Bn(t) =0, (V) é(t) =0,m =0, ﬁn(t) #0. (3'15)

We note from (3.12) that systems in case (v) with 8, and (3, are equivalent if 3, (t) =
on(t)Bn(t). Also that in the case of k = 2, cases (ii) and (iii) are transformable to case
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(i) due to allowed more general fiber transformations. Note furthermore that although in
principle one should replace cases (iv) and (v) with the following more general form

Et)=0,9m #0, Bn(t) =0, 7, =0, B,(t) #0, meS, nezZ\S

for some subset S of Z, such a mixture (which won’t exist if the continuity in n is imposed
on F, as adopted in [7]) will lead to only F,, = Fy,, for n € S and =F,, for n € Z\S,
where F,, and F¢,, are just the F}, given in (3.17)4 and (3.17)., respectively.

With the above preliminaries, we are ready to give the general forms of F;, such that
(1.1) has at least one intrinsic Lie symmetry. The form of F,, is thus to be determined
from (2.2), or more explicitly for k > 2,

%g(wﬂ)un + ﬂr(zk) + {’Yn - %f} Fn - an_

3 (3.16)
ib [(Ef + )i + ﬁz} Fou, = 0.

1=n-a 2

In fact, for three canonical cases in (3.13) with £, = 0 and another two in (3.15), the
solutions of (3.16) are

(i) Fn=e"fulCrras---sCarb)s G = uje it
(i) F, =t GED/2f (Coan L Cnr),  Go= ugt Vi (B2
(tQ + 1)(1—k’)/2

"exp (yn tan— (£

3 n n—+c Uu
(IV) F, :uz_i_/g + fn(t7 C’n-l—a?""Cn+c—17<n+c+l7~--,Cner), G = z%_
unJrc
By
(v) F,= - Unte + fr(t Catar s Cnde1s Caketds - s Cntd)s
n—rc

-1
(iii) Fn = e}gf2(1n1t)a£2+l)(/2)) fn(Cn—I—a, ceey Cn+b)7 <z = U

G = Uifnte — Untcfi

where ¢ is any given integer in [a, b], and the equivalent classes in case (v) are related by
Bn ~ Bnoy for the same oy, as in (3.12). If 0 € [a, b], then case (iv) in (3.17)4 may also be
rewritten as

Fn - unfn(t7 Cn+aa ceey Cnfla Cn+1a C) g’n-l—b)v é-l = Uzn“;% .

Since (ii) and (iii) for £ = 2 in (3.13) are transformable to (i) there, formulas in (3.17),
minus the cases of (ii)—(iii), also give the complete list for & = 2. We also note that the
form of F), in (3.17) can be further refined by extending the symmetry algebras. Since the
details of such undertakings would belong to the scope of complete classification which
will be considered elsewhere in future, we shall limit our attention to providing two cases
which are related to the Toda lattice [13] and the FPU system [14], respectively.

For this purpose, let us choose 3, (t) = t" in (3.17). for 0 < m < k and k > 2. Then
F,, can be written as F,, = f,(t,Cntas -« s Cnte—1, Cntetls -« -5 Cnrp) With § = u; — Upe.
It is obvious that this F,, also fits the form of (3.17), with ~; = 0 if the function f,, is
independent of ¢. Hence, for

Fn - fn(Cn—&—av cee 7Cn+c—1; Cn+c+17 ) <n+b); Cz = Ui — Un4c (318)
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system (1.1) has the following (k+1)-dimensional nilpotent symmetry Lie algebra

Xi =1y, i=0,1,....k—1; X, =0;. (3.19)
We now look for an additional symmetry Y of the form (3.11) such that the new Lie
algebra formed by {X;,0 < i < k, Y} contains {X;,0 < ¢ < k} as its nilradical, i.e.,

k
[Xi, Y] = > «; jX;. Since, for 0 <i < k,
§=0

2

Xy, Y] = €0+ ( léun+ﬁ'n)6un, [Xi,Y]Z(%ti+%tif—iti_1§>8un ,(3.20)

we conclude that both & and ~,t+ (k—1)t£/2—i& must be linear in ¢. Hence (3.20) implies
[Xi, Y] is linear in X; for 0 < i < k and [Xg, Y] = £0; + 5,0y, which in turn induces
dk+1

In order the structure constants in [X;, Y] be independent of n, we set v, = v and Bn(t) =
B(t). In this way it is easy to see that Y can be any linear combination of

k—1 k—1
Y, =10 + (T +7>unaun7 v # _TE

Yo = t0; + wnBu,, wi # wj Vi #j; (3.22)
Y3 = to + (ku, + tk)ﬁun; Y4 = up0Oy,

modulus some linear combinations of X;. The FPU and Toda systems turn out to be
related to Y1 and Ya, respectively. For symmetry operator Y1, (3.16) reduces to

(’y - %)Fn —tF, — Z (% + ’y)uanul =0
i

which is solved by (and is consistent with (3.18) )

y—(k+1)/2
F, = (un+c — un+d) v+(k-1)/2 x
an(cn-i-av <o 7C’n+0—17 Cn+c+17 SRR Cn+d717 <n+d+1> e 7Cn+b)7 (3'23)
G = (u; — Unya)/(Unte — Untd), a<c#d<b.

When b= —a=1,v=(1-3k)/2 and f,,((nta) = 1 — (2,4, the FPU type system reads
withc=1and d =0 as

uglk) = (un-i-l — Un)2 — (un — un_1)2 . (3'24)

We note that for k = 2 eq.(3.24) can be rewritten as the original form of the FPU [14]
system 9, — (Yn+1 + Yn—1 — 2yn)[1 + W(Yn+1 — Yn—1)] = 0 under the transformation y,, =
Up/w —n/(2w).
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For Y9 in (3.22), eq.(3.16) is reduced to kF), +tE,+3 w;Fy, 4; = 0 whose solution reads
i
for any given a < c#d <b as
F, = exp [_ linte — Untd |

Wntc — Wntd
an(Cn-l—av s 7Cn+c—1u Cn—l—c—i—lp ceey Cn+d—17 €n+d+17 ey Cn—i—b)’ (325)

Gi = (Wnte = Wnta)Ui + (Wntd — Wi)Unte + (Wi — Wnte)tngd-
When b = —a = —c=1 and d = 0, then (3.25) reduces to

Up—1 — Un

F, = exp [ —k }fn(CnJrl)a CnJrl = Z (anl - wn)unJrl . (3-26)

n—1,n,n+1

cyclic

Wp—1 — Wn

Let furthermore wy, = kn and f,((ut1) = 1 — exp(Cn+1/k). Then (3.26) gives rise to the
following Toda type system

ug“) (t) = exp(up—1 — Up) — exp(ty — Upy1) -

4. Local overdeterminacy in explicit symmetry calculation

In this section, we shall consider a fairly large class of DDEs of the form
Gn(t,0%u;: |kl +]i—n|<M)=0, Vnel, (4.1)

where t = (t1,...,tn), OF = Ofll ---Of;", |k| = k14 -+ + km, | is the index grid, and G, is
uniformly defined w.r.t. n in the sense that all partial differentiations of G, commute with
the index n. The purpose here is to propose a mechanism to find intrinsic Lie symmetries
for uniformly defined DDEs through the use of such computer algebras that can deal with
[15] systems of finite variables. Let the intrinsic symmetry be given by

X =&(t)0 + n(t,n,up)0n, = Zﬁj(?tj + Znnaun , (4.2)
j=1 nel
and let the Lie symmetry for (4.1) over n € J, a finite subset of I, be denoted by
x'=¢lo,+> nlo, (4.3)
i€J

then our mechanism is based on the following observation:

If 3 = ) (t,n,uy) is uniformly defined w.r.t. n with & = £3(t), then (4.2) with & = &
and n; =0} (Vi €1) is the intrinsic Lie symmetry of (4.1).

For convenience, we shall always denote by R, the subsystem of N equations G; = 0
for j =n,...,n+ N — 1. The algorithm proposed in this section for finding intrinsic Lie
symmetries has in fact been applied to various DDEs, and all results have been consistent
with the analytic ones whenever the later ones do exist. For instance, our consideration
for the inhomogeneous Toda lattice [16]

1 1 n 1

i = i+ (5 = )+ [ (0= 1) 1T En2 +1]emn e = 0
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for Ry will lead to the symmetry generators 8y, 0,,, €20, and e~"/20; + (12— n)e=t29,,
which are exactly those obtained in [6] analytically. New but straightforward cases include
applying the procedure to the discretized K7 equation

Un,zt + Oz (un,a:un) + Up+1 + Up—1 — 2uy, =0

for R3, which gives the symmetry (ot + 3)0; + (f(t) — ax)0y + (f(t) — 20uy,)0,,,, and to
the 2-dimensional system

02 0pun (z,t) = exp (Unt1(x,t) + up—1(x,t) — 2up(z,t))

which gives the symmetry (a1 (t) + 61.(2) + (02(t) + Ba(@))n — (1/2002 (F(t) + & (2))Ou, +
f(t)0, + g(x)0y for arbitrary f(t), g(x), a;(t) and B;(z). Likewise the 1-dimensional

Un(t) = exp (Upt1 + Un—1 — 2Uy), neZz, (4.4)

via R5 will lead to the intrinsic Lie symmetry (c1+cot)d;+ (csn+cq+ (csn+cg)t —can?)0y,
for (4.4), which is again consistent with the analytic results in [7]. As for the similarity
solutions, we only note that the reduction u,,(t) = —(n?+a?)log t+w, with a # 0, induced
by the symmetry —td; + (n? +a?)0,,,, reduces (4.4) into wy, 11 +w,_1 — 2w, = log(n?+a?)
which has a solution (n # 1,n # 0)

In|—1

wy, = Z (|n| — i) log(i® + a?) + nw, — (n — D)wg + x(—n)|n|log a?,
i=1

where wy and w; are treated as arbitrary constants and y is the step function defined by
x(t) =0 if t <0 and =1 otherwise.
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Abstract

A new simple method for constructing solutions of multidimensional nonlinear wave
equations is proposed

1 Introduction

The method of the symmetry reduction of an equation to equations with fewer variables,
in particularly, to ordinary differential equations [1-3] is among efficient methods for con-
structing solutions of nonlinear equations of mathematical physics. This method is based
on investigation of the subgroup structure of an invariance group of a given differential
equation. Solutions being obtained in this way are invariant with respect to a subgroup of
the invariance group of the equation. It is worth to note that the invariance imposes very
severe constraints on solutions. For this reason, the symmetry reduction doesn’t allow to
obtain in many cases sufficiently wide classes of solutions.

At last time, the idea of the conditional invariance of differential equations, proposed
in [3-6], draws intent attention to itself. By conditional symmetry of an equation, one
means the symmetry of some solution set. For a lot of important nonlinear equations of
mathematical physics, there exist solution subsets, the symmetry of which is essentially
different from that of the whole solution set. One chooses such solution subsets, as a rule,
with the help of additional conditions representing partial differential equations. The
description of these additional conditions in the explicit form is a difficult problem and
unfortunately there are no efficient methods to solve it.

In this paper, we propose a constructive and simple method for constructing some
classes of exact solutions to nonlinear equations of mathematical physics. The essence of
the method is the following. Let we have a partial differential equation

F(x7u71f7g7""gl):07 (1)
where v = u(x), = (zo,x1,...,2,) € Ry, u is a collection of all possible derivatives of
m

order m, and let equation (1) have a nontrivial symmetry algebra. To construct solutions
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of equation (1), we use the symmetry (or conditional symmetry) ansatz [3]. Suppose that
it is of the form

u= f@)pwr . wk) + 9(x), (2)

where w1 = wi(zg,21,...,2Zpn),-..,wr = wg(zo,z1,...,2,) are new independent variables.
Ansatz (2) singles out some subset S from the whole solution set of equation (1). Construct
(if it is possible) a new ansatz

U:f(.CC)QO(Wl,...,wk,warl,...,WZ)+g(.’IJ), (3)
being a generalization of ansatz (2). Here wy1,...,w; are new variables that should be
determined. We choose the variables wg1,...,w; from the condition that the reduced

equation corresponding to ansatz (3) coincides with the reduced equation corresponding
to ansatz (2). Ansatz (3) singles out a subset S; of solutions to equation (1), being an
extension of the subset S. If solutions of the subset S are known, then one also can
construct solutions of the subset S7. These solutions are constructed in the following way.
Let u = u(x,C1,...,Ct) be a multiparameter solution set of the form (2) of equation (1),
where C1,...,C; are arbitrary constants. We shall obtain a more general solution set of
equation (1) if we take constants C; in the solution u = u(z,Cy,...,Ct) to be arbitrary
smooth functions of wgy1,...,w;.

Basic aspects of our approach are presented by the examples of d’Alembert, Liouville
and eikonal equations.

2 Nonlinear d’Alembert equations

Let us consider a nonlinear Poincaré-invariant d’Alembert equation

Du+ F(u) =0, (4)
where
I
-~ 0x3  0a? ox2’

F(u) is an arbitrary smooth function. Papers [3, 7-9] are devoted to the construction of
exact solutions to equation (4) for different restrictions on the function F'(x). Majority of
these solutions is invariant with respect to a subgroup of the invariance group of equation
(4), i.e., they are Lie solutions. One of the methods for constructing solutions is the
method of symmetry reduction of equation (4) to ordinary differential equations. The
essence of this method for equation (4) consists in the following.

Equation (4) is invariant under the Poincaré algebra AP(1,n) with the basis elements

Joa = 2004 + 1400, Jap = Tp0s — a0,
Py=0y, P,=0, (a,b=1,2,....,n).

Let L be an arbitrary rank n subalgebra of the algebra AP(1,n). The subalgebra L
has two main invariants u, w = w(xg, z1,...,x,). The ansatz u = ¢(w) corresponding to
the subalgebra L reduces equation (4) to the ordinary differential equation

H(Vw)? 4+ ¢0w + F(p) =0, (5)
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Ow \ 2 Ow \ 2 Ow \?
oo (B () - (&)
Oxg ox1 0z,
Such a reduction is called the symmetry reduction, and the ansatz is called the symme-
try ansatz. There exist eight types of nonequivalent rank n subalgebras of the algebra

AP(1,n) [7]. In Table 1, we write out these subalgebras, their invariants and values of
(Vw)?, Ow for each invariant.

Table 1.
N Algebra Invariant w (Vw)? Ow
1. Pl,...,Pn o 1 0
Po,Pl ...,Pn,1 In —1 0
1
3. Pl, e ,Pn_l, J()n (.I‘g — .%'721)2 1 -
w
k—1
4. | Ty (ab=1,....k), (23 4 - 4 a2)/? S T
w
Pk-l-la"'aan Py (k22)
k
5. | Go = Joa — Jak, Jab (a;(z) —z? - - x%)l/z 1 »
(a,b=1,...,k—=1)
Jok, Pry1,., P (B >1)
6. | P,...,P,_9, Py + P, aln(xg — xy) + Tp—1 -1 0
JOn""aPn—l
7. | Ph+ P, P1,..., P, xro — T 0 0
8. | Py (a=1,...,n—2),
Gn1+Py—Po, Po+ P, | (z0 —7)% — day1 -1 0

The method proposed in [11] of reduction of equation (4) to ODE is a generalization
of the symmetry reduction method. Equation (4) is reduced to ODE with the help of the
ansatz u = ¢(w), where w = w(z) is a new variable, if w(z) satisfies the equations

Ow = Fi(w), (Vw)? = F(w). (6)

Here FY, F5 are arbitrary smooth functions depending only on w.

Thus, if we construct all solutions to system (6), hence we get the set of all values of
the variable w, for which the ansatz u = ¢(w) reduces equation (4) to ODE in the variable
w. Papers [10-11] are devoted to the investigation of system (6).

Note, however, that ansatzes obtained by solving system (6), don’t exaust the set of all
ansatzes reducing equation (4) to ordinary differential equations. For this purpose, let us
consider the process of finding generalized ansatzes (3) on the known symmetry ansatzes
(2) of equation (4).
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a) Consider the symmetry ansatz u = p(w;) for equation (4), where wy = (2% — 23 —

—22), k > 2. The ansatz reduces equation (4) to the equation

k
11+ —p1+ F(w) =0, (7)
w1
d%p dy . .
where 11 = R 1= Jor” This ansatz should be regarded as a partial case of the more
wl w1

general ansatz u = (w1, wsz), where ws is an unknown variable. The ansatz u = p(w1,w2)
reduces equation (4) to the equation

k
w11 + w—1<P1 + 2012(Vw; - Vws) 4 pa0wy + @22(Vaws)? + F(p) = 0, (8)
where
Vi iy = 201 0wz 0wy Owp - O Owy
! 27 Oxg Oxg Ox1 011 0z, Oz,

Let us impose the condition on equation (8), under which equation (8) coincides with the
reduced equation (7). Under such assumption, equation (8) decomposes into two equations

k
P11+ w—lsm + F(p) =0, 9)

2p12(Vwr-Vuws) + 22(Vews)? + ¢120wp = 0. (10)
Equation (10) will be fulfilled for an arbitrary function ¢ if we impose the conditions

Owy, =0, (Vws)? =0, (11)

Vw;-Vwy =0 (12)

on the variable wy. Therefore, if we choose the variable wy such that conditions (11), (12)
are satisfied, then the multidimensional equation (4) is reduced to the ordinary differential
equation (7) and solutions of the latter equation give us solutions of equation (4). So, the
problem of reduction is reduced to the construction of general or partial solutions to system
(11), (12).

The overdetermined system (11) is studied in detail in papers [12-13]. A wide class of
solutions to system (11) is constructed in papers [12-13]. These solutions are constructed
in the following way. Let us consider a linear algebraic equation in variables xg, z1,...,Z,
with coefficients depending on the unknown ws:

ag(w2)xo — ay(wa)z1 — - -+ — ap(w2)zy — b(wa) = 0. (13)
Let the coefficients of this equation represent analytic functions of wo satisfying the con-
dition

lao(w2))* = [a1(wp)]* = -+ — [an(w2)]* = 0.

Suppose that equation (13) is solvable for ws and let a solution of this equation represent
some real or complex function

w2(xo,x1,...,$n). (14)
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Then function (14) is a solution to system (11). Single out those solutions (14), that
possess the additional property Vwy-Vws = 0. It is obvious that

Owy _ _G0 Owy _m Owy _ an
drg & Oxrp & T Odx,
where
d(w2) = ag(we)xo — ar(wa)xr — -+ — ap(w2)Ty — blwa)

and ¢’ is the derivative of § with respect to ws. Since

owi  xg Oowq T Oowy T
Oxg w1 Ox1 w7 Oz, wy’
we have
1
Vwi-Vwy = oy (apxo — @121 — -+ — ApTp).
1

Hence, with regard for (13), the equality Vw;-Vwse = 0 is fulfilled if and only if b(wy) = 0.
Therefore, we have constructed the wide class of ansatzes reducing the d’Alembert equation
to ordinary differential equations. The arbitrariness in choosing the function we may be
used to satisfy some additional conditions (initial, boundary and so on).

b) The symmetry ansatz v = ¢(w;), w1 = (34 - -+a:12)1/2, 1 <1< n—1,1is generalized
in the following way. Let wy be an arbitrary solution to the system of equations

0w Ow 0w

8.2 9.2 T g9 T W
dzy  Oxpy,y oxz,

<5_w>2_< 0w )2_..._(8_”)2_0
Oxg 8%[.,.1 Oxy, -

The ansatz u = (w1, ws) reduces equation (4) to the equation

d%p k—1de

- F(p) = 0.
dw% w1 dw1+ (90)

If | = n — 1, then the ansatz u = p(w1,ws2), we = xg — =, is a generalization of the
symmetry ansatz u = o(w1).

Ansatzes corresponding to subalgebras 2, 6 and 8 in Table 1, are particular cases of the
ansatz constructed above. Doing in a similar way, one can obtain wide classes of ansatzes
reducing equation (4) to two-dimensional, three-dimensional and so on equations. Let us
present some of them.

¢) The ansatz v = p(wi,...,w;,w;+1), where wi = x1,...,w; = 2y, wi4q 1S an ar-
bitary solution of system (15), [ < n — 1, is a generalization of the symmetry ansatz
u = (w1, ...,w) and reduces equation (4) to the equation
0? 0? 0?
A A L L F(p) =0
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1/2
d) The ansatz u = @(wi,...,ws,wst1), Where wy = (2§ — 23 — - — 27) 2wy =

Tialy ey Ws = Xpgs—1, L > 2,14+ 5—1<n, wsy is an arbitrary solution of the system
2 .
Owsy1 =0, (vws+1) =0, vwi'vws-i-l =0, i1=12,...,s, (16)

is a generalization of the symmetry ansatz u = p(wy,...,ws) and reduces equation (4) to
the equation

l
9011—w—1¢1—¢22—"'—%s+F(90):0-

Let us construct in the way described above some classes of exact solutions of the
equation

Ou+ M =0, k+#1. (17)

The following solution of equation (17) is obtained in paper [9]:

u =gk )(af+- - +a7), (18)
where
A1 — k)2
)= —— =1,2.....n.
U( 7) 2(l_lk+2k)7 b b 7n

Solution (18) defines a multiparameter solution set
W = ok, ) [(@1+ CO2 4+ (w4 G2

where C1,...,C] are arbitrary constants. Hence, according to c), we obtain the following
set of solutions to equation (17) for [ < mn — 1:

l

utF = o (k, 1) [(xl +hi(w)2 4+ (g + hl(w))ﬂ , k# —9’

where w is an arbitrary solution of system (15) and hj(w),..., h(w) are arbitrary twice
differentiable functions of w. In particular, if n = 3 and [ = 1, then equation (17) possesses
in the space R 3 the solution set
M1 —k)?
kM=)

:EH:B{m+hmm% k+# —1.

Next, let us consider the following solution of equation (4) [9]:

ul—k:a(k,s)(a:%—x?—---—xﬁ), s=2,...,n, (19)
where
A1 —k)? s+1
k,s) = — k :
o(k;s) 2(s—ks+k+1) e

Solution (19) defines the multiparameter solution set

ul=F = o(k,s) [m% — m% — = le — (131 + C’l+1)2 — = (T + 03)2] ,
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where Cjy1,...,Cs are arbitrary constants. According to d) we obtain the following solu-
tion set for [ > 2
. 2 2
W R = (k) [a3 — o — - = af — (@ + @) - — (g + ho(w))?]
where w is an arbitrary solution of system (16), and h;41(w), ..., hs(w) are arbitrary twice

differentiable functions. In particular, if [ = 2 and s = 3, then equation (4) possesses in
the space Ry 3 the following solution set

2
M - )], kA2

The equation
Ou 4 6u® =0 (20)

possesses the solution u = P(x3+C2), where P(x3+C?) is an elliptic Weierstrass function
with the invariants go = 0 and g3 = C. Therefore, according to c¢) we get the following
set of solutions of equation (20):

u=P(x3+ h(w)),

where w is an arbitrary solution to system (15) and h(w) is an arbitrary twice differentiable
function of w.
Next consider the Liouville equation

Ou+ Aexpu = 0. (21)
The symmetry ansatz u = ¢(w1), w1 = z3, reduces equation (21) to the equation

d?¢

d—w% = Aexp p(w1).

Integrating this equation, we obtain that ¢ coincides with one of the following functions:

In { (—% sec? [ ;Cl (w1 + Cs)

)} (Cl<0,/\>0,CQER);

n { 2C105 exp(v/Ciwr)
Al — Gy exp(v/Crwr )|

2
A
—In (\/;wl + C) .

Hence, according to c) we get the following solutions set for equation (21):
h —h
u=In { (— 12(;]) sec? [ 21(w) (w1 + h2(w))]> } (hi(w) <0, A>0);

I { 2h1(w)he(w) exp(y/h1(w)w1)
Al = ho(w) exp(y/hi(w)wr)]?

} (C1 >0, \Cy > 0);

} (h1(w) > 0, Aho(w) > 0);
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2
u=—1In (\/gwl + h(w)) ,

where hj(w), ha(w), h(w) are arbitrary twice differentaible functions; w is an arbitrary
solution to system (15).
Using, for example, the solution to the Liouville equation (21) [9]
2(s —2)

=1
B e e )

s #£ 2,

S

we obtain the wide class of solutions to the Liouville equation

2(s—2)
u=1In 5 5 5 5 5
Alzg — a1 = =27 = (@1 + hia(w)" = - = (@5 + hs(w))7]
where w is an arbitrary solution to system (16), and h;y;1(w),. .., hs(w) are arbitrary twice

differentaible functions. If s = 3, then equation (21) possesses in the space R;3 the
following solution set

2
Mag — 2t — a3 — (w3 + ha(w))’]

u =1In

Let us consider now the sine-Gordon equation
Ou + sinu = 0.

Doing in an analogous way, we get the following solutions:

1
u = 4arctan h; (w) exp(eoz3) — 5(1 —e)m, eo==1, e ==%1;

1
u = 2arccos[dn (x3 + hi(w)), m] + 5(1 +e)m, 0<m<1,;

u = 2 arccos [cn <:U3+h1(w)> , }

1
m|+-(1+e)m, 0<m<1,
m 2

where hj(w) is an arbitrary twice differentiable function, w is is an arbitrary solution to
system (15).

3 Eikonal equation

Consider the eikonal equation

() - Ge) - () - () =+ &

The symmetry ansatz u = p(w1), wy = 23 — 17 — x5 — 2%, reduces equation (22) to the
equation

dy 2 B
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We shall look for a generalized ansatz in the form u = ¢(wi,w2). This ansatz reduces
equation (22) to the equation

9 \? 9y 2 (09’
4 — 2(Vwy-Vwa) —— \Y% — ] =1 24
! (8011) 2V W2)3w1 (Vi) <(‘9w2) (2
Impose the condition on equation (24), under which equation (24) coincides with equa-
tion (23). It is obvious that this condition will be fulfilled if we impose the conditions

(Vws)? =0, Vwi-Vwy =0 (25)

on the variable wy. Having solved system (25), we get the explicit form of the variable wy.
It is easy to see that an arbitrary function of a solution to system (25) is also a solution
to this system.

Having integrated equation (23), we obtain (u+ C)? = 23 — 23 — 23 — 2%, where C is an
arbitrary constant. We shall obtain a more general solution set for the eikonal equation if
we take C' to be an arbitrary solution to system (25).

The symmetry ansatz u = p(w1,ws), w1 = T3 — 73 — T3, wy = 3 can be generalized in
the following way. Let w3 be an arbitrary solution to the system of equations

(G- (- ()

ng aw?, 8&)3
=0.
o 81‘0 o 8:r1 + 3 8$2

Then the ansatz u = p(w1,ws,ws) reduces the eikonal equation to the equation

dy 2 dy 2 B

Equation (27) possesses the solution [9]

= + ——a3+C
2Ch ( 7o) 2C s 2

Lo 1~ L2
(p+ Ca)* = x§ — af — a5 — (x3 + C1)%,

that can be easily found by using the symmetry reduction method of equation (27) to
ordinary differential equation. Having replaced arbitary constants C; and Cy by arbitrary
functions hi(w) and ha(w), we get the more wide classes of exact solutions to the eikonal
equation:

hl(w3)2 -1

(ZL‘% — ﬂj‘% — 1'%)1/2 + m$3 + h2(u)3),

. h1 <W3)2 +1
2h1(w3)

(u+ hg(wg))2 =2 —x? — 2k (23 + hl(W3))2.
Let us note, since the Born—Infeld equation is a differential consequence of the eikonal

equation [3], hence we also constructed wide classes of exact solutions of the Born-Infeld
equation.
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Abstract

On the one hand, we put in evidence new symmetry operators of the nonlinear
Korteweg-de Vries equation by exploiting its Lax form expressed in terms of a pair of
linear equations. A KdV supersymmetric version is also studied in order to determine
its symmetry Lie superalgebra. On the other hand, nonlinear si(2)-algebras are then
visited and new unitary irreducible representations are characterized.

This talk is dedicated to the Memory of my Colleague Wilhelm Fushchych, a man I
have mainly appreciated outside our common interests in mathematical physics.

1 Introduction

I would like to discuss in this talk two subjects which both are concerned with fundamental
symmetries in theoretical physics and both are developed through mathematical methods.
Moreover, these two subjects deal with nonlinear characteristics so that the invitation of
the organisers of this Conference was welcome and I take this opportunity to thank them
cordially.

The first subject (reported in Sections 2 and 3) deals with new symmetries and su-
persymmetries of the famous (nonlinear) Korteweg-de Vries equation [1] by exploiting its
formulation(s) through the corresponding Lax form(s) [2, 3]. These results have already
been collected in a not yet published recent work [4] to which I refer for details if necessary.

The second subject (developed in Sections 4 and 5) concerns the so-called nonlinear
sl(2, R)-algebras containing, in particular, the linear sl(2)-case evidently, but also the
quantum sl,(2)-case. These two particular cases are respectively very interesting in con-
nection with the so-important theory of angular momemtum [5, 6] (developed in quantum
physics at all the levels, i.e., the molecular, atomic, nuclear and subnuclear levels) and with
the famous quantum deformations [7] applied to one of the simplest Lie algebras with fun-
damental interest in quantum physics [8, 9]. But my main purpose is to study here the
nonlinear sl(2)-algebras which are, in a specific sense, just between these two cases: in

Talk presented in Kyiv (July 1997): 2nd International Conference on ”Symmetry in Nonlinear Mathe-
matical Physics”.
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such categories we find the nonlinear cases corresponding to finite powers of Lie genera-
tors differing from the first power evidently but being possibly of second (the quadratic
context) or third powers (the cubic context) for example. Both of these quadratic and
cubic cases [10] have already been exploited in physical models or theories so that a very
interesting amount of original informations is the knowledge of the unitary irreducible rep-
resentations (unirreps) of these nonlinear algebras: such results can be found in different
recent papers [10, 11, 12] that I want to refer to in the following by dealing more partic-
ularly here with the so-called Higgs algebra [13]. This algebra is an example of a cubic
sl(2)-algebra with much physical attraction: it corresponds to physical descriptions in
curved spaces (its original appearance [13]) or in flat spaces (its more interesting recent
discover in quantum optics, for example [14]).

2 On the KdV equation and its symmetries

Let us remember the famous nonlinear Korteweg-de Vries (KdV) equation [1] introduced
in 1885 in the form

up = 6Uly — Ugze, (1)

where the unknown function u(z,t) also admits time and space partial derivatives with
the usual notations
ou(x,t ou(x,t
WD LD .
the space ones going to the maximal third order (uyz,). Its Lax form [2] is usually denoted
by (L, A) where

=02 +u, = —402 4 6ud, + 3uy, (3)

so that

oL =1[A, L. (4)
This is equivalent to a pair of linear equations

Lip(z,t) = Mp(z,t), b = A¢ (5)
which can be rewritten as a system of the following form

Liyp(x,t) =0, Li=L - ),

Lotp(z,t) =0, L1=0;— A,
with the compatibility condition

(L1, Lot = 0. (7)

By searching for symmetry operators X of such a system, we ask for operators X such
that

(A, X] = AX (8)
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ensuring that, if ¢ is a solution of Ay = 0, we know that X1 is still a solution of the same
equation, i.e., A(X) = 0. We have solved [4] such an exercise with two equations (6) so
that the general conditions (8) here reduce to

[Ll, X] = )\1L1 and [LQ,X] = )\2L1, (9)

where A1 and Ay are arbitrary functions of x and ¢. This system leads to nine partial
differential equations and to a resulting set of three (nontrivial) independent symmetry
operators according to different u-values [4]. They are given by the explicit expressions

Xl = 8337
3

3
—_ 03
Xy = 633 — guax + A0y — Zuzca (10)

1 3 3

They generate a (closed) invariance (Lie) algebra characterized by the commutation rela-
tions

1 4
(X1, X2] =0, [X1,X3]= gXla (X2, X3] = X2 — g)\Xl- (11)

In fact, such results are readily obtained if one requires that the X-operators are given by

3
X =3 ai(x, 1)L, (12)
i=0
where 7 = 0 refers to time and ¢ = 1, 2, 3 refer to first, second and third respective space
derivatives. Conditions (9) relate among themselves the corresponding arbitrary a;(z,t)-
functions so that the discussion appears to be restricted to the following contexts:

Uge =0 and  wug, # 0. (13)
Another simple equation leads to the possible values
u=A#0 or 6ut=—x (14)

so that these different contexts allow the existence of new symmetries of the KdV equation.

3 The supersymmetric context

Let us remember the Mathieu supersymmetric extension [3] of the KdV equation charac-
terized by

Uy = GUUI — Uggx — aéf;vx (15)
and

§t = —&par + auzd + (6 - a)u§x7 (16)
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where a is a constant taken equal to 3 for obtaining a nontrivial Lax representation and &,
&, &, ... are "fermionic” quantities as usual. Now the differential operators of the Lax
pair take the explicit forms

L=—0?+u+ 0 + 060, — 0y — ubdy (17)
and

= —403 + 6udy + 3uy + 30, — 30u,0p + 90€,0,

18
—3&,09 + 60£02 — 6£0,09 — 60uD,0p. (18)

Here 6 is the necessary Grassmannian variable permitting to distinguish even and odd
terms in these developments, or let us say ”bosonic” and ”fermionic” symmetry operators.

By taking care of the grading in the operators as developed in the study of supersym-
metric Schrodinger equations [15], we can determine the even and odd symmetries of the
context after a relatively elaborated discussion. We refer the interested reader to the orig-
inal work [4]. Here evidently we get invariance Lie superalgebras [16] for the KAV equation
whose orders are 11, 9 or 4 in the complete discussion we skip here.

4 On nonlinear s/(2)-algebras

Let us remember the linear sl(2)-algebra subtending all the ingredients of the angular
momentum theory [5, 6] , i.e., the set of commutation relations (defining this Lie algebra)
between the three Cartan-Weyl generators (J, J3) given by

[J3, J+] = £J4, (19)
[Ty, J ] = 2J5. (20)

Here J; and J_ are the respective raising and lowering operators acting on the real
orthogonal basis { | j,m > } in the following well-known way:

Je | dom >= /(G —m)(j +m+1) | jom+1>, (21)

T jm>=\/G+m)(—m+1)|jm—1> (22)

while J3 is the diagonal generator giving to m(= —j, —j+1,...,7—1, j) its meaning through
the relation

J3|jm>=m]|jm>. (23)
Moreover, by recalling the role of the Casimir operator
1
= S(JJ-+JJy) + J3 (24)
such that

Cljm>=3jG+1)[jm>, J=0, 2, (25)
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it is easy to define our nonlinear si(2)-algebras by asking that the commutation relation
(20) has to be replaced by the following one:

N

[T, J) = f(J3) =D By (2J3)*F. (26)

p=0

In particular, if N = p = 0, fy = 1, we recover the linear (above-mentioned) context.
IfN=1,p=0,1, By = 1,61 = 80 where 3 is a real continuous parameter, we obtain
the remarkable Higgs algebra [13] already studied [10, 11, 12] in connection with specific
physical contexts in curved or flat spaces [13, 14]. If N — oo and if we choose ad hoc
Bp-coefficients [12] , we easily recover the quantum sl (2)-algebra [8].

Here, let us more specifically consider finite values of N (% 0) in order to include (in
particular) the Higgs algebra. Our main purpose is to determine the unirreps of such a
family of algebras by putting in evidence the effect of the deformed generators satisfying
Egs. (19) and (26). In terms of the old sl(2)-generators, we have obtained the whole answer
[12] by noticing that relation (23) has to play a very important role in the discovery of
new unirreps having a physical interest. In order to summarize our improvements, let us
mention that equation (23) can be generalized through two steps.

The first step is to modify it in the following way as proposed by Abdesselam et al.
[12], ie.,

where v is a real scalar parameter. This proposal leads us to

Ti | jom>= (G —m)(G +m+1+27)(1+ 260 + 1) + m(m + 1)+ .
29(j +m+1+7))7 | jym+ 1>,

J_|jm>=((G—m+1)F+m+2y)(1+28(G+1) +m(m —1)+ (29)
29(j +m+)))7 | jom—1>.

This context (interesting to consider at the limits v =0, or § =0, or § = = 0) is such
that three types of unirreps can be characterized, each of them corresponding to specific
families. Restricting our discussion to the Higgs algebra corresponding to N =1, 5y = 1,
B1 = B, it is possible to show [12] that, if v = 0, it corresponds a class I of unirreps
permitting

1

>
B> 17

Vj(#0) (30)

but also that, if v # 0, we get two other families of unirreps characterized by

v = g\ A=A, (dlass I, (31)

or by

7:—2;\/—6—452]'(]'—{—1), (class II), (32)
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both values being constrained by the parameter § according to

1

ﬁ_4j(j+1)+1

- (33)
45(j +1)
The second step is another improvement proposed by N. Debergh [12] so that Eqs. (23)
or (27) are now replaced by

where ¢ is a nonnegative and nonvanishing integer. The previous contexts evidently cor-
respond to ¢ = 1, but for other values, we get new unirreps of specific interest as we will
see. Let us also mention that actions of the ladder operators are also c-dependent. We
have

I Ljym>=\Jfm) | jym+c> (35)

and

J_|jm>=/f(m—c)|jm—c>, (36)

where the f-functions can be found elsewhere [12]. The Casimir operator of this deformed
(Higgs) structure appears also as being c-dependent. In conclusion, this second step leads
for ¢ = 2,3, ... to new unirreps of the Higgs algebra.

5 On the Higgs algebra and some previous unirreps

The special context characterizing the Higgs algebra is summarized by the following com-
mutation relation replacing Eq.(20)

[Ty, J] = 2J3+ 8033 (37)
besides the unchanged ones
[Js, Ji] = £J4. (38)

After Higgs [13, 17], we know that this is an invariance algebra for different physical sys-
tems (the harmonic oscillator in two dimensions, in particular) but described in curved
spaces. It has also been recognized very recently as an interesting structure for physical
models in flat spaces and I just want to close this talk by mentioning that multipho-
ton processes of scattering described in quantum optics [14, 18] are also subtended (in a
2-dimensional flat space) by such a nonlinear algebra. The important point to be men-
tioned here is that these developments deal with the very recent last step (34) and the
corresponding unirreps, this fact showing their immediate interest.
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Abstract

The aim of this article is to classify completely integrable systems of the following
form u; = uz + f(u,v,u1,v1,u2,v2,), vy = g(u,v,u1,v1). Here, u; = Ou/0xt, uy =
Ou/0t. The popular symmetry approach to the classification of integrable partial
differential systems requires large calculations. That is why we applied the simpler
”Chinese” method that deals with canonical conserved densities. Moreover, we proved
and applied some additional integrability conditions. These conditions follow from the
assumption that the Noether operator exists.

1 Introduction

This article contains our recent results on a classification of the following completely
integrable systems

Ut:’LL3+f(U,U,U1,U1,U2,'U2), Ut:g(U,U,Ul,'Ul) (1)

Here, uy = Ou/0t, u; = Ou/0z, uz = 9*u/0x? and so on. We used the so-called ” Chinese”
method of classification [1] that was developed in the recent years (see [2], [3], for example).
Let us consider the evolutionary partial differential system

w = K(ug,ug,...,uq) (2)

with two independent variables ¢, z and the m-dependent u = {u',u?,...,u™}. Let K’ be
a Frechet derivative of the operator K and K’" be the formally conjugate operator for K':
_ OK®

Oug
Here D is the total differentiation operator with respect to x and the summation over the

index n is implied.
The ” Chinese” method deals with the following equation

LOKP
u2

(K)5(D) Dt (K™)3(D) = (-D)

D40+ KD+ p)]a =0, )

where D, is the derivative along trajectories of system (2), the functions 6 and p satisfy
the continuity equation

Dip = D6 (4)
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and the vector function a satisfies the normalization condition (¢,a) = 1 with a constant
vector c.

It is proved in [3] that if system (2) admits the Lax representation and satisfies some
additional conditions, then equation (3) generates a sequence of local conservation laws for
system (2). The notion local function F means that F' depends on t,z, u®, uf,...,u% only
and n < co. (Local function does not depend on any integrals in the form [ h(t,z,u) dx.)
The conserved densities pi and the currents 6 follow from the formal series expansions

o0 (o] (o]
p= Z o2, 0 = Z 02", a= Z apz”, (5)
k=0 k=l k=0

where z is a parameter and n is a positive integer. Substituting expansions (5) into
equation (3), one can obtain pj as differential polynomials K. Then equation (4) provides
the infinity of the local conservation laws Dypp = DO. As p; = p;(K), constraints for
the function K are obtained. The explicit form of these constraints are 6(Dyp;)/du® = 0,
where §/du® is variational derivative. The conserved densities p; arising from equation (3)
are called canonical densities.

If system (3) has a formal local solution in the form (5) satisfying equation (4), then
we call system (2) formally integrable.

2 Systems with a Noether operator
According to the definition [4], a Noether operator N satisfies the following equation
(D — K')N = N(D; + K'") (6)

Theorem. If the formally integrable system (2) admits the Noether operator N, then the
equation

[Dy+6—K'(D+p)a=0 (7)

generates the same canonical densities p; as equation (3).

Proof. Let us set w = [ pdz + 0dt and v = aexp(w), where a is a solution of equation
(3). Then the following obvious equation is valid

[Dy + K'T(D)]y = e“[Dy + 0 + K7 (D + p)]a = 0.
Therefore, equation (6) implies

[Dy+ 60 — K'(D + p)la

0, (8)

where & = e"“N(D)eYa = N(D + p)a. It was proved in [3] that one may require the
constraint (a,¢) = 1. This is equivalent to the gauge transformation

p(u, 2) = p(u, z) + DE(u, 2),  O(u,z) = O(u, z) + Dif(u, 2),

where £ is a holomorphic function of z. This completes the proof.
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The known today Noether operators take the following form

p T
NP =5N"NYPDE 4N AeDBY 9)
k=0 =1

and we consider below this case only.

Proposition. If a Noether operator takes the form (9), then the vector function a =
N(D + p)a can be represented by the Laurent series in a parameter z.

Proof. If p and a are given by series (5), then the expression (D+p)fa = D¥a+kD*1pa+
- is the Laurent series obviously. Let us consider the last term in expression (9) and
denote e D~'e*(B;,a) = h. This is equivalent to the following equation for h:

o0

(D + p)h = (BZ‘, a) = Z(B“ ak)zk.
k=0

Setting h = " h;z%, we obtain h; = 0 for i < n, h, = py (Bi,a0), hnt1 = py [(Bi,a1) —
p1hy — 6L Dhy] and so on. So, the last term in expression (9) gives the Taylor series and
this completes the proof.

As equation (8) contains a in the first power, we can multiply @ by any power of z.
Hence, we can consider a the Taylor series. It was mentioned above that we can submit
the vector @ to a normalization condition (¢,a) = 1 by the gauge transformation. It is im-
portant to stress that this gauge transformation does not change the densities pg, . .., pn—1
as £(z) is a holomorphic function. Hence, the conserved densities p; and p; obtained from
equations (3) and (7), respectively, satisfy the following conditions

pi=pifori<n, p;—p;€ImD for ¢>n. (10)

These conditions give very strong constraints for system (2) and we must explain why they
are relevant. It is well known that systems integrable by the inverse scattering transform
method possess the Hamiltonian structures. It is also known that any Hamiltonian (or
implectic) operator is a Noether operator for the associated evolution system [4]. Hence,
for a wide class of integrable systems, conditions (10) are valid.

To use conditions (10), we must choose the correct normalization vector ¢ for a. Let us
write the matrix operator K’ in the form K’ = K,D? + K, 1D97! 4 ..., then the vector
ap is a eigenvector of the matrix K, :{

Klag=MXag, A= (=1)7"6,/pf, (11)

where [ = n(1—q) [3]. As the series expansions for p, 6 and @ take the same form (5) and
0 = 0, po = po according to (10), then we easily obtain

K,ap = (—1)7 1 \ao. (12)

Equations (11) and (12) define the normalization of the vector a, but some ambiguity is
always possible [3].
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3 Classification results

For system (1), we set u! = u, u? = v. Then

1 0 ~
K3—<0 O)’ A=\=1.

One can see now that ag = ag = (
or equivalently a = (1,b)7, a 1
form

EREENR = i 3w i
p=2z +szz, 0=z +Z€,z,
i=0 i=0

p and 6 has the same form. Substituting these series into equations (3) and (7), we obtain
the recursion relations for p; and p;. We can not present these relations here because they
take large room. Here are the first terms of the sequences of p; and p;:

_ - _10f _ - _ o 10f
PO = P0—33u27 P1=P1= Po 30u;’
.1 3 af 8fag>
p2 = P2—3(90 p0+3p0p1+8u+8v28u1 :

We find with the help of a computer that sufficiently many integrability conditions (4)
and (10) (8 or 12 sometimes) are satisfied in the following four cases only: (I) system (1)
admits nontrivial higher conserved densities; (II) the system is reducible to the triangular
or linear form with the help of a contact transformation; (III) the system is linear or
triangular. The last case is not interesting and we omit it.

We present here the complete classification the systems (I) and (II).

List I. Systems admitting higher conserved densities
Up = U3 — 3u§/(4u1) + voul + c1u1, vV = u + covy. (13)
up = uz — 3ud/(4uy) + viug + crur, v = uy + cavy. (14)

up = wg + 6cgetu; — 1/2w3 +caw+cou, wW=1u — v,

vy = 3coe"u% + 4cpetvy + coev? — 2cpcre? + caur, co # 0. (15)
U = usz +uvy + uv1 + ciur, v = U+ couy. (16)
U = ug + urv + uvy + crur + cov1, v = uq + covr. (17)
Up = U3 + U1 + clug + ey, v = Uq + cova. (18)
U = U3 + ULV + c1U1 + Cov2, v = U + coU1. (19)

up = u3 + 3uiv + 2uvy + v1ve + 1 + 2c0v1 — 20201, Ve = ug + VU1 + Cov1. (20)
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g = usg + 2uiv1 + uve + crug, v = cou’ + cyuy. (21)
U = ug + 2u1v + uvy + cquq, v = 2couuq + c3vy. (22)

ug = u3z — uv2/v — 3ugvy /(20) + uvd/(20?) + vluy v+

(23)

+erur /(20) + 2c0v%uy + 3couvvy, v = 2uuy.
ug = u3z — uv2/v — 3ugvy /(20) + 3uivi/(20?) + 3eruv? /(20?)+

+uluy v — c1(u1v1 + uve — ud) /v + Guvy /(2v) — cfug — cou, (24)
vy = 2uuy + 2c1u? — 2c9v.
up = uz + 3/2ul® + c1v? 4 couy, v = uyvy + c3v1. (25)
uy = us + 3uul + 2civ1ve + coul, vy = uvy. (26)
ug = uz + 3uul + 2civvy + couq, v = uvi + uqv. (27)

System (14) follows from system (13) under the substitution v; — v. System (15) is trian-
gular if ¢y = 0, and moreover the transformation (u,v) — (v, w) gives in this case the pair
of independent equations. Systems (16)—(19) are connected by the contact transformations
A, B, C, D and E according to the following diagram

B

(16) (17) A: (u,v) — (u1,v1)
B: (u,v1) — (u+ c2,0)
E D A C: (u,v1) — (u,v)
D: (u,v) — (u1 + c2,v + cot)
(19) — & (18) E: (u,v) — (u1 + c2, 01 + cat)

System (22) follows from system (21) under the substitution v; — v. The systems
(25)—(27) are connected each other according to the following diagram

(25) 1w (26) — O (a1)

where the maps F' and G take the following form: F': (uj,v,c2) — (u—c3,v,c0+3c3), G :
(U, ’U1) - (U, ’U).

List II. Systems reducible to the triangular form

up = wy — 3w}/ (4w) — h(u,v) + fi(w),

(28)
Ut:huu1+hvvl+f2(w)a w=v+up.
The reduction to the triangular form: (u,v) — (u,w).
up = ug + vz + h(u,v) = §(w)vr + 3/2¢u3, (29)

ve = 201 — hyvy — hyuy + Eugvy — 3/26€u? — 1/26"ud — hé + c.
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The reduction to the triangular form: (u,v) — (u,w), where w = v + u; + [&(u) du.
up = uz — 2/3(va + urv? + crvre™ — caviet) — 3/2(cte™ 2" + e )uy
+2(c1e™™ + coe®)ugv + udv — 1/2u$ + h(u,v) + cous,
vp = 3/2utv(coe® — cre™%) + 3/2(hyuy + hyvy — crhe™ + cohet) — 2/3v?v; (30
+(urvy + 2vv1)(cre™ + coe) — 1/2v1(cre™ + coe™)? + (co — c1e2)v1.
The reduction to the triangular form: (u,v) — (u,w), where w = u; —2v/3+c1e™" +coe™.
U = Wwo — 3w%/(4w) —v? + ow, v =c3w—civr, w=u; + v (31)
The reduction to the linear form: (u,v) — (y,v), where y = /w.
up = wy — h(u,v) — 3wi12/(2w) + crw® + e /w, v = hyv1 + hyuy + c3w, (32)
where w = uj + v. The reduction to the triangular form: (u,v) — (u,w).

3 ww;?
ut:w2_§w27_ic_h(uav)+fl(w)a Ut:hvvl+huul+f2(w)a w = uy +U(33)

The reduction to the triangular form: (u,v) — (u,w).

9 _ 99

ug = us +urp(v,ve —u), v =uq, %:¢a—v2. (34)
One can check that D;(¢) = 0, hence, ¢ = Fj(x) on solutions of system (34). Denoting
ve —u = w, we can integrate the equation ¢, = ¢¢,, in the following implicit form

w + v = H(¢), where H is arbitrary function. This implies the following equations
U= Vg + 0F1(2) + Fo(z), v = Ugga + (VF1)g + Fo g, (34"
where Fj is an arbitrary function and F» = H(F}).

ug = wo + kwy + h(u,v) + fi(w) + k>uy, w=u; +v— ku,

vp = kh — hyui — hyvr + keyw + keo + k2o (35)
The reduction to the triangular form: (u,v) — (u,w).

up = uz + cgug + caw + csw? + kwd + g, W= vy — u — crv1 + 10,

vp = Uy + cau — c1cov + (3 + €3 — c1)vy + 7. (36)
The reduction to the triangular form: (u,v) — (u,w).

ug = u3 + v + 6cg(cruuy — vug — couuy) — 2couvy + vy + coug — h(u,v),

vr = (¢} + co)vy — 6eguvy + 2¢0(urvy — couvy + cruwvy) (37)

+2couh — c1h + hyut + hyvy.

The reduction to the triangular form: (u,v) — (u,w), where w = u; + v — cyu + cou?.
In formulas (13)—(37), ¢; and k are arbitrary constants, h, £, ¢ and f; are arbitrary
functions, h, = dh/0u.
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Conclusion

We believe that any system from the list (I) is integrable in the frame of the inverse
scattering transform method.

Let us note that some equations from the list (I) admit the reduction to a single
integrable equation. For example, excluding the function u from system (13) and setting
co = 0 for simplicity, we obtain

2 2 2 /
ViaVtt = VtaVtaze + JVtse — Vralip — C1Vg = 0. (13")
For system (16), the same operation gives
/
Ztt — Zgltx T (QZxCO - Zt)z;rz — Ztgxx + COZzzar = 07 (16 )

where v = z — (¢1 + o)z — co(c1 4+ 2¢9)t. And system (20) is reduced to the following form

Zit + (302 - 4zx)zta: + 2pZpgrr — Ztage + 220xZgpst (20,)
4325222224 — 3¢2) — 224240 = 0,

where v = 2z, — co. Let us also notice another forms for systems (23) and (24) that arise
under the exponential substitution v — ev.

up = u3z — urve + 1/2uiv? — 3/2uzvq + c2e?(2uy + 3uvy) + eV (u? + ¢1/2)uy, (29)
vy = 2uuie”".

up = u3z — 3/2ugvy — urve + c1(uv? /2 — uvy — uvy — crug + cruvy /2)+ (20)
+1/2u1v? — cou + e V(1w + utur), v = 2(uuy + cu?)e — 2co.
For the linearizable system (34), we get
up = ug +ui(u—v)/v, v =uy.

This system is equivalent to system (34"), where F» = 0.
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Abstract

We describe new classes of nonlinear Galilean—invariant equations of Burgers and
Korteweg—de Vries type and study symmetry properties of these equations.

1 Introduction

Equations which are writen below, simple wave, Burgers, Korteweg—de Vries, Korteweg-de
Vries-Burgers and Kuramoto-Sivashinski equations

ou ou

ou ou d%u
ou ou Bu
o o T 0 3)

ou ou 0%u *u
o2 T Vot T 0, (5)

are widely used for the mathematical modelling of various physical and hydrodynamic
processes [4, 7, 9].
These equations possess very important properties:

0 d

ou 0
1. All these equations have the same nonlinearity u—, and the operator —+u— = —

ox ot Oz dt

is “the material derivative”.

2. All these equations are compatible with the Galilean relativity principle.

This talk is based on the results obtained in collaboration with Prof. W. Fushchych [2] and dedicated
to his memory.
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The last assertion means that equations (1)-(5) are invariant with respect to the
Galilean transformations

t—t =t x— 1 =x+ vt u—u =u+w, (6)

where v is the group parameter (velocity of an inertial system with respect to another
inertial system).
It is evident that equations (1)—(5) are invariant also with respect to the transformations

group
t—t' =t+a, r—a =x4+0, u—u = u, (7)

where a and b are group parameters.

In terms of the Lie algebra, invariance of equations (1)-(5) with respect to transfor-
mations (6)—(7) means that the Galilean algebra, which will be designated as AG(1,1) =
(Py, P1,G) [3] with basis elements

Py=8, Pi=08, G=td,+0n. (8)

is an invariance algebra of the given equations.

Let us recall some well-known facts on symmetry properties of equations (1)—(5). The
equation of a simple wave (1) has general solutions of the form v = f(z — wut) [9] and
admits an infinite invariance algebra.

Equation (2) admits a five-dimensional invariance algebra [3], besides, let us note that
this equation can be reduced to the heat equation by means of the Cole-Hopf transforma-
tion [9].

The Korteweg-de Vries equation (3) admits a four-dimensional invariance algebra [5],
besides equation (2) is the classical example of an integrable equation [1].

Unfortunately, the symmetry of equations (4) and (5) is rather poor (the maximal
invariance algebra is a three-dimensional algebra (8)), though, the presence of members
which contain vz, Uz, in these equations, is very important from the physical point of
view.

Thus, linearity of equations (3)—(5) with respect to Uzgz, Ugrzr i bad from the point of
view of symmetry, linearity of these equations causes the essential narrowing of symmetry
the compared to the Burgers equation (2). The question arises how we can “correct”
equations (3)—(5) so as at least to preserve the symmetry of the Burgers equation or to
obtain some new generalization of the Galilean algebra (8).

To solve the problem, let us consider a natural generalization of all adduced equations,
namely, the equation of the form

U(O) + 'LL'LL(l) =F (u(z), U(g), cee 7U(n)) 5 (9)

and, as particular case, the equation
U(o) + uu(y) = F (U(n)> . (10)
ou o™u

Here and further, we use the following designations: u = u(t,x); ugy = &~

F (u(g), U(3)s - - - ,U(n)), F (u(n)) are arbitrary smooth functions.
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Evidently, equations (9)-(10) will be invariant with respect to transformation (6)—(7),
so they are compatible with the Galilean relativity princeple, and thus equations (9), (10)
with an arbitrary function F' will be invariant with respect to the Galilean algebra (8).

To have a hope to construct at least partial solutions of equations (9), (10), we need to
specify (to fix) the function F'. One of approaches to this problem is based on description
of equations (9), (10) which admit wider invariance algebras than the Galilean algebra
AG(1,1) [3]. Wide symmetries of nonlinear equations, as is well known [3, 5, 6], enable to
describe ansatzes reducing partial differential equations to ordinary differential equations
which can often be solved exactly or approximately, or for which qualitative properties of
solutions, asymptotic properties, etc. can be studied.

The principal aim of our work is as follows: to give a description of equations (9), (10)
which have wider symmetry properties than the algebra AG(1,1) or to describe nonlinear
smooth functions F' for which these equations are invariant with respect to Lie algebras
which are extensions of the Galilean algebra AG(1,1); using the symmetry of equations,
to construct ansatzes and to reduce partial differential equations to ordinary differential
equations.

The paper is organized as follows. In Section 2, we present all principal theorems and
corollaries on symmetry classification of equations (9), (10) which admit wider symmetry
than the Galilean algebra AG(1,1). We do not give proofs of theorems, because they
are extremely cumbersome, though simple from the point of view of ideas. In Section
3, we adduce finite group transformations, construct anzatzes and some classes of exact
solutions.

2 Symmetry classification

Let us first formulate the statements on the Lie symmetry of certain equations of the
type (10). Consider the following equations:

u() + uu(y = F (U(Q)) , (11)
U(0) + uu(y) = F (’LL(3)) , (12)
U() + U1y = F (U(4)) . (13)

Theorem 1 The mazimal invariance algebras of equation (11) depending on F (U(2)> are
the following Lie algebras:
. (Py, P1,G) if F (u@)) is arbitrary;
. k 1
AP0, PLGYY) I F (u) = M) s k= const; k#0; k # 1k # o
. <P0,P1,G,Y§> ifF (U(Q)) = IHU(Q),'

- (Po, P1, G, D) if F () = Auga);

L WY~

5. (Po, Pi,G, Ry, Ro, Ry, Ra) if F (uge)) = /\<U(2)>1/3

Here, A = const, A #£ 0, and basis elements of the Lie algebras have the following repre-
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sentation:
Vi = (k4 1)t0, + (2 — K)ads + (1 — 2k)ude, Yo — 10y + (2;;: - ;tz) Do+ (1 — 36)00,

D = 2t0; + 10y — udy, I =t?0; + twdy + (x —tu) Oy, Ry =4t0; + 5xdy + udy,
Ry = udy, R3= (2tu—1z)0y +ud,, Ry= (tu—x)(t0y+0y).

Theorem 1 makes the result obtained in [8] more precise. The Burgers equation (2) as
a particular case of (11) is includes in Case 4 of Theorem 1.

Note that the following equation has the widest symmetry in the class of equations (11)
(7—dimensional algebra):

s (14)

Uy T uu(y) = /\<u(2))
Theorem 2 The mazimal invariance algebras of equation (7) depending on F <u(3)) are
the following Lie algebras:

1. (Py, P1,G) if F (U(3)) is arbitrary;

. k 3
2. (P, P1,G,Ys) if F (u(3)) = )\(’U,(g)) , k=const; k#£0; k# g
3. <P07P17G7}/4> ZfF (U(3)) = lIl’U,(g);

4. <P(),P1,G,D,H> ifF <U(3)) = )\(u(g))
Here, A = const, A #£ 0,

3/4

Y3 = (2k + 1)tdy + (2 — k)0 + (1 — 3k)udy, Yy =td; + <2x - gﬁ) Oy + (u — 5t)0y.

Case 2 of Theorem 2 for k& = 1 includes the Korteweg—de Vries equation (3) as a
particular case of (12).

Theorem 3 The maximal invariance algebras of equation (8) depending on F (U(4)) are
the following Lie algebras:
1. (Py, P1,G) if F (u(4)) is arbitrary;
. k 3
2. (Py, P, G, Ys) if F (u(4)) - )\(u(4)) k= const; k#0; K #
3 <P07P17G7}/6> ZfF (’U(4)) = IHU(4);

‘ 3/
4o (Po, P, G, DT if F (ugyy) = Mug)) ™
Here, A = const, A #£ 0,

Vs = (3k + 1)t0, + (2 — k)20 + (1 — 4k)udu, Yo — 0 + (2:6 - ;ﬁ) Do + (u = TH)D,.

Theorems 1-3 give the exhaustive symmetry classification of equations (11)—(13).

On the basis of Theorems 1-3, let us formulate some generalizations concerning the
symmetry of equations (10), namely, investigate symmetry properties of equation (10)
with fixed functions F'(uy)).
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Theorem 4 For any integer n > 2, the mazximal invariance algebra of the equation
U() + U1y = In U(p) (15)
is the four—dimensional algebra (Py, P1,G, A1), where
2n —1
2

Ay =0 + <2x — t2) Oy + (u —(2n — 1)t)8u.

Theorem 5 For any integer n > 2, the maximal invariance algebra of the equation
k
W) +uu) = A(Wn)) (16)

is the four—dimensional algebra (Py, P1,G, As), where
Ay =((n—1k+1)t0: + (2 — k)z0y + (1 — nk)udy,

3
k, X are real constants, k # 0, k # W1 A # 0; for n = 2, there is the additional
n

1
condition: k # 3 (see Case 5 of Theorem 1).

Theorem 6 For any integer n > 2, the mazimal invariance algebra of the equation

3/(n+1
w(o) + vy = Aug) HD = const, A £ 0 (17)
1s the five—dimensional algebra
(P, P, G, D, 1I). (18)

Remark. If n =1 in (17), then we get the equation
3/2
(o) T uu() = )\(U(l)) . (19)

Theorem 7 The mazimal invariance algebra of equation (19) is the four—dimensional
algebra (Py, P1,G, D).

Remark. It is interesting that (18) defines an invariance algebra for equation (17) for
any natural n > 2. With n = 2, (17) is the classical Burgers equation (2). Let us note that
operators (18) determine a representation of the generalized Galilean algebra AG2(1,1) [3].
Now let us investigate the invariance of equation (9) with respect to representation (18)
or point out from the class of equations (9) those which are invariant with respect of the
invariance algebra of the classical Burgers equation. The following statement is true:

Theorem 8 Equation (9) is invariant under the generalized Galilean algebra AG2(1,1)
(18) iff it has the form

U(0) + uu(y) = U(g)q)<w3, Way e ,wn>, (20)
where ® is an arbitrary smooth function,
1 3/(k+1) oFu
wk:—<U(k)> y U(k):@, k::3,...,n.

U(2)
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The class of equations (20) contains the Burgers equation (2) (for & = const) and
equation (17). Equation (20) includes as a particular case the following equation which
can be interpreted as a generalization of the Burgers equation and used for description of
wave processes:

)3/(n+1) (21)

3/4
Uy T uu() = )\QU(Q) + A3 (U(3)) + A, (U(n)
A2, A3, ..., A\, are an arbitrary constant.
Let us note that the maximal invariance algebra of equation (21) is a generalized
Galilean algebra (18).
Below we describe all second—order equations invariant under the generalized Galilean
algebra (18). The following assertions are true:

Theorem 9 A second—order equation is invariant under the generalized Galilean algebra
AG»y(1,1) iff it has the form

o ((uooun — (ug1)? + duguruny + 2uuri (ur)? — 2ugr(u1)? — (ur)?)®

(u11)® 7
uo +uuy  (uor + uugr + (U1>2)3 -0
Uy (u11)4 7

where ® is an arbitrary function.

3 Finite group transformations, ansatzes, solutions

Operators of the algebra L = (Py, P1, G, Ry, Ra, R3, R4) which define the invariance alge-
bra equation (14), satisfy the following group relations:

Py P G R Ry Rs Ry
Py 0 0 P 4P 0 2R, Rs
P 0 0 0 5P 0 P -G
G| —-P 0 0 G Py G 0
Ry | —4Py | —=5P, | -G 0 —4Ry 0 4Ry
Ry 0 0 —P | 4Rs 0 —2Ry | —R3
Rs | 2Ry | Py -G 0 2Ry 0 —2Ry
Ry | —R3 -G 0 —4Ry | Rs3 2Ry 0

Let us note that it is possible to specify three subalgebras of the algebra L, which are
Galilean algebras: (Py, P1,G), (P1,G,—Ry), (—R2, P1,G).

The finite transformations corresponding to the operators Rj, Ro, R3, R4 are the fol-
lowing:

Ri: t—t=texp(40), Ry: t—t=t
x — T = zexp(h0), T — T =x+0u,
u — = uexp(h), u— U= u,
Ry: t—t=t, Ry: t—t=t,
x — & = zexp(—0) + tuexp(6), xr—T=x+0t(ut—x),
u— @ = uexp(d), u— U =u+0(ut —z),

where 0 is the group parameter.
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Let us represent the exact solution of (14) (below, we point out the operator, the ansatz,
the reduced equation, and the solution obtained by means of reduction and integration of
the reduced equation)

the operator: Rz = (2tu — ) Oy + u0y,

the ansatz: xu — tu? = ¢(t),

the reduced equation: ¢’ = A(2¢)"/3,

the solution:

3/2
zu — tu® = % <§)\t + C’) . (23)

Relation (23) determines the set of exact solutions of equation (14) in implicit form.
The following Table contains the commutation relations for operators (18):

P | A |G| D |1
P 0 0 |P | 2P | D
P | 0 0 0| P |G
G| -P| 0 |0 -G]|oO
D| 2R | —P | G| 0 |om
M| -D | -G|0|-2I]0

The finite group transformations corresponding to the operators D, II in representation
(18) are the following:

D: t—t=texp(20), IT: t_”f:l—@t’
x — T = zexp(h), T

u — U = uexp(—0),

where 6 is the group parameter.
The ansatz

u=ttow)+ %, w=2xt"!

constructed by the operator IT reduces equation (17) to the following ordinary differential
equation

o = M2/ () D, (24)

A partial solution (24) has the form

1/(2n—-1)
Y= —2()\1(”+1)(n!)3> wL

and whence we get the following exact solution of equation (17)
3\1/(2n—1) 1 x
o (a1 1,2
u ( 1 (n!) ) 5 T 1
In general case, it is necessary to use nonequvilent one-dimensional subalgebras to
obtain solutions. In Table, nonequivalent one—dimensional subalgebras for algebra (18)

and corresponding ansatzes are adduced. (Classification of one-dimensional subalgebras
is carried out according to the scheme adduced in [5].)
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Ansatz
Py u=(t)
G u=p(t)+at!
Py+aG, aeR uzgp(w—%z&)—i—at
D u=t"12p (:mf_l/2>

tx

Py +1I — (24 1)"V2 < < )
0+ u=(t"+1)"""p CEDE e

The ansatzes constructed can be used for symmetry reduction and for construction of
solutions for equations (17), (20), (21).

The author is grateful to the DFFD of Ukraine (project 1.4/356) for financial support.
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Abstract

In this paper, new classes of symmetries for partial differential equations (PDE) which
can be written in a conserved form are introduced. These new symmetries called
nonclassical potential symmetries, are neither potential symmetries nor nonclassical
symmetries. Some of these symmetries are carried out for the Burgers equation

Ut + Uy — Ugy = 0. (1)

by studying the nonclassical symmetries of the integrated equation

02
vt—i—?’”—vm:O. (2)

By comparing the classical symmetries of the associated system

Vp = U,
2 (3)

Vp = Uy — ——

2

with those of the integrated equation (2), we deduce the condition for the symmetries
of (2) to yield potential symmetries of (1). The nonclassical potential symmetries are
realized as local nonclassical symmetries of (2). Similarity solutions are also discussed
in terms of the integrated equation and yield solutions of the Burgers equation which
are neither nonclassical solutions of the Burgers equation nor solutions arising from
potential symmetries.

1 Introduction

Local symmetries admitted by a PDE are useful for finding invariant solutions. These
solutions are obtained by using group invariants to reduce the number of independent
variables.

The fundamental basis of the technique is that, when a differential equation is invariant
under a Lie group of transformations, a reduction transformation exists. The machinery
of the Lie group theory provides a systematic method to search for these special group-
invariant solutions. For PDE’s with two independent variables, as it is equation (1), a
single group reduction transforms the PDE into ODE’s, which are generally easier to solve
than the original PDE. Most of the required theory and description of the method can be
found in [6, 12, 13].
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Local symmetries admitted by a nonlinear PDE are also useful to discover whether
or not the equation can be linearized by an invertible mapping and construct an explicit
linearization when one exists. A nonlinear scalar PDE is linearizable by an invertible
contact (point) transformation if and only if it admits an infinite-parameter Lie group of
contact transformations satisfying specific criteria [5, 6, 7, 11].

An obvious limitation of group-theoretic methods based on local symmetries, in their
utility for particular PDE’s, is that many of these equations does not have local symme-
tries. It turns out that PDE’s can admit nonlocal symmetries whose infinitesimal gener-
ators depend on the integrals of the dependent variables in some specific manner. It also
happens that if a nonlinear scalar PDE does not admit an infinite-parameter Lie group
of contact transformations, it is not linearizable by an invertible contact transformation.
However, most of the interesting linearizations involve noninvertible transformations, such
linearizations can be found by embedding given nonlinear PDE’s in auxiliary systems of
PDE’s. [6].

Krasil’shchik and Vinogrod [15, 10] gave criteria which must be satisfied by nonlocal
symmetries of a PDE when realized as local symmetries of a system of PDE’s which ‘covers’
the given PDE. Akhatov, Gazizov and Ibragimov [1] gave nontrivial examples of nonlocal
symmetries generated by heuristic procedures.

In [5, 6], Bluman introduced a method to find a new class of symmetries for a PDE. By
writing a given PDE, denoted by R{x,t,u} in a conserved form, a related system denoted by
S{x,t,u,v} with potentials as additional dependent variables is obtained. If u(z,t),v(z,1)
satisfies S{x,t,u,v}, then u(z,t) solves R{x,t,u} and v(x,t) solves an integrated related
equation T{x,t,v}. Any Lie group of point transformations admitted by S{x,t,u,v} induces
a symmetry for R{x,t,u}; when at least one of the generators of a group depends explicitly
of on potential, then the corresponding symmetry is neither a point nor a Lie-Béacklund
symmetry. These symmetries of R{x,t,u} are called potential symmetries.

The nature of potential symmetries allows one to extend the uses of point symmetries
to such nonlocal symmetries. In particular:

1. Invariant solutions of S{x,t,u,v}, respectively T{x,t,v}, yield solutions of R{x,t,u}
which are not invariant solutions for any local symmetry admitted by R{x,t,u}.

2. If R{x,t,u} admits a potential symmetry leading to the linearization of S{x,t,u,v},
respectively T{x,t,v}, then R{x,t,u} is linearized by a noninvertible mapping.

Suppose S{x,t,u,v} admits a local Lie group of transformations with the infinitesimal
generator

0 0 0 0
XS = p(w,t,u,v)% + Q(Jfaﬂuav)a + r(x,t, U,U)% + s(x,t,u,v)%, (4)

this group maps any solution of S{x,t,u,v} to another solution of S{x,t,u,v} and hence
induces a mapping of any solution of R{x,t,u} to another solution of R{x,t,u}. Thus, (4)
defines a symmetry group of R{x,t,u}. If

(@) () (%) o

then (4) yields a nonlocal symmetry of R {x,t,u}, such a nonlocal symmetry is called a
potential symmetry of R{x,t,u}, otherwise Xg projects onto a point symmetry of R{x,t,u}.
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Suppose

0 0 0
T T e T -
XT_p (x7tav)8$ +4q <x7t7v)at+8 (xatvv)av (6)

defines a point symmetry of the related integrated equation T{x,t,v}. Then Xp yields a
nonlocal potential symmetry of R{x,t,u} if and only if

0
XS = XT+T($7t7 u)ru)% (7)

yields a nonlocal potential symmetry of R{x,t,u}.

Motivated by the fact that symmetry reductions for many PDE’s are known that are not
obtained using the classical Lie group method, there have been several generalizations of
the classical Lie group method for symmetry reductions. Bluman and Cole developed the
nonclassical method to study the symmetry reductions of the heat equation; Clarkson and
Mansfield [8] presented an algorithm for calculating the determining equations associated
with nonclassical symmetries.

The basic idea of the nonclassical method is that PDE is augmented with the invariance
surface condition

pug +qug —r =0 (8)
which is associated with the vector field
Xr = p(z,t, U)aax +q(z, t, u)aat + r(z,t, u)aau. (9)

By requiring that both (1) and (8) be invariant under the transformation with the infini-
tesimal generator (9), one obtains an overdetermined nonlinear system of equations for the
infinitesimals p(z,t,u), q(x,t,u), r(x,t,u). The number of determining equations arising
in the nonclassical method is smaller than for the classical method, consequently the set
of solutions is larger than for the classical method, as in this method one requires only
the subset of solutions of (1) and (8) be invariant under the infinitesimal generator (9).
However, associated vector fields do not form a vector space.

The determining equations, by applying the nonclassical method to the Burgers equa-
tion were first derived by Ames. This set of determining equations was partially solved
by Pucci [14], Pucci also obtained, by using the nonclassical method due to Bluman, some
new solutions of the Burgers equation which cannot be obtained by the direct method of
Clarkson and Kruskal. In [2], Arrigo et al. formulate a criterion for determining when a
solution obtained from a symmetry reduction of any equation calculated by Bluman and
Cole’s method is recoverable by the Clarkson and Kruskal approach and obtained some
new solutions for the nonclassical determining equations of the Burgers equation as well
as some new solutions for the Burgers equation.

Knowing that an associated system S{x,t,u,v} to the Boussinesq equation has the same
classical symmetries as the Boussinesq equation, Clarkson proposed as an open problem
if an auxiliary system S{x,t,u,v} of the Boussinesq equation does possess more or less
nonclassical symmetries as compared with the equation itself.

Bluman says [3] that the ansatz to generate nonclassical solutions of S{x,t,u,v} could
yield solutions of R{x,t,u} which are neither nonclassical solutions of R{x,t,u} nor solu-
tions arising from potential symmetries. However, as far as we know, none of these new
symmetries have been obtained.
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The aim of this work is to obtain new symmetries that we will call nonclassical potential
symmetries for the Burgers equation.

The basic idea is that the related integrated equation T{x,t,v} is augmented with the
invariance surface condition

PUz +qug — 5 =0 (10)

which is associated with the vector field (6).

By requiring that both (1) and (10) be invariant under the transformation with infi-
nitesimal generator (6), one obtains an overdetermined, nonlinear system of equations for
the infinitesimals p(z,t,v), q(z,t,v), s(x,t,v).

Then X7 yields a nonclassical potential symmetry of R{x,t,u} if and only if (7) yields
a nonlocal symmetry of R{x,t,u} which is not a classical potential symmetry.

This new symmetry is a potential symmetry of R{x,t,u} which does not arise from a
Lie symmetry of T{x,t,v} but from a nonclassical symmetry of T{x,t,v}.

2 Potential symmetries for the Burgers equation

Let R{x,t,u} be the Burgers equation (1)
U + Uy — Uz = 0.

In order to find the potential symmetries of (1), we write the equation in a conserved
form

u2
ut+<7—um =0.
x

From this conserved form, the associated auxiliary system S{x,t,u,v} is given by (3).
If (u(x),v(x)) satisfies (3), then u(x) solves the Burgers equation and v(x) solves the
integrated Burgers equation (2).

If (6) is the infinitesimal generator that leaves (2) invariant, then (7) is the infinitesimal
generator that leaves (3) invariant if and only if p(z,t) = pT (z,t), q(t) = ¢* (t), s(z,t,v) =
sT(z,t,v), and r(z,t,u,v) = (5 — Pz)u + 5¢.

Hence we obtain that X7 yields a potential symmetry of (1) if and only if

Syplt + Sz # 0. (11)

Bluman [4] derived that (3) admits an infinite-parameter Lie group of point symmetries
corresponding to the infinitesimal generator

X, = ot Ksl(a:,t)u_’_@sl(:n,t)) 3_’_ 8}. (12)

§1—
2 Ox ou Lov
We can see (7) that (2) admits an infinite-parameter Lie group of point symmetries
corresponding to the infinitesimal generator

xT = e%sl(l‘,t) (13)

%.
These infinite-parameter Lie groups of point symmetries yield a potential symmetry

for (1).
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3 Nonclassical symmetries of the integrated equation

To obtain potential nonclassical symmetries of the Burgers equation, we apply the non-
classical method to the integrated equation (2). To apply the nonclassical method to (2),
we require (2) and (10) to be invariant under the infinitesimal generator (6). In the case
q # 0, without loss of generality, we may set ¢(x,t,u) = 1. The nonclassical method

applied to (2) gives rise to the following determining equations for the infinitesimals

*p  Op
0%s  Os 0%p dp
290 T a0 T Yavor Par Y
0s 9%s Op 0%p dp Op
z° 9 £ i ) P N
oz Covor Cov T Par otV
9%p 0Os Op Os s Op 0°s Pp 0s 0Os op
R ) S it A B B R Y Yl
002 9z “0v0x 002022 T ov ovdr | Cowor v ot “oxo T
Pp d%p dPp  Op &%p d*p op 5
4 9 et el ) P SN Yt AP
ov20x S Ovox S Ox3 ov Ox2 Or? (8:):)
0%p @ o*p 4 p B 0%p _9 Pp _0
oz 0x - ovord P ovor?  Btdr - 0tdvdr

Solving these equations, we obtain

p= pl(th) 6_% + p2(X7t>7

v 8 v
s = (3165 + (2p1p2 — 2ﬂ> e 2
ox

2
+ gp?) eV + s,

with s; = s1(z,t) and sy = sa(x,t). Substituting into the determining equations leads to

P11 = 07 b= p2(l‘7t)) s = Sl(Xat)eig + SQ(th)a

where po, s1, and so are related by

B o b s
ox or? P2 ox ot ’
8281 881 8p2
W -+ E + 2 % S1 = 0,
dsy . Opo PPpo O*pe  Op2  0%p2
ot 2o 2T o P2 2 s T Gion

(14)

(15)

(16)

(17)

It has been shown that (1) admits a potential symmetry when (11) is satisfied. As s
is given by (14), (11) is satisfied if and only if s; # 0. If s = 0, the symmetries obtained

for (2) project on to point symmetries of (1).



Nonclassical Potential Symmetries of the Burgers Equation 135

Although the previous equations are too complicated to be solved in general, some
solutions can be obtained. Choosing py = pa(z), s1 = si1(x) and sy = so(x), we can
distinguish the following cases:

1. For s2 # 0 from (15), we obtain

Opo 2
=—-— k1.
52 E +p3 + k1
Substituting into (17), we have
d*py d*py 2 dp2 dps dp2\*
—— —2ps—— +2p° —+2kg——4(—) =0.
dx3 P2 02 tep2 dx T ek dx ( dx >
Multiplying by p2 and integrating with respect to x, we have
d*py odpy 1 (0p2\* | po’ 2
—— — 2P — — = | = — +k ko = 0.
P2 a2 P2z 2<8x> + 2 TPzt
Dividing by 2p3, setting k1 = ko = 0 and making
2
w
— _ ’ 18
b2 [ w? (18)
(17) can be written as
w” =0
Consequently,
a’z® +2abx + b?
w=axr+b and P2 = ——53 .
S taba? 4 b2
Substituting ps into (16), we obtain
b a®z" logx a*az%logx  a?z?logx L2 o 13a° 27
s1 = - x r— ——
R T T 15 bt 1502 & 180067
4a* 28 7a23:4+ n a® 2’ a4x6+a2x4+ 2,
J— e a —_ :1: o oe.
52561 15002 *\4505 450t " 1582 ’
202z +2ab
S9 = P 2 5
5 tabr?+bx
Setting b = 0,
3 og Tr+v 5 1 5 1 6
X=—0,+0:+ [el 5 (z’kg sinh ( 0gx> + k4 cosh ( ng)) + —} Oy.
T 2 2 x2

2. For sy = 0, by solving (15), we obtain
p2 = /e tan(y/er(x + ¢2)) if ¢ >0,
V—cileg exp(2y/—c1x) + 1]

coexp(2y/—cix) — 1

if C1 = 0.

p2:— lf Cl<0,

p2:_;1:—|—02
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2.1. For ¢; > 0, setting ¢; = 1, co = 0 and solving (16), we obtain
p2 = tan(x), s1 = kyztan(x) + ko tan(x) + k.

Solving the invariant surface condition, we obtain the nonclassical symmetry reduction

4
— (1
2k, logsinx+k1x2+2k2x+2H(z)> (19)

z =t — log(sin(x)), v =2 log <
Substitution of (19) into the integrated Burgers equation (2) leads to the ODE
H'+H —k =0,
whose solution is
H(z) = kye™* + k12 + K,
from which we obtain that an exact solution for (2) is
v=-2 (log (—2k4 sinz —ky el 22 —2kyel x — (2ky t + 2k) et) —t—2 log2)
and by (3) a new exact solution of the Burgers equation is

2 (—2kyq cosz — 2k el — 2ky €)

v  —2kgsinz —kjeta? —2kgeltz — (2ki t +2k) et

2.2. For ¢; =0, setting co = 0,

1 v k
X=—-0,+0 +e2 (kgl‘g——1> Oyp.
T 3x

Solving the invariant surface condition leads to the similarity variable and to the implicit
solution ansatz

2 3kgz4_kx
p= 4t H(z)=—1 3

2e7 3.
5 +2e
Substituting into the integrated Burgers equation leads to the ODE
H" — 3ky =0,

whose solution is

. 31{222
2

H(Z) —|—k32’—|—k4

from which we obtain the exact solution

48
=2log | —
v s ( Bky ot + (36kyt — 12ks) 22 + 8k @ + 36ky £2 — 24 kst + 24k4>
and by (3) a new exact solution of the Burgers equation is

B 2 (12kg a3 +2 (36kat — 12k3) = + 8k)
3k2$4+(36k2t—12k3) 22+ 8k x + 36ky 12 —24k3t—|—24k4.

u =
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4

Concluding remarks

In this work, we have introduced new classes of symmetries for the Burgers equation. If the
Burgers equation is written in a conserved form, then a related system (3) and a related
integrated equation (2) may be obtained. The ansatz to generate nonclassical solutions of
the associated integrated equation (2) yields solutions of (1) which are neither nonclassical
solutions of (1) nor solutions arising from potential symmetries.
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Abstract

The method of additional generating conditions is applied for finding new non-Lie
ansétze and exact solutions of nonlinear generalizations of the Fisher equation.

1. Introduction

In the present paper, I consider nonlinear reaction-diffusion equations with convection
term of the form

Uy = [A(U)U,], + B(U)U, +C(U), (1)

where U = U(t, z) is an unknown function, A(U), B(U),C(U) are arbitrary smooth func-
tions. The indices ¢ and x denote differentiating with respect to these variables. Equa-
tion (1) generalizes a great number of the well-known nonlinear second-order evolution
equations describing various processes in biology [1]-[3].

Equation (1) contains as a particular case the classical Burgers equation

Ui =Ugr + MUU, (2)
and the well-known Fisher equation [4]

Up = Upe + AU — XU, (3)
where A1, A2, and A3 € R. A particular case of equation (1) is also the Murray equation
-2

Ut = Upe + MUUy + AU — A3U?, (4)
which can be considered as a generalization of the Fisher and Burgers equations.

Construction of particular exact solutions for nonlinear equations of the form (1) re-
mains an important problem. Finding exact solutions that have a biological interpretation
is of fundamental importance.

On the other hand, the well-known principle of linear superposition cannot be applied

to generate new exact solutions to nonlinear partial differential equations (PDEs). Thus,
the classical methods are not applicable for solving nonlinear partial differential equations.
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Of course, a change of variables can sometimes be found that transforms a nonlinear partial
differential equation into a linear equation, but finding exact solutions of most nonlinear
partial differential equations generally requires new methods.

Now, the very popular method for construction of exact solutions to nonlinear PDEs
is the Lie method [5, 6]. However it is well known that some very popular nonlinear
PDEs have a poor Lie symmetry. For example, the Fisher equation (3) and the Murray
equation (4) are invariant only under the time and space translations. The Lie method
is not efficient for such PDEs since in these cases it enables us to construct ansatze and
exact solutions, which can be obtained without using this cumbersome method.

A constructive method for obtaining non-Lie solutions of nonlinear PDEs and a system
of PDEs has been suggested in [7, 8]. The method (see Section 2) is based on the consider-
ation of a fixed nonlinear PDE (a system of PDEs) together with an additional generating
condition in the form of a linear high-order ODE (a system of ODEs). Using this method,
new exact solutions are obtained for nonlinear equations of the form (1) (Section 3). These
solutions are applied for solving some nonlinear boundary-value problems.

2. A constructive method for finding new exact solutions of nonlinear
evolution equations

Here, the above-mentioned method to the construction of exact solutions is briefly pre-
sented. Consider the following class of nonlinear evolution second-order PDEs

Uy = (A 4+ XoU)Upy + U2 + pUU, + qU? + sU + so, (5)

where coefficients A\, A, 7, p, q, s, and sg are arbitrary constants or arbitrary smooth func-
tions of ¢. It is easily seen that the class of PDEs (1) contains this equation as a particular
case. On the other hand equation (5) is a generalization of the known nonlinear equations
(2)-(4).

If coefficients in (5) are constants, then this equation is invariant with respect to the
transformations

¥ =x+x t' =t +to, (6)
and one can find plane wave solutions of the form
U=U(kx+vt), vkeR. (7)

But here, such solutions are not constructed since great number papers are devoted to
the construction of plane wave solutions for nonlinear PDEs of the form (1) and (5) ( see
references in [9], for instance).

Hereinafter, I consider (5) together with the additional generating conditions in the
form of linear high-order homogeneous equations, namely:

dUu anu
Oéo(tyﬁf)U-i-Oél(t,ﬂ?)%‘i‘"“"(kc—m207 (8)
where ag(t,x), ..., am—1(t,x) are arbitrary smooth functions and the variable ¢ is consid-

ered as a parameter. It is known that the general solution of (8) has the form

U= po(t)go(t;x) + -+ + em-1(t)gm-1(t, ©), (9)
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where o(t), v1(t),...,om—1(t) are arbitrary functions and go(t,z) = 1, q1(t,x),...,
gm—1(t, ) are fixed functions that form a fundamental system of solutions of (8). Note
that in many cases the functions go(¢,x), ..., gm—1(t,z) can be expressed in an explicit
form in terms of elementary ones.

Consider relation (9) as an ansatz for PDEs of the form (5). It is important to note
that this ansatz contains m unknown functions ¢;,7 = 1, ..., m that yet-to-be determined.
This enables us to reduce a given PDE of the form (5) to a quasilinear system of ODEs
of the first order for the unknown functions ;. It is well known that such systems have
been investigated in detail.

Let us apply ansatz (9) to equation (5). Indeed, calculating with the help of ansatz
(9) the derivatives Uy, U, U,, and substituting them into PDE (5) , one obtains a very
cumbersome expression. But, if one groups similar terms in accordance with powers of
the functions ;(t) , then sufficient conditions for reduction of this expression to a system
of ODEs can be found. These sufficient conditions have the following form:

NGizz + 89 — it = iy Qiiy (1), (10)
)\Ogigi,xx + T(gi,x)2 + PGiGix + Q(gi)2 = gilRii1 (t)’ (11)
No(9iGis o+ Gir Gisow) + 20 G Gir o+ P(9iGi1 0+ 9 Gi0) + 209590 = 95T (t), i < i1,(12)

where Qi , Riiy, Tl]l , on the right-hand side are defined by the expressions on the left-hand
side. The indices t and x of functions g;(¢,x) and g;, (¢t,x), i,i1 = 0,...,m — 1, denote
differentiating with respect to t and =z.

With help of conditions (10)—(12), the following system of ODEs is obtained

dp; ; .
CZZ = Qili‘ph + Ri1i(90i1)2 + Ellig(pil(piQ + 5i,050a 1=0,....,m—1 (13)
to find the unknown functions ¢;,i = 0,...,m —1 (d;0 = 0,1 is the Kronecker symbol).

On the right-hand sides of relations (10)—(12) and (13), a summation is assumed from 0
to m-1 over the repeated indices 41,42, j. So, we have obtained the following statement.

Theorem 1. Any solution of system (13) generates the exact solution of the form (9) for
the nonlinear PDE (5) if the functions g;,i = 0,...,m — 1, satisfy conditions (10)—(12).

Remark 1. The suggested method can be realized for systems of PDEs (see [7, 8], [10])
and for PDEs with derivatives of second and higher orders with respect to t. In the last
case, one will obtain systems of ODEs of second and higher orders.

Remark 2. If the coefficients \g, A, 7, p, ¢, s, and sp in equation (5) are smooth functions
of the variable ¢, then Theorem 1 is true too. But in this case, the systems of ODEs with
time-dependent coefficients are obtained.

3. Construction of the families of non-Lie exact solutions of some non-
linear equations.

Since a constructive method for finding new ansétze and exact solutions is suggested, its
efficiency will be shown by the examples below. In fact, let us use Theorem 1 for the
construction of new exact solutions.
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Consider an additional generating condition of third order of the form

dU d’U U
Odl(t)% +a2(t>W + W =

which is the particular case of (8) for m = 3. Condition (14) generates the following chain
of the anséatze:

U = po(t) + p1(t) exp(71(t)z) + p2(t) exp(v2(t)x) (15)

0, (14)

. 1
if y12(t) = §(i(a§ —4a1)M? — ag) and 41 # e

U = ¢o(t) + ¢1(t) exp(v(t)x) + zp2(t) exp(y(t)z) (16)
if gy =9=7#0;

U = ¢o(t) + ¢1(t)z + pa(t) exp(v(t)z) (17)
if a1 = 0;

U = ¢o(t) + ¢1(t)z + pa(t)a? (18)

if a1 = ag = 0.
Remark 3. In the case D = a3 — 4a; < 0, one obtains complex functions vy, = 74 =

1
i(jzi(—D)l/2 — ), i = —1 and then ansatz (15) is reduced to the form

U = po(t) + [wl(t) cos (%(—D)1/2w> + o (t) sin (%(—D)l/zwﬂ exp (—%) , (19)

where q(t),11(t),12(t) are yet-to-be determined functions.

Example 1. Consider the following equation
Ui = (A 4+ XoU)Ussz + MUU, 4 AU — \3U? (20)

which in the case A = 1, Ay = 0 coincides with the Murray equation (4). Hereinafter, it
is supposed that A2 # 0 since the case A2 = 0 is very especial and was considered in [8].
By substituting the functions go = 1, g1 = exp(y1(¢t)x), g2 = exp(y2(t)z) from ansatz (15)

into relations (10)—(12), one can obtain
Qoo = A2, Qu =Mi+X, Qu=M3+ X, (21)
Roo=—X3, Tor=-X3, Tih=-X3

and the following relations

Ry, = Qiiy, = TZJZI =0 (22)
for different combinations of the indices 7,7;,j. With the help of relations (21)-(22),
system (13) is reduced to the form

dipg 2

%20 _ Moo — A

ddt 240 3%0;

% = (M7 + A2)p1 — 3ot (23)
dipa

= (M3 + A2)p2 — Azpopa.
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The system of ODEs (23) is nonlinear, but it is easily integrated and yields the general
solutions

B A2 _ crexp(Mit) _ czexp(M3t)
a A3 + ¢ exp(—)\gt)’ L= A3 + ¢ exp(—&t)’ ¥2 = A3 + ¢ exp(—)\zt)

. (24)

2]

In (24) and hereinafter, cg,c1,co are arbitrary constants . So, by substituting relations
(24) into ansatz (15) the three-parameter family of exact solutions of the nonlinear equa-
tion (20) for A2 + 4\gA3 # 0 is obtained, namely:

A ta exp( A3t + y17) + co exp(AY3t + o)

U 25
A3+ ¢g exp(—)\gt) ( )

where 71 and 79 are roots of the algebraic equation
MV +HMY = A3 =0, A 44))3 #0. (26)

Remark 4. In the case A2 +4\g\3 = —2 < 0, the complex values y; and 7y, are obtained,
and then the following family of solutions

A2 + exp &()\% — )t — 2)\T10x) (c1cosw + ¢ sinw)
U= 27
Az + co exp(—Aat) ’ (27)

0
23

Similarly, by substituting the functions go = 1, g1 = exp(y(t)x), g2 = x exp(y(t)z) from
ansatz (16) into relations (10)—(12), the corresponding values of the functions Ry, Qi ,
Ti]i1 are obtained, for which system (13) generates the three-parameter family of exact
solutions of the nonlinear equation (20) for A2 + 4\gA3 = 0, namely:

where w = (At — Aoz), are constructed (see ansatz (19)).

X2+ (c1 4 2e00t) exp(My2t 4 yx) + cox exp(My2t + )

U
A3 + ¢ exp(—Aat)

. (28)

Analogously, we obtain with the help of ansatz (17) the following family of solutions of
equation (20) (at Az =0)

c1 + Ao + e exp(Ay%t + y)

U= ) 29
—A1 + coexp(—Aat) (29)
A
where v = 2
Ao
Finally, ansatz (18) gives the three-parameter family of exact solutions
2A Aot A2
U:CQ+ ot + c1x + Ao (30)

—2X0 + ¢ exp(—Aat)
of equation (20) for the case A\ = A3 =0, i.e.,

U = (A + XU)Uzs + AoU. (31)
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As is noted, equation (20) for A =1 and A9 = 0 yields the Murray equation (4). If we
apply Theorem 1 and ansatz (15) for constructing exact solutions of the Murray equation,
then the consraint ¢y = 0 is obtained and the two-parameter family of solutions

Ao+ ¢ exp(’yQt + yx)
U p—
A3 + ¢ exp(—Aat)

, (32)

A
where v = )\—3, is found. It is easily seen that the family of exact solutions (25) generates

this family if one puts formally c; =0, A =1, and Ao = 0 in (25) and (26).

Solutions of the form (32) are not of the plane wave form, but in the case A\; < 0 and
A3 > 0, they have similar properties to the plane wave solutions, which were illustrated in
[1, 2] in Figures. So, they describe similar processes. In the case ¢y = 0, a one-parameter
family of plane wave solutions is obtained from (32).

Taking into account solution (32), one obtains the following theorem:

Theorem 2. The exact solution of the boundary-value problem for the Murray equation
(4) with the conditions

A2 +crexp(yx)

U0, 33
(0,2) Nt (33)
A2 + 1 exp(v2t)
U(t,0) = , 34
(t,0) Az + co exp(—Aat) (34)
and
A3
1

is given in the domain (t,z) € [0,+00) x [0,4+00) by formula (32), and, for Ay < —~?2, it
is bounded.

Note that the Neumann condition (35) (the zero flux on the boundary) is a typical
request in the mathematical biology (see, e.g., [1, 2]).

Example 2. Let us consider the following equation
U= [()\ + )\QU)UI]J; + AU — )\3U2 (36)

that, in the case where Ao = 0 and A = 1, coincides with the Fisher equation (3). The
known soliton-like solution of the Fisher equation was obtained in [11]. Note that this
solution can be found using the suggested method too. It turns out that the case A\g # 0
is very special.

Let us apply Theorem 1 to construction of exact solutions of equation (36) in the case
of ansatz (15). Similarly to Example 1, one can find the following two-parameter families
of solutions

(2AX3+X0A2)t
A Aot — eXP 1, A
U= f 1 + tanh %} + ¢ P o 373 OXP (, / %1‘) (37)
3 (cosh 7)‘2@; CO)) 0
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and
(2AX3+X0A2)t
A Aot — eXp 1 A
U= f [1 + tanh %} +ac 2o 373 OXP (—, / %l’) , (38)
3 (COSh )\2(752*00)) 0
where cg, c1,co are arbitrary constants. The solutions from (38) have nice properties.
A
Indeed, any solution U* of the form (38) holds the conditions U* — )\—2 if ¢t — oo and
3

A3 < AgAg; UT — A2 {1 +tanhM
2)\3 2

account these properties, we obtain the following theorem.

<1 if x — 400, A3 > 0. Taking into

Theorem 3. The bounded exact solution of the boundary-value problem for the generalized
Fisher equation

Up = [(1 4+ MU)Usle + AU — \U?, Ao >1, Mg >0, (39)
with the initial condition

U(0,z) = Cy + C exp (— ﬁm) , (40)

2o

and the Neumann conditions

Ug(t,—o0) =0, Ug(t,+o00) =0, (41)
is given in the domain (t,z) € [0,+00) X (—00,+00) by the formula

A2(24+A0)t
U= % [1 + tanh AQ(t; CO)] +o— i 572 €XD <— 2)\720’3;0 : (42)

(cosh Az(t=co) (t2— CO))

—)\260

1 —Xa2co —3/2
where Cy = 3 1 + tanh 5 , C1 =c1 | cosh , and c; > 0.

Example 3. Consider the nonlinear reaction-diffusion equation with a convection term
Y = [YVa]e + MY Y, + XY — N3V o #£0, (43)

that can be interpreted as a generalization of the Fisher and Murray equations. One can
reduce this equation to the form

1
Up = UUpe + —U2 + M (H)UU, + adoU — a3 (44)
«
1
using the substitution U = Y. It turns out that equation (44) for A;(t) = — <1 + —) (%)
«
is reduced by ansatz (17) to the following system of ODEs:
v _ 1
d 1 1
% == (1 + —> YPop1 + adapo + —pf — ads,
t « «
(45)
dt rt a b
d 1 1
% = {——72800 + <— - 1) Y1+ a)\z] P2
t « o
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for finding the unknown functions ~(t) and ¢;, ¢ = 0,1, 2. It is easily seen that in this case
the function 7(¢) # const if 1 # 0. Solving the system of ODEs (45), the family of exact
solutions is found that are not the ones with separated variables, i.e.,

U =go(t)go(x) + - + @m-1(t)gm—1(2). (46)
It is easily seen that in the case a = —1, the system of ODEs (45) is integrated in terms
of elementary functions and one finds v(t) = [Aaco + ¢1 exp(—Aat)] ~*

Remark 5. The family of exact solutions with ~(t) # const (see ansatz (17)) has an
essential difference from the ones obtained above since they contain the function ~(t).
So this family cannot be obtained using the method of linear invariant subspaces recently
proposed in [12, 13] (note that the basic ideas of the method used in [12, 13] were suggested
n [14]) because that method is reduced to finding solutions in the form (46).

Finally, it is necessary to observe that all found solutions are not of the form (7), i.e.,
they are not plane wave solutions. Moreover, all these solutions except (30) can not be
obtained using the Lie method. One can prove this statement using theorems that have
been obtained in [15].

4. Discussion

In this paper, a constructive method for obtaining exact solutions of certain classes of
nonlinear equations arising in mathematical biology was applied. The method is based on
the consideration of a fixed nonlinear partial differential equation together with additional
generating condition in the form of a linear high-order ODE. With the help of this method,
new exact solutions were obtained for nonlinear equations of the form (20), which are
generalizations of the Fisher and Murray equations.

As follows from Theorems 2 and 3, the found solutions can be used for construction
of exact solutions of some boundary-value problems with zero flux on the boundaries.
Similarly to Theorem 3, it is possible to obtain theorems for construction of periodic
solutions and blow-up solutions of some boundary-value problems with zero flux on the
boundaries.

The efficiency of the suggested method can be shown also by construction of exact
solutions to nonlinear reaction-diffusion systems of partial differential equations. For
example, it is possible to find ones for the well-known systems of the form (see, e.g., [16])

MU = AU+Uﬁwv)

f(U, V) (47)
AoV, = AV + Vgl( )’
92(U, V)
where the fi and gi, kK = 1,2, are linear functions of U and V. The form of the found
solutions will be essentially depend on coefficients in the functions f; and g, k£ = 1,2.

Note that, in the particular case, system (47) gives the nonlinear system
{Mm:AU+mWV4,
ANV = AV + BU, 1 # Pa.

As was shown in [17, 18], system (48) has the wide Lie symmetry. Indeed, it is invariant
with respect to the same transformations as the linear heat equation. This fact gives
additional wide possibilities for finding families of exact solutions.

(48)
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Abstract

New nonlinear representations of the conformal algebra and the extended Poincaré
algebra are found and new classes of conformally invariant wave equations are con-
structed. Exact solutions of the equations in question containing arbitrary functions
are obtained.

1 Introduction

The classical and quantum scalar fields are known to be described by the Poincaré-
invariant wave equations for the complex function. Therefore, according to the symmetry
selection principle, it is interesting to construct classes of nonlinear wave equations ad-
mitting wider symmetry, in particular invariant under the different representations of the
extended Poincaré algebra and the conformal one, which include the Poincaré algebra as
a subalgebra.

It has been stated [1, 2], that the Poincaré-invariant wave equation

Ou = F(|u])u

(F is an arbitrary smooth function, u = u(2® = ct,2!,... 2"), 0 = pup* is the d’Alember-
tian in the (n + 1)-dimensional pseudo-Euclidean space R(1,n), |u| = v/uu*, the asterisk
designates the complex conjugation) admits the extended Poincaré algebra Aﬁ(l,n) =
(Py, Ju, D@) iff it is of the form:

Ou = A fulfu, k#0, (1)
and admits the conformal algebra AC(1,n) = (P, Ju, DU, K;(Ll)> iff it is of the form:
Du = XofuY " Vu, n#1. (2)

Here )1, A2, k are real parameters,

.0
Pu=pu= Qan’ Juw = TpPy = TPy, (3)
D(l) = I“Pu + — n[upu + U*pu*]a Kl(ll) = QxM‘D(l) - (‘/L‘Vxll)pl“ (4)
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2 2 0 0
2 . iy .
D® = ztp, — FWPu = WP Du=lge pur =igo
sumation under repeated idices from 0 to n is understood, raising or lowering of the vector
indices is performed by means of the metric tensor g,, = ¢g"” = diag(1,-1,-1,...,-1),

Le. pu = gup”, P" = 9" pu.
Some equations of the form

Ou = F(u,w*, puu, puu’”),

that are invariant under linear representations of AP(1,n) and AC(1,n) for n > 2 are
described in [3]. Some equations of the second order, invariant under linear representations
of AP(1,n) and AC(1,n) are adduced in [4], where for those in (14 n)-dimensional space
(n > 3) the functional basis of the differential invariants has been constructed. It should
be noted that equations (1) and (2) are invariant under linear representations of AP(1,n)
and AC(1,n), correspondingly.

The following natural question arises: do there exist nonlinear representations of the
conformal algebra and the extended Poincaré algebra for a complex scalar field? Our
answer to this question is that there exist such representations.

Here we present some classes of nonlinear wave equations invariant under unusual
representations of the extended Poincaré algebra and the conformal algebra. In particular,
we have found [5], that the equation

Ou = %u +m2ctu
Jul
is invariant under nonlinear representation of the conformal algebra AC(1,n + 1). It
should be noted that this equation is proposed by Gueret and Vigier [6] and by Guerra
and Pusterla [7]. It arises in the modelling of the equation for de Broglie’s theory of double
solution [8].

Also we describe some equations admitting both the standard linear representation of
the conformal algebra and a nonlinear representation of the extended Poincaré algebra
and find their exact solutions.

2 Different representations of the extended Poincaré alge-
bra and the conformal algebra

Let us investigate symmetry properties of the more general wave equation with nonlinear-
ities containing the second order derivatives, namely:

Ou = F ([ul, (V]u])?, Ofu|) u. (5)
Here, F(-,-,-) is an arbitrary smooth function, u = u(2° = ct, z!, ..., 2"),

V = (po,p1;-- - pa), (VIu)? = (VIu)(VIul) = (pulul) (p#]ul).

Theorem 1. The maximal invariance algebra (MIA) of equation (5) for an arbitrary
function F' is the Poincaré algebra AP(1,n)®Q = (P, J,u, Q) with the basis operators (3)
and

Q = i[upu - U*pu*]'
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Let us introduce the following notations: R designates an arbitrary function, A, k, [
are arbitrary real parameters, and \ is not equal to zero.

Theorem 2. Equation (5) is invariant under the extended Poincaré algebra
AP(1,n) iff it is of the form:

(O | (O (ru|m|u , (Ol )}
D“‘{|u|+<|u|> B (@ "<|u|> v (6)

MIA: (P,,Juw,D,Q), D = 2¥p, + ln(u/u”)[upy, — w*pys] + klupy + u*py-).

We can see that, when [ # 0, equation 6 is invariant under the nonlinear representation
of AP(1,n), because in this case the operator D generates the following nonlinear finite
transformations of variables  and u:

33; =z, exp(7), u' = |ul exp(k:T)(u/u*)CXp(QlT)/Q,

where 7 is a group parameter.

Theorem 3. FEquation (5) is invariant under the conformal algebra iff it takes one of
the following forms:

Lo Bu=[uYO DR (ju/ GO0 u, A1, (7)

MIA:  (Py, Ju, DD, KD Q);

2. Olu|R <(V|’ |‘)2,y |) n=1, MIA: (zM,Q), (8)

Z(1) _ [sgl)(mo—i-a? )+ U )(a: —r )} o + [sgl)(mo—i-xl) sy )(37 -z )} p1,

(1) (1)

517, 8y are real smooth functions;

O
3. 5] Ou= ||T|u + )\, (9)
u
MIA: <P'u,,Pn+17J,U,V7J[.LTZ+17D(3)7K£L3)7K7(1,3+)17Q3>’ (10)
.0 . *
Pn+1 =DPn+l = Zax"“ =1 |>\|[upu —u pu*}v Jun—‘rl = TypPn+1 — Tn+1Pu,
n
DB = x“pu + $n+1pn+1 - —[upu + U*pu*]v @3 = upy + U pyr,

2

KB — QxMD(:s) — (zpa” + zpp12" Py,

3
Ka(z+)1 = 22,1 D® — (2,2" + 12" ppia,
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where the additional variable x" 1 is determined in the following way:

"t = %wln(u*/u),

and a new metric tensor
gij :diag(l,—l,...,—l,—l), A>0 (11)
gij = diag(1,-1,...,-1,1), A <0, i,j=0,n+1

is introduced in the space of variables (xo,x1, ..., Tn, Tni1).

Direct verification shows that the symmetry operators of equation 9, namely

(Pys Pt Ty uns1, DO, KO K, (12)

satisfy the commutational relations of the conformal algebra AC(1,n + 1) when A > 0 and
of AC(2,n) when X\ < 0.
To give a geometric interpretation of these operators, we rewrite equation 9 in the
amplitude-phase terms:
AO0 +2(VA)(V) =0, (13)
(V) = —A, (14)
where A = |u| = Vuu* and 0 = (i/2) In (u*/u).
The symmetry algebra of 9 is actually obtained by, first, calculating the symmetry

algebra of system 13, 14. The maximal invariance algebra of this system is described by
operators 10, where

Pn+1 = \/ |>\|p07 J;m+1 = |)\‘(‘T,up9 + (G/A)pﬂ)v

DB = xt'py + Opg — (n/2) Apa, Kl(f) = QwHD(‘g) — (zp2” — 0*/N)py, (15)
K5 =/ (20/0DP + (22" — 02/ \ps), Qs = Apa,
. . . .0 .0
Here, we have introduced the following notations: p4 =i—, pg = i—.

From 15 we see that, in the symmetry operators of system 13, 14, the phase variable
2"t = 0/\/])\] is added to the (n + 1)-dimensional geometric space (xg,z1,...,7,). In
addition, the metric tensor 11 is introduced. This is the same effect we see for the eikonal
equation [1]. The symmetry of equation 9 has the same property because 14 is the eikonal
equation for the function 6, and equation 13, which is the continuity one, does not reduce
the symmetry of 14.

It should be noted that the Lie algebra 12 realizes the nonlinear representation of the
conformal algebra. Solving the corresponding Lie equations, we obtain that the operators

K £3)’ K,(L?jzl generate the following nonlinear finite transformations of variables x,, A, 6:

o — b (xsx® — 62/ N)

i

T T 200 — 2600/ N + b - b(asz® — 62/0)
A" = Al —2x,bY — 2b,10/+/|N| + b blzsz® — 62 /\)]"2,
y 0 — /AP (250 — 62/ N)

1 —22,b" — 2b,110/\/I\] + b - b(xsazd — 62/))’
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where b is the vector of group parameters in the (n + 2)—dimensional space with metric
the tensor 11.

The expression for these transformations differs from the standard one because the
variable ¢ is considered as a geometric variable on the same footing as the variables x,
and the amplitude A transforms as a dependent variable [5].

Thus, we see that the wave equation 9 which has a nonlinear quantum—potential term
(O|ul)/|u| has an unusually wide symmetry, namely it is invariant under a nonlinear rep-
resentation of the conformal algebra.

It should be noted that the maximal invariance algebra of equation 9 for A # 0 is a
infinite-dimensional algebra with the following operators:

(22,Q1,Q2), n#1; (29,Q1,Q2), n=1,
where
Z® = g (iln(u/u*)) P, + 0" (iln(u/u*)) Ju + d (i In(u/u*)) DD 4
(i (u/u*)) KV,
Q1= qu (iln(u/u”)) [upy + w'pu], Q2= g2 (iln(u/u")) [upy — u pu-],
ASUES {553) (1:0 + xl,iln(u/u*)) + sg)’) (3:0 - xl,iln(u/u*)>}p0—|—

{sg?’) (a:o + xl,iln(u/u*)) - 3%3) (xo - wl,iln(u/u*))}pl.

Here, o, 0", d, f*, q1, qo, 553), 553) are real smooth functions.

As stated in Theorem 3, the standard representation of the conformal algebra 3, 4 is
realized on the set of solutions of equations 7, 8. Moreover, equation 8 admits a wider
symmetry, namely an infinite-dimensional algebra. The invariance under the infinite—
dimensional algebra (Z(1)) dictates the invariance under the conformal algebra AC(1,1) =

(Puy Iy DO, K,Sl)>, n = 1, as long as the latter is a subalgebra of the former.

It is interesting to note that the class of equations 7, 8 contains ones invariant under
both the standard representation of the conformal algebra and under a nonlinear repre-
sentation of the extended Poincaré algebra.

It follows from Theorems 2 and 3 that the equation

O
Ou = {—| “‘L' + /\|u]l("+3)1(D|u])l(1_n)+1} u,  n#l
U
admitting the conformal algebra 3, 4 is invariant under a nonlinear representation of the
extended Poincaré algebra AP(1,n) = (P,, J,, D), and the equation

Oul 41-1 |u|O]ul
Duz{—%—u\ D\u\R( )}u, n=1,
|ul (V]ul)?

admitting the infinite-dimensional algebra (Z(1)) which includes the conformal algebra
as a subalgebra, is invariant under a nonlinear representation of the extended Poincaré
algebra A]S(l,n) = (P, JW,D(E’)).

Here,

n—1
2

D(4) — ];/"‘pu —+ [ IH(U/U*)[Upu - U*pU*]7

DB — atpy + Un(u/u™)[upy — u*pus] + [upy + u*py=).
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3 Exact solutions of conformally invariant equations

Given an equation, its symmetry algebra can be exploited to construct ansatzes (see, for
example [1]) for the equation, which reduce the problem of solving the equation to one of
solving the equation of lower order, even ordinary differential equations. We examine this
question for the three-dimensional conformally invariant equation

O
Ou = {| ’T‘ + )\|u|6l_1(D|u|)1_2l} u. (16)
U
As follows from Theorems 2 and 3, when n = 3, equation 16 is invariant under the

conformal algebra AC(1,3)= (P, J.u, D), Kl(})> and the operators Q, DY, Making use
of this symmetry, we construct exact solutions of equation 16. To this end, we rewrite
equation 16 in the amplitude—phase representation:

(17)

ADO +2(VA)(VH) =0,
(V)2 + XAH(oA)=2 = 0.

To construct solutions containing arbitrary functions, we consider the following ansatz:

A= @(w1,w2,w3)7

wy = Pr, wy =y, wy = ax, 18
0 = 1/1(‘#170027‘4)3)7 ( )

where a, 3, v are (n + 1)—dimensional constant vectors in R(1,n), satisfying the following
conditions:

ol =af=ay=p0y=0, F=9=-1
Substituting 18 into 17, we get the system

{‘PWU +1h22) + 2(p191 + p21)2) = 0,

N _ (19)
7 — 03 + A (11 — )T =0

9

containing the variable w3 as a parameter. System 19 admits the infinite-dimensional
symmetry operator:

X =1 Py + 1Py + 13J12 + 74Dy + 15Ds + 76Q, (20)
where 7q,...,7¢ are arbitrary functions of w3, and
~ 0 ~ 0 - 0 0 ~ 0
P=—"—, B=-— Jo=wir— —w—, =
1= By 27 B 2= 0 Y om Q=23
~ 0 ~ 0 0 0
Di=wi o dwg — Dy = Wi —— + Wyt 2rihp——.
! w1 &ul +uwe 8w2 (pagp’ 2 1 8(4)1 T aW2 * le a¢

Making use of ansatzes constructed via nonequivalent one-dimensional subalgebras of
algebra 20, one can reduce system 19 to ordinary differential equations and find their
exact solutions. Let us consider the following subalgebras:

Al = <131>, Ay = (lA71>,A4 = (Ji2 + a(ax)Dy),

where @ is an arbitrary real function of az.
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Ansatzes corresponding to these subalgebras are of the form:

{tp = v(w),

b= (), W = YT
— [(82)2 2)2 720w
N {Z;Effw; +(ya) Fow), w = arctan 2Z; @)

o =[(B2)* + (va)* v (w), Bz 2 p
3. w = 2a(ax) arctan — — In|(Bz z)4].
{¢:w<w>, (o) axctan % — In[(3z)? + (72)"]

Group parameters of the group with generator 20 are arbitrary real functions of ws.
Therefore, acting 21 by the finite transformations of this group, we obtain 3 classes of
ansatzes containing arbitrary functions of w3y = ax:

1 {A:(P:PIU(W)>

0 =1 = p;Hw(w) + ps,
w = p1pa(yx cos py — B sin p2) + p3;

) {A = o= pal(Br + p1)® + (v + p2))20(w),

0 = = piw(w) + ps,
(Bz + p1) cos p3 + (v + pa) sin ps.
(v + p2) cos p3 — (Bz + p1) sin p3’

w = arctan

, JA=e=plBz+p)+0at p2)?] M u(w),
0= ¢ = p?llw(w) + P6,

(Bz + p1) cos p3 + (yr + p2) sinps

(v + p2) cos ps — (Bz + p1) sin p3

In[(Bz + p1)* + (v + p2)?] + ps.

w = 2a(ax) arctan

Here, p1, ..., pg are arbitrary real functions of ax.

The ansatzes constructed reduce system 19 as well as system 17 to the systems of
ordinary differential equations. Finding their partial solutions, we obtained the following
exact solutions of equation 16 when [ = 1/2:

l.u = +toexp {z'\/X|o|(7x cos p2 — B sinpg)} ;

2. u=+0o[(Bz + p1)’ + (v& + p2)°] M7 x

7

exp {z\/X|a\ arctan (B + pr) cos ps + (y2 + pa) sin pg }

(v + p2) cos p3 — (B + p1) sin p3

3. u = £20[(Bx + 1) + (yar + pa)?] 10 50)
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exp {_ 20 arctan (B2 + p1) cos p3 + (ya + p2) sin ps
3(a® +1) (Y& + p2) cos p3 — (B + p1) sin p

3iVAVa? + 1]o][(Bz + p1)? + (v + po)?] /") x

{ 2a (Bx + p1) cos p3 + (’YﬂC+p2)Sinp3}}
exXp |\ — 575 7y arctan - .
3(a*+1) (vx + p2) cos p3 — (Bx + p1) sin p3

Here, p1, p2, p3,a,q are arbitrary real functions of ax, and ¢ is an arbitrary complex
function of ax. It should be noted that all the solutions obtained contain arbitrary func-

tions.
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The Generalized Emden-Fowler Equation

L.M. BERKOVICH

Samara State University, 443011, Samara, Russia
E-mail: berk@info.ssu.samara.ru

Abstract

We give the description of nonlinear nonautonomous ordinary differential equations of
order n with a so-called reducible linear part. The group classification of generalized
Emden-Fowler equations of the mentioned class is done. We have found such laws of
the variation of f(z) that the equation admits one, two, or tree one-parameter Lie
groups.

1. Introduction: the method of autonomization [1, 2]

Nonlinear nonautonomous equations with a reducible linear part form a wide class of
ordinary differential equations (ODE) that have both theoretical and applied significance.
We can write

n

n _ m _
(NLN Ay = Y- (k)akyw 9= B,y ™), e ORI, (11)
k=0

I = {z|, a < x < b}, where the corresponding linear equation

n n -
Loy =Y (k;) apy ™ =0,

k=0

can be reduced by the Kummer-Liouville ( KL) transformation
y=v(x)z, dt=u(r)dr, v, ueC”(I), ww#0, Verel, (1.2)

to the equation with constant coefficients

n

n
M,z = bz P (#) =0, b = const.
> ()b =0, n

Theorem 1.1. For the reduction of (1.1) to the nonlinear autonomous form

(NLA)z = Z (Z) bz () = aF (2,2 (t),...,2™), a = const,
k=0

by the KL transformation (1.2), it is necessary and sufficient that L,y = 0 is reducible
and the nonlinear part ® can be represented in the form:

y 1 /1 v 1 /1 AN
q)(x’y7yl’.”7y(m)):a,unvF [;’;(ED_E):lh?; -D - — AR

Supported in part by the Grant 96-01-01997 of the RFBR
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1
where D = d/dz, (—D—
u v

/

1
(D - U) y, and u(x) and v(x) satisfy the equations

o'\ F
) y s the k-th iteration of differential expression

u VU

1u” 3 /u\? 3 3
—“———(3) Byt = Ay,

v(z) = Ju(x)| /2 exp (—/aldx) exp (b1 /udx)
respectively; Ay = as—a? —al, By =by—b?, i.e., (1.1) is invariant under a one-parameter

group with the generator

X = &y) e ), €)= n(ey) = Ly (1.4)
Ox dy u(z) uv
In this case, (1.1) assumes partial solutions of the kind
y = pv(x), by =aF(p,0,...,0). (1.5)
Theorem 1.2. 1) If the linear part L,y of the equation
(1.6)

l
N, (y) = Lny—l—ZfS(:U)yms =F(z), 1<mp<ma<...<my,
s=1

can be reduced by the KL transformation and, in addition, the following conditions

psu’t = fs(:z)vmsfl, ps = const,

are fulfilled, then equation (1.6) can be transformed to the equation

l
My (2) + ) ps2™ = v~ Ha(t)u™™(x(t)) F(2(t));
s=1

2) the equation

l
Loy + > fs(@)y™ =0,
s=1

corresponding (1.6) assumes the solutions of the form (1.5), where v(z) not only satisfies

to relation (1.3) but it is also a solution of the linear equation

(Lp — bpu™)v =0,

and p satisfies to the algebraic equation

l
bnp + Zpspms =0.
s=1
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2. The Emden-Fowler equation and the method of autonomization [3]

Let us consider the Emden-Fowler equation
a
Y+ —y +bx™ Yy =0,n #0, n# 1, m,a,b are parameters , (2.1)
x

which is used in mathematical physics, theoretical physics, and chemical physics. Equa-
tion (2.1) has interesting mathematical and physical properties, and it has been investi-
gated from various points of view. In this paper, we are interested in it from the point of
view of autonomization.

Proposition 2.1. 1) Equation (2.1) can be reduced to the autonomous form

(1—a)(n—1)—|—2(1+m)73+ (1—a)(n—1)+1+m|(1+m)
n—1 (n—1)2

zZ— z+b62"=0

by the transformation y = x(m/A=1) 5 gt — 2=1dz and has the invariant solutions

(1+m)/(1—n) (I —a)(n—1)+1+m](1+m)

y=pr ) (n—1)7 p+0p
2) (2.1) admits the one-parameter group w1 = e‘x, y; = e 20+tm/(=y "¢ js ¢
parameter, with the generator
o 1 0
X=o—+ tm, o

or  1-—n yay'
3. The generalized Emden-Fowler equation

We consider the group analysis and exact solutions of the equation
Y +ar@)y +ao@y + F@)y" =0, n#0, n#l (3.1)
Equation (3.1) can be reduced to the autonomous form
Z+bi1Z24+boz+cz" =0 (3.2)

by the KL transformation (1.3) under specific laws of variation of f(z).

We have found such laws of variation of f(x) that equation (3.1) admits one, two, or
three-parameter Lie groups. It can’t admit a larger number of pointwise symmetries.

We call the equation

'+ g(x)y" =0, (3:3)
a canonical generalized Emden-Fowler equation.
Equation (3.1) can always be reduced to the form (3.3) by a KL transformation.

Lemma 3.1. In order that (3.1) can be reduced to (3.2) by the KL transformation (1.3),
it is necessary and sufficient that the following equivalent conditions be satisfied:
1°. The kernel u(x) of transformation (1.3) satisfies the Kummer-Schwartz equation

" I\ 2
WS L,
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where § = b3 — 4bg is the discriminant of the characteristic equation > +bir +bg = 0, and

1
Ap(z) = ap — 1

y" + a1 (x)y + ap(z)y = 0. (3.4)

1
a? — §a’1 is the semiinvariant of the adjoint linear equation

The factor v(x) of transformation (1.2) has the form

v(z) = u(z)| % exp (—%/aldx) exp (:I:%bl/udm> . (3.5)

Here, the function f(x) can be represented in the form
f(z) = cu®(z)v'™"(z), ¢ = const.
2°. Equation (3.1) admits a one-parameter group Lie group with generator (1.4).

Theorem 3.1. All laws of variation f(x) in (3.1), admitting a one-parameter Lie group
with generator (1.4), have one of the following forms:

n+3 4 by(1—n) _nt3 bh1d-n)

:F
fi=F oy + Biye) ° 2V (agyr + Baye) D VUL 6y = (1B — azB1)?0;

g3 1—-n b 2Ays + By
= F*(Ay2 + B + Cy? ﬁex (:I: arctan),
f2 ( Ys Ya2y1 yl) p 9 \/——52 \/_—52y1

dy = B2 —4AC < 0;

I-n by
f3 (Oéyl + B?ﬂ) exp | + 20 ay + ,Byz ) 3 3

nts g b(l-n) _nd3pbion)

fi=Fay +By) 5t 3y, 2 2§ =a’>0;

1

_ 1-—
fo= oy P exp (2150 2) L h= 0, i= 12

where F' = exp (—/alda:), and y1, y2 = Y1 /Fyl_de generate the fundamental system

of solutions (FSS) of the linear equation (3.4).
Here, (3.1) assumes the exact solution

y=pv(z),  bop+cp" =0,
where v(x) satisfies relation (3.5).

Theorem 3.2. If f(x) is a factor of the nonlinear term of the equation (3.1), admitting
symmetry (1.4), then f(x) satisfies to one of the following equations:

" n+4f’2 n—1 ( C2n+1) 5, 2 ,)
i n+3f i3 alf (n+3(ao (n+3)2a1 oLl f+

+(n+3 boexp( aldx>fz_i§:O, b1 =0, n# —3;



The Generalized Emden-Fowler Equation 159

or the equation
n+4 f’2 n—1
n+3 f

n+7

o3 S;T; B3]+ exp| 2

f//

( —1—3)2a1 n+3 1

d
s J o 0 b £, n -3

(k: + 71L+§b1 ffn+3 exp (n+3 fald:x) d:x)

or the equation

alf (n+3<a02(n+1) 9 2 a’)f+

5 14 5 13
2(f/+2a1f)f”/—3f”2—12(a/1f+a1f/)f”+ (1_ 4_(@) f——|—8<1— 4_1)%> alf__|_

f? f
K > a? + 14d) — 4a0] f2+4 { — dapay + 2a1a} + (1 — 2%) aﬂ '+
{ apal| — 3a42 — 4aga? + (1 ;) ai + 2a1a1} f2=0, n=-3, b #0;
or f(z) = p(—2fa1dx), n=-3 b =0, ap #0; or f(z) = const, n = =3, by =
0, ai(x) =

4. The case f(x) = const =p
Consideer the equation

y' +ar(x)y +ao(x)y +py" =0, n# -3 (4.1)
If b1 = 0, we have

2(n+1) 2 2(1—n)
ap(x) = (n+3)2a% + . 3a’1 + kexp (3+—n /aldaz> , k= const,

or

on+1) , 2, [(n+3)byF 2D exp[2L) [ gy da]

() (n+3)2" n+3a1+q (k::l: i#;blfexp (n+3fa1d:n) d:n) "
b1 # 0. n # —3; ¢ = const.
Theorem 4.1. In order that the equation
y" + a1y +apy +py" =0, ay,a9 = const (4.2)

have the set of elementary exact solutions depending from one arbitrary constant (besides
ay = 0), it is sufficient that condition of its factorization,

(n+3)%ag = 2(n + 1)a? (4.3)

hold.
In fact, in this case, equations (4.2), (4.3) admit the factorization:

n+1 n+1 2
D k (n—l)/2> (D
( +n+3a1:F 2 4 +n+

301 + ky("_l)/2) y =0,

k=+\/-2p/(n+1).
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In this specific case (at n = 3) for some classes of anharmonic oscillators, the exact
solutions were obtained in [4] by the Kowalewsky-Painlevé asymptotic method.

Theorem 4.2. In order that the equation
y' +ai(z)y +py" =0, n#-3,

admit the group with generator (1.4), it is necessary and sufficient that the function ai(x)
satisfy the equation

4 2(n? — 1
(O LA Catun . B (4.4)

where (4.4) is integrated in elementary functions or quadratures (elliptic integrals). Equa-
tion (4.4) can be linearized by the method of the exact linearization (see [5]). Namely, by
the substitution A = a3, dt = a1(x)dx, it can be reduced to the form

dn . 4(n%-1) d

A A A= =2
+n—|—3 +(n—|—3)2 0. () dt

It possesses a one-parameter set of solutions

n+3 n+3
_ =_ 'Y 4.5
"= a et T i DE o (45)
and has a general solution of the following parameter kind:
a1 =s""Yer+sHY?, z=—(n+3) / s (e1 4 N7V 2ds + . (4.6)

Then it follows from the Chebyshev theorem (see [6])

Corollary 4.1. Equation (4.4), (4.6) (besides ¢; = 0, i.e., (4.5)) has elementary solutions
forn=4+1-4l, [ € Z.

Corollary 4.2. The equation
y' +ao(x)y +py" =0, n# -3,

1

admits pointwise Lie symmetries only for ag(x) = const, (by = 0) or ag(z) = OF )2
p

(b1 #0).
Corollary 4.3. The Painlevé equation

y' tay =y’

can’t be reduced to the autonomous kind by a KL transformation KL (it doesn’t admit
pointwise Lie symmetries).

Theorem 4.3. The Ermakov equation (Ermakov V.P., 1880; Pinney, 1951, see, for
example, [1, 5])

y" +ao(z)y +py > =0
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admits a three-dimensional Lie algebra with the generators

0 0 0 0
X = y?(ff:)a—m + y1(x)yy (ﬂf)ya—y, X3 = y%(fv)% + y2(w)yé(ﬂf)ya—y,

o 1 0
X — _ - / / _
2 =Yg+ 5 (s + yzyl)yay,
which has the commutators

[X17X2] == X17 [X27X3] = X37 [X37X1] — _2X27
and 1is isomorphic to the algebra sl(2, R) (type Gs VIII according to the classification of
Lie-Bianchi).

5. The special case n =2
Theorem 5.1. (see [7]). The equation
y' +ai(2)y +ao(z)y + f(z)y? =0 (5.1)

has only point symmetries of the kind

X = ¢(o) 5. + oy + (o) 5 6.2

where
775/ + al??é + aopte2 = 07
" / 2 / 1 " ,5/2 1 b
" — (2a} + a3 — 4ag)€’ — (a} + 2a1 2a0 | & = 4kno€ exp 5/ al F — ¢ dzx| ,
b1

m(z) = %(f/ —mtb), f(x)= k%% exp B / (a1 T ¢ ) dm} , k= const.

Lemma 5.1. The equation

1 " 1
" — (2ay + a? — 4ag)€’ — <a1 + 2(11 2a0> € = dkmo % exp (5 /aldx> , b1 =0,

can be reduced to the form
C///(S) _ 4k<75/2 (53)

by the transformation ¢ = u~'¢, ds = udzx, where

1u” 3 (u\?

————-|—] =A .

2 u 4 (u) o(@)
Lemma 5.2. FEquation (5.3) assumes an exact linearization by the transformation Z =
¢L, dt = ¢32ds, namely, 2" (t) + 4k = 0.

Theorem 5.2. Equation (5.1) can be reduced to the autonomous form

4 biz+byz4+c+kz2=0, c= T (bo 63265b4)
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by the substitution y = v(z)z + w(x), dt = u(z)dz,

u(x):%, v(x)zexp(/%dx), w = kexp (/md:c)/ ( /mdx>

and has the exact solutions

1/(by 3b
y = pv(z) + w(z), p=§<; 2;)

Theorem 5.3. If equation (5.1) admits a symmetry of the kind (5.2), then the function
f(x) satisfies to the system of equations

1 1 36
" / 2 2 4
o2 =21(p —p 5.4
O +ap —|—a0g0+2g0 2(0 a5 0L ) (5.4)
1 6 f* L f 6 o 2, 6.2\ o
570 - %F + or 17 - <CLO - %al - 5a1) + <b0 - 25b1) U, (55)
2/5
" f/°exp(—1/5 [ ardx) . (5.6)

ChF %bl ff2/5 exp(—1/5fa1d.%')dl‘

6
Corollary 5.1. Let a; = 0, ap = 0, and by = —b?. Equation (5.4)(5.6) takes the form

25
) 32 ! £ 43 112 594 12 1782 14
flv__&__f__F f ”__f_:(), (5.7)
5 f 10 f 25 f2 125 f3

Equation (5.7) admits solutions of the kind f(x) = A\z*, where u satisfies to the algebraic
equation

49p* + 49012 4 152502 4+ 1500 = 0,  {p = —5, —20/7, —15/7, 0}.

Theorem 5.4. FEquation (5.4)-(5.6) in respect of f(x) (at by = 0) has the following
general solution represented in the parameter form:

f(x) exp (2/a1dx> Yo = ky®/?, Yoyt = /w_g/th

f(x) = exp (2/a1da:> s = kP2, oyt = — (/ w_?’/th)_l :

2
wz—#ﬁ+qﬁ+qmm&

or

where F' = exp (—/aulx), and Y1, Yo = N /Fyl_de generate the FSS of the linear
equation (3.4).

Thus, even under the restriction b; = 0, the function f(x) can be expressed via elliptic
integrals. These expressions can be simplified in the case of pseudoelliptic integrals that
takes place for the discriminant A = 0. Namely,

A=+ - k:02 4ccz — 12k%c3 — 12kcicacs = 0.
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Let,

in particular, ¢; = ¢2 = ¢3 = 0. Then f(z) has one of the following forms:

f(z) = Xexp (—2/a1dx) 3/1_5 (/ exp (— /aldm) yl_Qda:> _15/7,
f(x) = Xexp (—Q/aldx) yl_5 (/ exp (— /alda:> yl_de> _20/7,

where y;(z) is a partial solution of equation (3.4).

Example. The equation y” + f(z)y?> = 0 can be reduced to the autonomous form for
f(z) = A= 18/7, flz) = Az =20/7 and f(z) = Az=>.
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Group Analysis of Ordinary Differential
Equations of the Order n > 2

L.M. BERKOVICH and S.Y. POPOV

Samara State University, 443011, Samara, Russia
E-mail: berk@info.ssu.samara.ru

Abstract

This paper deals with three strategies of integration of an n-th order ordinary diffe-
rential equation, which admits the r-dimensional Lie algebra of point symmetries.
These strategies were proposed by Lie but at present they are not well known. The
“first” and ”"second” integration strategies are based on the following main idea: to
start from an n-th order differential equation with r symmetries and try to reduce it
to an (n — 1)-th order differential equation with » — 1 symmetries. Whether this is
possible or not depends on the structure of the Lie algebra of symmetries. These two
approaches use the normal forms of operators in the space of variables (”first”) or in
the space of first integrals ("second”). A different way of looking at the problem is
based on the using of differential invariants of a given Lie algebra.

1. Introduction

The experience of an ordinary differential equation (ODE) with one symmetry which
could be reduced in order by one and of a second order differential equation with two
symmetries which could be solved may lead us to the following question: Is it possible
to reduce a differential equation with r symmetries in order by r? In full generality, the
answer is "no”. This paper deals with three integration strategies which are based on
the group analisys of an n-th order ordinary differential equation (ODE-n, n > 2) with r
symmetries (r > 1). These strategies were proposed by S. Lie (see [1-2]) but at present
they are not well known. We studied the connection between the structure of a Lie algebra
of point symmetries and the integrability conditions of a differential equation. We refer
readers to the literature where these approaches are described (see [3], [6], [7]).
Suppose we have an n-th order ordinary differential equation (ODE-n, n > 2)

y(n) =w (x,y,y’,...,y("fl)) , (1.1)

which admits r point symmetries X, Xo,..., X,. It is well known (due to Lie) that r <
n + 4.

Definition. The infinitesimal generator

X =¢len)y, + o)y, (1.2

Present work was partially financed by RFBR, the grant 96-01-01997.
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is called a point symmetry of ODE-n (1.1) if
X Do (2,9, .y ) =0 (2,9, y™)  (mod Y™ = w) (1.3)

holds; here,

_ 0 0 0
X0 = 5(%3/)% +77(1L”ay)a—y +77(1)($ay,y/)8—y, +o

(n-1) (1) __0 -y
n—1 / n—1
0 (ol )
is an extension (prolongation) X up to the n-th derivative.
Consider the differential operator
9,0 , -1\ __ 9
A_%-Fya_y_'_...—i-w(x,y,y,...,y )Oy("*l)' (1.5)

It is not difficult to see that A can formally be written as
A= % (mod y™ = w).
Proposition 1. Differential equation (1.1) admits the infinitesimal generator X =
€l gy +n(e0) g i (X0, 4] = ~(AE(e))A holds.
Concept of proof. Let ;(z,,1/,...,y™ 1), i = T, n be the set of functionally indepen-

dent first integrals of ODE-n (1.1); then {¢;}7,; are functionally independent solutions of
the partial differential equation

Ap = 0. (1.6)
It’s easy to show that ODE-n (1.1) admits the infinitesimal generator (1.2) iff X (1,

is a first integral of ODE-n (1.1) for all i = 1, n.
So, on the one hand, we have that the partial differential equations (1.6) and

k“*%ﬂwzo (1.7)

are equivalent iff X is a symmetry of (1.1). On the other hand, we have that (1.6) and
(1.7) are equivalent iff

[X("_l),A} =A (m, vy, ... ,y("_l)) A (1.8)

holds.

Comparing the coefficient of 88 on two sides of (1.8) yields A = —A(&(x,y)) |
x
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2. First integration strategy: normal forms of generators in
the space of variables

0

Take one of the generators, say, X; and transform it to its normal form X; = 95’
s

i.e., introduce new coordinates ¢ (independent) and s (dependent),where the functions
t(z,y), s(x,y) satisfy the equations X3¢t = 0, Xy3s = 1. This procedure allows us to
transform the differential equation (1.1) into

s = (t, s ..., S("71)> ) (2.1)

which, in fact, is a differential equation of order n — 1 (we take s’ as a new dependent
variable). Now we interest in the following question:
Does (2.1) really inherit » — 1 symmetries from (1.1), which are given by (2.2)7

D) 0
Y = X, n(t, 5) 5

The next theorem answers this question.

(2.2)

_ 0
Theorem 1. The infinitesimal generators Y; = Xi(n b n(t, 8)8— are the symmetries of
S
ODE-(n-1) (2.1) if and only if

[X17X7;] = )\iX].v )\7, = const, 1= 2,7‘, (23)

hold.

So, if we want to follow this first integration strategy for a given algebra of generators,
we should choose a generator X; at the first step (as a linear combination of the given
basis), for which we can find as many generators X, satisfying (2.3) as possible; choose
Y, and try to do everything again.

At each step, we can reduce the order of a given differential equation by one.
Example 1. The third-order ordinary differential equation 4y2y” = 18yy'y" — 15y

admits the symmetries

9 (2) o 0 n 0 @) , , 0
Xi=5 XD =ao—y -2 X = = :
Y7 o 2 Tor Y oy’ 4 oy’ 3 yay ty oy’ 4 oy

Remark. All examples presented in this paper only illustrate how one can use these
integration strategies.

Note the relations [X7, Xo] = X, [X1, X3] =0.

Transform X to its normal form by introducing new coordinates: t = y;s = z. Now
we have the ODE-2

o 38" 18ts’s” + 155"
S =
s 4t2'

with symmetries

8 +s//aan; Ysztg_sf/i
S

_ Jd_ 7 .
Yo=s57 ot " 95"

[Y2,Y3] = 0.
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Transform Y5 to its normal form: v = logt; u = log s’

9
2?

:B:cQ/ dy 1/2+63.
y% (cos (@log cly>)

11
o = 20" + ?u/ +

3. Second integration strategy: the normal form of a gene-
rator in the space of first integrals

We begin with the assumptions:

a) r=n;

b) X;,i = 1,n, act transitively in the space of first integrals, i.e., there is no linear
dependence between XZ»(n_l), i=1,n,and A.

We'll try to answer the following question:

Does a solution to the system of equations

(n—1) 0 0 (n-1) O >
X = — — ... =1 1
1oy (51 ar TMgy ttm gmn)e=t (3.1)
(n—1) 0 0 (n-1) O ) .
X! (&=t g T )=, =3.n, 2
Vo= (g Gyttt Je=0 i=2n (3.2)
0 0 0
Ap = — ... —_— = .
® <6x +y 3y +...+ way("—l)) v =0, (3.3)
exist?

A system of n homogeneous linear partial differential equations in n + 1 variables
(2,9, ...,y 1) (3.2)-(3.3) has a solution if all commutators between Xi(n_l), i = 2,n,and
A are linear combinations of the same operators. It’s easy to check that these integrability
conditions are fulfilled iff X;,7 = 2, n, generate an (n — 1)-dimensional Lie subalgebra in
the given Lie algebra of point symmetries.

Let ¢ be a solution to system (3.1)—(3.3), then

X x Y o= XY (X" Ve) - x Y (X177 Yg) =0 (3.4)
necessarily holds. On the other hand, we have

XX e =X rohx ) =l k=20 (35)

(3.4) and (3.5) do not contradict each other if and only if
cL=0, i=2n. (3.6)

All preceding reasonings lead us to the necessary condition of existence of the function
. This condition is also sufficient. Now we prove it. Let u # const be a solution to
system (3.2)—(3.3), then we have

[X{"‘l), X}”‘”} w=x""Y (X}”‘l)u) — xnY (Xf”‘l)u) -
= —xD (X§”‘1)u) -0, i=72n,
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that is, Xf”fl)u is a nonzero solution to system (3.2)—(3.3). Hence, anil)u = f(u). It is

d
not difficult to check that the function / Tu) is a solution to system (3.1)—(3.3).
U
Suppose that the integrability conditions for system (3.1)—(3.3) are fulfilled. Now we
dp 0 0
consider this system as a system of linear algebraic equations in —(’0, —SO, ey e We
oz’ Oy dy(n=1)
can solve this system using Cramer’s rule:
1 -1 1 -1
& omong) oY Lo Y
1 -1 1 -1
& om0y oY P 0 m ) opY
A=|: o : #0; PoAT o : ;
N I or N R
n— n—
En Mn M <o Mn 0 % 7 R 11
1 ... w (I VA VAR w
1 -1 1
IS 775) U%n ) & m 77§) 1
1 -1 1
& 0 Y ny' Y & mond 0
dp -1 dp -1
— = : : : J s =A Do :
% (1) oy | WY (1)
ne
&n 0 mn Tin n T Mn 0
1 O y// w 1 y/ /! 0
The differential form
de dy dy ... dy™Y
& m o’ oY
dp=AT" 1 1
& o) Y
1 o o ... w

is a differential of the solution ¢ to system (3.1)—(3.3).

Theorem 2. Suppose point symmetries X;,i = 1,n, act transitively in the space of first
integrals; then there exists a solution to the system X{n_l)w = 1 Xi(n_l)go =0, i =
2,n; Ap =0 if and only if X;, i = 2,n, generate an (n —1)-dimensional ideal in the given
Lie algebra of point symmetries. This solution is as follows:

de dy dy ... dy»b
1 n—1
§ N2 775) 775 )
f;L 77.n ?77(;1) ?77(1"._1)
1 o o ... w
o=/ @ D) | (3.7)
&1 m 77%1) "7% )
& momy oMy
&n 771(;1) Y
1 y/ y// w




Group Analysis of Ordinary Differential Equations of the Order n > 2 169

Now we can use ¢ (:c,y,y’, e ,y(”_l)) instead of y(» Y as a new variable. In new
variables, we have
y D =y (2 ) (3.8)
(n—2) 0 0 (n-2) O )
X =& i — . > — v, = 27 s .
i Sigg iy Tt gD i=2,n (3.9)
_9 . 9 (n-1) ), 0

System (3.8)—(3.10) is exactly what we want to achieve. Now we can establish an iterative
procedure.

12

Example 2. 2y'y" = 3y”#. This equation admits the 3-dimensional Lie algebra of point

symmetries with the basis.

o @_ 0 90 w0 d
LT oy 2 Yor Y oy’ 4 oy’ T Ox
and commutator relations: [X7, Xo] =0, [X1, X3] =0, [X2, X3] = —X3.
The given ODE-3 is equivalent to the equation {y,x} = 0, where

" 12

Y Yy
{y,z} = 1/2? - 3/4ﬁ

is Schwarz’s derivative.
dr dy dy dy’
z 0 —y =2y

0 1 0 0 3y//2
x 0 —y —2¢ Ly ; 902

y 9y ()01 A y Y7

2 Yy
1 y/ y// 3y
2y’
/2
Now we have the ODE-2: 3" = , which admits the generators
0 0 0
X(l): A A Xo = —-
2 Yor Y oy’ 57 ox’
dr dy dy
1 0 0
r 0 _y/ . , 2y/2
100 | p _/ y—o1 |, (y—¢1)?
A = ooy | T P2 = A, = log yR—
Ly
Yy—¢1
r_ (y — 901)2
EXp ¥2
ar +b

A general solution of the differential equation is given by the next function: y = nwt
cr
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4. Third integration strategy: differential invariants

Definition. Differential invariants of order k (DI-k) are functions

oY

! (k) T
w(x7y7y7"'7y ) 9 8y(k) 7_é07
that are invariant under the action of X1, ..., X, that is, satisfy r equations (i =1,7):
By — (etm )2tz L s ® I () WA DY

How can one find differential invariants? To do it, we must know two lowest order
invariants ¢ and ).

Theorem 3. Ifv (a:, TR ,y(l)) and ¢ (1’, TR ,y(s)) (I < s) are two lowest order
differential invariants, then

1) s <r ; 2) List of all functionally independent differential invariants is given by the
following sequence:

dp A
o g

Let X;, i = 1,7, be symmetries of (1.1), then we have the list of functionally indepen-
dent DI up to the n-th order:

Y, @,

do d(n—s)w

wugpvﬁa-‘-vdw(n_s)-

Express all derivatives y*), k > s, in terms 1, ¢, and derivatives (™ beginning with
the highest order. That will give ODE-(n — s):

/ —
H(lﬂ,@,w,---,dw(n_s)) =0

Unfortunately, this equation does not inherit any group information from (1.1). If it’s
possible to solve (4.2), then we have ODE-s

o (zv.d o y) = f (¥y,... M) (4.2)
with r symmetries.

Example 3. ODE-3 yy/y" = yy" + yy""? admits the 2-dimensional Lie algebra of point
fries X X 0 0
symmetries X; = —; =r— —y=—.
Y V7 or 2 ox y@y
/ /!

DI-0 does not exist. DI-1: ¢ = 2 DI-2: o = . Now we can find DI-3:
y y

d(p , y///y _ 3y//y/
_— = ()0 =
dip y(yy" — 2y"?)
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Express ¥, 4",y in terms of 1, ¢, ¢'. This procedure leads us to ODE-1: ¢ = % Hence,

we obtain ¢ = Cv or y”" = Cyy/, that is, we obtain ODE-2 with 2 symmetries, which can
be solved as

2d
v [ 20
Cy2+a
In conclusion, we have to note that we have discussed only some simple strategies. A

different way of looking at the problem is described in [9] and based on using both point
and nonpoint symmetries.
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Non-local Symmetry of the 3-Dimensional
Burgers-Type Equation
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24a Chernyshevsky Str., Dnipropetrovsk, Ukraine.

Abstract

Non-local transformation, which connects the 3-dimensional Burgers-type equation
with a linear heat equation, is constructed. Via this transformation, nonlinear super-
position formulae for solutions are obtained and the conditional non-local symmetry
of this equation is studied.

The multidimensional generalization of the Burgers equation
Li(u) =ug — u|Vu| — Au =0, (1)

is called further the Burgers-type equation. This equation was suggested by W. Fushchych
in [1]. We use here such notations:

ou
ox,’
Vu = [Juy, ug, ""u”HT7 (n=0,n—1),

aﬂu - {Z’M} = (1.0,:617 "’7'1:71—1)7
Vul= (Va2 A= (V=R i+,

In the present paper, we construct the non-local transformation, which connects the 3-
dimensional equation (1) with a linear heat equation. Via this transformation, we obtain
nonlinear superposition formulae for solutions of equation (1). Also we investigate the
conditional non-local symmetry of equation (1) and obtain formulae generating solutions
of this equation.

1. Conditional non-local superposition
Let us consider the 3-dimensional scalar heat equation

La(w) = wp — Aw = 0. (2)
For the vector-function H, such equations are fulfiled:

H=2VIlnw, H=|hth% 1", (3)

%(H)2+(V-H):801nw, V x H=0. (4)
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From the integrability condition for equations (3), (4), it follows that equation (2) is
connected with the vector equations

H—%(H)Q—V(V-H):O, V x H=0. (5)

Let |H|? = (b))% + (h?)? + (h®)2 = u? for H = 0 - u, where |0] =1, 0 = |0*,62,0%|T. Then
we obtain from (5) that V x # = 0 and the equality

0 [uo — u|Vu| — Au] =u [y — 2VInu(V - 0) — V(V - 0)].

Let relations
Li(u) = up — u|Vu| — Au =0, (6)
6p —2VInu(V-0) - V(V-6) =0, ™
V x0=0.

be fulfiled on the some subset of solutions of equation (5). System (3), (4) in new variables,
which connect equations (2) and (6), has the form

1
Vihw = §9u, (8)

0o Inw = %uz—l—%(v-é?u). (9)

So via transformations (8), (9), PDE (6) is reduced to the linear equation (2). The
corresponding generalization of the Cole-Hopf transformation (substitution) is obtained
in the form

u=21/(VIinw)2. (10)

Theorem 1. The non-local substitution (10) is a linearization of the 3-dimensional
Burgers-type equation (1), and the operator equality

d(Vinw) —2(Vlnw) - Alnw — V(Alnw) = [w 'V —w™ 2 Vu] - (wg — Aw) =0
1s fulfiled.
Example 1. The function

u = 21/[VInp(zg,w)]?, W= =%, (a=1,2,3), (11)

is a non-Lie solution of the nonlinear equation (1). Let us substitute this non-local ansatz
into equation (1). We find the condition on ¢:

[@_1 Oy — 90_2 ) 900-1] ’ [900 - Saww] =0. (12)

So, we obtain the non-local reduction of equation (1) to the form (12). Analogously, with
the ansatz

u= 2\/[V In{2(n — V)zg + x}]2, x=(21,22,23), (n=4), (13)
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one obtains
[w™V —w™2Vuw] - [0g — A] - {2(n — 1)z + z}. (14)

Here, w = 2(n — 1)zo + x.

The linearization of the differential equation (1) makes it possible via a linear superpo-
sition of solutions of equation (2) and the non-local transformation (8), (9) to construct
the principle of nonlinear superposition for solutions of equation (1).

k
Theorem 2. The superposition formula for a subset of solutions (u)(x), (k =1,2) of
equation (1) has the form

MOD)  (2)(2)(2)

W (@) =2|L u(?)+ (Z)u “ .
T —|— T
3 -1 1 2
O () =2 ((;) N g)) ((;)(3(9) . (?)(5)(9)> |
(k)
k (k) (k
o= % P2+ 8D, (15)
k k
- (k) _ % (ﬁ)(ﬁ)(e),vX (‘9>7
1 2 1 2
Q@ (;)(%L)(9> N (g)(a)(9> (71')(’111,)(9) n (72_)(3(9)
dIn(7 + 7) = + |V
1 @ 1 @
T —|— T T —|— T

k s k
Here, (u), (k = 1,2) are known solutions of equation (1), (u), (s=1,2,3) and (T), (k=1,2)

(k) (%)

. k
are functional parameters, and 79 —/ 7= 0.

2. Conditional non-local invariance
Let us consider the potential hydrodynamic-type system in R(1, 3) of independent variables
Ho+ (H,V)H — AH =0, V x H=0, (16)
or, in the form (5),
Hy + %V(H)z ~V(V-H)=0, VxH=0. (17)
Let |H| = u or, in other words
\H|? = (HY? + (H2)? + (H%)? = 2.
Then we have such equalities:

H=0 |Hl =0-u, (0=H-|H|™). (18)
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So, 6 is a unit vector collinear with H. Let V x 6§ = 0. It makes one possible to obtain

[V x6ul=u-[Vx0+[Vux0 — Vux6=0,
Vu=10-|Vul, (V-0u)=u(V-0)+0-Vu, (19)
V(V-0u)=u-V(V-0)+2Vu-(V-60)+60Au.

Substituting H of the form (18) into equation (17), we find the operator equation
Olug+u|Vu| — Au) = —ulfy —2VInu(V -0) — V(V - 6)].

Let now pick out the subset of solutions of this equation, which consists of solutions of
the system

uo+u|Vu| — Au = 0, (20)
0o —2VInu(V-0)—-V(V-0)=0. (21)

Variables 0 =|| 6,602,603 |7 are playing the role of supplementary parameters. Notice
that, for a known solution u of equation (20), equation (21) is linear.
Let us take another copy of equation (17):

Qo + %V(Q)Z _V(V-Q)=0, VxQ=0. (22)

Let @ = 7w, where w = |Q| and V x 7 = 0. The differential equation (22) can be
substituted now by the system

wo + w|Vw| — Aw = 0, (23)
7 —2Vhhw-(V.-7)=V(V-7)=0. (24)
Assume now such equalities:

—2VInw=H — Q,

1 (25)

Oy lnw = %(H-Q) ~ |y - (v m)].

Excluding w from this system by cross-differentiation, we obtain

Ho+ 3V(H) ~ V(Y- H) = Qo+ ;V(H Q). (26)
So, with the condition

Qo+ V(@) =0, 27)

we get equation (17). Let

S Q)= (@7 - (V Q). (28)
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Then (27) becomes equation (22). As one can see, condition (28) is the necessary condition
for reducing equations (20), (21) via the non-local transformation (25), (28) to system (23),
(24). Substituting

H=7-w—-2Vhw
into (28), one obtains

wo +w - |Vw| — Aw = %w{]Vw\ —(V-Q)}.

Let us put the condition

Vol = (V- Q). (29)
Since

(V-Tw) =w(V- 1)+ |Vw|,
it follows from condition (29) that

(V1) = —4|VInw|.

2 1
Introducing notations u E(u), w E(U), we can formulate such a theorem:

1
Theorem 3. Let (u) be a known solution of equation (1)

uo+u - |Vu| — Au = 0.

2
Then its new solution (u) is defined by the formulae

D=1 % —2.60.vin ¥,

@)
%(9 ) WD 1200w W= % W —(v.0D),
0 (221): T (11} —2-Vin ('lli),

Bo—2-VIn'it (V-6)—V(V-0) =0,

1
T —2-VIn W (V-7)— V(V-7) =0,
Vx8=0, Vx7=0, (V-17)=—-4[Vinw|
The last equalities are additional conditions for the non-local invariance of equation (1)

with respect to the non-local transformation (25), (26).
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Abstract

We study symmetry of the Schrodinger equation with potential as a new dependent
variable, i.e., transformations which do not change the form of a class of equations,
which are called equivalence trasformations. We consider the systems comprising a
Schrédinger equation and a certain condition for the potential. Symmetry properties
of the equation with convection term are investigated.

This talk is based on the results obtained by the
authors in collaboration with Prof. W. Fushchych
and dedicated to his memory.

1. Introduction

Consider the following generalization of the Schrodinger equation:

0y o
AT t 7 (t, & -0, 1
T A+ W(E 9+ Vil 7) 5 = 0 (1)
0? S
where A = g &= I,n, ¥ = (t,Z) is an unknown complex function, W =

1
W (t,z,|¢|) and V, = V,(t, Z) are potentials of interaction (for convenience, we set m = 5)

In the case where V,, = 0 in (1), we have the standard Schrédinger equation. Symmetry
properties of this equation were thoroughly investigated (see, e.g., [1]-[4]). For arbitrary
W (t,Z,|v|), equation (1) admits only the trivial group of identical transformations ¥ —
T=Ft—t =t — =[], [3].

In [5]-{7], the method of extension of the symmetry group of equation (1) was suggested.
The idea lies in the fact that, in equation (1), we assume that W (¢, Z, |¢|) and V, (¢, Z) are
new dependent variables. This means that equation (1) is regarded as a nonlinear equation
even in the case where the potential W does not depend on . Symmetry operators of
this type generate transformations called equivalence transformations.
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2. Symmetry of the Schrodinger equation with potential

Using the above idea, we obtain the invariance algebra of the Schrodinger equation with
potential

N (AT &)

Theorem 1. Equation (2) is invariant under the infinite-dimensional Lie algebra with
basis operators of the form

Jab = a0z — Tp0y,,

Qa = U0y, + %Ua:ca(?/@w — P 0y+) + %Ual‘aaWa

Qa =240, + Any, + L Aweae(wdy — "0y )~ 3)
_ %(waw bt + G A woe — QWA) o

Qp = iB(Y0y — *0y+) + Bow, Zy = ¢y, Zy = * Oy,

where Uy (t), A(t), B(t) are arbitrary smooth functions of t, there is summation from 1 to
n over the repeated index ¢ and no summation over the repeated index a, a,b = 1,n, the
upper dot means the derivative with respect to time.

Note that the invariance algebra (3) includes the operators of space (U, = 1) and time
(A = 1/2) translations, the Galilei operator (U, = t), the dilation (A = t) and projective
(A = t?/2) operators.

Proof of Theorem 1. We seek the symmetry operators of equation (2) in the class of
first-order differential operators of the form:

X = é‘ﬂ(tj fﬂ ¢7w*)8xu + n(ta f?¢7¢*)6w + n*(t>fa¢7¢*)a¢* + p(t7faw7w*a W)aW (4)

Using the invariance condition [1], [8], [9] of equation (2) under the operator (4) and the

equations:

§=€.=0, &=0, &=¢, g+e&=0, &§=2
N =0, Myyp =0,  Nya = (1/2)&5,

My =0, My =0, My = —(i/2)&5,

110 + Nee — MWt + 2WEND + W + pp = 0,

—ing + Nee — M= W™ + 2W Y™ + W™ + py* = 0,

py = py= =0,

we obtain the system of determining

where the index j varies from 0 to n, a,b = 1,n, we mean summation from 1 to n over the
repeated index ¢ and no summation over the indices a, b.
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We solve system (5) and obtain the following result:

=24, ¢ = Az, +C%zy +U,, a=1,n,

i /1. .
n= 5 <§Axcxc +Ucz. + B) 1/)7

WA )
77* = _% (§Axcxc + Uecx, +E> 1#*7

1/1 .. .. . n. . .
pzi §Aa:ca:c+Uc:z:c+B —EzA—ZWA,

where A, U,, B are arbitrary functions of t, E = B — 2inA + C;, C% = —C% and C; are
arbitrary constants. Theorem 1 is proved.

The operators Qp generate the finite transformations
t'=t T =4z,
V' =vexp(iB(t)a), ¢ =y exp(~iB(t)a), (6)
W' =W + B(t)a,

where « is a group parameter, B(t) is an arbitrary smooth function.
Using the Lie equations, we obtain that the following transformations correspond to
the operators Qg:

t/ = t, CCg) = Ua(t)ﬁaéab + Tp,
’ i 2 iy
Qp = ¢exp ZUaUaﬁa + §Ua$a5a y

7!)*/ = Q;Z)* exp (_anUaﬁg - ;Uaxaﬁa) s

1. 1.
W' =W + - Uazafa + 7Uala 2

where 3,(a = 1,n) are group parameters, U, = U,(t) are arbitrary smooth functions, there
is no summation over the index a, d4p is a Kronecker symbol. In particular, if U,(t) = ¢,
then the operators ), are the standard Galilei operators

Go = 1, + %aza(w% — D). (8)

For the operators @ 4, it is difficult to write out finite transformations in the general
form. We consider several particular cases:
(a) A(t) =t.
Then Q4 = 2t0; + 2.0, — g(zpaw +1"0y+) — 2W 0w is a dilation operator generating the
transformations
t' =texp(2\), xl. =x.exp(N),

v (~5A)u, v —exp (-5A) 0" (9)
W' =W exp(—2\),

where X is a group parameter.
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(b) A(t) = t2/2. .

Then Qq = (20, + tweds, + %xcxc(waw — POy — gt(zm + )" 9y) — 2tW Ay is the
operator of projective transformations:

, t , Te

=7 LY==
1—ut 1—put

1T L
0= (1 ) exp (G

(1—pt) (10)
# 1 — ut n/2 ( chxc”)
Y7 =7 (1 — pt)" " exp 00—
W' =W(1— ut)?,
1 is an arbitrary parameter.
Consider the example. Let
1 1
W = — = . 11
2 e (11)

We find how new potentials are generated from potential (11) under transformations (6),
(7). (9). (10).
(i) @p:

1 1

1
— W' = +B{t)a—-W'= — +B(t)(a+d) — -,
Tcle LTcle Tcle

W =

where B(t) is an arbitrary smooth function, o and o’ are arbitrary real parameters.

(il) Qa:

W = — W,
Tele
W' = ! +1UUﬁ2+lUﬂ( — Uaf)
" (0~ Ua(t)Ba)? T apay 4 @7 Pa T glelula ™ Belia)s
W/ N W//
W ! AT R
(xa - Ua(t)(ﬁa + /8(/1))2 + TpTy 4 ¢ ¢

b 2080+ )~ U+ ) + SOuUafhy = -,

where U, are arbitrary smooth functions, 3, and [, are real parameters, there is no
summation over a but there is summation over b (b # a). In particular, if U,(t) = ¢, then
we have the standard Galilei operator (8) and

1 1 1
W — _ W/ — _ W// — _
Lele (xa - tﬁa)Q + TpTyp («Ta - t(ﬂa + 5&))2 + TpTy
(iii) Q4 for A(t) =t or A(t) = t?/2 do not change the potential, i.e.,
W: —)W/: 1 —)W”: 1 — ..

Lk Lcle T
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3. The Schrodinger equation and conditions for the potential

Consider several examples of the systems in which one of the equations is equation (2) with
potential W = W (¢, Z), and the second equation is a certain condition for the potential
W. We find the invariance algebras of these systems in the class of operators

X = §u<tvfa w7w*7 W)aaiu + Tl(tyfﬂ/% ¢*7 W)adl + n*(t7:f7w7 w*a W)8¢*+
+ p(t, T, b, W)ow .

(i) Consider equation (2) with the additional condition for the potential, namely, the
Laplace equation:

ot
AW = 0.

{ia—¢+A¢+W(t,a‘:’)¢:0, 2)

System (12) admits the infinite-dimensional Lie algebra with the basis operators

Py = ata P, = Ta s Jab :xaazb _xb8$a7

Qa = Uaaxa + %Uaxa(wa’tb - Waw*) + %UaxaaW7 a = 17”7
D = 2,0, + 20, — g(waw P Oye) — 2W o, (13)

A =120, + tw 0y, + ixcxc(waw — D) — gt(zpaw + 1t ye) — 2W O,

Qp = iB(18y — v dy+) + Bow, Z1 = ¥y, Za ="y,

where U,(t) (a = 1,n) and B(t) are arbitrary smooth functions. In particular, algebra
(13) includes the Galilei operator (8).
(ii) The condition for the potential is the wave equation:

0P L
ZE—FAw—I—W(t,x)w—O, (14)
aw = 0.
The maximal invariance algebra of system (14) is (Py, P,, Ju, Z1, Z2, Z3,Z4), where
Py, P, Jay, Z1, Zo have the form (13) and
Z3 = it(¢a¢ — ¢*8¢*) + Ow, Zy = it2(¢a¢ — ’(ﬁ*ad,*) + 2ty .

(iii) Consider the important case in a (1 + 1)-dimensional space—time where the condition
for the potential is the KdV equation:
O 0%

v + 922 +Wi(t,x)y =0,

ow ow W

5 TAW -+ hp g =F(Y), A #0.

For an arbitrary F'(|1]), system (15) is invariant under the Galilei operator and the max-
imal invariance algebra is the following:
Py =0, Py =0z, Z =110y — *0yx),

i 2 . 1

(15)

(16)
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For F' = C' = const, system (15) admits the extension, namely, it is invariant under the
algebra (Py, P1,G, Z1, Z3), where G has the form (16).
The Galilei operator G generates the following transformations:

1
t'=t, o' =x+06t, W’:W+)\—9,
1
’ Yo+ Lot 4+ Lo?
' =Y exp (29$+/\19t+49 t),
* % _2. _i _3-2
v =Y exp( 293: )\1915 4975),

where 6 is a group parameter. Here, it is important that A\; # 0, since otherwise, sys-
tem (15) does not admit the Galilei operator.

4. The Schrodinger equation with convection term

Consider equation (1) for W = 0, i.e., the Schrédinger equation with convection term

C N
ig Ay = Vaa%, (17)

where 1) and V, (a = 1,n) are complex functions of ¢ and #. For extension of symmetry,
we again regard the functions V, as dependent variables. Note that the requirement that
the functions V, be complex is essential for symmetry of (17).

Let us investigate symmetry of (17) in the class of first-order differential operators

X =0y, + 00y + 1 0y + p*Ov, + p™Ovy,
where &# n,n*, p®, p*® are functions of ¢, Z, ¥, Y*, 17, 7ad

Theorem 2. [10] Equation (17) is invariant under the infinite-dimensional Lie algebra
with the basis operators

Qa = 240, + Aw.0y, — 1Az (O, — Ovs) — A(Vedy, + Vo),
Qab = Eab@aamb — xp0y, + VaOy, — VO, + V' Oy — Vy Oy )— a18)
— 1B (2,0v, — 0y, — :caa\/;;* + xp0v+ ),
Qa = UaOs, — iUa(0v, — Ovs), Z1 = Y0y, Zo = "0y, Z3 =y, Zy = Oyr,
where A, Eq, Uy are arbitrary smooth functions of t, we mean summation over the index

c and no summation over indices a and b.

This theorem is proved by analogy with the previous one.
Note that algebra (18) includes as a particular case the Galilei operator of the form:

Go = t0y, — idy, + idys. (19)
This operator generates the following finite transformations:
{1‘2 =2y + ﬂatéaba t = t,

W =, P = V=V —iBuday, Vi = VI 4 iBubab,
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where 3, is an arbitrary real parameter. Operator (19) is essentially different from the
standard Galilei operator (8) of the Schrodinger equation, and we cannot derive opera-
tor (8) from algebra (18).

Consider now the system of equation (17) with the additional condition for the poten-
tials V,, namely, the complex Euler equation:

ot 0z, (20)
oV, Ve A
o Von, _F(W‘)axa’

Here, ¢ and V, are complex dependent variables of ¢ and &, F' is a function of |¢)|. The
coefficients of the second equation of the system provide the broad symmetry of this
system.

Let us investigate the symmetry classification of system (20). Consider the following
five cases:
1. F' is an arbitrary smooth function.
The maximal invariance algebra is (Py, Py, Jgp, C~¥G>, where

Jap = xaa:vb — 240z, + Vaa\/b - VbaVa + V(jaVb* - Vb*a\/a*a

G, has the form (19).

2. F = C|¢|F, where C is an arbitrary complex constant, C' # 0, k is an arbitrary real
number, k # 0 and k # —1.

The maximal invariance algebra is (P, Py, Jgp, éa, D(l)), where

2
DO = 240, + ey, — Ve, = Vi Oz = 177 (00 + 070y,

C
3. FF= — where C is an arbitrary complex constant, C # 0.

]

The maximal invariance algebra is (P, Py, Jgp, éa, Z = 7y + Zs), where
7 = ﬂ}&/) + w*&/)*, Zy = Ll)&p, Zy = Q/J*a¢*

4. F'=C #0, where C is an arbitrary complex constant.
The maximal invariance algebra is (Py, P,, Jap, Ga, DWW, Z,. Zy), where

Z3 = &p, Zy = 81/,*.

5. F =0.
In this case, system (20) admits the widest maximal invariance algebra, namely, (Py, P,
Jab; Ga7 Da A7 Z17 ZQa Z37 Z4>7 where

D = 2tat + ajcal'c - ‘/vca‘/c - ‘/C*avc*7
A =120, 4 tx o0y, — (ixe + tVe)Oy, + (ize — tV})Oys.

In conclusion, we note that the equivalence groups can be successfully used for con-
struction of exact solutions of the nonlinear Schrédinger equation.
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Abstract

In performing the Painlevé test for nonintegrable partial differential equations, one ob-
tains differential constraints describing a movable singularity manifold. We show, for a
class of wave equations, that the constraints are in the form of Bateman equations. In
particular, for some higher dimensional wave equations, we derive the exact relations,
and show that the singularity manifold condition is equivalent to the higher dimen-
sional Bateman equation. The equations under consideration are: the sine-Gordon,
Liouville, Mikhailov, and double sine-Gordon equations as well as two polynomial field
theory equations.

1 Introduction

The Painlevé analysis, as a test for integrability of PDEs, was proposed by Weiss, Tabor
and Carnevale in 1983 [20]. It is an generalization of the singular point analysis for ODEs,
which dates back to the work of S. Kovalevsky in 1888. A PDE is said to possess the
Painlevé property if solutions of the PDE are single-valued in the neighbourhood of non-
characteristic, movable singularity manifolds (Ward [17], Steeb and Euler [15], Ablowitz
and Clarkson [1]). Weiss, Tabor and Carnevale [20] proposed a test of integrability (which
may be viewed as a necessary condition of integrability), analogous to the algorithm given
by Ablowitz, Ramani and Segur [2] to determine whether a given ODE has the Painlevé
property. One seeks a solution of a given PDE (in rational form) in the form of a Laurent
series (also known as the Painlevé series)

w@) = ¢~"(®) Y uj(x)¢ (=), (1.1)
j=0
where u;(x) are analytic functions of the complex variables = (2o, z1,...,2n—1) (we do

not change the notation for the complex domain), with uy # 0, in the neighbourhood of a
non-characteristic, movable singularity manifold defined by ¢(x) = 0 (the pole manifold),
where ¢(x) is an analytic function of xg,x1,...,2,—1. The PDE is said to pass the
Painlevé test if, on substituting (1.1) in the PDE, one obtains the correct number of
arbitrary functions as required by the Cauchy-Kovalevsky theorem, given by the expansion
coefficients in (1.1), whereby ¢ should be one of arbitrary functions. The positions in the
Painlevé expansion where arbitrary functions are to appear, are known as the resonances.
If a PDE passes the Painlevé test, it is usually (Newell et al [13]) possible to construct
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Bécklund transformations and Lax pairs (Weiss [18], Steeb and Euler [15]), which proves
the necessary condition of integrability.

Recently much attention was given to the construction of exact solutions of noninte-
grable PDEs by the use of a truncated Painlevé series (Cariello and Tabor [3], Euler et al.
[10], Webb and Zank [17], Euler [5]). On applying the Painlevé test to nonintegrable PDEs,
one usually obtains conditions on ¢ at resonances; the singular manifold conditions. With
a truncated series, one usually obtains additional constraints on the singularity manifolds,
leading to a compatibility problem for the solution of ¢.

In the present paper, we show that the general solution of the Bateman equation,
as generalized by Fairlie [11], solves the singularity manifold condition at the resonance
for a particular class of wave equations. For the n-dimensional (n > 3) sine-Gordon,
Liouville, and Mikhailov equations, the n-dimensional Bateman equation is the general
solution of the singularity manifold condition, whereas, the Bateman equation is only a
special solution of the polynomial field theory equations which were only studied in two
dimensions. For the n-dimensional (n > 2) double sine-Gordon equation, the Bateman
equation also solves the constraint at the resonance in general.

2 The Bateman equation for the singularity manifold

The Bateman equation in two dimensions has the following form:

¢x0xo¢;2cl + ¢zlm1 Qbio - 2¢mo¢x1 ¢xoxl = 0. (2~2)

In the Painlevé analysis of PDEs, (2.2) was first obtained by Weiss [19] in his study of
the double sine-Gordon equation. As pointed out by Weiss [19], the Bateman equation
(2.2) may be linearized by a Legendre transformation. Moreover, it is invariant under the
Moebius group. The general implicit solution of (2.2) is

zo fo(®) +z1f1(9) = c, (2.3)

where fy and f; are arbitrary smooth functions and ¢ an arbitrary constant. Fairlie [11]
proposed the following generalization of (2.2) for n dimensions:

0 ¢x0 ¢I1 T ¢$n—1
Qb:vo beowo waoxl T (Zsaroa:nq

det | %= Doz brrer Dmizay = 0. (2.4)

¢$n71 d)l"ornﬂ ¢E1$n71 ¢xn71mn71

We call (2.4) the n-dimensional Bateman equation. It admits the following general implicit
solution

n—1
Yoz fild) =c, (2.5)
§=0

where f; are n arbitrary functions.
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Let us consider the following direct n-dimensional generalization of the well-known
sine-Gordon, Liouville, and Mikhailov equations, as given respectively by

O,u 4+ sinu = 0,
O,u + exp(u) =0, (2.6)
Opu 4 exp(u) 4 exp(—2u) = 0.

By a direct n-dimensional generalization, we mean that we merely consider the d’Alembert
operator O in the n-dimensional Minkowski space, i.e.,

o2 n—1 92
g, :

= —2 — —2_
Oz st 8xj

It is well known that the above given wave equations are integrable if n = 2, i.e., time
and one space coordinates. We call PDEs integrable if they can be solved by an inverse
scattering transform and there exists a nontrivial Lax pair (see, for example, the book of
Ablowitz and Clarkson [1] for more details). For such integrable equations, the Painlevé
test is passed and there are no conditions at the resonance, so that ¢ is an arbitrary
function.

Before we state our proposition for the singularity manifold of the above given wave
equations, we have to introduce some notations and a lemma. We call the (n+1) x (n+1)-
matrix, of which the determinant is the general Bateman equation, the Bateman matrix
and denote this matrix by B, i.e.,

0 QSIO ¢$1 T ¢xn—1
(bxo ¢x0.’[0 (bl'orl e ¢$0xn,1
B:i=| %« Doy Peizr 0 Pziwa ) (2.7)
¢1‘n71 ¢1‘Own71 gbwlmnfl T stnflwnfl
Definition. Let
ij]_xjé“'zjr
denote the determinant of the submatriz that remains after the rows and columns contain-
ing the derivatives ¢z, , Gu; s - .., G, have been deleted from the Bateman matriz (2.7).
If

Jis-egr€{0,1,...on =1}, 1 <jo<--+<jp, r<n—2, forn>3,
then M,

ez, are the determinants of Bateman matrices, and we call the equations
1:]11:]2 iL'JT. )

=0 (2.8)

the minor Bateman equations of (2.4).

Tj1Tjg - Ljr

Note that the n-dimensional Bateman equation (2.4) has n!/[r!(n—r)!] minor Bateman
equations. Consider an example. If n = 5 and r = 2, then there exist 10 minor Bateman
equations, one of which is given by M., i.e.,

0 ¢2p  Pu1  Pay

det 0 00 ot ot =0. 2.9
¢J31 (;5.1}0321 (;5.1}1.721 ¢x1x4 ( )
¢$4 ¢)$0$4 ¢:p1:1:4 ¢x4x4
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Note that the subscript of M, namely xo and x3, indicates that the derivatives of ¢ w.r.t.
9 or x3 do not appear in the minor Bateman equation.
We can now state the following

Lemma. The Bateman equation (2.4) is equivalent to the following sum of minor Bate-
man equations

n—1 n—1
Z M*le*rjz"'mjr - Z M$0$j133j2“'$j771 =0, (210)
J1:325e-50r=1 J1g2,ejr—1=1

where j1,...,5, €{1,...,n =1}, j1<joe<--<jgp, 7<n—2, mn>3.

Proof. It is easy to show that the general solution of the n-dimensional Bateman equation
satisfies every minor Bateman equation in n dimensions identically. Thus, equations (2.4)
and (2.10) have the same general solution and are therefore equivalent. O

Theorem 1. For n > 3, the singularity manifold condition of the direct n-dimensional
generalization of the sine-Gordon, Liouville and Mikhailov equations (2.6), is given by the
n-dimensional Bateman equation (2.4).

The detailed proof will be presented elsewhere. Let us sketch the proof for the sine-
Gordon equation. By the substitution

v(@) = expliu(a)].
the n-dimensional sine-Gordon equation takes the following form:
2 13 _
vOpv — (Vpv)” + 5 (v — v) =0, (2.11)

where

The dominant behaviour of (2.11) is 2, so that the Painlevé expansion is
0 .
(@) =) vj(@)¢’ ().
=0

The resonance is at 2 and the first two expansion coefficients have the following form:

vy = —4 (Vn¢)2 ) v = 40,¢.

We first consider n = 3. The singularity manifold condition at the resonance is then given
by

O d).'bo d)ml QS.’EQ
det ¢.Z‘0 (bx().r() ¢1‘0I1 ¢1‘01‘2 — 0’

qbﬂ?l ¢x0:p1 qula:l gbxlazg
¢z2 ¢xoz2 ¢x1z2 ¢$2z2

which is exactly the 2-dimensional Bateman equation as defined by (2.4).
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Consider now n > 4. At the resonance, we then obtain the following condition

n—1 n—1

Z Mmjlzjz'“wjn,g - Z M:Jcolesz...zjn74 =0, (2.12)
J1,925-Jn—3=1 J1:J25,jn—4=1

where

]17‘~'7jn—3€{1)-'->n_1}7 j1<j2<"'<jn—3)

i.e., Mxh%---xjnfg and Mxogghxh,__g,;jni4 are the determinants of all possible 4 x 4 Bateman
matrices. By the Lemma give above, equation (2.12) is equivalent to the n-dimensional
Bateman equation (2.4).

The proof for the Liouville and Mikhailov equations is similar.

The wave equations studied above have the common feature that they are integrable

in two dimensions. Let us consider the double sine-Gordon equation in n dimensions:
LU .
O,u + sin 3 + sinu = 0. (2.13)

It was shown by Weiss [19] that this equation does not pass the Painlevé test for n = 2,
and that the singularity manifold condition is given by the Bateman equation (2.2). For
n dimensions, we can state the following

Theorem 2. Forn > 2, the singularity manifold condition of the n-dimensional double
sine-Gordon equation (2.13) is given by the n-dimensional Bateman equation (2.4).

The proof will be presented elsewhere.
In Euler et al. [4], we studied the above wave equations with explicitly space- and
time-dependence in one space dimension.

3 Higher order singularity manifold conditions

It is well known that in one and more space dimensions, polynomial field equations such
as the nonlinear Klein-Gordon equation

Oou + m?u 4+ Mu™ = 0 (3.14)

cannot be solved exactly for n = 3, even for the case m = 0. In light-cone coordinates,
ie.,

w0 — (@0 — r1), X — 5(900 + 1),

(3.14) takes the form

9%u
69c08:c1

u" =0 3.15
, (3.15)

where we let m = 0 and A = 1. The Painlevé test for the case n = 3 was performed by
Euler et al. [10]. We are now interested in the relation between the Bateman equation
and the singularity maifold condition of (3.15) for the case n = 3 as well as n = 2.
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First, we consider equation (3.15) with n = 3. Performing the Painlevé test (Euler et
al. [10]), we find that the dominant behaviour is —1, the resonance is 4, and the first
three expansion coefficients in the Painlevé expansion are

u% = 2¢:}c0 ¢z1 5

Uy = 3 (U0¢z0x1 + U0w1¢zo + u0$0¢x1)

9.2
Up
-3 2
UQzgz1 uouy ),
us = F (u2¢mom1 + u2gy ¢(E0 + u2m0¢w1 + Ulpgr; — 6UOUIU2) .
0

At the resonance, we obtain the following singularity manifold condition:
g — (¢930¢$1 - ¢ac1 ¢x0)2 — 07 (316)

where @ is the two-dimensional Bateman equation given by (2.2) and

0 = (24¢0 85, uorozo Prozo — HAD2, D%, Dromo Prozors — 180595, Pzt Prozomo
F18¢3 92, Brows Prozor + 3605 O, ProwoPuowrar — 392,05, Paowororo
3602 Duy0 02, Duozoss — 60L Buone B2, Parwray + 1808 O3 bugws Dagwray
—6¢3 bz101 D%, Dagmomo T 2408, b2y D2y ararar — HADD, B2, Darar aozran
—18¢% 02, Pagmy Pararar — 305 02, Prrararar + 120503 Guorrara
—18¢% &% bagmoaizr + 1203, 8% brozozoas + 480z, uoa: D20 B2y
—3003, 03 zoz0Paoz: Parzr + 302, Doozg Py Parar — 205,05, 85 4,
308 02 PaowoD2izy — 1508 B2 2oy Paray — 2085 63 4,

480 03, Dozt Prgwy — 2005, D3z — 150505, Bron, Buoro) / (365,02,)-

Clearly, the general solution of the two-dimensional Bateman equation solves (3.16).
For the equation

2
=0 3.17
0xp011 tu ’ ( )

the singularity manifold condition is even more complicated. However, also in this case,
we are able to express the singularity manifold condition in terms of ®. The dominant

behaviour of (3.17) is —2 and the resonance is at 6. The first five expansion coefficients
in the Painlevé expansion are as follows:

ug = _6¢I0¢1‘17
! (W01 2o + Uowe Py + U0Paor,)
U T — U U ,
1= ¢m0¢3:1 Tu o U0z, Pxg Oxo Px1 0Pxoxq
Uy = _2U0 (u()a:oarl + Ul ulwﬂbmg - ulxod’azl - U1¢xox1) s
1
us = —7—— (u1I0x1 + 2”1“2) B

2U(]
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1 2
Ug = —m (U3¢xox1 + Ugpzy + 2U1U3 + U3, Py + U3wy Py + UQ) )
1

_m (2“1U4 =+ QU4¢$0$1 + QU4$O¢$1 =+ QU43E1¢$0 + 2uoug + u:;xozl) .
xo Px1

us =

At the resonance, the singularity manifold condition is a PDE of order six, which consists
of 372 terms (!) all of which are derivatives of ¢ with respect to zg and z;. This condition
may be written in the following form:

1P 4 02U + (¢py U, — G, Wy — 030 — 04D)% = 0, (3.18)
where ® is the two-dimensional Bateman equation (2.2), and
U= ¢x0q)x1 - d):mq)a:o-

The ¢’s are huge expressions consisting of derivatives of ¢ with respect to g and x1. We
do not present these expressions here. Thus, the general solution of the Bateman equation
satisfies the full singularity manifold condition for (3.17).

Solution (2.5) may now be exploited in the construction of exact solutions for the above
wave equations, by truncating their Painlevé series. A similar method, as was used in the
papers of Webb and Zank [17] and Euler [5], may be applied. This will be the subject of
a future paper.
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Abstract

Using the subgroup structure of the generalized Poincaré group P(1,4), the symme-
try reduction of the five-dimensional wave and Dirac equations and Euler-Lagrange—
Born-Infeld, multidimensional Monge—Ampere, eikonal equations to differential equa-
tions with a smaller number of independent variables is done. Some classes of exact
solutions of the investigated equations are constructed.

1 Introduction

The knowledge of the nonconjugate subgroups of local Lie groups of point transformations
and construction in explicit form of the invariants of these subgroups is important in
order to solve many problems of mathematics. In particular, in mathematical physics, the
subgroup structure of the invariance groups of partial differential equations (PDEs) and
the invariants of these subgroups allow us to solve many problems. Let me mention some
of them.

1. The symmetry reduction of PDEs to differential equations with fewer independent
variables [1-10].

2. The construction of PDEs with a given (nontrivial) symmetry group [6,8,9,11-14].

3. The construction of systems of coordinates in which the linear PDEs which are
invariant under given groups admit partial or full separation of variables [15-20].

The development of theoretical and mathematical physics has required various exten-
sions of the four-dimensional Minkowski space and, correspondingly, various extensions of
the Poincaré group P(1,3). One extension of the group P(1,3) is the generalized Poincaré
group P(1,4). The group P(1,4) is the group of rotations and translations of the five-
dimensional Minkowski space M (1,4). This group has many applications in theoretical
and mathematical physics [21-24].

The purpose of the present paper is to give a survey of results obtained in [25-37] as
well as some new results.
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2 The subgroup structure of the group P(1,4)
The Lie algebra of the group P(1,4) is given by 15 basis elements M, = —M,,, (p,v =
0,1,2,3,4) and P, (u=0,1,2,3,4) satisfying the commutation relations

2P =0, (M. Py = 940 Pl — 9o P,

ot o
|:M//u/7 M;o'i| = gupMz//g + gl/O'M;/j,p - gupM;/w - gHO'Mz//,m

where gog = —g11 = —g22 = —933 = —gaa = 1, gy = 0, if u # v. Here and in what follows,
M, = iMy,.

In order to study the subgroup structure of the group P(1,4), we use the method
proposed in [38]. Continuous subgroups of the group P(1,4) were found in [25-29].

One of nontrivial consequences of the description of the continuous subalgebras of the
Lie algebra of the group P(1,4) is that the Lie algebra of the group P(1,4) contains
as subalgebras the Lie algebra of the Poincaré group P(1,3) and the Lie algebra of the
extended Galilei group G(1,3) [24], i.e., it naturally unites the Lie algebras of the symmetry
groups of relativistic and nonrelativistic quantum mechanics.

3 Invariants of subgroups of the group P(1,4)

In this Section, we will say something about the invariants of subgroups of the group
P(1,4). For all continuous subgroups of the group P(1,4), we have constructed the in-
variants in the five-dimensional Minkowski space. The majority of these invariants are
presented in [30, 31]. Among the invariants obtained, there are one-, two-, three- and
four-dimensional ones.

Let us note that the invariants of continuous subgroups of the group P(1,4) play an
important role in solution of the problem of reduction for many equations of theoretical
and mathematical physics which are invariant under the group P(1,4) or its continuous
subgroups.

In the following, we will consider the application of the subgroup structure of the group
P(1,4) and the invariants of these subgroups for the symmetry reduction and construction
of classes of exact solutions for some important equations of theoretical and mathematical
physics.

4 The nonlinear five-dimensional wave equation

Let us consider the equation
TS 7235735 a3 a5 =F(u), (4.1)

where u = u(x), = (zo, 1,22, 23,24), F' is a sufficiently smooth function. The invari-
ance group of equation (4.1) is the generalized Poincaré group P(1,4). Using the invariants
of subgroups of the group P(1,4), we have constructed ansatzes, which reduce the inves-
tigated equation to differential equations with a smaller number of independent variables.
Taking into account the solutions of the reduced equations, some classes of exact solutions
of the equations investigated are been found. The majority of these results have been
published in [30-33].
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Let us consider ansatzes of the form

u(z) = p(w), (4.2)

where w(x) is a one-dimensional invariant of subgroups of the group P(1,4). In many
cases, these ansatzes reduce equation (4.1) to ordinary differential equations (ODEs) of
the form

d2cp+d_<p

— l=¢cF 4.

where some of the new variables w with the k and e corresponding to them have the form

1/2
1.w:(xﬁ+x%+x%—x(2))/, k=3, e=-1;

1/2
z.w:(x§+x§+x§+mi—x3) ;o k=4, e=-1

Let F(p) = Ap™ (n # 1), then equations (4.3) have the form

d’p  dy

—— + ThwTl = edp” 1). 4.4

TE Wt o ) (1.4
This equation is of the Fowler-Emden type. Particular solutions of equation (4.4) have

the form:

_ v
SO—CYLU,

where

20+ k4l - k)] L2
B eA(1 —n)? ' N

On the basis of the solutions of the reduced equations, we have obtained particular
solutions of equation (4.1) with the right-hand side F'(u) = Au" (n # 1).
Let us consider ansatzes of the form

u(z) = p(wi, w2),

where wi(x) and wy(z) are invariants of subgroups of the group P(1,4). These ansatzes
reduce the equation at hand to two-dimensional PDEs. In 22 cases, we obtained ODEs
instead of two-dimensional PDEs.

Let us note that the same situation for nonlinear relativistically invariant equations
was noted and studied in [10].

Let me mention ansatzes of the form

u(r) = p(wi,ws, ws),

where wi(z), wa(z), ws(x) are invariants of subgroups of the group P(1,4). Among the
reduced equations, there are 10 two-dimensional PDEs.
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5 Separation of variables in M(1,4)

Using the subgroup structure of the group P(1,4) and the invariants of its subgroups,
we have constructed systems of coordinates in the space M(1,4), in which a large class
of linear PDEs invariant under the group P(1,4) or under its Abelian subgroups admits
partial or full separation of variables. Using this, we have studied the five-dimensional
wave equation of the form

Ou = —/£2u, (5.1)

u(x) = u(xg, 1, 72,73, 24) is a scalar C? function, x = const. As a result of partial (or
full) separation of variables, we obtained PDEs with a smaller number of independent
variables (or ODEs) which replace the original equation. Some exact solutions of the five-
dimensional wave equation have been constructed. More details about these results can
be found in [34].

6 The Dirac equation in M (1,4)

Let us consider the equation
('Ykpk — m) Y(x) =0, (6.1)

where © = (x¢, 21, X2, T3, T4), Pk = ia%; k=0,1,2,3,4; v are the (4 x 4) Dirac matrices.
Equation (6.1) is invariant under the generalized Poincaré group P(1,4).

Following [39] and using the subgroup structure of the group P(1,4), the ansatzes
which reduce equation (6.1) to systems of differential equations with a lesser number of
independent variables are constructed. The corresponding symmetry reduction has been
done. Some classes of exact solutions of the investigated equation have been found. The

part of the results obtained is presented in [35].

7 The eikonal equation

We consider the equation

uuy = (ug)? — (u1)® — (u2)? — (us)® =1, (7.1)

where v = u(x), * = (29, x1,22,23) € M(1,3), v, = 887“, ut = g"uy, u,v =0,1,2,3.
o

From the results of [40], it follows that the symmetry group of equation (7.1) contains
the group P(1,4) as a subgroup. Using the subgroup structure of the group P(1,4) and the
invariants of its subgroups, we have constructed ansatzes which reduce the investigated
equation to differential equations with a smaller number of independent variables, and
the corresponding symmetry reduction has been carried out. Having solved some of the
reduced equations, we have found classes of exact solutions of the investigated equation.
Some of these results are given in [30, 31, 36].

It should be noted that, among the ansatzes obtained, there are those which reduce
the investigated equation to linear ODEs.
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8 The Euler-Lagrange-Born-Infeld equation

Let us consider the equation
Ou (1 — wyu”) + utu"uy, =0, (8.1)
where v = u(z),r = (xo,x1,22,23) € M(1,3), u, = %, Uy = %, utt = g'u,,
f3 xHOx

9w = (1,-1,-1,-1)6,, p,v = 0,1,2,3, O is the d’Alembert operator.

The symmetry group [40] of equation (8.1) contains the group P(1,4) as a subgroup.

On the basis of the subgroup structure of the group P(1,4) and the invariants of its
subgroups, the symmetry reduction of the investigated equation to differential equations
with a lesser number of independent variables has been done. In many cases the reduced
equations are linear ODEs. Taking into account the solutions of reduced equations, we

have found multiparametric families of exact solutions of the considered equation. The
part of these results can be found in [36].

9 The multidimensional homogeneous Monge-Ampere equation

Consider the equation

det (uu) =0, (9.1)

2
where u = u(x), x = (zo, x1, x2,23) € M(1,3), up, = E%UJT—’ p,v=0,1,2,3.
nOLy

The symmetry group of equation (9.1) was found in [40].

We have made the symmetry reduction of the investigated equation to differential
equations with a smaller number of independent variables, using the subgroup structure
of the group P(1,4) and the invariants of its subgroups. Among the reduced equations,
there are linear ODEs. Having solved some of the reduced equations, we have obtained
classes of exact solutions of the investigated equation. Some of these results are presented
in [36].

10 The multidimensional inhomogeneous Monge-Ampere equation

In this section, we consider the equation
det (uu) = A (1 — wu’)®, AN£0, (10.1)
where u = u(z), v = (zg, 1,22, 23) € M(1,3), uyy = 0%u W= g0y, g = U
) 0y, L1,4L2,L3 ) 7uv—m> g aaa—Bx_av
g/ﬂ/ = (17 _17 _17 _1)5,11»1/7 H,V, 0 = 07 17 27 3.
Equation (10.1) is invariant [40] under the group P(1,4).
We have constructed ansatzes which reduce the investigated equation to differential
equations with a less number of independent variables, using the subgroup structure of the
group P(1,4) and the invariants of its subgroups. The corresponding symmetry reduction

has been done. Some classes of exact solutions of the considered equation are found. The
majority of these results was published in [37].
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Invariant Equations

Irina YEHORCHENKO

Institute of Mathematics, National Academy of Sciences of Ukraina
8 Tereshchenkivs’ka Str., Kyiv 4, Ukraine
rina@apmat. freenet.kiev.ua

Abstract

We study scalar representations of the Poincaré algebra p(1,n) with n > 2. We present
functional bases of the first- and second-order differential invariants for a nonlinear
representation of the Poincaré algebra p(1,2) and describe new nonlinear Poincaré-
invariant equations.

0. Introduction

The classical linear Poincaré algebra p(1,n) can be represented by basis operators
, 0
Pu = Zguuaiv J;W = TupPv — TvPu, (1)
Ty

where p, v take values 0,1, ..., n; summation is implied over repeated indices (if they are

small Greek letters) in the following way:
r,T, = 1,00 =¥y, =23 — 2t — - — 22

no
g =diag(1,—-1,...,—-1). (2)

We consider z, and z¥ equivalent with respect to summation. Algebra (1) is an invari-
ance algebra of many important equations of mathematical physics, such as the nonlinear
wave equation

Ou = F(u)
or the eikonal equation
UaUe = 0,

and such invariance reflects compliance with the Poincaré relativity principle. Poincaré-
invariant equations can be used for construction of meaningful mathematical models of
relativistic processes. For more detail, see [11].

Submitted to Proceedings of II International Conference 'Symmetry in Nonlinear Mathematical
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In paper [8], scalar representations of the algebra p(1,1) were studied, and it appeared
that there exist nonlinear representations which are not equivalent to (1). Here, we inves-
tigate the same possibility for the algebra p(1,n) with n > 2. We prove that there is one
representation for p(1,2) which is nonlinear and non-equivalent to (1). For n > 2, there
are no scalar representations non-equivalent to (1).

To describe invariant equations with respect to our new representation, we need its
differential invariants. A functional basis of these invariants is presented below together
with examples of new nonlinear Poincaré-invariant equations.

1. Construction of a new representation for the scalar Poincaré algebra

The Poincaré algebra p(1,2) is defined by the commutational relations

[Jo1, Jo2] = iJ12,  [Jo1, Ji2] = iJo2,  [Jo2, Ji2] = —iJoi; (3)
[P;uj;w] =1P, v =0,1,2; (4)
[P,uvpl/] =0. (5)

We look for new representations of the operators P, .J,, in the form
X = 5“($u,u)3xu + 77(»% 1)y (6)

We get from (3), (4), (5) that up to equivalence with respect to local transformations
of x, and u, we can take P,, J,, in the following form:

=1 ,
Pu Guv O

: , ™
Juw = 2Py — TPy + 1 f(w) Oy, (8u = %> )

We designate fo1 = a, foo = b, fi2 = ¢ and get from (2) the conditions on these
functions:

aby, —bay, =¢, acy —ca,=0b, bc, —cb, = —a.

Whence
1

(n(r+vi+r2))

F=a®+b, a=br, c=bA+r)V? b=

Y
u
where r is an arbitrary function of w.

Up to a transformation u — ¢(u), we can consider the following nonlinear representa-
tion of the operators J,,:

Jo1 = —1 (.%'081 + 219y + sin u&u) ,
Joa = —i (xgO2 + 2200 + cosudy) , (8)
Jig = —1 (56132 — 2901 + au) .

It is easily checked that the representation P, (1), J,, (8) is not equivalent to the repre-
sentation (1).
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To prove that there are no representations of p(1,n) , n > 2, which would be non-
equivalent to (1), we take P,, J,, in the form (6) and use the commutational relations of
the algebra p(1,n). Similarly to the previous case, we can take P,,.J,, in the form (7),
and get from commutation relations for .J,,, that

f()2a+fgb:f3bv f3b+fl)20+fgc:0a a,b,c=1,...,n.

Whence all f,,, = 0, what was to be proved.

2. First-order differential invariants for a nonlinear representation

Definition. The function F(z,u, Ul ,1’%), where x = (xg, X1, . . .,xn),% is the set of
all k-th order partial derivatives of the function u, is called a dif ferential invariant for
the Lie algebra L with basis elements X of the form (6) if it is an invariant of the m-th
prolongation of this algebra:

m
XsF(x’“’ﬁ"g""’},‘L):)‘8($7u’71"7é‘""’%)F' 9)

Theoretical studies of differential invariants and their applications can be found in
[1-4].

Here, only absolute differential invariants are considered, for which all Ay, = 0. We
look for a first-order absolute differential invariant in the form F = F (u,llb) We use

designations ug = x,u; = y,us = z, and from (9) get the following defining conditions for
F:

sinulF, — xFy — yFy + cosu(xFy, + yFy + 2F,) =0,
cosuFy, — xF, — 2F, —sinu(xF, + yF, + 2F,) = 0,
P, —yF, +z2F, = 0.

From the above equations, we get the only non-equivalent absolute differential invariant
of the first order for the representation P, (1), Ju (8):

7 Ug — U1 COS U + ug sin u 10
1= u? — u? — u2 ' (10)
0 1 2

The expressions
Ug — U1 COSU + Uz sinu (11)
and
uf — ui —u3 = uyuy, (12)

are relative differential invariants for the representation P, (1), J,. (8).
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3. Second-order differential invariants for a nonlinear representation

Here, we adduce a functional basis of second-order differential invariants for the represen-

tation P, (1), Ju (8). These invariants are found using the system of partial differential

equations, obtained from the definition of differential invariants (9). The basis we present

contains six more invariants in addition to I; (10).
Fy

I = (13)
2_ .2 9\3/2°
(uf — ui — u3) /
where
Fi = Muo — ug cosu + ug sinu) = ugp — 2ug1 cos u + 2ugz sinu + u11 cos? u—
—2u1g sinw cos u 4 ujg sin® u — uguy sin u — ugua COS U — u% sin u cos u+ (14)
+ujug(cos? u — sin? u) + u? sin u cos u.

L is an operator of invariant differentiation for the algebra p(1,2), P, (1), Ju (8):

L = 9y — cosud; + sin u0ds. (15)
Its first Lie prolongation has the form

1

L =L — (uj cosu + ug Sin u)uq0y,, -

Fy
el

Iy = (16)

where
1
Fy = L(uf — ui — u3). (17)

The remaining invariants from our chosen basis do not contain trigonometric functions.
To construct them, we use second-order differential invariants of the standard linear scalar
representation of p(1,2) (1) [5]. The notations used for these invariants are as follows:

r= U(Q) - U% - u%’ S1=0u, S2= UppyUpy S = UpUpy Uy, (18)
18
Sy = UppUpalya, S5 = UpUppUpaUe-
It is easy to see that the expressions r, 51, S92, 53, S4, S5, where p,v,a = 0,1, 2, are func-
tionally independent. The absolute differential invariants of the nonlinear representation
of p(1,2) Iy, I5, Is, Iy look as follows:

Iy = (S3—rS))r~32, I = (Syr? — S2)r™3,  Ig = (Ssr — S2)r—3,

1 (19)
Iy = (7«54 — 3(S155 — S7 S5 + grsf) r5/2,

Proof of the fact that the invariants Iy, I, ..., I7 present a functional basis of absolute
differential invariants of the nonlinear representation of p(1,2) consists of the following
steps:

1. Proof of functional independence.

2. Proof of completeness of the set of invariants.

The first step is made by direct verification. The second requires calculation of the rank
of the basis of the non-linear representation of p(1,2). The rank of the set (Jo1, Jo2, Ji2)

(8) is equal to 2, and F' (u, u, 121) depends on 9 variables. So, a complete set has to consist

of 7 invariants.
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4. Examples of invariant equations and their symmetry
The equation
ug —ugcosu + ugsinu =0 (20)

is invariant with respect to the algebra p(1,2) with basis operators P, (1), J,. (8). The
following theorem describes its maximal symmetry:

Theorem 1. FEquation (20) is invariant with respect to an infinite-dimensional algebra
generated by operators

X = &%z, u)d + &' (z, u) O + (2, u)d2 + n(x, u)dy,
where
n =n(u,x1 + xgcosu, xg — xgsinu),
€0 = €920, u, 21 + T0 COSU, T2 — TSN U),
&' = ol (u, 21 + 20 cOSU, T2 — T SinU) + Nrgsinu — &y cos u,
€2 = p?(u, z1 + 0 COSU, T2 — T SiNU) + NI cos u + &g sinu;
n, €2, !, ©? are arbitrary functions of their arguments.

The theorem is proved by means of the Lie algorithm [6, 7, 12].

The infinite-dimensional algebra described above contains as subalgebras the Poincaré
algebra p(1,2) (operators P, of the form (1), J,, of the form(8)) and also its extension
- a nonlinear representation of the conformal algebra ¢(1,2). For details on nonlinear
representations of ¢(1,2), see [10]. A basis of this algebra is formed by operators P, (1),

T (8),
D =x,0,, K,=2z,x,0,— 220, +in¥(x,u)dy; p,v=0,1,2, (21)
where
n° = 2(x1sinu+ ax9cosu), 7' = —2(xa — xosinu), 7*=2(x1 + xcosu).
Equation (20) has the general solution
u=®(x1 + xocCcosu, xa — xgsinu).
The transformation
u=u, xTo==x9, I1=I1+TpCoSuU, Tg9 = Ty — TosSinu

applied to (20) yields the equation

17;0 =0. (22)
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A simplest linear equation (22) appears to be invariant with respect to the following
nonlinear representation of p(1,2):

Py = i(COS w0y — sinudy + 60), ﬁl = —i01, ﬁz = —i0sy,

2u — x1 cosu)d; — sinu(zy — xo cosu)da+

j()l = —i((xo sin
+(z1 — o cosu)dp + sin u@u),

2 — wg cosu)dy + cosu(xe + g cosu)d+

Joz = —i((aco cos
+(z9 + xgsinu)dy — cos uf)u),
j12 = —1(1'182 — 2901 + 8u)

Examples of explicit solutions for equation (20):

cos le 1 (T cos™! T
u = 2—212 + tan — ] U=——""
(22 + 23)~Y T2 c—
1 /c—x 1 /ct+x0+x
u—tanl( 1); u:2tanl(#>.
T2 T2
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Abstract

Representations of subdirect sums of the extended Euclid algebras AE(3) and AE(1)
in the class of Lie vector fields are constructed. Differential invariants of these algebras
are obtained.

Description of general classes of partial differential equations invariant with respect to a
given group is one of the central problems of the group analysis of differential equations.
As is well known, to get the most general solution of this problem, we have to construct
the complete set of functionally independent differential invariants of some fixed order
for all possible realizations of the local transformation group under study. Fushchych
and Yehorchenko [2-4] found the complete set of first- and second-order differential in-
variants for the standard representations of the groups P(1,n), E(n), G(1,n). Rideau
and Winternitz [5, 6] have obtained new realizations of the Poincaré and Galilei group in
two-dimensional space-time. New (nonlinear) realizations of the Poincaré groups P(1,2),
P(2,2) and Euclid group E(3) were found by Yehorchenko [7] and Fushchych, Zhdanov &
Lahno [8, 9, 10].

In this paper, we consider the problem of constructing the complete set of the second-
order differential invariants of subalgebras of a subdirect sum of extended Euclid algebras.
These algebras are invariance algebras of a number of important differential equations (for
example, the Boussinesq equation, equations for the polytropic gas [11]).

1. Let V= X x U = R* x R! be the space of real variables zg, x = (1, 22, x3) and u, G
be a local transformation group acting in V' and having the generators

Q = 7(z0, x,u)0z, + £*(x0, T, u)0s, + n(x0, T, u)0y. (1)

By definition the operators (Q1,...,Qn) form the Lie algebra AG and fulfill the commu-
tation relations

[Qaqu] = Cnga a, b,C - 17 e 7N' (2)

The problem of classification of realizations of the transformation group G is reduced to
classifying realizations of its Lie algebra AG within the class of Lie vector fields.
Introduce the binary relation on the set of realizations of the Lie algebra AG. Two
realizations are called equivalent if there exists a nondegenerate change of variables
:f($07x7u)7 a:172737 (3)

/

:U6 = h(xo,z,u), x; = ga(zo, z,u), u
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transforming them one into another. Note that the introduced equivalence relation does
not affect the form of relations (2) [1]. Furthermore, it divides the set of all possible
representations into equivalence classes.

We consider covariant realizations of subalgebras of a subdirect sum of the extended
Euclid algebras AE(1) and AFE(3). Saying about a subdirect sum of these algebras, we
mean two algebras. If L is a direct sum of the algebras AF(1) and AE(3), then its basis
operators satisfy the following commutation relations:

[Po, Pa] = [Po, Jab] = [P, Ps] = 0;
[Pa7 ch} = 5ach - 5(1ch; (4)

[Jaln ch] = 5adec + 5chad - 5achd - 5bd<]ac§

[P()u-Dl]:POv [PaaDQ]:Paa

[Po, D2] = [D1, Da) = [Py, D1] = [Jay, D1] = [Jap, D2] = 0, ®)

where a,b,c,=1,2,3, dup is Kronecker symbol.

Next, if K is a subdirect sum of the algebras AE(1) and AE(3) and K is not isomorphic
to L, then its basis is formed by the operators Py, P,, Ju, D that satisfy the commutation
relations (4), and

[Py, D] = kPy, [P,,D]|=P,, [Jw,D]=0, (6)
where a,b=1,2,3, k#0, k € R.

Lemma 1. An arbitrary covariant representation of the algebra AE(1) & AE(3) in the
class of vector fields is reduced by transformations (3) to the following representation:

PO = 83307 Pa = 8:ca7 Jab = xaaxb - xbaza7 a, b= 1; 27 3. (7)

The proff of Lemma 1 follows from the results of Theorem 1 [8].

Theorem 1. Nonequivalent covariant representations of the Lie algebra L in the class of
vector fields are exhausted by representations (7) of the translation and rotation generators
and one of the following representations of dilatation operators:

Dy = 200z, D2 = 740z,; (8)
Dy = 200z, D2 = 240, + 2udy; (9)
Dy = 200y, — u0y, Dy = x40y, + kud,, k#0; (10)
Dy = 200z, — udy, Do = x40s,; (11)
Dy = 290z, +u0y, D2 = u0y, + x404,. (12)

Theorem 2. Nonequivalent covariant representations of the algebra K in the class of
vector fields are exhausted by representations (7) of the translation and rotation generators
and one of the following representations of dilatation operators:

D = kxg0yy + 2405,, k #0, (13)
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D = kxo0y, + x40z, +udy,, k#D0. (14)

To prove these theorems, it is sufficient to complete the representation of the algebra
AE(1)® AE(3) obtained in Lemma 1 by dilatation operators of the form (1) and to verify
that the commutation relations (5) or (6) are true.

2. Consider the problem of description of second-order partial differential equations of
the most general form

F (ac,u,u,u) =0, (15)
12

invariant with respect to the obtained realizations of the algebras L and K in the class of
the first-order differential operators.

As is known [1], this problem can be reduced to obtaining the differential invariants of
the given algebras, i.e., solving the following first-order partial differential equations:

X; v (xo,x,u,u) =0, i=1,...,N,
2 12
where X; (i =1,...,N) are basis operators of the algebras L or K.
2

Lemma 2. The functions

u, Uo, uoo

Sl = UqUq, SQ = Uqa, 53 = UqUgbUp, (16)
Sy = UgpUah, S5 = UgUabUpcle, 56 = UghUpcUcas

S7 = UqUpq, S8 = UpaUpas S9 = UgaUobUab

form the fundamental system of second—order differential invariants of the algebra AE(1)®
AE(3). Here, a,b,c = 1,2,3, we mean summation from 1 to 3 over the repeated indices,
Ju B 0%u
8—%7 Hab = axa(‘)xb'

The lemma is proved in the same way as it is done in the paper by Fushchych and
Yegorchenko [4].

Theorem 3. The functions Aj (j =1,2,...,10) given below form the basis of the funda-
mental system of differential invariants of the second-order of the algebra L:
1) Ay = ugoyg 2, Ay =SSy, Az =S35;7, Ay = 54572,
As = S557%, As = S6S13, A7 =Srug'Syt,  As = Ssuy?St,
Ag = SQUGZS;Q, Ao = u,

if the generators Dy, Doy are of the form (8).

Ugq =

2) A =St Ay =5, Az =Ssu™t,  Ay= Sy, As = Ssu™?,
A6 = S@, A7 = S7u61, Ag = S’guugz, Ag = S’guu62, A10 = U(]ouuaz,
if the generators Dy, Dy are of the form (9).
3) Ay = ut" ey, Sk, Ay = uuy 2S5k, Az = uS 3k sk
Ay = uS~ Py gk, As = u!2~ oy 85k Ag = u12-3ky 05k,

A7 — u—k—i—4uak—2Sl7c7 AS _ u4u—2k—25§:’ Ag — U_k+8u_2k_2sg7

—2
A1o = uug “ugo,
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if the generators Dy, Dy are of the form (10).
4) A = u_3u00, Ay = USQSfl, A3 = US3Sf2, Ay = u2545f2,
As = u?S5873,  Ag=ulSeSy3, Ay =u1S757!, Ag=u"2SS; ",
Ag = U_1395;2, A10 = U_QUO,

if the generators Dy, Dy are of the form (11).

5) A1 = ug®udyexp(2ugt) Sy,

A2 = u56u00 exp(2ual)[u0051 + U(Q)SQ — 2’U,()S7],

Az = u514u80 exp(4u51)[u003f — 2uS1 S7 + u3Ss),

Ay = ug Pudyexp(dug 1) [2ud(S1Ss + S2) + udy S+
’11654 — 4ugugnS157 — 4’11651_15357 + 2ugu0053],

As = ugmuéo exp(ﬁual)[u5455 — 4u= 5357+
u66(3515$ + S%Sg + 2u00515’3) — 4ua7u005%57 + uasu%OSf,

Ag = uglsugo exp(6u51)[u856 — 2u8(5’§5’751—2 + 255575’1_1)—1—
3u3(3159 + S3.5% + 2535351_1 + UO()Sg,) - 2u(3)(3515758 + S; + 6U0083S7)+
3u%u00(51258 + 3515% + u005153) — GUOugOS%S7 + u%OSi”],

A7 = u67u00 exp(2u51)(u0051 — U()S7),

Ag = uaﬁ exp(2u51)(u3051 — 2uguopSt + udSs),

Ag = uauuoo exp(4ual)[u659 — 2u}(S7Ss + u00S357S7 )+
u%(?)uooS% + 2100 S1.5% + ugoSg) - 4UO'LL%05157 + ugOS%],

A1o = uug ugo,

if the generators Dy, Do are of the form (12).
Here S1,53,...,S9 are of the form (16).

Theorem 4. The functions Q; (j =1,2,...,11) given below form the basis of the funda-
mental system of differential invariants of the second-order of the algebra K :

—2 2 —4 —4
k, —6 k, —6 k, —(2+k) k, —2(1+k
Q5 = Skug®, Qs = Skug®,  Qp = Shug @™ Qg = Skug 2R,
—2(k+2 _9
Qg = Sku, ( ), Qo = woouy °, Q11 = u,

if the generator D is of the form (13).

2) =05, Qy = Sou, Q3 = S3u, Q4 = Syu?,
Q5 = Ssu?, O = Sgu®, Q7 = S7uk, Qg = Squk,
Qg = Sou? 1 Q19 = ugou?~1, Q1 = uput1,

if the generator D is of the form (14).
It follows from Theorems 3, 4 that for the case of the algebra L (15), reads as

F(AI’A27 o e 7A10) . O,
and for the case of the algebra K, (15) takes the form

(I)(Ql, QQ, cey Qll) = 0.



210

H. Lahno

References

Ovsyannikov L.V., Group Analysis of Differential Equations, Moscow, Nauka, 1978.
Fushchych W.I. and Yehorchenko I.A., Proc. Acad. Sci. Ukraine, 1989, N 4, 19.
Fushchych W.I. and Yehorchenko I.A., Proc. Acad. Sci. Ukraine, 1989, N 5, 46.
Fushchych W. I. and Yehorchenko I.A., Acta Appl. Math., 1992, V.28, N 1, 69.
Rideau G. and Winternitz P., J. Math. Phys., 1990, V.31, N 9, 1095.

Rideau G. and Winternitz P., J. Math. Phys., 1993, V.34, N 2, 558.

Yehorchenko I., Nonlinear representation of the Poincaré algebra and invariant equations, in: Sym-
metry Analysis of Equations of Mathematical Physics, Kyiv, Institute of Mathematics, 1992, 40.

Fushchych W., Zhdanov R. and Lahno V., J. Nonlin. Math. Phys., 1994, V.1, N 3, 295.
Fushchych W.I., Lahno V.I. and Zhdanov R.Z., Proc. Acad. Sci. Ukraine, 1993, N 9, 44.
Lahno V.I., Proc. Acad. Sci. Ukraine, 1996, N 8, 14.

Fushchych W.I., Shtelen W.M. and Serov N.I., Symmetry Analysis and Exact Solutions of the Non-
linear Equations of Mathematical Physics, Kyiv, Naukova Dumka, 1989.



Symmetry in Nonlinear Mathematical Physics 1997, V.1, 211-213.

To Separation of Variables in
a (14-2)-Dimensional Fokker-Planck Equation
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Abstract

The problem of separation of variables in a (1+42)-dimensional Fokker-Planck equa-
tion is considered. For the case of constant coefficients of second derivatives, the
classification of coordinate systems, where the variables in the Fokker-Planck equa-
tion are separable, is made and new coordinate systems for one class of this equation,
which provide a separation of variables, are obtained.

Let us consider the Fokker-Planck equation

U = (dijuxj)xi — (a;u)y, i,j=1,n.
ou u . S
Here, u; = i and u,, = Eroe Coefficients d;; and a; depend on ¢,Z, and d;; are non-
Zi

negative definite quadratic form coefficients. The summation is done over indeices ¢ and j.
If d;; = const, then the two-dimensional Fokker-Planck equation is reduced to

Ut = Ugy gy + Ugomy — (alu)m - (QQU)IQ (1)

by a linear change of variables.
To separate variables in the given equation means to find new variables wp, wi,ws and
a function Q(t,x1,x2) such that equation (1) splits after the substitution of

u=Q(t,x1,x2)po(wo, A1, A2)p1(wi, A1, A2)pa(wa, A1, A2) (2)

into three ordinary differential equations for the functions g, 1, w2. Here, A1, Ao are
separation constants.

A method of classification of coordinate systems, which allow a separation of variables
for the Schrodinger equation, is realized in [1, 2]. It allows one also to obtain explicitly
potentials for which a separation of variables is possible. Let us use this method for the
classification of coordinate systems, which allow us to separate variables in equation (1).
Let

wo=1t, wi(t,r1,22), 1=1,2,
and suppose that solution (2) and

u' = Q' (t, A1, A9) @1 (W, A1, Ag) @ (wh, AT, AY)
are equivalent if

Q/ = Q@l(wl)fbg(wg), wg = Qi(wi), )\; = Ai(/\l, )\2), 1= 1, 2. (3)
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d
Substituting (2) to (1), splitting the obtained equation with respect to o, ¢1, Y2, d_gm’
w1
d
d—(’DQ, A1, A2, and considering the relations of equivalency (3), we have that (1) splits into
w2
the system of three linear ordinary differential equations
d
T = () + dara(t) + ro(6) o,
d2<P1 .
7 (A1b11(w1) + Agbai(wr) + boi(wi))e1 (4)
1
s
T2 (A1bi2(w2) + Aabaa(wa) + bo2(w2)) w2,
2
where
oo
rank b11 b21 =2
bi2 b2

and the functions w1, wo, @, a1, ag satisfy the system of equations

WigWog, + WigoWog, = 0, (5)
bin (w1) Wiy, + Wig,) + biz(w) (W, + w3y, +71(8) =0, i=1,2, (6)
Qw’it - QAWZ - 2Q$1wi1‘1 - 2Q$2wi1‘2 + alei:D1 + a?Qwiwz = 07 1= 17 27 (7)

Qt - AQ - Qb()l (wl)(w%zl + w%xz) - Qb02 (WQ)(w%x1 + w%xg)_
—Qro(t) + Qe a1 + Quya2 + Q(a14, + a24,) = 0.

While solving equations (5) and (6), we define coordinate systems providing a separa-
tion of variables in equation (1), determined up to the equivalency relation (3). Substi-
tuting the obtained expressions for wi,ws into equation (7), we have functions Q(t, x1, x2)
explicitly for each of the found coordinate systems and also the condition, imposed on a1,
as for a providing of system compatibility. The substitution of the obtained results into
(8) gives the equation for coefficients aq, ay. If we succeed in solution of this equation,
we obtain the functions aj, ag, with which the variables in equation (1) separate in the
corresponding coordinate systems. Here, we give the list of coordinate systems, which
provide the separation of variables in equation (1) and the functions Q(t, z1, z2) explicitly,
which correspond to these variables.

1) w1 = A(t)(x1 cos at + zgsinat) + Wi(t),
wo = B(t)(x1 sinat — xg cos at) + Wa(t),

A B
Q(t, 1, z2) = exp 1A (23 cos? at + 23 sin? at) + 1B (2% sin? at + x3 cos? ozt)) X
x 1(A_B in ot cos ot + Wl( t+zpsinat) | x
xpl=|——= in — in
exp | 5| 3 — g | rzsinatcosal + o (i cosal +apsina

Wa, F
x exp | — (x1 sinat — x5 cos at) + 5
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2) xp = W(t)e*t cos(wa + at) + Wi(t), w9 =W(t)e*" sin(ws + at) + Wa(t),
Q(t,x1,12) = R(t, 71, 72)

1
3) x1=WI(t) (wlwg cos ot + §(w§ — w})sin at) + Wi (t),

1
xo = W(t) <w1w2 sin at + §(w§ — w?) cos at) + Wa(t),

Q(t,xz1,12) = R(t, 1, 22).
4) W (t)(coshwy cosws cos ait + sinh wy sinws sin at) + Wi (t),
W (t)(sinh wy sin wy cos at — cosh wy cosws sin at) + Wa(t),

(t T1,T 2) R(t 1'1,1'2)
Wi

Here, A(t), B(t), W(t), Wi(t), and Ws(t) are arbitrary sufficiently smooth functions,
F oF
0, = axg + a1, Os = —axy + ay, Qlgy — G2, = —20,
R(t,xl,l’g) = exp (—E((:cl — W1)2 + (.TQ — W2)2) — 1W1x1 — 1VVQ%Q) X
AW 2 2

a « F
X exp <—§W2x1 + §W1x2 + 5) .

We note that equation (1) reduces for ag;, —aiz, = 0 to the heat equation with potential
(see [2]).
As an example , let us consider the equation:
Up = Ugyzy + Ugyzy — ((@1121 + a1222)U) 0y — ((a2171 + a2272)0) 4, - 9)

If a12 = a1 (a = 0), it is reduced [2] to heat equation and provides the separation
of variables in five coordinate systems. Equation (9) proves to allow the separation of
variables also when a9 = —a91, a11 = a9s. In this case, four coordinate systems are
obtained, in which equation (9) is separated:

(sin(a1(t + C1))) "L (a1 cos at + z9sin at) + Cy(sin(ay1 (t + C1))) =2,
(C3 + sin(2ay1(t + C1))) Y2 (1 cos at + zosin at),
(sin(a11(t + C4)))~H(z1 sinat — z9 cos at) + Cs(sin(a11 (t + Cy))) 72,
w
2 (Cg + sin(2a11 (t + Cy)))~V/?(z1 sin at — x5 cos at),

Ci,...,Cg are arbitrary real constants.
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Abstract
Exact solulions of the Lorentz-Dirac-Maxwell equations are constructed.
Motion of a classical spinless particle moving in electromagnetic field is described by the

system of ordinary differential equations (Lorentz-Dirac) and partial differential equations
(Maxwell) [1]:

miy, = eFu” + %eQ (i + gt i) (1)
where F),, = % — % is the tensor of electromagnetic field
Uy =y = C?—T“, uyut = 1. (3)

Some exact solutions of system (1), (2) can be found in [2].
In the present paper, we have obtained new classes of exact solutions of the Lorentz-
Dirac-Maxwell system using P(1,3) symmetry properties of (1), (2).
1. Let us show that if system (1) is invariant with respect to the algebra
o 0 0 0
By 0wy oy~ 0w

then its particular solutions can be looked for in the form

(4)

T1 = ar, 1 = Rcosdr, To = Rsindr, x3 = br, (5)

where a, b, d, R are constants.
Indeed, equation (1) admits algebra (4) if and only if

OE O0H OE 9oH

duy 0wy w3 Ozs

0, 1 — aanQ = a2 E1 — a1 B2, (6)
Ors or

0H, OH,

a
— ——x9 = 0g2H1 — 001 Ho.
B Ty Dy T2 = 02111 — Oq1412
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The general solutions of equations (6) read:

Hy = fiz1 + foxo, Hy = fizo — foxn, Hs = fs,
Ey = f3x1 + faxa, Ey = f3xe — fax, Es = fe,

where f; = fi(af + a3).
Substituting (7) into (2), we find functions f;

i
x? + 2%’

Substituting expessions (5) into (1), where F),, is given by (7), (8), we obtain the
additional condition for the constants a, b, d, R, A;:

a* —b* — R*d* =1,

aR*d" + 2—36{>\6b — Md} =0,
R*d® = —R'd° + %{m — b1},
%deQ + aX3 + by + R%d)\s = 0.

2. To construct another class of exact solutions of equations (1), (2), we require the
invariance of (1) with respect to the algebra

o 0 0 0 0

— Tl 0. 10
<8x1’ (‘3x1’x1 8$2 8$1 a:L‘()>7 @ 7& ( )
In this case, solutions (1) can be looked for in the form:

To = ar, 21 = Rcos %, o :Rsin%, x3 =0, (11)

where a, R, o are constants.
Indeed, a requirement of the invariance of (1) with respect to algebra (10) yields the
following form of the functions FE;, H;:

xg . X0 . Zo xg

Ey = ficos — + fasin—, Ey = fasin — — ficos —, E3 = fe,
x0 . X0 . X x0

Hy = f3cos — + fysin —, Hy = f3sin — — f4cos —, Hs = fs,
(e} o (e} (e}

where f; = fi(z3).
The electromagnetic field {E;, H;} (12) satisfies the Maxwell equations if the functions
fi are of the form

3 . X3 3 . T3
f1 = A1c08s — + Agsin —, fo = Aszcos — + Agsin —,
o « o «
. T3 3 . T3 3
f3 = —Aysin — + Ag cos —, f1 = —Agsin — + Agcos —, (13)
« « o o

f5 = As, fe = e,

where \; = const.
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After substituting expressions (11) into (2), where E;, H; are determined from (12),
(13), we obtain the following expressions for constants:

a2

3 5
3
R <3> + (g) R’ + —aXy = 0.
« o 2e

2
a? <1 - R—> T V5% m-=R = e,
(6% (6%
(14)

Thus, exact solutions of (1), (2) are given by formulae (11)—(14).
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Abstract

The evolution equation of the following form uy = f(u, Au) which is invariant under
the conformal algebra are investigated. The symmetry property of this equation is
used for the construction of its exact solutions.

Analyzing the symmetry of the nonlinear heat equation
up = O (u1f(u)) (1)
in paper [1], L. Ovsyannikov showd that, in case
4
F(u) = Au" 3,

the widest invariance algebra consists of the operators:

G, G,
—— .01 = —, Dy = 4x00y + 3udy, Dy = 2210, + udy, K = 120, + x1ud,,)
89@0 8951

(00 =
We shall consider a generalization of equation (1) in the form:
up = F(u,u11) (2)

and define functions F' with which equation (2) is invariant with respect to the algebra:

0 0

A:<60:87x07 1:87.%'1’

Dy = 22101 + u0y, K = w%@l + x1udy). (3)

Theorem 1. Equation (2) is invariant with respect to algebra (3) under the condition:
F(u,un) = uf(uun), (4)

where f is an arbitrary function.

Proof. Coordinates &9, &1, i of the infinitesimal operator
X = 5080 + gaaa + 773u,
of algebra (3) have a form

50 :07 gl :J}%, n=aru,
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Using the invariance condition of equation (2) with respect to algebra (3) (see, for example,
[2]) we have:

OF OF
— — — =F
u ou 3U118u11 (5)

The general solution of equation (5) has the form (4). Theorem is prooved.

When the function F is given by formula (4), equation (2) has the form:
up = wf (udury). (6)
We research the Lie’s symmetry of equation (6).

Theorem 2. Equation (6) is invariant with respect to the algebra:

a 781:£

1. A:<80:a—$0 851317

Dy =21101 + 1o, K = 56%31 + x1u8u> (7)
if f is an arbitrary smooth function,

4
2. Ay = (A, Dy = 22000 + udy, G = udy, Ky = z1ud) + u?d,) (8)

1
if f = Muuiy, (A1 is an arbitrary constant),

3. Ay =(A,Q1 = 6_%’\23:0317 Q2 = 6_%’\”0(50 + Aoudy)), 9)

1
if f =X uui; + A2, (A2 is an arbitrary constant Ag # 0),
Theorem 2 is proved by the standard Lie’s method [2].

Remark 1. From results of Theorem 2, it is follows that equation (6) has the widest
symmetry in case where it has a form:

1
up = \uu,. (10)

We use the symmetry of equation (10) to find its exact solutions. The invariant solu-
tions of this equation have such a form:

W = p(w), (11)
where w, W are first integrals of the system of differential equations:
Ty = 4Kk1x9 + do,
71 = a12? + (agx1 + gu + 2k21 + di, (12)
0 = ayriu + agu? + (kg — 3K1)u;

Depending on values of the parameters x1, ko, dg, d1, a1, as, g, we receive different solutions
system (12).

Substituting anzatses built with the help of invariants of algebra (8) in equation (10),
we obtain reduced equations. The solutions of system (12), corresponding anzatzes, and
reduced equations are given in Table 1.
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Remark 2. All the received results can be generated by the formulae:

4
zy = e 3%2x0 + 6

, 2031 + 0720 + 05
€r1 =
! 14 05041‘16203 + 06egu + 0, (13)
efatb2y,

!/

u = y
1+ 0594:618293 + 06egu + 6y

where 01, ...,07 are arbitrary constants. The way of generation is described in [3].

We shall consider the case of variables x = (z¢, Z) € Rit,. We generalize equation (1)
in such a way

ug = F(u, Au), (14)
and the operator K is replaced by the conformal operators
K, = 22,D — 720, (15)

where D = 2,0y + k(u)0y, k = k(u) is an arbitrary smooth function.

Theorem 3. Equation (8) is invariant with respect to the conformal algebra AC(n) with
the basic operators

0 2—n
1. 0, = a_l‘a7 Jab = 2aOp — Tp0a, D = 2,0, + 9 Uy, (16)
Ko =2x,D —#%0,; a,b=1,...,n,
if
24n
F = u®(uzn Au), n # 2. (17)
2. 0u, Jio=x100 — 1201, D = 2,0, + 20y, K, =2x,D — ”6,1; a=1,2, (18)
if

F = ®(e"Au), n=2. (19)

Proof. Using the invariance condition of equation (14) with respect to operators (15) to
find function F', we have the following system

KF—kF — (K —2)AuFy, =0,
(20)
(2K'+n—2)F, = 0.
From the second equation of system (20), we receive
9 _
k= 2nu, n # 2, (21)

k = const, n=2. (22)
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Table 1.
N w Anzatzes Reduced equations
1]z u=pw) "'=0
2 | xo u = xlgo(w) =0
A7
3|z u=/r1p(w = _p3
0 VI1p(w) @ s
7
4 | xg u= /2% + lp(w) ¢ = Ak2p3
5| @ u=/z} - lpw) ¢ = -\
z1 k 3
6 | xo T Te2= p(w) ¢ = —=A\V2k
"1
7| z1 + maxg u=p(w) o = Ap?p3
]. 1
8 | — +muxo u=z10(w) ¢ = /\g02<p?1
Ty
/ 2 1 ]‘ %
9| Inzy + mxo U = 4 /xup(w) o = )\sp o — Z('o
1
10 | arctg x1 + mzo u= /2% + lp(w) ¢ = —)\\3/%902@0” + )3
1
1 \3
11 | arcth z1 + mxg u= /2% — 1p(w) ¢ = Ap? (np" — Zgo) ’
1 k
12 | — 4+ mao gl — = ¢p(w) my' = Ap(pp — 2¢)3
7iL uoou
13 | — + mxo — = p(w) me' = —\(2k — @")é
u 1 1
14 | 21 + kzou +mzy | u= p(w) k1 +mw = —Xw?p3

15 | z1 + mlnxg

1
16 | — +mlnxg
T

17 | Inzqy + mlnzxg

3 1
my' = o = ApPp
71

3 m
mi' = = Ap?p’3

3 1 5
m' = e = Ap’ (—Zso - so”)

_3 3
18 | arctg x1 +mlnzy | u= x5 *\/2? + 1p(w) mcp’—?p:/\k%(pQ(cp—l—tp”)%

_3 3
19 | arcth z; + mInzg | u =z, * /23 — lp(w) | my’ — i )\k:ggoQ(cp” - ga)%
1 -3 2
20 | —+mlnxg zo 2rut = p(w) p = g/\w(2cp’ + wcp”)%
u
T -3 1 3 / " ni
21 | —+mlnxg zy *uT = p(w) m— Wy = —dw(wp” +2¢')3
u

Substituting (21) and (22) into the first equation of system (20), we have
2

1) F—uF1+2+—"AuF2=o, if 02
-n

2) — kI +20uFs =0, if n=2.
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Without restricting the generality, we assume k = 2. Solving equations (23) and (24), we
obtain formulas (17), (19), and algebra (16), (18). Theorem is proved.

The following theorems are proved by the standard Lie’s method.

Theorem 4. The widest Lie’s algebra of invariance of equation (17) for n # 2 consists
of the operators:

1. (16), Oy, when ® is an arbitrary smooth function;
2. (16), 0o, Do = 2mxzo0p+1,0,, when ®(w) = Aw™, (A, m are arbitrary constants).

Theorem 5. The widest Lie’s algebra of invariance of equation (19) for n = 2 consists
of the operators:

1. (18), Oy, when ® is an arbitrary smooth function;

2. (18), Oy, Do = 2mxo0y+,04, when ®(w) = Aw™, (X, m are arbitrary constants).
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Abstract

New exact solutions of the Euler equations describing flows of an ideal homogeneous
incompressible fluid are obtained by means of a modification of the ”ansatz” method.

In recent years, several new methods for finding exact solutions of the partial differential
equations have been developed. Often these methods are generalizations of older ones
and are reduced to either appending additional differential equations (the method of
differential constraints, side conditions, conditional symmetry, and so on) or to assuming
a general form for the solution (the ”ansatz” method called often the direct method, and
the generalization of the usual ”separation of variables” technique). Both approaches are
closely connected with each other.

In our paper [1], the Euler equations (the EEs)

iy + (- V)i+Vp=0, divi=0 (1)
which describe flows of an ideal homogeneous incompressible fluid were considered with
the following additional condition:

up = u? = 0. (2)

All the solutions of system (1)—(2) were found. They can be interpreted as a particular case
of translation flows. In this paper, we construct more general classes of exact solutions
for EEs (1) by means of a modification of the ”ansatz” method.

Let us transform the variables in (1):

g
Il

S " oo 1 "
t, §=0T(t)7,
where O = O(t) is an orthogonal matrix function depending on t, i.e., transformation
(3) defines time-depending space rotation. It can be noted that the non-Lie invariance
of hydrodynamics equations under transformations of the type (3) was investigated, for

instance, in [2, 3]. As a result of transformation (3), we obtain equations in new unknown
functions @ and ¢ and new independent variables 7 and ¥:

By + (0 - V)W + Vg — 27 x @ —7; x i =0, (4)
div @ = 0, (5)

(3)

T

where the vector function ¥ = ¥(t) is defined by means of the formula

¥xzZ=0roz vzt
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(The matrix Of O being antisymmetric, the vector 7 exists.)
In fact, instead of equation (4), we investigate its differential consequence

(rot @), + (@ - V)rot @ — (rot @ - V)@ + 2(5 - V)& — 27, = 0. (6)

Equation (4) will be used only to find the expression for p. To simplify solutions of (4)—(5),
we make transformations generated by a Lie symmetry operator of the form
R(7) = n0y, + n%0ye — (Tirr — 2y X @iy — Yy X 1) - § 0y, (7)

where 71 is an arbitrary smooth vector function of 7. The vector function @ is to be found
in the form

w! = v (1, y2,y3) + o (7)1,

w2 = 02(7—7 Y1, y3) + QQ(T)y27 (8)

w? = B1(1)yi + 3 (7)ys,
where vi,0%, # 0, i.e., it is to satisfy the additional conditions
w%a = w%a = w(?z)b = 07 w%Qw%I 7é 0.
Note that the functions v* depend on the different ”similarity” variables.

Here and below, we sum over repeated indices. Subscript of a function denotes diffe-
rentiation with respect to the corresponding variables. The indices a, b take values in
{1,2,3} and the indices i, j in {1,2}.

It follows from (5) that a® = —(a! + a?). Substituting (8) into (6), we obtain the
equations to find the functions v*, 5, o’ and ~*:

B —vi — v (vt +aly) = (B'yi — (@ + a®)ys)vds — (52 — v§)at + Blog—

U%'U?l) +2ylat + 2920 + 2731)% — 29} =0,
v, — Br + (V2 + @Pya)vgy + (B'yi — (o' + a®)ys)viy — F20f — (v — B1)a?+

vvg +29'0f + 2970 + 29%03 — 297 =0, (9)
b+ 01+ alg)os — (0 + )il + 035 — o

(vf —v3)(a' +a?) + (B'yi — (a' + a®)ys)(vf; — vi)+

2918 + 29232 — 293(al + a?) — 293 = 0.

Unlike the "ansatz” method, we do not demand realizing the reduction conditions in
system (9). The differential consequences of system (9) are the equations

1.2 .21
U22V1111 = V11V22225

i.e.,

@222 ’0%111
== =—5—i=h= h(t,x3), (10)
Va2 U1,

and

(v3901)3 = 0. (11)
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Consider the particular cases.
Case I. h > 0. Let k := h'/2. Then equation (10) gives that
Ul — flekyg 4 fZefkyg 4 f3y2 4 f4,

where f™ = f"(7,y3), g™ = g™ (7,y3), m = 1,4, f'f" #0, g'g" # 0. It follows from (11)
that

(12)

ks =0, (f'¢’)3=0

Therefore, there exist the functions p* = p*(7), v* = v (1), f = f(7,93), and g = g(7,y3)
such that

Substituting expression (12) for v* into system (9) and using a linear independence of the
functions

yiek(iniyl), €k(iy1iy2), y12> Y192, Yi, and 17

we obtain the complicated system for the rest of functions:
i(52g3 - (_ )zf3 ) = 07 /ﬂ(ﬁl]% - (_1)2k93f) = 07
Vi((kr + alk)g — (=1)'8'g3) =0, p'((k- + o?k)f — (—1)'32f3) = 0,
V(B2 gss + (8% — 291 kg + (—1)'43kgs) = 0,
ph (B fa3 + (BT 4+ 292k f — (1)K f3) = 0,
vig+ v (gr — (=1)'kfg — (a* + a?)ysgs + a?g) = 0,
pif + i (fr — (=1)kg*f — (@' + a?)ysfs + a' f) =0,
—(f29%)3 — B%933 + 27213 = 0, (f39%)3+ B f33 + 27°g3 = 0,
f3r = (0t +oP)ysfizs + B2 f33 =0, g3, — (o' +a?)ysgss + Blgss =0, (13)
ﬁl(f??_Qg?%):()’ 62(2f§’_g§) =0, Biff%:ﬁiggiizo
B2 — g4, — (f*9%)s + (o' + a®)ysgds + algs + (B +292) 3+
293 f§ — 29t — ' (B* = 291) =0,
fh = B+ (g* %) — (o' + a®)ysfas — @l f§ — (8% — 292) g+
27395 + (B! +29%) — 27 =0,
— 2= (ot +a?)ys(g8 — f3) + Blgs — B2f5 + (ot +a2) (g — £3)+
296" — 293 (e + a®) — 29} = 0.

Here we do not sum over the index 1.
We integrate system (13), substitute the obtained expressions for the functions f™,
g™, m =14, k, of, 8¢, and ¥ into (12) and (8). Then, integrating equation (4) to find
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the function ¢, we get solutions of (4)—(5) that are simplified by means of transformations
generated by operators of the form (8)

Depending on different means of integrating system (13), the following solutions of
(4)—(5) can be obtained in such a way:

L (2 + (') #0,7#0:
w' = CiikeM2 4 Croke ™2 — k k™ 1y,
w? = CorkeMt + Cooke ™ 1 — ko k™ by,
w? = —292y; + 2y ys + 2k KLy,
q= fk:Q(C'neky2 — Chge k2 4 2*y3k‘_2)(0216k91 — Coge kyr — 2v3k~2)+
skrrk T (YT + 93 — 203) — (kek™1)2IF17 — 2(v Y2 — 2Py1)+
(V2 + 492k k™Y yrys — (72 + 47 kT )yoys

2. (W'2)? + (u'p?)? # 0, ¥ = 0. Then the matrix O can be considered to be equal to the

—

unit matrix, and W =14, ¢ =p, ¥y =, 7 = t.

ul = keS@) (Cllekx2 + 0126_’“2) — ktk‘_l.Tl,

u? = ke_C(w)(Czlekm + nge_kxl) — ktk_lxg,

u? = 2k ks,

p = —]{22(0116kx2 — 0126_k$2)(021€kx1 — 022e—kx1)+

%kttkﬁ_l(CE% + .’E% — QIE%) — (k‘tk?_l)Q‘fP,

where w = k~2(t)x3, k is an arbitrary function of ¢+ which does not vanish, ¢ is an arbitrary
function of w.
3.l p? = v'?

=0, f' =~% =0. Then 4* = 0 and, as above, we can assume that @ = 1,
G=p, Y=, 7=t

ul = Crkexp{(—1)'kxo + H(1,w)} + (= 1) kF(w) — ksk~tay,
u? = Cokexp{(—1)kxy — H(t,w)} — (—=1)7kF(w) — ktk~Lag,
u3 = thk_ll’g,

p= _Cl02(_1)z‘+jk26(—1)ikx2+(—1)jm1 + %kttk_l(l'% + 22 — 222) — (ke 1)2| 7%,
where w = k~2(7)x3, k is an arbitrary function of ¢ which does not vanish.
H:pwﬂﬂ@/ﬁwa+am.

F and G are arbitrary functions of w, i and j assumed to be fixed from {1;2}.

4. ptp? = v'v? =0, B8 + (v*)? # 0. The solution obtained in this case is very compli-
cated, and we omit it.
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Case 2. h < 0. Let k := (—h)"/2. Then equation (10) gives that

fleos(kyr) + f2sin(kyr) + fPy1 + f4,
v? = g' cos(kyz) + ¢?sin(kys) + g3y + g,

where f™ = f™(z,y3), g™ = g"™(7,ys), m = LA, fifi # 0, g'g' # 0. Tn a way being
analogous to Case 1, we obtain the following solutions of equations (4)—(5):
1. 7#0:

w' = Cy1k cos(kys) + Craksin(kya) — k-~ Ly,
w? = Cark cos(kyy) + Casksin(ky1) — k-k~Lys,
w® = =29%y1 + 2y Y2 + 2k ks,
q = k?(Cqy sin(ky) — C1a cos(kyz) — 273k =2)(Cay sin(kyy ) — Cag cos(kyy ) +2v3 k2 )+
skerk TNyt 4+ 93 — 203) — (ko k719 — 2(v g2 — 7Pun) %+
(V2 + 49k k™ yrys — (v + 47 k™ )yays,

where 7 is an arbitrary vector function of 7, k = C |’y3\% if ¥3 # 0 and k is an arbitrary
function of 7 if v3 = 0.

2. 7= 0. As above, we can consider that @ =@, ¢g=p, =&, 7 = t.
u' = keS@)(C1y cos(kxo) 4+ Crasin(kxs)) — kek 'y,
u? = ke @) (Cy cos(kxy) + Cogsin(kay)) — kk ™o,
u? = 2k ks,
p = k%(C1y sin(kxg) — Cha cos(kxa))(Coy sin(kxy) — Cog cos(kry))+
Shuk™ (23 + 23 — 223) — (kik™1)?|2)2,

where w = k=2(t)z3, ( = ((w) and k = k(7) are arbitrary functions of their arguments,

k #0.

Case h = 0 is impossible.
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Abstract

The MHD equations describing flows of a viscous homogeneous incompressible fluid of
finite electrical conductivity are reduced to ordinary differential equations by means
of Lie symmetries.

The MHD equations (the MHDES) describing flows of a viscous homogeneous incompress-
ible fluid of finite electrical conductivity have the following form:

iy + (@- V)i — AN+ Vp+ H x rot H=0,

. . L . 1
H; —rot (i x H) — v,y AH =0, div =0, div H = 0. W)

System (1) is very complicated and the construction of new exact solutions is a difficult
problem. Following [1], in this paper we reduce the MHDEs (1) to ordinary differential
equations by means of three-dimensional subalgebras of the maximal Lie invariance algebra
of the MHDEs.

In (1) and below, 4@ = {u®(t,Z)} denotes the velocity field of a fluid, p = p(¢, %)
denotes the pressure, H = {H*(t,Z)} denotes the magnetic intensity, v, is the coefficient
of magnetic viscosity, Z = {z4}, 0 = 0/0t, Oy = 8/0x4, V = {8a}, &N = V - V is the
Laplacian. The kinematic coefficient of viscosity and fluid density are set equal to unity,
permeability is done (47)~!. Subscript of a function denotes differentiation with respect
to the corresponding variables. The maximal Lie invariance algebra of the MHDESs (1) is
an infinite-dimensional algebra A(MHD) with the basis elements (see [2])

3t, D = t@t + %l‘aaa — %Ua ue — %HaaHa — pap,
Jab = a0y — 0, + u0pp — uPOya + Hyy — HbﬁHa, a<b, (2)
R(m) = R(1i(t)) = m*0q + m{Oue — mxadp,  Z(n) = Z(n(t)) = 10y,

where m® = m®(t) and n = n(t) are arbitrary smooth functions of ¢ (for example, from
C*((to,t1),R) ). We sum over repeated indices. The indices a, b take values in {1, 2,3}
and the indices 4, j in {1,2}. The algebra A(MHD) is isomorphic to the maximal Lie
invariance algebra A(NS) of the Navier-Stokes equations [3, 4, 5].
Besides continuous transformations generated by operators (2), the MHDEs admit
discrete transformations I of the form
E: ta i'b = —Tp, i‘a = Ta,

p=p, @W=-uv’, H'=-H' a°=u’ H'=H" a#b,

where b is fixed.
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We construct a complete set of A(MHD)-inequivalent three-dimensional subalgebras of
A(MHD) and choose those algebras from this set which can be used to construct ansatzes
for the MHD field. The list of the classes of these algebras is given below.

1. A3 = (D, 8,, Jia).

2. A3 = (D + 3KJ12, 04, R(0,0,1)),
where x > 0. Here and below, &, 0;j, €;, 11, and v are real constants.

3. A3 = (D, Jia + R(0,0,v|t|Y?In|t]) + Z(vealt| "  In |t| 4+ e1|t| ),
R(0,0,[t]7H1/2) + Z(e2[t|7 1)),
where ov =0, geg =0, €1 >0, and v > 0.
4. A3 = (04, Ji2 + R(0,0,vt) + Z(veot + 1), R(0,0,e) + Z(g2et)),

where ov =0, oeg =0, o0€{-1;0;1}, and, if o = 0, the constants v, €1, and &5 satisfy
one of the following conditions:

v=1,¢e2>0 v=0,e1=1,e2>0; v=¢1=0,¢e3€{0;1}.
5. A3 = (D + kJia, R([t[V2f9(6)A(t)E;) + Z(|t| 71 9 (t)ej),i = 1,2),
6. A3 = (0 + kJi2, R(f9(t)A(t)E;) + Z(f7 (V)ej),i=1,2),
Here, (fY(t), f%(t)),j = 1,2, are solutions of the Cauchy problems
U=y fM, f9(0) = &,
where 7 = In|t| in the case of the algebra A% and 7 = t in the case of the algebra Ag.
€' = const : €' - & = J;5, 0;; is the Kronecker delta,

O'ii(O'lg — 0921 — 2/@K€1 . 52) == O, 5i(0ik0-kj6j - 2/4,0'in€]') == 0, J12 + 091 — 0.

cos( —sin¢ O 010 Al —
A(()=|sin¢ cos¢ 0|, K=|[-1 0 0 [, A(t) B
0 0 1 000 (t) =

A(kInl|t]),
A(kt).

ke Key-€ =0if op; = 0 and e, (26Ke€), - € — opy) = 0 if o5 = oy = 0, where k and [ take
fixed values from {1;2}, k # I. To simplify parameters in A3 and A3, one can also use the
adjoint actions generated by I, D, Jio, and, if k = 0, Jog and J31.

7. A3 = <J12 +R(0a0a773)7 R(771777270)7 R(_T/2>n1’0)>’

where 7% are smooth functions of t, nin® # 0, n3 # 0, nin? — n'nZ = 0. The algebras
A3t n% ) and A3(Rt, 7%, 7°) are equivalent if IF; e R\{0}, I0€R, I(b;;) €O(2):

i'(t) = Exbijn'(t), () = Ean’ (1),
where t = E?t + 0.

8. A} = (R(m"), a=1,3),

where 1m® are smooth functions of ¢, rank (m!, m?2, m3) = 3, m& - m® —m? - mY, = 0. The
algebras A3(m!,m? m3) and Ag(nj’tl, 17?12,7%3) are equivalent if 3E; € R\{0}, 30 € R,
dB€0(3), and I(dgp) : det(dqp) # 0 such that

0 (0) = dup BEA(1),
where t = E?t + 6.
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The way of obtaining (and the form of writing down) the algebras A3 — A3 differs
slightly from the one used in [1].

By means of subalgebras A3 — A3, one can construct the following ansatzes that reduce
the MHDESs to ODEs:

1. ul =21 R720Y — 29(Rr)t? + zya3r 1 R72¢3,
u? = 2o R72p + 21 (Rr) 1 ? + zox3r 1 R72¢3,
ud = 23R2p! —rR72p3,
p =R7*h,
where w = arctanr/x3, the expressions for H® are obtained by means of the substitution
of ¥® for ¢* in the expressions for u®.
Here and below, ¢* = ¢%w), ¥* = ¥*(w), h = h(w), R = (27 + 23 + 23)1/2,

r = (23 4+ 23)"/2. The numeration of ansatzes and reduced systems corresponds to that
of the algebras above. All the parameters satisfy the equations given for these algebras.

2. ul =72t —wap?), WP =1 P(ap! tang?), WP =171t p=1T7h,

where w = arctanzo/x; — klnr, the expressions for H®* are obtained by means of substi-
tuting ¥* for ¢® in the expressions for u®.
3. ul =r 2 (219! — 2op?) + 2aqt 7,
u? = r (2o + 219?) + St
u? = [t|712¢% + (0 + $)ast ™t + v[t|V/ 2 Larctan 2y /21,
H' = 12! —290?),  H? =r 2o +219?),  H® = [t[71/23,

po= ‘t‘_lh + %xaxat_Q - %02.73%15_2 + €1|t|_1 arctan xg/l‘l + 52x3’t’_3/2’

where w = [t|71/?r.
4. ul = r72(z1p! — 209?),  u? = r (2! + 219?),
ud = 3 + ox3 + varctan za /1,
H' =r (19! —299?), H? =r?(z2p' + 219°%), H® =7,

p =h— 30%3 + e arctanxo /1 + £913,

where w = 7.
5. @ =t AT+ Sat — wKa@tt,  H = |t/ TA®)G,

it|71q + %{L‘al'at_2 + %mzxﬂit_z,

p

where i = [t|"Y2A(t)TZ.

—

6. @=A(t)o— kKT, H=AWMG, p=q+ixaz;, (4)
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—

In (3) and (4) U, G, ¢, and w are defined by means of the following formulas:

7. ul = plcosz — p?sinz + 210" + 19602,

u? = plsinz + p? cosz — 21602 + 96",

u? =% + 0} ()" as,
H'=9ylcosz —¢?sinz, H?='sinz+¢?cosz, H?> =13,

po=h—gnm*) " af — gy (n'n') '

p=h=A"'(mg - (A - L) + gAA (0, - M) (A D) (A - ),
where w = t, m%, - m® —m® - mY, =0, A = mim2m3 £ 0,
it =m?xm?, At =m3 xm, i@ =m! xm?

Substituting the ansatzes 1-8 into the MHDES, we obtain the following systems of ODE
in the functions ¢%, ¢*, and h:
L. Py — Pl — Pu — pl cotw — % — 2h =0,
POl — V3L — 0l — w0l cotw + P sin TP w + (pp? — YY) cotw = 0,
Wil — W3S — l, — @l cotw + P sinT? w — 2, + hy + YL~
((¥*)? = (¥*)?) cotw = 0,
Py — V30l — m (Yo + Yy, cotw) =0,
P2 — P30 — v (Y2, + Y5 cotw — P sin T2 w) 4 2(Plp? — YPpl)+
(VP¢* = 9*p%) cotw = 0,
P2 — P38 — v (W2, + 92 cotw — P sinTEw + 20L) + 2(¢ 1 —9p!) = 0,
o3 +dcotw+ ol =0, P2 +Y3cotw+ Yl =0.

2. @xpl — P2l — vl — oo’ + i — 2h — Khy, =0,
B8 — P22 — vo2, — 2(0L + K@2) + hy =0,
B2 — P23 — vl — 1% + Y — 2kd — 03 =0,
Pl — D2l — iy, =0,
P2 — Pl — 2, + 201 0% — oY) = 2um (YL + my2) =0,
3 — 23 — o3, + 1% — 3 — v (263 4+ %) =0,
gL =0, 92=0,
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where ¢% = @2 — k!, 2 = 2 — k!, h=h + %w‘lw“, v=1+k2% U =uvn(l+k>).

3-4.

wH@lel, — L) — oL, +w el —w (Pt — YY)+
w(h + sw= 2t + 2 (9)?), = 0,

-1

wHprpn —NW2) — Pl Fw Tl +e1 =0,

w o'l - zb ¢3) Pl — WPl +vew 2 + e’ + &3 =0,
W by — 10l) = v (Y —w L) —edpt =0,

w M — 1 02) — v (Y2, —wTW2) + 2w (W1 ? — YPp!) —eby? = 0,
w (o'l - %Zfl 5) — Vm(1/1w +w ) —vew ? — (0 4 6)ey? =0,

oL+ (o + %5)5w =0, . =0,

where e =sign t and 6 = 1 in case 3 and € = 1 and 6 = 0 in case 4.

9-6.

P3G — V3 + 0308 — 26K G — £B e + (h + 1) - ) Es+
£i€; + 2kwo;j (K& - &3)é; = 0,

3P — VPP — 03VE) — UmEBuw — 00 =0,

@3+ o +36=0, Y3 =0,

where ¢® =€, - G, Y* = €, - ¥;

e=signtand 6 =1 in case 5 and e = 1 and § = 0 in case 6.

7. @i T 0"+ (1)) + 207 — () 1?) + 3 () T = 0,
— oM (02 = (1°) %) + 2 (00 + (n°)7?) =P (nP) Tt =0,

@2+ (n°) e =0,
Yo + (0" + v (1) 72) =207 + (°) %) + 03 () Te? = 0,
V2 +¢ (92 (1°) 7' 9%) + (0" + v (n®) %) — 3 () ! =0,
Yo — VP (1°)H =0, 200+ (n%) 7t = 0.

8. ng+)\’1(ﬁ“-g5)1ﬁff,:6, Y — AN @ P)yme =0, 7% ms = 0.
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Abstract

Symmetry reduction of generalized Maxwell equations is carried out on the three-
dimensional subgroup of the extended Poincaré group. Some their exact solutions are
constructed.

1. Electromagnetic field is described by the familiar Maxwell equations that, with the
help of a real covariant vector of electromagnetic potential A = (Ag, A1, Aa, A3), can be
presented in the form (see, e.g., [1] )

DA, —0"(0,A,) =0, p,v=0,1,2,3. (1)
We use the notation:
Pu Pu Pu  DPu 0
Du=—S—5—55 %53 7.2 O =5,
Oxj Oxf Ozy Ox3 Oz,

and we sum over repeated indices (from 0 to 3). The raising and lowering of indices is
performed with the help of the metric tensor g = g3, where g,5 = diag [1, -1, —1, —1].
The equation

OA, — 0"(8,A,) = F(A,A")A, (2)

is a natural generalization of system (1) [2].
If F = A(A,AY), then equation (2) is invariant with respect to the algebra AC(1,3)
[2], [3] with generators

Pam 0 T =290, — a0+ M~ 430 D= 5,0, A

O 3)
K, = 22D — (z,2)0,, + 2A“xui — 2Ayx”i.
I ( )0y 94, oA,
If F =—m?+ A\(A,A") and m # 0, then the maximal invariance algebra of equation

(2) is the Poincaré algebra AP(1,3) = (P, Ju | 1, v =0,1,2,3). Note, that system (1) is
also invariant with respect to the algebra AC(1,3) with basis (3).

Yehorchenko [4] considered the problem of symmetry reduction of equations (1), (2) by
subalgebras of the Poincaré algebra AP(1,3). In this paper, we consider the problem of
symmetry reduction of the system

04, —0"(0,A)) = MALAM)A,,  (p,v=0,1,2,3) (4)
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on subalgebras of the algebra AP(I, 3) to a system of ordinary differential equations.

2. The symmetry reduction of equation (4) to ordinary differential equations is carried
out by subalgebras of the algebra AP(1,3) of rank 3. The list of such subalgebras is
known [7]:

Ly = <D,P(),P3 >, Lo = <J12 +aD,Py,P; >, L3= <J12,D,P0>,

L4 = <J12, D, P3>, L5 = <J03 + aD, Po,P3>, L6 = <J03 + OéD, Pl, P2>,

L7 = <<]03 + OZD,M,P1> (Oé ?é O), Lg = <J03 + D+ 2T,P1,P2>,

Ly = (Jos+ D +2T,M,Py), Lio= (Jos3,D,P1), L1 = (Jo3, D, M),
Lig = (J12 + ado3 + BD, Py, P3), L1z = (J12 + aJoz + BD, P, Py),

Ly = (Ji2 + a(Jos + D +2T), P, ), Lis = (Ji2 + aJos, D, M),

L16 = <J03 + OéD,le +BD,M>(O < ]04| < 1, ﬁ > 0, |Oé| + |ﬁ| ?é 0),

L7 = <J03 + D + 2T, Jio + T, M> (a > 0), Lig = <J03 + D, Jis + 2T, M>,
Lig = (Jos, J12, D), Loo = (G1,Jo3 +aD, ) (0 < |a] < 1),

Loy = <J03 +D,Gp+ P2,M>, Loy = <J03 —-D+ M, Gl,P2>,

L23 = <J03 + 2D,G1 + 2T, M>, Loy = <J03 + 2D,G1 + 2T, Pg),

1
where M = Py + P35, G1 = Jo1 — J13, T = §(P0 — P3), unless otherwise stated, «, 5 > 0.

The structure of generators of the algebra AP(1,3) (3) allows one to construct linear
invariant ansatzes that correspond to subalgebras of the algebra AP(1,3), ([5], [6])

A = A(z)B(w), (5)

where A(x) is a known nondegenerate square matrix of order 4, and B(w) is a new unknown
vector function for invariants of the subalgebra w = w(x), = = (zg, 1, 2, x3).

Using the approach suggested by Fushchych, Zhdanov, and Lahno [8], [9], ansatzes (5)
for subalgebras of the extended Poincaré algebra AP(1,3) can be represented in the form

Au(r) = 0(x)au, () B” (W), (6)
where BY = BY(w) are new unknown functions of w,

au = (aya, — dyd,) cosh Oy + (dya, — dyay,) sinh 6p+
2(ay, +dy,)[02 cosO1b, — O sinbic, + 03 exp(—0o)(a, + d,)]+ (7)
(bucy — bycy)sinby — (cucy + buby) cos 01 — 2 exp(—6o)02b,(a, + do).

Here ay, by, ¢y, d, are arbitrary constants satisfying the following equalities:
ay,at = =b b = —c, ' = —d,d' =1,  ay b =aud =aud' =0, =b,d" =c,d" =0,

w,v =0,1,2,3. The form of the (non-zero) functions 6, 6; (i = 0,1,2), w is determined by
subalgebras L;, (j = 1,24) of the algebra AP(1,3), and we given them below for each of
these subalgebras.

Ly:0=|bx|™!, w=cx(br)™

LQ:QI\IJ]__%, =P, w=InV; +29;

L3:0= ‘dw‘fl, 0=, w= \Pl(dx)fz;

Ly:0=lax|™!, 60 =@, w=V(ax)"?

Ls:0=|bx|™!, 6y = a tIn|bz|, w=cx(br)™!;
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L¢: 6= \\I/2|_%, Oy = %ln |(ax — dx)(kx)7Y, w = |ax — dz|'~|kz| T,
L7:0=|cx|™!, g =a tin|cz|, w= |kx|*|cx|™2;
Lg:0=ax — da:|7%, Oy = %ln|ax —dz|, w=kx—In|ax — dx|;
Lo :0=|cx|™!, 6p =Inlcx|, w=kx—2In|czl;
Lio: 0 =|cz|™, 6 = In|(az — dz)(cx)7 Y], w= Wy(cx) 2
Li1: 0 =|cz|™, 6p = —In|kx(cx) Y], w=ca(bx)™
_1
Lig:0= \Ifl 2, 0p=—a®, =0, w=InV; + 269,
Liz: 0 =|Wa| %, 6y = $In|(azx — dx)(kz) ],
6, = _QIE In|(azx — dz)(kx)™|, w=|ax — dz|*P|kz|*HP;
Liy: 0= |ax—da:\7%, 0y = %ln\am—dﬂ, 0, = —%ln\ax—dﬂ, w = kz —In|az — dz|;
_1
Lis:0=0,2% 0y=—ad, 0=, w=In[V¥(kz)?+2a9;
_1
Lig:0=0,2, b= 5W[¥i(kx)?, 61=0, w=In[V] *(kz)>]+209;
_1
Liz:0=0,2, 6= 5InWy, 6,=0, w=ks—InV;+2aP;
_1
Lis:0="0,7, =3y, 6 =0, w=ks+20;
_1
Lig:0=0,2, 6 = — S In|kz(az — dz) |, 61=®, w=[Ts|;
Loo:0=|Ws]"2, Oy = o In W3], 6y = Sba(ka) ", w = [ka[2[Ws]'~;
Lot : 0 =|cxkx —bx|™', 6 =1In|cxkx — bx|, 6y = %cx, w = kx;
Loy : 0= ka2, o= —3nlka|, 0= dba(ka),
w = ar — dz + In|kz| — (bx)?(kz)™!;
Loz : 0 =|cx|™!, 6y = %ln lex|, 0y = —leflm, w = [4bx + (kx)?](cx) ™
Loy : 0 = [4ba + (kz)?| 7%, 6p = 5 In [4ba + (k)?],
Oy = —lekzx, w = [ax — dx + brkx + %(km)3]2[4bx + (kx)?)—3.
Here, ax = a,x*, br = b,x¥, cv = ¢ 2, dv = d,a¥, kxr = ax + dv, ¢ = arctan %,
Uy = (bx)? + (cx)?, ¥y = (ax)? — (dx)?, VU3 = (az)? — (bx)? — (dx)%.
3. The covariant form of ansatz (6), (7) which we have obtained enables us to perform
the P(1,3)-invariant reduction of equation (4) in general form.

Theorem. Ansatz (6), (7) reduces equation (4) to the system of ODEs

ku737 + lH’YB.’Y + muyB” = A(B"By) By, (8)
where
kuy = gurF1 — GuGy, by = guyF2 +2Quy — GuHy — GuG%
9)
. dB'y . dQB'y . dG (
Myy = Ryy, BV:ma BV:Wa G'y:d—J'

In (9), Fi = Fi(w), F» = F(w), G, = Gu(w), Quy = Q/w(w)’ Hy, = Hy(w), R,y =
R, (w) are smooth functions of w and are determined from the relations
Oow Ow 00 Ow Ow

g 2. 90 00 dw 3. Ow .
Oy Ot Fi(w)s 6 w—l—anu Ozt Fa(w)o%; a”ﬂaxy Gu(w);
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Oay,, 00 2 0a, Ow 00 00
v~ = H N g i —_ v — v _— = v 2'
0 o, +3a Ty p(Ww)0; a), 020 O + Gu(w)as B G (w)a6“8x5 Quv(w)6*;
da~, 00 020 dags, 06 Oas, 00
L0 207 = " — qYag, _qY v —aY v~
Gy D0 + 20, 0x® Oxg @uds 0x0z g Oxs Ox7 ® oz Oxs
0%as
gl —a” vy — 3.
+0(a)Day, — a), 8x78x5) = R (w)0”;

where p,v,7v,0 =0,1,2,3; O is the d’Alembertian.

Using the results of the theorem for each subalgebra L; (j = 1,24), we obtain the
corresponding systems of ordinary differential equations which for the case of equation (4)
are, in general, nonlinear. Integration of the reduced equations we obtain and substitution
of their solutions into ansatz (6), (7) lead to solutions of the original system. We give
below some typical solutions of both the linear Maxwell system (1) and the nonlinear
equations (4).

Solutions of equations (1)

E

DA a7 + (e

5 {G1+W(AF1+BF2)}+%{G1— AF1+BF2)}+

(b:c)QC;-L(cyc)2 {2(1 foﬂ) [(€B +xA)F1 + (xB = CA) ] + x(G1 + Cron + C) + ch} +

(bm)Qlii/f(cx)Q {2(1 fag) [(CA—xB)F1 + ((B+ xA)F>] + ((G1 + Ciwy + Co) — XCg} )

Here
w1 . w1l awl
E= — ;o k= o By = — .
exp( 1+a2>’ it 81n(1+a2), ) cos<1+a2>
(k’f’f)Q -2 br o1 21 1—1 -1
2) Auzc(au_du)TJrku 2Ce(kx) +Clg|\ll| 2 4 C(bx)“|¥| +c,Co|¥| 2 —
bu {2C bx ka | W[~ 4 Cy[ 0] |,

3)

A# = G/#{é(GQ + Crwg + 02) —€

(bx)? bx
1+ (kx)Q (ClcUQ + Cy — Gg) — kx|% (C3Ld2 + C4) +

d, {é(Gz + Clwa + Co) + €

- éZ?;] (Crn + Co — Gi) — %(C3wz + 04)} +

3
b 1 1
bu {26%(01&)2 +Cy — GQ) + ‘erﬁ(ngg + 04)} + Cukarﬁ(cgwg + C@).

Solutions of equations (4)

() =26 Ay ()

2 2
(5:\/—3—)\ fore=1 and 5:\/; for e = —1,

where
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€ 1 1 1 ~ (bx)? 3 1
A= ——(ay—dy)———— + k= | kx| - — €|k —
K Q(GM M)w2+00 * N{Q wo + Cy <’ zl €(k$)2> elkz| " w2+C’1}+

) k|2 T k|2
" wy + Co "\ ka wy+Cy  we+ C

We use the following notation:

¢ = acx +bx; x = abr — cx; ¥ = (az)? — (bx)? — (dr)?; kx = ax +dzx; ¢ = 1 for U >
0 and ¢ = —1for ¥ < 0;e¢ =1 for kz > 0 and e = —1 for kx < 0;

wy = kx — In[(bz)? + (cx)?] + 2 arctan %, wo = ax — dx + In|kz| — (bx)*(kx)~t.

G1 = G1(w1); G2 = G2(w9) are arbitrary smooth functions of wy and ws, respectively.

A,B,C,C; (i =0,6) are constants of integration.
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Abstract

The non-linear diffusion eqaution, describing the vertical transfer of both heat and
moisture in the absence of solutes are considered. Lie symmetries of the equation are
obtained for some specific form of diffusion coefficient.

The group properties of diffusion equation

ou 0 ou
N + o7 [D(u)a_f} =0, (1)

(where u = u(Z,t), D(u) are real functions) describing nonlinear processes of heat con-
ductivity are investigated by many authors [1-3].

In the present paper we investigate a particular case of eq.(1), where u is vector function
and D(u) is a non-singular matrix, defining the diffusive properties of the soil. Recently,
such systems have been extensively studied, from both mathematical and biological view-
points [4, 5]. It is motivated by a successful application of these models to a wide range
of developmental and ecological systems. We will analyze symmetry properties of given
models.

Let us consider non-linear diffusion equation with sources

ou* 0 by OU”
o ow [K )57

] = M*(u), a,b=1,2,...,n, (2)

where K% is a n-dimensional matrix.

Classical symmetry groups for coupled non-linear diffusion equation with M = 0 were
found in [6].

Let us rewrite eq.(2) in the form:

out  K®ou oub p 0%ub
- — —K%— - M*=0.
ot Ju¢ dr Ox Ox? 0 ®)
The symmetry operator ) is defined by
0 0 0
_ el N Y o a — ‘ 4
Q 5 (:U7t7 u)at +§ (x7t7u)ax +77 (x7 t? u) 8ua ( )

The prolongation operator of eq.(3) has the form

a a a a a
Q=0Q+n _6 n _6 n _E +n + 5
2 1 8u? 2 8ug 1 8u?t 12 8ugt 122 8ugx ’ ( )
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where
Y =1+ wn — wl — ug€ — (w)?6, — wugél,
05 =10+ talhy — Wy — U] — g€, — (ua) €y,
95 = New + 2UaTou + UseTu + (Ue) e — 2uarEy — 20y — (6)
2t Uny — 2Uaplal — UgaWily — Unpliall — 2ustial, —
2(um)2§a2cu - Uméix - utfglcx - (UI)Qut&lLu - (ux):gf?m
To find the invariance condition we act by @ on the eq.(3).
As a result we obtain: ’
— K euguy, — 1Ko, — Mjan® +nf —
ns K0S — ns K3%ub 4 ng, K9 = 0. @)

ud=Kub +K%ugub+Me

Substituting into (7) explicit forms of n{, ng, ndy and equating the coefficients of the
various partial derivatives we obtain the following defining equations:

€ ="6=0, (8)

K% + 2K ¢ — &K 7640 = 0, (9)

—2K %, — Kdin®, — Kitnl +2K%¢2 + 2K¢2 — Kilon®, — K&nl.+ (10)
i Kie 4l Kl — LK — (LK — it Ko — K, =0,

—K G, + 2K+l KO — G K™ — 0Kl =0, (11)

K“gt, — 2K%ng,0 — K1 — €70aq = 0, (12)
—Mgan® + 1} — &M+, MO — 55, K% = 0. (13)

It follows from (8), (9) that

gl :gl(t)’ 52 :§2(1:7t)'

Solving of eqs.(8)—(13) is a complicated problem. We consider some particular cases which
can find applications in mathematical biology.
Choosing

K'=pD,  K?=_-B@Yd!, K*=0, K?=D,  M*=0, (14)
we reduce eq.(3) to the following system:
up = Dul, — Baututu? — Bulu? — Buju?
(15)
= Du2,
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Theorem 1." The invariance algebra of system (15) is a 5-parameter algebra Lie whose
basis elements have a following form.:

Ql = 8t7 QQ = ax, Q3 = 8u27

Q4 = B(ul)aulv QS = x@x + 2t8t (16)

Proof. Substituting (14) into determing eqs.(8)—(13) we find the general solutions of n“,
€ (a=1,2):

n'=C'Bulul,  n? =0y

fl = 2C5t + Cy, 52 = C3x + Cs. (17)
It is easily to verify using (17) and (4) that basis elements have the form (16).
In the case

M* =0, K = K(z,t) (18)

we come to

Theorem 2. Eq.(3), (18) invariant under 5-parameter Lie algebra, whose operator are:

Q1 = 0, Q2 = Oy, Q3 = 10, + 2t0;,

Qi = (K~ )Pz — 20y, Qs = (K~ )®ubdye, (19)
iff a diffusion matrix K has a specific dependence on t, x:
t
K=k |77 (20)

2 b
<%m —I—a)

where v, a, & are constants.

In the conclusion we consider a cell equation of the following general form:

ne + (nug), =0,
pt + (put)e = 0, (21)
PlUgat + Ugy + [Tn(p + '}’P;px)}z = Spu,

where u, 7, s are constants, n = n(t,z), u = u(t,z), p = p(t, x).
Using classical Lie methods [7] we obtained that system (21) is invariant under Heisen-
berg algebra H(1).
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Abstract

Using the nonsplitting subgroups of the generalized Poincaré group P(1,4), ansatzes
which reduce the eikonal equation to differential equations with a lesser number of
independent variables are constructed. The corresponding symmetry reduction is
made. Some classes of exact solutions of the investigated equation are presented.

The relativistic eikonal (the relativistic Hamilton-Jacobi) equation is fundamental in the-
oretical and mathematical physics. We consider the equation

ou Ou [ Ou\? ou \? ou \? ou 2_1 1

e = owg) ~(omr) ~(oms) ~(om) 1 .
In [1], it was shown that the maximal local (in the sense of Lie) invariance group of
equation (1) is the conformal group C(1,4) of the five-dimensional Poincaré-Minkowski
space. Using special ansatzes, the multiparametric families of exact solutions of the eikonal
equation were constructed [1-4].

The conformal group C(1,4) contains the generalized Poincaré group P(1,4) as a sub-
group. The group P(1,4) is the group of rotations and translations of the five-dimensional
Poincaré-Minkowski space. For the investigation of equation (1), we have used the non-
splitting subgroups [5-7] of the group P(1,4). We have constructed ansatzes which reduce
equation (1) to differential equations with a smaller number of independent variables using
invariants [8] of the nonsplitting subgroups of the group P(1,4). The corresponding sym-
metry reduction is performed. Using solutions of the reduced equations, we have found
some classes of exact solutions of the eikonal equation.

Below we write ansatzes which reduce equation (1) to ordinary differential equations
(ODEs), and we list the ODEs obtained as well as some solutions of the eikonal equation.

1. %xg—{—ln(xo—i—u) :Sp(w)’ w = ($%+$%+u2—x%)1/2,
2
() =& + 5 =0,
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1

AV

uzexp(mw?’aJJrc)—xo;

x
a2
(@) + 25 = 0;
as
U= —exp (523;3 T2 4 C) + To;

n2 1 _
(90) + a2 07
u = —exp (%(1’2 +23)l/2 - 13 +c) + xo;
8. u=exp (% gp(w)) —z9, w=(2?+ 232
ne 1 _
(SD) + CL2 07

9. u=—ex i
N2 1
R
(90) +a% ’
u:—exp(%wg—gg—l—c)—l—azo,
10. u =exp %—@(w))—xo, w = x3,
N2 1
R
((P) +a% ’
uzexp(% %ZL‘g—i—C)—JIO

Ansatzes (1)—(10) can be written in the following form:

h(u) = f(z) - p(w) + g(x),
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where h(u), f(x), g(z) are given functions, p(w) is an unknown function. w = w(x) is a
one-dimensional invariant of the nonsplitting subgroups of the group P(1,4).

11. arcsin% = p(w) — %, w= (23 + U2)1/2a
1 1
(@')2+y—?:0’
3

12. aresin 23 = p(w) — £x9, w= (23 +u?)V? (0<c<1, a>0),

a
13. arch®0 = p(w) —

9 1/2
n1/2 [ 1 _
o1 (G )

€23+ arch——0— = (23 —
\xd — u?

1 c? 1 1z
—In W—F(?‘Fm%_lﬂ) s (C>0);

14, § (2w — 3))"? + w3 (2(w — 23))"/? = p(w) — 20,

w =3+ (xo—é—u)2’

(¢')? = 2w —1=0;
15. zo + %(azo +u) + (:1;03—(11—2u)3 =p(w), w=azrs+ (o —5 u)Q’

()= 2= 24 =0

To + $O(;|‘ Yag + (x0322u)3 = 23a22 [Ozx:; + ﬁ_(l“o ) + azr/Q;
16. —r(% T’ +exs(xo +u) + %(:Uo —u) = p(w),

_M+5$3 (e = £1), (¢")? — 2w =0;
(zo +u)” JBF u)” + exs(xo + u) + %(9:0 —u) = 2\3/§ {(xo JQF u)? + ax3} e +ec.
Ansatzes (11)—(16) can be written in the following form:
hw,z) = f(z) - p(w) + g(x), (3)

where h(w,x), f(z), g(z) are given functions, ¢(w) is an unknown function, w = w(x) is
a one-dimensional invariant of the nonsplitting subgroups of the group P(1,4).



244 I. Fedorchuk

References

[1] Fushchych W.I. and Shtelen W.M., The symmetry and some exact solutions of the relativistic eikonal
equation, Lett. Nuovo Cim., 1982, V.34, N 16, 498-502.

[2] Barannyk A.F., Barannyk L.F. and Fushchych W.I., Reduction and exact solutions of the eikonal
equation, Ukr. Mat. Zh., 1991, V.43, N 4, 461-474.

[3] Barannyk A.F. and Fushchych W.I., Ansatzes for the eikonal equation, Dopovidi Akad. Nauk Ukr.
1993, N 12, 41-44.

[4] Fushchych W.I., Shtelen W.M. and Serov N.I., Symmetry Analysis and Exact Solutions of Equations
of Nonlinear Mathematical Physics, Dordrecht, Kluver Academic Publishers, 1993 (Russian version,
1989).

[5] Fedorchuk V.M., Continuous subgroups of the inhomogeneous de Sitter group P(1,4), Preprint, Inst.
of Math. of the Acad. of Sci. of Ukraine, N 78.18, 1978.

[6] Fedorchuk V.M., Nonsplitting subalgebras of the Lie algebra of the generalized Poincaré group P(1,4),
Ukr. Mat. Zh., 1981, V.33, N 5, 696-700.

[7] Fushchych W.I., Barannyk A.F., Barannyk L.F. and Fedorchuk V.M., Continuous subgroups of the
Poincaré group P(1,4), J. Phys. A: Math. Gen., 1985, V.18, N 14, 2893-2899.

[8] Fedorchuk V.M. and Fedorchuk I.M., Reduction and exact solutions of a five-dimensional nonlinear
wave equation, Preprint, Inst. of Math. of the Acad. of Sci. of Ukraine, N 88.21, 1988.



Symmetry in Nonlinear Mathematical Physics 1997, V.1, 245-248.

On Reduction and Some Exact Solutions of
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Abstract

The ansatzes which reduce the Euler-Lagrange-Born-Infeld equation to differential
equations with a smaller number of independent variables are constructed using the
subgroup structure of the Poincaré group P(1,3). The corresponding symmetry re-
duction is made. Some classes of exact solutions of the investigated equation are
found.

In [1, 2], the symmetry properties of the Euler-Lagrange-Born-Infeld equation were studied
and multiparametric families of exact solutions of the equation have been found using
special ansatzes.

Consider the equation

Du (1 — wyu”) + uyu*u” =0, (1)

d*u

where u = u(x), = (xo, x1,22) € R3, up = 92,02, Uy, = %, w,v =0,1,2, 0 is the
d’Alembertian.

The symmetry group [1, 2] of equation (1) includes the Poincaré group P(1,3) as a
subgroup. We construct ansatzes which reduce equation (1) to differential equations with
a smaller number of independent variables, using the invariants [3, 4] of the subgroups
of the group P(1,3). The corresponding symmetry reduction is performed. Using the
solutions of the reduced equations, we have found some classes of exact solutions of the
Euler-Lagrange-Born-Infeld equation.

1. Below we write ansatzes which reduce equation (1) to ordinary differential equations
(ODEs), and we list the ODEs obtained as well as some exact solutions of the Euler-
Lagrange-Born-Infeld equation.

Lou=pw), w=@F+z))"?, wp'+eP+e =0;

u=cln <(m%—|—x%)2+q/m%+x% —c2>;

2 u= —plw) a0, w— (2t a3, =05 u— - s

3.0 ul=—p?(w)+2d, w=x1, o—P?+1=0;

u? = —C% sin?(ciz1 +co) +23;  w?=—(ewy + )2 +ad, =41
1
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4. u=—pw)+z, w=(23—123— u2)1/2,
u)902()0// o 2w2¢/3 4 4wg0<p’2 o 90290/ — 0;

u= 2Lc <1 —i—s\/l —4de(zg — c(xd — x%))) o ou=x— c(xd -z} — u)V4

5. ul=—p?(w)+28, w=(2?+ x%)l/Q,

we'p — %0 —wp? + o +w = 0;
2
u? = z3 - (8(:5% + 23)1/? —i—c) , €==l;
6. u?=—p?(w)+ad—2% 23, w=uz0—u,

W280//90+W280/2*6W80Q0/+3902 :0’

u? = 222 —2i—c2(zo—u)% u= % (C+8\/02—4(C$0—$%+$%+$%)) ,
e ==+1;

T u=pWw), w=(g-2f-a3)%  wp’—20% +2¢ = 0;
u=ce(xd -2} —a3) 2 +e¢, &=+l

8. w=¢*w)—a2?—23, w=mx0 ¢p+20?%-2=0;

u? = (ewg +¢)? — 22 — 23, &= +£1;
9. u=p(w)— aarctan ﬁ—f, w= (27 + 55%)1/27

(a2—{—1)w3gp”—|—w2<p’3—l—(2a2+w2)gp’:0;

L2

10. u=—p(w)+ o +arctan 32, w= (3 + 2312, W3 + w420 = 0.

Ansatzes (1)—(10) can be written in the following form:

h(u) = f(2) - p(w) + g(x),

where h(u), f(z), g(x) are given functions, ¢(w) is an unknown function, w = w(x) is a
one-dimensional invariant of the subgroups of the group P(1,3).

11, wrd — (1 —w) (270 + w)w + 23) = p(w), w=1u— zy,
W2 (1 —w)2p" — dw(l — w)(1 — 2w)¢" + 2(Tw? — Tw + 2)p = 0;
(u = w0)33 + (w0 — u+ 1)(aF — 23 — u2) = & (u — 20)x
(6(u — 20)® — 21(u — 20)? + 25(u — x0) + 10) + c2(u — z0)(u — 29 — 1).

Ansatz (11) can be written in the following form:

hw,z) = f(z) - p(w) + g(2),

where h(w,x), f(x), g(z) are given functions, ¢(w) is an unknown function, w = w(z) is a
one-dimensional invariant of the subgroups of the group P(1,3).

12. aln(mo — u) = <p(a)) - T, W= (953 - “2)1/27
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w(a? +w?)" — WP + a2 + Q)wp”? + (W — a?)y’ = 0;

13. aln(zg —u) = p(w) — 21, w=x2, ¢"=0;
u=u1xy—exp((c1xa —x1 + c2)/a);

14. zo4+u—xi(xg —u) + %(mo — u)3 =p(w), w= lef(mo — u)2 — 1,
2wp" — ¢ = 0;

3/2
xo +u—x1(x0 —u) + %(5'30 —u)® = % (21[(560 —u)? — xl) + co;

15. (20 —u)? =4do(w) +4x1, w=mz9, ¢’ =0;
u=x+2e\/x1 + 129+ 3, &= =%I;

16. aln(xg —u) = p(w) — 2, w= (23 —23 - u2)1/2,
w(a? + w?)p" — 202" + bawp”? + (2w? — a?)¢’ = 0.

Ansatzes (12)—(16) can be written in the following form:

h(u, ) = f(z) - p(w) + g(2),

where h(u,z), f(z), g(z) are given functions, ¢(w) is an unknown function, w = w(x) is a
one-dimensional invariant of the subgroups of the group P(1,3).

2. Next we consider the reduction of the investigated equation to two-dimensional partial
differential equations (PDEs). The PDEs obtained can be written in the form:
A (01103 + P23 — 201201902) + Bip11 + Bawas + 2Bsp12 + V =0,

) 0

. = P 1 >
902 — awia SOZ] — 8w18w]7 1= 172

Below, we present the ansatzes, which reduce equation (1) to two-dimensional PDEs,
and the corresponding coefficients A, By, Bs, Bs, V of the reduced equation.

I u=p(w,w), wi=x1, wy=u;
A=B =By=1, By=V =0.

2. u=—p(w,ws) +x0, wi1=x1, wy=T;
A=1, Bi=By=By=V =0.

3. u=¢p(wi,ws), wi=wp, wg:(as%+x%)l/2;
A=Bi=-By=wy, B3=0, V=02(pf—¢3-1).

4. u? = —p*(wi,w2) + 78, w1 =11, wy=To;
A=-Bi=-By=¢ By=0, V=¢" (o] +¢p5-1).

5. u? = —p*(wi,w2) + 23 — 23, wi=1x0—u, wy=m3;
A=0, Bi=wip, By=¢*(p—2wip1), Bs=uwip’ps,
V = w1 (wipr — 4p) —2¢° (93 — 1)
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6. u=p(wy,wy), w =aarctan 2 2+, wy= (z% + 502)1/2

A= B =w; (w3 —a?), Bgz—wg, B3 =0,

V =wips (9] — 3 — 1) — 2a%pips.

T2
17

A:wg’, B1:—B2:w2(u}2—|—a2), B3 =0,

2 2)1/2.

7. u= p(wr,wz) — aarctan 3 wi =0, w2 = (7] + 73 i

V =wips (o] — 93 — 1) — 2a%ps.

8. u?=—}(wi,wo) + 33— 22, wi=x0—u, wr=1z1—T2(T0—U);
A=0, Bi=wip, Bo=p s+ ¢ wi+1)(p—2w1¢1)),
B3 = wip (w2 + (wi + 1) pa200)

V = (w11 + wap2)® — 0203 — 4 (w11 + wapa) + 202

1/2
9. aln(xg+u) = p(wy,ws) — arctan x?’ w1 = (23 + 23) 2= (22 — u?)
A=wiws, By =-wiws (w2 +2aps), Bs=uwiws (c’w} +wj),

By = awjwipr, V =wiws (o] — ¢3) (Wi — wapr) + Bowiwapl—
—2awiwdp1ps + w1 (W3 — a?w?) g — 2wW3 k1.

10. (2% + x2)1/2 =p(wi,w2), wi=x0+u, wy= arctan + o — u;

A=4¢3 By =0, By=—¢, Bz=2p3 Vchp%—cp (4p1pp — 1).

11. aln(zg — u) = p(wi,w2) — 1, w1 = (x(% — u2)1/2, Wo = T9;
A= w%, Bi =w (oz2 + w%) , By = —2aw%<p1, B3 = aw%cpg,

V = —wipr (¢f = ¢3) + Bawie] + (wf — o?) o1,
12. u+ xo — z1(x0 — u) + %(xo —u)? = p(w,ws), w = lef(xo —u)? — 2,

AZl, BlzBQZ—4wl, B3:0, V:2(p1.
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Quantum Mechanics in Noninertial
Reference Frames and Representations of
the Euclidean Line Group

W.H. KLINK !

Department of Physics and Astronomy, Department of Mathematics,
University of lTowa, lTowa City, 1A 52242, USA

FAX: (819)335-1753 E-mail: klink@iajet.physics.uiowa.edu

Abstract

The Galilean covariance of nonrelativistic quantum mechanics is generalized to an
infinite parameter group of acceleration transformations called the Euclidean line
group. Projective representations of the Euclidean line group are constructed and the
resulting unitary operators are shown to implement arbitrary accelerations. These
unitary operators are used to modify the time-dependent Schrodinger equation and
produce the quantum mechanical analog of fictitious forces. The relationship of accel-
erating systems to gravitational forces is discussed. Solutions of the time-dependent
Schrodinger equation for time varying, spatially constant external fields are obtained
by transforming to appropriate accelerating reference frames. Generalizations to rel-
ativistic quantum mechanics are briefly discussed.

Infinite-dimensional groups and algebras continue to play an important role in quantum
physics. The goal of this work, which is dedicated to the memory of Wilhelm Fushchych, is
to look at some special representations of a group £(3), called the Euclidean line group in
three dimensions, the group of maps from the real line to the three-dimensional Euclidean
group. The motivation for studying such a group arises from a long-standing question
in quantum mechanics, namely how to do quantum mechanics in noninertial reference
frames. Now to “do” quantum mechanics in noninertial frames means constructing unitary
operators that implement acceleration transformations. We will show that representations
of £(3) on an appropriate Hilbert space provide the unitary operators that are needed to
implement acceleration transformations.

The natural Hilbert space on which to construct representations of £(3) is the Hilbert
space of a single particle of mass m and spin s, H,,_ s, which itself is the representation space
for the central extension of the Galilei group [1]. Thus, the central extension of £(3) should
contain the central extension of the Galilei group as a subgroup, and moreover, under the
restriction of the representation of £(3) to that of the Galilei group, the Hilbert space
should remain irreducible. The representations of £(3) will be obtained from the generating
functions of the corresponding classical mechanics problem. These generating functions
carry a representation of the Lie algebra of £(3) under Poisson bracket operations; using
the correspondence between Poisson brackets in classical mechanics and commutators in

1Supported in part by DOE.
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quantum mechanics gives the desired representation, which is readily exponentiated to give
the representation of £(3). Moreover, this procedure automatically gives a representation
of the central extension of £(3).

Once the unitary operators implementing acceleration transformations on H,, s are
known, it is possible to compute the analog of fictitious forces in quantum mechanics
by applying the acceleration operators to the time-dependent Schrédinger equation. The
resulting fictitious forces are proportional to the mass of the particle, and for linear accel-
erations, proportional to the position operator. This means that in a position represen-
tation, fictitious forces can simulate constant gravitational forces, which is the principle
of equivalence in nonrelativistic physics. As will be shown, it is also possible to explicitly
solve the time-dependent Schrédinger equation for such potentials by transforming to an
appropriate noninertial frame.

We begin by looking at acceleration transformations that form the Euclidean line group
£(3). Consider the acceleration transformations

¥ — &' =2Z+ad(t) (linear acceleration), Q)
o 1
¥ — ' = R(t)Z (rotational acceleration),
where R(t) € SO(3) is a rotation and @(t) € R? is a three-dimensional translation. Both of
these types of transformations are indexed by the time parameter ¢, so that the Euclidean
line group consists of maps R — FE(3), from the real line to the Euclidean group in three
dimensions. Such an infinite-dimensional group contains all transformations that preserve
the distance between two points in the three-dimensional space (7 — ).
Linear accelerations contain translations and Galilei boosts of the Galilei group,

=/

' =7+ d (translations), @
2
Z' =2+t (Galilei boosts),
as well as such acceleration transformations as constant accelerations,

=/

1
=7+ 3 at*>  (constant accelerations). (3)

Similarly, rotational accelerations contain constant rotations of the Galilei group as
well as constant angular velocity rotations,

R(t) = R(i,wt), (4)

where n is the axis of rotation and wt is the angle of rotation.

Given the group £(3), we wish to find its unitary projective representations on the
Hilbert space for a nonrelativistic particle of mass m and spin s, namely H,, s = L?(R3) x
V', where V* is the 25+ 1 dimensional complex vector space for a particle of spin s [1]. In
momentum space, the wave functions ¢(p, ms) € Hy, s transform under the Galilei group
elements as

(Uap) (5, ms) = e~ P/ (5, my) = e/ hp(5,my),

(Ugp) (5, ms) = e~ Xm0 (5 my,) = o(5+ mv),

= +8
(Ur) (B, ms) = e M o(p,ms) = Y Dy (R)p(R™'5,my),
mi=—s
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where R € SO(3) is a rotation, and D, ., (R) is a Wigner D function. P, X, and J are,
respectively, the momentum, position, and angular momentum operators. The goal is to
find Uz and Upg(y) as unitary operators on H, s, where @(t) and R(t) are elements of
£(3).

In Ref. [2], we have shown how to calculate Usz(t) and Upg(y) by looking at the generat-
ing functions for a particle in classical mechanics and then changing Poisson brackets to
commutators in quantum mechanics. Here we will illustrate the basic idea by considering

linear accelerations in only one spatial dimension, namely
¥ =z +alt). (6)
A generating function for such a transformation is given by

F(a,p) = (z + a(t))p" — maa(t),

x'—a—F—x—G—a(t),

op’
=Sy i, i) =5 "
p_ax_p ma ) a dt7

oF
H'(2',p)) = H(x,p) + e
To get the operators that generate various acceleration transformations, we write a(t)
as a power series in t,

o0

alt) =3 0

n!

n=0
where the expansion coefficients a, play the role of group parameters for the one-para-
meter subgroups of linear accelerations. Note that ag generates spatial translations, while
a; generates Galilei boost transformations [see Eq. (2)].

For each one-parameter subgroup specified by a,, we compute the infinitesimal gener-
ating functions A, (x,p), which, because of the group properties of £(3), will close under
Poisson bracket operations. Ay (z,p) comes from the generating function F},(z,p’ ) relative
to the group element a,,:

Fn('xap/) = <$+_tn)p/ mxﬂ’
! (n—1)!
; ant™
r =x+ l
p/ :p+m( anl)' tnfl7 (9)

AO(xap) =D
Then the Poisson brackets of A,, with A, close to give
mtn -1 11
A, A} = N / 0
{An, Aw} (n—1)I(n —1)! <n n’) » m A0, 10
mt" 1 ( )
{An7 AO} - -

(n—1)"
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Since Ag generates spatial translations, which are related to the momentum operator, we
want the canonical commutation relations {x,p} = 1. But from Eq. (10) it is seen that
{A1, Ao} = —m. So define

Bn::—iAn7 n=12,...
m (11)
By := Ay,

which gives

{B B } _ tn-‘rn/—l l B l , # 0
mE T =D — 1) \n ) i ’
et (12)
B,,By} = —.
{ o} (n—1)!

In particular, {Bi, Bp} = 1. These equations are the starting point for introducing accel-
eration operators into quantum mechanics, for they provide a projective representation of
the Lie algebra of the one-dimensional linear accelerations, in which commutators replace
Poisson brackets. That is

n—1 . n
BnHXn:ﬁZh%_#pa n:1,2,...
BO—>P:p>
ihtntn -1 11
X, Xy = —— =TI "£0 13
X, X m(n —1)!(n/ —1)! (n n’> » mn£0, (13)
ihtnt
X, Pl= ——
[Xn, P] (n—1)""
(X1, P] = ihl,

where [ is the identity operator.

But X; = ih(0/0p) — (t/m)p is not the usual position operator, X = ih(d/dp). The
appendix of Ref. [2] shows that X is unitarily equivalent to X. X is a perfectly good
position operator and we continue to use it because the form of Uy is particularly simple.

The operators X,, are readily exponentiated; as shown in Ref. [2], the unitary operator
implementing the acceleration transformation a(t) is then

(Uaryp) (p) = € “OP Mo (p +maft)) . (14)
This can be generalized to the full £(3) group to give
Uz @) (7, ms) = €O PN o5+ malt)),

U #)(ms) = 3 Doy (RO (0)5,m)), (15)

which are the unitary operators implementing acceleration transformations on H, s.
These operators form a unitary projective representation of £(3) with multiplier

di(t) - da(t) .

=t 3

w(a,az) =
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The unitary operators, Eq. (15), can be used to derive the form of fictitious potentials
that arise in noninertial reference frames. Let g(t) denote either @(t) or R(t) in £(3) and
let ¢/ = Ugry? be the wave function in the noninertial frame obtained from the wave
function 1 in the inertial frame under the transformation g(t). Applying Uy to the
time-dependent Schrédinger equation valid in an inertial frame gives

Oy
1hU, a@t) Ay 8 Ug(t)H¢ta
0 ouU,
h [E(Ug(t)wt) - 5;(0 1/%} Uyt )HUg(t Ugty¥ts (16)

, g
Zh ar wt H P) t g(t T/’t;
here H' := Uy H ng;) is the transformed Hamiltonian in the noninertial reference frame,
and

ou, Ugit+e) — U,
9(1) . iy 29O 9(t) (17)
ot e—0 €

Since Uy is known explicitly, the quantum fictitious potential can be computed; the
result is that

U-L =md(t) - X —at)P + malt) - a(t)l,

the angular velocity @(t) is obtained from the angular momentum matrix Q(t) := R(t)
R~Y(t), which is antisymmetric,
1

— €S n(t) (19)

Wy (t) = 5

ansm/ are the angular momentum matrices for spin s,
S
as L 7 /
Spgmy, 1= (smg|J [smi) . (20)

If the Hamiltonian is the free particle Hamiltonian, Hy = ]32/ 2m, then under linear
accelerations,

=g m
U*( )H()Ua(t) = Uﬂ( )P PUq(t) = Hy + a( )- P+ 5 (t)[,
Haeeat i= Ungyy HoU L + i 2250 1
accel -— Ugq(¢)410 _‘(t) + ot at) (21)

= Hy+m|i(t) - X + %50 1 4 Gy ()1

and the fictitious potential is proportional to m, as expected.
If it were not known how to couple an external gravitational field to a quantum me-
chanical particle, the nonrelativistic version of the principle of equivalence could be used to
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link a constant acceleration with a constant gravitational field. That is, for @(t) = 1/2at?,
d constant, the fictitious potential (in a position representation and neglecting the terms
related to I) is

Vie(@) = mad - & (22)

which is the potential for a constant gravitational field.

This reasoning can be turned around. Say, we are given a potential (for simplicity in one
dimension) of the form V; = f(¢)X, a potential linear in X, but varying arbitrarily in time.
An example is a spatially constant external electric field that varies in an arbitrary manner
in time. The time-dependent Schrodinger equation for such a system in a momentum
representation is

%:<p2

o = 4 f(t)ih Q) ©;. (23)

if
’ 2m dp

If this equation is transformed to a noninertial reference frame, the acceleration a(t) can
be chosen so as to cancel off the effect of f(t). That is, if ma(t) + f(t) = 0, the 9/9p
terms cancel and the Schrodinger equation becomes

8(,0/ p2 ma2
1 t — Ea e /
T <2m Ty )

which can readily be solved. Transforming back to the inertial frame gives the solution

pt(p) = Uy #1(p) = pro(p — ma(t))
2 (24)

: t

X exp{ ! [p— t 4 (at) — ta(t))p + = (taﬂ(t) +/ (a2 — 2a(t)d(t)))] }
h|2m 2

with pi—o(p) € L*(R) the wave function at t = 0.

To conclude this paper, we briefly discuss the question of how to generalize these non-
relativistic results to relativistic quantum mechanics. Relativistic means that the Galilei
group is replaced by the Poincaré group, consisting of Lorentz transformations and space-
time translations. The first problem that arises is that there are a number of different
ways of formulating relativistic quantum mechanics, the most prominent being quantum
field theory. These different formulations all carry representations of the Poincaré group
in one way or another, but they differ in how interactions are introduced. One way in
which interactions can be introduced is through the Poincaré generators. In such a for-
mulation, some generators contain interactions, others not. Dirac [3] classified three such
possibilities as instant, front, and point forms. The instant form is the most familiar form,
in that the Poincaré generators not containing interactions are the Euclidean subalgebra
of rotations and spatial translation generators. More recently, the front form of relativistic
quantum mechanics has been of great interest [4].

However, to analyze accelerations in relativistic quantum mechanics, the point form [5],
wherein all interactions are put into four-momentum generators, is the natural form to
use, for it is the only form which is manifestly covariant under Lorentz transformations
(the generators of Lorentz transformations do not contain interactions).
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In the point form of relativistic quantum mechanics, the interacting four-momentum
operators must satisfy the (Poincaré) conditions

[P, P"] =0,

25
UAPMUXI —_ (A_l)MZ,PV, ( )

where Up is the unitary operator representing the Lorentz transformation A on an appro-
priate Hilbert space H (which may be a Fock space or a subspace of a Fock space). Since
the four-momentum operators all commute with one another, they can be simultaneously
diagonalized, and used to construct the invariant mass operator,

M := /PrP, . (26)

The spectrum of M must be bounded from below; the discrete part of the spectrum of M
corresponds to bound states and the continuous part to scattering states.

However, the most important feature of the point form is that the time-dependent
Schrédinger equation naturally generalizes to

Oy

10
! Oz,

= Phapy, (27)

where x is the space-time point (ct,Z). This relativistic Schrodinger equation simply
states that the interacting four-momentum operators act as generators of space-time trans-
lations, in a Lorentz covariant manner. But its importance with regard to acceleration
transformations is that relativistic fictitious forces will arise in exactly the same way as
the nonrelativistic ones arose in Eq. (16).

This leads to a second problem, namely finding the generalization of £(3) for relativistic
acceleration. Since, in relativistic mechanics space and time are on an equal footing, time
cannot be an independent parameter, as was the case for £(3). But since the principle
of equivalence links acceleration to general relativity [6], the natural group to consider is
the diffeomorphism group on the Minkowski space, the group of invertible differentiable
maps from the Minkowski manifold to itself, Diff(M). This group has both £(3) and the
Poincaré group as subgroups.

If the transformation

at — o't = fH(2") (28)

is an element of Diff(M), then what is needed is a unitary representation of Diff(M) on
H,

f € Diff (M) - Uy on H, (29)

such that in the limit as ¢ — oo, the representation of Diff(M) contracts to a representa-
tion of £(3). For such Uy, the relativistic fictitious force is given by

s 11

th—U,. ", 30

oz, I (30)
and, from the principle of equivalence, shows how to couple an external gravitational field
to a relativistic particle of arbitrary mass and spin. Details of these ideas will be carried
out in a future paper.
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Abstract

The possibility that quantum mechanics itself could be non-linear has run up against
difficulties with relativistic covariance. Most of the schemes proposed up to now
engender superluminal communication, and those that don’t, have been equivalent to
linear theories. We show in a simplified model that a proposal based on the consistent
histories approach to quantum mechanics avoids the usual difficulties and a relativistic
quantum theory with non-linearly defined histories is possible.

1 Introduction

There is presently a growing interest in non-linear quantum mechanics resulting from a
variety of motivations: fundamental speculation, presence of gravity, string theory, rep-
resentations of current algebras, etc. Although apparently well motivated, it became
apparent that non-linear theories suffer from some prima facie serious difficulties. These
are of various types, but the most notable is conflict with relativity or causality. N. Gisin
[1, 2] and G. Svetlichny [3] pointed out that non-linearity allows us to use EPR-type cor-
relations and the instantaneous nature of state-vector collapse to send a signal across a
space-like interval. Analyzing further, one finds that one has in fact a contradiction with
relativity [4]. Certain progress has been made in overcoming these difficulties. One of
the proposals is based on the idea that since the difficulty stems from the instantaneous
state-vector collapse in measurement, a modification of measurement algorithms could
allow for non-linear processes without superluminal signals. G. A. Goldin, H.-D. Doeb-
ner and P. Nattermann [5, 6, 7] have argued that non-linearity per se does not lead to
superluminal signals (this was also pointed out by Svetlichny [4]), as with the prima facie
reasonable assumptions that all measurements are in the end expressible in terms of mea-
surements of position, certain non-linear Schrodinger equations are then observationally
equivalent, via a non-linear “gauge transformation”, to the free linear equation. We shall
call these the GDN theories. Unfortunately, these theories, and others studied by these
authors, are non-relativistic, and we are still far from understanding the true relation of
linearity to relativity.

Here we adopt an even more radical view and reconsider the question from the point
of view of a quantum theory without measurements, as the complete absence of the
“measurement process” will eliminate any obstruction to non-linearities from the man-
ifest non-covariance of this process. Of the several “measurementless” theories, the one
most adaptable to relativistic considerations is the consistent histories approach already
widely discussed in the literature [8, 9].
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We argue that in the histories approach, non-linearity and relativistic covariance can
indeed coexist peacefully and present a simple model to support this view. Such a model
cannot yet be taken as a proposal for a realistic theory but does establish the logical point
and suggests where one should look for experimental evidence.

2 Linear and non-linear histories

Let ‘H be a Hilbert space and ¥ € H a normalized vector. For each i = 1,...,n, let P](Z)

where j = 1,2,...,n;, be a finite resolution of the identity. We call each state vector of
the form

a history. Let
Pa = [|Pa . (2)

One interpretation of the above quantities is that U is a Heisenberg state and that PJ(Z)

is the spectral resolution of a Heisenberg observable A() = /\g-i)Pj(i) at time ¢; where
t <to < - <tp_1 <ty In this case, p, is the joint probability of getting the sequence

of outcomes )\((xll), cee )\gl) in a sequence of measurements that correspond to the observ-
ables AD ... A The coherent histories interpretation of quantum mechanics however

goes beyond this viewpoint and in certain special cases interprets p, as the probability
of the history ), even if no actual measurements are made. It is a way of assigning
probabilities to alternate views of the quantum state ¥, corresponding to the possible
different sequences a = (a,...,ay). Such an attitude is maintained only if a condition,
called consistency, or even a stronger condition called decoherence, is satisfied by the set
of alternative histories.

The notion of consistent histories forms the basis of a new interpretation of quantum
mechanics that in a certain sense transcends at the same time the Copenhagen inter-
pretation and the Everett many-worlds one. As such it has attracted the attention of
cosmologists. Its main feature that makes it attractive to the present case is that it does
not rely on the notion of measurement nor on the collapse of the wave-function. Thus
even though (1) can be interpreted as a sequence of evolutions and collapses, this is not
essential, and (2) can be viewed as merely a formula for a joint probability. In a more
generalized setting, the evolution-collapse picture is not even possible for some sets of
histories. This view of quantum mechanics thus transcends the notions of instantaneous
state, its evolution, and its collapse, which means that it is well suited for formulating
theories in which these notions are troublesome, such as non-linear quantum mechanics.

The most naive way to adapt the consistent histories approach to non-linear quantum

)

mechanics is to replace in (1) the linear projectors Pj(l by non-linear operators B](.z) and

so introduce the non-linear histories

B, = B

" B&J]) . ..3&22)3&11)\1,7
with the corresponding probability function

ba = || Ba V%
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Such expressions are in fact the correct ones for a succession of measurements for the GDN
theories.
The most primitive property that the operators B should satisfy is that ) b, = 1.

This is true in particular if one has HB](-Z)tIDH2 =1 for every i and all ® , which is the
case of GDN.

To complete the rest of the program and have an interpretation of this non-linear quan-
tum mechanics, similar to the consistent histories approach of linear quantum mechanics,
one needs to address the notions of consistency in the nonlinear context. There is no a
priori difficulty in formulating such a notion, though the stronger notion of decoherence
may not survive the passage to nonlinearity.

We shall not address the interpretational issues in this paper and only limit ourselves
to showing that one can pass on to non-linearity while maintaining Lorentz covariance.
Again, the most naive way to envisage Lorentz covariance is to assume that there is a
unitary representation U(g) of the Poincaré group along with an action ¢4 of the same on
suitable non-linear operators such that it makes sense to talk of the transformed histories

By = B

n

BY) ... BOBL
a; a “aq

where B = ¢,(B) and ¥ = U(g)¥. Lorentz covariance would then be expressed through
the statement l;a = by. Such a scheme holds in the GDN case for Euclidean and Galileian
covariances.

Now it should not be very hard to implement the above scheme without further con-
straints, but for an interesting theory, one should require a locality condition that would
preclude superluminal signals. It would only be then that one could say that one has
overcome the relativistic objections to non-linear theories. This is the concern of the next

sections.

3 Free quantum fields

This section is based on the suggestion presented in [4]. Consider a free neutral scalar
relativistic quantum field. For each limited space-time region O, let A(OQ) be the von-
Neuman algebra of observables associated to O. Consider now a set of limited space-time
regions 01, ... O, which are so disposed that for any two, either all points of one are space-
like in relation to all points of the other, or they are time-like. Assume the regions are
numbered so that whenever one is in the time-like future of another, then the first one has
a greater index. Let P; € A(O;) be orthogonal projections that correspond to outcomes
of measurements made in the corresponding regions. Let U represent a Heisenberg state
in some reference frame and prior to all measurements. According to the usual rules, the
probability to obtain all the outcomes represented by the projections is: || P, - - - P, Py ¥||%.
We will modify this formula by replacing P; by B;, a possibly non-linear operator, likewise
somehow associated to the region O;, whenever there is a region O; that is time-like
past to the given one. This effectively differentiates between space-like and time-like
conditional probabilities. For this to be consistent, relativistic, and causal, the (in general
non-linear) operators B; have to satisfy certain constraints. There are several ambiguities
in the above construction. The relative order of the O; is not determined except for the
case of time-like separation. Presumably, the ambiguity of the order corresponds to the
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possible choices of the time-like reference direction. Even for some of these, two space-like
separated regions may not be separated by the time coordinate, in such cases we shall
suppose that the relative order does not matter. This means that we should allow certain
permutations of the sequence Oy, ..., 0, and the choice of such a permutation must not
affect the final assignment of probabilities. We shall call each allowed permutation an
admissible sequence. There is also the ambiguity in the relation P, € O;, resulting from
the inclusion A(Op) C A(O2) whenever O; C Oz. This too must not affect the final
assignment. The operators B; can depend on several aspects of the construction. In
principle, each B; can depend on the full set of constituents {¥, Py, Oy,..., P,, Oy} and
even, in a self-consistent manner, on the choices of the other B;. Such generality leaves
little room for insight. Given that, we are trying to establish here a point of principle, that
non-linear relativistic quantum mechanics is possible, and not propose what would be a
realistic theory, we shall look for the simplest type of modification. For a typical datum
P € A(O) in an admissible sequence, we shall at times write By for the corresponding B.

1. If O; and Oj; are space-like separated, then
[Bs, Pj] = [P;, By) = [B;, Bj] =0 (3)

2. If O C O and P € A(O) is a projector, then in any sequence in which P and O
take place for which changing O to O’ results in a new admissible sequence (with, of
course, identical spatial-temporal relation between the regions), one has Bpr = Bp

3. If U(g) is a unitary operator representing the element g of the Poincaré group, then
Byo = U(g)BoU(g)"

4. For all resolutions of identity P; € A(O) one has > ||B;®||? = ||®]|? for all states
.

The bracket in (3) is a commutator, for example, [B;, P;] = B;P; — P;B; and not the
Lie bracket of the two operators interpreted as vector fields on Hilbert space, which for
non-linear operators would be different.

We leave the problem of finding operators B; to the next section and first discuss some
of the consequences.

Let us now pick in each space-time region O; a finite resolution of the identity Pj(z),
where j = 1,2,...,n; with Pj(l) € A(0;). We have }_, Pj(z) =1

Consider now the expression

po = |IBE) - B - BE B WP, (4)

where B](-Z) = Pj(l) if there is no region Oy to the time-like past of O; and a possibly
different operator if there is. Expression (4) is to be interpreted as the joint probability
distribution of alternate histories as discussed in the previous section. From property (4)
it follows that ) po = 1 so that the interpretation as a joint probability is consistent.
Property (1) assures us that the mentioned ambiguity in the temporal order of space-like
separated regions does not affect the numerical values of the probabilities p,, but only the
way they are labeled. Property (3) assures us that the mentioned ambiguity in associating
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a region to a projector leaves the resulting probabilities the same. Finally, property (3)
assures us that if we replace the data

{U,P,04,...,P,,0,}
by

{U(9)¥,U(g)P1U(g)",9(O1), ..., U(g)PU(g)", 9(On)},

the resulting probabilities don’t change, that is, the theory is relativistically covariant. One
still does not know how to compute joint probabilities for events in regions that are neither
space-like nor time-like to each other, nor exactly how to interpret the formalism based
on the consistent histories approach. We leave this question for posterior investigation. In
any case, when only space-like separated regions occur in the histories, then the situation
is the same as in conventional quantum mechanics.

To show that joint probabilities as defined above do not lead to superluminal signals,
suppose one region O is space-like separated in relation to all the others. Then by the
considerations above, one can label the regions so that O = ;. The probability of
observing the event that corresponds to Pj(l) is, if no other observations are made, given

by |]P].(1)\Il||2, and by condition (4) it is also }_,, , Pay,,.a0,; that is, the marginal
probability if the other observations are made. This means that the probability of an
event is independent of what happens in space-like separated regions, and so no signals
using long-range correlations are possible, just as in the linear case.

One would thus have a non-linear relativistic quantum mechanics if conditions (1-4)
can be realized.

4 A simple explicit model

Free fields can be realized in appropriate Fock spaces. One has H = @, Hn, where
Ho = C is the subspace spanned by the vacuum, and each H,, is the n-particle subspace.
We consider a free scalar field ¢(x) of mass m. In configuration space, H,, now consists
of symmetric functions ®(z1,... x,) of n space-time coordinates which obey a Klein-
Gordon equation in each space-time variable and contain only positive-frequency Fourier
components in each momentum variable.

A very simple way of satisfying (1-4) is to set in the time-like case BJ@ = BPJ.(Z)BA,
where B is an invertible not-necessarily linear operator that is Poincaré invariant,
U(g)BU(g)* = B. In this case, it is easily seen that all the conditions are automati-
cally satisfied except possibly for the case of condition (1) which involves a modified and
a non-modified projector, that is,

[BPB™',Q] =0 (5)

if P and () are orthogonal projectors belonging to space-like separated regions, and con-
dition (4) which would be satisfied if B were norm-preserving ||B¥|| = ||V||. If B is
a real homogeneous operator Br¥ = rBWV for real r, then one can define a new opera-
tor (||W||BY)/||Bv|| which is now norm-preserving and continues to satisfy all the other
desired properties, so we shall not concern ourselves anymore with norm-preservation.



On Relativistic Non-linear Quantum Mechanics 267

A stronger condition than (5) would be to assume that
[BAB™',C] =0 (6)

if A and C' are operators belonging to von-Neuman algebras of space-like separated regions.
Such a condition may seem somewhat strong given that B is supposed to be non-linear,
but one sees similar situations in the GDN theories, in which the non-linear operators
are in fact linear on spaces generated by functions with disjoint supports. In the GDN
theories such a property follows essentially from homogeneity and the local character of
differential operators. As such we can hope to achieve it in our case also. In particular,
one should have for smeared fields

[Bo(f)B™,¢(9)] =0 (7)

for f and g with space-like separated supports.

We must now face the task of finding an appropriate B. Now it is not hard to
find Poincaré invariant non-linear operators. As an example, for each n, let M, be a
permutation and Lorentz invariant non-linear differential operator acting on a function
g(x1,...,oy,) of n space-time points. One can apply M, to the n-particle component ®,,
of a vector in a Fock space. Now M,,®,, is not necessarily a positive-frequency solution
of the Klein-Gordon equation, but we can then convolute it with an appropriate Green’s
function. Define the operator C' by (C®), = AH)®" & M, &, where A" is the n-fold
tensor product of A(+) (x), the positive frequency invariant Green’s function for the Klein-
Gordon equation, and * denotes convolution. Much more elaborate operators in which
the various n-particle sectors get coupled can also be constructed.

The difficulty in (7) is of course the presence of B~!. We shall try to overcome this
by assuming that B is a part of a one-parameter group B(r) generated by a non-linear

d

operator K. Thus, the equation d—(b(r) = K®(r) is solved by ®(r) = B(r)®(0). We
T

assume B = B(1) and that (7) holds for each B(r). To the first order, one then has

(LK o(f)); 6(9)] = O (8)

for f and g with space-like separated supports. This equation imposes a recursive series
of constraints on the n-particle operators K, for which, however, there are no formal
obstructions. We shall not here go into a full analysis of these constraints as the typical
situation already arises when we apply (8) to the vacuum state. We assume that the K,
operators do not change the number of particles. One must have Ky = 0 as the vacuum
is the unique Lorentz invariant state. For a one particle function g(x), let § = iA) % g,
and let ® denote the symmetric tensor product. One then derives from (8), applying
[[K, o(f)],¢(g)] to the vacuum, that if f and g have space-like separate supports, then

K>f&g = (Kif)@g+ fo(K1g), (9)
0 = (gaKlf)+(f7K1§)7 (10)

where (g, f) = [ g(x)f(z) dz. Now (9) defines K5 on the symmetric tensor product of two
functions in terms of Kj. This is similar to the tensor derivation property for separating
non-linear Schrodinger equations [10]. We can thus assume that the hierarchy K, is in
fact a tensor derivation with respect to the symmetric tensor product. Equation (10) must
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now hold for functions with space-like separated supports. This will hold, just as it does
in the linear free quantum field theory if K1 does not change the support of a function on
which it acts, which is not hard to achieve. The conclusion now is that in fact, at least
formally, a causal non-linear relativistic quantum mechanics of the type described in the
initial sections of this paper is possible.

5 Conclusions

The previous two sections have argued the logical point that, indeed, relativistic nonlin-
ear histories without superluminal signals are possible. Because of it’s ad hoc nature,
the model presented above cannot be considered realistic. In particular, if the space-
time regions involved constitute a time-like chain, then the joint probabilities in the non-
relativistic limit would not be of the type governed by a non-linear Schrédinger equation.
Thus, we have not yet shown that the GDN theories can be obtained as non-relativistic
limits. All the schemes based on non-linear histories which differentiate between space-like
and time-like joint-probabilities in principle should exhibit physical effects as one crosses
the light cone. Thus, in a typical photon correlation experiment, one can delay the light-
ray on one side so that at a certain point the detector events become time-like. In crossing
the light cone, an effect should be present that was not forseen by the linear theory. This
happens in the models above as ||PQ®||? suddenly becomes ||BQ®||?>. There are strong
plausibility arguments [4, 11] that theories that do not suffer such discontinuities at the
future light-cone are necessarily linear, so a true verification of non-linearity would involve
light-cone experiments. Theories of the type here considered are thus light cone singular
and, for such theories, the notion of non-relativistic limit has to be modified. Whereas in
usual theories the non-relativistic regime is one for which all relevant velocities are small
compared to the velocity of light, in light-cone singular theories one must add the require-
ment that all relevant space-time intervals be time-like. This further requirement removes
the paradox that a causal relativistic theory may have a non-relativistic limit that seems
manifestly acausal by allowing instantaneous signals through long-range correlations, and
may thus remove a major objection to formulation of non-linear quantum mechanics.
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Abstract

We review a possible framework for (non)linear quantum theories, into which linear
quantum mechanics fits as well, and discuss the notion of “equivalence” in this setting.
Finally, we draw the attention to persisting severe problems of nonlinear quantum
theories.

1 Nonlinearity in quantum mechanics

Nonlinearity can enter quantum mechanics in various ways, so there are a number of
associations a physicist can have with the term “nonlinear quantum mechanics”. Because
of this, we shall start with a (certainly incomplete) list of those ways that we shall not
deal with here.

In quantum field theory, nonlinearity occurs in the equations of interacting field op-
erators. These equations may be quantizations of nonlinear classical field equations (see,
e.g., [1]) or mathematically tractable models as in ¢*-theory. Here, however, the field
operators remain linear, as does the whole quantum mechanical setup for these quantum
field theories.

On a first quantized level, nonlinear terms have been proposed very early for a phe-
nomenological and semi-classical description of self-interactions, e.g., of electrons in their
own electromagnetic field (see, e.g., [2]). Being phenomenological, these approaches are
build on linear quantum mechanics and use the standard notion of observables and states.
For complex systems, the linear multi-particle Schrodinger equation is often replaced by a
nonlinear single-particle Schrodinger equation as in the density functional theory of solid
state physics.

There have also been attempts to incorporate friction on a microscopic level using non-
linear Schrodinger equations. Many of these approaches incorporate stochastic frictional
forces in the nonlinear evolution equation for wavefunctions (see, e.g., [3]).

Contrary to these, we are concerned with a more fundamental role of nonlinearity in
quantum mechanics. Notable efforts in this direction have been launched, for example, by
Bialinycki-Birula and Mycielski [4], Weinberg [5], and Doebner and Goldin [6, 7].

2 Problems of a fundamentally nonlinear nature

There are evident problems if we merely replace (naively) the evolution equation of quan-
tum mechanics, i.e., the linear Schrodinger equation, by a nonlinear variant, but stick to
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the usual definitions of linear quantum mechanics, like observables being represented by
self-adjoint operators, and states being represented by density matrices.

Density matrices W € 7,7 (H) represent in general a couple of different, but indistin-
guishable mixtures of pure states,

D Nl (5] = W=D N[ (], (1)
J J

where {(\j,;)}j=1,.. and {(A},¢})}j=1,.. are different mixtures of pure states 1; and v

with weights Z Aj=1and Z )\9 = 1, respectively. This identification of different mix-

J j
tures is evidently not invariant under a nonlinear time-evolution ®; of the wavefunctions,

ST AR N @) £ SN () (1 (1) @)
J J

This apparent contradiction has been used by Gisin, Polchinski, and others [8, 9] to pre-
dict superluminal communications in an EPR-like experiment for any nonlinear quantum
theory.

Rather than taking this observation as an inconsistency of a nonlinear quantum theory
(e.g., as in [10, 11]), we take it as an indication that the notions of observables and states in
a nonlinear quantum theory have to be adopted appropriately [12]. If nonlinear quantum
mechanics is to remain a statistical theory, we need a consistent and complete statisti-
cal interpretation of the wave function and the observables, and therefore a consistent
description of mixed states.

3 Generalized quantum mechanics

In view of the intensive studies on nonlinear Schrédinger equations in the last decade, it
is astonishing to note that a framework for a consistent framework of nonlinear quantum
theories has already been given by Mielnik in 1974 [13]. We shall adopt this approach here
and develop the main ingredients of a quantum theory with nonlinear time evolutions of
wavefunctions.

Our considerations will be based on a fundamental hypothesis on physical experiments:

All measurements can in principle be reduced to a change of the dynamics of
the system (e.g., by invoking external fields) and positional measurements.

In fact, this point of view, which has been taken by a number of theoretical physicists
[13, 14, 15, 16], becomes most evident in scattering experiments, where the localization of
particles is detected (asymptotically) after interaction.

Based on this hypothesis, we build our framework for a nonlinear quantum theory on
three main “ingredients” [17]:

First, a topological space T of wavefunctions. In the one-particle examples below, this
topological space is a Hilbert space of square integrable functions, but we may also think
of other function spaces [18].
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Figure 1: Velocity cone for the asymptotic measurement of momentum.
Secondly, the time evolutions are given by homeomorphisms of 7,
@iEzt): T—->T, (3)

which depend on the time interval ¢ and the external conditions (e.g., external fields)
Ext € C. Mielnik’s motion group M [13] is the smallest (semi-) group containing all time
evolutions &, , close in the topology of pointwise convergence.

Finally, positional observables P are represented by probability measures on the physical

space M, which depend on the wavefunction ¢ € 7, i.e., P = {pp | B € B(M)}, where

pe:T—[0,1, Y ps, =ps, B=|]Bs (4)
k=1 k=1

for disjoint By, € B(M).

We shall call the triple (7, M, P) a quantum system. Using these basic ingredients, we
can define effects and states of the quantum system (7, M, P) as derived concepts. An
effect (or a counter) is (at least approximately in the sense of pointwise convergence) a
combination of evolutions T' € M and positional measurements p € P, i.e.,

E:={poTpeP,TeM" (5)

is the set of effects. A general observable A is an E-valued measure on the set M# of its
classical values,

ph B(MY) =€, pyalgl = 1. (6)

The standard example of such an asymptotic observable is the (dynamical) momentum of
a single particle of mass m in R3. Let B € B(Rf;) be an open subset of the momentum
space R;’,, then

t
By = {—P
m

pe B} (7)

defines the corresponding velocity cone, see Figure 1.
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If @go) denotes the free quantum mechanical time evolution of our theory — provided,
of course, there is such a distinguished evolution — the limit

PEl¢] = Jim pp, [0f"[¢] (8)

defines a probability measure on Rg, so that the momentum observable is given by the
E-valued measure

P:{pgeé"BEB(Rg)}. 9)

Coming back to the general framework, once we have determined the set of effects,
we can define the states of the quantum system as equivalence classes of mixtures of
wavefunctions.

Different mixtures of wave functions

= {()‘j7¢j>}j:1,... ) Z)‘j =1, (10)
J

with the corresponding effects f[r] := Z Ajf(¢;) may be indistinguishable with respect

J
to the effects &,

T ~ TQ <~ (f[ﬂ'l] :f[ﬂ'g] Vf€5> (11)
Hence, the state space

H(T)/

S = (12)

~

is a convex set with pure states as extremal points £(S).

4 Linear quantum mechanics

Generalized quantum mechanics is indeed a generalization of linear quantum mechanics,
as the latter is contained in the general framework as a special case. To see this, we
consider a non-relativistic particle of mass m in R3 (Schrédinger particle), defined in our
setting as a quantum system (H, Mg, Py) with the topological space of wave functions as
the Hilbert-space

T =H = L*(R3,d%z), (13)
the Born interpretation of |1"(“’7/")‘2/““2 as a positional probability density on R3, i.e.,

 WEBN BB
el = T e (14)

defines the positional observables, and unitary time evolutions generated by the linear
Schrédinger equations

2
ihopy = (—;—mﬁ + V) Py = Hyfy (15)
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with a class of suitable potentials V representing the external conditions of the system.

Starting with these three objects, we recover indeed the full structure of (linear) quan-
tum mechanics. First, the motion group of a Schrodinger particle is the whole unitary
group [19]

Mg ~U(H). (16)

Furthermore, the (decision) effects are given precisely by orthogonal projection operators
[20],

2
£~ Proj(r), ful) = L2 (17
141
so that the logical structure of quantum mechanics is recovered; observables occur nat-
urally through their spectral measures in this scheme. For example, the asymptotic
definition of momentum along the lines given above is well known in linear quantum me-
chanics [21] and leads through standard Fourier transform to the usual spectral measure
of the momentum operator P.
Finally, as a consequence of the above set of effects, the state space coincides with the
space of normalized, positive trace class operators,

S~ Tt (H), E(S)~ P(H). (18)

5 Equivalent quantum systems

Having based our discussion on a fundamental hypothesis on the distinguished role of
positional measurements in quantum mechanics, the notion of gauge equivalence has to be
reconsidered within the generalized framework of the previous section.

As our framework is based on topological spaces, two quantum systems (7, M, P) and
(? , M , 73) are topologically equivalent, if P and P are positional observables on the same
physical space M, the time evolutions depend on the same external conditions C, and
there is a homeomorphism N: 7 — T , such that

pp = PpoN, VB € B(M),

(Ext) (Ext)

I (19)
o, = N "o® oN, Vte R, Ext € C.

For the linear quantum systems of the previous section, this notion of topological equiva-
lence reduces naturally to ordinary unitary equivalence.

A particular case arises if we consider automorphisms of the same topological space of
wavefunctions 7 that leave the positional observables invariant,

N:T—T, pgp=ppoN VBeB(M). (20)

We call these automorphisms generalized gauge transformations. For linear quantum sys-
tems, these reduce to ordinary gauge transformations of the second kind, (Ug, ) (Z) =
(@, (£) . As in this linear case, the automorphisms N may be (explicitly) time-depen-
dent.
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6 Quantum mechanics in a nonlinear disguise

As we have seen in Section 4, the framework of Section 3 can indeed be filled in the case
of linear evolution equations; but are there also nonlinear models? Mielnik has listed a
number of nonlinear toy models for his framework [13] and has furthermore considered
finite-dimensional nonlinear systems [22]; Haag and Bannier have given an interesting
example of a quantum system with linear and nonlinear time evolutions [23].

Here, however, we shall proceed differently in order to obtain a nonlinear quantum
system: We use the generalized gauge transformations introduced in the previous section
in order to construct nonlinear quantum systems (H, M, P) with L?-wavefunctions that
are gauge equivalent to linear quantum mechanics.

To simplify matters, we assume that the time evolution of a nonlinear quantum system
is still given by a local, (quasi-)homogeneous nonlinear Schrodinger equation. This leads
us to consider strictly local, projective generalized gauge transformations [20]

Ny, (¥r) = threxp (i In |1y (21)

where v; is a time-dependent parameter. As these automorphisms of L?(R3,d%z) are
extremely similar to local linear gauge transformations of the second kind, they have been
called nonlinear gauge transformations [24] or gauge transformations of the third kind
[25].

Using these transformations, the evolution equations for v := N, (1), where 9 is a
solution of the linear Schrédinger equation 15 are easily calculated:

h2 h’)/t
iho = (——A+v) = 2 Rl — " () = Rl -
2.2
I (o Raly] - R5[¢t]>wt—5wn|¢t\2wt,
where
v-J A J-v Vp-V
Ryl ==, Rlyl:==L, Rifl="73, Roly]=~CrF.  (23)

These equations contain typical functionals R; of the Doebner-Goldin equations [7] as
well as the logarithmic term of Bialynicki-Birula-Mycielski [4]. Note that the form of
Eq. 22 does not immediately reveal its linearizability, the underlying linear structure of
this model is disguised.

In fact, through an iterated process of gauge generalization and gauge closure — similar
to the minimal coupling scheme of linear quantum mechanics — we could obtain a unified

family of nonlinear Schrédinger equations [25, 26] (R3[¢)] := ‘; L2 )E
WOppy =i Z vi R[] o + poV + ZukRk [e] e + o I [gr [ oy (24)

7 Final Remarks: Histories and Locality

In this contribution, we have sketched a framework for nonlinear quantum theories that
generalizes the usual linear one. We close with three remarks.
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The first is concerned with the definition of effects (and positional observables) in our
framework. Since we have used real-valued measures, our observables do not allow for
an idealization of measurements as in the linear theory, where a projection onto certain
parts of the spectrum is possible using the projection-valued measure. Combined subse-
quent measurements (histories) have to be described by quite complicated time evolutions.
However, in case of a linearizable quantum system, generalized projections

E:=NoEoN!, E € Proj(H) (25)

onto nonlinear submanifolds of H can be realized as an idealization of measurements, and
yield a nonlinear realization of the standard quantum logic [12].

Secondly, we should emphasize that we have not been able to describe a complete and
satisfactory nonlinear theory that is not gauge equivalent to linear quantum mechanics.
One of the obstacles of quantum mechanical evolution equations like 24 is the difficulty of
the (global) Cauchy problem for partial differential equations. Whereas there is a solution
of the logarithmic nonlinear Schrédinger equation [27], there are only local solutions of
(non-linearizable) Doebner—Goldin equations [28].

Another problem of nonlinear Schrédinger equations in quantum mechanics is the lo-
cality of the corresponding quantum theory: EPR-like experiments could indeed lead to
superluminal communications, though not in the naive (and irrelevant) fashion described
in Section 2, relevant Gisin-effects [29] can occur if changes of the external conditions in
spatially separated regions have instantaneous effects. Since the nonlinear equations we
have considered here are separable, this effect can only occur for entangled initial wave-
functions, i.e.,

V(Z1,T2) = Vi(Z1) + Va(da), Yo (Z1, T2) # 01(L1)p2(Z2) . (26)

For the Doebner-Goldin equations, for instance, such effects indeed occur (at least) for
certain subfamilies that are not Galilei invariant [29]; (higher order) calculations for the
Galilei invariant case and the logarithmic Schrédinger equation are not yet completed.
In the title of this contribution, we have put the prefix “non” in parentheses; the
remarks above may have indicated why. Finally, one might be forced to find different
ways of extending a nonlinear single-particle theory to many particles (see, e.g., [30, 31]).
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A Fiber Bundle Model of the Ice I, Structure

Yuri I. SAMOILENKO

Institute of Mathematics of the National Academy of Sciences of Ukraine,
8 Tereshchenkivs’ka Str., Kyiv 4, Ukraine

Abstract

A three-dimensional model of ice I;, based on the fiber bundle approach is presented.
A hybrid structure of ice consisting of the oxygen lattice with the P63/mmc crystal-
lographic symmetry and the hydrogen subsystem satisfying the Bernal-Fowler rules
is considered. Controllable change of the protons position at hydrogen bounds by
optoacoustic perturbation is discussed. Both classic and bispinor Hamiltonians are
proposed.

Forecasting intensive progress in microphysics as early as in 1959, R. Feynman has made
a presentation at the annual session of the American Physical Society under the symbolic
title " There’s plenty of room at the bottom” [1]. He underlined that microcosm can
give in future practically unlimited possibilities for material technology and information
processing. But for achievement of practical results, it is necessary to overcome not a few
obstacles. And one of them is the gap between micro- and macrolevels which prevents
a direct contact without information losses and order distraction. Over the year, it was
clearly understood that control and information theory should play an important role in
microphysics progress as well as in molecular and quantum computing [2-7]. First of
all, proper modelling of hybrid systems must be developed. One of possible models is
presented here.

Hexagonal ice I, was chosen as an object thanks to its wide spread in nature and because
it allows information processing at the molecular level. We start from the brief description
of the usual ice structure following the short but very consistent book of N. Maeno [8].
Hexagonal modification of ice exists under normal pressure and temperature 7' < —6 °C. It
has the crystallographic symmetry P63/mmc but only for the oxygen lattice, the hydrogen
subsystem is characterized by relative arbitrariness in protons’ distribution at hydrogen
bonds. So if the Bernal-Fowler rules are fulfilled, the protons have many variants of
distribution. These rules are the next:

1) exactly two protons are situated beside every oxygen atom,

2) exactly one proton is present at every hydrogen bond.

Mathematically, they can be expressed with some equations binding binary variables
for bistable proton positions at hydrogen bonds. This and another technique will be
demonstrated below.

One of possible dispositions of protons in the frame of an ice I, elementary cell is
shown in Fig.1. Framework of the cell is composed of two mirror symmetric strata which
are based on local orthogonal triplets e;, es, es (lower,right) and €], €}, €} (upper, left)
with the origins situated at the endpoints of the vertical hydrogen bond. The triplets
are oriented towards middle points of tetrahedron edges which are connected with the
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Fig.1.

correspondent oxygen atoms. Hydrogen bonds geometrically are represented by vectors
£, £/ (:1=0,1,2,3), so that

1 1 1
e1:§(f1—|—f0), 62:§(f2—|—f0)7 e3:§(f3+f0);
1 1 1
op = (f +16), eh=—o(B 5 o= —5(f+5);
fo+fi+fHh+f5=0 £H+f+8H+=0;

el + ey +eg=1fy=1f=—(e) +e)+e});

fi=e1—ex—e3, fh=—e +ex—e3 f3=—e —ex+es;

) 1 1 2
fl=—(e)—e),—e})=—-e+-ex+-e3=— (f1 + —f0> ,

3 3 3 3
1 ) 1 2
f/ = —(— / I _ el = — — = — = — f —f
2 (—e1 + ey —e3) 361~ €2t 5€s <2+30)7
1 1 ) 2
f, = —(— ! — ! / —_ — —_ —_ - = — f —f .
3 (—e) —e) +e3) 3e1+3e2 5€3 <3+3 0)

Following the relations between vectors and having used the length of hydrogen bonds
d = |f;| = || = 0.276 nm, (i=0,1,2,3)

one can determine horizontal a and vertical h moduli of the hexagonal lattice:

2
a = ’fg — f3| = \a1| = ‘fg - f1| = |a2| = g\/éd: 0.452 nm,

h = |ag] = |26 — f5 — £ = %d — 0.736 nm.,

Proton configuration can be specified by different methods. One of them was applied
in [6] to cubic ice I. where protons’ positions have been determined by binary variables
2o(n) € GF(2) (o =0,1,2,3;n € Z3). Displacement of protons from middles of hydrogen
bonds could be expressed as follows:

1(_1)%(11) — il.

Ta(n) = 3 2
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It was found that the Bernal-Fowler rules could be written in the form of homogenous
equations

3 3
Zxa(n):o, Zma(n—i—ea):() (n€Z3),
a=0 a=0

where ey = {0,0,0},e; = {1,0,0}, e2 = {0,1,0}, e3 = {0,0, 1}.

These equations are linear relatively to z,(n) but not to z4(n). So definite selection
rules should be applied after all. This hidden nonlinearity becomes explicit when another
method is attracted.

Beforehand, let us make some notifications:

— near every node of the oxygen lattice, exactly 1 pair of protons can be found which
may occupy 4 hydrogen bonds (outcoming from the given node) by C? = 6 different
possible variants;

— hydrogen dihedron D, (n) (a— node’s number, n— elementary cell number) formed

by two unitary vectors rg})(n) ) r(o?)(n) directed from the oxygen node to protons remains

(1)

scalar product (ry”’(n), r&2)(n)> = const in all 6 possible positions of its bisectrix unitary

vector dy(n) = \ég r((ll)(n) + r((f)(n)};
— dihedron bisectrix unitary vector d,(n) can be oriented at every vertex of an octa-
hedron inscribed in the tetrahedron surrounding a given node of the lattice if this is not
forbidden by neighboring dihedron positions;
— dihedron’s position is identically determined by the index Ay(n) = 0,1,...,5 of
vector’s d,(n) projection on the horizontal plane.

Let us introduce in residue class ring Zg characteristic functions for some of its subsets:

_J 0(A=5,0,1) [ 0when |[A <1 (mod6)
P(Aa) = { 1(A=2,3,4) { 1 when |A] > 1 (mod6)
= {\(mod2) + [A(mod3)]?}(mod2);

O(\a) :{ 10(&:_2’7%”45)) = A(mod2);

Dt (A\p) = P(\a + 2), O™ (o) = P(N\a — 2).

Now the Bernal-Fowler rules have an explicitly nonlinear character as follows:
P[A1(n)] = ®[A2(n)] =0,
Pt [\ (n—1q)] — P [A2(n
P [M(n)] = 27 [Aa(n — 1
O (n —v3)] + O[A2(n)] = 0.

9

’ 2
) 2

Here, v; = {1,0,0}, o = {0,1,0}, —v3 = {0,0,1}, n = {ny,ng,n3} (v1,v2,v3,n €
ZNy X ZNy X Z Ny C Z3), M (n) corresponds to the lower end of a sloping hydrogen bond and
A2(n) — to upper one. Every solution of this system conforms to set of mutually crossing
contours covering the whole oxygen lattice — so-called Bernal-Fowler fibers oriented in
accordance with protons’ shifts.
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There is no possibility to find a general solution of system (2) because unknown
variables are determined in the ring which has zero divisors 2 and 3. (In this ring,
2 x 3 = 6 = 0(mod6).) Although the number of Diophantine equations in system (2) is
twice that of unknowns, its solution exists. For example, A\1(n1,ng2,n3) = A2(n}, nhH,nh) =
A2(ny,ng,m3 + 1) + 3(mod6). Quantity of solutions is rapidly growing with the num-
bers N1, N2, N3. As an alternative to unknowns )\;, one may choose pairs of unknowns
o; = Ai(mod2) and p; = A;(mod3) which have been mentioned in (1). Their totality pre-
cisely corresponds to the number of equations (2) but, regrettably, two-moduli arithmetics
appears in this case.

So it remains to take advantage of the recurrent procedure for finding solutions. For
the clear presentation, each fragment (lower or upper) of the elementary cell can be imaged
as a 6-pole II(n). Let us code an input x = {z1,x2, z3} and outputs x’ = {2, 2}, 24} =
{zf(n—1v1),zh(n—1y),25(n—wv3)} by binary integers from the ring Z5. For shifts X,Y, Z
which can be +1, it immediately follows

X=(=D%, (FY)=(1%, Z2=(-1)%
corresponding to the second ice rule:
X2=Y?=2°=(-1D" =1 (i=1,2,3).

Meanwhile making use of the first ice rule, one can obtain for the II(n) three-sheeted
mapping

I1: 73 = Zy X Zo x Zy — Zo,
oi=7l(z) (0=1,2,3; 1<p<m(z)<3)

(2

which is represented in Table 1.

Table 1
N |z |72 | @ | m(x)
0 | 000 | 000 1
1 | 100 | 100 | 010 | 001 3
2 1010 | 100 | 001 | — 2
3 | 110 | 110 | 101 | 011 3
4 | 001 | 100 | 010 | 001 3
5 | 101 | 110 | 011 | — 2
6 | 011 | 110 | 101 | 011 3
7111 111 | — | — 1

Apparently, the total number of different sorts of transformation is 22 x 3* = 324,
but when z is fixed, m(z) < 3. By the way, it is easy to calculate the total amount
of variants for the protons’ distribution in one half-cell as the sum of all possible m(z):
242x2+4x3=18.

The algorithm is being built in the following manner. For a given rectangular paral-
lelepiped P having S7 x S9 x S3 layers in three orthogonal directions in the basis

1
b = §(a1 +ay), by=a; —ay, bz=as,
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one can fix definite mappings from Table 1 for all half-cells of P. Boundary conditions
must be determined for 4 its bounds: 1 face, 2 sides and 1 lower:

2(5) |5, =0 = Xu(s2,83),  2(5) |s,=0 = X3 (51, 53),

2(8) |s,=s,—1 = X5 (51,83),  @(s) |sgm0 = X3(s1,52).

Because all half-cells in each layer are chess-ordered in the basis by, bg, bs, their inputs
are fully independent in every row. Thereby, a complete decomposition of vertical columns
is assured and wide parallelizing of output calculations is achieved for all layers. When
the mapping distribution is fixed, there is possible to realize 229 + 1 states with various
inputs x, y, z in each column. In its turn, provided inputs are given in one column, one can
obtain not more than 3% states because, in every half-cell, maximum 3 mappings can be
permitted. So the upper limit of the possible states quantity in a column is 22911 x 35,
and respectively, for a whole parallelepiped P with dimensions S; x So x S3 (in half-cell
units) the upper limit of the possible states number is determined as

M = 25152(253+1) % 3515253‘

If bonds between half-cells are ignored, each of them gives 2 x 3% combinations of protons’
distributions as have been mentioned above. For S7 x So x S3 half-cells, it turns out that
the upper limit of the states number in this case is

MO — 2515253 % 32515253‘
Comparison My with M shows that, when S3 > 1, bonding between half-cells sufficiently
decreases the quantity of possible configurations for the proton subsystem. As can be seen

directly, the proposed algorithm is exhausting and does not give repetitions of variants.
Now the protons’ subsystem information entropy S can be estimated:

1
S§10g2M251525’3 logy3+2(1+ — .
253

Hence, specific entropy per one half-cell has the upper limit as follows:

S< lim lim lim 282

=2+ log, 3 ~ 3,6.
S1—0052—0053—00 Sl 5253 +log,

Without bounding between half-cells, specific entropy is found to be noticably greater:

. . . logy M
So=1 1 1
0 Slgnoos;i?oos;i’n% Sl SQS?,

=1+2logy3 ~4,2.

A control problem for the hydrogen subsystem consists in determining and realization
of a necessary sequence in the state space of all possible protons configurations. One
con consider this sequence as a one-parameter subgroup of the structural group G of a

fiber bundle (Xp, Pk, B, F) with the orbit space Xp = (X x F)/G " B where the base
B and layer F' are the state space of protons and cotangent space, respectively. From
physical viewpoint, it must be required to satisfy the stability of mapping in order to
secure information processing from the destruction caused by dynamic chaotization.
Controlling action on the proton subsystem from the oxygen lattice deformations is
effected by variations of the potential function. As this takes place, excitation is supposed
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not so much to cause ionizing effects and proton transport but sufficient for displacements
of protons along hydrogen bonds where they are situated. Electron shell deformations will
be considered as adiabatic. Taking into account all these conditions, let us construct such
a nonstationary Hamiltonian that can be decomposed by a periodically time-dependent
orthogonal canonical transformation into a direct sum of Hamiltonians for bistable non-
linear oscillators. Every step of transformation in the state space of the proton subsystem
should correspond to a definite step of rearrangement of the potential well for protons
where they are dislocated.
One of the simplest forms of bistable potential is the polynomial

Ulq) = 54°(a" - 2),

and a necessary Hamiltonian has the form
1 1
H=-p>+=-¢**-2).
TR U U))

So, if energy E is fixed, the time dependence ¢(t) can be found from the elliptic integral

q

P— _/ dq
0= 2 1
V2E +2q7 — q;

0

and finally expressed in terms of the Jacobi function, but it is unnecessary to demonstrate
this here.
The Hamiltonian of a direct sum of m such oscillators
m
H= ZH = —Z 5= 2q + q,)
pn=1
is to be subjected to an orthogonal pointwise transformation presented by the time de-
pendent generating function

m m

W(p, Qv t) = Z Z T,uv(t)quv-

p=1v=1

Its partial derivatives give expressions of old momemnta p, and coordinates g, in terms
of new ones P,, @), :

8 0

Pu = Z T,Lw(t)pva qu = ZT;w (t)Qv

0
A new Hamiltonian which differs from the old one by the item e {p:p( p) W(p, Q1)
appears as

H(P,Q,t) = ZP2 ZQ2+ Z ZTM v +ZZSW PuQu,
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A A A
where S,,,(t) are elements of the skew-symmetric matrix § (t) = In T (t) and T (t) =

(T}, S () = SSunl0).

As soon as, in the ice I}, lattice, each proton has not more than 6 and not less than 1
protons neighboring with it, the sum over the index v in every term of the new Hamiltonian
is to be calculated in the limits 1 < v <, 2 <[ <7 (including a given proton) because
another terms vanish. Number [ depends on a phonon oscillations mode of the oxygen
lattice.

Just above, the example of a vector fiber bundle model was demonstrated. Quite
another way can be proposed on the base of a fiber bundle which has the nonabelian

structure group SU(2). If the well-known epimorphism SU(2) — SO(3) and trace metric

AA 1 A A
(HiyHj) = §T'r H;Hj are attracted, one can use the Pauli basis

A 0 1 A 0 —i A 1 0 AA —
h1—<1 O>’ h2—(2- 0 >, h3—<0 _1), <hi,hj>—6ij (1,7 =1,3)

in a linear space of traceless matrices H; € L. Then, vectors d; representing, for instance,
A
a protons’ i-dihedron dipole moment can be imaged as vector operators d;€ L. Corre-

sponding scalar product of d; over a hydrogen bond vector 1/r\1ij may have a form
(di,mij) = (xal(dimij)[xa)

where y; are spinors.
The energy of dipole interaction between protons’ dihedrons can be expressed as follows:

V= J Z [e(did;) — 3(d;n;;)(d;ny;)] .
(3,5)€T

The sum must be accomplished by the whole interactions graph I'. Here, Jy is the en-
ergy constant and € < 1 is a coefficient which allows taking into account the nondirect
interaction between proton’ dihedrons caused by oxygen electron shells. Going to the rep-
resentation of a dihedron vector by corresponding spin matrices oriented along previously
introduced basis vector e3 (lower) and e} (upper), one can obtain the formula

A
V=Jo Y axsl(Hij)lxixs)s
(3,5)€T
where bispinors x;x; correspond to pairs of dihedrons situated at the endpoints of each
A
hydrogen bond. In our case, Hamiltonians H;; are the next:

A AZNZ
— 2,
Hij= (¢ — 3cos”v;;) 0,0 .

Fortunately, for the ice Ij, structure, all the angles v;; between bonds’ vectors n;; and e3

(or ef) are identical and cos? Vij = 3 So Hamiltonians have the very simple expression

A AR NZ
Hij= (e —1)0,0;.
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A
If indirect interaction was absent, all H;; were zero, but the presence of oxygen atoms
makes € much more less than unity (0 < e < 1). Thus,

AZNZ
V=J > (gl oo xixi),
(4,5)er
where J = (¢ — 1)Jy < 0. Finally, let us present the Hamiltonian in the explicit form

H=J 3 [61 (0) 53 (n)+ 85 (n) &5 (n)+ 05 (n) 8, (n)+ &, (n) &, (n— vs)+

(i,j)€Tr
AZ N? AZ A? AZ AZ AZ AZ
+ 0, (n) 0y (n—v1)+ 0y (n— 1) 0y (n)+ 05 (n) 0y (0 —12)+ 03 (n—11) 0y (0)]

using notations

n:{n17n27n3}7 141 :{17070}7 V2:{07170}7 V3:{07071}7

z
Q'a (n) is the spin operator of a dihedron d,(n) in the elementary cell with the number n.
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Spinor Fields over Stochastic Loop Spaces
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Abstract

We give the construction of a line bundle over the based Brownian bridge, as well as
the construction of spinor fields over the based and the free Brownian bridge.

Introduction

The Dirac operator over the free loop space is a very important object for the algebraic
topology [24]; its index gives the Witten genus and it can predict the rigidity theorem
of Witten: the index of some classical operator is rigid under a geometrical action of the
circle over the manifold. Unfortunately, the Dirac operator over the free loop space is an
hypothetical object.

In [13], we have constructed an approximation of it by considering the Brownian mea-
sure over the loop space: why is a measure important? It is to compute the adjoint of the
Dirac operator, the associated Laplacian, and the Hilbert space of spinors where it acts;
the choice of physicists gives a hypothetical measure over the loop space. The purpose
of [13] is to replace the formal measure of physicists by a well-defined measure, that is
the Brownian bridge measure. The fiber of the Dirac operator is related to the Fourier
expansion. After [25, 13] the Fourier expansion has extended in an invariant by rotation
way for the natural circle action over the free loop space. Unfortunately, this works only
for small loops.

The problem to construct the spin bundle over the free loop space is now a well-
understood problem in mathematics (see [14, 24, 26, 7, 6, 20]). In order to construct
a suitable stochastic Dirac operator over the free loop space, it should be reasonable to
define a Hilbert space of spinor fields over the free loop space where the operator acts.
It should be nice to extend the previous work mentioned in the references above in the
stochastic context. It is the subject of [17, 18] and [19]. The goal of this paper is to do a
review of the results of [17, 18, 19].

In the first part, we study the problem to construct stochastic line bundles over the
stochastic loop space: their transition functions are only almost surely defined. Therefore,
we define the line bundle by its sections. If we consider the path space as a family of
Brownian bridges, we meet the problem to glue together all the line bundles over the
Brownian bridge into a line bundle over the Brownian motion. There is an obstruction
which is measured in [5] for smooth loops. When the criterium of this obstruction is
satisfied, the tools of the quasi-sure analysis allow one to restrict a smooth section of the
line bundle over the Brownian motion into a section of the line bundle over the Brownian
bridge. Moreover, if we consider the bundle associated to a given curvature (we neglect
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all torsion phenomena by considering the case where the loop space is simply connected)
whose fiber is a circle, we cannot define it by its sections because they do not exist: we
define it by its functionals. This way to define topological spaces is very useful in algebra.

In the second part, we study the case of the based Brownian bridge in order to construct
spinor fields over it. This part is based upon [6] when there is no measure. We consider
the case of a principal bundle ) — M over the compact manifold M. The based loop
space L.(Q) is a principal bundle over the based loop space L, (M) of M with the based
loop group of G as a structure group. The problem to construct spinor fields (or a string
structure) is to construct a lift of Le(Q), Le(Q), by the basical central extension of L¢(G)
if G is supposed simple simply laced (see [23]). This allows us, when the first Pontryagin
class of ) is equal to 0, to construct a set of transition functions with values in I~/e7 #(G), the
basical central extension of the group of finite energy based loops in G. These transition
functions are almost surely defined: we can impose some rigidity by saying they belong
to some Sobolev spaces. If there exists a unitary representation of l~167 #(G) called Spins,
this allows us to define the Hilbert space of sections of the associated bundle. The second
part treats too the problem to construct the Ee, #(G) principal bundle (and not only the
associated bundle which is defined by its sections). For that, we construct a measure
over L.(Q) and by using a suitable connection, we define Sobolev spaces over L.(Q).
We construct a circle bundle L.(Q) over L.(Q) by using its functionals, called string
functionals: the space of LP string functionals is therefore defined. There is an Albeverio-
Hoegh-Krohn density over f/e’ 7 associated to right and left translations by a deterministic
element of L 2(G) (the central extension of the group of loops with two derivatives), which
belongs only in L'. This shows that the stochastic gauge transform of the formal bundle
Le(Q) — Ly (M) operate only in L=(Lc(Q)).

In the third part, we treat the free loop space case by considering the formalism of
[7] related to the Chern-Simons theory. In such a case, it is possible to consider the spin
representation of the free loop group when G is the finite-dimensional spinor group (see
[23, 4] for instance). We construct an Hilbert space of spinor fields invariant by rotation.

1. Bundles over the Brownian bridge

Let M be a compact Riemannian manifold. Let L, (M) be the space of continuous loops
over M starting from x and arriving in time 1 over z. Let dP; , be the Brownian bridge
measure over L,(M). Let 7 be a loop. We consider 7, the parallel transport from g to
vt. The tangent space [3, 12] of a loop 7 is the space of sections X; over ~; of T'(M) such
that

Xt:Tth; HO :Hl =0 (11)

1
with the Hilbert norm || X||? = / | H.||>ds. We suppose that L, (M) is simply connected
0

in order to avoid all torsion phenomena.
Let w be a form which is a representative of H3(M; Z). We consider the transgression
1

T(w) = /W(d’ys, e)- (1.2)

0
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It is the special case of a stochastic Chen form, which is closed. If we consider a smooth
loop, it is Z-valued.

Let +; be a dense countable set of finite energy loops. Let 7.y be a loop of reference.
If v € B(v;,0), the open ball of radius 0 and of center 7; for the uniform norm, we
can produce a distinguished path going from 7 to 7,.y. Between v and ~;, it is s —
exp,, [t(vs — Yi,s)] = lit(s) and between ; and ey, it is any deterministic path. Over
B(vi,9), we say that the line bundle is trivial, and we assimilate an element « over v to o
over v,.¢ by the parallel transport for the connection whose the curvature is 7(w): there
is a choice. The consistency relation between «; and «; is given by the parallel transport
along the path joining 7. to v,.s by going from 7,.; to v by [; runned in the opposite
sense and going from 7 to 7y,..r by l;. First of all, we fulfill the small stochastic triangle
v, 7i and 7; by a small stochastic surface and we use for that the exponential charts as
before. After we use the fact that L, (M) is supposed simply connected. We fullfill the
big deterministic triangle vyef, i, v by a big deterministic surface. We get, if we glue
the two previous surfaces, a stochastic surface S; j(y) constituted of the loop l; j . The
desired holonomy should be equal to

pii(7) = exp [—21'%/5 ( )T(w)] :
0,5 Y

Let us remark that / 7(w) is well defined by using the theory of non anticipative
Si,5(7)
Stratonovitch integrals. Namely, 0/0ul; . as well as the derivative with respect to

v are semi-martingales. Moreover, if we choose the polygonal approximation " of ~,
pi.i(7") — pij(y) almost surely, we get:
Theorem 1.1. Almost surely over B(v;,d) N B(v;,0),

pii(V)pji(v) =1 (1.3)
and, over B(~;,6) N B(v;,9) N B(yk, )

Pii (V)i 1 (V) pri () = 1 (1.4)
Proof. We use the fact that 7(w) is Z-valued such that (1.3) and (1.4) are true surely for

~™. It remains to pass to the limit. &

Moreover, v — p; () belongs locally to all the Sobolev spaces.
This allows us to give the following definition:

Definition 1.2. A measurable section ¢ of the formal bundle associated to T(w) is a
collection of random variables with values in C' «; over B(v;,0) subjected to the rule

O = P05, (15)
Over B(v;,d), we put the metric:
lae(1? =l e 7. (1.6)

Since the transition functions are of modulus one, this metric is consistent with the
change of charts. We can give the definition:
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Definition 1.3. The LP space of sections of the formal bundle associated to T(w) is the
space of measurable sections ¢ endowed with the norm:

[@llze = Il | o- (1.7)

We can define too the circle bundle L, (M) (the fiber is a circle) associated to 7(w) by
its functionals (instead of its sections).

Definition 1.4. A measurable functional F of IN/I(M) is a family of random variables
F;(y,u;) over B(v;,8) x S' submitted to the relation

Fi(v,ui) = Fj(v, ug), (1.8)

where u; = u;jpj; almost surely.
QOwver the fiber, we put:

P

1Bl = | [ 1B 1) (1.9)

Since the measure over the circle is invariant by rotation, ||F||,, is intrinsically defined
and is a random functional over the basis L, (M). We can give:

Definition 1.5. An L functional over L,(M) is a functional F such that |F|,~ belongs
to LP(L,(M)).

We will give a baby model due to [5] of the problem to construct a string structure. Let
P, (M) be the space of continuous applications from [0,1] into M. dPf is the law of the
Brownian motion starting from z and dP; ;, is the law of the Brownian bridge between
x and y: it is a probability measure over L, (M), the space of continuous paths starting
from z and arriving in y. Let p;(z,y) be the heat kernel associated to the heat semi-group.
We say that P,(M) = UL, (M) by using the following formula:

APy = pi(z,y)dy @ dP1 4. (1.10)

By repeating the same considerations, 7(w) is an element of H?(L,,,, Z) if we consider
smooth loops. In particular, we can consider a formal line bundle A, , over L, ,(M). The
problem is to glue together all these formal line bundles A, , into a formal line bundle
A; over Py(M). If we consider smooth paths, the obstruction is measured in [5]. It is
df = —w. We can perturb 7(w) by

T(w) = Bmn) +7(w). (1.11)

such that 7(w) = 7(w) over Lg (M) and such that 7(w) is closed Z-valued over P,(M).
So, we can construct the formal global line bundle A, over P,(M) by its sections. It
remains to show that a section of A, restricts into a section of A, ,. We meet the problem
that a section of A, is only almost surely defined. We will proceed as in the quasi-sure
analysis [10, 1]: a smooth functional over the flat Wiener space restricts into a functional
over a finite codimensional manifold by using integration by parts formulas. We would
like to state the analogous result for a smooth section of A,.
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In order to speak of Sobolev spaces over Py(M), we consider the tangent space (1.1)
with only the condition Hy = 0. This allows us to perform integration by parts [8, 3]. We
can speak of the connection one form A; of A, over B(v;,0). We get over P, (M)

VA””OQ =do; + Ai(v)ai (1.12)

which is almost surely consistent with the change of charts. Following the convention of
differential geometry, we can iterate the operation of covariant differentiation and we get
the operation V#= which is a k Hilbert-Schmidt cotensor in the tangent space connection,
if we add the trivial connection in the tangent space (the tangent space of P, (M) is trivial
modulo the parallel transport 7).

Definition 1.6. The space Wy, ,,(A,) is the space of sections of the formal line bundle A,
such that V¥ 2= belongs to LP for k' < k. The space of smooth sections Weo,00—(Az) s
the intersection of all Sobolev spaces Wi, ,,(A).

Theorem 1.7. A smooth section ¢ of A, restricts to a section ®, of Ay .

2. String structure over the Brownian bridge

Let us consider the finite energy based path space P¢(G) and the finite energy loop group
L;(G). Let us consider the two form over P;(G), which on the level of a Lie algebra
satisfies to:

1

1
(V) = g [ ((Xear) - (Viax,)). (2.1)
0

Its restriction over L;(G) gives a central extension L(G) of L¢(G) if G is supposed simple
simply laced [23]: in particular, Sping, is simply laced.

Let us introduce the Bismut bundle over L, (M) if @ is a principal bundle over M with
structure group G: ¢s is a loop over 4 such that ¢; = o gs, where & is the parallel
transport over () for any connection over (). We suppose that g is of finite energy.

Moreover, g1 = (7‘1 )~1. Let f be the map from L, (M) to G:

G (2.2)

Let 7 be the projection from L.(Q) over L,(M) and 7 the projection from P;(G) over G:
g. — g1. We get a commutative diagram of bundles (see [6]):

L(Q) — F(G)
l ! (2.3)
Ls(M) — G

Let w be the 3 form:
1
w(X,Y,Z) = 5 <X Y, Z]). (2.4)
2

We get [6, 17]: 7*w = de. If the first Pontryagin class of Q) is equal to 0, (f*)*c—m = A8x*v
is a closed form over L.(Q): in such a case namely f*w = dv, where v is a nice iterated
integral over L,(M). We can perturb (f*)*c—7m*v by a closed iterated integral in the basis
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such that we get a closed Z-valued 2 form Fg over L.(Q) (in the smooth loop context).
We do the following hypothesis, for smooth loop:

Hypothesis. L.(Q) is simply connected. L¢(G) is simply connected. L,(M) is simply
connected.

The obstruction to trivialize L.(Q) is the holonomy: we can restrict the transition
functions P¢(G) — G to be an element of smooth loop in G. We can introduce a connection
over this bundle V*° and we can pullback this connection into a connection V> over the
bundle L.(Q) — L;(M). This allows us to lift the distinguished paths over L, (M) (we are
now in the stochastic context) into distinguished paths over L.(Q), which will allow us to
produce a system of transition functions with values in L #(Q), because the stochastic part

of Fg is a sum of iterated integrals. But the obstruction to trivialize L.(Q) is TlQ which
is almost surely defined. We cannot work over open neighborhoods in order to trivialize
our lift.

Let us resume: we can find a set of subset O; of Ly (M) such that:

i) UO; = Ly(M) almost surely.

ii) There exists a sequence of smooth functionals G}* such that G} > 0 is included into
O; and such that G} tends increasingly almost surely to the indicatrix function of O;.

iit) Over O; N O;, there exists a map f; j(v) with values in L;(G) such that
pij(V)psi(y) =€ (2.5)
(€ is the unique element of L;(G)) and such that, over O; U O; U O,

Pig (V)P (V) Pr,i(7)é€ (2.6)

iv) Moreover, p; ;(7) is smooth in the following way: p;;(v) = ({;j.(7), @), where
li j,.(7) is a path in L¢(G) starting from e which depends smoothly on v and o ;
a functional in S' which depends smoothly on 7. (Let us recall that the central
extension L;(G) can be seen as a set of couple of paths in L¢(G) and an element of
the circle, submitted to an equivalence relation as was discussed in the first part).

Let us suppose that there exists a unitary representation Spin.. of L #(@).

Definition 2.1. A measurable section of Spin is a family of random variables from O;
into Spine submitted to the relation:

Vi = pjiti (2.7)
The modulus ||v|| is intrinsically defined, because the representation is unitary.

Definition 2.2. A LP section of Spin is a measurable section v such that

[¥llze = I {lze < oo (2.8)

We would like to speak of a bundle whose fiber should be L +(@), by doing as in the
first part: the problem is that there is no Haar measure over L #(G). We will begin to
construct an S* bundle over L.(Q), and for that, we need to construct a measure over
L.(Q). This requires to construct a measure over L(G).
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For that, we consider the stochastic differential equation:
dgs = gS(C + Bs)7 go =6, (29)

where By is a Brownian motion starting from 0 in the Lie algebra of G and C is an
independent Gaussian variable over the Lie algebra of G with average 0 and covariance .
The law of g; has a density q(g) > 0. If we consider a C? deterministic path in G starting
from e, ksgs and gsks have a law which is absolutely continuous with respect to the original
law, but the density is only in L' (unlike the traditional case of [2] for continuous loops,
where the density is in all the LP). We can get infinitesimal quasi-invariance formulas,
that is integration by parts formulas: we take as tangent vector fields X; = ¢gsK; or
Xs = K95 (Ko =0), where Ky has values in the Lie algebra of G. We take as the Hilbert
1

1
norm / | K7 |%ds (instead of / | K’ ||?ds for the continuous case). If K. is deterministic,
0 0

we get an integration by parts formula:
EPf(G) [<dF, X>] - EPf(G) [F diV X], (210)

where div X belongs to all the LP.
This allows us, since ¢(g) > 0, to desintegrate the measure over the set of finite energy
paths going from e to g. We get a measure dP,, and we get a measure over L.(Q):

dutot = dpl?;[; ® dP, Q (211)
1

(rf?)=1

Let us suppose that (TlQ )~! belongs to a small open neighborhood G; of G, where the
bundle P¢(G) — G is trivial. Let K; be the connection one form of this bundle in this
trivialization. We split the tangent space of L.(Q) into the orthonormal sum of a vertical
one and a horizontal one:

— The vertical one is constituted of vector fields of the type ¢sKs (K is a loop in the

1
Lie algebra of G with two derivatives) with the Hilbert norm / | K7 o||ds).
0

— The horizontal one is a set of vectors of the type

X = 1o, — Ko ()7, X)) g, (2.12)

1
where Xg = 7sH; and H checks (1.1). The Hilbert norm is / | H. || ds.
0

We get:

Proposition 2.3. Let F' be a cylindrical functional over L.(Q). We have the integration
by parts formula:

,u:tgt[< dF, X >] = Mtot[F div X] (2.13)
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if X corresponds to a vertical or a horizontal vector fields which are associated to deter-
ministic Ky or deterministic Hy. Moreover, div X belongs to all the LP.

This integration by parts formula allows us to get Sobolev spaces over L.(Q).

We repeat the considerations which lead to the transition functions p; () but over
L.(Q). We get a system of charts (Oj, p; j(¢.) with the difference that O; C L.(Q) and
pij(q;) belong to S'. It is easier to say in this context that p; j(¢q.) belong locally to all
the Sobolev spaces.

Definition 2.4. A measurable functional F(G) associated to the formal circle bundle
over L.(Q) constructed from the system of p;j is a family of measurable functionals F; :
O; x S' — R such that almost surely in q. and u (we choose the Haar measure over the
circle)

Fi(g, ui) = Fj(q.,uj), (2.14)

where uj = u;p; (q.) almost surely.

Since there is the Haar measure over the circle, we can do as in the first part in order

to speak of functionals F(¢) which belong to LP(fizt), by integrating in the fiber.

An "element” ¢ of Ze(Q) can be seen formally as the couple of a distinguished path in
L¢(Q) arriving in ¢ = 7(q.) and an element of the circle. An element §. of Ly(G) can be
seen as the couple of a distinguished path in Ls(G), the group of based loops in G with
two derivatives, and an element of the circle. g acts over ¢ by multiplying vertically the
end loop of the distinguished path associated to ¢ and multiplying the two element of the
circle. Moreover, the action of Lo(G) leads to quasi-invariance formulas over Pr(G). This
motivates the following definition:

Definition 2.5. A stochastic gauge transform U of the formal bundle I~/€(Q) s a mea-
surable application from Ly(M) into La(G).

A gauge transform induces a transformation ¥ of functionals over Iig(Q):

V(F(q) =F(q.9(q.))- (2.15)

This definition has a rigorous sense at the level of functionals.

Theorem 2.6. The group of gauge transforms acts naturally by isometries over L (fito).

3. The case of the free loop space

Let us suppose that we consider the free loop space of continuous applications from the
circle S into M with the measure

dP = pi(z,z)dx ® dP 4. (3.1)
The tangent space is as in (1.1), but we have to take the periodicity condition X¢ = X;. We

1 1
take as Hilbert structure the Hilbert structure / | HL||>ds + / | Xs||>ds which is invariant
0 0

by rotation.
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Let Ag be the connection 1-form over the principal bundle @ — M: it is a one form
from the tangent space of @ into the Lie algebra of Q). We associate following [7] the 2
form over L(Q) to the free loop space of @ for smooth loops:

1

wo = 412 / 1/2(A,, d/dt Ag). (3.2)

0

This two form gives the central extension of L(G) in the fiber of L(Q). We have to perturb
it by a form in order to get a form which is Z-valued closed over L(Q) and which gives
wg in the fiber.

Following [7], we perturb wg into a form w’Q over the smooth free loop space of Q:

1
- 4i / 1/2(Aq, d/dtAg) — (Ro. Ao(day)). (3.3)
0

where R is the curvature tensor of Ag. Let og be the 3 form over Q:

1
0@ = g 3{dq Ro — 1/6[Aq, Aql)- (3.4)
We get
dog = 7"p1(Q), (3.5)

where p1(Q) is the first Pontryiagin class of Q. If p1(Q) = 0, we can choose a form over
M such that pi(Q) = —dv and such that o9 — 7*v is a Z-valued closed 3 form over Q.
Let 7 be the operation of transgression over L(Q). Following [7], we choose as curvature
term in order to define the S bundle over L(Q) the expression Fy = wg — T(TV).

We repeat the considerations of the second part with the main difference that we don’t
have globally a commutative diagram as (2.2). This leads to some difficulties, but since
we have such a diagram locally at the starting point, we can produce a system of charts
O, pi j(v) with the difference that O; C L(M) and that j; j(v) takes its values in L;(G),
the basical central extension of the free loop space of G (we consider loops with finite
energy).

If G = Spina,, the central extension of the free loop group has got a unitary repre-
sentation by using the fermionic Fock space. This allows us to repeat Definition 2.1 and
Definition 2.2.

Moreover, Fy is invariant under rotation. The natural circle action lifts to the section
of the spin bundle over L(M).
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Abstract

We propose two approaches to find asymptotic solutions to systems of linear differen-
tial equations of the hyperbolic type with slowly varying coefficients in the presence
of rotation points.

In [1, 2], an asymptotic solution to a system of linear differential equations of the
hyperbolic type with slowly varying coefficients is constructed for the case of constant
multiplicity of the spectrum in the whole integration interval. In this paper, we propose
two approaches to find asymptotic solutions to systems of such a type in the presence of
rotation points.

Let us consider a differential equation of the form

0u(t; x) 0%u ou
h ) . e . .
g T — Al(ta 5)@ + 6142(ta X 8)U(t, (L‘) + SAS(ta X3 g)a (1)
with the initial condititons
ou
u(0;2) = ¢1(z),  50(052) = p2(2),

and the boundary conditions
u(t;0) = u(t;1) =0,

where 0 <t <L, 0<x <1, e(0 <e<egg) is a small real parameter; u(t; z), v1(x), p2(x)
are n-dimensional vectors; Ag(t;x;¢e), k = 1,3 are matrices of order n x n, n € N.

Let the following conditions be valid:

1) coefficients of system (1) admit expansions in powers of &

Atie) =Y A, Altme) = AP ), =23
s=0 5=0

2) matrices A4(t), Ag.s) (t;z) are infinitely differentiable with respect to ¢ € [0; L] and
continuous in z € [0;1] together with derivatives up to the second order inclusively; func-
tions ¢1(z), @2(z) are twice continuously differentiable;
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3) in the interval [0; L] for arbitrary r,s = 0,1, ..., the series

00 drA(S) ( 00 5)( )
kZ dtr kz dtr ’

converge uniformly, where

l
S 2 s . .
Aﬁnl(t) =7 /Aé ) (t; 2) sin wea sin wyzda;
0
) l
Cfrf])c(t) =7 /A:(),s)(t; x) sin wx sin wy,zrde.
0

We shall look for a solution of problem (1) in the form

hE

u(t;zie) = Y vp(w)zi(t; ), (la)

i
I

where vy (x) is the orthonormal system
2 k
vk(m):\/;sinwkx, wk:Tﬁ, k=1,2...,

and zi(t;€) are n-dimensional vectors that are defined from the denumerable system of
differential equations

d?z(t;€) =
h k\%s _ 2 s (5) .
ey = —wkZE AV ()2 (t; )+
. S @)
SA m(t; SO (1) —2 2 |
Z@ s+ S )
with the initial conditions
dz(0;¢)
0:¢) = P E)
2(05€) = 1, dt ¥2;5
where
1 !
2 2 _
w1 = \/;/901 )sinwgxdr, 2 = \/;/QOQ( ) sin wyzdz.
0 0
dz(t;
Putting in (2) zx(t;¢) = qux(t €), chgt’e) = qor(t;€), we get the following system of
the first order
dqi(t; e =
eh% = Hi(t;e)qr(t;e) +& Y Him(t;e)qr(t; o), (3)

m=1
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with the initial condition ¢ (0;€) = ko, where qi(t;€), o are 2n-dimensional vectors,
Hy(t;€), Hi(t;€) are square (2n x 2n)-matrices of the form

qx(t;e)

a(tie) = qor(t; €)

0 0
Him (t:€) ZesH(S ZESA © ngc(s :
0 E
Z ESH Z wieSA (t) 0

Let roots of the characteristic equation
det HH,S))@) - /\,(j)(t)EH —0, k=1,2..., i=12n,

for the previous system coincide at the point ¢ = 0 and be different for ¢t € (0; L] (i.e.,
t = 0 is a rotation point of system (3)). The following theorem tells us about the form of
a formal solution of system (3).

Theorem 1. If conditions 1)-3) are valid and roots of the equation
det HH,QO) (t) + eHD (t) — Ai(t: E)EH —0

are simple V't € [0; L], then system (3) has the formal matriz solution
t

Qu(t:€) = Us(t: €) exp Eih / At o)t | | (@)
0

where U (t;€), Ak(t;€) are square matrices of order 2n, that are presented as formal series

- ierU,@ (),  Ai(te) = f: AL (8). (5)
r=0 r=0

Proof. Hawing substituted (4), (5) into (3), we get the following system of matrix equa-
tions

B ()00 (1) — U (10)A (:2) = 0, (6)
HOY (t:0) U (t12) — U (1) A (116) = UV (1) A (£:2) + BY (8:2), (7)
where

s—1 (s—h)
_ ou t;
= E U]gr)(t;s)A](: T)(t;f:‘) 4+ —k 777 875( 76)—
r=1

s

s—1
=SB0 () = Y HL (42)US (1),
r=2 r=1

HY(te) = HO(t) + e B (1),
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It follows from the conditions of the theorem that there exists a nonsingular matrix
Vi(t; ) such that

H (1) Vit €) = Vit ) Ay(t: ),
where
Ai(t;e) = diag {Mk(t;e), ..., Ak(t;€)}, v =2n.
Multiply (6) and (7) from the left by the matrix V, '(¢;¢) and introduce the notations
PO(te) =V (60U (te), B (ko) = Vi (10) B ().
Finally, we obtain the system
A(t;e) PO (t;e) — PO (1;)A 0 (t;) = 0, .
M) P (e) = B ()AL (1) = RO ()AL (k) + B (852,

Let us put here PIEO) (t;e) = E. Then A,(CO) (t;e) = Ag(t;e). From (8), we determine
A,(f) (t;e) = —FIESO) (t;€), where F,gso)(t; g) is a diagonal matrix that consists of diagonal
elements of the matrix F) ,58) (t;¢). Elements P,ES) (t;¢) that are not situated on the main
diagonal, are determined by formulas

(s)
FO(t:0) )4 R —
P (t; _ U (B9 # =12
{ k (t’g)}ij Nik(t;€) — Ajr(t;e)’ P b= A

and diagonal elements {Plgs) (t; 5)} = 0. The theorem is proved.
(23

In investigating formal solutions, it has been shown that the following asymptotic
equalities ave valid for ¢t € [0; Le:

S 1 S 1
P -0() At - 0(),

where a, a9 are positive numbers, and ¢t € (Le; L], then P,is)(t;s) and Agj)(t;s) are
bounded for ¢ — 0. Let us consider the character of formal solutions in the sense [3].
Let us write down the p-th approximation

Qp(t;€) = Qup(t; e)ar(e),

where
Qup(t;e) = Unp(t; ) exp /Akp (t;e)dt |,

Ukp(t; €) Z amU(m (t;e), Agp(t;e) Z ETA
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ax(e) is an arbitrary constant vector. Having substituted the p-th approximation of solu-
tions (4) in the differential operator

— Hy(t;€)qr(t;€) +2 > Hpm(t:€)ar(t;2),

m=1

and taking into account (6), (7), we obtain

t

1
Mgy (t;e) =0 (apH) Yiep(t; €) o /Akp (t;¢) ,
0

where

1
Yip(t;e) =0 <€5) , B>0 forte]|0;Le,

Yip(t;e) = O(1), fort e [Le; L,
Let, in addition, the following condititons are valid:
4) Re \ix(t;e) <0Vt € [0; L];
5) ReA,gp)(t;a) < 0; for h =1, VYt € [0; Le].
Then there exists 1 (0 < ex1 < €9) such that, for all ¢ € [0; L], the asymptotic equality
Mqyp(t;€) = O(eP) is fulfilled. The following theorem is true.

Theorem 2. If the conditions of Theorem 1 and conditions 4), 5) are fulfilled, and for
t=0,qrp(0;¢) = qi(0;€), where qi(t;€) are exact solutions of system (3), then, for every
Ly, > 0, there exist constants Cy, > 0 not depending on € and such that, for all t € [0; L]
and € € (0;ex1], the following inequalities

lakp — qill < Cre?™ " 2a

are fulfilled.

Proof. Vector functions y(t;€) = qi(t;€) — qrp(t; ) are solutions to the equations

d
ch &9k Yk

i —Hk(t E)yk—i—O €p+1 ZHkmyk

With the help of the transformation
yk(t;€) = Vi(t;€)zi(t; €),
we reduce the latter system to the form

n ek
dt

Let us replace system (9) by the equivalent system of integral equations

— (Ap(t;€) + eBip(t; ) 2(t;€) + O (6”+1_—). 9)

zi(t;e) = /exp éh/Ak(s;e)ds (Bk(t; e)zk(t;e) + O (57’*1*}‘*%)).
0

t1
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Let us bound ||z (t; )]

t t

sz(t;e)HS/ exp gih/Ak(s;a)ds (1Bt ) 202l + |0 (71725 ) . (10)
0 t1

Since

t
1
exp E_h/Ak(S;E)dS <1, Vte]o;L],
t1

c
|By(t;)|| < 8_1; a >0, Vt e [0; Le;

1 1
O (gp—l—l—h—%) H < CopePti=h=3;

we have
t
la(t; )| < Cae / 2 (tr: )|ty + Cop LePH1 =35,
0

where C5i, = Cyp/e®.
Using the Gronwall-Bellman lemma, we get the inequality

|2kt )| < CrePti—h—mm
Then
_h_ L
lyi(t ) = llge — arpll < Vit )]l - 2kl < Cre? 2.
The theorem is proved.

The other approach to constructing an asymptotic solution is based on the ”joining”
of solutions in a neighbourhood of a rotation point with solutions that are constructed
outside this neighbourhood. For this purpose, we suppose that the following conditions
are fulfilled:

4) the equation det HH,EO)(O) — M (t)E]] = 0 has a multiple root with an elementary
divisor;

5) an matrix element

L (daE’®  t
{Tk ! ( 7 L + P07,

differs from zero for all ¢t € [0; Le], where T} is a transformation matrix of the matrix
) (0);

6) matrices H ,ET) (t) and H ,g:r)L (t) are expandable in the interval ¢ € [0; Le] into convergent
Taylor series

nl

0 s 77(7)
M NS LEH@))
HY () =Y 5 Lzot, r=0,1,...
o s (11)
S t
H(T)(t) — E l#“tsl

km sl dts
s=0
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To construct an expansion of a solution in the interval [0; Le], let us introduce a new

t
variable t; = —. Let us pass to this variable in system (3). Having grouped together

5
coefficients of the same powers of € on the right-hand side, we get

d

dtl = Fk(tl;f)qk(t; E) + e Z ka(tl; E)Qk(t;g)v (12)

m=1

where

Fi(ti;¢) ZFk t1)e",  Frm(ti;e) Zka t1)e",

1 dSH,io’“ ) 1 HY
Fi(t1) = Z R T Fim(t1) = Z ol Ttr
s=0 s=0
Roots of the characteristic equation for system (12) satisfy condition 4), therefore accord-

ing to [2], we can look for a solution of equation (12) for ¢ € [0; Le] in the form

t

i i 1 i
x;)(t; €) = ul(g) (;u) exp gl—_l/kl(g)(t; p)dt |, (13)
0

(4)

where a 2n-dimensional vector u,, (t1; 1) and the function )\](j) (t1; 1) admit expansions

751, ZM ukr (t1), 751, ZMT)\;(;« (t1), p= X

In the interval [Le; L], roots \ii(t), i = 1,2n, of the characteristic equation for system
(3) are simple. Then, in this interval 2n, independent formal solutions to system (3) are
constructed in the form

y,(f)(t; g) = () (t;€) exp /fk (t;e)dt |, (14)

where fu,(f) (t;€) is an n-dimensional vector and §,(:) (t;€) is a scalar function which admit

the expansions
o () )
- Ze’"vk; (1), sz t;e) ZS’EM
r=0

The functions u(l)(tl) )\,(;2 (t1), Ukr( ), §kr( ) are determined by the method from [2].

Denote by x,(ﬂz (t;¢), y,(;]z (t; €) p-th approximations of solutions (13), (14), that are formed
by cutting off the corresponding expansions at the p-th place. The p-th approximation of
a general solution for ¢ € [0; Le] is of the form

Tpp(t;€) Zxkp (t;e)agi(e
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and, in the interval [Le; L]:

Ukp(t; €) Zykp (t;€)bri(e

where ay;(e), by;(e) are arbitrary numbers. We choose numbers ag;(e) from the initial
condition for system (3), that is equivalent to the relation Ty, (0;e) = zoi. Let us ”join”
the constructed p-th approximations Ty, (t;€), Uy, (t;€) at the point ¢ = Le. We can do
this by choosing numbers by;(¢) in 7, (Le; €) so that the equality

Trp(Le;e) = Ypp(Les€). (15)
is fulfilled. Therefore, Theorem 2 is proved.

Theorem 3. If conditions 1)-5) and relation (15) are fulfilled, then the Cauchy problem
for system (3) has the p-th approzimation of a solution of the form

Tpp(tie) for 0 <t < Le;
ap(tie) =9 _
Yp(t;e) for Le <t < L.
So, the theorem on the asymptotic character of formal solutions is proved.

Theorem 4. If the conditions of Theorem 8 are fulfilled, then the following asymptotic
bounds are valid:

L
larp(t; €) — qi(t;€) | < C - P37 sup exp | €'~ h/ Z 1 Re M), (t)dt
te[0;Le]

fort € [0; Le,

Ly
lgip(t;e) = qr(t;e)| < C P17 sup exp f‘h/Z s (1)
te|Le; L] e m=0

fort € [Le; L.

So, we get asymptotics of equation (1) for the case, when the rotation point is some
inner point ¢ = L of the interval [0; L] and also for two rotation points.

Now let us consider an inhomogeneous system of the hyperbolic type

O%u(t; 0%u 10(t
ah% = Al(t;s)@ +g(t;x,e) exp ( E(h)) (16)

where

g(t;z;¢) Zagstx

With the help of transformation (1a), system (16) takes the form

oM — e E)an(t ) + a2 oxw (T ) (17)
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where

s=0

pe(tie) =S (1) = | L o0 |-
0

Let one of the following cases hold: 1) ”nonresonance”, when the function ik(t)
an(t
(kz(t) = %) is not equal to any root of the characteristic equation for all ¢t € [0; L];

2) "resonance” when the function ik(t) is equal identically to one of roots of the char-

acteristic equation, for example, ik(t) = )\,(i,l)(t). Then, in the "nonresonance” case, the
following theorem is valid.

Theorem 5. If the conditions of Theorem 1 are fulfilled, then, in the "nonresonance”

case, system (17) has a partial formal solution of the form

ar(tie) = ) qx(t;e) exp (@) ; (18)

m=0

where Gy (t;€) is an n-dimensional vector that admits the expansion

Glte) = > ema™ (1), (19)
m=0

Proof. Having substituted (19), (18) in (17) and equated coefficients of the same powers
of €, we get

(@) - k) 6" t) = "),

(0) (s) dg™ ~ () (5—m) (20)
(2@ — k) 47 () = Z— =0 = Y B 0" (1), s=1.2,...,
m=1

Let us prove that system (20) has a solution. Since V¢ € [0; L] ik(t) # /\,(Cj)(t), we have
det |HO(t) — ik(t)E|| #£0, j=T,2n.
For this reason,
0 0 . -1 0
@0 = - (10 - iE) PO,

~ (s—h) s
(1) = (5" (t) - ik(t)B) 1(“’;” - (1) - ZH,im><t>q,$‘m)<t>>.
m=1

Theorem 5 is proved.

So, in the case of "nonresonance”, the presence of a rotation point doesn’t influence
the form of a formal solution. In the ”"resonance” case, the following theoren is true.
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Theorem 6. If the conditions of Theorem 1 are fulfilled, then, in the case of "resonance”,

system (16) has a partial formal solution of the form
_ i0(t
qk(t;€) = qi(t;2) exp (%) ,

where Gy, (t;€) are 2n-dimensional vectors presented by the formal series

ng (m

Proof. Substitute (21), (22) in (17) and determine vectors q](gm) (t;e),m =0,1...,

the identity obtained with the help of equalities

(B 50) - ik(E) ¢ (1:2) = —P" 1),
(E e) — ik F) o) (1:2) = b (1),
where

S ap(s h) S m
W (t;e) = —pl (1) + T2 ZH ¢ (te).

(21)

(22)

from

(23)

Prove that the system of equations (23) has a solution. Since ik(t) coincides with a root
A1), but Ak (t;€) # ik(t), i = T,2n, we get det | HL (t;e) — ik(t)E|| # 0. Therefore,

from (23) we obtain

-1
o (te) = — (HO(0) — kWE) (@),
-1
o (t) = (B (52) —ikHE) P (e), s=12,....

Theorem 6 is proved.
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Abstract

We study the symmetry of Maxwell’s equations for external moving media together
with the additional Minkowski constitutive equations (or Maxwell-Minkowski equa-
tions). We have established the sufficient condition for a solution found with the
help of conditional symmetry operators to be an invariant solution of the considered
equation in the classical Lie sense.

In the present paper, we study the symmetry properties of Maxwell’s equations in an
external moving medium

oD = o 0B ~

— =r10tH —j — = —rotk

oo " Th ar O (1)
divD = p, divB = 0,

together with the additional Minkowski constitutive equations

D+iix H=¢e(E+i x B), o)

B+E x@=uH+D x i),
where w is the velocity of the medium, ¢ is the permittivity and p is the permeance of the
stationary medium, p and j are the charge and current densities.

In [1], we have established the infinite symmetry of (1) for p = 0, 7 = 0. In this

case, the Maxwell equations admit an infinite-dimensional algebra whose elements have
the form

X = S”(l‘)% + ﬁEaaiEa + 1B, 8?% +np, 8la)a +NH, 82&1’ (3)
where

N = E3By — £3Bs — (&1 + &) E1 — £ B2 — §1E3,

N2 = —&3B1 + & Bs — (65 + £0) B2 — & By — E3 B3,

N =B — By — (& + &) B3 — E3 B — E3 En,

NP =& By — & By — (6 + £3)B1 — 3B + &Y B3,

NP = QB — B3 — (&) +£5) By — §B1 + &3 B3,

nPs = B+ By — (¢ + &3)Bs — 91 + )y,

NPt =& Dy + & D3 — (6] + &) D1 + E3Hy — E9H3,

NP2 = —€H1 + €0Hz — (& + £0) D2 — £ D1 + €3 D3,
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NP8 = &D1 + €Dy — (6§ +60) D3 — 9 H1 — &) Ho,
Nt = —&Dy + D3 — (&1 + §0)H1 — EHy — £/ H3,
N2 = D1 — &5 D3 — (6 + &) Ha — & Hy — &3 H3,
Nt = —&§ D1 + &5 Dy — (63 + &§)Hs — E3Hy — E3 H,
. : ogH
and &#(x) are arbitrary smooth functions of @ = (zg, 21,22, 23), & = o w,v = 0,3,

a = 1,3. We prove that the Maxwell equations (1) with charges and currents (p # 0,
j # 0) are invariant with respect to an infinite-parameter group provided that p and j are
transformed in appropriate way.

Theorem 1. The system of equations (1) is invariant with respect to an infinite-dimen-
stonal Lie algebra whose elements are given by

) )
=X J P 4
Q + 1 8j“+77 o (4)

where

W= —di &+ e, 0= —dp+Gp+ G50, d=—(@+E+E+8)  (5)
and the summation from 1 to 3 is understood over the index b.

Proof. The proof of Theorem 1 requires long cumbersome calculations which are omitted
here. We use in principle the standard Lie scheme which is reduced to realization of the
following algorithm:

Step 1. The prolongating operator (4) is constructed by using the Lie formulae (see,
e.g., [4]).

Step 2. Using the invariance condition

LV =0 6
QLY =0 (6)

where @ is the first prolongation of operator (4) and LV = 0 is the system of equations
1

(1), we obtain the determining equations for the functions &, n’*, and n”.
Step 3. Solving the corresponding determining equations, we obtain the condition of
Theorem 1.

oD L
From the invariance condition (6) for the equation 5 = rotH — j, we obtain
' = —dj* + ﬁgjb + &§p. By applying criterium (6) to the equation divD = p, we
get n? = —dp+ EYp + 5,9 4°. As follows from [1] the invariance condition for the equations
o8

i —rot E and divB =0 gives no restriction on 7’* and 7”. Theorem 1 is proved.

The invariance algebra (4), (5) of the Maxwell equations contains the Galilei algebra
AG(1,3), Poincaré algebra AP(1,3), and conformal algebra AC(1, 3) as subalgebras.

It is well known that the Maxwell equations in vacuum are invariant with respect to the
conformal group [2]. In [1], we showed that there exists the class of conformally invariant
constitutive equations of the type

o . R B o R E’Q _ BE‘Q
D=MDE+NNB, A=MNE-NDE, == (7)
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where M, N are smooth functions of I. System (1), (7) admits the conformal algebra
AC(1,3).

It is surprisingly but true that the symmetry of equations for electromagnetic fields in
a moving medium was not investigated at all. The following statement gives information
on a local symmetry of system (1), (2) which may be naturally called Maxwell’s equations
with the supplementary Minkowski conditions (or Maxwell-Minkowski equations).

Theorem 2. System (1), (2) is invariant with respect to the conformal algebra AC(1,3)
whose basis operators have the form

Hwﬁ%zgy Py— -8, Oy=2 ab-T13

Jab = ©aOp — 1300 + Sap + Vap + Rap,

JOa = ana + xaa() + g()a + VOa + ROav (8)
D =10; + JUkaxk -2 (EkaEk + BkaB,C + DkaDk + HkaHk) -3 (ykf)]k + pap) s
K, =2x,D — 2*P, + 22"(S, + Vi + Ru),  p,v=0,3,

where Sy, Soa are given by (6), and Vip, Voa, Rap, Roa have the form

Vap = Uaaub - uba’uaa Voa = ug — Ua (ubaub) ,

) . . (9)
Rap = ]aajb - ]bajm Roq = ]aap + p8 i

To prove the theorem, we use in principle the standard Lie scheme and therefore it is
given without proof.

As follows from the theorem, vectors 5, 5, E, H are transformed according to a stan-
dard linear representation of the Lorentz group, and the velocity of a moving medium and
the density of charge are nonlinearity transformed

;_ Uatba / P(lfé)ﬁ)
= 5 p—p ="
1+ ub V1 — 62

Components of the velocity vector @ are transformed in the following way:

. Upo — 2b0.’L’k — 2b%xk(x0 - fﬁ)
1 + 2()0(1‘0 — f’lj) + b%(:rg + 72— 2.%'05’11)’

g — up, (10)
where o = 1+2b0:t:0+b(2)x2, z? = x%—:i’Q, bg is a group parameter under the transformations
generated by K.

Operators K, generate the following transformations for the velocity vector:

, Ueo + 2(xg — T) (by — b224) — 204U (Ta + baz?)

Ug — Uy =

11
o+ 2b2x0(xo — TU) — 2bsua ’ (11)

; ueo + 2(zo — FU)b2we — 2baUaTe
=

Ue — U

c# a, (12)

o+ 2b2xo(z9 — TU) — 2bgugry

where 0 = 1 — 2b,2, — b222, b, are group parameters and there is no summation over a.
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If the permittivity € and permeance p are functions of the ratio of invariants of elec-
tromagnetic field, i.e.,

52_52 B’Q_Ez
E=€|l — ==, = —== |,
BE p=n BE

then system (1), (2) is invariant with respect to the conformal algebra AC(1,3).

Thus, the system of Maxwell’s equations (1), (2) in a moving external medium is invari-
ant with respect to the conformal group C(1,3). Here, the velocity is changed nonlinearly
under the transformations generated by K, according to formulae (10), (11), (12).

In the all above-given equations, the fields l_j, B , E , H are transformed in a linear way.

Here, we give one more system of nonlinear equations for which a nonlinear represen-
tation of the Poincaré algebra AP(1,3) is realized on the set of its solutions. The system
has the form

0%y 0%y
Yi—=0 k,1=1,2,3 13
axo + a$l b b ] ) b ( )

where ¥ = Ej + iHg. The complex system (12) is equivalent to the real system of
equations for £ and H:

E E H
6k+E3k Hak

970 o, Moy =0 19
OH, OF} OH;,

+ H, + F =0.
8%0 Yox, ox X Yoz, 8301

Having used the Lie algorithm [4], we have proved the theorem.

Theorem 3. The system of equations (14) is invariant with respect to the 24-dimensional
Lie algebra with basis operators

o
Po=-—=08, 1n=03
Oz,

I = w0 — 0y + Exdp, — Bi0p, + Hydm, — Hidu,,
J2) = w40y + 10y + Exdp, + Ei0p, + Hydm, + Hidu,,
G = 208, + O,
G = 2400 — (E.Ey, — HoHy)dp, — (E.Hy + HoEy) i, (15)
Dy = 290y — EOg, — HyOp,,
D, = 2,0, + E,0p, + H,0m, (there is no summation by k) ,
Ko = 2200 + 20210k + (7 — 20Ex) 05, — 20HkOmH,,
Ko = 202400 + qw0f + (2 By — xo(EoEx — HoHy,)]0p, +
(2, Ho — x0(Ho By + EqHy)|0H, -

The invariance algebra of (14) given by (15) contains the Poincaré algebra AP(1,3), the
conformal algebra AC(1,3), and the Galilei algebra AG(1,3) as subalgebras.
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The operators Jo = G,il) + G,(f) generate the standard transformations for x:
xo — x( = o ch O + o sh Oy,
xy, — ), = xy ch O + zo sh by, (16)
T — x) = Xy, if | # k,

and nonlinear transformations for E, H:

Ej, + iHy) ch 0 + sh 0
Ey + iy, — Bl + iff, = 2kt iH) ch O, & sh 6

)
(Ey + iHy) sh 0 + ch 6’ (17)
. ' Ej —iHy) ch 6 + sh 6y
Fy — iHy — B — iH] = .
k U1 — Ly iy (Ek_sz)sth-l- Ch0k7
' . B+ tH;
E,+iH, — E) +iH] = L7k
1+ i — B +1iH, (E) + iHy) sh 6 + ch 6’ 7k, (18)
E, —iH,
E —iH, — E| —iH| = i L7 k.

(Ek — ZHk) sh Gk + ch 6k ’

There is no summation over k in formulas (16), (17), (18).

Conformal invariance can be used to construct exact solutions of Maxwell’s equations.
In conclusion, we give the theorem determining the relationship betwen invariant and
conditionally invariant solutions of differential equations.

Let consider a nonlinear partial differential equation

Lu = 0. (19)

Suppose that (19) is Q-conditionally-invariant under the k-dimensional algebra AQj [4,
5, 6] with basis elements (Q1,Q2,. .., Q%) , where

Qi = f?ama + niaua
and the ansatz corresponding to this algebra reduces equation (19) to an ordinary differen-
tial equation. A general solution of the reduced equation is called the general conditionally
invariant solution of (19) with respect to AQy. Then the following theorem has been
proved.

Theorem 4. Let (19) is invariant (in the Lie sense) with respect to the m-dimensional
Lie algebra AG,, and Q-conditionally invariant under the k-dimensional Lie algebra AQy.
Suppose that a general conditionally invariant solution of (19) depends on t constants cq,

C2, ..., Ct.
If the system
ou J—
ffa—xa =ni(z,u), =1t (20)

is invariant with respect to a p-dimensional subalgebra of AG,, and p > t + 1, then the
conditionally invariant solution of (19) with respect to AQy, is an invariant solution of this
equation in the classical Lie sense.

Thus, we obtain the sufficient condition for the solution found with the help of condi-
tional symmetry operators to be an invariant solution in the classical sense. It is obvious
that this theorem can be generalized and applicable to construction of exact solutions
of partial differential equations by using the method of differential constraints [7], Lie-
Bécklund symmetry method [8], and the approach suggested in [9].
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Symmetry Reduction and Exact Solutions of the
SU(2) Yang-Mills Equations

Victor LAHNO

Institute of Mathematics of the National Academy of Sciences of Ukraine,
8 Tereshchenkivs’ka Str., Kyiv 4, Ukraine

Abstract

We present a detailed account of symmetry properties of SU(2) Yang-Mills equa-
tions. Using a subgroup structure of the conformal group C(1, 3), we have constructed
C(1, 3)-inequivalent ansatzes for the Yang-Mills field which are invariant under three-
dimensional subgroups of the conformal group. With the aid of these ansatzes, reduc-
tion of Yang-Mills equations to systems of ordinary differential equations is carried
out and wide families of their exact solutions are constructed.

Classical ideas and methods developed by Sophus Lie provide us with a powerful tool
for constructing exact solutions of partial differential equations (see, e.g., [1-3]). In the
present paper, we apply the above methods to obtain new explicit solutions of the SU(2)
Yang-Mills equations (YME). YME is the following nonlinear system of twelve second-
order partial differential equations:

0,0" A, — D0, A,, + e[(0,A,) x A, —

1
—2(8,A,) x A, + (0"A,) x AY] +€?A, x (AY x A,) = 0. M

Here 9, = 8%’ pu,v =0,1,2,3; e = const, A, = A,(x) = A,(xo, 21,22, 3) are three-
component Vegtor—potentials of the Yang-Mills field. Hereafter, the summation over the
repeated indices p, v from 0 to 3 is supposed. Raising and lowering the vector indices are
performed with the aid of the metric tensor g, i.e., " = g0, (g = 1if p=v =0,
gw=—-1if p=v=1,2,3and g, =0if p #v).

It should be noted that there are several reviews devoted to classical solutions of YME
in the Euclidean space R4. They have been obtained with the help of ad hoc substitutions
suggested by Wu and Yang, Rosen, 't Hooft, Carrigan and Fairlie, Wilczek, Witten (for
more detail, see review [4] and references cited therein). However, symmetry properties of
YME were not used explicity. It is known [5] that YME (1) are invariant under the group
C(1,3) ® SU(2), where C(1,3) is the 15-parameter conformal group and SU(2) is the
infinite-parameter special unitary group. Symmetry properties of YME have been used
for obtaining some new exact solutions of equations (1) by W. Fushchych and W. Shtelen
in [6].

The present talk is based mainly on the investigations by the author together with
W. Fushchych and R. Zhdanov [7-12].
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1. Linear form of ansatzes
The symmetry group of YME (1) contains as a subgroup the conformal group C(1,3)
having the following generators:

P, =0,,

N 7~ 4 ap _pav

Jy =240, — 270, + A aAﬁ A aAZ’

D =x,0, — AZ(’?AZ,

K, =2z"D — (x,2")0, + 2Aa“x,,8Ag - 2Aﬁx”8AZ.

Here 6AZ = a=1,23.

0
Using the fact that operators (2) realize a linear representation of the conformal algebra,
we suggest a direct method for construction of the invariant ansétze enabling us to avoid
a cumbersome procedure of finding a basis of functional invariants of subalgebras of the
algebra AC(1,3).
Let L = (X1,...,Xs) be a Lie algebra, where
Xo = gau(x)au + Pamk (T)urOy,, - (3)

Here &£,u(x), pamk(x) are smooth functions in the Minkowski space Ri3, u = 0,1,2,3,
m,k=1,2,...,n. Let also rankL = 3, i.e.,

rank|[€q,,(2)[| = rank][€a.(x), pamn(z)|| = 3 (4)

at an arbitrary point x € R 3.

Lemma [3]. Assume that conditions (3), (4) hold. Then, a set of functionally independent
first integrals of the system of partial differential equations

X F(z,u) =0, u=(Uty...,Up)
can be chosen as follows
w=w(z), wi = hip()ug, ,k=1,...,n
and, in addition,
et hig(@) 71}, # 0.
Consequently, we can represent L-invariant ansatzes in the form

u; = hig(z)vg(w)

or
u = A(z)v(w), (5)
where
(51 V1
u - : ) V - )
Up, Un,

A(z)) is a nonsingular matrix in the space R; 3.
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Let

0 —I 0 0 0 0 —I 0
I 0 00 0 0 0 0

Soo=19 o 0 ol Se=1_79 0o ol
0O 0 00 0 0 0 0
0 0 0 —1I 00 0 0
0 00 O 00 —I 0

Ss=19 00 ol 2|07 o ol
71 00 0 00 0 0
000 O 000 O
00 0 —I 000 0

Ss=109 00 o | S8=10 0 0 -1 |
0 I 0 0 00 I 0

where 0 is zero and I is the unit 3 x 3 matrices, and F is the unit 12 x 12 matrix. Now
we can represent generators (2) in the form

P, =0,

Ty = 210, — 70, — (S A - On),

D =12,0z, —k(E A-0p),

Ko = 220D — (z,2")0z¢ — 224(S0a A - Op ), (6)
K1 = —221D — (2,2")0r; + 220(S01A - 07 ) — 222(S124 - 07 ) — 223(S13A4 - 07 ),

Ky = —229D — (2,2")0ry + 220(S02A - 07 ) + 221(S12A4 - 07 ) — 223(S23A4 - 07 ),

K3 = —223D — (2,2")0r4 + 220(S03A - 07 ) + 221(S13A - 07 ) + 222(S23A4 - 0p ).

Here, the symbol (x - %) denotes a scalar product,

5 814:(814(1)7614(2)77614%)

Let L be a subalgebra of the conformal algebra AC(1,3) with the basis elements (2) and
rankl = 3. According to Lemma, it has twelve invariants

fma(x)Aa; am=1,...,12,
which are functionally independent. They can be considered as components of the vector
F- A,

where F' = || fin(2)||, m,n = 1,...,12. Furthemore, we suppose that the matrix F' is non-
singular in some domain of R; 3. Providing the rank L = 3, there is one additional invariant
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w independent of components of A. According to [1], the ansatz FFA = B(w) reduces sys-
tem (1) to a system of ordinary differential equations which contains the independent
variable w, dependent variables Bé,Bg, .. ,Bg’, and their first and second derivatives.
This ansatz can be written in the form (5):

A=Q(x)B(z),  Qz)=F '(z), (7)
where a function w and a matrix F' satisfy the equations

Xow =0, a=1,2,3,
X F =0, a=1,2,3,

or
ow
fa,u(ﬁ)a_ =0,
Tu
oF ®
ga#( ) +FP( ) 07 a:172737 M:0a1a2737
,u,

where ', (x) are certain 12 x 12 matrices.
It is not difficult to make that matrices I'; have the form (6):

P, : TI')y=0;
Juw  Tp=-=5u;
I'=-F;

Ko : Tg=—220E — 22,504 (a=1,23);

Ky fl =211 F + 220501 — 222512 — 2x3513;
Ko : Ty =2x9F + 220So2 + 221512 — 2x3593;
Ks : T3 =2x3E + 2x0Sos + 221513 + 229523.

It is natural to look for a matrix F' in the form

F(z) = exp{(—In0)E} exp(0ySo3) exp(—H03S512) exp(—2601 Hy) X

_ _ (9)
exp(—292H2) exp(—294H1) exp(—295H2),
where 6 = 0(x), 0y = 0o(), O, = O () (m = 1,2,...,5) are arbitrary smooth functions,
Hy = Soq — Sa3, Hy = Soa +Sa3(a—1 2)
Generators X, (a = 1,2, 3) of a subalgera L can be writen in the next general form:

Xo = fau(x)aaru + QaAdx,

where

Qu = foF + f0aS03 + fiaH1 + foaHa + f30S12 + faaH1 + fsaHoa,
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and Fy, = fo(x), foa = foa(T), fma = fma(x) (M =1,...,5) are certain functions. Con-
sequently, the determining system for the matrix F' (9) reduces to the system for finding
functions 6, 6y, 6, (m =1,...,5):

o0
gaua - faea
00
S gy, = A0 10+ 5 120) = oo
005
fa,u% = 4(‘94f2a - 65f1a) + f3a7
00 1
§au£ = 4(0104 + 0205) fia + 4(0165 — 0204) foa — 61 foa — 02 f3a + Eflaa (10)
00 1
§auﬁ = 4(0204 — 0105) f1a + 4(0205 + 0104) fou — 02 foa + 01 f3a + §f2a7
00 1
fa,uaT4 = 04f0a - 2(92 - 9§)f1a - 49495f2a - 05f3a + §f4av
I
fau% = 05 foa — 40405 f1a + 2(05 — 03) f2a + 01 f30 + §f5a-

Here, 1 =10,1,2,3, a=1,2,3.

2. Reduction and exact solutions of YME

Substituting (7), (9) into YME we get a system of ordinary differential equations. How-
ever, owing to an asymmetric form of the ansatzes, we have to repeat this procedure 22
times (if we consider Poincaré-invariant ansatzes). For the sake of unification of the re-
duction procedure, we use the solution generation routine by transformations from the
Lorentz group (see, for example, [8]). Then ansatz (7), (8) is represented in a unified way
for all the subalgebras. In particular, P(1,3)-invariant ansatzes have the following form:

Au(@) = auw(z)BY (W), (11)
where
auw(x) = (aya, — dyud,) cosh Oy + (dya, — dyay,) sinh 6p+
+2(a, + d,)[(01 cos O3 + O3 sin O3)b,, + (02 cos 3 — 01 sin fs)c,+
+(02 + 03)e%(ay, + dy)] + (bucy — bycy,) sin f3—
—(cucy +byuby) cos s — 2e7%(61b,, + Oac,) (ay + dy).

(12)

Here, p,v = 0,1,2,3; © = (x0,X), au,by,cyu,d, are arbitrary parameters satisfying the
equalities

aygat = bbbt = —c,ct = —d,d* =1,
a b = a,ct = a,d* = byct = b,d* = c,dt = 0.
Theorem. Ansatzes (11), (12) reduce YME (1) to the system
Ky BY +1,, B 41, BT €9, BY x BY +ehy, B x BT +e?B, x (BY xB,,) = 0. (13)
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Coefficients of the reduced equations are given by the following formulae:
kuy = gun By — GuGy,  luy = gy F2 + 25,y — GuHy — GuG,,
My = Ryy = GuHy, Gy = 9y G + 9oy Gu — 291G, (14)

1
Py = 5(9#7HV = GuHy) = Ty,

where I, Fy, Gy, Hy, Sy, Ruv, T~y are functions of w determined by the relations

Ow Ow ow
== Fy = Dw G, =ay,—
! dx,, Ozt 2 ’ T O
da Oa~, Ow
_ TH — v _
Hﬂ = a—(L’,Y’ SHV = au 8,1;5 ﬁ’ R;Ll/ = CLZ,DG”W“
5 6@51, 5 8@@ 5 aa(su

T,~=a——a al,——a as——agy.
WY 0y 7T Y O, T Y Oy Y

A subalgebraic structure of subalgebras of the conformal algebra AC(1,3) is well known
(see, for example, [13]). Here we restrict our considerations to the case of the subalgebra
(Go = Joa — Jo3, Joz,a = 1,2) of the algebra AP(1,3). In this case, § =1, 4, =05 =0
and functions f,, foa, fma (@, m =1,2,3) have following values:

Gi @ fi=fo=fa=fun=0, fu=-1
Gy : fo=foo=fiz=f2=0, foo=-1;
Joz o fa=fi3=faz=fa3 =0, fo3=-1

Consequently, system (10) has the form:

Vo, =cVo, =cMes =0,  cVo, = —

N =N =

oy =clMo, =cMos =0, Mo, = —

I =1, JVey=0, V0. =0, (a=1,2).
Here,

GV = (20 — 25)0, + 70Oy + Ons) (4 =1,2),

1
J(g?’) = .73()&53 -+ 1'38%.
In particular, the system for the function 6y reads

06 06 06 _ _ 06y 00y _
(xo—xg)a—-i-xa <a—x0+3—l‘3> =0 (a=1,2), .’EOBI3+$38$0—1,

Lq
and the function 6y = —In|xg — x3| is its particular solution. In a similar way, we find

that 67 = —§x1(x0 —x3)7 L, 0y = —5372(:1;0 —23)!, A3 = 0. The function w is a solution

of the system

Gy = J(%)w =0 (a=1,2),

2 2

and is equal to 23 — 23 — 23 — 23.
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Finally, we arrive at ansatz (11), (12), where

1 1
0o = —Inlkz|, 6, = be(kx)*l, 0y = §cx(kx)*1,

03 =0, w=(ar)?— (bx)?— (cz)?— (dv)%
Here, ax = aya*, bx = byat, cx = x,2¥, dv = dyat, kx = kb, k, = ay +dy, p =
0,1,2,3. According to the theorem, the reduced system (13) has the following coefficients
(14):

kyy = 4wg,y — (ay — dy + kyw)(ay — dy + kyw),

buy = 4129y — apay + dpdy — whyky ],

Myy = —2kyky, (15)

Guvy = €(guy(av — dv + kyw) + guy(ap — dy + kpw) — 29, (ay — dy + kyw),

3
Py = §€(gwkv — Guky),

where ¢ = 1 for kx > 0 and ¢ = —1 for kx < 0, u,v,v =0,1,2,3. We did not succeed in
finding general solutions of system (13), (15). Nevertheless, we obtain a particular solution
of these equations. The idea of our approach to integration of this system is rather simple
and quite natural. It is a reduction of this system by the number of components with the
aid of an ad hoc substitution. Let

Bp, = b,uelf(w) + CMGQQ('U)), (16)

where e; = (1,0,0), e2(0,1,0), f and g are arbitrary smooth functions. Then the
corresponding equations have the form

dqwf+8f +e2gf =0,  4wi+ 8§+ e*flg=0. (17)

System (17) with the substitution f = g = u(w) reduces to

2
wii + 20 + %u?’ = 0. (18)

The ordinary differential equation (18) is the Emden-Fowler equation and the function

_1, . . .
u=e w2 is its particular solution.

Substituting the result obtained into formula (16) and then into ansatz (11), (12) we
get a non-Abelian exact solution of YME (1):

A, = {e1(by — kubx(kz)™t) + ealc, — kycx(kx) ™)} x
xe~{(az)? — (bx)? — (cx)? — (dz)?)} 2.

Analogously, we consider the rest of subalgebras of the conformal algebra.
For example, for the subalgebra (Ji2, Py, P3), we get the following non-Abelian solutions
of YME (1):

A, = ek, Z [%e)\((bx)Q + (cx)?)| + ea(bucx — c,bx) A,

Ay = erky [ M ((62)® + (c0)?) T + da((bo)? + (c2)) % |+
+ea(buer — cuba) M((br)? + (ex)?) 7.

Here Zy(w) is the Bessel function, A1, A2, A2 = const.
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Abstract

Higher order symmetry operators for the wave equation with scalar and vector po-
tentials are investigated. All scalar potentials which admit second order symmetry
operators are found explicitly.

Symmetries of partial differential equations are used for separation of variables [1],
description of conservation laws [2], construction of exact solutions [3], etc. Before can be
applied, symmetries have to be found, therefore search for symmetries attracts attention
of many investigators.

We say a linear differential operator of order n is a symmetry operator (or simply a
symmetry) of a partial differential equation if it transforms any solution of this equation
into a solution. If n = 1, then the symmetry is nothing but a generator of a Lie group
being a symmetry group of the equation considered. If n > 1, the related symmetries are
referred as non-Lie or higher symmetries.

The symmetry aspects of the Schrodinger equation have been investigated by many
authors (see [1] and references cited in), the higher symmetries of this equation where
investigated in [4-9]. In contrast, the higher symmetries of the relativistic wave equation
have not been studied well yet.

In this paper, we investigate the higher symmetries of the wave equation with an
arbitrary scalar potential

Ly = (8,0" —=V)ih =0 (1)

where p = 0,1,...,m. We deduce equations describing both potentials and coefficients
of the corresponding symmetry operators of order n and present the complete list of
potentials admitting symmetries for the case m = 1, n = 2, which completes the results
of papers [10, 11]. In addition, we find all the possible scalar potentials V' and vector
potentials A, such that the equation

Ly =(D,D* —V)p =0, D,=08,—eA, p=01 (2)
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admits any Lie symmetry. Moreover, we consider the case of time-dependent potential V'
and present a constructive test in order to answer the question if the corresponding wave
equation admits any Lie symmetry.

Let us represent a differential operator of arbitrary order n in the form

n

Qn = Z “ . [Kalal"'aj,aa1]+ ’3a2]+ o 3%} , (3)

=0 *

where K%1%1-% are arbitrary functions of x = (29, x1,...,2m), [A, Bl = AB + BA. We
say @, is a symmetry operator of equation (1) if it satisfies the invariance condition [13]

[Qn, L] = an1L, (4)

where a,,_1 is a differential operator of order n — 1 which we represent in the form

n—1

= Z |:[ . [aalag...aj’8a1]+ , aa2]+ g aaj} N . (5)
7=0

To find the determining equations for coefficients of a symmetry operator of arbitrary
order, it is sufficient to equate coefficients of the same differentials in (4). We start with
the case m =1 in order to verify the old results [10]. For the first order symmetries

Q=[K"0" +K (6)

we obtain the following determining equations

Ol Kb = %g“ba, (7)
1
0K = -0, (8)
1
2K°9°V = —aV — Z(ababa). (9)

Formula (7) defines the equation for a conformal Killing vector whose general form is
K'=p@—t)+ flz+t)+e, K '=p@—t)— flz+1), (10)

where ¢ and f are arbitrary functions, ¢ is an arbitrary constant. Moreover, in accordance
with (7), (8), (10), « = 4(¢' — f'), K = a/2 + C, and the remaining condition (9) takes
the form

MKV + oY (K'V) = 0. (11)

Using the fact that K satisfies the wave equation and changing V = 1/U?, we come to
the following differential consequence of (11):

U" = w?U + C, w = const, C=0, (12)

which is clearly simply the compatibility condition for system (6)—(9).
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Nonequivalent solutions of (12) have the form

V=C, V= x—c;, V = Cexp(—2wx),
__c o, "
"~ cos?(wz)’ ~ cosh®(wz)’  sinh?(wz)’

where C and w are arbitrary real constants. These potentials are defined up to equivalence
transformations, * — ax + b, where a, b are constants.

In comparison with the list of symmetry adopting potentials present in [10], formula
(13) includes one additional potential (the last one) which was not found in [10].

We see the list of potentials admitting Lie symmetries is very restricted and is exhausted
by the list of potentials enumerated in (13). The corresponding symmetry operators are
easily calculated using relations (6)—(11).

We notice that the determining equations (6)-(9) are valid in the case of time-dependent
potentials also. Moreover, we again come to equation (11) where K° and K are functions
defined in (10). These functions can be excluded by a consequent differentiation of (11).
As a result, we obtain the following relation for V:

O{Inln(OmV), — (InV),]} =0{nh(0V); — (InV):]}, (14
0=0;7 -9, (-)y = On(-), n=x+t, C=z—t,

which is a necessary and sufficient condition for the corresponding equation (1) to admit
a Lie symmetry. It is the case, e.g., if the potential V satisfies the wave equation or has
the form V = f(n)p(Q).

For the classification of the potentials admitting invariance algebras of dimension k > 1,
refer to [12].

The second order symmetries are searched in the form (see (3))

Q= [[Kab78a7}+78b]++[Ka78a]++K7 a=[a%d+ +a (15)
which leads to the following determining equations:
6(aKbc) — _la(agbc) a(aKb) — l(a(aab) _ gaba)
4 ’ 2 ’

. ) (16)
0K = 50 +a"V - AK®9PV, K%V = 5("V +aV).

These equations can be solved by analogy with (6)—(12). Omitting straightforward
but cumbersome calculations, we notice that the compatibility condition for system (15)
again has the form (12) where C' is an arbitrary constant. Moreover, V = U/2(U’). The
corresponding general solution for the potential is given by formulas (13) and (17):

C
V =Cuz, V=0 + =2, V = Cexp(wz)r + Cexp(2wz),
x

cos(wx) + Co (17)

sinh(wx) 4+ Co v cosh(wx) + Cy
sin? (w)

V=C ) =
! cosh?(wz) ! sinh?(wz)

; V=

The list of solutions (17) includes all the potentials found in [11] and one additional
potential given by the last term. We notice that potentials (13), (17) make it possible
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to separate variables in equation (1) [14]. In other words, the potentials admitting a
separation of variables are exactly the same as the potentials admitting second order
symmetries.

Let us consider equation (2). Without loss of generality, we set A; = 0, bearing in mind
ambiguities arising due to gauge transformations. Then the corresponding determining
equations for the first-order symmetries reduce to the form

1 : 1
ol Kb = -3 ga, 0°K —2iAK° + 2 Al K = S0 +iad,
(18)
. 1 : 1

K' +2iK' A = 50/, 2iA0K — 2VF! = —a(V 4+ A?) +ia(V + A3) + 4 D

These equations are valid for time-dependent as well as time-independent potentials. Re-
stricting ourselves to the last case, we find the compatibility condition for this system can
be represented in the form (12), moreover,

1
U?
where kq, ko are arbitrary constants. Using (13), we find the admissible vector potentials
in the form

i A = kyV = (19)

Ay = Cu, (20a)
Ay = % (20b)
Ay = C exp(—2wz), (20c)
Ay = Ctan(wz), (20d)
A; = Ctanh(wz), (20e)
Ay = C coth(wz). (20f)

The list (20) exhausts all time independent vector potentials which admit Lie symme-
tries. Let us present explicitly the corresponding symmetry operators:

Qi=08, Qa=08,—iCt,  Q3=1tdy — a0, —iC(2® + t*); (21a)
Q=08, Qy=tdh+z0y,  Qs=(>+2)0 + 220, — 2iCu; (21b)
QL=08,  Q=explw(z+1) (Nat + 0,) + iC explw(z — 1)], (219
Q3 = explw(z — 1)](9; — )] +iC exp[—w(x +1)];

Q1 = 0,

Q2 = sin(wt) sin(wt)d; — cos(wt) cos(wz)d, + C sin(wt) cos(wz); (21d)
Q3 = cos(wt) sin(wx)d; + sin(wt) cos(wz)dy — C cos(wt) cos(wz);

Q1 = 0,

Q- = sinh(wt) sinh(wz)d; + cosh(wt) cosh(wz)d, — iC sinh(wt) cosh(wz), (21e)

Qs = cosh(wt) sinh(wz)d; + cosh(wt) sinh(wt)d, — iC cosh(wt) cosh(wz);
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Ql = 8t7
Q2 = cosh(wt) cosh(wz)d; + sinh(wt) sinh(wz)d, — iC cosh(wt) sinh(wz), (21f)
Q3 = sinh(wt) cosh(wz)d; + cosh(wt) sinh(wz)d, — iC sinh(wt) sinh(wz).

Operators (21a) and (21b) form the Lie algebra isomorphic to AO(1,2) while the alge-
bras of operators (21c)—(21f) are isomorphic to AE(2). The corresponding potentials V'
have to satisfy relation (20). We notice that formulae (21) define symmetry operators for
equation (1) with potentials (14) also if we set C' = 0. These results are in accordance
with the general classification scheme present in [12].

In conclusion, we return to equation (1) and present the determining equations for the
symmetry operators (3) of arbitrary order n in a space of any dimension m + 1:

a(an+1Ka1a2..‘an) _ lg(anan+1aa1a2...an,1)

4 )
a(anKalag...an_l) _ ig(anan_laalag...an_g) o %a(anaalag...an_l)’
B(am,nJrlKalag,..an,m) _ _lababaalag...n—m—&-l_’_
4
[nfmjl (22)
2
2(n —m+ 2+ 2k)!
—1 k a1a2...0n—m4+1 Wa1az.--an—m+1
+ — (=1) 2k + D)!(n—m+1)! * ’
[%] n—1
(1P Kbtz b0 05,V + Yt atal L oV = 0.
p=0 k=0

Here,

a1a2...an— aiag...an— b1ba...bog b1 ab bo
[J0102--0n—m+1 — [0102.-Gn—m+10102 2k+18182___821#1‘/‘7

a1a2...an—1 __ G102...0p—1
w 1 — o -1y,

a1a2...an—2 _ __ _ a1a2...an—2b9bys _ _aijas...an—2
w (n—1a "V — « V,
! (n — 2k — 2q)!
Walag...an_gq_l — _1 k )
kz_o< S G D=2 -1

Xaa1a2---an72q71b1b2---b2k+1 ahabz o 8b2k+1v — qf102-an—2p—17/ _

—_

=}

. (n — 2k —1)!
(- (n—2p—1)I(2p—2k—Dl(p—k)

N
>
Il

0

w1 %ar-An—2k—1b1b2...bop o1 gb1 b2 8b2p72k‘/’

-2
q:1,2,...[n ],

2

q—1

Waraz.an—2q _ Z(_l)k

k=0

(7"L—2q—1-2k:+1)!><
(2k + 1)I(n — 2q)!
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% 1942--0n 2 +2k+1b1b2..bag 11 8b1 8b2 o 8b2k+1v — qMa2an-2qY/ _

-2
(_1)k+q
0

[}

(n—2k—2)!
(n—2¢)1(2¢ — 2k —3)!(¢g—k—1

)X

N
Bl
Il

Xaamz---an_zkb1b2---b2q—2k—2ab1 ab2 o aqu—Qk—Q‘/’

n—1
=2,3,... .
q » 7|: 2 :|

Equations (22) define the potentials admitting non-trivial symmetries of order n, and
the coefficients K of the corresponding symmetry operators, as well.
For V = 0, equations (22) reduce to the following form

2

a(aj_,_lKalag...aj) — abe(GIGZ---aj—l ajaj+1) — 0 23

m+2j — 1 g ’ (23)

aalag...aj,l — 2 abealaQ,..aj,1 (24)
m+2j—1 ’

where K and o are symmetric and traceless tensors.

Thus, in the above case, the system of determining equations is decomposed into the
uncoupled subsystems (24), which are the equations for a conformal Killing tensor that
can be integrated for any m [8]. The corresponding symmetry operators reduce to polyno-
mials in generators of the conformal group, moreover, the number of linearly independent
symmetries for m = 2 and m = 3 [8] is given by the formulas:

L 1242220 + 3). (25)

1
N2:§(n+1)(2n+1)(2n+3), Ngzﬁ

Formulae (25) take into account n-order symmetries but no symmetries of order j < n.
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Abstract

Potential V(x,t) classes, depending on both independent variables x and ¢, which
allow a symmetry of the Schrédinger equation in the differential operators class of the
third order are found.

One-dimensional non-relativistic systems can be considered with the help of the Schrédin-
ger equation

2

LU(z,t) = |po — f—m —V(z,t)| U(z,t) =0, (1)

where py = ia, p = —i—, V(z,t) is a potential.

ox
For equation (1), its symmetric analysis plays an important role. The Schrodinger
equation symmetry is also surveyed in works [1-7].
The operator of a symmetry @ of equation (1) is an operator, which complies with the

condition

[L7 Q] =0, (2)
where

[L,Q] = LQ — QL. (3)

Let us find classes of potentials V' (x,t), which possess symmetry with respect to a
differential operator Q3 of the third order

Q3 = azp® + asp® + ar1p + ao, (4)

where as, as, a1, ap are unknown functions depending on variables & and ¢. Substituting
operator (4) to equation (2) and, after corresponding changes, equating coefficients of the
corresponding operators of differentiation, we obtain the system of differential equations

as =0,
. 1
as + %GIQ = 0,
1
g + —a), — 6asV' =0, (5)
2m
. 1
a1 + %aé —4asV' =0,

ag — 2a1V' + 2(13‘//” =0.
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Integrating system (5), we obtain
az = as(t),
as = —2maszr + a3(t),
a1 = 2m?azz? + 12mazV — 2madx + ad(t),
ah = —4mPaza? — 16m2azaV’ — 24m?asV — 24m2asV+
8madV’ + 4m2idx — 2mal,
ao — 2a1V' + 2a3V" = 0,

where a3(t), a3(t), al(t) are unrestricted functions depending on ¢.

Some classes of potentials V (x) which comply with system (6) are found in [6, 8]:

2 2 2 2 2
Viz) = m’ V(z) = ECQ tan” cz, V(z) = %(tanh2 cx — 1),
2¢2 1 9 2 ol
m m \ sinh” cx sinh® cx

where c¢ is some unrestricted constant.
We succeeded to indentify other kinds of potentiales V' (z,t) (depending on variables x
and t) with the symmetry under the class of differential operators Q3.
If we set ag = const, as = a = a3 = 0 in (6), then we obtain the system
a1 = 12ma3sV,
aly = —24m2a3V, (7)
ag — 201 V' + 2(13V’” = 0.
After some changes, we obtain the equation in partial derivatives for finding V' (z,t):

12m%V 4 12mVV” +12m(V')? = V" = 0. (8)

Equation (8) can be written as

12m2V = (V" — 6mV?)". 9)

A solution of the given equation is the function

2
V() = (;—;nﬂ ot c3> (1 + 1), (10)

where ¢, ¢, c3, ¢4 are unrestricted constants.

t
If we make the substitution V(z,t) = Ya,t) in equation (9), then we will obtain the
equation
12m*U = (U" — 6U?)". (11)

We know [9], that a solution of the equation y” — 6y*> = 0 (y = y(x)) is the function
y(x) = p(x + ¢p), where p is the Weierstrass function with invariants go = 0 and g3 = ¢y,
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and c¢; is an unrestricted constant. Using this fact, we can write a solution of equation
(11) as

Ulz,t) = (at + Bp(x + o),

and a solution of equation (9)

L (at + B)p(z + co), (12)

m

Vix,t) =

where «, 3, cg are unrestricted constants.
Thus, the found operators V(x,t) (10), (12) exhibit the symmetry of the Schrodinger
equation (1) in the class of differential operators of the third order Qs.
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Abstract

We consider a Coulomb problem for the modified Stueckelberg equation. For some
specific values of parameters, we establish the presence of parasupersymmetry for spin-
1 states in this problem and give the explicit form of corresponding parasupercharges.

Introduction

In spite of the striking progress of quantum field theory (QFT) during last three decades,
the problem of description of bound states in QFT context isn’t yet completely solved.
This state of things stimulates the use of various approximate methods in order to obtain
physically important results.

In this paper, we work within the frame of the so-called one-particle approximation
(OPA) which consists in neglecting creation and annihilation of particles and the quan-
tum nature of external fields which the only particle we consider interacts with. This
approximation is valid for the case where the energy of the interaction between the par-
ticle and the field is much less than the mass of the particle. In OPA, the operator of
the quantized field corresponding to our particle is replaced by the ”classical” (i.e., non-
secondly quantized) quantity which is in essence nothing but the matrix element of that
operator between vacuum and one-particle state (cf. [1] for the case of spin 1/2 particles).
This quantity may be interpreted as a wave function of the particle and satisfies a linear
equation, in which external field also appears as a classical quantity.

But for the case of massive charged spin-1 particles interacting with external electro-
magnetic field, even such relatively simple equations lead to numerous difficulties and
inconsistencies [2, 3]. Only in 1995, Beckers, Debergh and Nikitin [2] overcame most of
them and suggested a new equation describing spin-1 particles. They exactly solved it
and pointed out its parasupersymmetric properties for the case of external constant ho-
mogeneous magnetic field [2]. (To find out more about parasupersymmetry, refer to [4]
and references therein.)

The evident next step is to study this model for another physically interesting case
of external Coulomb field (and in particular to check the possibility of existence of the
parasupersymmetry in this case too).

In order to overcome some difficulties arising in the process of such a study, we consider
in [3] and here a ”toy” model corresponding to a particle with two possible spin states:
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spin-1 and spin-0. Beckers, Debergh and Nikitin in [2] suggested a new equation for this
case too, but our one is slightly more general (refer to Section 1).

The plan of the paper is as follows. In Section 1, we write down the equation describing
our model (we call it modified Stueckelberg equation). In Section 2, we briefly recall the
results from [3] concerning the exact solution of this model for the case of the Coulomb field
of attraction. Finally, in Section 3, we point out the existence of the parasupersymmetry
in the Coulomb field for spin-1 states at particular values of some parameters of our model.

1 Modified Stueckelberg equation

We consider the so-called modified Stueckelberg equation written in the second-order for-
malism [3]:

(DuD" +mZ;;)B” +iegFhB? =0, (1)
where
m2s = M2+ ko | F F™ [V, Dy =0, +ied,, Fu=09,A, —d,A, (2)

We use here the A = ¢ = 1 units system and following notations: small Greek letters
denote indices which refer to the Minkowski 4-space and run from 0 to 3 (unless otherwise
stated); we use the following metrics of the Minkowski space: g, = diag[l, -1, -1, —1];
the four-vector is written as N* = (N, IN), where the bold letter denotes its three-vector
part; coordinates and derivatives are z# = (t,r), 0, = 0/0x*; A" are potentials of external
electromagnetic field; e,g and M are, respectively, charge, gyromagnetic ratio and mass
of the particle described by (1). Its wave function is given by the four-vector B¥. In the
free (e = 0) case [2] this particle has two possible spin states: spin-0 and spin-1 ones with
the same mass M.

Equation (1) generalizes the modification of the Stueckelberg equation from [2] for
the case of an arbitrary gyromagnetic ratio g (authors of [2] consider only the g = 2
case). We also put the module sign at expression (2) for m? 1y (in spite of [2]) in order to
avoid complex energy eigenvalues in the Coulomb problem (else u; (9) and, hence, energy
eigenvalues of the discrete spectrum E will be complex).

2 Coulomb field

The 4-potential, corresponding to the Coulomb field of attraction, is:
A=0, A"=_—Ze/r, Z>0. (3)

Since it is static and spherically symmetric, energy E and total momentum J = L + S
(L is an angular momentum and S is a spin) are integrals of motion. Let us decompose
the wavefunctions of stationary states with fixed energy F in the basis of common eigen-

functions of J? and J, with eigenvalues j(j + 1) and m, respectively, j = 0,1,2,..., for a
given j, m = —j,—j + 1,...,7. The corresponding eigenmodes are:
Bjm = iFp;(r)Yjm exp(—iEt),
. g g 4
Bijm = exp(—iBt) Y. BY(rYY), )

o=—1,0,1
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where Y](f,z are spherical vectors (see [5] for their explicit form) and Y}, are usual spherical
functions. It may be shown that Fg; and Bj{;j, (o0 = —1,0,1) in fact don’t depend on
m [5]. For the sake of brevity from now on, we often suppress indices Ej at Fg; and

BY) (0= -1,0,1).

The substitution of (3) and (4) into (1) yields the following equations for F and B(®):

TV = (2/r>)PV,  TBO =, (5)
where
0 —b 0
V=FBUBI  P=| b 1 -—a
0 —a O

(* denotes matrix transposition, a = \/j(j + 1), B = Ze%, b= Bg/2);

T = (E+ B/r)* +d*/dr® + (2/r)d/dr — j(j +1)/r* — M? — ks 3/7°. (6)
. . 0 D _
Notice that for j =0 BJ(EJ) = B](E]) =0 [5]. |
By the appropriate replacement of the basis (introducing new unknown functions K 0N
i = 1,2,3, being linear combinations of B(?), ¢ = —1,1 and F(r)), equations (5) for

radial functions may be reduced to the following form [3] (for convenience, we denote
K©) = BO):

TK® = 2)\/r2) KD i=0,1,2,3, (7)

where

N=1/24 (D)W G +1/2)2 = (8g/2)%, 1=1,2, A =X3=0. (8)

Energy eigenvalues of the discrete spectrum for (7) are [3]:

E™ = M/\/1+32/(n+ pi + 1), (9)

where n =0,1,2,...;j=0,1,2...;4=0,1,2,3 and

pi = —1/24/(j +1/2)2 — B2 + 2X; + k23 (10)

(index i corresponds to the following eigenmode: K () £ 0, other functions K = 0; since
for j = 0 K© = K®) = 0, in this case, we have only two branches corresponding to
i = 1,2). Branches of the spectrum for ¢ = 0 and i = 3 are completely identical, i.e., we
meet here a twofold degeneracy.

The discrete spectrum eigenfunctions are [3]

KO = ¢ gl oxp(—x/2) LI (x), (11)

where ¢ are normalization constants, z = 2rv/ M2 — E2, L% are Laguerre polynomials,
n=0,1,2,...;7=0,1,2...;:=0,1,2,3.
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3 Parasupersymmetry

We consider the case k2 = 0,9 = 2,j > 0 where [3]
1 =A1, po=A—1, po=2A —2

and hence the above energy eigenvalues (9) possess the threefold extra degeneracy:
EVL = pOnid = p3nd = pEnmhiop > 1, (12)

Moreover, we restrict ourselves by considering only spin-1 states, setting the condition
(compatible with (1) for the case of Coulomb field if ks = 0, g = 2 for the states with
j>0[3])

3) - (4)

3 .

DuBly, = { BKE) + 3| dKy) jdr+
i=1 (13)
L+ MK fr— EﬁKg;/Ai} } exp(—iEt)Yim = 0.

We use here the term ”spin-1 states” by the analogy with the free (e = 0) case (cf. [1]),
i.e., we call spin-1 states the states satisfying (13). In virtue of (13) the component K®)
is expressed via the remaining ones and isn’t more independent [3]. This implies that we
must deal with only three branches of the discrete spectrum E, i = 0,1, 2.

Equations (7) which remain after the exclusion of K3) may be rewritten in the following
form:

Hy) = 1), (14)
where
Y= (KOKOKOH H = 2diag [Hy, Ho, Hy);
H; = —d?/dr® — (2/r)d/dr — X\i(\; +1)/7% = 28E /r+
+(1/2)BE(1/N +1/X)  for i=1,2, (15)
Ho = —d?/dr? — (2/r)d/dr — A1 (M — 1)/r2 = 28E/r + (1/2)BE(1/A\1 + 1/\2),
e=BE(1/ 1 +1/X2) — 2(M? — E?).

Let us introduce parasupercharges QT and Q™ of the form:

0S; 0 0 0 0
Qt=(0 0 Ry |, Q =R 0 0|,
0 0 0 0 Sy 0
where
R, =d/dr + (1+ N)/r — EB/ )i, Si = —d/dr + (\; — 1)/r — EB/\;. (16)

Now it is straightforward to check that QT, Q~, Q1 = (QT+Q7)/2, Q2 = (i/2)(Q" —
Q) and H satisfy the commutation relations of the so-called p = 2 parasupersymmetric
quantum mechanics of Rubakov and Spiridonov (see, e.g., [2, 4]):

(Q*)3 =0, Q? = HQ;, [Q*,H] =0,
{Q%,Qs-i} + QiQ3-iQ; = HQ3_,, i=1,2,
where [A,B] = AB — BA, {A,B} = AB + BA.

(17)
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We see that the parasupercharges Q, Q= commute with H and hence are (non-Lie)
symmetries of our Coulomb problem. Their existence is just the reason of the above-
mentioned threefold extra degeneracy.

4 Conclusions and discussion

Thus, in this paper, we the explained the threefold extra degeneracy of discrete spectrum
levels in a Coulomb problem for the modified Stueckelberg equation for ko = 0, g = 2,
7 > 0, n > 1 by the presence of parasupersymmetry. Our results present a natural
generalization of supersymmetry in a Coulomb problem for the Dirac equation [4].

It is also worth noticing that, in the case of Coulomb field for ks = 0, g = 2, the
equations of our model for the spin-1 states with j > 1 coincide with the equations for
the same states of the Corben-Schwinger model [6] for g = 2. Hence, their model also is
parasupersymmetric and possesses non-Lie symmetries — parasupercharges Q, Q™.

Finally, we would like to stress that, to the best of author’s knowledge, our model
give one of the first examples of parasupersymmetry in a relativistic system with non-
oscillator-like interaction.

I am sincerely grateful to Prof. A.G. Nikitin for statement of the problem and stimula-
ting discussions.
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Abstract

The Hirota bilinear difference equation plays the central role in the study of integrable
nonlinear systems. A direct correspondence of the large symmetry characterizing this
classical system to the Moyal algebra, a quantum deformation of the Poisson bracket
algebra, is shown.

1 Introduction

In the study of nonlinear systems, completely integrable systems play special roles. They
are not independent at all, but are strongly correlated with each other owing to the large
symmetries shared among themselves. We like to know how far we can extend such systems
without loosing integrability. The question could be answered if we know how much we
can deform the symmetries characterizing the integrable systems.

In this note, we would like to discuss the Moyal bracket algebra [1], a quantum defor-
mation of the Poisson bracket algebra, as a scheme which should describe a large class of
integrable systems. Here, however, we focus our attention to the Hirota bilinear difference
equation (HBDE) [2], a difference analogue of the two-dimensional Toda lattice.

This paper is organized as follows. We first explain HBDE and what is the Moyal
quantum algebra in the following two sections. Using the Miwa transformation [3] of
soliton variables, the correspondence of the shift operator appeared in HBDE to the Moyal
quantum operator is shown in sections 4 and 5. The large symmetry possessed by the
universal Grassmannian of the KP hierarchy [4, 5] is explained in section 6 within our
framework, and the connection of their generators to the Moyal quantum operators is
shown in the last section.

2 Hirota bilinear difference equation

The Hirota bilinear difference eqution (HBDE) is a simple single equation which is given
by [2]

af(kr + 1, ko, k3)f (k1 ko + 1, k3 + 1) + Bf(k1, ko + 1, k2) f (k1 + 1, k2, k3 + 1)
+yf(ki, ko k3 + 1) f(k1 + 1, ko + 1,k3) =0,

This paper is dedicated to the memory of Professor Wilhelm Fushchych
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where k; € Z are discrete variables and «, 3, v € C are parameters subject to the
constraint o + 8+ v = 0.

The contents of this equation is, however, very large. In fact, this single difference
equation

1. is equivalent to the soliton equations of the KP-hierarchy [2, 4, 5],
2. characterizes algebraic curves (Fay’s trisecant formula) [4],
is a consistency relation for the Laplace maps on a discrete surface [6],

is satisfied by string correlation functions in the particle physics [7], and

AN

by transfer matrices of certain solvable lattice models [8, 9, 10, 11, 12],

etce..

We note here that HBDE (1) is a collection of infinitely many ‘classical’ soliton equa-
tions [2, 3]. For the purpose of describing the symmetric nature of this equation, it will
be convenient to rewrite it as

(a exp [&ﬁ + 8k/2 + Oké} + Bexp [61:’1 + Ok, + Oké} + yexp [akll + 8k/2 + 8;.33})
X f(ky, ko, k3) f (K1, K5, k’é)|k;:k7 .

As we will see later, it is this shift operator exp Jy; that generates the symmetry of a system
associated with the Moyal ‘quantum’ algebra. Classical soliton equations are obtained by
expanding the shift operators in (2) into power series of derivatives [4, 5].

The space of solutions to this equation, hence to the KP hierarchy, is called the Univer-
sal Grassmannian [4]. Every point on this space corresponds to a solution of HBDE, which
can be given explicitly. Starting from one solution, we can obtain other solutions via a
sequence of Backlund transformations. The transformations generate a large symmetry
which characterizes this particular integrable system.

3 Moyal quantum algebra

Let us explain what is the Moyal algebra[l]. We will show, in other sections, its relation
to the integrable systems characterized by HBDE.
The Moyal bracket is a quantum deformation of the Poisson bracket and is given by [1]

Z{fa g}M = % sin {)\ (amap’ - a:c’ap)} f(w7p)g(w/7p,) , , (3)
T =x,p'=p

where & and p are the coordinates and momenta in RY with N being the number of
degres of freedom. It turns to the Poisson bracket in the small A limit. In this particular
limit, the symmetry is well described by the language of differential geometry. Therefore,
our question is whether there exists a proper language which can describe concepts, in
the case of finite values of )\, corresponding to the terms such as vector fields, differential
forms, and Lie derivatives. The answer is "yes” [13]. In order to show that, we first define
a difference operator by

Va,a, = %sinh Nad)],  (ad) = a,d, + a,d, (4)
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For a given C*° function f(«,p), the Hamiltonian vector field is defined as [13]

2N

XP = (%) / da,da, / db,db, e~ N Abr=bo) p(3 1 \b, piAb,) Va4, q,.(5)

The operation of the Hamiltonian vector field to a function g on the phase space yields
the Moyal bracket:

X79(x,p) =i{f g}m. (6)

The above definition of the Hamiltonian vector fields enables us to extend the concept
of Lie derivative in the differential geometry to a discrete phase space [13]. In fact, we
can show directly the following relation between two vector fields:

(X7, X]] = X?i{f,g}M' (7)

This exhibits a very large symmetry generated by Hamiltonian vector fields, which should
be shared commonly by the physical systems formulated in our prescription. This algebra
itself was derived and discussed [14, 15, 16] in various contexts including some geometrical
arguments.

For the vector field X ]L? to be associated with a quantum operator, we must introduce
a difference one form whose pairing with the vector field yields the expectation value of f.
It is shown in [13] that such a pairing can be defined properly by considering a quantum
state characterized by the Wigner distribution function [17].

4 Miwa transformation

The Miwa transformation [3] of variables enables us to interpret the shift operators in
HBDE (2) as the Hamiltonian vector field discussed above. It is defined by

1
tn;zﬁzka;, n=1,23,.... (8)
j

In this expression, k; (j € IN) are integers among which ki, k2, k3 belong to (1). ¢,,’s are
new variables which describe soliton coordinates of the KP hierarchy. For instance, t; =t
and t3 = z are the time and space variables, respectively, of the KdV equation. z;’s are
complex parameters which are defined on the Riemann surface.

In the language of string models, the soliton variables ¢,,’s correspond to the oscillation
parts of open strings [7]. The center of momenta ¢ and the total momentum pg should
be also included as dynamical variables, which are related to k;’s by

poZZk‘j, .TOZiijanj. (9)
J J
In addition to (8), we also define

_ 1
R A I ()
J
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so that the physical space of oscillations is doubled. The phase space of oscillations are
described by t,’s and ,,’s as

n _ /1 _
j
1 /n, . 1 [1 __
po= gy gt B = 5 Xk (5 -57), me123
J

In terms of these new variables, the shift operators appearing in HBDE (2) become

(11)

exp Oy, = exp [A(a;9)]. (12)

Here (a;@) is the sum of an infinite number of components in the notation of (4). The
values of the components of a;, and a;, are specialized to

i, 1
Gjap = yINZj  ajpy = 7,
13
2+ zZ" 2 —z" (13)
Qo = 2—2— aj, =L—L - n=1,23....
A2n 1AV 2n
5 Gauge covariant shift operator
We now gauge the shift operator to obtain a gauge covariant shift operator:
O, . S Ok 77—
et — Xy =U(k)e™ U (k). (14)

Here U(k) is a function of k = {k1, ko, - -}. Using the Miwa transformation, we can write
it in terms of the soliton variables as

x5, =w(@p)eN 9, ui(@,p) = UR)UT (kD), (15)

where k) denotes the set of k’s but k; is replaced by k; + 1.
The covariant shift operators also form a closed algebra as follows:

[ij, X;ﬂ = X (16)

- Hujuls

where
(oo = (200 NG ) (e (et (17)

'-xp'-p

In this formula, @ and 8’ act on u; and v; selectively.

We now want to establish the correspondence of gauge covariant shift operators to the
Hamiltonian vector field of the Moyal quantum algebra discussed before. For this purpose,
we denote by X 5]_ the antisymmetric part of —X 5]_,

1 /=—=s
D e —
Xy = 2\ (X“j

uj

-x3). (18)
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Here YS_ is obtained from X2 . by reversing the direction of shift in (15). Then it is not

difficult to convince ourselves that X D ~is a Hamiltonian vector field of (5) with f being
specialized to uj, and w; itself is glven by u;j(x,p) = exp[iX(a;px — a;p)]. We thus
obtain an expression for the shift operator

X5, = explid(ajpz — ajzp)]exp (A (@205 + a;jpdp)], (19)

from which we can form a Hamiltonian vector field of the Moyal algebra. We notice
that this operator X, is nothing but the vertex operator for the interaction of closed
strings [7].

Does there exist U associated to this uj(x,p) 7 We can see that

v =T (2=2) 20)

Jsl

satisfies this requirement if we substitute it to (15) and use the Miwa transformations.

6 Symmetry of HBDE

One of the symmetries which characterize the solution space of HBDE is generated by the
Bécklund transformation [4, 5]. The generators of this symmetry are given by

B(zj, z1) := 47V (z))V (1) (21)

where V(z;) is obtained from X ;5;], of (19) simply by ignoring the ¢, and 2y dependence.
In terms of the soliton variables, we can express it in the form

V(zj) :=exp [ 0lnz; — Zz ”tn] exp |Op, + Z —z”ﬁtn] ,

V(zj) := exp [ polnzj + Z n] exp [—6p0 — Z - Jﬁtn] :
n=1

These vertex operators must be thought being local field operators which might behave
singularly when their coordinates z get close with each other. For instance, after simple
calculation we find

. 1 Zi > 1
V(z)V(z) = = —— exp|po In %—J - Z (ZJ_” - Zl_”) talexp Z - (z;‘ — zl_n) O, |
Zl Zj Zl oyt el n (23)
X7 1 2j = -n _ =-n — 1 n -n
V(z)V (%) = o exp[po In (%) - Z <2j - Z ) tn] explz - (zf — ™) atn].
n=1 n=1

If we are interested in the behaviour of these quantities on the real axis, the summation of
V(z)V(z) and V (z)V(2;) is zero. If we are interested in the behaviour, not on the real
axis but near the real axis, we must be more careful. Let us write Z,, — 2, = —2i€, "m,

and take the limit of € — 0. We find

V)V () + V()V () = dmid(z1 - z). (24)
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This is the result known as bosonization. Using this result, we can show that B’s form the
algebra gl(oo), which characterizes the symmetry of the universal Grassmannian [4, 5],

[B(zj,2k), B(z1,2m)| = iB(zj, 2m)0(2k — 21) — iB (21, 21)0(2j — 2m). (25)

This symmetry includes the conformal symmetry of the theory [18]. In fact, the Vi-
rasoro generators are included in (21) in the limit of z; — 2. Wi symmetry of the
KP-hierarchy [19, 20, 21] can be also described in our scheme.

7 Quantum deformation

We now look at the vertex operator V(z;) from other view point. It must be also repre-
sented as a gauge covariant shift operator as X 57_ in (14). Indeed, we can rewrite it in the

form of (14), i.e., U exp O, U~1, by choosing U(k) as

Uk) =[]z — 2)k". (26)

J#l
It then follows, from their construction, that V(z;) and V(z;) must commute with each
other; [V(z;), V(z)] =0, Yj,I. By the same reason, we should have {ij, Xﬁl} =

0, 4,1, as long as X;jj and Xgl are induced by the same function U(k). Apparently,
this is not compatible with the previous result, e.g., (24). How can we get rid of this
contradiction?

Instead of trying to avoid this problem, we like to interpret it as a transition from a
classical view to a quantum view. To do this, we recall that the shift operators exp J;
define HBDE, a classical soliton equation. The change of variables, via Miwa transfor-
mations, introduces infinitely many new variables and the shift operator is represented in
terms of quantized local fields. If we expand exp J; in (1) into powers of d¢,’s, we obtain
infinitely many classical soliton equations which belong to the KP hierarchy [4, 5]. But
their infinite collection may not be classical anymore.

This transition is, however, not sufficient to claim that V'(z;), expressed in the form
of (22), is an operator of quantum mechanics. A quantum mechanical operator must be
described in terms of a Moyal Hamiltonian vector field of (5). From this point of view,
the operator X 12_ of (18) could be a candidate of a quantum mechanical object.

Before closing this note, let us see the algebra corresponding to (24), but V(z;) is
replaced by X ;i_ of (19). It is more convenient to introduce the notations V' (z;) := X Sj
and V(zj) being defined by substituting —A in the place of A on the right hand side of
(19). After some calculations similar to (23), we find

V)V () = I Lexplid{(aj, — aip)z — (a0 — a.)p)] exp A ((a; — a)d)],

2l — %5
- 2 — %5 .
V)V () = —— Z]l exp [iA{(ajp — aip)T — (@) — arz)p}l exp [ ((aj — a1)9)],
J
from which we obtain, in the limit of small z,,, — z,,, = —2ie,

V(z)V(2) = V(2)V(z) = lim (zfifff); et

(27)

This does not vanish in the limit of € — 0 iff z; — 2; is the same order of e.
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Abstract

A construction of integrable Hamiltonian systems associated with different graded
realizations of untwisted loop algebras is proposed. These systems have the form of
Euler-Arnold equations on orbits of certain subalgebras of loop algebras and coincide
with hierarchies of higher stationary equations for some nonlinear partial differential
equations integrable by the inverse scattering method. We apply the general scheme
for the loop algebras sl(3) ®P (A, A™!). The corresponding equations on the orbit are
interpreted as a two-(or three-)component nonlinear Schrédinger-type equation, an
SU(3) — Heisenberg magnet type equation for the homogeneous realization, and the
Boussinesq’s equation for the principal realization.

We dedicate this work to the memory of W.I. Fushchych.

1. Introduction

In this paper, we deal with hierarchies of nonlinear evolutionary equations which are
integrable Hamiltonian systems in the phase space of functions of one variable ”"z” and
can be written in the form of a ”zero-curvature” equation

oA  0A,

o, on

FAA] =0, n=1,2,.... (1)

Here, A and A,, are elements of ?, an algebra of Laurent polynomials with coefficients
belonging to the central extention of a current algebra on the circle.

Let g denote an algebra of Laurent polynomials with coefficients in a semisimple Lie
algebra g, with ¢ being an internal finite-order automorphism of g. The automorphism o
lifted up to g fixes a gradation. The gradation in g and the symmetry of the elements A
and A, with respect to o determine the hierarchy type.

It is known that classes of equivalent finite-order automorphisms coincide with con-
jugate classes of the Weyl group of a semisimple Lie algebra ¢ [1, 2]. In the case of the
identity automorphism, one has the homogeneous gradation and, accordingly, the homo-
geneous hierarchy of equations (1) involving the many-component nonlinear Schrédinger
equation, the Heisenberg magnet type equation as well as many other equations. The
maximal order automorphism is related to the principal gradation, with corresponding
equations such as KdV type equations, the Boussinesq’s equation and others.
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The dressing procedure is used in the standard approach [3, 4] to find the matrices A4,

0

for hierarchy (1) . Given the operator L = 9 A, the dressing operator K is determined
x

by the equation:

L=K! <a% —A0> K,

where Ag is a constant o-invariant element of Heisenberg subalgebras in g.

In the approach developed earlier by one of the authors [5, 6], the objects A, were
interpreted as points of a coadjoint orbit of the subalgebra of Laurent series with positive
or negative powers only and it may be obtained by restriction onto a coadjoint orbit of
the general position element. The stationary (finite-zone) equations 0, A, = [A, A,] form
a hierarchy of finite-dimensional Hamiltonian systems on the orbit, with the standard set
of commuting integrals. The number of these integrals suffies for integrability in the case
of a homogeneous hierarchy. A Hamiltonian reduction of orbits is needed in other cases
(the principal and intermediate hierarchies). As to the principal hierarchy, this reduction
is the Drinfeld-Sokolov reduction restricted onto a finite-dimensional phase-space. From
the point of view of the orbit approach, the dressing procedure is nothing but a restriction
onto orbits as algebraic manifolds in the case of the homogeneous gradation or, for other
gradations, onto a reduced phase space. In this paper, we develop this approach and
expand it for higher range algebras as well as for nonhomogeneous gradations.

2. Constructing integrable Hamiltonian equations on coad-
joint orbits

1. Let g be a semisimple finite-dimensional Lie algebra of rank r and P(A, A~!) the
associative algebra of Laurent polynomials in a complex parameter A . Let us consider
the loop algebra g = g ® P(A\, A~!) with the commutator [7]:

[Z ALY B]-AJ} = 3[4, B A
Define the family of Ad-invariant nondegenerate forms on g:(A4, B), = Zi—i—j:k(Ai’ Bj),

k € Z, where (,) denotes the Killing form in g. Decompose g in the sum of two subspaces,
g =g- + g+, where

Gr=149> AN}, g:{ZAZ-x}.

i>0 i<0
Then g and g_ are subalgebras of g and form the dual pair relative to (,)_1 with the
coadjoint action
adfax/ﬁ = P+[M7 A]v Aeg-, IS 57_* ~ gy, (2)
where P4 denotes the projector onto g;. Let {X;}{™ be a basis in g. Keeping in mind
our further purposes, it is more convenient to fix a dual basis {Xi}clhmg determined by
(X, X;) = 0i5. The finite-dimensional subspaces
N+1 dimg

MN“:{uegi: = ZZM‘?XN} Cgr, N=0,1,2,...< o0,
(=0 i=1
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where ,uf = (p, Xi_£_1>_1 are the coordinates on MN*1, are invariant under the coadjoint
action of g_. The coadjoint action of g, is defined on MY*! also. In this case, u(A) =
(, A)n41, A € gy, and we identify g* with the subspace g- ® MY+, The coordinates

X —HENHLY v, and MNYT s invariant under

on MNT! can be written down as ,uf (u,
the action of g.

The coadjoint actions induce the family of Lie-Poisson brackets on MM +1:

N+1 dimg af 3]0
s 1 2 50
{fi, foln=D_> W (H)WF’ Vi, fa € CO(MNHY), )
=0 i=1 g O
where
W’f;s( ) </J,, [X €+n7Xj_S+n]>n; n € 7. (4)

Symplectic leaves of the Lie-Poisson structures W (n) are called generic orbits of the
corresponding loop subalgebras acting on MNT! . Two following cases are important: Q9"
denotes the generic orbit for n = —1, and the generic orbit for n = N + 1 will be denoted
o,

Let H”, v =2,3,...,r + 1, be Casimir functions in the enveloping algebra of g. They
are polynomials in the variables ur = (u, Xi) on the dual g* of g. The substitution

N+1
wg = pr(N) = Z s AY provides the continuation of H” to C°(MN+1):
=0
v(N+1)
> OohEAY, ng e e (MNt, (5)

Theorem 1. 1. The functions {h%} constitute an involutive collection in C*(MN*1),
relative to the Lie-Poisson brackets W(—1) and W(N +1).

2. The functions {h%}, o > (v — 1)(N + 1), annihilate the Lie-Poisson brackets W(—1).
3. The functions {h%}, a =0,1,..., N+1, annihilate the Lie-Poisson brackets W (N +1).

Proof. Let X Z-_“”(n) be the tangent vector field corresponding to the basis element X z-_“”

and the coadjoint action (2) of g_ (for n = —1) or g4 (for n = N +1). Then one can show
that

X)) =3 Wi B (6)

Note that
o _om() o ., 0
oy, Oup Ouk(N) ur(N)
By (6) and (4),

Z(AZH)N('_K_I( 1) + M-N-1X LN+ N+1> Z 9 1\
¢

3ﬂk(

\_/
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where C;;; denotes the structure constants of g. The ad*-invariance of HY means that

; 0
C i N)=———=H" =0,
or, by the previous formula,
Z (A“lf(ﬂ*l(—l) + )\e_N_U};HNH(N n 1)) HY — 0.
l

Substitute (5) herein and equate the coefficients at the same powers of A. Then the
following relations arise:

X7 DR =0, az (- 1N+ 1); (7)
X7 HNY(N 4 1)RY =0, 0<a<N+1; (8)
X7V DR, + XN (N DR, =0, N+l<a<(-1)(HN+1).  (9)

The second and third assertions of the theorem follow immediately from (7) and (8),
respectively.

The first assertion is clear if v # u. Let v = pu. Then (9) leads to the sequence of
equations:

{ha hg}fl = {ha-n_2, h§+N+2}71 == {hZ_m(N+g), h'[3+m(N+2)}—1,

where m is a natural number. For any pair of nonnegative integer numbers « and § that are
less than (¥ —1)(IN+1), there exists a number m such that one of the following inequalities
holds: &« — m(N +2) <0, o0r 8+ m(N +2) > (v—1)(N + 1). The first one implies that
h (N+2) = 0, and the second that hg_m( N42) annihilates the Poisson structure W(—1).
In the both cases, the vanishing of the brackets {hg, hj;} 1 is guaranteed. The involutivity
of the functions h% and hg with respect to {, } 41 are proved in the same way.

—m

Remark. This proof is a realization of the ”Adler scheme” [7, 8] and carried out in
a gradation invariant way. A.G.Reyman and M.A.Semenov-Tian-Shansky applied the
R-matrix technique to prove an analogue of Theorem 1 for the homogeneous gradation
[10, 11]. By Theorem 1, the generic orbit 07" is a real algebraic manifold embedded
into MN*! by the constraints h¥, a > (v — 1)(N + 1). Fixing the functions h%, a =

0,1,...,N + 1, determines the real algebraic manifold being the generic orbit O4™. Set
Hamiltonian flows of the form

e _
dr¥ N

{1, ety = adgpy i = [p, dhy], (10)
on OY" (resp., O%"), where o < (v —1)(N + 1) (resp., @ > N + 1) and dh¥, is the
differential of the Hamiltonian h% (7% is the corresponding trajectory parameter).

In case g ~ sl(n), one checks easily that:

1. The dimensions of the generic orbits O and O™ are equal to (N+1)(n-1)n.

2. The number of nonannihilators on the generic orbits is equal to (N+1)(n-1)n/2.
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3a. The functions hY, (v — 1)(N + 1) < a < v(N + 1), are functionally independent
almost everywhere on MN.

3b. The functions h%, 0 < a < (v — 1)(N + 1), are functionally independent almost
everywhere on 07",

4a. The functions k%, 0 < a < N + 1, are functionally independent on M% ‘.

4b. The functions hY

)

gen

a > N + 1, are functionally independent on O7 .

A consequence of Theorem 1 and propositions 1—4 is that the Hamiltonian flows (10)
are integrable in the Liouville sense.

3. Integrable Hamiltonian systems on orbits of the algebra
su(3) @ P(A 1)

Let § = sl(3,C) ® P(A\, A1) be an algebra of polynomial loops with values in the Lie
algebra sl(3,C) and let ¢ = g4+ + g— be the decomposition into a direct sum of two
subspaces, as was described in the previuos section. Let {Hy, Hy, E1+o; = E;,i = 1,2,3}
be the standard root basis in sl(3, C). If A; is a basis element in g, then Aé =\NA;,leZ
is a basis element in g. Fix the following finite-dimensional subspace in g :

N+1 3
i el = 3 o o 3 (£t 2t) |}
/=0 i=1

MN+1 is manifestly invariant under the coadjoint action of g_. Define two Lie-Poisson
brackets on MN*! putting n = —1 and n = N + 1 in (3). We indentify the coadjoint
orbits of g_ and g, in the subspace M1 with the symplectic leaves of the corresponding
Lie-Poisson brackets.

It follows from the explicit form of the first brackets { 1, fa}_1 that the variables /¥ 1,

oéVH, BZ-NH, 'yZN“, are its annihilators. Thus, we may set

BNt = 4N+ =, ai\gl = const # 0. (11)

This means that symplectic leaves are fully embedded into the subspace MY c MN+1

which location is fixed by the constants o ' and o

1 1
The ad*-invariant functions Io(u(\)) = §T7',u,2()\) and I3(pu(N)) = gTr,uS()\) are poly-
nomials in A of order 2(N + 1) and 3(/N + 1), respectively:

Ip((N) = ho + Ay + -+ + X2 Dby vy,
I3(u(N) = fo+ Afi 4+ BN £ 0.

The coefficient functions h, and fg can be found easily. By Theorem 1, they are
in involution with respect to the both Lie-Poisson brackets. The same holds for the
restrictions of h, and fg onto the subspace M N Under this restriction, the functions
hanv4+1) and f3(y41) become fixed constants expressed via ozfj; 1 and, hence, should be
left out of the consideration.

The functions hny1, hn42,- .., hont1 and foni2, fonis, .-, hant2 (2(IN+1) functions)

are Casimir functions with respect to the first brackets. By fixing their values, one obtains
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2(N + 1) algebraic equations which determine a coadjoint orbit of the algebra g_ in the
subspace M. The dimension of such a generic orbit is equal to 6(N + 1). The 3(N + 1)
remaining functions give rise to nontrivial commuting flows on the orbit and provide the
integrability in the sense of the Liouville theorem.

Choose the function hny_; as the Hamiltonian and write down the corresponding
Hamiltonian equations in terms of the coordinates { uﬁ} = {af,ag, [3{ , ﬂg, Bg,’yf ,vg,fyg},
a=1,8,

Bt} w

The algebraic equations hy = co, o = N +1,2N + 1, and fg = cg, 3 = 2N + 2,3N + 2,
can be solved for the variables a{ and ag, {=N,N—1,...,0, expressing them via ﬂf,
7f ,©=1,2,3. This implies that the coadjoint orbit of g_ is diffeomorphic to a flat space,
with the variables ﬂf , 'yf being its global coordinates.

The structure of equations (12) allows us to express the variables ﬂf_l, fyf_l through
ﬁl , % and their first derivatives and, therefore, to reduce the system of 6(N +1) first order
equations to six equations of order N + 1 for the variables ﬂz , 'yZ . These equations are
interpreted as the higher stationary equations for a many-component nonlinear Shrodinger
equation.

In order to ground this interpretation, reduce system (12) onto the orbit of the algebra
su(3)@P(A™>°). To this end, set afz = \/—_lan, a€72 being real numbers, and ¢ = —3/*.
Consider the Hamiltonian flow generated by hx_s, N > 1, on the phase space reduced in
the above sense:

S ()

Let the variables ﬁf lie on trajectories of (12). This amounts to the following. First, ﬁf
depend on a "parameter” 7n_1 = x and, second, they are expressed through @N and their
derivatives. Then the system (13) takes on the form:

2
aldﬁt1 - _aafl - <2|51|2 — |Ba* + %|ﬂ3|2) By — 853 853

Z% - s <2|52\2 — B + %]ﬂ3|2> By — 53%5361 aﬁs (14)

Z% - — (|81 + |B2l* + |83 )ﬁ3+52%_ﬂ1862

where we denote 3V = f3;. Equations (12) are higher stationary equations for the evolu-
tionary system (14).

Let us focus on the degenerate orbit passing through the point {uf} € M for which
o™ = 20" and consider the restriction of (12) onto this orbit. In the Lie algebra
g ~ su(3), the point with the coordinates aa = 2cv; remains invariant under the coadjoint
action of the subgroup SU(2) x U(1). The corresponding orbit going through this point

is the quotient SU(3)/SU(2) x U(1) ~ CP2.
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The analogue of this in the space M* is a 4(N 4 1)-dimensional complex manifold with
the structure of the vector fibre over CP2. The local coordinates on this manifold are
59,39, 63,83, ..., 38, BN, On the degenerate orbit, equation (14) takes the form:

0By 9?6y N2 N2 Naﬁg
- _ ) _

aﬁN 62ﬂN . aﬁN

i == 2 (181 + 8°) A — Biay 2

This system coincides with the two-component nonlinear Schrodinger equation.

4. Systems on orbits of the algebra g, ~ su(3) ® P(\). The
SU(3)-Heisenberg magnet equation

As is mentioned in the second section, there is the coadjoint action of the subalgebra
g+ defined on the space MN*1 apart from that of §g_. The corresponding Lie-Poisson
brackets have the form:

U bwan =3 (i, [X —l+N+1 Xj—s—i—N+1]>N gf; gfi (16)
In order to fix the relative orbit (symplectic leaf of the brackets (16)) O, one equalizes
2(N + 2) functions hg, hi,...,hni1, fo, f1,---, fN+1, to constans.

The functions hAnya,...,hoN+1, fN+2,-.., fanso are independent almost everywhere
on O N MY and form an involutive collection relative to the Lie-Poisson brackets, in
accordance with Theorem 1. This implies the complete integrability of the Hamiltonian
systems generated by hAnio2,..., hant1, fN+2, ..., fan+2. We pay special attention to the
geometry of the phase space Oév and the systems generated by hyio and hAyys.

To choose the dynamical variables p, = (i, X,) conveniently, fix the following ortho-
normalized basis in the Lie algebra su(3) : {X,, a = 1,2,...,8}, where X, are anti-
Hermitian matrices, with the orthonormalization performed according to the scalar prod-
uct (A, B) = —2TrAB. The commutation relations [X,, Xp] = CgpeXe, are fulfilled by

matrices X,, where the structure constants Cyp. are real and antisymmetric. The polyno-

mial Iy = Z ,uz and I3 = Z dapettativtte are independent ad*-invariant Casimir functions
a,b,c
on su*(3), where dgp. = —2T7r(X  XpXc + XbXaXc). They are continued to functions
on MN*1 by the substitution pg, — pe(N\) = pQ + Al + ...+ ANFLNHL Some of
the coefficient functions A, fg (see the previous subsectlon) have the form ho = pdu?,
h, = 2,ua,ua, o fo = dabs,ua,ub,uc, fi= 3dabcﬂaﬂbﬂc, ..., where the summation over re-
peated indices is assumed.
The orbit Of is fixed by the set of algebraic equations

he = R2, fs=0C3, a,3=0,N + 1. 17
o B B

In particular, the equations hg = ,ug,ug = R(Q), fo = dabc,ug,ug,ug = C’g determine the
generic coadjoint orbit in su*(3), which is diffeomorphic to the factor-space SU(3)/U(1) x
U(1). The whole orbit O has the structure of the vector bundle over SU(3)/U(1) x U(1)

(see eq.(17)).
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Write down the Hamiltonian equations generated by hy ., on the orbit Of :
dpf
dx

that coincides with the higher stationary equations for the evolutionary system considered
earlier in [14]. The latter can be obtained when reducing the Hamiltonian equations

= {,uf” hN+2}N+1 = fabcugﬂg+17 (18)

dyg ¢
dta = {p2, N3t = fabcﬂgﬂb+2 (19)

onto trajectories of system (18).

Degenerate orbits. Let the initial point po € su*(3) have the coordinates (pg,zq) = 0,
a=1,2,...,7, (uo,zs) = Rp. The stationary subgroup of this point is isomorphic to
SU(2) x U(1). Then the orbit passing through pg is diffeomorphic to the factor-space
SU(3)/SU(2) x U(1) ~ CP? which is a two-dimensional complex projective space. There
is a degenerate four-dimensional orbit that can be fixed by the system of quadrics in the
space su*(3):

R
dabc/Jbec + 7%”(1 = 07

amongst which there are only four independent. The whole degenerate orbit has the
structure of a vector bundle over CP2.

The variables ,uﬁ, ¢=1,2,..., N, are expressed via u and the derivatives ,ugx, ,ugm, ey
on trajectories of system (18). In view of this, equation (19) reduced on the degenerate
orbit renders the form:

0
8(5; = %fabcugﬂg—mm (20)

which represents an SU(3)-generalization of the dynamical equation for the continuous
Heisenberg magnet [14].

5. Higher stationary equations of the principal hierarchy.
The Boussinesq’s equation

Let o be a third order automorphism of the algebra g = si(3,C), and g1, gu, g.2 be the

271 ~
eigenspaces of o with the eigenvalues 1, w, w?, respectively. Here, w = exp —. Let § be

a loop algebra with the principal gradation. This means that the following decomposition
is given:

=Y eg @d, g
l

where gi} o w? = CX i w, w2 are the 1-dim. eigenspaces of the gradiation operator

d = 3)\6%\ +ad H, H = diag(1,0,—1). It is not difficult to see that:

X3P = Mdiag(w? w, 1), X% = Ndiag(w,w? 1)
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[0 1 0 0 w2 0
XE=x10 0 1|, XJPF=X10 0 w |,
A0 0 A0 0
[0 w 0 0 0 X!
X=X 0 0 |, XPPF=M11 0 0 |,
A0 0 01 0
0 0 X1 0 0 X1
Xg+3k _ )\kJrl w2 0 0 ’ Xi—zl—?)k _ )\k+l W 0 0
0 w 0 0 w? 0

Elements X11+3k, X12+3k generate a maximaly commutative subalgebra in g, which turns
into Heisenberg subalgebra after central extension.

Let’s consider coadjoint action of the subalgebrag_ (o) = spanC{Xl_l, X1_2, X2, X;f,
X3, X;23, ...} in the dual space g* (o) ~ g+ (o). The subspace

3N—-1
MN ={pegi(o); pn= Y (WXF+pEXF+ kx5,
k=-—2

is invariant with respect to this action. We define the Lie-Poisson bracket on this subspace
according to formulas (3) and (4) and putting n = —1. The symplectic leaf (orbit) of this
bracket is fixed by equations:

PN =l =0
:U’?N_l#(x hizcia a=N,....2N -2 h%:cg’ p=2N-1,...,3N -2

The next step is reduction of the orbit over the Hamiltonian flow of h?\,fl. On the

_ _ 1
reduced orbit, wuP™ = + wQui(zN - BN 4 ui(zN D= g and we can define the

integrable system with the Hamiltonian h%N_Q on it. It’s integrability is provided by
integrals: h%, h%, e h?V_Q; hg, hi{’, e h%N—T This system could be written as higher-
order differential equation for the function u(z) and coincides with the higher stationary
Boussinesq’s equation.
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1 Introduction

The theory of finite-gap integration of the KdV equation is interesting both in applied
problems of mathematical physics and in connection with the development of general
methods for the solving of integrable nonlinear partial differential equations. The finite-
gap solutions are the coefficient functions of auxiliary linear differential equations which
have the Baker-Akhiezer eigenfunctions associated with determined complex algebraic
curves and the respective Riemann surfaces (see [1, 2, 3]). With the aid of the Baker-
Akhiezer functions, these solutions are expressed via theta functions in an implicit form.
As parameters, ones contain characteristics of the Riemann surfaces, the computation of
which is a special algebraic geometry problem (see [3, 4]).

In this paper, a simple method is proposed for calculating the three-gap elliptic solutions
of the KdV equations in the explicit form. One is based on the usage of a system of
trace formulae and auxiliary time evolution equations in the representation of the elliptic
Weierstrass function (gp-representation) [5]. It is shown that the initial three-gap elliptic
solutions (at t = 0) are the linear combinations of p-functions with shifted arguments
which are determined by the trace formulae. In view of the evolution equations, the
three-gap elliptic solutions of the KdV equation are a double sum of p-functions with
the time dependent shifts of poles. The number of terms in this sum is determined by
the condition of a coincidence of the general expression with the initial conditions at
t — 0. It is shown that the time evolution of the finite-gap elliptic solution is determined
through X;-functions which are determined by the trace formulae and which are roots of
the algebraic equations of corresponding orders.

In distinct to the known methods (see [6, 7]), our method is characterized by a simple
and general algorithm which is valid for the computation of finite-gap elliptic solutions of
the KdV equation in cases of arbitrary finite-gap spectra of the auxiliary linear differential
equations.

2 The finite-gap equations

The finite-gap solutions of integrable nonlinear equations, in particular the KdV equation,
are solutions of the spectral problem for auxiliary linear differential equations. In so doing,
the first motion integral of these equations must be the polynomial in their eigenvalues E.
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In the case of the KdV equation, the finite-gap solutions (U(z,t)) are solutions of the
spectral problem of the Schrodinger equation [—02 4 U(z,t)]¥ = E¥ with the eigenfunc-
tions (P-functions) which satisfy the condition

VP(E)=V_0,V, — U, 0,V_. (1)

The right-hand side in (1) is the motion integral which follows from the known (see [8])
Ostrogradskii-Liouville formula W(x) = W(zg) X exp f dtai(t)) for the Wronski deter-

o
minant W (z) of the fundamental solutions W_, W, (a; is the coefficient at the (n — 1)th
derivative in a linear differential equation of nth order). The dependence of the W-
function on the time t is described by the auxiliary linear equation 0;¥ = AW, where
A =403 - 3|U, 0, + U, d,] is the time evolution operator (see [1]). From equation (1) in ac-
cordance with the asymptotic relation ¥ — expiv/Exz, E — oo, the finite-gap ¥-function
has the form

=V xr(z,t, E) expi/dxXR(x,t,E), (2)

zo
where
P(E)

(B = pil, 1))

XR(.’L’,t,E) = \I,—\I/-f— =

e

=1

is equivalent to

[e%S)
xi=VE <1 + ZAnE—n) ,
n=1

2g+1

> apz" (3)
n=0

z:O'

g
> bpz"
n=0

Here a; are symmetrized products of the spectrum boundaries E; of ith order and b; are
coefficient functions of z changing in the spectrum gaps.

On the other hand, with the aid of substitution (2) into the auxiliary Schrodinger
equation, we obtain

XR = (1 + Z 22n+1 X2n+1 (n+1)> ;
n— 1 (4)

Xn+1 = 8IXTL + Z XkXn—ky X1 = *U(l‘),
k=1

where the second recurrent equation determines the coefficient functions x,, in the form
of polynomials in U-functions and their derivatives.
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The equalizing of the coefficient at similar powers of E of expressions (3) and (4) leads

to the trace formulae
(="

Ant1 = g Xon+ 1, (5)
which presents the system of equations which describe the finite-gap elliptic function
U(z,t).

The finite-gap elliptic solutions of the KdV equation admit the gp-representation. Using
this representation in the trace formulae (5) at the initial time ¢ = 0 and comparing the
Laurent expansion in g of their left-hand and right-hand sides, we obtain the general
expression

U(z) = aop(2) + Y _(cip(z + wi) + Bilp(z + @i) + p(z — ¢i)) + C, (6)
7

(p(2) = p(z|lw,w’), wi = (6i1 — di2)w + (i3 — di2)w’) describing even initial finite-gap
elliptic solutions of the KdV equation (see [6]). Here «, 5 and ¢; are unknown parameters,
w, w or w, 7 = W' /w are independent parameters. The constant C' is determined from
the condition of vanishing a constant in the Laurent expansion in g of function (6). This
correspond to a vanishing shift of the spectrum the Schrodinger equation. Then the
mentioned unknown parameters are determined by substitution (6) in the trace formulae
and comparison of the Laurent expansion in g of their left- and right-hand sides.

3 Initial three-gap elliptic solutions

In the case of the three-gap spectrum, the unknown parameters of expression (6) and
spectrum parameters a; are described by the system of five trace formulae (5). Index n
in these formulae receives the values n = (0,1,2,3) and b; = 0, ¢ > 3. These four trace
formulae are reduced to the equation

—16a3 + 64a4 + 32a3U () + 24asU ()% + 35 x U (x)*—
70+ U(2)U'(2)? — 8 % axU" () — 70 % U(x)2U" (x)+ (7)
21U (x)"? + 28U (x)U" (z) + 14U () UM (z) — UO®) (z) = 0,

determining the unknown parameters of initial three-gap elliptic solutions of the KdV
equation. Under the condition of vanishing of coefficients of the Laurent expansion in p of
the left-hand side (7), we obtain a closed system of algebraic equations for the mentioned
parameters «, oy, 3; and ¢;. The general relation a # 0 and a) a; = 3; = 0; b) a; #
0,6, =0, ¢) o =0, B; # 0, following from these equations determine three kinds of
initial three-gap elliptic solutions. In the case a), the substitution of expression (6) into
equation (7) under the condition of vanishing the coefficients of its Laurent expansion in
p gives a = 12. In so doing, from (6) we obtain the expression

U(z) = 12p(z) (8)
for the well-known [5] three-gap Lamé potential.
m
In the case b), the parameters «; have the form a; = ) d;; x const, j = (1,2,3).

7=1
In so doing, the substitution of expression (6) in equation (7) and nuliifying coefficients
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of the Laurent expansion of its left-hand side give a simple algebraic equation for the
unknown parameter. Taking into account values of these parameters in (6), we obtain the

expressions
U(z) = 12p(2) + 20(z + wi) — 2e, e = p(wi) (9)
U(z) = 12p(z) + 2(p(z + wi) + p(z + wj)) — 2(e&i + ¢;) (10)

(e; = p(w;)) which describe the initial three-gap elliptic solutions of the KdV equation
which are similar to the well-known [9] two-gap Treibich-Verdier potentials.
m
In the case of relations c¢), the parameters (; have the form «; = ) 6; jconst, j =
j=1
(1,2,3). Then the substitution of expression (6) into equation (7) and nullifying of
coefficients of the Laurent expansion in g of its left-hand side lead to o = 12, § = 2.
In so doing, the condition of vanishing the coefficient of the fifth order pole at the point
p =h, h = p(p) determines the equation

101 29 43 23 1 5
h6 i h4 “Y h3__2h2__ h— - 22 -0
T 10672 T g% T g T 1969298 313672 T 9373

for h = h(p). Six values of h determine six values of the parameter ¢ = E~1(h). The
substitution of the obtained parameters into (6) leads to the expression

U(z) = 12p(2) + 2(p(z + ¢) + p(z — ¢)) — 4p(ep) (11)

describing the initial three-gap elliptic solutions of the KdV equations similar to the two-
gap potential in [6].

4 Dynamics of three-gap elliptic solutions

The time dependent three-gap elliptic solutions of the KdV equation are solutions of the
system involving both the trace formulae (5) and the above-mentioned auxiliary evolution
equation. Substitution (2) into the last equation and separation of the real and imaginary
parts transform one to the form

8tXR(x7 t, E) = ax{()‘XR(xv t, E)}a A= _Q(U(‘T’ t, E) + E)
Relation (3) reduces the last equality to
O¢by, — Q{bnaxU — U0:by + 2azbn+1} =0, n= (L s 79) (12)

(g means the number of spectral gaps), where b,,-functions in view of the trace formulae (5)
are polynomials in U-functions and their derivatives. Substitution of the U-function in the
p-representation into equation (12) and a comparison of the Laurent expansions of their
left-hand and right-hand sides give simple algebraic equations determining the general
form and the time dependence of the U-function. The general finite-gap elliptic solutions
of the KdV equation have the form

N
Uz t) =2 p(z—¢i(t) + C, (13)
i—1
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where the number N and the constant C are determined by the condition of coincidence
of (13) with the initial finite-gap elliptic solutions at ¢ — 0. In so doing, the dynamic
equations (12) are reduced to the equations

N-1
Ora(t) = —12X,(t) + C, Xi(ea(t)) = Y pli(t) — @5(1), (g > 2),
i=1 (14)

N
Y dip(z— i) =0, (9=1)
n=1

describing the time evolution of poles ;. Here, the N functions X;(t) = X;(h;(p;(t)))
are determined by the trace formula (5) with the index n = N — 1. A compariszon of the
Laurent expansions in p of the left-hand and right-hand sides of the last equation leads
to the algebraic equation of Nth order for the unknown functions X;(h;). Then (14) can
be transformed to the equality
Pi
dep;

Xi(hi(pi))
$oi

= 121, (15)

describing the dynamics of poles in expression (13). Here, initial values ¢y, are determined
from the initial conditions describing by expressions (8)-(11) in the three-gap case. Thus,
the problem of time evolution of three-gap elliptic solutions of the KdV equation is reduced
to computation of the functions X;(h;(p;)).

In the three-gap case, the condition of coincidence of the general expression (13) with
(8)—(11) at t — 0 leads to N = (6,7, 8).

The values N = 6 and N = 7 determine two three-gap elliptic solutions of the KdV
equation with the initial conditions (8) and (9), respectively. The substitution of expression
(13) with N = 6 and N = 7 in the trace formulae with the index n = 5 and n = 6,
respectively, and a usage of the Laurent expansion in g lead to the algebraic equations

6 7
S dmxi=0, and Y Pmxi=o.
i=0 i=0
of the 6th and 7th orders, respectively. Here, the coefficients C§6)(h) and 057)(h) are

rational functions of h(p) and h'(p); c(().6)(h) = c§7) (h) = 1. The roots of these equations
6

7
coincide with the functions X; = > p(¢; — ¢;) and X; = > p(¢; — ;) which enter into
j=1 J=1
the dynamic equation (15).

The substitution N = 8 into (13) gives the three-gap elliptic solution of the KdV
equation with the possible initial conditions (10) and (11). In so doing, X;-functions of
the dynamic equation (15) are determined by the trace formula (5) with the index n = 7.
In this case, a comparison of the Laurent expansions in p of the left-hand and right-hand
sides of the last equation leads to the algebraic equation of the 8th order

8
BmpExi=0,  Pn) =1
=0
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8
The solutions of this equation coincide with the functions X; = ) p(¢; — ¢;) entering

=1

into the dynamic equation (15).
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Abstract

We present a method of generating Magri-Morosi-Gel’fand-Dorfman’s (MMGD) bi-
Hamiltonian structure leading to complete integrability of the associated Hamilto-
nian system and discuss its applicability to study finite-dimensional Hamiltonian sys-
tems from the bi-Hamiltonian point of view. The approach is applied to the finite-
dimensional, non-periodic Toda lattice.

1 Introduction

The generalization due to Lichnerowicz [1] of symplectic manifolds to Poisson ones gives a
possibility to reconsider the basic notions of the Hamiltonian formalism accordingly. As a
fundamental tool in this undertaking, we use the Schouten bracket [2] of two contravariant
objects Q% and RJ1Jr given on a local coordinate chart of a manifold M by

q

[Q7 R:Iilr"?qur’l‘*l — (Z Q(ilv"’iklll‘l‘lik"“)iql> auRipy-uyqur’rfl)_’_

k=1

q
(Z(_l)k‘Q{’h,...,ik_1|,u|ik,...,iq1) 8uRiq,...,iq+T,1}_

k=1

.
<§ :R(ily--wil1|l‘|ilv~--,ir—l> 8MQiT7~--7iq+r—l)_
=1

T
(Z(_1)qr+q+r+lR{i1,---,iz—1 Iuliz---ir1> 8uQir7---7iq+r71}.

=1

Here the brackets (, ) and { , } denote the symmetric and skew-symmetric parts of these
contravariant quantities respectively. We note that throughout this paper the bracket [ , ]
is that of Schouten (1). As is follows from formula (1), even the usual commutator of two
vector fields [X,Y], X,Y € T'M, is a sub-case of the general formula (1).

Consider a Poisson manifold (M, P), i.e., a differential manifold M equipped with
a Poisson bi-vector P, that is a skew-symmetric, 2-contravariant tensor satisfying the
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vanishing condition: [P, P] = 0. Then a general Hamiltonian vector field Xy defined on

(M, P) takes the following form on a local coordinate chart ', ..., 22" of M:
i(t) = X'(a) = P
(1) = Xi(z) = P20

Here H is the Hamiltonian function (total energy). We use the Einstein summation
convention. Comparing this formula with (1), we come to the conclusion that it can be
rewritten in the following coordinate-free form, employing the Schouten bracket:

Xu =[P, H] (2)

Note that the dimension of M may be arbitrary: not necessarily even. An example of an
odd-dimensional Hamiltonian system defined by (2) is the Volterra model (see, for example
[3]). An alternative way of defining the basic notions of the Hamiltonian formalism is by
employing the Poisson calculus (see, for example, [4, 5]).

Integrability of the Hamiltonian systems (2) defined on an even-dimensional manifold is
the subject to the classical Arnol’d-Liouville’s theorem [7, 6]. We study the bi-Hamiltonian
approach to the Arnol’d-Liouville’s integrability originated in works by Magri [8], Gel’fand
& Dorfman [9] and Magri & Morosi [10]. It concerns the following systems. Given a
Hamiltonian system (2), assume it admits two distinct bi-Hamiltonian representations, i.e.,

Xu, 1, = [P1, H1] = [P», Ha), (3)

provided that P; and P, are compatible: [Py, Py] = 0. We call systems of the form (3), that
is the quadruples (M, P1, P>, Xy, m,) defined by compatible Poisson bi-vectors — Magri-
Morosi-Gel’fand-Dorfman’s (MMGD) bi-Hamiltonian systems. To distinguish them from
the bi-Hamiltonian systems with incompatible Poisson bi-vectors, see Olver [11], Olver
and Nutku [12] and Bogoyavlenskij [13]. The bi-Hamiltonian approach to integrability of
the MMGD systems is the subject of the theorem that follows.

Theorem 1 (Magri-Morosi-Gel’fand-Dorfman) Given an MMGD bi-Hamiltonian
system: (M2”,P1,P2,XH17H2). Then, if the linear operator A := ]31]32_1 (assuming P,
is non-degenerate) has functionally independent eigenvalues of minimal degeneracy, i.e.,
— exactly n eigenvalues, the dynamical system determined by the vector field Xy, m,

.I'(t) = XH17H2 (l‘)

is completely integrable in Arnol’d-Liouville’s sense.

Remark 1. This approach to integrability gives a constructive way to derive the set of n
first integrals for the related MMGD bi-Hamiltonian system:
1 K
Iy = ET’F(A ), kE=1,2,... (4)
The result of Theorem 1 suggests to pose the following problem: Given a Hamiltonian
system (2). How to transform such a system into the MMGD bi-Hamiltonian form? This
representation definitely will allow us to study integrability of the related Hamiltonian
vector field.
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2 A constructive approach to the bi-Hamiltonian formalism

We note that the problem posed below can be easily solved in some instances, for example,
if we study a system with two degrees of freedom. Then the bi-Hamiltonian construction
may be defined by two Poisson bi-vectors P, P> with constants coefficients, which are
easy to work with (see [14]).

In general, the problem is far from being simple. The compatibility imposes a complex
condition on P; and P», and so it would be desirable to circumvent this difficulty.

To solve the problem, we introduce the following geometrical object.

Definition 1 Given a Hamiltonian system (M*", P, Xy). A vector field Yp € TM?" is
called a master locally Hamiltonian (MLH) vector field of the system if it is not locally

Hamiltonian with respect to the Poisson bi-vector (i.e., Ly, (P) # 0), while the commutator
Yp, Xy is:

L[YP,XH](P) == 0

We note that the notion of an MLH vector field is in a way reminiscent of the notion of
master symmetry (MS) introduced by Fuchssteiner [15]:

Definition 2 A wvector field Z € TM?" is called the master symmetry (MS) of a vector
field X € TM?"™ if it satisfies the condition

[Z,X],X] =0,
provided that [Z, X] # 0.

For a complete classification of master symmetries related to integrable Hamiltonian sys-
tems, see [16].

Theorem 2 Let (M, P, Xg) be a Hamiltonian system defined on a non-degenerate Pois-
son (symplectic) manifold (M, P). Suppose, in addition, that there exists an MLH wvec-
tor field Yp € TM for Xg. Then, if X is a Hamiltonian vector field with respect to
P = Ly,(P): Xy = [P, H] (it implies that P is a Poisson bi-vector and there is a second
Hamiltonian H), Xy is an MMGD bi-Hamiltonian vector field:

Xy g =[P, H] =[P, H].

We note that the proof of this theorem employs some basic properties of the Schouten
bracket [5].

Using this theorem, we can circumvent difficulties connected with finding a second
Poisson bi-vector for a given Hamiltonian system. It is definitely easier to find a suitable
MLH vector field (non-Hamiltonian symmetry) generating a Poisson bi-vector compatible
with the initial one, rather than a second Poisson bi-vector itself, for it is easier in general
to find a "vector” (i.e., MLH vector field or non-Hamiltonian symmetry), than a ” matrix”
(i.e., Poisson bi-vector). Besides, in this case the pair of Poisson bi-vectors so constructed
is automatically compatible; we do not need to verify the compatibility condition, which,
as was already mentioned, is in general a very complicated problem (for instance, see [17]).
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3 Application

As an example illustrating this approach, consider the non-periodic, finite-dimensional
Toda lattice, i.e., the system of equations that describes the dynamics of a one-dimensional
lattice of particles with exponential interaction of nearest neighbors. In terms of the canon-

ical coordinates ¢* and momenta p;, (i = 1,2,...,n) it is given by (with the understanding
that e?’ 1" = 2" ~7""" = ()

()

1 1

dp;/dt = e? ' —4

1

it
— el

where ¢(t) can be interpreted as the coordinate of the i-th particle in the lattice. This
system takes the Hamiltonian form (2) with the Hamiltonian function Hy defined by

1 n n—1 L
i it
= 5 E pz2 + E eq 1 )
i=1 i=1

while the corresponding Poisson bi-vector F is canonical. We obviously deal with the
same Poisson manifold: (R?", Fy).
Consider the following vector field:

n—1 ) _+1
Z Z paaz (-;eqz‘q Zm) - (6)

’L].]’L-‘r]. i=1

Direct verification shows that the vector field (6) is an MLH vector field for system (5).
The result of its action on the canonical Poisson bi-vector through the Lie derivative is
the following tensor: P; = Ly, (Py) = [Yp, Po] = 00Yp, where

_ z+1
Z ' 3pz+1 apz i Zzp’ 0’ 319 Z Oq? an

We first observe that the Hamiltonian vector field Xz of (5) can be expressed by means

n
of this tensor and the function H; = ) p;, which is its first integral:
i=1

Xy = P°Hy 4.
The last expression is not quite yet the Hamiltonian representation (2), since at this point
it is unclear whether the tensor P; is a Poisson bi-vector or not. The direct checking of

the condition [P, P] = 0 on the tensor P; would involve a lot of computational stamina,
and so we observe further that P} can be expressed as follows:

Py = Pyw Py, (7)

where P, is the canonical Poisson bi-vector, while wq:

n—1

Wy : Z ed'~ 1+1d AdgtT 4 Zp,dq ANdp; + = Z dp; A dp;
i=1 i=1 z<j
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is the second symplectic structure for system (5) found in [17] and proved to be compatible
with the canonical symplectic form wg := Py ! Relation (7) is equivalent to the vanishing:
[P1, Pi] = 0, which means that P; is a Poisson bi-vector. This fact follows from the
following formula, taking into account the compatibility in terms of the corresponding
Nijenhuis tensor of Py and wy:

[P1, Pi] (e, B) = )
A{PO, Po](AtOé, ﬂ) — A[Po, Po](Atﬁ, Oé) + NA(P()Ol, wflﬁ) — APodwl (Poa, POIB),

where o, 3 € T*(M), A := Pywi(A! := wiPy) and N4 is the corresponding Nijenhuis
tensor. Clearly, [P1, P = 0] holds in view of compatibility of wp and w; [17]. Note that
for the first time a formula analogous to (8) for a pre-symplectic form appeared in [10].

Now applying Theorem 2, we draw the conclusion: Fy and P; constitute a com-
patible Poisson pair, the non-periodic, finite-dimensional, Toda lattice is an MMGD
bi-Hamiltonian system defined by the Poisson bi-vectors Py, P; and the corresponding
Hamiltonians Hy, H;. Now one can construct the set of first integrals I3, ...I,(mutually
in involution, according to Theorem 1) by employing the formula I; := %Tr(flz), where
A= PPy ! We present here a few first integrals obtained by using this method.

1 1 -

“I; = =-Tr(A) = =H

51=75 r(A) ;pz 1,

1 1 1 n n—1

gl = JTr(A%) = 53 g+ et = H,
=1 =1

1 1 1 n n—1
5]3 = ZTI'(A?’) — g le? + Zl(pl +pi+1)GQi_Qi+l’
1= 1=

11 1< — R RV o
5]4 = gTr(A4) =1 ZP? +Z<(P? + Pie1 + pipis1)e q1+1+§€2(q1 9it1) 4 et q1+2>7
i=1 =1

where A = PIPO_I.

4 Concluding remarks

We have presented a method of transforming a Hamiltonian system into a bi-Hamiltonian
system in the MMGD sense, which may (under some extra assumptions) lead to its com-
plete integrability according to the Magri-Morosi-Gel’fand-Dorfman scheme (see Theo-
rem 1). It has a certain attractiveness: the second Poisson bi-vector generated from the
initial one is compatible with the latter. Thus, the condition of compatibility leading to
complete integrability in Arnol’d-Liouville’s sense of the corresponding Hamiltonian sys-
tem in this case is assured. Besides, the concepts of Poisson calculus have proved to form
a quite natural setting for the Hamiltonian formalism. This method was also employed in
[18] to study the classical Kepler problem from the bi-Hamiltonian point of view. A simi-
lar problem was studied by Kosmann-Schwarzbach [19]: there was presented a method of
transforming a Hamiltonian system into the bi-Hamiltonian form based on the existence
of an appropriate Lax representation.
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The bi-Hamiltonian formalism emerged in the theory of soliton equations [8], and so it
is natural to apply this method to the soliton systems as well. The work in this direction
is under way.
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Abstract

The example of an integrable hyperbolic system with exponential nonlinearities, which
somewhat differs from known integrable systems of the Toda type as well as its local
conservation laws and reductions is presented. A wide class of exact solutions in some
particular case of the system is found.

1 Introduction

A large class of hyperbolic systems with exponential nonlinearities of the type

m n
u;t:Za;exp<Zb§€u>, i=1,...,n, (1)
j=1 k=1
as is known, can be written as the zero-curvature condition (see, for example, [1])

Pt_Qz+[P7Q]:07 (2)

where P = P(x,t,() and Q = Q(z,t,() are two matrix-functions having a simple pole at
¢ = 0o and ¢ = 0, respectevely. Representation (2) is one of the distinguished features of
partial differential equations in one spatial and one temporal dimensions, which have the
infinite sequences of symmetries and local conservation laws.

The aim of this work is to present an example of hyperbolic systems, which has repre-
sentation (2) and, in the same time, somewhat differs from systems of the type (1). Also
we present possible reductions of this system, which can be interesting from the physical
point of view.

2 Auxiliary linear problem

To begin with, we consider a linear problem in the form of the first-order system
¥, = P(z,()Y, (3)

where U = (Uq, Uy, \I/3)T is the column-vector depending upon the variable z € R!' and
spectral parameter ¢ € C'. Matrix P is written down in its explicit form as follows:

—iC+7r! 1 r3
P(z,() = iCr? —2rt —icr? . (4)
r3 1 iC+r!
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Thus, the dependence of matrix elements of P(x,() on the spatial variable x € R! is
defined by the collection of complex-valued functions {r® = r%(x), i = 1,2,3}, which are
assumed to be smooth everywhere in some domain.

Let us give some remarks about notations. In what follows, we shall omit notations
to indicate the evolution parameters dependence. Any vector-function (r!,r2,73)7 will be
denoted by r. We denote a ring of differential functions of » by A, and a ring of matrix
differential operators with coefficients from A, by A,[04].

The linear system (3) is intimately linked with other linear problem. Let us consider

the linear equation
Ly = (i¢)* My, (5)

where L = 92 + ¢! (2)0; + ¢*(z) and M = 9, + ¢3(x) are two linear differential operators.
Eq.(5) can be used as an auxiliary linear problem for bi-Hamiltonian evolution equations [6]

qr, = Egrad, Hy, = Dgrad, Hp o (6)

+oo
with the sequence of Hamiltonians H,, = [ h,dz. The sequence of Hamiltonian densities

—0o0
hn, in one’s turn, can be calculated as logarithmic derivative coefficients

hilq]
(iQ)k

M = =i+ Y

k=0

of the formal solution of Eq.(5)

_ica N~ ¥i(@)
Y, () =TT Y S
2 iy

Several first Hamiltonian densities h,, € A, read as

1 1 3 1 1 1
o= =3 h= =t £ 2(P)2 B = ——a® 4 —ald 4 = (a3)3
0=54" I 2q+8(Q), 2 2q+2qq+2(Q),

1 105 15 3 3,. 15 .

B = —(g1)2 3\4 1,32 223 913 312 ote.
3 8(q)+128(q) 1661@) 10— g 32(%),60

Now we look for the Hamiltonian Miura map linking with the ‘second’ Hamiltonian
structure £ € A;[0;], which is explicitly given by
403 + 40, + 24}
E=1 20%+2¢'92 +6¢%0, + 2¢>
0

—203 — 2q1 92 + (6¢* — 4q3)0, + (4¢3 — 2q,)
305 — 34102 — 4qL0% + (442 — 4qk, — 3(¢1)?)02 + (2¢2, — 30oen — 30" 03)
0

0
o |
X

[SMIE=S



368 A. Svinin

By definition [2], the noninvertible differential relationship ¢ = F'[r] is a Miura map for a
certain Hamiltonian operator £ € A,[0,] if one generates the transformation A,[0] — A4[0]
by virtue of the relation

Elg=rp) = F'IFEFE )T, (8)

where F'[r] € A;[0;] is a Fréchet derivative. To get one of the posible solutions of (8),
we try out the factorization approach. If we require, for example, L = (61 + 2r1) X
X (0p —rt = 1) (0 — rt +r?), while ¢* = 2(r! — r?), the linear equation (5) may be
rewritten equivalently as (3).

To write more suitable variables in a more symmetric form, the modifications of (6)

and the hyperbolic system associated with (1) can be introduced as follows: r! = %vl +
%1}2 + %v?’, r2 = ivl, rd = —ivl + %vz. Then, as can be checked by direct calculation,
the operator
0 0 -8
E=| 0 -4 0 |0, (9)
-8 0 O

solves relation (8) with the corresponding ansatz ¢ = F[v]. It is obvious that this operator
is Hamiltonian [3]. Also, we can calculate Hamiltonian densities for the modified evolution
equations

ﬁn = hn|q:F[v] cA, (Inod Im &E)

to obtain

1 ~ 1 ~ 1
ho = 6( vl + 0?4 03), hlz—g (v'® + (v*)?), hzzﬁvlvg’ (vt —20% —v?) —

— (dog03 + (v2)%) + %vl (vg +03) + ==

1 3 1
+— (90?2 + (vH)1) — = v'0? ((01)% + (v°)?) + ozvlo?? (vl — 20 —0® || ete.(10)
128 32 2

From the form of the Hamiltonian structure & given by (9), it is evident that every
system of the modified hierarchy v,, = E grad,, H,, can be written in potential form. After
introducing potentials v; = u;;, the first nontrivial system in these variables is explicitly
given by

1

1 _ 1 1\2 1,2 1,3

Upy = —Ugg — E(ux) + Uy + Ug Uy,
1

2 1,3
Un, = 5UsUs, (11)

3 _ .3 2,3 1,3
Ugy = Ugy + 5( ) T uZUy — Uy Uy

Now we observe the following fact. Let us write Eqgs.(11) as one evolution equation

Uy = K (Ugy) + Uy © Uy (12)

3
on the element u = Z ule; of some commutative algebra A, where K : A — A is the

endomorphism of A and o denote multiplication in this algebra defining by Eqs. (11).
Then we can state that the algebra A is Jordan [4] (compare with [5]).
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3 Hyperbolic integrable system

The following question will be of interest: what systems of partial differential equations
can be written as the zero-curvature condition

Pt_Qx+[P7Q]:O (13)

if Q(z,¢) = Q_1(2)(i¢)~! + Qo(z) € s1(3,C) and matrix elements of Q_; and Qg are
differential functions of variables u’. In such circumstances, it is easy to get

0 1 0 1 1 1 0 -1 c 1
Q1= 0 0 0 |cexp <§u1 + Eug) +{1 0 0 O Z?’exp <—§u1 + u2> ,
0 -1 0 1 0 -1
-1 0 0 c 1 1 0 0 O c 1
Qo = 0 2 0 glexp <§u1 + §u3> +| -1 0 -1 Zzexp <—u2 — §u3) ,
0 0 -1 0 0 O
while the system of equations, in general form, having representation (13) reads
1 1 1
uit = clu}v exp <§u1 + §u3> + coexp (—u2 - §u3> ,
1 1
u2, = cyexp (—u2 - §u3) — c3exp <—§u1 + u2> , (14)
3 3 Ly, 13 L 2
Uyy = —ClUL, €XP §u + §u + c3exp fgu +u” ).

Here c1, co, c3, in general case, are arbitrary complex constants. By direct calculation,
it can be checked that Eqgs.(11) present the one-parameter Lie-Bécklund group for the
hyperbolic system (14). Using an explicit form for the Hamiltonian densities of polyno-
mial flows, we can calculate any densities-fluxes of the conservation laws Owqr + Oppr =
0, gk, pr € Au, £ =0,1,... of system (11). We have

1 1
qo = —ui + u?c + ui, Po = 2c1 exp <§u1 + §u3> ,

1 1
Q= u;ui + (ui)Q, p1 = 2c9 €xp (—u2 — §u3) + 2c3 exp <—§u1 + u2> , etc.

Consider different particular cases of system (14) and possible reductions. Choose, for
example, co = c3 = —% and ¢; = ic, where c is a real number. Putting in (14) u? = in,
where n = n(z,t) is a real-valued function and u! = u®* = ¢, where p = p(z,t) is a

complex-valued function, Eqgs.(14) becomes

1 1
Ngt = €Xp <—§Re go) sin (n — §Im cp> ,
(15)

1 1
oxt = icp, exp (Re ) + 5 &XP (-m - §W*> ;
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For the case ¢; = 0, Eqs.(14) reduce to the system of Toda type [7]. Putting u? =

u' —u3, cg = c3 = —2in (14), we get

vl, = exp (21}1 — v2) ,
2 1 2 (16)
Vi, = exp (—v + 2v ) )
where v = —§u1 and v? = —%ug’.

Finally, let us consider the case co = ¢3 = 0. Without loss of generality, we can put
c1 = —1. In this particular case, we have

1 1
uglgt = —u; exp <§u1 + §u3> )
u?zt =0, (17)

1 1
uit = ui exp <§u1 + §u3> .

For this case, a large class of exact solutions can be found in the form
u' = FY(&) + (&) +gs(t), w* =0,
uw? = F2(&) +1n(&) — g3(t),
where £(z,t) = fi(x) + g1(t), n(x,t) = fa(x) + g2(t) and fi(z), i = 1,2, gi(t), i =1,2,3

are arbitrary smooth functions of variables € R! and ¢t € R!, respectively. Putting this
ansatz in (17), we lead to the system of ordinary differential equations

1 1
FV = —FlVexp ( =F'+ =F?),
2 2
1 1
F2// = F2/€Xp <§F1 + §F2> .

System (18) has a solution in the form

Lo 2k1 k3 } ki 0
F(&)=1n { (cos(k1€ + k2) + k3 sin(k1€ + /’{:2))2 * ks (kg 1) St ks,
o k1 k3 ke
F2(£) =In { Costnt + Fa) — kasin(hiE F kQ))Q} kg (k3 = 1) & = ka, k1, k3 #0.

As k1¢ + ko also can be written in the form f(x) 4 g(t), then, without loss of generality,
we can put k1 = 1, ko = 0. So, for system (17) we have a solution in the form

2
wi=tn { (cos€ +p2§tsin£)2} +(p—p) E+s(t), v =n,

W —n 2p& 1 Ne
1{( y}+@ P) € — gs(t),

cos€ — psiné

where p = k3 # 0.
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Abstract

Application of the twisted generalized Weyl construction to description of irreducible
representations of the algebra generated by two idempotents and a family of graded-
commuting selfadjoint unitary elements which are connected by relations of commuta-
tion and anticommutation is presented. It’s also discussed x-representations and the
theory of cubic deformation Af (3,1) of the enveloping algebra su(2).

1 Introduction.

In the last few years, quantum groups, different g-deformations of the universal algebra
of Lie algebras, their Zs-graded analogs, superalgebras and quantum superalgebras have
attracted more interest and play an important role in various branches of modern physics.
For applications, in particular in particle physics, knot theory, supersymmetric models
and others, it is desirable to have a well-developed representation theory.

The purpose of this paper is to study *-representations of some nonlinear deformation
of the enveloping algebra su(2) and the algebra generated by two idempotents, and a
family of graded-commuting selfadjoint elements which are connected by relations of com-
mutation and anticommutation. Namely, in Section 2, we study representations of a cubic
deformation of su(2) such as Witten’s deformation A (3,1) [4]. This algebra and their
x-representations have recently been studied in connection with some physically interest-
ing applications (see [2, 3, 4] and references therein). There are some other non-linear
generalizations of su(2) intensively studied in the literature and worth to mention here: in
particular, the quantum algebra su,(2) [23], Witten’s first deformation [27, 19], the Higgs
algebras [7, 1], the Fairlie g-deformation of so(3) [6, 22|, nonlinear si(2) algebras [1] and
others. Our purpose is to describe all irreducible representations of the algebra A;q(B, 1)
by bounded and unbounded operators. The method of solving this problem is based on
the study of some dynamical system. The important point to note here that this method
allows us to give a complete classification of representations, up to a unitary equivalence,
in the class of “integrable” representations and it can be applied, in particular, to the
study of s-representations of the Higgs algebra [7] and other nonlinear si(2) algebras [1].

Partially supported by the Fundamental Research Foundation of Ukraine grant no. 1.4/62.
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Using some generalization of this method, in Section 3, we will study collections of
unitary graded-commuting selfadjoint operators (7;)}_; which commute or anticommute
with a pair of unitary selfadjoint operators u, v. Note that these operators determine rep-
resentations of the x-algebra which can be considered as an algebra obtained by the twisted
generalized Weyl construction investigated in [12]. The study of their representations can
be reduced to the study of a dynamical system on the set of irreducible representations
of some noncommutative subalgebra. Such methods of studying representations by using
dynamical systems go back to the classical papers [5, 11, 17, 24]. In particular, they have
been developed and extended to the families of operators satisfying relations of some spe-
cial type (see [13, 16, 25, 26]), and then applied for the study of many objects important
in mathematical physics ([14, 15] and references therein).

The paper is organized as follows: in Section 2, we describe briefly the method of
dynamical systems and study *-representations of the algebra A;Q(S, 1). In Section 3, we
review some facts on twisted generalized Weyl constructions. Then, using these results and
results on representations of commutative Lie superalgebras ([21]), we will give a complete
classification of irreducible representations of the algebra generated by unitary selfadjoint
elements u, v and the collection of unitary graded-commuting selfadjoint elements (y;)r_,
which are connected with each other by the relations of commutation or anticommutation.
Families of unitary selfadjoint operators and families of idempotents in the algebra of
bounded operators in a Hilbert space were studied, in particular, in [9, 10].

2 Representations of a cubic deformation of su(2)

2.1 Representations of commutation relations and dynamical systems
Consider the operator relation

where A = (Ag)}_, is a family of selfadjoint, generally speaking, unbounded operators
in a complex separable Hilbert space H, Fi(-) is a real measurable function on R™. The
method of study of operators satisfying (1) was developed in [13, 25, 26]. It has the origin
in the theory of imprimitivity and induced representations of groups ([11]), on the other
hand, in the theory of C*-products and their representations ([5, 17, 24]). At the same
time, this method has some new aspects which allow us to study many objects appearing
in mathematical physics (see [15]).

We allow the operators A, B to be unbounded. Thus, we have to make precise the
sense in which relations (1) hold.

We call the operators A = (Ap)}_, and B a representation of (1) if

Ep(M)U =UEL(F~'(A)), [Ejp(A), Ep(A)] =0, AeBR"), A B(R), (2)

where F'(-) = (F1(+),..., Fo(+)) : R® = R", E5(-) is a joint resolution of the identity for
the commuting family A, B = U|B| is a polar decomposition of the closed operator B.

For bounded Ay, B, this definition and the usual pointwise definition are equivalent.
We will say that the representation (A, B) is irreducible if any bounded operator such
that CX C XC, C*X C XC*, where X is one of the operators Ay, B, B*, is a multiple
of the identity operator.
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The important role in the study of the commutation relations (1) is played by the
dynamical system (d.s.) on R™ generated by . We will assume that [ is bijective. It
follows from (2) that for any F-invariant set A, the operator E4 (A) is a projection on an
invariant subspace. If the dynamical system is simple, i.e., there exists a measurable set
intersecting every orbit of the dynamical system exactly at one point, then any irreducible
representation arises from an orbit of d.s., i.e., the spectral measure of the family A is
concentrated on an orbit. We restrict ourselves by considering only this case.

If no conditions are imposed on the operator B, then the problem of unitary clas-
sification of all families (A, B) is a very difficult problem. It contains as a subproblem
the problem of unitary classification of pairs of selfadjoint operators without any relations
(see [18, 10]). We will assume that the operators B, B* are additionally connected by the
relation

B*B = (A, BB*), (3)

where (-) : R**! — R is a continuous function. If the operators A, B, B* are bounded,
(3) is equivalent to the following equality

|BI’U = UFui1(A,|B) (4)

with Fop1(x1, ... 2p41) = e(Fi(z1, .., Zn),y ooy Fu(x1,. .. @), Zny1). Relation (4) is of
the form (1), hence we can give a definition of unbounded representations of relations (1)
and (3). Note that the assumed condition implies the following relations for the operator
U: operators UL (U*)!, (UH'WUY, 1 =1,2,... form a commuting family (i.e., the operator U
is centered).

The complete classification of all irreducible families (A, B, B*) satisfying (1), (3) was
given in [25]. Moreover, there was proved the structure theorem which defines the form
of any such operators as a direct sum or a direct integral of irreducible ones. Let

f(ﬂ?l,. . .,an) = (Fl(xl, e ,xn),. . .,Fn(l‘l,. . .,xn),Fn+1(x1, e ,$n+1)

be bijective. By [25], if the dynamical system is simple, any irreducible representation of
relations (1), (3) arises from certain subsets of an orbit of the dynamical system on R"*!
generated by F. Namely, any irreducible representation is unitarily equivalent to one of
the following:

Apex = Tpex, Bex = LV SL’n+1U(X)€]:(x), X = (fL‘l, .- a$n+1) € Qo,

where Q) is a connected subset of some orbit of the dinamcal system on R"*! generated
by F [16].

2.2 Representations of the cubic deformation A/ (3,1) of su(2)

The #-algebra A} (3,1) was introduced by Delbeq and Quesne ([4]) as a two-parameter
nonlinear cubic deformation of su(2). It is generated by generators Jy, Jy, J_ satisfying
the relations:

[Jo, J+] = (1 + (1 —q)Jo) I+, [Jo, J-] = —=J_(1 + (1 — q)Jo),

5
(S, J-] = 2Jo(1 + (1 — q)Jo)(1 = (1 = p)Jo), ®)
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with involution defined as follows: Jg = Jy, JT = J_. We will assume that 0 < p < 1,
0<g<l
This algebra has a Casimir operator

2(g—1
C=J-Ji+ %Jo(tfo + 1)1+ (p+qg)g— (1—p)(1+q)o).
Representations of the *-algebra A} (3,1) were classified in [4]. In this paper we allow

parameters p, g to be different.

It is clear that bounded representations of the x-algebra are defined by their value
on the generators, i.e., operators J; = Jo, Jy € L(H) satisfying (5). An unbounded
representation of A;q(B, 1) is defined to be formed by unbounded operators Jj = Jo, J4
satisfying (1), (3) in the sense of the definition given in the previous subsection. It follows
from the definition that the spectral projections of the Casimir operator C' commute with
the generators of the algebra, i.e., Ec(A)A C AE-(A), where A is one of the operators
Jo, J4, Ji and A € B(R). Thus, given an irreducible triple (Jo, J4, J_), the operator C
is a multiple of the identity operator: C' = pl, where u € R. Moreover,

JoJy =q e (Jo+1), Ty =g(Jo, ), (6)

2(g—1
whete (s, =~ 2ok ala 0+ (g~ (L= p)(1+0)a)
Conversely, any irreducible representation of the algebra generated by Jo = Jg, J4, J§

and relations (6) which is defined on a Hilbert space H, dimH > 2, is an irreducible repre-
sentation of Af (3,1) (see [20], Lemma 1). In what follows, we will study representations
of relations (6).
To (6) there corresponds the dynamical system generated by F(z, ) (Y= +
1),9(¢g x4+ 1), ) : R? - R2. It has the measurable section 7 = ([¢" (61 + 1),61) U
1 1
—1} U (02,q (62 + 1)]) x R, where §; < 1 < 9. Thus, any irreducible represen-
q— q—
tation arises from an orbit of the dynamical system and can be described by the formulae
given above. It is easy to show that any orbit of the dynamical system is of the form

» 1 1 f. 1 1
Qx:{(q <x_q—1>+q—1’g<q <x q—1>+q—1’u>|nez}'

In the sequel we will denote the point of the orbit by (fi(x, u,n), fa(z, u,n)). It depends
on a behavior of the function g(z, u) what kind of representations relations (6) will have.
Since the calculations are rather lengthy, we leave them out and state the final result. For
the deeper discussion, we refer the reader to [20]. First, let us introduce some notations.

Denote by x1(u) < zo(p) < x3(u) the real roots of the equation g(x,u) = 0. Let
a=1+(p+q)q b= (1-p)(1+4q),v(p,q) =ab'. Then
a—b+va®+b>+ab a—b—+a%+b2+ab

3b - el = 3b
are the extreme points of g(z, ). Write y1(p,q) = ming(z,0) = g(1(p, q),0), y2(p,q) =
wa(w) —(g=D7" o
wa(p) = (g =171
-1 -1
max lnpg) = L= 2ealpoa) - (i_ 2 )
n€l—y2(p,q),—y1(p,q)] e2(pq) — (¢ —1)

which will be denoted by ¥(p, q).

51(pa Q) =

.Q»Q

maxg(z,0) = g(e2(p, q),0) and ¥ (p, p,q) =
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Below we give a list of irreducible representations of the x-algebra A;q(?;, 1):

1. one-dimensional representations: Jy = (¢ — 1)*1, Jo=X\1eC

2. finite-dimensional representations:

a) for any p, q such that v(p,q) — 1 — 2e1(p,q) < (¢ — 1)~ %, for any n > 2, there exists
the representation of the dimension n + 1 with Qo = {(fi(z1(p), p, k), fo(z1(p), p, k) |

k = 0,...,n}, where p is uniquely defined from the equation k(u,p,q) = ¢~ ™; where
_ w2~ (¢-1)7!
—(g—-1)7"

b) for any p, ¢ such that v(p, ¢) —1—2¢1(p, q¢) > (¢—1)~!, there exist the representations
of any dimension n < log,-1(v(p,q) — 1 — 2e1(p,q)) + 1 with Qo = {(f1(z1(~y1(p, q)),
—y1(p, @), k), fa(z1(—=v1(p, ), —v1(p; @), k) | k=0,...,n};

c) for any n € N and p € R such that z1(u) > (¢ — 1)~! and ¢"(z3(u) — (¢ —1)7!) =
z1(p) — (¢ — 1)71 and z3(n) < ¢ '(wa(p) + 1), there exists the representation of the
dimension n + 1 with Qo = {(fi(z1(w), p, k), folx1(p), p, k) | k=0,...,n};

3. representations with higher weight:

a) for any p, g such that v(p, q) —1—2¢1(p, q) < (¢—1)~!, there exists the representation

with Qo = {(f1(z2(=y1(p, @), =01 (P, @), k), f2(z2(—11(P, @), —y1(p. @), k) [ k < O}
b) for any p such that x1(u) < (¢ — 1), there exists the representation with Qy =
(z

{(fl ( ) H, ),f2(1’2(ﬂ), , ) | k< 0}7
c) for any p, ¢ such that ¢(p,q) < ¢~' and p € (—ya2(p,q), —y1(p, q)), there exists the
representations with Qo = {(fi(xzs(n), , k), fa(xs(w), u, k) | k < 0};

d) for any p, ¢ such that ¥ (p,q) > ¢~ and any u € (o, —v1(p, q)) such that z(u)
(¢ — 1)~ there exists the representation with Qo = {(f1(z3(p), i, k), fo(x3(p), i1, k) | k
0}, where pg is uniquely defined by the condition v (uo,p,q) = ¢~ 1;

4. representations with a lower weight:

<
<

a) for any p, ¢ and u € (—o0, —y1(p,q)), there exists the representation with Qy =
{(fl(x3(ﬂ)7/j’7 k)a f2(953(ﬂ),,u= k) | k> 0}7

b) for any p, ¢ and p € (—y1(p,q),+o0) and x1(u) > (¢ — 1)~!, there exists the
representation with Qo = {(f1(z1(w), p, k), fa(z1(p), p, k) | k > 0};

c) for any p, q such that ¢ (p,q) > ¢~ and u € (—y2(p, q), to), there exists the represen-
tation with Qo = {(f1(z2(n), p, k), fo(xa(p), pu, k) | k > 0}, where pg is uniquely defined
by the condition ¥ (po,p, q) = ¢~ 1;

d) for any p, ¢ such that ¥(p,q) < ¢!, there exists the representation with Qp =
{(fi(z2(=y2(p, 0)), —y2(p, @), k), fo(@2(=y2(p, 0)), —y2(p,q), k) | k = O}

e) for any p, ¢ and p € (—y2(p, q), o) such that there exists n € NU {0} satisfying the
za(p) — (¢ —1)7" gt sl = (- n-!
w1 (p) = (¢ — 1)~ z1(p) = (¢ =1~
tion with Qo = {(fi(x1(w), 1, k), fa(z1(p), p, k) | k > 0}, where pg is defined as follows:
1(po) = (¢ — 17"

f) for any p, ¢ and p such that x1(u) < (¢ — 1)1, there is representation with Qp =
{(fl(xl(u)7/j’7 k)u f2($1(ﬂ),ﬂu k) ’ k < O}

5. nondegenerate representations

2qge y -1 257 -
(ql(p+q1) . 1cf+1 >\{€1p, boify =12 < (¢—1)7"

then there exists the representation with Qo = {(f1(\, —y1(p,q), k), fo(A, —v1(p, q), k) |
ke Z};

condition ¢~ " < , we have the representa-

a) for any \ €
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2 =0 BALDZD)\ (e} ond g € (0. 0)
such that z1(u) < (¢ — 1)7! there exists the representation with Qo = {(fi(\, i, k),
fo(\ k) | k € Z}, where py is defined by the condition: dist({z | g(z,uy) = 0},
e1(p,q)) = dist({g "(A\ = (¢ = 1)) + (¢ — 1)"' | n € Z}, e1(p, q)) (here dist(M, z) is the
distance between the subset M C R and z € R).

b) for any X\ €

3 On the structure of families of unitary selfadjoint opera-
tors

3.1 Twisted generalized Weyl construction.

Let R be a unital x-algebra, ¢t = t* a central element and ¢ an automorphism such that
o(r*) = (o(r))*. Define the x-algebra 2L as the R-algebra generated by two elements X,
X* subjected to the following relations:

o Xr=o0(r)X and rX* = X*o(r) for any r € R,
o X*X =tand XX* =o0(t).

We will say that the x-algebra Ql}% is obtained from R, o, t by the twisted generalized Weyl
construction. Such x-algebras were introduced in [12] and their Hilbert space representa-
tions were studied up to a unitary equivalence.

In this subsection, we set up a notation and give a brief exposition of results from [12]
which will be needed below.

Let H be a complex separable Hilbert space, L(H) denotes the set of all bounded
operators on H, M" = {c € L(H) | [¢,a] = 0,a € M} is the commutator of the operator
algebra M.

Assume that R is an algebra of type I, i.e., the W*-algebra {x(r),r € R}" is of type I
for any representation 7 of R, and, given a representation 7w of R, the automorphism o can
be extended to the corresponding von Neumann algebra. Let R be the set of equivalence
classes of irreducible representations of R. The automorphism o generates the dynamical
system on the set R. Indeed, if 7 is an irreducible representation of R, then so is 7(0).
Denote by Q the orbit of the dynamical system, i.e., Q; = {7 (c%), k € Z}.

The next assumption Wlll be needed throughout the section. Suppose that it is possible
to choose the subset 7 C R which meets each orbit Just once in such a way that 7 is a
Borel subset. In this case, we will say that the dynamical system R>rm— (o) € R is
stmple. Then any irreducible representation w : Qll — L(H) is concentrated on an orbit of
the dynamical system, i.e., H = ®q,cq, Hr,, Where H,, is invariant with respect to w(r)
for any r € R, and wlp,, , as a representation of R, is unitarily equivalent to o) @I
(here I is the identity operator of dimension n(k) < co). We will call Qg the support of
w and denote by suppw. Without loss of generality, we can assume that m € €25. Then
Qo= {r(o M kecZ|m(o ()>Oforany0<l</-cif/~c>00rk<l<Oifk:<0}. Denote
by K the subgroup of Z consisting of k € Z such that 7(c*) is unitarily equivalent to 7
and m(c!) € Qg forany 0 <l < kif k> 0o0r 0> 1> kif k <0.

Theorem 1 Any irreducible representation w of the x-algebra AL such that suppw = Qq
coincides, up to a unitary equivalence, with one of the following:
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1. If K =0, then H = ®q, Hy,

w(r)|H7rk = w(ok(r)), X :H. — Hy

k41

_ [ w(o*(t), w(ont1) € Qo,
Xl = { 0, W(Jkil) ¢ Qo.

2. If K # 0 and n € N is the smallest number such that (™) and 7 are unitarily
equivalent, then H = EBZ*(I)H,Uc

w(ad® (), k#n—1,
Wity =70 (), X firy = Hoyo Xl ={ IGO0 200
where W=iaW = n(o™), ¢ € [0,27).

This technique can be applied to the study of many objects important in mathematical
physics such as Q;; — CCR ([8]), suq(3) and others. Next section is devoted to the study
of one of them.

3.2 Representations of x-algebras generated by unitary selfadjoint ge-
nerators

The purpose of this subsection is to describe representations of the x-algebra 2 generated

by selfadjoint unitary generators u, v and jx (kK =1,...,n), and the relations
Gigr = (=17 jiji, (7)
wjr = (=1)"ju, vy, = (=1)"® o, (8)

here g(i,k) = g(k,i) € {0,1}, g(i,7) = 0, h(k), w(k) € {0,1} for any i,k =1,...,n. Any
family of elements (ji);_, satisfying (7) is said to be a graded-commuting family.

Any representations of 2 is determined by representation operators corresponding to the
generators. Thus, instead of representations of the x-algebra 2, we will study collections
of unitary selfadjoint operators u, v, ji (k = 1,...,n) on a complex separable Hilbert
space H satisfying (7), (8).

We start with the study of graded-commuting selfadjoint operators J = (ji)p_; with
the condition jl% =1 (k=1,...,n). For these operators, the structure question was solved
n [21]. We will present only main results and constructions from [21].

To collection of selfadjoint unitary operators (j)}_;, there corresponds a simple graph
I' = (S, R) (without loops and multiple edges). Here S is element subsets of S corre-
sponding to the edges. The vertices aj and a,, are connected with an edge if {j, jm} =
Jkim + Jmjr = 0 and there is no edge if the operators commute. In what follows, we will
regard such a collection as selfadjoint and unitary representations of the graph I'.

Denote by o, 0y, 0. and og the Pauli matrices

(01 (0 =i (1 0 (10
2=\ 10)% i 0 )% o —1)7°" {0 1)

Consider the following construction of irreducible representations of the graph I', which
are defined inductively.
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1. IfI' = ( @ a2 tn ) then collections of unitary commuting selfadjoint oper-

ators form representations of the graph. Set ji = (—1)%, where i, € {0,1}, k=1,...,n,
and m(I") = 0. We get 2" unitarily inequivalent representations.

2. Suppose now that at least two of vertices (without loss of generality, we can assume
that these are aj, as) are connected by an edge. In the space H = C? ® Hj, consider
n1=0,Q1, Jjo = 0, @ I, where I is the identity operator on a Hilbert space H;.

If ji commutes with j; and js, set jr = 09 ® By;

if jr commutes with j; and anticommutes with jo, set jp = 0, ® By;

if ji anticommutes with j; and commutes with jo, set jr = 0, ® By;

if j anticommutes with ji and ja, set ji, = 0, ® By, where (By,)}_5 is the representation
of the derivative graph I'y = (S1, Ry) which is defined in the following way:

a) the graph I'y contains the vertices (by)}_s;

b) if, in the graph T, the vertex aj is contained in the star of the vertex a; (i.e., it is
connected with a; by an edge) and a,, is contained in the star of ay but at least one of
them is not in both of the stars (i.e., is not connected with both vertices), then the edge
(b, bm) € Ry if (ag,am) ¢ R and conversely, (bx,bn,) ¢ Ry if (ak,am) € R;

c) in all other cases (b, by,) € Ry if (ag, am) € R and (bg, by,) ¢ Ry if (ak, am) ¢ R.

Proceeding in such a manner at the end we find that either there exists m(I") € N such
that all vertices of the graph Iy, are isolated and we get 2n=2m(I') representations of the
dimension 21 or m(T) =n € 2N and T2 = (). In the last case, we get the unique
representations of the dimension 2".

Theorem 2 A simple graph T with n vertices has 2" (0 < #(T') < n) unitarily inequiv-
alent irreducible representations of the same dimension 2™0) with r(T') = n—2m(T). Any
of them is unitarily equivalent to one defined by the construction above.

It follows from Theorem 2 that any irreducible unitary selfadjoint representation of the
graph T is realized, up to a permutation and a unitary equivalence, on H = C?*®...® C?
by the formulae ji = ixok1 @ ... @ Opmry (K =1,...,n), where oy, is the Pauli matrix
contained as the m-th factor in jy, i1 = ... = dgpr) = 1, ix € {0,1} for & > 2m(T').

To distinguish families of unitary selfadjoint operators (ji)}_, satisfying (7), we will say
that (ji)r_, is a family of unitary graded-commuting selfadjoint operators corresponding
tog: M x M — {0,1}, where M = {1,2,...,n}.

2. Next we describe collections (u, v, ji,...,jn) of selfadjoint unitary operators which
satisfy the relations:

ik = (=1)908) 55, 9)
ujp = (—1)"® g0, vjp = (=1)"®) 0, (10)

where g(i, k) = g(k,i) € {0,1}, g(i,i) = 0, h(k) € {0,1} for any i,k =1,...,n.

They determine representations of the x-algebra A generated by u = u*, v = v*, j; = ji
(k = 1,...,n) satisfying (9), (10) and the condition u? = v?> = j? = 1. Denote by A
the subalgebra of A generated by ji, K = 1,...,n. The x-algebra A can be treated as a
x-algebra obtained by the twisted generalized Weyl construction. Indeed, let X = u + v,
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X* = u —iv. It is easy to check that relations (10) and u? = v? = 1 are equivalent to the
following ones:

XX*+X*X =4, X2+ (X*)?=0,
Xjr = (=D)"Bj X, X = (=)0 X

Consider the unital x-algebra Ay & CX*X as the ground #-algebra R with the cen-
tral element t = X*X and the automorphism ¢ which is defined in the following way:
o(X*X)=4—-X*X, o(ji) = (—1)"®)ji, k=1,...,n. Then A is *-isomorphic to AkL.

(11)

Theorem 3 Any irreducible representation of A is unitarily equivalent to one of the fol-

lowing:
1. H:H()(X)Cz
B B singp  cosyp | —j®ay, h(k)=1,
UI®U$UI®<COSQO —sincp)’jk{j,’€®ao, h(k) =0, (12)

where ¢ € (—m,7), (j.)k_, is an irreducible family of unitary graded-commuting selfadjoint
operators on Hy corresponding to g.
2. H=H

jk :Jllw k= 17"')”7 u:j:"b—i-la ’U:j;H-Q? (13)
where (j];)ZJ:r% 18 an irreducible family of unitary graded-commuting selfadjoint operators
corresponding to g' defined as follows:

g(kj7ll)7 k:7/l/ S n?
g (ki) =< h(k), k<n<i,

0, otherwise.

Proof.  To the x-algebra A, there corresponds the dynamical system Rom— (o) € R
with 02 = 1. Any representation 7 € R is defined by the collection Gy ey dn, X*X = A,
where (j;)}_; is an irreducible family of unitary graded-commuting selfadjoint operators
corresponding to g, and A € [0,4]. Any irreducible representation arises from an orbit of
the dynamical system.

If A # 0,2,4, then the representations 7, m(c) are not unitarily equivalent and and
m(t), m(o(t)) > 0, hence, by Theorem 1, the corresponding irreducible representation of
the x-algebra A is of the form

oy 1 0 _ 0 e¥Va—2

¥ € 10,27), A € (0,2). Moreover, since X2 + (X*)2 =0, /¥ = 44. Thus,

0 € 0 e
u_‘[®<e—i5 0>7U_I®<_,L'ei5 0 >’ (14)

where \ = 4cos?6, § € (—n/4,7/4).
If A =4, then 7(o(t)) = 0, 7(t) = 4 and the corresponding irreducible representation
is of the form

o, (1 0 B 00
i=ito (g apan ) ¥=19(5 7).
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and u=1Q®o0,, v=1Q (—0y).

If A =0, then 7(t) = 0, 7(o(t)) = 4 and the corresponding irreducible representation
is unitarily equivalent to one given in the previous case.

It is easy to check that these representations are unitarily equivalent to that given by
(12) with the unitary operator

1 1 1
W = ﬁ]@ < 672'6 _Z.efib‘ ) and Y = 26
If A =2, then 7(t) = w(o(t)). Hence, for the corresponding irreducible representation of
A, we have X X* = X*X = 2, which is equivalent to the following [u,v] = 0, u? = v? = I.
The corresponding irreducible family (u,v,j1,...,Jn) is defined by (13). Moreover, any
collection of the form (13) determines a representation of the *-algebra A. "

3. Now consider representations of the x-algebra generated by w, v, jg, £k = 1,...,n,
and relations (7), (8). Suppose that there exists k < n such that h(k) # w(k). Without
loss of generality, we can assume that h(k) = w(k) for some k < s < n, h(k) # w(k) if
s <k <nand h(n) =0, w(n) = 1. Consider the selfadjoint unitary generators

- Jk> k<sork=n,
k=13 je(nk);
i JkJn, S < k <mn.

One can check that relations (7), (8) are equivalent to the following

Jidr = (=190 (15)
o= (0" Ouje jev = (<) Poji, k#n, (16)
Jnth = Ujn, jn¥ = —Vjn, (17)
g(k, 1), k<l<sorl=n,
where g(k,1) =< (g(k,1) + g(k,n))(mod2), kE<s<l<n,
(g(l,n) + g(k,1) + g(k,n))(mod2), s<k<l<n,

gk,0) = g(L, k), g(1,1) = 0, h(k) = { (22 1 h(k)) (mod2), i

The *-algebra A’ generated by selfadjoint unitary elements (u, v, (ji)} L_) satisfying
(15)—(17) is *-isomorphic to A and can be considered as a x-algebra obtained by the twisted
generalized Weyl construction from the ground ring R generated by (u, v, j1,..., Jn— 1)
satisfying (15)—(16), the central element ¢ = 1 and the automorphism o defined in the
following way:

o(u) = u, o(v) = —v o(j) = (1),

We can use the technique above to describe representations of the algebra.
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Theorem 4 Any irreducible representation of the x-algebra coincides, up to a unitary
equivalence, with the following ones: 1. H = Hy @ C? @ C?

w=1® 1 0 ol v=I® sin ¢ co?,(p 2 1 0 ,
0 —1 cosp —sing 0 —1

by 1 0 ~
~Jp @0y ® ( 0 (—1)ink) ) . b)) =Lk#n, e (18)
In = Oz,

5 1 0
]l:: ®oo® < 0 (_1)§(nk) > ) h(k) =0,k # n,

where ¢ € (—m,m), (j;;)zzl is an irreducible family of unitary graded-commuting selfadjoint
operators on Hy corresponding to §.

2. H=H,
jdk:]],g, kzl?"'anv u::j;],-‘,-la U:.ﬁz—f—% (19)
where (j;/g)Zi_% is an irreducible family of unitary graded-commuting selfadjoint operators

corresponding to §' defined as follows:

g(k,i), k<i<n,

h(k), k<mn<i,

0, (k,i) =(n,n+1),(n+1,n+2),
1, (k,i) = (n,n+2).

Proof. By Theorem 3, given an irreducible representations m of the x-algebra R, we

have either 7([u,v]) = 0 or, up to a unitary equivalence, 7(u) = I ® ( (1) _01 >, m(v) =

sinp —cos
are not unitarily equivalent. Hence, by Theorem 1, if 7([u,v]) # 0, then the irreducible
representation corresponding to the orbit R>nm — (o) € R is unitarily equivalent
to the representation defined by (18). If 7([u,v]) = 0, the corresponding irreducible
representation is defined by the family of graded-commuting unitary selfadjoint operators
described by (19). "

I® ( cosp sing ) . It is easy to show that the pairs (7(u), 7(v)) and (7 (o (w)), 7(c(v)))
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Abstract

Proceeding from the nonstandard g-deformed algebras U, (so,+1) and their finite-
dimensional representations in a g-analog of the Gel’fand-Tsetlin basis, we obtain,
by means of the contraction procedure, the corresponding g-deformed inhomogeneous
algebras U, (iso0,,) in a uniform fashion for all n > 2 as well as their infinite-dimensional
representations.

1. Introduction

Lie algebras of inhomogeneous orthogonal or pseudoorthogonal Lie groups are important
for various problems of theoretical and mathematical physics. Recently, certain efforts
were devoted to the problem of constructing quantum, or g-deformed, analogs of inhomo-
geneous (Euclidean) algebras [1-3]. Practically, all these works exploit as starting point
the standard deformations U,(B,), Uy(D,), given by Jimbo and Drinfeld [4], of Lie alge-
bras of the orthogonal groups SO(2r + 1) and SO(2r). In addition to the fact that most
of papers [1-3] concern Euclidean algebras of low dimension 2, 3,4, their g-analogs may be
examined from the viewpoint of (non-)possessing the following two characteristic features:

(i) after deformation, a rotation subalgebra remains closed;

(ii) both rotation and translation subalgebras in the g-analog are nontrivially deformed.

Examination shows that a rotation subalgebra may become nonclosed within a specific
approach (cf. Celeghini et al. in [2]) to g-deformation; moreover, in most of the examples of
g-deformed Euclidean algebras [1-3], either the whole (rotation or translation) subalgebra
remains nondeformed (i.e., coincides with classical one) or at least some from the set of
translations are still commuting.

The purpose of this contribution is to describe a certain nonstandard version of the ¢-
deformed inhomogeneous algebras Uy (isoy,) (i.e., g-Euclidean algebras) as well as their rep-
resentations, obtained by a simple contraction procedure from the nonstandard g-deformed
algebras Uy (s0n41), and their representations which were proposed and studied in [5]. As
will be seen, our g-analogs are obtained in a uniform fashion for all values n > 2, and
the same concerns their representations. Other viable features are: the homogeneous
(rotation) subalgebra remains closed and becomes completely deformed; moreover, the
translation generators are all mutually noncommuting (in fact, they g-commute).
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2. g-Deformed inhomogeneous algebras U, (iso,)

The well-known connection of the inhomogeneous (Euclidean) algebras iso(n) to the Lie
algebras so(n + 1) of orthogonal Lie groups performed by means of the procedure of
contraction [6] is applied here to the non-standard g-deformed algebras U, (s0,,41) (studied
in [5]) in order to obtain the corresponding version Uy (isoy,) of g-deformed inhomogeneous
algebras.

A. Nonstandard ¢-deformed algebras U (s0,11)

We consider a g-deformation of the orthogonal Lie algebras so(n, C') that essentially differs
from the standard quantum algebras U,(B,), U,(D,) given by Jimbo and Drinfeld [4]. It
is known that, in order to describe explicitly finite-dimensional irreducible representations
(irreps) of the g-deformed algebras U,(so(n,C)) and their compact real forms, one needs
a g-analog of the Gelfand-Tsetlin (GT) basis and the GT action formulas that require
the existence of canonical embeddings g-analogous to the chain so(n,C) D so(n —1,C) D
-+ D s0(3,C). Evidently, such embeddings do not hold for the standard quantum algebras
Uy(By) and Uy(D,). Another feature is the restricted set of possible noncompact real
forms admitted by Drinfeld-Jimbo’s g-algebras, which exclude the Lorentz signature in
multidimensional cases. On the contrary, the nonstandard g-deformation U, (so(n,C))
does admit [5] all noncompact real forms that exist in the classical case. Moreover, validity
of the chain of embeddings U,(so(n,1)) D Uy(so(n)) D Uy(so(n — 1)) D -+ D Uy(so(3))
allows us to construct and analyze infinite-dimensional representations of the ¢-Lorentz
algebras U, (s0p,1)-

According to [5], the nonstandard g-deformation U (so(n, C)) of the Lie algebraso(n, C)

is given as a complex associative algebra with n — 1 generating elements Io1, I32, ..., I n—1
obeying the defining relations (denote ¢ + ¢~* = [2],)
Liadj-vg-2 + Limvj-al; g — g Lig-1lj-vj-2ljj-1 = —Lj15-2, (1)
Iy jooljgo1 + Ligali oo — 2g Lisvj2ljj-1lj-15-2 = —Ljj-1, (2)
Lii—1,1;-1] =0 it Ji—j>1 (3)

The compact and noncompact (of the Lorentz signature) real forms Uy (so,, ) and Ug(sop—1,1)
are singled out from the complex g-deformed algebra U, (so(n, C')) by means of appropriate
«-structures [5] which read in the compact case:

=Ly G=2 @)
Besides the definition in terms of trilinear relations, one can also give a ’bilinear

presentation (useful for comparison to other approaches). To this end, one introduces the
generators (here, k > 141, 1<k,l<n)

7

I;fz = [Il+1,z,1§l+1]qi1 = qﬂ/2ll+1,zf,fl+l - q$1/21§l+11l+1,l
together with Iy1 6 = I, = Iy 4 Then (1)-(3) imply
i Titla = T s Tila = T (B la = Ty 1E ke >1>m,
(b, Lh] =0 if k>l>m>n  or if k>m>n>1; (5)

oL Lh = (q—g¢ )L —LE Tty i k>m>1>n.

ki tmn kn-ml
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An analogous set of relations is obtained for I; combined with ¢ — ¢! (denote this
alternative set by (5')). When ¢ — 1, i.e., in the ’classical’ limit, both relations (5) and
(5") go over into those of so(n + 1).

B. Contraction of U,(so0,+1) into U,(iso,) in terms of trilinear relations

To obtain the deformed algebra Uy(iso,), we apply the contraction procedure in its usual
form [6] first to the g-deformed algebra U,(son+1) given in terms of the trilinear relations
(1)—(3): replacing I, 41, — p Py, with the trivial replacement Iy — fkﬂ’k for1 <k<
n — 1, and sending p — oo, we arrive at the relations [7]

I~72L7n_1pn + Pnfq%,,n_l - [Q]q fn,n—lpnfn,n—l = _Pn7 (6)
Py%fn,n—l + in,n—lpﬁ - [Q]q Pnjn,n—lpn =0, (7)
[fk,kflv PTL] =0 if k< n, (8)

which together with the rest of relations (that remain intact and form the subalgebra
U,y(s0n) ) define the g-deformed inhomogeneous algebra U, (iso,). Of course, this real
form of the complex inhomogeneous algebra Uq’(iso(n, () requires that the involution

j*,jfl = _IJ'J—l’ J=2...,m, P;: = —Fy, (9)

be imposed (compare with (4)).

Observe that in the formulation just given, we have only a single (’senior’) component of
translation generators. The whole set of translations emerges when one uses the ’bilinear’
approach discussed right below.

C. Contraction into U,(iso,) of the bilinear version of U, (s0,41)

Now let us contract relations (5), (5'). Set I;L—LH e =P P,jc for 1 < k < n as well as I,icl = 1:,;5
for 1 <l <k <n ,and then send p — co. As a result, we get the equality

[F)li?Pnj;]qil =0, l<m<Il<n, (10)

as well as the rest of relations that remain unchanged (formally, i.e., modulo replacement

I,;tl — 1:;5 and If;rl’k — P,:E): those which form the subalgebra Uy (s0,) and those which
characterize the transformation property of P,;t with respect to Ug(son).

If ¢ — 1, the set of relations defining Ué(ison) turns into commutation relations of the
‘classical’ algebra iso(n). In what follows, we shall omit tildas over Ix; and the prime in

the notation of ¢g-deformed algebras.

Remark 1. The algebra U,(iso,) contains the subalgebra Ug(so,) in canonical way, i.e.,
similarly to the embedding of nondeformed algebras: so(n) C iso(n).

Remark 2. The generators of translations in U,(iso,) are noncommuting: as seen from
(10), they g-commute.

Remark 3. It can be proved that the element

n

Co(Ug(ison)) = ([21/2)*" (1/2){B}, P}

k=1
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is central for the inhomogeneous g-algebra U,(iso,). When ¢ — 1, it reduces to the
Casimir Cy of the classical iso(n).

Let us quote examples of Uy(isoy,) for small values n =2, 3.

n=2

[I21, Pa]g = P [P, In]g = P [P2, P ]g= 0 (11)
n=3

(21, I30)g = I3 [I21, P3) = 0

[Is2, 5] = I [I32, P = 0 (12)

(157, I1]q = I3o

1157, P = (¢ — ¢ ) (P I3a — P3la1)

[Is2, Ps)y = Py [Io1, Py )g = P (131, P3)q = P}
[P, I32]q = P3 [P, In]g = Py [P, I5]q = Ps (13)
[P3,P2+]q:0 [P2+7P1+]q:0 [P37P1+]q:0

Remark 4. The Euclidean g-algebra U,(iso3) contains the homogeneous subalgebra
Uy(s03), given by the left column in (12), isomorphic to the (cyclically symmetric, Carte-
sian) g-deformed Fairlie-Odesskii algebra [8]. Besides, three columns in (13) represent three
distinct inhomogeneous subalgebras of Uy (isos), each isomorphic to U,(isoz), conf. (11).
This feature extends to higher n: the algebra U,(iso,) contains n distinct subalgebras
isomorphic to Uy(iso,—1).

3. Representations of inhomogeneous algebras U,(iso,,)

We proceed with finite-dimensional representations of the algebras Uj(sop41). These

representations denoted by T, , are given by ’highest weights’ m, ;1 consisting of [”T“]

components mj ,, M2 n, - - . Mnt1] (here [r] means the integer part of r) which are all
2 b

integers or all half-integers satisfying the dominance conditions
M 2k41 = M2 2kt 1 = - oo = Mg 2ky1 > 0 if n = 2k, (14)
Migk > Mook > ... > Mg 12k > |mpox| if n=2k—-1 (15)

When restricted to subalgebra Uy (s0,), the representation T;y,, , , contains with multiplicity
1 those and only those irreps T}, for which the inequalities ('branching rules’) similar to
the nondeformed case [9] are satisfied:
M 2k+1 = M2k = M2 2k+1 = M2k =« - > Mg 2kt 1 = Mk 2k > —M 2k4-15 (16)
M1 2k = M1 2k—1 = M2k = M2 2k—1 =+ > ME—12k—1 =| Mk 2k | - (17)

For a basis in the representation space, we take (¢g-analogue of) the GT basis [9]. Its
elements are labelled by the GT schemes

{gn—‘rl} = {mn—i-l,mna cee 7m2} = {mn+17€n} = {mn-i-lamnafn—l} (18)

and denoted as |[{&,+1}) or simply [£,41).
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¢ —q"
We use the notation [z] = ———— for the g-number corresponding to a real number
q9—q
anpr Of Ug(s0gk41) acts

z. In what follows, ¢ is not a root of unity
The infinitesimal generator Ioi412x in the representation T,

upon the basis elements (18) according to (here § = &,_1)
k
= > ALy (mar)lmak 1, m, B)
(19)

Tongyesr T2k 11,20 M2k 41, Mok,
7j=1

_ZA% my ) magr1,myf , B)

and the generator Iy o,—1 in the representation Ty, of U,(soa) acts as

k—
Z 2k—1 (mak— 1)’m2k7m2k 17/6>
(20)

Trngy, (Lok 2k—1)| Mk, Mog—1, B
k=1 ' 4 o
_ZB% Lmgf mak, mo 1, 8) + i Cop—1(mag—1)|mak, mak—1, )

j=1

In these formulas, m%j

to be replaced by m;, + 1; matrix elements A%, B2k—17 Cok_1 are given in terms of
Mjok+1 +k —J+ 1, ljor = mjor +k— j by the expressions

k

[Tl 2k+1 + Uow) i 2kt — Ljon — 1]

means that the j-th component 1, of the highest weight m,, is

"[-coordinates’ [ o1 =

; lion][ljon + 1] =1
AJQk(g) = ( [J’ L :
1205 25] (20 28 + 2] k
! ! LI [l2k + Lokl [lior — j2k]
i#£]
k-1 3 (21)
1T i ok—1 + ow) [liok—1 — Ljon — 1]
i=1
x = ,
H [lz 2k + l] 2k + 1] [lz 2k — l],2k - 1]
i#]
k
' ‘H (i ok + Ujok—1][liok — 1 2k—1]
B%k—l(g) = = k—1
20 06—1 + 1][205.08—1 — 1] T] [ls26—1 + j2k—1][li2k—1 — Uj20—1]
i#£j
- . (22)
T [l 2k—2 + 1 2611l 26—2 — Lj2k—1]
« =1 ’
1
Uok—11? T Wigk—1 + ok—1 — li2k—1 — ljoe—1 — 1]
i#j
k k—1
U [ s 2k] 1:[1[ s 2k—2]
Cop-1(8) = ki; —

H[s?k [ls2k—1 — 1]
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The detailed proof that the representation operators defined by (19)-(23) satisfy the
basic relations (1)-(3) of the algebra U,(so,) for n = 2k + 1 and n = 2k is given in [10].
It can be verified that the x-condition T'(1; j—1)* = =T(I; 1), j = 2,...,n+ 1 (compare
with (4)), for representation operators given in (19)-(23) is fulfilled if ¢ € R or ¢ = expih,
h € R. Therefore, the action formulas for T}, ., (In41,,) together with similar formulas
for the operators Ty, ,,(L;i—1), i < n+ 1, give irreducible infinitesimally unitary (or x-)
representations of the algebra Ug(son41).

Representations of U, (iso,,)

Representations of inhomogeneous algebras U, (iso,,) are obtained from the representations
of Uy(sop41) given above in a manner similar to that followed by Chakrabarti [6] for
obtaining irreps of Euclidean algebras iso(n) from finite-dimensional irreps of rotation
algebras so(n + 1).

The representations of Uy(iso,) are characterized by a complex number a and the set
Mp+1 = {M2nt1, M3ni1,-- £ Mg ,n-l-l} of numbers which are all integers or all half-

integers. Due to validity of the chain of inclusions
Uq(isop,) D Ug(sopn) D ... D Uy(sos) D Uy(sos), (24)

the representation space V, .., for a representation of U,(isoy) is taken as a direct sum
of the representation spaces of the g-rotation subalgebra U,(so,) given by m,,, whose
components map, .- -, M(zp satisfy the inequalities (16)-(17) and the first component
m1,, is bounded only from below, co > my , > ma 1. In this way, one is led to infinite-
dimensional representations of the inhomogeneous algebras Ug(isop,).

The representation operators Ty, ., (Ij;—1) that correspond to the generators I ; 1
of the compact subalgebra Uy(so,) act according to formulas coinciding with (19)—(23).

The representation operator Tg ., (Ps) which corresponds to the translation genera-
tor Py, of the algebra U, (isoa) acts upon basis elements (12) according to (here 8 = &,—1)

k
T ivgp s (Por) [ Mok41, Mok, B) = Z«‘%k(mzia)!ﬁmkﬂ, myy, B)
=1
7 A (25)
= AL (my) kg1, may, B)
=1

and the representation operator T j,, (P2x—1) which corresponds to the translation gen-
erator Py,_; of the algebra Ugy(isog—1) acts as

k-1
Ta oy (Pok—1)|Mak, mag—1,6) = ZBékA(mzk—l)Wzk, ml ., 5)
ho1 o (26)

- Zngq(m;ig_ﬁ\mzk,m;;g_1,5> + 1 Cop—1(mak—1)|Mak, Mak—1, )
=
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where
I ] |
1 Lioky1 + Liok)llioks1 — Lok — 1
- onlllion +1] \2 | A5 2L, :
A;k(f) =a <[2[ZJ§ZH2JZ72];;€+—|— ]2]> = k
’ ” LTl 2k + U on][li 2k — 1 2k]
i#£]
- ! (27)
[T [lizk—1 + Ui 2n)[lize—1 — Ljo — 1]
« 7,=kl 7
H [lz 2k + l] 2k + 1] [lz 2k — l],Qk - 1]
i#]
k
[T U2k + Gok—1]lior — 1 26—1]
j =2
B‘;kfl(g) =a k—1
20 06—1 + 1][250k—1 — 1] T [ls26—1 + Ljon—1][li2k—1 — Lj20—1]
i#£]
- : (28)
(liok—2 + U ok—1][li 2k—2 — U 26—1]
i=1
X k-1 ’
[lj2k—1)? g[ liok—1 + Uiok—1 — [liok—1 — ljok—1 — 1]
i#j
k k—1
1:12[ s Qk] 1:[1[ s,2k—2]
Cor—1(&) = a—— = . (29)

ljl[szk lls26—1 — 1]

The representation operators given by formulas (25)—(29) (together with formulas (19)—
(23) for the subalgebra U, (so,)) can be proved to satisfy the defining relations (6)—(8), in
complete analogy to the proof [10] in the case of homogeneous algebra Ug(soy,,). Moreover,
it can be verified that these representations are *-representations (satisfy -relations (9)),
for ¢ real or the pure phase if a is real in formulas (25)—(29).

4. Class 1 representations of the inhomogeneous algebra
U,(isop)

We use the term class 1 (or Cl)representation for those representations of either Uy (s0,+41)
or Uy(iso,) which contain the trivial (identical) representation of the maximal compact
subalgebra Uy (so,). Note that among representations of U, (sog) all irreps T; are given by
an integer [ and only these are C1 representations with respect to the Abelian subalgebra
generated by Io7.

The particular case T;, (C1 representations of Uy (iso,,) characterized by a single complex
number a) was considered in [11]. These special representations are obtainable from our
general formulas (19)—(23), (25)—(29) if we set ma 11 = M3 i1 =+ = Mng1] g = 0.

The carrier space V, of T, is composed of carrier spaces Vi, of irreps Thy,, of the
subalgebra Uy (so,,) with the signatures (m,,0,...,0), 00 > my, > 0 (which in turn are
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C1 irreps w.r.t. Uy(son—1)). Accordingly, the basis in V, is composed as the union of G-T
bases of such subspaces Vi,,. We denote basis elements in the representation space Vi,
by My, mp_1,- -+, M3, ma).

The operator T, (I21) and operators T (l;i—1), 3 < i < n, representing generators of
subalgebra Uy (iso,) act in this basis by the formulas

Ta(-[21)|mn7 Mmp—1,.-. ’m2> = i[m2]|mn, Mp—1,--- 7m2>7

To(Lii—1)|mp, mp—1,...,mo) =

N 1/2 30
:<[m§+>+z’—2][m§. >]) R(mi_1)|mn, ..., mi—1 +1,...,ms) (30)

B 1/2
. ([m§+> +i—3m{ + 1]) ROmi1 — V)|, . mi1 — 1, ma),

()

where m;”" = m; £ m;_1 and

m™ i 2gm + 1\
Fa(ms) = ([2mi+i—2][2mi+z‘} '

The operator T,(P,) of the representation T, of U(iso,), n > 2, corresponding to the
translation P, is given by the formula

To(Po) M, mp—1,---,m2) = a R(my)|m, + 1, mp_1,mp_2, - -ma)
(31)
—a R(mn — 1)|mn — 17mn717 Mp—92," " 7m2>

In summary, we have presented the nonstandard ¢-deformed inhomogeneous algebras
Uy(is0y,) defined in a uniform manner for all n > 2, for which both ’trilinear’ and *bilinear’
presentations were given. All the infinite-dimensional representations of Ug(iso,) that
directly correspond to well-known irreducible representations of the classical limit iso,, are
obtained and illustrated with the particular case of class 1 irreps. It is an interesting task
to analyze U,(iso,) representations for cases where discrete components characterizing
representations are not all integers or all half-integers as well as the cases of ¢ being roots
of 1.
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Representation of Real Forms
of Witten’s First Deformation

Stanislav POPOVYCH

Taras Shevchenko National University, Kyiv, Ukraine

Abstract

Special star structures on Witten’s first deformation are found. Description of all
irreducible representations in the category of Hilbert spaces of the found *-algebras in
both bounded and unbounded operators is obtained.

1 Introduction

Studying Jone’s polynomials in node theories, their generalization and their connections
with ”vertex models” in two-dimensional statistical mechanics, Witten presents Hoph alge-
bra deformations of the universal enveloping algebra su(2). There is a family of associative
algebras depending on a real parameter p. These algebras are given by the generators Ej,
E,, E_ and relations [2]:

1
pE0EL — Z;E+E0 = E4, (1)
L\ 2
By, E_] = Ep— - — | Eqg, (2)
p
1
pE_Ey— ~EyE_ = E_. (3)
p

In Section 1, we write down all (but from a certain class) star algebra structures on
Witten’s first deformation. In Section 3, we give description of all irreducible represen-
tations in bounded or unbounded operators of the found x-algebras in the category of
Hilbert’s spaces. We widely use the “dynamical relations” method developed in [3].

2 Real forms

Witten’s first deformation is a family of associative algebras A, given by generators and
relations (1)—(3), with the parameter p in (0,1). Extreme cases are p = 1, which is su(2),
and p = 0, with relations F; Ey = EgE+ = E5 = 0. We consider stars on A,, which are
obtained from involutions on the free algebra with the invariant lineal subspace generated
by relations (1)—(3).

Stars are equivalent if the corresponding real forms are isomorphic.

Lemma 1 There are only two unequivalent stars on Witten’s first deformation:
Ej = Ey, E} =FE_, (4)
Ej = Ey, El =-E_. (5)
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3 Dynamical relations.

Relations (1)—(3) with star (4) or (5) form a dynamic relation system [3]. The correspond-
ing dynamic system on R?:

Fla.y) = (p7' (1 +p7'2) glgy — o + (p—p %),

where g =1 (g = —1) for the first (second) real form.
It’s a quite difficult task to find positive orbits of a two-dimensional nonlinear dynamic
system, to avoid these difficulties, we use Casimir element:

C,=p 'E.E_+pE_FE, + E}.

For any irreducible representation 7" T'(Cp) = pl, where p is complex.
We will be working with the following system:

EoEy = E f(Eo), (6)

LB, = Gy(Ey), "
where v = up,

fX)=p~ ' (1+p o),

Guly) = 1+jﬂ(—y-—p‘%F-+vf)

Lemma 2 For any irreducible representation T of the real form A,, there is a unique v
(v > 0 for the first real form) such that T is the representation of (6), (7).

For an arbitrary v (v > 0 for the first real form), every irreducible representation T of
(6), (7) with dimT > 1 is a representation of A,.

The dynamic system corresponding to relations (6), (7) is actually one-dimensional and
linear depending on one real parameter.

Below we compile some basic facts from [3]. Every irreducible representation of a
dynamic system is determined by the subset R? D A:

A ={( A, pr), J <k < J},

where A1 = f(Ak), r+1 = Gu(Ak), ux > 0, ux = 0 for extreme k; j, J are integer or
infinite; l2(A) is a Hilbert space with the orthonormed base: {e(, ) @ (Ak; x) € A},

T(E0)e(n ) = MeC(rpopin)»

S

1/2 .
EQ ety = M 1C0mmns): 4 <k+1<,

S

1/2 .
E e = M €0n ) J<k—1,

(
(
(
(Ev)et 1) = 0, TE)e( ) = 0

N
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4 Classification of representations

Theorem 1 FEwvery irreducible representation of the first real form is bounded
1. For every nonnegative integer m, there is a representation of dimension m—+ 1, with

_bp <((1—p2m)(1+p2))2_1>, Ay = {flk,z1),~1 <k <m+1};

A1) (- p?)
2. There is a family of one-dimensional representations Eg = (2].;1); Ey = )
p f—
— p3
E_ = X; X\ is complex, v = m;

3

4 p 2)2»; +oo), there is a representation with the upper weight
-p

A, ={f(k,z2), k< 1};

4. For every nu € [

3. For every v € [

p3
(1—p2)%
A, ={f(k,z1), k<1}.

+oo), there is a representation with the lower weight:

In the theorem, we have used notation

1 p?r—1 1.2
f(k.7$):ﬁ $+p2_1p ; gl/(x):_x_p l’+l/,

were x1 < xg are roots of the equation g, (z) = 0.

Theorem 2 There are bounded and unbounded irreducible representations of the second
real form in an infinite-dimensional Hilbert space, except for a one-dimensional represen-
tation.

1. All bounded irreducible representations have the upper weight

p. P
-3 Al/ - kv 7k 1 ;
ve T atme) (k) k< 1)
2. Unbounded irreducible representations:

(a) There are two families with the upper weight
first family:

Ve (—fz) : o), Ay = {f(k,22),k < 1}

second family:

p3,oo _ . _
V€<(Vﬁ-), Ay = k), k> —1)

1—p?
(b) There are two families with the lower weight
first family:
ve[B:0), A ={fha) k> -1}

second family:
3

vE <(1_p7p2>2;+00> , A, ={f(k,z1),k>—1}
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(c) There are two families without the upper and lower weights:
first family is numerated by the set

_ : P _b. o - -1

r={(Av)re (=pi-5) u (=5 50w e (—o0 AN+ P}
A(/\,l/) = {f(kv A)a ke Z’}

second family is numerated by the set

e=[-p?i—p—1)x(—o00;p’(1=p»)7"), Ap, ={f(kN),keZ}.
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Deformed Oscillators with Interaction

O.F. BATSEVYCH

Department of Theoretical Physics, L’viv University, 290005, L’viv, Ukraine

Abstract

Deformation of the Heisenberg-Weyl algebra W# of creation-annihilation operators is
studied and the problem of eigenvalues of the Hamiltonian for s deformed oscillators
with interaction is solved within this algebra. At first, types of deformation are found
for which solutions could be presented analytically and a simple ¢g—deformation is
considered by the means of the perturbation theory. Cases of reducing Hamiltonians
which do not preserve the total particle number to that studied here are indicated.

Investigations of new types of symmetries in different areas of mathematical physics by us-
ing the Inverse Scattering Method (ISM) and nonlinear differential equations, led to the ap-
pearance of notions ”Quantum Group”, ”Quantum Algebra” [1]. Nowadays, the deformed
quantum statistics, parastatistics and corresponding algebras of creation-annihilation op-
erators are widely studied.

The common Heisenberg-Weyl algebra W# consists of generators @;, a;, s, i = 1,..., s,

70
satisfying commutative relations:

@i, af] =6y, [s,a;] = £a; 6y, "
a;,a;] = [af,a’] =0, n =n;.
J 7 9 7
In this paper, the deformed algebra A,(s) with generators @;, a; , nj, i = 1,...,s,
satisfying:
[az’aj} = fi(ﬁly s 7ﬁs)5ij7

the rest relations are the same as in (1)

is considered. If we assume f;(n1,...,n5) = 1, we return to the algebra W# (1). One-
dimensional deformed oscillators were studied in different papers [2, 3, 10].
Here, we study the problem of eigenvalues of the Hamiltonian

S
H="" wyi,d; (3)

=1

which gives us s deformed oscillators with interaction.
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Algebraically solvable Case

By means of the linear transformation
bi = il (4)
k
where ||ajk|| is unitary matrix with

Z Qi = Oij, (5)
k

one can receive a new set of generators bi,bf,Ni, i=1,...,s, which determine a new
algebra By(s).
Now we can rewrite (3) using the generators of the algebra By(s):

7= ulbih; (6)
ij

where ng = E wklaika;l.
kil

Choosing the appropriate matrix ||a;x||, we can diagonalize ||w;;|| and obtain
i

This Hamiltonian gives us a set of noninteracting deformed oscillators. To find eigen-
values of (7), one should know the commutative relations on By(s):

[bi, 1) = Fij (A, ..., 7is),
the rest are the same as in (1) (8)

(considering the substitution a; — gi, n; — J/\\Q),

where

Fij(na, ... 7) :Zaika;kfi(ﬁla---aﬁs) (9)
are the functions of ”0ld” generators n1,...,7ns, but we should express the right side of
the first equation @) in the terms of "new” generators Ny, ..., Ny

The operators N; cannot be represented as functions of operators n; generally. There-
fore, in the case of the arbitrary algebra A4(s), the transition from n; to N; on the right
side of the first equation (8) cannot be fulfilled.

One can introduce operators

~

R=n1+ +ns, N=Ni+--+ Ny, (10)

of the total particle number for the old (A44(s)) and new (By(s)) algebras, respectively.
It can be easily proved that

n=N. (11)
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So, if we have deformed the algebra Ag4(s) with functions f; satisfying
fl(ﬁlaaﬁs):fl(ﬁl++ﬁs):fl(ﬁ)a (12)

then the first relation (8) will read due to (11) as

[bi, b1] = Fi(N), (13)
where
Fi(N) =" aupap fi(N). (14)
k

Eigenvalues of (7) can be immediately found now:

S
En,..ns = Y wiBi(N, N;) (15)
=1
with the corresponding eigenfunctions |y, ..., Ny >, where

N;
Bi(N,Nij)=> Fi(N—-j), N=N+--+N,
=1

These deformed algebras A4(s) (2), (12), for which the problem of eigenvalues is solvable,
don’t factorize, i.e., cannot be represented as sets of s independent deformed algebras.

qg-Deformation

Let us consider now the deformed algebra A,(2) consisting of 2 one-dimensional g-deformed
algebras with generators a, b (@ = a1, b = a2) and standard particle number operators 7,
ny satisfying:

Gat —gata=1, bt —gbTh=1. (16)
After introducing new operators
St=aty, S =bta, (17)

Hamiltonian (3) will read:

~

H = wohq + wyity + v(ST + 57). (18)
The set of generators {ﬁa,ga, §+, §*} satisfies:

(o, §%] = £8%, [, S = 5%, [0, ] =0, [$7,57] =[]~ [,  (19)
¢ —1

g—1
The Casimir operator of the algebra {7y, by, ST, S~} is

where [x] means the function [z] =

K =7 =g + . (20)
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Consider the problem of eigenvalues of the reduced Hamiltonian (18) on invariant sub-
spaces K,, = L(li,n—i > |i=1,...,n). One can obtain basis vectors in K,, by using
the vector |0,n >:

[n—1]!
[n]![2]!
where [n|! = [n][n —1]---[1].

Now let us take the representation where operators {ST| K S| K, Nal K, | K, } Te-
duced on the subspaces K,, are given by:

li,n —i >= (5%)40,n >, (21)

Stlg, =t,
~ 1] ¢ t
Stk, = - {t—} {n—f—l —t—} ,
tt dt dt (22)
——
na|Kn dt7
t

nplg, =n—t—.

dt
Vectors ¢ € I?n read:

b = En: Cyt'. (23)
i=1

n
In view of (21), one can write 1) = <Z CiS”) )0, n > and, taking into account the first
i=1

equation (22), we receive (23). Now we obtain the equation

Tup(t) = B (2), (24)
where

-~ 1], ¢ t t t

on the condition that () is an analytic function. In the nondeformed case (¢ = 1),
equation (24) can be transformed into a degenerated hypergeometric equation and easily
solved:

2
B = (252) 20

In the deformed case, equation (24) was solved by the means of perturbation theory, using
the potential of interaction v between oscillators as a small parameter. Energy eigenvalues
were found up to the 5-th order of perturbation theory:

B =wi 4w -4, EP = ff;f - 11; ri%’
w_ Bk—1) (Bk-2) Bk-1) B
Ei _r(k;1)2{r(k2) CT(k-1) _F(k:+1)} (27)
B(k) (B(k+1) B(k—1)  B(k)
P12 {F(IH—Q) TTE-1) F(k:+1)}’
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where B(p) = [p+ 1][n —p], T'(p) =w([k] = [p)) + w([n— k] +[n—p]).
All odd approximations are equal to zero:

Eiy=E3=---=FEy,; =0. (28)

Generalized Weyl Shift
A Weyl shift of the nondeformed algebra W# reads:

b; = a; + ;. (29)

For the deformed algebra A,(s), it can be assumed in the form proposed in [4]:

b= F()a - i), fi=wd®,  F=1- w21 - g, (30)
Hamiltonian (3) preserves the total particle number n = nj + - - - + ng, but if we make the
generalized Weyl shift (30), it will not. There will be some terms in a shifted Hamiltonian,
which will increase or decrease the particle number by 1.

Our aim is to find ”"shifted” Hamiltonians (which violate the particle number at 1 unit)
which can be reduced to "neutral” Hamiltonians (preserving the particle number n). The
general "neutral” Hamiltonian which covers case (3) reads:

H =Y i bi,b1b;,00;,b10). (31)
ij
After shift (30), arguments of (31) will read as
b0, = (aF B — f) (Fya; — f;) =
J ( ) 7 J (32)

= a; 05 (i, ny)a; + a; 7 (Ma, 0j) + 7005 (R, 0y )a; + Dij(ng, ny),

where 6%, 7% 7% are some "neutral” functions. Developing (31) into the series in new
shifted arguments (right side of (32)), we will receive some ”shifted” Hamiltonian H’. If
we demand that H' violate n not more than by 1 unit, we should consider ¢;; to be a
linear function of its arguments, because these arguments (32) do violate n by one unit,
and higher powers of (32) will violate n more than by one unit. ¢;; reads:

bij(z,y, 2, t) = aijx + Bijy + vijz + Cijt, (33)
and we receive Hamiltonian (3):
o~ S A~ A~
ij=1
where

wij = Yij + Gj +6i5 Y (ke + Bik)-
2
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Abstract

In this note, we generalize a result of [4] (see also [9]) and set the isomorphism between
the iterated cross product algebra HY#(H#A) and braided analog of an A-valued
matrix algebra HY®A®H for a Hopf algebra H in the braided category C and for
an H-module algebra A. As a preliminary step, we prove the equivalence between
categories of modules over both algebras and category whose objects are Hopf H-
modules and A-modules satisfying certain compatibility conditions.

Introduction and preliminaries

A purpose of this note is to generalize the result of [4] (see also [9]) about the isomorphism
between the iterated cross product algebra H*#(H#A) and A-valued matrix algebra
M(H)®A (for an H-module algebra A) to the fully braided case.

Throughout this paper, the symbol C = (C,®, I) denotes a strict monoidal category
with braiding ¥. For convenience of the reader, we recall the necessary facts about braided
monoidal categories and Hopf algebras in them.

For object X € C, we say that XV and VX € C are dual objects if evaluation and
coevaluation morphisms

ev: XXV 1= XUXV, ev :VX®X—>]IZVXUX,

coev: I - XY@ X = , coev: I - X @VX =
XVMX XmVX

can be chosen so that the compositions

X=Xl ¥ XoX'eX)=XoX)oX 2% 10 X = X,
X=TeX 2 Xeo'X)eX=Xo("X®X) 2% X=X,

XV=TeXx" 2L xVeX)oX'=X'g(XoX") 2% xVel=X",

VX =VX eIl 2% VYo (XeVX)=(YXeX)oVX 2 1eVx = VX

are all identity morphisms.



404 Yu. Bespalov

H H H H H
H H H H H
multiplication p comultiplication A unit n counit € antipode S
HM M H M M XY XY
/ \
M M oM M H Y X Y X
left action uy right action g, left coaction Ay right coaction A, braiding ¥ and ¥—1!

Figure 1: Graphical notations

Recall that a Hopf algebra H € C [7] is an object H € ObjC together with an associative
multiplication m : H ® H — H and an associative comultiplication A : H — H ® H,
obeying the bialgebra axiom

(HeH™ H 2 Ho H)

—(HoH 2*2 HoHo HoH 12020,

HeoHoHeH ™" HeH),

which possesses the unit n : T — H, the counit € : H — 1, the antipode S : H — H, and
the inverse antipode S~! : H — H (definitions are the same as in the classical case).

A left (resp., right) module over an algebra H is an object M € C equipped with an
associative action py : H@ M — M (resp., pu, : M @ H — M). The category of left (resp.,
right) H-modules will be denoted by g C (resp., Cgr). A left (resp., right) comodule over a
coalgebra H is an object M € C equipped with an associative coaction Ay : M — H® M
(resp., A, : M — M ® H). The category of left (resp., right) H-comodules will be denoted
by 7 C (resp., C11).

If (C,®, T, ¥) is a braided monoidal category, then C = (C,®, I, ¥') denotes the same
monoidal category with the mirror-reversed braiding b7 x,y = Uy, L. Fora Hopf algebra
H in C, we denote by HP (resp., Hop) the same coalgebra (resp., algebra) with opposite
multiplication p°P (resp., opposite comultiplication A°P) defined through

pP = oWyt (resp., AP =Ty to A) . (1)

It is easy to see that H°P and H,, are Hopf algebras in C with antipode S~!. We will always
consider H°P and H,p, as objects of the category C. In what follows, we often use a graphical
notation for morphisms in monoidal categories [1, 5, 6, 8]. The graphics and notation for
(co-)multiplication, (co-)unit, antipode, left and right (co-)action, and braiding are given
in Fig. 1, where H is a Hopf algebra and M is an H-module (H-comodule).
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HY H AHY H A

HA H A H AHY N
\
a) WH#A b) ufﬁf‘ C) LHY #(H#A)
Figure 2:

Duality results

Let H be a Hopf algebra with an invertible antipode in a braided monoidal category C,
A be an algebra in the monoidal category Cp of right H-modules. For these data, one
can equip the object H®A with a structure of algebra in C [8]. Multiplication pip44 in
this cross product algebra H#A is given by the diagram in Fig. 2a. The object H#A

equipped with the right H"-module structure uflﬁf given in Fig. 2b becomes an algebra in

the category 5( HY)op- Multiplication vy g4 4 in the cross product algebra H VH#(H#A)
is given by the diagram in Fig. 2c.

Let us consider the category Cﬁ 4 whose objects X are right Hopf H-modules (i.e.,
right H-modules and right H-comodules satisfying the compatibility condition presented
in Fig. 3a) and right A-modules in Cy (i.e., action pX, : X®A — X is an H-module
morphism as shown in Fig. 3b) with the additional connection between A-action and
H-coaction given in Fig. 3c.

Proposition 1. There exists an isomorphism between categories Cg’A and Cpvau(H#A)-
Functors that set this equivalence are identical on underlying objects and morphism from C.
For given (X, uijAfH,qu) € Obj (Cg,A)’ the structure of the (HY#(H#A))-module
on X s given by the composition

X .
Al ®idyvgrea

pp = {X®H ' ©H®A XQHOH'QH®A
idX®ev®idH®A X®H®A Mo, H® A X A NTA X} )

An 7 A-valued matrix algebra” is an object HV®A®H equipped with multiplication
given by the composition

idH\/ ®A ®eV®idA®H

HY@AHQH'®A®H

idHV ®H'A ®1dH
—_—t

HYQAQAQH HY®ARH .

For a Hopf module X, endomorphism

idx®S

N(X) = {X 20 Xou X5 xou 17, x)
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a) Hopf module axiom b) A-module in Cy c)

Figure 3:

7 !

HYAH H

HY A H

H A
¢HV®A®H ¢HV®A®H,H ¢H\/®A®H
Figure 4:

is an idempotent. This idempotent plays a key role in the theory of Hopf modules [2] and
integration on braided Hopf algebras [3].

Proposition 2. There exists an isomorphism between categories CgA and CyveasH-
Functors that set this equivalence are identical on underlying objects and morphism from
C. For given (X, ,ufH, AfH,,qu) € Obj (cg,A), the structure of the (HY®A®H)-module
on X 1is given by the composition

X .
r,H®ldH\/ RAQH

XQHRH'®QAQH

A
lrpveaen = { XQOH ' @AQH

II(X)®ev@id ag 1 By

;U‘i(A@idH
X®A®H —“—— X®H —5 X}.

Conversely, for a given right (HYQAQH )-module (X, uva(@A@H), one can turn X into
an object of CgvA equipped with (co)actions

oh I
wy = {XeH 2 XoHVoAoH A, X
X ¢?IV®A®H /'Li(HV®A®H
pXy = {XeA 2 Xe Ve Ao SR XY
idx® I ®id
Ay = (X MxSOmvorsmi o pVe AnHH - eren ! X®H},

where morphisms ¢§IV®A®H7 OHYQARH,H s (ﬁgv@A@H are presented in Fig. 4.
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H\/
L A
HY H A
HY A H
¢ HY#(H#A) — HYRAQH o' HYRAQH — HY #(H#A)
Figure 5:
HA VH
HA VH H AVH H A VH
AN
H A VH %/
HAVH
a) (H#A)#Y H b) (H#A)#VH — HRAQVH c) HRAQVH — (H#A)#VH
Figure 6:

Corollary 3. There exists an algebra isomorphism ¢ : HY#(H#A) — H'QAQH shown
in Fig. 5 such that the corresponding isomorphism of categories CyveagH g Crva(H#A)
is given by the compositions of functors from Propositions 1, 2.

Proof. We put

3 HY H A
¢ = HSLI)V@)A@H o (¢HV®A®H®¢HV®A®H®¢HV®A®H) )

where

¢EX®A®H — {HV drvgagH,HOdgy HY9AoHOHQH MI{V@A@H}

and u® = po (u®id). Consideration of the regular (HY®A®H )-module implies that ¢
is an algebra isomorphism.

In the special case A = 1, we obtain the braided Heisenberg double H(H) := HV#H,
which is isomorphic to the matrix algebra HY®H (with multiplication idgyv®evy®idy),
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and an isomorphism between the category Cg of right Hopf H-modules and the category
Cy(my of H(H)-modules. See [3] for this special case and connection with integration on
braided Hopf algebras.

Remark. In a similar way, one can obtain another variant of the above construction, which
does not involve a skew antipode S~!. Let A € Obj(Cy) be a right H-module algebra.
One can turn the corresponding cross product algebra H# A into a left ¥ H-module algebra
with action uff; = (ev®idpgga) o (idv g @A F®id4). Multiplication in the corresponding
cross product algebra (H#A)#" H is given in Fig. 6a. Isomorphism between this algebra

and the ” A-valued matrix algebra” H®A®"VH and its inverse is given in Fig. 6b,c.
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Abstract

A set of travelling wave solutions of a system of PDE describing nonequilibrium pro-
cesses in relaxing media is investigated. These solutions satisfy a certain dynamic
system obtained from the initial one via the group theory reduction. The dynamic
system is shown to possess stochastic oscillatory-type solutions that might play role
of a non-trivial intermediate asymptotics for the initial system of PDE. Fine structure
of a strange attractor arising in the dynamic system is studied by means of Poincaré
sections technique.

The problem of description of a multicomponent medium subjected to high-rate high-
intense load actually is far from being solved. The classical continual models are not valid
for this purpose since high-rate load induces irreversible processes of energy exchange be-
tween components and, besides, different structural changes or chemical reactions initiated
by shock wave propagation might take place. A route to the equilibrium in such systems is
rather difficult to analyze since the detailed mechanism of relaxation in most cases remains
unknown. Yet for the processes that are not far from equilibrium, individual features turn
out to be unessential and irreversible thermodynamics formalism may be employed in or-
der to construct constitutive equations [1-4]. In the early 90-th, V.A. Danylenko [5, 6]
proposed to describe pulse load afteraction in active and relaxing media with the help of
the following equations:

du 9p dp ou

pdt+8x_\y’ dt+pax_o’

dp _ dp wy g @+ w1 |2 @2_@ (1)
Ta " Xa” TP a2 "7 | p \ae di?

The first two equations of system (1) represent the standard balance equations for mass
and momentum, taken in hydrodynamic approximation. The third equation called the dy-
namic equation of state contains the information about relaxing properties of the medium.
Its parameters have following physical meaning: 7 is the relaxation time, x is the volume
viscosity coefficient, h is the coefficient of structural relaxation, n = 1 4+ I'yoo, ['veo
is the isochoric Gruneisen coefficient [7, 5], \/k is proportional to the sound velocity in
equilibrium.
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Fig.1. Bifurcation diagram of system (4) in the
7 plane (D?, k), obtained for 3 = —0.8 and ¢ =
—1.25. Solid line corresponds to a Hopf bifurca-
tion while the dotted lines correspond to a twin
cycle bifurcation

.02

System (1) was investigated by means of asymptotic methods and within this ap-
proach it was shown the existence of various non-trivial solutions (periodic, quasiperiodic,
soliton-like) [6, 8] in the long wave approximation. In this work, we put up the problem
of investigation of some class of exact solutions that might play a role of intermediate
asymptotics [9, 10] for the Cauchy (boundary-value) problems, connected with strong
pulse load afteraction and to study conditions leading to the wave patterns formation.
These solutions satisfy an ODE system obtained from the initial PDE system by group-
theoretic reduction. The ODE system is studied both by analytical tools and numerical
methods enabling to state the existence of domains in the parametric space corresponding
to stochastic autowave solutions.

It is well known that symmetry properties of a given system of PDE can be employed
to reduce the number of independent variables [11]. In the case of one spatial variable,
this procedure gives rise to an ODE system. By straightforward calculation, one can check
that system (1) is invariant under the Galilei algebra AG(1,1) spanned by the following
operators:

~ ) ~ 0 N 0 0
Py = —, pP=—, G=t—+—.
LT ' o oz " ou
If & = vp(*t1/2 then system (1) admits an extra one-parameter group generated by the
operator

2 x@x

To the end of this work, we shall analyze the case where I'y o is negligible small (and,
hence, n = 1). Without loss of generality, we may assume that 7 = xy = 1 and the third
(constitutive) equation of system (1) contains only two dimensionless parameters.

A passage from system (1) to a subsequent system of ODE will be performed with the
help of the following ansatz

u=D+U(w), w=x—Dt, p=explét+Sw)], p=pZ(w), (2)

built on invariants of the first-order operator

X =P+ P +¢R, (3)
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Fig.2. Period doubling bifurcation in system (4) . 8 = —0.8, £ = —1.25, k = 0.05, v = k&/D. For case a:
D =/3; for case b: D = /3.2; for case ¢: D = +/3.7; for case d: D = +/3.71

Inserting (2) into the formula (1), we obtain an ODE system cyclic with respect to the
variable S. If one introduces a new variable W = dU/dw = U, then the following dynamic
system is obtained:

UU =UW,
UZ =~U+EZ+W(Z—-U?) = ¢, (4)
UW = [8(1 - U " Y Mo+ Z -k + W[l - MZ]} —W?,
where = -h <0, M =1— €.
The only critical point of system (4) belonging to the physical parameter range (i.e.,

lying in the half-space Z > 0 beyond the manifold UB(1 — U?) = 0) is a point A having
the coordinates

Up=—kE/v, Zo=kr, Wo=0.

We are going to analyze localized solutions of system (4) in the vicinity of this point.

To begin with, note that the critical point A(Uy, k, 0) corresponds, under certain
conditions, to an invariant stationary solution of system (1). Indeed, consider a set of
time-independent functions belonging to family (2). A simple calculation shows that
functions satisfying the above requirements should have the following form

up =Up+ D, U= const, p1=poexp({x/D), p1= Zop1.

These functions will satisfy system (1) if v = k§/D (Up = —D) and Zy = x. Note that the
parameter £ has a clear physical interpretation as defining an inclination of inhomogeneity
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Fig.3. Patterns of chaotic trajectories of system (14). 8 = —0.8, £ = —1.25, k = 0.05, v = k¢/D. For
case a: D = +/3.73; for case —it b: D = /3.75; for case ¢: D = 1/3.83; for case d: D = 1/4.299

of the time-independent invariant solution represented by the critical point A(—D, &, 0).
In what follows, we assume the validity of the above conditions.

Let us introduce new variables X = U + D, Y = Z — k In the coordinates X, Y, W,
system (4) may be rewritten as follows:

d X 0, 0, Uy X H,
d_T Y = 7> 57 A Y + Hy (5)
W Ly, L&+ G, o W Hy

where d(+)/dT = Ud(-)/dw, L = M/K, G1 = K™}, K=p81-U3), A=x-U}, 0 =
(1 - MDZ)/Ka

Hy=WX,  Hy=WI[Y - X(X +2U))],

Hy = 22U XB(LyX + LEY + oW) /K — W(2UoLX + W) — LW X2%(1 + 2Up3/K)+ (6)

8(1+4U2B/K) X*(LyX + LEY + oW)/K + O(X %, [Y ', [W[?).

We are going to analyze the case where the matrix M standing on the RHS of equation (5)
has one negative eigenvalue A\ = a < 0 and a pair of pure imaginary eigenvalues Ay 3 =
+iQ). Taking into account that function U(w) standing on the LHS of equation (4) is

negative in the vicinity of the critical point, we can write down the above conditions as
follows:

a=—[¢B+1)-D’/K <0 (7)

Q*=(—rk+D*)/K >0 (8)
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-1.10

-1.18 ],

Fig.4. Bifurcation diagram of system (14)
in the plane (D%, U). g = —08, ¢ =
—1.25, k =0.05, v = k&/D.

~1.230 |

-1.258 g

-1.30

3.70 3.5 3,80 3.85 3.90 3.95 4,00 3.05 4,10
a? = k¢ /K (9)

On analyzing relations (7)—(9), one concludes that positiveness of ¢ leads to the inequality
x > D?. But this relation is unacceptable since it implies instability of the corresponding
wave pack in the limiting case where h = 0 [12, 13].

So let £ < 0 (and, hence, K > 0). We may then rewrite relations (7)—(9) as

14+¢8>D?>k—¢, (10)
_ (E+1-D*(E+D?
AR ORI A VR (1)

Equation (11) was solved numerically for § = —0.8 and § = —1.25 (see Fig.1, where
function x(D?) is plotted by the solid line). One can easily get convinced that, for the
given values of the parameters ¢ and [, the segment of curve (11) lying in the positive
half-plane k > 0 belongs to the open set defined by inequalities (10).

We employed the curve given by equation (11) (a Hopf bifurcation curve [14]) as a
starting point for our numerical study. On the opposite sides of this curve stability types
of the critical point are different. It is a stable focus beneath the curve and an unstable
focus above the curve. The local change of stability can be induced by different global
processes: by the unstable limit cycle disappearance (subcritical Hopf bifurcation) or by
the stable limit cycle creation (supercritical Hopf bifurcation).

A local stability analysis based on the central manifold theorem and Poincaré normal
forms technique [14, 15] shows that the neutral stability curve (11) may be divided into
three parts. The domain lying between the values Di? = 1.354076 and Do? = 1.693168
corresponds to the subcritical Hopf bifurcation while two other segments correspond to
the supercritical one. Thus, the dynamic system’s solutions change in a different way with
growth of the parameter x when D? is fixed. If 1.354076 < D? < 1.693168, then solutions
of the system become globally unstable and tend to infinity after the Hopf bifurcation
takes place. In the case where D? is beyond this interval, the growth of the parameter &
leads to the self-oscillating solutions appearance. The amplitudes of oscillations grow with
parameter’s £ growth until one of the twin cycle bifurcation curves (shown on Fig.1 as
dotted lines) is attained. Above these curves, system (4) again becomes globally unstable.
Numerical experiments show that twin cycle bifurcation curves are attached with one end
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Fig.5. Phase portraits of system (14) obtained a: for D* = /3.91; b: for D* = /3.789; ¢, d: for
D? = 1/4.005

to the Hopf bifurcation curve (11) just at the point where the type of the Hopf bifurcation
is changed. In addition, it was shown that system (4) has in these points stable limit
cycles surrounded by unstable ones, These unstable attractors cannot be associated with
the self-oscillating regimes — in contrast to them, they are not manifested explicitly. On
the other hand, the unstable cycles restrict the development of self-oscillations that grow
with growth of the parameter x. The domain of the unstable limit cycle existence in the
parameter space (k, D?) is restricted by the subcritical branch of the Hopf bifurcation curve
from one side and the bifurcation curves of twin cycles (having one of the multipliers equal
to unity) from another. On the intersection of the system’s parameters of both of these
curves, the unstable limiting cycle disappears (note that when the parameters approach
the Hopf bifurcation curve, a radius of the periodic trajectory tends to zero, while the
cycle disappears with non-zero amplitude on the dotted curves).

The above analysis suggests that another direction of movement in the parametric space
should be tried. Below we describe scenario obtained in the case where the parameter D?
is varied, while the rest of parameters are fixed as follows: § = —0.8, £ = —1.25, k = 0.05.

So, at D? = 1.927178, a stable limit cycle appears. The amplitude of the limit cycle
grows within some interval when D? grows (for D? = 3, it is shown in Fig.2a). But
finally, the limit cycle loses stability giving rise to another cycle with approximately two
times greater period (27-cycle). The 2T cycle obtained for D? = 3.2 is shown in Fig.2b.
This cycle also loses stability when D? approaches a certain critical value at which the
4T-period cycle arises (Fig.2¢ shows 4T cycle obtained for D? = 3.7). Further growth of
the parameter D? is accompanied by creation of the series of cycles having periods 8T
(Fig.2d at D? = 3.71), 16T, ..., 2"T. The period-doubling cascade of bifurcation is well
known in the theory of non-linear oscillation [15-17]. Very often it leads to the appearance
stochastic regimes (strange attractors).
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Fig.6. Bifurcation diagrams of system (14) in the vicinity of the period 37 window obtained (a) when the
parameter D? increases and (b) when the parameter D? decreases

In fact, system (4) has a strange attractor. Within the interval 3.7288 < D? < 3.8328,
it has a band structure. Four bands may be seen in Fig.3a corresponding to D? = 3.73,
while in Fig.3b, corresponding to D? = 3.75, trajectories form only two bands. On a
further growth of the parameter D?, narrow chaotic bands join each other (this process
is known as a "reverse” period-doubling cascade) and finally give rise to a Rossler-type
attractor, covering a certain domain of the phase space (it is seen in Fig.3¢ obtained for
D? = 3.833). An outlook of the strange attractor just before the destruction taking place
at D? = 4.3 is shown in Fig.3d. Specific hump on the right edge of the attractor suggests
that its destruction results from the interaction with a homoclinic loop.

The detailed investigation of the zone of chaotic oscillations enables us to see (Fig.4)
that chaotic patterns are inhomogeneous, including domains with periodic movements
where the system has the cyclic solutions with periods that are different from 2"7T. To
investigate a fine structure of the chaotic zone, the bifurcation diagrams technique [17,
18] is employed.

A plane W = 0 was chosen as a Poincaré section plane in numerical experiments. Only
those points were taken into consideration that correspond to the trajectories moving from
the half-space W > 0 towards its supplement.

Employment of the Poincaré sections technique enables us to conclude that there exist
well-known period 57 and 67 domains (Fig.5a and 5b obtained for D? = 3.91 and D? =
3.789, respectively) predicted by the Sharkovskij theorem [19, 15]. In addition, it was
stated another features of the chaotic domain inherent to the system under consideration.
The most characteristic property of this attractor is as follows. The period 37T domain
of system (4) manifests hysteresis features. There exist simultaneously two attractors: a
chaotic attractor and a period 37T attractor (seen in Fig.5¢ and 5d, both obtained for D? =
4.005). Scenario of the patterns development on this interval depends on the direction of
movement along the parameter D? values. Parameter’s D? increasing causes in the period
3T a supercritical bifurcation (Fig.6a). The attractor created in this way has a band
structure. When parameter D? decreases, the 3-band chaotic attractor undergoes to the
inverse cascade of period doubling bifurcations 3-2" -7, 3-2"~1.T ... 6T, 3T, finally
giving rise to the twin cycle bifurcation resulting in the stable and unstable period 3T
attractor creations followed by the passage to the advanced chaotic regime (Fig.6b).

Thus, the domain of the coexistence of two attractors is restricted by the twin cycle
bifurcation curve from one side and crisis of the strange attractor [20, 21] from another.
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For k = 0.03 and x = 0.02, a similar scenario was observed, this time for significantly
greater values of the parameter D?. It seems that a chaotic attractor does not exist when
k < 0.01.

Concluding remarks

The goal of this work was to study a certain class of solutions of system (1) describing
nonequilibrium processes in multicomponent relaxing media, namely the travelling wave
solutions satisfying the ODE system (4). From both qualitative analysis and numerical
simulations, it has been observed that a wide variety of regimes can be exhibited by
this dynamic system — from multiperiodic to chaotic. The existence of these complicated
regimes occurs to be possible due to the complex interaction of non-linear terms with
terms describing relaxing properties of the medium.

To realize an influence of relaxing features on the patterns formation, it is useful to
compare the results of this work with the investigations undertaken in [22], where pro-
cesses described by the first-order governing equation were considered and merely periodic
solutions were shown to exist. Thus, the existence of stochastic invariant solutions of sys-
tem (1) is directly linked with the presence of higher-derivative terms in the governing
(constitutive) equation.

Of special interest is the fact that system (1) possesses complicated travelling wave
solutions provided that an external force of special form is present. Let us note that
thus far oscillating invariant solutions in hydrodynamic-type systems have been obtained
merely in the presence of mass forces [23, 24] that seem to play the key role in the invariant
wave patterns formation.

From the numerical study of dynamic system (4), it is also seen that complex oscillating
regimes exist over a wide range of parameter’s D values, so the bifurcation phenomena as
well as the patterns formation can occur practically at arbitrarily large values of the Mach
number. Note, that this conclusion is in agreement with the well-known results obtained
by Erpenbeck, Fickett and Wood and several other authors, studying stability conditions
for overpressurized detonation waves (for comprehensive survey, see, e.g., [25]).
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Abstract

The group transformation theoretic approach is applied to present an analytic study
of the steady state temperature distribution in a general triangular region, €2, for given
boundary conditions, along two boundaries, in a form of polynomial functions in any

[39we b

degree “n”, as well as the study of heat flux along the third boundary. The Laplace’s
equation has been reduced to a second order linear ordinary differential equation with
appropriate boundary conditions. Analytical solution has been obtained for different
shapes of ) and different boundary conditions.

1 Introduction

The Laplace’s equation arises in many branches of physics attracts a wide band of re-
searchers. Electrostatic potential, temperature in the case of a steady state heat conduc-
tion, velocity potential in the case of steady irrotational flow of ideal fluid, concentration
of a substance that is diffusing through solid, and displacements of a two-dimensional
membrane in equilibrium state, are counter examples in which the Laplace’s equation is
satisfied.

The mathematical technique used in the present analysis is the parameter-group trans-
formation. The group methods, as a class of methods which lead to reduction of the
number of independent variables, were first introduced by Birkhoff [4] in 1948, where he
made use of one-parameter transformation groups. In 1952, Morgan [6] presented a the-
ory which has led to improvements over earlier similarity methods. The method has been
applied intensively by Abd-el-Malek et al. [1-3].

In this work, we present a general procedure for applying a one-parameter group trans-
formation to the Laplace’s equation in a triangular domain. Under the transformation, the
partial differential equation with boundary conditions in polynomial form, of any degree,
is reduced to an ordinary differential equation with the appropriate corresponding condi-
tions. The equation is then solved analytically for some forms of the triangular domain
and boundary conditions.
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2 Mathematical formulation

The governing equation, for the distribution of temperature T'(x,y), is given

T T
W—i_(‘?—yz =0, (z,y) € Q (2.1)

with the following boundary conditions:
(12) T(z,y) =Pz", (z,y) € Lo,

We seek for the distribution of the temperature T'(x,y) inside the domain € and the heat
flux across L3 with

(2.2)

Li: y=xtan Py,
Ly y= —xtan ®q,
Ly: y=xtan®3+b, b#D0,

n € {0,1,2,3,...}, a, § are constants.
Write

T(z,y) = w(z,y)q(x),  qlz)#0in Q.
Hence, (2.1) and (2.2) take the form:

0? 0w ow dq d%q
- 4+ 2= - — L = 2.
a(w) <85L‘2 * 8y2> + O dx +wd:l:2 0 (23)
with the boundary conditions:
. ax™
(Z) w(x,y): ) (xvy) €L17
%(x) (2.4)
" '
) w(x,y) = , x,y) € Lo.

3 Solution of the problem

The method of solution depends on the application of a one-parameter group transforma-
tion to the partial differential equation (2.1). Under this transformation, two independent
variables will be reduced by one and the differential equation (2.1) transforms into an
ordinary differential equation in only one independent variable, which is the similarity
variable.

3.1 The group systematic formulation

The procedure is initiated with the group G, a class of transformation of one-parameter

“a” of the form

G: S=C%a)S+ K*(a), (3.1)

where S stands for x, y, w, ¢ and the C’s and K’s are real-valued and at least differentiable
in the real argument “a”.
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3.2 The invariance analysis

To transform the differential equation, transformations of the derivatives are obtained
from G via chain-rule operations:

e - cs _ ‘
S; = (E) s S;; = (m) Sij7 =Y, =Y,

where S stands for w and q.
Equation (2.3) is said to be invariantly transformed whenever

1(Wrz + Wyy) + 205 + Wzz = Hi(a) [g(wer + wyy) + 20s4s + wGas] (3.2)

for some function Hj(a) which may be a constant.
Substitution from equations (3.1) into equation (3.2) for the independent variables, the
functions and their partial derivatives yields

e ([%] Wag + [%} wyy) +2 [%} Wa Gy + {%] Wz + &1(a) =
Hi(a) [q(was + wyy) + 2Weqe + W] ,

(3.3)

where

ate) = 00 (5 + ) + | oo oo

The invariance of (3.3) implies & (a) = 0. This is satisfied by putting
Ki=K"=0

and

)= 1] = o

which yields
c* =(Cv.
Moreover, the boundary conditions (2.4) are also invariant in form, that implies
K*=K1=K" =0, and CICY = (C")".

Finally, we get the one-parameter group G which transforms invariantly the differential
equation (2.3) and the boundary conditions (2.4). The group G is of the form

T=C%

y=C%+ KY
G:{w=C%w

_ (C:B)TL
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3.3 The complete set of absolute invariants

Our aim is to make use of group methods to represent the problem in the form of an
ordinary differential equation (similarity representation) in a single independent variable
(similarity variable). Then we have to proceed in our analysis to obtain a complete set
of absolute invariants. In addition to the absolute invariants of the independent variable,
there are two absolute invariant of the dependent variables w and gq.

If n = n(x,y) is the absolute invariant of independent variables, then

are two absolute invariants corresponding to w and g. The application of a basic theorem
in group theory, see [5], states that: function g(x,y;w,q) is an absolute invariant of a
one-parameter group if it satisfies the following first-order linear differential equation

4
0
D (i + B g =0 (3.4)

i=1
where S; stands for x, y, w and q, respectively, and

oc% oK%
i = T = ) = 1725 747
« 5 (a”) and [ 5 (a”) i 3

where a® denotes the value of “a” which yields the identity element of the group.

From which we get: a3 = as and 81 = 83 = 64 = 0. We take 85 = 0.

At first, we seek the absolute invariants of independent variables. Owing to equa-
tion (3.4), n(z,y) is an absolute invariant if it satisfies the first-order partial differential
equation

dn  On
m%+y8—y_0’

which has a solution in the form

n(z,y) = % (3.5)

The second step is to obtain the absolute invariant of the dependent variables w and q.
Applying (3.4), we get q(z) = R(z)0(n).

Since g(x) and R(x) are independent of y, while 7 is a function of = and y, then 6(n)
must be a constant, say #(n) = 1, and from which

q(z) = R(z), (3.6)

and the second absolute invariant is:

w(z,y) =T(x)F(n). (3.7)
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4 The reduction to an ordinary differential equation

As the general analysis proceeds, the established forms of the dependent and independent
absolute invariants are used to an obtain ordinary differential equation. Generally, the
absolute invariant 7(z,y) has the form given in (3.5).

Substituting from (3.6), (3.7) into equation (2.3) yields

d’F 1dl'  1dR dF
i) —= -2 (=—F+=—)z—1| —
(" + )d772 g deJerx * d77+

4.1
{m?r 2 dRdl ldQ_R (41)

22F = 0.

fw—i_RFdzdx_’—Rdxz

For (4.1) to be reduced to an expression in the single independent invariant 7, the
coefficients in (4.1) should be constants or functions of 7. Thus,

1dl’ 1dR

2 2

<%%+%%%+%%> 2% = Cy. (4.3)
It follows, then, from (4.2) that:

[(z)R(z) = C3z°.
Also, from (4.2) and (4.3) we can show that

Cy = C1(C1 —1).
By taking C3 = 1 and C] = n, we get

(n? + 1)F" —2n(n — 1)F' +n(n—1)F = 0. (4.4)
Under the similarity variable 7, the boundary conditions are:

F(tan®;) = a, F(—tan ®9) = 3, (4.5)

such that the boundary L; or Ly does not coincide with the vertical axis.

5 Analytic solution

Solution corresponds to: n =10

Equation (4.4) takes the form:
(N + 1)F" +2nF' = 0.

Its solution with the aid of boundary conditions (4.5) is presented as

1

Flp) = —
(n) b1+ Py

[(a = B) tan~" 0+ B + ady]



Group Method Analysis of the Potential Equation 423

and from which

1
T(z,y) = o (o — B) tan™" (%) + B®; + oz%] .
Heat flux across Ls:
oT oT oT
= = ——sin®3 + — cos 3.
o (z,y) L 5y S0 @3 + ay cos @3

Hence, we get:

oT . 08—« Y oa— 0 T
gl — _sin® P .
o), = s () () v (i) (w5

Solution corresponds to: n > 1

(3] (23]
_ E(T 2k ﬁ k n 2k+1
R =803 (1) (o )™+ 2 o 0" (5%, ) (5.1
and from which we get
0, ,, 122 )
_ Y 2%, n—2k , 0L Y 2%+1, n—2k—1
Tog) =0 31 (5, )P+ S ot ()
k=0 k=0
orT ) by .
%(.%,y) . = bo[— sin q)gM()’l + cos (I>3M0’2] + E[— sin (I>3M1’1 + cos (I>3M1’2].
3
Applying the boundary conditions (4.5), we get:
b
a = bozp,1 + Elzl,lj (5.2)
by
B =boz02 + —212 (5.3)
n
where
25 )
k 2k, n—2k—1
Moy = > (=1)"(n - 2k) <2k ) x ,
k=0
257 )
_ k(e oL 2k-+1, n—2k—2

My = Z(—l)k@k) <2T;€ ) ka—lxn—2k7
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3 3
S [ Y e

k=0 k=0

o ) )
20,2 = Z(_l)k <2k ) tan?* @y, 212 = Z(—l)k <2k 1 > tanZFt1 @,

k=0 k=0

Solving (5.2) and (5.3) for the given value of “n” we get by and b;.

6 Special Cases

Case 1: Boundary conditions with different degrees of polynomials
The governing equation is given as

0*T 9T
- - D [¢)

with the following boundary conditions:

(i) T(z,y) =azb (2,9) € L,
(”) T(x,y) - 61'57 (.1‘, y) € Lo,

and (I)l == 600, (I)Q = 450, (I)g =0°.
From the principle of superposition, write
T(CC, y) = Tl(x7 y) + TZ(xv y)7

where the boundary conditions for T} (z,y) are:

(i) T(z,y) =azb (2,y)€ L,
(”) T(x7y) = Ov (.TU, y) € Lg,

and the boundary conditions for Th(z,y) are:

(Z) T(x7y) = 07 (l’,y) € Lla
(“) T(:I:hy) = 6‘7357 (.T,y) € Lo.

Setting n = 6 in the general solution (5.1), we get:

a
Ti(w,y) = g (2" = 15yt 4+ 15y"2” — ),
— = ———(bx” — 10b b*).

Setting n = 5 in the general solution (5.1), we get:
Ty(x,y) = 4(1_ﬁ\/§) V3(2® — 10y%° + 5y*a) + (sya? — 10y%0% + 7)),
T, 50
8—n($, y) L3: m [—4b\/§($3 — bzl') + ($4 — 6()21'2 =+ b4)i| .
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Hence, the analytic solution has the form

T(x,y) = 6%(?66 — 15y%a* + 15y"2* — %)+

& V3(25 2.3 4 4 3,2 .5
—— |V3(z® — 10y“z” + by ) + (byx™ — 10y°z* + ,
4(1_\/5){ ( y y'z) + (5y y y)}
and
or _ 3ab,,_ 4 9 9 . 4
o (x,y) LS T3 (5z™ — 10b°z" 4+ b*)+
50
— | —4bV3(a® — bP2) + (¢t — 602 4+ bY)| .
4(1—/3) ( )+ )]

Case 2: One of the boundaries is vertical

The governing equation is given by

o*T  8°T
- 42 0 1
a2 T =0 Wye (6.1)

with the following boundary conditions:
(,L) T(x7y) = ay”? (-’B,y) € Ll: (62)
(i) T(z,y)=pPz", (z,y) € Lo,

and &, = g

Write

T(x,y) =w(@,y)q(y), aly) Z0 in Q.
Hence, (6.1) and (6.2) take the form:

Pw  Pw ow dq d?q
o7 72 ~ 2 =0 6.3
q(y)<8x2+ay2>+ ydy TP (6.3)
with the boundary conditions:
. ay”
1) w(x,y) = , x,y) € Ly,
g pBx"
1) w(x,y) = —r, x,y) € Lo.

Applying the invariant analysis, we get:

T

T=C%
y=C%
G:{w=C%

and the absolute invariant n(x,y) is:

n(z,y) = " (6.4)
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The complete set of the absolute invariant corresponding to w and ¢ are:

q(y) = R(y), (6.5)

w(z,y) = L(y)F(n). (6.6)
Substituting (6.4)—(6.6) in (6.3), with I'(y)R(y) = y", we get:

(n? + 1)F" —2n(n — 1)F' +n(n—1)F = 0. (6.7)
Under the similarity variable 7, the boundary conditions are:

F(0) = a, (6.8)

F(—cot g) = (— cot P2)" 0.
For n = 0: Solution of (6.7) with the boundary conditions (6.8) is:

T(x,y) = f-a tan™! <§> + a.

5 + @2
The heat flux across Ls is:
oT a—_

1
= (ysin @3 + x cos P3).

For n > 1: Solution of (6.7) with the boundary conditions (6.8) is:
(5] " 2\ 2 by [%57] n 2\ 21
T =0 >0 (5 ) (2) e 2 et (0 ) (B) e
k=0 k=0
where
bo = a, (6.9)
g E( T 2k b1 = k+1 n 2k+1
B(—cot Po)" = by ;0(—1) <2/~€ > cot (I)2+E kz_o (—1)FF (2k: 1 > cot?* 1 ®4.(6.10)

Solving (6.9) and (6.10) for the given value of “n” we get by and b;.
The heat flux across L3 is:

oT b
8—(93, y)| = bo[—sin ®3No 1 + cos P3Ngo] + — [~ sin® — 3N 1 + cos P3Ny o] ,
n L3 n
where
3]
k 2k—1_ n—2k
Nos =3 (-1t (57 ) e
k=0
(5]
_ _1\k 2k, n—2k—1
k=0
(5] .
_ _1\k(, 2k, n—2k—1
Noz= Y (-1)*n 2k)<2k>a: y ,
k=0
[52]

n n—2k—
Nig = Z (-1 —2k—1) <2k 41 >:U2k+1y k=2,
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Case 3: (1)1:@2:%, CI)3:0

From (5.2), (5.3) and ®; = &3 = %, we find that n = 2.

The governing equation is given by

T | T _

922 + o 0, (z,y) € Q (6.11)

with the following boundary conditions:

(i) T(z,y) = az?, (z,y) € L1,

() Tlw,y)=—as,  (5,9) € La. (6.12)
Write
T(x,y) =w(z,y)q(x),  qx)#0 n €
Hence, (6.11) and (6.12) take the form:
Pw 0w ow dq d%q
gw, vw bt | 21 .
a() <8x2 * 8y2) 0z dz Va2 (6.13)
with the boundary conditions:
() wiew) =2 @a)el
3 = 1 z, )
Y 2(z) Y 1
2
ax
1) wIr,y) = ———, xz,y) € Lo.
Applying the invariant analysis, we get:
T=C%
y=C"+ KY
G:{w=C"w
_ (Cx)2
and the absolute invariant n(z,y) is:
Y
n(z,y)