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Abstract 2

Three out of four fundamental interactions of nature (i.e., strong, weak, and electromag-
netic) are very well explained by suitable gauge theories. These strong, weak and electro-
magnetic interactions are described by SU(3) x SU(2) x U(1) gauge group on which the
standard model of particle physics is based. Gauge theories are very well studied at the
classical level but there is a problem in quantization. BRST formulation is one of the most
intuitive theoretical approaches to quantize gauge theories of any kind. This formulation
also helps in the proof of unitary and it is very handy in the context of renormalization.

The consequences of BRST invariance (formulated as Slavnov-Taylor identities) are cen-
tral to the discussion of renormalizability, unitarity and the gauge independence of the
non-Abelian gauge theory. The attempts that offer a reformulation and simplification of the
understanding of BRST formulation have significance in the realm of particle physics.

The most important and useful generalization, known as the finite field-dependent BRST
(FFBRST) transformation, is the one where the transformation parameter is finite and field
dependent and it does not depend on the space-time explicitly. The speciality of such
transformation is that these are also symmetry of the FP effective action but the path
integral measure (in the generating functional) is not invariant under these and leads to non-
trivial Jacobian. The non-trivial Jacobian of functional measure, under such transformation,
gives rise to various interesting applications in gauge field theories. For example, these
transformations connect theories in two different gauges by choosing a particular finite field
dependent parameter

In this thesis, we would like to mention the various forms of BRST symmetry transfor-
mation and find new applications of BRST transformation in gauge field theories. We would
also analyze the BRST symmetry generalizations and its applications to different gauge field

theoretic models which are of interest in theoretical physics.
Detail contents of different chapters are as follows:
In the first chapter, we discuss the importance of gauge theories, BRST symmetry

transformations and its generalizations with applications, basic techniques of field /anti-field

formulation (BV formulation) for quantization of gauge theories, quantum gauge transfor-
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mations and its importance with applications and the superspace description of topological
field theories (particularly, CS theory and BF model)

The different mathematical techniques or Methodology of FFBRST transformation and
BV (field/anti-field) formulation in brief have been discussed in the second chapter.

In chapter three, we show the application of FFBRST transformation to 3-form gauge
theory. A 3-form gauge field theory is subject of interest as a 3-form field arises naturally
in M-theory. The 3-form field automatically appears when multiple M2-branes are used
to study Mb5-branes. We establish a connection between the noncovariant gauge and the
covariant gauge in 3-form gauge theory using FFBRST transformation. In order to do so,
we construct an infinitesimal but field dependent parameter and calculate the infinitesimal
change in the Jacobian. This Jacobian adds some extra pieces to the effective action of the
theory in covariant gauge which, in turn, reduces to the effective action in the noncovariant
gauge.

In chapter four, we consider a super-renormalizable theory of massless QED in (2 + 1)
dimensions and discuss its BRST symmetry. We derive the Nielsen identities by extending
the BRST transformation. Furthermore, we show that the Lowenstein-Zimmermann mass
containing Lowenstein-Zimmermann parameter, which is important in the BPHZL renor-
malization (along with the external sources coupled to the nonlinear BRST variations) can
appear naturally in the theory using the FFBRST transformations.

Chapter five is reserved for the study of quantum gauge transformations of Kalb and
Ramond theory (reducible gauge theory). We observe that under the gauge transformations,
the action of this reducible gauge theory remains form invariant but the gauge parameter
is shifted. Furthermore, we study the BRST symmetric gaugeon formalism by introducing
ghost fields and ghost of ghosts fields. After calculating BRST charge, we apply it on physical
state which removes the both the unphysical modes i.e. gauge as well as gaugeon mode.
This means that both the Gupta-Bleuler and the Kugo-Ojima type subsidiary conditions
are converted into single Kugo-Ojima type condition. At the end of this chapter, we study
the FFBRST symmetric transformations which introduce the gaugeon mode in reducible
gauge theory through the Jacobian.

Four dimensional topological BF model in the Landau gauge and its BRST transforma-
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tions are considered in chapter six. Further, we generalize the BSRT transformations by
making the transformation parameter finite and field dependent. The infinitesimal change
in the Jacobian corresponding to this field dependent parameter attributes a precious term
in the generating functional which is useful to connect the Lorentz gauge action of BF model
with the axial gauge action.

In chapter seven, we discuss the superspace description of CS theory in BV formula-
tion. We begin by extending all the fields of the theory by introducing the shift fields. The
main motivation behind this is that the anti-fields corresponding to each fields get identi-
fied. The extended action remains invariant under BRST symmetry together with the shift
symmetry. Both these symmetries together are known as the extended BRST symmetry.
This extended BRST invariant CS theory can be described in superspace using one extra
Grassmannian coordinate, while using two extra Grassmannian coordinates one can describe
both the extended BRST and extended anti-BRST invariant CS theory in superspace.

In chapter eight, we try to generalize the superspace formulation of BV action for BF
model. Particularly, we first consider BRST invariant BF model in the Landau gauge and
extend the BRST symmetry of the theory by including shift symmetry. By doing so, we find
that the anti-ghosts of shift symmetry get identified as anti-fields of the standard BV formu-
lation naturally. Further, we discuss a superspace formulation of extended BRST invariant
BF model. Here we see that one additional Grassmannian coordinate is required if action
admits only extended BRST symmetry. However, for both extended BRST and extended
anti-BRST invariant BF model, two additional Grassmannian coordinates are required for
their analysis.

In chapter nine the summary, results, conclusions and future perspectives have been

discussed.
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Chapter 1

Introduction

There are four types of fundamental interactions (i.e. Gravitational, Strong, Weak, and
Electromagnetic) that exist in nature. Out of these four fundamental interactions, only
three fundamental interactions (i.e. Strong, Weak, and Electromagnetic) are very well
explained by suitable gauge theories. These three fundamental interactions are well
described by the SU(3) x SU(2) x U(1) gauge group on which the standard model of
particle physics is based. The basic features of these gauge theories are their invariant
nature under some local transformations of gauge fields known as gauge transformations.
The gauge transformations play a crucial role in determining the structure of these
interactions. The associated group and algebra of gauge theories are called the Lie
group and Lie algebra, respectively. The Lie algebra plays an important role in defining
the representation of the gauge fields. If the generators of Lie group commute with
one-another, the associated gauge theories are known as the Abelian gauge theories.
However, if the generators do not commute among themselves then the associated gauge
theories are known as non-Abelian gauge theories. For example the U(1) gauge theory

is an Abelian gauge theory while the SU(N) gauge theory is a non-Abelian theory.

Gauge theories are very well studied at the classical level (but not at the quantum
level). For instance, when we study the gauge theories at quantum level, there are
redundancies in the gauge degree of freedom due to ill defined path integral. Also,
Green’s functions (an important ingredient in perturbative analysis of gauge theories)
are not well-defined at quantum level. Therefore, it is required to remove the redundant
degree of freedom from generating functional (path integral). In order to do so, we
need some additional gauge variant piece (commonly known as gauge-fixing term) in
the classical Lagrangian density such that the generating functional (and hence the

Green function) becomes well-defined. The resultant Lagrangian density consists of



gauge fields and arbitrary gauge parameter. In this way, we remove the problem of
over counting in generating functional. But the cost we pay is that our physical theory
turns into unphysical one which depends upon an arbitrary function of gauge field. In
order to revert it back to the physical one, the Faddeev-Popov (FP) ghost and anti-
ghost fields are introduced which do not participate in the physical Hilbert space of
the quantum gauge theory. The nomenclatures (anti-)ghost fields are justified due to
the violation of the spin and statistics relation as they are scalars satisfying the anti-
commutation property [1]. These ghost and anti-ghost fields counterbalance the effect
of arbitrary function present in the Lagrangian density and help in establishing the
unitarity of the theory. However, after introduction of these unphysical fields (ghost
and anti-ghost) in gauge-fixed Lagrangian density, the local gauge symmetry is broken
which causes difficulties in renormalization. The resulting effective Lagrangian density
is not invariant under a (local) gauge symmetry but is invariant under a new type of
symmetry transformation invented by C. Becchi, A. Rouet, R. Stora and I. V. Tyutin
independently [2, 3] which is known as BRST transformation. The so-called BRST
transformation is characterized by the fact that it is (i) infinitesimal, (ii) global (i.e.
does not depend on the space-time), and (iii) anti-commuting in nature (i.e. nilpotent

of order 2) and, hence, fermionic in nature.

The FP effective action, consisting of gauge-fixing and ghost parts, remains in-
variant under BRST transformation. The key property of this BRST transformation
is the nilpotency (of order 2). If the nilpotency of transformation is achieved by using
equations of motion of any fields then this is known as the on-shell nilpotency. However,
the off-shell nilpotency does not require any use of equations of motion. Remarkably,
one can switch from the on-shell nilpotency to the off-shell nilpotency by introducing a

Nakanishi-Lautrup type of auxiliary fields in the theory.

The BRST symmetry is prodigiously important in quantizing different gauge field
theoretic models and greatly promotes the renormalization program [2-5]. However, the
standard BRST quantization of gauge theories has found certain limitations. To improve
this situation, I. A. Batalin and G. A. Vilkovisky gave a potent technique to quantize the
wider class of gauge theories (including open or reducible gauge theories) known as BV
formulation [4-8]. According to the BV formulation, one introduces anti-fields ¢* (with

opposite statistics) corresponding to each fields ¢ with ghost number —gh(¢) — 1, where



gh(¢) refers to the ghost number of the fields ¢. This formulation is also known as the
field/anti-field formulation and BV-BRST formulation. Due to anti-fields, the effective
action gets extended and this extended action satisfies certain affluent mathematical
formula known as quantum master equation which reflects the gauge symmetry in the
zeroth-order of anti-fields and, in the first-order of anti-fields, it reflects the nilpotency
of BRST transformation. The importance of this extended quantum action can be seen
as the frame of gauge theories which are always endowed with first-class constraints
in the language of Dirac’s constraints analysis [9-12]. BV formulation is also useful in
quantizing theories with the second-class constraints by converting them into the first-
class in an extended phase space [2, 9, 11-13]. This was done first by 1. A. Batalin, E. S.
Fradkin and I. V. Tyutin [14, 15] which was further applied to various models [16-20].
Furthermore, a more general technique was introduced by I. A. Batalin, E. S. Fradkin
and G. A. Vilkovisky which was completely different from earlier Dirac’s method and
known as the BFV quantization [7, 21, 22]. The main features of the BFV approach are
the following: (i) it does not require closure off-shell of the gauge algebra and therefore
does not need an auxiliary fields, (ii) this formalism relies on BRST transformation
which is independent of gauge-fixing condition, and (iii) it is also applicable to the

first-order Lagrangian density of the quantum gauge models.

To understand the BRST formalism geometrically, the well known superfield and
superspace approaches provide a better grasp of the mathematical properties associ-
ated with the nilpotent BRST and anti-BRST symmetries and their corresponding
generators (i.e. nilpotent conserved charges) [23-30]. In these formulations, BRST and
anti-BRST symmetry transformations of gauge theories are realized on equal footing.
Superspace is the extension of usual Minkowski space with extra scalar anticommuting
coordinates. BRST and anti-BRST symmetry transformations are simply realized as
translations along these anticommuting directions. Hence, the Ward-Takahasi (WT)
identities are expressed in a very simple form (in the superspace formulation) leading
to many applications in renormalization problems. A superspace description of the BV
formalism has been studied in the context of many gauge theories [31-39]. For instance,
these are studied in non-Abelian gauge theory [34], higher derivative theory [37], higher
form gauge theory [38], topological Chern-Simons theory [39], perturbative gravity [40],
FRW-model [41-43], ABJM theory [44] and in M-theory [45].



The BRST transformation has been generalized in many different ways in the past.
For example, M. Lavelle and D. Mcmullan have found a generalized BRST symmetry for
quantum electrodynamics (QED) which is non-local and non-covariant [46]. Their mo-
tivation was to refine the characterization of physical states given by the BRST charge.
Further generalization of BRST transformation was done by Z. Tang and D. Finkelstein
in which they found a non-local but covariant BRST symmetry [47]. The drawback of
such a generalized BRST symmetry was that this was not nilpotent generally and re-
quired additional conditions (in auxiliary field formulation) to make them nilpotent.
H. S. Yang and B. H. Lee had presented a local and non-covariant generalized BRST
symmetry in the case of Abelian gauge theories [48]. The most important and useful
generalization was developed by S. D. Joglekar and B. P. Mandal in 1995 [49], known
as the finite field-dependent BRST (FFBRST) transformation, where the transforma-
tion parameter is finite and field dependent and it does not depend on the space-time
explicitly. The speciality of such transformations is that these are also symmetry of
the FP effective action but the path integral measure (in the generating functional) is
not invariant under these and leads to the non-trivial Jacobian. The non-trivial Jaco-
bian of functional measure under such transformation gives rise to various interesting
applications to gauge field theories [50-59]. For instance, FFBRST transformations
connect theories in two different gauges by choosing a particular finite field-dependent
parameter [50-59]. These were useful to connect the FP effective action from Lorentz
gauge to the (i) axial-gauge (ii) Coulomb gauge (iii) quadratic gauge. This transfor-
mation also connects two different gauge parameter of the same theory [56]. In fact,
this approach connects the extended actions corresponding to different solutions of the
quantum master equation (in field/anti-field formulation) [58-62]. For connecting two
different gauges of the theory, the choice of finite field-dependent parameter is very
important. Various applications of FFBRST transformation in the context of different

kinds of gauge theories and gauge models are reported in Refs. [50-77].

Till now, we have discussed about the gauge theory from classical gauge symmetry
perspective. In the standard quantization formalism of gauge theories, one does not
consider the quantum gauge freedom and the quantum action is defined only after
the fixing the gauge. In fact, the gauge-fixing term breaks the local (classical) gauge

invariance. In order to improve this situation, Yokoyama introduced a wider framework



to quantize the gauge theories, known as the gaugeon formalism, by developing the
quantum gauge transformation [78-83]. The basic idea of gaugeon formalism is to
introduce the extra (quantum) fields, so-called gaugeon fields, in the Lagrangian density
describing the quantum gauge freedom. This formulation was originally proposed to
settle the problem of renormalization of gauge parameter of quantum electrodynamics
[84]. In this connection, the occurrence of the shift in gauge parameter, during the course
of renormalization [84], was addressed naturally by connecting theories in two different
gauges within the same family by a g-number gauge transformation [78]. Further, this
formalism is applied to the case of Yang-Mills theory. The gaugeon modes contain
negative-norm states that give rise to negative probability and one needs to remove this
unphysical gaugeon modes. Yokoyama implemented a Gupta-Bleuler type subsidiary
condition to remove this unnecessary modes. Due to certain limitations, this subsidiary
condition can not be applied to the case where the interaction terms are present between
the gaugeon fields. This limitation was improved substantially with the help of BRST
charge which replaces the Yokoyama subsidiary condition to a more acceptable Kugo-
Ojima type restriction [85-88]. The gaugeon formalism has been studied, so far, in
various interesting contexts [68, 69, 76, 89-97]. Due to incredible importance of the
gaugeon formalism, it was necessary to study this formalism in the case of Abelian
rank-2 antisymmetric tensor gauge fields. There are various reasons to provide the full

quantum description of the Abelian gauge rank-2 antisymmetric tensor fields.

Kalb and Ramond were first to discuss the idea of interaction of classical strings
with Abelian rank-2 antisymmetric tensor fields [98]. Applications of this interaction
can be seen in the Lorentz covariant description of the vortex motion in an irrota-
tional incompressible fluid [99] and to the dual formulation of the Abelian Higgs model
[100]. Importance of Abelian rank-2 antisymmetric tensor fields can also be found in
the supergravity multiplets [101], excited states of quantized superstring theories and
anomaly cancellation of certain superstring theory [102]. The Abelian rank-2 antisym-
metric tensor field also generates the effective mass for an Abelian vector gauge field
through a topological coupling between two fields [103]. Abelian rank-2 antisymmetric
tensor field has also been studied for U(1) gauge theory in loop space [104]. Covariant
quantization of this field was first attempted by Townsend [105] and has been studied

by many authors there after [106, 107]. This theory is also discussed in a superspace



formulation where the Ward-Takahashi identities are derived [108].

On the other hand, the topological gauge field theories (TGFT) have some peculiar
properties. Two distinct classes of TGF'T are: topological Yang-Mills theory and Chern-
Simons (CS) theory which are classified as the Witten-type and the Schwarz-type,
respectively [109]. Besides these two-types, there are another Schwarz-type TGFT
known as topological BF theory [110] which is an extension of Chern-Simons theory.
The main difference between CS theory and BF model is that the action of CS theory
exists only in odd-dimensions of space-time while BF model can be defined on the
spacetime manifolds of any dimension. In string theory and non-linear sigma model,
four dimensional BF model were introduced [111]. This model is interesting due to its
topological nature [109] and their connection with lower dimensional quantum gravity.
For example, three space-time dimensional Einstein-Hilbert action, with or without
using cosmological constant term, can be naturally formulated in terms of the BF-
models [109, 112, 113]. The coupling of an antisymmetric tensor field with the field
strength tensor of Yang-Mills theory is described by the models in Refs. [114, 115].
Topological BF theory, in the Landau gauge, has a common feature with large class of
topological models [116, 117]. However, the importance of the BF model in axial-gauge
can never be suppressed as this trivializes the ghost sector and remains comfortable
also in handling them in the Landau gauge [118]. Considering BF model in axial gauge

is rather beneficial in the higher dimensional generalization of the model.

In this thesis, we would like to mention various forms of BRST symmetry trans-
formations and would find new applications of BRST transformations in gauge field
theories. We would also analyze the BRST symmetry generalizations and its applica-
tions to different gauge field theoretic models. FFBRST transformations have already
been found many applications in 1-form gauge theories. However, little progress has
been made so far in the context of 2-from gauge theories. But no one had shown any
progress of the application of FFBRST in 3-form gauge theory previously, hence we
have taken this opportunity to study the same. We show that the 3-form effective
action, in the non-covariant gauge, can be obtained from that of the covariant gauge
using FFBRST transformation. The 3-form gauge field theory is a subject of interest
as the 3-form field arises naturally in M-theory. The theory of multiple M2-branes has
been used to study Mb-branes and a 3-form field naturally appears in the theory.



BRST symmetry shows a very rich structure in superspace formulation when cer-
tain shift symmetry is incorporated. It is always interesting and useful to write most
general extended BRST and extended anti-BRST symmetric action in a compact way
in superspace formulation. These extended formulations can be extended to BV for-
mulation where natural identification for the antifields is possible through equation of
motion. We generalize this idea to the BV actions of the CS theory and BF model in su-
perspace. The reason for considering the CS theory is because of its topological nature
which offers relevance in various areas of research, namely, supergravity theories, super-
string theories and condensed matter theories, etc. On the other hand, the topological

BF model describes the interaction between 1-form and 2-form gauge theory.

Further, we would like to show that we can generate the Lowenstein-Zimmermann
mass terms for QED3 using FFBRST transformation. Massless QED in (2 + 1) dimen-
sions (QEDj3 ) has very interesting and crucial features. It is an ultraviolet finite,
super-renormalizable and parity invariant theory leading to the subjects of interest in
frontier areas of research. The massless QED3 provides an ideal platform to tackle the
infrared divergence present in the theory. The parity anomaly has been removed for such
theories. The Lowenstein-Zimmerman scheme plays an important role in the algebraic
proof of ultraviolet and infrared finiteness and in the removal of the parity anomaly.
The QED3 also plays a crucial role in the study of high temperature superconductivity.
Moreover, the dynamical mass generation, using Hamiltonian lattice methods, is also
studied which has been found in agreement with both the strong coupling expansion
and with the Euclidean lattice simulations. The Lowenstein-Zimmermann subtraction
scheme is adopted in the algebraic proof on the ultraviolet and infrared finiteness. It
has also been used to show the absence of the parity and infrared anomalies, in the
context of massless QED3, which are based on the general theorems of perturbative

quantum field theory.

We try to develop gaugeon formalism for the reducible gauge theories. Within the
gaugeon formalism, the renormalized value of gauge parameter appears naturally. We
also would like to investigate the quantum gauge symmetry for the case of reducible
gauge theory. We also study the BRST symmetry which enables us to convert the
Gupta-Bleuler type subsidiary condition to Kugo-Ojima type subsidiary condition.

This thesis is divided into following nine Chapters. The full contents of these



Chapters are given as follows:

In the first Chapter, we discuss the importance of gauge theories, BRST sym-
metry transformations and its generalizations with applications, basic techniques of
field /anti-field formulation (BV formulation) for quantization of gauge theories, quan-
tum gauge transformations and its importance with applications and the superspace

description of topological field theories (particularly, the CS theory and BF model).

The different mathematical techniques or methodology of FFBRST transforma-
tion and BV (field/anti-field) formulation in brief have been discussed in the second

Chapter of our present thesis.

In Chapter three, we show the application of FFBRST transformation to 3-form
gauge theory. A 3-form gauge field theory is subject of interest as a 3-form field arises
naturally in M-theory. The 3-form field automatically appears when multiple M2-branes
are used to study Mb-branes. We establish a connection between the non-covariant
gauge and the covariant gauge in the context of 3-form gauge theory using FFBRST
transformation. In order to do so, we construct an infinitesimal but field dependent
parameter and calculate the infinitesimal change in the Jacobian. This Jacobian adds
some extra pieces to the effective action of the theory in the covariant gauge which, in

turn, reduces to the effective action in the non-covariant gauge.

In Chapter four, we consider a super-renormalizable theory of the massless QED
in (2+ 1) dimensions and discuss its BRST symmetry. We derive the Nielsen identities
by extending the BRST transformation. Furthermore, we show that the Lowenstein-
Zimmermann mass, containing the Lowenstein-Zimmermann parameter (which is im-
portant in the BPHZL renormalization along with the external sources coupled to the
nonlinear BRST variations) can appear naturally in the theory using the FFBRST

transformations.

Chapter five is reserved for the study of quantum gauge transformations of
Kalb and Ramond theory (reducible gauge theory). We observe that, under the gauge
transformations, the action of this reducible gauge theory remains form invariant but
the gauge parameter is shifted. Furthermore, we study the BRST symmetric gaugeon
formalism by introducing the ghost fields and ghost of ghost fields. After calculating the
BRST charge, we apply it on physical state which removes both the unphysical modes



i.e. gauge as well as gaugeon modes. This means that both the Gupta-Bleuler and Kugo-
Ojima type subsidiary conditions are converted into a single Kugo-Ojima type condition.
At the end of this Chapter, we study the FFBRST symmetric transformations which

introduce the gaugeon mode in reducible gauge theory through the Jacobian.

Four dimensional topological BF model in the Landau gauge and its BRST trans-
formations are considered in Chapter six. Further, we generalize the BSRT trans-
formations by making the transformation parameter finite and field dependent. The
infinitesimal change in the Jacobian corresponding to this field dependent parameter
contributes a precious term in the generating functional which is useful to connect the

Lorentz gauge action of BF model with the axial gauge action.

In Chapter seven, we discuss the superspace description of the CS theory in
BV formulation. We begin by extending all the fields of the theory by introducing
the shift fields. The main motivation behind this is that the anti-fields, corresponding
to every fields, get identified. The extended action remains invariant under BRST
symmetry together with the shift symmetry. Both these symmetries together are known
as the extended BRST symmetry. This extended BRST invariant CS theory can be
described in superspace using one extra Grassmannian coordinate, while using two extra
Grassmannian coordinates, one can describe both the extended BRST and extended

anti-BRST invariant CS theory in superspace.

In Chapter eight, we try to generalize the superspace formulation of BV action
for BF model. Particularly, we first consider the BRST invariant BF model in the Lan-
dau gauge and extend the BRST symmetry of the theory by including a shift symmetry.
By doing so, we find that the anti-ghosts of the shift symmetry get identified to the
anti-fields of the standard BV formulation naturally. Further, we discuss a superspace
formulation of the extended BRST invariant BF model. Here, we see that one addi-
tional Grassmannian coordinate is required if action admits only the extended BRST
symmetry. However, for both the extended BRST and extended anti-BRST invariant

BF model, two additional Grassmannian coordinates are required for their analysis.

In Chapter nine the summary, results, conclusions and future perspective of our

thesis have been discussed.



Chapter 2

Preliminaries

The aim of this chapter is to provide the basic background and mathematical tools to
prepare the necessary theoretical inputs that are relevant to this thesis. In particular,
we briefly outline the basic ideas of the FFBRST transformation and BV formulation
in gauge theories. In the first section, we discuss the FFBRST transformation. Fur-

thermore, in second section, we outline the BV formulation.

2.1 Finite field dependent BRST (FFBRST)

transformation

We start with the basic FFBRST formulation of pure gauge theories. The usual BRST

transformation for a generic field ¢ of an effective action is defined, compactly, as

o (x,K) = spp OA, (2.1)

where s,¢ is the Slanove variation of the field ¢ with infinitesimal, anti-commuting and
global parameter 6A. This transformation (2.1) is nilpotent, i.e. s? = 0 and leaves the
FP effective action (S.ss) invariant. It was observed by Joglekar and Mandal in Ref.
[27] that 0A needs neither to be infinitesimal nor to be field-independent to maintain
the symmetry of the FP effective action as long as dA does not depend explicitly on

space-time. The infinitesimal field dependent transformation is defined as [27]

L o) = 5ol ) O}fo(a,w)], (22)

10
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where ©} is an infinitesimal field dependent parameter. By integrating equation (2.2)
from k =0 to k = 1, the FFBRST transformation is obtained as [27]

¢ =,k =1) = ¢z, = 0) + 5[0(2)]O[p(z)], (2.3)

where O[¢(x)] is finite field dependent parameter. This transformation is also symmetry

of the effective action but the functional measure D¢, defined in generating functional

7 = / [D¢] eSerr, (2.4)

is not invariant under such FFBRST transformation and leads to a non-trivial Jacobian.

Under the FFBRST transformation, the functional measure D¢ changes as

D¢ — J[$(k)| Do (k). (2.5)

It has been shown in [27] that, under certain condition, this non-trivial Jacobian J[¢]

can be replaced (within the functional integral) as
()] — el (2.6)
where S1[¢(k)] is some local functional of field ¢(x). The condition for specifying S is
/[D¢] [lﬂ — z‘ﬁ] eltSers 51 — . (2.7)

Thus, under FFBRST, the generating functional, changes as

z(: [ipa S) st (: JE2 ei[seff@”w”), (2.8)

where S;[¢] depends on the finite field dependent parameter. From equation (2.8),
one can see that the generating functional corresponding to the two different effective
actions can be related through FFBRST transformation with an appropriate choice of
finite field dependent parameter. The FFBRST transformation has also been used to
solve many of the long-standing problems in quantum field theory [28-32, 45, 35-38].

For example, the gauge field propagators in non-covariant gauges contain singularities
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on the real momentum axis [30] and proper prescriptions for these singularities in gauge

field propagators have been found by using FFBRST transformation [33].

2.1.1 Evaluation of Jacobian

Due to the field dependent nature of FFBRST transformation, the Jacobian of func-
tional measure is not unity and hence leads to non-trivial contribution in an effective
action. In this subsection, we present the general method to evaluate the non-trivial
Jacobian of path integral measure corresponding to FFBRST transformation. Here, we
utilize the fact that FFBRST transformation can be written as a succession of infinites-
imal transformation given in Eq. (2.2). Now, one can write the path integral measure

as follows:
Do = J(k)DP(k) = J(k + dr)Dp(k + dk). (2.9)

Since the transformation ¢(x) to ¢(k + dr) is an infinitesimal one, the above equation

leads to

J (k) A dp(x, K+ dr)
J(k + dk) /d xgi 0p(x, k) (210)

where 3, sums over all fields in the measure. Here this plus (+) sign will be used for
the bosonic field and the negative (—) sign for fermionic field. By using the Taylor
expansion in the above equation, the infinitesimal change in Jacobian is obtained as

follows:

J(,-@ /d4 Z[ Sp &Mﬁ))] . (2.11)

In the next section, we will describe the BV formalism.
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2.2 Batalin-Vilkovisky (BV) formalism

The BV formulation (also known as field/anti-field formulation) is a powerful technique
in the Lagrangian framework to deal with more general gauge theories. This method
is applicable to gauge theories with both reducible (open) as well as irreducible (close)
algebras. The basic trick of BV formulation is to introduce anti-field (¢*) for each field
(¢) of a given gauge theory.

With the introduction of anti-fields (¢*), the effective action (Sers) gets extended

as

Serflon 6] = I[6] + (s00)6", (2.12)

where I[¢] is the gauge invariant action. The anti-fields (¢*) can be obtained from the

gauge-fixing fermion ¥ as

ow
= 2.13
The extended effective action can also be written in terms of U as
Sepsld] = 1[o] + s, V. (2.14)

The effective action (S.ys) satisfies certain mathematical relation which is known as the

quantum master equation. The latter is defined as
(Sepys Sepy) — 2iASepp = 0, (2.15)

where the anti-bracket of effective action, (Sefs, Sess), is defined by

OrSers 0tSesy  OrSesy OSesy
56 oot oot 00

(Sepfs Sefs) = (2.16)

and A is the Laplacian, defined with left and right differentials (0; and §, respectively),
as 5 s

A= L 2.17

56" 50 (2.17)

Usually, it is easy to construct an action which satisfies the classical master equation as
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The generating functional, given in Eq. (2.4), can also be written in a compact form as

given below

Z= / D) exp [iWe (6, 6, (2.19)

where Wy (¢, ¢*) is an extended action satisfying the following quantum master equation

AeWeledTl — (2.20)

The quantum master equation, in the zeroth-order of the anti-fields, gives the condition
of the gauge invariance. On the other hand, it reflects the nilpotency of BRST trans-
formation in the first order of anti-fields. We will be using this formulation within the
framework of FFBRST formulation (applied to various branches of gauge theories) in

upcoming Chapters.



Chapter 3

The noncovariant gauges in 3-form

theories

In this Chapter, we show that how can generating functional of the non-covariant
gauge of Abelian 3-form gauge theory be obtained by the generating functional in the
covariant gauge using FFBRST symmetric transformation. Further, we show the same

connection with the help of BV formulation.

3.1 Abelian 3-form gauge theory
We consider the action of Abelian 3-form gauge theory in (14 5) dimensions as follows,
1 6 HYnXx
SO = ﬂ d’x ijan s (31)

where H,,,, is the field strength (curvature) tensor, described in terms of the totally

antisymmetric tensor gauge field B,,,, defined as
H/wnx = 6MBV’/7X - aVanu + 8anuV - aEBWW' (3-2)
The given action (3.1) is invariant under the following gauge transformation

5B;wn = 8”)\1/77 + 8V/\mt + 8n>\MV7 (33)

where A, is an arbitrary antisymmetric transformation parameter. To quantize this

theory with BRST technique, we extend the action (3.1) by introducing the following

15
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(covariant) gauge-fixing and ghost terms:

ng+gh

/ d°x [QLB‘“’"BW] + %BWB‘“’
+ (0,Cy + 0,Cyp + 0,0.,,) O"C™"
— (9.8, — 8,5,) 98" — BB,
— JBLH @) S - (0,0)
+ 8,C00"Co + fuft — F "
+ 0u8"By+ 0,0 By — (‘9“5“3] , (3.4)

where C,,, and C~’W are the ghost and anti-ghost fields, respectively, which are fermionic

in nature. The vector field (¢,), antisymmetric auxiliary fields (B,,,, Bw/) and auxil-
iary fields (B, By, B) are bosonic in nature and the fields (f,, f#, F,, ]:L) are auxiliary

fermionic fields. The complete effective action for the Abelian 3-form gauge theory, is

then written as

Seif = S0+ Sgftgh- (3.5)

The effective action given in (3.5) is invariant under the following BRST symmetric

transformations:

84 Byum
5,C
0B,

b3
6,C
5 Ch
6,C

M

—(8,Cypy + 0,Chp + 0,C,u) A,

(0,8, — 0,8,) A, 8,Cyy = By, OA,

—(0ufy — O, fu) 0N, 6B, = —F, OA,

—9,C4 6N, 0,F, = —9,B OA,

By 0N,  0yf, = 9,B; A,

—B6A, Sy = —fu OA,

By 0A, &M =0,

{Cy, fu, Eu, B, By, By, B}, (3.6)

where the nature of transformation parameter dA is infinitesimal, anticommuting and

global (i.e. it does not depend on space and time). It is easy to check that the given
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gauge-fixing and ghost part of the effective action given in (3.4), is BRST exact and

hence can be written in terms of BRST variation of the gauge-fixed fermion (V) as

~ 1.
Sertah = SV = Sb/dGI [=0,Coy B*" — ;0B

1 1 -~ . .
- 50132 - 50131 - C" 0B, — 0,Co8"
1 -~ ~ ~ ~
+ ic;wBlW - F'uﬁ,u - fu¢u]7 (37)

where the expression of ¥ is given as

~ 1 -~
‘IIL = /d6x wL = /dﬁx[—auc,,nB“W] — 5028
1 1~ ~ ~
+ 50132 - 50131 — C"0,B, — 0,Ca 8"
1 -~ ~ ~ ~
+ §CWBW — FFB, — 1ol (3.8)

In the path integral formulation, the generating functional for the 3-form gauge theory

in covariant gauge is defined as,

4ﬁ_/D¢ww. (3.9)

Here, the expression of S.ss is given by

Seff = i d®z {HﬂyanW”X + 0, B"" By + %BWBW
+ (0,0, + 0,Cyyp + 0,C. )M OV
— (0,8, — 0,B,)0"B” — BB,
— UBIH0,0)f, — (.0M)F,
0,Co0"Cy + fof* — F,F*

0,0" By + 0,¢" By — 0,4"B]|. (3.10)
where D¢ indicates the path integral measure which includes all the fields ¢, generically.

Next, following the technique discussed in Chapter two, we will generalize the BRST

transformation given in (3.6).



3.2. Generalized BRST formulation of Abelian 3-form gauge theory 18

3.2 Generalized BRST formulation of Abelian
3-form gauge theory

We first, generalize the BRST transformation by making the transformation parameter

finite and field dependent as following:

0sByun = —(0,Con + 0,Cyp + 0,C) 4],
8, = (9,8, — 0,5, O[g],

0sCyw = By Olg),

5bﬁ~,u = _Fu @[¢]>

6By = —(0ufs — 0u1,) O],

0By = —9,C> O4),

0F, = —0,B 0[4),

0,Cy = By O[4),

0ofu = 0.B1 ©[d)],

0C1 = —B O[¢],

o = —fu O9],

5,Cy = By ©[g),

dpw =0,

w = [Cy, fu, Fyu, B, B, By, B,). (3.11)

This BRST transformation with finite field-dependent parameter ©[¢] is also symmetry
of the effective action (3.5). However, the path integral measure defined in Eq. (3.9),
is not invariant under such transformation as the BRST parameter is finite and field
dependent in nature. Now, we will compute the Jacobian of the path integral measure
under the BRST transformation (3.11), which helps in obtaining the gauge-fixed action

in non-covariant gauge.
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3.3 3-form gauge theory in non-covariant gauge

In order to obtain the generating functional for 3-form gauge theory in non-covariant

gauge, we choose the infinitesimal field-dependent parameter as follows

e = if)//de[—é,,,,auBW" + éynnuB“”"
+ C;waugy - C/WTIMBV - C(Zauﬁu
+ ConuBH, (3.12)

where 7 is an arbitrary constant parameter. The infinitesimal change in the Jacobian

of functional integral is calculated as

+ 9"0,Coy + 0,Crp + 0,Cpu))C™"

— 7"(0,C + 0uCyy + 8,C ) C"

— (3,8 — 0,8,)0"B" + C, 0" F”

+ (B — BB — Crut Y

+ B0 = Bt — C39,0"Cy + Cot 0 Cs | . (3.13)

One can replace the Jacobian J by e®!, if S; satisfies condition (2.7). Now, we make

the following ansatz for functional S;:

S / d°z [£1(K) Byyd,B"™" + Ey(k) Byyn, B

&3(k) 0"(9,Chy + 0,Cpp + 9,0,) C*"

4(K) 0"(0,C.y + 0, Cyppy + 0, Cly)) C7
k) (0B — 0uBy) 08"

k) (0uBy — mB) "B

)

)

5
6
(k) CLO"EFY + &(K) Cn F”
o(K) By 00" + &10(Kk) Ba mu8"
E11(r) Cy 0,0" Cy + E19(k) Cy 10" Cy), (3.14)

(
(
&(
&6l
& (
&o(

+ + + o+ o+ 4+ A
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where &1, &g, uvvvnnnnn. &19 are arbitrary k dependent constants. This functional S together
with the expressions (3.13) and (2.7) leads to

+ o+ o+ o+ + o+ o+t

| Do) (& + B, B

(& —7)Buyn B

+7)8(8,Cypy + 0,Clpy + 8,C0 )C"
1(0,C.py 4 8,Cp + 0, Cl))C*"
(0uBy — 0B, 0" B

(0B = 10 3,)0" B

CH a‘uFV (58 ) #VTIHFV
B20,8" + (§19 — 7) Banu "
7)C20,0"Cy + (€15 + 7)CanpdCo
Bun@u(0FCVT 4+ 9 CM™ 4 GO (€ — &)
Bunnu(0"C™" 4+ 07 C™ + 91CH)O' (& — &4)
(OuF — 0,F,)0" 870 (& + &)

(o = 1, FL) " 870 (6 + &)
B0,0"Co®' (§9 + &11)

Bon 0" C20 (£10 + &12)] = 0. (3.15)

—)
)
—)
—7)
)
)
)

(£3
(&

(&

&+
&+
(& +
(& —

Here, all the nonlocal (0" dependent) terms will vanish, if the following conditions are

satisfied:

§—-8=8-8=§+E6=0,
§6 +E& =8 + &1 =&+ &2=0. (3.16)
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Equating the L.H.S. and R.H.S. of the coefficients of local terms of the Eq. (3.15), we

get the following differential equations:

S+ =0, &§—v=0,
&E+y = 0, §—v=0,
-7 =0, &H+y=0,
&+ =0, E—v=0,
+v = 0, §e—7=0,
511_’7 = 0, 512+7:0- (3.17)

The solution of the above differential equations, satisfying the initial conditions [ &;(k =
0)=0(t=1,2,..12)], are

§1= =7k, =1k, &=k,
§a =7k, & =R, &= kK,
§7 ==K, & =7k, &= kK,
§10 =R, &u =K, §i2 = k. (3.18)

Putting these values of £’s in Eq. (3.14), the specific expression of S; becomes

S, = /d% [—Y & B,,0,B"" +~ k By,,n,B""
— 7 k 0"(0,C.py + 0,Crppy + 0,C,) C*1
+ 7 & 7(0,Cupy + 0,Cop + 0,Cl) C*7
+ 7k (0.8, — 0uB,) 0"B
— vk 0By — mB) 0B
- YK Cw,a“ﬁ” +vK Cw,n“ﬁ”
— vk By 9,6" +v k By m,pB"
+ vk Cy 9,0" Cy — vk Cy 1,0 Col. (3.19)
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At k =1, the above expression becomes

S1

+ o+

+

/ d°z [~y B,y0,B"" +~ B,,mn,B""

v 0"(0,Cy + 0,Crypy + 0, Cl) C*"

v 7(0,Coy + 3, Cp + 0, Clr)) &7

v (0.8, — 8,8,) 0"B”

Y 0By — muB) 0B

¥ Cud"F¥ +y Cun

v B2 0,8" +7 Ba nup"

v Cy 9,0" Cy —~ Cy m, 0" Cy). (3.20)

Without any loss of generality, we set the arbitrary constant v = 1 in the above ex-

pression and by adding the expression (3.20) at v = 1 to the effective action for 3-form

gauge theory in covariant-gauge, we get

Seff +

_'_
+

+

1
Si(k=1)= /dﬁx {ﬂHuuanwnX

1,B""B,, + %BWB“”

(0,C. + 8,C,py + 0,C ) C"

(npﬂl - 771/5“)8#51/ — BB,

S B+ (D0 fy - Cou B

Cond*Cy + fuf* — F,F*

nu.B" B + 0,0" By — 3MB”B] ) (3.21)

which is nothing but the 3-form effective action in a non-covariant gauge. We end this

section by stating that the non-covariant gauge formulation of the 3-form gauge theory

is obtained from the covariant gauge formulation through a FFBRST transformation

with an appropriate finite field dependent parameter. Even though, we have shown

the connection between Lorentz-(covariant)-gauge and axial-(non-covariant)-gauge, our

formulation is valid for the connection between any covariant and non-covariant gauges.
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3.4 Mapping of covariant and non-covariant gauges

in the 3-form gauge theory: BV formulation

We consider the BV formulation for the Abelian 3-form gauge theory to re-establish the
results of the previous section. For this purpose, we express the generating functional
(3.9) in field/anti-field formulation by introducing the anti-field ¢* corresponding to

each generic field ¢ with opposite statistics, as follows

Zeff = /D<Z56Xp {Z/dﬁx{i H oy HM™X
_ B;my<a#Cw] + aucw + 8"0‘“’)
+ Ch (0B —0"B") + C, B
— B (0" — 0" 1) — 0" Cy — BB

— F0" B+ fi0" Bi+Cj Bo+Ct By
~ CtB-g,"}]. (3.22)

The above generating functional can further be written in compact form as
Zefy = / D¢ M (@), (3.23)

where Wy, (¢, ¢*) is an extended action for the Abelian 3-form gauge theory in the
covariant gauge corresponding to the gauge-fixed fermion ¥y, given in (Eq. (3.8)) with
Grassmann parity 1 and ghost number —1. The generating functional Z, ;s does not de-
pend on the choice of gauge-fixed fermion. This extended quantum action, Wy, (¢, ¢*),
satisfies rich mathematical relation, which is so-called quantum master equation, given

by
O,

AeWelos] — g A ="
€ L s 8¢*

S

(=1)t. (3.24)
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The anti-field ¢*(= %) corresponding to the each generic field ¢ for this particular

theory is obtained from the gauge-fixed fermion (3.8) as

* = “ ~ ~ . 1 -~
By,yn == —a#CW,, C/“/ == _alLL/@lla B,uzz = §C/»U’7
-, 1~ X ~
Cﬂl/ f— §B,U'V + anB/W??’ /B,u = _8M02?

B; = _F# + aucl/uv Fu* = _Bm f; = _Qbu,

Yk 1 * 1 Yk 1
CZ - _QB +8N5'u, Cl = 532, Cl - —§B1,

* r * 1~ * 1~
gbp,:_flm B :_5027 Blz_iolv

1 .
By =-Cy, B}, Iy, fr,C5} =0. (3.25)

2 a

Now, we construct the infinitesimal field-dependent parameter written in field /anti-field

formulation as

0 — iy / dﬁy[—B* B 4 B Bren

pvn pvn

— OO 4 OO — BN B;ﬁ“] , (3.26)

where fields with star () are the anti-fields corresponding to the fields satisfying ax-
ial (non-covariant) gauge-fixing condition. Under the FFBRST transformation, corre-
sponding to (3.26), the path integral measure is not invariant and gives rise to a factor

e™1 in the functional integral. The expression for functional S; is calculated with the
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help of egs. (2.7), (3.13) and (3.26) as

S

prn

/fxmy(mwwﬁ%W+mmn
K B, (9"C1 + 9" C 4 91

K Ch(0"3Y = 0"8") + K C, (0"B”
9"p") — Kk OZVB“” + Ké;VBMV

kB (017 = 0 ") =k B (0 f

0" ") + k Bi0" Co — K Bi0" Co + K BiF"
K BiF" 5 FXO'B — k FXO"B

K JX0"By + K 10" By -k Cj B

k C3By— ki OBy + 1 CiBy + K CiB

k OB+ K o ft =k @;f”].

At k = 1, the above equation reduces to

S1

/fxwmm%W+&UW+mmm
B, (91CY 4 ¥ C™ 4 91O

Cp (0"B" = 8 B") + C, (0" B”
&'B) — Cr B™ + Cr B

By (0" — " ) — B, (0" f*

0" 1) + Bt Cy — BrO" Cy + BiF"
B+ Fro" B — Fro* B

f20" By + [r0" B, —C3 By

Ct By—Ct Bi+Cf By +C; B

CY B+ ¢, f" — o, f"].

(3.27)

(3.28)
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The resulting generating functional in the BV formulation is given by

/ Do eMva, (3.29)

where Zéff is the generating functional for the Abelian 3-form gauge theory in the

axial-gauge with gauge-fixing fermion

~ 1~ 1
\I}A = /d6$ |:—7’]MCV7]BMW7 - §OQB + 50132

1 -~ ~ ~ ~ o~
- §CIBI - Cuynuﬁu - 77“025;1 + C;LVB“V

1
2

= FrBu— fro]. (3.30)
The extended action Wy, for the 3-form gauge theory in axial-gauge also satisfies the
quantum master equation (3.24). Such connection of generating functionals can be

established for any covariant and non-covariant gauges in BV formulation.

3.5 Conclusions

The 3-form gauge theory in non-covariant gauge has been developed with the help of the
finite field dependent BRST transformation. Usual BRST transformations have been
generalized for the Abelian 3-form gauge theory in the covariant gauge. The generating
functional in covariant gauge is connected to that of the non-covariant (axial) gauge
through FFBRST transformation. We established this connection by constructing an
appropriate finite field dependent BRST parameter. However, various non-covariant
gauges like the Coulomb gauge, the light-cone gauge, the planer gauge and the temporal
gauge can also be connected with such formulation. Thus, our formulation enables one
to study the 3-form gauge theory in the non-covariant gauges. We, further, extend our

study in the context of BV formulation.



Chapter 4

Emergence of

Lowenstein-Zimmermann mass
terms for QED;

In this Chapter, we consider the super-renormalizable theory of massless QED in 2+1
dimensions and also discuss its BRST symmetry. Further, we show that the Lowenstein-
Zimmermann mass containing the Lowenstein-Zimmermann parameter (which is im-
portant in the BPHZL renormalization along with the external sources coupled to the
non-linear BRST variations) appear naturally in the theory using FFBRST transfor-

mations.

4.1 The massless QEDs;

In this section, we reiterate the massless QEDs3 with and without Lowenstein-
Zimmermann mass terms. The expression of the massless action for QEDj3, which

is gauge invariant, is given by

1 B
% = /dgfff {_ZFMVFW + iy "Dy Y|, (4.1)

where D, refers to the covariant derivative defined by D, = 0, +i e A, and e is a
coupling constant. For quantization of the above gauge invariant QED3, we introduce

the following gauge-fixing and corresponding ghost terms:
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Syfigh = /d%: {B OMA, + gBQ +C 9,0" C|, (4.2)

where B is a Nakanishi-Lautrup auxiliary field, C' and C are the ghost and anti-ghost

fields, respectively. Now, the total effective action is given by

Sers = S0+ Sgjtgh- (4.3)

The effective action (4.3) remains invariant under the following BRST transformations:

5y A, = %auc SA,
S = iC ¥ SA,

o = —iC P SA,

5 C = 0,

o0 C = éB SA,

B = 0, (4.4)

where dA is an infinitesimal and anticommuting parameter.

Now, we define the gauge invariant Lowenstein-Zimmermann mass term for mass-

less QED3 as follows,

S = /d3a: [g(s —1) A 0,A, +m(s —1) 1/_11#] . (4.5)

Here, 0 < s < 1 is the Lowenstein-Zimmermann parameter which plays an important
role in BPHZL renormalization program. Now, including this Lowenstein-Zimmermann

mass term, the effective action for QED3 becomes

g}f = Seff-i-Sm. (4.6)

The external source terms for the theory is written by
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Sept = /d3:1: [Q spt — sp1 Q], (4.7)

where Q and Q are the sources. The importance of this source term can be seen in
demonstrating the Slavnov-Taylor identity which guarantees the renormalizability of

the theory. The complete action including source term is

St = Seff + S, + Seat. (48)

This complete action (S7) is invariant under the same set of BRST transformation as

given in (4.4)

4.2 Emergence of Lowenstein-Zimmermann mass

terms using FFBRST transformation

In this section, we explicitly show how does the Lowenstein-Zimmermann mass term
for the massless QEDj3 theory emerges using FFBRST formulation. For doing so, we
construct the FFBRST transformation by making the transformation parameter finite

and field-dependent as following;:

G A = 1 8,0 0l
By = iC v el

o = —iC ¢ 0|4,
o C = 0,

5C = LBepy,

€
5, B = 0, (4.9)
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where O[¢] is an arbitrary field-dependent transformation parameter. We choose a

particular infinitesimal field-dependent parameter ©'[¢] given as

B% 12
With the help of expression (2.11), we calculate the change in Jacobian under FFBRST

e = i/dS:c C—B [H(s —1) e"?A,0,A,+m(s—1) @1&] . (4.10)

transformation with above parameter as follows,

d _

o InJ(k) = /d3a: [g(s —1) e"?A,0,A,+m(s—1) ¢¢] . (4.11)
K

In order to replace the Jacobian J — €*', we make an ansatz for the local functional

S as following:

Silo(x, k), k] = /d% [61(K) 7P ALO, A, + E(r) YUY, (4.12)

where & (k) and & (k) are explicit k-dependent constant parameters. However, all the
fields depend on  implicitly. Making use of relation (2.2), we calculate the change in

S with respect to x as follows

as 7
1[925?’4)] _ /d3x (&) e A0, A, + & ] (4.13)

where prime denotes the differentiation with respect to k. The existence of the func-
tional (4.12) is valid when it satisfies the essential requirement given in (2.7) along with

(4.11). This leads to the following condition:

/ &z [(5; - g(s —1) ) P A0, A, + (€ —m(s — 1))] b = 0. (4.14)
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Equating each local terms to zero, we get the following differential equations

G-56-1 =0
&-—m(s—1) = 0. (4.15)

The solutions of the above equations satisfying the initial condition & (k = 0) = &(k =
0) =0 are

& =

N =

(s — 1)k, & =m(s —1)k. (4.16)

Plugging in these values of {’s back into (4.12), we get the following identification of S

S1 [p(x, k), K] = /{/d?’x [g(s —1) e"PA,0,A,+m(s—1) 1[71#] : (4.17)

The exact expression of S; under the FFBRST transformation (i.e. Si|x=1) is

sma@w:mmzu:/ﬁ%[g@_nawaﬁAﬁm@—nwﬂ. (4.18)

This S; extends the effective action of the theory as follows:

1 — _
Sefr +S1(k=1) = /d?’a: [—ZF,WFW +apDy + B 0"A, + ng +C 90" C
+-g@—nw%@@@+m@—nﬁﬂ, (4.19)

which exactly coincides with the effective action given in (4.8). Hence, this justified
our claim of emergence of the Lowenstein-Zimmermann mass term naturally under
celebrated FFBRST technique.

We would like to show how can FFBRST formulation be useful in the renormal-
ization of such theory. To show that, we further apply FFBRST transformation on the

generating functional by choosing the following infinitesimal field-dependent parameter
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e [¢] = i/d3a: [ Q- Q) (4.20)

where (2 and Q are the external sources corresponding to the non-linear BRST trans-
formation. Following standard FFBRST technique mentioned earlier, we calculate the

infinitesimal change in the Jacobian as follows

d%ln J(k) = _/d% [—sy10 Q+ sp0 Q). (4.21)

An ansatz for S; to write the Jacobian as an exponent is given by

S1[6(z, 1), K] = / B [69(k) Q syt + E4(x) 500 . (4.22)

where &3 and &4 are arbitrary x dependent constant. The essential condition given in
(2.7) together with (4.21) and (4.22) yields the following linear differential equations :

{—1=0, & +1=0, (4.23)

The solutions of above equations satisfying initial boundary conditions are

& = K, §4 = —kK. (4.24)

With these identification of £’s, the expression of Sy at k = 1 is given by

Silp(x,1),1] = /dgm [Q sy — 51 Q] = St (4.25)

It means that under the FFBRST transformation with parameter (4.20), the effective
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action (within functional integral) changes to

Seff + S+ Sl[gzﬁ(x, 1), 1] = S7. (426)

Hence, the whole mechanism is, precisely, given by

/ng eWSett EFEESL D¢ i (SerstSm) _ EFEEST_> Do ei(seff+5m+5m)(4,27)

where the generic path integral measure (D¢) is explicitly given by D¢ =
DAMDBDC’DC_’D@/JD@E. Therefore, the Lowenstein-Zimmermann mass term and the
external source term are generated by calculating the Jacobian of the path integral
measure under the generalized BRST transformations with appropriate transformation

parameter.

4.3 Conclusions

In this Chapter, we have studied the BRST symmetry for the ultraviolet finite, su-
perrenormalizable theory of massless QED3. Further, we have generalized the BRST
symmetry of the given theory by making the transformation parameter finite and field
dependent. The fascinating feature of FFBRST transformation is that, under change
of variables, it leads to a non-trivial Jacobian for the path integral measure of the gen-
erating functional. This Jacobian, written as ei® for some local functional of fields S,
depends on the choice of finite field-dependent parameter. We have computed the Ja-
cobian for FFBRST transformation with appropriate finite field-dependent parameter.
Remarkably, we have found that the Lowenstein-Zimmermann mass term together with
the external sources for massless QED3 emerge naturally within the functional integral
through the Jacobian of a single FFBRST transformation. The remarkable feature of
FFBRST symmetry is that, any gauge invariant (BRST exact) quantity, can be gener-
ated through the FFBRST symmetry. Although these Lowenstein-Zimmermann terms

are mass terms but are gauge invariant also. Thus, we have seen that the extra physical
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degrees of freedom emerges due to the nonlinear BRST transformations where the pa-
rameter exhibits the extra physical degrees of freedom due to the mass terms. Though,
we have illustrated our results for QED3 only, but certainly these are not limited to a
particular theory. It is a general result and can be applied to any gauge theory to get

gauge invariant mass terms incorporating their dynamics.



Chapter 5

Quantum gauge symmetry of

reducible gauge theory

In this Chapter, we study the quantum gauge symmetry of the reducible (2-form)
gauge theory. Using generalized BRST (FFBRST) symmetry, we show the appearance

of the gaugeon fields in the context of a reducible gauge theory.

5.1 Abelian rank-2 tensor field theory: A
reducible gauge theory

We start with the kinetic part of the Lagrangian density of the Abelian gauge theory
for rank-2 antisymmetric tensor field B,,, defined by

1 17
Lo = 15 Fuwnt™”, (5.1)

where the field strength tensor is defined as F),, = 90,B,, + 0,B,, + 0,B,,. This
Lagrangian density is invariant under the gauge transformation 6B, = 0,(, — 0,(,.

where (,(z) is a vector gauge parameter.

In order to quantize this theory using the BRST transformation, it is necessary to
introduce the following ghost and auxiliary fields: anticommuting vector fields p, and
Py, & commuting vector field 3,, anticommuting scalar fields x and x, and commuting
scalar fields o, ¢, and 6. The BRST transformation for B, is defined by replacing ¢,
of the gauge transformation by the ghost field p,,.

The complete effective Lagrangian density for this theory, in the covariant gauge,

35
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using the Faddeev-Popov method, is given by
‘Cijff - EO + ng + Egh, (52)
where the gauge-fixing and ghost terms are as follows

Lor+ Ly = —i0,p,(0"p" —0"p") + 0,60"0 + 5,(0,B" + M\ " — 0"p)
= iXOup" = iX(Oup" — AaX)- (5.3)

Here A\; and )\, are the Lagrangian multiplier fields. The effective Lagrangian density

(5.2) is invariant under the following BRST and anti-BRST transformations (i.e. s, and

Sab)-

SbB/w = (aupu_aupu)7

Sppp = —i0,0, spo =0,

SpPp = By, s, = 0,

S0 = X, spX = 0,

Spe = X, spx = 0, (5.4)

SabB;w = (auﬁu_az/ﬁ,u)a

Sappp = —10,0, Sap0 = 0,

Sappp = —1By, SapBu = 0,

S0 = Xs SavX = 0,

Sabp = —X, SabX = 0. (5.5)

Here we note that the anti-BRST transformations (s,;) are similar to the BRST trans-
formations (s;), where the role of ghost and anti-ghost fields are interchanged with some

modification in the coeflicients.
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5.2 Abelian rank-2 tensor field theory in gaugeon

formalism

In this section, we study the Yokoyama gaugeon formalism to analyse the quantum
gauge freedom for the Abelian rank-2 tensor field theory. To analyse the gaugeon
formalism for the Abelian rank-2 tensor field theory, let us start by writting the effective

Lagrangian density for the (34+1) dimensional theory in Landau-gauge

Ly = SFuwpF"" —i0,p,(0"p" = 0"p") + 0,60"0 + B,(0,B" — ")

TV +aB,)’ — (0,Y) — 0,V — R0t — X0 — daX), (5.6)

where Y, and Y are the gaugeon fields, respectively. The above Lagrangian density

(5.6) is invariant under the following BRST transformations:

5be,u = (aupl/ - 8Vpu) 5/\7

Sopu = —iB,0 O,
oo = 0,

Obfu = 1PBu OA,
wB, = 0,

55 = T OA
wx = 0,

dop = X OA,
wx = 0,

Y, = 0,

SYE = 0. (5.7)
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Now, we construct the following quantum gauge transformation under which the given

Lagrangian density (5.6) remains form-invariant :

B, — By, = B, +7(9,Y, — 9,Y,),
Pu —>:5u = Pu,

oc— 0 =0,

ﬁu —>/§u :15/17

ﬂu — Bu :B/m

G—5=a0,

X — X=X

o —> P =1,

X — X=X,

Y, —Y, =Y,

Y — Y =Y =10, (5.8)

where 7 is an infinitesimal commuting transformation parameter. The form-invariance
of the Lagrangian density (5.6), under the quantum gauge transformation (5.8), reflects

the following shift in parameter:

a— & =a+Ta. (5.9)

Furthermore, following the Yokoyama approach to remove the unphysical gauge and
gaugeon modes of the theory and to define physical states, we impose two subsidiary

conditions (the Kugo-Ojima type and Gupta-Bleuler type) as follows

Qv|phys) = 0,
(Yr +aB,)®|phys) = 0, (5.10)

where @), is the BRST charge. The expression for the BRST charge using Noether’s

theorem 1is calculated as
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Qb = /d3£13 [_QFDVp(aOpV - VpO) + BV(GOIOV - aupO) - aua(aoﬁy - ayﬁo)
+ x0% — xB°]. (5.11)

The Kugo-Ojima type subsidiary condition is essential to remove the unphysical modes
corresponding to gauge field from the total Fock space. However, the Gupta-Bleuler
type condition is used to remove the unphysical gaugeon modes from the physical states.
The second subsidiary condition is valid when the combination (Y* + aB) satisfies the

following free equation:
0,0 (Y)) =0, (5.12)

which we have derived using equations of motion. The free equation (5.12) guarantees
the decomposition of (Y} +aB) in positive and negative frequency parts. Consequently,
the subsidiary conditions (5.10) warrant the positivity of the semi-definite metric of our

physical state-vector space
(phys|phys) > 0, (5.13)

and, hence, we have a desirable physical subspace on which our unitary physical S-

matrix exists in the quantum Hilbert space.

5.3 BRST symmetric gaugeon formalism

In this section, we discuss the BRST symmetric gaugeon formalism for the Abelian
2-form gauge theory. For this purpose, we first define the Lagrangian density of such a

model as follows:

1 o~ ” " ~ v v
Ly = EFWPFW'” — i0up, (O p” — 0" p") + 0,60" 0 + B,(0,B" — 0" ¢)

+ (Y 4+ aB,)? = (0.Y) — 0,Y,)MYY —ixOup" — ix(0up" — AaX)
10, KX (0"KY — 9" K") + 0,2*0"Z, (5.14)
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where K, K and Z, Z* are the ghost fields and ghost of ghost fields corresponding to
the gaugeon fields, respectively. The gaugeon fields and respective ghost and ghost of

ghost fields transform, under the BRST transformation, as:

&Y, = K, A,

K, = 0,

SKE = iV} SA,

SYr = 0,

52* = 0,

&Z = 0. (5.15)

Therefore, the gaugeon Lagrangian density (5.14) remains intact under the application
of the combined BRST transformations (5.4) and (5.15). The BRST charge, corre-
sponding to the symmetry transformations (5.4) and (5.15), is given by

Qy = / &’ [=2F""(Oopy — Bypo) + B, (°p” — 0"p°) — 9,0(0°p" — 0" p")
+ x8% —xB’ — K, (0Y*" — 9"'Y*") + Y} (0"K” — 0" K")] . (5.16)

This BRST charge (), annihilates the physical subspace of the Vs of the total quantum

Hilbert space as given below

Qs|phys) = 0. (5.17)

This single subsidiary condition of Kugo-Ojima type removes both the unphysical gauge

modes as well as the unphysical gaugeon modes.

The gaugeon Lagrangian density (5.14) also admits the following quantum gauge
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transformations:

B,y — By, = B, +7(3,Y, — 0,Y,),
P — Pp = pu+ TE,,

o — 0 =a,
ﬁu — :3;1 = ﬁm

ﬁu _>BM:B;M

K,, — K,, - Kw
Z—7=2,
78— 7* = 7. (5.18)

Under the quantum gauge transformation (5.18), the Lagrangian density (5.14) is form-

invariant. In other words, we have the following

L(¢* ) = L($*,4), (5.19)

where

a=a+Ta. (5.20)

Here we observe that the quantum gauge transformations (5.18) commute with the
BRST transformations mentioned in (5.15). It confirms that the quantum Hilbert
space, spanned by the physical states (that are annihilated by BRST charge), is also
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invariant under the quantum gauge transformations, i.e.,

Qv = Qs (5.21)

Hence, the physical subspace fiphys is also invariant under the quantum gauge transfor-

mation.

5.4 FFBRST symmetric Gaugeon formalism

In order to obtain the gaugeon formalism for Abelian 2-form gauge theory, we con-
struct FFBRST transformations, corresponding to the BRST transformations (5.18)
and (5.15) using the technique, discussed in Chapter two. The infinitesimal field

dependent transformation parameter is chosen by

of = [ Paln B0 — ot S - S i)
- Bl o) (52

where ©'[¢)] is infinitesimal field-dependent parameter.

We calculate the infinitesimal change in the Jacobian of functional integral as

1dJ

S = O0) +ea®(B)" + 2ea(ViB") — (9.Y) = 9, Y)Y (5.23)

We make the following ansatz for functional S; in this case:
Silo(z, k), K] = [G(R)Y )+ &(R)B] + E(R)Y B + E4(K)D, Y, O"YY
+ &(k)D Y, 0"Y"]. (5.24)

41y = 0 is

<l

The Jacobian J can be written as ¢*1 when the condition (i% —
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satisfied. Here

i LU el () = 10V2 + (k) — o] + [€)(x) — 26a]Y;; ¢

+ [i(k) +1]0, Y 0"Y" + [£5(k) — 1]0,Y,;0"Y" = 0. (5.25)

Equating the coefficient of each local term to zero, we obtain

&(k)—1 =0,
{(r) —ca® = 0
& (k) —2ea = 0,
GR)+1 =0,
&kr)—1 = 0 (5.26)
The solutions of the above differential equations are
&ilk) = K,
&(k) = ea’r,
(k) = 2eanr,
a(k) = —k,
&(R) = k. (5.27)

After plugging in the values of & (k), & (k), E3(K), E4(k) and & (k) into equation (5.24),

we obtain the following

Sip(z, k), K] = Y%k + e®(B,) %k + 2ea(Y; 8" )k — (0,Y, — 0,Y,)0"Y k. (5.28)

At k = 1, it reduces to the following
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Sip(x,1),1] = Y32 + ea®(8,)* + 2ea(Y,f B") — (9., — 8, Y,)0"Y™. (5.29)

After adding this S; (at x = 1) in the effective action of the Abelian 2-form gauge

theory, we obtain

Sl[¢(x71)a1]+seff :Sz;ffa (530)

where Sz} s is the effective action of gaugeon formalism for the Abelian 2-form gauge

theory.

5.5 Conclusions

Starting from the most general gauge-fixing Lagrangian density (including the gaugeon
fields), we have presented a general form of the BRST symmetric gaugeon formalism for
the reducible gauge theory. This most general gauge-fixing Lagrangian density possesses
the quantum gauge symmetry under which the Lagrangian remains form-invariant. The
theory contains two gauge parameters from which one gets shifted by the quantum
gauge transformation. By introducing the FP ghosts and ghosts of ghosts (correspond-
ing to the gaugeon fields), we have provided a BRST symmetric gaugeon formalism
for the Abelian 2-form gauge theory. The BRST symmetry enables us to improve the
Yokoyama subsidiary conditions by replacing these to a single Kugo-Ojima type sub-
sidiary condition. We have found that the quantum gauge transformation commutes
with the BRST transformation. As a result, the BRST charge is invariant, and thus,
the physical subspace is also gauge invariant. Finally, using FFBRST transformation,

we have shown that we can generate gaugeon fields in the reducible gauge theory.



Chapter 6

BF models in different gauges

In this Chapter, we consider the BRST symmetric four dimensional BF theory, a topo-
logical theory, containing antisymmetric tensor fields. Further, we generalize the BRST
transformation into finite field-depend transformation by making the transformation
parameter finite and field-dependent. Applying the resulting generalized BRST trans-
formation on the generating functional, we get an extra piece which changes the BRST
exact part of the action due to the Jacobian of functional measure. For an specific choice
of finite field- dependent parameter, the generalized BRST transformation connect the
Landau-gauge to axial-gauge for BF model. In the last section of this Chapter, we
show that the gaugeon fields can be incorporated into the Lagrangian density of the BF
model using FFBRST formulation.

6.1 BRST symmetric four dimensional BF theory

We consider the BF model described by the classical action

1
S = =7 / d'z ¢ FO BY . (6.1)

This action describes the interaction between a two form field By, and a gauge field

Aj. The field strength tensor is defined as
Fo, = 0,A% — 9, A% + AL AL (6.2)

For quantization of the BF theory, one needs a gauge-fixing term and induced ghost

terms in the Landau-gauge as follows

45
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Sypigh = / d'z [(B“@"AZ+C‘“8“(DNC)“+h“”(8“BZV)+w“8"§g+h,‘j(a“e“)
+ WA (DA — (049N [(Dg)" + f°C)
= (@€(DL)" — (D) + B, O]
1 _
I (0,E)(0,8)5) . (63

The complete effective action for the BF theory in the Landau-(covariant)-gauge, is

given by

Sery = / d'z [ - i<e“”””F,i‘sza> + (B AL
C0"(D,C)" + h™ (0" By, ) 4+ w 0"l + hit (9"e)
WX+ (HEDA — (0"6") (D) + f*C¢]

— (9"€")(Du&)" — (Du&)* + f* B}, C°)

bSIE(0,6)(8,8)6)]. (64)

+ 4

The above effective action (6.4) is invariant under the following BRST symmetric trans-

formations

5yA% = —(D,C)" SA,

5,00 = %fabcc«bcc SA,

& = (Do) + f°CE;, OA,

5b¢a — fabccb(zﬁc (SA,

0B, = —(Du&y — Dy&u)" — [*Bh,C + [ €0 (0°€")6° OA,
5,68 = h? A,

5,C = B® §A,
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50" = w” SA,

et = A\ 0A,

dphy, =0,

»B* =0,

opw =0,

BpA* =0, (6.5)

where the nature of transformation parameter dA is infinitesimal, anti-commuting and
global (i.e. it does not depend on space and time). In the path integral formulation, the
generating functional for the effective action (6.4) of the the BF model in the Landau

gauge is defined as

Zips = / D¢ e'eis, (6.6)

where D¢ indicates the path integral measure which includes all the fields ¢, generically.
Next, we will generalize the BRST transformation (6.5) by following the technique

discussed in Chapter two.

6.2 FFBRST formulation of BF model

In this section, we generalize the BRST transformations (6.5) by making the transfor-
mation parameter finite and field-dependent. Hence, the finite field-dependent BRST

transformations for the BF model is constructed as
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oA, = —(DuC)* Blg,

5,0% = %fabcc«bcc o[¢,

08, = (Do) + f°C"¢; O,

0y = fC"" O4),

0B, = —(Dy€y — Du&)" = [ B, C° + [ €0 (0°€"7) 6% O],
0vs;, = hy, ©[9],

6C* = B g,

5o = W ©[¢],

et = N\ O[¢],

dhy, =0,

wB* =0,

opw® =0,

wA" = 0. (6.7)

This BRST transformation with finite field-dependent parameter ©[¢] is also symmetry
of the effective action (6.4). However, the path integral measure, defined in Eq. (6.6),
is mot invariant under such transformation as the BRST parameter is finite and field-
dependent in nature. Now, we will compute the Jacobian of the path integral measure
under the generalized BRST transformation (6.7) which helps to connect the effective

action of the BF model from Landau-gauge to axial-gauge.

6.3 An application of FFBRST transformation to

connect from Landau-gauge to axial-gauge

In order to obtain the generating functional for the BF model in axial-gauge, we choose

the following infinitesimal field-dependent parameter
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1 1
ol4] = / dx Og(x)] = —i / i / Do [CH(0M AT — 1 A%) — GH(DHED — E®)
LB B, — i BL) + E (0" — mue®) + 3N (6.8)

We calculate the Jacobian J[¢] for the above ©' exploiting following the relation as
given in Ref. [73]

J = expi/d% Zisbgb(x)égﬁ(zx)
®

— expi / A2 [[(~ DO C = ' C?) = BY(0"C — O — w (D" — €L
— [(Duo)" + fC° ][00 + nt6"]) — h*(9” By, — 1" By,)

+ [_<Du€zz . Dzzf,u)a o fachzVCC + fachquaazéabu(bC](auéua . nuéua)

— RP(D,e" — e®) + (D, E1 — n,Eh) — w“)\“] . (6.9)

[©'[9]

Therefore, under the FFBRST transformation, given in Chapter two, the generating

functional changes as

ZL — /D(ﬁl eiSeth} — /J(¢)D¢ eisezt[¢]

- / D exp (z / Az [Legs + (=D, 0 (0"C* — nC®) — BY(9"C* — nh'c®)

— w0 —n"E) — [(Dug)* + [ CE][0"9" + %] — h[(9" By,)

— ("B + [=(Du& — D& — fB),C°

FP€pe0” - E7PGY(OME — lEYT) — RPN (D€ — 7€)

A (0,1 — 1, €)= wA?)]

/ D¢ e'Seatl?) = 74, (6.10)

+ o+

where Z4 is the generating functional for the axial-gauge. Here, in the intermediate
steps, we have utilized the relation which we have used in Chapter two. This is nothing
but the generating functional of the BF model in the axial-gauge condition. This shows
that the field-dependent BRST transformation changes generating functional from one

gauge to another.
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6.4 An application of FFBRST transformation to

generate gaugeon modes in the BF model

In this section, we study the Yokoyama gaugeon formalism to analyse the quantum
gauge freedom for the BF model. To analyse the gaugeon formalism for the BF model,
let us start with the effective Lagrangian density for (3+1) dimensional theory in the

Landau-gauge

Ly = —i /d4 x[e"? Fy, By, — (B"0" A + C*o"(D,C)* + h (0" B;,)
+ wUE + b (9Me”) + w A 4 (D"EN — (9"97)[(Dd)” + fC0E]
= (0"€") (D) — (Du&)" + [ B,,C
I (0,60)(0,80)6°)0" ) + (Y + 0B
— (DY = B,YY Y — 9,V Y + g(yw +a®B%)?, (6.11)
where Y* and Y are the gaugeon fields, respectively. For introducing gaugeon fields

in the BF model, we choose © as

Cl; (l ha
O = [atalg VR - PG 0 -
_ ga( )( Y*a_ayy(;a)aayua+€Z<héi)2<ayy*aauya)

+ S atBYy. (6.12)

Using this ©’, the expression of the Jacobian J, is given as

1+

— 9 YorY 4 g(y*a +a"BY?. (6.13)

J = expi/d‘lx[(aﬂyu*a = 0,Y;")o"Y"" +

After using the condition (2.6), (2.7) and (2.8), given in Chapter two, we get

/D(b elseff+51 .’El /’D¢ e eff (614)
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where Sz} s 1s the effective action of the gaugeon formalism for the BF model.

6.5 Conclusions

In this Chapter, we have discussed the BRST quantization of BF model in the Landau-
gauge. Further, to analyse the quantum gauge freedom for the BF model, we have
introduced the gaugeon modes into the Lagrangian density. Remarkably, the resulting
Lagrangian density admits the quantum gauge transformation under which a natural
shift occurs for gauge parameter. We have removed these unphysical modes by intro-
ducing two subsidiary conditions. Furthermore, we have investigated the generalized
BRST transformation by making the transformation parameter finite and field depen-
dent. Such generalized transformations are not symmetry of the functional measure.
We have calculated the explicit form of the Jacobian of functional measure under the
generalized BRST transformation. For an specific choice of finite field-dependent pa-
rameter, it connects the Landau-gauge to the axial-gauge. Further, we have also shown
that, for an appropriate choice of the infinitesimal field-dependent parameter, gaugeon

modes appear from the Jacobian under the generalized BRST transformation.



Chapter 7

A superspace description of
Chern-Simons theory in BV

formulation

In this Chapter, we study the superspace formulation of Chern-Simons theory in

field /anti-field formulation.

7.1 Chern-Simons effective theory

We start this section by considering the Lagrangian density of the CS theory in (2 +

1) flat space-time dimensions, given as

k 2
Log = —Tr |:4—€“Vp (Aua,,Ap — gZAHAyAp):| ) (7'1)

™

where £ is the inverse of the coupling constant and A, is a gauge field in the Lie-
algebraic space. The Lagrangian density (7.1) is gauge invariant under the following

gauge transformation
0A, = D,0 = 0.\ + i\ Al (7.2)

Here A is a Lie algebra-valued local parameter. It is well known that there are gauge

redundancy due to gauge symmetry. In order to fix the redundancy of gauge freedom
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in the CS theory, we adopt here the axial-gauge.
n*A, =0, (7.3)

where n* is an arbitrary constant vector. To implement this gauge condition (7.3) into
the CS theory, we add the following expressions for gauge-fixing and corresponding

ghost terms to the classical Lagrangian density:

Loy = Te(B'Au),
Ly, = —Tr(Cn"D,C), (7.4)

where C' and C are the FP ghost and anti-ghost fields respectively. Now, the effective

Lagrangian density for CS theory, in axial gauge, is given by
L=2Lcs+ ﬁgf -+ ﬁgh, (75)
which remains invariant under the following nilpotent BRST transformations:

A, = D.C=0,C+ilC, A,

5C = iC?
»C = B,
5B = 0. (7.6)

Here we have followed the adjoint representation where the notation C? is defined as
02 = vaabcc«bcvc.

The combination of the gauge-fixing and ghost terms are BRST exact and hence, can
be written in terms of the BRST variation of gauge-fixing fermion, ¥ = (n“”C’nNAl,),

as follows

Lys + Ly = Tr[s (1" CnuA)], (7.7)
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where n* is the Minkowski metric of the 3-dimensional flat space-time. For the Landau

(covariant) gauge choice, the expression of gauge-fixing and ghost terms respectively are:

’gf Tr (BO*A,),
o = —Tr(Co"D,C). (7.8)

Now, adding the above gauge-fixing and ghost terms in the Lagrangian density of the
kinetic part of CS theory, the total Lagrangian density in the Landau gauge becomes

L'=Los+ Ly + Ly, = Los + Trfs (n*Co,A,)], (7.9)

which also remains invariant under the same set of BRST transformation (7.6).

7.2 Extended BRST invariant Lagrangian density

In this section, we analyse the extended BRST transformations for the CS theory in
BV formulation by extending all the fields from its original value by tilde fields. The
advantage of doing so is that the anti-fields get identifications naturally. We start the

analysis by shifting all the fields from their original values as

A, — A, —A, C—C-C C—C—-C B—B-B (7.10)

Under such shifting of fields, the Lagrangian density (7.5) and (7.9), respectively, also
get shifted as follows:
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This shifted Lagrangian density remains invariant under the BRST transformation
in tandem with shift symmetry transformation, commonly known as extended BRST
transformation. The extended BRST symmetry transformations of Lagrangian density

(7.2) admit the following extended BRST symmetry transformations

SbA/.L = %u
Sbleu = wM—D#(C—C”),
sC = €,
s5C = e—i(C—C)?,
st’ = €,
sC = eé—(B-B),
ssB = p,
ssB = p, (7.13)

where 1, €, € and p are the ghost fields associated with the shift symmetry for A, C, C
and B, respectively. To preserve the nilpotency of extended BRST symmetry (7.13),
the ghost fields are required to have the following BRST transformation:

SY =

Spe =

Spe =

o o o o

Spp = (7.14)

To make our theory ghost-free, we are required to introduce the anti-fields corresponding
to each fields Ay, C*, C* and B* of the theory. The BRST symmetric transformations
of the anti-fields are given by
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SbA; = —Cu
sC* = —o,
5C* = -0,
ssB* = —0, (7.15)

where (,, 0, & and © are the Nakanishi-Lautrup type auxiliary fields corresponding to the
shifted fields fl#, C,C and B, which have the following BRST symmetry transformation:

SbCu =

Sp0 =

Sba' =

c o o ©

(7.16)

SpU =

Now, our original theory can be recovered by adding a gauge-fixing term corresponding
to the shift symmetry in such a way that all the tilde fields vanish. In order to do so,
we add the following gauge-fixed Lagrangian density in the shifted Lagrangian density
(7.2):

Lopran = T [=C"Ay = Az = DHC = C)] = oC + C*[e = (B - B)]

— 5C+ C*e—i(C— ) —oB — B*p] . (7.17)

The gauge-fixed Lagrangian density ngJrgh, given in (7.17), is also invariant under the
extended BRST symmetry transformation (7.13). By performing equations of motion

of auxiliary fields in the above expression, we obtain

Lypign = Tr [ AL (" — D'C) + C*(€ — B) + C*(e — iC*) — B*p] . (7.18)
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Since the gauge-fixing and ghost terms of the Lagrangian density (7.18) are BRST

exact, these can be expressed in terms of a general gauge-fixing fermion ¥ as

Tr(s,U) = Tr {sbA ov ov ov 5\Ij}

M5A +Sb050+8b060+8b363

5\1' 5\1/ ow
= { @ZJM 50° EE - (534 : (7.19)

After adding equations (??7), (7.18) and (7.19) together, we get the complete effective
Lagrangian density for the CS theory in the axial-gauge which respects the extended
BRST symmetry. This complete Lagrangian density is

Lepp = L+ Lyp+ Lon + Lopign,

~ ow ow ow
— _A* _ y43 * * a _
L+ Tr [( Al _614“)2/} +(C’ +_5C> —l—(C +—5C)e
o _
* * Y YK Yk Y2
+ ( B —6B>p+ANDC C*B zoc]. (7.20)

We can obtain the anti-fields by using equation of motion of the ghost fields correspond-

ing to the shift symmetry as follows:

4= 2
o = —%,
= -
B = g—; (7.21)

The anti-fields, which we have obtained from the gauge-fixing fermions ¥ (corresponding

to axial-gauge (given in 7.7)), have the following explicit expressions:
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AL = N Cn”,

c* = 0,

C* = ’r]‘uyTLMA,”

B = 0. (7.22)

Plugging these values of the anti-ghost fields into (7.20), we recover the Lagrangian
density of our original CS theory in axial-gauge. The expressions of the anti-fields for

the gauge-fixing fermion corresponding to the Landau gauge (given in 7.9), are given
by

AL = 1,0,

c* = 0,

C* = p"o,A,,

B* = 0. (7.23)

From these values of the anti-fields (7.23), we can recover the Lagrangian density of the

CS theory in the Landau gauge.

7.3 Extended BRST invariant superspace

description

In this section, we study the extended BRST invariant CS theory in a superspace
labelled by the coordinates (x,6) where # is Grassmannian in nature and z, is usual
space-time in (2+1) dimensions. A superspace description for the extended BRST

invariant theory is obtained by defining the superfields of the form:
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Au(x,0) = A+ 0y,

Au(x,0) = A, +0[, — D, (C =),

X(z,0) = C+ 0O,

X(2,0) = C+6c—i(C—-C),

Y(z,0) = C+ 0

X(z,0) = C+6e—(B-B),

B(z,0) = B+0p,

B(x,0) = B+ 6p. (7.24)

The expressions of the super-anti-fields, using the extended BRST transformation, cor-

responding to the anti-fields are defined by

Al (x,0) Al —0C,,
X (z,0) = C*—fo,
X(z,0) = C*—6g,
B*(z,0) = B*—00. (7.25)

We calculate the following expressions by utilizing the above superfields and super-anti-

fields:

= —A " — D*(C - C)] — ¢ A",

d(X*X) _ C‘«*[E_Z‘(C_C’)2]—5C,
o0 _ —oC +C*[e— (B - B)],

— —B*p—0B. (7.26)
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By combining all the equations of above expressions (7.26), we get

Tr (%(A;AH + XX+ XX+ B*B)] = Tr [—A; [W" — D*(C — C)] — ¢, A"
+ C*le—i(C—C) =60 —oC
v Ce—(B-B) - Bp— @B] . (7.27)

which is nothing but the shifted gauge-fixed Lagrangian density ﬁg f4gn (7.17). Now, we

can define the general super-gauge-fixing fermion in superspace formulation as follows,

O(z,0) = V() + 0(sV). (7.28)

Further, the above equation can be expressed in the following way:

(7.29)

q)@’e):@(x)w( 5 S o 5\1/>_

Py e 07
A ToMRE TolRr )7

Hence, the original gauge-fixed Lagrangian density in the superspace can be defined as

. . . . . . 0P(z,0)
the left derivative of the super-gauge-fixing fermion with respect to 6, i.e. Tr [T]'

We write the effective Lagrangian density for the CS theory in the superspace as follows

Loon = LA+Tr|—(A5A" +X*Y + XX+ BB+ q))] . (7.30)

This compact expression indicates the BV Lagrangian density of the extended CS theory

in superspace which is invariant under the extended BRST transformations.
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7.4 Extended anti-BRST Lagrangian density

In this section, we construct the expression of the extended anti-BRST transformation

under which the extended Lagrangian density remains invariant. This is given by

SA,
5 A,
5,C
5,C
5,0

spB
sB

A;+DM( _é)a
A*

7

C*+ (B - B),

c*,

(C* = C*) +i(C - C),

B*,

B*, (7.31)

Under the extended anti-BRST symmetry transformations, the expression of ghost fields

associated with the shift symmetry transform as

Sabw,u = C;u
Sab€ = O,
Sap€ = O,

Sepp = . (7.32)
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The BRST transformations of the anti-fields of the auxiliary fields associated with the

shift symmetry, are given by

Sabc,u = 0,
SabA; = 0,
Sap0 = 0,
SabC* = 0,
Sab0 = 07
Sabé* = 0,
SapU = 07
sayB* = 0. (7.33)

In axial-gauge as well as Landau-gauge of the CS theory, the anti-gauge-fixing fermions

are defined respectively as

U = " Cn,A,,
Vo= pvCo,A,. (7.34)

The anti-BRST variations of these gauge-fixing fermions give the corresponding gauge-

fixing and ghost parts of the complete Lagrangian density.

7.5 Extended BRST and anti-BRST invariant

superspace

In this section, we write the extended BRST and anti-BRST invariant Lagrangian
density in the superspace with the help of two Grassmannian coordinates 6 and 6.
Requiring the field strength to vanish along the unphysical directions 6 and 6, we

determine the superfields in the following forms:



7.5. Extended BRST and anti-BRST invariant superspace 63

=)

= Au(z) + 0v, + 0[A% + D,C) + 00[¢, + 9,8,
= A, (2) + 0, — D(C — C)] + GAL + 06¢,,

)

(x,0,0)
(x,0,0)
x(2,0,0) = C(x)+0e+0[C*+ (B — B)] + 0o,
X(2,0,0) = C(x)+0le —iCC] + 0C* + fo,
X(2,0,0) = C(z)+0e+0[C* +iCC| + 005,
X(2,0,0) = C(x)+6[e— B]+ 0C* + 605,
B(x,0,0) = B(x)+0p+0B*+ 000,
B(x,0,0) = B(x)+0p+ 0B + 600, (7.35)

1[0, - . - . .
N - 2 Y2V — _ K _ * ®o_ I _ _
ST | (A, A0+ XX+BB)] Tr[ A, — AL — DMC — C)] - oC
4+ e~ (B—B)]—aC+Ce—i(C — Y
- 0B- B*p} ,
= Losn (7.36)

which is nothing but the shifted gauge-fixed Lagrangian density. It is obvious that the
above gauge-fixed Lagrangian density is invariant under both the extended BRST as
well as the anti-BRST transformations. Now, we define the general super-gauge-fixing

fermion for the extended BRST and the anti-BRST invariant theory as follows

O(z,0,0) = W(x)+0(spV) + 0(5,5V) + 00(sp557). (7.37)

This yields the original gauge-fixing and ghost part of the effective Lagrangian density as
Tr [% [s5(9)®(z,6,0)]]. Hence, in the general gauge, the complete Lagrangian density
for the extended BRST and anti-BRST invariant CS theory, can now be given by
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o L o _ _
Tr | — = (A, A" + X\ + BB)] + Tr {% [5,(0)®(x,0,0)] .(7.38)
We can remove all the shifted fields from the above expression by using equations of
motion for the auxiliary fields and also we can obtain the exact expressions of the

anti-fields by integrating out the ghost fields for the shift symmetry.

7.6 Conclusions

The (24 1) dimensional CS theory is subject of interest because of its some intriguing as
well as interacting properties. For example, the Green function for the model in axial-
gauge shows the unique and exact solution of the Ward identities without reference to
any action principle. In this Chapter, we have considered the (2 + 1) dimensional CS
theory, in both the axial-gague and the Landau-gauge and have attempted to describe
the extended BRST and anti-BRST invariant (including shift symmetry) CS theory
in the BV formulation. We have shown that the anti-fields arise naturally in such
formulation. We have further provided the superspace and superfield description of this
CS theory. We have shown that the BV Lagrangian density for such CS theory can
be written in a manifestly extended BRST invariant manner in a superspace with one
fermionic coordinate (f). However, a superspace with two Grassmannian coordinates
(6) and () are required for a manifestly covariant formulation of the extended BRST
and extended anti-BRST invariant BV Lagrangian density for the CS theory in any

arbitrary gauge.



Chapter 8

The quantum description of BF

model in superspace

In this Chapter, we attempt to provide a superspace version of the BF model in
the BV formulation. For this purpose, we first consider the BRST invariant BF model in
the Landau gauge. Further, we extend the BRST symmetry of the theory by including
the shift symmetry. The advantage of making such analysis is that the anti-fields get
their own identifications naturally. Further, we describe the extended BRST invariant
BF model in the superspace using only one Grassmannian coordinate together with
(3 + 1) space-time coordinates. However, for both the extended BRST and extended

anti-BRST invariant BF model, we require two Grassmannian coordinates.

8.1 BRST invariant BF model

In this section, we discuss the preliminaries of the BF model with its BRST invariance.
In this view, the BF model in (3+1) flat space-time dimensions is given by the following

gauge invariant Lagrangian density

puv = po

1
Ly = —""F},B; (8.1)

where Bj and Fy, are the two-form field and field strength tensor for the vector field,

respectively. In order to remove the discrepancy due to gauge symmetry, the gauge-
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fixing and ghost terms are given by

Lopign = +(B"9"AY + C°0"(D,C)" + h™ (9" BY,) + w'0"E" + e (0"e?)
- N QG = PEDL0
— (EDU) ~ (D) + FBLLCY
b S (0,6)(0,8)), (52)

where fields (C?,£4), (C%€%) and (B®, h%) are the ghosts, antighost and the multipliers
fields, respectively, while the fields ¢, ¢® and w® are taken into account to remove
further degeneracy due to the existence of zero modes in the transformations. The
effective Lagrangian density (Lo + Lyf4gn) for the BF model is given by the following

expression

Lepr = —ie“”P“ngBZU + (B0" A5 + C0"(Dyc)” + h™ (9" BS,) 4 wd &l + by, (0Me)
+ WX (916N = (0"0")[(Dyg)" + fC]
_ (8ugau)[(DM§V)a _ (Dyfu)a + fachZVOc]

S (0,6)(0,E)0) (53

The Lagrangian density (with gauge-fixing and ghost term) of the BF model possesses
following BRST symmetry

spAj, = —(D,C)"

SbCa — %fabcc«bcc

siéy = (Dd)* + f°C

540" = P

Bl = (Db = Dy = [ Bl O 4 ™ 1 (7E7)°

a a
Sb§u = h,u
SbCa = B*
50" = w*
spe® = \?

sp(hy,, B, w, \") = 0. (8.4)
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The Lagrangian density of the gauge-fixing and ghost terms of this model is BRST exact
and, hence, can be written in terms of the BRST variation of the generic gauge-fixing

fermionic field

W = (COO" AL+ EMDBL, + §"0UEL + e + “D'EL) | (8.5)

as follows

Lygign = sp (COO"AL 4 EVP* B, + §°OE" + €0 + *O1EY) (8.6)

where s, is the BRST symmetry transformations (8.4).

8.2 Extended BRST invariant Lagrangian density

In this section, we analyze the extended BRST transformations for the BF model in
BV formulation. The advantage of doing so is that the anti-fields get identification
naturally. We start the analysis by shifting all the fields from their original value as

follows

B:, — B, — D%, A%— A2 — A% C"— C" - (",
C*— C"—(C", B"— B"—B", & —¢-¢,
§— & =& ¢ — 9" — 9", ¢ — " — 9",
hy, — by —hi, e — e =€t W' — W -

NG — N\ — 9 (8.7)

The Lagrangian density of the BF model also gets shifted under such shifting of the
fields, respectively, and is given by:
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L = L£(A%—As, C*—(C° C*—C° BB
gz - ~Z7 gz_ _Za qba_qga’ gga_q;a,
A PE LN L (D () (8.8)

The shifted Lagrangian density (8.8) remains invariant under the following extended

BRST symmetry transformations

SAZ = Z,

sAn = ¢t —D,(C—0),

sC* = €,

(O — o %fabccb .

sC* = &,

sC* = & —(B-B),

sB* = x“,

sB® = %,

sot = M,

s§¢ = MO — fabecbye,

s¢® = M,

55“ = M*—w"

se® = N

se® = N®— )\,

s§, = L,

s€t = LY —[(Dug)" + feChe],
ség = EZ,

s€% = L% —ho, (8.9)

where ¢, €%, €, x*, M*, M®, N¢, L7, and EZ are the ghost fields corresponding to the

shift symmetry for A}, C°, C®, B, ¢, $°, e, &, and 5;;, respectively. The nilpotency of
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the extended BRST symmetry (8.9), leads to the BRST transformation for the ghost
field as:

sN® =
SLZ =

_—
SLH =

®
S
I

O O O o0 o o o o o

(8.10)

In order to make the present BRST-invariant theory ghost-free, we introduce the

anti-fields A%?, C*, C* B, T SRR &**, and e*® corresponding to the ghost fields

s €15 € X, ME, Me®, Ne, L7, and Z_LZ, respectively. The BRST transformations of these

anti-fields are

sAT = (O,
sC*e = _O_a’
SC«*CL — _6_a7
sB* = —w’,
S¢*a — _Ua7
ng*a — _®a7
se*e — _Ta’
G = =k
Sg;a = _Rfu

(8.11)
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where (j, 0% 0% and 0" are the Nakanishi-Lautrup type auxiliary fields corresponding

to the shifted fields A;“,C*“,C’*“,B*“,gb*“,(ﬁ*“,e*“, », and 5;“, respectively. These

auxiliary fields possesses the following BRST transformations

VA
c
I
O O O O o o o o o

(8.12)

We can recover our original Lagrangian density for the BF model by adding the gauge-
fixing Lagrangian density corresponding to the shift symmetry in such a way such that
all the tilde fields vanish. We achieve this by adding the following gauge-fixed term in
the shifted Lagrangian density (8.8):

a fa *a a N\ a ava *aT _a 1 abc c
Loprgn = |=CAL = A = DM(C = O)] = 0°C* + CF[e" — o f beChe]
_ 5.aéfa + Cf*a[ga o (Ba o Ba)] o ,anga o ¢*a(Ma . fabccvb¢z) o ,Ua(;a
o q;*a(Ma . wa) — e 4 e*a(Na . )\a) . waéa + B*aga - Rauéz
(L — (D + [UCE]) — RE + EM(L — i) (8.13)
The Lagrangian density Z',g f+gh given, in the above equation (8.13), is also invariant un-

der the extended BRST symmetry transformations. If we perform equations of motion

of auxiliary fields in the above expression, we obtain
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‘Cgf—&-gh — _A;a[wua . DM(C o Cw)a] . +C*a[€a . %fabcc«bfz]
_ Cf*a[ga . (Ba . Baﬂ i ¢*a(Ma . fabccbgbi)
&*a(Ma - wa) + e*a(Na - )\a) 4 B*aé}a
+ (LG — [Dug® + [UCNE]) + € (L, — hy)] (8.14)

The gauge-fixing and FP-ghost terms of the Lagrangian density are BRST exact and it

can be expressed in terms of a general gauge-fixing fermion ¥ as

5 00 00 5U
(Sb\If) = AM(SA“ + st W + SbC W + SbB 5— bfuéffl bguéga
. ) |
+ 5b¢ 6¢a + Sb¢ 5@3(1 + Spe 5€a:| )
- LIPS IV SR BVRNL ST 3
= 5Aa 5CaC T T BN T gga T ggat

a __

5 5¢e Jeo

O e~ 0¥y 5—\11]\7“} : (8.15)

After integrating out the auxiliary fields which set the tilde fields to zero, we have the
following effective Lagrangian density for the BF model in the Landau-gauge

Lepr = LA Lgprgh + Lofign

~ ov ow ow
— _Axa __ ua *aQ Rl a *Q = —a
“K A MW>¢ +(c +5C>e +(c +5Ca>e
o ow ow\ -
B* 4+ —a xa | 7 * ay “ - | Je
(B ) <“+6§a> (5 *65) z

*a ov a *a ov \ T *a ov a
G ¢>M (4 g ) 3+ (o= )
+ A;aDMCa o Tfabccbg; + e e + gza[(Du¢)a =+ fabccbgﬁ]
+ Qb*afabcobfZ] ’ (816)
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where WU refers the gauge-fixing fermion corresponding to the Landau-gauge. Integrating

out the ghost fields associated with shift symmetry, we obtain

Az
o
o
Bra

&'

o

§ Apa’
_ o

6Ce’
o

6Ca’
ow
B’
o
o&ra’
o
o&xe’
o
S’
o
S’
o

— E. (817)

For a particular choice of the gauge-fixing fermion ¥, corresponding to the Landau-

gauge given in (8.5), the expression of anti-ghost fields yield

A
e
-
g
&
g
g
g0

e*a

0,C*,

0, A,

0

0,

0u",

—0" By, — Opuc’,

0,

—omee,

w® + . (8.18)
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Plugging these expressions of the anti-ghost fields in (8.16), we recover the Lagrangian

density of our original BF model in the Landau-gauge.

8.3 Extended BRST invariant superspace

description

In this section, the Lagrangian density of the BF model, which is invariant under the
extended BRST transformation, is described in a superspace by including one extra
Grassmannian coordinates 6 in the (3+1) space-time dimensions. In order to give super-

space description for the extended BRST invariant theory, we fist define the superfields
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of the form:

AZ(a:,@) = AZ+9¢Z,

Ai(w,0) = Ay +0[, — Du(C = O],
Xz, 0) = C%+0e,

C.0) = OOl e,
(x,0) = C9+ o,

X“(z,0) = C*+0fe —(B-B),
B%(x,0) = B*+0x°,

B“(:L’,@) = B+ 6\°,

&(w,0) = & +0L°,

co(,0) = &+ 0[LG — (D + fC)],
Z(x,@) = §g+9LZ,

4(2,0) = €04 0(LY — hY),

¢ (2,0) = ¢ +OMC,

¢(2,0) = " +0(M" — fC),
o*(z,0) = ¢*+0OM?,

(. 0) = O+ O(M —w),

e(x,0) = e*+ 0N,

&z,0) = &+ O(N® — ). (8.19)
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The super anti-fields in superspace are given as follows

A/*f(:c, 0) = ATt —0¢,

Xx,0) = C* — 057,

i*(l(x’ 0) — C:*CL _ 95_(17

B*(z,0) = B* —60x",

;a(a:, 0) = 5;“ — Ok,

&l (@, 0) = & — Ry,

é*a(x’ 9) — &*a . eva’

0 (2,0) = ¢ — 00",

ez, 0) = e —0r". (8.20)

We obtain the following expressions with the help of these superfields and super-anti-

fields

S(Aza Ay
00
O(X*"X")
50
o(X"X*)
00
6(B*aBa)
56
O (&)
~68~
6(&,"6M)
~68 ~
(¢**9")
00
5(¢*a¢a
00
5(é’*aé’a)
00

— Az [y — DH(C — O] — oA,
1 ~
C«*a[ea _ §fabccb£li] _ O_acta’

—5°C* + C*[&* — (B — B),

_B*y* — "B,

HEO[LG — (DM + fUeChE)] — KL,
—E (L — L] — Raghe,

OV G (MO — fabeCbee).

_(Za@a 4 gg*a(]wa . wa)’

e*a[Na _ )\a] — eara,

(8.21)
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Combining all the equation given in (8.21), we find that

(% ( AZ* Aer 4 %9+ FO7 + B™ B + g-z*gau + gz*gau + qga* Q;a + q;a* gga + &)
_ _CQMAZ _ AZ*WW — (D" — Du)(c _ é>a] _ 50 — Uaéa . Uagga

O — %fabc(cvb _ éb)(gg _ EZ)] + 0% [en — (BY — BY)] — 7980

— g [Ma _ fabe(ct — éb)<¢c _ éc)] _ @a(;a —FM® — W+ &%)

NS AT 5\a] — @ BY — By HGNEZ _ R““EZ 4 Fran [EZ (b — }Nla)]

+g (L= (D= D)6 — @) + fo(C” — )& — €0)]) (8:22)

which is nothing but the shifted gauge-fixed Lagrangian density ﬁg f4gn given in (8.13).
Now, we define the general super-gauge-fixing fermion written in superspace formulation

as follows
O(z,0) = V(x) + (sV), (8.23)

which can further be expressed as:

o o o o o
@ 0 — \:[/ 9 — a a __ e a a
() S T To TR TR ;TR o
U U U o_ v
W 0 OV e 0V (8.24)
ofe 1 oge Yok de®
So, the original gauge-fixed Lagrangian density in the superspace can be defined as the
left derivative of the super-gauge-fixing fermion with respect to 6 as [%] Hence,

the effective Lagrangian density for the BF model, in general gauge in the superspace,

is now given by

~ 0 A*xa A pa =xa.~a Za.~*a R*a a ~xa. = A Zxa Zua
Loen = L+ @(AZA“ + XX XX+ BB 4 0+ XXt

+ qg*“q5“+q:5*aqz“+é*“é“)+<b) ] (825)
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This compact expression indicates that the BV action of the extended BF model, in

superspace, is invariant under the extended BRST transformation.

8.4 Extended anti-BRST Lagrangian density

In this section, we construct the extended anti-BRST transformation under which the

extended Lagrangian density remains invariant as follows

sl = A+ D,(C - ),

swAl = A,
5500 = C*— % fabccbgz’
saCt = C™,
saC* = C*—(B-B)",
Sabéa _ Cf*aj
saB* = B,

saB® = B*+ "
Sabgz = X;a - [D;mba + fabccbézL

s, = &,

saly = & —h,

Sabgﬁ = &7,

spd® = G — feChge

s = ¢,

s = ¢ —w,

Sab(za = QZE*G,

spe® = € — A",

Sap€" = e (8.26)

The ghost fields associated with the shift symmetry, under the extended anti-BRST

symmetry, transforms as
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U = G
s = o,
s¢¢ = &%
sx* = w,
sL;, = K,
sL, = K,
sM® = %
gMa — 7a’
SN = 7°

(8.27)

The nilpotency of above transformations demands the auxiliary and anti-ghost fields

associated with the shift symmetry transform as

50 =0, 5A%=0,
50 =0, 35C* =0,
56" =0, 5C* =0,
sw® =0, §B* =0,
Sk, =0, 3§ =0,
Skj, =0, 8§&=0,
sv* =0, 8§¢* =0,
509 =0, 35 =0,

st =0, S5 =0. (8.28)

The anti-gauge-fixing fermions for the BF model in the Landau-gauge (V) is defined by
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v = pCn,A,.
(8.29)

The anti-BRST variation of the gauge-fixing fermion gives the corresponding gauge-

fixing and ghost parts of the effective Lagrangian density.

8.5 Extended BRST and anti-BRST invariant

superspace

The extended BRST and anti-BRST invariant Lagrangian density can be written in
superspace with the help of two Grassmannian coordinates § and 6. Requiring the field
strength to vanish along the unphysical direction § and . We have the super expansions

along (6,0) directions of the following superfields

Al(x,0,0) = Al(x)+ 005 + 0[AS + D,C1* + 00[CE + 0,.e?],
A%(2,0,0) = A%(x)+ 0t — D,(C — C)"] + 0AT + 005,
Cx,0,0) = C*x)+ 0"+ 0|C* — fabccbg ]+ 000,

C2,0,0) = C*x)+ 0" — % feChe) + 6C* + 660,
X(2,0,0) = C%x)+0e + 0[C* — (B — B)"] + 005°,
$92,0,0) = O%x)+ 0 — (B — B)T] +0C™ + 0857,
B%(x,0,0) = B"(z)+0x"+0(B* + x*) + 00=",

B(x,0,0) = B(x)+0x"+0B* + 00",

Ei(2,0,0) = &i(x) + 0Ly, + 016" — (Do + f7°C°)] + 06¢;7,
(2,0,0) = &(x) + 06" — (Do + f°C°)] + 06 + 00K,
£(2,0,0) = &%(x)+0L% + (& — ) + 09K,

£(2,0,0) = &u(x) +0(Ly — h3) + 08" + 005,
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¢*(2,0,0) = ¢%(x) 4+ OM® 4 0(¢** — fCP¢°) + 0607,
¢4xz,0,0) = ¢z) + O(M® — fPCP¢°) 4 06* + 06v°,
¢4 (x,0,0) = ¢Nx)+OM®* + 6(* — w) + 6077,
¢*(2,0,0) = 6°(z)+O(M® — W) + 08 + 0007,
e*(z,0,0) = e"(x) +ON"+ (e — \*) + 007,
e%(x,0,0) = é&(x)+O(N* — \*) + e** + 007

(8.30)

With the help of above expression (8.30) of superfields, we are able to establish the

following relation

-

__(AaA,ua + X ay Baéa +éﬂ§“a + 1Z§Ma + éa(;a + aga + éaéa‘|

2
— [_CHQAG A*a[w,ua DM(C _ é)a] _ O_aéa + C*a[Ea . %fabccbgﬁ]
— 0 + CY*(J,[E o (Ba - Ba)] o Ua(;a . ¢*a(Ma o fabccb¢z) o @a(Za
_ ¢ (Ma_w )_Taéa+e*a(Na ) QBG‘FB*GSQ_KJGMEZ
TG~ [Dud” o CU]) — B (I )| (8.31)

which is nothing but the shifted gauge-fixed Lagrangian density. Being the 80 compo-
nent of a super field, this gauge-fixed Lagrangian density is manifestly invariant under
the extended BRST and anti-BRST transformation. Now, we define the general super-
gauge-fixing fermion for the extended BRST (and the anti-BRST invariant) theory as

follows

O(x,0,0) = W(x)+0(s,V) + 0(5,0) + 00(5,5,V), (8.32)

which yields the original gauge-fixing and ghost part of the effective Lagrangian density
as Tr [ 2 [s,(0)®(x, 6,0)]]. Therefore, the complete Lagrangian density for the extended
BRST and anti-BRST invariant BF model in the general gauge can now be given by
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o 0 .
— — _ | (Aa fAua a/a a/a a pa aua a ¢-pa
Lyen L?eae(AA +C°C* + C*C* + B*B + M+ €06
B _ _
+ {¢a¢“+¢“¢“+éaéa+%[ (0)®(x,60,0)]| . (8.33)

Performing equations of motion of auxiliary fields, the shift fields can be removed from
the above expression and by integrating out the ghost fields for the shift symmetry, we

obtain the exact expressions for the anti-fields.

8.6 Conclusions

The (3 + 1) dimensional BF model is subject of great interest due to its topological

nature and its intriguing properties.

In the present Chapter, we have considered (3+ 1) dimensional BF model in the
Landau-gauge and then we have extended the BRST and anti-BRST invariant (includ-
ing the shift symmetry) BF model in the BV formulation. The anti-fields corresponding
to each field naturally arise. Further, we have provided the superfield description of
the BF model in the superspace where we show that the BV Lagrangian density for
the BF model can be expressed in a manifestly extended BRST invariant manner in a
superspace by considering one additional Grassmannian (fermionic) coordinate. How-
ever, we need two additional Grassmannian coordinate to express both the extended
BRST and extended anti-BRST invariant BV Lagrangian density of the BF model in

superspace.



Chapter 9

Conclusions

In this thesis, we have studied the fundamentals of gauge theories. We have
studied the generalization of BRST symmetry by making the transformation param-
eter finite and field-dependent which is known as the FFBRST transformation. We
have discussed the applications of FFBRST transformation in different models. We
have emphasized the quantum gauge transformation and the superspace description of
gauge theories also. We have started this thesis with the brief introduction about the
fundamentals of gauge theories, BRST formulation and its importance in gauge theories

and we have build-up the whole thesis (total chapters 9) based on these central theme.

In introduction Chapter, we have mentioned various generalizations of the BRST
transformation. In these generalizations the FFBRST transformation has been found
most important and interesting. The interesting feature of the FFBRST transformation
is that this is also the symmetry of the effective action and is nilpotent. However, under
this transformation, the path integral measure of the generating functional of a given
theory is not invariant due to finiteness of the parameter. The Jacobian of the path
integral measure is not unity under such transformation and leads to a factor ( ¢*!) in
the generating functional where S; is local functional of the fields. This Jacobian ( €*1)
extends the effective action of the theory. In this way, the FFBRST transformation is

extremely useful in connecting various different effective actions in different gauges.

In Chapter two, we have provided the basic formulations of the gauge theories
which are the building blocks of this thesis. Specifically, we have outlined the method-
ology of the FFBRST transformation by making the transformation parameter finite
and field dependent. Further, we have presented a method to evaluate the Jacobian
of functional measure under the FFBRST transformation. We have also discussed the
basic idea of field/anti-field (BV) formulation within this Chapter.

82
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In Chapter three, we have shown that the 3-form Abelian gauge theory, in non-
covariant gauge, can be obtained from the same theory in covariant gauge with the help
of the FFBRST transformation. Usual BRST transformations have been generalized to
the case of Abelian 3-form gauge theory in covariant gauge. The generating functional
for this theory is shown to be connected to that of the non-covariant-(axial) gauge
through FFBRST transformation. We have established this connection by constructing
an appropriate FFBRST parameter. However, the various non-covariant gauges like
Coulomb-gauge, light-cone-gauge, planer-gauge and temporal-gauge can also be ob-
tained under such formulation. Thus, such investigations enable us to study the 3-form
Abelian gauge theory in the non-covariant gauge. We have further demonstrated that
these results, within the framework of the BV formulation and established these results

at the quantum level, too.

In Chapter four, we have shown that one can generate the Lowenstein-
Zimmermann mass term for QEDj3 using FFBRST transformation. Here, we have
studied the BRST symmetry for the ultraviolet finite, superrenormalizable theory of
massless QED3. Further, we have generalized the BRST symmetry of the theory by
making the transformation parameter finite and field-dependent. The fascinating fea-
ture of FFBRST transformation is that, under the change of variables, it leads to a
non-trivial Jacobian for the path integral measure of generating functional. We have
computed the Jacobian for the FFBRST transformation with appropriate finite field-
dependent parameter. Remarkably, we have found that the Lowenstein Zimmermann
mass term, together with the external sources for massless QED3, emerge naturally
within the functional integral through the Jacobian of a single FFBRST transforma-
tion. The notable feature of FFBRST symmetry is that, any gauge invariant (BRST
exact) quantity, can be generated through the FFBRST symmetry. Although these
Lowenstein-Zimmermann terms are mass terms but are gauge invariant, too. Thus,
we have seen that the extra physical degrees of freedom emerge due to the non-linear
BRST transformation (where the parameter exhibits the extra physical degrees of free-
dom due to the mass terms). Though, we have illustrated our results for QED3 theory
only, these certainly are not limited to a particular theory. In fact, it is a more general
result and can be applied to any gauge theory to obtain gauge invariant mass terms

and their dynamics in a useful manner.
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On the other hand, quantum gauge symmetry has been discussed in Chapter
five. Starting from the most general gauge-fixing Lagrangian density (including the
gaugeon fields), we have presented a general form of the BRST symmetric gaugeon
formalism for the reducible gauge theory. This most general gauge-fixing Lagrangian
possesses the quantum gauge symmetry under which the Lagrangian density remains
form invariant. The theory contains two gauge parameters in which one gets shifted
by the quantum gauge transformation. By introducing the FP ghost and ghost for the
ghost terms corresponding to the gaugeon fields, we have given a BRST symmetric
gaugeon formalism for the Abelian 2-form gauge theory. The BRST symmetry enables
us to improve the Yokoyama’s subsidiary conditions by replacing these to a single Kugo-
Ojima type subsidiary condition. The quantum gauge transformation commutes with
the BRST transformation. As a result, the BRST charge is invariant and thus the
physical subspace is also gauge invariant. We have studied FFBRST formulation in the
context of gaugeon, too. Finally, using FFBRST, we have shown that the gaugeon fields
can be generated in the reducible gauge theory (i.e. Abelian 2-form gauge theory).

In Chapter six we have discussed the BRST quantization of BF model in Landau-
gauge. Furthermore, we have investigated the FFBRST transformation by making the
transformation parameter finite and field dependent. Such generalized transformations
are not the symmetry transformation for the functional measure. We have calculated
the explicit form of the Jacobian of functional under generalized BRST transforma-
tion. For an specific choice of infinitesimal field-dependent parameter, it connects the
Landau-gauge to axial-gauge. The connection of gauges are very important for the

computational purposes.

In Chapter seven, we have constructed the BV Lagrangian density of CS theory
in superspace. We have considered (2+41) dimensional CS theory in both the axial-
gauge and the Landau-gauge and have attempted to describe the extended BRST and
anti-BRST invariant (including shift symmetry) CS theory in the BV formulation. We
have shown that the anti-fields arise naturally in such formulation. We have further
provided a superspace and the superfield description of CS theory. We have shown
that the BV Lagrangian density for this CS theory can be written in a manifestly
extended BRST invariant manner in a superspace with one Grassmannian (fermionic)

coordinate. However, a superspace with two Grassmannian coordinates are required



for a manifestly covariant formulation of the extended BRST and extended anti-BRST
invariant BV Lagrangian density for the CS theory in any arbitrary gauge.

The quantum description of BF model in superspace has been discussed in Chap-
ter eight, where we have considered (3+1) dimensional BF model in the Landau-gauge
and then we have shifted the Lagrangian density by shifting all the fields to obtain
the extended BRST and anti-BRST invariant BF model in the BV formulation. The
anti-fields corresponding to each field naturally arise. Further, we have provided the
superfield description of the BF model in superspace where we have shown that the BV
Lagrangian density for the BF model can be written in a manifestly extended BRST
invariant manner in a superspace by considering one additional Grassmannian coordi-
nate. However, we need two Grassmannian coordinates to express both the extended
BRST and extended anti-BRST invariant BV Lagrangian density of the BF model in

the superspace formulation.

In this thesis, we have made an attempt to extend the FFBRST formulation by
incorporating it in different field theoretic models. We believe that this formulation
will find many more new applications in future. In particular, it might be helpful in
removing the discrepancy of the anomalous dimension calculation for the gauge invariant
operators. Exploring this formulation in the context of different field theoretic models

(having spontaneous symmetry breaking) will also be very exciting.
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