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Abstract

Semiconductors have brought about the modern age of information, enabling the inno-
vation of transistors, microprocessors, and integrated circuits. Over time, the dimension
of transistors have reduced, exponentially increasing the computation abilities of memory
chips (Moore’s law). The semiconductor foundry uses silicon and germanium as ’standard
cMOS’ semiconductor platforms, and has adopted the ’more-than-Moore’ route in recent
times via hybridization of chips and sensors. But the individual size of transistors is ap-
proaching the limit of the validity of classical physics. Quantum computation has emerged
as the solution to the above problem, with additional advantages in terms of encryption,
entanglement, and exponential speedup.

The spin angular momentum of an electron (or hole, nucleus) can constitute the basis
of a quantum computer owing to its quantized nature and insensitivity to electric fields.
This thesis focuses on spin qubit systems fabricated in semiconductors, particularly in
group-IV semiconductors e.g. Si and Ge. Semiconductor spin qubits can be coherently
controlled via microelectronics in atomistic length scales, and the material platform offers
a direct route towards scaling up. During the past two decades, semiconductor spin qubit
technology have burgeoned rapidly; leveraging single-shot readout, electrically driven spin
resonance, error-correction techniques and multi-qubit control.

In this work, the theoretical investigation of phosphorus multidonor qubit in silicon has
been carried out in view of the multi-valley effective mass approach. We show that such
electron multidonor spin qubits can exhibit fast and coherent electrical control due to
the difference in hyperfine interaction in neighboring dots. The collective interest in full
electrical control of spin qubits have given rise to significant interest in hole spin qubits,
where the large intrinsic spin-orbit interaction enables optimization of certain experimental
parameters. Here we model a single hole spin qubit in planar Ge/Si1≠xGex heterostructure
using the k.p formalism. We study nontrivial spin-orbit interaction enabled features of
spin-3/2 hole qubits, contrasting to spin-1/2 electrons. Finally, we calculate the effects
on hole qubits due to random alloy disorder and thermal contraction of metallic gatestack
atop the planar germanium heterostructure. Our work builds the foundation for theoretical
modelling of electron and hole spin qubits in planar group-IV semiconductors.
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Preface
"I can believe, that a girl alone might be walking on a narrow trail
somewhere in the Rockies and might lose her step, and, rolling down
to the precipice, manage to grab a tiny pine at the brink and so save
herself from inevitable death. I can also imagine that, just at that
time, a handsome cowboy might be riding the same trail, and, noticing
the accident, tie his lasso to his horse’s saddle and descend into the
precipice to save the girl. But it looks to me extremely improbable
that at the same time a cameraman would be present to record this

exciting event on film!"
-Niels Bohr.

George Gamow’s book ’Thirty years that shook physics’ mentions Bohr’s above comment
on the impossibility of knowing precisely both position and momentum of a particle,
one of the ramifications of the probabilistic nature of quantum physics. Emerging from
the besieging paradoxes of the statistical models of light absorption and emission, quan-
tum mechanics soon became the key to understanding elementary electronic structures.
Remarkably, the ’peculiarities’ of quantum mechanics have amalgamated into quantum
computing, the latest emissary of modern science and technology with a fundamental
capability to outperform classical computation. Quantum computing necessitates the en-
gineering of elementary systems (e.g. single electrons or holes confined in a quantum dot)
in various material platforms, where the governing physics of the energetically or topo-
logically protected quantum ’bits’ often stems from condensed matter theory. In a broad
sense, condensed matter theory describes the microscopic origin of the tangible properties
in materials. In this study, semiconductor quantum dots in the few electron/hole regime
will be theoretically modeled, constituting the building blocks of a feasible quantum com-
puter. Condensed matter theory will be extensively applied not only to optimize the
material induced phenomena; but also to approximate the microscopic laws of quantum
physics in view of the mesoscopic energy hierarchy or symmetries, wherever appropriate.

At the dawn of the 20th century Planck’s theory of ’light quanta’, a formalism that miti-
gates ultaviolet catastrophe of radiation by treating electromagnetic radiation as discrete
packets of energies proportional to the wavelength (E = h‹), would set modern physics
in motion. Over the next three decades, the consequences of the quantum theory such as
light-matter interaction (photo-electric effect, Compton scattering), wave-particle duality
(de Broglie matter wave, Davisson-Germer electron diffraction), probability interpretation
and superposition principle (uncertainty relation, Schrödinger wave equation) became im-
perative in understanding microscopic systems. Quantum mechanical description of elec-
tronic structure introduced the concept of spin angular momentum, an intrinsic property
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PREFACE

of particles with no classical counterpart which was experimentally demonstrated in 1922
by Otto Stern and Walther Garlach. The Stern-Garlach apparatus is depicted in the figure

above, where a beam of silver atoms are passed through an inhomogeneous magnetic field.
The magnetic moment proportional to the electron ’spin’ (µ Ã S) would cause the silver
atoms to deviate due to the magnetic force FB Ã µ · B. Since the silver atoms are ran-
domly oriented, classically the magnetic moment would acquire all values in the range ≠µ
to µ, and a continuous mark would be seen when the atoms collide with a screen. Instead,
two distinct spots are observed, signifying quantization of the spin angular momentum of
the electron to create a two-level spin 1

2 system.

Subsequently, quantum measurement was realized to have the distinct property that prob-
abilistic microscopic systems collapses into a definitive state upon measuring, and in a se-
quence of measurements only the information of the final one prevails. The effect of quan-
tum measurement on causality led to another peculiar property, entanglement. In 1935,
Einstein-Podolsky-Rosen (EPR) paradox stated that the principle of locality in Schrödin-
fer’s wave equation must be preserved via ’hidden variables’. This postulate was proved to
be inconsistent by J.S. Bell in 1964. Furthermore, Bell inequalities asserted an upper limit
of correlation for systems obeying local realism, and specially prepared microscopic sys-
tems would violate the upper limit of Bell inequalities by virtue of quantum entanglement.
Parallel to the revolution in information technology through transistors over the next two
decades, quantum information was conceptualized by the likes of Wiesner, Bennett and
Feynman. The motivation was two-fold: synthesizing elementary quantum systems to
study the fundamental principles of quantum mechanics, and using properties of quantum
bits or qubits to gain advantage over classical computation. While the latter route saw
the emergence of quantum algorithms (Shor, Deutsch-Jozsa, Grover) and quantum cyp-
tography (BB84), the former laid the groundwork to develop novel architectures for qubit
engineering. The key requirements for a suitable platform for quantum computation are
given by the DiVincenzo criteria:

• "A scalable physical system with well characterized qubits": the quantum analog of
binary bits, denoted by orthogonal basis states |0Í and |1Í. A well characterised
qubit implies precise knowledge of the Hamiltonian, and minimal coupling to higher
energy states.

• "The ability to initialize the state of the qubits to a simple fiducial state, such as
|000..Í": a necessary requirement for efficient quantum error correction.

• "Long relevant decoherence times, much longer than the gate operation time": de-
coherence is key to emergence of classical behaviour. Detrimental to quantum com-
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puting, dephasing should be slower by a factor of 103
≠105 with respect to the ’clock

time’ of the fault-tolerant quantum computer.

• "A ’universal’ set of quantum gates": single- and two-qubit gates have to be synthe-
sized, preferably by controlling physical interactions in the system, e.g. exchange.

• "A qubit-specific measurement capability": majority of the quantum register can be
read out after the computation with high fidelity.

Semiconductor spin qubits enable fault-tolerant quantum computing in view of the Di-
Vincenzo criteria, thanks to their potential scalability and compatibility with classical
electronics for coherent control and readout. Condensed matter theory has provided cru-
cial cognizance of semiconductor quantum computing during its evolution. While Dirac
equation (1928) explained relativistic origin of the interplay between spin- and orbital-
degrees of freedom, known as the spin-orbit coupling (SOC); Bloch wave formalism (1928)
and band structure theory interpreted electronic structure with lattice periodicity and
distinguished metals, semiconductors and insulators. The invention of transistors in 1947
unfolded a widespread investigation of semiconductor physics. By the 1980s, the concepts
of symmetry and topology had rendered condensed matter theory a sophisticated field
concerning various novel phenomena in semiconductors, superconductors and topological
phases; and theory of invariants had significant implication in spintronics. Supercon-
ducting and topological quantum computation have since burgeoned, while semiconductor
qubits have managed to harness the fabrication supremacy of high quality on-chip inte-
gration, especially in silicon.

Quantum computation with spin can be traced back to the mathematics of the spin-1
2

system, where a qubit can be designated as a probabilistic superposition of spin-up and
spin-down states: |ÂÍ =– |0Í + — |1Í, with respective probabilities given by |–|2 and |—|2.
External conditions can alter the nature of the superposition, essentially ’rotating’ the
spin in the Bloch sphere. These operations form the irreducible representation D1/2 of the
full rotation group with the following matrices:

I =

A

1 0
0 1

B

; ‡x =

A

0 1
1 0

B

; ‡y =

A

0 ≠i
i 0

B

; ‡z =

A

1 0
0 ≠1

B

(1)

Single qubit gates for various of these rotations can be implemented via microwave pulses.
For two spins, the representation becomes D1/2 ¢ D1/2=D0 ü D1, allowing two-qubit gates
e.g. CNOT (panel 1) which enables quantum entanglement (panel 2). Physically, such
two-qubit gates in spin qubits can be employed via exchange interaction between two
spins, an example pulse sequence of which is shown below (panel 3-4).
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The advantage of quantum computing originates from the fact that a quantum state
preserves its probabilistic composition unless ’looked at’. Along with spin, the orbital
structure of the particle and the corresponding symmetry also play a role, paving the way
for spin-orbit coupling mediated gate control. In a nutshell, to describe a single spin qubit
operation in a semiconductor quantum dot (QD), one requires to know the dispersion of
the energy levels in the QD, and the effect of external fields on the spin and orbital energies.
This is summarized as the qubit Hamiltonian HQD=Hk + VQD + gúµB‡ · B + eE · r + HSO,
where the first two terms denote the kinetic and potential energies of the confined particle.
The next two terms define the external electromagnetic environment, and the last term
suggests the spin-orbit coupling which usually moderates single-qubit gates. For two
qubits, exchange interaction couples the spins and orbital degrees of freedom, inducing
terms such as J ‡1 · ‡2.

Spin of the extra electron of a phosphorus donors in silicon can make a highly coherent
Kane qubit. With donors, the QD confinement potential for the conduction band electron
comes for free, and coherent qubit control is possible via a nearby ESR channel. Moreover,
silicon benefits from immense fabrication advancements, offering minimal disorder and
potential scalability. More recently, gate-defined valence band hole spin qubits in high
mobility germanium and silicon quantum dots have gained tremendous interest due to the
large intrinsic spin-orbit couplings. A detailed theoretical study is imperative to harness
the variability of spin qubit properties in these architectures. Despite the stark contrast
in the nature of confinement, valley and band structure; both electron and hole spins in
group-IV semiconductor quantum dots showcase full electrical and highly coherent qubit
operation. The governing physics stems from the underlying symmetry, and its reduction
due to the intrinsic and extrinsic interactions.

xvii
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Chapter 1

Introduction

"In condensed matter physics, we can see quantum

mechanics at work on a human scale."

- Anthony J. Leggett

Figure 1.1: Country-wise map of public sector investment in quantum com-
puting. The total public funding accounts for $42 billion, while private sector funding
amounts to $8 billion (not shown).

1



1. INTRODUCTION

$50+ Billion is the cumulative public and private investment in quantum computing over

the past two decades (fig. 1.1).1 With a projected economic value up to $2 Trillion by 2035

across chemical, life sciences, finance and mobility industries, quantum computing holds

the key to the future of secure information processing. By virtue of the probabilistic super-

position that constitutes the structure of quantum ’bits’, or ’qubits’, curated quantum algo-

rithms offer exponential speedup over classical computing. The complexity of the classical

computing chip, i.e. the number of transistors on the chip, was predicted to be doubled

every 18 months by Gordon Moore.[1] For five decades, the exponential growth in silicon

based chip optimization, along with wireless telecommunications, digital storage data ca-

pacity and latency, and supercomputing power have been well represented by the ’Moore’s

Law’ (fig. 1.2). The original paper from 1965 comes with two incredible predictions, firstly,

Figure 1.2: Moore’s Law. (left) The original plot by Gordon Moore in 1965 predicting
216 ¥ 65000 transistors on a single silicon chip by 1975.[1] (right) Moore’s law remained
valid for the next five decades (data from the scipython website).

"integrated circuits will lead to such wonders as home computers or at least terminals con-

nected to a central computer, automatic controls for automobiles, and personal portable

communications equipment" (fig. 1.3). Secondly, "Silicon is likely to remain the basic ma-

terial...silicon will predominate at lower frequencies because of the technology which has

already evolved around it and its oxide, and because it is an abundant and relatively inex-

pensive starting material". Since 2015, the semiconductor industry has adopted the ’more

than Moore’ approach, which prioritizes hybridization of small chips as well as RF/optical

1figure from the QURECA website.
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1. INTRODUCTION

Figure 1.3: Personal computers being sold as an everyday commodity, as envis-
aged by Moore. The sketch is taken from his 1965 paper giving Moore’s law.[1]

components and sensors. Today, the most powerful silicon based chip can accommodate a

staggering 200 Billion transistors within 20”◊30”◊15” cubic inches. However, even with

high quality chipset integration and FinFET technology, the size of the individual tran-

sistors within such integrated chips is pushing the limit of validity for the laws of classical

physics. At atomic length scales, the electronic charge carrier would exhibit probabilistic

behavior according to the laws of quantum mechanics. On one hand, the classical basis of

computation is governed by the electronic current across a transistor turning ’on’ above a

threshold voltage and turned ’off’ otherwise, constituting a binary ’bit’ with 0 and 1 levels.

Such a discrete two-level bit is possible to be constructed at the atomic length scale tak-

ing quantum mechanics into consideration, but, in contrast to the classical counterpart,

a quantum bit, or ’qubit’ is the probabilistic superposition of the quantum mechanical

|0Í and |1Í states, commonly denoted as |ÂÍ =p |0Í +


1 ≠ p2 |1Í. This produces the fun-

damental advantage of quantum computation while scaling up: for example, a two-qubit

system |Â1Â2Í =p1p2 |00Í +p1

Ò

1 ≠ p2
2 |01Í +p2

Ò

1 ≠ p2
1 |10Í +

Ò

(1 ≠ p2
1)(1 ≠ p2

2) |11Í forms

a 22=4 computational space. In general, n qubits produce a basis size of 2n, while n clas-

sical bits lead to a basis size of n. This exponential speedup with quantum computing has

been backed by extensive theoretical and experimental research, and novel qubit architec-

tures have been engineered in microscopic systems across several material platforms. A

functional quantum computer consisting of only a few hundred qubits would be required

to handle the most complex tasks, although making them fault-tolerant via quantum er-

ror correction would eventually require 106 physical qubits. While the second quantum

3
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Figure 1.4: Various feasible quantum computing architectures in practice today: a)
trapped ion qubit b) (superconducting qubit), c) solid state qubit in microscopic quantum
dots defined via electrical confinements or gates,[2] d) optical qubit,[3] e) neutral atom,[4]
f) impurity spin qubit, e.g. donor qubit[5].

revolution remains in the noisy intermediate-scale qubit (NISQ) era with the realization

of 102
≠ 103 physical qubits, quantum computing already hints at surpassing Moore’s law

in near future.2

While superconducting qubits and trapped-ion qubits have seen significant development,

and optical qubits and neutral atom systems hold the key to quantum networking, the

traditional semiconductor platforms show huge promise as a feasible host of quantum

circuits. Because of advanced fabrication technology, group III-V (e.g. GaAs), or group

IV (e.g. silicon, germanium) semiconductors can feature fault-tolerant qubits comprised

of the spin and charge degrees of freedom of electrons or holes (fig. 1.4). In this study, the

main focus will be on gate-defined and self-defined quantum dot spin qubits in group IV

semiconductors. More specifically, coherent control of the multidot system with electron

spin on deterministically doped phosphorus in silicon will be studied, where all-electrical

qubit operation is enabled via engineered spin-orbit coupling. Hole spin qubits in gate-

defined quantum dots will be inspected next, where the presence of intrinsic spin-orbit

2With error correction playing a huge role, quantum computation requires a different
measure of its growth, e.g. Rose’s Law.
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1. INTRODUCTION

coupling authorizes non-trivial electrical tuneability of qubit parameters.

1.1 Working principle of spin qubits

As delineated before, a qubit can be either in the 0 or the 1 state, or in a superposition of

0 and 1 state; hence, its state is denoted in the Dirac notation as |Í = – |0Í + — |1Í, with

the probabilities adding to unity: |–|2 + |—|2=1. In other words, qubits can be interpreted

as unit vectors in a two-dimensional complex vector space. In fact, the state of a qubit

can be re-written as:

|Í = cos
◊

2
|0Í + ei„ sin

◊

2
|1Í (1.1)

which enables representation of the qubit state as a point on a unit three-dimensional

Figure 1.5: The Bloch sphere describes all single qubit rotations.[6] The ◊ = 0 state
signify the |0Í, or |øÍ spin state, and ◊ = fi signify the |1Í, or |¿Í spin state. The equal
superposition state |øÍ+|¿ÍÔ

2
points along the x-axis (◊ = fi/2, „ = 0). Transition between

the spin qubit levels |¿Í ⌦ |øÍ would mean applying Rx(◊) or Ry(◊) rotations in the Bloch
sphere (image is taken from Ref. [6]).

spherical surface, known as the Bloch sphere (fig. 1.5). Alterations in the qubit state are

known as gate operations, some physical example of which could be altering the polar-

ization of a photon or ionizing an electron from ground state to excited state. All such

single-qubit gates can be described as rotations in the Bloch sphere. Spin qubits comprise

of the spin-up |øÍ as |0Í and spin-down |¿Í as |1Í state, which are energetically differ-
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entiated in an external magnetic field. An example of a gate operation on a spin qubit

could be the electron spin resonance (ESR), where a magnetic pulse can rotate the spin

|¿Í ¡ |øÍ (known as the X gate), and depending on the duration of the pulse, can also

induce a superposition such as |+Í = (|¿Í + |øÍ) /
Ô

2 (known as the H gate). Note that

physical realization of spin qubits may involve the orbital degree of freedom as well, and

the gate operations in that case are described in the ’dressed’ qubit energy subspace which

takes into account both spin and orbital angular momentum. Paradoxically, the superpo-

sition of qubit states does not translate to the classical act of measuring the qubit state,

which would collapse into either |¿Í or |øÍ when observed. For example, measurement

of |+Í might give ¿, and the resultant qubit state after the measurement would be |¿Í.
The real implication of the superposition can be observed if 100 (ideally, infinite) identical

|+Í quantum states were measured; where the final state after measurement would be |¿Í
approximately 50 times and |øÍ approximately other 50 times.

Figure 1.6: The single-shot readout scheme for determistic initialization of spin qubits.
a) The electrostatic and tunnel coupled SET island produces current peaks in ISET based
on the spin-state on the qubit site. b) This spin-to-charge conversion allows high-fidelity
readout (images taken from Ref. 7).

How can a spin qubit be initialized in a known spin state and read out after gate oper-

ation(s), considering that any observation would destroy the probabilistic nature? This

challenge is overcome by the single-shot readout technique (fig. 1.6), leveraging the con-

cept of spin-to-charge conversion. A charge detector (generally single-electron transistors

or single-hole transistors) can be electrostatically and tunnel coupled to the qubit as well

as the source and drain electrodes. In presence of an external magnetic field B, the spin-

up and spin-down energy levels differ by the Zeeman splitting E=gµBB, where g is

6
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Figure 1.7: Electron Spin Resonance experiment setup: a) Gate-defined quantum
dot electron spin qubit with on-cip transmission line for applying ESR pulses (images taken
from Ref. 8). b) Electron spin-up fraction as a function of the microwave burst duration,
exhibiting ESR Rabi oscillation. c) Electron spin-up fraction as a function of microwave
frequency detuning from the resonance frequency and microwave burst duration, exhibiting
the Rabi-Chevron fringes.

the gyromagnetic ratio and µB is the Bohr magneton. Loading or emptying the qubit

site can change the chemical potential of the detector due to the strong tunnelling. Due

to spin blockade, characteristic peaks in the source-drain current ISD are observed only

for allowed chemical potential values of the charge detector. Single-shot readout allows

initialization of the qubit with a desired spin angular momentum without any actual mea-

surement of the state. The ability to read out a single spin with high fidelity, combined

with spin resonance experiments, constitutes the basic of coherent spin qubit control.

The primary spin rotation technique is the electron spin resonance (ESR), where an al-

ternating magnetic field B̃ac in resonance with the qubit Larmor frequency fL=gµBB/~

rotates the spin, as shown in figure 1.7. A microwave pulse sequence with periodic fi

pulses is usually employed via an ESR channel near the qubit to generate B̃ac ‹ B; and at

resonance, the characteristic Rabi-Chevron fringes are observed. However, in the presence

of spin-orbit coupling (SOC), the electric component Ẽac of the applied EM wave can

also induce electric dipole spin resonance (EDSR), since SOC creates an effective mag-
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1. INTRODUCTION

netic field proportional to the momentum of the electron/hole constituting the qubit. The

absorption rate of the microwave signal with frequency ÊMW is given by,

I(ÊMW ) = 2 Re[‡(ÊMW )]Ẽ2
0 + 2ÊMW g2µ2

B Im[‰(ÊMW )]B̃2
0 (1.2)

where Ẽ0 and B̃0 are the electric and magnetic component amplitudes of the EM wave,

‡(ÊMW ) is the optical conductivity and ‰(ÊMW ) is the magnetic susceptibility. Comparing

the relative strengths of the electric and magnetic dipole contributions, it is understood

that the second term is much weaker in presence of the spin-orbit coupling. EDSR opens

up the possibility of low-power, full-electrical control of spin qubits. However, there exists

finite detuning of the resonant frequency in spin-rotation experiments, which causes the

Rabi oscillations to eventually decay with characteristic timescale T2,Rabi.

The quantification of spin qubits’ interaction with their environment is carried out in the

form of longitudinal (relaxation) and transverse (decoherence) process. In the language of

quantum information theory, the former is also called a bit-flip error, which is mediated

by the quasiparticle of the lattice vibration i.e. phonons. An energy exchange between the

qubit and the phonon modes can cause the qubit to relax from |øÍ to |¿Í. Experimentally,

the relaxation timescale T1 is measured by introducing certain wait time ·w after the

fi pulse induced |¿Í æ |øÍ rotation, and measuring the population Pø. The aggregate

dephasing effect of the later process is denoted by the characteristic time T ú
2 , which can be

measured by the Ramsey experiment. Two fi/2 pulses are applied to the qubit in spin-down

state, with a wait time ·w between the pulses. For really short ·w, the Ramsey sequence

flips the spin. But the Larmor precision causes more precision of the spin along the equator

of the Bloch sphere for longer wait time after the first pulse, and for tw ≥ (n/2fL), the

qubit returns to the spin-down state after the second pulse. As a result, an oscillation

between the qubit states is observed. This oscillatory pattern shows a decay for longer

tw, attributed to the static inhomogeneities from the environment (e.g. charge traps)

influencing the qubit which eventually just stays at the equator. Incidentally, some of

this phase-flip error can be reduced by applying more curated pulse sequences (fig. 1.8).

Examples of such dynamical refocusing techniques which extend the qubit coherence are

Hahn echo and CPMG dynamical decoupling. Hahn echo, consisting of a fi/2 pulse,
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Figure 1.8: Measurements of spin qubit decoherence: a) Ramsey free induction
decay experiment with a delay time ·w between two fi/2 pulses, b) Hahn echo measurement
with an additional fi pulse between the fi/2 pulses, c) Carr-Purcell-Meiboom-Gill (CPMG)
experiment with repeated fi pulses in between (images taken from Ref. 8).

followed by a wait time of ·w, a subsequent fi pulse followed by another wait time of ·w

and a final fi/2 pulse; counteracts the transverse ’fanning’ of the qubit state along the

equator. This measurement produces the improved decoherence timescale T2, which can

see further betterment via repetition of the fi pulses as implemented in the Carr-Purcell-

Meiboom-Gill (CPMG) pulse sequence. In fact, the aggregate dephasing is related to the

transverse spin decay and static decay as follows:

1
T ú

2

=
1
T2

+
1
T Õ

2

(1.3)

1.2 Experimental development of spin qubits in silicon and

germanium

Spin qubits have been realized in various semiconductor material platforms, in self-defined

as well as gate-defined quantum dots. Large variety is exhibited in the type of geometry

(e.g. coupled planar quantum dots, nanowire etc.), type of primary carrier (e.g. electron

or hole), and number of particles constituting one spin qubit (e.g. single spin, singlet-

triplet etc.). The underlying universal control mechanism for many of these qubits largely

9



1. INTRODUCTION

follows the two initial proposals outlined in fig. 1.9: the Loss-Divincenzo qubit,[9] and the

Kane (donor) qubit.[10]

Figure 1.9: Schematic of the Loss-Divincenzo qubit (LD qubit) and the Kane
qubit. In the Loss-divincenzo proposal, two quantum dot spin qubits, labeled 1 and 2, can
be subjected to single qubit rotations via the ferromagnetic (FM) and the paramagnetic
(PM) dots; and two-qubit gate operation can be performed by controlling the exchange
interaction via the barrier between the dots (left).[9] The Kane proposal uses an one
dimensional array of 31P donors and electrons in Si separated by gate barriers. The
resonance frequency of the nuclear spin qubits are controlled via the A gates, whereas the
J gates control the electron-mediated interaction between neighboring qubits (right).[10]

The single-shot spin readout was originally demonstrated in planar GaAs/AlGaAs het-

erostructure QD, where the ferromagnetic island of the Loss-Divincenzo proposal was re-

placed with spin-to-charge conversion via reservoir coupling. In fact, III-V semiconductor

platforms found initial success in initialization, control, and measurement of single- and

two-electron spin qubits, but presence of nonzero nuclear magnetic moment (I”=0) implied

a short coherence time.[11–15] With 95% non-magnetic nuclei (I=0), natural silicon pro-

vides excellent qubit coherence with donor and gate-defined electron qubits, and isotopic

purification leads to further improvement.[16] Deterministic doping and development of

high-mobility quantum dot architecture posed significant challenges in Si platforms, but

the highly sophisticated cMOS technology in Si constitutes a clear route towards scaling

up beyond the NISQ era quantum computing. Additionally, group IV materials do not

exhibit any piezo-electric phonon coupling. As discussed below, several architectures host-

ing spin qubits in group-IV semiconductors have satisfied ultra-fast, coherent and scalable
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quantum computation.

1.2.1 Loss-Divincenzo qubits

The Loss-Divincenzo proposal theorized electrical one- and two-qubit gates via control-

ling the tunneling barrier gate voltage of coupled quantum dots hosting spin-1/2 sin-

gle electrons (fig. 1.10). The LD qubit Hamiltonian in the Hubbard limit is given by:

Htot=1
4J(t)‡1 · ‡2 + 1

2gµBB · ‡1. In the LD proposal, lowering the tunnel barrier would

Figure 1.10: Examples of Loss-Divincenzo qubits. a-b) Coupled quantum dots in
the silicon layer of Si/SiGe heterostructures with an attached micromagnet providing
transverse coupling for fast qubit operation (images taken from Ref. 17). c) False-coloured
scanning electron microscpy (SEM) image of electron spin qubit device in silicon CMOS
with micromagnet and spin-valley coupling (image taken from Ref. 18). d-e) Gate-defined
double quantum dot confining electron spins in natural silicon epilayer. A CNOT operation
is realized by applying a fi-pulse to Q1 before operation on Q2. Depending on Q1, Q2
rotates as the ‡z component controls the ESR resonance frequency of Q2 (images taken
from Ref. 19).
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result in a Heisenberg exchange coupling producing entanglement.[9] The spin manipula-

tions were envisaged to be achieved via magnetic coupling to nearby ferromagnetic dot.

Time dependent manipulation of B would constitute the single qubit operations, while a
Ô

SWAP operation would be possible via J(t) unitary evolution. High fidelity spin readout

of LD qubit was first demonstrated for GaAs electrons by Elzermann et al,[11] but since

been achieved in group-IV semiconductors as well, e.g. in Si/Si0.7Ge0.3 heterostructure

hosting 28Si quantum well.[20] In devices based on silicon CMOS technology, fast Rabi

frequency of spin rotations (fR ≥ 10 MHz) via ESR mechanism were observed.[19, 21]

However, the addressibility of individual qubits in an array became a huge question with

the initial global control of ESR. Also the high power dissipation with ESR raised addi-

tional concerns about the qubit lifetime. The first issue could be overcome by novel means,

e.g. using gate-tunability of the qubit g-factor [8]. But EDSR opened up the possibility of

selective, as well as tunable qubit control, since it is a localizable, low-power mechanism.

As outlined before, in the presence of spin-orbit coupling, EDSR becomes the primary

spin rotation mechanism when the qubit is subjected to an ac microwave pulse. The early

approaches of Nowack et al. [14] and Pioro-Ladriere et al. [22] saw electrical control of

III-V semiconductor electron spin qubits to be achieved by leveraging either the intrinsic

SOC, or the extrinsic SOC due to a micromagnet. More recently, Kawakami et al. have

demonstrated EDSR in Si/SiGe device with micromagnet,[23] Croot et al. have shown

EDSR spin rotation in Si/SiGe DQD via the flopping-mode mechanism,[24] and Klemt et

al. have employed micromagnet based EDSR in Si CMOS device. [18] Two-qubit gates

have been implemented via electrically controlled exchange interaction between two LD

qubits in Si/SiGe heterostructures.[25] Subsequently, Veldhorst et al, [19] Watson et al,

[26] Zazac et al, [17] Petit et al [27] have achieved coherent CNOT and CZ rotations of

two qubits as well as high fidelity single qubit gates, hence demonstrating the full set of

gates of an LD qubit.
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1.2.2 Donor qubits

Kane proposed quantum computation in silicon using 31P donor nuclear spin array with

a gate-based sensing technique. In the Kane quantum computer, distant nuclear spins

can couple via electron spin due to the hyperfine interaction, which can be enabled (dis-

abled) via ’J’-gates by turning on (off) electron wavefunction overlap. Another set of

gates, known as ’A’-gates, can electrically modify the electron wavefunction and in turn

the resonance frequency of the nuclear spins, again by tuning the strength of the hy-

perfine interaction.[10] Scanning tunnelling microscope (STM) lithography and masked

Figure 1.11: Examples of Kane qubits with donor electron and nuclear spins.
a-b) STM image and charge stability diagram for demonstrating Pauli spin blockade in
a double quantum dot with 31P donor clusters in silicon (images taken from Ref. 28).
c-d) Two qubit CZ gate with nuclear spin on two adjacent 31P donors coupled to an
electron spin shared by the donors (images taken from Ref. 29). e) Nuclear spin qubit
coherence exceeding 30 seconds with CPMG pulse sequence on isotopically purified 28Si
sample (image taken from Ref. 30). f) 123Sb qubit platform in silicon constituting a 16
dimensional Hilbert space (image taken from Ref. [31]).

ion-implantation methods have enabled incorporation of shallow 31P donors in a silicon
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substrate. Single P donor has 45 meV ionization energy and the spin of the nucleus and

the extra electron of the P donor can constitute qubits in a naturally occurring quan-

tum confinement with high degree of coherence. The nuclear gyromagnetic ratio is ≥2000

times smaller than the electron gyromagnetic ratio, so the nuclear spin qubit and the

electron spin qubit can be addressed individually at different energy scales/ frequencies.

Following the Kane proposal, gate-voltage control has been demonstrated (fig. 1.11), al-

lowing high fidelity initialization and readout of single 31P donor bound electron[7] and

nuclear spins.[32] Betterment of electron readout in masked ion-implanated donor qubits

has been enabled by the use of nearby cryogenic amplifiers.[33, 34] Same has been done

for STM patterned donor qubits.[35, 36] Multi-donor dots have been synthesized as well,

where the exchange interaction between the donor bound electrons can be controlled.[37]

ESR spin rotation of donor bound electrons in natural silicon suffered fast damping due

to the hyperfine interaction with the remnant nuclear spin in the sample.[38] Isotopic

enrichment[30] demonstrated Rabi oscillation with long coherence time, with dynamical

decoupling schemes protecting the qubits for seconds.[39, 40] EDSR via engineered spin-

orbit coupling has been proposed in dot-donor or donor-donor systems,[41, 42] which may

come from the hyperfine interaction, or an adjacent micro-magnet. In accordance with

the original Kane proposal of using the donor nuclear spin as qubit, and using the electron

for controlling the hyperfine interaction; high fidelity nuclear spin qubits[32, 39, 43] have

exhibited really long coherence times ≥ 30 seconds.[30] Instead of phosphorus, higher

magnetic moment nuclei such as antimony (Sb) with I=7/2 together with the electron

spin can be used for producing ’qudits’ with larger Hilbert space.[31, 44, 45] Two-qubit

gates have been successfully employed for exchange coupled donor qubits,[28, 46–48] and

via two nuclear spins hyperfine coupled to one electron based on geometric phases.[29]

Interestingly for electrons in conduction band there exist multivalley interference, which

induces atomic scale exchange oscillations for donor bound electron qubits.[49–52]

14



1. INTRODUCTION

1.2.3 Hole qubits

More recently, holes in the valence band of group-IV semiconductors have emerged as a

viable qubit candidate. Contrasting to electrons, holes exhibit intrinsic spin-orbit coupling

due to the valence band having nonzero angular momentum (l=1). Hence a spin-1
2 hole

has a total angular momentum of j = 3
2 in the topmost valence band. Naturally, hole

spin qubits have featured ultra-fast full electrical gate control in planar germanium (e.g.

Ge/Si1≠xGex heterostructures) and silicon (e.g. c-MOS) quantum dot systems (fig. 1.12).

The strong SOC inadvertently exposes hole qubits to noise, but at the same time, offers

electrical tunability of the band structure and the qubit energy structure. This implies a

possibility of a ’trade-off’ between fast gate operation and coherent control of the hole spin.

Besides, hole transport is majorly governed by the zone center (k=0), and hence devoid

of valley degeneracy. The p-type valence band also implies vanishing contact hyperfine

interaction with nuclear spins, limiting the decoherence mechanism to those of gate induced

nature. Silicon MOS devices offer a great platform for hole quantum computing, but

Ge enjoys a few state-of-the-art fabrication advantages in the ’More than Moore’ race:

namely, a very low effective mass of 0.05 m0,3 high mobility exceeding 106 cm2V≠1s≠1 and

compatibility with high-Ÿ dielectrics.

Much theoretical predictions of hole spin quantum computation were made soon after

the conception of electron spin qubits, motivated by long hole spin lifetime measured in

InGaAs quantum dots. Significant experimental advances have taken place over the last

decade or so. The motivation to develop high mobility p-channels led to the advent of

Ge/Si1≠xGex heterostructures with strained Ge layer supporting two dimensional hole gas,

and subsequently Ge/Si core-shell nanowire and Ge hut wire featuring one dimensional

hole gas strongly confined in the Ge. Operation to the last hole, as well as singlet-triplet

qubits have been featured in Ge, along with 4-qubit processor, 16-qubit crossbar Ge array.

Harnessing the large intrinsic spin-orbit coupling of Ge, which has a spin-orbit energy

gap of SO = 325 meV, fast one- and two-qubit logic has been measured. The concept

3m0=9.108◊10≠31 kg denotes the free electron mass. To quickly compare, Si electrons
have longitudinal effective mass of 0.19 m0 and a transverse effective mass of 0.91 m0.
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Figure 1.12: Examples of hole qubits architectures. a-b) Hole double quantum dot
synthesized in a silicon-on-insulator nanowire field-effect transistor, exhibiting fast EDSR
(images taken from Ref. 53). c-e) False-colour SEM and TEM images of a FinFET device
in silicon showing coherent single hole spin qubit at 4 Kelvin, with the characteristic
Rabi-chevron fringes (images taken from Ref. 54). f) Ge/SiGe heterostruture favoring the
formation of strained Ge hole quantum well (QW) due to type-I band alignment (image
taken from Ref. 55). g-h) Fast EDSR Rabi oscillation of a single hole qubit defined in a
2 ◊ 2 planar germanium QD array (images taken from Ref. 2).

of operational sweet spots and sweet lines have emerged in Ge, where specific magnetic

field orientation and potential profile enable the fast nanoseconds-scale hole spin EDSR

rotation despite slow microseconds-scale decoherence. Silicon cMOS planar devices have

demonstrated large tunability of spin qubit properties by electrical (gate) and mechanical

(strain) means. Silicon has a smaller spin-orbit energy gap of SO = 44 meV, leading to

nontrivial mixing with the split-off band. Si hole is heavier (effective mass 0.2m0), which
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results in smaller dot size. Si finFET devices[54, 56] have demonstrated hole spin qubit

operation over 4 Kelvin. The large g-factor anisotropy for holes symbolizes the spin-orbit

coupling mediated Zeeman interaction, and plays a huge role in one and two qubit logic

(e.g. g-tensor modulation resonance, coherent g driven oscillation).

1.2.4 Singlet-triplet qubits

While the exchange interaction J between two spins in a double quantum dot system

is crucial for constructing two-qubit gates, it can also be used for defining a singlet-

triplet qubit. The detuning of the DQD levels offers control over the energy splitting

J(‘) between the spin singlet state S and the T0 spin triplet state, and the presence of

tranverse coupling Bz via the hyperfine / g factor difference between dots / micromagnet

implies a ST0 qubit operation. At a specific DQD detuning, the singlet S state exhibits

Figure 1.13: Examples of singlet-triplet qubits a-b) Micromagnet mediated Singlet-
triplet qubit operation in Si/SiGe heterostructure, with characteristic rabi-Chevron oscilla-
tions (images taken from Ref. 57). c-d) InAs nanowire device showcasing a singlet-triplet
qubit, showing EDSR V-shape when the Larmor frequency is mapped against the mi-
crowave drive frequency and magnetic field (images taken from Ref. 58). e-f) Germanium
hut wire singlet-triplet qubit with holes, showing the characteristic EDSR line at reso-
nance (images taken from Ref. 59). g) g driven oscillation of a singlet-triplet hole spin
qubit in planar silicon cMOS device (image taken from Ref. [60]).
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an energy anticrossing with the T≠ triplet state, since J(‘) compensates for the triplet

Zeeman splitting Ez. Around anticrossing, an ST≠ qubit can be defined with Ez ≠ J(‘)

energy splitting. Again, the transverse coupling responsible for the anti-crossing gap ST

can originate from various spin-orbit interactions. Pauli spin blockade (PSB) in the double

quantum dot is employed for initialization and readout of singlet-triplet qubits.[25, 61, 62]

Fast single-qubit gates are enabled via a large transverse effective field Bz (fig. 1.13),

although it might result in lower PSB fidelity due to the enhanced relaxation process.

The Latched readout protocol has been introduced to counteract this problem.[63–65]

Charge noise is the main source of decoherence for ST qubits in group-IV semiconductors,

originating from the two-axis control’s dependence on detuning and SOC. Two-qubit gates

can be realized from the capacitive coupling of two nearby ST qubits, where the change

in the exchange oscillation frequency of one qubit can effect the charge configuration of

the other qubit.

1.2.5 Flopping-mode, hybrid architectures and more

Figure 1.14: Flopping-mode and hybrid semiconductor-superconductor qubit
examples a) SEM image of flopping-mode electron qubit in Si/SiGe double quantum dot
leveraging the large dipole moment (image taken from Ref. 24). b) Signature of strong
electron spin-photon coupling in InAs nanowire device, showing anti-crossing of the qubit
and resonator when the resonator transmission is plotted against detuning and probe fre-
quency (image taken from Ref. 66). c) Signature of strong hole spin-photon coupling in
silicon nanowire double quantum dot-microwave resonator (DQD-MWR) hybrid device.
The transmission amplitude anticrossing is observed when spin qubit transmission fre-
quency matches bare resonator frequency (image taken from Ref. 67).
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A few other spin-qubit architectures have seen significant development in group-IV semi-

conductor platforms, with the aim of improving the qubit quality factor Q (generally

given by the number of spin-flips before the qubit dephases), or scaling up. A flopping

mode qubit uses the large electric dipole of double quantum dot setup with a magnetic

field gradient to achieve a fast, second order spin manipulation via the charge states.

More recently, strong capacitive coupling between superconducting resonators and quan-

tum dots have drawn attention to hybrid semiconductor-superconductor systems, which

are ideal for reaching strong spin–photon, or charge-photon coupling; paving the way to

long-range quantum circuit and scaling up quantum devices. Experiments in past years

have observed double quantum dot in Si[68] and resonant exchange qubit in GaAs[69]

exhibiting strong coupling between the spin and charge degrees of freedom of electron and

microwave photon (fig. 1.14). The hybrid platforms have also been able to unlock new

technological precedence, such as RF reflectometry via resonator response in gate-based

dispersive sensing,[70] and in-situ tunnel barrier instead of conventional gate electrodes

which simplifies the integration with superconducting circuits.[66, 71] Importantly, there

are fundamental advantages for hole-photon systems due to the intrinsic spin-orbit inter-

action of holes offering fine tuning of hybrid quantum circuits.[67] Planar Ge hole QD with

cubic Rashba favors Majorana bound states[72] and Andreev spin qubits.[73, 74] Also, hole

singlet-triplet qubits can be operated at much lower fields, making on-chip integration with

superconducting resonators more plausible. By and large, the study of semiconductor spin

qubits beyond the two qubit regime remains juvenile. Coherent control of qubit arrays

have seen significant effort, especially in 2D arrays with electron quantum dots, donors

and hole quantum dots.

1.3 Theory of donor and hole spin qubits in silicon and ger-

manium

Under quantum confinement, the wavefunction and energies of discrete levels of a particle

are given by the Schödinger wave equation. For the simplest example of an hydrogen
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atom, the single electron Schödinger equation is:
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µe2 is the reduced Bohr radius, µ = meM
M+me

is reduced mass of the free

electron with mass me due to the nucleus of mass M , and n, l, m denote the princi-

ple, orbital and azimuthal quantum numbers, respectively. The energies are given by,

En= mee4

2(4fi‘0)2~2
1

n2 . Scaling up the scenario to a crystal, where many nuclei contribute to

the electronic Hamiltonian, the overlaps result in very small energy splittings, essentially

forming continuum energy bands (fig. 1.15). The energy dispersion in these bands, known

Figure 1.15: Overlap of atomic orbitals leading to formation of energy bands.
a) The wavefunction of two adjacent Coulomb potentials centered at ≠R and R overlaps
either symmetrically (fi) or anti-symmetrically (fiú), with an energy gap between the fi

and fiú orbitals. b) The electronic structure in a lattice is a result of symmetric or antisym-
metric overlap of the orbitals at lattice sites, where the energy gap between consecutive
orbitals are very small (≥ 10≠27 eV), essentially forming a continuous ’band’ of energy
(image source: wikipedia).

as the ’band structure’, determines how an electron or a hole moves in a crystal. Band

structures also contains a lot of information about the effect of electric and magnetic fields

on the electronic properties of various materials. Explicit calculation of band structures
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would involve solving the many-body Hamiltonian:

Ĥ =
ÿ

i

p2
i

2mi
+

ÿ

j

P 2
j

2Mj
+

1
2

ÿ

jÕ,j

Õ ZjZjÕe2

4fi‘0|Rj ≠ RjÕ |

≠
1
2

ÿ

j,i

Zje2

4fi‘0|ri ≠ Rj | +
1
2

ÿ

i,iÕ

Õ e2

4fi‘0|ri ≠ riÕ | (1.6)

Sophisticated ab initio methods such as density fucntional theory (DFT) and tight bind-

ing (TB) can be applied to solve band structures as well as equilibrium lattice spacings

and vibrational frequencies of semiconductors. While group-IV semiconductors silicon

and germanium have indirect bandgaps,4 III-V semiconductor GaAs has a direct bandgap

(fig. 1.16). Si and Ge are deemed as ’standard’ CMOS materials, with Ge emerging as com-

patible with superconductivity due to ease of forming Ohmic contacts, as well as optical

transition capabilities with strain rendering Ge a direct bandgap semiconductor.[75] Often

Figure 1.16: Examples of electronic band structures: a) silicon, b) germanium, c)
gallium arsenide (Ref. 76). While Si and Ge have indirect bandgaps, GaAs has a direct
bandgaps. The symmetry operation of the bands under point group Oh are denoted by the
BSW notation for Si, and by the Koster notation for Ge and GaAs (See Subsection 1.3.5
for a detailed discussion). The three high symmetry directions in the Brillouin zone of
the fcc lattice can be highlighted,- the [100] direction ( ≠  ≠ X), the [111] direction
( ≠  ≠ L) and the [110] direction ( ≠  ≠ K).

approximations from condensed matter theory can be implemented to study quantum me-

chanical properties of semiconductor crystals, which aids in bypassing the computational

4The conduction band minima of Si is near the X point with the band gap energy
EX

g =1.12 eV. On the other hand, the conduction band minima of Ge is at the L point,
and the indirect bandgap is EL

g =0.66 eV. However, the direct bandgap of Ge is only 0.14
eV higher at E

g =0.8 eV.
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load of an accurate numerical description. Since this study focuses on semiconductor

quantum dots, whose quantum confinement by and large renders only the physics around

the band minima relevant, few such approximations can be made.

1.3.1 Effective mass approximation

The recipe of drawing an analogy between the mathematics of a two-level quantum system

and spin states of an electron or hole in a crystal is provided by the effective mass approx-

imation (EMA). EMA can incorporate lattice periodicity, external electric and magnetic

fields, spin-orbit coupling, strain as long as the underlying crystal potential is buried in the

bulk band structure parameters. For direct bandgap semiconductors and valence bands,

the single particle Schrödinger equation5 in a crystal lattice is:

[H0 + U(r)](r) =

C

(≠i~Ò)2

2m0
+ V0(r) + U(r)

D

(r) = E(r) (1.7)

where V0(r) is the lattice periodic potential, and U(r) is slowly varying confinement (re-

sponsible for forming quantum dot, nanowire etc). U(r) can be treated as perturbation,

and the solution can be expanded in Bloch states „nk(r)=eik·runk(r) with modulating

coefficients Ân(k) as follows,6

(r) =
ÿ

n,k

Ân(k)„nk(r) (1.8)

Plugging eqn. 1.8 back into the Schrödinger equation and integrating over the real space

after multiplying with „ú
nÕkÕ(r),

ÿ

n,k

#

(En(k) ≠ E)”nk,nÕkÕ + UnÕkÕ,nk

$

Ân(k) = 0 (1.9)

En(k) is the unperturbed dispersion which satisfies H0(r) = En(k)(r) and UnÕkÕ,nk=
s

d3r „ú
nÕkÕ(r) U(r) „nk(r) = Ènk| U(r) |nÕkÕÍ denotes the matrix element of the perturbat-

ing potential. Employing the Fourier transform of the potential U(q)=
s

d3qeiq ·rU(r), the

5Deducing 1.7 from 1.6 involves the valence electron approximation, the Born-
Oppenheimer approximation, and the mean-field approximation.

6Bloch’s theorem: solutions to the Schrödinger equation in a periodic potential can be
expressed as plane waves modulated by periodic functions.
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matrix element of perturbation becomes

UnÕkÕ,nk =
⁄

d3qU(q)
3

⁄

d3r ei(k≠kÕ+q)uú
nÕkÕ(r)unk(r)

4

=
ÿ

K,KÕ

⁄

d3qU(q)
3

⁄

BZ
d3r ei(k≠kÕ+q)·rCnú

K CnÕ

KÕei(K≠KÕ)·r
4

(1.10)

where unk(r) =
q

K Cn
KeiK·r is the periodic part of the Bloch functions, expanded in plane

waves. The real-space integral in the parentheses is the Bloch integral, carrying out which

results in,-

ÿ

n,k

S

U(En(k) ≠ E)”nk,nÕkÕ +
ÿ

K,KÕ

Cnú
K CnÕ

KÕU(kÕ
≠ k ≠ (K ≠ KÕ))

T

V Ân(k) = 0 (1.11)

The Bloch integral for different bands can be approximated to not contribute,-

ÿ

k

S

U(En(k) ≠ E)”k,kÕ +
ÿ

K,KÕ

Cú
KCKÕU(kÕ

≠ k ≠ (K ≠ KÕ))

T

V Ân(k) = 0 (1.12)

Considering screened hydrogenic profile for U(r), further assumptions can be made con-

sidering the simple case where the band minima is situated at k=0:

1. Only states close to k=0 contribute to the matrix element of U , which implies |kÕ
≠k|

is small. In fact, |kÕ
≠ k| π |K ≠ KÕ|.

2. Terms for K ”= KÕ are neglected, since |U(kÕ
≠ k ≠ (K ≠ KÕ))| π |U(kÕ

≠ k)|.

3. The coefficients of the plane wave expansion of the periodic part of the Bloch func-

tions now follow Cú
KCKÕ©|CK|2=1, due to orthogonality of the Bloch functions.

4. The Bloch integral in Eqn. 1.10 limits k and kÕ in the first Brillouin zone. This

limitation is now removed, and the sum over k in Eqn. 1.12 can be carried out over

the entire k-space.

5. In the vicinity of the band minima, the dispersion is parabolic, En(k)=En(0)+ ~
2k2

2mú

n
.

Applying assumptions 1-4, Eqn. 1.9 can now be simplified to.

ÿ

k

#

(En(k) ≠ E)”k,kÕ + U(kÕ
≠ k)

$

Ân(k) = 0 (1.13)
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Now, applying convolution theorem to the second term of eqn. 1.13, and expanding En‡(k)

in the vicinity of the band minima as per the assumption 5, the effective mass equation of

the n-th band is derived,-
C

~
2k2

2mú
n

+ U(r)

D

Ân(r) = (E ≠ En(0))Ân(r) (1.14)

In presence of external magnetic field, the unperturbed dispersion is rather given by

En‡(k), ‡ signifying the spin of the particle. Alternative to Eqn. 1.14, En‡(k) can be

expanded in the vicinity of the band minima according to the k · p theory, where the

following equation transpires:
S

UEn(0) + U(r) +
(≠i~Ò + eA)2

2m0
+

ÿ

nÕ,‡Õ

1
m0

(≠i~Ò + eA) · Pn‡,nÕ‡Õ

+
ÿ

nÕ,‡Õ

n‡,nÕ‡Õ + gµBB · ‡

T

V Ân‡(r) = EÂn‡(r) (1.15)

with Pn‡,nÕ‡Õ¥ Èn‡| p |nÕ‡ÕÍ is the canonical momentum matrix element, and n‡,nÕ‡Õ

= ~

4m2
0c2 Èn‡| p · ‡ ◊ (ÒV0) |nÕ‡ÕÍ is the matrix element of the spin-orbit coupling. One

can search for the correlation between Eqns. 1.14 and 1.15, and it can be envisaged that

the emergence of the effective mass is the result of the perturbation due to the canonical

momentum matrix element. This is discussed in more detail in the next section.

Figure 1.17: The envelope function approximation. The orbitals due to the periodic
lattice potential are described by the Bloch functions, whereas the envelope function due
to the slowly varying potential slowly modulates the Bloch functions (image taken from
Ref. [77]).

The EMA equation 1.15 is also known as the multiband envelope function approximation

(EFA) Hamiltonian, because at small k, the ’envelope’ function Ân‡(r) is long-range. In
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fact, it slowly modulates the fast oscillating Bloch functions in the crystal (fig. 1.17). The

total wavefunction in real space can be calculated as (r) =
q

n,k,‡ Ân‡(k)eik·runk(r)¥
q

n un0(r)Ân‡(r), where the Bloch function expansion has been approximated to the band-

edge unk(r) ¥ un0(r), and Ân‡(r) =
q

k eik·rÂn‡(k).

1.3.1.1 Multivalley physics and donors

The wavefunction of a single electron confined in a Phosphorus donor potential in silicon

can be deduced using EFA, since the donor atom potential essentially form a quantum

dot with wavefunction localized around the Si conduction band minima. As an indirect

band-gap semiconductor, Si conduction band minima is located at

{k
(0))
› }›œ[1,6] =

2fi

aSi
{(0, 0, ±0.85), (0, ±0.85, 0), (±0.85, 0, 0)} (1.16)

Figure 1.18: The six degenerate valleys of Si conduction band in the reciprocal

space. a) The six valleys of the Si conduction band at the wave vectors {k
(0))
› }›œ[1,6].

The resultant wavefunction has anisotropic Bohr radius due to the anisotropy in the CB
effective mass. b) The kx≠ky plane cut with the valleys shown with respect to the Brillouin
zone of Si.

These local extrema in the reciprocal space are known as valleys (fig. 1.18). Since Si

conduction band exhibits no orbital angular momentum (l=0), the spin-orbit coupling

term n‡,nÕ‡Õ in the multiband equation vanishes. The rest of eqn. 1.15 can be transformed

to the multivalley effective mass problem:
C

Ec(k
(0)
› ) ≠

~
2

2mú
Î

ˆ2

ˆz2
›

≠
~

2

2mú
‹

A

ˆ2

ˆx2
›

+
ˆ2

ˆy2
›

B

+ UD(r)

D

F›(r) = EF›(r); › œ [1, 6] (1.17)
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where z› is the direction parallel to the vector k
(0)
› , in which the electron effective mass is

mú
Î=0.916 m0. The transverse directions evince electron effective mass of mú

‹=0.191 m0.

The perturbation UD(r) is due to replacing Si atom with the P donor atom. The spin

d.o.f. related terms have not been included so far in writing eqn. 1.17. Noticeably, the

effective mass eqn. 1.17 has a six-fold degenerate solution, which constitute the basis

for the representation of the tetrahedral symmetry group Td about the donor atom. In

reality, this degeneracy is lifted, and the lowest states are a singlet with an experimentally

measured 45.5 meV ionization energy, followed by a triplet (57.35 meV) and a doublet

state (58.77 meV). Correct linear combination of the valley envelope functions F› to form

the lowest energy states Âi =
q6

›=1 –
(›)
i F›(r) are predicted from the group theory;

–
(›)
1 =

1Ô
6

(1, 1, 1, 1, 1, 1); (A1) –
(›)
2 =

1
2(1, 1, ≠1, ≠1, 0, 0)

1Ô
12

(≠1, ≠1, ≠1, ≠1, 2, 2)

Z

_

^

_

\

; (E)

–
(›)
3 =

1Ô
2
(1, ≠1, 0, 0, 0, 0)

1Ô
2
(0, 0, 1, ≠1, 0, 0)

1Ô
2
(0, 0, 0, 0, 1, ≠1)

Z

_

_

_

_

^

_

_

_

_

\

; (T1) (1.18)

with –1 coefficients constituting the lowest energy solution. The effective mass anisotropy

leads to an anisotropic Bohr radius of the electron wavefunction, captured by the varia-

tional form. For example,

Fz(r) =
1Ô

fia2b
Exp

S

U

A

z2

b2
+

x2 + y2

a2

B
1
2

T

V (1.19)

The variational Bohr radius a and b can be calculated by minimizing the energy E. The

full ground state wavefunction on a single P donor is (r) = 1Ô
6

q6
›=1 F›(r) „

k
(0)
›

(r).

The variational formalism can be extended to calculate the ground state wavefunction of

multi-donor dots as well. For example, ground state wavefunction of an electron on 2P

dot will be given by, 2D(r) = 1
Ò

q

›
w2

›

q

› w›S›, where w› represents the valley weights.

S› signifies the symmetric combination of ›-th valley wavefunction. For example, S+x =

N+x

3

F+x(r ≠ R)„
k

(0)
›

(r ≠ R) + F+x(r + R)„
k

(0)
›

(r + R)
4

, where the two P donors are

situated at ≠R and R, and N+x is the normalization factor. This is discussed in detail in

chapter 2.
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1.3.1.2 k · p formalism and holes

A concise yet flexible approach within the general EFA framework of eqn. 1.15 is the

k · p formalism. Again starting from the unperturbed Schrödinger equation for the Bloch

states, albeit neglecting the effect of external electric and magnetic fields,
C

p2

2m0
+ V0(r)

D

eik·runk(r) = En(k)eik·runk(r) (1.20)

The kinetic operator can act on the plane wave to produce the Schrödinger equation for

the lattice periodic part:
C

p2

2m0
+ V0(r) +

~
2k2

2m0
+

~

m0
k · p

D

unk(r) = En(k)unk(r) (1.21)

Importantly for any wave vector k0, {unk0
} constitutes a complete orthogonal basis. In

the case of the band minima being at k = 0, the band structure including spin degrees of

freedom is given in terms of the band-edge Bloch functions: |nkÍ =
q

nÕ,‡Õ cnnÕ‡Õ |unÕ0(r)Í¢
|‡ÕÍ. In presence of SOC, the eigenvalue equation for the dispersion En(k) becomes

A

En(0) +
~

2k2

2m0

B

cnn‡(k) +
ÿ

nÕ,‡Õ

3

~

m0
k · Pn‡,nÕ‡Õ + n‡,nÕ‡Õ

4

cnnÕ‡Õ(k) = En(k)cnn‡(k)

(1.22)

where Pn‡,nÕ‡Õ , n‡,nÕ‡Õ are the same band-structure parameters as described in EFA.

Momentarily ignoring the SOC term, En(k) can be evaluated treating the k · p term

in eqn. 1.22 as perturbation. In a direct bandgap semiconductor conduction band for

example, up to second order En(k)=En(0)+ ~
2k2

2mú

n
denotes the n-th band energy dispersion,

where
1

mú
n

¥ 1
m0

+
2

m2
0

ÿ

nÕ

Èn| p |nÕÍ2

En(0) ≠ EnÕ(0)
(1.23)

describes the effective mass approximation of the particle in the n-th band.

Contrasting to the electrons in the lowest conduction band (CB), the holes in the topmost

valence band (VB) has nonzero angular momentum l = 1, resulting in p-type orbital. The

VB minima of group-IV semiconductors are situated at k = 0, so valley degeneracy van-

ishes. However, the nonzero l leads to intrinsic spin-orbit coupling, lifting the degeneracy
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of the topmost VB at all k. The origin of the intrinsic SOC lies in relativity,7 in view of

which a particle moving in an electric field with velocity v ’feels’ a magnetic field in its

frame of reference according to Lorentz transformation: BÕÃv◊ÒV0
c2 , where the electric field

originates due to gradient of the microscopic lattice periodic potential V0. The resultant

magnetic interaction would have to be

≠m0⁄SOS · v ◊

3

dV0

dr

r

r

4

= ⁄SOS · r ◊ p = ⁄SOS · L;
3

⁄SO =
1

2m2
0c2

1
r

dV0

dr

4

(1.24)

The lattice potential is assumed to be a central potential V0(r) for calculating ⁄SO.

Figure 1.19: The total angular momentum eigenstates in presence of SOC. The
lowest conduction band is s-type with zero orbital angular momentum; and the valence
band is p-type with l = 1. In presence of spin-orbit coupling, the bands are eigenstates
of the total angular momentum J = L + S with modified energy levels from j = l ≠ s to
j = l + s (illustration taken from Ref. [78]).

Without any external magnetic field, the degeneracy at k=0 (three fold orbital, six-fold

with spin) of the topmost VB is lifted, since the p-orbitals with spin angular momentum

becomes eigenstates of the total angular momentum J = L+S (fig. 1.19). Linear combina-

tions of p-orbitals and spin-1/2 states constitute the resultant |l s; j mjÍ bands (from group

theory, (1)ü
1

1
2

2

=
1

3
2

2

) according to the Clebsch–Gordan coefficients Èl s; mj ms|l s; j mjÍ
(Tab. 1.1). The hole quantum dot dimensions are typically in the order of 10 nm, which

7The relativistic Dirac equation produces a generic emergence of spin-orbit coupling in
form of the Pauli-Schrödinger equation. The Lorenz transformation argument presented
here is rather simplistic, and neglects the contribution of the atomic core to SOC.
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X
X

X
X

X
X
X

X
X

X
X

Èl, ms|
|j, mjÍ -

-

-

3
2 , 3

2

f -

-

-

3
2 , 1

2

f -

-

-

3
2 , ≠

1
2

f -

-

-

3
2 , ≠

3
2

f -

-

-

1
2 , 1

2

f -

-

-

1
2 , ≠

1
2

f

e

1, 1
2

-

-

- 1 0 0 0 0 0
e

1, ≠
1
2

-

-

- 0 ≠

Ò

1
3 0 0

Ò

2
3 0

e

0, 1
2

-

-

- 0
Ò

2
3 0 0

Ò

1
3 0

e

0, ≠
1
2

-

-

- 0 0
Ò

2
3 0 0

Ò

1
3

e

≠1, 1
2

-

-

- 0 0
Ò

1
3 0 0 ≠

Ò

2
3

e

≠1, ≠
1
2

-

-

- 0 0 0 1 0 0

Table 1.1: The Clebsch–Gordan coefficients for writing the j = 3/2 states in terms
of the l = 1 p-orbitals.

restricts the relevant band structure close to the -point. First, without SOC, the k · p

theory can be applied in the vicinity of k = 0 to evaluate the multiband valence band

version of eqn. 1.22:

3
ÿ

j,l=1

CA

3

En(0) +
~

2k2

2m0

4

”jl+
~

2

m2

0

ÿ

m>3

Èj| k · p |mÍÈm| k · p |lÍ
En(0) ≠ Em(0)

B

¢I2◊2

D

cnl‡(k)=En(k)cnl‡(k)

(1.25)

where the n-th band is expressed as the expansion about band-edge l=1 states, i.e.

|nkÍ =
q

l cnl |ul(0)Í ¢ |‡Í, and the spin degeneracy without the spin-orbit coupling is

reflected in the 2 ◊ 2 identity matrix. Finally including SOC, the LHS 6◊6 matrix of

eqn. 1.25 undergoes a basis transformation, and the resultant hole dispersion is given by

the Luttinger-Kohn Hamiltonian:

HLK =

Q

c

c

c

c

c

c

c

c

c

c

c

c

c

c

a

P + Q 0 ≠S R ≠
1Ô
2
S

Ô
2R

0 P + Q Rú Sú
≠

Ô
2Rú

≠
1Ô
2
Sú

≠Sú R P ≠ Q 0 ≠

Ô
2Q

Ò

3
2S

Rú S 0 P ≠ Q
Ò

3
2Sú Ô

2Q

≠
1Ô
2
Sú

≠

Ô
2R ≠

Ô
2Qú

Ò

3
2S P + SO 0

Ô
2Rú

≠
1Ô
2
S

Ò

3
2Sú Ô

2Qú 0 P + SO

R

d

d

d

d

d

d

d

d

d

d

d

d

d

d

b

P =
~

2

2m0
“1

1

k2
x + k2

y + k2
z

2

; Q = ≠
~

2

2m0
“2

1

2k2
z ≠ k2

x ≠ k2
y

2

R =

Ô
3~2

2m0

Ë

≠“2

1

k2
x ≠ k2

y

2

+ 2i“3kxky

È

; S =

Ô
3~2

m0
“3 (kx ≠ iky) kz (1.26)

SO signifies the spin-orbit gap, separating the j=3/2 and j=1/2 VB states. The band
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structure parameters “1, “2, “3 are determined by considering quasi-degenerate pertur-

bation methods (e.g. Löwdin partitioning) due to excited conduction and valence bands.

Notably, to describe a hole quantum dot, the QD confinement have to be added to the

Figure 1.20: The two different length scales of confinement in quantum dots.
The effective potential Veff is a result of the co-existance of the lattice periodic potential
V0 which has a length scale of the order of the lattice spacing a0, and the quantum dot
confinement Vcon coming from the gates (image taken from Ref. [78]).

Luttinger-Kohn Hamiltonian; and a possible theoretical model of the hole QD to deduce

a formula similar to eqn. 1.19 would have to take into the account the nature of the

confinement (fig. 1.20). This is in stark contrast with modeling a donor system where

the quantum dot confinement is of ’self-defined’ nature, since it originates from replacing

silicon atoms with P donors. We return to this discussion in chapter 3 and 4.

1.3.2 Spin resonance mechanism

Effective mass approximations, along with the knowledge of the confinement, provide the

spin qubit energy levels, effectively described in the Bloch sphere as:

ĤQD = E0I + gµBB0 · ‡ (1.27)

The subscription ’QD’ stands for quantum dot, since we would mostly concern ourselves

with spin qubits formulated in QD systems. It is convenient to discuss the spin resonance

operation with respect to the E0 orbital level. An alternating magnetic field introduces a
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time dependent term in the qubit Hamiltonian:

ĤQD = gµBB0 · ‡ + gµBBac cos(Êt + „) · ‡ (1.28)

Considering the simple case of B0 = B0ẑ, and Bac = Bacx̂,

ĤQD = gµBB0‡z + gµBBac cos(Êt + „)‡x (1.29)

Similar to classical mechanics, the Hamiltonian is the generator of time evolution in quan-

Figure 1.21: Rabi oscillation of spin qubit under microwave pulse in resonance
with the qubit Zeeman splitting. a) The qubit eigenenergies as a function of detuning
from the resonance frequency, b) The probability of the spin-up fraction oscillating with
time due to ESR (images taken from ’Contemporary Physics A: Quantum Matter and
Information’ (PHYS6183) course lecture notes, convened by Prof. Michelle Simmons,
UNSW).

tum mechanics, ĤQD = i~ ˆ
ˆt. For convenience, the wavefunction can be transformed in

the rotating frame of the Larmor precession with frequency Ê as follows: Â = Rz(≠Êt),

where Ri(◊)’s denote the rotation in the Bloch sphere about the i-th axis,

Ri(◊) = e≠i◊‡i/2 = cos
3

◊

2

4

I ≠ i sin
3

◊

2

4

‡i (1.30)

The time evolution equation can now be transformed as follows:

i~
ˆ

ˆt
Â = i~

ˆ

ˆt
Rz(≠Êt)

= i~Rz(≠Êt)
ˆ

ˆt
 + i~

ˆ

ˆt
Rz(≠Êt)

= Rz(≠Êt)ĤQD ≠
Ê‡z

2
~Rz(≠Êt)

= Rz(≠Êt)ĤQDRz(≠Êt)†Â ≠
Ê‡z

2
~Rz(≠Êt)Rz(≠Êt)†Â

=
3

≠
Ê‡z

2
~ + Rz(≠Êt)ĤQDRz(≠Êt)†

4

Â = ĤR
QD Â (1.31)
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Figure 1.22: Electrically driven spin resonance (EDSR) mechanism under mi-
cromagnet induced SOC. The magnetic field gradient provided by the micromagnet,
together with the longitudinal coupling ac electric field acts as an effective ac magnetic
field, flipping the qubit spin when in resonance with the qubit Zeeman splitting (image
source: PHYS6183 course lecture notes, UNSW).

The rotating Hamiltonian ĤR
QD can be simplified,-

ĤR
QD =

3

≠
Ê‡z

2
~ + Rz(≠Êt)ĤQDRz(≠Êt)†

4

= ≠
~Ê

2
‡z + Rz(≠Êt) (gµBB0‡z + gµBBac cos(Êt + „)‡x) Rz(≠Êt)†

=
3

gµBB0 ≠
~Ê

2

4

‡z + gµBBac
(ei(Êti+„) + e≠i(Êt+„))

2
Rz(≠Êt)‡xRz(≠Êt)†

=


2
‡z +

Z1

2
(e≠i„‡+ + ei„‡≠) +

Z1

2
(e2iÊt+„‡+ + e≠(2iÊt+„)‡≠)

(1.32)

where  = (2gµBB0 ≠ ~Ê) is the detuning from the resonance frequency, and Z1 =

gµBBac/2. Applying the rotating wave approximation, the rapidly oscillating third term

can be neglected, and the qubit Hamiltonian in the rotating frame has the final form:

ĤR
QD =



2
‡z +

Z1

2
(cos(„) ‡x + sin(„) ‡y) (1.33)

Equation 1.33 describes electron spin resonance. At zero detuning, and when the mi-

crowave pulse has a phase „ = 0, a qubit initialized in |øÍ state would exhibit the following

time evolution: (t) = e≠i‡x
Z1
2~

t |øÍ, resulting in Rabi oscillation (fig. 1.21).

In contrast, the basic mechanism of electrically driven spin resonance or EDSR relies on an

alternating electric field, coupled with an engineered spin-orbit field, e.g. a micromagnet
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(fig. 1.22). For a micromagnet producing spatially varying magnetic field Bm(z) parallel

to the static B0ẑ, the EDSR driving Hamiltonian at zero detuning and zero phase would

be ĤR
QD = gµB

4 A(Eac)
ˆBm(z)

ˆz ‡x. Here A denotes the amplitude of the qubit wavefunction

displacement under the electric field, i.e. the dipole length.

1.3.3 Spin relaxation mechanism

Importantly, deriving the electronic band structure involves the Born-Oppenheimer ap-

proximation, which entails an adiabatic interaction between the valence electrons and the

core electrons attached to the nucleus. In other words, the core electrons move rigidly

with the nucleus, and the resultant ionic motion is decoupled from the motion of the va-

lence electrons. Phenomenologically, the equation of motion for the ions can be obtained

by expanding the Hamiltonian of the ions as a function of their displacements ”Rj from

their equilibrium positions Rj0: Hion = H0(Rj0) + H Õ(”Rj). This displacement can be

caused by the direct Coulomb repulsion between ions, or passive ion-ion interaction via

the valence electrons, where motion of an ion impacts the valence electron distribution

which in turn displaces another ion. In the harmonic approximation, the effect of lattice

vibration is then described by:

H Õ(ukl) =
1
2

Mk

3

dukl

dt

42

+
1
2

ÿ

kÕ,lÕ

ukl · (kl, kÕlÕ) · ukÕlÕ (1.34)

where ukl denotes the displacement of the k-th ion in the l-th unit cell, and (kl, kÕlÕ)

are known as the force constants. The force constants have translational symmetry, which

means that the displacement vectors can be written as a Bloch wave:

ukl(q, Ê) = uk0 exp [i(q · Rl ≠ Êt)] (1.35)

Substituting this into the ion Hamiltonian, the following matrix equation emerges,-

ÿ

kÕ

[DkkÕ(q) ≠ Ê2”kkÕ ]ukÕ0 = 0 (1.36)

where the dynamical matrix DkkÕ(q) is the mass-modified Fourier transform of the force

constant (kl, kÕ0). The vibrational frequency eigenvalues of Eqn. 1.36 correspond to

33



1. INTRODUCTION

Figure 1.23: The phonon dispersion of Si along the high symmetry directions of
the Brillouin zone. Near the  point, the acoustic phonon modes belong to the 15 (≠

4 )
irreducible representation of Oh, while the optical phonon modes transform as Õ

25 (+
5 ).[76]

quantized levels with (n + 1/2)~Ê energies. The creation and annihilation of a ’quantum

of vibration’, or phonon, is described in terms of the eigenvectors of Eqn. 1.36 which are

the vibrational amplitudes uk0. The resultant q ≠ Ê relationship is known as the phonon

dispersion curve (fig. 1.23).

The interaction between the valence electronic motion and the rigid ion motion is called

the electron-phonon interaction. For spin qubits, this is eventually the interaction between

the spin levels and the lower energy, long wavelength (k ≥ ) acoustic phonon modes. The

electron-phonon Hamiltonian can be written as a Taylor series expansion of the electronic

band structure: Ĥe≠ph = ˆĤe

ˆRj

-

-

-

Rj0

· ”Rj ¥ ˆEnk

ˆRj

-

-

-

Rj0

· ”Rj , If all ”Rj are identical, the

lattice sees an overall translation, which leaves the electronic band structure invariant.

Hence, the gradient of displacement, ˆ”Ri

ˆRj
, changes the band structure. The symmetrized

tensor8 of this gradient is the strain tensor Ái,j :

Á–
i,j(R) =

1
2

A

ˆ(”Ri)–

ˆRj
+

ˆ(”Rj)–

ˆRi

B

=
q

2
(q̂iu

–
j + q̂ju–

i ), i, j œ {x, y, z} (1.37)

The electron-phonon Hamiltonian in terms of the strain tensor as: Ĥe≠ph = ˆEnk|i,j Á–
i,j .

The change in the electronic band structure ˆEnk is parametrized by the deformation

potentials D. The phonon polarization is indexed with –, which could be longitudinal or

8The anti-symmetrized tensor f–
i,j = 1

2

1

ˆ”Ri)
ˆRj

≠
ˆ”Rj

ˆRi

2

rotates the crystal, and therefore
does not affect the electronic states.
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transverse, depending on whether the displacement ”R is parallel or perpendicular to the

phonon wave vector q. Using second quantization on Eqn. 1.35, the displacement is given

by, u– = i
Ò

~

2VcflÊq,–

1

a†
q,– ≠ aq,–

2

exp [i(q · R ≠ Êq,–t)]ĉ–
j , where ĉ is the polarisation unit

vector. The strain tensor can now be written as,

Á–
i,j(R) =

i

2

Û

~

2VcflÊq,–
q(ĉ–

i q̂j + ĉ–
j q̂i)(e≠iq·Raq,– + eiq·Ra†

q,–)e≠iÊq,–t (1.38)

The coordinate systems for the three polarizations are understood as l : (r, ◊, „); t :
!

r, ◊ + fi
2 , „

"

; w :
!

r, fi
2 , „ + fi

2

"

. Using Êq,–= v–q,

Á–
i,j(R) = i

Û

~

2Vcflv–

Ô
qA–

Á,ijeiq·R(a≠q,– + a†
q,–)e≠iÊq,–t (1.39)

where v– are the acoustic phonon velocities, and we assumed 1
2(ĉ–

i q̂j + ĉ–
j q̂i) = A–

Á,ij . The

electron-phonon Hamiltonian is given by:

He≠ph = i

Û

~

2Vcflv–

Ô
qDijA–

Á,ijeiq·R(a≠q,– + a†
q,–)e≠iÊq,–t (1.40)

The matrix elements of A–
Á,ij are sketched out below:

A–
Á =

1
2

Q

c

c

c

c

a

2ĉ–
x q̂x ĉ–

x q̂y + ĉ–
y q̂x ĉ–

x q̂z + ĉ–
z q̂x

ĉ–
y q̂x + ĉ–

x q̂y 2ĉ–
y q̂y ĉ–

y q̂z + ĉ–
z q̂y

ĉ–
z q̂x + ĉ–

x q̂z ĉ–
z q̂y + ĉ–

y q̂z 2ĉ–
z q̂z

R

d

d

d

d

b

(1.41)

The phonon wave vector has the components ≠æq æ {q sin ◊ cos „, q sin ◊ sin „, q cos ◊}; so

the unit vectors for q are given by: q̂ æ {sin ◊ cos „, sin ◊ sin „, cos ◊}. The polarization

wave vectors are as follows:

• ĉl æ q≠1{qx, qy, qz} = {sin ◊ cos „, sin ◊ cos „, cos ◊}

• ĉt æ q≠1(q2
x + q2

y)≠
1
2 {qxqz, qyqz, ≠(q2

x + q2
y)} = {cos ◊ cos „, cos ◊ sin „, ≠ sin ◊}

• ĉw æ (q2
x + q2

y)≠
1
2 {qy, ≠qx, 0} = {≠ sin „, cos „, 0}

Using the decompositions above, the matrix elements of A–
Á,ij for the three polarizations

can be written as follows:

Al
Á =

1
2

Q

c

c

c

c

a

2 q2
x

q2 2 qxqy

q2 2 qxqz

q2

2 qyqx

q2 2
q2

y

q2 22qyqz

q2

2 qzqx

q2 2 qzqy

q2 2 q2
z

q2

R

d

d

d

d

b

=
1
q2

Q

c

c

c

c

a

q2
x qxqy qxqz

qyqx q2
y qyqz

qzqx qzqy q2
z

R

d

d

d

d

b
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At
Á =

1
2

Q

c

c

c

c

c

c

a

2 qz

q
qxÔ

q2
x+q2

y

qx

q 2 qz

q
qxÔ

q2
x+q2

y

qy

q
qxqz

q
Ô

q2
x+q2

y

qz

q ≠

Ô
q2

x+q2
y

q
qx

q

2 qz

q
qxÔ

q2
x+q2

y

qy

q 2 qz

q
qyÔ

q2
x+q2

y

qy

q
qyqz

q
Ô

q2
x+q2

y

qz

q ≠

Ô
q2

x+q2
y

q
qy

q

qxqz

q
Ô

q2
x+q2

y

qz

q ≠

Ô
q2

x+q2
y

q
qx

q

q2
zqy≠q2

xqy≠q3
y

q2
Ô

q2
x+q2

y

≠2 qz

q

Ô
q2

x+q2
y

q

R

d

d

d

d

d

d

b

Aw
Á =

1
2

Q

c

c

c

c

c

a

≠2 qyÔ
q2

x+q2
y

qx

q ≠
qyÔ

q2
x+q2

y

qy

q + qxÔ
q2

x+q2
y

qx

q ≠
qyÔ

q2
x+q2

y

qz

q

q2
x≠q2

y

q
Ô

q2
x+q2

y

2 qxqy

q
Ô

q2
x+q2

y

qxqz

q
Ô

q2
x+q2

y

≠
qyqz

q
Ô

q2
x+q2

y

qxqz

q
Ô

q2
x+q2

y

0

R

d

d

d

d

d

b

(1.42)

Alternatively, the matrices can be written in terms of ◊ and „:

Al
Á =

Q

c

c

c

c

a

sin2 ◊ cos2 „ sin2 ◊ sin „ cos „ sin ◊ cos ◊ cos „

sin2 ◊ sin „ cos „ sin2 ◊ sin2 „ sin ◊ cos ◊ sin „

sin ◊ cos ◊ cos „ sin ◊ cos ◊ sin „ cos2 ◊

R

d

d

d

d

b

At
Á =

Q

c

c

c

c

a

1
2 sin 2◊ cos2 „ 1

4 sin 2◊ sin 2„ 1
2 cos 2◊ cos „

1
4 sin 2◊ sin 2„ 1

2 sin 2◊ sin2 „ 1
2 cos 2◊ sin „

1
2 cos 2◊ cos „ 1

2 cos 2◊ sin „ ≠
1
2 sin 2◊

R

d

d

d

d

b

Aw
Á =

1
2

Q

c

c

c

c

a

≠ sin 2„ sin ◊ cos 2„ sin ◊ ≠ sin „ cos ◊

cos 2„ sin ◊ sin 2„ sin ◊ cos „ cos ◊

≠ sin „ cos ◊ cos „ cos ◊ 0

R

d

d

d

d

b

(1.43)

The longitudinal9 process of spin relaxation occurs via the electron-phonon Hamiltonian,

which causes the following spin qubit transition |øÍ ⌦ |¿Í state, creating or annihilating a

phonon in the process. The relaxation rate 1 is given by the Fermi’s golden rule:

1 =
1
T1

=
ÿ

–

A

2fi

~

ÿ

q

|Èø| He≠ph |¿Í–|2 ” (gµBB0 ≠ ~Ê–,q)

B

(1.44)

9Here, relaxation and decoherence has been often labeled as longitudinal and transverse
processes, which refers to the spin precession along the meridian and equator of the Bloch
sphere due to the interaction between the qubit and its environment.
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1.3.4 Spin decoherence mechanism

As discussed before, the transverse processes of spin qubits interacting with their envi-

ronment are quantified as spin decoherence. Several experimental tactics could measure

decoherence, e.g. the Ramsey experiment, where a fi/2 pulse rotates the qubit initial-

ized in the |¿Í state: |Â(t = 0)Í = Rx(fi/2) |¿Í. The spin would Larmor precess along the

equator due to the global Zeeman field B0, but the presence of noise would introduce a

fluctuating magnetic field V(t) as perturbation to the qubit Hamiltonian:

Ĥ = ĤQ + V̂ (t) = gµB‡ · B0 +
1
2

‡ · V(t) (1.45)

A statistical study of the Ramsey experiment can be carried out assuming the time evo-

Figure 1.24: Free induction decay (FID) of spin in the Ramsey protocol. A pick-
up coil is aligned along the y-axis to measure the resultant e.m.f. from the time varying
magnetic flux of the rotating spins. At t = 0, the e.m.f. is the highest, but due to the qubit
dephasing, the net magnetization decreases at finite t, and the e.m.f. gradually drops to
zero (image source: ’Quantum Devices and Computers’ (ELEC4605) lecture notes, course
convened by A/Prof. Jarryd Pla, UNSW).

lution of an ensemble of spins exposed to noise, but the results are equally applicable for

repeated measurement of a single spin. It can be shown that the effect of noise imparts

a time-dependent phase shift „(t) on the qubit. At t = 0, all spins in the ensemble (or

all measurements of the single spin) experience „(t) = 0, hence the e.m.f. due to Larmor

precession induced time-varying magnetic flux is maximum. Since each spin experiences

slightly different „(t), at finite t coherence is destroyed as the spins point in several direc-

tions along the equator, and the net e.m.f. decays to zero,- known as the free induction

decay or FID (fig. 1.24).
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Theoretical modelling of spin qubit dephasing depends on the specific type of noise. Noise

could originate from other spins in the vicinity, as well as nearby charge traps, or the clock

noise of the microwave drive, or Johnson-Nyquist noise on B0. For a single charge defect,

the noise term can be modeled as follows,- ‡ · V(t)=V ‡z(≠1)N(t), where V = ”‘z denotes

the fluctuation in the qubit Zeeman splitting, and the Poisson variable N(t) = 0, 1 denotes

the random switching with switching time · . The choice above is motivated by the fact

that in microscopic devices the alternating capture and emission of carriers at (tunnelling

in and out of) an individual defect site produces discrete switching in the device resistance,

known as the random telegraph signal or RTS (e.g. fig. 1.25). The time-dependent phase

Figure 1.25: An example of random telegraph signal in the time-domain trace of the
drain current of a MOSFET device.[79]

can be defined as

„(t) =
V

~

⁄ tÕ

0
(≠1)N(tÕ)dtÕ (1.46)

In the rotating frame of reference of the precessing spin, the time evolution of the density

matrix is given by

fl(t) = e≠
i
~

s t

0
V̂ (tÕ)dtÕ

fl(t = 0)e
i
~

s t

0
V̂ (tÕ)dtÕ

(1.47)

The initial density matrix can be written as

fl(t = 0) = |Â(t = 0)Í ÈÂ(t = 0)| = Rx(fi/2) |¿Í È¿| Rx(fi/2)† =
1
2

(I + ‡z) (1.48)

Equations 1.46, 1.47 can be substituted into Eqn. 1.48 as follows,

fl(t) = e≠i„(t)‡z
1
2

(I + ‡z)ei„(t)‡z =
1
2

Q

c

a

1 ≠ie≠i„(t)

iei„(t) 1

R

d

b
(1.49)
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The off-diagonal terms signify the dephasing matrix element between the |¿Í and |øÍ states.

The time evolution algebra of the Pauli matrices gives the time evolution of the initial

spin pointing towards y,

Sy(t) = tr ‡y fl(t) = Soy tr

Q

c

a

0 ≠i

i 0

R

d

b

1
2

Q

c

a

1 ≠ie≠i„(t)

iei„(t) 1

R

d

b
= Soy cos „(t) (1.50)

For repeated measurements, the expectation value Ècos „(t)Í has to be calculated, which

turns out to be e≠‰(t), with ‰(t) = È„(t)2Í/2. The coherence decay function ‰(t) can be

calculated as follows:

‰(t) =
V 2

2~2

=
⁄ t1

0
(≠1)N(t1)dt1

⁄ t2

0
(≠1)N(t2)dt2

>

=
V 2

2~2

⁄ t1

0

⁄ t2

0

e

(≠1)N(t1)(≠1)N(t2)
f

dt1dt2

=
V 2

2~2

⁄ Œ

≠Œ

⁄ Œ

≠Œ
g(t1 ≠ t2)f(t1, t)f(t2, t)dt1dt2 (1.51)

where g(t1 ≠ t2) is the autocorrelation of the ergodic random telegraph noise (RTN),10

whose statistics do not change over time, hence the expectation value has been replaced

by a time average. The range of the integrals have been extended to infinity by introduc-

ing the ’hat’ functions f(t1, t), f(t2, t). Equation. 1.51 can be rearranged using Fourier

transformation to write the well known formula[80]:

‰(t) =
V 2

2~2

1
fi

⁄ Œ

0
S(Ê)|F(Ê, t)|2 dÊ =

V 2

2~2

1
fi

⁄ Œ

0
S(Ê)

sin2(Êt/2)
(Ê/2)2

dÊ (1.52)

where S(Ê) is the power spectral density of the noise, given by the Fourier transform of

the autocorrelation,11 and F(Ê, t) is the Fourier transform of the ’hat’ functions. The

decoherence time T ú
2 is simply the 1/e decay period of e≠‰(t). Knowledge of the power

spectral density of the noise would allow for decoherence time calculation. Comparing

the two time scales of the problem: the switching time and the fluctuation in Zeeman

energy, it can be assumed that RTN only contributes as long as |V | < ~

· . The appropriate

formula for the coherence decay function in this regime is ‰(t) = (”‘z)2·
2~2 t, leading to

1
T ú

2

-

-

-

F ID
= (”‘z)2·

2~2 as the RTN decoherence time expression.12

10For RTN, the autocorrelation can be calculated as g(t1 ≠ t2) = e|t2≠t1|/· .
11the power spectral density: S(Ê) =

s Œ
≠Œ e≠iÊte≠|t|/· = 2·

1+Ê2·2 .
12A couple more assumptions have been made here. Firstly, the switching time · has

been assumed to be same for the repeated measurements. Secondly, the energy fluctuation
is assumed to be constant, hence V 2 = (”‘z)2.
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For a distribution of charge traps, the overall spectral power density is given by

SV (Ê) =
⁄ Œ

0
fl(·) d·

2·

1 + Ê2·2
=

⁄ Œ

0
F (E, T )dE

2·0eE/kBT

1 + Ê2·2
0 e2E/kBT

(1.53)

In writing Eqn. 1.53, the switching time has been written as a function of temperature,

· = ·0eE/kBT , where 1/·0 is the attempt frequency to overcome the activation energy E.

The distribution of the switching times has been mapped to the distribution of activation

energies, fl(·) d· æ F (E, T )dE. Simplifying SV (Ê) as follows:

SV (Ê) =
⁄ Œ

0

2·0F (E, T )dE

e≠E/kBT + e2 ln Ê·0eE/kBT
=

⁄ Œ

0

2·0e≠ ln Ê·0F (E, T )dE

e≠ ln Ê·0e≠E/kBT + eln Ê·0eE/kBT

=
1
Ê

⁄ Œ

0

F (E, T )dE

cosh E+kBT ln Ê·0
kBT

¥ kBTF (EÊ, T )
2fiÊ

= F (EÊ, T )kBT
1
f

(1.54)

where EÊ=kBT ln Ê·0. Therefore, a distribution of charge defects gives a 1/f power

spectrum, and the resultant coherence decay function is,-

‰(t) =
V 2

~2

F (EÊ, T )kBT

fi2

⁄ Œ

Ê0

sin2(Êt/2)
Ê3

dÊ ¥
A

t

T ú
2 |1/f

B2

ln
1

Ê0t
(1.55)

where Ê0 is the low-frequency cut-off, typically given by the inverse of the measurement

time, and 1
T ú

2

-

-

-

1/f
= ”‘z

Ò

F (EÊ ,T )kBT
fi2~2 is the 1/f dephasing rate. Similarly, the T2 decoher-

ence time for Hahn echo measurement can be calculated,

‰(2·) =
V 2

2~2

1
fi

⁄ Œ

0
S(Ê)

sin4(Ê·/2)
(Ê/4)2

dÊ ¥
3

2·

T2
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(1.56)

1.3.5 (A)symmetries: a closer look at spin-orbit coupling

Knowledge of the underlying symmetries of group-IV semiconductors in the context of

their band dispersion is rather useful. Not only does it circumvent the complication of

analytical evaluation of the band structure, the effect of external conditions on the physical

properties of semiconductor quantum dot systems can also be understood by starting from

the highest symmetry, and realizing how the external perturbation gradually decreases

the symmetry. Unit cells of Si and Ge lattices have face-centered cubic (fcc) diamond

structure with two atoms per unit cell. In the reciprocal space, the Brillouin zone of

the diamond structure is highly symmetrical, i.e. it remains unchanged under various
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rotations about high-symmetry directions such as [100], [110] and [111]. These symmetry

operations result in symmetrized wave functions of a particle moving in the said crystal.

Another consequence is the identical energy structure of different wave vectors k and kÕ

if they are related by symmetry.

X
X

X
X
X

X
X
X

X
X
X

X
X
X

X
X

XX

irreducible
representation

group
elements

E C2 S4 ‡d C3 i ‡h C4 C Õ
2 S6

1 (+
1 ) 1 1 1 1 1 1 1 1 1 1

2 (+
2 ) 1 1 -1 -1 1 1 1 -1 -1 1

12 (+
3 ) 2 2 0 0 -1 2 2 0 0 -1

25 (≠

5 ) 3 -1 1 -1 0 -3 1 -1 1 0
15 (≠

4 ) 3 -1 -1 1 0 -3 1 1 -1 0
Õ

1 (≠

1 ) 1 1 -1 -1 1 -1 -1 1 1 1
Õ

2 (≠

2 ) 1 1 1 1 1 -1 -1 -1 -1 -1
Õ

12 (≠

3 ) 2 2 0 0 -1 -2 -2 0 0 1
Õ

25 (+
5 ) 3 -1 -1 1 0 3 -1 -1 1 0

Õ
15 (+

4 ) 3 -1 1 -1 0 3 -1 1 -1 0

Table 1.2: The character table of the space group Oh. The ’classes’, signified by
the column headers, define differnt symmetry operations. The irreducible representations,
or the row headers, are named after the notation introduced by Bouckaert, Smoluchowski
and Wigner (BSW notation); and the Koster notation is given in brackets.

From group theory, the symmetry operations of the diamond crystal form the point group

Oh = Td ¢ Ci (or Fd3m), where Td is the tetrahedral symmetry point group, and Ci

group consists of identity and inversion symmetry. The group is summarized by the

character table of its classes and irreducible representations. Classes are defined as sets

of group elements T satisfying aT=Ta for any element a of the group, e.g. for Oh group

{i} signifying inversion, {3‡h} denoting reflection on each of the three equivalent (100)

planes, and so on. Representations are matrices of specific symmetry transformations, and

a large matrix can be formed to signify all the operations in the group for a representation.

This large matrix can be decomposed into block-diagonal matrices, which are known as

irreducible representations. The wavefunction of a particle at the  point in different bands

can be mapped to eigenfunctions of various irreducible representations, generally denoted
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by ‹
µ. Finally, traces of the irreducible representation matrices are called characters,

which take up the same value for all elements of a class.

The above discussion of symmetry constitutes the basic idea behind the theory of in-

variants, which dictates that the Hamiltonian must be invariant under all the symmetry

operations of the system; terms which do not satisfy the symmetries must vanish. In fact,

a multiband Hamiltonian H(Ÿ) as a function of the tensor operators Ÿ (e.g. components

of k, B, E, Áij) can be given by,

H–—(Ÿ) =
ÿ

µ,‹

A–—
µ‹

ÿ

l

‰‹
l Ÿ‹,µ (1.57)

where blocks of H(Ÿ) connecting – and — bands are signified as H–—(Ÿ), which comprises

of linearly independent matrices ‰‹
l and the µ-th irreducible tensor operator Ÿ‹,µ, which

transform according to the irreducible representation ‹ µ
1

– ◊ ú
—

2

. The coefficients

A–—
µ‹ are material dependent. As an example, we can consider the 8 ◊ 8 Kane model,

which considers the lowest conduction band and the topmost valence band. In group

Figure 1.26: The symmetry of the lowest conduction band and the topmost
valence bands from group theory. In presence of spin-orbit coupling, the degeneracy of
the valence band is lifted. The 6, 7 and 8 bands constitute the basis for the Kane
model.[77]

theory, the s-type (l = 0) states (e.g. lowest conduction band) transform according to the

irreducible representation ≠

1 of Oh, whereas the p-type (l = 1) states (e.g. bonding p-type

for topmost valence band, anti-bonding p-type for excited conduction band) transform as

+
5 (fig. 1.26).13 Electron or hole moving in the strong Coulomb potential of the atomic

core regions results in spin-orbit coupling, and the electronic states become eigenstates

13The superscripts denote the bonding (even,+) or anti-bonding (odd,-) nature of the
states.
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of total angular momentum j. The electronic wavefunctions now must include the effect

of symmetry on the spin wavefunction (e.g. rotation of 2fi would change the sign of spin

1/2 particle’s wavefunction). Hence, the j = 1/2 lowest conduction band transforms as

the double group representation ≠

6 of Oh. The p-type topmost valence band splits into

j = 3/2 states transforming as +
8 , and j = 1/2 split-off states (seperated by the bulk

spin-orbit gap SO) which transform as +
7 . The blocks connecting different bands in the

8 ◊ 8 Kane model are as follows:

H8◊8 =

Q

c

c

c

c

a

H6
≠

6
≠

H6
≠

8+ H6
≠

7+

H8+6
≠

H8+8+ H8+7+

H7+6
≠

H7+8+ H7+7+

R

d

d

d

d

b

(1.58)

The diagonal blocks for the ≠

6 conduction band and the +
8 valence band can be expanded

as per Eqn. 1.57, with the knowledge of the irreducible representations of the blocks, and

subsequently the symmetrized matrices (Tab. 1.3) and tensor operators (Tab. 1.4).

Block Irreducible Symmetrized Time
representations matrices reversal

H6
≠

6
≠

6 ◊ ú
6 1 : I2◊2 +

= 1 + 4 4 : ‡x, ‡y, ‡z -
H8+8+ 8 ◊ ú

8 1 : I4◊4; J2 +
= 1 + 2 + 3 2 : JxJyJz + JzJyJx -
+24 + 25 3 : 1Ô

3
(2J2

z ≠ J2
x ≠ J2

y ), J2
x ≠ J2

y +
4 : Jx, Jy, Jz; J3

x , J3
y , J3

z -
5 : {Jy, Jz}, {Jz, Jx}, {Jx, Jy}; +

{Jx, J2
y ≠ J2

z }, {Jy, J2
z ≠ J2

x}, {Jz, J2
x ≠ J2

y } -

Table 1.3: Symmetrized matrices for the H6
≠

6
≠

and H8+8+ blocks. Matrices for
the other blocks of the 8 ◊ 8 Kane model can be similarly written.[77] ‡ and J denote the
Dirac matrices in spin 1/2 and spin 3/2 basis. The notation {A, B} denotes symmetrized
product of the operators A and B.

A few interesting properties could be pointed out: k, E transform as 5, while B belongs

to 4 (B and J are axial vectors). Also, k, B break time reversal symmetry, while E is

even under time reversal. In terms of parity, k, E are even, while B is odd parity. In

absence of magnetic field and SOC, the electronic dispersion is spin degenerate: E+(k) =

E≠(k) due to space and time invariance. Hence, the conduction band Hamiltonian can
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Representations Tensor operators

1 1; k2; k · E; -B2

2 B · k; E · B

3
1Ô
3
(2k2

z ≠ k2
x ≠ k2

y), k2
x ≠ k2

y;
ExBx ≠ EyBy, 1Ô

2
(≠2EzBz + ExBx + EyBy)

4 Bx, By, Bz; {kx, k2
y ≠ k2

z}, {ky, k2
z ≠ k2

x}, {kz, k2
x ≠ k2

y}
(k ◊ E)x, (k ◊ E)y, (k ◊ E)z;
ByEz + EzBy, BzEx + BxEz, BxEy + ByEx;
Bykz + Bzky, Bzkx + Bxkz, Bxky + Bykx

5 kx, ky, kz; Ex, Ey, Ez; {ky, kz}, {kz, kx}, {kx, ky};
(E ◊ B)x, (E ◊ B)y, (E ◊ B)z;
(B ◊ k)x, (B ◊ k)y, (B ◊ k)z;
Eykz + Ezky, Ezkx + Exkz, Exky + Eykx

Table 1.4: Irreducible tensor components for the Point group Td. Only the lowest
order terms in k, B, E have been listed, and other irreducible tensor components in higher
order can be derived by combining these terms.

be written by grouping the matrix of 1 and the corresponding tensor operators in the

lowest order of k: H6
≠

6
≠

(k)=E0 + ~
2

2mÕ k2
I2◊2. Similarly for the valence band, the exact

4◊4 Luttinger Hamiltonian is produced from the invariants with 1, 4 and 5 irreducible

representations:

H8+8+(k) = ≠
~

2

2m0
[“1I4◊4k2

≠ “2

3

1
3

(2J2
z ≠ J2

x ≠ J2
y )(2k2

z ≠ k2
x ≠ k2

y) + (J2
x ≠ J2

y )(k2
x ≠ k2

y)
4

≠4“3 ({Jx, Jy}{kx, ky} + {Jy, Jz}{ky, kz} + {Jz, Jx}{kz, kx})] (1.59)

hence, without carrying out any analytics, the symmetry arguments can predict the band

dispersion in the 8◊8 Kane model, which will be frequently applied in this study. Notably,

the material dependent parameters such as the conduction band effective mass mÕ or the

Luttinger parameters “1, “2, “3 have to be analytically/ numerically calculated. External

magnetic field would break the time reversal symmetry and lift the spin degeneracy. It is

easily shown that the magnetic interaction in the lowest order of B is due to 4: HZ
6

≠
6

≠

=

1
2gµB‡ · B, and HZ

8+8+
= ≠2µB(ŸJ · B + qJ · B).

The bulk spin-orbit gap SO is the artifact of symmetry breaking due to the microscopic

potential profile gradient. In general, the discussion of intrinsic and extrinsic spin-orbit

coupling consists of two types of asymmetries: bulk inversion asymmetry (BIA) and struc-
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tural inversion asymmetry (SIA). Bulk inversion asymmetric terms are odd in parity. For

conduction band, the BIA term in the lowest order from 4 representation is identified as,

HD
6

≠
6

≠

= –41
6

≠
6

≠

(‡x{kx, k2
y ≠k2

z}+c.p.). Similar terms can be found for the topmost valence

band, as listed in Tab. 1.5. On the other hand, SIA originates from the asymmetry in the

microscopic and macroscopic confinement V (r) = V0 + eE · r, and therefore the invariant

expansion consists of symmetrized and anti-symmetrized products of k and E combined

with linear Dirac matrices. Alternatively, an SIA term originates from E combined with

symmetrized products of Dirac matrices (Tab. 1.5). Note that the BIA terms are not

HD
6

≠
6

≠

= –41
D,6

≠
6

≠

(‡x{kx, k2
y ≠ k2

z} + c.p.)
HD

8+8+
= –41

D,8+8+
(Jx{kx, k2

y ≠ k2
z} + c.p.) + –42

D,8+8+
(J3

x{kx, k2
y ≠ k2

z} + c.p.)
BIA +–51

D,8+8+
({Jx, J2

y ≠ J2
z }{kx, k2

y + k2
z} + c.p.)

+ 2Ô
3
Ck({Jx, J2

y ≠ J2
z }kx + c.p.)

+–52
D,8+8+

({Jx, J2
y ≠ J2

z }k3
x + c.p.)

HR
6

≠
6

≠

= –41
R,6

≠
6

≠

(‡x(k ◊ E)x + c.p.)
HR

8+8+
= –41

R,8+8+
(Jx(k ◊ E)x + c.p.) + –42

R,8+8+
(J3

x(k ◊ E)x + c.p.)
SIA +–51

R,8+8+
({Jy, Jz}Ex + c.p.)

+–52
R,8+8+

({Jx, J2
y ≠ J2

z }(kyEz + kzEy) + c.p.)

Table 1.5: The BIA and SIA invariants for for the H6
≠

6
≠

and H8+8+ blocks of the
8 ◊ 8 Kane model. Notably, the irreducible tensor components are either time-reversal
asymmetric, or odd parity,- lifting the spin degeneracy at finite k. This is the B = 0 spin
splitting.

inherent to the bulk dispersion of group-IV semiconductors such as Si and Ge. However,

these terms are present for III-V semiconductors with tetrahedral symmetry, and are also

present in Si or Ge quantum dots due to interface inversion asymmetry (IIA), or strain

inhomogeneity.

1.4 Thesis motivation and outline

The above discussion on symmetry hints at important physics due to the non trivial

interplay of the irreducible tensor components of k, E, B, Áij etc. The resultant spin-

orbit terms in the spin qubit Hamiltonian have important consequences in experiments.

However, in obtaining the key results throughout this study, the symmetry arguments
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will not be applied extensively. Instead, an effective mass approximation (EMA)-based

theoretical modeling approach will be adopted.

In Chapter 2, a multidonor quantum dot spin qubit has been theorized with electron

spin on phosphorus donors in Si. The design consisting of a 2P+ donor cluster and a

1P donor ≥ 10 nm apart, features a large built-in dipole moment, making them ideal for

electron dipole spin resonance (EDSR) using the donor hyperfine interaction. An ab initio

calculation of such a 2P : 1P donor qubit would be computationally expensive due to the

multivalley nature of the ground state. In this study, by introducing a variational effective

mass wavefunction, we examine the impact of qubit geometry and nearby charge defects on

the electrical operation and coherence of a 2P : 1P electron spin qubit, where the electron

spin on 2P multi-donor quantum dot comprises the qubit in question. The existence of

exchange oscillation and the possible suppression of it for donors raises another important

probing the role of geometric orientation of the multidonor dot system. The main findings

of Chapter 2 are as follows.

1. The difference in the hyperfine interaction between the 2P and 1P sites enables fast

EDSR, with Tfi ≥ 10 ≠ 50 ns and a Rabi ratio (T1/Tfi) ≥ 106.

2. For the high symmetry crystallographic axes [100], [110] and [111], the fastest EDSR

time Tfi occurs when the 2P : 1P axis is Î [111], while the best Rabi ratio occurs

when it is Î [100]. This difference is attributed to the difference in the wavefunction

overlap between 2P and 1P for different geometries. In contrast, the choice of

orientation of the 2P axis has no visible impact on qubit operation.

3. For certain orientations of nearby charge defects, random telegraph noise has an

appreciable effect on both detuning and 2P ≠ 1P tunneling, with the latter inducing

gate errors.

4. The qubit is robust against 1/f noise provided it is operated away from the charge

anticrossing.

5. Entanglement via exchange is several orders of magnitude faster than dipole-dipole
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coupling.

From the point of view of all-electrical operation, spin qubits with electron often rely on

extrinsic spin-orbit coupling, e.g. from a micromagnet or the hyperfine field of the nuclear

spins. These conventional approaches to operating electron spin quantum computing have

faced scaling problem, although providing long-lived qubits. Hole spin qubits in group-

IV semiconductors, especially Ge and Si, are being actively investigated as platforms for

ultrafast electrical spin manipulation, thanks to the strong intrinsic spin-orbit coupling for

holes in the valence band. In chapter 3, a comprehensive theory of spin physics in planar

germanium hole quantum dots in an in-plane magnetic field is presented. Comparison of

the results from theory with experimental findings show that the orbital magnetic field

terms14 induce important spin-orbit coupling for the qubit. Morover, the quadrupolar gate

controlled SIA Rashba spin-orbit coupling produces coherence sweet spots for hole qubits,

where the qubit dephasing due to charge noise is minimized, yet the hole spin rotation is

the fastest. A full 3D k · p analysis have been done in Chapter 3 for planar hole systems,

capturing the variability in fundamental spin dynamics and coherence for hole spin qubit

operation under different magnetic field orientation. The main findings of Chapter 3 are:

1. Hole qubit EDSR for in-plane magnetic fields varies non-linearly with the field

strength and is weaker than for perpendicular magnetic fields.

2. The in-plane g-factor is strongly anisotropic for an elliptical dot, owing to the orbital

magnetic field terms.

3. The effect of random telegraph noise in an in-plane magnetic field cannot be fully

mitigated, as the orbital magnetic field terms expose the qubit to all components of

the defect electric field.

In Chapter 4, the main focus is the numerical modeling of the gatestack-induced thermal

strain and the atomistic random alloy disorder near interfaces in the hugely successful hole

14Orbital magnetic field terms refer to the vector potential A induced terms of the
Peierls substitution: kÕ=k + eA

~
.
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qubit platform of Ge/Si1≠xGex heterostructures. Inclusion of these effects is motivated by

the large variability of hole spin qubit properties over adjacent sites in a quantum dot array.

The aggregated roughness leads to spin-orbit coupling Ã k1 in the heavy hole qubit energy

subspace via the strain gradient, in contrast to the Ã k3 SIA Rashba spin-orbit coupling

with the uniaxial strain assumption of the previous chapter. Within the framework of the

3D k·p formalism, the strain inhomogeneity due to random alloy disorder is calculated

using the atomistic valence force field (VFF) method; while strain from a realistic gate-

stack of planar hole quantum dot confinement is modeled in COMSOL Multiphysics via

finite element method. The main findings of Chapter 4 are the following.

1. Roughness induces linear-k Dresselhaus spin-orbit coupling, which dominates the

hole spin EDSR over the cubic Rashba SOC. The hybrid model presented in Section

4 accurately predicts the EDSR Rabi frequency to be ≥100 MHz for typical electric

and magnetic fields in experiments, which represents at least an order of magnitude

improvement over the phenomenological uniaxial strain assumption.

2. There exist specific in-plane orientations of the global magnetic field B and the

microwave drive Ẽac for maximum EDSR Rabi frequency of the hole spin qubit.

3. The state-of-the-art atomistic tight-binding calculation via 3D nanoelectronic mod-

eling (NEMO3D) calculation agrees with the quasi-2D limit of the k·p description

of roughness-induced SOC.

1.5 Chapter summary

An overview of spin qubit architectures in group-IV semiconductors, especially in CMOS

standard materials silicon and germanium, has been presented in this chapter. From con-

densed matter theory, a potential recipe is formulated for studying the underlying physics

of self-defined and gate-defined quantum dot qubits. In the next chapters, two specific sys-

tems shall be studied: phosphorus multidonor dot in silicon and planar hole quantum dot

in Ge/SiGe heterostructure. Coherent full-electrical control of spin qubits in these systems
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exhibit significant variability owing to the contrast in confinement, design, and external

electric and magnetic environments. The aim of this study is to build computationally

inexpensive and effective theoretical models, while capturing the important underlying

physics.
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Chapter 2

Optimisation of electron spin

qubits in electrically driven

multi-donor quantum dots

"An approximate answer to the right question is worth a great deal more

than a precise answer to the wrong question."

- John Tukey

Building on our understanding of spin-orbit coupling in full-electrical qubit control mech-

anisms from Chapter 1, this chapter investigates a donor-atom-based electron spin qubit

architecture, constituting the first publication of this thesis. Silicon-based quantum com-

puting benefits from the precise implantation of phosphorus donor atoms, which naturally

form self-defined quantum dots that host electron spins. These donor-based qubits ex-

hibit long coherence times and allow for the implementation of fast single-qubit gates via

a nearby electron spin resonance (ESR) channel. However, electrons inherently lack strong

intrinsic spin-orbit coupling, which is essential for enabling full electrical control. As a

result, electric dipole spin resonance (EDSR) is often introduced by placing a micromagnet

in close proximity to the donor dots. In this study, we propose an alternative approach

that circumvents the need for a micromagnet by leveraging hyperfine interaction-mediated
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electrical control of donor spin qubits. Our proposed architecture is based on a multi-donor

2P:1P quantum dot system, where a double donor (2P) and a single donor (1P) are sep-

arated by ≥10 nanometers. The spatially varying magnetic field generated by the three

nuclear spins (2P+1P) provides strong spin-orbit interaction, enabling electrical control

of the electron spin residing on the 2P donor.

The multivalley effective mass theory utilized here accounts for the six-fold valley degen-

eracy in bulk silicon, which is lifted when the electron is confined in a quantum dot. Our

analysis begins with the derivation of a variational model for the 2P system, followed by

the construction of the 2P:1P qubit wavefunction within the Hund-Mulliken approach.

The methodology outlined in this chapter also incorporates an optimization aspect, as

it enables the modeling of critical parameters such as inter- and intra-dot distances and

relative orientations with respect to the crystallographic axes. We identify that variations

in these geometric parameters significantly impact qubit operation due to differences in

valley composition, overlap integrals, and tunneling energies.

Finally, we discuss two possible entanglement mechanisms for multi-donor dot qubits:

dipole-dipole interaction and two-qubit exchange coupling. This work advances our un-

derstanding of donor-based qubits by bridging the gap between fundamental effective mass

theory and experimentally relevant qubit control strategies.

This chapter contains a verbatim copy of the following publication apart from minor

changes to section/appendix numbering:

• title: Optimisation of electron spin qubits in electrically driven multi-donor quan-

tum dots. (DOI: https://doi.org/10.1038/s41534-022-00646-9)

• authors: Abhikbrata Sarkar, Joel Hochstetter, Allen Kha, Xuedong Hu, Michelle

Y. Simmons, Rajib Rahman & Dimitrie Culcer.

• journal: npj Quantum Information volume 8, Article number 127.

• publication date: 4 November 2022.
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Chapter 3

Electrical operation of planar

germanium hole spin qubits in an

in-plane magnetic field

"The usefulness of a model is not whether it is ’true’

but whether it is predictive."

- Walter Kohn

"A theory that fits all the data is necessarily false. One that explains the

essential facts while ignoring the details is more likely to be true"

- Lev Landau

In alignment with the central theme of this thesis, the previous chapter explored the spin-

orbit coupling-mediated all-electrical control of multi-donor dot electron spin qubits. Our

focus now transitions from spin-1/2 electrons to spin-3/2 holes, which have gained signif-

icant traction in recent years, particularly in planar and CMOS-compatible quantum dot

architectures. Hole spins in the p-type valence band of silicon and germanium inherently

exhibit strong spin-orbit interaction, which can be further modulated by extrinsic asym-

metries. This tunability of spin-orbit coupling introduces substantial variability in qubit
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properties, influenced by external electric and magnetic fields, quantum dot dimensions,

strain, and other factors.

While chapter 2 was dedicated to engineering full-electrical control of electron spin qubits,

this chapter delves into the comparative contributions of various spin-orbit interactions

affecting hole spin qubits, with a particular emphasis on planar germanium heterostruc-

tures. This work constitutes the second publication of the thesis, where, using the k · p

formalism within the effective mass approximation, a comprehensive three-dimensional

model of a single hole spin qubit is developed. We highlight the growing prominence of

planar germanium heterostructures as a platform for hole qubits, attributed to their type-I

band alignment, low hole effective mass, and high hole mobility. The model systemati-

cally investigates key operational concepts, including the existence of operational sweet

spots, successfully reproduces recent experimental qubit g-factor data, and elucidates the

physical origins of various spin-orbit interactions and their intricate mixing mechanisms.

To further enhance conceptual clarity, we also examine the quasi-2D limit of the hole

qubit Hamiltonian, providing deeper insight into the underlying physics governing planar

systems. Additionally, we discuss the implications of these findings for scalable hole spin

qubit architectures, particularly in the context of quantum information processing.

This chapter contains a verbatim copy of the following publication apart from minor

changes to section/appendix numbering:

• title: Electrical operation of planar Ge hole spin qubits in an in-plane magnetic

field. (DOI: https://doi.org/10.1103/PhysRevB.108.245301)

• authors: Abhikbrata Sarkar, Zhanning Wang, Matthew Rendell, Nico W Hen-

drickx, Menno Veldhorst, Giordano Scappucci, Mohammad Khalifa, Joe Salfi, Andre

Saraiva, A. S. Dzurak, A. R. Hamilton & Dimitrie Culcer.

• journal: Physical Review B volume 108, issue 24, pages 245301.

• publication date: 15 December 2023.
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Chapter 4

Effect of disorder and strain on

the operation of planar Ge hole

spin qubits
"A good simulation tells you something you didn’t already know;

a bad one just confirms what you assumed."

- Freeman Dyson

In the previous two chapters, we explored the all-electrical control of electron spin qubits

in donor quantum dots and hole spin qubits in planar gate-defined quantum dots. Our

approach, based on the effective mass approximation, remains computationally efficient

while successfully capturing essential aspects of the underlying physics governing these

architectures. However, the substantial variability observed in qubit properties in experi-

ments often arises from device-specific factors, which demand a more detailed investigation

beyond idealized models.

Building upon our previous theoretical study of hole qubits in planar germanium het-

erostructures, this chapter extends the analysis to incorporate the effects of random alloy

disorder and gate-stack contraction-induced strain. In our third publication, these device-

specific perturbations are modeled using the valence force field (VFF) method for alloy

disorder and COMSOL Multiphysics for gate-induced strain calculations. The spatial
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anisotropy is captured through an evaluation of the cumulative strain matrix elements of

the 4 ◊ 4 spin-3/2 Luttinger-Kohn-Bir-Pikus strain Hamiltonian. Fundamentally, these

perturbations introduce additional spin-orbit coupling within the system, significantly im-

pacting hole spin qubit operation. Independent calculations derived from both the three-

dimensional k · p model and the tight-binding approximation (TBA) reveal that the hole

qubit electric dipole spin resonance (EDSR) mechanism is predominantly influenced by

the Dresselhaus spin-orbit interaction induced by disorder and strain. Furthermore, the

interplay between Rashba spin-orbit coupling (SOC), driven by the structural inversion

asymmetry (SIA) from the top-gate electric field, and roughness-induced Dresselhaus SOC

leads to specific orientations of the external magnetic field and microwave electrical drive

that maximize single-gate operation speeds.

In the broader context of this thesis, this chapter represents a significant step forward in

the theoretical study of spin qubits in silicon and germanium platforms. By integrating

hybrid analytical and numerical techniques, we establish a comprehensive framework that

not only accounts for critical device-dependent effects but also deepens our understanding

of the intricate physical mechanisms underlying planar Ge hole qubit systems. The insights

gained from this approach provide a pathway toward more precise modeling of realistic

quantum dot architectures, bridging the gap between idealized theory and experimental

implementations.

This chapter contains a verbatim copy of the following publication apart from minor

changes to section/appendix numbering:

• title: Effect of disorder and strain on the operation of planar Ge hole spin qubits.

(DOI: https://doi.org/10.48550/arXiv.2502.06949)

• authors: Abhikbrata Sarkar, Pratik Chowdhury, Xuedong Hu, Andre Saraiva, A.

S. Dzurak, A. R. Hamilton, Rajib Rahman, S. Das Sarma & Dimitrie Culcer.

• journal: arXiv preprint arXiv:2502.06949.

• submission date: 10 February 2025.
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Chapter 5

Conclusion and Future Directions

"Everything should be made as simple as possible, but not simpler."

- Albert Einstein

5.1 Thesis summary

This thesis presented a detailed theoretical analysis of spin-orbit coupling mediated prop-

erties of spin qubits synthesized in group-IV semiconductors. While two separate material

platforms were studied, namely donor-bound electron spin qubits in silicon and hole spin

qubits in planar germanium heterostructures, the underlying theme of fast, full-electrical,

coherent qubit control mechanism provided a unified motivation: identifying and analyzing

the various sources of spin-orbit interaction in the system. Out of the numerous avenues

of studying spin qubits theoretically, the one chosen in this study focused on addressing

and modeling the large variability of the qubit properties observed experimentally. We

adopted an effective mass approximation based approach, which not only simplified the

computational task, but also produced a rather simple understanding of the effects stem-

ming from external factors such as qubit geometry, electric and magnetic fields, and so

on.
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In chapter 2, we developed a multivalley envelope function approximation based model of

2P:1P multidonor dot qubit, a configuration involving two phosphorus donors adjacent to

a single phosphorus donor where the electron spin residing on the 2P makes up the qubit.

We examined the role of qubit geometry in optimizing donor electron spin qubit gate

operation, as well as relaxation and dephasing. Our findings are extremely important in

the context of donor qubit experiments. For example, exchange oscillation of multidonor

dot electron spin qubits can be suppressed for specific geometrical orientations of the

donor clusters.[1] Also, faster gate operation of donor bound electron spin qubits can also

be achieved by enhancing the hyperfine stark shift by aligning the multidonor clusters

along specific crystallographic directions.[2] This chapter in particular also focused on

understanding the influence of charge noise and optimizing qubit coupling strategies, since

they constitute crucial steps toward realizing scalable quantum computing architectures

based on donor dot systems. Additionally, our proposed donor qubit architecture relied on

the difference in the hyperfine interaction between the 2P and 1P dots generating spatially

varying magnetic field. This circumvents the need for a micromagnet to be attached for

fast EDSR, improving the chances of scaling up donor spin qubits purely via precise doping.

Chapter 3 focused on the spin-3/2 physics of holes in the topmost valence band of planar

germanium systems. Using the effective mass k · p formalism, we investigated the non-

trivial interplay of the intrinsic spin-orbit coupling of holes and the extrinsic spin-orbit

coupling due to electric and magnetic fields. The findings of this chapter underscored the

critical influence of magnetic field orientation on the performance of planar germanium

hole spin qubits. The identified anisotropic behaviors and susceptibility to electric field

noise provided valuable insights for optimizing qubit design and operation. We examined

the possible enhancement of the speed and coherence of hole spin qubits enabled via the

careful selection of magnetic field directions and the underlying orbital interactions.

As mentioned above, the large variability in experiments poses a significant challenge in

developing an all-encompassing theoretical model of semiconductor spin qubits. In view

of this chapter 4 examined the nonuniform strain present in realistic devices using the k ·p
formalism and tight-binding approach independently. We showed that for holes in planar
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Ge heterostructures, strain inhomogeneity due to the random alloy disorder and gatestack

contraction leads to important linear-k Dresselhaus spin-orbit interaction, which eventu-

ally dominates hole spin qubit operation. This chapter provided a theoretical framework

that aligns more closely with experimental data for planar Ge hole qubits. Taking an

important stride towards realistic device modelling, this chapter produces crucial insight

into optimizing multi-qubit arrays, which is climacteric for scalable quantum computing.

5.2 Path forward

This work serves as inspiration for a few future directions, as listed below.

5.2.1 1/f noise calculation for holes

As delineated in chapters 1 and 2, the common form of noise impacting semiconductor

spin qubits is the low-frequency pink (1/f) noise, originating from the defects and im-

purities in the material causing slow, random variations over time. Spin-orbit coupling

mediates fast electrical operation of spin qubits, but at the same time, can cause the qubit

to tunnel in or out of a nearby two-level charge defect. While the other form of noise

originating from the nuclear hyperfine interaction can be suppressed for specific magnetic

field orientations, charge noise remains detrimental to spin qubits and requires a proper

theoretical understanding for optimization. The cumulative effect of many independent

two-level fluctuators with different time constants naturally leads to a 1/f -like spectrum.

Chapter 2 of this thesis gave a convincing model of 1/f noise for electron spin qubits.

The spin-3/2 nature of holes, however, gives rise to interesting physical understanding

regarding the 1/f spectrum. The picture that emerges is that individual defects induces

fluctuation in the confinement potential. In view of the theory of invariants, such a time

dependent electric field E(t) changes the qubit Zeeman splitting via a term Ã‡zÈkzÍB·E(t)

in the heavy hole energy subspace. Therefore, in presence of external magnetic field,

the interplay of the spin-orbit coupling effect (captured in ÈkzÍ) and the noise electric
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field leads to decoherence. The full-3D formalism developed in chapter 3 is capable of

capturing such non-trivial mixing, hence can be used to correctly model 1/f noise for hole

qubits. Moreover, realistic effects from alloy disorder, interface roughness and gatestack

contraction strain may play a significant role in understanding hole qubit decoherence

in experiments. The formalism developed in chapter 4 can be scaled up for an non-

uniform distribution of charge defects in the vicinity of the quantum dot to predict realistic

dephasing rates. Furthermore, the theory of invariants can be further implemented to

identify potential sweet spots and sweet lines of dephasing.

5.2.2 Strain engineering and variability analysis of spin qubits

Chapter 2 emphasized a couple of important factors in the context of semiconductor spin

qubits’ optimization, engineered environment and geometry. The constitution of individ-

ual donor clusters as well the arrangement of P donors in a cluster plays a crucial role.

Similarly for hole qubits, large variations exist across experiments regarding dot sizes,

magnetic field orientation, and so on. This thesis can be extended to carry out a variabil-

ity analysis of electron and hole spin qubit operation, where the focus would be to identify

the set of experimental parameters for the most efficient operation of the qubits. This

would require modifying our simplistic effective mass approach to include realistic effects

present in samples. For example, neighboring quantum dots would experience different

local strain. Upon electrical manipulation, the dots would then be effectively ’shaken’

in different ways, leading to site-dependent qubit properties. The metallic gatestack for

coherent control can also be studied, since the relative distances of the gates and the

quantum dots play an important role in determining the qubit principle g-tensor orien-

tation as well as spin-orbit field orientation. In future, the calculations of chapter 4 can

be carried out for several proposed gatestacks to identify the optimal design. Moreover,

the types of spin-orbit coupling present in the discussed material platforms and quantum

dot architectures are heavily influenced by the geometry and symmetry. For example, a

systematic structural asymmetry in the quantum dot confining potential leads to Rashba

SOC, while the existence of an asymmetric interface across the quantum well results in
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Dresselhaus SOC. A potential future direction is studying the realistic strength of these

asymmetries and the consequent effect on spin qubits in Si and Ge.

5.2.3 Hybrid semiconductor-superconductor applications

The results presented in this thesis can be used as a foundation for exploring the quan-

tum dot-resonator coupling in hybrid semiconductor-superconductor systems. The strong

capacitive coupling between superconductor and quantum dots makes such hybrid sys-

tems ideal for reaching strong spin–photon, or charge-photon coupling; paving the way to

long-range quantum circuit and scaling up quantum devices. Experiments in past years

have observed double quantum dot in Si[3] and resonant exchange qubit in GaAs [4] ex-

hibiting strong coupling between the spin and charge degrees of freedom of electron and

microwave photon. More recently, coupling of planar Ge and Si hole systems to super-

conducting resonators have gained a lot of attention. Experiments in these systems have

been able to unlock new technological precedence, such as RF reflectometry via resonator

response in gate-based dispersive sensing,[5] in-situ tunnel barrier instead of conventional

gate electrodes which simplifies the integration with superconducting circuits.[6] But more

importantly, there are fundamental advantages for hole systems due to their intrinsic spin-

orbit interaction offering fine tuning of hybrid quantum circuit. Planar Ge hole QD with

cubic Rashba favors Majorana bound states[7] and Andreev spin qubits[8, 9]. Ge hole

singlet-triplet qubits can be operated at much lower fields, making on-chip integration

with superconducting resonators more plausible.[10] In future works, theoretical models

can be developed to optimize the coupling in these hybrid devices. For instance, metic-

ulous engineering of the local strain profile could provide a mechanical control ’knob’ in

hybrid semiconductor QD- superconducting resonator high quality opto-electrical/ opto-

mechanical qubits.
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5.3 Concluding remarks

Semiconductor quantum computing has garnered significant interest over the past two

decades, driven largely by its fabrication advantages and seamless integration with micro-

electronics. The effective mass approximation (EFA)-based theoretical modeling provides

essential insights into the fundamental physics governing semiconductor spin qubits. The

interaction between the host material’s intrinsic properties and the external conditions

affecting quantum dots is analyzed using principles of condensed matter physics, quantum

mechanics, and quantum information theory. While this approach has been remarkably

successful, as demonstrated in this thesis, its models have inherent limitations in fully

capturing certain experimental complexities. The broad outlook of this work therefore is

to advance theoretical modeling toward capturing device-specific variability in semicon-

ductor spin qubits. The primary objective of this thesis, however, has been to develop a

fundamental physical understanding of these qubit architectures.

"Essentially, all models are wrong, but some are useful"

- George E. P. Box
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