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Rezumat

FLUKA este un cod Monte Carlo pentru simularea transportului radiaţiilor prin
materie, fiind utilizat, printre alte aplicaţii, pentru evaluarea producerii evenimentelor de
tip single-event upset (SEU) ı̂n dispozitive electronice expuse radiaţiilor. Studii recente
privind producerea evenimentelor de tip SEU ı̂n memorii statice cu acces aleator (SRAMs)
comerciale iradiate cu protoni au dezvăluit un acord foarte bun ı̂ntre valorile experimentale
şi estimările FLUKA pentru secţiunea eficace de producere a evenimentelor de tip SEU la
energii ale protonilor mai mari de 20-30 MeV. Cu toate acestea, pentru energii mai joase
ale protonilor, unde secţiunea eficace creşte drastic ı̂n componente cu sarcină critică redusă,
FLUKA subestima valorile experimentale cu până la două ordine de mărime. Analize
preliminare au indicat că această subestimare era cauzată ı̂n mare parte de lipsa modelării
ı̂mprăştierii elastice nucleare a protonilor sub 10 MeV ı̂n versiunile FLUKA până la v4-3.4.

Pentru a depăşi această limitare, ı̂mprăştierea elastică Coulomb şi nucleară a protonilor
pe nuclee a fost revizuită. S-au utilizat atât metoda undelor distorsionate bazată pe
modele de potenţial optic dependente de spin, cât şi distribuţii unghiulare experimentale.
Astfel, a fost generată o bază de date numerică a secţiunilor eficace diferenţiale pentru
ı̂mprăştierea elastică a protonilor cu energii ı̂ntre bariera Coulomb şi 250 MeV pe nuclee
ţintă cu numere de masă de până la � = 252. Pentru a minimiza cerinţele de memorie,
o expresie parametrizată bazată pe limita discului negru (black-disk limit) a fost fitată
bazei de date numerice, reducând-o la un număr mic de coeficienţi dependenţi de energia
protonilor incidenţi şi de numărul de masă al nucleului ţintă. De asemenea, această expresie
parametrizată păstrează cele mai relevante caracteristici ale secţiunii eficace diferenţiale
şi oferă totodată un mijloc sistematic de separare a ı̂mprăştierilor elastice Coulomb şi
nucleare. Noul model dezvoltat pentru ı̂mprăştierea elastică nucleară a protonilor cu energii
de la bariera Coulomb la 250 MeV a fost inclus ı̂n FLUKA v4-4.0, ı̂nlocuind modelul
anterior disponibil doar pentru protoni cu energii peste 10 MeV. Acesta ı̂mbunătăţeşte cu
un ordin de mărime acordul dintre estimările FLUKA şi secţiunile eficace experimentale
pentru producerea evenimentelor de tip SEU ı̂n SRAM-uri iradiate cu protoni ı̂n intervalul
energetic 1–10 MeV. De asemenea, noul model oferă o descriere mai precisă a coliziunilor
elastice nucleare la unghiuri mari de ı̂mprăştiere pentru energii ale protonilor până la
250 MeV comparativ cu modelul anterior. O altă limitare privind estimarea secţiunii
eficace de producere a evenimentelor de tip SEU ı̂n SRAM-uri comerciale iradiate cu
protoni era considerarea inadecvată a reculurilor din ı̂mprăştierea elastică Coulomb. Pentru
a include contribuţia eveniment-cu-eveniment a acestora la producerea evenimentelor de
tip SEU, generarea şi transportul lor explicit au fost implementate pentru protoni (ca
particule incidente) ı̂ntr-o versiune internă a FLUKA.

Cu aceste două modele dezvoltate şi implementate ı̂n FLUKA, producerea evenimente-
lor de tip SEU indusă de protoni a fost investigată ı̂n trei SRAM-uri comerciale fabricate
pe diferite noduri tehnologice CMOS (complementary metal-oxide-semiconductor), vari-
ind ı̂ntre 250 nm şi 40 nm. Geometria dispozitivelor a fost descrisă printr-un model
paralelipipedic dreptunghiular (RPP), având drept parametri volumul sensibil şi sarcina
critică. Parametrii optimi care maximizează acordul dintre secţiunile eficace simulate şi
cele experimentale au fost identificaţi pentru cele trei SRAM-uri studiate. Dependenţa
parametrilor modelului RPP de nodul tehnologic a fost identificată şi validată prin studii
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independente din literatură ale altor componente electronice. Aceasta oferă estimări
iniţiale ale volumului sensibil şi sarcinii critice pentru modelarea componentelor electronice
fabricate pe alte noduri tehnologice.

Împrăştierea elastică nucleară joacă un rol semnificativ şi ı̂n dozimetria cu protoni,
o aplicaţie pentru care noul model inclus ı̂n FLUKA v4-4.0, dedicat acestui mecanism
de interacţie al protonilor, a fost validat explicit. În acest scop, a fost utilizat un set
recent de date experimentale, constând ı̂n doze absorbite ı̂ntr-o fantomă de apă iradiată
cu protoni la energii de 100 MeV, 160 MeV şi 225 MeV; dozele experimentale au fost
publicate ı̂n referinţa originală ca funcţie de adâncimea ı̂n fantoma de apă, pentru diferite
distanţe radiale faţă de fasciculul de protoni incident. Două versiuni FLUKA au fost
utilizate pentru simularea dozelor experimentale: v4-3.4, bazată pe un model anterior
al ı̂mprăştierii elastice nucleare a protonilor, şi v4-4.0, bazată pe modelul dezvoltat ı̂n
această teză. Acordul ı̂mbunătăţit obţinut cu FLUKA v4-4.0 faţă de dozele experimentale
absorbite este discutat, iar rolul jucat de ı̂mprăştierea elastică nucleară a protonilor, printre
alte mecanisme de interacţie, este elucidat. Mai mult decât atât, acest test comparativ a
evidenţiat importanţa caracterizării cât mai precise a parametrilor fasciculului de protoni
incident şi a geometriei adoptate pentru simulări Monte Carlo.

În final, având ı̂n vedere interesul crescut faţă de fasciculele de heliu pentru aplicaţii ı̂n
hadronoterapie sau ı̂n producerea evenimentelor de tip SEU, a fost investigată ı̂mprăştierea
elastică a particulelor alfa (pentru care ı̂mprăştierea elastică nucleară lipseşte momentan
ı̂n FLUKA). Distribuţia unghiulară a particulelor alfa ı̂mprăştiate elastic pe nuclee uşoare
cu # = / prezintă o creştere semnificativă la unghiuri de ı̂mprăştiere mari, cunoscută sub
denumirea de efect de ı̂mprăştiere anormală (ALAS). Pentru a investiga ipoteza conform
căreia efectul ALAS se datorează corelaţiilor din interiorul nucleului ţintă, ı̂n această teză
s-a adoptat un potenţial de tip folding simplu. Acesta rezultă ı̂n urma unei integrări de
convoluţie simple dintre un potenţial alfa-nucleon şi densitatea nucleului ţintă, derivată din
modele de câmp mediu microscopice şi incorporând explicit corelaţii nucleare. Rolul jucat
de corelaţiile de 2-corpuri (pairing) şi de 4-corpuri (quartetting) a fost, astfel, explorat.
Această metodă simplă de calcul s-a dovedit eficientă ı̂n a oferi o descriere corespunzătoare
a secţiunii eficace diferenţiale.
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Abstract

FLUKA is a general-purpose code for the Monte Carlo simulation of radiation transport
used, among other applications, for the assessment of single-event upset (SEU) production
in electronic devices exposed to radiation. Recent studies of SEU production in com-
mercial static random access memories (SRAMs) under proton irradiation revealed very
good agreement between experimental measurements and FLUKA estimates of the SEU
production cross section for proton energies above 20-30 MeV. However, at lower proton
energies, where the cross section for SEU production in low-critical-charge components
increases drastically, a FLUKA underestimation of up to two orders of magnitude was
observed. Preliminary analyses indicated that this underestimation was in great measure
due to the lack of nuclear elastic scattering of protons below 10 MeV in FLUKA up to
version v4-3.4.

To overcome this limitation, the Coulomb and nuclear elastic scattering of protons on
nuclei has been revisited, combining partial-wave analyses, which rely on spin-dependent
optical potential models for protons of up to 250 MeV in the vicinity of nuclei, and
experimental angular distributions. A numerical database of differential cross sections for
the elastic scattering of protons with energies from Coulomb barrier up to 250 MeV on
target nuclei with mass numbers up to � = 252 has been evaluated. To minimize memory
requirements, an effective parametrized expression based on the black-disk limit has been
fitted to the numerical database, reducing it to a handful of energy- and �-dependent
coefficients, while still capturing the most relevant features in the differential cross section
and providing a systematic means of disentangling Coulomb and nuclear elastic scattering.
This model supersedes the legacy model for proton nuclear elastic scattering employed up
to FLUKA v4-3.4 (available only above 10 MeV). The newly developed model, covering
the nuclear elastic scattering of protons from Coulomb barrier up to 250 MeV, has been
included in FLUKA v4-4.0 and it leads to an order-of-magnitude improvement in the
agreement between FLUKA and experimental cross sections for the production of SEUs in
SRAMs under proton irradiation in the 1–10 MeV energy domain. Furthermore, it also
gives an overall better description of large-angle nuclear elastic collisions of protons up to
250 MeV compared to the effective legacy model in use up to FLUKA v4-3.4. A further
limitation for estimating the SEU production cross section in commercial SRAMs under
proton irradiation with FLUKA was the improper account of recoils from Coulomb single
scattering. Thus, to account for the event-by-event contribution of Coulomb recoils to SEU
production, in this work their explicit production and transport have been implemented
for proton projectiles in a development version of the code.

In view of these two new model developments, SEU production induced by protons has
been investigated with FLUKA in three commercial bulk planar SRAMs manufactured
on different complementary metal-oxide-semiconductor (CMOS) technology nodes, from
250 nm to 40 nm. A rectangular parallelepiped (RPP) model has been adopted to describe
the device geometry, relying on the sensitive volume and the critical charge as effective
parameters. Optimal parameters, which maximize the agreement between simulated and
experimental SEU production cross sections, have been found for the three considered
devices. RPP-model parameter trends have been therefore identified across technology
nodes. These have been further validated by RPP-model parameters from independent
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literature studies of other devices, thus providing practical guidelines when modelling
components manufactured on other technology nodes.

The new model for the nuclear elastic scattering of protons below 250 MeV included in
FLUKA v4-4.0 necessitated an explicit validation also for proton dosimetry applications,
where this interaction mechanism plays a significant role. A benchmark has been carried
out against a recent experimental dataset consisting of radial-depth maps of absorbed dose
in a water phantom under irradiation by protons of 100 MeV, 160 MeV, and 225 MeV. Two
FLUKA versions have been employed to simulate these experimental radial-depth dose
maps: v4-3.4, relying on a legacy model for proton nuclear elastic scattering, and v4-4.0,
relying on the model developed in this work. The enhanced agreement with experimental
absorbed doses obtained with FLUKA v4-4.0 is discussed, and the role played by proton
nuclear elastic scattering, among other interaction mechanisms, in various regions of the
radial-depth dose maps is elucidated. Furthermore, this benchmark is sensitive enough to
showcase the importance of characterizing as accurately as possible the beam parameters
and the scattering geometry for Monte Carlo simulations.

Finally, in view of a rising interest in 4He beams for, e.g., hadron therapy and SEU
production, the elastic scattering of U particles (for which nuclear elastic scattering is
currently missing in FLUKA) has been addressed. Specifically, the angular distribution
of U particles elastically scattered off light # = / nuclei exhibits significant enhancement
at large scattering angles, i.e., the anomalous large-angle scattering (ALAS) effect. To
investigate whether ALAS arises from correlations inside the target nucleus, a single-folding
interaction potential has been adopted, relying on a simple U-nucleon potential folded
with the target nuclear density derived from microscopic mean field models and explicitly
accounting for nuclear correlations. The role played by pairing and quartetting correlations
has therefore been explored and an accurate description of the differential cross section
has been provided based on this straightforward yet effective prescription.
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Chapter 1

Introduction

Electronic devices used in space missions, avionics, and particle accelerator facilities
may be damaged as a result of exposure to radiation fields [1–3]. These devices are
particularly sensitive to single-event effects (SEEs), which are difficult to predict and
mitigate [4, Sec. 1.2], and pose considerable operational risks, ranging from data corruption
to system failures [5–7]. To assess these risks, the radiation environment relevant to SEE
production is typically characterized relying on the fluence of hadrons with energies higher
than 20 MeV [8]. This approximation is tantamount to assuming that the production of
SEEs is governed by the energy deposition of fragments and residual nuclei from nuclear
reactions of high-energy hadrons, thereby neglecting contributions from direct ionization
by hadrons, as well as from their elastic scattering on target atoms. However, recent
studies showed that the production of SEEs, and particularly of single-event upsets (SEUs),
induced by protons below 20 MeV, where the SEU production cross section typically rises
drastically, is indeed dominated by direct ionization [9–11] and elastic scattering [11–15].

The role played by these interaction mechanisms, and others, in SEU production can
be assessed by means of Monte Carlo (MC) simulation tools, such as the general-purpose
MC code FLUKA [19–21]. FLUKA simulates the coupled hadronic and electromagnetic
showers set up in complex material geometries by more than 60 particle species, with
energies from keV to PeV; neutrons are exceptionally tracked down to thermal energies
(0.01 meV). Furthermore, it features among the simulation tools employed by the Radiation
to Electronics (R2E) team at CERN [4, 22, 23], which ensures the successful operation
of the accelerator infrastructure taking into account the effects of radiation exposure on
electronic components and systems. In a recent R2E study [12, 13], the production of SEUs
in a commercial SRAM [16] under proton irradiation was assessed with FLUKA. Figure 1.1
displays the cross section for SEU production, fSEU, in this device as a function of the
proton energy. Dots display the experimental measurements, for which the uncertainty
is smaller than the symbol size, while the crosses (connected with a solid line to guide
the eye) represent the FLUKA v4-3.4 estimation. For proton energies above 20-30 MeV,
where SEU production is driven by nuclear reactions [11], and where the aforementioned
high-energy hadron approximation holds, remarkable agreement was obtained. However,
in the 1–10 MeV range, where fSEU increases by five orders of magnitude towards lower
energies, FLUKA exhibits an underestimation of up to two orders of magnitude. This
energy range is particularly relevant for space applications in view of the considerable
flux attained by the vastly dominating contribution of protons in the galactic cosmic ray
flux (transported through an aluminum shielding), as illustrated in Fig. 1.2. Preliminary
R2E analyses suggested that in the 1–10 MeV range, proton nuclear elastic scattering
significantly contributes to SEU production in the ISSI SRAM [12]. However, this
interaction mechanism was not available for protons below 10 MeV as of FLUKA v4-3.4.
Furthermore, above 10 MeV, a too simplistic account of large-scattering-angle deflections
was provided, often over- or under-estimating their importance. These deflections, however,
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contribute significantly to the production of SEUs, even at energies of O(100) MeV [12].
To overcome the aforementioned limitations, a new model for the nuclear elastic

scattering of protons from Coulomb barrier up to 250 MeV, constituting the core of this
thesis, has been developed. It combines partial-wave analyses and experimental angular
distributions into a database of differential cross sections (DXSs) which prescribe the
angular distribution of a proton of a given kinetic energy elastically scattered from a
specified nucleus. To minimize memory requirements, an effective parametrized expression
has been fitted onto the calculated DXS database. This newly developed model has been
included in FLUKA v4-4.0, publicly released on February 14, 2024.

A further limitation identified in Refs. [12, 13] for the simulation of SEU production
in the ISSI SRAM under proton irradiation with FLUKA concerned its improper closing
of the kinematics in Coulomb single scattering mechanism. In the course of a Coulomb
single scattering event, the direction of the charged projectile is updated, while its energy
is not. This approximation, while reasonable at high energies, becomes questionable
towards low energies. To quantify the event-by-event contribution of Coulomb recoils to
SEU production, a proper closing of the kinematics, where the elastic recoil is explicitly
generated and transported (if above transport threshold), has been implemented for proton
projectiles in a development version of the code.

In the aforementioned SEU production study, the FLUKA simulation geometry de-
scribing the sensitive region of an SRAM is based on the rectangular parallelepiped (RPP)
model [9, 12, 24]. This approach relies on two parameters: the sensitive volume, in which
energy deposition is collected, and the critical energy deposition (or displaced critical
charge) that needs to be exceeded to trigger an SEU. These parameters are generally
inferred from experimental SEU production cross sections induced by protons, as well
as heavy ions [9, 13, 25, 26]. The wealth of necessary SEU production cross sections
hinders the application of such prescriptions to novel devices which have not yet been
irradiated. Instead, in this work, RPP-model parameter trends have been sought for
modelling SEU production in various commercial bulk planar SRAMs manufactured on
different complementary metal-oxide-semiconductor (CMOS) technology nodes. These
provide a simple prescription to set initial RPP-model simulation parameters, without
relying on a priori available experimental SEU cross sections, and therefore facilitate SEU
production simulations for devices which have not yet undergone irradiation.

Proton nuclear elastic scattering plays a significant role, not only in the production
of SEUs in electronic components [11, 14, 27], but also in dosimetry applications [28]. It
contributes to the angular spread of proton showers as they pass through matter, directly
influencing depth-dose distributions, particularly out-of-field, and thus the dose delivered
to nearby healthy tissue in proton therapy applications. The inclusion in FLUKA v4-4.0
of the new model for proton nuclear elastic scattering developed in this thesis [27] required
an assessment of the code performance for proton dosimetry applications prior to public
release. A dedicated benchmark has been carried out consisting of FLUKA simulations of
a recently published experimental dataset of radial-depth dose maps in a water phantom
under proton irradiation [29]. A comparison between simulated and experimental absorbed
dose has been performed with two FLUKA versions: v4-3.4, relying on a legacy model
for proton nuclear elastic scattering [30], and v4-4.0, relying on the model presented
in this thesis. With the latter, better agreement has been obtained between simulated
and experimental absorbed doses. These detailed radial-depth dose maps allow one to
elucidate the physical origin of the improvements obtained with FLUKA v4-4.0 and the
role played by proton nuclear elastic scattering, among other interaction mechanisms, in
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various regions of these maps. Furthermore, this benchmark is sensitive enough to allow
one to highlight the importance of accurately characterizing the beam parameters and the
scattering geometry for MC simulation purposes.

Finally, given a growing interest in 4He beams for applications in both hadron ther-
apy [31] and SEU production [32], U-scattering processes with large-angle deflections
(leading to large energy transfers from the U particle to the material), such as nuclear
elastic scattering, may become particularly relevant. However, the nuclear elastic scattering
of U particles is currently missing in FLUKA. The approach adopted in this work for the
nuclear elastic scattering of protons based on a global optical potential model (OPM)
is more challenging for U particles: global OPMs [33] have difficulties in capturing the
angular distribution of U particles on # = / nuclei at large scattering angles. In this
particular angular domain, there is a strong enhancement of the DXS, known as the
anomalous large-angle scattering (ALAS) [34]. Several studies [35, 36] suggested that
ALAS may be due to U-like correlations present in # = / nuclei. This premise has been
investigated as a preliminary endeavor before a more systematic modelling. The DXS
for the elastic scattering of U particles on # = / nuclei has been evaluated in this work
using a partial-wave approach based on a single-folding potential. The latter depends on a
simple U-nucleon interaction potential and the target nucleon density, evaluated within
microscopic mean field theories and explicitly incorporating nuclear correlations. Thus,
this approach allows one to investigate the role played by U-cluster correlations inside the
target nucleus by means of the target nucleon density. Furthermore, opposed to global
OPMs, this straightforward prescription provides an accurate description of the DXS of U
particles elastically scattered off # = / nuclei in the full angular domain.

This thesis is structured as follows. In Chapter 2 the nuclear elastic scattering of
protons relying on the legacy model employed up to FLUKA v4-3.4 is outlined and the
development and implementation in FLUKA v4-4.0 of a new model for the nuclear elastic
scattering of protons below 250 MeV is presented in detail. In Chapter 3, the interplay
between Coulomb and nuclear elastic scattering is assessed, especially around Coulomb
barrier, and an explicit account of recoils from Coulomb single scattering is discussed.
Next, in Chapters 4 and 5, the new model for the nuclear elastic scattering of protons is
benchmarked in two applications: the production of SEUs in commercial SRAMs under
proton irradiation and the out-of-field dose deposition by proton beams in water phantoms.
In Chapter 6 the elastic scattering of U particles on # = / nuclei, relying on the single-
folding potential, is discussed. Finally, Chapter 7 concludes the thesis by summarizing its
contributions, while auxiliary derivations are included in the Appendix.
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Chapter 2

Nuclear elastic scattering of protons
in FLUKA

Proton nuclear elastic scattering is the process in which an incoming proton is scattered
off the nuclear potential of a target nucleus (which remains in the ground state), thereby
exchanging energy and momentum, as schematically depicted in Fig. 2.1. This interaction
mechanism opens at proton energies above Coulomb barrier (CB). While the elastic
scattering of protons on the electrostatic potential leads to a strongly forward-peaked dif-
ferential cross section (DXS), which decreases sharply with increasing center-of-mass (CM)
scattering angle as ∼1/sin4(\/2) [see Chapter 3], nuclear elastic scattering dominates the
large scattering angles, i.e., small impact parameters, and is qualitatively distinguishable
from the former.

To illustrate this behaviour in a simplified way, one may consider the elastic scattering
of a proton on a point-like nucleus, as depicted in Fig. 2.2, which shows the Rutherford
DXS (dashed curve) for 25 MeV protons elastically scattered off 28Si (as a point-like
object). However, the nuclear charge distribution is not point-like, but rather extended:
the DXS of a proton elastically scattered on such an extended charge distribution, e.g., a
homogeneously charged sphere (solid teal curve in Fig. 2.2) is lower than the Rutherford
DXS at large scattering angles (small impact parameters) since the electrostatic potential
inside the nucleus is finite. Finally, when the contribution of the short-range nuclear
potential (modelled by, e.g., a Woods-Saxon potential) is considered in addition to the
electrostatic interaction, the corresponding DXS (solid green curve in Fig. 2.2) is enhanced.
This allows one to qualitatively distinguish between the scattering of protons on the
electrostatic potential of the nucleus, dominating small scattering angles, and their nuclear
elastic scattering, governing the large scattering angles, which correspond to large energy
transfers, and are therefore relevant for single-event upset (SEU) production.

 

incoming 

proton 

target nucleus 

scattered proton 

recoiling target nucleus 

Initial state Final state 

g.s. 

g.s. 

Figure 2.1: Schematic of the elastic scattering of a proton on a nucleus.
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Figure 2.2: Comparison of the elastic scattering of 25 MeV protons on 28Si due
to three different potentials: the electrostatic potential of a point-like nucleus
(dashed), the electrostatic potential of a homogeneously charged sphere (solid teal),
and a combined electrostatic and nuclear potential (solid green).

Up to FLUKA v4-3.4, the DXS for the nuclear elastic scattering of protons above
10 MeV was modelled as [30]:

df (\ )
d
̂

≈
{
�1.63414.5�0.66 C + 1.4�0.33410C , if � < 62

�1.33460�0.33 C + 0.4�0.40410C , if � ≥ 62,
(2.1)

where \ is the CM scattering angle, C = −2?2(1 − cos\ ) is the square of the 4-momentum
transfer, ? is the CM momentum, and � is the mass number of the nucleus. Figure 2.3a
displays the DXS for the elastic scattering of 65 MeV protons on 28Si as a function of
the CM scattering angle. The experimental angular distribution [37, 38] is represented by
dots (uncertainties are smaller than the symbol size), while the DXS for nuclear elastic
scattering sampled from FLUKA v4-3.4 is displayed by the dashed curve; the solid curve
is discussed in Section 2.1. Equation (2.1) attempts to capture the forward-scattering
peak with the first exponential function, and the large-scattering-angle domain with the
second exponential function. The dominant forward scattering feature extending up to
∼30 deg is indeed reasonably reproduced by Eq. (2.1). However, at large scattering angles
there is an order-of-magnitude discrepancy, which is even more accentuated for heavier
nuclei and higher proton energies, see, e.g., Fig. 2.3b for 160 MeV protons elastically
scattering on 208Pb. Unfortunately, as discussed in Section 4.1, elastic collisions with large
scattering angle strongly contribute to SEU production. Accordingly, particular focus
has been devoted to characterize such collisions in the modelling work discussed in this
chapter.

A new FLUKA model for the nuclear elastic scattering of protons from CB up to
250 MeV has been therefore developed in this thesis. The global optical potential model
(OPM) of Koning and Delaroche [39] has been employed to effectively describe the
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Figure 2.3: Differential cross section for the elastic scattering of protons on 28Si
at 65 MeV (a) and on 208Pb at 160 MeV (b).

7



interaction of protons of up to 250 MeV with nuclei with mass number � ≥ 20†, and
to evaluate a database of DXSs by means of a partial-wave analysis (see Section 2.1).
To minimize memory requirements, an effective parametrized expression depending on 7
parameters has been fitted onto the evaluated DXS database (see Section 2.2). For nuclei
with � ≤ 20, where OPMs are scarcer, the parametrized expression has been directly
fitted onto available experimental angular distributions (see Section 2.3). An algorithm to
numerically sample nuclear elastic scattering events has been developed (see Section 2.5).
Finally, an effective integrated cross section for proton nuclear elastic scattering has been
obtained by numerical integration of the aforementioned parametrized expression (see
Section 2.6). This model, discussed in detail in this chapter, has been implemented and
released in FLUKA v4-4.0 (February 14, 2024), and led to a dedicated publication [27] on
which this chapter is based.

2.1 Partial-wave analysis

The elastic scattering of protons at kinetic energies much lower than the proton mass
(938 MeV/c2) on nuclei can be treated on the basis of the Schrödinger equation for an
effective interaction potential energy, + (A ), assumed to depend only on the relative distance
A between the proton and the nucleus:[

−
ℏ2

2`
∇2 ++ (A )

]
kk (r) = �kk (r), (2.2)

where ℏ is the reduced Planck constant, k is the CM wavevector, and

` =
<p<t

<p +<t
, (2.3)

is the reduced mass, where <p and <t are the proton and the target nucleus masses,
respectively. In Eq. (2.2) the CM motion has been already factored out via a separation
of variables [40]. Since the interaction potential is central, + (r) = + (A ), Eq. (2.2) can be
expressed in spherical coordinates and using separation of variables one obtains an angular
equation, whose solutions are the spherical harmonics, and a radial equation:

− ℏ2

2`

32%�ℓ (A )
3A2

+
[
ℏ2ℓ (ℓ + 1)

2`A2
++ (A )

]
%�ℓ (A ) = �%�ℓ (A ), (2.4)

where %�ℓ (A ) are the radial functions and ℓ is the orbital angular momentum.
In absence of an interaction potential energy term, + (A ) = 0, the solutions of the

Schrödinger equation (2.2) are plane waves, which can be expanded as:

e8k·r = 4c
∞∑
ℓ=0

8ℓ 9ℓ (:A )
ℓ∑

<ℓ=−ℓ
.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂), (2.5)

where 9ℓ (:A ) are the spherical Bessel functions, .ℓ<ℓ
(r̂) are the spherical harmonics, and

<ℓ is the projection of the orbital angular momentum along the quantization axis. Instead,
when a central interaction potential is considered, + (A ) ≠ 0, the solutions become distorted
plane waves: while the angular part of the wavefunction remains unaltered, the spherical

†Slightly below the strict domain of applicability (� ≥ 24) of the Koning and Delaroche OPM.
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Bessel functions of the radial part are replaced by the aforementioned radial functions,
allowing for phase shifts Xℓ :

kk (r) =
4c

:A

∞∑
ℓ=0

8ℓe8Xℓ%�ℓ (:A )
ℓ∑

<ℓ=−ℓ
.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂). (2.6)

The factor 1/A appears due to the expansion in terms of spherical waves, while the
additional factor 1/: ensures dimensionlessness; see Appendix A for further details. The
phase shifts Xℓ measure how much the introduction of an effective interaction potential
shifts the radial functions with respect to the corresponding zero-potential solutions. For
protons, which have spin B = 1/2, Eq. (2.6) becomes:

kk<B (r) =
4c

:A

∞∑
ℓ=0

ℓ+ 12∑
9=|ℓ− 1

2 |

9∑
<=− 9

8ℓe8Xℓ 9P:ℓ 9 (:A )
ℓ∑

<ℓ=−ℓ
. ∗ℓ<ℓ
(k̂)Ωℓ

9< (
̂)
〈
9< | ℓ 1

2
<ℓ<B

〉
, (2.7)

where 9 is the total angular momentum, and

Ωℓ
9< (
̂) = 〈
̂ | 9<〉 =

ℓ∑
<ℓ=−;

1
2∑

<B=− 1
2

〈

̂ | ℓ 1

2
<ℓ<B

〉 〈
ℓ
1

2
<ℓ<B | 9<

〉

=

ℓ∑
<ℓ=−;

1
2∑

<B=− 1
2

.ℓ<ℓ
(
̂)j<B

〈
ℓ
1

2
<ℓ<B | 9<

〉
,

(2.8)

are the spherical spinors, where < is the projection of the total angular momentum
along the quantization axis, 
̂ = (\, i), where \ and i are the polar and azimuthal CM
scattering angles, respectively, j<B is the unit spinor, and

〈
9< | ℓ 1

2<ℓ<B

〉
are Clebsch-

Gordan coefficients.
To effectively model the proton-nucleus potential energy, optical potential models

(OPMs) are generally employed. In this work, the global OPM of Koning and Delaroche [39],
strictly valid for nuclei with mass numbers � ≥ 24, has been adopted. As an example,
Fig. 2.4 displays the Koning and Delaroche OPM potential energy of a 100 MeV proton in
the vicinity of 28Si (excluding spin-orbit coupling terms).
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100 MeV protons on 28Si

Figure 2.4: Interaction potential energy of 100 MeV protons on 28Si for orbital
angular momentum ℓ = 0.
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The radial Schrödinger equation for protons on nuclei has been solved numerically
for the OPM of Koning and Delaroche [39] for each orbital angular momentum ℓ in the
partial-wave series, using the RADIAL Fortran subroutine package [41] which provides
the phase shifts Xℓ 9 . The DXS for proton elastic scattering as a function of \ has been
evaluated as [42]:

df

d
̂
=

��5 (
̂)��2 + ��6(
̂)��2, (2.9)

where

5 (
̂) = 5C(\ ) +
1

28:

∞∑
ℓ=0

%ℓ (cos\ ) ei2Δℓ
[
(ℓ + 1) e82X̃ℓ,ℓ+1/2 + ℓ e82X̃ℓ,ℓ−1/2 − (2ℓ + 1)

]
(2.10)

and

6(
̂) =
1

28:
e8i

∞∑
ℓ=1

%1
ℓ (cos\ )

(
e82Xℓ,ℓ+1/2 − e82Xℓ,ℓ−1/2

)
(2.11)

are the direct and the spin flip scattering amplitudes, respectively, %ℓ (cos\ ) are the Legendre
polynomials, %<ℓ (cos\ ) are the associated Legendre polynomials, Δℓ = arg Γ(ℓ + 1 + 8[),
where Γ is the Gamma function, and X̃ℓ 9 are the Coulomb and the inner phase shifts,

respectively, verifying Xℓ 9 = Δℓ + X̃ℓ 9 , while

5C(\ ) = −[
exp

[
28Δ0 − 8[ ln

(
sin2

\

2

)]
2: sin2

\

2

(2.12)

is the Coulomb scattering amplitude on a point nucleus, where

[ =
/p/t4

2

ℏa
(2.13)

is the Sommerfeld parameter, where /p = 1 and /t are the atomic numbers of the proton and
of the target nucleus, respectively, 4 is the elementary charge, and a is the non-relativistic
velocity of the proton far from the origin of coordinates [41]. Defining

5N(\ ) =
1

28:

∞∑
ℓ=0

%ℓ (cos\ ) ei2Δℓ
[
(ℓ + 1) e82X̃ℓ,ℓ+1/2 + ℓ e82X̃ℓ,ℓ−1/2 − (2ℓ + 1)

]
(2.14)

and inserting Eq. (2.10) in Eq. (2.9), the DXS becomes

df

d
̂
=

��6(
̂)��2 + ��5C(\ )��2 + ��5N(\ )��2 + 2Re
[
5 ∗C(\ ) 5N(\ )

]
. (2.15)

While the first three terms are positive, the remaining interference term between Coulomb
and nuclear elastic scattering can be either positive or negative. This formally precludes
treating nuclear and Coulomb elastic scattering as additive (separate) interaction mech-
anisms, especially at energies near CB, hence the lack of nuclear elastic scattering below
10 MeV up to FLUKA v4-3.4. In Section 3.1.2 an effective scheme is proposed.

Relying on the partial-wave scheme outlined above, a database of DXSs for the elastic
scattering of protons on nuclei has been evaluated on a grid of 14 nuclei, and on a roughly
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logarithmic grid of 37 proton energies, from CB up to 250 MeV. To confirm the soundness
of the implemented partial-wave scheme, a systematic benchmark has been performed,
wherein calculated DXSs have been compared with experimental DXSs [37, 38]. Overall,
good agreement has been obtained‡, as shown in Fig. 2.3, where the solid black curves
represent the DXSs calculated with the partial-wave scheme adopted here. At most,
deviations in the order of 20-30% are occasionally encountered in narrow angular domains,
due to the use of a globally fitted OPM instead of a local fit on a per-isotope basis.

2.2 Parametrized differential cross section

A database of tabulated partial-wave DXSs, calculated as outlined above, could have
been readily adopted for sampling proton nuclear elastic scattering events in FLUKA.
However, a database evaluation in a sufficiently dense grid of proton energies, nuclei, and
scattering angles would promptly lead to memory requirements in the order of tens or
even hundreds of megabytes (MB). Allocating such an amount of memory for a single
interaction mechanism (nuclear elastic scattering) of a single particle species (protons) in
a restricted energy range (from CB to 250 MeV) would be excessive in the framework of a
general-purpose multi-particle tracking code such as FLUKA.

Instead, an effective analytical DXS has been sought with sufficient flexibility to
reasonably reproduce the structure of maxima and minima of the actual DXS. In a spirit
similar to that of Refs. [43–45], the DXS for the elastic scattering of a particle on a fully
absorptive imaginary potential in the so-called black-disk limit [44] has been recast as
follows:

df0(\,α)
d
̂

= U:2'4

[(
�1('@X1)
'@

)2

4−V1'@ + W � 2
0 ('@X0)4−V0'@

]
, (2.16)

where α = {U, V0,1, W, X0,1} are 6 dimensionless fit parameters (whose role is clarified below),
�1 and �0 are Bessel functions of the 1st kind, ' = 1.2�1/3 is the nuclear radius in fm,
which provides a built-in scaling with the mass number � of the nucleus, and

@ = 2: sin
\

2
(2.17)

is the CM wavevector transfer expressed as a function of the CM wavevector : and the
CM scattering angle \ .

As an example, the thick black curve in Fig. 2.5 displays the DXS for the elastic
scattering of 70 MeV protons on 107Ag calculated within the partial-wave approach
discussed in the foregoing section, while the thin orange curve represents the DXS obtained
by fitting parametrized expression (2.16), yielding U = 6.141, V0 = 0.296, V1 = 0.369,
W = 0.008, and X0 = X1 = 1.105. The drastic rise of the DXS as the scattering angle
approaches 0 deg is instead a feature captured by Coulomb scattering, discussed in
Section 3.1.2. The dashed green and blue curves in Fig. 2.5 show the contributions of the
�1 and �0 terms of Eq. (2.16). Their minima and maxima are in phase opposition, allowing
to capture the structure of minima and maxima of the actual DXS with a sufficient degree
of flexibility, as needed. The 6 fit parameters play different roles: U is a mere scaling
factor; V1 and V0 adjust the slope of the DXS; X1 and X0 allow one to better capture the

‡Also for isotopes slightly beyond the strict domain of applicability of the employed OPM, e.g., 20Ne
and 238U.
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position of the minima and maxima of the DXS, while W drives the depth of the minima
in the DXS.

As shown in Fig. 2.5, the proposed parameterized expression (2.16) is able to repro-
duce not only the main forward scattering feature extending up to ∼20 deg, but also
a considerable amount of minima and maxima at large scattering angles. Occasional
difficulties are however encountered when trying to capture accentuated backscattering
features. Therefore, it has been decided to provide Eq. (2.16) with a symmetrized term,
prefaced by an additional fit parameter Z ,

df (\,α)
d
̂

=
df0(\,α)

d
̂
+ Z

df0(c − \,α)
d
̂

, (2.18)

which facilitates the fit of DXS features at large scattering angles. The effect of this
additional term is highlighted in Fig. 2.6 which displays in thick black curve the DXS
calculated within the partial-wave scheme of Section 2.1, in dashed orange the DXS
obtained by fitting Eq. (2.16), missing the prominent backscattering feature, and in solid
orange the DXS obtained by fitting Eq. (2.18), which is in very good agreement with the
distorted-wave calculated DXS.

2.3 Nuclear elastic scattering on light nuclei

The Koning and Delaroche OPM is not strictly applicable to model the elastic scattering
of protons on nuclei with mass number � < 24. The Watson OPM [46], instead, has
parameters adjusted for incident proton energies up to a few tens of MeV on nuclei with
6 ≤ � ≤ 16. This OPM was tentatively envisaged in this work for protons with energies
from CB to 250 MeV on nuclei with � < 24. Figure 2.7 displays a comparison between
these distorted-wave (dark blue) and experimental (black symbols) DXSs for 12.8 MeV
protons elastically scattered on 10B (a) and for 121.8 MeV protons on 14N (b); the dark
red curves are discussed below. While at low proton energies the agreement is reasonable,
as shown in Fig. 2.7a, towards higher proton energies, the distorted-wave DXS evaluated
with the Watson OPM (in dark-blue) exhibits deep minima, in disagreement with the
experimental DXS, as displayed in Fig. 2.7b.

Other global OPMs for protons on light nuclei are not readily available. Thus, a comple-
mentary strategy has been adopted: instead of partial-wave DXSs, available experimental
DXSs [37, 38] have been considered for 13 nuclei with 2 ≤ � ≤ 16, for proton energies
below 250 MeV. Where lacking, partial-wave DXSs based on the OPM of Koning and
Delaroche have been adopted, albeit strictly outside the domain of applicability. These
DXSs, displayed by the dark red curves in Fig. 2.7, are still in very good agreement with
experimental DXSs. Table 2.1 outlines for each light nucleus whether distorted-wave
and/or experimental DXSs have been adopted.

Parametrized expression (2.18) can be fitted equally well to experimental angular
distributions rather than partial-wave DXSs. Figure 2.8 displays its good fit (represented
by the solid orange lines) on the experimental DXSs (in black dots; uncertainties are
smaller than the symbol size) for the elastic scattering of protons of various energies on
4He (first column) and 16O (second column). The proton-proton nuclear elastic scattering
model has not been altered with respect to FLUKA v4-3.4.
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Table 2.1: Experimental vs. distorted-wave DXSs used to fit Eq. (2.18) for light
nuclei.

Nucleus Experimental DXS Distorted-wave DXS
2,3H 3 7

3,4He 3 7
6,7Li 3 3
9Be 3 3

10,11B 3 3
12C 3 7

14,15N 3 3
16O 3 7
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Figure 2.8: Fitted parametrized expression (2.18) (solid orange curves) compared
with experimental DXSs (black dots; uncertainties are smaller than the symbol
size) [37, 38] for protons of various energies on 4He (left) and 16O (right).
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2.4 Least-squares minimization and goodness-of-fit

The adopted parametrized DXS (2.18), relying on 7 energy- and nucleus-dependent
parameters α = {U, V0,1, W, X0,1, Z }, has been fitted to partial-wave DXSs for {20Ne, 24Mg,
27Al, 28Si, 32S, 40Ca, 60Co, 90Zr, 107Ag, 137Cs, 197Au, 208Pb, 232Th, and 238U} and to
partial-wave and/or experimental DXSs for the light nuclei in Table 2.1 by means of a
dedicated least-squares minimization of

j2 =

#∑
8=1

©­«log
df (\8,α)

d
̂
− log

df (\8,α)
d
̂

�����
DW/exp

ª®¬
2

, (\8) (2.19)

with respect to the fit parameters α, where
df (\8,α)

d
̂
is the fitted DXS (2.18) at scattering

angle \8 ,
df (\8,α)

d
̂

�����
DW/exp

is the partial-wave/experimental DXS at \8 , and # is the number

of CM scattering angles. To equally weight differences across decades, a logarithmic instead
of a linear difference has been adopted in Eq. (2.19).

Furthermore, weights , (\8) have been introduced to enhance the agreement between
the fitted and the partial-wave/experimental DXSs at small and intermediate scattering
angles, and to provide an overall reasonable description of the large scattering angles
which, for high energies, are orders of magnitude below forward scattering. In this spirit,
the following weights have been prescribed:

, (\8) =


100, for \8 < \0,

70, for \8 < 2\0,

15, for \8 < 3\0,

0\8 + 1, for \8 ≥ 3\0,

(2.20)

where \0 is the angle corresponding to the first minimum of the distorted-wave/experimental
DXS; if a minimum scattering angle had not been found, e.g., for Rutherford-like angular
distributions at proton energies near CB, \0 has been set to 180 deg. The constants 0
and 1 have been determined such that , (3\0) = 10 and , (c) = 1. For fitted DXSs
underestimating the distorted-wave/experimental DXSs by more than an order of mag-
nitude, the weights have been multiplied by an additional factor 50 to reduce discrepancies.
Furthermore, since the distorted-wave DXS is divergent as the scattering angle approaches
0 deg due to Coulomb scattering, as discussed in Section 3.1.2, an angle from which the
fitting procedure starts, \fit, has been determined based on \0 as:

\fit =


\0

2.5
, for �p ≤ 50MeV,

\0

2.85
, for �p > 50MeV,

(2.21)

where the denominators have been chosen empirically.
First, a coarse fitting has been carried out in which a broad range of parameter values

set on the equispaced grid outlined in Table 2.2 has been explored. The fit parameter U has
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Table 2.2: Minimum and maximum of each parameter, and the corresponding
number of evaluation points for the first fitting step.

Parameter Min. Max. #?

U 0.15U0 1.20U0 7

V1 0.1 1.4 7

V0 0.1 1.4 7

X1 0.8 2.0 8

X0 0.75 1.5 8

W 0.005 0.2 7

been initially estimated from the asymptotic behaviour of the partial-wave/experimental
DXSs as the scattering angle is approaching 0 deg,

U0 =
1

:2'4

df (\fit,α)
d
̂

�����
DW/exp

. (2.22)

Furthermore, Z has been set for each considered nucleus and incident proton energy as

Z = max

©­­­­­­«
0,

df (\ = c,α)
d
̂

�����
DW/exp

−
df (\ = c,α)

d
̂

df (\ = 0,α)
d
̂

ª®®®®®®¬
, (2.23)

and has, therefore, not been fitted. For the fit parameter W , a logarithmic evaluation grid
has been adopted since it spans several orders of magnitude. The coarse fitting allows one
to quickly identify a promising region in the parameter space and provide a good starting
point for a second more refined fitting. Next, a narrower range of parameters, restricted
to ±10% around the approximate fit parameters found in the first fitting step, has been
probed.

As an example, Fig. 2.9 displays all relevant fit parameters (U is not needed for
numerical sampling purposes) as a function of the proton energy for the nuclear elastic
scattering of protons on 40Ar. At energies above a few tens of MeV, the energy dependence
is smooth since the parametrized expression (2.18) relies on the black-disk limit, i.e., it
works best at high proton energies. At lower energies, the fit parameters exhibit a less
smooth behaviour, nevertheless their values do not significantly deviate from O(1). To
minimize posterior interpolation errors at low energies, the energy grid on which the fit
parameters have been tabulated is roughly logarithmic.

This fit has effectively reduced the memory requirements from ∼10s of MB to a mere
tabulation of 7 parameters for 14 nuclei and 37 tabular proton energies, amounting to
∼0.1 MB. To provide an overview of the fit performance, Fig. 2.10 displays the DXS for
the elastic scattering of protons on 28Si, 90Zr and 232Th (first, second, and third column,
respectively) at 10 MeV, 70 MeV, and 200 MeV (first, second, and third row, respectively).
The thick black curves have been evaluated with the partial-wave approach discussed
in Section 2.1, while the thin orange curves have been obtained by fitting parametrized
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Figure 2.9: Fit parameters as a function of proton energy for 40Ar.

expression (2.18). Finally, the dashed curves have been obtained by sampling nuclear
elastic scattering events from FLUKA v4-3.4 (relying on a cruder model [30] for proton
nuclear elastic scattering) and scaling the resulting (unit-normalized) angular distributions
by a crude neutron-based integrated cross section [47]. The FLUKA v4-3.4 DXSs generally
capture the forward scattering feature, but tend to provide a too coarse account of
the large-scattering-angle domain, missing the rich structure of maxima and minima
exhibited by the actual DXSs. Moreover, subfigure (c) exemplifies a case in which the
FLUKA v4-3.4 integrated cross section for nuclear elastic scattering provides insufficient
intensity (see also Section 3.1.2). Instead, parametrized expression (2.18) captures not
only the forward-scattering feature, but also a considerable number of minima and maxima
at large scattering angles, especially at high energies and for large mass numbers, as
shown by the thin orange curves in subfigures (f), (h) and (i). However, for low mass
numbers, at localized energies in the few tens of MeV, the agreement is occasionally less
optimal at large scattering angles (where, nevertheless, the DXSs have already dropped
by several orders of magnitude), as shown in subfigures (d), (e) and (g). Furthermore,
for intermediate and large mass numbers and proton energies near CB, mild wiggling
of the fitted parametrized expression around the actual DXS is encountered, as seen in
subfigure (c). Nonetheless, the parametrized expression fulfills its original purpose to
provide a good effective description of the forward-scattering peak, as well as a fairly
resolved account of the structure of minima and maxima at larger scattering angles, relying
only on 7 fit parameters.

As illustrated in Fig. 2.10, the fitted parametrized expression (2.18) provides satisfactory
agreement with the actual DXS. A goodness-of-fit test has been conducted to quantify
this agreement, i.e., to test the null hypothesis H0 = “The distorted-wave/experimental
DXSs are well described by the fitted DXSs”. For each considered nucleus and incident
proton energy pair, the statistic

ĵ2 =

#∑
8=1

($8 − �8)2

(f8�8)2
(2.24)

has been evaluated. The observables $8 , where 8 = 1, . . . , # , are the fitted DXS at each
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with DXSs evaluated within the partial-wave approach (2.9) (thick black curves)
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respectively) elastically scattering on 28Si, 90Zr, and 232Th (first, second, and third
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Figure 2.12: Accepted vs. rejected fits.

scattering angle \8 , while the expectation values �8 are the corresponding distorted-wave
or experimental DXS at \8 . The uncertainty of the observables around their respective
expectation values has been estimated as

f8 = 0.3
\8

\0
, (2.25)

in view of the occasional variation of 20-30% of the partial-wave DXSs around experimental
DXSs (themselves subject to uncertainties) due to the globally fitted OPM instead of a
local per-isotope fit. Furthermore, the # points considered in the evaluation of ĵ2 have
been restricted from \fit to 3\0 (see Eqs. (2.20) and (2.21)) since particular care has been
devoted to fitting the small and intermediate scattering angles.

The probability to obtain a value equal or higher than ĵ2 is [48]

? ĵ2 =

∞∫
ĵ2

4−
G
2G

a
2

2
a
2 Γ

(
a
2

) dG, (2.26)

where a = # −< is the number of degrees of freedom, < = 6 is the number of free fit
parameters (Z is not obtained by fitting, but it is evaluated from Eq. (2.23)) and Γ(G)
is the Gamma function. If this probability is lower than a predefined confidence level,
which in this work has been set to 5%, the null hypothesis H0 is rejected, otherwise it is
not. Furthermore, if H0 is not rejected, ĵ2 is expected to be approximately equal to a.
Figure 2.11 displays the ratio ĵ2/a which is indeed very close to 1 overall, and especially
for high proton energies, where expression (2.18) is intended to work best, albeit Fig. 2.11
shows only the heavy nuclei for which the energy grid on which the fit parameters are
tabulated is fixed.
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This goodness-of-fit test has revealed that the fit parameters can be accepted with a
confidence level of 5% in 88.6% of the considered proton energy and heavy nucleus tuples
and in 88.9% of the considered proton energy and light nucleus tuples. As an example,
Fig. 2.12 provides an overview of the rejected fits in white and the accepted fits in blue for
the heavy nuclei (for which the proton energy grid on which the fit parameters are tabulated
is fixed). To illustrate that the fit remains reasonably effective even for the cases rejected
by the goodness-of-fit test, Fig. 2.13 depicts the fitted parametrized expression (2.18) (in
orange) and the distorted-wave DXS (in black) for the elastic scattering for protons of
40 MeV on 20Ne (a) and of 80 MeV on 197Au (b), which are still in fairly reasonable
agreement over several orders of magnitude.

2.5 Rejection sampling scheme

A sampling scheme has been implemented in FLUKA v4-4.0 for the simulation of
proton nuclear elastic scattering events from the fitted parametrized expression (2.18). For
clarity, expression (2.16) has been be used in the following derivation. Inserting Eq. (2.17)
in Eq. (2.16) one has

3f0(\,α)
3
̂

= U:2'4

[(
�1('2: sin \

2X1)
'2: sin \

2

)2

4−V1'2: sin \
2 +W � 2

0

(
'2: sin

\

2
X0

)
4−V0'2: sin \

2

]
. (2.27)

Since an analytical sampling algorithm appears out of reach for this probability density
function, a rejection sampling scheme has been adopted instead. To better precondition

Eq. (2.27) for numerical sampling, the trigonometric identity sin
\

2
=

√
1 − cos\

2
=
√
` has

been used, implying

3f0(\,α)
3
̂

= U:2'4

[(
�1('2:

√
`X1)

'2:
√
`

)2

4−V1'2:
√
` + W � 2

0

(
'2:
√
`X0

)
4−V0'2:

√
`

]
, (2.28)

where the variable ` is convenient for numerical sampling purposes.
The main steps of the rejection sampling scheme are detailed below and illustrated

through a flow diagram in Fig. 2.14.

1. Decide to sample from the �1 or �0 Bessel-function terms of Eq. (2.28).

One evaluates

R =

1∫
0

(
�1('2:

√
`X1)

'2:
√
`

)2

4−V1'2:
√
`d`

1∫
0

[(
�1('2:

√
`X1)

'2:
√
`

)2

4−V1'2:
√
` + W � 2

0

(
'2:
√
`X0

)
4−V0'2:

√
`

]
d`

(2.29)

and generates a random number [ ∼ U[0, 1). If [ < R, the �1 term is selected,
otherwise the �0 term.

2. Sample ` from the exponential terms in Eq. (2.28).
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Figure 2.14: Flow diagram of the rejection sampling scheme implemented in
FLUKA v4-4.0.
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The exponential terms in Eq. (2.28) have been adopted as reasonable envelope
functions:

? (`) = N 4−I
√
`, (2.30)

where I = '2: V1 for the �1 term, and I = '2: V0 for the �0 term, and the normalization
constant N follows from:

1 =

1∫
0

d` ? (`) = N
1∫

0

d` 4−I
√
` =

2N
I2

[
1 − 4−I (I + 1)

]
, (2.31)

i.e.,

N =
I2

2
[
1 − 4−I (I + 1)

] . (2.32)

Thus, Eq. (2.30) becomes:

? (`) =
I2

2
[
1 − 4−I (I + 1)

]4−I√` . (2.33)

The sampling equation is:

b =

`∫
0

d`′? (`′), (2.34)

where b ∼ U[0, 1) is a random number. Inserting Eq. (2.33) into Eq. (2.34), yields:

b =
I2

2
[
1 − 4−I (I + 1)

] `∫
0

d`′4−I
√
` ′ =

1 − 4−I
√
`
(
1 + I√`

)
1 − 4−I (I + 1) (2.35)

For simplicity, denoting ^ = 1 − 4−I (I + 1) yields:

5 (`) = 1 − 4−I
√
`
(
1 + I√`

)
− b^ = 0. (2.36)

Equation (2.36) does not have an analytical solution. Therefore, it has to be solved
numerically. Since ` ∈ [0, 1], the values of the function at the ends of the interval
are:

5 (0) = −b^
5 (1) = (1 − b)^,

(2.37)

which have opposite signs: 5 (0) 5 (1) < 0. Therefore, the bisection method has been
employed to solve Eq. (2.36) and find ` for a given b .

3. Accept `.

While the exponential terms have been used as envelope functions, the remaining
Bessel-function terms of Eq. (2.28) have been used as acceptance weights:

A1 = U:2'4

(
�1('2:

√
`X1)

'2:
√
`

)2

,

A0 = U:2'4W � 2
0

(
'2:
√
`X0

)
.

(2.38)

A random number _ ∼ U[0, 1) is generated. If _ is less than the acceptance weight,
the solution ` is accepted, otherwise go back to step 2.
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4. Decide to sample \ or c − \ .

Finally, to sample either the first (forward scattering) or the second (back-scattering)
term on the right-hand side of Eq. (2.18), a random number n ∼ U[0, 1) is generated
and compared with the ratio RZ = 1/(1 + Z ). If n < RZ , the scattering angle
\ = arccos(1 − 2`) is sampled directly, otherwise c − \ is sampled.

2.6 Integrated cross section for proton nuclear elastic

scattering

Up to FLUKA v4-3.4, an effective integrated cross section for proton nuclear elastic
scattering fv4-3.4

(p,el) was obtained not as the integral of the differential cross section, but

based on parametrizations of the total and nuclear reaction cross sections of neutrons [47].
One could have kept fv4-3.4

(p,el) in FLUKA v4-4.0 and beyond, but such an approach proved to

be untenable. To emphasize this point, the solid blue curve in Fig. 2.15 represents the DXS
for the nuclear elastic scattering of 50 MeV protons on 208Pb sampled as a unit-normalized
angular distribution employing the prescription presented in the foregoing section and
scaled with fv4-3.4

(p,el) . The resulting DXS exhibits the correct shape, but an intensity of a

factor of 8 lower than that of the fitted DXS, Eq. (2.18), shown in dashed dark-orange in
Fig. 2.15. Thus, such an approach would result in a considerably underestimated proton
nuclear elastic scattering rate.
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Figure 2.15: Differential cross section for the nuclear elastic scattering of 50 MeV
protons on 208Pb based on fitted parametrized expression (2.18) (dashed dark-
orange curve) vs. the sampled DXS obtained when using the proton nuclear elastic
scattering integrated cross section of FLUKA v4-3.4 (solid blue curve) vs. when
using that of FLUKA v4-4.0 (solid red curve). Statistical uncertainties are omitted
for clarity.
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Instead, a self-consistent scheme has been adopted, wherein the integrated cross
section for proton nuclear elastic scattering has been estimated by numerically integrating
Eq. (2.18), which can be recast as follows:

fv4-4.0
(p,el) =

∫
d
̂

df (\,α)
d
̂

= (1 + Z ) 2cU'2F1 + (1 + Z )
2cU'2W

X2
0

F0, (2.39)

where

F1 =

2:'X1∫
0

1

G1
� 2
1 (G1)4−

V1
X1
G1dG1, (2.40)

F0 =

2:'X0∫
0

G0 �
2
0 (G0)4−

V0
X0
G0dG0, (2.41)

where G0,1 = '@X0,1; for the full derivation of Eqs. (2.40) and (2.41) see Appendix B.
The integrals (2.40) and (2.41) have been evaluated numerically once using an adaptive
Gaussian quadrature and tabulated on a grid of the fit parameters X1 and X0, and the
ratios V1/X1 and V0/X0.

A function taking as input the atomic and mass numbers of the nucleus and the kinetic
energy of the incident proton has been written in FLUKA to interpolate the tabulated
integrals (2.40) and (2.41) and return the integrated cross section for proton nuclear elastic
scattering in mb. The solid red curve in Fig. 2.15 displays the sampled DXS obtained with
this self-consistent approach, which is in perfect agreement with the fitted DXS, not only
in shape, but also in intensity, i.e., in proton nuclear elastic interaction rate.
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Chapter 3

Coulomb and nuclear elastic scatter-
ing of protons in FLUKA

The elastic scattering of protons on nuclei is a process mediated both by the nuclear and
the Coulomb forces. While proton nuclear elastic scattering has been extensively discussed
in Chapter 2, in this chapter the focus is on Coulomb scattering, i.e., scattering off the
electrostatic potential of the nucleus (screened by the atomic electrons). This contributes
to the broadening of the angular distribution due to many Coulomb scattering events when
a proton passes through matter. Coulomb collisions can be treated individually in Monte
Carlo (MC) simulations. However, the mean free path for, e.g., 20 MeV protons undergoing
Coulomb scattering on 208Pb is of ∼10s of nm [19]. Therefore, detailed simulations are
highly computationally intensive, making such an approach untenable for general-purpose
multi-particle Monte Carlo codes like FLUKA. Instead, condensed-history approaches are
favoured, which imply an aggregate description of the effect of multiple elastic collisions of
protons on the electrostatic potential of atoms along macroscopic particle steps. Specifically,
FLUKA relies on the Molière multiple Coulomb scattering (MCS) theory [49], in which
the angular distribution per unit solid angle after a path length B is

� (\ ; B) ≈ 5 (0) (o) + 1

�
5 (1) (o) + 1

�2
5 (2) (o) + . . . , (3.1)

where the reduced angle o = \/(j2�1/2) depends on the characteristic scattering angle j2
and the material-dependent dimensionless parameter � [50], while

5 (=) (o) = 1

=!

∞∫
0

l exp

(
−l

2

4

) [
l2

4
ln

(
l2

4

)]=
�0(ol)3l, (3.2)

where �0 is the Bessel function of the first kind. The term 5 (0) (o) = 2 exp (−o2) represents
the Gaussian core of the distribution, while the next two functions, 5 (1) (o) and 5 (2) (o),
account for the non-Gaussian tails of the distribution, and are evaluated by numerical
integration [51]. A more comprehensive discussion is presented in Ref. [50].

The Molière MCS theory has several virtues: the angular distribution is nearly analytical
and it can be applied to any charged particle species. Nevertheless, it also has some
limitations: the underlying single-scattering differential cross section (DXS) is a screened
Rutherford DXS, the small angle approximation is assumed, and the path length B has to be
10-20 times larger than the mean free path for Coulomb scattering. When the assumptions
of the Molière theory do not hold or for particular applications, e.g., scattering in very
thin geometries, FLUKA offers the possibility to switch to single scattering, sampling
individual Coulomb collisions explicitly (at a significant cost in terms of central processing
unit (CPU) time).

Unfortunately, the underlying screened Rutherford single-scattering DXS adopted by
Molière precludes the use of an arbitrary DXS, such as that of Eq. (2.9). Therefore, nuclear
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elastic scattering has to be treated as a dedicated interaction mechanism in FLUKA, along
with Coulomb scattering. As mentioned in the discussion of Eq. (2.15), this approach is
formally questionable. In this chapter, the interplay between Coulomb and nuclear elastic
scattering is investigated and the error stemming from their necessary additive treatment
is quantified. Furthermore, the improper treatment of elastic recoils from Coulomb single
scattering up to FLUKA v4-3.4 is addressed, as it represents an additional limitation of
FLUKA for single-event upset (SEU) production [12].

3.1 Coulomb elastic scattering of protons in FLUKA

Coulomb scattering in FLUKA is predicated on a Rutherford DXS, accounting for
electron screening according to an expression derived by Molière [49, 52]:

df

d
̂

����
Cou

=

[
/2

p/
2
t 4

4

424V2�2 sin4 \̃
2

] 
(1 − cos \̃ )2(

1 − cos \̃ + j2a
2

)2

 , (3.3)

where /p and /t are the atomic numbers of the projectile and of the target nucleus,
respectively, the constants 4 and 2 are the elementary charge and the speed of light,
respectively; � is the kinetic energy of the projectile, V is the ratio between the velocity
of the projectile and 2, ja is the screening angle [49], and \̃ is the scattering angle. The
latter is sampled in FLUKA in the laboratory frame as:

tan2
\̃

2
=

[j2
a

(1 − [)
(
4 + j2

a

), (3.4)

where [ is a uniformly distributed random number, as discussed in Appendix C.
While the DXS for Coulomb scattering is evaluated in the laboratory frame, the

partial-wave DXS for nuclear elastic scattering, discussed in Chapter 2, is evaluated in
the center-of-mass (CM). To investigate the combined effect of Coulomb and nuclear
elastic scattering, both DXSs have to be expressed in the same reference frame. The
transformation of angular distributions from the lab to the CM is:

df

d
̂CM

=
df

d
̂lab

W (1 + b cos\ )[
W2(cos\ + b)2 + sin2 \

]3/2 , (3.5)

where W is the Lorentz factor for the boost from the lab to the CM, \ is the CM scattering
angle and

b =
V�′p
?
, (3.6)

where �′p and ? are the total CM energy and CM momentum, respectively, of the proton
after the elastic collision; see Appendix D for the derivation of Eq. (3.5).

To assess the disparity of FLUKA sampling Eq. (3.3) in the laboratory frame instead
of the CM frame, as evaluated in Eq. (2.12), Fig. 3.1a depicts Eq. (3.3) (solid yellow)
sampled from FLUKA in the laboratory frame and boosted to the CM using Eq. (3.5),
and Eq. (2.12) (dashed black) evaluated in the CM for 5 MeV protons on 6Li. Minor
discrepancies of O(1) are observed at very large scattering angles, which are however
substantially suppressed compared to forward scattering. Figure 3.1b displays the same
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benchmark for 200 MeV protons on 208Pb, where no noticeable differences are observed.
Therefore, the disparity between FLUKA sampling Eq. (3.3) in the laboratory frame and
Eq. (2.12) evaluated in the CM is negligible for the proton energies and nuclei treated in
this thesis.
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Figure 3.1: Comparison between the Molière differential cross section sampled
by FLUKA from Eq. (3.3) in the laboratory frame and that evaluated in the CM
with Eq. (2.12) for the elastic scattering of protons on 6Li at 5 MeV (a) and on
208Pb at 200 MeV (b).
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3.1.1 Nuclear finite-size form factors

Equation (3.3) describes the Coulomb scattering off a point-like nucleus. However, the
nucleus has an extended distribution of charge, which can be effectively accounted for by
means of nuclear finite-size form factors � (@2) [53]. Accordingly, the DXS for Coulomb
single scattering in FLUKA, Eq. (3.3), is modified as [52]:

df

d
̂

����
Cou

=

[
I2/244

424V2�2 sin4 \̃
2

] 
(1 − cos \̃ )2(

1 − cos \̃ + j2a
2

)2

 ×
��� (@2)

��2 . (3.7)

Since the charge distribution leads to a decrease in the probability of large-angle scattering
events, the nuclear finite-size form factors have the role of suppressing large-angle deflections.
To investigate their behaviour as a function of energy, the nuclear finite-size form factors
employed by FLUKA [53] have been extracted for protons at various energies on different
nuclei. Figure 3.2 displays a comparison between FLUKA nuclear finite-size form factors
(dashed curves) and partial-wave estimates, set as the ratio of the full (Coulomb + nuclear)
partial-wave DXS to the Molière DXS (solid black curves), for the elastic scattering of
50 MeV protons on 208Pb (a) and of 1 MeV protons on 28Si (b); the solid red curves
are discussed below. At high energies, the FLUKA nuclear finite-size form factors are
excessively suppressive and lack structure, as shown in Fig. 3.2a. Even at energies below
Coulomb barrier (CB), where one expects a Rutherford-like DXS and nuclear finite-size
form factors equal to unity, they substantially suppress large scattering angles, as displayed
in Fig. 3.2b.
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Figure 3.2: Nuclear finite-size form factors for 50 MeV protons elastically scat-
tering on 208Pb (a) and 1 MeV protons on 28Si (b).

To understand whether the unexpected behaviour observed below CB stems from
the nuclear finite-size form factors or from the CB energies in FLUKA, the latter have
been extracted and compared with partial-wave estimates, set as the energies where the
DXS deviates by more than 5% from a Rutherford-like shape. Figure 3.3 displays with
empty black dots and with filled blue dots the distorted-wave-estimated and the FLUKA
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Figure 3.3: Coulomb barrier energies for protons as a function of the atomic
number of the target nucleus.

CB energies, respectively, as a function of the atomic number of the target nucleus, /t.
Since the CB energies are comparable, they have been left unaltered in FLUKA v4-4.0.
Therefore, the FLUKA nuclear finite-size form factors suppressed the large-angle deflections
excessively for proton energies below CB, where the DXS should be Rutherford-like with
no nuclear effects taken into account.

Thus, as far as elastic scattering is concerned, in FLUKA v4-4.0 special care has been
devoted to ensure that at energies below CB only Coulomb scattering is accounted for
and that proton nuclear elastic scattering is inactive. Below CB, nuclear finite-size form
factors in Coulomb scattering have been set to unity, as illustrated in Fig. 3.2b by the
solid red curves, and the integrated cross section for proton nuclear elastic scattering has
been set to zero. In an energy window of ±5% of the CB, the nuclear finite-size form
factors are allowed to deviate from 1 and the integrated cross section for proton nuclear
elastic scattering is gradually switched on. Finally, at higher energies, both quantities take
their full values. As an example, Fig. 3.2a depicts the FLUKA v4-4.0 nuclear finite-size
form factors in solid red, which are unaltered with respect to those of FLUKA v4-3.4.

3.1.2 Error incurred when treating Coulomb and nuclear elastic
scattering as additive interaction mechanisms

In this section the error incurred by treating Coulomb and nuclear elastic scattering as
separate (additive) interaction mechanisms has been assessed. A dedicated benchmark
has been carried out, whereby Coulomb and nuclear elastic scattering events have been
sampled with FLUKA v4-4.0. The combined DXS resulting from the sum of Coulomb
and nuclear elastic scattering events (each scaled with their respective integrated cross
section) has been compared in absolute units of mb/sr with the corresponding experimental
and/or partial-wave DXS for light or heavy nuclei, respectively. This comparison has been
performed for a series of 27 target nuclei (from 2H to 238U) on a grid of 30 proton energies
(from CB up to 250 MeV).
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Figure 3.4a displays the output of this benchmark for 50 MeV protons elastically
scattered from 90Zr. The thick solid black curve represents the DXS calculated with the
partial-wave scheme of Section 2.1, the dotted dark-green curve represents the angular
distribution of Coulomb single scattering events sampled with FLUKA v4-4.0, the dashed
orange curve represents the angular distribution for nuclear elastic scattering sampled
with the model presented in this work, while the solid red curve is the sum of the last
two curves. At this intermediate energy, and especially for light and intermediate nuclei,
localized overestimations of several 10% at intermediate scattering angles are observed,
where the Coulomb single scattering DXS is not yet sufficiently suppressed. Instead,
at large scattering angles (relevant for the radiation-to-electronics effects assessment in
Chapter 4) the agreement is by construction reasonable. Finally, for heavy nuclei, the
incurred error is minimal since the Coulomb single scattering DXS decreases swiftly, as
shown in Fig. 3.4b.

To quantify the error incurred by treating Coulomb and nuclear elastic scattering
as separate interaction mechanisms, the maximum relative difference between partial-
wave/experimental and fitted DXSs has been evaluated for the proton energies and target
nuclei considered in this work. For instance, Fig. 3.6 displays the maximum relative
difference calculated for heavy nuclei (for which the proton energy grid on which fit
parameters are tabulated is fixed). The largest errors have been obtained for light and
intermediate nuclei at intermediate and high proton energies, where the Coulomb single
scattering DXS is not yet sufficiently suppressed, as shown in Fig. 3.4a. Instead, for heavy
nuclei, this artefact does not persist and the errors are considerably smaller, as illustrated
in Fig. 3.4b. For all nuclei at low proton energies, the errors are at most a few 10%. Note
that the black squares in Fig. 3.6 at proton energies below ∼10 MeV are due to the absence
of nuclear elastic scattering below CB, where concerning elastic scattering, only Coulomb
scattering is active.

To further visualize the incurred error, Fig. 3.5 extends Fig. 2.10 with the inclusion
of Coulomb elastic scattering, directly sampled from FLUKA v4-4.0 - with the relevant
difference that now the thin red curves are sampled from (and not a direct evaluation
of) parametrized expression (2.18). This comparison reveals the typically negligible error
incurred by the separate treatment of Coulomb and nuclear elastic scattering, and an
overall very good agreement, both in the forward scattering and in the large-scattering-
angle domains. Additionally, Fig. 3.5 shows that the proton nuclear elastic scattering
model employed up to FLUKA v4-3.4 tends to either under- or over-estimate the actual
DXS at large scattering angles. For heavy nuclei, for which the CB for protons approaches
10 MeV, the FLUKA v4-3.4 DXS for the elastic scattering (Coulomb plus nuclear) of
protons with energies slightly above Coulomb barrier may underestimate the partial-wave
DXS by orders of magnitude, as illustrated in subfigure (c). Instead, the FLUKA v4-4.0
model for proton nuclear elastic scattering presented here does not suffer from these
artefacts. Incidentally, this benchmark also probes the good performance of the integrated
cross section scheme (discussed in Section 2.6) in scaling correctly the angular distribution
for proton nuclear elastic scattering.

3.2 Coulomb-single-scattering recoils

In Ref. [12], a further limitation of FLUKA impacting the simulation of SEU production
in the ISSI SRAM [16] under proton irradiation was identified. Up to FLUKA v4-3.4, in
the course of a Coulomb-single-scattering event, the direction of the charged projectile is
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Figure 3.7: Schematic of a Coulomb single scattering event in FLUKA v4-3.4
(left) and in a development version of FLUKA (right).

updated, while its energy is not, as illustrated in the left panel of Fig. 3.7. The energy
transferred to target atoms in the course of multiple Coulomb collisions is accounted for
in an average way along macroscopic particle steps via a nuclear stopping power term.
However, this approach prevents event-by-event analyses, and therefore does not allow
to assess the contribution of individual Coulomb collisions to the production of SEUs.
Nevertheless, Coulomb collisions may contribute to SEU production, especially those
with large scattering angle. Suppressed as they may be, when they do occur there is
a risk of triggering an SEU [14]. To quantify their event-by-event contribution to SEU
production, a tentative closing of the Coulomb-single-scattering kinematics (as well as the
explicit transport of the recoil where applicable) has been implemented in a development
version of FLUKA. This model ingredient, amounting to an event-by-event account of
nuclear-stopping-power effects, has been developed and tested only for proton projectiles.

Consider a proton with mass<p and momentum p̃p which scatters elastically on a target
nucleus with mass <t, originally at rest. Before the collision, the total four-momentum of
the system in the lab is

P̃ = P̃p + P̃t =

(
<p + )̃p +<t, p̃p

)
≡ (�̃, p̃p). (3.8)

Its inner product gives the B invariant of the system:

B = P̃ · P̃ = �̃2 − ?̃2
p =

(
<p +<t

)2 + 2)̃p<t. (3.9)

For simplicity, the system of Cartesian coordinates is orientated such that the I-axis is
parallel to the direction of the incident proton:

p̃p = ?̃p ẑ. (3.10)

The boost to the CM frame is

β =
?̃p

�̃
ẑ, (3.11)
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and the Lorentz factor is

W =
1√

1 − V2
=
�̃
√
B
. (3.12)

Their product is

VW =
?̃p√
B
. (3.13)

Finally, the CM momentum is

? =
?̃p<t√
B
. (3.14)

The CM scattering angle, i.e., the angle between the incoming and outgoing directions
of the proton is given by:

cos\ = p̂p · p̂′p, (3.15)

where the CM momentum of the proton after the elastic collision is

p′p = ? (sin\, 0, cos\ ) , (3.16)

where the G and ~ axes have been oriented such that ?p~ = 0. An arbitrary rotation around
ẑ leaves the kinematics unchanged. The four-momentum of the proton in the laboratory
frame can be obtained by performing a Lorentz-boost:

P̃
′
p =

©­­­­«
�̃′p(\̃ )

?̃′p(\̃ ) sin \̃
0

?̃′p(\̃ ) cos \̃

ª®®®®¬
=

©­­­­«
W 0 0 VW

0 1 0 0

0 0 1 0

VW 0 0 W

ª®®®®¬
©­­­­«

�′p
? sin\

0

? cos\

ª®®®®¬
=

©­­­­«
W�′p + VW? cos\

? sin\

0

W? cos\ + VW�′p

ª®®®®¬
, (3.17)

which is the starting point for evaluating the kinetic energy of the elastic recoil. From
Eq. (3.17) one can extract:

?̃′p sin \̃ = ? sin\

?̃′p cos \̃ = W? cos\ + WV�′p.
(3.18)

Dividing the above relations yields:

tan \̃ =
? sin\

W? cos\ + WV�′p
=

sin\

W cos\ + Wb , (3.19)

where b =
V�′p
?

. Rearranging the terms gives:

W tan \̃ cos\ + Wb tan \̃ = sin\ . (3.20)

Using the trigonometric identity sin2 \ + cos2 \ = 1 further implies

W tan \̃
(
±
√

1 − sin2 \

)
= sin\ − Wb tan \̃ . (3.21)

Squaring Eq. (3.21) and rearranging the terms yields a quadratic equation in sin\ :(
1 + W2 tan2 \̃

)
sin2 \ −

(
2Wb tan \̃

)
sin\ + W2(b2 − 1) tan2 \̃ = 0. (3.22)
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The discriminant of this equation is

Δ = 4W2 tan2 \̃

[
1 + W2(1 − b2) tan2 \̃

]
. (3.23)

Hence, the solution of Eq. (3.22) is

sin\ =
b ±

√
1 + W2(1 − b2) tan2 \̃

1

W tan \̃
+ W tan \̃

. (3.24)

Since \ ∈ [0, c], the solution of Eq. (3.24) has to be in the interval [0, 1].
From Eq. (3.18), the momentum of the proton after the elastic collision is

?̃′p = ?
sin\

sin \̃
, (3.25)

and its lab kinetic energy is

)̃ ′p =

√
?̃′2p +<2

p −<p. (3.26)

Finally, the kinetic energy of the elastic recoil is evaluated in FLUKA as:

)̃ ′t = )̃p − )̃ ′p. (3.27)

It can take values between 0 and a maximum kinetic energy transfer, )max
t = 2 ?̃2

p<t/B,
which can be derived from the inverse Lorentz boost, Eq. (3.17), for the target nucleus by
setting \ = c .

The closing of the Coulomb single scattering kinematics has been implemented in a
development version of FLUKA. Coulomb recoils are transported if their energy is above
threshold, otherwise their energy is deposited locally. Thanks to this development, the
explicit contribution of Coulomb recoils to SEU production can be quantified and it is
accessible in a development version of FLUKA (see Chapter 4).
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Chapter 4

SEU production in commercial SRAMs
under proton irradiation

A single-event upset (SEU) is a random single bit flip induced in an electronic component
by direct ionization from traversing swift charged projectiles and/or by recoils from nuclear
elastic/inelastic interactions. Although non-destructive, SEUs can still lead to data
corruption, incorrect computations, and disruptions in operation, among other operational
risks [5–7]. Quantifying and understanding the impact of SEUs in electronic devices
exposed to high-radiation environments is therefore essential.

SEU production can be assessed experimentally but, while quantitative, measurements
face several challenges [54, 55]: they involve beam time costs and entail significant com-
plexity in campaign planning (given the potential unavailability of irradiation facilities),
data acquisition, and post-processing. Conversely, simulation techniques provide com-
plementary insights by enabling detailed event-by-event modelling of radiation transport
within electronic devices, thus offering a microscopic picture of SEU production also for
devices which have not yet been irradiated.

To simulate SEU production in electronic devices, various numerical methods have been
proposed in the literature. These methods range from comprehensive three-dimensional cell
device modelling [56–58], sometimes combined with explicit representations of the circuit
layout [59], to Monte Carlo (MC) particle transport calculations integrated with drift-
diffusion models for accurate charge collection description [60], and circuit simulators [15, 61–
63], to name but a few. One particularly effective approach [13, 64–66] uses general-purpose
MC codes [19–21, 67, 68] to simulate energy deposition in the sensitive region of the device,
effectively modelled as a rectangular parallelepiped (RPP), from which SEU-production
cross sections can be extracted [13, 27]. In this approach, the device is characterized by two
parameters: the sensitive volume (SV), where deposited energy is collected, and the critical
charge (&crit), which must be exceeded to induce an SEU. In view of its effectiveness, the
RPP-approach has been adopted in this work.

Experimental and simulation assessements of SEU production are performed at CERN
by the Radiation to Electronics (R2E) team [4, 22, 23], which ensures the successful
operation of the accelerator infrastructure taking into account the effects of radiation
exposure on electronic components and systems. Recent R2E simulations [12, 13] of SEU
production with FLUKA in an ISSI (Integrated Silicon Solutions Inc.) SRAM [16] under
proton irradiation revealed discrepancies of up to two orders of magnitude with respect
to experimental cross sections in the 1–10 MeV proton energy range (see Fig. 1.1). This
underestimation was attributed to the lack of nuclear elastic scattering of protons below
10 MeV in FLUKA up to v4-3.4, as well as to an improper account of recoils in Coulomb
single scattering. Both shortcomings have been addressed in this work, in Chapters 2
and 3, respectively.

The aim of this chapter is twofold. First, the significant role played by recoils from
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Figure 4.1: ISSI SRAM simulation geometry in FLUKA.

nuclear elastic scattering and Coulomb single scattering in the production of SEUs in
the ISSI SRAM under irradiation by 1–10 MeV protons is substantiated. Second, the
RPP-model parameters employed for modelling SEU production in SRAMs under proton
irradiation with FLUKA are scrutinized.

4.1 SEU production in an ISSI SRAM under 1–10 MeV

proton irradiation

In this section, the aforementioned R2E simulations for the ISSI SRAM are revisited
with FLUKA v4-4.0 to elucidate the role of elastic recoils from proton nuclear elastic
scattering in SEU production. Furthermore, a development version of the code is employed
to quantify the event-by-event contribution of recoils from Coulomb single scattering.

A simulation geometry similar to that employed in Ref. [12] has been adopted. The SV
of the ISSI SRAM is modelled in FLUKA as a 10 × 10 array of silicon cubes, each having
a length of 310 nm, embedded in a silicon matrix placed on a back-end-of-line (BEOL)
layer composed of SiO2, as illustrated schematically in Fig. 4.1. The considered parallel
proton beam, with energies ranging from 600 keV to 200 MeV, fully covers the transverse
surface of the SRAM. For each considered energy, the average energy deposition spectrum
in a cube, d# /d�dep, has been scored on an event-by-event basis.

For instance, the simulated d# /d�dep for 8 MeV protons (thick black curve) is depicted
in Fig. 4.2. Exploiting the particle-latching capabilities of FLUKA, the spectrum is
further resolved into contributions from various particle histories. The main peak (dashed
yellow curve) corresponds to proton histories involving only direct ionization and Coulomb
scattering by incident protons. The additional features extending up to ∼600 keV arise
from energy depositions by recoiling nuclei from nuclear elastic scattering (teal curve)
and from Coulomb single scattering (green curve), along with energy depositions from
fragments and residual nuclei from nuclear reactions (dashed blue curve). The maximum
kinetic energy transfer ()max) during an elastic collision of an 8 MeV proton with a 28Si or
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Figure 4.2: Energy deposition histogram of 8 MeV protons in the ISSI SRAM,
displaying the contributions from various kinds of particle histories.

16O nucleus is approximately 1 MeV and 1.8 MeV, respectively, as indicated by the black
vertical lines in Fig. 4.2. The maximum recoil energy is rarely fully deposited within the
SV: some X rays (knock-on electrons) produced by the elastic recoil may escape from the
SV. Nonetheless, energies of the order of several hundred keV, significantly higher than
those typically imparted by direct ionization from protons, are easily deposited in the SV.

To trigger an SEU, a threshold energy deposition �th
dep

must take place in the SV.

This is typically given in terms of a threshold displaced charge (electron-hole pairs), the
so-called critical charge &crit, given in fC by:

&crit = �
th
dep(GeV) 1 eV

10−9 GeV

1

3.6 eV
1.6 × 10−19 C

1 fC

10−15 C
, (4.1)

where 3.6 eV represents the average energy required to create an electron-hole pair in
silicon [69], while 1.6 × 10−19 C is the elementary charge.

For the ISSI SRAM, &crit is 0.96 fC [12, 13], corresponding to a critical deposited
energy �dep(&crit) = 21.6 keV, evaluated using Eq. (4.1) and indicated by the vertical
dashed grey line in Fig. 4.2. The energy deposited in the SV through direct ionization
does not exceed �dep(&crit). Consequently, for 8 MeV protons, direct ionization has a
negligible impact on SEU production in the ISSI SRAM, which is instead driven by nuclear
interactions. Although energy depositions in the SV from Coulomb recoils (green curve)
can reach �dep(&crit) at this proton energy, this contribution is several orders of magnitude
less effective at producing significant energy depositions compared to those in which a
nuclear elastic scattering (teal curve) occurred.

The cross section for the production of SEUs, fSEU, for a given proton energy �p, is
given by:

fSEU(&crit;�p) =
1

Φ

∞∫
�dep (&crit)

d�dep
d#

d�dep
, (4.2)

where Φ = 1.1×105 cm−2 is the incoming beam fluence in the simulation. Figure 4.3 displays
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Figure 4.3: SEU production cross section in the ISSI SRAM as a function of the
incident proton energy.

fSEU(&crit;�p) as a function of proton energy. Experimental SEU cross sections [12, 13]
are shown as black dots, with uncertainties smaller than the symbol size (see the discussion
on page 43). Estimates of the SEU production cross section obtained with Eq. (4.2) from
FLUKA v4-3.4 are represented by crosses (connected by a solid line to guide the eye)
and exhibit the aforementioned underestimation by two orders of magnitude compared
to experimental SEU cross sections in the 1–10 MeV energy range. In contrast, SEU
production cross sections obtained with FLUKA v4-4.0, which incorporates the new
model for proton nuclear elastic scattering discussed in Chapter 2, are indicated by stars.
Notably, within the 1–10 MeV energy range, the agreement with experimental SEU cross
sections improves by a factor of 20. This improvement is largely attributable to the fact
that prior to FLUKA v4-3.4, nuclear elastic scattering of protons below 10 MeV was
not included. To further illustrate the origin of this improvement, Fig. 4.4 displays the
differential cross section (DXS) for the elastic scattering of 4.95 MeV protons on 28Si (a)
and 6.48 MeV protons on 16O (b), as implemented in FLUKA v4-3.4 (dashed blue curves),
greatly underestimating the experimental angular distributions by up to several orders of
magnitude due to the lack of the nuclear elastic scattering contribution, and FLUKA v4-4.0
(solid red curves), reasonably matching the experimental angular distributions. To produce
a 28Si (16O) recoil having at least the critical deposited energy of 21.6 keV, a proton must
be elastically scattered by an angle greater than 23 deg (17 deg). As shown in Fig. 4.4, it
is precisely at scattering angles exceeding these thresholds, marked by vertical black lines,
where the DXS has significantly improved from FLUKA v4-3.4 to FLUKA v4-4.0.

Furthermore, SEU production cross sections obtained with a development version
of FLUKA (which includes an explicit treatment of elastic recoils in Coulomb single
scattering, along with an ad-hoc biasing scheme for nuclear elastic scattering), represented
by squares in Fig. 4.3, show a slightly improved agreement with experimental cross sections
in the 2–6 MeV energy range. Comparable results are obtained with other MC tools,
such as G4SEE [68], a Geant4-based application [67], as indicated by the curve with plus
symbols in Fig. 4.3. The minor differences between the predictions of FLUKA (squares)
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Figure 4.4: Differential cross section for the elastic scattering of 4.95 MeV protons
on 28Si (a) and protons of 6.48 MeV on 16O (b). Statistical uncertainties are omitted
for clarity.
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Figure 4.5: SEU production cross section in the ISSI SRAM induced by protons
resolved into contributions from various kinds of particle histories.

and G4SEE (plus symbols) can be attributed to slight differences in the treatment of
proton ionization and elastic scattering in these two codes. However, at energies between 2
and 5 MeV, significant discrepancies remain when compared to experimental cross sections,
themselves subject to uncertainties . These discrepancies may stem from uncertainties in
the determination of &crit or from approximations and simplifications in the simulation
setup (such as approximations of the SV dimensions or a simplified BEOL composition).
Nevertheless, the overall agreement with experimental SEU cross section is remarkable.

Finally, Fig. 4.5 illustrates the contribution to fSEU from various kinds of particle
histories, allowing one to identify the interaction mechanisms governing SEU production in
the ISSI SRAM across different proton energy ranges. For proton energies below ∼2 MeV,
direct ionization by incident protons is the dominant mechanism triggering SEUs. In the
energy range from 2 to 8 MeV, energy depositions by recoils from nuclear elastic and
Coulomb single scattering become the primary contributors. At energies above ∼8 MeV,
SEU production is mainly driven by energy depositions by recoiling residuals and fragments
from nuclear reactions.

4.2 RPP-model parameter trends for SEU produc-

tion simulations

The benchmark of the foregoing section for the ISSI SRAM [16] has been extended in
this section to two other commercial bulk planar SRAMs: the Cypress SRAM [70] and
the ESA Monitor SRAM [71], which have been extensively tested and characterized in
previous studies [13, 24]. Furthermore, the RPP-model parameters adopted to simulate
SEU production in the considered SRAMs under proton irradiation with FLUKA have
been scrutinized. The contents of this section have led to a dedicated publication [72].
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Figure 4.6: Schematic 3D view of a nested RPP. All volumes have the same depth
along the I-axis.

4.2.1 MC simulation of SEU production in the RPP model

The SV of an SRAM can be modelled as either a single or a nested RPP [9], [12, Sec.
3.3]. In the latter, multiple encapsulated SVs are used, as illustrated in Fig. 4.6. The
central region of these SVs represents the p-n junction of the two transistors in the OFF
state (the sensitive nodes where charge is collected), while the outer regions account for
more distant areas from which charge can diffuse towards the sensitive nodes. However,
RPPs are not intended to replicate the physical structure of the SRAM cell, but rather to
effectively model the overall response of the device. The transverse dimensions (G and ~)
and thickness (I) of the innermost volume (V1) can be initially assumed equal and are
estimated as

G = ~ = I =

√
max[fSEU(�p)], (4.3)

where max[fSEU(�p)] is the maximum experimental SEU production cross section due to
proton direct ionization [13] (when available), displayed in Fig. 4.7 as a function of proton
energy �p. For the encapsulating volumes V2, . . . , V# , the thickness is set equal to that
of V1, while their transverse dimensions are inferred from experimental SEU cross sections
induced by heavy ions, fSEU,2, . . . , fSEU,# , listed in Table 4.2, as:

G8 = ~8 =
√
fSEU,8, 8 = 2, . . . , # , (4.4)

as further detailed in Refs. [9], [12, Sec. 5.1], [13]. Each SV is assigned a different charge
collection efficiency coefficient (U) to account for charge drift and diffusion processes [64].
The innermost SV is assigned U = 1, while for each encapsulating SV U is determined as
follows. Using the aforementioned heavy ion induced SEU production cross sections sorted
increasingly, the U of the 8th SV is set as:

U8 =
LETp

LET8

, 8 = 2, . . . , # , (4.5)
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Figure 4.7: Experimental SEU production cross sections as a function of the
incident energy induced by protons in the ISSI (yellow diamonds), Cypress (green
circles), and ESA Monitor (blue squares) SRAMs [12, Sec. 4.3] [4, Sec. 5.2].

Table 4.1: Main characteristics of the bulk planar CMOS technology SRAMs
considered in this work [24], [12, Sec. 4.2, Sec. 5.1], [73].

SRAM
Technology
node (nm)

Size
(bits)

Transistors
per cell

Cell dimensions
(`m2)

ISSI 40 32M 6 0.2-0.25

Cypress 65 16M 6 0.5-0.7

ESA Monitor 250 16M 6 9.765

where LETp is the linear energy transfer (LET) for which the maximum proton-induced
SEU production cross section is attained and LET8 is the LET of the 8th heavy ion [9], [12,
Sec. 5.1], [13], summarized in Table 4.3. By setting U = 0 for all encapsulating volumes,
except for the innermost one, the single RPP limit is recovered.

The extensive amount of experimental SEU-production cross sections required to apply
the aforementioned RPP modeling approach significantly conditions its use for new devices
which have not undergone irradiation (the analysis in Section 4.2.2 offers a substantially
simpler method). To induce an SEU, a threshold energy must be deposited in the SV,
corresponding to a critical charge &crit which must be collected. The latter is determined
such that a good overall agreement between simulated and experimental SEU production
cross sections is ensured across the full probed energy range [12, Sec. 3.3]. In the case
of nested SVs, separate simulations are performed for each SV. The energy deposition
spectra are weighted by the respective charge collection efficiency coefficient U of each SV,
while &crit remains the same for all SVs.

The smallest technology node considered in this study is 40 nm, represented by the
ISSI SRAM [16, 74], whose SV has been modelled as a single RPP. The initial SV
dimensions were determined following the above prescription for the innermost volume
and were then adjusted iteratively until the best overall agreement between simulated and
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Table 4.2: SEU production cross section induced by heavy ions [13].

Index Ion Energy (MeV) fSEU,8 (cm2/bit)

2 Ar 1050 9.7 × 10−9

3 Ar 548 2.6 × 10−8

4 Xe 2700 1 × 10−7

Table 4.3: Maximum proton LET and heavy ion LET [13].

Ion Energy (MeV) LET (MeV cm2/mg)

p 0.5-5 0.3

Ar 1050 5.2

Ar 548 8.1

Xe 2700 43.5

experimental SEU production cross sections was achieved, yielding G = ~ = I = 310 nm,
for &crit = 0.96 fC [13].

The intermediate technology node examined in this study is 65 nm, represented by
the Cypress SRAM [70]. Previous studies [12, Sec. 5.1] revealed that modelling its SV
as a single RPP leads to underestimations of up to a factor of 3 between simulated
and experimental SEU production cross sections in the high-energy proton range for
&crit = 0.86 fC. To address this shortcoming, the depth of the single RPP can be adjusted
until an improved description of the simulated SEU production cross section is obtained at
high proton energies. However, this approach would lead to an overestimated SEU response
at low and intermediate proton energies. Therefore, to properly account for charge drift
and diffusion processes [64], which increase SEU production cross sections at high proton
energies without affecting the response at lower energies, it was proposed in Ref. [12,
Sec. 5.1] to model the SV of this SRAM using four nested RPPs, as shown in Fig. 4.6;
the chosen number of nested RPPs is explained below. This approach resulted in better
agreement with experimental SEU production cross sections in the high-energy proton
range, as discussed in Ref. [13] and further elaborated below. The transverse dimensions,
thicknesses, and charge collection efficiency coefficients for each RPP, determined using

Table 4.4: Initial transverse dimensions, thicknesses, and charge collection effi-
ciency coefficients for the nested RPPs of the Cypress SRAM [13].

SV index G = ~ (nm) I (nm) U

V1 360 360 1

V2 984 360 0.057

V3 1612 360 0.037

V4 3160 360 0.007

46



Table 4.5: Initial SV and BEOL thicknesses, critical charges, and critical deposited
energies for the ISSI, Cypress, and ESA Monitor SRAMs [13] [4, Sec. 5.3].

SRAM
SV

I (nm)
BEOL
I (`m)

&crit

(fC)
�dep(&crit)

(keV)

ISSI (40 nm) 310 6 0.96 21.6

Cypress (65 nm) 360 10 0.86 19.35

ESA Monitor (250 nm) 625 6.7 9.8 220.5

the nested volumes method, are summarized in Table 4.4.
The largest technology node considered in this work is 250 nm, represented by the ESA

Monitor SRAM [71]. Since no SEU production cross sections are currently available for
this SRAM in the low-energy proton range, the method described above for determining
the SV dimensions cannot be applied. However, following previous guidelines [32], a single
cubic SV with a size of 625 nm is used as representative for this technology node, and a
critical charge of 9.8 fC is adopted [4, Sec. 5.3].

The SVs of each SRAM are embedded in a silicon matrix placed on a BEOL layer.
The latter may consist of various materials, such as silicon dioxide, aluminum, copper, and
tungsten [4, Sec. 5.3]. However, to focus this study on the variation of the SEU-production
cross section with SV thickness and &crit, the simulated BEOL for all three SRAMs was
modelled using only SiO2. Since manufacturing details on the BEOL are not available
for the ISSI and Cypress SRAMs, its thickness was set to 6 `m and 10 `m, respectively,
following the guidelines provided in Ref. [12, Sec. 5.1]. For the ESA Monitor SRAM,
a BEOL thickness of 6.7 `m [4, Sec. 5.3] was used based on technical specifications
from the manufacturer. Table 4.5 summarizes the key initial simulation parameters for
the three SRAMs under consideration. The simulation geometries described above are
irradiated by a monoenergetic proton beam with zero angular divergence, which impinges
perpendicularly on and fully covers the BEOL, as illustrated in Fig. 4.8.

The energy deposition spectrum deposited per SV, d# (SV)/d�dep, has been scored
using FLUKA on an event-by-event basis for incident proton kinetic energies ranging from
600 keV–500 MeV. For each proton energy �p, the cross section for SEU production can be
estimated from these FLUKA simulations using Eq. (4.2). The critical deposited energy,
�dep(&crit), of each SRAM is listed in Table 4.5. While the ISSI and Cypress SRAMs have
comparable critical deposited energies, �dep(&crit) = 21.6 keV and �dep(&crit) = 19.35 keV
respectively, the ESA Monitor SRAM has �dep(&crit) = 220.5 keV, which is one order of
magnitude higher. Consequently, recent devices like the ISSI and Cypress SRAMs require
less collected charge to trigger an upset compared to older devices such as the ESA Monitor
SRAM [9, 75].

Fig. 4.9 illustrates a selection of simulated energy deposition spectra (thick black
curves) for the ISSI, Cypress, and ESA Monitor SRAMs (first, second, and third columns,
respectively) at sufficiently close proton kinetic energies for which experimental SEU
production cross sections are available. The particle latching capabilities of FLUKA
enable further filtering of these spectra into contributions from different kinds of particle
histories. The main peak (dashed yellow curve) arises from energy deposition in the SV by
primary protons that undergo no nuclear interactions along their path, i.e., they undergo
only ionization losses (in addition to Coulomb scattering). Additional features at energy
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Figure 4.8: 3D schematic of the FLUKA simulation geometry showing the BEOL,
the silicon matrix embedding the sensitive volumes, and the extended proton beam
covering the entire transverse face of the device.

depositions exceeding several tens of keV correspond to contributions from recoils due to
proton nuclear elastic scattering (teal curve), recoils from Coulomb single scattering events
(green curve), or residuals and fragments produced from nuclear reactions (dashed blue
curve). The vertical dashed grey lines in Fig. 4.9 represent �dep(&crit) for each SRAM,
allowing one to identify the interaction mechanisms driving SEU production. For instance,
at proton energies of several tens of MeV, e.g., Fig. 4.9c for the ISSI SRAM, Fig. 4.9f
for the Cypress SRAM, and Figs. 4.9g–i for the ESA Monitor SRAM, SEU production
is mainly driven by fragments and residuals from nuclear reactions. At intermediate
proton energies between 2 MeV and 10 MeV, elastic recoils significantly contribute to
SEU production, as seen in Fig. 4.9b for the ISSI SRAM and Fig. 4.9e for the Cypress
SRAM. At proton energies of ∼1 MeV, SEU production is dominated by proton direct
ionization, exemplified in Fig. 4.9a for the ISSI SRAM. Although SEU production was
not consistently assessed experimentally at the same proton energies for all SRAMs, both
the ISSI and Cypress SRAMs were irradiated with 3 MeV protons. At this energy, SEU
production in the ISSI SRAM is governed by both proton direct ionization and Coulomb
recoils, as shown in Fig. 4.9b (where the contribution of proton direct ionization reaches
∼7 × 10−9, while that of Coulomb recoils is ∼2-3 × 10−9). In contrast, SEU production
in the Cypress SRAM is predominantly due to proton direct ionization, as indicated in
Fig. 4.9d (where the contribution of direct ionization reaches 10−7, and that of Coulomb
recoils remains at a much lower level of ∼3-4× 10−9). This highlights that SEU production
in different components may be driven by different interaction mechanisms, even at the
same proton energy.

This detailed filtering of particle histories based on the undergone interaction mechanism
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Figure 4.9: Energy deposition histograms in the ISSI, Cypress, and ESA Monitor
SRAMs (first, second, and third column, respectively), displaying the contributions
from various kinds of particle histories. Statistical error bars are omitted for clarity.
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ISSI, Cypress, and ESA Monitor SRAMs.

reveals that SEU production in devices with high &crit, such as the ESA Monitor SRAM, is
primarily driven by nuclear reactions. In contrast, for devices with lower &crit, like the ISSI
and Cypress SRAMs, proton direct ionization and elastic scattering play a more significant
role [9, 14, 75, 76]. The latter two interaction mechanisms contribute to an increase in the
SEU production cross sections at lower proton energies [77], as shown in Fig. 4.10, which
displays experimental and simulated SEU production cross sections as a function of proton
energy for the considered SRAMs. Available experimental SEU production cross sections
for the ISSI, Cypress, and ESA Monitor SRAMs are represented by yellow diamonds, green
circles, and blue squares, respectively, with uncertainties smaller than the symbol size [4,
Sec. 5.2], [12, Sec. 4.3]. The estimates from the development version of FLUKA, obtained
using the initial parameters outlined in Table 4.5, are depicted by matching coloured
symbols connected by solid lines. The qualitative agreement between the experimental
and FLUKA-simulated SEU cross sections across the considered wide range of proton
energies validates the prescribed method for determining the SV dimensions and &crit.
However, notable discrepancies remain. For the ISSI and Cypress SRAMs, differences of
up to factors of 5.5 and 5, respectively, are observed in the 2 to 6 MeV energy range. In
contrast, for the ESA Monitor SRAM, the discrepancies are smaller, up to a factor of 1.3,
within the available proton energy range. These differences highlight uncertainties in the
initially proposed SV thickness and &crit.

Incidentally, the Cypress SRAM is the only SRAM in this study for which the nested
RPP approach was used to model the SV, as initially proposed by Refs. [12, Sec. 5.1], [13],
since a single SV was insufficient to replicate the experimental SEU production cross
section across the entire probed proton energy range. To address this shortcoming, first,
the SV surface area and &crit were adjusted to achieve satisfactory agreement between
simulated and experimental SEU cross sections around 1 MeV, where direct ionization
dominates. Then, the agreement at energies above 10 MeV was improved, where indirect
ionization becomes significant, by optimizing the number of SVs, taking into account that
changes in the RPP-model parameters have a greater impact on SEU cross sections at
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Figure 4.11: Effect of the encapsulating SVs on the FLUKA-simulated SEU
production cross section as a function of proton energy in the Cypress SRAM.

low and intermediate proton energies compared to high energies, as will be discussed in
Section 4.2.2. Figure 4.11 illustrates the effect of adding encapsulating SVs, each with
its charge collection efficiency coefficient U , to account for charge drift and diffusion [64].
The purple curve displays FLUKA predictions using only a single SV (the innermost
one). While this is sufficient to describe SEU production at low energies, where ionization
dominates (as shown in Fig. 4.9), it underestimates experimental SEU cross sections by
up to a factor of 3 for protons above 10 MeV, where nuclear reactions dominate. By
successively adding one (blue), two (yellow), and three (green) SVs, the agreement at low
energies remains unaffected, while that at high proton energies improves progressively until
a satisfactory match is achieved. Fig. 4.11 shows that adding a fourth nested RPP results
only in a modest increase in SEU cross sections compared to three RPPs. Therefore,
adding further volumes would not significantly enhance the accuracy, as four nested RPPs
are sufficient to reasonably describe the SEU response of the Cypress SRAM across the
considered proton energy range. Each of the four nested RPPs was simulated individually,
and their energy deposition spectra have been combined based on their respective U (as per
Table 4.4). Reasonable agreement between simulated and experimental SEU production
cross sections has been achieved at both low proton energies (∼1 MeV), where direct
ionization is dominant, and at higher energies (above 10 MeV), where indirect ionization
becomes relevant. The remaining discrepancies at proton energies between 2–5 MeV,
where elastic collisions play a significant role, are addressed in the following section.

4.2.2 Optimization of critical charge and sensitive volume thick-
ness across technology nodes

Residual discrepancies between FLUKA-estimated and experimental SEU production
cross sections remain for the three SRAMs when using the SV thickness and &crit prescribed
in the previous section, following standard methods based on experimental SEU production
cross sections. Therefore, in this section the variation of these two RPP-model parameters
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Figure 4.12: Variation of the FLUKA simulated SEU production cross section
induced by low-energy protons with the critical charge and SV thickness in the ISSI,
Cypress, and ESA Monitor SRAMs (first, second, and third column, respectively).

is explored with the aim of identifying optimal parameters that maximize the agreement
between simulated and experimental SEU production cross sections. For simplicity, in the
case of the Cypress SRAM the transverse dimensions of the four nested RPPs are kept
constant, while only the SV thickness and &crit are adjusted.

The impact of varying each of the two RPP-model parameters on the simulated SEU
production cross section is assessed separately. First, the SV thickness is kept constant
while &crit is varied in steps of ∼10%. Figures 4.12a, 4.12d, and 4.12g show the changes in
the simulated SEU production cross section as &crit is varied for a constant SV thickness of
the ISSI, Cypress, and ESA Monitor SRAMs (first, second, and third columns, respectively).
For the ISSI and Cypress SRAMs, small variations in &crit significantly affect the FLUKA-
simulated SEU production cross sections below 10 MeV, where proton direct ionization
and elastic collisions dominate SEU production, as illustrated in Figs. 4.12a and 4.12d.
This arises from the swift decrease of the d# (SV)/d�dep spectra in Fig. 4.9 when crossing
the energy range at which protons no longer induce upsets by direct ionization. Next, &crit

is kept constant while the SV thickness is varied in steps of ∼10%. Figures 4.12b, 4.12e,
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Figure 4.13: Variation of the FLUKA simulated SEU production cross section
induced by low-energy protons as a function of the SV thickness and critical charge
for the ISSI, Cypress, and ESA Monitor SRAMs (first, second, and third column,
respectively), at a selection of experimental proton kinetic energies.

and 4.12h show how changes in SV thickness affect the simulated SEU production cross
section for a constant &crit of the ISSI, Cypress, and ESA Monitor SRAMs (first, second,
and third columns, respectively). As seen in Figs. 4.12b and 4.12e, variations in SV
thickness can lead to changes in the SEU production cross section by up to an order of
magnitude, particularly at energies below 2 MeV. In both cases, whether varying &crit or
SV thickness, the SEU production cross section tends to stabilize above 10 MeV, where
nuclear reactions dominate. This occurs due to most of events depositing an energy well
above �dep(&crit), making the SEU production cross section less sensitive to changes in
either &crit or SV thickness for all three SRAMs.

The analysis has been extended to investigate the effect of varying both &crit and SV
thickness. To quantify differences between simulated and experimental SEU production
cross sections over several orders of magnitude, the geometric relative difference

Δ(&crit, SV;�p) =
�����log

fFLUKA
SEU (&crit, SV;�p)

f
exp
SEU
(�p)

����� (4.6)

has been adopted, where fFLUKA
SEU (&crit, SV;�p) is the SEU production cross section ob-
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Table 4.6: Average SV thickness and &crit determined for the ISSI, Cypress, and
ESA Monitor SRAMs in the probed parameter space.

SRAM <SV thickness> (nm) <&crit> (fC)

ISSI (40 nm) 317 ± 5.8 1.01 ± 0.03

Cypress (65 nm) 372 ± 5.2 0.77 ± 0.03

ESA Monitor (250 nm) 633 ± 11.5 8.10 ± 0.06

Table 4.7: Average SV thickness and &crit extracted from independent literature
studies of bulk planar devices manufactured on other technology nodes.

Technology
node (nm)

<SV thickness> (nm) <&crit> (fC) Ref.

32 238 0.93 [60]

65 235 0.5 [78]

90 308 1.0 [78]

130 414 2.0 [78]

180 526 4.0 [78]

250 626 8.0 [32]

600 1000 44.0 [79]

tained with the development version of FLUKA for a given &crit, SV thickness, and
proton energy �p, while fexp

SEU
(�p) is the experimental SEU cross section at �p. Figure 4.13

shows Δ(&crit, SV;�p) as a function of &crit and SV thickness for the ISSI, Cypress, and
ESA Monitor SRAMs (first, second, and third column respectively) for a selection of
experimental proton kinetic energies. For the ESA Monitor SRAM, experimental SEU
production cross sections are available only for proton energies above 30 MeV, where
nuclear reactions dominate SEU production. The stabilization tendency of the SEU cross
section in this energy range leads to the rather monotonic behaviour of Δ(&crit, SV;�p),
shown in Figs. 4.13g–i. For each SRAM, at the three displayed energies, there is a local
minimum of Δ(&crit, SV;�p) at which the best agreement between simulated and experi-
mental SEU production cross sections is found. However, there is no unique (&crit, SV
thickness) pair providing optimal agreement with experimental SEU production cross
sections at all considered proton energies. This is due to different interaction mechanisms
governing SEU production at different proton energies. Nevertheless, throughout the
available experimental proton energies, the (&crit, SV thickness) pairs which yield optimal
agreement with experimental SEU cross sections for each SRAM, corresponding to the local
minima of Δ(&crit, SV;�p) in Fig. 4.13, do not differ by more than ∼20%. This variation
exceeds the resolution of ∼10% with which &crit and SV thickness have been probed.
Hence, this uncertainty is not driven by the adopted resolution, but arises from the SEU
response of the device at different proton energies. This relatively low uncertainty suggests
that the RPP-model is able to effectively capture the essential features for describing SEU
production in the considered SRAMs, in spite of its simplicity.

For each SRAM, the average &crit and SV thickness across the available experimental
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proton energies, yielding minimal discrepancies with respect to the experimental SEU
cross sections, have been evaluated. These are summarized in Table 4.6, along with their
associated uncertainties due to the finite resolution of the probed SV thickness and &crit

domains. When calculating the average over SV thickness, the optimal &crit for each
SV thickness and proton energy has been considered (and vice versa). The remarkable
agreement between FLUKA-simulated and experimental SEU cross sections, achieved by
employing these optimal parameters, is illustrated in Fig. 4.12c, 4.12f, and 4.12i. For
the ESA Monitor SRAM, the optimal SV thickness and &crit derived from the available
experimental SEU cross sections at high proton energies have been employed to extend the
FLUKA SEU cross section predictions to lower proton energies. Although experimental
SEU cross sections are not currently available in this lower energy range, the downward
trend in SEU cross section observed in Fig. 4.12i is consistent with that reported for
low-energy neutron irradiation [4, Sec. 5.2]. Nonetheless, residual discrepancies with
respect to the experimental SEU cross sections are still observed in Fig. 4.12, particularly
for the ISSI SRAM in the 2–3 MeV range. Given that the focus of this study was on
the impact of uncertainties in SV thickness and &crit on the simulated SEU production
cross sections under a simplified BEOL composition, the remaining differences may stem
from this simplification or from uncertainties in the experimental SEU cross sections. The
evaluated average SV thickness and &crit are depicted as a function of the technology
nodes in Figs. 4.14a and 4.14b, respectively, by the teal dots, with calculated uncertainties
smaller than the symbol size, as reported in Table 4.6.

In addition to the optimal pairs of &crit and SV thickness obtained in this study for the
ISSI, Cypress, and ESA Monitor SRAMs, RPP-model parameters reported independently
by other research groups have been gathered from the literature for devices fabricated
on different bulk planar technology nodes. Since the RPP volumes described in these
studies are not necessarily cubic, their average SV thickness has been approximated as
the cubic root of the given arbitrary RPP volume. The extracted RPP-model parameters
from the literature for different technology nodes are summarized in Table 4.7 and are
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represented by blue squares in Fig. 4.14. Linear and quadratic functions, shown as solid
black lines in Fig. 4.14, were fitted to the SV thickness (5 (G) = 1.35G + 237.17) and &crit

(6(G) = 0.0001G2−0.0018G +0.4683) data, respectively, where G denotes the technology node
in nm. The shaded grey bands in Fig. 4.14 represent the fit uncertainties. These fitted
trends across different technology nodes provide practical guidelines for estimating the
SV thickness and &crit required for simulating bulk planar devices within the RPP model.
This approach is particularly useful in situations where only the technology node is known
and experimental SEU production cross sections are unavailable. Therefore, the technology
trends identified in this work extend beyond Ref. [13], which relies on an extensive amount
of experimental SEU cross sections to determine RPP-model parameters for simulating
SEU production in the analyzed SRAMs. These trends provide a straightforward evaluation
of the simulation parameters based solely on the technology node and offer a more flexible
methodology for device modelling in the absence of experimental SEU production cross
sections.

4.2.3 Nuclear interaction contributions across technology nodes

Within the RPP model, differences in SEU production among SRAMs manufactured on
different technology nodes under proton irradiation can be attributed to distinct fragments
and residual nuclei resulting from nuclear interactions, which ultimately deposit energy in
the SV. Thus, it is insightful to examine the location (SV, silicon matrix, BEOL) where
these nuclear interactions occur, as well as the distribution of the produced residual nuclei.

Figure 4.15 depicts the energy deposition spectrum for 40 MeV protons (thick black
curve) on the Cypress (top) and ESA Monitor (bottom) SRAMs. The solid purple curve
represents energy depositions by residuals and fragments from nuclear reactions. The
particle-latching capabilities of FLUKA allow one to inquire the region where each nuclear
inelastic interaction occurred, and to transfer this information to the generated secondary
particles. The latter carry a flag indicating the region where they were produced, and
upon reaching the SV, their contribution to the deposited energy is filtered into various
curves based on this flag. Specifically, the dotted yellow, dash-dotted blue, and dashed
green curves in Figs. 4.15a and 4.15c correspond to particle histories where a nuclear
inelastic scattering occurred within the SV, in the surrounding silicon matrix, and in the
BEOL, respectively, for the Cypress and ESA Monitor SRAMs. The analysis reveals that
energy depositions by residuals and fragments originating from nuclear interactions in the
BEOL dominate in both SRAMs. However, for the Cypress SRAM, interactions occurring
directly within the SV significantly contribute to the low energy depositions, with their
contribution diminishing at higher energy depositions. Conversely, for the ESA Monitor
SRAM, due to its larger SV thickness, interactions within the SV become increasingly
significant at higher energy depositions, as more particles are able to deposit substantial
energy within the SV.

To identify which nuclear reaction channels contribute most significantly to SEU
production in the examined geometries, the nuclear inelastic contribution (solid purple
curve in Figs. 4.15a and 4.15c) has been further resolved according to the species of the
residual nucleus, as shown in Figs. 4.15b and 4.15d for the Cypress and ESA Monitor
SRAMs, respectively. The SV and the surrounding silicon matrix consist of Si in natural
composition (92.2% 28Si, 4.7% 29Si, 3.1% 30Si), while the BEOL is composed of both Si and
O (99.759% 16O, 0.037% 17O, 0.204% 18O) in natural composition. Thus, in the considered
energy range, the possible residual nuclei are C, N, O, and F from proton-induced reactions
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Figure 4.15: Energy deposition histogram of 40 MeV protons showing the con-
tribution of different kinds of particle histories to the nuclear reactions curve by
splitting according to the region where the event happened (a) for the Cypress
(65 nm) SRAM; (c) for the ESA Monitor (250 nm) SRAM. Energy deposition
histogram of 40 MeV protons showing the contribution of different kinds of particle
histories to the nuclear reactions curve by splitting according to the recoiling resid-
ual particle species (b) for the Cypress (65 nm) SRAM; (d) for the ESA Monitor
(250 nm) SRAM.
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Figure 4.19: Energy deposition histogram of 5 MeV protons showing the contri-
bution of different kinds of particle histories to the nuclear elastic scattering curve
by splitting according to the region where the event happened (a) for the Cypress
(65 nm) SRAM; (c) for the ISSI (40 nm) SRAM. Energy deposition histogram of
5 MeV protons showing the contribution of different kinds of particle histories to
the nuclear elastic scattering curve by splitting according to the recoiling residual
particle species (b) for the Cypress (65 nm) SRAM; (d) for the ISSI (40 nm) SRAM.
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Figure 4.20: Differential cross section as a function of the recoil kinetic energy
for 5 MeV protons elastically scattered on 16O and 28Si.

on O, as well as Al, Si, and P from reactions of protons on Si.
The partial reaction cross sections as a function of proton kinetic energy for protons on

Si and O, shown in Fig. 4.16, indicate which residual nuclei are most likely to be produced.
For 40 MeV protons, the dominant residuals are 12C, 15N, 14N, 16O, and 13C from nuclear
reactions on O, while for nuclear reactions on Si, the primary residuals are 26Al, 27Al, and
28Si. As depicted in Fig. 4.15b, 12C residuals generated in the BEOL and travelling into
the SV dominate the higher energy depositions for the Cypress SRAM. This is consistent
with Fig. 4.16, where 12C has the highest production cross section. Additionally, due to
their relatively light mass, C residuals can acquire a significant fraction of the kinetic
energy during their production, as shown in Fig. 4.17. Their low charge also results in
an extended range within silicon, as indicated in Fig. 4.18, which illustrates ion ranges in
silicon extracted from SRIM [80]. Consequently, a substantial number of C residuals from
BEOL interactions reach the SV and contribute to energy deposition. In contrast, for the
ESA Monitor SRAM, both C and Al residuals are prominent contributors to the energy
deposition. Notably, the ESA Monitor exhibits a relatively steady trend of the deposited
energy, whereas the Cypress SRAM shows a decreasing trend, with fewer high-energy
depositions. The different behaviours are attributed to the SV thicknesses of the two
SRAMs, which vary by a factor of 1.7. This difference in SV thickness affects the range of
ions, with many ions exhausting their range within the thicker SV of the ESA Monitor
SRAM. The ISSI SRAM has been omitted in Fig. 4.15 because its SV thickness and &crit

are comparable to those of the Cypress SRAM; their energy deposition trends (both in
terms of the location of the nuclear interactions and the generated residuals) are therefore
very similar.

In addition to nuclear reactions, nuclear elastic scattering significantly contributes
to SEU production, particularly within the 1–10 MeV proton energy range. Figure 4.19
depicts the energy deposition spectrum (thick black curve) for 5 MeV protons incident
on the Cypress (top) and ISSI (bottom) SRAMs. The teal solid curve represents the
spectrum of energy deposited by recoils from nuclear elastic scattering occurring anywhere
in the RPP-geometry (SV, silicon matrix, and BEOL). The dotted yellow, dash-dotted
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blue, and dashed green curves indicate the contributions from recoils due to nuclear
elastic scattering within the SV, the Si matrix, and the BEOL, respectively, as shown
in Figs. 4.19a and 4.19c for the Cypress and ISSI SRAMs. Notably, contributions from
all three regions are comparable in both SRAMs due to their similar SV thicknesses.
Contributions from the BEOL have been further resolved according to the charge of the
recoil nucleus, as shown in Figs. 4.19b and 4.19d, which display Si recoils in dashed green
and O recoils in dotted blue. Oxygen recoils dominate for two reasons: first, due to their
lower mass, a larger fraction of kinetic energy is transferred to O recoils compared to Si
recoils during elastic collisions with protons [81], as shown in Fig. 4.20, which depicts
the DXS for the elastic scattering of 5 MeV protons on 16O and 28Si as a function of the
recoil kinetic energy. Second, O recoils exhibit a higher range in silicon, as illustrated in
Fig. 4.18, owing to their lighter mass relative to Si.

This detailed microscopic analysis not only elucidates the location of nuclear interaction
events, particularly those leading to significant energy depositions, but also provides an
overview of the spectra of residual nuclei generated in these interactions. Moreover, it
provides a deeper understanding of the differences in SEU production across different
technology nodes.
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Chapter 5

Out-of-field dose deposition by proton
beams in water phantoms

Proton nuclear elastic scattering plays a crucial role, not only in evaluating radiation
effects on electronics [11, 14, 27], as discussed in the foregoing chapter, but also in hadron
therapy [28]. Specifically, proton nuclear elastic scattering contributes to the angular
spread of proton showers in matter, directly affecting depth-dose distributions, especially in
out-of-field regions (and thus influencing the dose delivered to healthy tissue nearby). Prior
to the public release of FLUKA v4-4.0, a dedicated FLUKA simulation was conducted
based on a recently published experimental dataset of radial-depth (A -I) dose maps in a
water phantom under proton irradiation [29] to validate the new model for proton nuclear
elastic scattering [27] developed in this work.

In this chapter, the improved performances of FLUKA v4-4.0 vs. v4-3.4 are highlighted
and the role of proton nuclear elastic scattering is elucidated, particularly in capturing
features across different regions of the aforementioned experimental A -I dose maps. Addi-
tionally, the importance of accurately characterizing the radiation source and the scattering
geometry for Monte Carlo (MC) simulations is emphasized.

The contents of this chapter have led to a dedicated publication [82].

5.1 Experimental A-I maps of absorbed dose in water

In a recent study [29], detailed A -I maps of absorbed dose in a water phantom irradiated
with protons of 100 MeV, 160 MeV, and 225 MeV were reported. This section provides a
summary of the key aspects of the experimental setup relevant to the FLUKA simulations
discussed below; further details can be found in the original reference [29].

The A -I maps of absorbed dose were obtained using a two-dimensional array of 1020
ionization chambers arranged in a square grid and placed within a water phantom measuring
40 cm in length. Each cylindrical chamber had a diameter of 0.42 cm, and the center
of the proton beam was aligned with the center of one ionization chamber, as detailed
in Ref. [29]. The uncertainties reported for each experimental point were 2.5% in the
absorbed dose, ±0.07 cm in depth, and ±0.01 cm in the radial position. Additionally, the
experimental A -I dose maps were not provided in absolute units, but rather normalized to
the dose at 3 cm on the beam axis.

In the original reference, there are inaccuracies in the labels on the ~-axis for the
100 MeV proton beam at a radial distance of 2.29 cm. The correct experimental absorbed
doses were provided directly by the authors of the original paper [29].
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5.2 FLUKA simulation setup

In Ref. [29], the spatial distribution and angular spread of the proton beam at the
entrance of the water phantom are described by the Fermi-Eyges theory [83–85], which
models the probability density of finding a proton at a position r after traversing a path
length B as:

Φ(B; r, \G , \~) = � (I;G, \G )� (I;~, \~), (5.1)

where

� (I;G, \G ) =
1

4c
√
�(I)

exp

(
−�0(I)G2 − 2�1(I)G\G +�2(I)\2

G

4�(I)

)
(5.2)

represents the probability density for a proton at depth I to be at a transverse position
G , while its direction of motion projected onto the GI-plane makes an angle \G with the
I-axis. A similar expression applies for the projections onto the ~I-plane [84]. The beam
parameters are the variance of the angular distribution (2�0), the variance of the spatial
distribution (2�2), and their covariance (2�1). The emittance of the proton beam is
� = �0�2 −�2

1. Transverse positions and angles are sampled as [29]:

G = `G +
√

2�2b1, (5.3)

\G = `\G +

√
2�2

1

�2
b1 +

√
2�

�2
b2, (5.4)

where `G is the mean position, `\G is the mean angle, and b1,2 are two normally distributed
pseudo-random variables. Due to the assumed axial symmetry around the I-axis, these
expressions apply to both the G- and ~-components with the same parameters. For
completeness, Table 5.1 lists the proton beam parameters at the entrance of the water
phantom for 100 MeV, 160 MeV, and 225 MeV, as suggested by Ref. [29].

Table 5.1: Fermi-Eyges proton beam parameters for 100 MeV, 160 MeV, and
225 MeV at the entrance of the water phantom [29].

100
MeV

160
MeV

225
MeV

� (MeV) 100.150 160.244 225.142

f� (MeV) 0.614 0.835 0.513√
2�2(0) (cm) 0.536 0.334 0.320

2�1(0) (cm mrad) 1.320 0.809 0.773√
2�0(0) (mrad) 6.01 3.52 3.90

`G (cm) 0 0 0

`\ (mrad) 0 0 0

To simulate the A -I dose maps of Ref. [29], the adopted FLUKA geometry is set up
using the Flair graphical interface [86, 87]. As shown in Fig. 5.1, it consists of a cylindrical
water phantom with a length of 35 cm and a radius of 15 cm, aligned with the I-axis.
The proton beam is initiated at its entrance and the initial position and direction of the
primary protons is sampled according to the Fermi-Eyges theory, Eq. (5.1). Separate
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Figure 5.1: Schematic FLUKA simulation geometry showing the proton beam
starting at the entrance of the water phantom.

simulations are performed for three different proton energies: 100 MeV, 160 MeV, and
225 MeV; 2.5 × 108 primary protons are simulated in each case.

For each energy, absorbed dose is scored in the water phantom at various radial distances
from the beam axis using a cylindrical mesh (USRBIN). A radial bin width of 0.42 cm is
adopted, corresponding to the diameter of the ionization chamber used experimentally [29].
Table 5.2 provides the radial binnings employed for each proton energy. Consistent with
Ref. [29], a bin width of 1 mm along the I-axis is chosen.

Table 5.2: Radial binning employed in FLUKA to score the absorbed dose by
100 MeV, 160 MeV, and 225 MeV protons in water.

A
min,max
9

(cm)

100
MeV

160
MeV

225
MeV

Amin
1 0.00 0.00 0.00

Amax
1 0.42 0.42 0.42

Amin
2 0.55 1.31 1.31

Amax
2 0.97 1.73 1.73

Amin
3 2.08 2.84 2.08

Amax
3 2.50 3.26 2.50

Amin
4 2.84 4.36 7.41

Amax
4 3.26 4.78 7.83

Amin
5 4.36 5.89 9.69

Amax
5 4.78 6.31 10.11

Amin
6 5.89 7.41 10.46

Amax
6 6.31 7.83 10.88

In the performed FLUKA simulations, electron transport and production thresholds
are set at 50 keV. This choice, while slightly excessive (50 keV electrons in water have a
range of ∼43 `m) ensures that electron histories are stopped when they have practically
no chance to contribute to any other A -I bin and prevents particle-range-induced artefacts.
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Photon production and transport thresholds are set to 100 eV; those for hadrons are set at
100 keV; neutrons are transported down to 0.01 meV; light ions (d, t, 3He, 4He) down to
100 keV, while heavier ions have thresholds scaled from those of 4He by the mass numbers
ratio. Lastly, the mean excitation energy of water is set to � = 78 eV [88].

5.3 FLUKA A-I dose maps

The experimental A -I dose maps have been simulated using the setup outlined in the
foregoing section with two versions of FLUKA: v4-3.4, relying on the legacy model for
proton nuclear elastic scattering [30], and v4-4.0, incorporating the model developed in
this work for this interaction mechanism [27]. Figure 5.2 depicts A -I maps of absorbed dose
in the water phantom for the 225 MeV proton beam. The black dots correspond to the
experimental absorbed dose [29], while the solid curves are simulated with FLUKA v4-3.4
(blue) and v4-4.0 (green); dashed curves are discussed later. The dose maps are plotted
as a function of depth, but are not integrated over the transverse plane; instead, the
radial distance specified in each panel is considered (see Table 5.2 for the employed radial
binning). The absorbed doses are shown in arbitrary units as reported in Ref. [29], i.e.,
normalized to the dose on axis at I = 3 cm. At radial distances of A = 0 cm and A = 1.52 cm
(panels 5.2a and 5.2b), where the dose is relatively high, both FLUKA versions exhibit
excellent agreement with the experimental absorbed doses. At A = 2.29 cm (panel 5.2c),
where the dose has decreased by almost two orders of magnitude, FLUKA v4-4.0 shows a
slight improvement at depths beyond 20 cm, where the dose remains significant. A more
notable improvement is observed at A = 7.62 cm (panel 5.2d) at depths between 25 cm
and 30 cm. Additionally, better agreement is achieved at A = 9.90 cm and A = 10.67 cm
(panels 5.2e and 5.2f), although some minor discrepancies persist, which are addressed at
the end of Section 5.4.

The comparison for the 160 MeV proton beam is shown in Fig. 5.3 (see Table 5.2 for
the corresponding radial binnings). The FLUKA v4-4.0 simulation results at A = 0 cm,
A = 1.52 cm, and A = 4.57 cm (panels 5.3a, 5.3b, and 5.3d) show a slight but noticeable
improvement in agreement with the experimental absorbed dose compared to those
from v4-3.4. However, for A = 1.52 cm (panel 5.3b), the significant overestimation of the
experimental absorbed dose by FLUKA v4-3.4 is only minimally reduced in v4-4.0. A
similar discrepancy with experimental absorbed doses was observed also in Ref. [29] for
simulations performed using other MC codes. In contrast, for A = 3.05 cm (panel 5.3c),
the agreement is considerably improved with FLUKA v4-4.0. However, at A = 6.10 cm and
A = 7.62 cm (panels 5.3e and 5.3f), the discrepancies between the experimental absorbed
doses and the FLUKA v4-3.4 estimates persist and are not mitigated with v4-4.0: the
simulated doses remain significantly lower than the experimental doses. Additionally,
the feature observed at depths between 15 and 20 cm is not captured, particularly for
A = 7.62 cm, as discussed further in Section 5.4.

Lastly, Fig. 5.4 illustrates the same comparison for the 100 MeV proton beam (see
Table 5.2 for the corresponding radial binnings). The performances of FLUKA v4-3.4
and v4-4.0 are comparable across all considered radial distances. The agreement with
experimental absorbed doses at A = {0, 0.76, 2.29} cm (panels 5.4a, 5.4b, and 5.4c) is
reasonable. However, at A = {3.05, 4.57, 6.10} cm (panels 5.4d, 5.4e, and 5.4f) significant
discrepancies persist.

Before further exploring in Section 5.4 the source of the discrepancies at A = 6.10 cm and
A = 7.62 cm for the 160 MeV proton beam and at A = {3.05, 4.57, 6.10} cm for the 100 MeV
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Figure 5.2: Absorbed dose in arbitrary units as a function of depth by 225 MeV
protons in water scored with FLUKA v4-3.4 (solid blue) and v4-4.0 (solid green)
at the various indicated radial distances. The black dots represent experimental
absorbed doses [29]. The blue and green dashed curves show the contribution from
particle histories where protons underwent a nuclear elastic scattering event on
oxygen, scored with FLUKA v4-3.4 and v4-4.0, respectively.
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Figure 5.3: Same as Fig. 5.2 for 160 MeV protons.
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Figure 5.4: Same as Fig. 5.2 for 100 MeV protons.

69



proton beam, the physical origin of the improvements observed with FLUKA v4-4.0 is
investigated. The particle-latching capabilities of FLUKA have been therefore employed
to disentangle the contributions of different particle histories to the A -I dose maps. For
the three considered energies, Figs. 5.2, 5.3, and 5.4 show the contribution to the total
absorbed dose from particle histories where protons underwent a nuclear elastic scattering
event on oxygen in FLUKA v4-3.4 (dashed blue curve) and in v4-4.0 (dashed green curve).
The magnitude of these dashed curves confirms that the nuclear elastic scattering of
protons plays a dominant role at large radial distances and it even contributes significantly
on-axis towards the end of the proton range. The substantial increase in dose predicted by
FLUKA v4-4.0, which helps to reduce the gap with experimental absorbed doses at large
radial distances and depths for the 160 MeV and 225 MeV proton beams, is indeed due to a
more accurate treatment of proton nuclear elastic scattering in FLUKA v4-4.0. Specifically,
nuclear elastic scattering events of protons on oxygen are modelled more accurately, as
FLUKA v4-4.0 relies on fits to experimental differential cross sections (DXSs) for light
nuclei [37, 38]. A similar behavior is observed for the 100 MeV proton beam case.

The agreement between the doses simulated with FLUKA v4-3.4/v4-4.0 and the
experimental absorbed dose at each radial distance is quantified by means of the relative
root mean square deviation:

X (A 9 ) =

√
1

#

#∑
8=1

(
�FLUKA
8 9

− �exp
8 9

)2

�
exp,max
9

− �exp,min
9

, (5.5)

where # represents the number of experimental points along the I axis at each radial
distance A 9 , with 9 = {1, 2, 3, 4, 5, 6}. The quantities �FLUKA

8 9 and �
exp
8 9

correspond to the
FLUKA-simulated and experimental absorbed doses at each I8 and A 9 , respectively. The
maximum and minimum experimental absorbed doses at each A 9 are denoted by �exp,max

9

and �exp,min
9

, respectively. Table 5.3 displays X (A 9 ) for FLUKA v4-3.4 and v4-4.0. For the
225 MeV proton beam, X (A 9 ) confirms that FLUKA v4-4.0 achieves better agreement with
the experimental absorbed dose across all radial distances compared to v4-3.4. Similarly
for the 160 MeV proton beam, except at A = 7.62 cm, where both versions yield comparable
X (A 9 ). For the 100 MeV case, both FLUKA versions exhibit comparable X (A 9 ).

5.4 Source term for the 100 MeV and 160 MeV pro-

ton beams

As presented in Section 5.3, the Fermi-Eyges theory describing the proton beam at the
entrance of the water phantom is sufficiently accurate for simulating the experimental A -I
dose maps [29] for 225 MeV protons at all the considered radial distances, as well as for
160 MeV and 100 MeV protons, but only on axis. Instead, ar large radial distances several
underestimations and missing features are observed for the latter two proton energies.
Similar challenges were reported in Ref. [29]. This section addresses the underlying issues
and proposes an effective prescription to resolve them.

The Fermi-Eyges theory, briefly discussed in Section 5.2, effectively captures the
dominant Gaussian core of the angular distribution of protons incident on the water
phantom, resulting from multiple Coulomb scattering (MCS) as the protons pass through
air on their way from the beamline to the water phantom. However, it does not account
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Table 5.3: Relative root mean square deviation, Eq. (5.5), of the absorbed dose
in water under 100 MeV, 160 MeV, and 225 MeV proton irradiation, simulated
with FLUKA v4-3.4 and v4-4.0.

� (MeV) A 9 (cm)
X (A 9 )

FLUKA
v4-3.4

FLUKA
v4-4.0

100

0 0.0274 0.0258

0.76 0.0805 0.0823

2.29 0.0544 0.0738

3.05 0.3200 0.3299

4.57 0.5639 0.5617

6.10 0.6209 0.6196

160

0 0.0304 0.0269

1.52 0.2938 0.2598

3.05 0.0862 0.0327

4.57 0.0332 0.0293

6.10 0.1231 0.1128

7.62 0.1652 0.1663

225

0 0.0153 0.0119

1.52 0.0360 0.0332

2.29 0.0726 0.0504

7.62 0.0834 0.0296

9.90 0.1098 0.0813

10.67 0.1214 0.1029
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Figure 5.5: Comparison between FLUKA sampled angular distributions of pencil
proton beams after 50 cm of air vs. fitted Gaussian distributions for proton energies
of 225 MeV (yellow circles), 160 MeV (green squares), and 100 MeV (purple
diamonds).
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Figure 5.7: Beam spot size as a function of source displacement.

for contributions from large scattering angles (whether due to Coulomb or nuclear elastic
scattering) that extend beyond the Gaussian core. To illustrate this point in a simplified
manner, Fig. 5.5 shows angular distributions of 225 MeV (yellow circles), 160 MeV (green
squares), and 100 MeV (purple diamonds) proton pencil beams after traversing 50 cm of
air, sampled with FLUKA. These curves exhibit a dominant Gaussian structure around the
incoming direction of the beam, but also display a tail corresponding to larger scattering
angles. The solid curves of matching colors represent Gaussian fits to these angular
distributions, demonstrating the extent to which such a fit can reproduce them. This
analysis suggests that the Fermi-Eyges source model is insufficient to capture large-A
features for the 160 MeV and 100 MeV cases, explaining the difficulties observed in
Figs. 5.3 and 5.4.

To explicitly simulate deflections beyond the Gaussian core described by the Fermi-
Eyges theory, an air layer has been introduced in front of the water phantom, as shown in
Fig. 5.6, where protons can undergo nuclear elastic scattering. Consequently, the proton
source must be retracted, and the corresponding Fermi-Eyges beam parameters must be
evaluated. Since these parameters are known at the entrance of the water phantom [29],
the new beam parameters can be derived following the method outlined in Ref. [85],
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assuming that air is a weak scatterer, as follows:

�0(I) = �0(I1) +)ΔI

�1(I) = �1(I1) +�0(I1)ΔI +)
ΔI2

2

�2(I) = �2(I1) + 2�1(I1)ΔI +�0(I1)ΔI2 +) ΔI3

3
,

(5.6)

where ΔI = I − I1, with I1 being the initial position of the source at the entrance of the
water phantom, i.e., 0 cm, and I < 0 representing the new position of the source. The
beam parameters at the entrance of the water phantom [29], i.e., �0(I1), �1(I1), and
�2(I1), are listed in Table 5.1. The scattering power [85]

) =
d〈\2〉

dI
, (5.7)

assumed constant for air, has been estimated as follows. The angular distributions of
100 MeV and 160 MeV protons traversing air slabs of various thicknesses have been
scored with FLUKA. The mean squared projected MCS angle has been evaluated for each
thickness and ) has been estimated using a finite difference approximation of Eq. (5.7).
The beam spot size is

fG (I) =
√

2�2(I). (5.8)

Figure 5.7 depicts fG (I) as a function of the source displacement ΔI for the 160 MeV (a)
and 100 MeV (b) proton beam cases, respectively. The beam spot size reaches its minimum
at ΔImin = Imin − I1 = −76.02 cm for 160 MeV and −39.08 cm for 100 MeV, as indicated
by the black vertical lines in Figs. 5.7a and 5.7b. The parameters of the retracted proton
beams at the position of the minima are summarized in Table 5.4. Beyond these minima, it
is not possible to farther retract the source using the Fermi-Eyges theory, as this approach
only accounts for beam spreading [89], and does not incorporate beam focusing effects.
Nonetheless, air layers thicker than |ΔImin | can still be simulated by adjusting the density
of an air layer with thickness |ΔImin | as

dequiv = dair
|ΔI |
|ΔImin |

, (5.9)

where dair = 1.20479 × 10−3 g/cm3 [90, 91] is the density of dry air at sea level and
|ΔI | > |ΔImin | is the thickness that yields the best agreement between simulated and
experimental A -I dose maps (determined iteratively). This effective method allows one to
simulate an air layer thicker than |ΔImin | without moving the source beyond the range
where the Fermi-Eyges prescription remains valid.

Due to the displacement of the source, the simulated proton beam loses energy while
passing through the additional air layer, causing a shift in the position of the Bragg peak.
To ensure the correct depth of the Bragg peak, the beam energy is adjusted according to
Ref. [92] as:

�′ =

(
�? − ΔI

U

)1/?
, (5.10)

where � is the initial beam energy at the entrance of the water phantom, and ? = 1.7589
and U = 2.194 MeV−? cm are parameters obtained by fitting the energy-range power law
' = U�? , where ' represents the proton range in air [93, 94]. Since energy straggling in
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Table 5.4: Parameters of the retracted source at the position at which the beam
spot size minimum is attained for the 100 MeV and 160 MeV proton beams.

100
MeV

160
MeV

) (rad2/cm) 12 × 10−8 4.8 × 10−8

ΔImin (cm) −39.08 −76.02√
2�2(Imin) (cm) 0.484 0.216

2�1(Imin) (cm mrad) 0.0916 0.133√
2�0(Imin) (mrad) 5.17 2.32

Table 5.5: Adjusted proton beam energy � ′ , thickness |ΔI | of the air layer, and
equivalent density as per Eq. (5.9) employed for the 100 MeV and 160 MeV cases.

100
MeV

160
MeV

�′ (MeV) 101.167 161.450

|ΔI | (cm) 130 220

dequiv (g/cm3) 4.00755 × 10−3 3.48663 × 10−3

air is negligible, the energy spread f� of the proton beam at the water phantom entrance,
listed in Table 5.1, remains unchanged. The corrected proton beam energy �′, along with
the equivalent air density dequiv, and the air layer thickness |ΔI | needed to evaluate dequiv

are provided in Table 5.5.
Figures 5.8 and 5.9 illustrate the significant impact of introducing an additional air

layer in front of the water phantom for 160 MeV and 100 MeV proton beams, particularly
at larger radial distances from the beam axis. The experimental absorbed doses [29] are
displayed in black symbols, while the FLUKA v4-4.0 simulations with and without the air
layer are represented by the yellow and green curves, respectively. The dashed magenta
and blue curves depict particle histories where protons underwent nuclear elastic scattering
in air on nitrogen and oxygen, respectively. These interactions in the additional air layer
are crucial: without their contribution (along with proton-induced nuclear reactions in
air), the simulated dose is significantly lower than the experimental absorbed doses. For
the 160 MeV case, particularly at A = 6.10 cm (panel 5.8e) and A = 7.62 cm (panel 5.8f),
features observed in the experimental absorbed dose at depths between 15–20 cm are not
captured when the air layer is absent (green curves). However, when the air layer is included,
these features, originating from proton nuclear elastic scattering on nitrogen and oxygen in
air, are accurately reproduced (yellow curves). The agreement with experimental absorbed
doses at smaller radial distances (panels 5.8a–d) remains unaltered after retracting the
source. Similarly, for the 100 MeV case, good agreement is maintained on-axis (panel 5.9a)
and at A = 0.76 cm (panel 5.9b). At A = 2.29 cm (panel 5.9c), there is a slight improvement
that helps reduce the discrepancy between FLUKA-simulated and experimental absorbed
doses. However, at A = 3.05 cm (panel 5.9d) and A = 4.57 cm (panel 5.9e), the increase in
simulated dose is still insufficient to match the experimental absorbed dose. The most
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Figure 5.8: Absorbed dose in arbitrary units as a function of depth by 160 MeV
protons in water scored with FLUKA v4-4.0 without (green) and with (yellow) the
air layer. The black dots represent experimental absorbed doses [29]. The dashed
curves correspond to contributions from particle histories where protons underwent
a nuclear elastic scattering in air on nitrogen (magenta) and on oxygen (blue). In
panels (a)-(c) these contributions are almost zero at the scale of the figure.

75



0

0.5

1

1.5

2

2.5

3

3.5

4

0 1 2 3 4 5 6 7 8 9

(a) r = 0 cm

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 1 2 3 4 5 6 7 8 9

(b) r = 0.76 cm

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0 1 2 3 4 5 6 7 8 9

(c) r = 2.29 cm

0

0.0002

0.0004

0.0006

0.0008

0.001

0.0012

0 1 2 3 4 5 6 7 8 9

(d) r = 3.05 cm

0

2 × 10−5

4 × 10−5

6 × 10−5

8 × 10−5

0.0001

0.00012

0 1 2 3 4 5 6 7 8 9

(e) r = 4.57 cm

0

5 × 10−6

1 × 10−5

1.5 × 10−5

2 × 10−5

2.5 × 10−5

3 × 10−5

3.5 × 10−5

4 × 10−5

0 1 2 3 4 5 6 7 8 9

(f) r = 6.10 cm

D
os

e
(a

.u
.)

Depth (cm)

Ep = 100 MeV

D
os

e
(a

.u
.)

Depth (cm)

Without air
With air

natN(p,el) in air
natO(p,el) in air

Exp. data

D
os

e
(a

.u
.)

Depth (cm)

D
os

e
(a

.u
.)

Depth (cm)

D
os

e
(a

.u
.)

Depth (cm)

D
os

e
(a

.u
.)

Depth (cm)

Figure 5.9: Same as Fig. 5.8 for 100 MeV.
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striking improvement occurs at A = 6.10 cm (panel 5.9f), where proton nuclear elastic
scattering on nitrogen in the air layer plays a substantial role, as indicated by the dashed
magenta curve, leading to a satisfactory match with the experimental absorbed dose.

The mean free paths for nuclear elastic scattering of protons in air are 2.37 × 104 cm
for 100 MeV, 6.75 × 104 cm for 160 MeV, and 2.34 × 105 cm for 225 MeV. While the
mean free paths for 100 MeV and 160 MeV protons are similar, the mean free path for
225 MeV protons is one order of magnitude larger. This explains why the Fermi-Eyges
source characterization works well for the 225 MeV proton beam, but it is not as effective
for the 100 MeV and 160 MeV beams.

The features observed at I = 0 in Figs. 5.8 and 5.9, particularly at large radial distances,
are attributed to X rays produced by secondary particles in the air layer before the water
phantom. These X rays transition from a low-density medium (air) to a higher-density
medium (water), where their range is significantly reduced. As a result, the X rays
generated in air deposit their energy over a shorter distance in water, leading to localized
dose deposition at the entrance of the water phantom.

Table 5.6: Relative root mean square deviation, Eq. (5.5), of the absorbed
dose in water under 100 MeV and 160 MeV proton irradiation, simulated with
FLUKA v4-4.0 with and without the additional air layer.

� (MeV) A 9 (cm) X (A 9 )
Without air With air

100

0 0.0258 0.0294

0.76 0.0823 0.0890

2.29 0.0738 0.0460

3.05 0.3299 0.2301

4.57 0.5617 0.2357

6.10 0.6196 0.1163

160

0 0.0269 0.0616

1.52 0.2598 0.2884

3.05 0.0327 0.0718

4.57 0.0293 0.0524

6.10 0.1128 0.0625

7.62 0.1663 0.0523

The measure X (A 9 ), defined in Eq. (5.5), has been calculated for the FLUKA v4-4.0
absorbed doses, considering the additional air layer in front of the water phantom, and
compared in Table 5.6 with the FLUKA v4-4.0 estimates from Table 5.3, where the air
layer was not accounted for. For the 160 MeV proton beam, a slight deterioration in
agreement with the experimental absorbed dose is observed at the first four radial distances
when the air layer is added. However, at A = 6.10 cm and A = 7.62 cm, there is a significant
improvement due to nuclear elastic and inelastic scattering of protons in air. The simulated
dose not only increases in intensity throughout the depth of the water phantom, but also
reproduces key features beyond 15 cm depth more accurately. For the 100 MeV case, at
A = 0 cm and A = 0.76 cm, similar X (A 9 ) are obtained regardless of whether the air layer is
considered or not, as its effect on-axis is negligible at this lower proton energy. At larger
radial distances, however, better agreement with experimental absorbed doses is achieved.
The most notable impact of including the air layer occurs at A = 6.10 cm, where nuclear
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elastic scattering of protons on nitrogen provides a substantial increase in the simulated
dose, leading to a closer match with experimental absorbed doses.

Differences between FLUKA v4-4.0-simulated and experimental absorbed doses persist
at the last two radial distances for the 225 MeV proton beam, as well as for the 160 MeV
proton beam (even with the additional air layer). Moreover, for the 160 MeV case
at A = 1.52 cm, a significant overestimation of the experimental absorbed dose by the
simulated dose is observed with both FLUKA versions, and this overestimation remains
when the air layer is added in front of the water phantom. For the 100 MeV case,
discrepancies are still present at A = 3.05 cm and A = 4.57 cm. Similar differences to those
mentioned above were also reported in the original study [29] for simulations performed
with other MC codes. To explore whether nuclear interaction models could explain these
discrepancies, the integrated cross section for both nuclear elastic and inelastic scattering
of protons on oxygen has been varied by a considerable ±10% across the energy range
of interest (100–225 MeV). However, this variation was insufficient to reduce the gap
between simulated and experimental absorbed doses and compromised the good agreement
at shallow depths. Thus, the remaining differences may be attributed to uncertainties in
the experimental absorbed doses, in the original Fermi-Eyges proton beam parameters
(which propagate into uncertainties in source parameters when retracted to its position at
the start of the air layer), or due to simplifications of the actual experimental beamline
layout.

5.5 Role of different interaction mechanisms in vari-

ous regions of the A-I maps

To illustrate the contribution of different interaction mechanisms to dose absorption in
the setup used in this work, the particle-latching capabilities of FLUKA have been exploited
to score explicitly the contribution of various particle histories to different regions of the
A -I dose maps. Figures 5.10, 5.11, and 5.12 show the total dose for 225 MeV, 160 MeV,
and 100 MeV proton beams (the latter two with an additional air layer in front of the
water phantom, as described in Section 5.4), as simulated with FLUKA v4-4.0 (teal). The
total dose is further resolved into contributions from particle histories involving nuclear
reactions (purple), with neutron interactions explicitly filtered out (orange), nuclear elastic
scattering on hydrogen (yellow), oxygen (blue), and nitrogen (magenta), or no nuclear
interactions. In all cases, Coulomb scattering and ionization are always active. For all
considered energies, the dominant contribution on-axis throughout the depth of the water
phantom comes from particle histories without nuclear interactions (green), as expected,
albeit this contribution decreases with increasing distance from the beam axis. In contrast,
secondaries produced by proton nuclear reactions (purple) contribute significantly at larger
radial distances and intermediate depths. Among these secondaries, neutrons (and their
subsequent secondaries generated from their nuclear interactions) are responsible for the
plateau observed in the purple curves at greater depths. Interestingly, there are specific
radial distances where nuclear elastic scattering of protons on hydrogen (yellow), which
remains unchanged in FLUKA v4-4.0 compared to v4-3.4, becomes significant: A = 7.62 cm
for 225 MeV, and A = 3.05 cm and A = 4.57 cm for 160 MeV. Nuclear elastic scattering
on oxygen (blue) plays a crucial role both on-axis and out-of-field for all three energies,
particularly at greater depths. Lastly, for both 160 MeV and 100 MeV cases, nuclear
elastic scattering of protons on nitrogen (magenta) in the additional air layer in front of
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Figure 5.10: FLUKA v4-4.0 absorbed dose in arbitrary units as a function of
depth by 225 MeV protons in water, resolved into the contribution of various kind
of particle histories (see key and text).

the water phantom has a surprisingly significant impact.
To further quantify the contribution of different interaction mechanisms to the A -I dose

maps, the ratio �8 (A, I)/� (A, I) has been evaluated, where �8 (A, I) represents the absorbed
dose from particle histories having undergone a specific interaction interaction mechanism
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Figure 5.11: Same as Fig. 5.10 for 160 MeV protons.

of type 8 ={no nuclear interactions, nuclear elastic scattering, nuclear reactions, neutron
interactions} and � (A, I) is the total absorbed dose. Figures 5.13, 5.14, and 5.15 display
this ratio as a function of radial distance from the beam axis and depth within the water
phantom. These 2D maps have been generated by simulating 10.5 × 109 primary protons.
The contribution from proton histories without nuclear interactions is shown in the upper
left panels of these figures. This contribution is highest near the beam axis and decreases
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Figure 5.12: Same as Fig. 5.10 for 100 MeV protons.

sharply beyond the Bragg peak, which occurs around 30-35 cm for 225 MeV protons,
15-20 cm for 160 MeV protons, and 8-9 cm for 100 MeV protons. As expected, the radial
spread of this contribution (driven by multiple Coulomb scattering) is relatively narrow,
with most of the dose concentrated near the beam axis, broadening towards the end of
the proton range. The maximum energy transfer to X rays from 100 MeV, 160 MeV, and
225 MeV protons is approximately 229.19 keV, 377.79 keV, and 548.19 keV, respectively.
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Figure 5.13: Ratio between the FLUKA v4-4.0 absorbed dose due to various
interaction mechanisms (see key and text) and the total absorbed dose for 225 MeV
protons in water.
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Ep = 160 MeV
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Figure 5.14: Same as Fig. 5.13 for 160 MeV protons.
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Figure 5.15: Same as Fig. 5.13 for 100 MeV protons.
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Figure 5.16: Ratio of the FLUKA v4-4.0 absorbed dose due to histories from
nuclear elastic scattering of protons on oxygen (left panels) and hydrogen (right
panels) to the total absorbed dose for 225 MeV, 160 MeV, and 100 MeV protons
(first, second, and third row, respectively) in water.

85



At these energies, electrons can emit Bremsstrahlung photons that travel farther from
the beam axis, explaining the non-zero dose ratio at large radial distances at all depths,
even beyond the Bragg peak. Additionally, for both the 100 MeV and 160 MeV cases,
particle tracks observed in the upper left panels are due to secondary electrons produced
by Bremsstrahlung photons via Compton scattering or the photoelectric effect.

The contribution of particle histories involving nuclear elastic scattering, shown in the
upper right panels, exhibits a wider radial spread than those without nuclear interactions
for all three energies. This is due to the DXS for proton nuclear elastic scattering which
is broader compared to that of Coulomb scattering [27]. Although the overall dose
contribution from nuclear elastic scattering is smaller than that from particle histories
without nuclear interactions, this mechanism plays a crucial role at greater depths across
all radial distances.

The contribution from proton histories involving nuclear reactions, depicted in the
bottom left panels, spans a broad range in both radial distance and depth. This contribution
becomes more significant at larger radial distances compared to the contributions from
particle histories without nuclear interactions or those involving nuclear elastic scattering.
This increase is due to the production of secondary particles, which can travel farther
from the primary beam path. Specifically, the contribution from histories where neutrons
were produced, shown in the bottom right panels, is generally small but increases at larger
depths for all radial distances. In water, neutrons undergo elastic scattering abundantly,
losing energy until they thermalize. These thermal neutrons have a high capture cross
section and lead to the emission of ∼MeV photons that can travel O(10) cm within the
water phantom, contributing to dose deposition at large depths.

The contribution of proton histories involving nuclear elastic scattering has been
further resolved according to the atomic number of the target nucleus: oxygen or hydrogen.
Figure 5.16 presents these two contributions in the left and right panels, respectively,
for 225 MeV, 160 MeV, and 100 MeV proton beams. During proton-hydrogen nuclear
elastic scattering events, due to their equal masses, a larger momentum transfer can occur
compared to proton-oxygen elastic scattering. This larger momentum transfer explains
the broader radial extent of absorbed dose observed for proton-hydrogen elastic scattering
events (right panels), as opposed to proton-oxygen elastic scattering events (left panels) in
Fig. 5.16.
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Chapter 6

U-particle elastic scattering on # = /

nuclei: beyond optical potential mod-
els

6.1 Motivation

Given an increasing interest in 4He beams for applications in both hadron therapy [31]
and single-event upset (SEU) production in electronic devices [32], U-scattering processes
involving large-angle deflections (resulting in significant energy transfers from the U

particle to the material), such as nuclear elastic scattering, may become particularly
important. However, FLUKA currently lacks a model for the nuclear elastic scattering of
U particles. While the approach used in this work for proton nuclear elastic scattering,
based on a global optical potential model (OPM), is effective, its application to U particles
becomes challenging: global OPMs face difficulties in accurately reproducing the angular
distribution of U particles with energies of tens of MeV on # = / nuclei at large scattering
angles. In this angular region, there is a pronounced enhancement of the differential
cross section (DXS), known as the anomalous large-angle scattering (ALAS) [35, 95, 96].
Several studies [35, 36] suggest that ALAS may be linked to U-like correlations within
# = / nuclei, and prior to undertaking a more comprehensive modelling of this interaction
mechanism, this hypothesis has been explored as an initial step.

ALAS cannot be reasonably explained in the standard approach of global OPMs relying
on Woods-Saxon (WS) potentials [33]. Modified WS potentials were also considered [95]
and, although these phenomenological potentials can fit the experimental angular distribu-
tions, they depend on fit parameters which do not have a clear physical interpretation.
Furthermore, various reaction models were proposed, such as !-dependent potentials [97],
U exchange [98], Regge-poles [99], and quasi-molecular resonances [100], to name but a few.
Since ALAS is mainly observed in the elastic scattering of U particles on # = / nuclei,
assumed to exhibit U-type correlations in the ground state, in some studies [36, 101, 102]
ALAS was associated to the scattering between the U-particle and the U clusters in the
target nucleus. In more recent studies, ALAS was investigated in the framework of the
single-folding model [103, 104]. In this approach, the real part of the interaction potential
between the U particle and the nucleus is calculated by folding an U-nucleon interaction
potential with the nuclear density of the target nucleus. The imaginary part is instead
taken as a standard WS potential [103, 104]. The main conclusions of the single-folding
calculations are the following: (a) the real scattering potential able to describe ALAS has
a rather different shape than the WS potential; (b) a weak absorption of the incident U
particles is needed to reproduce ALAS; this is commonly achieved by employing imaginary
potentials with a small strength. How a reduced absorption could be related to ALAS
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Figure 6.1: Schematic representation of the interaction between the U particle
and the target nucleus.

is discussed in Refs. [105–107]. According to these studies, ALAS is generated by those
U particles which, due to the weak absorption, can enter inside the nucleus and then be
scattered back by the inner wall of the effective potential. This scenario is supported by
semiclassical calculations which show that the trajectories of the U particles entering the
nucleus are diverted in a unique focal point and, afterwards, some of these trajectories
are emerging in the backward directions [107]. In the majority of the folding calculations
which address ALAS, the real part of the interaction potential is derived by folding the
U-nucleon interaction potential with phenomenological densities of a particular form, e.g.,
modified Gaussian. These densities, which are fitted to nuclear root mean square radii,
are not expected to provide a detailed description of the density profile across the whole
nucleus.

In this chapter, both the real and imaginary parts of the U-nucleus interaction potential
have been evaluated using the single-folding model in which realistic nuclear densities,
derived from microscopic mean field models and explicitly incorporating correlations,
have been employed. For the U-nucleon interaction potential a phenomenological energy-
and density-dependent Gaussian form has been assumed [108]. To reduce the number of
fit parameters, the energy dependence and the range of the real part of the U-nucleon
interaction potential have been set from theoretical estimations [109]. The adopted single-
folding approach allows one to probe the role of ground state correlations inside the
target nucleus by means of the realistic mean-field nuclear densities. Furthermore, this
prescription, which extends beyond global OPMs, provides a reasonable description of U
elastic scattering from B3-shell nuclei across the full angular domain.

6.2 Single-folding potential

The total interaction potential between the U particle and the target nucleus is the
sum of the electrostatic potential, +C(AU ), and the nuclear interaction potential, +U� (AU ):

+ (AU ) = +C(AU ) ++U� (AU ), (6.1)

where AU is the distance between the U particle and the center of the target nucleus, as
illustrated in Fig. 6.1.

The electrostatic potential, modelled as the Coulomb interaction between a uniformly
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charged sphere (the target nucleus) and a point charge (the U particle), is

+C(AU ) =


/p/t4

2

2'

(
3 −

A2
U

'2

)
, AU < ',

/p/t4
2

AU
, AU ≥ ',

(6.2)

where � is the mass number of the target nucleus, ' = 1.3�1/3 is its radius in fm, /p and
/t are the atomic numbers of the projectile and of the target nucleus, respectively, and
42 = 1.44 MeV fm is the square of the elementary charge.

In this work, the nuclear potential describing the interaction between the target nucleus
and the point-like U particle is derived in the framework of the single-folding model (see,
e.g., Ref. [108]):

+U� (AU ) =
∫

d (A=) EU= (B) drn, (6.3)

where A= is the coordinate of a nucleon inside the nucleus, B is the distance between the U
particle and that nucleon, as depicted in Fig. 6.1, d is the nuclear density of the target
nucleus, and EU= (B) is the U-nucleon interaction potential.

6.2.1 U-nucleon interaction potential

The phenomenological U-nucleon interaction potential adopted in this work is

EU= (B) = +4−(B/0R)
2 + 8,4−(B/0I)

2
, (6.4)

where + and , are the strengths of the real and the imaginary parts, respectively, while
0R and 0I are their corresponding ranges.

When the antisymmetrization between the nucleons of the target nucleus and those of
the U particle is taken into account, the exchange term makes the U-interaction non-local.
Nonetheless, this non-local interaction can be approximated by a local one [109]:

Eeff (B, �U ) ≈ *0(1 − V�U )4−(B/0')
2
, (6.5)

which depends on the energy of the U particle, �U . The parameters *0 = −47.3 MeV,
V = 0.003 MeV−1, and 0R = 1.97 fm were derived for the Brink and Boeker force [109].

Furthermore, the effective U-nucleon interaction potential is expected to depend also
on the density of the nuclear matter in which nucleons interact. Typically, the density
dependence is taken of the following form [104, 108]:

5 (d) = (1 − Wd2/3). (6.6)

This density dependence is effectively reducing the folding potential inside the target
nucleus, where the density is higher, without changing significantly the potential in the
surface and tail regions. This is expected to improve the description of U elastic scattering
at large angles [108].

Concerning the imaginary part of the U-nucleon interaction potential, Eq. (6.4),
Ref. [110] provides a microscopic derivation. However, this imaginary potential is not
suitable for ALAS studies since its derivation relies on approximations which are not
valid at the low energies of the U particles where ALAS is observed. Other microscopic
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derivations which could guide the construction of an effective potential suited for ALAS
studies are not available. Due to this reason, in this work an energy and density dependence
similar to that of the real part have been assumed also for the imaginary part of Eq. (6.4).

Thus, the following U-nucleon interaction potential has been adopted in this work:

EU= (B) = 6R5R(�U , d)4−(B/0R)
2 + 86I5I(�U , d)4−(B/0I)

2
, (6.7)

where the nuclear density d of the target is taken at the nucleon position. The energy and
density dependence 5: (�U , d) has the following form:

5: (�U , d) = *0(1 − V�U ) (1 − W:d2/3), (6.8)

where : = {R, I}. Since the antisymmetrization argument is expected to apply in a similar
manner to the real and the imaginary parts of the U-nucleon interaction potential, both
terms have the same parameter V.

6.2.2 Nuclear density

The nuclear densities of the target nuclei employed in Eq. (6.3) to evaluate the
interaction potential, were derived microscopically from non-relativistic and relativistic
mean field models.

1. Nuclear densities derived from non-relativistic mean field calculations

The nuclear densities were obtained by performing axially-deformed Skyrme+QCM
calculations [111] including both the isovector and the isoscalar pairing correlations, which
are treated within the quartet condensation model (QCM) [112–114]. In this framework,
the ground state of even-even # = / nuclei is described by the following wavefunction [114]:

|&�"〉 = (&†
)=1 + Δ

†2
0 )

=@ |0〉, (6.9)

where =@ = (# +/ )/4 is the number of quartets. The operator &†
)=1 is the isovector quartet

defined as

&
†
)=1 = 2Γ†1 Γ

†
−1 − (Γ

†
0 )

2, (6.10)

where

Γ†C =

#levels∑
8=1

G8%
†
8,C
, C = {−1, 0, 1}, (6.11)

are the collective pairs expressed in terms of the non-collective isovector pairs %†
8,C

, where
C = {−1, 0, 1} are the projections of the isospin. The index 8 denotes the single particle
double degenerate states, running from 1 to the number of levels, #levels. The isoscalar
pairing correlations are described by the collective isoscalar pair

Δ†0 =

#levels∑
8=1

~8�
†
8,0, (6.12)

where �†
8,0 = (a†

8
c
†
8̄
− c†

8
a
†
8̄
)/
√

2 is the non-collective isoscalar proton-neutron pair operator;

the operator a†
8

creates a neutron, while the operator c†
8

creates a proton. The bar over
the single particle double degenerate states 8 indicates the time conjugate.
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The QCM calculations were performed with an isovector-isoscalar pairing interaction
of zero range of the form:

+) (A1, A2) = +)0 X (A1 − A2)%̂
)
(,(I
, (6.13)

where +)0 is a constant coupling strength and %̂)
(,(I

is the projection operator on the spin of
the pairs, namely, ( = 0 for the isovector force and ( = 1, (I = 0 for the isoscalar force. The
Dirac delta function X (A1 − A2) indicates that the pairing interaction is of zero range. More
details about the Skyrme+QCM calculations can be found in Ref. [111] (as for Skyrme
functionals, see Appendix F.1).

The ground state densities provided by the Skyrme+QCM calculations have axial
symmetry. From these densities, the corresponding spherical symmetric densities can be
constructed as follows:

d (A=) =
1

2

c∫
0

d (A=, \ ) sin\ d\ (6.14)

where \ is the polar angle.
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Figure 6.2: Spherically symmetric nuclear densities of 20Ne, 24Mg, and 28Si with
(dashed blue) and without (solid green) pairing correlations.

Note that these densities, calculated within the Skyrme+QCM approach, include
4-body U-type quartet correlations in the ground state of the nucleus. The impact of these
correlations on the elastic scattering of U particles at energies where ALAS is present
is discussed below. As an example, Fig. 6.2 displays the spherically symmetric nuclear
density of 20Ne, 24Mg, and 28Si with (dashed blue) and without (solid green) pairing
correlations [115]. The vertical black lines indicate in each panel the nuclear radius. The
differences between these densities are insignificant at the surface, while at the center they
become more accentuated, especially for 28Si, as displayed in Fig. 6.2c.

2. Nuclear densities derived from relativistic mean field calculations

The nuclear densities were calculated in the framework of the Relativistic-Hartree-
Bogoliubov (RHB) approach [116], which treats simultaneously the particle-hole (ph)
and the pairing correlations by combining two average potentials: a self-consistent mean
field that incorporates all long-range ph correlations and a pairing field that accounts
for the pairing correlations [117]. The ph correlations were calculated with the DD-PC1
functional [118], while pairing was described by a force derived from a separable interaction
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in the momentum space [119, 120]:

〈: |+ |:′〉 = −�? (:)? (:′), (6.15)

where ? (:) = 4−0
2:2 is a Gaussian ansatz. The parameters � and 0 were adjusted

to reproduce the pairing gap in the nuclear matter calculated with the Gogny D1S
force [121, 122]. The Dirac-Hartree-Bogoliubov equations were solved in a basis provided
by axially-symmetric harmonic oscillator wavefunctions [123]. In this framework, the
ground state of the nuclei do not have a well-defined angular momentum and parity.
To restore these symmetries, a Hill-Wheeler [124] calculation was performed. More
precisely, with the axially symmetric RHB functions |q (@8)〉 of various deformations @8
(each representing a shape configuration of the nucleus), spherical symmetric wavefunctions
were constructed:

|�"c ;U〉 =
∑
8

∑
 

5
� c
U (@8)% �" %

c |q (@8)〉, (6.16)

where 5 � cU (@8) are amplitudes corresponding to different deformations @8 ; U is the Euler
angle for a rotation around the I-axis, � is the total angular momentum, while  is its
projection along its intrinsic symmetry axis, and c is the good parity quantum number.
The total angular momentum projection operator is denoted by %

�

" 
, where " is the

projection of the total angular momentum along the I-axis, and the parity projection
operator is denoted by %c . Further details can be found in Ref. [117].
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Figure 6.3: Nuclear densities of 20Ne, 24Mg, and 28Si obtained within the projected
relativistic mean field approach (solid magenta) and by imposing spherical symmetry
(dashed blue).

As an example, Fig. 6.3 displays the nuclear density of 20Ne, 24Mg, and 28Si obtained
with the projected RMF approach (solid magenta) and by imposing a spherically symmetric
nucleus from the beginning (dashed blue) [115]. The vertical black lines indicate in each
panel the nuclear radius. While the differences between these densities are modest at the
surface of the nucleus, they become more significant towards the center. The discrepancies
are more accentuated the more deformed is the nucleus.
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6.3 Evaluation of the interaction potential and of the

differential cross section

The single-folding potential, Eq. (6.3), has been obtained by numerical integration in
spherical coordinates. The calculation has been optimized by assuming the I-axis aligned
with the distance AU between the U particle and the target nucleus, as displayed in Fig. 6.1.
This choice removes from the integral the dependence on the azimuthal angle i:

+U� (AU ) = 2c

'nuc∫
0

c∫
0

d (A=) EU= (B)A2
= sin\ dA d\ . (6.17)

The only dependencies that remain in the evaluation of the distance B between the U
particle and the nucleon are on the radial coordinate A= and the polar angle \ :

B =

√
A2
U + A2

= + 2AU A= cos\ . (6.18)

The radial Schrödinger equation, Eq. (2.4), has been solved numerically for the potential
evaluated as prescribed in the foregoing section for each orbital angular momentum ℓ in
the partial-wave series, using the RADIAL Fortran subroutine package [41], which provides
the phase shifts Xℓ (see Section 2.1 and Appendix A for more detailed partial-wave analysis
discussions). The differential cross section (DXS) for the elastic scattering of an U particle

along a direction 
̂ = (\, i) with respect to the incident direction has been evaluated as:

df

d
̂
=

��5 (
̂)��2, (6.19)

where the scattering amplitude is

5 (
̂) = 1

28:

∞∑
ℓ=0

(2ℓ + 1)%ℓ (cos\ )
(
e28Xℓ − 1

)
, (6.20)

where : is the center-of-mass (CM) wavevector and %ℓ (cos\ ) are the Legendre polynomials.
An explicit derivation of Eq. (6.20) can be found in Appendix A.

6.4 Calculation scheme and fitting procedure

The DXS depends on the input used in the single-folding calculations, i.e., the nuclear
densities and the U-nucleon interaction potential. The nuclear densities used as default in
the folding calculations to fit the parameters of the U-nucleon interaction potential are
those obtained within the projected RMF approach, as described in Section 6.2.2.

To reduce the number of fit parameters in the U-nucleon interaction potential, the
parameters in the energy dependence are set equal to those provided by theoretical
calculations: *0 = 47.3 MeV and V = 0.003 MeV−1 [109]. Furthermore, the interaction
range of the real part is set to 0R = 2 fm, consistent with the theoretical estimation [125].

The rest of the parameters have been determined through a fitting procedure as follows.
For each pair of target nucleus and U-particle energy considered in this work, the fit
parameters have been varied initially on a coarse grid, as displayed in Table 6.1. Then, the
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Table 6.1: Minimum and maximum of each parameter and the corresponding
number of evaluation points for the first coarse fitting step.

Parameter Min. Max. #?

6R 0.1 3.5 8

6I 0.01 1.0 7

0I (fm) 1.9 2.3 9

WR (fm2) 1.7 2.1 5

WI (fm2) 1.7 2.1 5

interaction potential, Eq. (6.1), has been evaluated for each combination of fit parameters.
Next, the DXS has been calculated for each evaluated interaction potential, as discussed
in Section 6.3.

For maximizing the agreement between the distorted-wave and the experimental DXS,
the following measure has been adopted:

j2 =

#∑
8=1

©­«log
df (\8)
dfR

�����
DW

− log
df (\8)
dfR

�����
exp

ª®¬
2

, (6.21)

where
df (\8)
dfR

�����
DW

is the distorted-wave DXS at scattering angle \8 ,
df (\8)
dfR

�����
exp

is the

experimental DXS [37, 38] at \8 , both expressed as a ratio to the Rutherford DXS, and # is
the number of experimental CM scattering angles. The combination of fit parameters which
minimizes Eq. (6.21) is searched. Once this is found, the fitting procedure is restarted,
employing a refined grid around the best found fit parameters.

Following the fitting procedure described above, the parameters 0I = 2.25 fm, WR =

1.8 fm2, and WI = 1.7 fm2 were found to provide a very good fit for all the nuclei and
all U-particle energies considered in this work. Thus, the only remaining energy- and
nucleus-dependent parameters are the renormalization factors 6R and 6I of the strengths
of the real and of the imaginary parts, respectively, of the U-nucleon potential. These are
reported in Table 6.2, along with their correlation coefficient and their standard deviations,
which have been evaluated by solving the covariance matrix, as detailed in Appendix E.

The variation of 6R and 6I with the kinetic energy of the incident U particle, �U , is
displayed in Fig. 6.4 for all target nuclei (except for 44Ti, for which there is only one
available experimental energy of the U particles in the energy range of interest). A stronger
variation with �U is exhibited by 6R compared to 6I. Nevertheless, the renormalization
factors do not have a large spread across the considered U-particle energies, indicating
that the adopted phenomenological U-nucleon potential is able to reasonably describe the
elastic scattering of U particles at both low and high energies. It should be noted, however,
that for some of the nuclei the considered experimental energies of the U particles are
insufficient for a reliable interpolation.
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Figure 6.4: Variation of the renormalization factors 6R and 6I of the real and
imaginary parts, respectively, of the U-nucleon potential with the kinetic energy of
the incident U particles for the target nuclei considered in this work.
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Nucleus �U (MeV) 6R 6I Cor(6R,6I) f6R f6I

20Ne

33.00 2.7 0.30 −0.34 0.26 0.21

50.90 2.0 0.45 0.54 0.71 0.26

54.10 2.1 0.50 0.53 0.68 0.30

104.00 2.7 0.80 0.84 0.93 0.30

24Mg

22.10 2.0 0.15 0.34 0.068 0.004

39.00 2.7 0.30 0.014 0.036 0.019

50.00 2.7 0.45 0.068 0.086 0.016

119.70 1.5 0.50 0.90 0.060 0.029

28Si

40.00 1.8 0.25 −0.20 0.064 0.023

45.00 1.3 0.30 0.34 0.054 0.017

50.00 2.3 0.35 0.24 0.062 0.015

104.00 2.2 0.60 0.77 0.079 0.023

130.00 2.6 0.65 0.91 0.142 0.034

36Ar

17.50 2.2 0.09 0.061 0.020 0.002

22.10 2.2 0.15 0.002 0.032 0.010

24.10 2.2 0.15 0.455 0.041 0.014

29.20 1.9 0.15 0.448 0.016 0.007

40Ar

22.10 2.0 0.20 −0.213 0.037 0.026

24.10 2.1 0.20 −0.216 0.097 0.063

29.20 1.9 0.25 −0.275 0.192 0.116

104.00 2.1 0.70 0.702 0.108 0.046

40Ca

18.00 2.1 0.10 −0.04 0.022 0.005

22.00 2.1 0.10 0.90 0.648 0.0029

24.10 2.1 0.10 0.91 0.094 0.0098

29.00 2.2 0.15 0.03 0.052 0.0053

104.00 1.5 0.45 0.79 0.815 0.0228

130.00 2.5 0.75 0.87 0.844 0.0361

44Ca

18.00 2.0 0.20 −0.462 0.082 0.0677

22.00 1.8 0.15 0.496 0.033 0.0129

24.10 1.9 0.15 0.806 0.022 0.0109

29.00 2.2 0.20 0.556 0.023 0.0199

104.00 1.4 0.50 0.747 0.050 0.0244
44Ti 21.80 0.9 0.1 0.557 0.070 0.013

48Ti

27.20 2.0 0.20 0.365 0.095 0.073

28.50 1.8 0.25 −0.294 0.393 0.209

41.00 2.1 0.25 0.067 0.064 0.024

50.50 1.8 0.30 0.317 0.018 0.056

Table 6.2: Fit parameters, their correlation coefficient and their standard deviation
f for the target nuclei and U-particle energies considered in this work.
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6.5 Results

6.5.1 Accurate description of the differential cross section

Figures 6.5 and 6.6 display a comparison between partial-wave DXSs based on the
single-folding potential evaluated as described in the foregoing sections (solid yellow curves)
and DXSs obtained by employing a standard global OPM [33] (dashed blue curves) for
a selection of target nuclei and U-particle energies. The black dots are experimental
angular distributions [37, 38]. At low energies, where ALAS is typically observed, the
partial-wave DXSs obtained using the global OPM [33] significantly underestimate the
experimental DXS at intermediate and large scattering angles, see e.g., Figs. 6.5a, 6.5c,
and 6.5e and Figs. 6.6a, 6.6c, and 6.6e. Instead, the partial-wave DXSs evaluated relying
on the single-folding potential succeed in capturing the prominent backscattering features
exhibited by the experimental DXS. Furthermore, the adopted single-folding calculation
scheme provides a reasonable description of the DXS also at higher energies of the U
particles, as shown in Figs. 6.5d and 6.6d.

The differences observed between the DXSs which rely on the global OPM and those
which rely on the single-folding potential can be better understood by comparing the
interaction potentials of the two approaches. As an example, Fig. 6.7 depicts the interaction
potential for the scattering of 33 MeV U particles on 20Ne. The real and imaginary parts
of the potentials are represented by red and blue, respectively. The single-folding potential
is displayed in solid lines, while the potential relying on the global OPM of Ref. [33]
is represented by dashed lines. On the one hand, the real parts of the two potentials
have similar shapes, but different depths: the folding potential is much deeper than the
OPM potential. On the other hand, the imaginary parts of the potential have completely
different shapes and differ not only in the center, but also towards the surface of the
nucleus.

6.5.2 Effect of the nuclear density on the differential cross sec-
tion

To assess the effect of pairing correlations on the DXS obtained using the single-folding
potential, the Skyrme and Skyrme+QCM nuclear densities have been considered. The
fit parameters of the U-nucleon potential, reported in Table 6.2, have been kept constant.
Figure 6.8 shows a comparison between the DXS obtained using the Skyrme density (solid
green) and the Skyrme+QCM density (dashed blue) for a selection of U-particle energies
on 20Ne, 24Mg, and 28Si. For 20Ne, no differences in the DXS are observed. Instead,
for 24Mg and 28Si slight differences can be noticed around 120 deg. During an elastic
collision at such low energies the U particle probes only the surface of the nucleus. Since
the nuclear densities are very similar in the nuclear surface, as illustrated in Fig. 6.2, no
notable differences are propagated to the angular distributions.

6.5.3 Effect of excess neutrons on the differential cross section

Experimental angular distributions show that the enhancement at large scattering
angles is higher in # = / nuclei compared to nuclei which have an excess of neutrons, as
clearly observed in Figs. 6.9 and 6.10, where the experimental DXSs [37, 38] for 36,40Ar
and 40,44Ca are displayed in black dots. In the same figures are shown the DXSs resulting
from the folding-model calculations obtained with the microscopical densities, which are
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Figure 6.5: Comparison between DXSs obtained following the single-folding
procedure adopted in this work (solid yellow) and DXSs obtained relying on a
standard global OPM [33] (dashed blue) for 20Ne, 24Mg, and 28Si, for a selection of
U-particle energies. The black dots represent experimental angular distributions [37,
38].

able to properly describe the effect of the neutron excess on the DXS at large scattering
angle.

In the calculations shown in Figs. 6.9 and 6.10 the parameters 6R and 6I for # = / and
# > / nuclei are different (see Table 6.2). To elucidate how the changes in the nuclear
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Figure 6.6: Same as Fig. 6.5 for 36Ar, 40Ca, and 48Ti.

densities induced by the extra neutrons are impacting the DXS, folding calculations have
been performed, in which the parameters of # = / nuclei have been employed for # > /

nuclei. Figure 6.11 depicts the calculated DXS for ∼50 MeV U particles on Ne, Mg and Si
isotopes with # = / and # − 4 = / , which decrease significantly for the # − 4 = / nuclei.
The densities for each pair of isotopes are shown in Fig. 6.12. One can notice that the
extra neutrons modify the density in the nuclear surface region, which is mainly probed
by the elastic scattering of U particles at low energies.
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6.6 Summary and open questions

The study presented in this chapter shows that the elastic scattering of low-energy U
particles on # = / nuclei can be reasonably described within a single-folding formalism
based on nuclear densities derived from self-consistent mean-field models. Both the real and
the imaginary parts of the interaction potential have been obtained by folding the densities
with a Gaussian-type interaction between the target nucleons and the U particle. This
interaction is density dependent and it also includes an energy dependent factor extracted
from microscopic estimations. All the parameters of the U-nucleon interaction potential
are set for all the nuclei considered in this thesis either from theoretical predictions or
from a fit on experimental angular distributions, with the exception of the strengths of
the real and the imaginary parts of the potential which are allowed to be both energy-
and nucleus-dependent.

The present calculations indicate that ALAS is not sensitive to the ground state
correlations induced by pairing and quartetting correlations since these do not affect
significantly the nuclear target densities in the surface and tail regions, which are probed
by the low-energy U elastic scattering. On the other hand, ALAS is very sensitive to the
strength of the imaginary part of the alpha-nucleon interaction potential. More precisely,
as seen in Table 6.2, ALAS requires a weak absorption.

One of the open questions of the ALAS studies, including this work, is why ALAS
is mainly present at low energies of the U-particles on # = / nuclei. One of the first
proposed scenarios was that ALAS is generated by the scattering of the U particle with
the U clusters present in the surface of # = / nuclei [36, 101, 102]. In these studies, the
elastic scattering was considered between two U particles, which means that the U clusters
were assumed analogous to the U particles. However, this assumption is not supported
by microscopic calculations, including the quartet condensation model (QCM). In fact,
in # = / nuclei the U-like clusters are 4-body structures correlated in spin and isospin,
but not necessarily in coordinate space. These 4-body correlations have significant effects
on the binding energies [111]. They can also change the ground state nuclear density,
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The black dots represent experimental angular distributions [37, 38].
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but, as seen in this study, these changes do not affect significantly the single-folding
calculations. Most probably ALAS is related to the excitations of the # = / nuclei, which
are substantially influenced by the U-like correlations induced by proton-neutron (pn)
pairing [126, 127]. More precisely, to excite the neutrons and/or protons in # = / nuclei,
first the 4-body correlations (the U-like clusters) have to be broken, and only then the
neutron-neutron (nn), proton-proton (pp) and/or the pn pairs can be broken. In contrast,
in # > / only the nn pairs need to be broken. Moreover, in # > / nuclei the excess
neutrons block the pn pairing, reducing the 4-body correlations and the binding energy of
pn pairs. In view of these considerations, it is easier to excite # > / nuclei than # = /

nuclei. Consequently, the incident flux of U particles is expected to be absorbed less in
# = / nuclei than in # > / nuclei. This effect, which is related to ALAS, is taken into
account phenomenologically in the single-folding model through the imaginary part of
the U-nucleon interaction potential, which is reduced in # = / nuclei compared to # > /

nuclei, as seen in Table 6.2 for, e.g., Ar, Ca, and Ti isotopes. A suitable approach would be
to evaluate the absorption microscopically, starting from the excitation spectra of # = /

nuclei. However, this is a challenging task beyond the scope of this work.
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Chapter 7

Conclusions

The work presented in this dissertation has led to the following findings:

1. Recent studies of single-event upset (SEU) production in a commercial random
static access memory (SRAM) under proton irradiation revealed a discrepancy of
up to two orders of magnitude below 10 MeV, where the SEU production cross
section has a drastic rise, between experimental SEU production cross sections and
estimations obtained with the general-purpose Monte Carlo (MC) code FLUKA (up
to version v4-3.4). This underestimation was due to two main shortcomings: (1) the
lack of nuclear elastic scattering of protons below 10 MeV and (2) an improper
account of recoils in Coulomb single scattering. To address the first shortcoming, a
new model for the nuclear elastic scattering of protons from Coulomb barrier up to
250 MeV has been developed. This new model relies on partial-wave analyses, as
well as on experimental angular distributions, to evaluate a database of differential
cross sections (DXS) for protons on nuclei with mass numbers ranging from � = 2
to � = 252. To reduce memory requirements, an effective analytical parametrized
DXS has been found, relying only on 7 energy- and �-dependent fit parameters.
A rejection sampling scheme has been implemented in FLUKA to sample proton
nuclear elastic scattering events and the integrated cross section for this interaction
mechanism has been consistently taken as the integral of the differential one. This
newly developed model, included in FLUKA v4-4.0 (released on February 14, 2024),
overcomes the unphysical lack of nuclear elastic scattering for protons below 10 MeV
up to FLUKA v4-3.4 and it provides a more accurate description of large scattering
angles compared to the legacy model employed hitherto.

2. While formally questionable, Coulomb and nuclear elastic scattering are treated as
separate interaction mechanisms in FLUKA, since the code relies on the Molière
multiple Coulomb scattering theory, whose underlying DXS is a screened Rutherford
DXS, i.e., purely electrostatic. In this work, special care has been devoted to the
interplay between Coulomb and nuclear elastic scattering as follows. Below Coulomb
barrier, where a Rutherford-like DXS is expected with no nuclear effects taken into
account, the integrated cross section for proton nuclear elastic scattering has been
set to 0 and the nuclear finite-size form factors (employed in FLUKA to effectively
account for the charge distribution of the nucleus) have been set equal to 1. In an
energy window of ±5% of the Coulomb barrier, the integrated cross section is allowed
to gradually increase and the finite-size form factors are allowed to deviate from 1.
Finally, at higher energies, both quantities take their full values. A systematic
benchmark, comparing sampled Coulomb plus nuclear elastic scattering DXSs with
partial-wave or experimental angular distributions, revealed a typically negligible
error when treating separately these interaction mechanisms.

3. To address the second shortcoming of FLUKA for SEU production, an explicit
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account of recoils in Coulomb single scattering has been implemented for proton
projectiles in a development version of the code. If the generated elastic recoil
has a kinetic energy below the transport threshold, its energy is deposited locally,
otherwise the recoil is explicitly transported. This new feature allows one to quantify
the event-by-event contribution of Coulomb-scattering recoils to SEU production
induced by protons in commercial SRAMs.

4. With these two model developments implemented in FLUKA (a new model for
proton nuclear elastic scattering and an explicit account of Coulomb recoils), SEU
production induced by protons in a commercial ISSI (Integrated Silicon Solution Inc.)
SRAM has been assessed both with FLUKA v4-3.4 and with the development version
of the code. While the former exhibited the aforementioned underestimation of up
to two orders of magnitude, with the latter additional intensity is brought to the
FLUKA-estimated SEU production cross section, closing the gap with experimental
SEU cross sections. Moreover, for SEU production induced by protons below 10 MeV,
FLUKA has now similar performances to other MC codes used in such studies, such
as Geant4.

5. Residual discrepancies still observed between experimental and FLUKA-predicted
SEU production cross sections have been attributed to the adopted FLUKA simula-
tion geometry. This is based on the rectangular parallelepiped (RPP) model which
relies on two parameters: the sensitive volume (SV) in which the deposited energy is
collected and the critical charge, which has to be exceeded to trigger an SEU. These
two parameters are generally derived from a wealth of experimental SEU production
cross sections induced by protons, as well as heavy ions. In this work, instead,
optimal parameters which maximize the agreement between FLUKA-simulated and
experimental SEU production cross sections have been found, not only for the
aforementioned ISSI SRAM (40 nm), but also for two other bulk planar SRAMs
manufactured on different complementary metal-oxide-semiconductor (CMOS) tech-
nology nodes: the Cypress SRAM (65 nm) and the ESA Monitor SRAM (250 nm).
Hence, trends across technology nodes have been identified. These serve as practical
guidelines for setting the RPP-model parameters for electronic devices for which only
the technology node is known and no experimental SEU cross sections are readily
available, e.g., for novel devices which have not undergone irradiation.

6. Proton nuclear elastic scattering plays a significant role also in the out-of-field
dose deposition by proton beams in water phantoms. For protons with energies
of 100 MeV, 160 MeV and 225 MeV, experimental radial-depth dose maps have
been simulated with two FLUKA versions: v4-3.4, relying on the legacy model for
proton nuclear elastic scattering, and v4-4.0, where the new model developed in
this work for this interaction mechanism has been included. This benchmark of
absorbed dose as a function of depth at different radial distances from the beam axis
has revealed that the excellent description of dose deposition provided by FLUKA
has not only been preserved on axis, but substantial improvements have been
achieved out-of-field thanks to the new model for proton nuclear elastic scattering
implemented in FLUKA v4-4.0. Furthermore, the importance of the radiation source
characterization and of the adopted scattering geometry for MC simulation purposes
has been emphasized.

7. In the last chapter of the thesis, the elastic scattering of U particles on # = / nuclei
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has been addressed to explore the physical origin of the strong enhancement of
experimental angular distributions at large scattering angles, the so-called anomalous
large-angle scattering (ALAS). While for protons the evaluation of the DXS has
relied in this work on a global optical potential model (OPM), for U particles this
effective approach becomes challenging since ALAS is not properly captured by
global OPMs. Therefore, in this work the DXS evaluation has been extended beyond
OPMs: a single-folding procedure has been adopted to calculate the interaction
potential between the U particles and # = / nuclei. The latter relies on an U-nucleon
potential, which depends only on two energy- and nucleus-dependent fit parameters,
and on the target nucleon density, which was derived from microscopic mean field
theories. The effect of pairing and quartetting correlations, accounted for explicitly
by means of the target nucleon density, has been investigated and deemed minimal
for ALAS. Nevertheless, in contrast with global OPMs, an accurate description of
the experimental DXS throughout the full angular domain has been provided using
the adopted single-folding model.
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A. Partial-wave analysis of elastic scat-
tering

A.1 Spinless particles

Following Ref. [42], the elastic scattering of non-relativistic spinless particles on target
nuclei can be described by solving the Schrödinger equation for an effective central
interaction potential U+ (A ): [

−ℏ
2

2`
∇2 + U+ (A )

]
kk (r) = �kk (r), (A.1)

where ℏ is the reduced Planck constant, k is the CM wavevector, and

` =
<1<2

<1 +<2
(A.2)

is the reduced mass, where <1 is the mass of the projectile and <2 is the mass of the
target nucleus. In Eq. (2.2) the CM motion has been already factored out via a separation
of variables [40].

In the free particle limit U → 0, the eigenstates kk (r) tend to plane waves e8k·r. If the
potential is gradually switched on (U becoming larger), the eigenstates gradually depart
from the plane waves solutions. Therefore, kk (r) is called a distorted wave and U+ (A ) is
the distorting potential.

Since the distorting potential is central, the wavefunction kk (r) can be expanded as
spherical waves:

kk (r) = 4c
1

:A

∞∑
ℓ=0

8ℓAℓ%�ℓ (:A )
ℓ∑

<ℓ=−ℓ
.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂), (A.3)

where %�ℓ (A ) are unbound solutions of the radial equation for + (A ), .ℓ< (r̂) are the spher-
ical harmonics, ℓ is the orbital angular momentum, and <ℓ is its projection along the
quantization axis. The factor 1/A appears due to the expansion in terms of spherical waves,
while the additional factor 1/: ensures dimensionlessness. The expansion coefficients Aℓ

can be determined using the limit A →∞:

lim
A→∞

1

:A
%�ℓ (A ) ∝

1

:A
sin

(
:A − ℓ c

2
+ Xℓ

)
, (A.4)

where Xℓ are the phase shifts, which measure how much the introduction of an effective
interaction potential shifts the radial functions with respect to the corresponding zero-
potential solutions. Thus,

lim
A→∞

[
kk (r) − e8k·r

]
=

4c

:A

∞∑
ℓ=0

8ℓ
[
Aℓ sin

(
:A − ℓc

2
+ Xℓ

)
− sin

(
:A − ℓc

2

)]
︸                                                ︷︷                                                ︸

X

ℓ∑
<ℓ=−ℓ

.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂).

(A.5)
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8ℓX =
8ℓ

28

{
Aℓ

[
e8:Ae−8ℓc/2e8Xℓ − e−8:Ae8ℓc/2e−8Xℓ

]
−

[
e8:Ae−8ℓc/2 − e−8:Ae8ℓc/2

]}
=
8ℓ

28

{
Aℓ

[
(−8)ℓe8:Ae8Xℓ − 8ℓe−8:Ae−8Xℓ

]
−

[
(−8)ℓe8:A − 8ℓe−8:A

]}
=

1

28

{
Aℓ

[
e8:Ae8Xℓ − (−1)ℓe−8:Ae−8Xℓ

]
−

[
e8:A − (−1)ℓe−8:A

]}
=

1

28

[
e8:A

(
Aℓe

8Xℓ − 1
)
+ (−1)ℓe−8:A

(
1 − Aℓe

−8Xℓ
)]
.

(A.6)

The spherical waves can be either incoming (with a factor e−8:A ) or outgoing (with a factor
e8:A ) with respect to the scattering center. An outgoing wave implies A+ℓ = e8Xℓ , while an
incoming wave implies A−ℓ = e−8Xℓ . Thus,

A±ℓ = e±8Xℓ . (A.7)

Equation (A.5) becomes:

lim
A→∞

[
kk (r) − e8k·r

]
=

4c

:A

∞∑
ℓ=0

1

28

[
e8:A

(
e±8Xℓe8Xℓ − 1

)
+ (−1)ℓe−8:A

(
1 − e±8Xℓe−8Xℓ

)]
×

ℓ∑
<ℓ=−ℓ

.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂).
(A.8)

Using the addition theorem of spherical harmonics

ℓ∑
<ℓ=−ℓ

.ℓ<ℓ
(r̂). ∗ℓ<ℓ

(k̂) = 2ℓ + 1

4c
%ℓ (k̂ · r̂), (A.9)

where %ℓ (G) are the Legendre polynomials, yields

lim
A→∞

[
kk (r) − e8k·r

]
=

1

28:A

∞∑
ℓ=0

(2ℓ+1)%ℓ (k̂·r̂)
[
e8:A

(
e±8Xℓe8Xℓ − 1

)
+ (−1)ℓe−8:A

(
1 − e±8Xℓe−8Xℓ

)]
.

(A.10)
The outgoing wavefunction is:

lim
A→∞

[
k+k (r) − e8k·r

]
=

e8:A

A

1

28:

∞∑
ℓ=0

(2ℓ + 1)%ℓ (k̂ · r̂)
(
e28Xℓ − 1

)
=

e8:A

A
5 (k̂ · r̂), (A.11)

where 5 (k̂ · r̂) is the scattering amplitude in direction k̂.
The differential cross section is then the modulus square of the scattering amplitude:

df

d
̂
=

���5 (k̂ · r̂)���2 . (A.12)

A.2 Particles with spin 1/2

Analogously to the derivation presented in the foregoing section and following Ref. [42],
the differential cross section for an unpolarized beam and a spin-independent detector is
given by

df

d
̂
=

���5 (
̂)���2 + ���6(
̂)���2 , (A.13)
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where the direct and the spin flip scattering amplitudes are

5 (
̂) = 5C(\ ) +
1

28:

∞∑
ℓ=0

%ℓ (cos\ )e82Δℓ
[
(ℓ + 1)e82X̃ℓ,ℓ+1/2 + ℓe82X̃ℓ,ℓ−1/2 − (2ℓ + 1)

]
6(
̂) =

1

28:
e8i

∞∑
ℓ=1

%1
ℓ (cos\ )

(
e82Xℓ,ℓ+1/2 − e82Xℓ,ℓ−1/2

)
,

(A.14)

where %ℓ (cos\ ) are the Legendre polynomials and %<ℓ (cos\ ) are the associated Legendre

polynomials; Δℓ = arg Γ(ℓ + 1 + 8[), where Γ is the Gamma function, and X̃ℓ 9 are the

Coulomb and the inner phase shifts, respectively, verifying Xℓ 9 = Δℓ + X̃ℓ 9 . The Coulomb
scattering amplitude on a point nucleus is

5C(\ ) = −[
exp

[
28Δ0 − 8[ ln

(
sin2

\

2

)]
2: sin2

\

2

, (A.15)

where the Sommerfeld parameter is

[ =
/p/t4

2

ℏa
, (A.16)

where /p and /t are the atomic numbers of the projectile and of the target nucleus,
respectively, 4 is the elementary charge, and a is the non-relativistic velocity of the proton
far from the origin of the coordinates [41].

113



B. Proton nuclear elastic scattering
integrated cross section

To evaluate numerically the integrated cross section for proton nuclear elastic scattering
as the integral of the differential one, Eq. (2.18) has been split, for simplicity, into four
terms which have been evaluated separately:

df (\,α)
d
̂

=

[
U:2'4

(
�1('@X1)
'@

)2

4−V1'@
]
+

[
U:2'4W � 2

0 ('@X0)4−V0'@
]

+ Z
[
U:2'4

(
�1('@′X1)
'@′

)2

4−V1'@
′

]
+ Z

[
U:2'4W � 2

0 ('@
′X0)4−V0'@

′

]
= 51 + 50 + Z 5 ′1 + Z 5

′
0 .

(B.1)

The first term can be rewritten as:

51 = U:2'4
� 2
1 ('@X1)
'2@2

CM

4−V1'@ = U:2'4X2
1

� 2
1 (G1)
G2

1

4
− V1
X1
G1, (B.2)

while the second term becomes:

50 = U:2'4W � 2
0 ('@X0) 4−V0' @ = U:2'4W � 2

0 (G0)4−
V0
X0
G0, (B.3)

where G0,1 = '@X0,1. Analogously, the third and fourth terms are

5 ′1 = U:2'4X2
1

� 2
1 (G
′
1)

G′1
2
4
− V1
X1
G ′1, (B.4)

and

5 ′0 = U:2'4W � 2
0 (G
′
0)4
− V0
X0
G ′0, (B.5)

where G′0,1 = '@′X0,1.
Having removed all the dependencies on the fit parameters from the integrand, the

integral of Eq. (2.18) is∫
d
̂

df (\,α)
d
̂

= 2c

c∫
0

sin\ d\
df (\,α)

d
̂
= 2c

c∫
0

2 sin
\

2
cos

\

2
d\

(
51 + 50 + Z 5 ′1 + Z 5

′
0

)
.

(B.6)

Using @ = 2: sin
\

2
and @′ = 2: sin

c − \
2

= 2: cos
\

2
, the above integral can be written as:

∫
d
̂

df (\,α)
d
̂

=

[
2c

:2

2:∫
0

@d@ 51

]
+

[
2c

:2
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]
+
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2cZ
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+

[
2cZ

:2

2:∫
0

@′d@′ 5 ′0

]
= �1 + �0 + Z � ′1 + Z �

′
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(B.7)
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The integral �1 yields

�1 =
2c

:2

2:∫
0

@d@ 51 =
2c

:2'2X2
1

2:'X1∫
0

G1dG1 51 = 2cU'2

2:'X1∫
0

1
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� 2
1 (G1)4−

V1
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G1dG1. (B.8)

Analogously,

�0 =
2cU'2W

X2
0
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0

G0 �
2
0 (G0)4−

V0
X0
G0dG0,

� ′1 = 2cU'2Z
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1
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� 2
1 (G
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X2
0

2:'X0∫
0

G′0 �
2
0 (G
′
0)4
− V0
X0
G ′0dG′0.

(B.9)

With all the dependencies on the scattering angle and the fit parameters outside of the
integral, the integration variable becomes a dummy variable. Thus, Eq. (B.7) can be
written as: ∫

d
̂
df

d
̂
= (1 + Z ) 2cU'2

2:'X1∫
0

1

G1
� 2
1 (G1)4−

V1
X1
G1dG1

+ (1 + Z ) 2cU'2W

X2
0

2:'X0∫
0

G0 �
2
0 (G0)4−

V0
X0
G0dG0,

(B.10)

which is a form preconditioned for numerical integration.
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C. Sampling in Coulomb single scat-
tering

The scheme used in FLUKA to sample the scattering angle in the laboratory frame for
Coulomb single scattering has been revisited in view of the evaluation of the recoil kinetic
energy in Section 3.2. For the purposes of this appendix, the Molière differential cross
section (DXS) (3.3) can be simplified as:

df

d
̂
=

[
/2

p/
2
t 4

4

424V2�2 sin4 \̃
2

] 
(1 − cos \̃ )2(

1 − cos \̃ + j2a
2

)2

 =
U(

1 − cos \̃ + j2a
2

)2
, (C.1)

where U =
/2

p/
2
t 4

4

24V2�2
. The normalization constant of this DXS is

N =

∫
d
̂

df

d
̂
= 2cU

c∫
0

sin \̃ d\̃
1(

1 − cos \̃ + j2a
2

)2
=

16cU

j2
a

(
4 + j2

a

) . (C.2)

The sampling equation for the normalized Molière DXS is

b =

∫
d
̂

1

N
df

d
̂
=
j2

a

(
4 + j2

a

)
8

\̃∫
0

sin \̃ ′d\̃ ′di
1(

1 − cos \̃ ′ + j2a
2

)2
=

(
1 − cos \̃

) (
4 + j2

a

)
4
(
1 − cos \̃ + j2a

2

)2
,

(C.3)
where b ∼ U[0, 1) is a random number. Rearranging the terms yields:

cos \̃ = 1 −
2b j2

a

4 + j2
a − 4b

. (C.4)

FLUKA evaluates cos \̃ relying on the following trigonometric identity:

cos \̃ =

1 − tan2
\̃

2

1 + tan2
\̃

2

= 1 −
2 tan2

\̃

2

1 + tan2
\̃

2

. (C.5)

Equating Eqs. (C.4) and (C.5) and rearranging the terms one can identify:

tan2
\̃

2
=

b j2
a

(1 − b)
(
4 + j2

a

), (C.6)

which is the quantity sampled by FLUKA in Coulomb single scattering.
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D. Transforming scattering angles and
angular distributions from lab to
CM

To deduce the expressions for transforming both scattering angles and angular distribu-
tions from the laboratory frame to the center-of-mass (CM) frame, one considers an inertial
frame where a projectile particle with mass <p and momentum ?̃p scatters elastically on a
target nucleus with mass <t at rest. The following derivations are restricted to the case in
which there is a unique correspondence between the lab emission angle \̃ of the projectile
after the collision and the CM emission angle \ .

D.1 Lab to CM scattering angles

The starting point is the Lorentz boost giving the four-momentum of the projectile in
the laboratory frame:

P
′
p =

©­­­­«
�p

? sin\

0

? cos\

ª®®®®¬
=

©­­­­«
W 0 0 −VW
0 1 0 0

0 0 1 0

−VW 0 0 W

ª®®®®¬
©­­­­«

�̃′p
?̃′p sin \̃

0

?̃′p cos \̃

ª®®®®¬
=

©­­­­«
W�̃′p − VW?̃′p cos \̃

?̃′p sin \̃

0

W?̃′p cos \̃ − VW�̃′p

ª®®®®¬
, (D.1)

from which one can extract:

? sin\ = ?̃′p sin \̃

? cos\ = W?̃′p cos \̃ − WV�̃′p.
(D.2)

Dividing these expressions yields

tan\ =
?̃′p sin \̃

W?̃′p cos \̃ − WV�̃′p
=

sin \̃1

W cos \̃ − W
V�̃′p
?̃′p

,
(D.3)

where and �̃′p =

√
?̃′2p +<2

p.

D.2 Lab to CM differential cross section

The chain rule is applied for the transformation of the differential cross section from
the lab (as it is sampled by FLUKA) to the CM:

df

d
̂CM

=
df

d
̂lab

d
̂lab

d
̂CM

=
df

d
̂lab

d(cos \̃ )
d(cos\ ) . (D.4)
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Analogously to Eq. (D.3), the tangent of the lab scattering angle can be written in terms
of the CM scattering angle as:

tan \̃ =
sin\

W (cos\ + b) , (D.5)

where b =
V�′p
?

, �′p is the total CM energy of the projectile after the collision and ? is the

CM momentum after the collision. Equation (D.5) can be rewritten as

1 + tan2 \̃ =
W2(cos\ + b)2 + sin2 \

W2(cos\ + b)2
, (D.6)

and the trigonometric identity

1 + tan2 \̃ =
1

cos2 \̃
, (D.7)

can be employed, yielding:

1
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=
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W2(cos\ + b)2
. (D.8)

It follows that

cos \̃ =
W (cos\ + b)√

W2(cos\ + b)2 + sin2 \

. (D.9)

Differentiating with respect to cos\ yields
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]
=

W (1 + b cos\ )[
W2(cos\ + b)2 + sin2 \

]3/2 .

(D.10)

Thus, the CM differential cross section can be evaluated as

df

d
̂CM

=
df

d
̂lab

W (1 + b cos\ )[
W2(cos\ + b)2 + sin2 \

]3/2 . (D.11)
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E. Correlation between fit paramet-
ers

For a model that depends on = parameters, p = {?1, ?2, ..., ?=}, the best fit parameters,
p0, can be found by minimizing

j2(p) =
#∑
8=1

(
~

exp
8
− ~eval

8 (p)
)2
, (E.1)

where # is the number of experimental data points, ~exp
8

are the experimental quantities

at each experimental data point 8, and ~eval
8 (p) are the corresponding fitted quantities at

each experimental data point 8, depending on the fit parameters p.
After finding the best-fit parameters p0 by minimizing j2(p), the covariance matrix of

the parameters can be evaluated as [129]:

C =
j2(p0)
# − =

(
J)J

)−1
, (E.2)

where # − = is the number of degrees of freedom and J is the Jacobian matrix, with
dimensions # × =. This matrix consists of the first-order derivatives of the residuals,
A8 (p) = ~exp

8
− ~eval

8 (p), with respect to the parameters:

�8 9 =
mA8 (p)
m? 9

. (E.3)

When an explicit analytical form of the derivatives is not available, finite differences can
be used to approximate them:

�8 9 =
mA8 (p)
m? 9

≈
A8 (p0 + Δpj) − A8 (p0)

Δ? 9
. (E.4)

Once the covariance matrix C is known, the correlation coefficient d8 9 between the
parameters ?8 and ? 9 is

d8 9 =
�8 9√
�88� 9 9

, (E.5)

where �8 9 is the covariance between ?8 and ? 9 , and �88 and � 9 9 are their variances.
The correlation coefficients can take values between −1 and 1:

• d8 9 = −1 indicates a perfect negative correlation, i.e., when one parameter increases,
the other decreases.

• d8 9 = 0 shows that there is no correlation between the parameters.

• d8 9 = 1 indicates a perfect positive correlation, i.e., when one parameter increases,
the other increases as well.
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F. Microscopic mean field theories

For self-consistency, this appendix provides the main ingredients for the target nuclear
densities calculated and employed in Chapter 6. The model descriptions presented in a
few relevant scientific papers (cited throughout the appendix) have been closely followed,
without presenting any original contributions.

F.1 Non-relativistic Hartree-Fock calculations with

the Skyrme force

Microscopic mean field theories are based on the assumption that each nucleon (proton
or neutron) inside the nucleus is moving independently in an average mean-field potential
created by all other nucleons. The aim is to extract such a single-particle potential from the
sum of effective two-body nucleon-nucleon (NN) interactions [130]. In the non-relativistic
case, the starting point is the many-body Schrödinger equation, which describes the
NN-particle quantum system:

Ĥ |Ψ(r1, r2, . . . , r�)〉 = � |Ψ(r1, r2, . . . , r�)〉, (F.1)

where Ψ(r1, r2, . . . , r�) is the many-body wavefunction of all particles and � is the total
energy of the system. The Hamiltonian of the system is

Ĥ =

�∑
8=1

p2
8

2<
+ 1

2

�∑
8≠ 9

+ eff
8 9 , (F.2)

where p8 is the momentum operator for the 8th nucleon, < is the mass of a single nucleon,
and � is the number of nucleons. The effective two-body NN interaction is denoted by
+ eff
8 9 and it is generally built in a phenomenological way.

In the Hartree-Fock (HF) approximation, the ground state wavefunction of the nucleus
Ψ(r1, r2, . . . , r�) is approximated by a Slater determinant of single-particle wavefunctions
k (r):

Ψ(r1, r2, . . . , r�) =
1
√
�!

���������
k1(r1) k2(r1) · · · k� (r1)
k1(r2) k2(r2) · · · k� (r2)

...
...

. . .
...

k1(r�) k2(r�) · · · k� (r�)

��������� . (F.3)

The variational principle is employed to determine the optimal single-particle wavefunctions
k (r) by minimizing the total energy of the nucleus:

� =
〈Ψ|� |Ψ〉
〈Ψ|Ψ〉 , (F.4)

leading to a set of � coupled integro-differential equations (the HF equations):

ℎk8 =

(
− ℏ2

2<
∇2 +*HF [k ]

)
k8 = Y8k8, 8 = 1, . . . , �. (F.5)
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This self-consistent system of HF equations is typically solved by iteration until convergence
is attained, resulting in a set of single-particle wavefunctions k , their energies Y and the
HF mean field *HF [k ]. Once the single-particle states are known, the nuclear density is
evaluated as:

d (r) =
�∑
8=1

|k8 (r) |2. (F.6)

To properly describe the properties of nuclei, in particular the binding energies and the
radii, density-dependent energy functionals are commonly used, based on Gogny [121, 122]
or Skyrme [131, 132] interactions. In this section the HF equations for the Skyrme interac-
tion are briefly presented, closely following [131, 132], where the Skyrme-HF formalism
was first introduced.

The Skyrme-HF calculations are performed with the zero-range two-body force:

E12 = C0 (1 + G0%f ) X (r1 − r2) +
1

2
C1

[
X (r1 − r2):2 + :′2X (r1 − r2)

]
+ C2k′ · X (r1 − r2)k + 8,0(σ1 + σ2) · k′ × X (r1 − r2)k,

(F.7)

where k = (∇1 − ∇2)/(28) is the operator of the relative momentum. In addition to
this two-body force, in the original Skyrme calculations [131, 132] a three-body force of
zero-range was also introduced:

E123 = C3X (r1 − r2)X (r2 − r3), (F.8)

For even-even nuclei this force is equivalent to a two-body density-dependent interaction:

E123(d) =
1

6
C3(1 + %f )X (r1 − r2)d

(r1 + r2

2

)
. (F.9)

Later on, the following more general density-dependent term was introduced:

E123(d) =
1

6
C3(1 + %f )X (r1 − r2)dW

(r1 + r2

2

)
. (F.10)

where W is a parameter mainly related to the compressibility of nuclear matter. Since
this density-dependent term cannot be further related to a nucleon-nucleon force, the
formalisms which include this term are commonly referred to as Skyrme energy-density
functionals.

The Skyrme-HF equations presented below are derived for even-even # = / . Neglecting
the Coulomb interaction and taking W = 1, the total energy can be written as

� =

∫
� (r) dr, (F.11)

where

� (r) = ℏ2

2<
g + 3

8
C0d

2 + 1

16
C3d

3 + 1

16
(3C1 + 5C2)dg

+ 1

64
(9C1 − 5C2) (∇d)2 − 3

4
,0d∇ · J +

1

32
(C1 − C2)J2.

(F.12)

The nucleon density d (r), the kinetic energy density g (r), and the spin-orbit densities J (r)
depend on the single particle states k8 which define the Slater-determinant wavefunction
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Ψ:

d (r) =
∑
8,B,C

|k8 (r, B, C) |2, (F.13)

g (r) =
∑
8,B,C

|∇k8 (r, B, C) |2, (F.14)

J (r) = −8
∑
8,B,B ′,C

i∗8 (r, B, C)
[
∇k8 (r, B′, C) × σB,B ′

]
. (F.15)

The sums are taken over all occupied single-particle states. The spin and isospin coordinates
are denoted by B and C .

Varying the total energy � with respect to the single-particle states k8 (with the
additional constraint that the latter are normalized):

X

Xk8

(
� −

∑
8

Y8

∫
|k8 (r) |2dr

)
= 0, (F.16)

yields the HF equations:[
−∇ · ℏ2

2<∗(r)∇ +* (r) +W (r)
1

8
· (∇ × σ)

]
k8 = Y8k8, (F.17)

where the effective mass is

<∗(r) =<
(
1 + 2<

ℏ2

1

16
(C1 + 5C2)d (r)

)−1

, (F.18)

the effective potential is

* (r) = 3

4
C0d +

3

16
C3d

2 + 1

16
(3C1 + 5C2)g +

1

32
(5C2 − 9C1)∇2d − 3

4
,0∇ · J , (F.19)

and the one-body spin-orbit potential is

W (r) = 3

4
,0∇d. (F.20)

The HF equations are solved iteratively and the parameters C0, C1, C2, C3, G0 and ,0 are
fitted to experimental binding energies and radii.

For deformed nuclei with axial symmetry, the Skyrme-HF equations are usually solved
in the intrinsic system. In this case, the single-particle wave functions are

k8 (r, B, C) = jC8 (C)
[
k+8 (A, I)48Λ

−
ij+1/2 (B) +k−8 (A, I)48Λ

+
ij−1/2 (B)

]
, (F.21)

where Λ± = Ω8 ± 1
2 , Ω8 is the eigenvalue of the component �I of the total angular momentum,

which is a good quantum number for the single-particle state k8 ; the eigenvalues of the
component gI of the isospin are C8 = +1

2 for protons and C8 = −1
2 for neutrons. Therefore,

the nucleon and kinetic energy densities depend only on the coordinates A and I:

d (A, I) =
∑
8

[
|k+8 (A, I) |2 + |k−8 (A, I) |2

]
g (A, I) =

∑
8

(
|∇Ak+8 (A, I) |2 + |∇Ik+8 (A, I) |2 +

1

A2
|Λ−k+8 (A, I) |2

+ |∇Ak−8 (A, I) |2 + |∇Ik−8 (A, I) |2 +
1

A2
|Λ+k−8 (A, I) |2

)
.

(F.22)
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In open-shell nuclei one needs to take into account also the correlations induced by the
pairing force. In this case, the single-particle states have an occupation probability which
is different from 1 and 0. As such, the nuclear density becomes:

d (r) =
∑
8

E2
8 |k8 (r) |2, (F.23)

where E2
8 is the occupation probability of the state 8. The kinetic energy density and

spin-orbit density are calculated in the same manner.
In the majority of the calculations for open-shell nuclei, the occupation probabilities are

calculated within the BCS (Bardeen-Cooper-Schrieffer) approximation. For the even-even
# = / nuclei considered in this thesis, in which the proton-neutron pairing is significant, the
occupation probabilities were evaluated in the framework of QCM (quartet condensation
model).

F.2 Relativistic mean field theory

Contrary to non-relativistic mean-field theories, the relativistic mean field (RMF)
approach fulfills the special relativity requirements and, as such, it strictly obeys the
causality principle. In this section the main ingredients of RMF are briefly presented,
closely following [133].

In RMF the nucleons are considered point-like particles which interact by exchanging
mesons. In the case of nucleon-nucleon interactions in free space, one of the most important
mesons is the pion (c), characterized by the angular momentum � = 0, the isospin ) = 1,
and the parity % = −1. However, due to the negative parity, its inclusion in the RMF theory
would break parity symmetry at the Hartree level. Since parity is conserved in real nuclei,
the pion is typically not included explicitly in the RMF theory. Instead, an effective scalar
field, the f-meson, is introduced, characterized by � = 0, ) = 0, and % = +1. The f-meson
is usually considered as a phenomenological approximation of a two-pion resonance and it
is introduced to generate the long-range attractive part of the nucleon-nucleon interaction.
The repulsive short-range interaction is modelled by the l-meson, which has quantum
numbers � = 1, ) = 0, and % = −1. This meson generates a vector field (l` (G)) analogous
to the electromagnetic field of the photon, with its time-like component contributing to
a repulsive force similar to Coulomb repulsion. The isospin dependence of the nuclear
interaction is generated by the exchange of the d-meson characterized by � = 1, ) = 1,
and % = −1. The masses and coupling constants of the f, l, and d mesons are treated as
adjustable parameters that are fine-tuned to reproduce observed nuclear properties.

The equations of motion for the fields are derived from the Lagrangian density through
the classical variation principle. The mean-field approximation is adopted: the meson fields
are replaced by their classical expectation values obeying the Klein-Gordon equations and
the nucleons are described as single-particle wavefunctions obeying the Dirac equation. To
describe the ground-state nuclear properties, such as the nuclear density, static solutions
are sought for the equations of motion, under the following assumptions:

• The meson fields are time-independent.

• The nucleon spinors have a time dependent phase of the form exp(8n8C).

• Time-reversal invariance and good parity are considered, which are particularly
applicable to the ground states of even-even nuclei.
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The stationary RMF equations are then:

[−8α∇ + V (< + () ++ ]k8 = Y8k8 (F.24)

(−Δ +<f )f = −6fdB − 62f
2 − 63f

3 (F.25)

(−Δ +<l )l0 = 6ldE (F.26)

(−Δ +<d)d0
3 = 6dd3 (F.27)

−Δd0
2 = 4d2, (F.28)

where the scalar density is

dB =

�∑
8=1

k̄8k8, (F.29)

the usual (baryon) density is

dE =

�∑
8=1

k
†
8
k8, (F.30)

the isovector density is

d3 =

�∑
8=1

k
†
8
g3k8, (F.31)

and the charge density is

d2 =

�∑
8=1

k
†
8

1

2
(1 + g3)k8 . (F.32)

In Eq. (F.24), the vector potential is

+ (r) = 6ll0(r) + 6dg3d
0
3 (r) + 4�

0(r), (F.33)

which is the time-like component of a Lorentz vector (and it corresponds to the Coulomb
field in electrodynamics), and the scalar potential is

( (r) = 6ff (r), (F.34)

contributing to the effective Dirac mass <∗(r) =< + ( (r). The stationary RMF equations
are solved self-consistently by iteration, as follows:

1. An initial guess is made for the potentials + and (;

2. The Dirac equations for the spinors k8 are solved;

3. The densities dB , dE , d3, and d2 are calculated;

4. The meson fields are computed;

5. The potentials are updated;

6. The steps above are repeated until convergence is achieved.
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The procedure is equivalent to the Hartree approximation employed in the non-relativistic
case [134].

One relevant aspect of the RMF approach is the way in which the effective mean field
is generated. This can be seen by neglecting the Laplacian in Eqs. (F.25) and (F.26).
In this case, the scalar (f) and vector (l) meson fields (with masses of approximately
500 MeV and 780 MeV, respectively) are proportional to the scalar and vector fields,
respectively, as in infinite nuclear matter. For finite nuclei, f and l meson fields exhibit a
Wood-Saxon shape, vanishing outside the nucleus. Inside the nucleus, these fields remain
nearly constant, with ( ≈ −400 MeV for the f-field and + ≈ 350 MeV for the l-field.
Consequently, the nucleon potential depth is (+ + () ≈ −50 MeV. On the other hand, the
anti-nucleon potential is significantly larger, (+ − () ≈ 750 MeV. Due to this reason, in
the majority of the RMF calculations, the contribution of the negative-energy solutions of
the Dirac equations is neglected.

Another important aspect of the RMF approach is the mechanism by which the
saturation of nuclear matter is preserved. This mechanism is based on the special structure
of the scalar and vector densities, which determine the attractive scalar and repulsive
vector potentials. The scalar density

dB (A ) =
�∑
8=1

(
|58 (A ) |2 − |68 (A ) |2

)
, (F.35)

depends on the difference between the large (58) and small (68) components of Dirac spinors,
while the vector density

dE (A ) =
�∑
8=1

(
|58 (A ) |2 + |68 (A ) |2

)
, (F.36)

depends on their sum. As small components become significant during a potential collapse
(e.g., when the energy gap in Dirac equations diminishes), dB decreases. Since dB drives the
attractive scalar potential (, this reduction mitigates excessive attraction and stabilizes
the nucleus.
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[106] J. Albiński and F. Michel. Quantum calculation of the barrier and internal wave
contributions to light- and heavy-ion elastic scattering. Phys. Rev. C, 25:213–225,
1982. doi: 10.1103/PhysRevC.25.213. URL https://doi.org/10.1103/PhysRevC

.25.213.

[107] F. Brau, F. Michel, and G. Reidemeister. Barrier and internal wave contributions
to the quantum probability density and flux in light heavy-ion elastic scattering.
Phys. Rev. C, 57:1386–1397, 1998. doi: 10.1103/PhysRevC.57.1386. URL https:

//doi.org/10.1103/PhysRevC.57.1386.

[108] G.R. Satchler and W.G. Love. Folding model potentials from realistic interactions
for heavy-ion scattering. Phys. Rep., 55(3):183–254, 1979. ISSN 0370-1573. doi:
10.1016/0370-1573(79)90081-4. URL https://doi.org/10.1016/0370-1573(79)9
0081-4.

134

https://doi.org/10.1103/PhysRevC.7.1368
https://doi.org/10.1103/PhysRevC.3.1104
https://doi.org/10.1016/0370-2693(72)90246-8
https://doi.org/10.1016/0370-2693(72)90246-8
https://doi.org/10.1016/0370-2693(76)90287-2
https://doi.org/10.1016/0370-2693(76)90287-2
https://doi.org/10.7566/JPSJ.88.024201
https://doi.org/10.1016/0370-2693(78)90553-1
https://doi.org/10.1016/j.nuclphysa.2016.09.008
https://doi.org/10.1016/j.nuclphysa.2016.09.008
https://doi.org/10.1143/PTP.132.7
https://doi.org/10.1103/PhysRevC.25.213
https://doi.org/10.1103/PhysRevC.25.213
https://doi.org/10.1103/PhysRevC.57.1386
https://doi.org/10.1103/PhysRevC.57.1386
https://doi.org/10.1016/0370-1573(79)90081-4
https://doi.org/10.1016/0370-1573(79)90081-4


[109] M. Lassaut and N.Vinh Mau. Low-energy nucleon-alpha scattering: Microscopic
potentials and phase shifts. Nucl. Phys. A, 349(3):372–396, 1980. ISSN 0375-9474.
doi: 10.1016/0375-9474(80)90295-X. URL https://doi.org/10.1016/0375-947

4(80)90295-X.

[110] M. Lassaut and N.Vinh Mau. The imaginary part of the local potential equivalent
to the non-local U-nucleus optical potential. Nucl. Phys. A, 391(1):118–136, 1982.
ISSN 0375-9474. doi: 10.1016/0375-9474(82)90222-6. URL https://doi.org/10.1

016/0375-9474(82)90222-6.

[111] D. Negrea, N. Sandulescu, and D. Gambacurta. Proton-neutron pairing and binding
energies of nuclei close to the # = / line. Phys. Rev. C, 105:034325, 2022. doi:
10.1103/PhysRevC.105.034325. URL https://doi.org/10.1103/PhysRevC.105.0

34325.

[112] N. Sandulescu, D. Negrea, J. Dukelsky, and C. W. Johnson. Quartet condensation
and isovector pairing correlations in # = / nuclei. Phys. Rev. C, 85:061303, 2012.
doi: 10.1103/PhysRevC.85.061303. URL https://doi.org/10.1103/PhysRevC.8

5.061303.

[113] N. Sandulescu, D. Negrea, and C. W. Johnson. Four-nucleon U-type correlations and
proton-neutron pairing away from the # = / line. Phys. Rev. C, 86:041302, 2012.
doi: 10.1103/PhysRevC.86.041302. URL https://doi.org/10.1103/PhysRevC.8

6.041302.

[114] N. Sandulescu, D. Negrea, and D. Gambacurta. Proton–neutron pairing in N=Z
nuclei: Quartetting versus pair condensation. Phys. Lett. B, 751:348–351, 2015.
ISSN 0370-2693. doi: 10.1016/j.physletb.2015.10.063. URL https://doi.org/10.1

016/j.physletb.2015.10.063.
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