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Abstract

Thermal machines are physical systems designed to convert thermal energy into practical work
through cyclic state transformations. A key component in such a machine is a clock-equipped con-
trol element that dictates which interaction Hamiltonian governs the system-reservoir interactions
at specific times, while itself remaining unaffected. However, in the context of quantum dynam-
ics, it is well known that maintaining perfect isolation is practically impossible, except under highly
idealized conditions. In this study, we begin with such an idealized model for a clock and system-
atically relax its main assumptions to develop a more realistic framework. Our approach yields a
simplified yet physically consistent description of clock dynamics, enabling the analysis of devi-
ations from ideal time-keeping, which we interpret as clock degradation. We introduce a continu-
ous time operator to derive a lower bound on this degradation, grounded in a generalized time-
energy uncertainty relation. These results highlight trade-offs between clock performance and
energy uncertainty in physically realizable control schemes.

1. Introduction

A heat engine can generally be defined as an open system coupled to many portions of the surround-
ing environment, which act as reservoirs. The primary aim of a heat engine is generating power in the
form of mechanical work [1]. The realization of thermodynamic cycles, whether classical or quantum,
relies on time-dependent Hamiltonians, which often incur significant energy costs that are difficult to
fully capture in theoretical models. This problem can be addressed by embedding the system within
an expanded framework that includes an additional ‘clock’ system to keep track of time. The engine
and clock together evolve under a time-independent Hamiltonian in a larger Hilbert space [2]. While
this approach increases the dimensionality and complexity of the system due to the expanded Hilbert
space, it compensates by making the overall dynamics autonomous, removing the need for external
time-dependent driving. This framework has offered valuable insights into how the intrinsic physics of
the time-keeping system [3—6] and the process of time sampling [7-9] affect the dynamics of generic
quantum machines, with notable implications for quantum computing protocols [10-15]. Additionally,
this perspective has become foundational in the resource theory of thermodynamics [16]. In the most
general framework, a quantum system that can either access or generate a time signal and use it to
control the evolution of another system, while remaining robust to perturbations (such as back reac-
tions from the engine), can serve as a clock [3]. A minimal model including effectively all these fea-
tures has been recently proposed in [17]: the time-dependent Hamiltonian coupling system and envir-
onment is modeled as a set of time-independent operators acting sequentially during the evolution
time. Each operator is correlated to the position of an external particle (the clock) freely moving under
a Hamiltonian that is assumed to be linear in the momentum. The control mechanism is provided

by an effective coupling between the particle and the engine that is assumed to commute with the

free Hamiltonian of the engine (covariant operation). As pointed out in [4], this model is inherently
nonphysical because the particular free evolution assumed for the clock requires an unbounded clock
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Hamiltonian. This argument can be seen as another facet of the celebrated Pauli objection to the exist-
ence of a time operator in standard quantum mechanics [18, 19]. Namely, the equation of motion of a self-
adjoint time operator T reads

T:i[H,T}:ﬂé[T,H}:iﬂ, (1)

thus if such operators were to exist, they would need to be unitarily equivalent to X and p, implying that
their spectra are continuous and unbounded from below, implying the lack of a ground state, and equi-
librium. As a result, the system would require infinite energy, being unsuitable for describing physically
realizable systems. In essence, the commutation relation involving T and the Hamiltonian operator, as
outlined in equation (1), lacks exact physical solutions within the framework of standard non-relativistic
quantum mechanics. This issue has deep historical roots within the genesis of quantum theory [19].
Over the years, various strategies have emerged to confront this challenge, each presenting distinctive
viewpoints. These strategies include the proposition of non-self-adjoint time operators [20], as well as
explorations within the framework of relativistic quantum field theory [21]. Remarkably, an alternative
perspective has advocated for the retention of unbounded operators [22]. Other approaches in the liter-
ature, as discussed in [3, 4], often rely on well-motivated finite-dimensional approximations of the time
operator T.

In this work, we replace the particle used as a clock in [17] with a fully quantum object-an excit-
ation of a quantum field propagating along a straight trajectory-and track time by monitoring its
mean position. Keeping the structure of the coupling Hamiltonian between the system and the engine
unchanged, we demonstrate that this interaction directly affects the wave packet’s dispersion law, leading
to a significant deterioration in the clock’s performance. This result provides a framework for approxim-
ating the solution of equation (1) using infinite-dimensional operators, which play a fundamental role in
the model. More importantly, we establish a fundamental lower bound on clock degradation, showing
that as long as the clock remains coupled to an engine, a certain level of deterioration is unavoidable.

The paper is structured as follows: in section 2 we define the global model of engine and clock and
describe the dynamics of the system using the framework of quantum collision models (QCM) [23-26].
Subsequently, in appendix A we introduce a model for the interaction between the control system and
the engine. This model, designed for situations characterized by minor degradation, serves to restrict
deviations from the desired dynamics we aim to implement. Section 3 explicitly addresses the issue of
degradation and in section 4 we return to the problem of time operators to quantitatively assess how the
unavoidable degradation of physical clocks affects the precise definition of time operators in QM.

2. Definition of engine and clock

Following the reasoning in [17] we consider a bipartite Hilbert space H = Hg ® Hc, where E identifies
a generic open system and its surrounding environment, and C an auxiliary system denoted as clock.
The role of the clock is controlling the evolution of the system without any external control. The total
Hamiltonian reads

H=Hg + Hc + Vic , (2)
where Hg and Hc are the free Hamiltonians of engine and clock, respectively. The identities over the

complementary Hilbert spaces are omitted. In [17] the interaction between engine and clock takes the
form

Vie = /]R dx Vs () ® (] (3)

where |x)c(x| projects over the different position states of the clock and Vi € Hg. We choose as a clock a
one-dimensional bosonic field with free Hamiltonian

He = / kel . (4)
In the position space, the initial state of the clock is a pulse described by

pc)©® = / dx,, () X (1) [vac) = ol (x0) [vac) (5)
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Figure 1. Autonomous clock-driven quantum machine. (a) The engine evolves from the state Ej to the state E; under the action

of a propagator generated by the time-dependent Hamiltonian Hg(£). (b) The time-dependent Hamiltonian is represented by

a series of time-independent Hamiltonians, with the addition of a clock mechanism that chooses the appropriate generator at
each intermediate stage of the time evolution. Together, the engine and clock form an autonomous system. (c) A Gaussian pulse
traveling on a line acts as clock by selecting the generator of the evolution of the engine. The switching process relies on the field’s
intensity within a time interval of magnitude W, which serves as a measurement of the pulse’s ‘position’. The field is decomposed
into a succession of noninteracting time-bin ancillae. For the sake of simplicity we render the clock degradation process as a pure
broadening of the pulse.

where &, (x) is the pulse envelope function centered on xg, with velocity c¢=1 and X is an operator
acting on the Fourier-transformed ladder operators of the field af (e.g. displacement or squeezing).

We assume that the quasimonochromatic approximation [27], i.e. the spectral width is much smaller
than the average frequency of the wave-packet, holds. In the following, we will assume a linear disper-
sion relation wy = v¢k in the free Hamiltonian equation (4). These assumptions correspond to taking as
our clock a single-photon pulse traveling in a vacuum or a particle with a very narrow distribution in
momentum. Additionally, we assume a Gaussian envelope with frequency bandwidth

O\
cw=(3,) T ©)
s

with & =Z, where Z is the identity map, i.e. a single-particle pulse.

We can distinguish between two different times only when the pulse has moved by an amount that
is larger than its width (in figure 1 there’s an example of this process). This leads naturally to a first dis-
cretisation of the interaction defined by a time window of size W and discretising Vg(s) on them. In
light of this intuition we make the following replacements in equation (3):

Ve(s) = > Ve(s)Ow(s—s) (7)
Is)e(s| — viv/p dx ala,, (8)

where ©(s —s;) is the rectangle function of size W centered on the time s;, which can be chosen among
the times within the ith window. We denote with D, the integration range corresponding to a time win-
dow centered on the value g. Let’s assume that s; corresponds to the center of the window. In the second
equation the measure of position is defined, i.e. we integrate the number of excitations per length over
the region corresponding to s. More detailed information about W and the discrete potential V(s;) will
come in subsequent sections.
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Plugging equations (7) and (8) into equation (3), the interaction term can be expressed as

N N 1
V —>/ds V.(s;)© s—5i®—/ dx&l(ix
e [ Ei (5:) Ow (s —si) @ 35 o
1 A 1 N
—— . s Gta — — . it 4
2 Ve [souls—s) [ arala= 33T [ axalas ©)

where D; is now the region including s; (following the previous assumption it is [s; — W/2,s; + W/2]).
In the interaction picture with respect to the free Hamiltonian of the clock and the engine, we have

Vi (1) ZV’ si) / dx al_a,_,, (10)

with Vi (s;) = etHe' Vi (s;)e =1 He! (we omit the time dependence) and the total propagator is given by

o t
Z/A{t}o =e! (HE"‘HC)tTexp {—i / dT\A/{:JC (T)} , (11)
0

where 7T is the time ordering operator.
We now discrete the time axis into shorter intervals t = nAt with n € N and the time step At < W.
Thus the propagator in equation (11) is decomposed as

=TTt =T e [ arifen}. "

In the limit of At — 0 we can approximate the propagator (12) through the first order of the Magnus
expansion [28]:

0) 1 o
H, AtWZV si) /dx/ de,,_ r

rl
ti+W/2—t,

—Wzvg(s,)@/ dx i,

ti—W/2—t,

1 N N
= \TVZ Vi (51) ® Nw(it1/2)—n > (13)
1

. : +W/2—t, . . .
where 07, 1= ﬁ ftt dTaL +Ga—r and NW (i+1/2)—n = ft+w//22 : dx 071,. Thus we obtain the discrete-

n—1
time propagator

~ —i ] [y lAt A A
un ~e (He+Hc)AteXp {—W Z Vi (51‘) ®NW(i+1/2)n} . (14)

In this picture, the time evolution of the joint engine-clock system can be interpreted as a sequence
of repeated interactions between the engine and a set of localized spatial modes lying within a window
W. These modes effectively act as ancillae in a QCM, where each interaction momentarily couples the
engine to a different part of the environment, thereby inducing a time-dependent evolution governed by
the particle’s position along the line.

Note that in our approximation we used the operator in equation (8) instead of the field oper-
ator ] (s)1(s) to avoid biasing by the shape of the pulse. None of the previous assumptions prevent
pulse broadening, as it depends on the clock-engine interaction Hamiltonian. Note that unlike the ideal
scenario proposed in [17], we cannot decompose the propagator in equation (14) into two separate
operators for the clock and the engine. Consequently, the engine and the clock will exhibit correla-
tions that grow over time. This back-reaction affects the clock’s state and provides the physical basis for
degradation.
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3. Clock degradation and dispersion law

For linear dispersion relations wy = ck, the free evolution of the clock ladder operators in the frequency
domain reads

echtﬁke_cht — &ke—lkxsgn(k) , (15)
where x = ct. As a consequence, for Gaussian envelope and under the quasimonochromatic approxima-

tion, the initial state of the clock (5) transforms as

) = [ ax [ dkge Mo ag) =[xl ). (16)

i.e. the free Hamiltonian of the clock only translates the state of the field. It becomes evident that when
the clock evolves exclusively under this Hamiltonian with the assumption of a linear dispersion, it can
behave as an ideal clock in the sense of [3]. Consequently, we can explore the potential for degradation
by examining the emergence of nonlinearity in the dispersion law. Starting from equation (9) we have,
in the Fourier space,

Hc + Vic = / dkvgkalay + / dkdk' F [Ve] (k— k') @ alay (17)

where F[Vg](k) = [ dxVg(x)e ** denotes the Fourier transform of the engine Hamiltonian. Even in the
case in which (F[Vg])g o flk,)d(k — k'), the interaction term still introduces a complex and non-trivial
deviation from linearity into the dispersion relation. One of the consequences of the non-linearity of the
dispersion relation is wave-packet broadening [29, 30] . When the wave-packet width becomes compar-
able to W, from the point of view of the engine’s dynamics, we are not able to select which of the trans-
formations is the one we must implement to reproduce the target dynamics: in other words, we do not
know what time it is. We interpret this phenomenon as a manifestation of clock degradation arising from
the interaction with the engine. This interaction leads to the emergence of an effective mass o (Ofwy) ',
even when the free clock field is originally massless. On the other hand, the coupling (9) is a translation
of (3) for quantum fields, which in turn finds its origins in the broader concept of the ancilla-clock sys-
tem initially introduced in [16]. Therefore, for clocks falling within this broad class, our findings provide
direct evidence of the intrinsic connection between degradation and the effective mass of the system
operating as a clock. An interesting possibility would be preparing a pulse with an initial negative effect-
ive mass, for example by engineering the dispersion to mimic that of a particle in an inverted harmonic
potential. The idea would be to counteract the induced degradation, interpreted here as the pulse acquir-
ing a positive effective mass. The implications of such a scenario will be discussed in the next section.

4. Time operators

In this section, we introduce a time operator formalism that allows for a comprehensive characterization
of the clock’s performance. Specifically, our goal is to describe clock degradation at a fundamental level-
namely, as the combined effect of two main contributions: the intrinsic non-idealities of the system used
as the clock (referred to as self-degradation), and the correlations arising from its interaction with an
engine. These two contributions, which we analyze in this section, form the fundamental ground upon
which any additional error, such those arising from deviations from the Gaussian profile of the wave
packet or the choice of the time window W, must be added.

Inspired by the functional form of the Hamiltonian in equation (9), we define a continuous clock
time operator

|
T= f/dxx(i];éx, (18)
[

where c is the speed of light in the vacuum. It is interesting to note that given any continuous disper-
sion relation w(k) for the clock system, we can find an expression for the corresponding equation (1), as
shown by the following

Theorem 4.1. Given the time operator defined above, and given a continuous dispersion relation w(k), the
commutator with Hc reads
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where

1 Lo s

A= p dkw’ (k) ajay, (19)
with w’(k) = dw(k)/dk.
Proof. See appendix B. l

The theorem above implies the Heisenberg equation of motion

ﬁﬂg:ﬂmayﬂﬂz/hmmm@@:A, (20)

which is generally far off from the ideal case of equation (1), and the clock states will in general spread,
a phenomenon that causes superpositions of different time states and reduces the resourcefulness of the
clock system. Having introduced a time operator, we are in the position of defining an associated quan-
tifier of degradation by means of the variance of the operator T:

Definition 4.1. Given a time operator T and an initial clock state |¢)c), the degradation D(t) of the clock is

defined as
D@:,Nm@jzgﬁywﬁﬁa

Given a dispersion relation and its corresponding modified Heisenberg algebra [T, He) = iA, we find
that under its own clock Hamiltonian, the time dependency of D(#) can be extracted: it is linear for any
(continuous) choice of dispersion relation w(k), and proportional to the variance of the operator A:

Theorem 4.2 (Clock self-degradation). Given a dispersion relation w(k), and its corresponding modified
commutator [T, Hc] = iA, the clock self-degradation obeys

D(t) =1/ Var(A) ¢

Proof. See appendix B. O

The theorem above suggests that it might always be possible to completely eliminate the problem of
self-degradation at all future times by preparing initial clock states such that Var(A) =0, i.e. eigenstates
of A. Interestingly enough, under fairly general assumptions this possibility is ruled out, except in the
case of strictly linear dispersion relation, as shown by the following

Theorem 4.3. Given a single-particle clock state |1)c), whose support in k-space is defined by a compact interval
Q € R with non-zero length, and given a continuous and injective dispersion relation w(k) : 2 — R, one has
D(t) = 0Vt if and only if w(k) is linear in the whole support Q.

Proof. See appendix B. O

As a corollary to the theorem above, we can consider the limit case in which our initial clock state
is extremely well localized in a spatial window of width W. Since good clock states must be sufficiently
localized in position, they must necessarily be sufficiently delocalized in momentum and therefore the
support €2 in the theorem above becomes the whole real line as W — 0, forcing the dispersion relation to
be linear everywhere.

We can now investigate what happens to equation (1) in the case of a linear dispersion relation
w(k) = ck. Following the results above one has

A:/&@@:Mh (21)

where N¢ counts the excitations of the field. Remarkably, this is the unique case in which we can con-
struct resourceful clock pulses that have Var(f\) = 0 but are not eigenstates of the clock Hamiltonian
(this renders them ineffective as clocks due to their stationarity). The initial state of the clock

equation (5) has a fixed number of excitations N, and furthermore such number of excitations is exactly

conserved during the dynamics due to the fact that [Nc, H] = 0. Thus, within our assumptions, when

6
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starting from a clock state with well-defined particle number N¢|ic) = N|i)c), we can always define a
projector Py onto the N-particle sector and the rescaled time operator

1.
F=_T 22
=5 (22)
such that
By (%—HN) By =0, (23)

that corresponds to the original Pauli relation in the N excitation subspace [31]. In other words, we
found that any wave-packet with a fixed total number of excitations traveling through a medium with
linear dispersion law (i.e. any massless wavepacket) behaves as an ideal clock, in the sense of [17].

Now, let us assume that our clock is coupled to an engine E. Contrary to what we had before, the
clock now does not evolve unitarily, but as a sum of unitaries:

Lemma 4.1. The state of the clock at a time t, when coupled to an engine is given by

pc (1) = Trpce (1) = ZPJI;{J'WCW/’CWJ‘T’
j

where U = e~ i(ActeW)t s the unitary operator that accounts for the engine’s effect on the clock Hamiltonian,
represented here by W)t and g is the coupling strength between clock and engine.
Proof. See appendix B. O

Lemma 4.2. In the open system scenario, the expectation value of the time operator acquires an additional
contribution due to the interaction with the engine. Specifically, up to second order terms in g

(T) = (R) 1+ g (V (1)),
where (V(£)) =i (DAV(1), Tu(1)]), and W(t) = [y dr 370 Wi (—7).
Proof. See appendix B. O

Theorem (Clock degradation). Consider a quantum clock with free Hamiltonian Hc, coupled to an engine
with Hamiltonian Hg, with coupling strength g. For sufficiently small g, i.e. weak-coupling limit, up to second
order terms in g, the degradation of the clock is

D(1) = \/Var (A) £ 4 2¢Cov (V(t) T (t)).

Proof. See appendix B. O

As highlighted by the theorem above, eliminating clock degradation entirely is fundamentally
impossible. More precisely, starting with a non-trivial dispersion relation, associated with a negative
effective mass, it might be possible to end up with a linear dispersion, eliminating the contribution of
the first term. The second term encodes the correlation build-up between clock and engine, and as such
it cannot be compensated by this effect.

The trade-off between degradation and resourcefulness of the clock states is a consequence of the
Heisenberg uncertainty relation for the clock’s position and momentum, and can then be translated into
a lower-bound:

AHAT (1) = [ AH(t)} >‘ (24)

(Tu ()| (25)

Without loss of generality, we can decompose Ty(t) into two parts : one that describes the non-
interacting evolution of the clock and another that accounts for the deviations induced by the interac-

tion with the engine. The time derivative of the operator then takes the form Ty = A + A (#), where
the first and second term capture the time-independent and the time dependent corrections due to the
engine, respectively. The uncertainty relation becomes

AHAT (1) > %|<A+5A(t)>|. (26)
7



10P Publishing

New J. Phys. 27 (2025) 114501 L Lautenbacher et al

This allows us to write a lower bound for the degradation of the clock as

[(A) + (5A (1))

D(t) > -
) 2AH

(27)
where AH is the variance of the total Hamiltonian H, specified in equation (2). This follows directly
from the general Robertson—Schrodinger uncertainty relation associated to the pair of noncommuting
observables T and H [32]. Considering an explicit dependence with the engine Hamiltonian, it follows
that (T (t)) = (T), and from lemma 4.2 we have

(0A (1) = g{V (1), (28)
where (V(t)> = 4(V(t)). The uncertainty relation then becomes

by » IR -8V, 09)

The bound quantifies a fundamental limitation of the degradation of the clock. Note that (A) character-

izes the linear ticking of the clock in the isolated scenario, while (V(#)) accounts for deviations induced
by the interaction with the engine that manifests as an additional source of degradation. This term cap-
tures the fact that using a clock comes with a thermodynamic price, correlations and backaction disturb
the clock’s evolution. The engine-induced dynamics introduce nonlinearity into the clock’s evolution,
effectively reducing its temporal precision. However, the energy uncertainty sets the scale of this trade-
off. Note that AH encodes the variance in energy, which set a fundamental constraint on how precisely
the clock can resolve time. A higher energy uncertainty allows, in principle, for finer temporal resolu-
tion, thereby tolerating greater dynamical changes before significant degradation occurs. It is important

to note that the term (V(¢)) need not be strictly positive. In certain regimes, the interaction with the
engine may transiently reduce the degradation rate, or even partially reverse it. This could occur, for
example, if the coupling induces correlations or coherence that stabilize the clock’s evolution. However,
such scenarios are typically non-generic and require an exotic fine-tuned dynamics.

The lower bound obtained in equation (29) provides a theoretical benchmark for the performance
of any quantum clock based on this physical model and, potentially, for any model that can be mapped
onto it. Given a specific choice of the engine, the bound reflects the clock’s sensitivity to subtle changes
as field and temperature fluctuations, for example. This can guide the design of optimal control proto-
cols, i.e. protocols with minimum disturbance and maximum efficiency. Our clock-system can also be
used as a testbed for foundational questions, such as the investigation of the long-standing theoretical
challenges associated with the definition of a proper time observable in quantum mechanics.

5. Conclusions

Our formalism, built upon a minimal yet well-defined and comprehensive physical framework, proves
effective in capturing the complex nature of timekeeping and the deviations of a clock’s behavior from
ideal performance. A noteworthy connection to [3] arises when considering the dimensionality of the
clock system. In our approach, the clock is modeled as a field, i.e. a continuous-variable system with

an infinite-dimensional Hilbert space as support. This naturally rises the expectation that such clocks
might exhibit near-ideal behavior, especially given that the errors discussed in [3] decay exponentially
with the Hilbert space dimension d. However, a crucial assumption in those bounds is that the clock

is prepared in a state with an energy spread o ~ v/d and a mean energy standing at the midpoint of
the energy spectrum. For a harmonic oscillator, satisfying this condition would imply a state of infin-
ite energy, thereby departing from the physically grounded conditions we consider here. We identify a
fundamental form of clock degradation-that is, independent of practical limitations such as the prepar-
ation of high-fidelity clock states or the implementation of a well-defined clock-position measurement
protocol-and decompose it into two primary contributions. The first one, the self-degradation, arises
from the clock’s own Hamiltonian dynamics and manifests as pulse spreading, allowing us to draw a
clear connection between the degradation of a quantum clock and its mass in the low-energy regime.
This effect can be mitigated by maintaining a linear dispersion relation in the medium, where rescal-
ing mechanisms act to prevent the degradation from becoming unbounded. Notably, the link between a
clock’s mass and its capacity to keep time has also been explored experimentally [33]. The second con-
tribution to degradation is induced by the interaction between the clock and the engine, and is strongly

8
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influenced by the correlations between them. Together, these effects give rise to a non-trivial connec-
tion between timekeeping precision and the system’s energy uncertainty. This is captured by an uncer-
tainty relation that imposes a fundamental lower bound on degradation, thereby setting a limit to the
achievable precision of real clocks. Interestingly, the interplay between these two fundamental sources

of degradation may give rise to unconventional behaviors, including the possibility of suppressing or
even reversing degradation-phenomena typically associated with nonlinear systems. Our formalism could
be used in the future to explore such scenarios, including moving-particle clocks within the framework
of nonlinear quantum mechanics, such as soliton-based models. These systems may uncover regimes
where degradation is not only reduced, but actively controlled or reversed, opening up new possibilities
for improving timekeeping precision in quantum technologies.
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Appendix A. On the form of the interaction

The choice of the window W and the interaction is crucial for the scenario we want to describe. We
operate under the assumption that the interaction in equation (10) does not allow energy exchange
between the engine and the clock. Thus apart from translation of the clock states, the pulse may suffer
degradation, i.e. pulse broadening in time. The most critical parameter for this timekeeping approach
based on the position is then the width of the wave-packet. One possibility can be choosing W in
order to include all the pulse envelope (W>> Q™! for the Gaussian pulse equation (6), as depicted in
figure 1) and

> Ai af ] )
P () = v; ,for .z even (A1)
1,for i odd.

This choice guarantees that a specific Hamiltonian v; acts on the engine at a specified time window,

at the price of a phase shift due to the identity. The presence of intermittent dead windows naturally
introduces the concept of a ‘period’ in our system, similar to mechanical clocks: the interval between
two successive ticks corresponds to a phase of the evolution during which the oscillating component
disengages from the surrounding mechanism (figure 2). More precisely, for each At, the potential v;
undergoes modulation proportional to the radiation flux over the ith time window. In this scenario the
width of the pulse in terms of At is crucial for the speed at which one can induce a certain V,(t) on the
engine. Let us consider W(i+1/2) —n’ € 2mW, (2m+ 1)W), with m € N. In this case the pulse encom-
passes two time windows. According to (A1) and considering the action of N,, on the state of the clock,
the generator reads

o . i i i
WZ Vi (Si) ®NW(i+1/2)fn/ = Qyp Vi (SZm) + Bn’ Vﬁ (52rn+l) = QpVom + ﬁn’]l ) (AZ)
1/2

where we define o, = %(Nw(z,ﬂ“/z),n/}c and B, = %(NWQMHH/Z),”/)E/Z. Thus in this case

Uy =exp{—i(awVm+ Buwl) At} = exp{—iayrn At} exp {—if, 1At}
= exp{—iay Aty e PrAL (A3)

and the global phase factor can be neglected. At each #n’ the potential 7,,, is weighted by the factor «,,
that ranges between 0 (the pulse is crossing another window) and a maximum that depends on the nor-
malization of the pulse (when the pulse is exactly centered on the 2mth time window). This scheme
allows us to approximate the action of the target time-dependent generator V.(¢) on a mesh of time

9
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a)
.,
2m 2m+1 2m+2 * L 2m 2m—+1 2m—+2
free motion
2m 2m—+1 2m+2
b) 2m | 2m—+1 | 2m+2
~ | :
4 —1] : I
A l A
V2m\J 1 V2m+-2
n

Figure 2. (a) Mechanical analogue of the time windows scheme (A1). During the time between two successive ticks, the ends
of the anchor (rigidly connected to the pendulum’s rod) do not push on the teeth of the escape wheel and both pendulum and
mechanism move freely. (b) Qualitative behavior of the generator of the propagator (14) under the scheme (A1). The action of
the identity during the odd time windows causes the generator undergoes a smooth transition from 2, to ¥2,+2. The colors
correspond to the generator that is acting in the considered time. The shape of the curve depends on the shape of the pulse’s
envelope.

windows of size W. Nevertheless, a notable limitation is that each generator V.(s;) demands an effect-
ive time frame of 2W for execution. This, in conjunction with the modulation, imposes significant con-
straints on the accuracy of the achieved transformation. Notably, as W increases, our discrete series
offers a closer approximation to the continuous generator. Such trade-offs, that arise from the need to
bridge the gap between continuous and discrete representations, are a common challenge in the realm of
approximating continuous-time systems. Up to this point, we have not directly accounted for any clock
degradation process. In the upcoming section, we explore the impact of clock degradation on the wave-
packet dynamics, examining how the Hamiltonian in equation (9) affects also its shape. Understanding
the underlying reasons for this degradation is crucial, given our reliance on the position of the particle
in our time-keeping protocol.

Appendix B. Proofs of the statements in section VI
For the sake of clarity, in this appendix we will focus exclusively on the dynamics of the clock setting
aside the explicit goal of implementing a particular transformation. Thus we consider V(¢) a continuous

variable as well as in [17], i.e. we work in the limit of W — 0. Therefore the clock Hamiltonian keeps
the form in equation (4) while the total Hamiltonian is turned into

H:HE®]1C+]1E®HC+/deE(x)®ﬁi&x. (B1)
When considering the time operator
S| s
T=- [ dxxala,, (B2)
c

where ¢ is a reference speed, we are interested in the commutator [Ty(), Hc], where Ty (t) is the
Heisenberg picture representation of T, which will give us the equation of motion we are looking for.
In order to compute the commutator with H¢, we make use of the following

10
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Lemma B.1 (k-basis representation of .

~ 1 1
T=tim = [ dk(afa. - ala)

ce—0¢€
Proof. We start by expressing dy, a! as anti-transforms of d,, !, and we make use of the fact that, in the

sense of distributions [ dxxe ™ = 27i¢’ (k) where ' (x) is such that [ dxd’(x)f(x) = —f'(0). Putting this
together we can write

:—/dx/dk/dkxe - &,t&k/:/dk/dk(/dxxe )aak/
/ -6/ !/ 5 A~ 8
= g dk [ dk’ (—2mid” (k' — dka [ dk’ k)ay =i [ dka] i -

(B3)
Finally, by using the definition of derivative
1
%a S 113}) - (Are — di) , (B4)
we obtain the result. O

Theorem B.1. Given the time operator defined above, and given a continuous dispersion relation w(k), the
commutator with Hc reads

|:T, HC:| = IA
where A = 1 [dkw’(k akak
Proof. The quantity we need to compute is
[T,Hc} = Ell_r)l‘(l) . dk/dk Wi akak+5 —a}:ak,az/ak/} . (B5)

By making use of the relations

[a,iak+€,a{,ak,} alagd (k+e— k') — al,apeed (k— k')

|alax,a e | = (alaw —afac) (k- k), (B6)
we get

A A i 1 N
[T,Hc} = Ell—% ; </dkwk+5a}:ak+e /dkwka,takH)

1
= —lim = [ dk (wWipe —wp) @) dgs . (B7)

Now, if w(k) = wy, is a continuous function of k we can write

. Wk Wk A+ A . Whte — Wk PPN PN AT~
lim <+€ lak+€> = lim —F " x lim afagy . = w’ (k) aay, (B8)
e—0 € e—0 € e—0

and therefore
THC = /dkw akak (B9)

O

From the theorem above, we can easily drawn some initial conclusions, as exemplified in the follow-
ing two corollaries:

11
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Corollary B.1. Given the time operator defined above, and given any continuous dispersion relation w(k), the
resulting modified commutator

is such that [A,I:Ic} =0, i.e. A is a constant of motion. In particular, the Heisenberg picture representation of A
reads

A (1) = et Re it — A

Corollary B.2. Given the time operator defined above, and given a linear dispersion relation w(k) = ck, the
commutator with Hc reads

where N = [ dk&i&k is the number operator.

As a consequence, note that the Heisenberg equations of motion for this time operator read

nzwhmkﬂmﬂzx (B10)
We are now in a position to define the concept of a clock’s degradation, i.e. the spreading of a clock
state under its own Hamiltonian dynamics.

Definition B.1 (Clock degradation). Given a time operator T and an initial clock state |tbc), the degrada-
tion D(t) of the clock is defined as

D(1) = vm@jzgﬁywﬁﬁ?

Given the modified Heisenberg algebra [T, Hc] = iA, we can characterize the resulting degradation of
a clock state. We find that the time dependency of Dy(t) can be extracted: it is linear for any (continu-
ous) choice of dispersion relation w(k), and proportional to the variance of the operator A.

Theorem B.2 (Characterization of self-degradation). Given a dispersion relation w(k), and its corresponding
modified commutator [T, Hc] = iA, the clock degradation obeys

D(t) = VVar(A)t

Proof. First, we exploit the freedom of writing expectation values in the Schrodinger or Heisenberg picture
as follows

(T%) = (o (| T ebc (1) = (Y| Th (1) [tbc) - (B11)

Then, we use the Heisenberg equation of motion
Ty = An (t) =A (B12)

implying the solution TH(t) = At, which we can plug in the expression for D(t) and get

Do (1) =/ (0l K22 1) — (0l Aefu)?. (B13)
By extracting the time dependency we get the result. O

It is interesting to note that, under fairly general assumptions, linear dispersion relations are the only
ones that guarantee the existence of non-degrading clock states, as shown by the following

Theorem B.3. Given a single-particle clock state |1pc), whose support in k-space is defined by a compact interval
O € R with non-zero length, and given a continuous and injective dispersion relation w(k) : @ — R, one has
D(t) = 0Vt if and only if w(k) is linear in the whole support

12
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Proof. Let us suppose that D(1) = 0 identically. Then Var(A) = 0 on |t¢), which means that |thc) is an
eigenstate of A. Furthermore, since w(k) is an injective function, |1)c) cannot be an eigenstate of Hc if Q has
non-vanishing length. However, since [A, Hc] = 0, the only possibility is that A is degenerate on €, i.e. the
function w’ (k) is constant on €. Therefore w(k) is linear on €.

Conversely, let us suppose that w(k) is linear. Then A = N and, since N|ic) = |t)c) we have Var(N) = 0
and therefore D(¢) = 0. O

When a clock is coupled to an engine, we can assume without loss of generality that the initial state
is initially uncorrelated and given by [1/)(®) = [1c)(©) @ |1)(), evolving under the total Hamiltonian
H=H¢ + Hg + Vgc.

Lemma B.2. The state of the clock at a time t, when coupled to an engine is given by

pe(t) = Trepce (1) = > phjle) (veltt],
j

where U = e iHASW) ey that g encodes the coupling strength between clock and engine and W)
encompasses the contribution from the engine to the clock Hamiltonian.

Proof. Let us write the initial state in the engine eigenbasis, [¢))(®) = [¢c)(© @ 3 ;6l7)» such that Hlj) =
Ejj). The evolved composed state can be obtained as

|¢> (t) _ e—th|w>(0)
— o (ActH+T5c)r 1)@ @ ch\ﬁ
j

— chb HC+EJ <k‘VEC|]) ‘dj >(0)

(7)
_ZCJlf (et )ty ) O

where in the second to last line we defined gW(/) = E; + (j| Vic|j) as the effect on the clock due to the coup-
ling with the engine, with coupling strength g. The reduced state of the clock at a time ¢, is obtained by
simply tracing out the engine

pc(t) =Trg[p(t)] = Trg {e*mth/))(w\(o) e”ﬂ

=Trg Z Z Gy Cjr 1 |]/> <j//|e*i(H<i+gV\/(,i))t|wC> <¢C|(O) ei (Hc+gW(j))t

]‘/ j/ ’

— Z |Cj|26_i(ﬁc+gW<j))t|wc> (| © i (Bt )e
j

= ijajﬂc o)u
j

L . o - et WD)
The clock does not evolve unitarily, but with a sum of unitaries, where each I/; = e~ iHe WD encodes the

contribution of the engine interaction. We treat gW(/) as a perturbation to the free Hamiltonian of the clock.
O

Lemma B.3 (Expectation value of the time operator). In the open system scenario, the expectation value of
the time operator acquires an additional contribution due to the interaction with the engine. Specifically,

(T) = (A) t+g(V (1)),
where (V(£)) =i (DAV(1), Tu(2)]), and W(t) = [; dr 370 Wi (—

Proof. The expectation value of the time operator in the open system scenario can be computed as

(1) =T [pc (1) 7]
— Zp,Tr[ YUl 1) (B14)

13
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Let us now compute the term on the right hand side of the equation above

Z/A{]T Tz,?j — e—i(ﬁc+gﬂl<l))t Tei(ﬁc+gw<J>)t

VO Ty (1) (]}(j)) :

Ty (1) +ig/td7 (Wg) (—=7) Tu (1) — Ty (1) Wg) (fr))
— Tl —ig {TH(t),/Oth Wo) (—T)]

>

where V() = (]l +ig [ dr e~ ifer () eiﬁ‘fr), corresponds to an expansion of If; to first order in g. Then,

we move to the Heisenberg picture. The expectation value of the time operator can then be written as
(1= (R t+ig{ W (9, Tu (1)) (B15)
where W(r) := fot dr >pj Wg) (—7), and the first term corresponds to the self-degradation, computed in

theorem 4.2. It follows that (V(¢)) = i (MV(¢), Tu(1))). O

Theorem B.4 (Clock-degradation). Consider a quantum clock with free Hamiltonian Hc, coupled to an
engine with Hamiltonian Hy, with coupling strength g. For sufficiently small g, i.e. weak-coupling limit, up to
second order terms in g, the degradation of the clock is

D(t) = \/Var (A) 2 4+2gCov (V(t) ,Tu (t))

Proof. In the context of a perturbation to the free Hamiltonian, we neglect second order terms in g, which
give us

(T)? = (A2 + 2ig(A) (W (1), Tu (D)) £+ O (&) (B16)
and

(T%) = (A%)7 +ig(A) (DY (1), Ta (0)]) + O (&) (B17)

The variance of the time operator T can be written as

Var (T) — Var (A) £ 1 2ig Cov ( [W (1), TH} ,TH) +0 (&) (B18)

The equation above can be written as
Var (T) = Var (A) £ 4 2¢ Cov (V(t) T (t)) +0(9) (B19)
where, again we used V() = iV (t), Tu(t)). O
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