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Abstract

Simulations of the cosmic-ray (CR) anisotropy down to TeV energies are presented, using turbulence parameters
consistent with those inferred from observations of the interstellar medium. We compute the angular power spectra
Cℓ of the CR anisotropy obtained from the simulations. We demonstrate that the amplitude of the large-scale
gradient in the CR density profile affects only the overall normalization of the Cℓ values, without affecting the
shape of the angular power spectrum. We show that the power spectrum depends on CR energy and that it is
sensitive to the location of the observer at small ℓ. It is found to flatten at large ℓ and can be modeled by a broken
power law, exhibiting a break at ℓ ≈ 4. Our computed power spectrum at ~10 TeV fits well HAWC and IceCube
measurements. Moreover, we calculate all coefficients of the spherical harmonics and compute the component of
the angular power spectrum projected onto the direction of the local magnetic field line. We find that deviations
from gyrotropy become increasingly important at higher CR energies and larger values of ℓ.

Unified Astronomy Thesaurus concepts: Galactic cosmic rays (567)

1. Introduction

The propagation of Galactic cosmic rays (CRs) within the
Galaxy follows a diffusion process, where the turbulent
magnetic fields in the interstellar medium (ISM) randomize
the momentum of CRs over a sufficiently long period of
propagation. Consequently, the arrival directions of Galactic
CRs are close to isotropic. Existing experiments, however,
measure a small anisotropy in the CR flux observed at Earth. In
this paper, we focus on the anisotropy of TeV-to-PeV Galactic
CRs. Anisotropy in this energy range has been measured by
several experiments, with an amplitude of the order of 10−3

(G. Di Sciascio & R. Iuppa 2014). This implies the existence of
a weak spatial gradient of the CR density in the ISM close to
Earth. This gradient is thought to be created by recent CR
sources near Earth, a gradient in the source density in the
Galactic disk, or CR escape in the halo (P. Blasi &
E. Amato 2012). A few studies have attempted to explain the
amplitude and phase variations of the TeV-to-PeV dipole
moment anisotropy in the observed data (see, e.g.,
M. Ahlers 2016). The large-scale structures of the anisotropy,
especially features related to the dipole moment, have received
most of the attention (P. Blasi & E. Amato 2012; M. Pohl &
D. Eichler 2013; R. Kumar & D. Eichler 2014; P. Mertsch &
S. Funk 2015), despite measurements of small-scale anisotropy
structures by, e.g., ARGO-YBJ (B. Bartoli et al. 2013), Tibet
AS-γ (M. Amenomori et al. 2006), Milagro (A. Abdo et al.
2008), IceCube (M. Aartsen et al. 2016), and HAWC
(A. Abeysekara et al. 2014). The small-scale anisotropy
structures are a consequence of the turbulent magnetic field
permeating the ISM (G. Giacinti & G. Sigl 2012;

M. Ahlers 2014; E. Battaner et al. 2015; V. López-Barquero
et al. 2016).
The angular power spectrum can be used to describe the

level of anisotropy at different scales and directions. It has been
employed in experiments studying the CR anisotropy, provid-
ing a valuable means of characterizing the directional
distribution of CRs across various angular scales. A combined
all-sky anisotropy map at 10 TeV has been presented by the
HAWC and IceCube collaborations in A. Abeysekara et al.
(2019), where the angular power spectrum is also presented,
though saturated by noise above ℓ ≈ 14.
Previous works have provided both analytical (M. Ahlers 2014)

and numerical (M. Ahlers & P. Mertsch 2015; V. López-Barquero
et al. 2016; R. Kumar et al. 2019) calculations of the angular
power spectrum of small-scale anisotropies. Such numerical
calculations have been made by propagating individual CRs,
either in synthetic turbulence (M. Ahlers & P. Mertsch 2015;
R. Kumar et al. 2019) or in 3D MHD simulations (V. López-B-
arquero et al. 2016). Due to the finite sizes of MHD grids,
V. López-Barquero et al. (2016) restricted their calculations to CR
energies larger than 750 TeV. In principle, simulations with
synthetic turbulence do not have such a constraint on CR energies.
However, the computing time becomes increasingly large at
smaller energies, because the particle gyration radius is propor-
tional to its energy. In M. Ahlers & P. Mertsch (2015) and
R. Kumar et al. (2019), the particle gyroradius was set to one-
tenth of the coherence length of the turbulence, which corresponds
to CR energies 1 PeV for typical interstellar turbulence
parameters—a magnetic field strength of a few microgauss and
a coherence length of ~10 pc. In contrast, most measurements of
the power spectrum of the CR anisotropy exist for ~1–10 TeV
CRs, where more statistics are available (A. Abeysekara et al.
2019). This corresponds to CR gyroradii smaller by 2–3 orders of
magnitude than those in any existing simulations. At TeV
energies, substantially less power is expected to be present in the
modes that scatter CRs, and, at any point in space, magnetic field
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lines should also look substantially straighter and more ordered on
the gyroradius scale than at PeV energies. Therefore, the power
spectrum may be different at TeV energies, as confirmed below.
Alternatively, M. Kuhlen et al. (2022) presented simulations at
10 TeV, with backtracking lengths shorter than the outer scale of
the turbulence.

In the present paper, we provide the first numerical
simulations of the CR anisotropy down to TeV energies,
where CRs are backtracked on lengths larger than the outer
scale (see also G. Giacinti & J. G. Kirk 2019). We calculate the
anisotropy of CRs in the TeV–PeV energy range, which is the
relevant range for the interpretation of the available exper-
imental data. By introducing a large-scale CR gradient across a
turbulent magnetic field and backtracking the CRs, we obtain
our anisotropy results. In Section 2, we provide an overview of
the numerical simulation method, the configuration of the
turbulent magnetic field, the procedure for computing the
angular power spectra, the fitting of the noise in the angular
power spectra, the impact of CR backtracking distances on the
angular power spectra, and the simulation results within the
TeV–PeV energy range. In Section 3, we show the dependence
of anisotropy structures on energies and observer locations. By
employing a broken-power-law fit, we demonstrate that the
dependence of large-scale structures and small-scale structures
on energy and location differs. In Section 4, we analyze the
expansion coefficients of anisotropy structures symmetric
along the local magnetic field direction or dipole direction.
This reveals that large- and medium-scale anisotropy structures
are more gyrotropic than small-scale anisotropies. In Section 5,
we discuss our results and conclude.

2. Numerical Method

2.1. Numerical Simulation Method

In this section, we introduce our method for calculating CR
anisotropies and their angular power spectra. The numerical
method matches closely the work of G. Giacinti & G. Sigl
(2012). We select the observer's location within the turbulent
magnetic field and backtrack CR particles with random initial
directions from that point. The backtracked CRs will reach a
spherical surface, whose center is the observer location and
whose radius is denoted by R. The value of R should be bigger
than the scattering length of the CRs, to ensure that the
propagation of CRs can be considered as a diffusive process. In
the following section, we will refer to this spherical surface as
the backtracking surface. With the positions of the backtracked
CR particles on the backtracking surface and the weights for
each particle's backtracking path, we obtain the anisotropy
results of the simulations, as in G. Giacinti & G. Sigl (2012).
We construct the 3D synthetic turbulent magnetic field by
using the “nested grids” method of G. Giacinti et al. (2012).
The construction of the entire magnetic field involves
calculating the magnetic field in the whole space and storing
the turbulent magnetic field in nested grids, which contain three
different sizes and where grids with different sizes are
repetitively arranged to cover the entire space. A turbulent
magnetic field with Kolmogorov power spectrum ( ( ) µ -P k k

5
3 )

is used. AMS-02 measurements of the boron-to-carbon ratio are
compatible with Kolmogorov turbulence (M. Aguilar et al.
2016), at least up to ~2 TV CR rigidity. The three different
sizes of the repeated boxes are such that the spacings between
their grid points are Δ1 = 1.25 pc, Δ2 = 2.5 × 10−2 pc, and

Δ3 = 5 × 10−4 pc. The number of vertices per grid is
N3 = 2563. The minimum scale in the magnetic field for the
biggest box is set to lmin,1 = 2.5 pc, and the ratio between the
maximum and minimum scales is lmax,1/lmin,1 = 60. This
corresponds to an outer scale lmax,1 = 150 pc for the turbulence
and a coherence length of 30 pc, which are typical for ISM
values. For the boxes of intermediate size, lmin,2 is set to
5 × 10−2 pc and the ratio is lmax,2/lmin,2 = 50. For the smallest
boxes, lmin,3 is set to 10−3 pc and the ratio is lmax,3/lmin,3 = 50.
In Figure 1, we show the sky maps for five randomly selected
positions (hereafter denoted as Locations 1–5) within the
turbulent magnetic field and calculate the anisotropy results for
different CR energies. We choose the CR density gradient to
align with the y-direction. A vector along the y-axis
corresponds to the center of the sky map.

2.2. Calculating the CR Anisotropy Angular Power Spectrum

For each test particle in the simulation, we record its
“arrival” direction at the observer location and the corresp-
onding flux. We divide the entire sky map into ´ L2 max

2 bins
(Lmax bins along the θ-direction and L2 max bins along the f-
direction). The grid points are uniformly distributed in the f-
direction. The sampling method for the grid points in the θ-
direction uses the Gauss–Legendre quadrature points; the
details are shown in the Appendix and W. H. Press et al.
(1992). We calculate the average CR flux ( )anf —the ratio of
the total flux that sums up all the test CR flux inside the angular
bin and the total number of CRs inside this bin, where an
represents the vector for the angular bin α. The spherical
harmonic expansion of the CR anisotropy at a fixed energy,
f (E, θ, f), is as follows:

( ) ( ) ( ) ( )å åq f q f=
= =-

f E f E Y, , , . 1
ℓ

L

m ℓ

ℓ

ℓ
m

ℓ
m

0

max

All the coefficients ( )f El
m will be abbreviated as fl

m. The
angular power spectrum for the anisotropy is then defined as in
A. Abeysekara et al. (2019), and each anisotropy result within
each angular bin is renormalized according to the same
reference:

∣ ∣ ( )å=
+ =-

C
ℓ

f
1
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a a

a
I

N N

N
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Here, Nα is the average CR flux in the angular bin α, and á ñaN
is the average value of all angular bins. In the simulations, due
to the finite number of CRs, the angular power spectrum
gradually approaches the noise level as ℓ increases. The noise
level is determined by scrambling the anisotropy maps and
fitting the resulting angular power spectrum with a constant
value. We designate the noise level as  and define the noise
level parameter βNL using the following formula:

( )b =
-


log

10
. 4NL 10 11

⎛
⎝

⎞
⎠

In general, as the backtracking time for CRs in the simulation
increases, the angular power spectrum falls below the noise
level (M. Ahlers & P. Mertsch 2015). At ~100 TeV,
propagating 1 million CRs is sufficient to ensure that the noise
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level in our simulations does not affect the multipoles up to
ℓ = 32. However, when the CR energy is of the order of several
TeV, the angular power spectrum reaches the noise level at
ℓ < 32. In order to mitigate the impact of noise in the angular
power spectra at energies of the order of several TeV, the
number of particles required in the simulation needs to be
greatly increased, by several orders of magnitude. Alterna-
tively, we can decrease the backtracking time of the CRs by
reducing the radius R of the backtracking surface. We show in
the following that this is a highly effective method for reducing
noise in the simulation results.

2.3. Angular Power Spectrum at 3 TeV with a Varying
Backtracking Radius

In Figure 2, we demonstrate the impact of changing the
radius of the backtracking surface at Location 3 on the
anisotropy results. The radius of the backtracking surface was
gradually reduced from the initial setting of 150 pc to 10 pc in
the simulations. Apart from a slight reduction in the overall
amplitude of the anisotropy, there are no significant differences

in the structure of the anisotropy sky maps. In Figures 3 and 4,
we display the angular power spectrum with Lmax set to 32 for
3 TeV energy at all five positions. We consider spectra of the
form

( ) ( )= +a- C A ℓ , 5ℓ

where  indicates the noise level. It can be observed that the
noise level in the spectrum at all five locations decreases as the
value of R is reduced and the values of ℓeff become larger. In
the following sections, for all simulations at 3 TeV, we set the
value of R to 10 pc. For all the other energies, we set
R = 150 pc.

3. Energy Dependence and Comparison with Observations

In this section, we calculate the angular power spectrum for
different CR energies.
The local gradient of the CR density around Earth is an

unknown parameter. Since the anisotropy distribution f (E, θ, f)
depends linearly on the CR density gradient, its value changes
only the absolute normalization of the Cℓ versus ℓ curve. The Cℓ

Figure 1. Anisotropy sky maps from the simulations in Hammer–Aitoff equal-area projections. The CR gradient aligns with the y-axis, which in each map
corresponds to the midpoint of the central meridian, i.e., the center of the map. Each row's panels represent the results at the same observer location, with the energy
ranging from 3 to 3000 TeV, while each column's panels show the results at different observer locations with the same CR energy. The number of CR particles for 19
simulations has been set to 1 million. For the simulation at Location 1, with the energy of 3 TeV, the number of particles in the simulation is only 0.5 million. In all 20
simulation results, the radius of the backtracking surface is 150 pc. All the anisotropy sky maps are smoothed over a 20o radius.

3
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values are thus ( )/µ  n n0
2 for ℓ > 0, and all values should be

considered relative to C1.
We next study the impact of CR energy and observer

location on the angular power spectrum. In Figures 5 and 6, we
present the anisotropy angular power spectrum at the five
locations shown in Figure 1 for different CR energies. We use
the following equation to fit the calculated results of the angular
power spectrum, where noise is also included in the fitting
process:

( )
( )

( )=
+

+ <

a

a




C

A ℓ ℓ

A ℓ ℓ

, if ,

, if .
6ℓ

ℓ

ℓ

ℓ

ℓ

break

break

break

1

break

2

⎧

⎨
⎪

⎩⎪

Here we use ℓbreak = 4. A likely physical justification for this
break is that the formation mechanisms of the large-scale
anisotropy (such as the dipole and quadrupole moments) differ
from those of small-scale anisotropies. Although the ℓbreak

parameter can a priori take any value, we find that a value
greater than or equal to 4 is required to eliminate the influence
of large-scale structures on the power-law fit of the angular
power spectrum at higher ℓ.

In Figure 1, the amplitudes of the anisotropy sky maps at the
top three rows for Locations 1, 2, and 3 are relatively
symmetric, with the maximum values being almost the
negatives of the minimum values. However, at Locations 4
and 5, there is a clear asymmetry in the amplitudes. We find
that the reason for this amplitude asymmetry is the sharp
gradient of the mean free path of CRs around the observer's
location. In the angular power spectrum at Locations 4 and 5,
for 3 TeV, the weight of the dipole is not as significant
compared to the other three positions. In fact, at Location 5, the
Cℓ=2 is greater than the Cℓ=1 for 3 TeV as can be seen in
Figure 6. The results of the sky maps and angular power
spectra at Locations 4 and 5 imply that if there is a magnetic
field environment in the Galaxy similar to the simulated
magnetic field environment, it is possible to observe such
anomalous anisotropies and the corresponding behavior in the
angular power spectra. At Location 2, in the results with 3 and
30 TeV, the overall structure of the anisotropy seems more
axisymmetric along the direction of the dipole. At Location 3,
the axisymmetry of anisotropy is less pronounced, and small-

scale anisotropy structures are more apparent compared to
Location 2 for 3 and 30 TeV. This difference in anisotropy is
found to be a result of the variations in the turbulence level δB/
B at different observer positions. In the fits, the α1 values are
highly dependent on the weight of large-scale structures, which
is sensitive to the observer location in the turbulence.
Therefore, in Figures 5 and 6 the values of α1 for the angular
power spectrum at each location differ significantly. At the
same location, the differences in α2 values at different energies

Figure 2. Anisotropy sky maps at different backtracking surfaces. The sky map
is for the observer Location 3 and 3 TeV. All the sky maps look similar. The
overall amplitude slightly increases with increasing radius.

Figure 3. Angular power spectrum for different backtracking radii at different
observer locations. The three panels from top to bottom correspond to
Locations 1–3. The horizontal dashed lines indicate the noise levels for the
angular power spectra. The CR energy in these three panels is fixed at 3 TeV.

4
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are minimal, and for most cases, the values of α2 are
approximately 2. This suggests that the power-law fit of the
smaller-scale anisotropy structures is not dependent on the CR
energy at the same location. At Location 2, the anomalous
result of the fit for the 30 TeV angular power spectrum is due to
the fact that the power of some multipole structures, such as
ℓ = 3 and 5, is approaching the noise level.

In Figure 7, unlike Figures 5 and 6, where each panel
corresponds to a different location, each panel shows the
angular power spectra at all five locations in the simulation for
different energies. We can clearly see the impact of location in
the turbulent magnetic field on the angular power spectrum. At
the same simulated CR energy, the amplitude of the power
spectrum at different locations can vary within a range. The
angular power spectrum of large-scale structures is clearly
dependent on the observer's location. The formation of the
large-scale anisotropy is closely related to the surrounding
magnetic field environment, in particular to the shape of the
local magnetic flux tube containing the observer. The slopes of
the angular power spectra of small-scale structures at different
locations are all similar. However, their amplitude at large ℓ

could vary at different positions. The fit results in Figures 5 and
6 show that the α2 value for each location is concentrated
around 2.

We calculate the χ2/degrees of freedom (dof) values for
both a broken power-law and single power-law fit. The range of

power indices with 68% confidence level is listed in Table 1.
At 3 and 300 TeV, the χ2/(dof) values for the broken power-
law fits are preferred to the single power-law fits. At 3 PeV, the
values for these two methods are comparable. Considering that
there is a statistical preference for a broken power-law model

Figure 4. Same as in Figure 3, but for an observer at Location 4 (top panel) and
Location 5 (bottom panel).

Figure 5. Angular power spectrum at different CR energies (3, 30, 300, and
3000 TeV). The three panels from top to bottom correspond to Locations 1, 2,
and 3, respectively. The keys in the upper right corners of each panel show the
CR energy and the corresponding βNL from Equations (4) and (6). The keys in
the lower left corner provide the two best-fit parameters from the broken
power-law fit with ℓbreak = 4.

5
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compared to the single power-law model, we compare our
broken power-law fit with the observational data. In Figure 8,
the cyan dashed–dotted line represents the fit of the anisotropy
for all five locations at 3 PeV, the green line is the fit for
300 TeV, and the brown line is the fit for 3 TeV. In Figure 1, at
all locations, the structures show sharper differences in the
anisotropy sky maps in larger scales when the energies in the
simulation are relatively low. As the energy in the simulation
increases, the intermediate-scale structures in the anisotropy
sky maps become more pronounced. The overall structure of
the anisotropy sky maps no longer exhibits a strong dipole
moment structure compared with the results for lower energies.
Overall, the first stage of the angular power spectrum fit at
ℓ < ℓbreak tends to flatten, while the slope of the second stage at
ℓ > ℓbreak remains relatively constant, and the α2 value stays
approximately equal to 2. The red stars represent the results up
to ℓ = 14 from the joint full-sky analysis at 10 TeV median
energy from HAWC and IceCube (A. Abeysekara et al. 2019).
These data points happen to be roughly a factor 30 above our
brown line for 3 TeV. However, the absolute normalization of
the power spectrum depends on the unknown value of the local
CR density gradient, which can therefore be rescaled. For this
reason, we show with the red dashed–dotted line our rescaled
3 TeV fit. This demonstrates that the measured power spectrum
of the CR anisotropy at ~10 TeV is compatible with theoretical

expectations for Kolmogorov turbulence with strengths and
coherence lengths relevant to the turbulence in the ISM.

4. Harmonic Coefficients fℓ
m with Rotated Anisotropies

Combining the expansion coefficients fℓ
m into the angular

power spectrum Cℓ may result in a loss of information about the
multipole structures of the anisotropy. Therefore, analyzing all
the expansion coefficients fℓ

m is also interesting, providing
relevant insight into the local turbulent magnetic field structure.
In Figure 9, we select two locations, one with a symmetric
anisotropy amplitude (Location 2; top row) and another
asymmetric one (Location 4; bottom row). In the left column,
we show the calculations of the angular power spectra at
3 TeV, and in the right column, we show those at 3 PeV. The
values of the coefficients ∣ ∣=fℓ

m 0 represent the weights of the
anisotropy multipole structures that are axisymmetric along the
direction θ = 0. Each panel in Figure 9 shows the values of Cℓ

calculated along three directions (z-direction of the turbulent
grid, the measured dipole direction, and the local magnetic field
line direction) and contrasts these with reweighted values of
∣ ∣=fℓ

m 0 2 using the same color code at each location and CR
energy. The corresponding noise level of the angular power
spectrum is shown with a gray solid line. For comparison with
the corresponding ∣ ∣=fℓ

m 0 2 curves, the noise levels divided by
2ℓ + 1 are marked with gray dashed lines. As one expects,
analyzing along three different directions has almost no impact
on the Cℓ values. However, the values of ∣ ∣=fℓ

m 0 2 are larger
when calculated along the dipole direction (dotted lines) and
the local magnetic field line direction (dashed lines), and the
∣ ∣ ( )/ +=f ℓ2 1ℓ

m 0 2 curves follow closely the Cℓ curves. This
implies that these multipole structures have a preferred
direction that is consistent with the dipole direction or the
local magnetic field line direction. In the TeV–PeV range, these
two directions are almost aligned or antialigned. This is
because CRs undergo helical motion along magnetic field lines,
making the gyro-symmetric anisotropy structures more pro-
nounced. For example, G. Giacinti & J. G. Kirk (2017)
performed a study of these gyrotropic anisotropy structures. As
can be seen in the left column of Figure 9, at 3 TeV the values
of ∣ ∣ ( )/ +=f ℓ2 1ℓ

m 0 2 match closely those of Cℓ up to ℓ ≈ 10
when they are calculated along the dipole or magnetic field line
directions. In contrast, at 3 PeV (right column), this is only true
for at most the first few multipoles, up to ℓ ≈ 4. For larger
values of ℓ, the levels of the ∣ ∣=fℓ

m 0 2 curves do not substantially
change when they are calculated along the dipole or magnetic
field line directions. This implies that such small-scale
anisotropies are distributed more randomly on the sky and do
not have such a preferred direction. Note, however, that for
ℓ > 10 the values of ∣ ∣=fℓ

m 0 2 are affected by noise.

5. Discussion and Conclusions

In this study, we have presented the first numerical
simulations of the CR anisotropy down to 3 TeV energies.
We have propagated individual CRs in 3D turbulent magnetic
fields with a realistic value of their coherence length Lc ~ 10 pc.
Previous numerical studies were all restricted to PeV CR
energies, which is substantially larger than the energies at
which the angular power spectrum of the anisotropy is
measured by HAWC and IceCube (A. Abeysekara et al.
2019). As summarized below, we find that the shape of the
angular power spectrum depends on the CR energy. This

Figure 6. Same as Figure 5, but for an observer at Location 4 (top panel) and
Location 5 (bottom panel).

6
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implies that one needs to use numerical simulations down to
TeV energies in order to compare theoretical predictions to
measurements. In particular, previous simulations using a ratio
of the CR gyroradius to the turbulence coherence length equal
to 0.1 provide a somewhat different prediction than our
simulations made at a few TeV, where this ratio is as low as
~10−4. The fact that the power spectrum depends on CR
energy is not unexpected. Indeed, there is less power in the
modes that scatter TeV CRs than in those that scatter PeV CRs.
Moreover, the turbulent magnetic field looks more ordered on
the scale of a TeV CR mean free path than it is on the scale of a
PeV CR mean free path.

Simulations at TeV energies are, however, computationally
expensive. Indeed, for a fixed backtracking sphere radius, they
require us to propagate a larger number of CRs in order to
probe the high-order multipoles because of the smaller CR
mean free path. Moreover, low-energy CRs have a smaller

gyroradius, which further increases the computing time.
Usually, it is preferable to propagate CRs over distances much
larger than the coherence length of the turbulence, to remove
any influence of those scales on the results. However, we have
shown above that it is possible to reduce the backtracking
sphere radius down to scales smaller than the coherence length

Figure 7. Anisotropy angular power spectrum for the five observer locations (see the keys) at fixed given energies. The CR energies in the four panels are 3 TeV (top
left), 30 TeV (top right), 300 TeV (bottom left), and 3000 TeV (bottom right).

Table 1
Best Fits for Broken Power-law Indices and χ2/(dof) Values at Different

Energies

α1 α2 BPL PL

3 TeV 3.6 ± 0.4 1.9 ± 0.2 1.089 1.149

300 TeV 2.5 ± 0.3 2.0 ± 0.1 1.134 1.153

3 PeV 2.1 ± 0.2 2.2 ± 0.1 1.056 1.051

Note. Parameters α1 and α2 are the indices used in Figure 8, with confidence
level 68%. The χ2/(dof) values for the broken power-law (BPL) and unbroken
power-law (PL) fitting models are listed.

Figure 8. Best fits of Cℓ vs. ℓ for all five observer locations fitted together,
using Equation (6). The cyan dashed–dotted line represents the fit at 3 PeV, the
green line is for 300 TeV, and the brown line is for 3 TeV. See the key for the
corresponding values of α1 and α2. The individual points correspond to the Cℓ

values for each configuration as in Figure 7. The light-green circles correspond
to the 30 TeV results, although we do not fit them here. The red stars represent
the measurements at ~10 TeV in the combined HAWC and IceCube analysis
from A. Abeysekara et al. (2019). The red dashed–dotted line is the brown line
rescaled by a factor 30.
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(but still bigger than a CR mean free path), without affecting
the shape of the power spectrum. This provides a new method
for reducing the computing time and the noise level at large ℓ in
simulations at TeV energies. We find that using such smaller
backtracking sphere radii only results in small changes in the
absolute normalization of the amplitude of the anisotropy,
without distorting the shape and power spectrum slope of its
small-scale anisotropies.

For clarity, we have restricted our study to the case of
Kolmogorov turbulence. The boron-to-carbon ratio measure-
ments from the AMS-02 experiment are indeed compatible
with Kolmogorov turbulence up to ~2 TV CR rigidity
(M. Aguilar et al. 2016). Whether such a turbulence type is
also relevant for the scattering of 10 TeV CRs in the ISM still
remains uncertain. Other types of turbulence will be studied in
future works.

Our main findings can be summarized as follows:

1. The amplitude of the local CR density gradient, which is
poorly known but drives the formation of the CR
anisotropy, does not affect the angular structure of the
anisotropy. It only affects the absolute normalization of
the anisotropy amplitude, but not the shape of its angular
power spectrum. This confirms that the shape of the
anisotropy contains the signatures of the local turbulence
properties and is not affected by the unknown history and
locations of recent CR sources around Earth. The power
spectrum can therefore be safely used to study the
properties of the interstellar turbulence.

2. In general, the distribution becomes more and more
gyrotropic with decreasing CR energies. At ~1–10 TeV
energies, the anisotropy aligns well with the (random)
local direction of the magnetic field in the turbulence
around each observer—and not with the direction of the
imposed CR density gradient. We also find that the
relative amplitude of the small-scale anisotropies to that
of the large-scale anisotropy depends on the local level of
turbulence on the resonant scales that scatter the CRs at
the observer location. In regions where the apparent
“ordered” magnetic field, due to the modes with
wavelengths much larger than the CR gyroradius, is
stronger, the anisotropy is more gyrotropic. Turbulence
levels in those regions appear to be smaller. See, for
example, the second panel in the first column of Figure 1
for a case of gyrotropy and the panel directly below for a
case of angyrotropy.

3. The angular power spectrum can fluctuate nonnegligibly
between different locations of the observer. This might
therefore slightly complicate the interpretation of the
power spectrum measured at Earth, because it may then
not be equal to the ensemble average over many observer
locations. However, our results show that these fluctua-
tions from one observer location to another are most
pronounced at small values of ℓ and that their impact on
the slope of the power spectrum at larger ℓ is negligible. It
is therefore possible to draw useful, generic conclusions
on our local turbulence and on CR scattering in the ISM
from the power spectrum measured at Earth. The fact that
the observer location mostly affects the power spectrum

Figure 9. Angular power spectrum calculated along three different directions. The magenta lines correspond to the case where θ = 0 along the z-axis of the simulated
box. The cyan (blue) lines are for the case where θ is set to 0 along the local direction of the dipole anisotropy (magnetic field line) at the observer location. The solid
lines are for the values of Cℓ, and the other line types show the values of ∣ ∣=fℓ

m 0 2. The gray solid line in each panel gives the noise level of each angular power
spectrum. The gray dashed lines are the noise level divided by 2ℓ + 1. The first row corresponds to Location 2, and the second row corresponds to Location 4. The first
and second columns represent the energies of 3 TeV and 3 PeV, respectively.
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at small ℓ is compatible with the intuition that the large-
scale structure of the anisotropy depends on the random
shape of the local interstellar magnetic flux tube, while
the shapes of the smaller-scale anisotropies should not be
strongly affected by it. We note here that the directions of
the local interstellar magnetic flux tube may exhibit a
~10o variation when averaging the local field direction
over a box of half-length equal to the particle gyroradius.
Considering the shift in the average magnetic field
direction at different gyroradius scales of CR energies,
experimentally observed changes in the phase and
amplitude of the CR anisotropy dipole structure
(M. Amenomori et al. 2005; G. Guillian et al. 2007;
A. Abdo et al. 2009; B. Bartoli et al. 2015; A. Abeysekara
et al. 2018; W. Apel et al. 2019; R. Abbasi et al. 2024)
may be associated with this phenomenon. We expect high-
order multipole structures to have a weaker correlation
with the shape of the local interstellar magnetic flux tube.

4. For Kolmogorov turbulence, the power spectrum displays
a noticeable dependence on CR energy in the TeV–PeV
range, which had not been predicted before. At PeV
energies, the spectrum approximately follows a power
law with a ≈ −2 slope: Cℓ ∝ ℓ

−2. At lower energies, a
broken power law provides a better fit. For multipoles
with ℓ  4, Cℓ can be fitted with a power law with a
steeper slope, and this becomes softer with decreasing
energy (Cℓ ∝ ℓ

−3...−4 at a few TeV). In contrast, the
power spectrum at ℓ  4 can be fitted with a power law
with a ≈ −2 slope, as for PeV energies. Our dependence
of Cℓ on ℓ at large values of ℓ is slightly harder than the
Cℓ ∝ ℓ

−3 dependence predicted by M. Ahlers (2014) and
the Cℓ ∝ ℓ

−2.7...−3.3 dependence of M. Ahlers & P. Mer-
tsch (2015). Our results at low CR energies do, however,
provide a good fit of the newer combined HAWC and
IceCube power spectrum (A. Abeysekara et al. 2019). See
the red dashed–dotted line and the red stars in our
Figure 8.

5. At some observer locations, the dipole amplitude at ~TeV
energy is weak compared with the quadrupole amplitude.
The large-scale anisotropy then displays an asymmetric
shape, where the amplitude of its maximum is substan-
tially larger or smaller than the absolute value of the
amplitude of its minimum. This happens in regions of the
turbulence where the CR mean free path varies sharply in
the surroundings of the observer. This does not seem to
be a rare occurrence in synthetic Kolmogorov turbulence.
We find two such locations in our simulations: Locations
4 and 5; see the last two rows in Figure 1. Whether this is
a frequent or a rare occurrence in the interstellar
turbulence is unknown. In any case, the combined
large-scale anisotropy measured by HAWC and IceCube
(A. Abeysekara et al. 2019) does not seem to have such
an asymmetric shape. Therefore, Earth is apparently not
located in such an environment.

6. At ~TeV energies, we find that most of the power in the
large- and medium-scale anisotropies (ℓ  10) is
contained in the angyrotropic, which is aligned with the
direction of local magnetic field lines around the
observer. This direction is almost the same as the
direction of the dipole itself. At ~PeV energies, this is
true only for modes with ℓ  4. In contrast, small-scale
anisotropies with ℓ  10 are found to be more randomly

distributed on the sky. This can be seen in the two
examples studied in Figure 9.
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Appendix
Spherical Harmonics Transform Algorithm

The spherical harmonics are defined as

( ) ( ) ( )q j q= -j  Y N P e ℓ m ℓ, cos , , A1ℓ
m

ℓ
m

ℓ
m im

where ( )qP cosℓ
m are the associated Legendre polynomials

including the Condon–Shortley phase. Thus, ( ) =-P xℓ
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We choose the normalization commonly used in quantum
mechanics,
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which results in
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Let f (θ, j) be a known distribution on the sphere, in our
case, the distribution of CRs at a fixed energy. We seek the
expansion coefficients fℓ

m, such that
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Since f is real, ( )= - -*f f1ℓ
m m
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From the orthonormality of the spherical harmonics, it
follows that
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is the mean power per harmonics of order ℓ.
Let us assume that the expansion is truncated at a finite order

ℓ = L. Changing the order of summation, one finds
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where m q= cos . Note that

( ) ( )!
( )!

( )
∣ ∣
åm

p
m= =

+ -
+-

=

*G G f
ℓ ℓ m

ℓ m
P

2 1
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ℓ m
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ℓ
m

ℓ
m

Discretizing j such that there are N = 2L uniformly spaced
points between 0 and 2π, i.e., jn = 2πn/N for n = 0, 1, K, N–
1, it follows that for any value of μ (or θ) the summation,
Equation (A7), takes the form of a discrete Fourier series

( ) ( ) /åq j mº = p
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f f G e, ,n n
m L
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whose inverse is
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0

2
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2

Finally, noting that G−m = GN−m, we see that this is exactly
the inverse fast Fourier transform algorithm used by
W. H. Press et al. (1992). Thus, Gm can be found efficiently
for any value of μ.

To find fℓ
m, we use the orthogonality of the associated

Legendre polynomials

( )!
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+
+
--
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ℓ
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1

which gives
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( ) ( ) ( )òp m m m= +
-
+

f ℓ
l m

l m
G P d2 1 . A8ℓ

m
m ℓ

m

We carry out the final integration over μ using Gauss–
Legendre quadrature (see W. H. Press et al. 1992, chapter 4.5).
The code has been tested using sums of spherical harmonics on
the sphere at least up to 64.
Examples of the projection of the sky map onto the Gauss–

Legendre quadrature abscissa and the associated numerically
evaluated Cℓ are shown in Figure 10, for 3 TeV, R = 10 pc,
1 million CRs, and four different values of Lmax. It can be seen
from this figure that the shape of the anisotropy and its power
spectrum do not change noticeably with Lmax for these
parameters, as long as <L 64max . This demonstrates that at
3 TeV, and for R = 10 pc, backtracking 1 million CRs is
sufficient to calculate numerically Cℓ up to ℓ = 32 without
being affected by the noise.

Figure 10. Comparison of spherical harmonic transforms for different choices of Lmax for the case of 3 TeV at Location 1 in Figure 1.
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