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Abstract

Optimizing Boolean function components to have the minimum number of inputs in order

to reduce the memory space required during these functions in computing devices is a

significant demand. This paper proposes a quantum computation approach based on the

degree-of-entanglement quantum computation model to estimate the number of junta vari-

ables of an unknown Boolean function presented through an oracle. The time complexity

of the developed quantum approach is independent of the number of inputs and depends

on an allowable assigned error ϵ. Thus, the time complexity of the developed algorithm

is O(ϵ−2), compared to O(2n+1) in the traditional approach. Also, the memory space of

the developed approach is linear, O(2n + 4), in terms of the number of inputs compared

to the exponential memory space O(2n+1) using the traditional approach. Therefore, the

developed quantum approach has exponential supremacy in comparison to the traditional

approach. The developed approach was implemented practically using both the Qiskit

simulator and the IBM real quantum computer. The obtained results expose high statistical

fidelities between the empirical and theoretical results.

Keywords: quantum random access memory (qRAM); data structure; quantum information;

quantum computing

MSC: 81P68

1. Introduction

Recently, the most efficient quantum main memory was developed [1,2], which can

access all the data stored in its memory cells with a time cost of O(1). Additionally,

it can store chunks of data in all memory cells with a time cost of O(1). Moreover, this

memory reduces the memory space that is required to store an amount of data exponentially

compared to classical RAM [1,2]. Storing the inputs and the corresponding outputs of

Boolean functions is an essential operation during the processing of these functions using

quantum computers. Implementing Boolean functions through data structures is crucial for

efficient computation and storage optimization, as it allows for compact representation and

the faster evaluation of logical operations [3,4]. This approach is fundamental in areas such

as circuit design, database indexing, and algorithm optimization. Among various fields,

one of the most important issues that have been observed is the junta problem. The junta
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problem is one process of learning an unknown Boolean function based only on variables

that are uniformly selected at random from samples. Junta variable estimation is one such

concept brought out by data structures, machine learning, and computational learning

theory. A junta function can be related to a Boolean function that depends only on a small

subset of its input variables, or junta variables. Being able to estimate their count may lead

to efficient data storage and processing. In many real-world datasets or functions, only

some of the features are relevant for decision-making or computation. It is expected that

only a small, unknown fraction of a long DNA sequence will influence a genetic trait in

studying the relationship between the two using computational biology [5]. Hence, it is

effective to conduct a dimensionality reduction in machine learning applications where

identification and estimation focus on junta variables, concentrating on the relevant ones

and disregarding the irrelevant variables [6]. This is also important for saving storage so

that only the relevant variables are stored instead of the whole dataset during the learning

process. In addition, the computational efficiency is such that performing a computation

on a smaller subset of variables reduces the requirements in terms of time and resources [7].

It is also an effective sparse representation in that, instead of storing the entire input

space—which has a size 2n for Boolean functions—it can represent the function using

only the junta variables. Therefore, an estimation of the junta variables is effective for

compressing the data structure. Hence, junta variable identification would imply that it

can achieve data structure compression by encoding only the relevant variables and their

relationship. This is particularly useful in applications such as decision trees or hash tables,

where storage efficiency is at a premium. Knowing the junta variables allows us, in a

database or search algorithm, to index queries depending on the attributes, which reduces

the search space, hence yielding an improved query performance.

An investigation of junta variables was begun. Ambainis et al. [8] came up

with a quantum learning method that can solve the problem of group testing using√
δ−1k function operations, where δ is the error tolerance and k is the number of junta

inputs. A quantum method applicable to any Boolean function was developed by

El-Wazan et al. [9]. Still another black-box function combining two function operations

was developed by them. The quantum-based approach here uses O(2
n
2 ) function opera-

tions to identify dependent variables with a probability of at least 2
3 . However, no exact

quantum learning method for the k-junta problem exists. For the rare case of 2-junta, the

Boolean function of n variables f (x) = xgxh, where 0 ≤ g and h ≤ n − 1, was proposed

by Floess et al. [10]. They provided a quantum algorithm that, for any t function opera-

tions, examines variables that are dependent with a probability of 1 − (0.25)t. Chen [11]

provided a quantum algorithm for the solution of 2-junta with certainty. The worst time

for Chen’s algorithm to find two variables that are dependent is O(log2 n). Therefore,

this work was extended by Chen in Ref. [12] to find the three dependent variables of the

Boolean function f (x) = xgxhxk, where 0 ≤ g and h, k ≤ n − 1 with the time complexity

O(log2 n). He also proved that this explained algorithm cannot solve the problem of k-junta

using a single uncomplemented product. Chen [13] proposed an exact quantum learning

procedure to solve the 2-junta problem, involving an O(log2 n) function operation in the

worst case. Also, Chen [14] proposed an exact algorithm for quantum learning to find

the two dependent variables in solving the 2-junta problem. Later, in solving the 3-junta

problem, Chen [15] proposed the exact algorithm of quantum learning to identify the three

dependent variables. This algorithm solves the 3-junta problem using a modified black-box

function. The quantum algorithm requires O(log2 n) function operations in the worst-case

scenario. Recently, in 2024, F. Aljuaydi et al. [16] used Zidan’s quantum computing model

to figure out if a variable is a junta or not for any unknown oracles and unknown input

states. They were able to beat the classical approach in terms of both the time and memory
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cost. However, estimating the number of junta variables for a Boolean function that is

represented via an unknown oracle with a low time cost and low memory space is still an

open problem. Therefore, this paper discusses a novel quantum circuit and algorithm to

tackle this open research problem. The proposed technique was realized empirically using

both IBM’s quantum computer simulator and IBM’s real quantum computer.

This paper is organized as follows: Section 2 explains the problem statement. The

methodology that was used to develop the quantum algorithm that solved the assumed

problem statement is explained in Section 3. The developed algorithm and its quantum

circuit are explained in Section 4. The practical results are discussed in Section 6. Finally,

the main results are summarized in Section 7.

2. Problem Statement

A junta function is a function that depends only on a small subset of its input variables,

say k variables, where k ≤ n and n is the total number of inputs for this function. The

variables that f depends on are called the junta variables. The considered problem is

as follows:

Given: An oracle U f that comprises an unknown Boolean expression f : {0, 1}n → {0, 1}.

Promise: The Boolean expression provided by the oracle U f can comprise logical AND

operations, logical OR operations, logical NOT operations, and logical XOR operations.

Goal: Determine the number of junta variables k for the oracle U f with an allowable

error ϵ2.

To address this problem statement, a new quantum computing algorithm was pro-

posed, which was assumed to be implemented using fault-tolerant quantum comput-

ers [17,18]. This type of quantum computer is currently under development, ensuring that

the coherence of every quantum state remains unchanged throughout the operation and

that errors are mitigated through quantum techniques. Additionally, fault-tolerant quan-

tum computers are being developed to achieve perfect fidelity in quantum measurements,

meaning that the outcome of a measurement depends solely on the probability defined by

the ideal projective measurement [19,20].

3. Methodology: Zidan’s Quantum Computing Model

The quantum computation model based on the degree of entanglement in the com-

putational basis was proposed by Zidan [21,22]. This model operates by integrating the

power of the quantum superposition output state, which results from operating oracles

on a set of input qubits, and the initial state of the output qubit. The state of the output

qubit is then handled using the degree of entanglement in the computational basis with the

quantum Mz operator. This operator was proposed to quantify the degree of entanglement

between two qubits [22]. The quantum circuit for this operator is depicted in Figure 1, and

it is crucial for determining the number of variables on which the functions used for the

k-junta testing depend.

The Mz operator is used in the proposed algorithm to solve the assumed problem

statement. This operator receives two decoupled versions of the qubit |l⟩. The normalized

state of each version is |l⟩ = q1|0⟩+ q4|1⟩ =
√

t1
N |0⟩+

√

t2
N |1⟩, where t1 + t2 = N = 2n.

There are also two extra qubits, with each of them called |h⟩, and they are initialized in the

state |0⟩⊗2. Then, the Mz circuit applies two CNOT gates between each pair of the control

qubit |l⟩ and the target qubit |h⟩, as shown in Figure 1, leaving each pair of these two qubits

in the normalized state explained by Equation (1).

|l h⟩ =
√

t1

2n
|00⟩+

√

t2

2n
|11⟩. (1)
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Then, the state of the system that contains the two versions of the normalized state |l h⟩ is

described mathematically using Equation (2).

|ψ⟩ = |l h⟩ ⊗ |l h⟩
= q2

1|0000⟩+ q1q4|0011⟩+ q4q1|1100⟩+ q2
4|1111⟩, (2)

where q1 =
√

t1
2n and q4 =

√

t2
2n . It is evident from Equation (2) that the value of q4 can be

estimated by Equation (3).

q2
4 =

√
P1111√

P1111 = t2
2n ,

(3)

where P1111 is the success probability of the basis state |1111⟩. Thus, the value of t2 can be

calculated using the quantum computer via Equation (4).

t2 = 2n ×
√

P1111. (4)

Figure 1. The components of the Mz operator.

4. The Proposed Quantum Algorithm and Analysis

4.1. Proposed Quantum Algorithm for Estimating the Number of K-Junta Variables

4.2. Analysis of the Proposed Algorithm

To determine the minimum number of variables k depended on by an oracle U f that

implements an unknown Boolean function, as explained in the problem statement assumed

in Section 2, we propose Algorithm 1 to handle this problem. The quantum circuit of this

suggested algorithm is illustrated in Figure 2. Here, the detailed steps of this algorithm

are extensively discussed. In the first step, a Hadamard gate H is applied to each qubit

in the register |χ⟩, generating all 2n (N) possible rows of the truth table, which enables

the identification of the number of variables on which the function depends (0 < k < n).

Consequently, the system reaches the state |χ1⟩ = H⊗n = ∑
2n−1
x=0 vi|x⟩, where vi = 2

−n
2 .

This operation creates a superposition of all possible inputs for the oracles U f in Step 3. As

a result of this superposition, the proposed quantum algorithm can query these oracles

in constant time to determine t2; this supports the achievement of the algorithm’s goal

to determine all function-dependent variables(k) in Step 7. In Step 2, the input consists

of two registers: an n-qubit register |χ⟩ = |0⟩⊗n, which encodes the n Boolean variables

representing the propositions of the oracles U f , and a two-qubit register |lh⟩. Initially, the

system in the state |χ⟩ = |0⟩⊗n|00⟩ is input based on the number of variables n of the

function and the two ancillary qubits |lh⟩. Step 3 generates the output of the unknown
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Boolean function on the qubit |l⟩; the oracle U f is on the first n + 1 qubit |χ⟩ ⊗ |l⟩ of the

systems |χ2⟩ as follows:

|χ2⟩ = (U f ⊗ I⊗2)|χ1⟩ = ∑
i

vi|x⟩| f (x)⟩|0⟩.

Algorithm 1 Proposed quantum algorithm to verify k-junta

Step 1: Apply n Hadamard gates on the state |0⟩n to establish the superposed form as
follows:

|χ⟩ = H⊗n =
L−1

∑
i=0

vi|x⟩, where vi = 2
−n
2 , N = 2n.

Step 2: Initialize a closed quantum system composed of the register |χ⟩ and two ancillary
|lh⟩ = |0⟩⊗2; the state of this system is described by Equation (5).

|χS1
0 ⟩ = |χ⟩ ⊗ |lh⟩ = |χ⟩ ⊗ |00⟩ = ∑

i

vi|x⟩|00⟩. (5)

Step 3: Apply the oracle U f to compute the output of the Boolean function on the ancillary

qubit |l⟩. The new state becomes

|χS1
1 ⟩ = (I⊗n ⊗ U f ⊗ I)|χS1

0 ⟩ = ∑
i

vi|x⟩| f (x)⟩|0⟩. (6)

Step 4: Apply n quantum negation gates X to all qubits within the register |χ⟩, as follows:

|χS1
2 ⟩ = (X⊗n ⊗ I⊗2)|χS1

1 ⟩
= ∑i vi|x′⟩| f (x)⟩|0⟩,
where x′ = (¬x0,¬x1, . . . ,¬xn−1).

(7)

Step 5: Reapply the oracle U f on the register |χ⟩ and the ancillary qubit |l⟩, yielding

|χS1
3 ⟩ = (I⊗n ⊗ U f ⊗ I)|χS1

2 ⟩ = ∑
i

vi|x′⟩| f (x)⊕ f (x′)⟩|0⟩. (8)

Step 6: Repeat the process described in Steps 1–6 to create a decoupled replica of the system.
This operation does not violate the no-cloning theorem [23], as it creates an independent
system. The combined state is

|χ4⟩ = |χS1
3 ⟩ ⊗ |χS2

3 ⟩. (9)

Step 7: Perform the operator Mz on the qubits |lh⟩ ⊗ |lh⟩ and estimate the number of
basis states t2 that satisfy f (y) = 1 using Equation (4). The number of junta variables k is
determined according to the following conditions:

(a) If t2 = 0, then
k = 0 .

(b) If t2 > 0, then the number of junta variables is determined by Equation (10).

k = 1 − 1

2
log2 P1111. (10)

Step 4 applies n quantum negation gates X to all qubits within the register |χ⟩ to check

whether there are variables that can change the result of the oracle U f when applying the

oracle again.

|χS1
2 ⟩ = (X⊗n ⊗ I⊗2)|χS1

1 ⟩
= ∑i vi|x′⟩| f (x)⟩|0⟩,
where x′ = (¬x0,¬x1, . . . ,¬xn−1).

(11)
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Step 5 involves reapplying the oracle U f to obtain f (x)⊕ f (x′) on the qubit |l⟩, which has

the initial state |0⟩, so that we can compare after changing the output from the X gate in

Step 4. This can be represented as follows:

|χS1
3 ⟩ = (I⊗n ⊗ U f ⊗ I)|χS1

2 ⟩ = ∑
i

vi|x′⟩| f (x)⊕ f (x′)⟩|0⟩.

Step 6 reiterates Steps 1–5 to generate an additional replica |χ3⟩ of the system. This

duplication is necessary because the Mz operator operates on two copies of |lh⟩ to extract

the degree of entanglement between these two qubits. At this stage, both copies of the

qubits |l⟩ and |h⟩ are available, and the overall state of the system is given by

|χ4⟩ = |χS1
3 ⟩ ⊗ |χS2

3 ⟩.

The final step significantly contributes to determining the number of variables that the

function depends on (k) when calculating t2. After the Mz operator, Step 7 involves

entanglement creation, firstly by applying the CNOT gate on |lh⟩ and |lh⟩ in another replica,

and secondly by determining the degree of entanglement between these, |χ⟩ = |lh⟩ ⊗ |lh⟩,
as in Equation (2). Consequently, there are two possible cases. Case (a): When calculating t2

and finding t2 = 0, the value of k can be determined as indicated in the proposed algorithm.

In this case, k = 0. Case (b): In this case, t2 > 0; the value of t2 used to determine k, as

shown in the proposed algorithm, is determined using Equation (10).

Figure 2. The detailed elementary quantum circuit of the proposed approach classifies variables of

unknown logical functions that receive unknown quantum input states into k-junta classes.

In further explanation, the success probability P1111 of measuring the basis state

|1⟩⊗4 for the qubits |lhlh⟩ after applying the Mz operator is related to the number of

junta variables k from Equation (10). According to Equation (4), t2 = 2n ×√
P1111, where

t2 represents the number of inputs for which f (x) ̸= f (x′). A Boolean function that

depends on exactly k-junta variables is independent of the remaining n − k. Additionally,

the negation operation performed by Step 4 creates pairs of inputs (x, x′) to check the
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function f dependency on variable changes. Therefore, the number of input pairs (x, x′)
that experience a differing output is determined by Equation (12).

t2 = 2n−(k−1). (12)

By equating Equations (4) and (12), we obtain the term 2n−(k−1) = 2n ×√
P1111, which

yields 2−(k−1) =
√

P1111. Therefore, squaring both sides yields P1111 = 2−2(k−1). By taking

the logarithm and solving for k, we obtain k = 1 − 1
2 log2 P1111.

5. Time Complexity Analysis

Here, we analyze the time complexity of the proposed approach based on the standard

oracle model of quantum computation, known as quantum query complexity theory (see

Refs. [24–26]). In this model, an oracle is treated as a black-box unitary operation, and

its application is counted as a single computational step (see Refs. [24–26]), independent

of the internal workings of the oracle U f at hand. This establishes a clear separation

between the query complexity (the number of oracle calls) and the computational cost of

implementing the Boolean function that is hidden within the black box of the oracle U f in

certain hardware [24–26]. According to Step 7 of the proposed algorithm, the number of

junta variables k of an oracle U f is determined as follows: k = 0 only if t = 0; otherwise,

it is given by k = 1 − 1
2 log2 P1111, where P1111 is the success probability of the basis state

|1111⟩ for the qubits |lhlh⟩ obtained from the Mz operator. It should be noted that P1111 is

estimated as the number of successes when estimating the basis state |1111⟩ from the Mz

operator after applying Steps 1–6 in the proposed algorithm M times over the number of

trials M. Here, it should be noted that the oracle, U f , is recalled twice in each trial, since

M is a limited number of occurrences (shots), and according to Equation (2), it follows the

binomial distribution. Therefore, the variance of p1111 is given by Var(p1111) =
p1111(1−p1111)

M .

Consequently, the standard error of p1111 is ϵp1111
=

√

p1111(1−p1111)
M . The number of junta

variables k = 1 − 1
2 log2 P1111 can be written as k = 1 − ln P1111

2 ln 2 after re-expressing the term

log2 P1111 as log2 P1111 = ln P1111
ln 2 . By differentiating the term k = 1 − ln P1111

2 ln 2 with respect to

p1111, we obtain dk
dp1111

= − 1
2p1111 ln 2 . For a small error in p1111, the approximate standard

error in k can be expressed as ϵ ≈ | dk
dp1111

| × ϵp1111
= 1

2 ln 2

√

1−p1111
Mp1111

. Consequently, the

number of times required to recall the oracle U f for estimating k with an allowable error

using the proposed algorithm is given by ϵ ∝ 1√
M

=⇒ M ∝ 1
ϵ2 . Since the time complexity

is O(M), this renders the time complexity of the proposed approach as O( 1
ϵ2 ).

6. Experimental Realization of the Proposed Algorithm

The proposed algorithm was realized practically to examine the number of junta

variables k by implementing its quantum circuit on IBM’s quantum computer simulator

and IBM’s real quantum computer. Here, nine experiments were conducted for nine

different oracles. Each oracle was designed with a distinct number of input variables to

evaluate the effect of the input dimensionality on the performance of the models, such

that each oracle was designed to be known only to the experiment’s designer and hidden

from anyone else. The quantum circuit of the proposed algorithm in each experiment

was carried out with 20,000 shots. The statistical fidelities of both the simulated results

and the real quantum computer results, in each experiment, were calculated as follows:

Fsim = ∑
2n−1
j=0

√

psim
j pth

j and Frc = ∑
2n−1
j=0

√

prc
j pth

j , where n is the number of qubits and

psim
j , pth

j , and prc
j are the simulation probabilities, theoretical probabilities, and real quantum

computer probabilities, respectively.
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Here, the steps for creating the oracles {U f } in the conducted experiments are detailed.

To build the quantum circuit as an oracle to encode a given Boolean function, the following

steps were executed: (i) Create the truth table of the Boolean function at hand, and then

retrieve from this truth table the input that produces a value of 1 when evaluating the

Boolean function in the truth table. (ii) Take these rederived inputs and combine them in

the Boolean expression such that each input term is related to the other terms by a logical

OR operator. (iii) Replace each OR operation with an XOR operation using Reed–Muller

form, and simplify the obtained Boolean expression [27]. (iv) Convert the final formula

of the Boolean expression into a quantum circuit of n + 1 qubits, where n represents the

number of input variables and the extra qubit is for the function’s output. Then, each term

in the Boolean expression is represented as a CNOT gate, or Toffoli gate, in this quantum

circuit of the oracle [27].

In the first experiment, the first oracle encoded the Boolean function f = 0. The

results of this experiment are presented in Figure 3. It can be observed that the proba-

bility of P0000 was equal to 1; this means that P1111 = 0 in both the theoretical calcula-

tions and the simulation results. Consequently, both theoretically and according to the

simulation result, when estimating k for this oracle using Step 7 of the proposed algo-

rithm, ktheoretical = ksimulation = 0. In contrast, when the quantum circuit of the proposed

algorithm was implemented on the real quantum computer for the first oracle, the prob-

abilities of the basis states |0000⟩ and |1111⟩ were P0000 = 0.69349 and P1111 = 0.00007.

So, according to Step 7 in the proposed algorithm, the number of junta variables, which

was estimated when implementing the algorithm on the real quantum computer, was

kreal quantum computer = 0, which aligns with the theoretical value. The reason that there was

no difference between the value of k for the real quantum computer and the theoretical re-

sult, despite the fact that the real quantum computer is noisy, is because the oracle encoded

a simple function f = 0. The statistical fidelities of this experiment were Fsimulation = 1 and

Freal quantum computer = 0.83276047.

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

0

0.2

0.4

0.6

0.8

1

P
ro

b
a
b
il
it
y

0-junta (Real error bars)

Theoretical Simulation Real quantum computer

Figure 3. The experimental results of realizing the proposed quantum algorithm using both the

quantum computer simulator and the real quantum computer were compared to the theoretical

results to examine an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = 0. The

red bars in the blue histograms show the standard deviation of obtaining the basis states, presented

in terms of implementing the proposed algorithm on IBM’s real quantum computer.

In the second experiment, the second oracle encoded the Boolean function f = x0.

The results of this experiment are presented in Figure 4. It can be observed that the
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probability of P1111 was equal to 1; this means that P0000 = 0 in both the theoretical cal-

culations and the simulation results. Consequently, both theoretically and according to

the simulation result, when estimating k for this oracle using Step 7 of the proposed algo-

rithm, ktheoretical = ksimulation = 1. In contrast, when the quantum circuit of the proposed

algorithm was implemented on the real quantum computer for the first oracle, the prob-

abilities of the basis states |0000⟩ and |1111⟩ were P0000 = 0.000235 and P1111 = 0.826655.

So, according to Step 7 in the proposed algorithm, the number of junta variables, which

was estimated when implementing the algorithm on the real quantum computer, was

kreal quantum computer = 1.13732137 ≈ 1, which aligns with the theoretical value. The statisti-

cal fidelities of this experiment were Fsimulation ≈ 1 and Freal quantum computer = 0.909205697.

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

0

0.2

0.4

0.6

0.8

1

P
ro

b
a
b
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it
y

1-junta (Real error bars)

Theoretical Simulation Real quantum computer

Figure 4. The experimental results of realizing the proposed quantum algorithm using both the

quantum computer simulator and the real quantum computer were compared to the theoretical results

to examine an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0. The red

bars in the blue histograms show the standard deviation of obtaining the basis states, presented in

terms of implementing the proposed algorithm on IBM’s real quantum computer.

In the third experiment, the third oracle encoded the Boolean function f = x0 · x1. The

results of this experiment are presented in Figure 5. It can be observed that the probabilities

P0000 = 0.25, P0011 = 0.25, P1100 = 0.25, and P1111 = 0.25 in the theoretical calculations

and in the simulation results were approximately P0000 = 0.250485, P0011 = 0.25118,

P1100 = 0.249435, and P1111 = 0.2489. Consequently, both theoretically and according

to the simulation result, when estimating k for this oracle using Step 7 of the proposed

algorithm, ktheoretical = 2 and ksimulation = 2.003180932. In contrast, when the quantum

circuit of the proposed algorithm was implemented on the real quantum computer for

the first oracle, the probabilities of the basis state were P0000 = 0.223765, P0011 = 0.22652,

P1100 = 0.201295, and P1111 = 0.1997. So, according to Step 7 in the proposed algorithm, the

number of junta variables, which was estimated when implementing the algorithm on the

real quantum computer, was kreal quantum computer = 2.162046881 ≈ 2, which aligns with the

theoretical value. The statistical fidelities of this experiment were Fsimulation = 0.999998422

and Freal quantum computer = 0.9222582.

In the fourth experiment, the oracle encoded the Boolean function f = x0 · x1 · x2. The

results of this experiment are presented in Figure 6. It can be observed that the probabilities

P0000 = 0.5625, P0011 = 0.1875, P1100 = 0.1875, and P1111 = 0.0625 in the theoretical calcula-

tions and in the simulation results were approximately P0000 = 0.565135, P0011 = 0.186505,

P1100 = 0.18618, and P1111 = 0.06218. Consequently, both theoretically and according to the
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simulation result, when estimating k for this oracle using Step 7 of the proposed algorithm,

ktheoretical = ksimulation = 3. In contrast, when the quantum circuit of the proposed algorithm

was implemented on the real quantum computer for the first oracle, the probabilities of the

basis states were P0000 = 0.342845, P0011 = 0.19909, P1100 = 0.177885, and P1111 = 0.10174.

Consequently, according to Step 7 in the proposed algorithm, the number of junta variables,

which was estimated when implementing the algorithm on the real quantum computer,

was kreal quantum computer = 2.648520548 ≈ 3. The statistical fidelities of this experiment

were Fsimulation = 0.999996428 and Freal quantum computer = 0.894726375.
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Figure 5. The experimental results of realizing the proposed quantum algorithm using both the

quantum computer simulator and the real quantum computer were compared to the theoretical results

to examine an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0 · x1. The

red bars in the blue histograms show the standard deviation of obtaining the basis states, presented

in terms of implementing the proposed algorithm on IBM’s real quantum computer.
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Figure 6. The experimental results of realizing the proposed quantum algorithm using both the

quantum computer simulator and the real quantum computer were compared to the theoretical results

to examine an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0 · x1 · x2.

The red bars in the blue histograms show the standard deviation of obtaining the basis states,

presented in terms of implementing the proposed algorithm on IBM’s real quantum computer.
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In the fifth experiment, the oracle encoded the Boolean function f = x0 · x1 · x2 · x3. The

results of this experiment are presented in Figure 7. It can be observed that the probabilities

P0000 = 0.76564, P0011 = 0.10955, P1100 = 0.10955, and P1111 = 0.01526 in the theoretical cal-

culations and in the simulation results were approximately P0000 = 0.76574, P0011 = 0.10955,

P1100 = 0.109445, and P1111 = 0.015265. Consequently, both theoretically and ac-

cording to the simulation result, when estimating k for this oracle using Step 7 of the

proposed algorithm, ktheoretical = 4.017050614 and ksimulation = 4.017050614. In con-

trast, when the quantum circuit of the proposed algorithm was implemented on the

real quantum computer for the first oracle, the probabilities of the basis state were

P0000 = 0.229305, P0011 = 0.1996, P1100 = 0.199415, and P1111 = 0.172925. It is clear

that, according to Step 7 in the proposed algorithm, the number of junta variables, which

was estimated when implementing the algorithm on the real quantum computer, was

kreal quantum computer = 2.265890819. The statistical fidelities of this experiment were

Fsimulation = 1 and Freal quantum computer = 0.766050271.
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Figure 7. The experimental results of realizing the proposed quantum algorithm using both the

quantum computer simulator and the real quantum computer were compared to the theoretical results

to examine an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0 · x1 · x2 · x3.

The red bars in the blue histograms show the standard deviation of obtaining the basis states,

presented in terms of implementing the proposed algorithm on IBM’s real quantum computer.

In the sixth experiment, the oracle encoded the Boolean function f = x0 · x1 · x2 · x3 · x4. The

results of this experiment are presented in Figure 8. It can be observed that the probabilities

P0000 = 0.87862, P0011 = 0.0589, P1100 = 0.0589, and P1111 = 0.00358 in the theoretical calcu-

lations and in the simulation results were approximately P0000 = 0.87862, P0011 = 0.05894,

P1100 = 0.05866, and P1111 = 0.00378. Consequently, both theoretically and according to the

simulation result, when estimating k for this oracle using Step 7 of the proposed algorithm,

ktheoretical = 5.062912349 and ksimulation = 5.062912349. In contrast, when the quantum

circuit of the proposed algorithm was implemented on the real quantum computer for

the first oracle, the probabilities of the basis state were P0000 = 0.212035, P0011 = 0.19152,

P1100 = 0.203365, and P1111 = 0.185055. Hence, according to Step 7 in the proposed algo-

rithm, the number of junta variables, which was estimated when implementing the algo-

rithm on the real quantum computer, was kreal quantum computer = 2.216986989. The statistical

fidelities of this experiment were Fsimulation = 0.999998515 and Freal quantum computer = 0.673016544.
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Figure 8. The experimental results of realizing the proposed quantum algorithm using

both the quantum computer simulator and the real quantum computer were compared to

the theoretical results to examine an oracle that implements a Boolean function in the form

f (x0, x1, . . . , x7) = x0 · x1 · x2 · x3 · x4. The red bars in the blue histograms show the standard

deviation of obtaining the basis states, presented in terms of implementing the proposed algorithm

on IBM’s real quantum computer.

In the seventh experiment, the oracle encoded the Boolean function f = x0 ·
x1 · x2 · x3 · x4 · x5. The results of this experiment are presented in Figure 9. It can

be observed that the probabilities of P0000 = 0.939, P0011 = 0.03, P1100 = 0.03, and

P1111 = 0.001 in the theoretical calculations and in the simulation results were approx-

imately P0000 = 0.93905, P0011 = 0.030275, P1100 = 0.029565, and P1111 = 0.00111. Con-

sequently, both theoretically and according to the simulation result, when estimating

k for this oracle using Step 7 of the proposed algorithm, ktheoretical = 5.907612304 and

ksimulation = 5.982892142. In contrast, when the quantum circuit of the proposed algo-

rithm was implemented on the real quantum computer for the first oracle, the proba-

bilities of the basis state were P0000 = 0.22652, P0011 = 0.18867, P1100 = 0.184445, and

P1111 = 0.152085. According to Step 7 in the proposed algorithm, the number of junta

variables, which was estimated when implementing the algorithm on the real quantum com-

puter, was kreal quantum computer = 2.358525113. The statistical fidelities of this experiment

were Fsimulation = 0.999997457 and Freal quantum computer = 0.623148976.

In the eighth experiment, the oracle encoded the Boolean function f = x0 · x1 ·
x2 · x3 · x4 · x5 · x6. The results of this experiment are presented in Figure 10. It can

be observed that the probabilities P0000 = 0.9698, P0011 = 0.015, P1100 = 0.015, and

P1111 = 0.0002 in the theoretical calculations and in the simulation results were approx-

imately P0000 = 0.969405, P0011 = 0.015005, P1100 = 0.01538, and P1111 = 0.00021. Con-

sequently, both theoretically and according to the simulation result, when estimating

k for this oracle using Step 7 of the proposed algorithm, ktheoretical = 7.108661526 and

ksimulation = 7.14385619. In contrast, when the quantum circuit of the proposed algo-

rithm was implemented on the real quantum computer for the first oracle, the proba-

bilities of the basis state were P0000 = 0.236765, P0011 = 0.22322, P1100 = 0.196125, and

P1111 = 0.186545. Thus, according to Step 7 in the proposed algorithm, the number of junta

variables, which was estimated when implementing the algorithm on the real quantum com-

puter, was kreal quantum computer = 2.211202202. The statistical fidelities of this experiment

were Fsimulation = 0.99999873 and Freal quantum computer = 0.597392938.
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Figure 9. The experimental results of realizing the proposed quantum algorithm using both the quantum

computer simulator and the real quantum computer were compared to the theoretical results to examine

an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0 · x1 · x2 · x3 · x4 · x5. The

red bars in the blue histograms show the standard deviation of obtaining the basis states, presented in

terms of implementing the proposed algorithm on IBM’s real quantum computer.
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Figure 10. The experimental results of realizing the proposed quantum algorithm using both the quantum

computer simulator and the real quantum computer were compared to the theoretical results to examine

an oracle that implements a Boolean function in the form f (x0, x1, . . . , x7) = x0 · x1 · x2 · x3 · x4 · x5 · x6.

The red bars in the blue histograms show the standard deviation of obtaining the basis states, presented

in terms of implementing the proposed algorithm on IBM’s real quantum computer.

Finally, in the ninth experiment, the oracle encoded the Boolean function

f = x0 · x1 · x2 · x3 · x4 · x5 · x6 · x7. The results of this experiment are presented in Figure 11. It

can be observed that the probabilities of P0000 = 0.984415, P0011 = 0.00777, P1100 = 0.00777,

and P1111 = 0.000045 in the theoretical calculations and in the simulation results were

approximately P0000 = 0.9844, P0011 = 0.00777, P1100 = 0.007785, and P1111 = 0.000045.

Consequently, both theoretically and according to the simulation result, when estimating k

for this oracle using Step 7 of the proposed algorithm, ktheoretical = ksimulation = 8.219857736.

In contrast, when the quantum circuit of the proposed algorithm was implemented

on the real quantum computer for the first oracle, the probabilities of the basis state
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were P0000 = 0.28032, P0011 = 0.224165, P1100 = 0.20699, and P1111 = 0.16026. So,

according to Step 7 in the proposed algorithm, the number of junta variables, which

was estimated when implementing the algorithm on the real quantum computer, was

kreal quantum computer = 2.320756857. The statistical fidelities of this experiment were

Fsimulation = 1 and Freal quantum computer = 0.60983424. Overall, it is evident that both

the theoretical and simulation results for estimating the number of junta variables were

aligned in all experiments. This alignment occurred because the simulation results rep-

resent the outcomes of implementing the proposed approach in futuristic, fault-tolerant

real quantum computers, which are free from noise and mitigate inherent errors [17,18].

On the other hand, in the first experiment, where the number of junta variables was 0, the

theoretical, simulation, and real quantum computer results for estimating the number of

junta variables were also aligned. Additionally, the difference between the theoretical and

simulation results on one side and the real quantum computer results on the other side for

estimating the number of junta variables was small and can be considered negligible in

experiments 2–4, where the number of junta variables was 1, 2, and 3, respectively. Nev-

ertheless, the gap between the theoretical and simulation results on one side and the real

quantum computer results on the other side for estimating the number of junta variables

increased in Experiments 5–9, where the number of junta variables ranged from 4 to 8. The

difference between the values of the junta variables from the real quantum computer and

the theoretical results in these experiments can be attributed to two factors: (i) Current real

quantum computers are noisy devices and are not resistant to noise, which is why they are

referred to as noisy intermediate-scale quantum (NISQ) computers [19,20]. Nevertheless,

several research efforts are striving to develop fault-tolerant quantum computers by 2029.

The number of junta variables in the oracles used in Experiments 5–9 increased from 4 to 9.

This means that these oracles had complex internal structures in terms of CNOT gates and

multi-controlled gates, which led to the accumulation of errors during the implementation

of these gates in the current IBM’s real quantum computers. Additionally, the decoherence

times scaled with the circuit depth, which is related to the number of gates in the entire

quantum circuit, explaining the observed divergence.
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Figure 11. The experimental results of realizing the proposed quantum algorithm using

both the quantum computer simulator and the real quantum computer were compared to

the theoretical results to examine an oracle that implements a Boolean function in the form

f (x0, x1, . . . , x7) = x0 · x1 · x2 · x3 · x4 · x5 · x6 · x7. The red bars in the blue histograms show the

standard deviation of obtaining the basis states, presented in terms of implementing the proposed

algorithm on IBM’s real quantum computer.
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Table 1 explains the time cost of the proposed approach for estimating the number

of k-junta variables for an unknown oracle compared to the classical approach. The time

complexity for the classical approach is 2n+1 and the required memory space in this

approach is 2n+1 as well (the detailed proof is investigated in [16]). It has been proven that

the time complexity of handling the quantum computing problems using Zidan’s quantum

computing model based on the Mz operator is O( 1
ϵ2 ). Subsequently, the time cost for

handling the proposed problem statement that is explained in Section 2 using the suggested

algorithm explained in Section 4 is O( 1
ϵ2 ) (the detailed proof is investigated in [16,22,28]),

where ϵ is a predefined error. This means that the developed algorithm is independent of

the number of inputs n. It also means that the developed quantum algorithm that solves

the problem statement explained in Section 2 in constant time is compared to the classical

approach, which requires exponential time. However, it is worth noting that, while the

classical approach handles the problem in exponential time, it is deterministic. Conversely,

the developed approach solves the same problem in constant time with allowable error

ϵ. Furthermore, the proposed quantum approach requires n + 2 qubits in each version of

the quantum system, which has two versions (see Section 4). Therefore, the total memory

space that is required for the proposed quantum approach is 2n + 4. Hence, it is clear

that the proposed algorithm achieves quantum supremacy in terms of memory space and

time complexity.

Table 1. Comparing the time cost and memory cost of estimating the number of junta variables using

the developed quantum approach and its classical counterpart.

Approach Name Proposed Quantum Algorithm Classical Algorithm

Memory Space: 2n + 4. 2n+1.

Time Cost: O( 1
ϵ2 ). 2n+1.

7. Conclusions

This study discusses a novel quantum method for estimating the minimum number of

k-junta inputs for a given unknown Boolean function that has a set of arbitrary inputs. The

proposed method achieved an exponential speed-up over classical techniques, operating

with a time complexity of 2ϵ−2 as the number of Boolean variables increased. The exper-

imental results conducted using IBM’s real quantum computer and the Qiskit simulator

to practically realize the suggested algorithm showed that this challenge is intractable for

both classical computers and advanced quantum methods, yet it becomes feasible with

the proposed approach. The proposed approach was demonstrated to solve the same

problem when the oracle is unknown, the inputs are incomplete, and there is a weighted

superposition of some basis states. In future work, we will develop the quantum circuit

of the proposed algorithm to mitigate errors in noisy quantum computers and to perform

effectively using noisy intermediate-scale quantum (NISQ) computers.
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