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Abstract
What is the minimal time until a quantum system undergoing unitary dynamics can exhibit
genuine quantum features? To answer this question we derive quantum speed limits (QSLs) for
two-time correlation functions arising from statistics of measurements. These two-time correlators
are described by Kirkwood–Dirac quasiprobabilities, if the initial quantum state of the system does
not commute with the measurement observables. The QSLs here introduced are derived from the
Schrödinger–Robertson uncertainty relation, and set the minimal time at which the real part of a
quasiprobability can become negative and the corresponding imaginary part can be different from
zero or crosses a given threshold. This departure of Kirkwood–Dirac quasiprobabilities from
positivity is evidence for the onset of non-classical traits in the quantum dynamics. As an
illustrative example, we apply these results to a conditional quantum gate by determining the
optimal condition that gives rise to non-classicality at maximum speed. In this way, our analysis
hints at boosted power extraction due to genuinely non-classical dynamics.

The question asking whether a quantum process is truly quantum looks as innocuous, as it is deep. While
many sophisticated answers could be given, such as referring to violations of Bell [1] or Leggett–Garg [2]
inequalities, the simplest answer is arguably found in the presence of non-classical correlations [3].

In this paper, we focus on exactly such correlations that characterize the statistics of measuring two
distinct quantum observables A and B, at the beginning and end of a unitary process with a non-negligible
duration. Such two-time correlation functions [4] have become ubiquitous in modern physics, ranging from
condensed matter physics and quantum chaos [5–13] to quantum thermodynamics [14–22]. Most quantum
correlation functions can be computed even when the exact quantum state is not directly
measurable [23–25].

Here we are interested in understanding if any universal statement can be made about the dynamics of
such correlators. In fact, their time-evolution, like the dynamics of the system itself, are entirely generated by
the Hamiltonian of the system. Hence, it appears obvious to consider quantum speed limits (QSLs) for
correlation functions [26]9. QSLs [27] set constraints on the maximum speed of the quantum evolution [28,
29]. From the seminal work of Mandelstam and Tamm [30, 31], it is known that the quantum speed is tightly
bound by the Schrödinger–Robertson (SR) uncertainty relation [32, 33]. This gives the QSLs a fundamental
connotation that links the minimal time to attain a quantum state transformation to the energy dispersion
imposed by the system Hamiltonian. Obviously, correlation functions constructed from the statistics of
measurement outcomes, recorded by measuring A and B, have to respect similar time constraints.

9 Evidently, such limits are no longer useful if the observables A and B are measured consecutively without letting the system evolve.
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In the present analysis, we focus on situations in which the initial quantum state does not commute with
the measurement observables. In this non-commutative case, correlation functions are the Kirkwood–Dirac
quasiprobabilities (KDQ) [25, 34–40], which in general are complex numbers whose real part can be also
negative. The presence of negative real parts and of imaginary parts different from zero does not allow for
building up a single joint distribution of events at multiple times according to classical probability
theory [25, 40–42]. In particular, negativity has been interpreted as a meaningful trait of non-classicality [43],
given that negative quasiprobabilities, as well as anomalous weak values, are a witness of quantum
contextuality [44–50], as experimentally confirmed in [51–53]. Beyond its fundamental relevance, negativity
has recently found experimental application to enhance both phase estimation [54] and work
extraction [20], beyond classical limits. In addition, [55] introduces an interferometric procedure to
reconstruct the imaginary parts of two-time KDQ distributions, thus giving access to non-commutativity.

In this work, we address the following questions: ‘Can we predict the time at which a two-time correlator,
in terms of KDQ, can become non-positive? And, can we take an advantage of such a prediction in a
quantum technology application?’ As main results, we demonstrate that the QSL predicts theminimal time
for the emergence of non-positive KDQ, while measuring two non-commuting observables at distinct times.
This goes beyond the QSL for the average of a single observable [28, 56], and finds application in the
interdisciplinary field of evaluating the energetics of quantum computing gates [57–67], as well as quantum
synchronization [68]. Moreover, the fact that the probability associated with a measurement-outcome pair is
described by a non-positive KDQ outlines the role played by quantum coherence or correlations as a
quantum resource. For instance, in non-equilibrium work processes our QSLs can be used to identify, and
possibly reduce, the time corresponding to the largest enhancement of work extraction due to the negativity
of the real part of some KDQ. Knowing such a time, which can be obtained without solving the system
dynamics, allows to derive a tight bound on the work extraction power. We illustrate this for the two-qubit
controlled-unitary gate of [60].

1. Kirkwood–Dirac quasiprobabilities

We start with notions and notations. Let ρ be a density operator, and A and B two distinct quantum
observables (Hermitian operators), evaluated at times t= 0 and t> 0 respectively. The two observables have
the spectral decompositions A=

∑
ℓ aℓAℓ and B=

∑
j bjBj with Aℓ = A2

ℓ and Bj = B2
j . In the present analysis,

the evolution of the quantum system is described by a unitary operator U≡ exp(−iHt/h̄), where H denotes
the system Hamiltonian, h̄ is the reduced Planck constant and t the evolution time. In the following, we will
also take into account the evolution of the quantum observable B, which is given by B(t)≡ U†BU in
Heisenberg picture.

In general, KDQ are complex numbers and constitute a family of distributions of quasiprobabilities [40,
42]. For the purpose of this work, throughout the whole article, we take a representation of KDQ defined by
two-time quantum correlators. In this regard, we can describe the statistics of the measurement-outcome
pairs (aℓ,bj), which occurs from evaluating the two quantum observables A and B at times 0, t, with the KDQ

qℓ,j (t)≡ tr
{
ρAℓBj (t)

}
, (1)

where Bj(t) = U †BjU is the projector Bj evolved in the Heisenberg picture. In agreement with the no-go
theorems of [25, 69], if the commutator of ρ and A is equal to zero ([ρ,A] = 0), then the KDQ is a
non-negative real number—as a standard probability obeying Kolmogorov axioms—and is given by the
two-point measurement (TPM) scheme [70].

The statistics provided by the TPM scheme can be experimentally assessed by a procedure based on
sequential measurements, as in the classical case. On the contrary, as surveyed in [25, 40, 42], the KDQ can
be obtained via a reconstruction protocol that is able to preserve information on the non-commutativity of ρ
and the measurement observables. The most relevant properties of KDQ are: (i)

∑
ℓ,j qℓ,j(t) = 1 ∀t; (ii) the

unperturbedmarginals are recovered:
∑

ℓ qℓ,j(t) = pj(t) = tr
{
ρBj(t)

}
and

∑
j qℓ,j(t) = pℓ(0) = tr{ρAℓ}. The

unperturbed marginal at time t cannot be obtained by the TPM scheme if [ρ,A] ̸= 0; (iii) Linearity in the
initial state ρ; (iv) KDQ are equal to the joint probabilities

pTPMℓ,j (t)≡ tr
{
Aℓ ρAℓBj (t)

}
(2)

determined by the TPM scheme when [ρ,A] = 0 ∀ρ. In the following, as customary in the literature, we will
denote the real part of the KDQ as Margenau–Hill quasiprobability (MHQ) [18, 20, 71, 72].
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1.1. Criteria of non-classicality
As mentioned in the introduction, the KDQmay be non-classical. To quantify how far a KDQ is from being a
positive real number, any of the following ‘quantumness’ criteria can be used:

(i) Re
{
qℓ,j(t)

}
< 0,

(ii)
∣∣Im{

qℓ,j(t)
}∣∣> sth,

where sth > 0 is a threshold value beyond which we can say that the imaginary part is significantly different
from zero. This value depends on the specific system under consideration, and we will provide an example in
section 4.1. We may similarly define a threshold for the real part without much modification to our results,
although we do not follow this approach to keep the notation light. One of our goals in the following is to
find how fast the criteria (i) and (ii) can be satisfied10.

1.2. Real and imaginary parts of KDQ as expectation values of observables
Our strategy is to bound the rate of change of the real and imaginary parts of the KDQ. We can write these
two quantities as the expectation values of two different observables. In fact, defining the operators

ρℓ ≡
{ρ,Aℓ}

2
and σℓ ≡

[ρ,Aℓ]

2i
, (3)

which are time-independent and Hermitian, we can write

Re
{
qℓ,j (t)

}
= tr

{
ρℓBj (t)

}
≡ ⟨ρℓ⟩j,t , (4)

Im
{
qℓ,j (t)

}
= tr

{
σℓBj (t)

}
≡ ⟨σℓ⟩j,t . (5)

Notice that, if σℓ is the null matrix, then Im
{
qℓ,j(t)

}
= 0 for any t and Re

{
qℓ,j(t)

}
reduces to pTPMℓ,j (t). If

[ρ,Aℓ] ̸= 0 for a given initial density operator ρ, then the KDQ of equation (1) can loose positivity. This
occurs if Bj(t) in equation (1) is a projector onto the negative eigenspace of ρℓ [25].

We are going to bound the evolution of quantities of the type

⟨X⟩j,t ≡ tr
{
XBj (t)

}
. (6)

Up to normalization, Bj(t) is in fact a density operator, which justifies the notation of expectation value,
albeit it evolves in the Heisenberg representation according to the Hamiltonian−H. In the next section, we
provide bounds for the evolution of the expectation value of general observables. For the remainder of this
article, and for simplicity of notation, we assume that Bj has unit trace. However, the bounds we will derive
in the next sections are applicable in the more general case where the trace of Bj is not equal to 1, by
re-scaling Bj as Bj = tr

{
Bj
}
B̃j where the operator B̃j has unit trace. We can then use the linearity of the trace

in ⟨X⟩j,t to bring tr
{
Bj
}
outside of the trace and make use of the same bounds.

2. QSL for expectation values of observables

We first derive a result that concerns the time-derivative of the expectation value ⟨X⟩t ≡ tr{Xρ(t)} with
respect to an arbitrary density operator ρ at a given time t.

2.1. Bounding the rate of change using the SR uncertainty relation
Before we present our original contributions, in the next sub-sections, we begin with some well-known
results based on the SR uncertainty relation [74]. The SR uncertainty principle for any given observables X,Y
and density operator ρ(t) states that

∆X2
t∆Y2t ⩾

[〈
{X,Y}

2

〉
t

−⟨X⟩t ⟨Y⟩t

]2
+

〈
[X,Y]

2i

〉2

t

, (7)

where {·, ·} is the anti-commutator, and∆Ct ≡
√

⟨C2⟩t −⟨C⟩2t with C= X,Y.

10 A minimal time to non-positivity can be attained even for the quantumness criterion |Re
{
qℓ,j(t)

}
− pTPMℓ,j (t)|> kth, with kth a given

threshold value, as discussed in [73].
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The von Neumman equation for the density operator, evolving according to a Hamiltonian H (assumed
as time-independent), is written as ρ̇(t) = [H,ρ(t)]/(ih̄)≡ {ρ(t),L(t)}/2 where L is the symmetric
logarithmic derivative. Differentiating ⟨X⟩t over time leads to∣∣∣∣ ddt ⟨X⟩t

∣∣∣∣= ∣∣∣∣〈{X,L(t)}
2

〉
t

∣∣∣∣⩽∆Lt∆Xt, (8)

where we used the SR uncertainty relation (7) (see also [74, 75]) and the fact that ⟨L(t)⟩t = 0 for any t,
meaning that∆Lt =

√
⟨L2⟩t. By definition,∆Lt generally represents the square root of the quantum Fisher

information FQ(t) computed with respect to ρ(t):∆Lt =
√

FQ(t). It generally holds that∆Lt ⩽ 2∆Ht/h̄ ∀t,
where the equality applies in the case where ρ is a pure state, whereby we recover the QSL in [28]. Moreover,
as shown in appendix A,∆L is time-independent in our case-study, provided H is constant.

2.2. Explicit bounds on the evolution of ⟨X⟩t
We now present a novel contribution of this work. We derive explicit time-dependent bounds on ⟨X⟩t by
bounding∆Xt from above, following appendix B. From equation (8), we then arrive at the differential
inequality ∣∣∣∣ ddt ⟨X⟩t

∣∣∣∣⩽∆L
√
(x1+ xd)⟨X⟩t −⟨X⟩2t − x1xd , (9)

where x1 ⩽ · · ·⩽ xd are the eigenvalues of X. As a result, integrating (9) results in the bounds (see
appendix C)

⟨X⟩t ⩾ E(X, τ0 +∆Lt) , (10)

⟨X⟩t ⩽ E(X, τ0 −∆Lt) , (11)

where the function E(X, τ), which we define below and is illustrated in figure 1, interpolates the maximum
and minimum eigenvalues of X:

E(X, τ)≡


xd , τ ⩽ 0

xd cos2
(
τ
2

)
+ x1 sin

2
(
τ
2

)
, 0⩽ τ ⩽ π

x1, τ ⩾ π .

(12)

In equations (10) and (11), the initial angle τ 0 is implicitly defined by the equality E(X, τ0) = ⟨X⟩t=0. We can
write it explicitly as τ0 = τ(X,⟨X⟩0) with

τ (X,x)≡ arccos

(
2x− x1 − xd
x1 − xd

)
. (13)

The function τ(X,x) represents the ‘interpolation angle’ quantifying where the value x falls between x1 and
xd (minimal and maximal eigenvalues of X). This notation will be useful in the next section.

2.3. Bounds on derivatives and unified bounds
We can derive a further bound by noting that the derivative d⟨X⟩t/dt= ⟨Ẋ⟩t is itself the expectation value of
the observable Ẋ≡ [X,H]/ih̄. Therefore, ⟨Ẋ⟩t can be bounded by (10) so that we obtain closed-form bounds
as

⟨X⟩t ⩾ ⟨X⟩0 +
ˆ ∆Lt

0
E
(
Ẋ, τ ′

0 + ξ
)
dξ, (14)

where τ ′
0 is implicitly defined by the equality E(Ẋ, τ ′

0 ) = ⟨Ẋ⟩0 for t= 0. The unified lower-bound on ⟨X⟩t is
thus the maximum between the right-hand-sides of equations (10) and (14).

2.4. Saturation of the bounds
Using the Hamiltonian H= h̄ω

2 (|x1⟩⟨xd|+ |xd⟩⟨x1|) , for some real number ω, and ρ= |xd⟩⟨xd| at t= 0, the
evolution of ⟨X⟩t exactly matches the right-hand side of the bound (10). The reader can find the technical
details in appendix D.

This construction is important as it highlights the geometric interpretation of the inequality (10), whose
right-hand side represents the fastest path, steered by H, to go from the maximum to the minimum
eigenvalue of X.

4
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Figure 1.We illustrate the function E(X, τ), defined in equation (12), that enters the lower and upper bounds (10) and (11). It
interpolates the minimum (x1) and maximum (xd) eigenvalues of X, using a trigonometric function of the angle τ . The inverse
function τ(X,x), defined in equation (13), returns the angle τ x such that E(X, τx) = x.

3. QSL for Kirkwood–Dirac quasiprobabilities

Following the results of the previous section, we determine time-dependent bounds on the time-derivative of
KDQ qℓ,j(t).

The analysis from equations (8) to (14) is valid for a generic Hermitian observable X. We now specialize
it to the real and imaginary parts of KDQ by setting X= ρℓ,σℓ in equations (10) and (11) respectively. This
leads us to the bounds

Re
{
qℓ,j (t)

}
⩾ E

(
ρℓ, τ

re
ℓ,0 +∆Lj t

)
, (15)

Im
{
qℓ,j (t)

}
⩾ E

(
σℓ, τ

im
ℓ,0 +∆Lj t

)
, (16)

where τ reℓ,0, τ
im
ℓ,0 are defined by the equality of the bounds at t= 0, and can be computed using equation (13).

Moreover, Lj(t) is the symmetric logarithmic derivative built on the Hamiltonian−H and the state Bj(t) such
that dBj(t)/dt= [−H,Bj(t)]/ih̄= {Bj(t),Lj(t)}/2. Thus, the standard deviation∆Lj,t is also computed with
respect to Bj(t), i.e.∆Lj,t =

√
⟨Lj(t)2⟩t = tr

{
Lj(t)2Bj(t)

}
. It is worth noting that, following the same steps in

appendix A, we can prove that∆Lj is time-independent for all j, provided H is constant.
Finally, replacing Ẋ= ρ̇ℓ, σ̇ℓ in equation (14) can lead to more refined bounds on the real and imaginary

parts of the KDQ, as also shown in figure 2 for the internal energy variations of a qubit subject to a
controlled-unitary gate.

3.1. Commutative limit
Let us focus on the case of [ρ,Aℓ] = 0, whereby the KDQ are equal to the joint probabilities returned by the
TPM scheme (equation (2)) that, by definition, are always positive and ∈ [0,1]. If [ρ,Aℓ] = 0, then the
imaginary part of the KDQ is zero. Given Aℓ ̸= I with I the identity operator, the minimum eigenvalue of ρℓ
(here equal to AℓρAℓ) is r1 = 0. As a result, from equation (15), one has that

pTPMℓ,j (t)⩾ rd cos
2

(
τ reℓ,0 +∆Lj t

2

)
. (17)

Hence, as expected, no negativity can be observed from equation (17).

3.2. Time to non-positivity
The bounds equations (15) and (16) allow us to derive minimal times to non-positivity. Following the two
criteria (i) and (ii) of non-classicality in section 1.1, we ask how long it takes for the right-hand sides of (15)
and (16) to go from their initial values to the target values of 0 and sth respectively, namely what are the times
T re

ℓ,j,T
im
ℓ,j such that E(ρℓ, τ reℓ,0 +∆LjTre

ℓ,j) = 0 and E(σℓ, τ imℓ,0 +∆LjT im
ℓ,j) = sth. Using equation (13), the initial

and target values can be expressed in terms of the function τ(X,x). As a result, for the (ℓ, j)th KDQ, the
minimal times T re

ℓ,j,T
im
ℓ,j read respectively as

T re
ℓ,j =

τ (ρℓ,0)− τ reℓ,0
∆Lj

, (18)

5
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T im
ℓ,j =

τ (σℓ, sth)− τ imℓ,0
∆Lj

. (19)

Equation (18) coincides with the Mandelstam’s and Tamm’s result [30, 31] in the following circumstance:
ρ= |ψ ⟩⟨ψ | is a pure state, Aℓ is the identity (i.e. no measurement is performed at time t= 0), and Bj(t) = ρ
at a given time t. Under these assumptions, indeed, Tre

ℓj = h̄π /(2∆H). Hence, in analogy, we can still
interpret Tre

ℓj as the minimum time for a quantum system to evolve towards an orthogonal state, even in the
more general setting with non-commutative observables and initial state.

4. Enhancing power extraction

Non-commutativity between the initial state ρ and a time-dependent Hamiltonian implementing a work
protocol can be a resource to enhance quantum work extraction beyond what can be achieved by any classical
system [20, 42, 76]. To this end, let us recall the definition of the extractable workWext(t) at time t in a
coherently-driven closed quantum system. We make use of the spectral decomposition of the system
Hamiltonian, H(tk) =

∑
nEn(tk)Πn(tk), with k= 1,2, n ∈ {ℓ, j} and {Πn(tk)} denoting the sets of projectors

over the energy basis.Wext(t) is thus defined as [77, 78]

Wext (t)≡−⟨w(t)⟩=
∑
ℓ,j

(
Eℓ (0)− Ej (t)

)
qℓ,j (t) =

= tr{ρH(0)}− tr
{
UρU†H(t)

}
, (20)

where w(t)≡ E(t)− E(0) is the stochastic work so that wℓ,j(t)≡ Ej(t)− Eℓ(0). A necessary condition to
enhanceWext(t), beyond the maximum value achievable classically, is that Re

{
qℓ,j(t)

}
< 0 for some time

t [20]. Negative MHQ allow for anomalous energy transitions, i.e. work realizations wℓ,j that occur with a
negative quasiprobability. Thus, if negative MHQ are associated with positive wℓ,j, then the extractable work
is boosted.

Considering time constraints is important in quantum engines and energy conversion devices [79–82],
where the energy power depends on the times in which the strokes of a given machine are accurately
performed. Thus, for work extraction purposes, one would like to achieve the maximum possible value of
Wext(t) in the shortest possible time. This means that, if also a boost of work extraction due to negative
MHQ is included, then one needs to derive the minimum time at which Re

{
qℓ,j(t)

}
< 0 for positive work

realizations wℓ,j(t)> 0. At the same time, the MHQ associated with negative wℓ,j(t) have to be positive.
Hence, the optimization of the work extraction in finite-time transformations requires to maximize the work
extraction power, which is defined by P(t)≡−⟨w(t)⟩/Tmax, where Tmax is the time for maximum extractable
work [76].

The optimal value of P comes from a trade-off between maximum extractable work (even enhanced by
negativity) and minimum time period Tmax. Such an optimal P could be bounded by an approximated
power function computed using the minimal time Tre

ℓj to negative quasiprobabilities.

4.1. Two-qubit example
We conclude the analysis by verifying our bounds on both the real and imaginary parts of KDQ, as well as the
bound on P using Tre

ℓj for the two-qubit controlled-unitary gate experimentally realized in [60]. The gate
evolves according to the time-independent Hamiltonian

H2qubits =
ωL

2
(Z1 +Z2)+

ωint

2
|1⟩⟨1| ⊗X, (21)

where Zi is the Z-Pauli matrix applied to the qubit i, X is the X-Pauli matrix, and |0⟩, |1⟩ are respectively the
ground and excited states of the local Hamiltonian of each qubit. The first qubit acts as a ‘control’ knob: if it
is in the excited state, the second qubit (‘target’) undergoes a rotation of a parameterized angle.

In this process, the internal energy of the target qubit changes with time, as provided by computing the
partial trace of the two-qubit state with respect to the degrees of freedom of the control qubit. Assuming the
control qubit can be manipulated at will, we interpret the internal energy variation of the target qubit as
thermodynamic work exerted by the control qubit. We compute the KDQ of the internal energy variation of
the target qubit by setting Aℓ = |ℓ⟩⟨ℓ| and Bj = |j⟩⟨j | with ℓ, j = 0,1. Preparing the global system in the state
|−⟩|1⟩, where |−⟩ ≡ (|0⟩− |1⟩)/

√
2, leads to non-positivity of the computed KDQ. Here, negativity is a

signature of extractable work from the target qubit, in a regime where the corresponding value returned by
the TPM scheme,WTPM

ext (t)≡
∑

ℓ,j(Eℓ(0)− Ej(t))pTPMℓ,j (t), is zero for any parameters choice, due to the
state-collapse upon the first energy measurement of the TPM scheme and the specific choice of the initial
state for the global system.
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Figure 2. Quasiprobability associated to the internal energy variations of the target qubit in a two-qubit controlled-unitary gate
with HamiltonianH2qubits. Black line: Real [panel (a)] and imaginary [panel (b)] parts of the KDQ q1,1(t) using A1 = B1 = |1⟩⟨1|,
with {|0⟩, |1⟩} computational basis. Globally the quantum gate is initialized in the pure state |−⟩ |1⟩. Negativity in Re{q1,1(t)} is
observed choosing ωL = 1 and ωint = 5. Blue and orange lines: Lower-bounds to the quasiprobability, both derived from the
uncertainty principle (7). They are respectively obtained by constraining the evolution of ⟨ρ1⟩1,t ,⟨σ1⟩1,t (equations (15)
and (16)) (blue lines), and ⟨ρ̇1⟩1,t ,⟨σ̇1⟩1,t (equation (14) with X= ρ̇ℓ, σ̇ℓ) (orange lines).

Figure 3. The time to negativity Tneg (dashed orange) acts as a lower-bound to the time Tmax (solid orange), at which the
maximum average work ⟨w⟩max (blue) is extracted from the target qubit under conditions of figure 2. The power at maximum
energy extraction, Pmax = ⟨w⟩max/Tmax (solid green), can be well-approximated by the power Pneg computed at Tneg (dashed
green). Pneg is an upper-bound of Pmax. This reasoning cannot be applied to the light gray region, since the negativity is not
present. The value of the energies, times and powers are respectively normalized by Eref = 0.5, tref = π and Pref ≈ 0.32.

In figures 2(a) and (b) we plot the real and imaginary parts of the quasiprobability q1,1(t) (i.e. ℓ, j = 1),
respectively, together with the lower-bounds (14) with Ẋ= ρ̇ℓ, σ̇ℓ, and (15), (16), for ωL = 1 and ωint = 5.
One has to take the tightest between the blue and orange curves as the lower-bound to Re{q1,1(t)},
Im{q1,1(t)} for any time t. In figure 2(a), the first time to negativity (given by crossing the threshold at
Re{q1,1}= 0) is well identified by the lower-bound (14), while the first time Im{q1,1(t)} touches the
threshold set at 0.2 is provided by the lower-bound (16). This choice to set the threshold of Im{q1,1} at 0.2 is
dictated by the evidence that, in possible experiments as recently in [55], the error bars in reconstructing the
imaginary part of a quasiprobability are around 10% of the actual value.

In figure 3, we plot the time to negativity Tneg, which is defined as the time at which the bound of ⟨ρ̇ℓ⟩j,t
(equation (14) with X= ρ̇ℓ) in figure 2 reaches zero. Tneg is a lower-bound of the time Tmax at which the
maximum amount of energy can be possibly extracted from the target qubit. The work extraction power
Pneg obtained at Tneg turns out to be a good approximation for the power Pmax at Tmax. Notably, it is an
upper-bound that can be experimentally measured via local measurements.

5. Conclusions

We have derived time-dependent bounds for the Kirkwood–Dirac quasiprobabilities, which stem from using
the SR uncertainty relation on the time-derivative of such quasiprobabilities. Our derivation can be
interpreted as an extension to non-commutative operators of the QSL bound obtained by Mandelstam and
Tamm.

7
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The first consequence of our results is to determine the minimal time it takes for the real part of a KDQ
to become negative, and for the corresponding imaginary part to go from zero to exceed a threshold value.
The minimal time to negativity has an application as a bound on the maximum power of a finite-time work
extraction process. Consequently, we suggest to further investigate more complex quantum gates [83], and
devices for energy conversion [79–81] including quantum batteries [82]. Moreover, the QSL time-bound on
KDQ could also predict abrupt or anomalous changes in out-of-time-ordered correlators, which can be
equivalently expressed as the characteristic function of a KDQ distribution [9, 34, 42].
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Appendix A. Proof I: bounds on the expectation value using the Hamiltonian and
symmetric logarithmic derivative

In the main text, Bj(t) plays the role of a (unnormalized) density operator ρ. In this section, we derive bounds
on the evolution-rate for the expectation value of an observable X, taken with respect to ρ. Suppose ρ evolves
unitarily as ρ(t) = Uρ(0)U †, with U= exp(−iHt/h̄) for some constant Hermitian operator H, so that

dρ(t)

dt
=

[H,ρ(t)]

ih̄
. (A.1)

Another way to write the evolution of ρ is using the symmetric logarithmic derivative operator L that is
defined implicitly, for all times, by

dρ(t)

dt
≡ 1

2
{ρ(t) ,L(t)} . (A.2)

The spectral decomposition ρ=
∑

j pj |j⟩⟨j | allows us to write L in the basis {|j⟩}, such that

Lij =
2

ih̄

pj − pi
pi + pj

Hij, (A.3)

where Lij ≡ ⟨i |L|j⟩ and Hij ≡ ⟨i |H|j⟩. If pi = pj = 0, then we take Lij equal to zero. Moreover, for a constant
Hamiltonian H, we can take

L(t) = UL(0)U †, (A.4)

which is compatible with the definition of L for any time t, that is,

{ρ(t) ,L(t)}
2

= U
{ρ(0) ,L(0)}

2
U † = U

[H,ρ(0)]

ih̄
U † =

[H,ρ(t)]

ih̄
= ρ̇(t) . (A.5)

As a result, we have two ways to bound the evolution of the expectation value ⟨X⟩t. The first way follows
the Hamiltonian formalism: ∣∣∣∣d⟨X⟩tdt

∣∣∣∣= ∣∣∣∣〈 [X,H]

ih̄

〉
t

∣∣∣∣⩽ 2

h̄
∆H∆Xt, (A.6)
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where we used the SR uncertainty relation (7) with Y =H.
The second bound, making use of the symmetric logarithmic derivative, reads as∣∣∣∣d⟨X⟩tdt

∣∣∣∣= ∣∣∣∣〈{X,L}
2

〉
t

∣∣∣∣⩽∆Lt∆Xt, (A.7)

where we used the replacement Y= L(t). Note that, using the definition of L, we have ⟨L(t)⟩t = 0 ∀t.
We note that, if H is constant, then also∆L is constant. Indeed, using that L(t) = UL(0)U † like

ρ(t) = Uρ(0)U †, we get:

∆L2t =
〈
L(t)2

〉
t
= tr

{
ρ(t)L(t)2

}
= tr

{
ρ(0)L(0)2

}
=∆L2 ∀t, (A.8)

which implies that∆L2t is constant. This fact allows to calculate the bounds at t= 0 without solving for the
system dynamics.

It turns out that, if rank(ρ) = 1, then the two bounds (A.6) and (A.7) are equal. This can be shown by
setting ρ= |φ⟩⟨φ |, whereby

∆L2

2
= tr

{(
{ρ(t) ,L(t)}

2

)2
}

= tr

{(
[H,ρ(t)]

ih̄

)2
}

=
2∆H2

h̄2
, (A.9)

i.e.∆L= 2∆H/h̄, meaning that the two bounds (A.6) and (A.7) coincide.
More in general instead (rank(ρ)> 1), the use of∆L results in a tighter bound. To see this, let us equate

the right-hand sides of (A.1) and (A.2), multiply them by L(t), and take the trace. This results in

∆L2 =

〈
[L(t) ,H]

ih̄

〉
t

⩽ 2

h̄
∆L∆H, (A.10)

where the inequality comes from the uncertainty principle. Therefore, in general,

∆L⩽ 2

h̄
∆H (A.11)

that proves that using the symmetric logarithmic derivative provides a tighter bound.

Appendix B. Proof II: upper bound on the variance of a Hermitian operator

When calculating the bounds on quasiprobabilities using the SR uncertainty relation, we are led to a
differential equation depending on∆X≡

√
⟨X2⟩− ⟨X⟩2 with X being a generic Hermitian operator. The

quantity∆X can be bounded using only the expectation value ⟨X⟩= tr{Xρ}, namely

∆X2 =
〈
X2

〉
−⟨X⟩2

⩽ (x1 + xd)⟨X⟩− x1xd −⟨X⟩2 , (B.1)

where x1,xd are respectively the lowest and highest eigenvalues of X.
To derive equation (B.1), we use the following proposition.

Proposition 1. Let X be a Hermitian operator with eigenvalues x1 ⩽ · · ·⩽ xd and ρ a density operator. Then,

⟨X2⟩⩽ (x1 + xd)⟨X⟩− x1xd. (B.2)

Proof. Notice that x1I⪯ X⪯ xdI, where I is the identity operator. Hence, (X− x1I) and (xdI−X) are both
positive semidefinite operators, such that by multiplying them one has

(X− x1I)(xdI−X)⪰ 0. (B.3)

Expanding and rearranging (B.3), we get

X2 ⪯ (x1 + xd)X− x1xdI. (B.4)

Therefore, taking the expectation value with respect to ρ, we arrive at the desired result.

9
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Figure B1. Illustration of inequality (B.2). For a Hermitian operator X with eigenvalues x1 ⩽ · · · ⩽ xd, the set of possible points
(⟨X⟩,⟨X2⟩) (gray dots) forms a convex polygon, whose vertices Pi = (xi,x2i ) lie on a common parabolic path (dashed line). Since
a parabola is a convex function, any ⟨X2⟩ can be bounded from above using the secant joining the vertices P1 and Pd (red line).

To conclude, in figure B1 we illustrate the inequality (B.2) and how it works.

Appendix C. Proof III: solution of the differential inequality of equation (9)

In this appendix we solve the following differential inequality of equation (9) that we express in a more
compact form as ∣∣∣∣dxdt

∣∣∣∣⩽ ω
√
(a+ b)x− x2 − ab, (C.1)

where x= x(t) is a time-dependent variable, and ω ⩾ 0 and a⩽ b are two real constants. Also notice that the
function x is bounded as a⩽ x(t)⩽ b for all times t. By defining x≡ αz+β, with α≡ (b− a)/2 and
β ≡ (a+ b)/2 (i.e. a= β−α and b= α+β), we get the reduced form∣∣∣∣dzdt

∣∣∣∣⩽ ω
√
1− z2 . (C.2)

Let us focus on the negative branch of the differential inequality (C.2), since the positive branch has an
analogous solution. The negative branch of (C.2) can be solved by substituting

z= cos(τ) ⇐⇒ dz=− sin(τ) dτ . (C.3)

This is because the lower bound of (C.2) entails the separable differential inequality

dz√
1− z2

⩾−ωdt. (C.4)

Upon the substitution (C.3), this simplifies to

dτ

dt
⩽ ω =⇒ τ (t)⩽ τ0 +ωt , (C.5)

where τ 0 is the value of τ at the initial time (t= 0, in the main text of the paper) of the interval in which the
differential inequality (C.1) is solved. In this way, by replacing back z and x, and using the fact that the cosine
is decreasing in the region [0,π], we get

x(t)⩾
{
αcos(τ0 +ωt)+β, for t< t∗

a, for t⩾ t∗
(C.6)

where τ0 = arccos((x(0)−β)/α) ∈ [0,π] and t∗ = (π − τ0)/ω. The solution is divided into branches
because, despite the oscillating solution, the lower bound of x(t) can never increase in value, given that the
lower branch of the inequality (C.1) (symmetric with respect to 0) is never positive. For the sake of clarity,
see figure C1 for a visual representation of the solution (C.6), concerning the real part of an actual

10
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Figure C1. Upper and lower bounds (blue and red lines respectively) of the real part of the Kirkwood–Dirac quasiprobability
q1,1(t) as a function of time (in dimensionless units). The bounds are obtained by integrating the differential inequality (C.1). It
can be observed that the lower bound is saturated, being superimposed on the quasiprobability. The blue arrows represent the
gradient field of the upper bound, while the red arrows correspond to the gradient field of the lower bound. The black dotted line
depicts the time-evolution of q1,1(t). The quasiprobability drawn in the figure comes from taking (|0⟩+ |1⟩)/

√
2 as the initial

state, and A1 = |0⟩⟨0| as the projector of the initial measurement at t= 0. The quantum system evolves unitarily under the
HamiltonianH= h̄ω

2
(|r1⟩⟨rd|+ |rd⟩⟨r1|), where |r1⟩ , |rd⟩ are the eigenvectors of ρ1 ≡ {ρ,A1}/2 associated to the minimum and

maximum eigenvalues r1 and rd, respectively. The projector of the second measurement (at time t) is B1 = |ψ ⟩⟨ψ |, where
|ψ ⟩= cos(π

6
) |r1⟩− i sin(π

6
) |rd⟩.

Kirkwood–Dirac quasiprobability (KDQ). Therefore, there is a time interval (from 0 to t∗) for the analytical
solution to be valid; beyond t= t∗, the lower bound must remain constant and equal to a.

Using standard trigonometric identities, we may rewrite the bound as

x(t)⩾ F(τ0 +ωt) , (C.7)

where

F(τ)≡

{
bcos2

(
τ
2

)
+ a sin2

(
τ
2

)
0⩽ τ ⩽ π

a τ ⩾ π
. (C.8)

The positive branch of the differential equation (C.2) can be integrated similarly to the negative branch,
with the result that

x(t)⩽ F ′ (τ0 −ωt) , (C.9)

where F′ is similarly defined as

F ′ (τ)≡

{
bcos2

(
τ
2

)
+ a sin2

(
τ
2

)
0⩽ τ ⩽ π

b τ ⩽ 0 .
(C.10)

Since we assumed only t⩾ 0, the domain of the functions F and F′ overlap only in the interval [0,π] where
they coincide. Therefore, we can write the bounds using a unified function E,

E(τ)≡


b τ ⩽ 0

bcos2
(
τ
2

)
+ a sin2

(
τ
2

)
0⩽ τ ⩽ π

a τ ⩾ π ,

(C.11)

and thus obtain

x(t)⩾ E(τ0 +ωt) , (C.12)

x(t)⩽ E(τ0 −ωt) , (C.13)

for t⩾ 0.
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Appendix D. Proof IV: saturation of the bounds

The bounds (C.12) and (C.13) can be saturated. In figure C1, we show an example where the real part of a
KDQ is saturated. Let us now explain under which conditions the saturation of the bounds is achieved.

Let X be an observable with eigenvalues x1 ⩽ · · ·⩽ xd, corresponding to the eigenvectors |x1⟩ , . . . , |xd⟩ ,
respectively. Then, let us consider an initial state ρ= |ψ ⟩⟨ψ | in the subspace generated by |x1⟩ , |xd⟩, for
example

|ψ ⟩= cos
(τ0
2

)
|xd⟩− i sin

(τ0
2

)
|x1⟩ , (D.1)

for some angle τ 0 in [0,2π]. Suppose also that the system evolves according to the Hamiltonian

H=
h̄ω

2
(|x1⟩⟨xd|+ |xd⟩⟨x1|) , (D.2)

so that the system never leaves the subspace spanned by {|x1⟩⟨x1| , |xd⟩⟨xd|}. In this subspace, the unitary
operator can be represented as

U→
(

cos(ωt/2) −i sin(ωt/2)
−i sin(ωt/2) cos(ωt/2)

)
(D.3)

that leads to

⟨X⟩t = xd cos
2

(
τ0 +ωt

2

)
+ x1 sin

2

(
τ0 +ωt

2

)
. (D.4)

Equation (D.4) matches either the bound (C.12) or (C.13) depending on the value of τ 0. If τ0 ∈ [0,π], then
the expectation value in equation (D.4) coincides with the time-varying branch of the lower bound (C.12).
On the other hand, if τ0 ∈ [π,2π], then cos2((τ0 +ωt)/2) = cos2((τ0 −ωt)/2) such that equation (D.4)
saturates the upper bound (C.13). Notice that this reasoning is true because we have assumed that ρ is a pure
state, which means:∆L= 2∆H/h̄= ω.

The saturation of the bounds for ⟨X⟩t entails also the saturation of the bounds on the evolution of the
real and imaginary parts of KDQ. In fact, let us consider, for example, the real part of the KDQ q1,1(t) in
figure C1. In this case, the observable X is the operator ρ1 = {ρ,A1}/2, where ρ is the density operator
associated to the pure quantum state, and A1 is a rank-1 projector. We denote with r1 ⩽ . . .⩽ rd the
eigenvalues of ρ1, and with |r1⟩ , . . . , |rd⟩ the corresponding eigenvectors, respectively. All the other
eigenvalues besides r1 and rd are zero, in this case. Then, we consider the Hamiltonian H=− h̄ω

2 (|r1⟩⟨rd|+
|rd⟩⟨r1|), and the operator B1 = |ψ ⟩⟨ψ | that plays the role of the operator ρ with respect to which ⟨X⟩t is
computed. In B1, |ψ ⟩= cos( τ02 ) |r1⟩− i sin( τ02 ) |rd⟩ for some angle τ0 ∈ [0,2π]. Using the same reasoning of
the previous paragraph, we can determine that

Re{q1,1 (t)}= tr
{
ρ1U

†B1U
}
≡ ⟨ρ1⟩1,t (D.5)

saturates one of the bounds among (C.12) and (C.13) for a specific value of τ 0, as illustrated in figure C1.
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