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We propose formulas of the nuclear beta-decay rate that are useful in a practical calculation. The
decay rate is determined by the product of the lepton and hadron current densities. A widely used
formula relies upon the fact that the low-energy lepton wave functions in a nucleus can be well
approximated by a constant and are linear to the radius for the s-wave and p-wave wave functions,
respectively. We find, however, that the deviation from such a simple approximation is evident for
heavy nuclei with large Z by numerically solving the Dirac equation. In our proposed formulas,
the neutrino wave function is treated exactly as a plane wave, while the electron wave function
is obtained by iteratively solving the integral equation, thus we can control the uncertainty of
the approximate wave function. The leading-order approximation gives a formula equivalent to
the conventional one and overestimates the decay rate. We demonstrate that the next-to-leading-
order formula reproduces well the exact result for a schematic transition density as well as a
microscopic one obtained by a nuclear energy-density functional method.
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1. Introduction

The physics of exotic nuclei away from the stability line has been a major subject in nuclear physics.
The lifetime of neutron-rich nuclei is governed by beta decay. Since the beta decay determines the time
scale of the rapid-neutron-capture process (r-process) and the production of heavy elements together
with the beta-delayed neutron(s) emission, the beta-decay rates of exotic nuclei are an important
microscopic input for the simulation of nucleosynthesis [1]. The multi-messenger observations from
a binary neutron star merger [2,3] imply that heavy neutron-rich nuclei that are even close to the drip
line are involved in the r-process. Thus, the Coulomb effect on the beta particle (emitted electron)
should be carefully examined under the extreme environment where the Q value for the beta decay,
Qβ , is high and the nuclear charge Z is large.

A careful analysis of the Coulomb effect is also useful for a precision test of the standard model
to find a signal of new physics by the search of deviation from the standard model. For example,
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the effect on spectra of the beta particle and angular correlation as well as beta-decay rates has
been studied to test the unitarity of the Cabibbo–Kobayashi–Maskawa (CKM) matrix, the scalar
and tensor interactions, and the effect of neutrino mass in the allowed and first-forbidden transitions
[4–7].

The formulation of nuclear beta decay within the distorted-wave impulse approximation of the
electron Coulomb interaction has been developed [8–15]. The crucial part is how to handle the
electron Coulomb wave function with a potential of the finite-size nuclear-charge distribution. Using
the Maclaurin expansion of the nuclear radius r, the exact electron wave function was included in
Ref. [16]. An iterative solution of the integral equation was found to have a better convergence by
Behrens and Bühling [10,17]. The formula is arranged in the order of O(raV b

CEc
emd

e ), where VC ,
Ee and me represent the Coulomb potential, the energy and the mass of an electron, respectively. It
has been widely used in the calculations such as in Refs. [18–20] and in the recent application to
the r-process nuclei [21–32]. In most of those works, however, the leading-order approximation of
the formula in Refs. [10,12] is adopted. Instead of expanding the lepton wave functions, one can
incorporate the numerical solution of the charged lepton wave functions thanks to the advance of
the computational ability. The muon capture [33] and the beta decay [15] are formulated suitably
for this purpose. In this formulation, the nuclear matrix element is defined in a transparent way and
appears similarly in Refs. [34,35] for the semi-leptonic nuclear processes and electron scattering [36].
It is thus straightforward to apply it to the charged-current neutrino reaction and lepton capture
reaction. Developing an analytic formula of beta decay based on Ref. [15] would also contribute to a
precise understanding of the neutrino–nucleus reactions to extract neutrino properties from neutrino
experiments as discussed in Ref. [37,38].

The high-energy forbidden transitions occur under the exotic environment with high Qβ [39].
Therefore, in this work we revisit the formulation of beta decay for not only the allowed but also the
first-forbidden transitions induced by the Gamow–Teller and spin-dipole type operators. We provide
a simple way to improve the widely used formula in the nuclear beta-decay study to apply it to
nuclei with large Z and away from the stability line. We start from the formulation of Koshigiri
et al. [15] and use iterative solutions of the integral equation [10,17]. In the previous formalism,
one often expands the electron and neutrino wave functions in the long-wavelength approximation
and collect terms in a systematic way. Here we avoid this expansion of the neutrino wave function.
We use an analytic form of the leading order (LO) and next-to-leading order (NLO) electron wave
functions combined with the numerical table of the electron wave function at the origin. This makes
the formula of the beta-decay rate simple and easy to use.

This paper is organized in the following way. We start from the formulation of the beta decay with
the partial wave expansion for the lepton wave functions in Sect. 2. We provide an explicit expression
of the first (LO) and the second (NLO) iteration of the integral equation for an electron wave function
in Sect. 3. Formulas of the beta-decay rate are given and compared with the widely used one in Sect. 4.
The formulas of LO and NLO are examined in Sect. 5, using a schematic transition density that is
given by a sum of two Gaussians. We then in Sect. 6 apply the formulas to the neutron-rich Ni and
Sn isotopes where the transition densities are microscopically obtained by a nuclear energy-density
functional method. The summary and perspectives are given finally in Sect. 7.

2. Formalism
2.1. Effective Hamiltonian

An effective Hamiltonian for a low-energy charged-current reaction is given as
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Heff = GF Vud√
2

∫
dx[�̄(x)γ μ(1 − γ5)ν�(x)Jμ(x)+ ν̄�(x)γ

μ(1 − γ5)�(x)J
†
μ(x)], (1)

where �(x) represents either the electron, muon, or tau field, and ψ̄ = ψ†γ 0. The hadron current
Jμ(x) is given by the vector and axial vector currents

Jμ(x) = Vμ(x)− Aμ(x), (2)

where GF = 1.166 × 10−5 GeV−2 is the Fermi coupling constant and Vud = 0.9737 is the CKM
matrix [40]. Here we take natural units � = c = 1.

The effective Hamiltonian describes semi-leptonic nuclear weak processes such as lepton capture,
neutrino reaction, and β± decay. For β− decay, i → e−(pe)+ ν̄e(pν)+ f , where i and f respectively
denote the initial and final nuclear states, and p� is the lepton momentum, the transition matrix
element is given as

〈
e−(pe)ν̄e(pν)f

∣∣Heff
∣∣i〉 = GF Vud√

2

∫
dxψ̄(−)e−,pe,se

(x)γ μ(1 − γ5)vsν (pν)e
−ipν ·x 〈f | Jμ(x) |i〉 , (3)

and for β+ decay,

〈
e+(pe)νe(pν)f

∣∣Heff
∣∣i〉 = GF Vud√

2

∫
dxūsν (pν)e

−ipν ·xγ μ(1 − γ5)ψ
(+)
e+,pe,se

(x) 〈f | J †
μ(x) |i〉 , (4)

where u and v are the Dirac spinors of the neutrino and anti-neutrino, respectively. The electron
scattering wave functions ψ with the superscripts (−) and (+) satisfy the incoming and outgoing
boundary conditions, respectively.

2.2. Multipole expansion of the effective Hamiltonian

The standard formulation of the beta decay adopts the partial wave expansion of both neutrino and
electron wave functions. We use the following electron (charged lepton in general) scattering wave
function

ψ(∓)e,pe,se
(x) =

∑
κe,me,μe

(4π)ilκe (lκe , me, 1/2, se|jκe ,μe)Y
∗
lκe ,me

(p̂e)e
∓i	κe

(
Gκe(r)χ

μe
κe

iFκe(r)χ
μe−κe

)
. (5)

Here, (j1, m1, j2, m2|J , M ) is the Clebsch–Gordan coefficient [41–43]. For positrons, Gκeand Fκe

are calculated by replacing Z of the Coulomb interaction by −Z . 	κe is the Coulomb phase. The
normalization of the scattering wave function in the plane wave expansionψe(x) → u(pe) exp(ipe ·x)
is given as

use(pe) =
√

Ee + me

2Ee

(
1

σ ·pe
Ee+me

)
χse . (6)

It is noticed that the electron wave functions (Gκ , Fκ) in Ref. [15] are defined by multiplying ei	κe

with our (Gκ , Fκ), while those of Refs. [10,16] are given by multiplying
√

2pe with ours.
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The neutrino and anti-neutrino wave functions are respectively expanded as

usν (pν)e
ipν ·r =

∑
κν ,mν ,μν

4π√
2

ilκν Y ∗
lκνmν (p̂ν)(lκν , mν , 1/2, sν |jκν ,μν)

(
gκν (r)χ

μν
κν

ifκν (r)χ
μν−κν

)
, (7)

vsν (pν)e
−ipν ·r =

∑
κν ,mν ,μν

4π√
2

i−lκν Y ∗
lκνmν (p̂ν)(lκν , mν , 1/2, −sν |jκν ,μν)(−1)1/2−sν

×
(

−ifκν (r)χ
μν−κν

gκν (r)χ
μν
κν

)
, (8)

with

gκ(r) = jlκ (pνr), (9)

fκ(r) = Sκ jl̄κ (pνr), (10)

where jl(x) is the spherical Bessel function of order l, Sκ = sgn(κ) is the sign of κ , and l̄κ = l−κ .
With the partial wave expansion of the electron and neutrino wave functions, one obtains the

following form [15]:

Heff = GF Vud√
2

√
(4π)3

2

∑
el

∑
neu

∑
L,J

(je, −μe, jν ,μν |J , M )(−1)1/2−μe�JLM (κe, κν), (11)

and

�JLM (κe, κν) = Sκe

∫
dr

× {∓YJM (r̂)V0(r)δL,J (Gκe(r)gκν (r)S0JJ (κe, κν)+ Fκe(r)fκν (r)S0JJ (−κe, −κν))
± i[YL(r̂)⊗ V (r)]JM (Gκe(r)fκν (r)S1LJ (κe, −κν)− Fκe(r)gκν (r)S1LJ (−κe, κν))

+ iYJM (r̂)A0(r)δL,J (Gκe(r)fκν (r)S0JJ (κe, −κν)− Fκe(r)gκν (r)S0JJ (−κe, κν))

− [YL(r̂)⊗ A(r)]JM (Gκe(r)gκν (r)S1LJ (κe, κν)+ Fκe(r)fκν (r)S1LJ (−κe, −κν))
}

,
(12)

where [Ok1 ⊗ O′
k2

]k3m3 denotes the tensor product. Here we adopt the following simplified notation
for

∑
el and

∑
neu:∑

el

=
∑
κe,μe

i−lκe ei	κe (lκe , me, 1/2, se|jκe ,μe)Ylκe me(p̂e), (13)

∑
neu

=
∑
κν ,μν

i−lκν (−1)1/2−sν

× [Y ∗
lκνmν (p̂ν)(lκν , mν , 1/2, −sν |jκν ,μν)± Y ∗̄

lκmν
(p̂ν)(l̄κν , mν , 1/2, −sν |jκν ,μν)], (14)

and

SKLJ (κ
′, κ) = √

2(2jκ + 1)(2jκ ′ + 1)(2lκ + 1)(2lκ ′ + 1)(2K + 1) (15)

× (lκ , 0, lκ ′ , 0|L, 0)

⎧⎪⎨
⎪⎩

lκ ′ 1/2 jκ ′

lκ 1/2 jκ
L K J

⎫⎪⎬
⎪⎭ .

4/23

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2021/10/103D

03/6292092 by D
ESY-Zentralbibliothek user on 23 N

ovem
ber 2021



PTEP 2021, 103D03 W. Horiuchi et al.

Using the above form of the effective Hamiltonian, the beta-decay rate is given by integrating the
scattering angles of the neutrino and electron as


 = (GF Vud)
2

π2

∫ E0

me

dEepeEe(E0 − Ee)
2

∑
J ,L,κe,κν

1

2Ji + 1
| 〈f ‖�JL(κe, κν) ‖i〉 |2, (16)

where Ji is the angular momentum of the initial state. Neglecting the mass of a neutrino, the maximum
energy of an electron E0 is the Q value of the nuclear transition, Qβ . SeeAppendixA for the derivation.

3. Electron Coulomb wave function
3.1. Parametrization of lepton wave function

The general formula given in Eq. (12) is ready for the use of any allowed and forbidden transition rates
by evaluating the nuclear transition density. However, an explicit formula for the allowed and first-
forbidden transitions helps extract nuclear structure information from the beta-decay observables.
Since the electron Coulomb wave function is rather involved in evaluating the beta-decay rate, we
briefly describe the derivation of the expression of charged-lepton wave functions by iterating the
integral equation following Refs. [10,17].

A Dirac wave function of an electron is given as

[α · pe + βme + VC(r)]ψe(r) = Eeψe(r). (17)

The electron wave functions Gκ , Fκ satisfy the coupled first-order differential equation with the
Coulomb potential VC :

dGκ
dr

+ 1 + κ

r
Gκ − (me + Ee − VC)Fκ = 0, (18)

dFκ
dr

+ 1 − κ

r
Fκ − (me − Ee + VC)Gκ = 0. (19)

Throughout this paper we keep the electron mass explicit so that in future we can use the formula
for the muon neutrino reactions. Electron wave functions are parametrized by taking into account
the behavior of the wave function at the origin r ∼ 0 [10] as

G−k(r) = α−k
(per)k−1

(2k − 1)!! [Hk(r)− hk(r)], (20)

Fk(r) = αk
(per)k−1

(2k − 1)!! [Hk(r)+ hk(r)], (21)

Gk(r) = αk
(per)k−1

(2k − 1)!!
r

R
[Dk(r)+ dk(r)], (22)

F−k(r) = −α−k
(per)k−1

(2k − 1)!!
r

R
[Dk(r)− dk(r)]. (23)

Here k > 0 and Hk(0) = 1 and hk(0) = 0. The normalization of the electron wave functions are
determined by constants ακ . This parametrization of Gκ , Fκ incorporates the boundary condition of
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the wave function at the origin. Then the following set of coupled integral equations is obtained:

Hk(r) = 1 +
∫ r

0

r′

R
[(−Ee + VC(r

′))Dk(r
′)+ medk(r

′)]dr′, (24)

hk(r) =
∫ r

0

r′

R
[meDk(r

′)+ (−Ee + VC(r
′))dk(r

′)]dr′, (25)

r

R
Dk(r) =

∫ r

0

(
r′

r

)2k

[(Ee − VC(r
′))Hk(r

′)+ mehk(r
′)]dr′, (26)

r

R
dk(r) =

∫ r

0

(
r′

r

)2k

[meHk(r
′)+ (Ee − VC(r

′))hk(r
′)]dr′. (27)

At this stage R is just a parameter of dimension length. We take R as the nuclear radius though the
final formulas are independent of the choice of R.

3.2. Iterative solution of integral equation

Taking into account the boundary condition, Hk , hk , Dk , and dk are expanded according to the number
of iteration as

Hk(r) = 1 + H (2)
k (r)+ H (4)

k (r)+ · · · , (28)

hk(r) = h(2)k (r)+ h(4)k (r)+ · · · , (29)

Dk(r) = D(1)
k (r)+ D(3)

k (r)+ · · · , (30)

dk(r) = d(1)k (r)+ d(3)k (r)+ · · · . (31)

The first iteration of the integral equation gives

r

R
D(1)

k (r) =
∫ r

0

(
r′

r

)2k

(Ee − VC(r
′))dr′, (32)

r

R
d(1)k (r) =

∫ r

0

(
r′

r

)2k

medr′, (33)

and further iterations give

H (2n)
k (r) =

∫ r

0

[
(−Ee + VC(r

′))r
′

R
D(2n−1)

k (r′)+ me
r′

R
d(2n−1)

k (r′)
]

dr′, (34)

h(2n)
k (r) =

∫ r

0

[
me

r′

R
D(2n−1)

k (r′)+ (−Ee + VC(r
′))r

′

R
d(2n−1)

k (r′)
]

dr′, (35)

and

r

R
D(2n+1)

k (r) =
∫ r

0

(
r′

r

)2k [
(Ee − VC(r

′))H (2n)
k (r′)+ meh(2n)

k (r′)
]

dr′, (36)

r

R
d(2n+1)

k (r) =
∫ r

0

(
r′

r

)2k [
meH (2n)

k (r′)+ (Ee − VC(r
′))h(2n)

k (r′)
]

dr′, (37)

for n = 1, 2, . . . . The exact electron wave functions in terms of Ee, me, and VC are obtained from
the iterative solution of the above equations.
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3.3. LO and NLO electron wave functions

We denote the leading order (LO) electron wave function as

H LO
k (r) = 1, (38)

hLO
k (r) = 0, (39)

r

R
DLO

k (r) = r

R
D(1)

k (r) = Eer

2k + 1
+ VD1(r), (40)

r

R
dLO

k (r) = r

R
d(1)k (r) = mer

2k + 1
, (41)

with

VD1(r) = −
∫ r

0

(
r′

r

)2k

VC(r
′)dr′. (42)

Adding the next-to-leading order (NLO), the NLO wave function is given as

H NLO
k (r) = 1 + H (2)

k (r), (43)

hNLO
k (r) = h(2)k (r), (44)

r

R
DNLO

k (r) = r

R
(D(1)

k (r)+ D(3)
k (r)), (45)

r

R
dNLO

k (r) = r

R
(d(1)k (r)+ d(3)k (r)), (46)

where

H (2)
k (r) = − p2

er2

2(2k + 1)
+ VH2(r), (47)

h(2)k (r) = Vh2(r), (48)

r

R
D(3)

k (r) = − p2
eEer3

2(2k + 1)(2k + 3)
+ VD3(r), (49)

r

R
d(3)k (r) = − p2

emer3

2(2k + 1)(2k + 3)
+ Vd3(r), (50)

with

VH2(r) =
∫ r

0

[
(VC(r

′)− Ee)VD1(r
′)+ Ee

r′

2k + 1
VC(r

′)
]

dr′, (51)

Vh2(r) = me

∫ r

0

[
VD1(r

′)+ r′

2k + 1
VC(r

′)
]

dr′, (52)

VD3(r) =
∫ r

0

(
r′

r

)2k
[
(Ee − VC(r

′))VH2(r
′)+ meVh2(r

′)+ p2
er′2

2(2k + 1)
VC(r

′)
]

dr′, (53)

Vd3(r) =
∫ r

0

(
r′

r

)2k

[meVH2(r
′)+ (Ee − VC(r

′))Vh2(r
′)]dr′. (54)

The explicit expressions of H (2)
k , h(2)k , D(i)

k , and d(i)k for the uniform charge distribution are given in
Appendix B.

7/23

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2021/10/103D

03/6292092 by D
ESY-Zentralbibliothek user on 23 N

ovem
ber 2021



PTEP 2021, 103D03 W. Horiuchi et al.

4. Decay rate and comparison with the conventional formula
4.1. Decay rate

The beta-decay rate is usually expressed in terms of the Fermi function F(Z , Ee) and the shape
correction factor C(Ee) as [12,14]


 = (GF Vud)
2

2π3

∫ E0

me

dEepeEe(E0 − Ee)
2F(Z , Ee)C(Ee). (55)

Using the matrix element of the effective operator �JLM , we obtain

F(Z , Ee)C(Ee) =
∑

J ,L,κe,κν

2π

2Ji + 1
| 〈f ‖�JL(κe, κν) ‖i〉 |2, (56)

and F(Z , Ee) = α2−1 + α2
1.

4.2. Allowed and first-forbidden transitions of axial vector current

We focus on the transition rate due to the space component of the axial vector current. In the impulse
approximation, the axial vector current is given as

A(r) = gA

∑
τ ,τ ′

∑
σ ,σ ′

ψ†(rστ)ψ(rσ ′τ ′)〈τ |τ∓|τ ′〉〈σ |σ |σ ′〉, (57)

with the nucleon field operators ψ ,ψ† at position r, spin σ , and isospin τ . The transition density
ρJL(r) represented in the radial coordinate is defined as

gAρJL(r) = 〈f ‖
∫

d�r[YL(r̂)⊗ A(r)]J ‖i〉 . (58)

The reduced matrix element of the effective operator �JLM is given in terms of the radial integral of
the transition density ρJL(r) multiplied by combination of the electron and neutrino wave functions
with the coefficients cg and cf given in Appendix C:

〈f ‖�JL(κe, κν) ‖i〉 = 〈f ‖
∫

dr[YL(r̂)⊗ A(r)]J [cgGκe(r)gκν (r)+ cf Fκe(r)fκν (r)] ‖i〉

= gA

∫ ∞

0
drr2ρJL(r)[cgGκe(r)gκν (r)+ cf Fκe(r)fκν (r)]. (59)

The leading-order formula by Behrens–Bühring (LOB) of Ref. [10] conventionally used in the
nuclear structure calculations can be derived by using approximate lepton wave functions in Eqs. (56)
and (59). We take the LO electron wave function and the leading-order approximation of the neutrino
wave function. For the allowed transition with	Jπ = 1+, we approximate the s-wave wave functions
as a constant number:

G−1(r) ∼ α−1, g−1(r) ∼ 1, (60)

F1(r) ∼ α1, f1(r) ∼ 1, (61)

and neglect all other partial waves. For the spin-dipole transition with 	Jπ = 0−, 1−, and 2−, in
addition to the above approximation to the s-wave wave function, we use the following leading-order
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approximation for the p-wave wave functions:

G1(r) ∼ α1
r

3
[Ee + me + 3VD1(r)

r
], g1(r) ∼ pνr

3
, (62)

F−1(r) ∼ −α−1
r

3
[Ee − me + 3VD1(r)

r
], f−1(r) ∼ −pνr

3
, (63)

G−2(r) ∼ α−2
per

3
, g−2(r) ∼ pνr

3
, (64)

F2(r) ∼ α2
per

3
, f2(r) ∼ pνr

3
. (65)

For the allowed	Jπ = 1+ transition, two partial waves of leptons (κe, κν) = (−1, −1) and (1, 1)
contribute within LOB:

∑
κe,κν

∣∣〈f ‖�J=1,L=0 ‖i〉∣∣2 ∼ 2g2
A

{∣∣∣∣
∫ ∞

0
drr2ρ10(r)

[
G−1(r)g−1(r)+ 1

3
F−1(r)f−1(r)

]∣∣∣∣
2

+
∣∣∣∣
∫ ∞

0
drr2ρ10(r)

[
1

3
G1(r)g1(r)+ F1(r)f1(r)

]∣∣∣∣
2
}

(66)

∼ 2g2
A(α

2−1 + α2
1)

∣∣∣∣
∫ ∞

0
drr2ρ10(r)

∣∣∣∣
2

. (67)

In the last step, we use the approximation for the lepton wave functions. As a result the shape
correction factor is given as

C(Ee) = g2
A

∣∣∣∣
∫ ∞

0
drr2

√
4πρ10(r)

∣∣∣∣
2

. (68)

The second example is the first-forbidden transition 	Jπ = 0−. The leading-order partial waves
are (κe, κν) = (−1, 1) and (1, −1). We then obtain

∑
κe,κν

| 〈f ‖�J=0,L=1 ‖i〉 |2 ∼ 2g2
A

{∣∣∣∣
∫ ∞

0
drr2ρ01(r)[G−1(r)g1(r)− F−1(r)f1(r)]

∣∣∣∣
2

+
∣∣∣∣
∫ ∞

0
drr2ρ01(r)[G1(r)g−1(r)− F1(r)f−1(r)]

∣∣∣∣
2
}

(69)

∼ 2

9
g2

A

{
α2−1

∣∣∣∣
∫ ∞

0
drr3ρ01(r)

[
pν + Ee − me + 3

VD1(r)

r

]∣∣∣∣
2

+ α2
1

∣∣∣∣
∫ ∞

0
drr3ρ01(r)

[
pν + Ee + me + 3

VD1(r)

r

]∣∣∣∣
2
}

. (70)

In order to compare our formula with LOB, e.g. Eq. (10.56) of Ref. [11], introducing nuclear matrix
elements

ω = gA
√

4π
∫ ∞

0
drr3ρ01(r), (71)

ξω′ = gA
√

4π
∫ ∞

0
drr2ρ01(r)VD1(r), (72)
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we obtain

C(Ee) = ζ 2
0 + ω2m2

e

9
− 2

3

μ1γ1m2
e

Ee
ζ0ω, (73)

where

ζ0 = Eeω

3
+ ξω′, (74)

γk =
√

k2 − (αZ)2, (75)

μk = k

γk

Ee

me

α2
−k − α2

k

α2−1 + α2
1

. (76)

Here α is the fine structure constant. A similar comparison can be done for the transitions to 1−
and 2− states, and we can confirm that the use of the approximate lepton wave function within our
formalism leads to the “conventional” formula of the decay rate.

5. Analysis with a schematic model

In the following, we examine the validity of the approximation for the electron wave function
proposed in this work by using a schematic model of transition density. Three sets of treatment
of the lepton wave function, (i) exact, (ii) LO, and (iii) NLO, are defined. By (i) “exact”, we use
the electron wave function obtained by a numerical solution of the Dirac equation and the spherical
Bessel function for the neutrino wave function. In (ii) LO and (iii) NLO, we approximate the electron
wave function by the LO and NLO wave functions described in the previous section. Notice that we
do not expand the neutrino wave function. We use the uniform charge distribution for the nuclear
charge with a charge radius RA = 1.2 × A1/3 fm, and a transition density given by a sum of two
Gaussians. The analytic expressions for the LO and NLO terms of the electron wave functions are
summarized in Appendix B. We found that the numerical results of LO are very close to those of the
“conventional” formula LOB.

The explicit forms of the LO and NLO approximation of the electron wave functions of κe = −1
with the s-wave large component (G−1) and the p-wave small component (F−1) are given as

GLO−1 (r) =α−1, (77)

FLO−1 (r) = − α−1r

[
Ee − me

3
+ ξs1(x)

]
, (78)

GNLO−1 (r) =GLO−1 (r)+ α−1r2
[
−p2

e

6
+ ξ(Ees2(x)− meh2(x))+ ξ2t2(x)

]
, (79)

FNLO−1 (r) =FLO−1 (r)− α−1r3
[
−p2

e(Ee − me)

30
+ ξ(p2

es3(x)+ me(me − Ee)t3(x))

+ξ2(Eew3(x)− mez3(x))+ ξ3y3(x)
]

, (80)

where x = r/RA and ξ = αZ/(2RA).
Figure 1 shows the electron wave functions G−1 and F−1 at Ee = 10 MeV for Z = 82 and

A = 208. The “exact” and “LO” wave functions are shown by the solid and short-dashed curves,
respectively. The deviation of the LO wave function from the exact one grows as r increases. One
can see that the deviation is larger for an s-wave than a p-wave wave function. By taking into account
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G F

r /RA r /RA

Fig. 1. Electron wave functions G−1 (left) and F−1 (right) for Z = 82, A = 208,κe = −1 and Ee = 10 MeV. The
NLO wave function of this work and the LO wave function approximately corresponding to “conventional”
(LOB) are compared. NLO∗ denotes that obtained by connecting the NLO wave function with the point
Coulomb regular and irregular wave functions at r = RA.

the NLO correction, the wave functions are greatly improved, but a slight deviation from the “exact”
wave function still remains for a larger r region. For the uniform charge distribution, the Coulomb
potential for r > RA agrees with the point Coulomb potential. Therefore, by connecting the NLO
wave function with the combination of the analytic form of the regular and irregular point Coulomb
wave functions, we can obtain the electron wave functions for r > RA with improved accuracy
(NLO∗). This is indeed the case, as shown in the blue dashed curves in Fig. 1. Figure 2 is the same
as Fig. 1 but for Z = 28, A = 80. One sees that the effects of the NLO correction are smaller than
in the Z = 82 case, though the deviation of the LO wave function is distinct for the s-wave.

For β+ decay, the sign changes for the odd power terms of ξ . The Coulomb potential enters in
the Dirac equation in the form of Ee − VC as given in Eqs. (18) and (19). The Coulomb effect is
constructive to Ee for an electron, while it is destructive for a positron. For Ee > |VC |, the deviation
from the LO wave function becomes smaller for a positron than for an electron.

The Ee and Z dependence of the NLO correction is parametrized essentially by two non-
dimensional parameters, RAEe and RAξ = αZ/2. Figure 3 shows the deviation of the approximate LO
and NLO electron wave functions G−1 at the nuclear surface r = RA, [G−1(approx.)/G−1(exact)−
1] × 100, as a function of RAEe and Z . One sees a considerable deviation for a larger nuclear charge
Z and a higher RAEe value. The LO approximation overestimates the amplitude of the wave function
at the nuclear surface. By including the NLO correction, the error is notably reduced. For Ee = 10
MeV, the case of Z = 82, A = 208 and Z = 28, A = 80 corresponds to RAEe ∼ 0.30, RAξ ∼ 0.36
and RAEe ∼ 0.26, RAξ ∼ 0.10, respectively.

The difference between the LO and “exact” lepton wave functions observed above certainly affects
the beta-decay rate. The magnitude of the effect depends on the transition density of nuclear weak
currents. To examine the effects on the beta-decay rate, we take the following simple form of the
transition density for the Gamow–Teller and spin-dipole transitions:

ρtr = N
[
a e−(r−r1)

2/b2 + e−(r−r2)
2/b2

]
. (81)

Here we take r1 = 0.9RA, b = RA/4 and r2 = 3r1/4. By varying −1 ≤ a ≤ −0.2, we investigate
the validity of the approximation for the electron wave function on the decay rate. The transition
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G F

r /RA r /RA

Fig. 2. Same as Fig. 1 but for Z = 28 and A = 80.

Z Z

R
A
E

e

R
A
E

e

Fig. 3. Relative deviation [G−1(approx.)/G−1(exact) − 1] × 100 as a function of RAEe and Z . The LO wave
function (left) and NLO wave function (right) is used for the approximate electron wave function. As a guide,
the position where the relative deviation is equal is indicated by the dotted curves.

density multiplied by r2, (r/RA)
2ρtr(r), is shown in Fig. 4 with a as a parameter. For a = −0.2,

the contribution of the r < RA region is predominant for the transition matrix element, while for
a = −1, the r ∼ RA region gives a prevailing contribution to the matrix element. For a = −0.6, a
strong suppression of the matrix element would take place.

In what follows, we examine the validity of the LO and NLO approximations of the electron wave
function. The decay rate is studied for Z = 82, A = 208 with E0 = 10 MeV using the transition
density (81). In Fig. 5, the decay rate evaluated using the “exact” electron wave function is shown
by the solid curve with 	a = 0.025 in arbitrary unit normalized to unity at a = −0.8. The LO
and NLO results are shown by the dashed and dotted curves, respectively. Strong suppression of the
transition rate of the allowed Gamow–Teller transition is seen around a = −0.6, while it happens
around a = −0.5 for the 0− transition. For the first-forbidden transition, an extra factor r of the
operator moves the minimum position of the matrix element slightly. The deviation of LO from the
exact calculation is large for a < −0.6, where the contribution at r ∼ RA is more important than at
r < RA. The suppression takes place at larger a for LO than the exact calculation. The use of the
augmented NLO electron wave function significantly improves for a < −0.7, and works reasonably
well even when a severe cancellation between the inner and the outer contribution of the integration
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–0.6
a = –1.0

–0.2

r /RA
r/

R
A

Fig. 4. Transition density used in the present simple model analysis multiplied by (r/RA)
2 with N = 1 as a

function of the scaled radial coordinate r/RA. See text for details. The dotted horizontal line indicates zero.

Fig. 5. a dependence of the decay rate for the Gamow–Teller (GT) 	J π = 1+ (left) and spin-dipole (SD)
	J π = 0− (right) transitions of β− decay. The beta decay rate of Z = 82, A = 208 and E0 = 10 MeV
is calculated using the “exact” wave function is shown by the solid (black) curve with 	a = 0.025 and is
connected by the solid (black) lines. The rate is normalized as unity at a = −0.8. The decay rate using the
NLO and the LO are shown by the dashed (red) and dotted (green) curves, respectively.

takes place around a = −0.6. We obtain a similar a dependence of the β+ decay rate shown in Fig.
6. For β+ decay, the LO approximation gives reasonable description for Z = 82 and E0 = 10 MeV.

At the end of the study with the schematic model, we investigate the Z dependence of the NLO
correction. Figure 7 shows the Z dependence of the β− decay rate for E0 = 10 MeV calculated
by LO, 
(LO)/
(exact), and by NLO, 
(NLO)/
(exact), for the Gamow–Teller and spin-dipole
transitions. Here the transition density with a moderate cancellation of the matrix element with
a = −0.8 is used. One sees a simple use of the LO or conventional (LOB) formula overestimates the
exact rate by about 50–100% for heavy nuclei. This significant overestimation is mainly due to the
deviation of the s-wave electron wave function from constant value around the nuclear surface, as
shown in Fig 1. This suggests that the transition probability extracted from the beta-decay rate using
the LO can be underestimated for the transition involving heavy neutron-rich nuclei. However, it is
apparent that our NLO approximation works well for a wide range of the nuclear charge.
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Fig. 6. Same as Fig. 5 but for β+ decay.

Fig. 7. Ratio of the β− decay rate, 
(NLO)/
(exact) and 
(LO)/
(exact) for the GT 	J π = 1+, and the
SD 	J π = 0−, 1− and 2− transitions. The decay rate is calculated for E0 = 10 MeV, A = 2Z and a = −0.8.

6. EDF transition density and NLO electron wave function

To investigate the validity of our formalism in realistic cases, we use the transition densities micro-
scopically calculated by a nuclear energy-density functional (EDF) method. Since the details of the
formalism can be found in Ref. [44], here we recapitulate the basic equations relevant to the present
study. In the framework of the nuclear EDF method we employ, the ground state of a mother nucleus

14/23

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2021/10/103D

03/6292092 by D
ESY-Zentralbibliothek user on 23 N

ovem
ber 2021



PTEP 2021, 103D03 W. Horiuchi et al.

is described by solving the Kohn–Sham–Bogoliubov (KSB) equation [45][
hq(rσ)− λq h̃q(rσ)

h̃q(rσ) −hq(rσ)+ λq

][
ϕ

q
1,α(rσ)

ϕ
q
2,α(rσ)

]
= Eα

[
ϕ

q
1,α(rσ)

ϕ
q
2,α(rσ)

]
, (82)

where the KS potentials h and h̃ are given by the EDF. An explicit expression of the potentials can
be found, e.g. in the Appendix of Ref. [46]. The chemical potential λ is determined so as to give
the desired nucleon number as an average value. The superscript q denotes n (neutron, τz = 1) or p
(proton, τz = −1).

The excited states |f ; Jπ 〉 in a daughter nucleus are described as one-phonon excitations built on
the ground state |i〉 of the mother nucleus as

|f ; Jπ 〉 = 

†
f |i〉, (83)



†
f =

∑
αβ

{
X f
αβa†

α,na†
β,p − Y f

αβaβ,paα,n

}
, (84)

where a†
n(a

†
p) and an(ap) are the neutron (proton) quasiparticle (labeled by α and β) creation and

annihilation operators that are defined in terms of the solutions of the KSB equation (82) with the
Bogoliubov transformation. The phonon states, the amplitudes X f , Y f , and the vibrational frequency
ωf are obtained in the proton–neutron quasiparticle-random-phase approximation (pnQRPA). The
residual interactions entering into the pnQRPA equation are given self-consistently by the EDF. With
the solutions of the pnQRPA equation, the transition density is given as

gAδρf ;Jπ (r) = 〈f ; Jπ |A(r)|i〉 = 〈i|[
f , A(r)]|i〉 (85)

in a standard quasi-boson approximation. One obtains the transition density in the radial coordinate
as

ρJLK (r) =
∫

d�r[YL(r̂)⊗ δρ(r)]JK , (86)

which is independent of K in the present case for spherical systems. Thus, the input transition density
is obtained by ρJL(r) = √

2J + 1ρJL0(r).
We apply our formula for the medium-heavy Ni and Sn isotopes. Since a considerable contribution

of the first-forbidden transition is predicted in the Sn isotopes [30], we take 160Sn as an example
in the present study. Furthermore, an interplay between the allowed and first-forbidden transitions
has been discussed around 78Ni [47], and we thus take 80Ni as a target of the present study as well
and employ the same Skyrme and pairing EDF as in Ref. [47]. Within the pnQRPA, the maximum
electron energy is given as E0 = B(Z +1, N −1)−B(Z , N )+ (mn −mp −me) � λn −λp −ω+0.78
MeV for β− decay [21].

The transition densities ρJL of the Jπ = 1+ (E0 = 12.1 MeV) and 0− (16.1 MeV) states in 160Sn
are shown in Fig. 8. Those states give the largest contribution to the transition rate for each Jπ . One
sees there are nodes, similarly to the transition densities of the schematic model. In such a case, the
contribution around the nuclear surface r ∼ RA is important.

Using the transition densities microscopically calculated by the EDF method, we evaluate the
half-life of β− decay of the allowed Gamow–Teller and the first-forbidden spin-dipole transitions
of 80Ni and 160Sn. The β decay rates are calculated within the impulse approximation for the space
component of the axial vector current only. Here we use the effective axial vector coupling constant
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r

r

Fig. 8. Transition density r2+LρJL of (left) GT transition J π = 0+ → 1+ (E0 = 12.1 MeV) multiplied by 103

and (right) SD transition J π = 0+ → 0− (E0 = 16.1 MeV) of 160Sn. The dotted horizontal line indicates zero.

Table 1. Half-life t1/2 of the β− decay of 80Ni and 160Sn to the daughter nucleus with the states J π . The ratios
of the half-life t1/2 (LO)/t1/2 (exact) and t1/2 (NLO)/t1/2 (exact) are denoted as LO and NLO, respectively.

J π 80Ni 160Sn
t1/2(s) LO NLO t1/2(s) LO NLO

1+ 3.50 ×10−1 0.962 1.00 2.39×10−3 0.874 1.00
0− 1.08 0.928 1.00 1.34×10−2 0.874 1.00
1− 3.02 0.943 1.00 5.18×10−2 0.895 1.00
2− 2.18 0.942 1.00 1.42×10−1 0.857 1.00

gA = 1. The half-life is calculated using the “exact” formula without approximation for the lepton
wave functions. The contribution of all the states up to E0 ∼ 14 MeV (16 MeV) for 80Ni (160Sn)
are included. Shown in Table 1 is the half-life thus calculated for each Jπ . We show the ratios of
the half-life t1/2(LO)/t1/2 (exact) and t1/2(NLO)/t1/2 (exact) in the table as well. As suspected, the
LO approximation overestimates the transition rate by about 5 to 15% depending on the type of the
transition and nuclide. Therefore, the half-lives are underestimated. The deviation from the “exact”
calculation is larger for Sn than for Ni. Introducing the NLO correction, those errors are nicely
restored, as shown in the fourth and seventh columns of Table 1. We can therefore argue that our
simple NLO formula is very effective in realistic calculations.

7. Summary

We have investigated the Coulomb effects on the beta-decay rate. The decay rate is determined by
the product of the lepton and hadron current densities. A widely used formula relies on the fact that
the low-energy lepton wave functions in a nucleus can be well approximated by a constant and are
linear to the radius for the s-wave and p-wave wave functions, respectively. We found, however, that
the Coulomb wave function is conspicuously different from such a simple approximation for heavy
nuclei with large Z by numerically solving the Dirac equation. We then proposed formulas of the
nuclear beta-decay rate that are useful in a practical calculation.

In our proposed formulas, the neutrino wave function is treated exactly as a plane wave, while
the electron wave function is obtained by iteratively solving the integral equation; thus, we can
control the uncertainty of the approximate electron wave function order by order. The leading-order
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approximation gives a formula that is almost equivalent to the widely used one and overestimates
the decay rate by about 50–100% for heavy nuclei with Z ∼ 80. We demonstrated that the next-
to-leading-order formula reproduces well the exact result for a schematic transition density as well
as a microscopic one obtained by a nuclear energy-density functional method. For the beta decay
involving heavy neutron-rich nuclei, the NLO will be needed for the determination of the Gamow–
Teller strength from the beta-decay rate.

We considered only the space component of the axial vector currents and kept only the lowest
multipoles. The time components as well as the vector currents can have a comparable contribution
to the decay rate, and we plan to present these improvements in a sequel to the present article. The beta
decay provides a unique spectroscopic tool of exotic nuclei, i.e. the angular correlation contains rich
information of nuclear structure. Furthermore, the electron/muon capture is an important process in
the application to astrophysics and fundamental physics. It is straightforward to extend our formalism
in these directions.
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Appendix A. Derivation of the decay rate

In this appendix, we show the derivation of the decay rate Eq. (16) for β− decay. In the present case,
it is useful to expand the effective Hamiltonian in terms of the angular momentum. With the partial
wave expansion of the neutrino wave function, we get

(1 − γ5) vsν (pν) e−ipν ·r =4π
∑
neu

(
−ifκν (r)χ

μν−κν
gκν (r)χ

μν
κν

)
, (A.1)

where we use the abbreviated notation (upper sign) defined in Eq. (14). Since the neutrino mass is
negligible, here we used gκ(r) = −Sκ f−κ(r) and fκ(r) = Sκg−κ(r). We also have an alternative
expression:

(1 − γ5) vsν (pν) e−ipν ·r =4π
∑
neu

(
−gκν (r)χ

μν−κν
ifκν (r)χ

μν
κν

)
. (A.2)

Thus, we obtain two equivalent expressions:

ψ se(−)
pe

(r) γ ν (1 − γ5) vsν (pν) e−ipν ·r

= (4π)2
∑

el

∑
neu

(
Gκe (r) χ

μe†
κe

, iFκe (r) χ
μe†
−κe

(
r̂
))
γ ν

(
−ifκν (r)χ

μν−κν
gκν (r)χ

μν
κν

)
(A.3)

= (4π)2
∑

el

∑
neu

(
Gκe (r) χ

μe†
κe

, iFκe (r) χ
μe†
−κe

(
r̂
))
γ ν

(
−gκν (r)χ

μν−κν
ifκν (r)χ

μν
κν

)
, (A.4)

where we used Eq. (13).
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As in Eq. (2), the hadron current is composed of the vector and axial vector components. We can
thus write

ψ se(−)
pe

(r) γ ν (1 − γ5) vsν (pν) e−ipν ·rJν

= (4π)2
∑

el

∑
neu

(
Gκe (r) χ

μe†
κe

(
r̂
)

, iFκe (r) χ
μe†
−κe

(
r̂
))

×
{(
γ 0V0 − γ · V

) (−gκν (r)χ
μν
κν

(
r̂
)

ifκν (r)χ
μν−κν

(
r̂
)
)

− (
γ 0A0 − γ · A

) (−ifκν (r)χ
μν−κν

gκν (r)χ
μν
κν

)}
. (A.5)

The products of the two-component spinors are given as

χμ†
κ

(
r̂
)
χ
μ′
κ ′
(
r̂
) = 1√

4π

∑
L,M

(
jκ , −μ, jκ ′ ,μ′|L, M

)
(−1)1/2−μSκS0LL(κ , κ ′)YLM

(
r̂
)

, (A.6)

χμ†
κ

(
r̂
)
σ iχ

μ′
κ ′
(
r̂
) = −1√

4π

∑
J ,L,M

(
jκ , −μ, jκ ′ ,μ′|J , M

)
(−1)1/2−μSκS1LJ (κ , κ ′)

[
YL

(
r̂
) ⊗ (

εi)]
JM ,

(A.7)

where ε is a unit vector. Using these relations, we obtain the effective Hamiltonian Eqs. (11) and
(12). According to the Wigner–Eckart theorem, the M -dependence of the spherical tensor �JLM ,
Eq. (12), is known as

〈f |�JLM (κe, κν) |i〉 =
(
Ji, si, J , M |Jf , sf

)
√

2Jf + 1
〈f ||�JL (κe, κν) ||i〉 , (A.8)

where the reduced matrix element 〈f ||�JL (κe, κν) ||i〉 is independent of M , and Jf is the angular
momentum of the final nuclear state.

With the obtained Hamiltonian Heff , the decay rate is given by


 = 1

2Ji + 1

∑
si

∑
sf ,se,sν

∫
d3pν
(2π)3

d3pe

(2π)3
(2π)δ (Eν + Ee − E0) |Heff |2

= G2
F V 2

ud (4π)
3

4 (2π)5

∫ E0

me

dEepeEe (E0 − Ee)
2 1

(2Ji + 1)
(
2Jf + 1

) ∑
sf ,si

∑
se,sν

∫
d�ed�ν

×
∣∣∣∣∣∣
∑

el

∑
neu

∑
J ,L,M

(−1)1/2−μe
(
jκe , −μe, jκν ,μν |J , M

) (
Ji, si, J , M |Jf , sf

) 〈f ||�JL (κe, κν) ||i〉
∣∣∣∣∣∣
2

,

(A.9)

where Ji is the angular momentum of the initial nuclear state. For an arbitrary function X (κ ,μ), we
have ∫

d�e

∑
se

∣∣∣∣∣
∑

el

X (κe,μe)

∣∣∣∣∣
2

=
∑
κe,μe

|X (κe,μe)|2 , (A.10)

and ∫
d�ν

∑
sν

∣∣∣∣∣
∑
neu

X (κν ,μν)

∣∣∣∣∣
2

= 2
∑
κν ,μν

|X (κν ,μν)|2 . (A.11)
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Applying Eqs. (A.10) and (A.11), and the orthonormal relation of the Clebsh–Gordan coefficients to
Eq. (A.9), one can perform all the angular integral and summation. We then arrive at Eq. (16).

Appendix B. Explicit formula for the uniform charge distribution

For the uniform charge distribution of nuclei with radius RA, the Coulomb potential for an electron
is given as

VC(r) = − αZ

2RA

[
θ(1 − x)(3 − x2)+ θ(x − 1)

2

x

]
, (B.1)

where α is the fine structure constant and x = r/RA. The electron wave functions D(i), d(i), H (2),
and h(2) are given as

r

R
D(1)

k (r) = r

[
Ee

2k + 1
+ ξs1(x)

]
, (B.2)

r

R
d(1)k (r) = r

[
me

2k + 1

]
, (B.3)

H (2)(r) = r2
[
− p2

e

2(2k + 1)
+ Eeξs2(x)+ ξ2t2(x)

]
, (B.4)

h(2)(r) = r2[meξw2(x)], (B.5)

r

R
D(3)

k (r) = r3
[
− p2

eEe

2(2k + 1)(2k + 3)
+ p2

eξs3(x)+ m2
eξ t3(x)+ Eeξ

2w3(x)+ ξ3y3(x)

]
, (B.6)

r

R
d(3)k (r) = r3

[
− p2

eme

2(2k + 1)(2k + 3)
+ meEeξ t3(x)+ meξ

2z3(x)

]
, (B.7)

where ξ = αZ/(2RA) for an electron and ξ = −αZ/(2RA) for a positron.
The functions sa, ta, wa, ya, and za for k = 1 are given as

s1(x) = θ(1 − x)

(
1 − x2

5

)
+ θ(x − 1)

1

x

(
1 − 1

5x2

)
, (B.8)

s2(x) = θ(1 − x)

(
−1 + 2x2

15

)
+ θ(x − 1)

1

x

(
−5

3
+ 1

x
− 1

5x2

)
, (B.9)

t2(x) = θ(1 − x)

(
−3

2
+ 2x2

5
− x4

30

)
+ θ(x − 1)

1

x2

(
−14

15
− 1

5x2 − 2 ln x

)
, (B.10)

w2(x) = θ(1 − x)
x2

30
+ θ(x − 1)

1

x

(
1

3
− 1

2x
+ 1

5x2

)
, (B.11)

s3(x) = θ(1 − x)

(
− 3

10
+ 3x2

70

)
+ θ(x − 1)

1

x

(
−1

2
+ 1

3x
− 1

10x2 + 1

105x4

)
, (B.12)
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t3(x) = θ(1 − x)

(
−1

5
+ x2

42

)
+ θ(x − 1)

1

x

(
−1

3
+ 1

6x
− 1

105x4

)
, (B.13)

w3(x) = θ(1 − x)

(
− 9

10
+ 9x2

35
− x4

54

)

+ θ(x − 1)
1

x2

(
−6

5
+ 1

x
− 3

5x2 + 131

945x3 − 2 ln x

3

)
, (B.14)

y3(x) = θ(1 − x)

(
− 9

10
+ 27x2

70
− x4

18
+ x6

330

)

+ θ(x − 1)
1

x3

(
1

15
− 439

693x2 − 2 ln x − 2 ln x

5x2

)
, (B.15)

z3(x) = θ(1 − x)

(
− 3

10
+ x2

14
− x4

135

)

+ θ(x − 1)
1

x2

(
2

15
− 1

2x
+ 1

5x2 − 131

1890x3 − 2 ln x

3

)
. (B.16)

Similar formulas for k = 2 are given as

s1(x) = θ(1 − x)

(
3

5
− x2

7

)
+ θ(x − 1)

1

x

(
1

2
− 3

70x4

)
, (B.17)

s2(x) = θ(1 − x)

(
−3

5
+ 3x2

35

)
+ θ(x − 1)

1

x

(
− 9

10
+ 2

5x
− 1

70x4

)
, (B.18)

t2(x) = θ(1 − x)

(
− 9

10
+ 9x2

35
− x4

42

)
+ θ(x − 1)

1

x2

(
−271

420
− 3

140x4 − ln x

)
, (B.19)

w2(x) = θ(1 − x)
x2

70
+ θ(x − 1)

1

x

(
1

10
− 1

10x
+ 1

70x4

)
, (B.20)

s3(x) = θ(1 − x)

(
− 9

70
+ 13x2

630

)
+ θ(x − 1)

1

x

(
−11

60
+ 2

25x
− 1

140x4 + 4

1575x6

)
, (B.21)

t3(x) = θ(1 − x)

(
− 3

35
+ x2

90

)
+ θ(x − 1)

1

x

(
− 2

15
+ 3

50x
− 2

1575x6

)
, (B.22)

w3(x) = θ(1 − x)

(
−27

70
+ 13x2

105
− 23x4

2310

)

+ θ(x − 1)
1

x2

(
− 943

2100
+ 1

5x
− 1

20x4 + 157

5775x5 − ln x

5

)
, (B.23)

y3(x) = θ(1 − x)

(
−27

70
+ 13x2

70
− 23x4

770
+ x6

546

)

+ θ(x − 1)
1

x3

(
− 83

420
− 87

2860x4 − ln x

2
− 3 ln x

70x4

)
, (B.24)
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Table C1. Coefficients in Eq. (59) for the Gamow–Teller transition (L = 0,	J π = 1+).

(κe, κν) (cg , cf ) (κe, κν) (cg , cf )

(−1, −1) (
√

2,
√

2/3) (−2, 1) (4/3, 0)
(1, 1) (−√

2/3, −√
2) (2, −1) (0, −4/3)

(−2, −2) (−2
√

5/3, −2/
√

5) (1, −2) (4/3, 0)
(2, 2) (2/

√
5, 2

√
5/3) (−1, 2) (0, −4/3)

Table C2. Same as Table C1 but for the spin-dipole transition (L = 1,	J π = 0−, 1−, 2−).

J = 0 J = 1 J = 2
(κe, κν) (cg , cf ) (cg , cf ) (cg , cf )

(−1, 1) (−√
2,

√
2) (2/

√
3, 2/

√
3)

(1, −1) (−√
2,

√
2) (−2/

√
3, −2/

√
3)

(−2, 2) (2, −2) (−4
√

2/15, −4
√

2/15) (
√

2/5, −√
2/5)

(2, −2) (2, −2) (4
√

2/15, 4
√

2/15) (
√

2/5, −√
2/5)

(−2, −1) (
√

2/3,
√

2/3) (
√

2,
√

2/5)
(2, 1) (−√

2/3, −√
2/3) (−√

2/5, −√
2)

(−1, −2) (−√
2/3, −√

2/3) (
√

2,
√

2/5)
(1, 2) (

√
2/3,

√
2/3) (−√

2/5, −√
2)

z3(x) = θ(1 − x)

(
− 9

70
+ x2

30
− 4x4

1155

)

+ θ(x − 1)
1

x2

(
− 103

2100
− 1

20x
+ 1

140x4 − 157

23100x5 − ln x

5

)
. (B.25)

Appendix C. Table of the coefficients in �JLM

For the axial vector space component, the effective operator is expressed as Eq. (59):

�JLM (κe, κν) =
∫

dr[YL(r̂)⊗ A(r)]JM [cgGκe(r)gκν (r)+ cf Fκe(r)fκν (r)].

Tables C1 and C2 list the explicit numbers of the coefficients of each (κe, κν) for the Gamow–Teller
and spin-dipole transitions, respectively.

Appendix D. Tables of electron and positron wave functions

We provide numerical tables of the four constants α1,α−1,α2, and α−2 needed to construct the
electron and positron wave functions in this paper. Since these constants are strongly dependent on
the electron momentum pe and charge number Z of a nucleus, we rewrite them to L0, λ2,μ1, and μ2

according to Ref. [12]:

F(Z , Ee) = α2−1 + α2
1 = F0L0, (D.1)

λ2 = α2−2 + α2
2

α2−1 + α2
1

, (D.2)
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μk = kEe

γkme

α2
−k − α2

k

α2
−k + α2

k

, (D.3)

where

F0(Z , E) = 4(2peRA)
−2(1−γ1)eπν

∣∣∣∣ 
(γ1 + iν)


(2γ1 + 1)

∣∣∣∣
2

, (D.4)

γk =
√

k2 − (αZ)2, (D.5)

ν = αZEe

pe
, (D.6)

for the uniform nuclear charge distribution with radius RA. In fact, these variables have a milder
momentum and charge dependence than α±1,2. First, we calculate α±1,2 by numerically solving the
Dirac equation and convert them into L0, λ2,μ1, and μ2 at various pe/me and Z . These generated
tables are respectively interpolated by assuming the following polynomial function at three regions,
pe/me =0.01–1, 1–10, and 10–100:

P(pe/me, Z) =
n∑

t=−m

[
n∑

s=−m

Wst

(
pe

me

)s
]

Zt . (D.7)

The weights of the polynomial Wst are determined by the least-square method. Finally, we reconstruct
α±1,2 from L0, λ2,μ1, and μ2. Since all α±1,2 values are positive, the reconstruction can be made
easily. We confirm that the resulting numerical tables are accurate to more than 3–4 digits with
(m, n) = (3, 4).

For the convenience of a user, we provide a FORTRAN program code to generate α±1,2 with a
given pe/me(=0.01–100) and Z(= 1–90) for β∓ decay as supplemental material [48]. The nuclear
charge radius RA is set to be 1.2A1/3 fm with the nuclear mass number A. To cover stable and neutron-
rich unstable nuclei for the β− decay, a variation of the charge radius can be considered among five
options: A = 2Z , 2.5Z , 3Z , 3.5Z , and 4Z .
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