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Abstract The initial spin periods of newborn magnetars are
strongly associated with the origin of their strong magnetic
fields, both of which can affect the electromagnetic radia-
tion and gravitational waves (GWs) emitted at their birth.
Combining the upper limit ESNR � 1051 erg on the explo-
sion energies of the supernova (SN) remnants around slowly-
spinning magnetars with a detailed investigation on the evo-
lution of newborn magnetars, we set constraints on the ini-
tial spin periods of magnetars born in weak SN explosions.
Depending on the conversion efficiency η of the electromag-
netic energy of these newborn magnetars into the kinetic
energy of SN ejecta, the minimum initial spin periods of
these newborn magnetars are Pi,min � 5–6 ms for an ideal
efficiency η = 1, Pi,min � 3–4 ms for a possible efficiency
η = 0.4, and Pi,min � 1–2 ms for a relatively low efficiency
η = 0.1. Based on these constraints and adopting reasonable
values for the physical parameters of the newborn magne-
tars, we find that their GW radiation at νe,1 = ν may be
undetectable by the Einstein Telescope (ET) since the maxi-
mum signal-to-noise ratio (S/N) is only 2.41 even the sources
are located at a very close distance of 5 Mpc, where ν are
the spin frequencies of the magnetars. At such a distance, the
GWs emitted at νe,2 = 2ν from the newborn magnetars with
dipole fields Bd = 5 × 1014 and 1015 G may be detectable
by the ET because S/N are 10.01 and 19.85, respectively.
However, if these newborn magnetars are located at 20 Mpc
away in the Virgo supercluster, no GWs could be detected by
the ET due to low S/N.

1 Introduction

Magnetars are a subclass of neutron stars (NSs) that behave as
soft gamma-ray repeaters (SGRs) and anomalous X-ray pul-
sars (AXPs) in observations and have dipole magnetic fields
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with a typical strength of ∼ 1014–1015 G [1] and stronger
multipolar magnetic fields in the exterior [2]. In the interior of
magnetars, it is generally considered that toroidal magnetic
fields with strengths of at least comparable to or even much
higher than that of the external dipole fields that possibly exist
(e.g., [3–6]). Possible evidence for the existence of stronger
toroidal fields in the interior are mainly the periodic pulse-
phase modulations in the hard X-ray emissions from the mag-
netars 4U 0142+61, 1E 1547-5408, and SGR 1900+14 [6–8],
and the 2004 December 27 giant flare from SGR 1806-20 [3].
The traditional magnetars spin not so fast as most of the ordi-
nary radio pulsars and have typical spin periods of ∼ 1–12
s [1],1 though rather slow rotations with a period of 6.67
hr for the magnetar located in the supernova (SN) remnant
RCW 103 [9,10], and a possible period of 1091s for the mag-
netar GLEAM-X J162759.5-523504.3 were reported in the
literature [11]. Another type of magnetars dubbed newborn
millisecond magnetars is generally suggested to have mil-
lisecond spin periods and dipole fields of ∼ 1014–1015 G.
These magnetars are thought to be produced in the core col-
lapse of massive stars and the merger of binary NSs (see, e.g.,
[12–15]). Their fast spin and strong magnetic fields render
them possible central engines of long/short gamma-ray bursts
(GRBs) [12,13,16–18], superluminous supernovae (SLSNe)
[19,20], fast radio bursts [21,22], and fast blue optical tran-
sients [23,24]. Although the spin periods of the two types of
magnetars are quite different, their dipole fields are generally
the same, and the strong magnetic fields may be related to
the fast spin of NSs.

The origin of magnetars’ strong magnetic fields has gar-
nered particular attention since their existence was first pro-
posed [25,26]. Based on the specific amplification mecha-
nisms of NS magnetic fields, the origins of strong magnetic
fields can generally be divided into two kinds, namely the

1 See the McGill online magnetar catalog: http://www.physics.mcgill.
ca/~pulsar/magnetar/main.html.
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dynamo and the fossil origins. The dynamo origins mainly
include the α − Ω and convective dynamos that act in mil-
lisecond protoneutron stars [25,27], dynamo processes that
arise from the Kelvin-Helmholtz [28] or magnetorotational
instability [29] in nascent millisecond NSs, Tayler–Spruit
dynamo in protoneutron stars which were spun up to millisec-
ond periods through the fall-back accretion [30], dynamo due
to r-mode and Tayler instabilities in newborn millisecond
NSs [31]. Therefore, fast spin is indispensable for the arising
of these dynamo processes, and after the end of the dynamo
processes, the newly formed magnetars will probably have
millisecond spin periods. On the other hand, the fossil ori-
gin refers to the magnetic flux conservation during the core
collapse of highly magnetized massive stars, which could
also lead to the formation of strong magnetic fields [32], and
the magnetars formed in this way may not have initial spin
periods of milliseconds.

Generally, if the magnetars formed in the core collapse
of massive stars have millisecond initial spin periods, huge
spin energy of the magnetars could be extracted through mag-
netic dipole (MD) radiation and relativistic particle wind and
injected into SN ejecta. For instance, the spin energy of a
newborn magnetar with an initial spin period of ∼ 1 ms can
be as large as ∼ 1052 erg [25]. Such huge energy seems to
be in contradiction with the explosion energies of the rem-
nants around some magnetars formed in weak SNe, which
are derived to be � 1051 erg by analyzing the X-ray spectra of
these remnants [33–35]. This indicates that initial spin peri-
ods of at least some magnetars may be much larger than ∼ 1
ms, in support of the idea that strong magnetic fields of these
magnetars are produced due to magnetic flux conservation
(e.g., [33,35]).

In fact, the dynamo origin of strong magnetic fields of
magnetars still may not be excluded. Such a conclusion was
reached by comprehensively investigating the spin, magnetic
tilt angle, and thermal evolutions of newborn magnetars as
that conducted in [36], which showed that a large propor-
tion of the spin energy of a newborn magnetar can be lost
via gravitational wave (GW) radiation without powering the
SN ejecta even if the initial spin is ∼ 1–2 ms. The require-
ment is that the magnetar should have external dipole and
internal toroidal fields of appropriate strengths and the latter
should be stronger than the former [36]. The tilt angle of this
newborn millisecond magnetar may increase very quickly
to a relatively large value that is beneficial for GW radia-
tion because the free-body precession of this magnetar could
be quickly damped due to the bulk viscosity of stellar mat-
ter [36]. However, as indicated by some dynamo processes
(e.g., Refs. [25,27,31]), and the stability of internal magnetic
field configuration [4,5,37], the strength ratio of toroidal to
dipole fields may distribute in a relatively wide range of ∼ 2–
100. Such a range for the strength ratio was also verified by
observations of the giant flare from SGR 1806-20 [3], peri-

odic modulations in the hard X-ray emissions of magnetars
4U 0142+61, 1E 1547-5408, and SGR 1900+14 [6–8], X-
ray afterglows of some GRBs [14,38], and lightcurves of
SLSNe [39]. When the newborn magnetar’s toroidal field is
much stronger than the dipole field, its tilt angle could not
increase to a large value that benefits GW radiation on a
short timescale by virtue of bulk viscosity [36,40]. In this
case, the tilt angle would increase to a large value only if the
stellar free-body precession is damped by the stronger viscos-
ity resulting from the scattering of the relativistic electrons
off superfluid neutrons in the NS core [36,40–42]. While
the electrons in the core follow the instantaneous rotation
of the crust, the superfluid neutrons cannot, thus the vis-
cosity is also considered to arise from core-crust coupling
[36,40]. It appears only when the NS has cooled down so that
a solid crust has been formed and the neutrons in the core
have become superfluid [36,40,43]. Consequently, when the
magnetar has quite strong toroidal field, rather than only con-
sidering the bulk viscosity of stellar matter as that done in
[36], the viscosity due to core-crust coupling should also be
involved in the study of tilt angle evolution. Based on the
more detailed investigation of tilt angle evolution, by using
the upper limit ESNR � 1051 erg on the explosion energies
of the SN remnants around the slowly-spinning magnetars
formed in weak SN explosions, we set new constraints on
the initial spin periods of these magnetars.

The results show that depending on the conversion effi-
ciency η of electromagnetic (EM) energy supplied by the
newborn magnetars into kinetic energy of the SN ejecta, the
minimum initial spin periods of magnetars are Pi,min � 1–2
ms for a relatively low efficiency η = 0.1. However, we have
Pi,min � 3–4 ms, and 5–6 ms when a possible efficiency
η = 0.4 [35,44], and an ideal efficiency η = 1 are assumed,
respectively. The resultant Pi,min of the newborn magnetars
do not vary significantly with the changes of both dipole and
toroidal magnetic fields. Our constraints on the initial spin
periods of the newborn magnetars differ by a factor of three
from that of [36], which showed that the initial spin periods
can be ∼ 1–2 ms when η = 1 is adopted.

The content of this work is organized as follows. In Sect. 2,
we show the evolution of newborn magnetars. We constrain
the initial spin periods of slowly-spinning magnetars formed
in weak SN explosions in Sect. 3. Based on the constraints,
the GW radiation from these newborn magnetars are inves-
tigated in Sect. 4. Finally, we give the conclusion and some
discussions in Sect. 5.

2 Evolution of newborn magnetars

After the core collapse of a massive star, a strong internal
toroidal magnetic field with volume-averaged strength B̄t and
a surface dipole magnetic field Bd may be formed in a new-
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born millisecond magnetar due to some dynamo processes
[25,27,29,31]. Though a stable twisted-torus magnetic con-
figuration consisting of both poloidal and toroidal magnetic
fields may be produced in the magnetar interior [45], B̄t could
still play a dominant role [3,4]. With the presence of strong
B̄t , the magnetar would deform into a prolate ellipsoid and
emit GWs. Moreover, because of the fast spin of the new-
born magnetar, r-mode instability could arise and represent
another way of emitting GWs [46]. The newborn magnetar’s
strong Bd makes MD radiation an effective torque that can
spin down the star. It is also possible that during the first
few minutes shortly after the birth of the magnetar, strongly
magnetized, relativistic neutrino-driven wind may emerge,
leading to the loss of stellar angular momentum [47]. Nev-
ertheless, previous work seems to favor a quite small satu-
ration amplitude of r-mode in NSs [48] and an ineffective
braking torque caused by the neutrino-driven wind in com-
parison with the MD radiation from the newborn magnetar
[49], hence losses of stellar angular momentum due to the
two mechanisms could be neglected. In this work, we con-
sider that the newborn magnetar spins down mainly due to
MD and magnetically deformed GW radiation, the magne-
tar’s spin evolution thus has the following form [50,51]:

Ω̇ = − B2
d R

6Ω3

6I c3 (1 + sin2 χ)

−2Gε2
B IΩ

5

5c5
sin2 χ(1 + 15 sin2 χ), (1)

where Ω , R, and χ are respectively the angular velocity,
radius, and magnetic tilt angle (the angle between the mag-
netic and spin axes) of the newborn magnetar and I =
0.35MR2 the stellar moment of inertia with M represent-
ing the mass of the magnetar [52]. In the case of toroidal-
dominated internal fields, the ellipticity of magnetic defor-
mation is εB = −5B̄2

t R
4/(6GM2) [42].

Initially, χ of the newborn magnetar may be very tiny
as inferred from the dynamo processes [36]. Misalignment
of the stellar magnetic and spin axes will lead to the free-
body precession of the magnetar’s magnetic axis around the
spin axis. For the newborn magnetar with toroidal-dominated
internal fields, viscous dissipation of the star’s precessional
energy will result in an anti-aligned torque between the two
axes, thus increasing χ [36]. Meanwhile, the MD and GW
radiation can give rise to aligned torques, thus decreasing
χ [36,50,53]. Depending on the specific mechanisms that
lead to the dissipation of precessional energy, the evolution
of χ can be roughly divided into two stages [36,40,43]. The
first stage starts from the formation of the uniformly rotating
newborn magnetar and ends at the time when the magnetar
has sufficiently cooled down so that its solid crust has formed
and the neutrons in its core have become superfluid [36,40].
During this stage, the stellar temperature is extremely high
(∼ 1010 K), hence the deformed magnetar is a liquid ellip-

soid. Damping of the newborn magnetar’s free-body preces-
sion comes from the bulk viscosity of the liquid dense matter
[36]. Consequently, the evolution of χ in this stage is deter-
mined by the competition between damping of the free-body
precession due to bulk viscosity and MD and GW radiation,
which can be written as [36,43]

χ̇ = cos χ

τd sin χ
− 2G

5c5
Iε2

BΩ4 sin χ cos χ
(

15 sin2 χ + 1
)

− B2
d R

6Ω2

6I c3 sin χ cos χ, (2)

where τd represents the damping timescale of free-body pre-
cession. When bulk viscosity of dense matter plays a domi-
nant role, τd has the following form [36,43]

τd = τbv � 3.9 s
cot2 χ

1 + 3 cos2 χ

(
B̄t

1016 G

)2

×
(

P

1 ms

)2 (
T

1010 K

)−6

, (3)

where τbv is the damping timescale of free-body precession
due to bulk viscosity, P = 2π/Ω and T are respectively the
newborn magnetar’s spin period and temperature.

Since free-body precession of the newborn magnetar with
toroidal-dominated internal fields is gradually damped by
bulk viscosity, in principle, the tilt angle would increase and
finally may achieve χ = π/2, which just corresponds to
the minimum spin energy state of the magnetar [36,43,54].
However, when the toroidal field is large enough, the growth
of χ will be suppressed [36,40]. With the cooling and spin-
down of the newborn magnetar, the effect of bulk viscosity
on the damping of stellar free-body precession is weakened.
When the magnetar has sufficiently cooled down because
of neutrino emission, a solid crust will form in the exterior
and the neutrons in the NS core will become superfluid [55–
57]. If the tilt angle has not yet increased to χ = π/2 in
the first stage, the second stage of evolution will initiate. In
this stage, the viscosity due to core-crust coupling becomes
effective and can dissipate the precessional energy of the
newborn magnetar on a timescale [3,41,42]

τcc � ξ P/εB, (4)

where ξ is the number of precession cycles. Although in pre-
vious work various of methods were suggested to determine
the value of ξ (e.g., [41,42,54,58,59]), its exact value still
remains highly uncertain. In this work, we take ξ = 104,
which is reasonable if the core-crust coupling is caused by
scattering between superfluid neutrons and relativistic elec-
trons [41,42]. Such a value for ξ is also consistent with the
results obtained by using the measured timing data and tilt
angles of several young pulsars [58,59]. In addition to the
bulk viscosity, in the second stage, damping of stellar free-
body precession due to core-crust coupling can also increase
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the magnetar’s tilt angle until χ = π/2 is achieved eventu-
ally. Therefore, the evolution of χ in this stage still follows
the form given in Eq. (2), however, the damping timescale
now is determined by

1

τd
= 1

τbv
+ 1

τcc
. (5)

One thus can see that both the tilt angle evolution in the
first stage (Eqs. (2) and (3)) and the onset of the second stage
depends on the stellar temperature T . As generally consid-
ered, the temperature at which the solid crust is formed may
be close to the critical temperature Tc for neutrons in the core
to be superfluid in the 3P2 channel [43,56,60], both are ∼ 109

K [36]. For simplicity, we assume that both formation of the
solid crust and occurrence of neutron superfluidity in the core
is at Tc [40,43], thus the second stage of tilt angle evolution
will begin when the newborn magnetar cools down to Tc.
For the newborn magnetar with typical mass M = 1.4M�
and radius R = 12 km, it may cool down mainly through
modified Urca neutrino processes during the first 106 years
after its birth [61]. Assuming that the whole NS is isothermal
for simplicity [43], the stellar temperature evolution can be
expressed as

CV
dT

dt
= −Lν, MU, (6)

where CV ≈ 1039T9 erg/K is the NS’s total specific heat,
Lν, MU ≈ 7×1039T 8

9 erg/s the total luminosity of the modi-
fied Urca neutrino emission with the notation T9 = T/109 K
adopted [61].

3 Constraints on the initial spin periods of magnetars
formed in weak SN explosions

With the spin-down of the newborn magnetar, part of its spin
energy can be lost via MD radiation and injected into the
ejecta it is embedded in, thus the associated SN remnant
may be energized. The cumulative energy injected into the
ejecta by the central magnetar can be estimated as

Einj = η

∫ t

0
Ldipdt, (7)

where Ldip = B2
d R

6Ω4(1 + sin2 χ)/(4c3) is the luminos-
ity of MD radiation of the newborn magnetar [51,62]. The
injected energy will saturate at t = tsat, thus the saturation
energy Einj,s is the total energy injected into the ejecta by the
newborn magnetar. For the physical parameters of newborn
magnetars adopted in this work, we generally have tsat � 107

s (as shown in Figs. 1 and 2), which is much shorter than
the ages of the SN remnants of magnetars [33,35]. There-
fore, energy injection ends soon after the birth of the magne-
tar. η is the conversion efficiency of the EM energy into the

kinetic energy of the ejecta. The value of η is highly uncer-
tain, though a possible value η = 0.4 was proposed in [44].
In our calculations, η = 0.1, 0.4, 0.7, and 1.0 are used.

The SN remnants associated with magnetars are gener-
ally considered to be in the Sedov phase, in which the SN
ejecta expands adiabatically in a uniform interstellar medium
[63–65]. Based on this assumption, the explosion energies
of SN remnants associated with magnetars can be estimated
if the radius and velocity of the shock, and the interstellar
medium density can be determined from observations (see
e.g., [33,35]). By performing an analysis of the overall X-ray
spectra of SN remnants Kes 73, CTB 109, and N49 (which
respectively host magnetars 1E 1841-045, 1E 2259+586, and
SGR 0526-66), the above quantities and explosion energies
of these remnants were obtained [33,34]. Following Vink and
Kuiper [33], the explosion energies of Kes 73, CTB 109, and
N49 are ESNR = (0.5 ± 0.3)× 1051, (0.7 ± 0.3)× 1051, and
(1.3 ± 0.3) × 1051 erg, respectively. Recently, Zhou et al.
[35] analyzed the spatially resolved X-ray spectra of the SN
remnants Kes 73, N49, and RCW 103 (the host of magnetar
1E 161348-5055) in detail and derived their explosion ener-
gies, which are respectively about 5.4×1050, 1.7×1051, and
1.0 × 1050 erg. We thus can see that though the SN remnant
N49 may have explosion energy that slightly surpasses 1051

erg, the majority of remnants associated with these slowly-
spinning magnetars have explosion energies ESNR � 1051

erg. Since the remnants associated with these magnetars are
probably in the Sedov phase, thermal radiation loss from
the remnants is nearly negligible, without involving other
energy sources, we could assume ESNR � Einj,s (see also
[33,36]). Consequently, for the slowly-spinning magnetars
formed in weak SN explosions, using the observed upper
limit ESNR � 1051 erg and Eq. (7), we can constrain their
initial spin periods Pi when other physical parameters of the
magnetars at birth are determined.

Based on the observations and theoretical work on the
magnetic fields of magnetars introduced in Sect. 1, the ratio
of internal toroidal to surface dipole fields is taken to be
B̄t/Bd = 2 − 100. Furthermore, the maximum value of the
toroidal field should not surpass the upper limit required by
stable stratification, i.e., B̄t ≤ 1017 G is required [66]. These
two conditions determine the reasonable range of B̄t of new-
born magnetars. We take Tc = 109 K for the critical tem-
perature and Ti = 1010 K for the initial stellar temperature.
The initial value for the tilt angle is set as χi = 1◦. In Fig. 1,
we show the evolution of the cumulative energy injected into
the ejecta by the newborn magnetar Einj with time t . Here
an ideal energy conversion efficiency η = 1 is adopted. Pan-
els (a)–(d) respectively correspond to Bd = 1014, 5 × 1014,
1015, and 5 × 1015 G. These four values for Bd adopted
approximately cover the typical strength of dipole fields of
magnetars [1]. To illustrate how the toroidal field can affect
the results, in panels (a)–(c) we take B̄t = 2Bd, 10Bd, and
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Fig. 1 Evolution of the
cumulative energy injected into
the SN ejecta by the newborn
magnetar Einj with time t . In
panels (a)–(d), we respectively
adopt four typical strengths for
the newborn magnetar’s dipole
field as Bd = 1014, 5 × 1014,
1015, and 5 × 1015 G. In panels
(a)–(c), three values are adopted
for the toroidal field as
B̄t = 2Bd, 10Bd, and 100Bd,
while in panel (d), the
maximum value is limited to
B̄t = 1017 G. Assuming an ideal
conversion efficiency η = 1, the
minimum initial spin period
Pi,min of the newborn magnetar
is obtained for each set of Bd
and B̄t , as indicated in the
legends. The black dotted line in
each panel represents the upper
limit ESNR � 1051 erg on the
explosion energies of the SN
remnants associated with
magnetars formed in weak SN
explosions

Fig. 2 Evolution of the
cumulative energy injected into
the SN ejecta by the newborn
magnetar Einj with time t . In
panels (a)–(d), we respectively
adopt four typical strengths for
the newborn magnetar’s dipole
field as Bd = 1014, 5 × 1014,
1015, and 5 × 1015 G. In panels
(a)–(c), three values are adopted
for the toroidal field as
B̄t = 2Bd, 10Bd, and 100Bd,
while in panel (d), the
maximum value is limited to
B̄t = 1017 G. Assuming a
possible efficiency η = 0.4, the
minimum initial spin period
Pi,min of the newborn magnetar
is obtained for each set of Bd
and B̄t , as indicated in the
legends. The black dotted line in
each panel represents the upper
limit ESNR � 1051 erg on the
explosion energies of the SN
remnants associated with
magnetars formed in weak SN
explosions
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Fig. 3 The parameter space of
initial spin periods Pi versus
toroidal fields B̄t of newborn
magnetars formed in weak SN
explosions with ESNR � 1051

erg. In panels (a)–(d), the dipole
fields are respectively taken as
Bd = 1014, 5 × 1014, 1015, and
5 × 1015 G. We adopt a
reasonable range
2Bd ≤ B̄t ≤ 100Bd for the
toroidal fields in panels (a)–(c),
while in panel (d), the maximum
strength is set as B̄t = 1017 G.
The colored curves represent the
minimum initial spin periods
Pi,min of these newborn
magnetars with Bd and B̄t
adopted above, which are
derived by using ESNR � 1051

erg and assuming specific values
for η, as shown in the legends

100Bd, as indicated by the legends. In panel (d), the maxi-
mum toroidal field is limited to B̄t = 1017 G. By requiring
that the total injected energy is no more than the observed
upper limit ESNR � 1051 erg on the explosion energies of
some SN remnants introduced above, i.e., Einj,s � 1051 erg,
we can obtain the minimum initial spin periods Pi,min of
magnetars formed in weak SN explosions. The upper limit
on the energy is shown by the black dotted line in each panel
of Fig. 1.

Obviously, after the birth of the newborn magnetar, the
energy of MD radiation is gradually injected into the SN
ejecta and finally Einj becomes saturated at tsat, which
depends on the strength of Bd. Panel (a) shows that newborn
magnetars with Bd = 1014 G and reasonable B̄t are allowed
to have Pi,min � 6 ms if η = 1 is assumed, irrespective of the
specific values of B̄t . Smaller Pi will lead to Einj,s > 1051

erg. Likewise, newborn magnetars with Bd = 5×1014 G may
have 5.28 � Pi,min � 6.10 ms for η = 1, however, a larger
B̄t will result in a smaller Pi,min in this case, as presented in
panel (b). The anti-correlation between B̄t and Pi,min can also
be found in panel (c), which shows the results of magnetars
with Bd = 1015 G. The reason may be that as B̄t of newborn
magnetars with Bd = 5 × 1014 and 1015 G increases, more
spin energy of the magnetars could be lost via GW radiation,
hence a smaller Pi,min is allowed. Panels (b) and (c) indicate

that newborn magnetars with Bd = 5 × 1014 and 1015 G
have the same allowed range for Pi,min. Panel (d) shows that
newborn magnetars with Bd = 5 × 1015 have Pi,min = 5.28
ms, also irrespective of the values of B̄t . Overall, to satisfy
the upper limit ESNR � 1051 erg on the explosion energies
of SN remnants associated with slowly-spinning magnetars
born in weak SN explosions, the minimum initial spin periods
of these magnetars with dipole fields 1014 ≤ Bd ≤ 5 × 1015

G should be within 5.28 � Pi,min � 6.10 ms when an ideal
efficiency η = 1 is assumed.

In Fig. 2, the results for a possible conversion efficiency
η = 0.4 [44] are presented for comparison. The magnetic
fields (both Bd and B̄t) are taken the same as in Fig. 1. From
Fig. 2 we find that for newborn magnetars with 1014 ≤ Bd ≤
5 × 1015 G and reasonable strengths of B̄t , their minimum
initial spin periods are 3.34 � Pi,min � 3.86 ms. Therefore,
as η decreases from 1 to 0.4, newborn magnetars are allowed
to have smaller Pi,min. Specifically, newborn magnetars with
Bd = 1014, 5 × 1014, 1015, and 5 × 1015 G respectively
have 3.82 � Pi,min � 3.85, 3.34 � Pi,min � 3.86, 3.34 �
Pi,min � 3.86, and 3.34 � Pi,min � 3.49 ms when η = 0.4
is assumed.

The effect of η on Pi,min of the newborn magnetars formed
in weak SN explosions can be found in Fig. 3, which shows
the curve of Pi,min versus B̄t obtained by adopting different
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η (see the legends). Panels (a)-(d) respectively correspond
to Bd = 1014, 5 × 1014, 1015, and 5 × 1015 G, while B̄t

are confined by both 2Bd ≤ B̄t ≤ 100Bd and B̄t ≤ 1017

G. Therefore, both Bd and B̄t are within reasonable ranges.
The parameter spaces below these colored lines are excluded
because they can lead to the violation of ESNR � 1051 erg.
For these newborn magnetars, we can set constraints on their
Pi, though the constraints are η-dependent. Figure 3 shows
that with the decrease of η, these newborn magnetars are
generally allowed to have smaller Pi,min. Specifically, the
newborn magnetars could have a very fast initial spin of
1 < Pi,min � 2 ms if the conversion efficiency is as low
as η = 0.1. Our results thus differ from that of Dall’Osso
et al. [36], which suggested that Pi ∼ 1 − 2 ms is allowed
even for η = 1. Panels (b) and (c) display that for a specific
η adopted, Pi,min nearly keeps unchanged first, then grad-
ually decreases, and remains nearly unchanged again with
the increase of B̄t . The reason may be as follows. When
B̄t is below a certain strength, GW radiation is gradually
enhanced with the increase of B̄t , these newborn magnetars
are therefore allowed to have smaller Pi,min. However, further
increase of B̄t could remarkably suppress the growth of the tilt
angle and also GW radiation from these newborn magnetars
[40,43], whereas it could slightly affect the MD radiation.
Therefore, further increase of B̄t does not result in smaller
Pi,min. Although Pi,min may decrease with the increase of
B̄t , the variation in Pi,min is generally small (� 1 ms) for a
constant η, as found in panels (b) and (c). Taken as a whole,
the results in Fig. 3 indicate that for a fixed η, these newborn
magnetars generally have similar Pi,min when their Bd and B̄t

have reasonable strengths as adopted here. Specifically, the
minimum initial spin periods of these newborn magnetars are
Pi,min � 1 − 2 ms for η = 0.1, whereas Pi,min � 3 − 4 ms
for η = 0.4, and Pi,min � 5 − 6 ms for η = 1.

4 GW radiation from newborn magnetars formed in
weak SN explosions

Since we have set constraints on the initial spin periods of
newborn magnetars formed in weak SN explosions by using
the upper limit on the explosion energies of SN remnants
associated with slowly-spinning magnetars, an estimate of
GWs emitted by these newborn magnetars can therefore be
made. This can be realized by adopting specific values for Bd,
B̄t and Pi of the newborn magnetars, and then studying the
evolution of magnetars. As mentioned in Sect. 2, the growth
of χ may be suppressed if the newborn magnetar has strong
enough B̄t . In the case of a small χ , GWs from magnetic
deformation of the magnetar are emitted at frequencies of
both νe,1 = ν and νe,2 = 2ν [40,67], where ν = Ω/2π

is the star’s spin frequency. The strain amplitudes of GWs

emitted at νe,1 and νe,2 are respectively given as [68]

h1(t) = 8π2GIεBν2
e,1

c4D
sin(2χ), (8)

and

h2(t) = 8π2GIεBν2
e,2

c4D
sin2 χ, (9)

where D is the distance to the source. The characteris-
tic amplitudes of GWs emitted at νe,1 and νe,2 are thus
derived as hc(νe,1) = νe,1h1(t)/

√
dνe,1/dt and hc(νe,2) =

νe,2h2(t)/
√
dνe,2/dt , respectively.

In panels (a) and (b) of Fig. 4, the curves of hc(νe,1) ver-
sus νe,1 and hc(νe,2) versus νe,2 are respectively shown. Fol-
lowing Dall’Osso et al. [36], we take D = 20 Mpc here,
which represents the distance from the Virgo supercluster to
the earth. To intuitively show the amplitudes of the emitted
GWs, the rms strain noises (see, e.g., [69–71]) of the VIRGO,
Advanced LIGO (ALIGO) at design sensitivity, and future
Einstein Telescope (ET) are also presented for comparison.
In the calculations, the dipole fields of the newborn magne-
tars are taken as Bd = 1014, 5 × 1014, 1015, and 5 × 1015

G (see the legends), while the toroidal fields are adopted
as B̄t = 10Bd. Assuming a possible conversion efficiency
η = 0.4, from Fig. 3 we find that the newborn magnetars
with Bd = 1014, 5 × 1014, 1015, and 5 × 1015 G respectively
have Pi,min = 3.84, 3.86, 3.84, and 3.34 ms. For simplicity,
here we assume Pi = Pi,min because this can result in the
largest amplitudes and highest frequencies of GWs.

Panel (a) of Fig. 4 shows that for the physical parame-
ters (Bd, B̄t , and Pi) of newborn magnetars considered here,
the GWs emitted at νe,1 by these magnetars have very small
characteristic amplitudes, which seem to be hardly detectable
even by the ET. Moreover, the tilt angles of newborn mag-
netars with Bd = 1014, 5 × 1014, and 1015 G can increase
to π/2 in a very short time, during which these magnetars
barely spin down. Consequently, the GWs emitted at νe,1 by
these magnetars are almost monochromatic with frequency
centering at ∼ 260 Hz, as indicated by the blue, yellow, and
green lines. In contrast, the tilt angle of the newborn mag-
netar with Bd = 5 × 1015 G remains to be small for a long
time and increases to π/2 in the second stage. During this
process, the spin frequency of this magnetar has decreased
significantly. Therefore, though the GWs emitted at νe,1 by
this magnetar covers a wide frequency range (see the red
line), hc(νe,1) is actually rather small because a small χ is
maintained for a long time. For the same reason, the GW
radiation at νe,2 from this newborn magnetar is also sup-
pressed and probably undetectable even by the ET, as shown
in panel (b) of Fig. 4. However, the newborn magnetars with
Bd = 5 × 1014 and 1015 G have strong enough magnetic
fields and their χ can increase to π/2 in a very short time,
the GWs emitted at νe,2 from these magnetars have relatively
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Fig. 4 Panel (a): the characteristic amplitude hc(νe,1) versus emitted
frequency νe,1 = ν of GWs from newborn magnetars formed in weak
SN explosions, where ν are the spin frequencies of the magnetars. Their
dipole fields Bd are indicated in the legends. The black lines labeled

respectively show the rms strain noises (e.g., [69–71]) of the VIRGO,
ALIGO at design sensitivity, and future ET. Panel (b): The same as in
panel (a), however, the curves of hc(νe,2) versus νe,2 = 2ν are shown
here. Please see the text for details about the two panels

large amplitudes. Furthermore, the highest frequency of the
GWs detected possibly reaches ∼ 500 Hz when a possible
conversion efficiency η = 0.4 is adopted, and may be as high
as ∼ 1000 Hz if the efficiency is as low as η = 0.1. Conse-
quently, to detect the GWs from magnetic deformation of the
newborn magnetars formed in weak SN explosions, one may
need to mainly focus on the frequency domain � 500 Hz,
as inferred from the constraints on the initial spin periods of
these magnetars.

We also make a quantitative analysis about the detection of
the GWs mentioned above by calculating the optimal2 signal-
to-noise ratio (S/N) of the GW signals for a ground-based
detector. The specific form of the optimal S/N is expressed
as [70,72]

S/N =
√∫ νe,max

νe,min

h2
cdνe

ν2
e Sh(νe)

, (10)

where νe,min and νe,max are the minimum and maximum fre-
quencies of GWs emitted by the magnetar. Sh(νe) represents
the detector’s one-sided noise power spectral density [69].

Figure 5 shows the curves of the optimal S/N regarding
to the ET versus B̄t of newborn magnetars formed in weak
SN explosions. Panels (a) and (b) respectively present S/N
of the GWs emitted at νe,1 and νe,2 by these magnetars. The
dipole fields Bd of these magnetars are indicated in the leg-
ends, while the ranges of B̄t are taken the same as in Fig. 3.
The solid and dashed curves are obtained by using D = 20
and 5 Mpc, respectively. The colored solid stars in Panels

2 This can be realized by using the method of matched filter in the
detection.

(a) and (b) give S/N of the GW signals investigated in Fig. 4
by assuming the sources are located at D = 20 Mpc. For
comparison, the colored hollow stars show S/N of the GWs
emitted by the newborn magnetars with the same physical
parameters, however, are located at a very close distance of
5 Mpc instead. Panel (a) shows that for the reasonable val-
ues of the physical parameters adopted, even if the newborn
magnetars are located at 5 Mpc, the GWs emitted at νe,1 from
these magnetars have very low S/N. The maximum signal-
to-noise ratio is S/Nmax = 2.41 (the red hollow star), which
is below the detection threshold (S/Nth = 8 as depicted by
the black dotted lines in the two panels) of a single-detector
search [70,73]. Therefore the GWs emitted at νe,1 from these
newborn magnetars are probably undetectable even by the
ET.

Adopting reasonable values for the physical parameters
of these newborn magnetars, the GWs emitted at νe,2 in
some cases have relatively large signal-to-noise ratios with
S/N = 10.01 and 19.85 (the yellow hollow and green hol-
low stars in panel (b)), both are above the detection threshold
S/Nth = 8. This suggests that the GWs emitted at νe,2 by
the newborn magnetars with Bd = 5 × 1014 and 1015 G
may be detectable for the ET if these magnetars are located
at D = 5 Mpc. However, for a larger distance of D = 20
Mpc, the GWs emitted at νe,2 by these newborn magnetars
are possibly undetectable for the ET because the maximum
S/N is only 4.96 (the green solid star in panel (b)). Finally,
the results in Fig. 5 show that S/N of the GWs emitted at both
νe,1 and νe,2 do not increase monotonically with the increase
B̄t for the newborn magnetars with Bd = 5 × 1014, 1015,
and 5 × 1015 G. The reason may be as follows. When B̄t
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Fig. 5 The optimal S/N of the GW signals emitted at νe,1 (Panel (a))
and νe,2 (Panel (b)) versus toroidal field B̄t of newborn magnetars
formed in weak SN explosions. Their dipole fields Bd are indicated
in the legends. All S/N of the GWs are calculated regarding to the ET.
The colored solid and dashed lines represent S/N derived by adopting

D = 20 and 5 Mpc, respectively. S/N of the GW signals investigated
in Fig. 4 are shown by the colored solid stars. Assuming these newborn
magnetars are located at 5 Mpc, S/N of the emitted GWs are indicated
by the colored hollow stars. See the text for details

of these magnetars are large enough, further increase of B̄t

could strongly suppress the growth of χ , leading to the sup-
pression of GW radiation from these magnetars. In contrast,
as B̄t increases, χ of the newborn magnetar with Bd = 1014

G can always increase to π/2 in a very short time, thus its
GW radiation is not suppressed.

5 Conclusion and discussions

In this work, we have set constraints on the initial spin peri-
ods Pi of newborn magnetars formed in weak SN explosions
by using the upper limit ESNR � 1051 erg on the explosion
energies of the SN remnants around slowly-spinning mag-
netars. This upper limit was used in [36] to constrain the
parameter space of magnetic fields of these newborn mag-
netars. Although our method is generally the same as that
of [36], there are actually some improvements. The main
improvement is that we considered both the first and the sec-
ond stages of the tilt angle evolution of these newborn mag-
netars, while only the first stage of evolution was involved
in [36]. The second stage of tilt angle evolution is important,
especially for the magnetars with large enough toroidal fields,
thus should be taken into account when studying the evolu-
tion of these newborn magnetars. Second, following previous
observational results and theoretical work on the magnetic
fields of magnetars, the toroidal fields here are required to
satisfy 2Bd ≤ B̄t ≤ 100Bd and B̄t ≤ 1017 G, rather than
allowing them to have unreasonable large values. Third, we
involved the conversion efficiency η of the EM energy from
MD radiation into the kinetic energy of the ejecta and treated
it as a free parameter since its value is highly uncertain.

Our results show that the minimum initial spin periods
Pi,min of these newborn magnetars are mainly η-dependent,
however, slightly affected by Bd and B̄t if they have reason-
able strengths as considered in this work. We find that an
ideal efficiency η = 1 generally corresponds to Pi,min � 5–
6 ms, while a possible efficiency η = 0.4 [35,44] leads to
Pi,min � 3–4 ms. When the efficiency is as low as η = 0.1,
we have Pi,min � 1–2 ms. In contrast, as found in [36], these
newborn magnetars are allowed to have Pi ∼ 1–2 ms even
if η = 1 is adopted. Using these constraints, we also esti-
mated the characteristic amplitudes of GWs emitted by these
magnetars and the corresponding S/N for the ET. Assuming
typical values for Bd, B̄t = 10Bd, η = 0.4, and Pi = Pi,min,
the GWs emitted at both νe,1 = ν and νe,2 = 2ν may be
undetectable for the ET if the newborn magnetars located at
20 Mpc away in the Virgo supercluster because their S/N are
all below 8. Assuming a closer distance of 5 Mpc, only the
GWs emitted at νe,2 = 2ν from the newborn magnetars with
Bd = 5×1014 and 1015 G could be detected by the ET since
the signals respectively have S/N = 10.01 and 19.85. More-
over, a possible conversion efficiency η = 0.4 indicates that
the potentially detectable GWs from these newborn magne-
tars are emitted in the frequency domain � 500 Hz. This may
help to narrow down the frequency range when searching for
GWs from these newborn magnetars.

As is well known, core-collapse SNe that produce NSs
can also emit GWs, and the signals may be detected
by the ground-based detectors if the sources are close
enough to the earth [74]. The numerical simulations of
magnetohydrodynamically-driven core-collapse SNe (that
could produce magnetars) performed by Takiwaki and
Kotake [75] showed that the characteristic amplitudes of
the emitted GWs in the frequency range ∼ 100–500 Hz
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are hc ∼ 10−21–10−20 if the sources are located at 10 kpc
away (see also [76]). These correspond to hc ∼ 5 × 10−25–
5×10−24 if the SNe are located at 20 Mpc away. Comparing
their results with panel (b) of Fig. 4, we find that hc of the
GWs in ∼ 100 − 500 Hz from magnetohydrodynamically-
driven core-collapse SNe are at most comparable to (and
generally smaller than) that of the GWs emitted at νe,2 by
the newborn magnetars with Bd = 5 × 1014 and 1015 G.
In view of this, detection of the GWs from magnetic defor-
mation of the newborn magnetars seems to be easier if the
magnetars have εB ∼ 10−4 (for B̄t = 1016 G). However, the
direct search for GWs from NSs in young SN remnants using
data from the first half of the third observing run of ALIGO
and advanced VIRGO showed no evidence of GWs, sug-
gesting that the ellipticities of these NSs should be < 10−6

when the frequencies of GWs are � 100 Hz [77]. In fact,
the limit on the ellipticities of these NSs is model dependent,
and the equation of state, the moment of inertia, and the mag-
netic fields can all affect the final results [68,77]. As a result,
the direct search for GWs from NSs in young SN remnants
cannot rule out the possibility that the newborn magnetars
formed in weak SN explosions may have relatively large εB,
especially when considering that the two kinds of NSs may
have totally different magnetic fields.

The constraints on Pi of newborn magnetars formed in
weak SN explosions may also shed light on the origin of
their strong magnetic fields. Our results suggest that without
violating the upper limit ESNR � 1051 erg, these newborn
magnetars are allowed to have Pi,min � 1–2 ms only when the
conversion efficiency is as low as η = 0.1. However, observa-
tional evidence supporting such a low efficiency is still lack-
ing currently. Theoretically, in some energetic SN explosions,
for instance, hypernovae [78] associated with long GRBs, η

could be small because in this case newborn magnetars may
have initial spin periods of ∼ 1–2 ms [12], and thus GW
emissions may be considerably amplified. Assuming a pos-
sible efficiency η = 0.4 [35,44], the newborn magnetars
formed in weak SN explosions have Pi,min � 3–4 ms, sug-
gesting that they are not very rapidly rotating (� 1 ms) at
birth. Actually, magnetar-strength magnetic fields could be
produced because of the convective dynamo in nascent NSs
even though they have a relatively slow initial spin of several
milliseconds [27]. Therefore, the upper limit ESNR � 1051

erg in principle could not exclude the dynamo origin of strong
magnetic fields of magnetars formed in weak SN explosions.

Finally, the constraints on Pi derived here probably can-
not be directly applied to the newborn magnetars formed
in more energetic SN explosions, e.g., hypernovae [78] and
SLSNe [19]. To set constraints on Pi of these newborn mag-
netars, changes to the analytic model of magnetar evolution
are required given that neutrino emissions possibly play an
important role in the evolution. Furthermore, X-ray/radio
observations of the remnants of hypernovae and SLSNe that

may harbor magnetars are also necessary in order to deter-
mine the explosion energies of these remnants.
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