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Abstract
Recent studies have identified intrabeam scattering (IBS)

as one of the processes that can have a significant impact
on the beam dynamics of linacs with high-density and low-
energy beams, such as in free electron sources (FELs), where
IBS appears to be one of the effects that most limits their
performance. Most existing simulation codes have been
developed for circular lattices or assume Gaussian beams
and thus cannot accurately simulate the desired scenario.
Motivated by this problem, this work presents the imple-
mentation of IBS in RF-Track, a tracking code developed
for linear accelerators. The numerical simulation follows a
novel methodology based on a hybrid-kinetic Monte Carlo
approach. The method has proven to be stable using differ-
ent input parameters and has shown emittance and a Sliced-
Energy-Spread (SES) growth in different scenarios, demon-
strating the accuracy of the tool and making it a promising
solution to understand SES growth in FELs.

INTRODUCTION
Intrabeam Scattering (IBS), which consists of particle-to-

particle elastic collisions by Coulomb interaction, has been
extensively studied due to its critical role in the performance
of circular accelerators. IBS causes emittance growth in
storage rings [1] and damping rings [2,3], leading to a de-
terioration of their performance. Lately, it has also been
shown to limit the efficiency of linear accelerators.

The latest photoinjector technologies have allowed free-
electron laser light sources (FELs) to have much more dense
beams, increasing the effect of IBS, which grows for low-
energy and high-density beams. In fact, recent studies have
shown that IBS can be a determining factor in the perfor-
mance of these machines, as it causes a growth in the Sliced-
Energy Spread (SES, also known as uncorrelated energy
spread), which is a key parameter for efficient light pro-
duction. SwissFEL obtained a SES of 15 keV with 200 pC
bunches [4], whereas European XFEL found a value of 6 keV
with 250 pC bunches [5]. Finally, the PhotoInjector Test fa-
cility at DESY Zeuthen, also for 250 pC bunches, measured
2 keV [6]. The mentioned results highly differ from the SES
of around 1 keV predicted from simulations, which did not
consider either Micro-Bunching Instabilities or IBS effects.
For a better understanding of this problem, a simulation
accounting for IBS is needed.
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Most of the existing simulations are based on analytical
descriptions of IBS, such as Piwinski’s [7] or Bjorken and
Mtingwa [8] formulations which assume Gaussian beams,
an unrealistic approximation for the high-intensity and low-
energy beams present in many linear accelerators. Some
codes model the IBS effect based on a partial differential
equation that describes the system evolution [2], but in this
work, each collision is reproduced individually with a Monte
Carlo (MC) method, aiming to maximize the accuracy. This
idea has been exploited by the tracking codes MOCAC [9]
and SIRE [10–12] for circular lattices and recently has been
studied in linear architectures [13]. Our work builds on this
idea, introducing a novel methodology: a hybrid-kinetic MC
approach.

In this paper, the implementation of IBS in RF-Track [14],
a tracking code developed for linear accelerators, is pre-
sented. The IBS effect was analyzed in two different pro-
posed cases which showed the emittance and SES growth
respectively. Both scenarios used different input simula-
tion parameters to test the stability and convergence of the
method.

IMPLEMENTATION

This section describes the logic followed by the proposed
IBS algorithm, which follows a novel approach different
from other Monte-Carlo-based implementations. Firstly, it
is named “kinetic” because it calculates the force experi-
enced by each macro particle in the bunch at each time step
(𝑑𝑡) and applies it in the form of a thin kick. This is the
standard approach used in RF-Track to compute and apply
collective effects to the beam. Secondly, it is described as
“hybrid” because the deflecting force is computed colliding
each particle with an average particle obtained from a set of
3D meshes containing charge density, velocity, and temper-
ature of the bunch in the 3D space. In particular, three 3D
meshes are needed: one for the average velocity, one for the
standard deviation of the velocity, and one for the charged
density. Finally, the deflection angles are computed using
an MC method where the Rutherford cross-section is used
to resolve the kinematics of the interaction.

After creating the described 3D meshes, the algorithm
iterates over all the particles in the bunch, applying the fol-
lowing three steps. The 3D meshes are updated at each IBS
calculation.
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Step 1: Average particle interpolation
The local average particle, 𝑞, is calculated first. The local

average velocity, 𝑣, and its variance, 𝜎𝑣, are interpolated
from the meshes using cubic interpolation. Then, the average
particle’s velocity, ⃗𝑞𝑣, is extracted randomly from a normal,
Gaussian distribution:

⃗𝑞𝑣 → 𝑁(𝑣, 𝜎𝑣). (1)

This accounts for the local temperature of the bunch. The
local number density is directly interpolated from the charge
mesh and, together with the particle’s momentum, is moved
to the ⃗𝑞𝑣 rest frame by a Lorentz boost.

Step 2: Computation of IBS parameters
The relevant kinematics for IBS can be computed in the

rest frame of ⃗𝑞𝑣 , which is considered the target particle. The
first step is to compute the maximum impact parameter in
the collisions, 𝑏max, a key parameter in the simulation as
it will be further discussed. As this quantity is transverse
to the particles’ motion, it is not affected by the relativistic
frame change and can be computed directly in the lab frame.

The parameter 𝑏max is calculated locally at the longitu-
dinal location of the particle along the bunch, 𝑧. From a
2D mesh, the values Var(𝑋), Var(𝑌) and their covariance
Cov(𝑋, 𝑌) are interpolated. Then, 𝑏max is obtained as:

𝑏max = (Var(𝑋)Var(𝑌) − Cov2(𝑋, 𝑌))
1/4

. (2)

The introduction of a local impact parameter reduces the
sensitivity to tails that was observed when 𝑏max was de-
termined in terms of global 𝜎𝑋 or 𝜎𝑌, which is especially
important in non-Gaussian beams. The covariance has been
added to consider scenarios where 𝑥 − 𝑦 coupling is present.
The next step is to calculate the minimum scattering angle,
𝜃min [15]:

𝜃min = 2 arctan ( 𝑞2

4𝜋𝜖0

1
2𝐸kin𝑏max

) , (3)

where 𝐸kin is the kinetic energy of the particle in the ⃗𝑞𝑣 rest
frame, 𝑞 is the particle’s individual charge, assumed to be
the same for all particles of the bunch, and 𝜖0 is the vacuum
permittivity. Then, the differential Rutherford cross-section
is introduced [15]:

𝑑𝜎
𝑑Ω = ( 𝑞2

4𝜋𝜖0
)

2

( 1
4𝐸kin

)
2 1

sin4 (𝜃/2)
. (4)

Eq. (4) shows that, firstly, the differential cross-section
highly increases for small angles, which renders determinant
the choice of 𝑏max, and secondly, that the lower the energy
of the beam, the more predominant IBS is. The total cross
section is determined by integrating Eq. (4) over the solid
angle between 𝜃𝑚𝑖𝑛 and 𝜋. Finally, once the total cross
section determined and the local density in 𝑞𝑣 rest frame
(𝜌) is known, the mean free path (𝜆) can be computed as
follows:

𝜆 = 1
𝜌𝜎. (5)

Then, the average number of collisions expected is calculated
by 𝑁 = 𝑑𝑆/𝜆, where 𝑑𝑆 is the step distance obtained from
the time step (input parameter of the simulation, 𝑑𝑡), as
Eq. (6) shows:

𝑑𝑆 = 𝑑𝑡𝛽𝑐/𝛾. (6)
Being 𝛽 the relativistic factor of the particle. The division
of 𝛾 appears from changing the time step to 𝑞𝑣 rest frame,
so it is the relativistic factor corresponding to this velocity.

We then define 𝑑𝑆∗, the effective step length. Two possi-
bilities are considered:

A) Less than one collision, 𝑁 < 1. Then, 𝑑𝑆∗ is 𝑑𝑆, such
as in Eq. (6).

B) Many collisions, 𝑁 ≥ 1. Then, 𝑑𝑆∗ is 𝜆. The colli-
sion, described in the following step, is then repeated
𝑁 times.

Step 3: Collision
The last step is to compute the collisions. For each colli-

sion, two angles are extracted from random distributions:

• The azimuthal angle 𝜙, obtained from a uniform distri-
bution 𝑈(0, 2𝜋).

• The scattering angle 𝜃, obtained by the CDF inverse
method, taking as PDF the differential cross section in
Eq. (4) multiplied by sin 𝜃.

Then, a new momentum ⃗𝑝′ is computed as:
⃗𝑝′ = (| ⃗𝑝0| cos 𝜃, | ⃗𝑝0| sin 𝜃 cos 𝜙, | ⃗𝑝0| sin 𝜃 sin 𝜙) ,

where ⃗𝑝0 is the initial momentum in ⃗𝑞𝑣 rest frame. Then, the
code uses a 3D rotation to align the collision’s outcoming
direction with the momentum of the particle. Since RF-Track
tracks macroparticles, not single particles, not all particles
in a macroparticle are expected to scatter. A weight based
on the exponential distribution function and the ratio of the
mean free path and the integration distance was introduced:

𝑤 = 1 − exp (−𝑑𝑆∗

𝜆 ) , (7)

where 𝑑𝑆∗ is the distance travelled by the macroparticle in
the collision, which was discussed previously. The weight
defined in Eq. (7) is used to calculate the new momentum,
⃗𝑝𝑓, of the macroparticle, as follows:

⃗𝑝𝑓 = ⃗𝑝′𝑤 + ⃗𝑝0 (1 − 𝑤) . (8)

As mentioned in the previous step, the collision is repeated
𝑁 times, a number which depends on the ratio between 𝑑𝑠
and 𝜆. Note that 𝑁 can be a non-integer; in that case, for the
last collision, 𝑑𝑆∗ will be the decimal part multiplied by 𝜆.

Once all collisions have been computed, the final mo-
mentum in Eq. (8) is boosted back in the lab reference
frame. Finally, the momentum difference in the lab frame
is computed, Δ ⃗𝑝LAB, allowing to calculate the equivalent
force experienced by each macroparticle in the lab frame, as

⃗𝐹 = Δ ⃗𝑝LAB/𝑑𝑡. This procedure is repeated for each particle
in parallel.
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RESULTS
To test the developed method, a case in which the expected

effect of IBS is relevant was studied. The contribution of
IBS is expected to increase with the bunch charge and de-
crease with the emittance and the beam size [7], as well as
with kinetic energy, as discussed. A test case characterized
by the parameters of Table 1 was proposed. The tracking

Table 1: Beam Characteristics to Model a Favorable IBS
Case

Bunch charge 5.5 nC
Kinetic energy 10 MeV
Transversal normalized emittance (𝜖⟂) 0.1 mm
RMS of longitudinal coordinate (𝜎𝑧) 0.1 mm
RMS relative momentum spread (𝜎𝑃/𝑃) 0.1%

simulation was performed without IBS and secondly, with
IBS using different time steps, 𝑑𝑡. The results can be seen
in Fig. 1, which shows a growth of a 1.2 % in a 0.2 m long
drift in the 4D emittance due to IBS, with respect to the
stable emittance found for the non-IBS case. In addition,

Figure 1: 4D Emittance growth along a 0.2 m drift with IBS,
using different time steps, and without.

Fig. 1 proves the algorithm’s stability, as different time steps
predict almost the same emittance growth. The different
fluctuations of the curves are due to the random nature of
MC simulations; moreover, sampling in different step sizes
will also result in kicks of different strengths (such as a ran-
dom walk). However, convergence to the same result has
been observed for all the cases, with a maximum uncertainty
of around 0.0002 mm mrad along the trajectory. Figure 1
suggests that IBS affects not just the sliced energy spread but
also the emittance growth. For example, the beam charge in
Table 1, has been proposed for FCC-ee pre-injectors [16].
With such a high charge, even if the design emittances are
bigger, the effect of IBS should be studied.

To study the effect of IBS on longitudinal beam dynamics,
another case reproducing the beam conditions usually found
in FELs, described in Table 2, was performed. A similar
study was carried out, this time in a 5 m long drift. The

Table 2: Beam Characteristics Typically Found on FELs

Bunch charge 300 pC
Kinetic energy 100 MeV
Transversal normalized emittance (𝜖⟂) 50 mm
RMS of longitudinal coordinate (𝜎𝑧) 1.25 mm
RMS relative momentum spread (𝜎𝑃/𝑃) 0.02%

results can be seen in Fig. 2, proving one more time the sta-
bility of the algorithm over different time steps and showing
a SES growth of a 3 % in a 5 m long drift with respect to
the case without IBS. However, the results do not include
space-charge or MBI effects, which should be added in order
to have a complete understanding of the SES growth in FELs.

Figure 2: SES growth over a 5 m long drift, using different
time steps in IBS simulation and without IBS.

CONCLUSIONS AND FUTURE WORK
A novel hybrid-kinematic MC method for IBS simula-

tion in linear accelerators has been presented in detail. The
algorithm features a multi-particle approach where each par-
ticle collides with a set of 3D meshes, capturing the bunch
properties, including the local temperature. A test case in a
region where the IBS effect was expected to be maximum
was performed. The test showed a 1.2 % of transversal emit-
tance growth in a 0.2 m long drift due to the IBS effect alone.
Another test in a 5 m long drift replicating the usual beam
characteristics found on FELs was carried out, finding a SES
growth of 3 % caused by IBS.

The first tests of convergence over different time steps
confirmed that the implementation is accurate and stable. In
the immediate future, the code will need to be benchmarked
against theory, other codes, and experimental results. Ulti-
mately, the proposed tool will be used to study the effect of
IBS in the FCC-ee pre-injector chain, where IBS is expected
to be relevant due to the beam’s high charge and low en-
ergy; in the muon collider’s initial acceleration stage is also
needed; and in photoinjectors, like those of FELs, aiming to
find which part of the SES growth can be attributed to IBS
effects.
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