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ABSTRACT Given that quantum error correction processes are unreliable, an efficient error syndrome
extraction circuit should use fewer ancillary qubits, quantum gates, and measurements while maintaining
low circuit depth, to minimize the circuit area, roughly defined as the product of circuit depth and the
number of physical qubits. We propose to design parallel flagged syndrome extraction with shared flag qubits
for quantum stabilizer codes. Versatile parallelization techniques are employed to minimize the required
circuit area, thereby improving the error threshold and overall performance. Specifically, measurement
outcomes across multiple rounds of syndrome extraction are integrated into a lookup table decoder, enabling
parallelization of multiple stabilizer measurements with shared flag qubits. In addition, we introduce an
adaptive technique to reduce the overhead from excessive syndrome extraction. We present flag-sharing and
fully parallel schemes for the [17, 1, 5], [19, 1, 5]] Calderbank—Shor—Steane (CSS) codes and the [[5, 1, 3]]
non-CSS code, where the [[5, 1, 3]] implementation achieves the minimum known circuit area. Numerical
simulations have demonstrated improved pseudothresholds for these codes by up to an order of magnitude
compared to previous schemes in the literature.

INDEX TERMS Adaptive syndrome extraction, effective circuit area, fault-tolerant quantum
computation (FTQC), flag-sharing syndrome extraction, quantum stabilizer codes, syndrome extraction

(SE).

I. INTRODUCTION
Quantum computers have the potential to solve certain prob-
lems much more efficiently than classical computers by
leveraging the properties of quantum entanglement and par-
allel computation. However, implementing large-scale quan-
tum algorithms requires a significant number of qubits,
the fundamental units of quantum computation. Qubits are
highly susceptible to decoherence due to external environ-
mental interference, which poses a significant challenge to
reliable quantum computation [1], [2], [3], [4]. To achieve
large-scale and reliable quantum computing, it is essential
to find methods to protect qubits from the effects of deco-
herence or to develop more stable qubits. One promising
approach to address this challenge is through fault-tolerant
quantum computation (FTQC) [5], [6], [7], [8], [9], [10],
[11], [12], [13].

FTQC uses quantum error correcting codes (QEC) [11],
[14] to encode physical qubits into logical qubits, ensuring

that errors can be corrected when they occur. When the error
rate of physical gates is below a certain threshold, arbitrarily
precise quantum computation can be achieved [5], [15], [16].
However, to perform active quantum error correction, a fault-
tolerant (FT) syndrome extraction (SE) procedure is imple-
mented, which can require a substantial number of ancilla
qubits, two-qubit quantum gates, and single-qubit measure-
ments, depending on the code under consideration [17]. In
addition, because these quantum components are unreliable,
repeated SE procedures might be necessary to obtain reliable
recovery information, adding another layer of complexity to
the process. The considerable resource demands of FTQC
present a significant challenge for its implementation.
Many SE approaches have been presented, including the
Shor, Steane, and Knill procedures [6], [11], [18], which
require the preparation of specific ancillary states. For the
Steane and Knill SE procedures, FT state preparations are
typically performed in advance [19], [20]. For the Shor-style
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SE, dealing with unreliable measurements often involves
repeated measurements or using redundant syndrome
measurements [21], [22]. Another approach is flagged
SE [23], [24], [25], where a small number of ancilla qubits
are designed to detect multiple error propagation events.
This method utilizes adaptive lookup-table decoding to
achieve fault-tolerant quantum error correction (FTQEC).

A Shor-style SE approach implements redundant syn-
drome measurements in a specific sequence [26]. Recently,
adaptive SE has been shown to reduce the required mea-
surements by using information across rounds for FT error
correction [27]. Building on this, optimization tools now re-
duce SE space and time overhead, enhancing efficiency and
integrating well with flagged SE methods [28]. In addition,
a lookup table decoder has been introduced, allowing some
stabilizers to be skipped if they commute with errors indi-
cated by certain flagged qubits [29], [30].

It is crucial to reduce the resources required in flagged
FTQC. Reichardt [31] designed an SE circuit for the [7, 1, 3]
code that utilizes measurement qubits as flag qubits, enabling
simultaneous measurement of multiple stabilizers and re-
ducing circuit depth. Liou and Lai [32] introduced parallel
SE circuits with shared flag qubits, which measure multi-
ple stabilizers of the same type for Calderbank—Shor—Steane
(CSS)-type stabilizer codes of distance three. Following this,
Du et al. [33] developed parallel schemes using shared flag
qubits for the [17, 1, 5] code [34] and the (6.6.6) triangular
color code with parameters [19, 1, 5] [35], based on the
decoding algorithm proposed in [25].

In this article, we propose an approach for deriving ef-
ficient SE circuits for general CSS codes by combining
two established techniques: flag sharing and parallel sta-
bilizer measurements. We investigate the combined per-
formance of these techniques under detailed circuit-level
noise models. This integrated approach reduces ancilla qubit
usage through flag sharing, improves scheduling through
generalized error syndrome analysis, and achieves lower
circuit depth through various circuit constructions involv-
ing parallel measurements. To evaluate the practical effi-
ciency of these circuits, we define the notion of effective
circuit area, measured by the total number of two-qubit
gates, ancilla preparations, measurements, and idle qubits
in the circuit, scaled by their relative error rates. An SE
circuit with a low effective circuit area is expected to offer
improved fault tolerance and higher thresholds in realistic
implementations.

Achieving good parallelism in SE to minimize the number
of idle qubits can effectively reduce the effective circuit area.
Traditional flag schemes utilize serial SE circuits to measure
all the stabilizer generators [24], [25], [29]. We show that
these multiple SE stages in the serial scheme can be paral-
lelized by interleaving the controlled-NOT (cNOT) gates in
their order on the data qubits, thus enabling depth reduction.
Therefore, a serial flagged SE scheme for stabilizers of the
same type implies the existence of a corresponding fully
parallel flagged SE scheme. By carefully adjusting the order
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FIGURE 1. Versatile SE schemes for the [19, 1, 5] code are illustrated.
(a) Serial 17 scheme. (b) Fully parallel 1 scheme. (c) Sequential [3 3 3]
flag-sharing scheme. (d) Sequential [2; 2; 2; 1; 1; 1] flag-sharing scheme.
The symbol 1 is understood as an all-ones column vector of appropriate
dimension.

of the two-qubit gates, it is possible to obtain an SE scheme
with small circuit depth.

Using the technique of flag sharing can reduce the number
of ancilla qubits and measurements at the cost of additional
two-qubit gates and potentially more idle qubits. We provide
design criteria for determining whether some stabilizer SE
circuits can be merged using shared flags. Moreover, we
show that a sequential flag-sharing SE scheme also implies
the existence of a corresponding fully parallel version. When
the measurement error rate dominates, it is preferable to re-
duce the number of measurements by using fewer flag qubits
in SE.

Overall, versatile SE schemes for a given CSS code can
be derived by grouping stabilizer measurements into blocks
with shared flag qubits. These blocks may be executed either
in parallel or sequentially. The details of these schemes will
be introduced in Section III. We provide examples for the
[17,1,5] and [19, 1, 5] codes, featuring low effective cir-
cuit areas. For instance, Fig. 1 illustrates four SE schemes for
the [[19, 1, 5] code, where each scheme is associated with a
matrix. Since the [19, 1, 5] code has stabilizers of weight 6,
a flagged SE using two flag qubits has a depth of 10. Both the
fully parallel scheme in Fig. 1(b) and the flag-sharing scheme
in Fig. 1(d) have been optimized to have a circuit depth of 10
for measuring the entire set of Z (X) stabilizers.

Extending the aforementioned results to non-CSS codes is
more challenging since an SE stage of a stabilizer involves
both X and Z components, leading to intricate error propaga-
tion events. However, we propose versatile sequential flag-
sharing SE schemes for the [[5, 1, 3]] code, utilizing its cyclic
structure [36].

In flagged FT QEC, error recovery is performed based
on the error syndromes obtained from multiple rounds of
SE. Typically, O(d) (roughly between d and 2d) rounds of
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flagged or raw SE are sufficient for FT SE of a quantum code
with distance d. However, by carefully analyzing the error
correction decision tree [25], [37], it is possible to use fewer
than d rounds of SE. In Section V-D, we illustrate that, for
the cases considered, d — 1 rounds are sufficient to perform
FT SE. We use all measurement outcomes—of syndrome
and flag qubits—to increase the number of distinguishable
errors compared to a standard lookup-table-based approach.
This effectively expands the syndrome space, allowing us to
define a generalized error syndrome and construct a unified
lookup table that incorporates both types of auxiliary qubit
measurements. This approach has the potential to reduce the
depth of SE schemes and simplify the lookup-table decoding
process, which may assist in identifying circuits with smaller
depths for the aforementioned codes.

We further propose an adaptive SE method tailored to
reduce the overhead in the final stage of raw SE. The se-
quential flag measurement approach to handle high-weight
error propagation events is initially introduced in [29], but it
did not provide a generalized algorithmic framework. Then,
a systematic algorithm for identifying stabilizer reduction
opportunities during measurements was developed in [30].
Alternative methods, such as sequential Shor-style measure-
ments [26], [27], dynamically adjust the number of required
stabilizer measurements based on detected error locations.
While Delfosse and Reichardt [26] focused on the theoret-
ical framework, Tansuwannont et al. [27] supported it with
experimental validation through simulation studies.

While previous approaches [26], [27], [29], [30] were ap-
plicable to sequential SE, where syndrome bits are generated
sequentially, they cannot be directly applied to parallel SE, in
which multiple syndrome bits are generated simultaneously.
In particular, in our parallel SE schemes with shared flag
qubits, the ordering of CNOT gates is crucial to enable parallel
SE. However, it is not necessarily possible to further revise
these schemes into adaptive schemes.

Building on insights from previous works and extending
our SE schemes, we integrate adaptive SE techniques within
a parallelized framework. Specifically, in the final round of
raw SE, we can select a subset of stabilizers that yield syn-
dromes capable of distinguishing errors that produced iden-
tical syndromes in earlier rounds, thus eliminating the need
for stage-by-stage adaptation. This approach is particularly
beneficial for FT designs with code distances greater than 3,
which typically rely on multiround measurements. The key
insight is that complete measurements are not required in ev-
ery round, allowing for more efficient adaptive measurement
strategies.

Adaptive schemes can improve performance by reducing
the total number of measurements, especially in scenarios
with low idle and measurement error rates.

Computer simulations on the various schemes are con-
ducted under different error rate scenarios. Our results show
that both our flag-sharing and fully parallel schemes out-
perform known schemes in the literature. The resources re-
quired for various schemes and their effective circuit areas

VOLUME 6, 2025

are summarized in Table 2. Our simulations suggest that
the performance of an SE scheme is closely related to its
effective circuit area. While one might expect a fully parallel
scheme to perform better due to minimized circuit depth
and no additional two-qubit gates between different stabilizer
measurements, our flag-sharing schemes demonstrate com-
petitive or superior performances due to their lower effective
circuit areas.

Using our schemes incorporating the aforementioned tech-
niques, the [[17, 1, 5] and [[19, 1, 5] codes achieve pseu-
dothresholds of 9 x 107 and 2 x 107, respectively, un-
der a standard error model where all components have the
same error rates. These results outperform known schemes
in the literature [25], [33]. In addition, our decision trees
for distance-3 and distance-5 codes exhibit shorter depths
compared to those presented in [25].

In particular, the pseudothresholds of the flag-sharing and
fully parallel schemes for the [[5, 1, 3] code are about 5 x
10~*, assuming that all components have the same error
rate. This makes the [[5, 1, 3] code a competitive candi-
date for near-term experiments compared to the [[7, 1, 3] or
[[9, 1, 3] codes, as the [[5, 1, 3] code requires fewer qubits
in total [38], [39], [40]. We also present simulations for
various ratios of idle qubit fault to gate fault and mea-
surement fault to gate fault, providing guidance on select-
ing the optimal scheme from the combinations of different
techniques.

Recent experiments in quantum computing with atom ar-
rays have focused on achieving parallel execution of entan-
gling gates across multiple qubits. Evered et al. [41] demon-
strated a neutral-atom-based quantum computer capable of
high-fidelity entangling operations on multiple qubit pairs si-
multaneously. Bluvstein et al. [42] developed a logical quan-
tum processor using reconfigurable atom arrays, enabling
concurrent manipulation of multiple atoms with parallel con-
trol laser beams.

Google Quantum AI’s studies on superconducting quan-
tum systems [43], [44] have marked significant progress in
FT computing, achieving logical error suppression through
surface code implementations. These studies also identified
critical error sources, including crosstalk and leakage, as key
factors in enhancing scalability and system robustness. In
the context of ion-trap platforms, Ryan-Anderson et al. [45]
presented a real-time FTQEC scheme using a trapped-ion
quantum processor. Employing the [[7, 1, 3] color code, they
encoded a single logical qubit into ten physical qubits and
demonstrated repeated QEC cycles with real-time decoding
and correction. The system maintained logical coherence
through adaptive SE and Pauli frame tracking, establishing
key operational benchmarks for scalable FTQC. Hilder et al.
[46] also showcased FT parity readout on a shuttling-based
trapped-ion quantum computer, highlighting scalable error
correction protocols and robust logical qubit performance.
HeuBen et al. [37] investigated strategies for designing FT
circuits under realistic noise models in static ion chains,
providing insights into the feasibility and performance
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tradeoffs of circuit-level FT schemes
implementations.

By leveraging parallel processing capabilities, our parallel
SE technique aligns well with these recent advancements,
offering complementary benefits for near-term quantum
technologies.

The rest of this article is organized as follows. In Sec-
tion II, we introduce the notion of FTQC and flagged SE.
Moving on to Section III, we propose versatile SE schemes
for CSS codes, using the [17, 1, 5] code as an illustration. In
Section IV, we propose versatile SE schemes for the [[5, 1, 3]]
non-CSS code. The QEC procedures for codes with distance
3 or 5 are discussed in Section V. Simulation results on
the various SE schemes and their analysis are presented in
Section VI. Finally, Section VII concludes this article.

in practical

Il. STABILIZER CODES AND FT FLAGGED SE

A. STABILIZER CODES

We consider quantum computation with qubits using
the computational basis {|0),|1)}. The Pauli matrices

10 01 0—i 10
= (o01)- %= (o) 7= (07 ) 2= (5 )
form a basis for the linear operators on a single-qubit state
space. Similarly, the collection of the n-fold tensor product
of the Pauli matrices forms a basis for the linear operators
on the n-qubit state space. For simplicity, let X; denote the
operator consisting of a Pauli matrix X on the ith qubit and
identities on the other qubits. Z; and Y; are similarly defined.
In addition, we may omit the tensor product symbol.
Thus, an n-fold Pauli operator can be represented by its
nonidentity components. For instance, X QY ® Z QI QI
will be represented as X;Y,Z3. Moreover, we may use the
notation X7, where 7 is a set of positions, to indicate that
an X is applied to each qubit in 7. For example, Xj 3
represents X;X>X3. The weight of an n-fold Pauli operator
indicates the number of nonidentity elements it contains.

We consider quantum errors that are Pauli errors. Let S be
an abelian subgroup of the n-fold Pauli operators with appro-
priate phases. Suppose that S has n — k independent genera-
tors g1, ..., &—k. Then, it defines a [[5, 1, 3] stabilizer code
C(S), which is a 2%-dimensional subspace of the n-qubit state
space that is fixed by S. Thus, S is called a stabilizer group
and the operators in S are called stabilizers. Any nonidentity
n-fold Pauli operators of weight less than d must either be
in the stabilizer group or anticommute with some stabiliz-
ers [9]. Two Pauli operators either commute or anticommute
with each other. The error syndrome of a Pauli error £ with
respect to the n — k stabilizer generators g; € S is a binary
string of length n — k, whose ith bit is 1 if £ anticommutes
with g;, and 0, otherwise. The error syndrome of an error
describes its commutation relations with the stabilizer gen-
erators. A code of distance d is capable of correcting Ld%lj
errors.

Since we are working with binary error syndromes, it is
convenient to define the binary measurement outcome b €
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{0, 1} for single-qubit X - or Z-basis measurements. Here, the
measurement outcome b corresponds to the observed eigen-
value (—1 )b of the X- or Z-operator.

A Pauli operator consisting entirely of X or Z matrices is
said to be of X- or Z-type, respectively. A CSS code [47],
[48] is a stabilizer code with some stabilizer generators of
X-type and others of Z-type.

B. FT QUANTUM COMPUTATION

A quantum circuit comprises fundamental single-qubit and
two-qubit quantum gates, along with state preparations and
measurements. We will focus on qubit measurements in the
X or Z basis, as well as the controlled-phase (cz) gate and
CNOT gate.

Errors in a quantum circuit can arise from imperfect quan-
tum gates, idling qubit locations, noisy qubit measurements,
and imperfect ancillary state preparation. Each of these
sources will be referred to as a location. Let CNOT; » =
|0) (0] ® I 4+ |1) (1| ® X, where the first and second qubits
are called the control and target qubits, respectively.
Similarly, let CZ;, = |00) (00| + [01) (O1] 4 |10) (10| —
[11) (11|. Then, we have CNOT;»X; = X1 X,CNOT] »,
CNOT1’2Z2 = leQCNOTLg, CZL2X1 = X122CZL2, and
CZ2X, = Z1XoCZ, 5. As aresult, a single-qubit Pauli error
occurring in one of the qubits involved in a CNOT or cz gate
may propagate to the other qubit.

In our theoretical analysis, we assume that each quantum
gate, qubit state preparation, and qubit measurement take the
same unit of time, though this may not hold true in physical
implementations. A location fault denotes an event that a
Pauli error occurs after a perfect single-qubit gate, two-qubit
gate, ancilla preparation, an idle qubit location, or before a
perfect qubit measurement in a circuit. The gate and error
models considered in this article are defined as follows.

1) Gate faults: Independent depolarizing errors with rate
p are introduced after perfect quantum gates in the
circuit.

a) Following each cNOT or cz gate, one of the 15
nonidentity two-qubit Pauli operators is applied
with probability p/15.

b) Ancillary state preparations (|0), |1)) are cor-
rupted by X errors with probability 2p/3, and
(|4), |—)) are corrupted by Z errors with
probability 2p/3.

2) Idle qubit location faults: 1dle qubits are subject to
depolarizing errors with rate y p, where 0 < y < 1.

3) Measurement faults: Independent depolarizing errors
with rate Bp are introduced before measurements,
where f could be larger than 1.

We consider an FTQC scheme built upon a quantum code
with distance d, aiming to correct up to t = L%J location
faults in a round of error correction. This approach achieves
a logical error rate of O(p’“). While s < ¢ location faults
occur with probability O(p®), these faults can—in a non-
FT circuit—Ilead to uncorrectable Pauli errors with weight
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greater than ¢. Specifically, we focus on the SE process in an (a) ®)
FTQC scheme, which involves the interaction of data qubits B S
of the quantum codeword with additional ancillary qubits for
syndrome measurements, using CNOT and Cz gates. T T
If w location faults occur in a circuit, while the other a Y b Y
|+ @ I+) @

locations remain noiseless, this is referred to as a w-fault
event. If the evolution of a one-fault event results in a Pauli
error of weight higher than one on the data qubits, this event
is considered a high-weight error propagation event.

Definition 1 (FT Error Correction [15], [49]): An error
correction protocol is ¢-FT if the following two conditions
are both satisfied.

1) For any input codeword with a Pauli error of weight e,
if ep faults occur during the protocol with e; + ex <
t, then the output state is correctable using perfect
decoding.

2) If elocation faults occur during the protocol withe < ¢,
regardless of the error in the input state, the output state
will differ from any valid codeword by a Pauli error of
at most weight e.

For nonadaptive SE procedures, a round of SE refers to a
sequence of stages in a circuit designed to measure a com-
plete set of stabilizer generators, where each stage extracts
the error syndrome bits of one or more stabilizers. Since
imperfect gates are used for SE, the syndrome measurement
outcomes are not always reliable, and multiple rounds of SE
are typically required to ensure that reliable error information
can be extracted with high probability.

For a stabilizer code with minimum distance d, a total of
L = O(d) rounds of SE are sufficient to achieve FT SE [50],
[51], [52]. However, unnecessary stabilizer measurements in
around of SE can be eliminated, leading to adaptive SE pro-
cedures. The collection of all measurement outcomes from
more than one rounds of SE is referred to as a generalized
error syndrome.

To perform error correction based on a given generalized
error syndrome, one would like to find the most probable
error event matching the syndrome. One approach is to con-
struct a lookup table consisting of pairs of error syndromes
and corresponding error operators for error recovery on the
data qubits.

Definition 2: Two fault events are said to be degenerate if
they generate the same residual Pauli errors on the data qubits
up to a stabilizer.

Consequently, there is no need to distinguish between
degenerate error events.

If two fault events are not degenerate, they should be
treated differently. Furthermore, if two nondegenerate fault
events produce the same generalized error syndrome, the
resulting errors become indistinguishable, rendering error
correction infeasible. Hence, for a set of nondegenerate fault
events to be correctable, they must be distinguishable. This
leads to the following proposition.

Proposition 1: An SE procedure for a code with min-
imum distance d is FT if any w-fault event, with 1 <
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FIGURE 2. SE circuits for measuring a stabilizer X;Z,Z5X,. (a) Raw SE
circuit. (b) Flagged syndrome extract circuit. The ancilla qubit initialized
in |0) is a flag qubit. The blue part includes a pair of cNoT gates used to
detect whether a high-weight error propagation event has occurred.

w < Ld—glj, has a unique generalized error syndrome up to
degeneracy.

This implies that for any two correctable error patterns,
their respective syndromes are distinct and distinguishable.
If two error patterns were to produce the same syndrome, the
errors would become indistinguishable, making error correc-
tion infeasible.

Since single-qubit and two-qubit gates dominate a quan-
tum circuit, we adopt the following definition of error thresh-
old with respect to the gate error rate.

Definition 3: The error threshold of a procedure is the
value at which, if the physical gate error rate is below this
threshold, the logical error rate of the procedure will be lower
than the physical gate error rate.

To implement an FT quantum memory, the threshold of
an FT error correction procedure is estimated. When imple-
menting an FT logical cNOT gate across two logical code-
words for a CSS code, this typically involves transversal
cNoT gates along with four FT error correction procedures:
two for the two codewords before the cNOT gates and two for
the two codewords after the CNOT gates. As a result, the error
threshold for implementing an FT logical cNOT gate can be
estimated to be four times higher than that for implementing
an FT quantum memory. For simplicity, we focus on simulat-
ing the estimation of the threshold for FT quantum memory.

C. FT SE WITH FLAG QUBITS
An SE circuit is used to determine the error syndrome of an
occurred error. Fig. 2(a) illustrates an SE circuit for measur-
ing the Pauli operator X|Z,Z3 X4 on four data qubits, using an
ancillary qubit in |4). This ancillary qubit is called a mea-
surement qubit, and the measurement outcome corresponds
to the syndrome bit associated with X;Z>Z3X,. This circuit
accurately extracts the syndrome bit, assuming no gate or
measurement errors. However, when a Pauli X error occurs
at location a in Fig. 2(a), it propagates through a cz and a
CNOT gates, leaving a weight-2 error Z3X,4 on the data qubits.
This constitutes a high-weight error propagation event that
may require additional attention.

On the contrary, the circuit in Fig. 2(b) introduces an
ancillary qubit initialized to |0), referred to as a flag qubit
(highlighted in blue), and includes an additional pair of cNOT
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FIGURE 3. (a) Weight-4, (b) weight-6, and (c) weight-8 SE circuits using one, two, and three flag qubits, respectively. The measurement outcomes on the

measurement qubits and flag qubits are denoted by m; and f;, respectively.

® 14

FIGURE 4. Various SE schemes for the [17, 1, 5] code are illustrated. (a)
Serial [1 11111 1 1] SE scheme. (b) Fully parallel [1; 1; 1; 1; 1; 1; 1; 1]
scheme. (c) Sequential [4 4] flag-sharing scheme. (d) Sequential

[2; 2; 2; 1; 1] flag-sharing scheme. A pair of a blue box and an orange
box denote a stage of SE. The height of the blue box represents the
number of data qubits of the code, and the height of the orange region
indicates the number of ancilla qubits required. The width of the blue
box indicates the circuit depth. Measurements and state preparations
are not shown in these illustrations. Note that raw SE is not included in
this figure.

gates. When a Pauli X error occurs at location b, the measure-
ment outcome on the flag qubit will be one, signaling a high-
weight error propagation event [23], [24]. In this scenario, the
occurrence of a high-weight error propagation event triggers
the flag qubit, causing the flag to be raised. The circuit in
Fig. 2(b) is termed a flagged SE circuit, while the circuit in
Fig. 2(a) is termed an raw SE circuit.

For stabilizers of higher weight, additional flag qubits
might be required for signaling high-weight error propaga-
tion events [25], [53]. A traditional flagged SE circuit [23],
[24], [25] can be constructed by connecting a CNOT gate from
the measurement qubit to a flag qubit after each cNOT gate
from the data qubit to the measurement qubit. Fig. 3 illus-
trates the SE circuits for Z-type stabilizers of weights 4, 6,
and 8, respectively, using one, two, and three flag qubits [25].
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FIGURE 5. SE circuits for two weight-4 Z-type stabilizers. (a) Serial
scheme. (b) Parallel scheme.

An SE circuit for a weight-w stabilizer will be referred to as
a weight-w SE circuit.

In general, the number of flag qubits required in a flagged
SE circuit depends on both the stabilizer weight-w and the
code distance-d. For example, in the case of d = 3, O(log w)
flag qubits are sufficient [54]. For d = 5, up to O(w) flag
qubits may be required [25]. More generally, to detect high-
weight error propagation events in circuits designed for
larger code distances, the number of flag qubits may scale
as O(f(d, w)), where f(d, w) reflects a joint dependence on
both the stabilizer weight and the code distance [53].

In traditional flagged SE schemes, multiple rounds of SE
are performed, and a decision tree is constructed with a
lookup table at each leaf (cf. Figs. 11 and 12). Routing on the
decision tree depends on the outcomes of the measurement
qubits and flag qubits. A lookup table is a precomputed one-
to-one function that outputs a correction operator on input an
error syndrome from a complete (raw) SE circuit. Multiple
lookup tables of potential errors can be constructed based

VOLUME 6, 2025



Liou and Lai: REDUCING QUANTUM ERROR CORRECTION OVERHEAD

@IEEE Transactions on,
uantumEngineering

on the flag outcomes. However, the outcomes on the mea-
surement qubits are often disregarded when some flag qubits
rises in the same round of SE. Thus, we have the following
proposition.

Proposition 2: In flagged SE, the outcomes of the mea-
surement qubits and flag qubits in L rounds of flagged or raw
SE can be collected to infer the most likely residual error on
the data qubits.

Using additional error information from the measurement
qubits helps design an SE circuit with a unique generalized
error syndrome for each target error event. This technique
is critical for our construction of flag-sharing schemes with
shorter circuit depths later.

We defer the discussion of Proposition 2 to Section V-B,
where we illustrate its utility using the example of the
[[5, 1, 3] code for clarity and simplicity.

In flagged SE, typically between d and 2d rounds of
flagged or raw SE are sufficient for FT SE. By carefully
examining the error correction decision tree, it is possible to
use fewer than d rounds of SE on average, as we will show
in Section V.

IIl. VERSATILE SE SCHEMES FOR CSS CODES
For a given independent set of stabilizer generators, the sem-
inal flagged FTQC scheme adopts a serial implementation
of SE, as illustrated in Fig. 3 [23], [24], which reduces the
number of ancillary qubits required for FT SE. It is possible
to extract multiple syndromes simultaneously using shared
flag qubits [31], [32], [33], thus reducing the depth of SE.

To design a practically useful FT SE scheme, it is im-
portant to minimize sources of errors and keep these errors
under control to achieve a good error threshold. We define
the notion of circuit area as follows:

Definition 4: The effective circuit area of an SE circuit for
a quantum code is defined as

1.6ng + np + Bnm + yn;

where ng, 1y, 1y, and n; are the numbers of two-qubit gates,
ancilla preparations, measurements, and idle qubits in C,
respectively.

Since there are 15 possible nonidentity cNOT faults, six of
which result in a weight-1 error and nine of which resultin a
weight-2 error, we set the coefficient of ng to 1 x 1—65 +2x
% = L6.

All other single-qubit gates produce only weight-1 errors,
so their coefficients are set to 1.

Intuitively, an SE circuit with a low effective circuit area
might have a better error threshold, as reducing the effective
circuit area decreases the potential sources of error. When
the idle qubit error rate is high, the error threshold degrades
significantly. Therefore, achieving good parallelism in SE to
minimize the number of idle qubit locations might be desir-
able. Moreover, when the measurement error rate dominates,
it might be preferable to reduce the number of measurements
by using fewer flag qubits in SE.
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In this section, we propose versatile SE circuits to reduce
the effective circuit area. These circuits are categorized into
three types: 1) serial SE; 2) fully parallel SE; and 3) sequen-
tial flag-sharing SE.

Roughly speaking, an SE scheme can be associated with
an integer matrix M, whose (i, j)th entry M; ; denotes that
M; ; stabilizers are simultaneously measured using the ith set
of flag qubits at stage j. The sum s = Zi,jMi,j equals the
total number of stabilizers to be measured. By considering
M; ; as an integer partition of s, versatile SE circuits can
be designed. (For example, Fig. 5(a) is denoted as a [11]
scheme, while Fig. 5(b) is a [2] scheme.)

To illustrate the concepts, we first use the [17, 1, 5] code
as an example, which is defined with stabilizers

81 =21 2p 7374
83 = 252797y

82 = 21237576
84 =Z7123Z11Zy
85 = ZoZ10Z13Z14
871 = Z3Z12Z16Z17
89 = X1XoX3X4

86 = Z11Z12Z15Z16

88 = Z3Z4ZeZ7Z10Z11 Z14Z15
810 = X1X3X5Xe

811 = X5X6XoXi0 812 = X7XgX11X12
813 = XoX10X13X14

815 = XgX12X16X17

g14 = X11 X12X15X16

816 = X3X4XcX7X10X11X14X15
(D

and logical operators
7 =27z%". 2

Since g1, ..., gs are of Z-type and go, . . ., g1 are of X-type
and they are equivalent up to a Hadamard transform, we
focus on the design of SE for Z-type stabilizers.

Four SE schemes for the [17, 1, 5] code are presented in
Fig. 4, excluding raw SE. We will explore these approaches
in the following sections.

A. SERIAL SE

A traditional flag scheme utilizes a serial SE circuit to mea-
sure all the stabilizer generators [24], [25], [29], which is
referred to as a 17 scheme. This approach helps reduce the
number of ancillary qubits and measurements.

In the following calculation, we assume that for codes
with d =5, %w flag qubits are required for each stabilizer
of weight w, as suggested in [54]. For an n-qubit code with
s stabilizer generators of mean weight w, a stage of SE
circuit is of depth w + 2(%w) = 2w. Consequently, the 17
scheme involves roughly 2ws cNOT gates, (s + %ws) state
preparations, (s + %ws) measurements, and 15—6su)(n + % +
1) — 5w idle qubits.

Thus, the effective circuit area is approximately

LY
N IOSU) S 2SU)
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16 16 1 { 3
y(ssw 5sw(n+2w+ )) 3)
Further details are provided in Appendix A.

For the [17, 1, 5] code, seven of the Z-type stabilizers
have weight 4, while the remaining one has weight 8. Thus,
we havea[l 111111 1] scheme, as shown in Fig. 4(a),
where the first seven stages follow from Fig. 3(a) and the last
stage is from Fig. 3(c).

This scheme introduces many idle qubits, making it suit-
able for scenarios with a low idle qubit error rate.

B. FULLY PARALLEL SE

In order to reduce the number of idle qubits, we propose a
fully parallel SE scheme, denoted as the 1 scheme, which
transforms the sequential 17 SE scheme into a parallel im-
plementation with all of its flag qubits, without sharing any
flag qubits.

Two stages of SE circuits in a 17 scheme can be par-
allelized by interleaving their gates, enabling simultaneous
execution of operations as shown in Fig. 5.

Lemma 1: Suppose that a quantum code allows for FT SE
of r Z-type (or X-type) stabilizers using a serial flagged SE
scheme with L rounds of SE. Then, the r stages of SE in the
serial scheme can be parallelized by interleaving the CNOTs
in their order on the data qubits.

Proof: Consider a code of distance d and t = Ld%lj.

Let us consider each 1-fault event in the 1 scheme, which
has a corresponding 1-fault event in the original 17 scheme.
Such an example is shown in Fig. 5(a) and (b).

An important observation is that in the flagged SE circuit
in Fig. 3, a state preparation or measurement fault will not
propagate. Only the one-fault events leaving a Z error on the
measurement qubit will propagate back to the data qubits,
triggering only the following X measurement qubits but no
flag qubits. Now, if we interleave the SE circuits, as shown
in Fig. 5(b), we obtain a similar result where a state prepa-
ration or measurement fault will not propagate. Thus, a state
preparation or measurement fault in the 1 scheme will have
the same generalized error syndrome as its corresponding
one-fault event in the original 17 scheme.

Now, consider a one-fault high-weight error propagation
event in the 1 scheme, which triggers some flag qubits and
propagates some Z errors into the data qubits. Again, these
Z errors on the data qubits will trigger only the following
X measurement qubits but no flag qubits. It can be observed
that a corresponding one-fault high-weight error propagation
event in the 17 scheme will trigger corresponding flag qubits
and propagate the same Z errors to the data qubits. Thus,
these two one-fault high-weight error propagation events will
have the same generalized error syndrome. Such an example
is shown in Fig. 5.

By the assumption that the 17 scheme is FT, any ¢-fault
event has a unique generalized error syndrome. Therefore,
the 1 scheme is FT. O

3101524

By interleaving the cNOTs in their order on the data qubits,
we can ensure the proper functionality of the SE scheme.
Note that we do not claim that a fully parallel scheme has
the same depth as a single stabilizer measurement.

More generally, we have the following corollary.

Corollary 1: Given an FT 17 SE scheme for s Z-type (or
X-type) stabilizers, one can derive an M SE scheme for any
binary matrix M such that |, jMi j = s.In particular, an FT

17 SE scheme can be transformed into a 1 SE scheme while
maintaining fault tolerance.

It is straightforward to see that a 1 scheme would have the
lowest circuit depth and possibly the lowest effective circuit
area among possible binary matrices M with Zi’ iMij=s.
We will focus on this variation in the following discussion.

Remark 1: The circuit depth of the 1 scheme is not nec-
essarily the depth of its longest stage. This is because the
cNot order for each data qubit is preserved as in the original
17 scheme in the described procedure. One may reorder the
cNoOTs to reduce the circuit depth, but it is essential to ensure
that any n-fault event has its unique generalized error syn-
drome. Consequently, it is important to include the outcomes
of the measurement qubits as a part of the generalized error
syndrome by Proposition 2. (See Section V-B for a detailed
discussion on the [[5, 1, 3] code.)

Consider r stabilizers of mean weight w, with the highest
weight being 2w. Assuming that the circuit depth is 3w,
the effective circuit area is about (r + 25—4 w + %rw) + B(r+
rw) —y(Bw — Ew@+r+ frw)).

If r = 5/2, the effective circuit area of two 1 SE schemes
for Z- and X -type stabilizers is about

+48 +1 + +1
s 5u) 2sw Bls 2sw

48 48 +1+1 @
v lgw-gwlntgstsw)).

A detailed derivation of (4) is provided in Appendix B. For
y =0and g = 1, (3) and (4) are similar. Aty = 8 = 1, the
dominant terms in (3) and (4) are ]5—65w(n + %w + 1) and
%w(n + 5 + 1), respectively. The second term is smaller
than the first whens >4 and w <n — 2.

Thus, when sufficient ancillary qubits are available, the 1
scheme may have a smaller effective circuit area than the 17
scheme if at least four stabilizers are measured simultane-
ously. This observation is further supported in the simulation
section.

Forthe [17, 1, 5] code, we adopt the 17 SE scheme for the
Z-type stabilizers in (1) to construct a 1 SE scheme, as shown
in Fig. 4(b). By Lemma 1, we can directly parallelize the 17
SE scheme to generate the 1 SE scheme. The detailed circuit
of Fig. 4(b) is depicted in Fig. 21 in Appendix C, where the
circuit depth is 14, which is the same as the length of the
longest stage in the 17 scheme. The flagged SE circuit for
the weight-8 Z-type stabilizer dominates the circuit depth,
which is 14 according to Fig. 3. There are ten flag qubits in
total, of which seven are for the seven weight-4 stabilizers.
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n—1

FIGURE 6. Parallel flagged SE circuit with r stabilizers sharing one flag
qubit. This circuit extracts the syndrome g; (red), g, (blue), ..., and g,
(green). It is capable of detecting weight-1 error events through a pair of
CNoT operations between measurement qubits and the flag qubit. The
solid black lines below the diagram indicate the total number of cnoT
gates used within this interval. Ancillary state preparations and
measurements have been omitted for clarity.

C. SEQUENTIAL FLAG-SHARING SE

This section will introduce how parallelism in SE can be
achieved using versatile flag-sharing techniques, generaliz-
ing the ideas in [31], [32], and [33], to reduce the circuit depth
while conserving the number of flag qubits.

Similar to the discussion in Lemma 1, we can merge mul-
tiple stages of SE circuits in a serial scheme by flag sharing to
achieve parallelism as well. A parallel flag-sharing SE circuit
using one flag qubit for distance-3 codes is shown in Fig. 6.
However, since fewer flag qubits are used, these stages can
be merged only if any #-fault event has its unique generalized
error syndrome up to degeneracy. Thus, the number of stages
that can be merged is restricted in a flag-sharing scheme.

Consider an [[n, k, d]| code with s Z-type stabilizers. Sup-
pose that there is a serial SE scheme of s stages for the Z-type
stabilizers gi, ..., gs. It is possible to design a sequential
[riry - -+ re¢] SE scheme for s stabilizers of Z-type, where
r; stabilizers are measured using a set of flag qubits at stage
iand ), r; = s. By ensuring that any r-fault event in an SE
procedure has its unique generalized error syndrome, we can
achieve a ¢-FT SE procedure. Following a similar idea, a
[4 4] SE scheme for the [[17, 1, 5] was proposed in [33],
as shown in Fig. 4(c).

Similar to the proof of Lemma 1, we have the following
lemma that transforms a general sequential flag-sharing SE
scheme into a parallel flag-sharing SE scheme.

Lemma 2: Suppose that a quantum code allows for
FT SE of r Z-type (or X-type) stabilizers using a se-
rial [r;rp --- r¢] SE scheme with L rounds of SE. Then,
this [ryr --- ry] SE scheme can be transformed into
an [ry; rp; ---; r¢] SE scheme while maintaining fault
tolerance.

Remark 2: Again, the circuit depth of the [ry; r;

-5 r¢] scheme is not necessarily the depth of its longest
stage due to the constrained cNOT order on each data qubit
in the described procedure, as mentioned in Remark 1.
One may try to reorder the cNoOTs to reduce the circuit
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FIGURE 7. Various SE schemes for the [5, 1, 3] code are illustrated. (a)
Serial [1 1 1 1] SE scheme. (b) Fully parallel [1; 1; 1; 1] scheme. (c) [2 2]

flag-sharing scheme. (d) [i] flag-sharing scheme.

depth while ensuring that any n-fault event has its unique
generalized error syndrome.

According to Lemma 2, we first construct a [222 1 1] SE
scheme for the Z-type stabilizers of the [17, 1, 5] code and
then transform it into a [2; 2; 2; 1; 1] SE scheme by Propo-
sition 2, as shown in Fig. 4(d). This scheme uses a total of 15
ancilla qubits, and the circuit depth is 14. Moreover, it has
the smallest effective area among the SE schemes in Fig. 4.
The details are provided in Fig. 22 in Appendix C.

IV. VERSATILE SE SCHEMES FOR NON-CSS CODES

In the previous section, we studied various SE schemes for
CSS codes. Extending those results to non-CSS codes is
more challenging since an SE stage of a stabilizer may in-
volve the interleaving of multiple cNOT and cz gates, leading
to intricate error propagation events. For instance, an error
on the measurement qubit might propagate to a data qubit
through a cz (or cNOT) gate and then propagate back to
another measurement qubit through a cNOT (or cz) gate.

A. SE SCHEMES FOR THE |5, 1, 3] CODE

Nonetheless, we propose versatile SE schemes for the
[[5, 1, 3] code, as shown in Fig. 7. We consider the following
five stabilizers:

81 = X12,73X415

82 = XoZ374Xs1;

83 = X3Z4Z5X1 1

84 = X4ZsZ1 Xol3

85 = X521 25 X31,. (5)
Note that these stabilizer generators are written in the form

XZ7XI, with their labeling cyclically shifted. Measuring any
four of them one by one, as shown in Fig. 7(a), constitutes a
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FIGURE 8. Fully parallel [1; 1; 1; 1] SE scheme for the [5, 1, 3] code,
which extracts the syndrome bits of g1, g>, g3, and g,. Each color marks
an SE circuit of a stabilizer.
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FIGURE 9. [2 2] flag-sharing SE scheme for the [[5, 1, 3] code, which
extracts the syndrome bits of g; (blue) and g5 (red) in part (a), and gs
(green) and g, (yellow) in the part (b). cNors labeled from a to h are
paired to couple a measurement qubit and the flag qubit, while sharing
the same flag qubit.

[1 11 1] SE scheme. Each flag SE circuit stage is of depth 6
and uses two ancilla qubits.

Similar to Corollary 1, we can construct a fully parallel [1;
1; 1; 1] scheme for the [[5, 1, 3] code, as shown in Fig. 7(b),
and the details shown in Fig. 8. This [1; 1; 1; 1] scheme has
the smallest circuit depth of 6, but uses a total eight ancilla
qubits, of which four are flag qubits. A key observation is that
the [5, 1, 3] code is a cyclic code with stabilizer generators
given in (5). When these five stabilizers are arranged as a
5 x 5 matrix, it becomes apparent that each column con-
tains the same type of entry—X, Z, or [—but with distinct
qubit numbers. As a result, we can organize all cNOTS or all
czs at each step of the circuit, as demonstrated in Fig. 8.
In addition, a high-weight error propagation event will not
propagate further. Specifically, the preexisting high-weight
error propagation events from the nonparallelized circuit do
not generate additional high-weight error propagation events
after parallelization.

Building upon our previously proposed flag-sharing
scheme [32], two stabilizers can be simultaneously measured
using three ancilla qubits, with one being a shared flag qubit,
resulting in a [2 2] structure as shown in Fig. 7(c), and the
details shown in Fig. 9. While the depth of each SE circuit
stage increases to 7, the total circuit depth decreases to 14,
compared to the circuit depth of 24 in the serial [1 1 1 1]
scheme.
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FIGURE 10. [g] SE scheme for the [5, 1, 3] code, which extracts the

syndrome bits of g; (blue), g5 (red), gs (green), and g, (yellow) using two
flag qubits.

Following the idea of Lemma 2, we can transform the [2 2]

SE scheme into a )
where two sets of shared flag SE circuits are used to con-
currently measure four stabilizers. The details of the scheme
are provided in Fig. 10, which has the smallest effective
circuit area among the four schemes in Fig. 7, using only six
ancillary qubits and six measurements.

We remark that g1, gs, g3, and g4 are measured in the [2 2]

2j| SE scheme, as shown in Fig. 7(d),

and ; SE schemes. By leveraging the outcomes of the mea-

surement qubits when a flag rises and using the subsequent
round of complete raw SE by Proposition 2, we are able to
distinguish a broader range of errors and construct lookup

tables. Consequently, we can construct the scheme with

2
2
circuit depth 7, resulting in an effective circuit area lower
than the fully parallel [1; 1; 1; 1] scheme. However, if g1, g2,
2
) scheme
with circuit depth 8. The construction of the lookup table for

g3, and g4 are measured instead, we only find a

the ; SE scheme will be discussed in Section V-B after we

introduce the QEC procedure for the [[5, 1, 3] code.

V. QUANTUM ERROR CORRECTION WITH FLAG QUBITS
This section provides QEC procedures for codes with dis-
tances 3 or 5, with potential extensions for codes with higher
distances.

A. DECISION TREE FOR DISTANCE-3 CODES

The flagged QEC rules for a distance-three quantum code
are as follows. Initially, a complete flagged SE circuit is im-
plemented with outcomes on the measurement qubits m and
on the flag qubits f. If all measurement outcomes are zeros,
the QEC procedure stops. Otherwise, nonzero measurement
outcomes indicate the presence of a faulty event, and a com-
plete raw SE circuit is performed, yielding outcomes n'.
Error recovery is then performed based on all measurement
outcomes m, f, and m’ using a predetermined lookup table.
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‘ based on
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FIGURE 11. Decision tree for distance-3 codes. Each building block is
listed in the top box. A rounded square represents the start or end of a
procedure. A solid square represents an operation. A diamond indicates
a decision with two outcomes, where the red line denotes the “no”
event, and the blue line denotes the “yes” event. The last shape
represents external data, such as the precomputed lookup table 7B.
Note that the content of the decision block, “whether m and f are all
zeros?” should be interpreted as “Are all measurement qubit outcomes
m and flag qubit outcomes f from the current round equal to zero?”

If no flag qubits are raised (f = 0), it suggests that there
are no high-weight error propagation events, and standard
syndrome decoding proceeds based on the measured error
syndrome m’ from the complete raw SE circuit. However, if
any flag qubit is raised, a high-weight error correction is cho-
sen after obtaining m’. This is done by exhaustively enumer-
ating the one-fault events and ensuring that they have distinct
generalized error syndromes up to degeneracy. Therefore, we
can construct a lookup table indexed by m, f, and m'.

Fig. 11 depicts the decision tree for distance-3 codes.

B. CONSTRUCTING THE LOOKUP TABLE FOR THE [2; 2]
SE SCHEME FOR THE |5, 1, 3] CODE
In this section, we demonstrate how to construct lookup ta-

bles for flagged SE schemes, using the B] scheme for the

[[5, 1, 3] code as an example. We will illustrate the effects
of generalized error syndromes by utilizing the outcomes
of measurement qubits and flag qubits, as suggested by
Proposition 2.

Let us focus on the |:2i| SE scheme in Fig. 10. Let

2
misss = mymsmzmy € {0, 1}* and f = f1 f> € {0, 1}* be the
measurement outcomes on the measurement qubits and flag

qubits in a SE circuit. Let m) 5, = m)msmim;, € {0, 14

2
2
be the measurement outcomes of a complete raw SE circuits
of stabilizers g1, g5, g3, and g4.
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Consider Fig. 10. The cNnoT and cz gates labeled by the
uppercase letters A—H and lowercase letters a—h indicate pos-
sible locations, where one-fault events may trigger flag qubits
and generate high-weight error propagation events. Since the
SE circuit for the [, 1, 3] code has both cNOT and cz gates,
both X and Z errors will propagate through the circuit. Thus,
we need to account for the effects of Y errors. We consider
the following errors (which are applied to the qubits in the
order they appear in the circuit, from top to bottom):

1) A-H: IX, XX, ZX,YX,1Y,XY,ZY,YY;
2) abe f:XI,XX,YI,YX;
3) e,d g h:XZ,XY,YZ YY.

We have identified a total of 96 high-weight error propa-
gation events. For the lookup table to be effective, each high-
weight error propagation event needs to have a unique syn-
drome, considering degeneracy. A traditional flagged QEC
(cf. [32, Algorithm 1]) using the outcomes of the flag qubits
(f) and a complete raw SE (m’) would generate at most 22+4
distinct syndromes, which is insufficient.

By leveraging Proposition 2, we can construct a lookup
table of 20 syndromes using m, f, and m’. Lookup tables for
these high weight error propagation events are provided in
Appendix D

Example 1: In Fig. 10, consider the (green) cz at location
A, which produces a Pauli error XY, denoted as Axy. This
results in a high-weight error X5 3 5, triggering f>. Using a
complete raw SE circuit, the outcomes would be O111.

Next, consider an error Cyx following the (yellow) cz
at location C, resulting in a high-weight error Y1 X,Z;, trig-
gering f>. Again, a complete raw SE circuit generates the
syndrome bits O111.

It can be observed that these two distinct high-weight
error propagation events lead to the same syndrome. Con-
sequently, a standard lookup table cannot differentiate be-
tween these two errors. However, leveraging the information
from the first round of SE circuit allows us to expand the
lookup table. For Axy, mis34fi2 is 010101, while for Cyy,
it is 101001. Therefore, the generalized error syndrome for
Ayxy is updated to 0101010111, and for Cyy, it is updated
to 1010010111. This enables the distinction between these
two high-weight error propagation events for error correction
purposes. g

Therefore, by utilizing the expanded syndrome space and

2i| SE scheme

optimizing the cNOT order, we obtain an FT |:2

of depth 7 for the [[5, 1, 3] code.

C. DECISION TREE FOR DISTANCE-5 CODES

The decision tree for distance-5 codes is depicted in Fig. 12,
which extends the decision tree for distance-3 codes. Our
goal is to correct any w-fault events for w < 2, using
fewer than five rounds of flagged or raw SE. Therefore,
we need to accurately identify no-fault, one-fault, and two-
fault events. The decision tree has four routes, leading to
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FIGURE 12. Decision tree for distance-5 codes. The building blocks are defined similarly to those in Fig. 11.

four possible end blocks. We will explain each route as fol-
lows. Assume that a lookup table, denoted 7B, has been
precomputed.

If all the measurement outcomes of the first complete
flagged SE circuit are zero, we are confident that no faults
have occurred. However, if a fault occurs in the data qubit
during the first round and a corresponding error simultane-
ously affects the measurement qubit, the result manifests as
an error in the data block that remains undetected through
measurement. As errors occurring on data qubits do not prop-
agate, the residue error maintains its weight-1. According
to Definition 1, this scenario still maintains fault-tolerance
properties. These scenarios correspond to the first end block
in the decision tree.

When a single fault occurs in the first complete flagged
SE circuit, nonzero measurement outcomes m!) and f
are obtained from the measurement and flag qubits, respec-
tively. We then run the second complete flagged SE circuit,
which yields measurement outcomes m® and @, If f® is
nonzero, it indicates a second fault that has triggered certain
flag qubits, confirming a two-fault event. Consequently, a
complete raw SE is applied, yielding outcomes m®). Recov-
ery is then performed using the precomputed lookup table 7B
with the entry TB(m(l), f(l), m?, f(z), m(3)). This scenario
corresponds to the second end block in the decision tree.
However, if the raw SE circuit also experiences a fault, it con-
stitutes a three-fault event, which exceeds the error correction
capability of this code.
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On the other hand, if f' @ =0, we may have either a two-
fault event or a one-fault event. In either case, we need to run
the third complete flagged SE circuit, resulting in measure-
ment outcomes m©) and & If /@ = 0and m® = m®, we
can confidently identify this as a one-fault event and perform
error recovery accordingly. Otherwise, if the conditions do
not match, it confirms a two-fault event, necessitating another
round of complete raw SE to obtain outcome m® for error
recovery. These scenarios correspond to the last two end
blocks in the decision tree.

Note that all measurement outcomes will be used to
expand the syndrome space. Overall, we can construct a
lookup table 7B indexed by mD, f(D m®@ @) 13 £G)
and m™® by exhaustively enumerating two-fault events in
the aforementioned procedure and ensuring that they have
distinct generalized error syndromes up to degeneracy.

D. DECISION TREE FOR DISTANCE-d CODES

Through analysis of consecutive measurement strings for
equivalence, we can determine whether errors have occurred,
while a raised flag qubit definitively indicates the occurrence
of at least one fault. By quantifying the number of errors that
have occurred, we can identify which round of measurement
provides reliable results for recovery operations. Based on
these principles, we have designed a decision tree structure
for distance-d codes.
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m® % m® £ m®

m® = m® = m®
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mY =m
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m® % m®

FIGURE 13. Simplified decision trees for various distance codes. (a)
Simplified decision tree for distance-3 code derived from Fig. 11,
excluding flag-raised scenarios. (b) Simplified decision tree for
distance-5 code derived from Fig. 12, excluding flag-raised scenarios. (c)
Simplified decision tree for distance-7 code where flag-raised cases are
omitted. In these decision trees, blue diamonds represent decision
nodes, with decision conditions shown on the connecting lines. Circles
containing m® represent measurement outcomes at the ith round, while
boxes marked with R indicate recovery operations performed using a
lookup table, marking the termination of the procedure.

For clarity, we present a simplified tree structure in Fig. 13,
omitting flag-raised scenarios for simplicity. Note that re-
gardless of which round a flag qubit is raised in, this defini-
tively indicates the occurrence of at least one fault. This
identification does not require the condition of consecutive
raised flags. Consequently, we have elected to omit discus-
sion of flag-raised scenarios in our analysis. In addition,
when m(1) = 0, the procedure terminates immediately; this
branch is excluded from the diagram for conciseness.

Let us examine case (c) in Fig. 13. The first decision block
is reached when the initial round incurs between one and
three faults. The decision conditions are outlined as follows.

1) When m® = m® = m™, this indicates either:

a) three faults occurred in the first round, or

b) up to two faults occurred in the second round,
with no faults in the third and fourth rounds.
At this point, all three faults have occurred, and
the generalized error syndrome is sufficient for
recovery.

2) When m® # m® = m™, this indicates:

a) up to one fault in the second round, up to one
fault in the third round, and no faults in the
fourth round. All three faults have occurred, pro-
viding sufficient generalized error syndrome for
recovery.

3) When m® # m® £ m™, this indicates:

a) no errors in the second round, up to one fault

in the third round, and up to one fault in the
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fourth round. All three faults have occurred, pro-
viding sufficient generalized error syndrome for
recovery.

4) When m® = m® % m®, this indicates:

a) no errors in the second and third rounds, up to
one fault in the fourth round, and one fault re-
mains unrealized at this point, leading to the sec-
ond decision block:

i) If m™® = m®): no faults in the fifth round,
enabling recovery based on the general-
ized error syndrome.

i) If m™ £ m®): up to one fault in the fifth
round; proceed to measure the sixth round
and perform recovery using the general-
ized error syndrome.

By employing this approach to construct decision trees for
distance-d codes, the measurement process can be completed
within d — 1 rounds. From the analysis of decision trees for
distance-3, distance-5, and distance-7 codes, we can gener-
alize the pattern for an arbitrary distance-d code as follows.

1) General properties:

a) The number of faults that need to be considered
is [ ].

b) The maximum number of measurement rounds
required is d — 1.

¢) The first measurement m‘!) being 0 leads to
immediate termination.

2) Decision tree structure:
For a distance-d code, where d is odd:

a) the decision blocks compare consecutive
measurement outcomes m®;

b) the maximum number of rounds (d — 1) is
reached.

3) Decision conditions:
For round i, the decision block evaluates the following.

a) When consecutive measurements  show
equality (m® = m@*D = ... = i+ D) the
recovery operation can be performed.

b) When measurements differ, the process contin-
ues to the next round until the accumulated faults
reach L%J, at which point recovery can be
executed.

4) Termination criteria:
The process terminates when either:

a) the generalized error syndrome is sufficient for
recovery;

b) d — 1 rounds of measurements have been
completed.

E. ADAPTIVE SE
Based on previous work [26], [27], [29], [30], we pro-
pose a straightforward adaptive SE protocol to enhance FT
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TABLE 1. Partial Adaptive Table for the [;] SE Scheme for the [5, 1, 3]
Code of Fig. 10

Fault XD:rtraor ZDe?r?)r massafiz | misz Aﬁill);;Ve
axz 10010 00100 111010 0001 2002
ayr 10010 00100 111010 0001 2002
Bzy 10010 00100 111010 0001 2002
bxz 10000 00011 111010 1000 2002
Byy 10110 00100 111010 1001 2002

procedures using a lookup-table-based decoder. This proto-
col reduces unnecessary stabilizer measurements in the final
stage of complete raw SE.

The protocol is as follows.

1) At each parent node of a leaf of a decision tree, errors
yielding identical measurement outcomes in previous
SE rounds are assigned the same group number.

2) For each group of errors, identify stabilizers in the raw
SE stage that produce identical outcomes for all errors
in the group. These stabilizers can then be excluded
from the final stage of raw SE.

Consider the Pauli error axyz, ayy, Bzy, bxz, and Byy in the
§:| SE scheme for the [[5,1,3]] code, as shown in Fig. 10.

Their syndrome measurement outcomes are provided in Ta-
ble 1 . This group of errors has an identical error syndrome
111010, with axz, ays, and Bzy being degenerate. Thus,
there are three distinct errors after the first round of SE, and
they can be further distinguished by measuring g; and g4. In
addition, we observe that m, and m have identical values for
these errors, making it unnecessary to measure g, and g3.

Consequently, errors with identical measurement out-
comes mys534f12 are assigned to the same group, and we
define a four-digit adaptive index ajasazas to represent the
adaptive measurements for /5, needed in the final stage of
raw SE. If a; = 2, it indicates that m’. must be remeasured
to distinguish between errors within the same group. Con-
versely, aj = 0 or a; = 1 implies that m’, = 0 or m’] =1 for
all errors in the group, allowing those corresponding mea-
surements to be omitted. Using this method, we can further
reduce the effective circuit area required for SE.

Partial adaptive tables are provided in Appendix D.

This approach is also applicable to high-distance codes,
reducing the overhead in the final stage of raw SE at each
parent node of the leaf nodes in a decision tree. Further
details are provided in Appendix E.

V1. SIMULATION RESULTS
In this section, we simulate various proposed SE schemes
and compare these results with the literature. We also include

the [19, 1, 5] code, which is defined by the stabilizers
[N VAVAYAY A 8 = 2123757,
83 = 212213214755 84 = 217275767879
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85 = ZeZoZ16Z19 86 = 216217218219
87 = 2102112127215
89 = 2577287211 Z212Z13

gn = X1 X3X5X7

88 = ZgZ9Z10Z11Z16Z17
810 = X1X2X3Xy

812 = X12X13X14X15
813 = X1 X0 X5X6 X3 X9 814 = XeXoX16Xi9
815 = X16X17X18X19

817 = XgXoX10X11X16X17

g16 = X10X11X12X15
818 = X5X7XgX11X16X17

and the logical operators are

X = x®19 7 _ 0
Various SE schemes for the [[19, 1, 5]] code are illustrated in
Fig. 1, with detailed explanations provided in Appendix F.

We consider the circuit-level noise model, as outlined
in Section II-B. Experiments across various quantum plat-
forms reveal differing error rates. In trapped ions, idle qubits
have an error rate of approximately piqie &~ 7.5 x 107>, with
Mglmer—Sgrensen gate errors at pys ~ 1073 [37]. On su-
perconducting platforms, idle qubit error rates range from
Pidle = 107 to 4 x 1072, while cz gate errors range from
pcz = 1073 to 1072 [44]. Neutral atom systems show idle
qubit error rates from pige = 1073 to 4 x 1072 and two-
qubit controlled gate errors around p; &~ 5 x 1073 [55]. We
conduct simulations for y values of 0.01 and 1, where y
represents the ratio between idle qubit error rates and gate
error rates. A y value of 0 indicates that no errors occur
on idle qubits, while y = 1 indicates that idle qubits have
the same error rate p as gates. In our simulations, y = 0.01
represents the case where idle qubit error rates are signifi-
cantly reduced to 1% of the gate error rates, approximating
a scenario where idle qubit errors have minimal impact on
the circuit’s performance [37], [44], [55]. On the other hand,
we simulate for 8 values of 1 and 10. Conventionally, the
measurement error rate is assumed to be roughly the same
as the gate error rate. However, recent experimental results
indicate that measurement error rates can be up to ten times
higher than gate error rates in worst case scenarios [44].

We summarize the number for gate for each type, number
of qubits, circuit depth, and circuit area for one round of
flagged SE for each scheme in Table 2. For the [[17, 1, 5]
and [19, 1, 5] CSS codes, only the SE circuits of the Z-type
stabilizers are accounted for. For simplicity, we make the
following assumptions.

1) The circuit depth is measured as the longest CNOT or
cz depth.

2) Ancilla qubits can be reused, so the number of physical
qubits for a scheme is the maximum number of qubits
required at any instance.

3) The number of idle qubits is calculated as the cir-
cuit depth times the number of qubits minus twice the
number of two-qubit gates.
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TABLE 2. Resources Required for a Round of Flagged SE for Various Schemes

Code [5,1,3] [17,1,5] [19,1,5]
o
2
2
2 2 2
Scheme 17 [2] 1 17 2 1 17 1 1
; !
_1_
ancillary state preparation 8 6 8 18 15 18 21 18 21
measurement in X 4 4 4 10 7 10 12 9 12
measurement in Z 4 2 4 8 8 8 9 9 9
Two-qubit gate 24 24 24 56 56 56 66 66 66
Idle qubit 120 29 30 1064 336 378 1320 238 268
Circuit depth 24 7 6 56 14 14 66 10 10
Physical qubits® 5+2 5+6 5+8 17+4 17+15 17+18 19+3 19+18 19+21
Circuitarea® (3 = 1,y = 1) 284.8 135.2 140.8 1917.6 746.8 820 2365.2 628 682
Circuit area (8 = 1,y = 0.01) 56.704 51.248 55.264 143.52 | 125.872 | 132.544 169.776 | 146.464 | 152.944
Circuit area (8 = 10,7 = 1) 356.8 189.2 212.8 2079.6 881.8 982 2554.2 790 871
Circuit area (8 = 10,y = 0.01) | 128.704 | 105.248 | 127.264 305.52 | 260.872 | 294.544 358.776 | 308.464 | 341.944

#(a1)+(a2): (a1) represents the number of data qubits, and (a2) represents the total number of measurement qubits and flag qubits.
b Due to space limitations, the term “Circuit area” hereafter refers to the effective circuit area.
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FIGURE 14. Example of the weight-6 flagged SE.

FIGURE 15. Example of the weight-6 flagged SE.

In practice, the circuit area can be reduced. For example,
the circuitin Fig. 14 can be improved to Fig. 15 with a smaller
circuit area. We omit this kind of optimization.

In the serial 17 schemes, the ancillary qubits will be mea-
sured and reset, but we omit these steps here.

In the following simulated performance curves of physical
gate error rate p versus logical error rate py, we collect at
least 800 logical errors for each physical error rate using
Monte Carlo simulations.

Recall that the error threshold considered in Definition 4
compares the logical error rate of an encoded codeword with
the physical error rate of the dominant cNoT1/cZ gates. There-
fore, a simulated pseudothreshold for a scheme is determined
by the intersection point between its performance curve and
the reference line, which is defined by p = py. As shown
in Table 2, the three flag-sharing schemes have the smallest
effective circuit areas in all four scenarios considered for the
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three codes, respectively. Consequently, we expect that the
flag-sharing schemes will outperform the others in terms of
error thresholds.

In this section, the label “fully parallel with serial” indi-
cates that the “fully parallel]” component refers to the flag
scheme, while “with serial” denotes that the raw SE cir-
cuit for the final measurement round is arranged in a serial
configuration. Other types include “with parallel,” where the
raw SE circuit for the final measurement round is arranged
in a parallel configuration. The label “with serial adaptive”
indicates a serial arrangement of the raw SE circuit in the
final round, incorporating the adaptive SE scheme from Sec-
tion V-E. Similarly, “with parallel adaptive” denotes a paral-
lel arrangement of the raw SE circuit in the final round, also
incorporating the adaptive syndrome extraction scheme from
Section V-E.

A. RESULTS FOR THE [5, 1, 3] CODE
Using the decision tree (see Fig. 11) and lookup table (see
Table 7), we conduct simulations of the [[5, 1, 3]] code under
various combinations of SE schemes.

Fig. 16 shows the simulation results for 8 = 1 and y =
0.01. The adaptive versions of both serial and parallel SE
schemes outperform their nonadaptive counterparts. At low
idle error rates, the advantage of the parallel scheme is not
as evident, but it may introduce intricate error propagation.
Therefore, the fully parallel scheme with serial adaptive raw
SE delivers better performance.

The performance curves in this regime are linear in a log-
scale plot with slope close to 2, and thus, the performance
of various schemes can be compared by their pseudothresh-
olds. Consequently, we omit the performance curves for the
other cases and summarize the simulated pseudothresholds
in Table 3.

Both the and 1 schemes have better pseudothresh-

2
2
old at y =1 than the traditional serial flag scheme. The

effective circuit areas for the B] flag-sharing scheme and the
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TABLE 3. Pseudothresholds for the Flag-Sharing [;] and the Fully Parallel 1 SE Schemes for the [5, 1, 3] Code

v =001 ] y=1 v =001 ] y=1
Scheme B=1 F=10
[5,1, 3] serial [1 1 1 1] scheme [25] — 7.09 x 10~° — —
[5, 1, 3] fully parallel [1 1 1 1]7 with serial 9.48 x 107% | 2.86 x 10~* | 2.34 x 107% | 1.10 x 10~%
[5,1, 3] fully parallel [1 1 1 1]7 with serial adaptive 1.03 x 1073 | 3.09 x 1074 | 2.28 x 1074 | 1.14 x 107*
[5, 1, 3] fully parallel [1 1 1 1]7 with parallel 9.27 x 1074 | 5.09 x 107* | 2.32 x 107* | 1.66 x 104
[5, 1, 3] fully parallel [1 1 1 1]7" with parallel adaptive | 1.01 x 1073 | 3.30 x 10=% | 2.14 x 10=* | 1.16 x 10—
[5, 1, 3] flag-sharing [2 2] with serial 9.71x107% [ 275 x 107% [ 346 x 10~* | 1.36 x 10~*
[5, 1, 3] flag-sharing [2 2] with serial adaptive 9.75 x 1074 | 2.76 x 107 | 3.10 x 10~* | 1.26 x 10~
[5, 1, 3] flag-sharing [2 2] with parallel 9.78 x 1074 | 4.70 x 10~* | 3.27 x 10~* | 2.01 x 10~
[5, 1, 3] flag-sharing [2 2] with parallel adaptive 9.79 x 107 | 4.64 x 107 | 2.96 x 10~* | 1.84 x 10~
x10% TABLE 4. Optimal Scheme Selection for the [5, 1, 3] Code for Various
" ‘// e Scenarios Across Different Values of y and g
105 ~9.48 x 107 g=1
v 2 0.33 the 1 s_cheme with parallel raw SE
g 10f ~927x10* 0.08 < $0.33 | the || scheme with parallel adaptive raw SE
[
© r ~1.03 x 107 v < 0.08 the 1 scheme with serial adaptive raw SE
§ 9.5 B =
5 ~1.01 x 107 -
S 9 8 v 2 0.09 the 3 scheme with parallel raw SE
IS4 —P=P L~
- ~ ~ ~Fully parallel with serial v < 0.09 the 2 scheme with serial raw SE
85 — Fully parallel with serial adaptive | 2

— — —Fully parallel with parallel
—Fully parallel with parallel adaptive
I

|
9 9.5 10 105
Depolarizing error rate (p) x10*

FIGURE 16. Simulations of the 1 SE schemes for the [5, 1, 3] code for
y=0.0latpg=1.

fully parallel 1 scheme are similar, resulting in comparable
overall performances. However, the flag-sharing scheme uti-
lizes fewer ancillary qubits.

At B = 1and y = 1, although the number of idle qubits in

the B] scheme is only slightly lower than in the 1 scheme,

the cNOT structure in the shared-flag scheme is significantly
more intricate, leading to a slightly poorer performance.

Figs. 17 and 18 show the variation of the pseu-
dothreshold for the [[5, 1,3]] code as a function of y €
[0, 1] under different schemes, with 8 =1 and g = 10,
respectively.

Note that a cNOT gate introduces, on average, 1.6 qubit
errors on two qubits. Therefore, when y is high, two idle
qubit errors could be more harmful than a cNOT gate error.
In the parallel scheme, an adaptive protocol replaces some
cNoT gates with idle locations, which become problematic at
high idle error rates. As a result, for y = 0.33, nonadaptive
parallel schemes outperform their adaptive counterparts.

When considering the case § = 10, where the measure-

; scheme out-
performs the 1 scheme for both y = 0.01 and y = 1. This

ment errors are the worst error sources, the

reflects the fact that the scheme uses 25% less mea-

2
B
surements than the 1 scheme. Moreover, adaptive schemes
perform worse than their nonadaptive counterparts at both
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TABLE 5. Pseudothresholds for Various Distance-3 Code

Scheme 7:0.01,8[:1 v=1

[7,1,3] parallel [32] | 1.25 x 1073 [ 1.75 x 10~%
[9,1, 3] parallel [32] | 8.81 x 1073 | 877 x 10~
Bacon-Shor-13 [56] 8.09 x 103 | 6.41 x 104
Scheme 7= 0'015 :[ 0 v=1

[7,1, 3] parallel 9.82x 107% [ 1.6 x 1077
[9, 1, 3] parallel 5.07 x 1073 | 8.24 x 104
Bacon-Shor-13 2.71x 1073 | 4.24 x 104

low and high values of y. This is because adaptive schemes
are highly dependent on the measurement outcomes, making
them less robust when the measurement error rate is high.

The optimal scheme selections for different values of y
and B are as summarized in Table 4.

For reference, we have also simulated other distance-
3 codes in Table 5. We can see that at y =1, the
[5, 1, 3] code emerges as a competitive candidate for near-
term experiments, as it has a comparable pseudothresh-
old to the [[7, 1, 3] and [[9, 1, 3] codes, while using fewer
qubits.

B. RESULTS FOR DISTANCE-5 CODES
Given the limited improvements offered by adaptive schemes
for the [[5, 1, 3] code, we focus only on the parallel and serial
raw SE configurations for the final round, excluding adaptive
schemes, in the following simulations.

We utilize the decision tree for distance-5 codes in Fig. 12
to simulate the flag-sharing [222 1 1]T and fully paral-
lel 1 SE schemes for the [17,1,5] code and the flag-
sharing [2 2211 I]T and fully parallel 1 SE schemes for
the [19, 1, 5] code. Fig. 19 presents the simulation results for
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Pseudo-thresholds

T T T T
—[[5,1,3]] flag-sharing with serial
—[[5,1,3]] flag-sharing with serial adpative
—<—[[5,1,3]] flag-sharing with parallel
——[[5,1,3]] flag-sharing with parallel adpative ||
— — —[[5,1,3]] fully parallel with serial
— — —[[5,1,3]] fully parallel with serial adpative
— & —[[5,1,3]] fully parallel with parallel
— & —[[5,1,3]] fully parallel with parallel adpative | |

P— =

0 0.1 0.2 0.3 0.4

FIGURE 17. Pseudothreshold of the [i] and 1 SE schemes for the [[5, 1, 3] code for different y at g = 1.

x10*

3.5

25

Pseudo-thresholds

T T T T
—[[5.1,3]] flag-sharing with serial
—[[5,1,3]] flag-sharing with serial adpative
——[[5,1,3]] flag-sharing with parallel
——1[5,1,3]] flag-sharing with parallel adpative
— — —[[5,1,3]] fully parallel with serial
— — —[[5,1,3]] fully parallel with serial adpative
— & —[[5,1,3]] fully parallel with parallel
— © —[[5,1,3]] fully parallel with parallel adpative | |

FIGURE 18. Pseudothreshold of the [;] and 1 SE schemes for the [5, 1, 3] code for different y at g = 10.

-4
2510 : -
o[
\’;4 15+
o} -5
© ~9:83 %10 ~1.98 x 107
s
] -4
s T ~1.41 x 10 N
Q
{2
S —P_=pP
— = —Fully parallel with serial
Fully parallel with parallel
— — —Flag-sharing with serial
—— Flag-sharing with parallel
05 | | I I I
0.8 1 1.2 1.4 1.6 1.8 2 22

Depolarizing error rate (p) x10™

FIGURE 19. Simulationsof the Tand[2 2 2 1 1 1]” SE schemes
for the [19,1,5] codeat y =1 and g = 1.

the [19, 1, 5] code at 8 = 1 and y = 1. In this regime, the
performance of various schemes can be effectively compared
using their pseudothresholds, which are summarized in Ta-
ble 6. In general, parallel configurations in the raw SE circuits
exhibit improved performance over serial counterparts.
Forthe [17, 1, 5] codesaty = 1 and 8 = 1, both our flag-
sharing and fully parallel schemes exhibit pseudothresholds
almost an order of magnitude better than the serial scheme
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and the [4 4] scheme in [33], as shown in Table 2. This is
expected given the effective circuit areas in Table 2, where
both our flag-sharing and fully parallel schemes use less than
half the area of the serial scheme in a single round of SE.
Since three or four rounds of SE are performed in general,
the effects are further amplified, resulting in much better
pseudothresholds for our schemes.

Similarly, both our flag-sharing and fully parallel schemes
for the [19, 1, 5] codes demonstrate pseudothresholds three
to eight times better than the serial scheme and the [3 3 3]
scheme in [33]. These results highlight the effectiveness of
our method, using flag sharing and parallelism with general-
ized error syndromes to reduce the effective circuit areas.

At B = 1, the flag-sharing [2 2 2 1 1]" scheme performs
slightly better than the fully parallel 1 scheme for the
[[17, 1, 5] code since its effective circuit area is smaller. At
B = 10, the gap between the two schemes is amplified since
the flag-sharing scheme uses 1/6 less measurements.

In summary, our flag-sharing schemes outperform the
fully parallel schemes for the [17, 1, 5] and [19, 1, 5]] codes
across the parameter ranges considered.

The decoding performance of these nonadaptive schemes
is strongly correlated with their effective circuit areas. As
shown in Fig. 20, the calculated effective circuit areas under
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TABLE 6. Pseudothresholds for Various Schemes of the [17, 1, 5] and [19, 1, 5] Codes

Scheme ’y—O.OllB[:l vy=1 V—0.0lﬁzllofy—l
[17,1, 5] serial scheme [33] - 5.497 x 10~© - -
[17,1, 5] [4 4] scheme [33] - 7.067 x 10~6 - -

[17,1, 5] fully parallel with serial 455 x 1077 | 7.34x107° | 2.68x 10~% | 6.40 x 10~°
[17,1, 5] fully parallel with parallel 460 x 1074 | 876x 1072 | 2.68x107% | 7.95x 10~°
[17,1,5] [22 21 1]T with serial 4.64 x 107% | 7.47x107°% | 293 x 10~* | 6.78 x 1075
[17,1,5] [22 21 1]T with parallel 4.59 x 107% | 9.61 x 107° | 3.01 x 10~* | 8.31 x 1075
[19, 1, 5] serial scheme [25] - 1.14 x 107° - -

[19, 1, 5] serial scheme [33] - 1.183 x 10~° - -

[19, 1, 5] [3 3 3] scheme [33] - 1.992 x 10~° - -

[19, 1, 5] fully parallel with serial 4.82x10~%T | 983 x107° | 3.55x10~% | 874 x10°°
[19, 1, 5] fully parallel with parallel 491 x107% | 1.41x107* | 3.53x107% | 1.22x 10~*
[19,1,5] [2221 1 1]7 with serial 6.0l x 107% | 1.39 x 107% | 4.41 x10~* | 1.16 x 10~4
[19,1,5] [2221 1 1]7 with parallel | 6.06 x 10~% | 1.98 x 10=* | 4.37 x 10~* | 1.70 x 10~

Note that entries marked with a “~ indicate either cases where different reference lines were used for calculations or where data

were unavailable.

o
.
T
I

Effective circuit areas

[19,1,5]] 17 scheme
—[[19,1,5]] shared-flag
[[19,1,5]] 1 scheme

10?
102 107 10°

FIGURE 20. Effective circuit areas for the three [19, 1, 5] schemes with
B=1.

various parameters indicate that the flag-sharing schemes
consistently result in smaller effective circuit areas compared
to the fully parallel schemes. Based on this observation, we
anticipate that the flag-sharing schemes will outperform the
fully parallel schemes across all regimes.

VIl. CONCLUSION

In this article, we proposed both sequential flag-sharing and
fully parallel SE schemes for general CSS stabilizer codes,
which outperform traditional serial flag schemes [25] and
other structural designs proposed in [33].

Various flag-sharing schemes can be realized through dif-
ferent forms of tiling, providing a flexible method in the de-
sign of FT SE circuits. In addition, we introduced the notion
of effective circuit area, serving as a rough but quick tool for
evaluating circuit quality.

By constructing a decision tree for decoding [25], [37], we
obtained a generalized error syndrome table with an enlarged
syndrome space . However, most of these generalized syn-
drome spaces are not used, leaving room for optimization.

3101524

For instance, we did not construct a table of 219 corrections
for the [[5, 1, 3] code, suggesting potential optimization to
handle some two-fault events. Similar opportunities for opti-
mization exist for the [17, 1, 5] and [[19, 1, 5]] codes. In ad-
dition, our decision trees for distance-3 and distance-5 codes
have shorter depths compared to those presented in [25].

We did not find a [2222] SE scheme for the [17, 1, 5]]
code, which, if it exists, may imply an improved threshold
over the flag-sharing [222 1 1]7 scheme. Similar discussion
applies to the [19, 1, 5] code as well.

We also presented versatile SE schemes for the [[5, 1, 3]
code. By using a different set of stabilizer generators and gen-
eralized error syndromes, we created an SE circuit featuring
the smallest circuit area reported in the literature. Moreover,
we utilized the cyclic structure of the stabilizer generators to
construct versatile SE schemes for the [[5, 1, 3]] code, which
may be generalized to other non-CSS codes.

We proposed an adaptive scheme for the final stage of
raw SE to reduce the number of stabilizer measurements.
However, we observe that adaptive SE performs best from
our chosen variants only at low idle and measurement error
rates. In parallel schemes, higher idle error rates can be detri-
mental, as idle errors may outweigh the benefits of reducing
stabilizer measurements. In addition, the adaptive protocol’s
reliance on measurement outcomes makes it less robust when
the measurement error rate is high.

Our estimated thresholds are approximately 10~ and
104, which are still one to two orders of magnitude lower
than the gate error rates reported in recent experiments
involving trapped ions, superconducting platforms, and
neutral atom systems [37], [44], [55].

Using generalized error syndromes for lookup tables, we
constructed decision trees simplified from those in [25]. The
decisions we presented in Figs. 11 and 12 can be recursively
extended for codes with higher distances. By using all the
measurement outcomes as the index for the lookup table,
we presented the decision tree in a compressed manner. It
is worth exploring the rapid and automated construction of
syndrome tables or developing alternative types of decoders.

The source files of our simulations can be found in [57].
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FIGURE 21. Fully parallel 1 SE circuit for the Z-type stabilizers of the [17, 1, 5] code. Each stabilizer measurement is represented by a distinct color.
Each stabilizer measurement has an independent set of ancilla and flag qubits. Note that, for space-saving purpose, we have omitted state preparations
and measurements. This circuit has the same depth as the longest stage of the [4 4] SE scheme in [33], but all stabilizers are measured.

APPENDIX A
EFFECTIVE CIRCUIT AREA DERIVATION FOR THE 17
SCHEME
For an n-qubit code with s stabilizer generators of mean
weight w, we assume that each stabilizer measurement re-
quires %w flag qubits. The depth of each SE circuit stage
isw 4+ 2(%w) = 2w, which includes both stabilizer and flag
qubit operations. A single-stage SE circuit consists of w
CNOT gates for stabilizer operation and 2(%w) = w CNOT
gates for flag qubit operations, summing to 2w CNOT gates.
When implemented across all s stabilizers in the 17 scheme,
the total number of cNOT gates is 2ws. The protocol requires
s(1+ %w) =(s+ %ws) state preparations, where s ancilla
qubits are used for stabilizer measurements and s(%w) for
flag qubits, with an equal number of measurements.

The circuit area can be calculated using Definition 4 as
follows:

1 1 1
1.6(2ws) (n +14+ §w> + (s + Esw) + B (s + Esw)
(6)

where 1.6 represents the cNOT coefficient and 8 denotes
the measurement modification factor. The number of idle
qubits is obtained by subtracting the active components from
(6), specifically the cNOT operations multiplied by 1.6, state
preparations, and measurements multiplied by g

16 ( n w +]) 16 e
—sw (n+ — — —sw.
5 2 5

The effective circuit area is then calculated by incorporating
the idle qubit penalty factor y, through subtracting the idle

VOLUME 6, 2025

qubit count and adding back the idle qubits multiplied by y,
yielding

+ sl +B|s+ !
S+ 155w S+ 55w
10 10 + ! +1 ®)
v |gsw— swlntsw .

APPENDIX B
EFFECTIVE CIRCUIT AREA DERIVATION FOR THE 1
SCHEME
For an n-qubit code with r stabilizer generators of high
weight 2w, each stabilizer measurement requires %w flag
qubits. Assume that the depth of 1 SE circuit stage is 3w. The
protocol requires r + %rw state preparations, where r ancilla
qubits are used for stabilizer measurements and %rw for flag
qubits, with an equal number of measurements.

Similar to Appendix A, the circuit area can be calculated
using Definition 4 as follows:

1 1 1
1.6(3w) (n +r+ 5rw> + <r+ Erw) +8 <r+ Erw> :
©)]

The number of idle qubits is obtained by subtracting the
active components from (9), specifically the CNOT operations
multiplied by 1.6, state preparations, and measurements mul-
tiplied by 8

24 (+ +rw> 24 (10)
5w n+r > 5sw.
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FIGURE 22. Parallel[2 2 2

FIGURE 23. 1 SE scheme for the Z-type stabilizers of the [19, 1, 5] code. This circuit has a shorter depth than any stage of the [3 3 3] SE scheme

in [33], while still measuring all stabilizers.
The effective circuit area is then calculated by incorporating

the idle qubit penalty factor y, through subtracting the idle

Hence, (11) derives the effective circuit area for the 1 SE

schemes with r stabilizers.

qubit count and adding back the idle qubits multiplied by y,

yielding

> for X(Z)-type stabilizers in the 1 SE schemes, and

In this work, we utilize CSS codes, which enables to set
N
2

r

—rw

Yo

—rw
2
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FIGURE 24. Parallel[2 2 2 1 1 1] SE scheme for the Z-type stabilizers of the [19, 1, 5] code. This circuit has a shorter depth than any stage of

the [3 3 3] SE scheme in [33], while still measuring all stabilizers.

we have to calculate the effective circuit area for two 1
SE schemes. As a result, the circuit depth, state prepara-
tion, and measurement operations are effectively doubled.
These are represented as 2 x (3w), 2 x (5 + % x sw), and
2x B(5+ % x 5w), respectively. Similarly, the circuit area
can be calculated as

s 1 s
1.6x2x(3w)<n+—+—x—w)

2 2 2
K 1 s s 1 K
+2x §+§x§w + 28 §+§X§w . (12)

The number of idle qubits is expressed as

S

5 w— ?w. (13)

Consequently, the effective circuit area is given by

+ 8 L)+ (st
N 3 w 2sw N 2sw

48 48 +1+1 (14)
y 5w 5wn 25 4sw .

APPENDIX C
SE SCHEMES FOR THE [17, 1, 5] CODE
We provide the detailed circuits for the 1 SE scheme and the

[2 221 l]T flag-sharing SE scheme for the [17, 1, 5] code
in Figs. 21 and 22, respectively.
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APPENDIX D

PARTIAL LOOKUP TABLE FOR THE |5, 1, 3] CODE

We provide a partial lookup table in Table 7 for the [2; 2]
scheme for the [[5, 1, 3]] code.

APPENDIX E
ADAPTIVE SE PROTOCOL FOR HIGH-DISTANCE CODES
Consider a decision tree designed for high-distance quantum
error correction codes. A path in the decision tree is defined
as a sequence of nodes that begins at the root node and
progresses layer by layer through parent and child nodes, ul-
timately terminating at a leaf node. A valid path is character-
ized by the property that only the final leaf node executes the
complete raw SE, encapsulating the entire decision-making
process from the initial state to the final outcome.

The protocol is as follows.

1) At each path of a decision tree, residual data errors
that result in identical generalized error syndromes,
which are defined as the measurement outcomes from
all nodes in the path except the complete raw SE
outcome at the final leaf node, are assigned the same
group number.

2) For each group of errors, identify stabilizers in the raw
SE stage that produce identical outcomes for all errors
in the group. These stabilizers can then be excluded
from the final stage of raw SE.
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TABLE 7. Lookup Table for the [i] SE Scheme for the [[5, 1, 3] Code of Fig. 10

o | oo | P [ mesetie | s | sow | P | [ [ 0o TP T omrsatin [ i | e | o
Arx 00101 00000 000101 1011 5 2222 Ary 00101 00000 010101 1011 14 2221
Axx 01101 00000 000101 0111 5 2222 Axy 01101 00000 010101 0111 14 2221
Azx 00101 01000 000001 1010 2 2222 Azy 00101 01000 010001 1010 11 2212
Ay x 01101 01000 000001 0110 2 2222 Ayy 01101 01000 010001 0110 11 2212
Brx 10010 00000 001010 0111 8 2222 Bry 10010 00000 101010 0111 23 2222
Bxx 10110 00000 001010 1111 8 2222 Bxy 10110 00000 101010 1111 23 2222
Bzx 10010 00100 011010 0001 17 2002 Bzy 10010 00100 111010 0001 30 2002
By x 10110 00100 011010 1001 17 2002 Byy 10110 00100 111010 1001 30 2002
Crx 01000 00001 000001 1000 2 2222 Cry 01000 00001 000101 1000 5 2222
Cxx 11000 00001 000001 1101 2 2222 Cxy 11000 00001 000101 1101 5 2222
Czx 01000 10001 101001 0010 22 0212 Cgzy 01000 10001 101101 0010 25 0212
Cyx 11000 10001 101001 0111 22 0212 Cyy 11000 10001 101101 0111 25 0212
Drx 00001 00000 000101 0011 5 2222 Dry 00001 00000 010101 0011 14 2221
Dxx 00101 00000 000101 1011 5 2222 Dxy 00101 00000 010101 1011 14 2221
Dzx 00001 00100 000101 0101 5 2222 Dzy 00001 00100 010101 0101 14 2221
Dy x 00101 00100 000101 1101 5 2222 Dy vy 00101 00100 010101 1101 14 2221
Erx 10000 00000 000010 0101 3 2202 Ery 10000 00000 100010 0101 20 2222
Exx 10010 00000 001010 0111 8 2222 Exy 10010 00000 101010 0111 23 2222
Ezx 10000 00010 000010 1100 3 2202 Ezy 10000 00010 100010 1100 20 2222
Ey x 10010 00010 001010 1110 8 2222 Eyy 10010 00010 101010 1110 23 2222
Frx 10000 00010 000010 1100 3 2202 Fry 10000 00010 001010 1100 8 2222
Fxx 10001 00010 000110 1111 6 1111 Fxy 10001 00010 001110 1111 9 1111
Fzx 10000 00011 010010 1000 12 1000 Fzy 10000 00011 011010 1000 17 2002
Fy x 10001 00011 010110 1011 15 1011 Fyy 10001 00011 011110 1011 18 1011
Grx 00000 00010 000010 1001 3 2202 Gry 00000 00010 001010 1001 8 2222
Gxx 10000 00010 000010 1100 3 2202 Gxy 10000 00010 001010 1100 8 2222
Gzx 00000 10010 100010 0011 20 2222 Gzy 00000 10010 101010 0011 23 2222
Gy x 10000 10010 100010 0110 20 2222 Gyy 10000 10010 101010 0110 23 2222
Hrx 00000 00001 000001 0100 2 2222 Hry 00000 00001 000101 0100 5 2222
Hxx 01000 00001 000001 1000 2 2222 Hxy 01000 00001 000101 1000 5 2222
Hzx 00000 01001 000001 0101 2 2222 Hzy 00000 01001 000101 0101 5 2222
Hy x 01000 01001 000001 1001 2 2222 Hyy 01000 01001 000101 1001 5 2222
axy 10010 00100 011010 0001 17 2002 ayr 10010 00100 111010 0001 30 2002
axx 10010 00100 011000 0001 16 2002 ay x 10010 00100 111000 0001 28 2022
axz 10010 00100 111010 0001 30 2002 ayz 10010 00100 011010 0001 17 2002
axy 10010 00100 111000 0001 28 2022 ayy 10010 00100 011000 0001 16 2002
bxr 10000 00011 010010 1000 12 1000 byr 10000 00011 011010 1000 17 2002
bxx 10000 00011 010000 1000 10 2022 by x 10000 00011 011000 1000 16 2002
bxz 10000 00011 111010 1000 30 2002 by z 10000 00011 110010 1000 27 1000
bxy 10000 00011 111000 1000 28 2022 byy 10000 00011 110000 1000 26 1000
cxT 10000 00000 000000 0101 1 2222 cyr 10000 00000 100000 0101 19 0101
XX 10000 00000 000010 0101 3 2202 cy x 10000 00000 100010 0101 20 2222
cxz 10000 00000 001000 0101 7 2201 cy z 10000 00000 101000 0101 21 0222
cxXy 10000 00000 001010 0101 8 2222 cyy 10000 00000 101010 0101 23 2222
dxr 00000 00010 000000 1001 1 2222 dyr 00000 00010 001000 1001 7 2201
dx x 00000 00010 000010 1001 3 2202 dy x 00000 00010 001010 1001 8 2222
dxz 00000 00010 000000 1001 1 2222 dy z 00000 00010 001000 1001 7 2201
dxy 00000 00010 000010 1001 3 2202 dyy 00000 00010 001010 1001 8 2222
exr 00101 01000 000001 1010 2 2222 eyr 00101 01000 010001 1010 11 2212
exx 00101 01000 000000 1010 1 2222 ey x 00101 01000 010000 1010 10 2022
exz 00101 01000 010001 1010 11 2212 eyz 00101 01000 000001 1010 2 2222
exy 00101 01000 010000 1010 10 2022 eyy 00101 01000 000000 1010 1 2222
fxr 01000 10001 101001 0010 22 0212 fyr 01000 10001 101101 0010 25 0212
fxx 01000 10001 101000 0010 21 0222 frx 01000 10001 101100 0010 24 0010
fxz 01000 10001 111101 0010 32 0010 fyz 01000 10001 111001 0010 29 0010
fxv 01000 10001 111100 0010 31 0010 fyry 01000 10001 111000 0010 28 2022
g9x1 00001 00000 000100 0011 4 0222 avr 00001 00000 010100 0011 13 0011
9xx 00001 00000 000101 0011 5 2222 gy x 00001 00000 010101 0011 14 2221
axz 00001 00000 000000 0011 1 2222 gy z 00001 00000 010000 0011 10 2022
gxy 00001 00000 000001 0011 2 2222 gyy 00001 00000 010001 0011 11 2212
hxr 00000 00001 000000 0100 1 2222 hyr 00000 00001 000100 0100 4 0222
hxx 00000 00001 000001 0100 2 2222 hy x 00000 00001 000101 0100 5 2222
hxz 00000 00001 000000 0100 1 2222 hy z 00000 00001 000100 0100 4 0222
hxy 00000 00001 000001 0100 2 2222 hyy 00000 00001 000101 0100 5 2222

The Fault entry letters (A to H and a to h) correspond to the markers in Figure 10, with subscripts indicating the errors applied to qubits in their top-to-bottom circuit order. The “Data X error” and “Data Z error”
entries represent the final Pauli X and Z errors, respectively, that manifest in the data block as a result of the specified faults. The entry m, s, fi2 denotes the measurement outcomes of the first round ofthc[ 2 ]
2

SE,while the entry m';53, denotes the measurement outcomes of the subsequent round of a raw SE. The entries Data X error and Data Z error that prescribe the necessary error corrections: they indicate which
Pauli X and Z errors should be corrected on the corresponding qubits in the data block. The errors with identical measurement outcomes m, 53 fi2 are grouped under the same group number in the column “group.”
The four-digit adaptive index a,asa;a, represents the adaptive measurements for m',s, required in the final stage of raw SE. If ¢, = 2, it indicates that m', must be remeasured to distinguish errors within the same

group. Conversely, @;= 0 or @;= 1 implies that m'; = 0 or m',= 1 for all errors in this group, allowing the corresponding measurements to be omitted.
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